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Abstract

In the present paper we analyze the geometric properties of projected Runge-Kutta
methods when applied to index 3 differential algebraic equations in Hessenberg form.
These methods admit the integration of index 3 DAEs without any drift effects. We
show that the phase portrait is well reproduced in its relationship between space and
control variables.

Keywords. differential algebraic equations, Runge-Kutta methods, invariant manifolds,
hidden constraints.
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1 Introduction

Differential-algebraic equations (DAEs) of index 3 arise naturally in many applications.
Mechanical multibody systems in state formulation, electrical curcuits or, in general, second
order ordinary differential equations (ODEs) with constraints provide as sources for wide
classes of examples.

Higher index DAEs present numerical and analytical difficulties which do not occur in
ODEs. Here we investigate the geometric properties of the projected index 3 Runge-Kutta
methods. These numerical schemes are introduced in Schropp [14] as modified Runge-Kutta
methods producing no drift effects when applied to index 3 DAEs. Of our particular interest
is the relation between the discrete state and control variables as it has been worked out
for the Runge-Kutta type methods applied to index 2 DAEs in Schropp [13]. To be more
precise, the link between the state and control variables of an index 3 DAE in Hessenberg
form is decribed by an algebraic relationship, that is, the phase space of the DAE is an



invariant submanifold in the state times control space. We show that the projected index 3
Runge-Kutta discretization scheme possesses an attractive, invariant submanifold too which
is located nearby to the original one within the stage order minus one of the underlying
Runge-Kutta method. Moreover, the attractivity is governd by the absolute value of the
Runge-Kutta stability function at infinity.

Our main tools are embedding and invariant manifold techniques. We embed the original
index 3 DAE into a DAE of the same index such that the corresponding index 0 ODE in the
state variables admits a representation as dynamical system on the state space. Then we
mimic that approach for the discrete Runge-Kutta type dynamics. An important feature of
that approach is that it makes general ODE geometric phase portrait discretization results
near equilibria, periodic orbits or general attracting sets (see, e.g., Beyn [2], [3], Garay [6]
and Kloeden, Lorenz [11]) available for index 3 DAEs.

2 Projected Runge-Kutta methods

We consider the DAE

v = k(u,v,A), v(0)= vy, (2.1)
= g(u), A0) =,

u€RY, v €RM and )\ € R in Hessenberg form. Let C} denote the space of functions of
class C¥ with bounded derivatives up to order v. We make the following assumptions.

(A1) fe CyH (RNTM RN k € Cy(RVFMH RM) g € CyT*(RY,RY) for v sufficiently large.

(A2) There is a Cy-function 9y satisfying

Dg?(u)(f(u,v), f(u,v)) + Dg(u)%(u, v) f(u,v)

+Dg(u) g—i(u, v)k(u,v,¢e(u,v)) = 0

for (u,v) € D, := {(u,v) € RNM™ | max(||g(uv)]||, ||Dg(v)f(u,v)||) <7}, 7> 0.

(A3) Dg(u)%(u, v) 2 (u, v, 1o (u, v)) is invertible for (u,v) € D, and the inverse has bounded
norm.

In particular, problem (2.1) is of index 3 and consistent initial values (ug, vy, Ag) for (2.1)
must satisfy the relations

g(uﬂ) = 05



Dg(ug) f(ug,v0) = 0, (2.2)

Dy () (f (0,20, 10, 10)) + D) 3, 0) (o, )

0
+Dg(u0)a_‘£(u07Uﬂ)k(UOaUOa)‘O) = 0.

Additionally, (A3) implies that Dg(u) and Dg(u)%(u, v) are of full rank. Thus the solutions
of the equations g(u) = 0, Dg(u) f(u,v) = 0 define the (N+ M —2[)-dimensional submanifold

So = {(u,0) e RV*M | g(u) =0, Dg(u)f(u,v) =0} (2.3)
of R¥N*M and the underlying index 0 ODE reads

o = f(u,v), u(0)=um,
v = k(u,v,¢0(u,v)), v(0)=wvy, (ug,v0) €Sy (2.4)

(for an illustration of Sy and the dynamics on it, see Hairer, Wanner [8], p.458). Through-
out that paper we assume Sy to be nonempty. We denote the solution flow of (2.4) with
(u(t, o, v0),0(t, ug, v0)), (o, vo) € So. Then, (A2) implies the flow

(pt(UOa UO) = (ﬂ'(ta U, UO)a E(t: Uo, UO)a S‘(ta U, UO)),

A(t,ug,v0) = ho(u(t, uo, vo), v(t, uo,v0)), (uo,v0) € So
for equation (2.1). This means that the manifold
My = {(u,v,\) € RVTMH | (y,0) € Sy, A =1(u,v)}

is the phase space of the solution flow of (2.1).
We are interested in the qualitative, geometric features of s-stage one-step Runge-Kutta
type methods with Butcher tableau

c|l A
4’,}7, A= (aij)1Si’jSS € Rs,s, b, ce R’ (25)

and constant step size At when applied to (2.1). It is well known that numerical schemes
applied to (2.1) in general produces drift terms, i.e., the numerical solution does not satisfy
the index 1 and 2 constraints g(u) = 0 and Dg(u) f(u,v) = 0. We are interested in Runge-
Kutta type methods whose iterates retain these constraints exactly. To that purpose we
combine classical Runge-Kutta methods with projection techniques. This approach was first
proposed by Ascher and Petzold [1] for index 2 DAEs in Hessenberg form. A generalization
to the index 3 case was given by Schropp [14].

For the Butcher tableau of the underlying Runge-Kutta method we impose the conditions:

(B1) The Runge-Kutta matrix A is invertible.
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(B2) R(co) =1-0"A7'T, 1= (1,...,1) satisfies | R(c0) |< 1.

(B3) The method is of classical order p and possesses stage order ¢ with p > ¢ + 1 and
q=>2.

A definition of the stage order can be found in Hairer and Wanner [8], p. 226. Applied
to equation (2.1) a projected Runge-Kutta method with step size At is a combination of
a Runge-Kutta step with a projection. We denote the projected Runge-Kutta iterates at
time ¢, = nAt shortly by (uy, vn, An) or more precisely

q)rfit(u(h Vo, )‘0) = (@Ata @Ata 5‘At) (TLAt, Ug, Vo, )‘O)a

if the dependence of the initial value (ug,vg, Ag) and the step size At is emphasized. The
Runge-Kutta step has the form

Upns1 = Up+ ALOT @I)FU", V™),
VRnt1 = Up+ At @ DEU™ V", A, (2.6)
Ag1 = (1=0"A7DA, + (BTAT' @ T)A™

where U= (UP,...,U") € RNVs V= (V,..., V) € RMs A"= (A7,...,A") € R” denote

the solution of the algebraic system
U—-IQu,) = At
V—-(IQuv,) = At
0 = g(U).

kU, V, A), (2.7)

Here the functions f, k, g stand for f(U™, A") = (f(UP, A}), ..., f(U",A?)), k(U™ V", A") =
(K(UT VI AT), - K(US, VS AY)), g(UT) = (9(UT), -5 9(UY).
Finally, the projection step

ok
Upt1 = URpt1 + a_v(urw—l: Un+1)a_)\(un+1: Un+1, /\n+1),u1a
ok
Unt1 = VURn+1 T+ 5(“7&1, Un+1, )\n+1),u2a (2-8)

0 = g(un—l—l);
0 = Dg(un+1)f(un+lavn+1)

determines u,1 and v,41. In (2.8) the variables p;, i = 1, 2 are needed for the projection
only. An obvious advantage of the projection step is that, by construction, the numerical
iterates (un,vy,) live in the continuous state space Sp.

A Runge-Kutta method satisfying a,; = b;, j = 1,..., s is called stiffly accurate. Stiffly
accurate Runge-Kutta solutions satisfy the index 1 constraint g(u) = 0 (see, e.g., Hairer,
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Lubich and Roche [7]). In this case we obtain u,+1 = ugrpt1, g1 = 0 in (2.8) and the
projection step can be reduced to

ok
Unt1 = VURn+1 T+ a—)\(un+1,vn+1,)\n+1)ﬂz, (2-9)

0 = Dg(unt1)f(Unt1,Vns1).

Assuming (A1)-(A3) for the DAE (2.1) and (B1)-(B3) for the underlying Runge-Kutta
scheme convergence order ¢ is shown for the u— and v—component and order ¢ — 1 for the
A-component, (see Th. 2.1, Schropp [14]). For a special subclass of Runge-Kutta methods,
the so called stiffly accurate collocation methods with the projection (2.9), convergence of
order p in the u— and v—variables is shown (see Jay [9, 10] for details).

In the continuous case the algebraic relation A = 9y(u, v) determines the link between
the state variables (u,v) and the control variable A. In the discrete dynamics the following
characterization holds.

Theorem 2.1 Consider the DAE (2.1) and assume (A1)-(A3). Moreover, let (tn, Un, Ap)
denote the sequences generated with a projected Runge-Kutta method satisfying (B1)-(B3),
when applied to (2.1) with consistent initial values (ug, vg, Ag)-

Then there exists a positive constant Aty such that for 0 < At < Atq the iterates (U, Uy, Ap)
exist for n € N.  Moreover, for At €]0,Aty] there is a C¥-function oar : So — R,
So = {(u,v) € RN*M | g(u) =0, Dg(u)f(u,v) =0} satisfying the following assertions.

i) The set Moar = {(u,v,A) € D xR | g(u) =0, Dg(u)f(u,v) =0, A= tho,ae(u,v)}
is tnvariant for the projected Runge-Kutta map (2.6)-(2.8).

ii) The manifold My ay is uniformly attractive with the constant xa¢ =
| R(o0) | +O(At9), that is,

[ Ant1 — Yo,at(tntt, var1) [ < Xae [[An — Yo,at(tn, va) |
for every discrete evolution (un, vn, \y) starting sufficiently close to My a:.

ii) For every initial value (ug, vo, o) with || Ao — 1o at(Uo, vo) || sufficiently small there
is (o, Do, Ao) € Mot and c,é > 0 such that the corresponding evolutions (un, vn, \y)

and (G, On, \) satisfy

| (wi,vi) = (@, B) | < extay [ Ao — Yo,ae(uo, vo) ||, @ €N,
A =Xl < exar | Ao — %o,at(uo, vo) ||, @ €N

w) [[vo(u, v) — Yo,ac(u,v) |< CAL! for (u,v) € Sp.



Theorem 2.1 confirms that the set My a: can be viewed as a discrete analogue of the
continuous phase space M,. But in general the discrete numerical scheme is initialized at a
consistent initial value (ug, vg, A\g) € My. Thus we have to discuss the attractivity properties
of My a¢ in more detail.

A numerical scheme is infinitely attractive, if xa; = 0. This implies (un, vn, An) € Mo s
for n > 1. Numerical methods with R(co) = 0 are highly attractive. In this case we
have xa; = O(At?) and, thus, the iterates (uy,,vn,A,), n > 1 for small step sizes At
are indistinguishable from their in phase counterparts (i, 0y, :\n) on My as- The relation
R(0c0) = 0 is valid, i.e., for stiffly accurate Runge-Kutta methods.

Finally, an application of the implicit function theorem to the index 3 constraint equation
(2.2) in combination with condition iv) shows that the numerical iterates (uy,, v,, A, ) satisfy
the index 3 constraint (last equation in formula (2.2)) up to a deviation of order O(A#!)
forn € N.

3 Embedding techniques for index 3 DAEs

In this section we give the first part of the proof of Theorem 2.1. Theorem 2.1 is the index
3 analogue of Theorem 2.1 in Schropp [13] where the corresponding statement was shown
for index 2 DAEs. We will prove Theorem 2.1 generalizing the ideas displayed there. The
main technical tool was the embedding of the index 0 form of the original DAE in an open
neighbourhood of Sy in the state space.

Assuming (A1)-(A3), an embedding of (2.4) into D,,, 7o €]0, 7| sufficiently small can be
established as follows. Let

Cu Cm) 20,21 L .
C = eRY™ Cy e R, 1<, <2
(021 Ca g J

and consider the problem

v = f(u,v), u(0)= up,
w = —(Chiw+ Ci22), w(0) = wy,
v = k(u,v,), v(0) =1 (3.1)
—(Corw + Co2), 2(0) = 2,
= g(u) —w, A0)=X\.
We suppose po(—C) < —n, n > 0 and Cj5 invertible (e.g., set C1; = Coy = 21, C19 = Cy =

—1I). Here ps(C) stands for the logarithmic norm of a matrix C' (see Dekker, Verwer [5], p.
27 for definition). Introducing the variables @ = (u,w), ¥ = (v,2), A = X and the functions

f(a,0) = ( Ji((lgz)erCHZ) ) ’
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X

>
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( k(u,v,\) )
—(Carw + Coz)

g(@) = g(u) —w
equation (3.1) takes the formal Hessenberg index 3 form (cf. (2.1))

u =

f(@, ),
b k(a, o, ), (3.2)
= g(a).

Our first aim here to show is that (A1)-(A3) for (2.1) imply the following assertions for
the DAE (3.1).

A1’ f = CU—H RN+M,RN , ke CY RN+M+I,RM = Cu+2 RN,RZ ) C eCcr RN’RZZ,QI
b b b b
for v sufficiently large.

(A2’) There is a Cy-function 1, satisfying

Dg?(u)(f(u,v), f(u,v)) + DQ(U)g—i(u, v)f(u,v)

+Dg(u) 9L (o, ko, v, (w0, w,2)

—011 (an =+ 0122) — 012(02111) + 0222!) =0
for (u,v) € Dy, || (w,2)||< 71.

A3) Dg(u Of (y, )2k u, v, Ye(u,v,w, z)) is invertible for (u,v) € D,,,
v oA 0

|| (w, 2) |[a< 71 and the inverse has bounded norm.

(A17)-(A3’) correspond to (Al)-(A3) with the exception that the vectorfield on the right-
hand side of the DAE (3.1) is not bounded.
We construct the function v, by applying Lemma 4.2, Beyn, Schropp [4] to the equation

Fuwp:(C) = DgQ(U)(f(u,v),f(u,v))+D9(U)g—£(u;v)f(u,v)

+Dg(u)g—£(u, v)k(u, v, (u, v) + () (3.3)
—011(011’!1) + 0122) — 012(021’11) =+ CQQZ)
= 0.

Lemma 4.2 in Schropp [13] ensures exactly one solution ¢, .., of the equation (3.3) in B,,(0),
that is, ©e(u, w,v, z) = o(u,v) + Cuwp,. satisfies the equation in (A2’) for (u,v) € D,
Il (w, 2) ||2< 71, 71 > 0 sufficiently small and an implicit function argument guarantees the



smoothness of .. The reader may notice that we have g (u,v) = 9(u,0,v,0) by unique-
ness.
Then, an application of the Banach lemma with Dg(u ) (u v) 2 (u, v, 1o (u, v)) and the per-

turbation Dg(u )af (u, v) % (u, v, e (u, w, v, 2)) shows that the perturbed matrix is invertible,

the inverse possesses a bounded norm and (A1’)-(A3’) are verified.
(A1’)-(A3’) imply that equation (3.1) is of index 3. Consistent initial values must satisfy

g(ug) —wo = 0,
Dg(ug) f (uo, vo) + Cr1wp + Ci220 = 0,
DQZ(UO)(f(Um vo), f(uo,0)) + DQ(UO)g—i(Uo, vo) f (o, Vo)

0
+D9(uo)a_£(uog Vo) k (o, Vo, Ve (U0, Wo, Vo, 20))
—C11(Criwg + Ciazg) — Cro(Coywg + Cozp) = 0.

The solution flow of (3.1) has the form

QOe(t, U’O;“O) = (ﬂ'awaﬁ,za X)(ta anUO)a (UO:UO) € D'ro
with the relations
w(t, ug,v9) = g(a(t,ug,vo)),
(t Ug, U 0) = h((aa @)(ta U(),’U(])),
h(u,v) = —(Ci2) '(Dg(u)f(u,v) + Crg(u)),
(t anUO) - we((ﬂ:u_],ﬁaz)(ta anUO))'
Moreover,
M, = {(u,w,v,2,A) € Dy x R¥ | g(u) —w =0,

Dg(u) f(u,v) + Criw + Cr2z = 0, A = 9 (u, w,v, 2)}

is the phase space of equation (3.1). Applying the theory of logarithmic norms (see, e.g.,
Dekker, Verwer [5], Th. 1.5.2) we obtain that

(@, 2)(t, o, o) |l < [[ (@, 2)(0, o, vo) [l2 exp(—nt) (3-4)

is valid for the (w, z)-component of every solution of (3.1). In particular, in the case w(0) =
wo = 0, 2(0) = 25 = 0 problem (3.1) reduces to (2.1). After eliminating the (w, z)-variables
with the setting . (u,v) = ¥.(u, g(u), v, h(u,v)) the (u,v)-component of the underlying
index 0 ODE of (3.1) reads

u = f(u,v), U(O) = Uo;
b = k(u,v,Ye(u,v)), v(0) =1y, (ug,vo) € Dyy C R¥*M open. (3.5)

Next we summarize the qualitative properties of the solutions of (3.1).
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Lemma 3.1 Consider equation (3.1) on the phase space M., and let (A1)-(A3) hold.
Then every solution of (3.1) with consistent initial values (ug, wo, Vo, 20, No) exists for all
t > 0. Moreover, My, = {(u,w,v,2,)\), (u,v) € Dy, (w,2,A) € R¥ | g(u) = w =
0, h(u,v) =2=0, A = @Ee(u, v)} is an invariant and globally attractive subset of the phase
space M,.

Proof: The proof of Lemma 3.2 is a direct consequence of (3.4) and the fact that f, g, k, C
are Cy-functions.

We are interested in the behaviour of s-stage projected Runge-Kutta methods when
applied to the embedded DAE (3.1). The reader should keep in mind that (3.1) is an index
3 DAE in Hessenberg form (see (3.2)). The numerical scheme has the form

Upni1 = un+AtD" @I)F(U™, V"),
Woi1 = wp— AtGT @I)((Ch @ HW"™ + (Cro @ I)Z™),

Vpni1 = Un+ At @ Dk(U™, V™, A"), (3.6)
Znp1 = 2n— At @ 1)((Co1 ® I)W" (Cy @ 1) Z™),
Ag1 = (1=b0"ATT)A, +(BTA TR A"

where U™ € RY*, W™ ¢ R, V™ € RMs, 7" € R, A" € R* denote the solution of the
algebraic system

U-1I®u,) = At(ARI)f(U,V),
W—-(1w, = —At(AQN(CLL@I)W + (C12®1)Z2),
V-(I®v,) = AtA®Dk(U,V,A), (3.7)
Z-(1Q®2z) = —At(AQI)((Coy @ W + (Coe ® 1) Z),
0 = gU)—-W.

Finally, the projection step for the embedded DAE reads

0 ok
Upt1 = URnpt+1 T 8—£(Un+1, Un—l—l)a_)\(un—l—la Un+1, )\n+1),u1,
ok
Uny1 = URn41 + a—)\(unﬂ; Vnt1, Ant1) 2, (3-8)
0 = g(“n+1) — Wp+1,

0 = Dg(unt1)f(Uni1, Vnt1) + Cr1wngr + Craznya.

Now we present existence results for the projected Runge-Kutta schemes applied to the
embedded DAE (3.1) in the concept of vectornorms (see, e.g., Beyn, Schropp [4], section 4
for a definition).



Lemma 3.2 Let the assumptions of Theorem 2.1 hold and (ug, wo, vy, 20, Ao) be a consistent
initial value for the DAE (3.1).

Then for 0 < At < Atg, Aty > 0 sufficiently small the projected Runge-Kutta iterates
(U, Wiy Vpyy 2ny An) exist for n € N. For the stages (U, W,V,Z,\) of the projected Runge-
Kutta dynamics we have with so(u,w,v,2) := 1@ u, 1@ w,I® v,I® 2,1 (u, w, v, z)),
(u,v) € Doy, || (w, 2)||< 71 the inequality

(U, W, V, Z,A) = so(w,w,v,2)| < O(A)(1,1,1,1,1) (3.9)

Moreover, the functions p; = p;(At,u,w,v,z,A), i = 1, 2 from the projection step (2.8)
satisfy

il = O(AL7) (3.10)

for (u,w,v, 2) satisfying g(u) —w =0, Dg(u)f(u,v) + Criw + Ci2z2 = 0 and
[N — ve(u,w, v, 2) || sufficiently small.

Proof: The DAE (3.1) can be written in Hessenberg index 3 form (see (3.2)) and satisfies
(A17)-(A3’). A detailed inspection of the proof of Lemma 3.2 in Schropp [14] shows that that
it works with (A1%)-(A3’) instead of (A1)-(A3) too. Thus, Lemma 3.2 is a direct consequence
of Lemma 3.2 in Schropp [14].

4 Embedded index 3 systems under discretization

In this section we complete the proof of Theorem 2.1. We show the assertions i)-iv) of
Theorem 2.1 simultaneously by applying Theorem 5 of Nipp, Stoffer [12] on the discrete
Runge-Kutta dynamics of the DAE (3.1). First, we follow the lines of Schropp [13], section
4. We use the formulae (3.8), (3.10) and Lemma 3.2 to eliminate the variables w, z and
obtain

Uppr = Up + AT @ 1) FUAL Uy, vy), V(AL Uy, vy,))
+ AL (AL Un, Uny An)]
Uppr = Up + At[(07 @ DE(U(AL, Un, vy), V(AL tp, v,), A(AL Up, v,)) (4.1)
FALT o (AL U, U, Ag)]
Ag1 = R(00)A, + (0T AT' @ DA(AL, Uy, vy)
with smooth and bounded functions fi, 1=1,2.

Introducing 7, = A, — &e(un,vn) = A\ — Ye(Un, 9(up), Vn, h(tn,v,)) and rewriting (4.1)
yields

(=) = (o) raemen (fiov @y )
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1(AL, Un, Uny T+ Ye(Un, Un
e ( éEAt, i, +ZEuv;§ )
= (Un,Vn) + G1(AL, Up, Vyy M), (4.2)
Mpr = R(00)0, + (BTA™ @ I (A(AL, U, vy) — L@ the(Un, vn))
e (Un, V) = Ye((Un, Vi) + G1 (AL, Un, Vn,y 7))
=: R(c0)n, + B(AL, Up, Uy, M) =: Ga( AL, Uy, Uy, ).

The functions G, Gy are lipschitzian with the constants

LGl,(u,v) = O(At), LGI,77 = O(Atq),
LGz,(u,v) - 0(1), LGQ’" == ‘R(OO)| +O(Atq) < ]_ (43)

Obviously, for a fixed number » € N the conditions

2 LGI:"LGQa(uaU) < 1 - LGla(uav) - LG2,W’
LGz;’) + LGlana < (]‘ - LGla(uav) - LGlana)T

with
2LG2,(u,'u)
1 - LGla(uaU) - LG?W + \/(1 - LGI:(uav) - LG?W)Z - 4LG17WLG21(uav)

are satisfied for At > 0 sufficiently small. Now, Theorem 5 of Nipp, Stoffer [12] guarantees
the existence of a Cy-function nat which defines the discrete invariant manifold by n =
Nat(u,v). In the (u,v,\)-coordinates we obtain with the as(u,v) = e(u, v) + na¢(u,v),
(u,v) € Dy, for 0 < At < Aty, Aty > 0 sufficiently small the following result:

o =

i) The set M ar = {(u,v,\) € Dyy X R' | X = tpe ar(u,v)} is invariant for the projected
Runge-Kutta map (4.1).

ii) The manifold M, A, is uniformly attractive with attractivity constant ya, = | R(c0) |
+O(At9).

iii) For every initial value (ug, vg, Ag) With || Ag — % a¢(uo, Vo) || sufficiently small there is
(@, Do, Ao) € M, ar and ¢,é > 0 such that the corresponding evolutions (uy,, vn, An)
and (g, Un, A\n) satisfy

| (wi, i) — (@i, %) || < cXiAt | Ao — Ye,at(uo,v0) ||, 7 €N,
[ Ai =Xl < exXas | Ao — Ye,at(uo, vol| i €N

iV) || TZ)e(U’a U) - 77be,At(U'a U) ”S C Sup{” ﬁ(At,’U,,U,qLe(U,U) - &e(u,v)) || | (Ata u, U) €
]0, Ato] X D’ro}'
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Here the reader may notice that to apply Theorem 5 of Nipp, Stoffer [12] formally we have
to enlarge the domain of Gy, G; for (u,v) € R¥™™ as CY-maps which satisfy the lipschitz
conditions (4.3).

Reduced to the invariant manifold M, a; the (u,v)-component of a projected Runge-Kutta
method reads

Unpt = Un+ AO" @ 1) f(U(AL un, va), V (AL, tn, vn))
+ AL (AL Uy, Uny Ve n(tn, V)],

Upp1 = Un+ AT @ DE(U (AL, un, vn), V(AL tn, vn), A(AL, Un, vn)) (4.4)
+ AL fo (At Uy, U, Ve, at(Un; Vn))]-

Obviously, the iteration scheme (4.4) can be regarded as a (¢ — 1)-th order one-step method
applied to the index 0 problem in the (u,v)-variables

U o= f(u,v),Au(O) = Uy,
v = k(u,v,%e(u,v)), v(0) =g (4.5)

of the embedded equation (3.1). Next we estimate the distance between t(u,v) and
Yo,at(u,v). With 5 from (4.2) we set

Bn = ﬁ(At,’U,n,Un,'l[Je,At(Un,’Un)—Q/AJe(Un,’Un))-

According to iv) we have to show 3, = O(At?1).
Using the definition of 8 in (4.2) and the discrete A¢-time map (4, 9, ;\)(At, u, v, A) we
obtain with the local error

locerry, =

(@
locerry = XAt u,v) — AMAL u, v, Y. (u,v)) = O(AL™Y)

the estimation

Bn = (BTAT Q@ I)(A(AL, Un, vn) — L@ U (tn, Un)) + Ve (tn, vn)
— e (10, ) (AL, U, Vi, e, a1 (i, V)

= —locerry, + Pe((T, D) (At, tn, ) — e (1, D) (AL, Un, Vny Ve (Uny Un)))
+1)e (1, D) (AL, Un, Vn, Ve (tin, vn))) (4.6)
— e (1, D) (AL, Un, U, Ve, ¢ (1, Vn)))

= —locerry, + O(1)(locerry, »,) + O(At) (Ve (tn, vy) — Ve, At(Un,Vn))

= O(AtTY) + O(AL)  (e(tin, v) — Ve, At(Un,y Vn))-

Combining (4.6) with property iv) this leads to
(1 + O(AL)* || Ve (tny vn) = Year(un, va) || = O(ALY) (4.7)
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Since (I + O(At))™' = I + O(At) holds, formulae (4.6), (4.7) imply the desired estimation

||1ze(una Un) - we,At(un; vn) || = O(Atq_l)a (una Un) S DTO'

Now, we complete the proof of Theorem 2.1. Since the projected Runge-Kutta methods
applied to the original DAE (2.1) can be regarded as the same method applied to the
embedded DAE (3.1) with w(0) = wy = 0 and 2(0) = 2z = 0 we can draw back the
derived results. We restrict (4.4) to the invariant set Sy and define g a¢ := Vet |5, by
Yo.at(u,v) = Yenr(u,v), (u,v) € Sy as well as Moar = {(v,v,\) € Dy x R | g(u) =
0, Dg(u)f(u,v) =0, A= voae(u,v)}.

This finishes the proof of Theorem 2.1.
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