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Abstract

Observations of the line-of-sight (LOS) component of emitter velocities in galaxies are valuable for reconstructing
their two-dimensional (2D) velocity fields, albeit requiring certain assumptions. A common one is that radial
flows can be neglected in the outer regions of galaxies, while their geometry can be deformed by a warp. A
specular approach assumes that galactic disks are flat but allows for the presence of radial flows. This approach
enables the reconstruction of 2D velocity maps that encompass both the transversal and radial velocity fields.
Through the study of velocity fields in toy disk models, we find that the presence of warps is manifested as a
dipolar correlation between the two velocity components obtained by assuming a flat disk. This shows that the
analysis of angular velocity anisotropies provides an effective tool for breaking the degeneracy between warps
and radial flows. We have applied these findings to the analysis of velocity fields of the galaxies from the
THINGS sample and M33. Many of these galaxies exhibit such a dipolar correlation, indicating the presence of
warps. However, we have found that the warp alone cannot explain all variations in the velocity field, suggesting
that intrinsic perturbations are common. Furthermore, we have observed that the spatial distribution of the LOS
velocity dispersion may correlate with both velocity components, providing independent evidence of nontrivial
velocity fields. These findings offer a robust approach to reconstructing the velocity fields of galaxies, allowing us
to distinguish between the presence of warps and complex velocity structures by assessing their relative
amplitude.

Unified Astronomy Thesaurus concepts: Galaxy kinematics (602); Galaxy rotation (618); Galaxy rotation curves
(619); Galaxy dynamics (591); Spiral galaxies (1560)
Materials only available in the online version of record: figure sets

1. Introduction

The characterization of velocity fields in external galaxies is
crucial for understanding their dynamics and evolution. One
way to measure the line-of-sight (LOS) velocity field across a
galactic disk is by using stellar or gas emission. High-
resolution measurements of the LOS velocity field of the
stellar component and of the ionized gas from H II regions
provide maps of the inner disk (see, e.g., S. Erroz-Ferrer et al.
2015), while the distribution of gas, particularly traced by the
21 cm line of H I (neutral hydrogen), allows mapping of the
external regions as well. In the past, observations of H I were
limited by low resolution. However, nowadays, there are high
spectral and spatial resolution surveys available for H I
emission in nearby galaxies, such as the observations leading
to the THINGS galaxy sample conducted by F. Walter et al.
(2008).
The two-dimensional (2D) LOS velocity field resulting from

these observations must necessarily be analyzed by making
certain assumptions about the geometry of the galactic disk
and/or the nature of the velocity field. Indeed, the simplest
model of a galactic disk, where matter moves on strictly
coplanar circular orbits around the center, is rarely observed in

the data. On the one hand, there are perturbations due to
galactic structures such as bars, spiral arms, satellites, etc., that
give rise to noncircular motions. On the other hand, the disk
may not be flat but may have a warped geometry, which
should be more pronounced in the outermost regions where
tidal forces are possibly larger. Indeed, warps have been
directly observed in the outer regions of edge-on disk galaxies
(R. Sancisi 1976; V. Reshetnikov & F. Combes 1998;
U. Schwarzkopf & R.-J. Dettmar 2001; I. García-Ruiz et al.
2002; M. L. Sánchez-Saavedra et al. 2003), typically starting
at the optical radius. The warp angle, defined as the angle
between the outermost detected point and the mean position of the
plane of symmetry, typically does not exceed 10° (I. García-Ruiz
et al. 2002; M. L. Sánchez-Saavedra et al. 2003; V. P. Reshetnikov
et al. 2016; S. P. C. Peters et al. 2017).
In general, both deviations from planarity and circular orbits

can be present simultaneously, creating a situation that makes
it difficult to reconstruct the actual velocity field of the 2D map
obtained from the observations of the one component LOS
velocity. In particular, one of the main limitations to the
reconstruction of a galaxy’s velocity field is that noncircular
motions, especially radial motions, are challenging to disen-
tangle from the nonflat geometry of a disk. In other words,
there is an intrinsic degeneracy between the geometry of the
disk and radial motions. This degeneracy arises from the fact
that the different methods used to reconstruct the 2D velocity
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field from the LOS velocity can lead to confusion between
radial flows and warps.
The projection of a disk galaxy on the sky is characterized

by at least two orientation angles. The first, the inclination
angle i, determines the overall inclination of the disk with
respect to the observer. The second, the position angle (P.A.),
is the angle of the galactic major axis with respect to the north
galactic pole. If the disk is warped, then one of these angles, or
more commonly both, are not constant across the galactic disk
but depend on the distance from the Galactic center. For this
reason, the kinematics of galaxies are usually studied by
analyzing the 2D LOS field using the tilted-ring model (TRM)
introduced by P. J. Warner et al. (1973) and D. H. Rogstad
et al. (1974). This method allows the inclination angle i and/or
the P.A. to depend on the radius, so that the disk’s geometry,
instead of being flat, is warped.
More specifically, the TRM assumes that a galaxy can be

approximated by a sequence of rings, where each ring is
characterized, at least, by its own P.A., inclination angle, and
rotational velocity (other free parameters, such as the center of
the ring, can be indeed introduced in the analysis of the TRM).
Real radial motions in the TRM framework appear as a change
of the orientation angles with the distance from the Galactic
center so that warps can suppress the detection of real radial
motions (see, e.g., T. M. Schmidt et al. 2016 and references
therein). That is, the TRM method may not be able to
accurately reconstruct radial motions that are instead inter-
preted as distortions of the galactic disk.
In its simplest implementation, the TRM assumes radial

velocities to be zero. This assumption is, however, not a
necessary condition in the framework of the TRM method, and
it is possible to consider cases in which they are different from
zero. Methods able to reconstruct radial and nonaxisymmetric
motions in galaxies have relied on a combination of Fourier
decomposition with the TRM by considering that nonaxisym-
metric distortions to the planar flow can always be described by a
harmonic analysis (M. Franx et al. 1994; R. H. M. Schoenmakers
et al. 1997; T. Wong et al. 2004; J. D. Simon et al. 2005;
L. Chemin et al. 2006; G. Gentile et al. 2007; C. Trachternach
et al. 2008). For instance, R. H. M. Schoenmakers et al. (1997)
introduced a tool to handle mildly noncircular flows. This
method, which is based on epicycle theory, is valid for small
departures from circular orbits and can only fit mildly elliptical
streamlines, whereas it may give misleading results if the
observed noncircular motions are not small compared to the
circular orbital speed.
In general, the problem with methods based on the TRM

analysis lies in the fact that the initial fit using the TRM may
suppress real radial motions by interpreting them as spurious
warps in the galactic geometry. For this reason, while radial
flows have been found by using the TRM already two decades
ago (F. Fraternali et al. 2001), it is still unclear whether their
full extent has been correctly measured.
In their recent study, E. M. Di Teodoro & J. E. G. Peek

(2021) investigated a large sample of galaxies by incorporating
radial velocities directly into the TRM fit. They employed a
three-step fitting method to isolate the radial motion. Initially,
they fitted the warped geometry of the disk and the circular
motion based on the kinematic major axis. Subsequently, they
focused on fitting the radial motion using the regions along
the kinematic minor axis. This approach effectively attributed
the radial distortion of the kinematic major axis solely to the

presence of a warp, while disregarding distortions caused by
radial flows. However, it remains uncertain whether this
method captures all radial velocities adequately due to the
degeneracy with warps. Specifically, it may underestimate the
radial motion on the disk, as it explicitly assigns the distortion
of the kinematic major axis to the warp alone. This issue has
been noted in previous research as well (T. M. Schmidt et al.
2016). In a recent publication, E. Wang & S. J. Lilly (2023)
developed a statistical test to determine whether warps or
radial inflows dominate the overall population of galaxies.
Their approach relies on breaking the symmetry inherent in
requiring the radial flow to be inflow rather than outflow. They
found that systematic inflow effects on the 2D velocity field
bear similarities to those caused by geometric warps, resulting
in twisted distortions of both the kinematic major and minor
axes. This similarity presents a challenge in differentiating
between the two phenomena in practical scenarios. Indeed,
warps in the P.A. inherently result in a rigid rotation of the
velocity field. On the other hand, the effects of radial flows
depend on whether they are isotropic and have a constant
amplitude. Therefore, the degeneracy between radial flows in
velocity fields and warps cannot be generally disentangled
using the TRM.
To summarize, distinguishing between warps and radial

flows remains a challenging problem, with potential confusion
between the two. Despite numerous attempts, resolving this
degeneracy continues to pose a challenge. This is a significant
open question, as understanding the properties of radial flows,
as well as estimating local gradients in the velocity field, is
crucial for assessing the stability and dynamics of galactic
disks. It is important to emphasize that methods based on the
TRM are designed to measure velocity profiles averaged over
rings and do not inherently enable the detection of angular
velocity anisotropies. However, as discussed hereafter, the
method presented in our paper offers a unique capability to
precisely differentiate between warps and radial flows by
analyzing angular velocity anisotropies.
Recently, the velocity ring model (VRM) was introduced

(F. Sylos Labini et al. 2023). This model shares the assumption
of a flat galactic disk with other existing methods (E. I. Barnes
& J. A. Sellwood 2003; K. Spekkens & J. A. Sellwood 2007;
J. A. Sellwood & R. Z. Sánchez 2010; J. A. Sellwood et al.
2021). However, the VRM offers the ability to characterize
nonaxisymmetric and heterogeneous velocity fields of any
form. Within this framework, both radial and transverse
velocity components can exhibit arbitrarily complex spatial
anisotropic patterns. The VRM method is able to reconstruct
coarse-grained 2D maps, allowing for the investigation of
spatial anisotropies in angular sectors at various distances from
the Galactic center. F. Sylos Labini et al. (2023) have applied
the VRM reconstruction method to a subsample of the
THINGS galaxy sample (F. Walter et al. 2008), whereas
F. Sylos Labini et al. (2025) have studied a subsample of the
LITTLE THINGS galaxy sample (D. A. Hunter et al. 2012).
While this approach is particularly well-suited for examin-

ing optical disks, where warps are uncommon, its applicability
to peripheral regions is uncertain. This is because, as
mentioned above, a warp’s signal may be mistakenly
interpreted as a radial velocity flow when analyzing the LOS
velocity map using the VRM. In this work, we address this
limitation by discussing how the spatial velocity anisotropy
patterns in the coarse-grained 2D maps obtained through the
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VRM method can be used to characterize warps. By carefully
examining these velocity anisotropy patterns, it becomes
possible to differentiate between the effects of warps and
radial velocity flows within the VRM framework. This
provides a means to accurately identify and characterize the
presence of warps, even in peripheral regions of galaxies.
More specifically, in this work, we present evidence that

examining the spatial properties of velocity anisotropies,
obtained in the VRM by assuming a flat disk, offers a distinct
and definitive approach to detecting the potential presence of a
warp. By analyzing these velocity anisotropies, we can
differentiate between the effects of warps and other intrinsic
velocity perturbations. Importantly, our analysis enables us to
assess the amplitude of intrinsic velocity perturbations,
regardless of whether a warp is actually present. The key
result is that if the disk is warped, a clear dipolar correlation
between the two velocity components is observed when
assuming a flat disk and using the VRM to reconstruct the
velocity field. This finding is significant because if the disk is
intrinsically warped, applying VRM, which assumes a flat
disk, allows us to break the degeneracy between geometric
deformations of the disk and radial motions.
In light of this result, we reanalyzed the fields of galaxies

from the THINGS sample, as previously considered in
F. Sylos Labini et al. (2023), and that of M33 (E. Corbelli &
S. E. Schneider 1997; E. Corbelli et al. 2014). Additionally, we
explored the correlation between the velocity field recon-
structed by VRM and the velocity dispersion field (i.e., the
second moment of the velocity) that is also available for the
galaxies considered. This approach allows us to assess not only
whether a galaxy is warped but also it permits to characterize
the properties of intrinsic perturbations to the velocity field as
well as their correlation with the velocity dispersion field.
The paper is organized as follows: In Section 2, we briefly

review the main features of VRM and introduce the estimators
of the correlations between the velocity fields and the velocity
dispersion field. Then, in Section 3, we present results obtained
by considering toy galactic disk models that illustrate how a
warp corresponds to specific spatial correlations between the
radial and transversal velocity fields obtained by the VRM
method. The analysis of a few illustrative examples of galaxies
is presented in Section 4, while in the Appendix there are
reported the analyses for all the remaining galaxies in our
sample. Finally, Section 5 contains our conclusions.

2. Methods

After having briefly reviewed the main characteristics of the
VRM, we discuss the estimators of the spatial correlations
between the various fields.

2.1. The VRM

The VRM is a method that, by assuming that the galactic
disk is flat, allows for the reconstruction of transverse and
radial velocity component 2D maps from observations of the
LOS velocity map of an external galaxy (F. Sylos Labini et al.
2023). Let us briefly recall its essential features. The map of an
external galaxy consists of the angular coordinates (r, f) in the
projected image of the galaxy onto the plane of the sky, along
with the LOS component of the velocity vlos(r, f). These can
be transformed into

[ ( ) ( )] ( ) ( )= +v v v icos sin sin , 1t rlos

where the transversal and radial velocity components,
vt = vt(R, θ) and vr = vr(R, θ), refer to the velocity of the
galaxy in the plane of the galaxy, where R and θ are the polar
coordinates in the plane of the galaxy and i is the inclination
angle (the other orientation angle, the P.A., enters into the
transformation from (r, f) to (R, θ)). In the intrinsic
coordinates of the galaxy, assuming a flat disk, it is possible
to divide the disk into Nr rings, all having the same inclination
angle and P.A. The velocity field within each ring can be
decomposed into a radial component vr = vr(R) and a
transverse component vt = vt(R). By inverting Equation (1),
the VRM provides the values of vr(R) and vt(R), the profiles of
the two velocity components averaged over a ring, in
each ring.
It is possible to extend the VRM to consider nonaxisym-

metric motions induced by galactic structures such as the bar,
spiral arms, and others. This is done by splitting each ring into
Na arcs, each characterized by a different radial and transversal
velocity. In this way, we also introduce a dependency on the
angular coordinate θ, meaning that vt = vt(R, θ), vr = vr(R, θ),
again under the assumption that the inclination angle and the P.
A. are constant across the disk. The VRM divides the galaxy
image into a grid of Ncells cells, determined by the product of
the number of rings and the number of arcs, i.e.,
Ncells = Nr × Na.

7 Within the ith cell, the VRM provides the
transverse velocity component, vt

i, and the radial velocity
component, vr

i.
Note that the VRM does not provide uncertainties for the

velocity components in each cell. To control the effect of
changing the resolution of the coarse-grained reconstructed
map, one approach is to vary the number of arcs while keeping
the number of rings fixed. By doing so, it is possible to ensure
that the velocity field in a particular angular region, which is
covered by at least one cell, yields consistent velocity
component values regardless of the number of arcs. This
consistency indicates that the maps of transverse and radial
velocities have converged to the same spatial distribution of
anisotropies.
From a quantitative perspective, it is possible to analyze the

convergence of several moments (see F. Sylos Labini et al.
2023 for details) that measure the velocity field in a given
region by varying the resolution of the coarse-grained map.
This involves, for instance, adjusting the number of arcs while
keeping the number of rings fixed. The convergence of these
moments, i.e., the fact that the reconstructed velocity field does
not depend on the resolution used by the VRM, is crucial for
assessing its reliability. It ensures that the noise introduced by
the VRM reconstruction, unavoidably present, does not
surpass the signal. Tests discussed in F. Sylos Labini et al.
(2023) indicate that the moments generally converge when the
velocity fluctuations field is sufficiently smooth. However, in
certain cases, the VRM may struggle to accurately reconstruct
a complex input field, particularly when the perturbation field
exhibits rapid changes in localized patches. Consequently, it is
not possible to straightforwardly estimate the amplitude of

7 Hereafter, we use Nr = 50 rings and Na = 32 arcs. Whereas we have
studied the effect of resolution by varying the number of arcs as
Na = 1, 2, 4, 8, 16, we do not discuss these maps, and we refer the interested
reader to F. Sylos Labini et al. (2023) for a more detailed discussion of the
method and for its testing against a number of toy galaxy models as well as for
the results of the galaxies of the THINGS sample.
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velocity perturbations, e.g., the radial and transversal disper-
sion as a function of radius, as the reconstruction method can,
in some cases, significantly impact the results. We refer the
interested reader to F. Sylos Labini et al. (2023) for a detailed
discussion of the performance of the VRM reconstruction
method based on tests made on artificial disk models.
The effects introduced by geometric deformations, such as a

galactic warp, have distinct characteristics and can generate a
genuine signal rather than noise. These deformations result in a
slowly varying velocity field that, as we discuss in detail
below, can be effectively identified by the VRM. In the case of
a geometric deformation like a warp, the moments of the
velocity field still converge as long as the noise in the
measurements is smaller than the signal induced by the
deformation. This means that if there is no convergence when
varying the resolution, it implies that the noise in the
measurements is larger than the signal, and the presence of a
warp or other geometric deformation cannot be confirmed. On
the other hand, if convergence is observed, it suggests that a
geometric deformation such as a warp may be present.
However, it is important to note that convergence alone does
not provide definitive proof of a warp. As we are going to
discuss in detail in what follows, other factors and observa-
tions need to be considered to establish the presence and
characteristics of a warp in a galactic system.
A crucial aspect when comparing the results of the TRM

and the VRM is to consider the probability density function of
their respective residuals. This refers to the difference between
the observed velocity field and the reconstructed velocity field
by each model. In the analysis presented in F. Sylos Labini
et al. (2023), it is shown that when the number of free
parameters in both models is the same, there are no statistically
significant differences between the two methods. Thus, relying
solely on the statistical analysis of the residuals cannot yield a
definitive conclusion regarding the superiority of one method
over the other or provide conclusive insights into the
properties of the velocity field or the geometry of the disk.
To gain a more comprehensive understanding of the velocity
field and the underlying disk geometry, the analysis developed
in this work proves to be highly valuable.

2.2. Cross Correlation

Once we have reconstructed the tangential vt(R, θ) and radial
vr(R, θ) velocity fields, we cross correlate them with each
other, and in the case of real galaxies, with the velocity
dispersion field σ(R, θ) (see below for details). To quantify the
correlation between vr(R, θ), vt(R, θ), and σ(R, θ), we consider
the Pearson correlation coefficient. This, for two generic fields
f (R, θ) and g(R, θ) (where f, g = vt, vt, σ) can be defined as
(see, e.g., W. H. Press et al. 2007)

( ) ( )=
=

r
N

r R
1

1
, , 2fg

i

N

fg
i

cells 1

cells

where

( ) ( ) ( ) ( )=r R
f R f

s

g R g

s
,

, ,
, 3fg

i
i

f

i

g

and we denote with f i(R, θ) the value of the field in the ith cell
with i = 1, …, Ncells. In addition, we have defined

( ) ( )=
=

f
N

f R
1

, 4
i

N
i

cells 1

cells

(the same for g ) and

( ( ) ) ( )
¯

=
=

s
N

f R f
1

1
, , 5f

i

N
i

cells 1

2
cells

(the same for sg).
We also employ Spearman correlation coefficients (see, e.g.,

W. H. Press et al. 2007), which are defined as the Pearson
correlation coefficients between the rank variables. In other
words, instead of using the actual values of the variables
f i(R, θ) and g i(R, θ), the correlations are computed based on
their ranks. Through extensive testing using both toy models
and real galaxies, we have chosen to present results obtained
with the Spearman correlation coefficients. While the results
obtained with both correlation coefficients are generally
similar, the advantage of using the Spearman coefficient is
that it is not influenced by factors such as the wide variation in
velocity dispersion observed in real galaxies. This prevents
biases in the estimation of averages and variances toward
larger values.
While the overall values of the correlation coefficients, as

given by Equation (2), provide a measure of the strength and
direction of the correlations between the velocity components
and among them and the velocity dispersion, their significance
lies in their spatial distribution across the galactic disks. The
presence of spatial correlations indicates that the relationships
between these quantities extend beyond localized regions and
encompass a larger portion of the galactic disk. For this reason,
we specifically focused on analyzing the spatial distribution
maps of the correlation coefficients ( )r R,v vt r

, ( )r R,vr
, and

( )r R,vt , as these maps have the potential to reveal spatial
correlations within the galactic disks. It is through these
correlations that we can gain insights into the presence of
warps or complex velocity structures and their interplay. This
information is crucial in understanding the underlying
dynamics and physical processes operating within the galaxies.

3. Effects of Warps on the VRM: Tests with Toy Models

In this section, we illustrate the procedure that allows us to
conclude whether or not a warp is present in the outer regions
of a disk. To this aim, we generate artificial disk models with
properties defined by the radial behaviors of the averaged
velocity profiles vt(R) and vr(R) and of the orientation angles i
(R) and f0(R). Each toy disk model is then projected onto the
plane of the sky to obtain an LOS velocity map vlos(r, f) that
mimics real observations. The properties of this map are then
measured using both the VRM and TRM methods. We provide
a few controlled and simple examples that illustrate that by
analyzing the results obtained from both the VRM and TRM
methods, it becomes possible to disentangle the geometrical
effects arising from the warp and the radial-dependent features
of the velocity field.
The reconstruction process with the VRM enables us to

obtain coarse-grained 2D velocity maps that encompass both
the transverse and radial velocity fields. However, due to the
incorrect assumption of a flat disk encoded by the VRM, the
geometric deformations associated with the warp introduce
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artifacts in both velocity component maps. We will denote
these artifacts as extrinsic velocity anisotropies to differentiate
them from intrinsic ones, which arise from real velocity
perturbations in the disk. More importantly, we show that a
warp introduces a specific spatial correlation between these
two velocity components and that such a spatial correlation
serves as an indicator of the warp’s existence. By measuring
such correlation, one can both assess the presence of the warp
and recover the underlying intrinsic radial velocity profiles of
the disk. Indeed, we also show that if the disk is flat and
characterized by an isotropic radial flow, such spatial
correlation vanishes. On the other hand, in that case, by using
the TRM, the isotropic radial flow appears as a geometric
deformation, highlighting the intrinsic degeneracy between
warps and radial flows in the context of the TRM.

3.1. Analysis of a Simple Toy Warped Disk Model

We first consider the simple toy disk model depicted in
Figure 1 as an illustrative example. This model is constructed
as follows: within a disk of radius 50″, the transverse velocity
field remains constant at 200 km s−1, while the radial velocity
field is null. Additionally, the disk is warped in such a way that
the P.A. linearly changes by ΔP.A. = 5° between a radius of
25″ and a radius of 50″, while, for simplicity, the inclination
angle remains constant. The observer is positioned far enough
from the disk to view it with an inclination of i = 50°. The map
of the LOS velocity in the plane of the sky vlos(r, f) is shown
in panel (a) of Figure 1: this map represents the input data
which mimics observations. The input orientation angles used
to generate the warped disk are reported in panel (g) of

(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 1. Results for a toy disk model; the panels respectively show (a) the LOS velocity map projected on the plane of the sky vlos(r, f) that, mimicking real
observations, represents the input data of the analysis; (b) the VRM-reconstructed velocity transversal profile (VRM) as a function of the distance from the center; (c)
the same as (b) but for the radial component; (d) the transversal velocity vt(R, θ) map in the plane of the toy disk model reconstructed using the VRM method with
Nr = 50 and Na = 32; (e) the same for the radial velocity vt(R, θ) map in the plane of the toy disk model; (f) the rank correlation coefficient map ( )r R,v vt r in the
plane of the toy disk model; (g) the P.A. (upper panel) and inclination angle (bottom panel) of the input model (these are given by the TRM); (h) the velocity
transversal component, the velocity radial component and rank velocity correlation coefficient in the outer part (i.e., for r > 0.75Rmax = 50″) of the warped disk as a
function of the polar angle θ.
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Figure 1: these coincide with the orientation angles measured
by TRM, given that we have assumed that vr = 0.
The VRM correctly estimates the velocity components

profiles (see panels (b) and (c) of Figure 1) only in the region
where the disk is flat, i.e., vt = 200 km s−1 and vr = 0 km s−1

for R� 25″. In the outer disk region, i.e., for 25″ <R < 50″,
both vt and vr show variations that, locally, can be as large as
30 km s−1, even though, on average, they do not exceed
∼20 km s−1. Such variations are artifacts resulting from the
flat disk assumption encoded in the VRM method, which is at
odds with the properties of the given toy disk model.
The radial and transversal velocity coarse-grained maps

reconstructed by the VRM (panels (d) and (e) of Figure 1)
show angular anisotropies that smoothly vary with the angular
coordinates θ: these are also artifacts due to the warp as such
variations were not encoded in the input velocity field of the
toy disk model. Actually, from a simple visual inspection, we
can conclude that these maps present dipolar oscillations as a
function of the polar angle θ, although with different phases
for vr and vt. The same kind of dipolar oscillation is present in
the map of the correlation coefficient ( )r R,v vt r (panel (f) of
Figure 1). More quantitatively, we find that in the outermost
regions of the disk, i.e., 35″ <R < 50″, vt, vr and rv vt r show a
dipolar modulation of the type

( ) ( ) ( )= + +f f A sin , 60 0

where ω = 2 corresponds to the dipolar oscillation’s
frequency, θ0 is the phase, A is its amplitude and f0 is a
plateau. In panel (h) of Figure 1, we have plotted the best fits to
vt, vr, and rv vt r with Equation (6) by considering f0, A, θ0 free
parameters while the frequency has been taken fixed and equal
to ω = 2. It is important to note that the function in
Equation (6) is not intended to capture the entire behavior of
vr, vt, and rv vt r . Its purpose is solely to identify the periodicity of
the peaks if any is present in the data. As a reference, black
lines in panel (g) of Figure 1 show the behavior as a function
of the polar angle θ of the velocity transversal and radial
components and of the rank velocity correlation coefficient in
the outer part of a nonwarped disk: in this case, the dipolar
modulation obviously is not present.
From this simple test, we can conclude that the presence of a

warp in the disk has a significant impact on the transverse and
radial velocity components reconstructed by the VRM. Even
though the VRM fails in reconstructing the correct input
properties of the toy model, the analysis of the rank correlation
coefficient allows one to conclude that a warp is indeed present
in the system. Indeed, on the one hand, the VRM rings
averaged profiles of vt(R) and vr(R) present artifacts due to the
presence of a warp. On the other hand, the angular dependence
of vt(R, θ), vr(R, θ), and ( )r R,v vt r allows us to conclude that a
warp is indeed present in the system. This is the key
information provided by such analysis: only if we can
unambiguously conclude that a warp is present are we justified
in using the TRM to estimate the velocity profiles (even
though, as discussed below, this situation does not necessarily
imply that the results of the TRM are correct). Otherwise,
reliable estimations of the profiles are given by the VRM. In
the case of the model considered in Figure 1, the analysis of
angular maps allows us to conclude that only in the inner part
of the system does the VRM provide the correct information,
while in the outer regions, its results are affected by the warp.

It is worth mentioning that the sign and amplitude of the rank
correlation coefficient are related to the shape of the warp, i.e.,
to the deformation introduced by the radial dependence of the
two orientation angles. On the other hand, the sign of the radial
velocity component is physically associated with whether there
is an inflow or outflow of matter.
The toy disk model discussed in Figure 1 is very simple and

encodes the key properties of our method: more complex toy
disk models are presented below when we discuss the analysis
of individual galaxies. Figure 2 illustrates the radial velocity
dispersion in rings for different values of the variation of the P.
A while keeping the inclination angle fixed. This trend gives a
useful order of magnitude of the velocity variation. However,
if there is also a variation in the inclination angle in addition to
the P.A., the relationship is no longer approximately linear in R
as it is in this case, but in the outermost rings and requires
further investigation. This is the motivation that we explore in
the next section, to generate toy models of the observed
galaxies with the more complex geometric deformation
resulting from the TRM analysis of each object.
Let us now consider a toy disk model without a warp but

with an isotropic radial flow for R > 30″, with an amplitude
that linearly increases as a function of radial distance. Such
radial flow corresponds to an overall expansion (or contraction
if directed inward) of the disk, which has little physical
justification. In this case (see Figure 3), the TRM finds a P.A.
that depends on the radial distance instead of being constant as
the input values. This artifact is due to the effect of the nonzero
radial motions, which are (incorrectly) interpreted by the TRM
as indicative of a warped disk. The inclination angle is
correctly reconstructed, as is the rotational velocity. On the
other hand, in this case, the VRM accurately reconstructs the
mean radial profiles of vr and vt. In addition, the analysis of the
coarse-grained VRM-reconstructed vr and vt maps shows that
their polar dependence in the outer shells does not show any
dipolar signal. The same occurs for the velocity rank
correlation coefficient. Thus, in this case, we can conclude
that the TRM fails to detect the correct properties of the input
system because of its underlying assumption that radial
motions are null. Instead, the absence of dipolar correlations
in the velocity rank correlation coefficient ( )r R,v vt r allows us
to conclude that the disk is not warped and the VRM correctly
estimates the intrinsic properties of the toy disk model.
We then consider a toy warped disk model with an isotropic,

radially dependent velocity field: the warp is the same as that
in the case shown in Figure 1, and the isotropic radial flow is

Figure 2. Radial velocity dispersion as a function of the radius of the ring and
for toy models with different variations of the P.A. (see the labels).
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like the disk model shown in Figure 3. The TRM and VRM
display the following behaviors:

1. For the effect of the isotropic radial flow, the TRM finds
a P.A. that differs from the input value (while the
inclination angle is the same—see panel (g) of Figure 4).
For this reason, the rotational velocity measured by the
TRM coincides with the input value, whereas the TRM
clearly fails to estimate the radial velocity as it assumes
that is null.

2. The VRM finds the correct values of the mean vt and vr
in the inner regions where no warp is present. However,
in the outer regions, both the VRM-estimated vr and vt
differ from the input values because of the presence of
the warp (see panels (b), (c) of Figure 4). Note that vt
differs by ∼3 % w.r.t. to the input value, while the vr is
up to ∼50%.

3. The warp is unambiguously identified by considering the
coarse-grained VRM-reconstructed vr and vt maps, as
well as by the velocity rank correlation coefficient, all of

which display a dipolar modulation (see panels (d), (e),
(f) of Figure 4).

In summary, while both the VRM and TRM fail to
reconstruct the input velocity component profiles in the outer
regions of the system—where both warp and isotropic flow are
present—the most distinct signal detected is the dipolar
modulation of the velocity rank correlation coefficient. This
result implies that any nondipolar angular anisotropy observed
in the VRM-reconstructed, coarse-grained velocity component
maps is unambiguously an intrinsic feature of the system’s
velocity field.
For this reason, the dipolar modulation of the velocity rank

correlation coefficient should serve as a reliable marker for the
presence of a warp, as it is unlikely that such modulation
would arise solely from intrinsic velocity field fluctuations.
However, in real galaxies, the velocity field—beyond any warp
—may also exhibit intrinsic velocity anisotropies with
amplitudes comparable to or even exceeding those caused by
the warp (within the VRM framework). Thus, for real galaxies,

(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 3. As Figure 1, but for a toy disk model without warp but with an isotropic radial-dependent velocity field.
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detecting a dipolar modulation based only on velocity
components may be challenging. Estimating the amplitude
and location of intrinsic velocity anisotropies is essential for
accurately characterizing a galaxy’s velocity field. Velocity
anisotropies often correlate with spatial structures, such as
spiral arms, satellites, and other features, and thus provide
valuable kinematic information crucial for the dynamical
modeling of the system. This correlation allows us to better
understand the galaxy’s structural and dynamical properties, as
well as the formation processes underlying these features.
Finally, we consider a toy disk model without warp in which

the radial velocity is constructed to exhibit a dipolar anisotropy
with maximum velocity in the direction along the x-axis.
Specifically, the radial velocity component grows linearly with
radial distance, and for polar angles θ (in the plane of the disk)
within −20° � θ � 20° and 160° � θ � 200°, it is characterized
by a dipolar anisotropy. The transverse velocity is, on average,
constant with vt = 200 km s−1, but it has random fluctuations
with a relative amplitude of 10%.

Figure 5 presents the VRM-reconstructed radial velocity
field at different resolutions. The number of rings is fixed at
Nr = 20, while the number of arcs varies as Na = 16, 32, 64. It
is evident that for Na = 16, the resolution is insufficient to
accurately capture the dipolar anisotropy of the radial velocity
field. However, for both Na = 32 and Na = 64, the dipolar
structure in the radial velocity map is clearly identified, even
though, in the latter case, the noise is higher due to the smaller
cell size. The similarity between these two cases indicates the
convergence of the reconstruction method. Furthermore, the
rank velocity correlation does not show any detectable dipolar
anisotropy. It is worth noting that the transverse velocity map
exhibits a low-amplitude symmetric structure, which is an
artifact of the reconstruction method. However, this artifact
does not leave any imprint on the rank velocity correlation
coefficient.
Thus, if the radial velocity exhibits a genuine dipolar

component, the VRM is capable of accurately reconstructing
it. However, in this case, the rank correlation coefficient does

(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 4. As Figure 1, but for a toy warped disk model with an isotropic radial-dependent velocity field.
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not reveal any significant correlation between the radial and
transverse velocity components (panel (l) of Figure 5). This
lack of correlation is a clear indicator of the absence of a warp.
While a dipolar modulation in a single velocity component is a
necessary but not sufficient condition to infer the presence of a
warp, a dipolar modulation in the rank correlation coefficient
provides unequivocal evidence that a warp is indeed present.
It is important to note that, in principle, a disk could exhibit

both radial and transverse velocity components with dipolar
modulations that are correlated. However, such a scenario
would represent an extremely contrived and physically
implausible situation.
In summary, we have implemented the following procedure

to identify whether a warp is present (see Figure 6):

(1) We apply the TRM to the observed LOS velocity map
vlos(r, f) so that we can estimate the circular velocity
vc(R), the inclination angle i(R), and the P.A. f0(R).

(2) Using the derived parameters i(R), f0(R), and vc(R) as
input, we construct a disk galaxy model. The toy model
disk is intentionally warped to match the observed

deformation identified using the TRM. Additionally, the
model assumes an isotropic circular velocity field and
negligible radial motions within the disk. By employing
this model, we generate a synthetic LOS velocity map

( )v r,tm
los as it would be seen from an observer placed far
enough with a global inclination angle equal to the
observed one. This will be used as a null model to test
the results of the VRM.

(3) From the LOS velocity map of the toy disk galaxy,
( )v r,tm

los , we can derive its transverse velocity comp-
onent, ( )v R,t

tm , and radial velocity component,
( )v R,r

tm , using the VRM. We can then measure the
rank correlation coefficient, ( )r R,v v

tm
t r

, between the two
velocity components.

(4) From the observed galaxy LOS velocity map, vlos(r, f),
we can derive the transverse velocity component,
vt(R, θ), and the radial velocity component, vr(R, θ),
using the VRM. Furthermore, we can measure the rank
correlation coefficient, ( )r R,v vt r .

(5) If the rank correlation coefficient ( )r R,v vt r
closely

resembles the dipolar modulation exhibited by

(a) (b) (c) (d)

(e) (f) (g) (h)

(k) (i) (j) (l)

Figure 5. Toy flat disk model with an anisotropic (dipolar) radial-dependent velocity field; (a) input transversal velocity field; (b) VRM-reconstructed transversal
velocity field with resolution Nr = 20 and Na = 16; (c) as (b) but with resolution Nr = 20 and Na = 32; (d) as (b) but with resolution Nr = 20 and Na = 64; (e) input
radial velocity field; (f) VRM-reconstructed radial velocity field with resolution Nr = 20 and Na = 16; (g) as (f) but with resolution Nr = 20 and Na = 32; (h) as (f)
but with resolution Nr = 20 and Na = 64; (k) rank velocity correlation with resolution Nr = 20 and Na = 16; (i) as (k) but with resolution Nr = 20 and Na = 32; (l) as
(k) but with resolution Nr = 20 and Na = 64; (f) the velocity transversal component, the velocity radial component and rank velocity correlation coefficient in the
outer part of the warped disk as a function of the polar angle θ.
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( )r R,v v
tm
t r

of the toy model, then the observed disk is
warped, validating the inclination angle i(R) and P.A.
f0(R) by the TRM as faithful representations of the
system’s properties. To quantitatively establish the
relation ( ) ( )r R r R, ,v v v v

tm
t r t r

, we compute the Spear-
man correlation coefficient C between these quantities at
fixed (θ, R) over the entire range of θ ∈ [0, 2π]. If C≈0,
the warp can be excluded; whereas if C � 0.2, the warp is
confirmed. We have placed the threshold at this
relatively low value because, from our tests, we have
noticed that, in many cases, the correlations hold only for
the peaks of the dipolar signal.

In summary, the concept behind this procedure is to employ,
for each galaxy, its corresponding toy model constructed with
the velocity component profiles and geometric deformation
detected by the TRM as a null hypothesis test. In this way, we
can identify the features of the velocity maps that cannot be
solely explained as a warp. These features, therefore,
correspond to the extrinsic velocity perturbations.

4. Analysis of the THINGS Galaxies

In this section, our primary focus is to investigate, for the
galaxies in our sample, the spatial maps of the correlation
coefficient between the radial and transversal velocity
components determined using VRM with arcs, which assumes
a flat disk hypothesis. Our main objective is to determine if
there is a distinguishable signature of a warp in these maps
that, as discussed in the previous section, corresponds to a
dipolar modulation in the rank velocity correlation coefficient
of the type ( ) ( )r R, sin 2v vt r

. In that case, even the two
velocity components vt and vr should have the same kind of
dipolar oscillation: these are the extrinsic anisotropies that
arise in the VRM-reconstructed velocity field because of the
inconsistent assumption that the disk is flat, while in reality, it
is warped.
It is important to consider that intrinsic anisotropies of the

velocity field, stemming from actual angular perturbations of
the two velocity components, can contribute along with the
extrinsic anisotropies. The detectability of these intrinsic
anisotropies depends on their relative amplitude. Thus, if the
two velocity components vt and vr do not exhibit a well-
defined dipolar modulation, while the rank correlation
coefficient rv vt r does display such modulation, it suggests that
the extrinsic anisotropies caused by the warp have a smaller

amplitude compared to the intrinsic anisotropies resulting from
genuine velocity perturbations. The rank correlation coeffi-
cient proves to be a more robust estimator of dipolar
oscillations as it specifically measures the correlation between
vt and vr. It is worth noting that other types of large-scale
perturbations, such as tidal interactions with a satellite galaxy
or the presence of a bar, are not expected to produce similar
dipolar correlations between velocity components in the
outskirts of a galaxy. This is because oscillations induced by
a warp and detected by the VRM exhibit coherence in both
velocity components, whereas other types of perturbations
generally lack a physical mechanism to generate such dipolar
correlations.
Estimating the amplitude of intrinsic velocity anisotropies

can be challenging because, as previously mentioned, if the
intrinsic perturbations correspond to rapid localized variations
in the velocity field, the VRM may not be able to accurately
capture them. It is, however, possible to place at least a lower
limit on the intrinsic perturbations whose amplitude must be
equal to or larger than that of the extrinsic ones, depending on
whether oscillations in the radial and transversal components
are detectable or not.
In addition, we will examine the correlation between each of

the two velocity components and the LOS velocity dispersion
map. It is important to emphasize that the LOS velocity
dispersion map provides independent information obtained
from observations, distinct from the LOS velocity field. By
generating spatial maps of the other two correlation coeffi-
cients defined in Equation (3), our objective is to gain insights
into the relationships between the velocity components and the
velocity dispersion. The underlying concept is straightforward:
if there is a gradient in a velocity component field, it can be
correlated with a local increase in the velocity dispersion.
Consequently, the correlation coefficients will show higher
values in these regions. However, in the case of a warp, such a
correlation should not be present. Therefore, the simultaneous
presence of an enhancement in all three correlation coefficients
can be interpreted as a signature of the velocity gradient
observed by the VRM, indicating its actual existence.

4.1. Analysis of Individual Galaxies

The sample of galaxies considered in this work is the same
as that used in the study by F. Sylos Labini et al. (2023), where
the interested reader can find a more detailed description of

Figure 6. Schematic representation of the procedure to identify whether a warp is present or not.
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their properties. In particular, that work provides extensive
information on the TRM and VRM analyses, including
investigations conducted with different resolutions and tests
conducted to assess the convergence of the quadrupole and
octopole moments (see also W. J. G. De Blok et al. 2008;
F. Walter et al. 2008 for further details on the THINGS sample
and the TRM analysis). For M33, we refer to E. Corbelli et al.
(2014) for a discussion about the H I observations.
In this section, we present results for a galaxy with a warp

visible as a modulation in the correlation coefficient only
(NGC 2903), a galaxy (NGC 5457) for which there is a very
strong correlation between the variance and the fluctuations in
the velocity fields and finally a galaxy without any clear
evidence for a deformed geometry (NGC 5194).
We will discuss in detail the results of the analysis for these

three galaxies, while we will give the key features for all other
results of the analysis of individual galaxies (reported in the
Appendix): in brief, the majority of the galaxies exhibit a very
moderate warp and only in a few cases do we observe a strong
warp. However, all galaxies are characterized by intrinsic
fluctuations that are of the same order of, or more often larger
than, extrinsic ones.
Table 1 summarizes our findings. It reports the Spearman

correlation coefficient, C , between the rank correlation velocity
coefficient computed for the galactic data, ( )r R,v vt r , and for
the toy disk model, ( )r R,v v

tm
t r

, constructed to have the same
orientation angles measured by the TRM of the real galactic
data. As discussed in Section 3, only when C > 0.2 can we
conclude that the warp is present.
We emphasize that an anisotropic gradient in the radial

velocity cannot lead to a variation in the orientation angles
and, therefore, cannot be mistaken for a warp. This distinction
arises from the inherent nature of warps within the TRM
framework, where a warp corresponds to a varying orientation
of circular rings. As a result, warps cannot exhibit asymmetry
in their orientation angles. Therefore, while large variations in
the orientation angles and anisotropic gradients in the radial
velocity can introduce complexities in the analysis, it is
essential to differentiate between these effects and the distinct
characteristics associated with warps.
On the other hand, we noted that in certain cases, the VRM

may struggle to accurately reconstruct a complex input field,
particularly when the perturbation field exhibits rapid changes
in localized patches. Consequently, it is not possible to
straightforwardly estimate the amplitude of velocity perturba-
tions, e.g., the radial and transversal dispersion as a function of
radius, as the reconstruction method can, in some cases,
significantly impact the results. By examining the convergence
behavior of the moments, we can gain insights into the
statistical properties and stability of the velocity field
reconstruction. This analysis provides a valuable means to
evaluate the reliability and validity of the VRM method and its
results. F. Sylos Labini et al. (2023) provide a comprehensive
discussion on this topic, offering further guidance on assessing
the robustness of VRM outcomes.

4.1.1. NGC 2903

Figure 7 depicts the behavior (panel (a)) of the inclination
angle i(R) and P.A. f0(R) as measured by the TRM for NGC
2903 (for more details, refer to W. J. G. De Blok et al. 2008;
F. Sylos Labini et al. 2023). In the outer part of the disk, the P.
A. f0(R) undergoes an approximate change of 10°, while the

inclination angle i(R) varies by about 5°. The rotation curve
vc(R) estimated by the TRM exhibits a gradual decline (panel
(b)). It has a maximum value of vc(R) = 205 km s−1 at
R = 125″ and decreases to vc(R) = 179 km s−1 at R = 700″.
The transverse velocity component vt(R, θ) estimated by the
VRM is, within the error bars, equal to vc(R). For R > 600″, a
small correction has been computed due to the warp, as
explained in Section 4: vt(R, θ) is, however, more fluctuating
toward the outermost regions of the disk, where indeed angular
anisotropies can be observed in the 2D map (see below). The
radial velocity component vr(R, θ) exhibits a fluctuating
behavior with an average value not exceeding 20 km s−1 in
agreement with E. M. Di Teodoro & J. E. G. Peek (2021),
F. Sylos Labini et al. (2023). Note that error bars of the mean
velocity profiles vt(R) and vr(R) in Figure 7 are computed for
each of the Nr = 50 rings, representing the standard deviation
of the mean among the Na = 32 angular cells into which each
ring is divided.
Finally, panel (c) of Figure 7 presents the transversal, radial,

and rank velocity correlation coefficients in the outer region of
the galaxy as a function of the polar angle θ, while panel (d)
shows the same for the toy model. One notable observation is
that the rank correlation coefficient, ( )r R,v vt r

, exhibits a clear
dipolar modulation resembling ( )sin 2 , which indicates the
presence of a warp. Both the transverse velocity component, vt,
and the radial velocity component, vr, display intrinsic
perturbations beyond the extrinsic ones caused by the warp.
In this case, we estimate =C 0.4, suggesting the presence of a

Table 1
The Spearman Correlation Coefficient, C , Computed between the Rank

Correlation Velocity Coefficient for the Galactic Data, ( )r R,v vt r , and the Toy
Disk Model, ( )r R,v v

tm
t r , which is Constructed to Have the Same Orientation

Angles Measured by the TRM of the Real Galactic Data

Galaxy C

NGC 628 0.50
NGC 925 0.42
NGC 2366 0.04
NGC 2403 0.44
NGC 2841 0.25
NGC 2903 0.45
NGC 2976 0.14
NGC 3031 0.18
NGC 3184 0.33
NGC 3198 0.40
NGC 3351 0.42
NGC 3521 0.40
NGC 3261 0.08
NGC 3627 0.22
NGC 4736 0.34
NGC 4826 0.08
NGC 5055 0.36
NGC 5194 0.03
NGC 5236 0.19
NGC 5457 0.10
NGC 6946 0.52
NGC 7331 0.16
NGC 7793 0.51
DDO 154 0.09
M33 0.18

Note. A value <C 0.2 is interpreted as signaling the absence of warp;
otherwise, a warp is confirmed to be present in the outer regions of the galactic
disks.
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moderate warp. The analysis reveals that the intrinsic velocity
perturbations significantly influence the velocity field, over-
shadowing the comparatively minor contribution from
the warp.
Figure 8 presents the velocity dispersion and velocity

component maps for both the observed galaxy and the toy
model, along with the corresponding rank correlation coeffi-
cients. By the visual inspection of the maps (a)–(f), one may
conclude the presence of the dipolar modulation component in
the peripheries of the disk. Finally, the positive correlations
observed in ( )r R,vt and ( )r R,vr (see panels (h) and (i) of
Figure 8) indicate that the velocity field in the outer regions is
perturbed. Additionally, the velocity dispersion field shows
correlations with both the transverse and radial velocity fields
in the inner disk, albeit in slightly different directions,
suggesting the potential presence of a bar structure.

4.1.2. NGC 5457

This galaxy was not included in the sample considered by
W. J. G. De Blok et al. (2008) because its global inclination
angle is small, i.e., i = 30°. According to the measurements
obtained from the TRM (F. Sylos Labini et al. 2023), the P.A.
f0(R) exhibit significant variations at small radii, specifically
for R < 500″, whereas the inclination angle i(R) at larger radii
(refer to panel (a) Figure 9) displays a smooth decay in the
outer disk’s regions. In our toy model, we neglect the
fluctuations in the inclination angle and assume it remains
constant at small radii, while it shows a smooth variation of
about 10° at larger radii. The reason for this choice is that
warps are common in the outer regions of galaxies and not in
their inner disk, so that large variation of the inclination angle
in the inner disk is more probably an artifact of the TRM
analysis due to the incorrect assumption of neglecting radial

(a) (b)

(c) (d)

Figure 7. The panels, respectively, show for NGC 2903 (a) the inclination and P.A. (rescaled by 180°) as detected by the TRM; (b) the mean radial profiles vt(R) and
vr(R) obtained by the VRM and the determination through the TRM of vc(R); (c) the transversal, radial, and rank velocity correlation coefficient in the external region
of the galaxy as a function of the polar angle θ (the red line has frequency ω = 2); (d) the same but for the toy model. Note that the external regions of the galaxy and
of the toy model shown in panels (c) and (d) correspond to radial distances r > 0.75Rmax, where Rmax is the maximum radius reported in the respective velocity maps.
This same limit is consistently applied throughout the analysis of all other galaxies considered in this work. The complete figure set (25 images) for all the analyzed
galaxies is available in the online journal.
(The complete figure set (25 images) is available in the online article.)
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motions. On the other hand, the P.A. shows a variation of
approximately 20° at small radii and then remains constant
for R > 500″.
The rotation curve vc(R) determined by the TRM displays

substantial fluctuations around an approximately constant
value of 120 km s−1. Instead, the transverse velocity profile
vt(R) from the VRM reaches a maximum at R ≈ 600″ and then
it presents a clear decrease. The radial velocity profile vr(R)
obtained from the VRM also exhibits a behavior characterized
by large fluctuations but with a small mean value smaller than
20 km s−1. Large amplitude fluctuations characterize the
velocity dispersion profile: as shown below, they are strongly
anisotropic.
Figure 10 reveals that the velocity field exhibits perturba-

tions that cannot be solely attributed to a dipole modulation,

providing instead evidence of a very weak signature of a warp.
Neither vt nor vr displays a dipolar oscillation, indicating that
intrinsic velocity perturbations are larger than the contribution
from the warp itself. Indeed, in this case, the correlation
coefficient is very small, i.e., =C 0.1, indicating that the
deformation of the warp is very small. In contrast, the toy disk
model exhibits dipole anisotropy in both velocity components,
as well as in the rank correlation coefficient ( )r R,v v

tm
t r

.
Additionally, the radial velocity component shows a quadru-
pole pattern induced by variations in the inclination angle and
P.A. Intrinsic anisotropies characterize the velocity field of the
galaxy, with both velocity components displaying large
correlated fluctuations in the direction corresponding to
approximately θ ≈ 30°. Notably, the velocity variance field
also shows an enhancement in the same direction.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8. The panels for the observed galaxy NGC 2903 respectively show (a) the transversal velocity component vt(R, θ) map, (b) the radial velocity component
vr(R, θ) map, and (c) the rank velocity correlation coefficient ( )r R,v vr t map. The same quantities but for the toy model (d) ( )v R,t

tm , (e) ( )v R,r
tm , and (f) ( )r R,v v

tm
r t .

For the observed galaxy (g) the velocity dispersion map σ(R, θ) map, (h) the rank correlation coefficient ( )r R,vt map, (i) the rank correlation coefficient ( )r R,vr

map. Velocities and standard deviations are in kilometers per second. The complete figure set (25 images) for all the analyzed galaxies is available in the online
journal.
(The complete figure set (25 images) is available in the online article.)
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Consequently, the correlation coefficient ( )r R,vr exhibits a
highly significant pattern in this direction, further emphasizing
the presence of significant perturbations in the velocity field.
Considering that the amplitude of the extrinsic anisotropies

is about 60–80 km s−1 and that they are not observed in the
galaxy’s case, we can deduce that the intrinsic anisotropies are
of a similar magnitude. However, we conclude that the
variations of the orientation angles measured by the TRM in
this case are likely artifacts of the analysis, specifically the
assumption that radial motions are negligible.
Indeed, by comparing the behaviors of rv v

tm
t r
and rv vt r in the

outer regions, we find that they exhibit substantial differences.
From this, we conclude that a warp may be present in the
galaxy, although it has a negligible effect, much smaller than
that expected based on the variation of the orientation angles
measured by the TRM. Furthermore, we determine that the
galaxy is primarily dominated by large intrinsic perturbations
in both velocity components.

4.1.3. NGC 5194

The proximity of a satellite to this galaxy has a significant
influence on M51’s velocity field and the morphology of the
neutral hydrogen distribution. The inclination angle and the P.

A. exhibit substantial variations of tens of degrees when
transitioning from the inner to the outer regions of the disk, as
illustrated in panel (a) of Figure 11. Assuming that the TRM
accurately measured the variations in the orientation angles,
the corrections to vr and vt were larger than 100 km s−1 due to
the large variations in the orientation angles (see panels (b) and
(c) of Figure 11): such large variations suggest that the TRM
analysis is problematic for this galaxy. The velocity dispersion
profile also shows significant fluctuations beyond R ∼ 200”,
which can be attributed to the large perturbations induced by
the presence of the satellite. To investigate whether the
observed variations in i(R) and f0(R) correspond to a true
geometric deformation resulting from a warp, the velocity field
of the corresponding toy disk model is analyzed. This model is
constructed using the procedure outlined in Section 4. We find
that the correlation coefficient is close to zero, i.e., =C 0.03,
corresponding to the absence of the warp.
As depicted in Figure 12, the velocity field of the toy disk

model exhibits extensive and symmetric anisotropy patterns
different from those observed in the actual galaxy. Particularly,
in the direction of approximately 200°, there is a clear
indication of the satellite’s presence in both velocity
components: vt demonstrates significant perturbations, while

(a) (b)

(c) (d)

Figure 9. As Figure 7, but for NGC 5457.
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vr shows an expanding trend. Conversely, in the opposite
direction, an extended tail characterizes the system, accom-
panied by a positive vr. The velocity variance field further
supports the reality of the signal by displaying significant
perturbations aligned with the satellite’s direction. Based on
the features observed in the velocity rank correlation field, we
can conclude that the presence of a warp can be excluded in
this case and that the galaxy velocity field is perturbed by
intrinsic velocity fluctuations, the largest ones due the the
satellite. The perturbations affect the external regions of the
disk, while its inner part is less perturbed. However, in the
inner regions, velocity fluctuations of the order of 50 km s−1

characterize both velocity component maps.

5. Discussion and Conclusions

The reconstruction of the velocity field of an external galaxy
from the observation of the LOS velocity component is
generally done by applying methods that must be necessarily
based on some assumptions. The most common hypothesis is
that radial velocities are null, and the geometry of the galactic

disk may be deformed by a warp. This method, generally
named the TRM, allows the reconstruction of the transversal
velocity profile in a series of rings that may have different
orientations (P. J. Warner et al. 1973; D. H. Rogstad et al.
1974): the variation of the inclination angle and/or the
position angle of each ring with radius corresponds to the
geometric properties of the warp. Attempts based on the same
technique, where the radial velocity is not a priori set to zero,
enable, in principle, the determination of radial flows, i.e., the
radial velocity profile. However, it remains unclear whether
this method can accurately measure all radial velocities due to
their degeneracy with warps. Indeed, geometric deformation
and radial flows are degenerate in the projected image of a
galaxy if we know only the LOS velocity component, as it
occurs for the observations of external galaxies.
Alternatively, there are methods that assume the disk to be

flat and reconstruct the transversal velocity field placing limits
on noncircular motions (E. I. Barnes & J. A. Sellwood 2003;
K. Spekkens & J. A. Sellwood 2007; J. A. Sellwood &
R. Z. Sánchez 2010; R. Kuzio de Naray et al. 2012; J. A. Sel-
lwood & K. Spekkens 2015; J. A. Sellwood et al. 2021).

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 10. As Figure 8, but for NGC 5457.
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Recently, the VRM was introduced, which, under the
assumption of a flat disk, can reconstruct coarse-grained 2D
maps of both the transversal and radial velocity components.
That is, this method allows for the reconstruction not only of
the transversal and radial velocity profiles averaged over
concentric rings, but it can also be used to measure both
velocity components in angular sectors so as to trace the
distribution of angular anisotropies and to relate that to spatial
structures. The VRM has recently been applied to the galaxies
of the THINGS sample: a detailed discussion can be found in
F. Sylos Labini et al. (2023).
In this work, we have further developed these previous

results by studying in more detail the effects of a warp on the
velocity fields reconstructed by the VRM. Specifically,
through tests conducted with toy disk galaxy models, we have
demonstrated that the VRM, when applied to cases where the
disk is warped, provides a clear signal indicating the existence
of a warp. Although the application of the VRM to a warped
disk contradicts its basic assumption of a flat disk, it aligns
with the reality that, for an external galaxy, one does not
a priori know whether the disk is flat or not. We have thus
found that in toy disk models, a warp, when analyzed with the
VRM, corresponds to a dipolar angular correlation between the

radial and transversal velocity components. In addition, such
an angular modulation corresponds to a smooth and slow
change of both velocity components with the polar angle and
can be very accurately detected by the VRM analysis. We have
illustrated, through the analysis of toy galactic disk models,
that the presence of warps becomes evident in the study of
velocity fields reconstructed by the VRM. In particular, we
have shown that the spatial properties of velocity anisotropies,
obtained in the VRM by assuming a flat disk, offer a distinct
and definitive signature of the potential presence of a warp.
Thus if the disk is intrinsically warped, applying VRM allows
us to break the degeneracy between geometric deformations of
the disk and radial motions and to measure the amplitude of
velocity perturbations.
We applied these findings to the galaxies in the THINGS

sample plus M33 to characterize the nature of their velocity
fields. Specifically, we compared the velocity field of each
galaxy in our sample obtained with the VRM to that of a toy
disk model, measured as well by using the VRM. Such a toy
disk model is not flat but has the same geometric deformations
(i.e., the behavior of the orientation angles with radius) as well
as the same circular velocity found by the TRM in the specific
galaxy under consideration. The study of the toy model

(a) (b)

(c) (d)

Figure 11. As Figure 7, but for NGC 5194.
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constructed with the properties detected by the TRM can be
thought of as a null hypothesis test. By comparing the velocity
maps of the real and synthetic galaxy, we can identify the
features of the velocity maps that cannot be solely explained as
a warp or exclude that a warp is present in the velocity
distribution. From this analysis, we conclude that most
galaxies in the sample exhibit a moderate warp signature in
their outer regions, albeit with varying intensities. However,
some galaxies do not conform to a simple warp deformation
and instead display perturbed velocity fields. In these cases,
the results from the TRM analysis may suggest the presence of
a warp, whereas it may not be evident when analyzing the
correlation between the velocity components.
In both scenarios, whether a warp is observed or not, the

VRM can be used to determine the velocity profiles of the
transverse and radial velocity components averaged over
concentric rings. When a warp is detected, corrections to the
velocity profiles can be computed to account for the deviations
from these mean behaviors that are attributable to the warp
itself. Furthermore, our findings consistently indicate that

intrinsic variations in the velocity fields are always present in
the galaxies of the sample we have considered. If a warp is
also present, such variations add to the extrinsic velocity
anisotropies associated with warps. These intrinsic variations
can be connected to local perturbations such as bars, spiral
arms, interactions with satellites, etc.
It is worth noting that the VRM reconstruction method, as

well as the test developed in this work to disentangle warps
from noncircular motions, can be applied, for instance, to the
analysis of gas near a supermassive black hole (H. Zhang et al.
2025) to determine the presence of inflows and their possible
amplitude, as well as to the study of gas kinematics in
protoplanetary disks (A. Zuleta et al. 2024).
In general, in order to develop a dynamical galactic model

from the measurements of velocity fields in galaxies, it is
crucial to quantify the intensity of the intrinsic kinematic
perturbations. We have found that these typically have an
amplitude that exceeds that of the extrinsic velocity perturba-
tions, which are due to the geometrical deformation in the
VRM analysis, and thus are artifacts of an inconsistent

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 12. As Figure 8, but for NGC 5194.
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assumption. It is interesting to observe that in our own Galaxy,
both a warp and intrinsic velocity perturbations are present.
Indeed, there is clear evidence that the Milky Way’s disk is
warped, as indicated by studies such as E. S. Levine et al.
(2006), P. M. W. Kalberla et al. (2007), and C. Reylé et al.
(2009). Moreover, the data of the Gaia mission (Gaia
Collaboration et al. 2016), thanks to the six-dimensional
mapping of stars’ positions and velocities, have recently
unveiled large-scale gradients in all velocity components and
deviations from axisymmetry (see, e.g., T. Antoja et al. 2018;
M. López-Corredoira & F. Sylos Labini 2019; Gaia Collabora-
tion et al. 2021; D. Katz et al. 2023; A. Recio-Blanco et al.
2022; H.-F. Wang et al. 2023). The Milky Way has thus both a
complex geometrical structure and nontrivial velocity fields, a
situation that is quite common for the galaxies in our sample.
In addition to the previously mentioned findings, our

analysis has revealed that very useful information is provided
by the spatial correlation between the radial velocity comp-
onent derived from the VRM analysis and the velocity
dispersion, i.e., the second moment map of the galaxy, which
is generally also provided by H I observations. This correlation
offers further evidence for the existence of intrinsic perturba-
tions in a galaxy’s velocity field. The correlation between the
asymmetric features observed in the radial velocity component
and the velocity dispersion arises from the fact that both are
generated by local perturbations. This correlation helps to
break the degeneracy between noncircular motions and warps,
allowing us to distinguish between these two different features.
For this reason, it provides valuable insights into the under-
lying dynamics and structures within a galaxy.
In summary, the results obtained enable both to determine

whether a galactic disk is warped and to quantify the amplitude
and directions of noncircular flows within a galaxy. This
information is crucial for characterizing galactic dynamics and
understanding the processes involved in galactic evolution. By
studying and quantifying galaxy geometrical deformations and
noncircular flows, we gain a deeper understanding of the
intricate interplay between various physical mechanisms and
their impact on galactic structures and kinematics.

6. Acknowledgments

We thank Sébastien Comorón for useful comments on a
preliminary version of the paper and for a number of analyses
of toy disk models with the code kinemestry. We also
thank Roberto Capuzzo-Dolcetta, Edvige Corbelli, and
Michael Joyce for useful discussions and David Thilker for
the use of the data of M33.

Appendix

A.1. NGC 628

The inclination angle i(R) and P.A. f0(R) exhibit substantial
variations of tens of degrees when transitioning from the inner
to the outer regions of the disk, as illustrated in panel (a) of
Figure 7 online. Panel (b) of the figure presents both the
observed and corrected velocity profiles, assuming that the
TRM accurately measured the variations in the orientation
angles. In this case, due to the large variations in the
orientation angles, the corrections can be on the order of
100 km s−1. Panel (c) displays the corrections themselves. The
velocity dispersion profile also demonstrates significant

fluctuations in the same direction, θ ≈ π/2, where the radial
velocity shows a rapid increase toward the disk peripheries. To
investigate whether the observed variations in i(R) and f0(R)
correspond to a geometric deformation resulting from a warp,
the velocity field of a corresponding toy disk model is
analyzed.
As depicted in the online elements Figures 7 and 8, the

velocity field of the toy disk model exhibits extensive and
symmetrical anisotropies that differ from those observed in the
actual galaxy, NGC 628. The velocity components of NGC
628 do not display the dipolar oscillation observed in the toy
model with the same orientation angles. However, the velocity
rank correlation coefficient does show a dipolar oscillation,
although it may not be as clear as in the toy model. Note that
the different shapes of the disk of NGC 628 and of the toy
model can be attributed to the fact that in the former case, a
constant inclination angle has been employed to reconstruct
the image in the galaxy coordinates. We find that the
correlation coefficient is =C 0.5.
Based on these comparisons and on the value of the

correlation coefficient C , we can conclude that a warp is most
likely present in NGC 628. However, its amplitude in terms of
the variation of the orientation angles is not as strong as to
produce a change of ΔP.A. ≈ 70°. In this situation, the
corrected velocity profiles are also affected by the larger
variations of the orientation angle detected by the TRM, and
the actual profiles of NGC 628 are likely to lie between the
uncorrected and corrected ones. In addition, we may conclude
that large velocity gradients of the order of ∼50−70 km s−1

are present in the outer regions of the disk of NGC 628.

A.2. NGC 925

When transitioning from the inner to the outer regions of the
disk in NGC 925, significant changes are observed in the
inclination angle i(R) and the position angle f0(R). The
inclination angle undergoes a large change of approximately
30°, while the position angle changes by around 20° (see panel
(a) of the online Figure 7). The transverse velocity component
vt(R) approaches the circular velocity vc(R) at small radii,
while exhibiting a fluctuating behavior at larger radii. The
radial velocity component vr(R) oscillates around zero at small
radii but shows significant fluctuations toward larger radii.
These fluctuations correspond to velocity anisotropies that can
be identified in the 2D maps depicted in the online Figure 8.
The velocity dispersion, on average, exhibits a smooth decay,
but it is also affected by considerable fluctuations.
In the toy disk model, the dipolar modulation is evident in

the middle region of the disk, rather than the outer region. This
is because it is in this middle region where the orientation
angles detected by the TRM show the largest variation. It is
worth noting that the toy model has a limiting radius of 500”,
while NGC 925 extends asymmetrically up to approximately
750”. The velocity rank correlation coefficient of the observed
galaxy, beyond the modulation similar to that of the toy model
in its middle region, exhibits a more complex structure that is
not revealed by the toy disk model. This suggests that intrinsic
velocity perturbations dominate the velocity field, even though
the correlation coefficient is =C 0.4, which is compatible with
the presence of a moderate warp. Furthermore, positive
correlations between the radial velocity and the velocity
dispersion can be detected in both the inner and outer regions
of the disk. These correlations indicate that variations in the
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radial velocity are associated with changes in the velocity
dispersion.

A.3. NGC 2366

The inclination angle of NGC 2366 remains nearly constant
across the disk, while the P.A. shows a variation of about 10°
in the middle of the disk, i.e., for 100”< R < 200”. This
variation is indicative of a moderate warp, as shown in
Figure 7 online. Upon close inspection of the velocity
component profiles and their rank correlation coefficient, there
is no clear signature of dipolar oscillations, and thus the reality
of the warp is uncertain. Indeed, the correlation coefficient is

=C 0.04, a value compatible with no warp. The same
conclusion is reached by analyzing the maps in Figure 8
online. Instead, there is unambiguous evidence for the
presence of relatively large intrinsic perturbations in the
velocity field. Finally, the velocity dispersion field is
characterized by diffuse fluctuations, but there is a clear
correlation with the perturbations in the velocity compo-
nents maps.

A.4. NGC 2403

In this case, both the inclination angle i(R) and the P.A.
f0(R) show variations smaller than 10° (see panel (a) of
Figure 7 online). The transversal velocity vt(R) coincides,
within the error bars, with vc(R). The radial velocity fluctuates,
and its amplitude is smaller than ∼20 km s−1. The velocity
dispersion profile displays smooth decays with small fluctua-
tions. The small variations in the orientation angles give rise to
symmetrical anisotropies of small amplitude; in this case, the
velocity rank correlation coefficients of the toy model and of
the actual galaxy have similar patterns of fluctuations (see
Figures 7 and 8 online) that are well represented by a dipolar
oscillation. Even the velocity components show a dipolar
oscillation (see Figure 8 online). The correlation coefficient is

=C 0.4, indicating the presence of a moderate warp. It is
interesting to note that the rank correlation coefficients

( )r R,vt and ( )r R,vr show a positive correlation along the
same direction, evidence that favors the presence of a bar-like
structure.

A.5. NGC 2841

This galaxy exhibits the presence of a moderate warp, which
is consistent with the variations observed in the orientation
angles from the inner to the outer part of the disk (see panel (a)
of Figure 7 online). The correlation coefficient is =C 0.25.
Beyond the dipolar modulation induced by the warp (mostly
visible in the velocity rank correlation coefficient), we find
evidence for intrinsic velocity perturbations of a few tens of
km s−1. The velocity dispersion field shows anisotropic
patterns in the direction θ ≈ 135°, correlating with both
transversal and radial velocity fluctuations and indicating the
existence of a bar-like structure (Figure 8 online).

A.6. NGC 2976

Both orientation angles exhibit significant variations;
however, these variations do not correspond to a well-defined
dipolar modulation, neither in the rank correlation coefficient
nor in the velocity components (see Figures 7 and 8 online).
Therefore, we conclude that the velocity of NGC 2976 is

predominantly influenced by intrinsic velocity perturbations
rather than slow, warp-induced variations. Indeed, the
correlation coefficient is =C 0.1, compatible with no warp.
This conclusion is supported by the velocity dispersion field,
which does not show a smooth decay as a function of the
distance from the center.

A.7. NGC 3031

Both orientation angles display a variation of a few degrees
in the inner disk (Figure 7 online). The velocity components
maps (Figure 8 online) do not reveal the presence of a warp in
the inner disk, and neither does the rank correlation coefficient.
The correlation coefficient is =C 0.18 , marginally compatible
with a warp. Instead, asymmetric patterns of fluctuations are
shown by the velocity component maps. The velocity
dispersion is higher in the center.

A.8. NGC 3184

The inclination angle i(R) is less than 40°, and its
determination with the TRM is problematic; the same holds
for the P.A. (see Figure 7 online). The orientation angles show
large variations in the inner disk, which are probably artifacts
of the TRM method, while they show a monotonic decay for
R > 150". The rank correlation coefficient shows a dipolar
modulation, although the signal is much noisier than that of the
corresponding toy model (see Figure 8 online). The velocity
components, on the other hand, are dominated by intrinsic
perturbations and do not reveal the presence of a dipolar
modulation. Thus, if a warp is present, it has a small
amplitude, and the velocity field is still dominated by intrinsic
perturbations: the correlation coefficient is =C 0.18 , margin-
ally compatible with a warp.
The velocity dispersion field shows a monotonic decay and

is rather regular and smooth.

A.9. NGC 3198

In this case, both the inclination angle i(R) and the P.A.
show smooth variations smaller than 10° (see Figure 7 online).
Even for this galaxy, the dipolar modulation can be detected
only in the behavior of the rank correlation coefficient, while
the velocity components are dominated by intrinsic fluctua-
tions. The correlation coefficient is C = 0.40 suggesting the
presence of a warp. The maps of the velocity components
show moderate anisotropies (see Figure 8 online). The velocity
dispersion field is smooth, and its profile displays a gradual
decay.

A.10. NGC 3351

Even in this case, the inclination angle is around 40°, so the
results of the TRM can be affected by the low inclination of
the galaxy. Both orientation angles show a moderate change
going from the inner to the outer disk. The velocity rank
correlation coefficient shows a very noisy dipolar modulation,
and the correlation coefficient is C = 0.42, suggesting the
presence of a warp. Both components are dominated by
intrinsic fluctuations (see Figure 7 online). The velocity
component 2D maps reveal that the velocity field is quite
smooth. This is coherent with the behavior of the velocity
dispersion field that does not show large anisotropies (see
Figure 8 online).
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A.11. NGC 3521

Even for NGC 3521, the variation of the orientation angle is
moderate, i.e., <10°. A small amplitude warp may thus be
present and corresponds to the (noisy) dipolar modulation of
the velocity rank correlation coefficient (Figure 7 online). This
is confirmed by the correlation coefficient, which is C = 0.40.
However, in this case, intrinsic fluctuations are much larger
than extrinsic ones, and perturbations in the velocity dispersion
field are clearly anisotropic. A correlation between σ and the vr
can be noticed in the ( )r R,vr map (Figure 8 online).

A.12. NGC 3621

The main feature of NGC 3621 is a highly anisotropic
velocity dispersion field (see Figures 7 and 8 online) that
correlates with the radial velocity map. Thus, the velocity field
is highly perturbed in an anisotropic way, and a warp, if
present, is not clearly detectable because extrinsic fluctuations
are much smaller than intrinsic ones. Indeed, the correlation
coefficient is C = 0.08, suggesting that no warp is present.

A.13. NGC 3627

Even NGC 3627 shows very weak evidence of being
warped. Intrinsic velocity perturbations are larger than
extrinsic ones, if present at all. This galaxy is interacting with
other galaxies in the Leo Triplet, and this is the source of the
anisotropic velocity field. The velocity dispersion field also
shows a highly anisotropic pattern that correlates with the
transversal and radial velocity maps (Figures 7 and 8 online).
The correlation coefficient is low, i.e., C = 0.22, and thus if
warp is present, it is a marginal feature.

A.14. NGC 4736

In this case, both the inclination angle i(R) and the P.A.
show variations smaller than 10° (see panel (a) of Figure 7
online). The modulation of the velocity rank correlation
coefficient is visible so that we can conclude that the galaxy is
warped: the correlation coefficient is C = 0.37. Intrinsic
velocity perturbations dominate both velocity component
maps. The rank correlation coefficient ( )r R,vr shows a
positive value in correspondence to the anisotropic pattern in
the velocity dispersion map for θ ≈ 180° (see Figure 8 online).

A.15. NGC 4826

In this case, both the inclination angle i(R) and the P.A.
show variations smaller than 10° (Figure 7 online). The
correlation coefficient is C = 0.08, suggesting that no warp is
present. Intrinsic velocity perturbations dominate both velocity
component maps. The rank correlation coefficient ( )r R,vr

shows a positive value in correspondence to the anisotropic
pattern in the velocity dispersion map for θ ≈ 180° (Figure 8
online).

A.16. NGC 5055

The variation of the orientation angles detected by the TRM
for the case of NGC 5055 (see Figure 7 online) most probably
corresponds to a warp. This is corroborated by the dipolar
modulation of the velocity rank correlation coefficient and by
the transversal velocity component. For the radial velocity
component, the signal due to extrinsic perturbations is mixed

with that due to intrinsic perturbations, and hence, the dipolar
modulation is not well visible. The correlation coefficient is
C = 0.36, indicating the presence of a warp. The inner region
seems to be characterized by the presence of a bar-like
structure; this is present in all three rank correlation maps (see
Figure 8 online).

A.17. NGC 5236

The angular velocity component profiles of this galaxy are
dominated by relatively large fluctuations, which do not allow
the detection of a dipolar modulation corresponding to the
warp, as seen by the TRM analysis (Figure 7 online).
Furthermore, the velocity correlation coefficient does not
show a dipolar modulation either, casting doubt on the very
existence of a warp in this galaxy: this is confirmed by a low
value of the correlation coefficient is C = 0.19. Not
surprisingly, the reconstructed velocity component maps of
the real galaxy are quite different from those of the toy disk
model with the same orientation angles and circular velocity
(Figure 8 online). The velocity dispersion field shows a local
enhancement that corresponds to a positive correlation in the
rank correlation coefficients ( )r R,vt and ( )r R,vr .

A.18. NGC 6946

The moderate variation of the orientation angles detected by
the TRM for this galaxy (Figure 7 online) seems to correspond
to a real warp, as shown in our analysis by the dipolar
modulation characterizing the velocity rank correlation
coefficient (Figure 8 online). Indeed, the correlation coefficient
is C = 0.52. However, such modulation is not well visible in
the two velocity components, indicating the presence of
relatively large intrinsic velocity perturbations. The velocity
dispersion field is smooth and decays monotonically from the
center.

A.19. NGC 7331

A moderate warp, if present at all, is not the most evident
characteristic of this galaxy. Indeed, the correlation coefficient
is C = 0.16. Instead, a perturbed and anisotropic velocity field
is evidenced by the velocity components and velocity
dispersion maps (see Figures 7 and 8 online).

A.20. NGC 7793

The variation of the orientation angles, as detected by the
TRM, seems to be compatible with the dipolar modulation of
the rank correlation coefficient, pointing thus toward the
reality of a warp for this galaxy: the correlation coefficient is
C = 0.5. However, the velocity component profiles are
dominated by intrinsic perturbations, and a simple dipolar
modulation is not visible (Figure 7 online). The 2D maps
reveal that the velocity field is quite smooth and quiet
(Figure 7 online).

A.21. DDO 154

DDO 154 presents weak evidence for the presence of a warp
as the correlation coefficient is C = 0.09, whereas the velocity
field is weakly perturbed (Figures 7 and 8 online).
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A.22. M33

In the analysis of the M33 galaxy, we observe that the
inclination angle exhibits a relatively small and smooth
variation when transitioning from the inner to the outer
regions of the disk; on the other hand, the P.A. experiences a
substantial change of around 40° (refer to panel (a) of Figure 7
online). Notably, for R > 3000”, both velocity profiles display
significant fluctuations. The transverse velocity profile exhibits
a behavior similar to the circular velocity detected by the
TRM, but with larger fluctuations. Indeed, the velocity
dispersion profile of M33, characterized by notable fluctua-
tions and a slow decay as a function of radius, provides
valuable insights into its dynamical state and kinematic
properties. The slow decay indicates that the velocity
dispersion remains relatively high even in the outer regions
of the disk. This observation is compatible with the reality of
the velocity perturbations detected by the VRM analysis.
The toy disk model, constructed based on the measured

inclination angle i(R) and the P.A. obtained from the TRM
analysis, exhibits clear dipolar modulation in its external rings
for both the transverse velocity component vt and the radial
velocity component vr. However, it is important to note that
the dipolar modulation appears with different phases for these
velocity components. Due to the differing phases, the velocity
rank correlation coefficient also displays a dipolar modulation,
albeit with a relatively low amplitude (as depicted in Figures 7
and 8 online). By comparing the observed velocity field of
M33 with that of the toy model, we can conclude that a warp is
present in the galaxy’s outermost regions in correspondence
with the large change of the P.A.: the correlation coefficient is
C = 0.18. However, significant fluctuations, on the order of
50 km s−1 or even higher, characterize both velocity compo-
nents in these outermost parts of the galaxy. These fluctuations
indicate the presence of complex velocity structures and
dynamics in the outer skirts of M33.
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