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Many robust physical phenomena in quantum physics are based on topological invariants arising due to
intriguing geometrical properties of quantum states. Prime examples are the integer and fractional quantum
Hall effects that demonstrate quantized Hall conductances, associated with topology both in the single particle
and the strongly correlated many-body limit. Interestingly, the topology of the integer effect can be realized in
superconducting multiterminal systems, but a proposal for the more complex fractional counterpart is lacking. In
this work, we theoretically demonstrate how to achieve fractional quantized transconductance in an engineered
chain of Josephson junctions. Crucially, similar to the stabilization of the conductance plateaus in Hall systems
by disorder, we obtain stable transconductance plateaus as a result of nonadiabatic Landau-Zener transitions.
We furthermore show that the fractional plateaus are robust to disorder and study the optimal operation
regime to observe these effects. Our proposal paves the way for quantum simulation of exotic many-body
out-of-equilibrium states in Josephson junction systems.
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I. INTRODUCTION

Topology in modern condensed matter physics plays a
key role in explaining robust quantized transport properties.
For instance, the 2D quantum Hall effect is the celebrated
archetype of topological physics in condensed matter. Here,
a 2D electron gas under the effect of a strong magnetic field
yields a quantized Hall conductance that is a multiple integer
of e2/h [1,2], where e is the elementary charge and h is
the Planck constant. The quantization is extremely precise
even under inaccessible microscopic details, such as disorder,
impurities, or other unknown details of the experimental con-
figuration, with crucial implications to metrology [3,4]. This
robustness stems from the nonlocality of topology, where the
quantum Hall conductance is proportional to an integer-valued
topological invariant, namely the Chern number [5].

The idea of quantized charge transport in topological sys-
tems was also transferred successfully from 2D systems, such
as quantum Hall systems, to 1D topological charge pumps
[6–11], where a superlattice potential is varied adiabatically to
transport charge along the 1D system. Similar to the 2D case,
an integer-quantized charge is transported for each pump cy-
cle, with a quantization stemming from the Chern number of
related 2D quantum Hall systems [12]. Consequently, charge
transport in such systems has similar topological robustness
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to fluctuations and microscopic deviations. The idea of topo-
logical charge pumps was also realized in recent experiments
using ultracold atoms [13–15] and photonic systems [12,16].
In these systems, the pump parameter can be understood as an
extra synthetic dimension that reconstructs the 2D topological
invariant from a family of corresponding 1D models [17–19].

Following a similar idea, topological Josephson matter
[20–36] or topological superconducting circuits [37–39] were
proposed, in which synthetic extra dimensions are imple-
mented as superconducting phase differences that control
the topological phase of Andreev bound-state energy bands.
Those states can become topologically nontrivial in terms
of Chern numbers that are defined in these synthetic di-
mensions. Furthermore, it was proposed that a quantized
transconductance in these systems could be observed when
incommensurate voltages are applied between different super-
conducting terminals [20]. Here, the transconductance relates
the current through one superconducting lead to the voltage
applied to a second superconducting terminal. Similar to the
2D quantum Hall effect or 1D topological charge pumps, this
quantization occurs in units of 4e2/h and can be linked to
the integer-valued Chern number that controls the average
transport of Cooper pairs in the system. The idea of a Cooper
pair charge pump in which single Cooper pairs are transported
for each pump cycle was also developed in the framework of
Josephson junction arrays [40–43]. Furthermore, dual Shapiro
steps were recently observed in Josephson junction devices
[44,45] which can be attributed to a quantized transport of
Cooper pairs with major significance for quantum metrology.

In 2D electron systems, the interplay between many-body
interactions and magnetic fields leads to more exotic topolog-
ical phenomenon, namely the fractional quantum Hall effect.
Here, at fractional fillings of the Landau levels, quantized
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FIG. 1. (a) Array of Josephson junctions (blue boxes) arranged as a chain of superconducting loops with fluxes ϕn = ϕ̇xt + nϕoff and
applied voltage bias Vy = h̄ϕ̇y/(2e). (b) Transconductance 〈Gyx〉T = 〈I〉T /Vx in units of G0 = 4e2/h as a function of ϕoff averaged over the time
T = 200 h/(2eVy ) for a chain of length N = 18 with 2EJ1 = EJ2 , 2eVy = 0.01 EJ1 , and ϕ̇x = −2πϕ̇y, cf. Eq. (2). (c) Local probability density
of the excess Cooper pair ρ(n) = | 〈n|ψ0

1 〉 |2 of the ground state for different offset fluxes ϕoff at different times t1 < t2 given by ϕx (t1) and
ϕx (t2), respectively.

Hall conductance plateaus appear with fractional values of
the conductance quantum e2/h [46–49]. Theoretically, this is
explained by the condensation of electrons into new quasi-
particles [50–54], so called anyons, that carry a fraction of
the electronic charge e and, consequently, have altered any-
onic particle statistics that differ from the usual fermionic
or bosonic ones. The prime example for such anyons are
Majorana zero modes that theoretically appear in topolog-
ical superconductors and promise topologically protected
quantum computing based on its anyonic braiding statistics
[55–59]. In conjunction with the single-particle case above,
fractional topological pumps were explored using 1D super-
lattices with periodically modulated potentials that can be
used as synthetic dimensions [60–66]. Similar to the fractional
ground state of the quantum Hall effect, the ground state in
these systems is ν fold degenerate for fractional fillings of 1/ν

and features fractional charge transport [67,68] along the 1D
system. So far, there is nothing comparable to the fractional
quantum Hall conductance in superconducting systems.

In this work, we theorize a superconducting system that
demonstrates fractional topological transconductance. Our
system facilitates the transfer of a fraction of a Cooper pair
along a 1D chain per pumping cycle. Unlike adiabatic topo-
logical pumps and in similitude to the stabilization of Hall
conductance plateaus by disorder, the fractional transport in
our system is stabilized by nonadiabatic Landau-Zener tran-
sitions [69]. This allows for the appearance of fractional
plateaus in the transconductance that are robust to various
perturbations. The manuscript is organized as follows: First,
we discuss the model and the ground-state properties of the
chain. We work in the charge-dominated regime, in which the
lowest states have at most a single delocalized excess Cooper
pair. These states are well separated from excited states with
more than one Cooper pair. Then, we discuss and derive the
fractional transport properties when an offset flux along the

chain is tuned to periodic points in which, akin to Bohr’s
quantization condition, a higher periodicity of the ground state
can be achieved. In the case of finite voltages, however, the
fractional transport persists in a sizable region around the
high-periodicity operating points, allowing for finite fractional
plateaus in the transconductance. Finally, we analyze the ro-
bustness of these plateaus to disorder along the chain.

II. CHAIN OF JOSEPHSON JUNCTIONS

In the following, we consider a chain of Josephson junc-
tions arranged as N ∈ N superconducting loops, see Fig. 1(a).
Each loop contains two Josephson junctions with Josephson
energies EJ1 and EJ2 , and is threaded by a piece-wise in-
creasing flux with ϕn = ϕ̇xt + nϕoff threading the nth loop.
This flux could be possibly realized by applying a magnetic
field with a spatial gradient along the chain that results in the
spatial increasing offset flux ϕoff. The time-dependent flux ϕ̇xt
could be realized using a linearly changing component in the
magnetic field. Additionally, a voltage Vy = h̄ϕ̇y/(2e) is ap-
plied to the chain inducing an additional flux at the boundary
of the circuit. In general, such superconducting circuits are
described by the Hamiltonian H = EC (n̂ − ng)c−1(n̂ − ng) +
U (φ̂, ϕn) [70,71], where EC = (2e)2/C is the charging energy,
which we assume to be homogeneous for simplicity, i.e.,
ECj ≡ EC for all junctions j. Furthermore, n̂ = (n1, ..., nN−1)
are the node charges of the circuit, where ng = CgV g/(2e)
is the number of gate charges. The latter is controlled by
capacitively coupling the nodes to gate voltages V g with gate
capacitances Cg. Each node of the circuit corresponds to the
area between two Josephson junctions. The inverse dimen-
sionless capacitance matrix c−1 and U (φ̂, ϕn) summarize the
Josephson energies of the circuit, as presented in Appendix A.

Importantly, in the limit of EC � EJi , the nodes of the cir-
cuit act as superconducting islands that are controlled by gate
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FIG. 2. (a) Ground-state band and first excited states [cf. Eq. (1)] for ϕoff = 2πν/N with ν = 2, N = 12, EJ2 = 2EJ1 , and ϕx = 0. There is
an energy gap Einter between the ground-state band and other excited states. By changing ϕoff from ν = 2 to ν = 3, one of the excited states is
pushed toward the ground-state band [see arrow and panel (c)]. (b) Zoom in on the ground-state band for ν = 2 as a function of ϕx and ϕy with
the same parameters as in panel (a). The adiabatic state evolution is indicated by the black arrow for finite voltages V� = h̄ϕ̇�/(2e). (c) Same
as panel (b) for ν = 3. An additional energy level moved from the excited states toward the ground-state band leading to a 6π periodicity of
the whole band. The width of the lowest band Ewidth increases with increasing ν. (d) Applying incommensurate voltages Vx and Vy leads to a
nonperiodic time evolution (ϕx (t ), ϕy(t )) for t ∈ [0, T ] that covers the whole torus for long times T → ∞.

charges ng. Due to the capacitive coupling between neigh-
boring islands, the charging energy EC plays the role of the
interaction strength between Cooper pairs on those islands,
whereas c−1 determines the length scale of this interaction.
The latter decreases linearly for the circuit shown in Fig. 1(a).
Consequently, for ng = 1

N , states with zero and a single excess
Cooper pair on the islands are charge degenerate and allow
for a finite supercurrent through the chain. These low-energy
states are described by the Hamiltonian

H0 =
N−1∑
n=1

e−i
ϕ̇yt
N

(
EJ2

2
+ EJ1

2
e−i(ϕ̇xt+nϕoff )

)
|n − 1〉 〈n|

+ e−i
ϕ̇yt
N

(
EJ2

2
+EJ1

2
e−i(ϕ̇xt+Nϕoff )

)
|N − 1〉 〈0| + H.c., (1)

where |n〉 is the state with a single Cooper pair on the nth
island. In this limit, the excess Cooper pair can move between
different islands with a hopping amplitude that depends on the
applied fluxes and the Josephson energies EJi . Excited states
of higher energy with two or more Cooper pairs on the islands
are gapped out by an energy gap proportional to EC .

A. Fractional transconductance

As we shall see in the following, the voltage biases 2eV� =
h̄ϕ̇� (� = x, y) linearly scan the fluxes over time, leading to
topological pumping of the Cooper pairs. Since the pumping
in the synthetic space of the two fluxes is related to the spatial
hopping amplitudes in the low-energy Hamiltonian, Eq. (1),
it results in a spatial pumping of Cooper pairs along the
Josephson Junction chain. The quantization of the pumped
charge will depend on the offset flux ϕoff. The main result of
this work is the manifestation of a fractional quantization of
the transconductance across the device

〈Gyx〉T →∞ = Cxy

ν
G0 (2)

in the long-time average, as shown in Fig. 1(b). Here, G0 =
4e2/h is the conductance quantum for superconducting sys-
tems and Cxy = 1 is the first Chern number of the total
ground-state band.

To understand the origin of such fractional quantization,
let us first qualitatively look at the ground state of the chain
that has a particular form at certain points of the offset flux
ϕoff = 2πν/N for ν ∈ N, see Fig 2. At ν = 1, there is a
single ground state with a single Cooper pair localized in the
chain, see Fig. 1(c). The spatial location of the Cooper pair is
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controlled by the flux ϕx, which is linearly changed in time via
the voltage bias Vx. This leads to an adiabatic transfer of this
Cooper pair along the chain as long as 2eVx = h̄ϕ̇x 	 Einter

is small enough with respect to the gap to the excited states
Einter. Increasing the offset flux to ν = 2, the Cooper pair
in the ground state is delocalized on two distinct locations
in the chain, see Figs. 1(c) and 2(a). As a function of the
linearly changing ϕx, the delocalized Cooper pair is again
transported across the chain. However, this time, and in con-
trast to the ν = 1 case, the Cooper pair is only transported
half the distance due to its bipartite delocalization. Similarly,
for ν = 3, the ground-state Cooper pair is delocalized at three
distinct locations in the chain and the pumped charge is only
a third compared to the case ν = 1. This adiabatic transport
is connected with the topological properties of the ground-
state band by applying two small incommensurate voltages
Vx = h̄ϕ̇x/(2e) = rVy in the spirit of the integer case proposed
in Ref. [20], where r ∈ R \ Q.

To understand this result on a quantitative level, we first
have a closer look on the specific energy spectrum for an
offset flux ϕoff = 2πν/N . For ν = 1, there is a single ground
state and the instantaneous supercurrent through the chain to
first order in the applied voltages is given by I = 2e ∂ϕy E0/h̄ +
2eϕ̇xF 0

xy. Here, F 0
xy = i 〈∂ϕx ψ

0|∂ϕyψ
0〉 − i 〈∂ϕyψ

0|∂ϕx ψ
0〉 is the

Berry curvature of the ground state |ψ0〉. By applying
two incommensurate voltages Vx and Vy, the ground state
|ψ0(ϕx, ϕy)〉 adiabatically evolves in the periodic space of
fluxes (ϕx, ϕy) according to the second Josephson relation
2eV� = h̄ϕ̇�. As a result, the time-averaged current through
the chain after long averaging times T → ∞ is given by an
average over the fluxes 〈I〉T →∞ = 〈I〉ϕx,ϕy

. Since 〈∂ϕy E0〉ϕy
=

0, the only contribution is given by the Berry curvature
〈F 0

xy〉ϕx,ϕy
, which leads to the integer-quantized transconduc-

tance 〈Gyx〉T →∞ = G0Cxy in terms of the ground-state Chern

number Cxy = ∫∫ 2π

0 F 0
xydϕxdϕy/(2π ) = 1, cf. Ref. [20]. The

Chern number was calculated numerically from the low-
energy Hamiltonian with the method described in Ref. [72].

For ν = 2, there are two states in the lowest band with a 4π

periodicity in the ϕy direction, see Fig. 2(a). The Chern num-
ber of this band is given by Cxy = ∫∫ 2π

0 tr(F 0
xy)dϕxdϕy/(2π ) =

1, where [F 0
xy]mm = i 〈∂ϕx ψ

0
m|∂ϕyψ

0
m〉 − i 〈∂ϕyψ

0
m|∂ϕx ψ

0
m〉 is the

Berry curvature of the mth eigenstate |ψ0
m〉 of the lowest band.

Applying again a pair of incommensurate voltages, this state
will adiabatically evolve in the periodic space of (ϕx, ϕy) in
the lowest band, see Figs. 2(b) and 2(d). Hence, due to the
increased 4π periodicity along the ϕy axis, there will be an
additional factor 1/2 in the time-averaged current that leads
to the fractional transconductance 〈Gyx〉ϕx,ϕy

= CxyG0/2. By
further increasing the offset flux to ν = 3, another state will
be pushed toward the lowest energy band such that there are
three states with a 6π periodicity along the ϕy axis, compare
Figs. 2(b) and 2(c). Again, this increased periodicity leads
to an additional factor 1/3 in the time-averaged transcon-
ductance. Overall, by tuning the offset flux ϕoff such that
ν → ν + 1, an additional state will be pushed toward the
lowest energy band, such that there are ν + 1 states in the
lowest band with a 2π (ν + 1) periodicity in ϕy direction.
Correspondingly, the time-averaged transconductance at the

particular points ϕoff = 2πν/N yields the quantized fractional
values in the adiabatic limit, cf. Eq. (2) and Appendix B for
a derivation. Thus, the transconductance of the ground-state
band is directly related to the topology of the band and the
2πν periodicity of the state evolution that is controlled by the
offset flux ϕoff in the chain, see Fig. 1(b) for finite voltages.

Crucially, we observe quantization plateaus in Fig. 1(b),
which cannot be ascribed to isolated ϕoff points. Moreover,
we consider finite applied voltage biases, which break away
from the adiabatic limit that we considered thus far. Hence,
the formation of these plateaus can be only understood beyond
the adiabatic approximation. In particular, for ϕoff 
= 2πν/N ,
there are intraband gaps appearing within the lowest energy
band, as shown in Fig. 3(a) for ϕoff = 3.9π/N . The size of
these intraband gaps Eintra generally depends on the detuning
of ϕoff away from ϕoff = 2πν/N , i.e., away from the locations
where the intraband gaps vanish. These intraband gaps break
the increased 2πν periodicity down to a regular 2π periodicity
in the full adiabatic limit. However, for finite voltages and
small intraband gaps, the increased 2πν periodicity can still
be recovered for sufficiently diabatic state evolution [69].

In particular, in the limit Eintra 	 2eV 	 Einter with V ≡√
V 2

x + V 2
y , there will be diabatic Landau-Zener transitions

at the avoided crossings within the lowest band, as illus-
trated in Fig. 3(a). Then, the Landau-Zener probability PLZ ∼
exp[−πE2

intra/(2h̄α)] determines the probability to jump over
an avoided crossing [73], where α is the slew rate that is
proportional to the applied voltage and determines how fast
the avoided crossing is traversed. Hence, PLZ ≈ 1 for Eintra 	
2eV 	 Einter and we restore the 2πν periodicity of the lowest
band for detuned ϕoff, which ultimately leads to fractional
transconductance plateaus. Note, however, that when the ap-
plied voltage for a detuned ϕoff becomes too large, 2eV ∼
Einter, we will likely observe transitions to excited states within
the next energy band that will destroy the quantization of the
transconductance. In the other limit, when the applied volt-
age becomes comparable to the intraband gap, 2eV ∼ Eintra,
PLZ < 1, adiabaticity yields that there is no 2πν periodicity
for the state evolution. These two limits can be observed in
Fig. 3(b), where we show the time-averaged transconductance
as a function of the voltage bias for a detuned ϕoff. Thus, clear
fractional transconductance plateaus are visible only in re-
gions in which the condition Eintra 	 2eV 	 Einter is fulfilled.
To summarize, the formation of plateaus that are observable
in Fig. 1(b) are the result of finite voltages and nonadiabatic
Landau-Zener transitions that lead to an increased periodicity
of the state evolution for detuned values of the offset flux near
ϕoff ≈ 2πν/N .

Note that there are no plateaus for values ϕoff ≈ 2πν/N
if the inter and intraband gaps are comparable, Eintra ∼ Einter,
which, for instance, is the case in the example shown in
Fig. 1(b) for ν > 3 with N = 18. In general, the amount
of observable plateaus increases with the length N of the
chain since the width of the lowest band Ewidth, indicated in
Fig. 2(c), decreases with N . At the same time, however, the
plateaus’ widths decrease with increasing N because the tran-
sitions between different plateaus ν → ν + 1 are in a smaller
interval of ϕoff for larger N , such that one would observe
rather sharp quantized peaks in the transconductance for long
chains.
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(a) (b)
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(( )

FIG. 3. (a) Lowest band for ϕoff = 3.9 π/N , N = 12, EJ2 = 2EJ1 , and ϕx = π/2. At ϕoff 
= 2πν/N , small energy gaps Eintra open between

the individual states within the ground-state band. As long as 2eV � Eintra with V ≡
√

V 2
x + V 2

y , the state evolution will diabatically jump
over these gaps (marked by dots) and maintain the 2πν periodicity [provided that 2eV 	 Einter, cf. Fig. 2(a)]. (b) Transconductance 〈Gyx〉T =
〈I〉T /Vx in units of G0 = 4e2/h as a function of the applied voltage V =

√
V 2

x + V 2
y averaged over the time T = 200 h/(2eV y ) for ϕoff =

3.36 π/N , N = 12, 2EJ1 = EJ2 , and Vx = −πVy. We observe a quantized plateau only in the region where the condition Eintra(ϕoff ) 	 2eV 	
Einter(ϕoff ) is fulfilled, while the fractional quantization vanishes for too large (small) voltages 2eV ∼ Einter (2eV ∼ Eintra ). (c) and (d), Standard
deviation of the transconductance δGν [see Fig. 1(b)] with respect to the quantized values G0/ν as a function of the disorder strength δ. δGν is
determined in the range of ϕoff where quantized plateaus would appear in the case without disorder. The transconductance is averaged over the
time T = 200 h/(2eV y ) for N = 18, 2EJ1 = EJ2 , and Vx = −2πVy, as in Fig. 1(b).

B. Robustness to disorder

In addition to the stability of the effect with respect to the
offset flux ϕoff, it is also crucial that it is stable under disorder
along the superconducting chain. Possible sources can be,
for instance, nonuniform Josephson energies along the chain
or additional disorder in the fluxes of the superconducting
loops. In the following, we will analyze the robustness of the
quantized transconductance with respect to flux disorder ϕn =
ϕ̇xt + nϕoff + δϕn, where δϕn is the random disorder config-
uration with zero mean,

∑
n δϕn = 0, and disorder strength

δ2 = ∑
n δϕ2

n/N . Note that disorder in the Josephson energies
will qualitatively lead to the same outcome, since both sources
will lead to disorder in the hopping amplitudes of Eq. (1). To
quantify the stability of the plateaus in Fig. 1(b) to disorder,
we analyze the fluctuations δGν of the first two plateaus with
respect to their fractionally quantized values G0/ν. If these
fluctuations are close to zero, it resembles a perfectly quan-
tized plateau for the whole width in ϕoff of the disorder-free
case. Note that even in the clean case, fluctuations are not
exactly zero due to finite voltage biases and finite averaging
times. In the integer case (ν = 1 plateau), there is only a
single ground state that has a finite gap Einter to the other
excited states. This gap is reduced with an increasing disorder

strength δ, which leads to a larger probability for transitions
to excited states for finite voltages. However, by applying
smaller voltages, we can reduce these transitions and, hence,
obtain a better quantization of the integer plateau even with
disorder, see Fig. 3(c). Therefore, an increased robustness of
the integer plateau to disorder is achieved by simply lowering
the applied voltages.

For the fractional plateaus (ν � 2), we observe a funda-
mental difference to the integer case since there are multiple
states in the ground-state band with finite interband gaps Einter.
To achieve the required higher periodicity in the respective
state evolution, we need to additionally fulfill the condition
Eintra 	 2eV in order to generate a fractionally quantized
plateau in the transconductance. Disorder along the chain will
also lead to increased intraband gaps Eintra and, in particular,
a finite intraband gap even for ϕoff = 2πν/N . As shown in
Fig. 3(d), the resulting fractional transconductance is robust
against small disorder for intermediate voltages which fulfill
Eintra 	 2eV 	 Einter. For small voltages, the transconduc-
tance is sensitive to these increased intraband gaps, even for
small disorder, leading to increased fluctuations around the
fractional plateaus. For larger voltages, we obtain increased
transitions to excited states, as the energy gap Einter is ef-
fectively reduced by disorder, which increases fluctuations
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of the transconductance around the fractional plateaus al-
ready for small disorder. To conclude, the precise choice of
the applied voltage is crucial to achieve optimal robustness
against disorder. For the integer plateau, a lower voltage is
beneficial, while an intermediate voltage with respect to the
inter and intraband gap represents the optimum to observe
well-pronounced transconductance plateaus at fractions of the
conductance quantum.

III. DISCUSSION

In summary, we have shown that quantized transconduc-
tance plateaus at fractions of the conductance quantum can
be observed in a chain of Josephson junctions. This transport
property arises due to the interplay between nontrivial topol-
ogy in the space of fluxes threading the superconducting loops
and an increased periodicity of the ground-state evolution.
The fractional transconductance appears in a steplike pattern
as a function of the offset flux along the chain and constant
plateaus are visible due to nonadiabatic Landau-Zener tran-
sitions in the system. Crucially, the effect is stable against
small disorder due to the diabatic transitions, motivating the
experimental exploration of our model in realistic devices.

The model presented in this work was discussed in detail
in the limit when the Josephson energy is much smaller than
the charging energy. For larger Josephson energies, increased
intraband gaps will appear since the single Cooper pair states
of the lowest band will hybridize with states that have more
than one Cooper pair on the superconducting islands. For
small intraband gaps, this effect is comparable to the case of
weak disorder. Furthermore, dissipation can also play a crucial
factor in Josephson junction arrays. Interestingly, interband
dissipation toward the lowest band could be actually helpful to
suppress transitions to excited states. Intraband dissipation in
the fractional cases, however, would be harmful for the frac-
tional quantization since it ultimately destroys the increased
periodicity of the state evolution of the lowest band. Neverthe-
less, our study pinpoints realistic conditions where fractional
transconductance can be observed. Our result paves the way
for future experimental realizations of stable fractional trans-
port in superconducting Josephson junction arrays.
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APPENDIX A: DERIVATION OF THE LOW-ENERGY
HAMILTONIAN

We follow the Lagrangian approach [70,71] to derive an
effective Hamiltonian for the superconducting chain depicted
in Fig. 1(a). Here we additionally assume that each site is
capacitively coupled to a gate voltage Vg,n that can be used to
control the gate charges of each site. The Lagrangian is then

given by

L = �2
0

2
(C1 + C2)

(
N−2∑
n=1

(
˙̂φn+1 − ˙̂φn

)2
+ ˙̂φ2

1 + ˙̂φ2
N−1

)

+ �2
0

2

N−1∑
n=1

Cg,n

(
˙̂φn − Vg,n

)2
− UJ , (A1)

with φ̂ = (φ̂1, ..., φ̂N−1) and φ̂n being the node phases of the
circuit. For the sake of simplicity we will assume in the fol-
lowing C ≡ C1 = C2. Additionally, according to Ref. [74,75],
one has to choose a certain gauge for a time-dependent flux
to avoid additional terms in the Hamiltonian, hence, the total
Josephson potential UJ of the chain takes the form

−UJ = EJ2 cos

(
φ̂1 + ϕ1(t )

2
− ϕy(t )

N
−

∑
j ϕ j (t )

2N

)

+ EJ1 cos

(
φ̂1 − ϕ1(t )

2
− ϕy(t )

N
−

∑
j ϕ j (t )

2N

)

+ EJ2

N−1∑
n=2

cos

(
φ̂n − φ̂n−1 + ϕn(t )

2
− ϕy(t )

N
−

∑
j ϕ j (t )

2N

)

+ EJ1

N−1∑
n=2

cos

(
φ̂n − φ̂n−1 − ϕn(t )

2
− ϕy(t )

N
−

∑
j ϕ j (t )

2N

)

+ EJ2 cos

(
−φ̂N−1 + ϕN (t )

2
− ϕy(t )

N
−

∑
j ϕ j (t )

2N

)

+ EJ1 cos

(
−φ̂N−1 − ϕN (t )

2
− ϕy(t )

N
−

∑
j ϕ j (t )

2N

)
,

(A2)

with ϕy(t ) = 2eVyt/h̄ according to the ac Josephson effect
and ϕn(t ) = ϕ̇xt + nϕoff being the flux through the nth loop.
Furthermore, EJ1,J2 are the Josephson energies of the two
Josephson junctions in a single superconducting loop. Con-
sequently, the total Hamiltonian can be summarized as

H = EC

2
(n̂ − ng)T c−1(n̂ − ng) + UJ , (A3)

where c−1 is the dimensionless inverse capacitance ma-
trix of the circuit such that EC = (2e)2/(2C). Here, n̂T =
(n̂1, ..., n̂N−1) are the node charges and ng the respective offset
gate charges that can be controlled by the applied gate volt-
ages V g = 2eng/Cg on the respective nodes of the circuit with
the gate capacitances Cg. Note that the inverse capacitance
matrix c−1 = CC−1 characterizes the interaction between the
Cooper pairs with the respective interaction strength ∼EC .
In our model, the inverse capacitance matrix consists of the
elements

[c−1]mn =
{ n(N−m)

N , m � n
m(N−n)

N , m < n
(A4)

that results in a long-range interaction between Cooper
pairs which linearly decreases with distance in the limit of
Cg, j 	 C.

In the charge-dominated regime EC � EJ , the charge
states of the superconducting islands (i.e., the areas
between two superconducting loops) are well defined and
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the Josephson terms become hopping terms for Cooper
pairs between the islands with 2 cos(φi − φ j − γ (ϕ)) =
e−iγ (ϕ) |ni, n j + 1〉 〈ni + 1, nj | + H.c., where |ni, n j〉 is the
state with ni Cooper pairs on island i, and nj Cooper pairs
on island j, see Ref. [70,71]. Hence, the low-energy charge
states |0〉 for having zero Cooper pairs on the islands and |n〉
for having one Cooper pair on island n are described by the
Hamiltonian

H =
N−1∑
n=0

εn |n〉 〈n| +
N−1∑
n=1

tn |n − 1〉 〈n|

+ tN |N − 1〉 〈0| + H.c., (A5)

where the hopping terms are given by Eq. (A2) and can be
simplified to

tn = EJ2

2
e−i(

ϕ̇y
N t+ N+1−2n

4 ϕoff )

+ EJ1

2
e−i(ϕ̇xt+ ϕ̇y

N t+ N+1+2n
4 ϕoff ). (A6)

In addition, the charge energies are

ε j = EC

2
(n j − ng)T c−1(n j − ng), (A7)

with n j = (0, . . . , 1, . . . , 0) having a single charge on island
j and n0 = (0, . . . , 0) having no charge on the islands. The
charge energies can be tuned via ng in such a way that ε j ≡ ε0

for all j, which represents the charge-degeneracy point of the
lowest N states presented here. The corresponding condition
(n j − ng)T c−1(n j − ng) = nT

g c−1ng for all j can be solved
by ng = 1

N (1, . . . , 1)T for small Cg 	 C. Furthermore, the
phase of the hopping amplitudes can be simplified by perform-
ing a transformation in the time-independent flux ϕoff with
U = exp(−i(

∑N−1
n=1 αn |n〉 〈n|)ϕoff ) with αn = ∑n

j=1
N+1−2 j

4 ,
and H ′ = UHU † to find the Hamiltonian given in Eq. (1).

APPENDIX B: FRACTIONAL TRANSCONDUCTANCE
IN THE ADIABATIC LIMIT

To derive the current and the resulting transconductance for
small voltage Vy and small ϕ̇x for ϕoff = 2πν/N with ν ∈ N,
we solve the Schrödinger equation ih̄∂t |�(t )〉 = H (t ) |�(t )〉
by expanding the solution |�(t )〉 = ∑

m,n cm,n(t ) |ψn
m(t )〉 in

the basis of instantanous eigenstates {|ψn
m(t )〉} of H (t ), with

|ψn
m(t )〉 being the mth eigenstate of the nth band with energy

En
m(t ). Assuming that the initial state is |�(0)〉 = |ψ0

1 〉, the
differential equation can be solved perturbatively to first order
in the phase velocities ϕ̇x and ϕ̇y as

|�(t )〉 = eiθ (t ) |ψ0
1 〉

− eiθ (t )ih̄
∑

j

ϕ̇ j

∑
(n,m)
=(0,1)

〈ψn
m| ∂ψ0

1
∂ϕ j

〉
En

m − E0
1

|ψn
m〉 , (B1)

with the dynamic and geometric phase eiθ (t ) =
exp(i

∫ t
0 E0

1 (t ′)dt ′/h̄) exp(−∑
j=x,y

∫ ϕ(t )
ϕ(0) 〈ψ0

1 | ∂ψ0
1

∂ϕ j
〉 dϕ j ).

The supercurrent through the right lead can then be computed
by Iy = 〈�|Îy|�〉 with Îy = 2e∂ϕy H/h̄. Using Eq. (B1), we
get

Iy(t ) = 2e

h̄

∂E0
1 (ϕ(t ))

∂ϕy
+ 2eϕ̇xFxy

( |ψ0
1 (ϕ(t ))〉 )

− 2e
∑
j=x,y

ϕ̇ jKy j
( |ψ0

1 (ϕ(t ))〉 )
, (B2)

with

Fxy(|ψn
m〉) = 2 Im

[∑
m′

∑
n′ 
=n

〈∂ψn
m

∂ϕx
|ψn′

m′ 〉 〈ψn′
m′ |∂ψn

m

∂ϕy
〉
]

(B3)

being the Berry curvature of the mth eigenstate of the nth band
and

Ky j (|ψm,n〉) = 2 Im

[ ∑
m′ 
=m

〈∂ψn
m

∂ϕy
|ψn

m′ 〉 〈ψn
m′ |∂ψn

m

∂ϕ j
〉
]

. (B4)

For incommensurate phase velocities ϕ̇x and ϕ̇y, the state is
adiabatically swept through the whole space of (ϕx, ϕy) in the
limit of T → ∞, as proposed in Ref. [20]. Hence, the time-
averaged current

〈Iy〉T = 1

T

∫ T

0
Iy(t ′)dt ′ (B5)

can be calculated analytically in the long-time limit T → ∞
as an average over (ϕx, ϕy) via

〈Iy〉T →∞ = 〈Iy〉ϕx,ϕy = eϕ̇x

πν

〈∫ 2π

0
tr(F 0

xy)dϕy

〉
ϕx

, (B6)

with F 0
xy being the Berry curvature of the lowest band. Fur-

thermore, we use the periodicity of the states |ψ0
m〉 such that∫ 2πν

0
Fxy(|ψ0

1 〉)dϕy =
∑

m
E0

m∈E0

∫ 2π

0
Fxy(|ψ0

m〉)dϕy, (B7)

where the sum runs over all states of the lowest band E0 =
{E0

m}, and ∫ 2πν

0
Kyl (|ψ0

1 〉)dϕy = 0. (B8)

Finally, also averaging the current over ϕx yields the fractional
current with the respective Chern number

〈Iy〉ϕx,ϕy = eϕ̇x

2π2ν

(∫∫ 2π

0
tr(F 0

xy)dϕxdϕy

)

= eϕ̇x

νπ
Cxy = G0

Cxy

ν
Vx, (B9)

where, in the last step, we used the second Josephson
equation ϕ̇x ≡ 2eVx/h̄ that links the applied voltage Vx

with the time-dependent flux in the superconducting loop.
Furthermore, G0 = 4e2/h is the conductance quantum in su-
perconducting systems. From Eq. (B9), we can immediately
identify the (fractionally) quantized transconductance Gyx =
(Cxy/ν)G0 with ν ∈ N.
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