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Abstract
The following backward stochastic Riccati differential equation (BSRDE in short)

d d
dK = —[A'K+KA+Y CIKCi+Q+Y (CiLi+ LiCy)
i=1 i=1

d d d
—(KB+ Y CiKD;+ Y LiD;)(N + Y D;KD;)™"
i=1 i=1 i=1

d d d
X(KB+Y C/KD;i+Y LiD;)]dt+Y Lidw;, 0<t<T,
i=1 i=1 1=1

| K(T) = M.

is motivated, and is then studied. Some properties are presented. The existence
and uniqueness of a global adapted solution to a BSRDE has been open for the case
D; # 0 for more than two decades. Our recent results on this topic are summarized.
Finally, applications are addressed, both in finance and control.
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1 Introduction

Let (0, F, P,{F;}i>0) be a fixed complete probability space on which is defined a standard
d-dimensional F;-adapted Brownian motion w(t) = (wq(t),-- -, wq(t))’. Denote by F; the
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completion, by the totality A of all null sets of F, of the natural filtration {F}"} generated
by w.
Consider the following BSRDE:
d
dK = —-G(t,K,L)dt+>_ L;duw;, 0<t<T, (1)
i=1
K(T) = M

where the generator GG is given by

G(t,K,L) = A'K—l—KA+£C’Z{KC'i+Q+i(C’Z{Li+LiCi)+F(t,K,L) (2)
with
F(t,K,L):= —[KB(t)+ i Ci(t) KD;(t) + i L;D;(t)][N(t) + i D;(t) KD;(t)]

<[KB(t) + Zdj Ci(t)' K Di(t) + zd; L;Di(1)], 3)

V(t,K,L) €[0,T] x 8 x (8").

It will be called the BSRDE (A, B;C;,D;,i = 1,...,d;Q,N,M) in the following for
convenience of indicating the associated coefficients. The coefficients appearing here will
be defined in Section 2.

BSRDESs have at least the following two motivations.

(1) The control-theoretic motivation. The BSRDE (1) arises from solution
of the optimal control problem

inf J(u; 0 4
Y - (u; 0, 2) (4)
where for ¢ € [0,7] and =z € R",
T
J(ust, o) = B [/ [(Nug,ug) + (QX g5, Xp%) ds + (MXz"™", Xz™")] (5)
t

and X% solves the following stochastic differential equation

d
dX, = (AX,+ Bu,)ds+ > (CiX, + Dju,) dw;, t<s<T, (6)
i=1
Xt = I.

We have the following connection: if the BSRDE (1) has a solution (K, L), the solution
for the above linear-quadratic optimal control problem (LQ problem in short) has the
following closed form (also called the feedback form):

d d d
u,=—(N+> D/KD;) '[B'K+> D,KC;+>_ D.L;]X, (7)

i=1 i=1 i=1



and the associated value function V' is the following quadratic form

V(t,z) = inf  J(ut,x) = (K(t)z,x), 0<t<T,x€R" (8)

ueLZ(t,T;R™)

In this way, solution of the above LQ problem is reduced to solving the BSRDE (1). The
LQ problem with a terminal expected constraint (EX(T) = zp for some fixed 2z € R",
for example), is also reduced to solution of a BSRDE.

(2) The financial motivation. A mean-variance hedging problem is a one-
dimensional, nonhomogeneous, singular stochastic LQ problem. A mean-variance port-
folio selection problem is a one-dimensional, nonhomogeneous, singular stochastic LQ
problem with an expected terminal state constraint. Solution of these two classes of
mathematical financial problems is reduced to solution of the associated one-dimensional
BSRDEs.

The rest of the paper is organized as follows. Preliminaries are done in Section
2 where the notation is listed and a solution of a BSRDE is defined. In Section 3, a
historical review is given on BSRDESs, and the known existence and uniqueness result due
to Bismut [5] and Peng [29] is stated. Section 4 collects various properties of BSRDEs.
Section 5 summarizes our recent results on the existence and uniqueness of a global
adapted solution of BSRDE (1). Finally in section 6, BSRDEs are applied to control and
finance.

2 Preliminaries

Notation. Throughout this paper, the following additional notation will be used:

M’ . the transpose of any vector or matrix M;

| M| : = /Xi;mg; for any vector or matrix M = (my;);

(M, M,) : the inner product of the two vectors M; and Mo;

R" : the n-dimensional Euclidean space;

Ry :  the set of all nonnegative real numbers;

S” . the Euclidean space of all n x n symmetric matrices;

St : the set of all n x n nonnegative definite matrices;

C([0,T); H) . the Banach space of H-valued continuous functions on [0, 77,
endowed with the maximum norm for a given Hilbert space H;

£2(0,T; H) . the Banach space of H-valued F;-adapted square-integrable

stochastic processes f on [0, 7], endowed with the norm
(E [I'|£(t)|? dt)"/? for a given Euclidean space H;
LE(0,T;H) : the Banach space of H-valued, F;-adapted, essentially
bounded stochastic processes f on [0, 7], endowed with the
norm esssup; , | f(t)| for a given Euclidean space H;
L*(Q,F,P;H) : the Banach space of H-valued norm-square-integrable random
variables on the probability space (2, F, P) for a given
Banach space H;
and L>(Q2, F,P;C([0,T]; R")) is the Banach space of C([0,T]; R")-valued, essentially



maximum-norm-bounded random variables f on the probability space (2, F, P), endowed
with the norm esssup,cq maxo<i<r |f(t,w)|.

We make the following two basic assumptions.

(A1) The coefficients A, B, C;, and D; are Fy-progressively measurable bounded matriz-
valued processes, defined on Qx[0,T], of dimensions nxn,nXm,nxn,nxm respectively.
M is an Fr-measurable, nonnegative, and bounded n xn random matriz, and Q and N are
Fi-progressively measurable, bounded, and nonnegative n X n and m X m matriz processes,
respectively.

(A2) N is uniformly positive. Or

d

(A3) M and > D.D; are uniformly positive.

=1
Definition 2.1. A solution of the BSRDE (1) is a pair (K, L) of processes such
that
(i) K € LF(0,T;8") N L™(Q, Fr, P;C(0, T} ™), L e (£3(0,T58M)",

d
(ii) N(t) + Y D;(t)' K D;(t) is uniformly positive with respect to (¢,w),
i=1

(i) K() = M+ [ Gls, K(s), L)) ds — [ L(s)du(s), 0< 1< T

¢ ¢
When the pair (K, L) is a solution of the BSRDE (1), we also say that it solves the
BSRDE (1).

3 A Historical Review
First, consider the regular case, i.e., N is assumed to be uniformly positive. When the

coefficients A, B, C;, D;,Q, N, M are all deterministic, then L; = --- = L; = 0 and the
BSRDE (1) reduces to the following nonlinear matrix ordinary differential equation:

( d d
dK = —[AK+KA+Y CIKCi+Q— (KB + Y C/KD;)
i=1 i=1
d / —1 d ! ! (9)
X(N+> DIKD;) (KB+>_ CIKD;)]dt, 0<t<T,
i=1 i=1
| K(T) = M,

which was completely solved by Wonham [41] by applying Bellman’s principle of quasi-
linearization and a monotone convergence approach.

The attention to the randomness of the coefficients A, B,C, D,Q, N, M is due to
Bismut. Bismut [4, 5] initially studied the case of random coefficients, but he could
solve only some special simple cases at that time. Let the integer dy > 0, and denote by
{F?,0 <t < T} the P-augmented natural filtration generated by the (d—d)-dimensional
Brownian motion (wg,41, . .., wg). He assumed that the randomness of the coefficients only
comes from the smaller filtration {F?}, which leads to L; = --- = Ly, = 0. He further
assumed in the paper [4] that

Cager =+ =Cy=0, Dyyur=++-=Dy=0, (10)



under which the BSRDE (1) becomes the following one:

4 dO
dK = —-[AK+KA+)Y CIKCi+Q
do =t do do
—(KB+)>_CIKD;)(N+Y D:KD;) (KB +>»_ C/KD;)]dt (1)
=1 =1 =1
d
+ > L;dw;, 0<t<T,
i=dp+1
| K(T) = M,

and the generator does not involve L at all. In the work [5], he assumed that
Dyye1 =+ = Dy =0, (12)
under which the BSRDE (1) becomes the following one

( d d
dK = —-[AK+KA+Y CIKCi+Q+ > (C/L;+ L,C))
i=1 i=do+1
dg do do
—(KB+)>_CIKD,)(N+Y D:KD;) (KB +>»_ C;KD;)]dt (13)
i=1 i=1 i=1
d
+ > L;dw;, 0<t<T,
i=dp+1
| K(T) = M,
and the generator depends on the second unknown variable (Lg,y1,...,Lg)" in a linear

way. Moreover, his method was rather complicated.

Later, Peng [29] gave a nice treatment on the proof of existence and uniqueness for
the BSRDE (13), by using Bellman’s quasilinear principle and a method of monotone
convergence—a generalization of Wonham’s approach to the random situation.

The following proposition states the above-mentioned result on existence and unique-
ness of a global adapted solution to the BSRDE (1), due to Bismut [5] and Peng [29)].

Theorem 3.1.  Let the assumptions (Al) and (A2) be satisfied. Assume that
all the coefficients A, B,C;, D;,Q and N are F?-progressively measurable and that M is
FZ-measurable. Then, the BSRDE (13) has a unique Ff-adapted global solution (K, L)
with K(t) > 0,t € [0,T].

The general case where the generator of BSRDE (1) is allowed to contain a quadratic
term of L, turns out to become a long-standing problem. As early as in 1978, Bismut [5]
commented on page 220 that:”Nous ne pourrons pas démontrer 1’existence de solution
pour ’équation (2.49) dans le cas général.” (We could not prove the existence of solution
for equation (2.49) for the general case.) On page 238, he pointed out that the essential
difficulty for solution of the general BSRDE (1) lies in the integrand of the martingale
term which appears in the generator in a quadratic way. Two decades later in 1998,
Peng [32] included the above problem in his list of open problems on BSDEs.

Second, consider the singular case N = 0. Kohlmann and Zhou [20] studied the
following case:

C=0,M=1TI,n,D;=Ilnxm, i =1,---,d.
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They made the two rather restrictive assumptions: (a) all the coefficients are deterministic
and (b) A+ A’ > BB'. Under the above-described framework, they obtain the existence
and uniqueness of a global solution. Their method is based on an existence criterion of
Chen, Li and Zhou [6].

4 Fundamentals of BSRDEs

This section collects various properties of BSRDESs, most of which turn out to be helpful
to the proof of the existence and uniqueness of a global adapted solution. They are
consequences of the special structure of BSRDE (1) from different points of view.

For convenience of following exposition, we introduce the following notation. Define
[:[0,7] x 8* x R™4 — R™*" by

d d d
I(,K,L)=—(N+Y DiKD;)"(KB+Y C/KD;+ Y LD;) (14)
i=1 i=1 i=1
and
A:=A+BI(,K,L),C; :=C;+D;l'(-,K,L), i=1,....d. (15)
Consider the following SDE
d
dY; = A(s)Ysds+ ZC’iYS dwi(s), t<s<T,

=1

(16)
th = In><n-

In view of Gal’chuk [11], this equation has a unique strong solution (denoted by @(-, 1))
when L € (£%(0,T;8™))".

4.1 Regularity
Theorem 4.1. Let (K, L) solve the BSRDE (1). Then,
U(-, K,L)®(-,t) € L%(t, T; R™™), &* := trglzl)%|<1>(s,t)| € L*(Q, F, P). (17)

Consider the optimal control problem

inf J(u;0,x) (18)

weL%(0,T;R™)

where for t € [0,7] and x € R",

T
J(ust,z) == B%1| / [(Nug, ug) + QX574 X1ou)] ds + (MXL", X5"")] (19)

t

and X% solves the SDE

d
dX, = (AX,+ Bug)ds+ Y (CiXs+ Dyug) dw;, t<s<T,

=1

(20)
X, = .



Using a method of functional analysis as in Bismut [5] and Kohlmann and Tang [17], we
can show that the assumption (A2) or (\A3) implies the existence and uniqueness of the
optimal control @ € £%(0,T; R™). From the optimality conditions, we have

i=T(,K,L)®(t)z, X" = &(-, ).

Then, Theorem 4.1 follows. The reader is referred to Subsection 6.1 for more details.

4.2 The Feynman-Kac Representation
Theorem 4.2. Let (K, L) solve the BSRDE (1). Then,

(K(t)z,z) =V (t,x) = inf  J(u;t,x),Vt€[0,T], v € R". (21)

we€LZ(t,T;R™)
In view of Theorem 4.1, the proof is straightforward. This theorem plays a crucial
role in the proof of uniqueness: it immediately gives the uniqueness of K as the first part

of the solution. It also plays an important role in the proof of the closed property of the
solutions (See Theorem 4.9).

4.3 Nonnegativity

Theorem 4.3. If (K, L) solves the BSRDE (1), then K(t) >0, 0<t<T.
Noticing the nonnegativity of M,Q, N, we have K(¢) > 0 from Theorem 4.2.

4.4 Monotonicity

From Theorem 4.2, we immediately obtain the following monotone property of the solution
to the BSRDE (1).

Theorem 4.4. Let (K, L) and (E, L) be the solutions to the BSRDEs (A, B; C;, D;, i =
1,---,d;Q,N,M) and (A, B;C;, D;,i=1,---,d;Q, N, M), respectively. If

Q@>2Q=>0,N>N>0,M2>M=>0,

Y

then K > K a.s.a.e..

4.5 Minimality

Theorem 4.5. LetT € LF(0,T; R™™) and let (?, Z) be the solution of the following
linear BSDE

( d d
dK = —[AK+KA+> CIKCi+Q+)> (CIL; + L;C;)

=1 =1
d
+INT)dt + Y L; dw, 0<t<T,
=1
K(T) = M

(22)




where
A:=A+Bl, C:=C;+DT,I=1,...,d (23)
If (K, L) is the solution to the BSRDE (1), then K < K, a.s.a.e..
Note that a deterministic version of Theorem 4.5 was given by Wonham [41].
For the one-dimensional case, in view of the minimality of the generator:
G(t,K,L) < [AK+ KA+ > C/KC;+Q+ > (C/L; + L;C;) + TNT], VI € R™"",
i=1 i=1

this theorem is an immediate consequence of the existing comparison theory for one-
dimensional BSDEs. For the general multi-dimensional case, it is an immediate conse-
quence of the above monotone theorem 4.4 for the BSRDE (A4, 0;C,0;Q, N, M).

4.6 A prior: estimates and the BMO-property.

We have the following a priori estimate of boundedness.
Theorem 4.6. Let (K, L) solve the BSRDE (A, B;C;, D;,i = 1,...,d;Q, N, M).
Then, there is a deterministic positive constant q such that the following estimates hold:

T p
0 < K(t) < eolpnxn, ET (/ |L|2ds> <egp, VYp>1. (24)
t

Here ¢y depends on the uniform upper bound of all the coefficients.
Proof of Theorem 4.6. From Theorem 4.3, we have K > 0. Note that (K, L)
satisfies the BSRDE:

( d d
dK = — {A’K + KA+ Y CIKC+Q + 3 (CIL; + LiCy)
=1 =1
d (25)
+F(t, K, L)} dt + > L; dw;, 0<t<T,
i=1
| K(T) = M.
Using 1to’s formula, we get
( d
dKP? = - {4 tr (K?A) + Y 2tr (KCJKC;) +2tr (KQ)
=1
d
+3 dtr (KL;Cy) +2tr [KF(t,K,L)]— |L]?| dt (26)
=1

d
+> 2tr (KL;) dw;, 0<t<T,
| IKPT) = |ME

We observe that since
F(t,K,L)<0, K >0,

8



we have

2tr [KF(t, K,L)] =2tr [K3F(t,K,L)K%] 0. (27)

Hence,

T T d
KP@+ [ LPds < (MP+ [ [4tr (K24) + Y 2tr (KCIKCy)
t t i=1

d
+2tr (KQ)+ ) 4tr (KLiC’i)} ds (28)
o od =1
—/ S 2tr (KL;) dw;, 0<t<T.
b=t

Using the elementary inequality
2ab < a® + b’

and taking the expectation on both sides with respect to F, for r > t, we obtain that
1 T T
B |KP() + 5B / L[ ds < &) + 61/ E5|KP(s)ds, 0<r<t<T. (29)
t t

Using Gronwall’s inequality, we derive from the last inequality the first one of the esti-
mates (24). In return, we derive from the second last inequality that

T T T d
/ |L|2ds§52+52/ |L|ds—/ S 2tr (KLj) duw,. (30)
t t t i

Therefore,

T p T d
o (/ |L|2ds> < 3 / S 2trK L du;
t toj=1

We have from the Burkholder-Davis-Gundy inequality the following

T p
b+ b BT (/ |L|d8> + E7
t

p] e

% or e "

T
B / [K[2|L|? ds
t

T d
boi=1

while from the Cauchy-Schwarz inequality, we have

T p T p/2
fod (/ |L|ds> < TP (/ |L|2ds> .
t t

Finally, we get

p/2

T p T
o ( / IL)? ds> < 30D 4 [3PTP2EE 4 PP 2k BT ( / IL)? ds> , (32)
t t
which implies the last estimate of the lemma.

9



Theorem 4.7. Let (K, L) solve the BSRDE (1). Then, [y L(s)dw(s) is a BMO(P)
martingale.

Proof of Theorem 4.7 From the inequality (30), we get that for any stopping
time 7 < T,

T T T d
/ |L|2ds§65+55/ |L|ds—/ S 2tr (KLj) duw;. (33)
T T T Z:l

From this it follows that .
Eﬂ/ IL(s)|2ds < e.

Then, Theorem 4.7 follows.

Note that a simple case (where the generator of BSRDE (1) depends on the martin-
gale term L in a linear way) of Theorem 4.7 has been obtained by Bismut [5] by a quite
different argument. This theorem plays an important role in solving a general nonhomo-
geneous stochastic LQ problem and in solving a general mean-variance hedging problem.
The reader is referred to Section 6 for details.

We have the following a priori estimate of the uniform positivity for the first part
K of the solution.

Theorem 4.8. Let the assumption (A3) be satisfied, and (K, L) solve the BSRDE (1).
Then, there is a deterministic positive constant ¢ such that

K(t) > eolpsn- (34)

The proof is an immediate consequence of a combination of Theorem 4.2 and the
following estimate.

Lemma 4.1. Let the assumption (A3) be satisfied. Let X" solve the SDE (20).
Then, there is a deterministic positive constant £y, which is independent of the control u,
such that

1 T )
2| + §Eft/t lu,| ds < exp (so(T — ¢))ETH| XE""2, Vu € L2(t, T; R™). (35

4.7 Closedness of solution.

Theorem 4.9.  Assume that Yy > 0 the coefficients A7, BY,C}, D], Q", and N7 are
Fi-progressively measurable matriz-valued processes, defined on Q x [0,T], of dimensions
nxnnxmmnxnnxm,nXn, and m X m, respectively. Assume that M7 is an Fr-
measurable and nonnegative n xn random matriz. Assume that Q)7 is a.s.a.e. nonnegative.
Assume that there are two deterministic positive constants 1 and o which are independent
of the parameter v, such that

[AT@)], 1B (@)1, [CT ()], [DI )] Q@) INY ()], |M7] < &4

and
N7 Z 52[m><m-

10



Assume that as v — 0, AV(t),BV(t),C’?(t),DZ(t),QV(t), and N7 (t) converge uniformly
in (t,w) to A°(t), B(t), C?(t), DY(t),Q°(t) and N°(t), respectively. Assume that M" uni-
formly converges to M° as v — 0 Assume that ¥y > 0 the BSRDE (A", B";C}, D], i =
L d; Q7 N, M) has a unique solution (K7, LY) with K7(t) > 0,t € [0 T] Then,
there is a pair of processes (K, L) with

K € LF(0,T;87) N L¥(Q, Fr, P;C([0. T SY)), L€ L3(0,T;8"),

such that
li_r)r(l) K" =K strongly in LF(0,T;8Y) N L>*(Q, Fr, P;C([0,T]; SY)),
v
lim LY=L strongly in L5(0,T;S"), (36)
o

and such that (K, L) solves the BSRDE (A°, B®,C° D° Q°, N°, M").
If the above assumption of uniform convergence of (AY,C7,Q7, M") is replaced with
the following one:

T
Alyig(l)essg}zlp i (A7 — A°| + |C7 = C°P + |Q" — Q°|) ds + |[M” — M°| — 0. (37)
then the above assertions still hold.

The proof is referred to Kohlmann and Tang [19].

Remark 2.1. When the assumption of uniform positivity on the control weight ma-
trix N is relaxed to nonnegativity, Theorem 4.9 still holds with the additional assumption
that there is a deterministic positive constant €3 such that

d
Z(DZ)ID;Y Z 83[m><m; M7 Z 63[n><n-

i=1

4.8 Transformation of BSRDEs
Let ® solve the differential equation:

dt

{@(t) = AW®(t), te(0,T],
@(0) = In><n-

Consider the following transformation

K:=0K® L:=3%Ld (38)

of the BSRDE (1).
Using It6’s formula, we verify that the BSRDE (A, B;C;, D;,i = ,d; Q, N, M)
becomes the new BSRDE (0, B; C;, D;,i = -, d;Q, N, M) which is sat1sﬁed by (K, L).

Here,

B:=%"'B, C:=&"'Cd, D:=d"'D

Q:=0'QP, M :=®(T)Md(T). (39)

11



The advantage of doing the above transformation is that it makes A disappear.
Since A is bounded, the resulting transformation @ is also bouned.
It is interesting to discuss the more general transformation ¥ which solves the SDE:

dv(t) = A(t)\lf(t)dt+deci(t)\lf(t)dwi(t), t e (0,7,

~ (40)
\II(O) = Lyxn-

This transformation can anneal both A and C in the BSRDE (1). Note that it is not
necessarily bounded though A and C' = (C4,...,Cy) are assumed to be bounded.

4.9 The Markov case : a PDE characterization

Since optimal controls or optimal hedging/investing strategies are characterized in terms
of the solutions of associated BSRDEs, it is important to characterize the solutions of
BSRDEs. When the coefficients of BSRDEs are Markovian functions of an Ito’s process,
it is natural to connect the solution of a BSRDE with a system of parabolic PDEs. Note
that in general the associated system of parabolic PDEs contains a quadratic term of the
gradient. We are not going into the details due to the limitation of space. The reader
is referred to among others, Peng [30, 31], Pardoux and Peng [27], and Pardoux and
Tang [28] for this direction.

5 Recent Advances on Existence and Uniqueness.

Recently, Kohlmann and Tang [17] extended Theorem 3.1 to the singular case under the
assumption (A3).

Theorem 5.1. Let the assumption (A3) be satisfied. Then, Theorem 3.1 still holds
even if N = 0. Moreover, K(t) is uniformly positive.

Kohlmann and Tang [18] solved the one dimensional case of the above Bismut-Peng’s
problem.

Theorem 5.2.  Let the assumptions (Al) and (A2) be satisfied, and n = 1.
Then, BSRDE (1) has a unique solution. Further, assume that (A3) is satisfied. Then,
BSRDE (1) still has a unique solution (K,L) even if N = 0, and moreover, K(t) is
uniformly positive.

This theorem meets the needs for BSRDEs to be applied to finance. An approxima-
tion technique is used, which is motivated by the works of Kobylansky [16], and Lepeltier
and San Martin [22, 23].

Kohlmann and Tang [19] proved the global existence and uniqueness result for
BSRDE (1) for some multi-dimensional cases: They are special but typical, for the gener-
ator contains a quadratic term on L. The results are stated by the following two theorems.

Theorem 5.3. (the singular case) Let the assumptions (A1) and (A2) be satis-
fied, and d = 1. Assume that there is a deterministic positive constant € such that

M > cel,wn (41)

12



and

D'D(t) > elnym. (42)
Then, the BSRDE:
dK = —[AAK+KA+C'KC+Q+C'L+LC
—~(KB+C'KD + LD)(D'KD) (KB + C'KD + LD)"|dt + L dw, (13)

0<t<T,
K(T) = M.

has a unique solution (K, L) with K(t,w) being uniformly positive w.r.t. (t,w).
The main idea for the proof of Theorem 5.3 is to do the inverse transformation:

K=K, (44)

which turns out to satisfy a Riccati equation whose generator depends on the martingale
term in a linear way.
First, since D is inversable, we can rewrite the BSRDE (43) as

dK = —[-AK-KA+Q—-KBK 'BK-LK 'L
+KBK~'L+ LK~'B'K]dt + L dw, (45)
K(T) = M,

where

A:=—-A+BD'C, B:=-BD.

Note that we have the following rule for the first and the second differentials of the inverse
of a positive matrix as a matrix-valued function:

d(K™')=-K'dK)K ", d&(K")=2K"(dK)K "(dK)K". (46)

Using [t0’s formula, we can write the equation for the inverse K of K:

{ dK = —[KA'+ AK — KQK + BKB' + BL + LB'|dt + L dw, (47)
K

K(T) = M,

where B
L:=-K'LK "

From Theorem 3.1, the above BSRDE (/I, Q% B, 0;0, Lnxm, M‘l) has a unique solution
(K,L) with K > 0, which implies that K (t) is uniformly positive in (Z,w). More-
over, from the fact that K(T) = M= > &', we derive that K is uniformly posi-
tive. This shows that K ~'(¢) is uniformly bounded. Therefore (K~', —K'LK™") solves
BSRDE (43).

The uniqueness results from the Feynman-Kac representation result Theorem 4.2.
In fact, assume that (K, L) also solves the BSRDE (43). Then, from Theorem 4.2, we see
that

o~

(K(t)z,x) =V (t,z) = (K(t)z,z), a.s., Y(t,x) € [0,T] x R".
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So, we have K (t) = K (t) almost surely for V(t,z) € [0,T] x R™. Set
K =K—-K, 6Li:=L;—L; 0G:=G(tK,L) —GtK,L).

Then, we have §K = 0. Note that (6K, L) satisfies the following BSDE:

d
dOK(t) = —6Gdt+ > 0L;(t)dw;(t), 0<t<T, (18)
i=1
SK(T) = 0.

From this, proceeding identically as in the proof of Theorem 4.6, we have
T T ~
E/|Mﬁ@msgmwanﬁ+aﬁmmwamE/(Luuﬁuu%@:a (49)
t s,w t

Hence, 6L = L — L = 0.

Theorem 5.4. (the regular case) Let the assumptions (A1) and (A2) be satisfied.
Further assume that d =1,B = C =0, and D and N satisfy the following

hli}gl‘FestS}letl,tze[O;rjr}]?“}t{l—tﬂSh|D(t1) - bt =0, (50)
lim esssup max |IN(t;) — N(t)] = 0.

h—=0+  ,eq  t1,t2€[0,T]; |t1—t2|<h

Then, the BSRDE:

dK = —[AK+KA+Q—LD(N+ D'KD) 'D'L]dt+ Ldw,
0<t<T, (51)
K

(T) = M.

has a unique solution (K, L) with K(t) > 0,Vt € [0,T].

For the regular case, the situation is a little complex: we easily see that the above
inverse transformation on the first unknown variable can not eliminate the quadratic term
of the second unknown variable. However, we can still solve some classes of BSRDEs with
the help of doing some appropriate transformation. The whole proof is divided into several
propositions.

Proposition 5.1. Assume that Q > A'(D"YYND '+ (D YYYND 'A,m = n, and
D and N are positive constant matrices. Then, Theorem 5.4 holds.

Proof of Proposition 5.1. Write

—

N:=(D'YND™, (52)
Then, the BSRDE (51) reads
dK = —[AK+KA+Q—L(N+K) 'L]dt+ Lduw,
0<t<T, (53)

K(T) = M.
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The equation for K:=N+K is

dK = —[AK+KA+Q—AN-NA—LK 'L]dt+ Lduw,
0<t<T, (54)
K(I) = N+ M.

Note that N+ M is uniformly positive. From Theorem 5.3, it follows that the BSRDE (54)
has a solution (K, L). Therefore (K — N, L) solves BSRDE (51).

Proposition 5.2. Assume that A =0 and D and N are constant matrices. Then,
Theorem 5.4 holds.

Proof of Proposition 5.2. First assume m = n. Consider the following approx-
imating BSRDEs:

dK = —[Q— LDu(N + D!, KDy) "' D! L)dt + L dw,
K ] ] (55)

(T) = M
where
D,:=D+al,, >0,a>0.

From Proposition 5.1, we see that the BSRDE (55) has a solution (K, L,) for every a > 0.
From Theorem 4.9, it follows that K, uniformly converges to some K € L¥(0,7;S8}) N
L>(Q, Fr, P;C([0,T]; S")) and L, strongly converges to some L € £%(0,7;S™), and that
(K, L) solves BSRDE (51) when A = 0. N

Consider the case n > m. Then consider the n xn matrices D whose first m columns
are D and whose last (n — m) columns are zero column vectors, and N which is defined

as 2o
v (0 1)
The BSRDE (51) when A = 0 is rewritten as
{ dK = —[Q—LD(N+ D'KD)"'D'L]dt + L dw,
K(T) = M

From the preceding result, we obtain the desired existence result.

Consider the case n < m. Then, there is a m x m orthogonal transformation matrix
T such that N .
D =[D,0]T, D € R"™" and is non-singular.
Write P
N := (T7YNT" .= ( ]/V\}l Z/VJZ ) > 0.
Nip N
Then, Ny, > 0. The BSRDE (51) when A =0 is rewritten as

dK = —[Q— LD(Ny, + D'KD)"'D'L]dt + L dw,
K(T) = M

From the preceding result, we obtain the desired existence result.
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Proposition 5.3. Assume that A = 0, and D and N are piece-wisely constant
Fi-adapted bounded matrixz processes. Then, Theorem 5.4 holds.

Proof of Proposition 5.3. Since D and N are piece-wisely constant F;-adapted
bounded matrix processes, there is a finite partion:

O=tto<t; <---<t;:=T

such that on each interval [t;, t;+1] C [0, T], D and N are constant F;,-measurable bounded
random matrices. Then, we can solve the BSRDE one interval by one, in an inductive
and backward way.

Proposition 5.4. Assume that A = 0. Then, Theorem 5.4 holds.

Proof of Proposition 5.4. For an arbitrary positive integer k, consider the
2k_partion of the time interval. Define

7 —
2k

1 1
D’“(t)zD( T), we{2 T, T),i:1,2,...,2k;

2k

and

1 1
N"”(t)zN(Z T>, Vte[2 T, T),i:1,2,...,2’f.

2k " 2k
For each k, D¥ and N* are are piece-wisely constant, F;-adapted, bounded matrix pro-

cesses. Further, since the trajectories of D and N are uniformly continuous in w, D¥(t)
and N*(t) converge respectively to D and N, uniformly in (¢, w). That is, we have

Jim esssup max [D*(t) = D(t)| =0, lim esssup max INF(t) = N(#)] = 0.

From Proposition 5.3, we see that the BSRDE (0, 0,0, D¥; @, N*; M) has a global solution
(K*, L¥), and then from Theorem 4.9, it follows that Theorem 5.4 holds.

Proof of Theorem 5.4. From Proposition 5.4, we see that the
BSRDE (0, 0,0, D:Q, N, M) has a global adapted solution (ff, L), and thus the pair

(((I)/)—lfq)flj (Q)’)*lz@*l)

solves the original BSRDE (A, 0,0, D; Q, N, M). Here, D, Q, and M are defined by (39).
The uniqueness can be proved in the same way as in the proof of Theorem 5.3.

6 Applications to Control and Finance

6.1 Control-theoretic application

Assume that
£ L*(Q,Fr,P;R"), q,f, g€ L%X(0,T;R"). (56)
Consider the following optimal control problem (denoted by Py):
min  J(u;0,x) (57)

ueL%(0,T;R™)
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with

Tt )= B (M(X5™ ), X5 — )

Fi T t,x;u t,x;u (58)
+E[CIQUXM — ), X — )+ (Nu,w) ds
and X% golving the following linear SDE
d
dX, = (AX;+ Buy+ f(s))ds+ > (C; Xy + Dijus + gi(s)) dw;, t<s<T, (59)
i=1
X, = =z, weLl%i(t, T;R™).
The value function V is defined as
V(t,z):= min  J(u;t,x), (t,z)€[0,T]x R". (60)

ueLZ(t,T;R™)

Theorem 6.1 Let the two assumptions (Al) and (A2), or (Al) and (A3) be
satisfied. Let (K, L) solve the BSRDE (1). Then, the BSDE

d d d
dp(t) = —[Av+> Ci(di—Kg;) — Kf = Ligi+ Qqldt +>_ ¢; dw, (61)
i—1 i=1 i=1
W(T) = Mg
where A and C; are defined by (15), has a unique Fi-adapted solution (¢, ¢) with
b € L2075 RY) N LA, Fr, PiC(0, T} RY), 6 € (£3(0,T;RM)". (62)

Moreover, the optimal control u for the non-homogeneous stochastic L) problem Py exists
uniquely and has the following feedback law

d d d
i = —(N+)Y_ DIKD)'[(BK+)> D/KC;+> D.L)X
=1 =1 =1 (63)
d
—B'y+ ) Di(Kgi — ¢)]
=1

where X = X0,

Remark 6.1. Note that A and C; depend on L in general, and thus they might not
be uniformly bounded. In this case, we have no available—to the authors’ best knowledge—
theorem to guarantee the existence and the uniqueness of a global adapted solution, though
the BSDFE (61) is linear.

Proof of Theorem 6.1. Our assumptions guarantee that there is a unique
optimal control @ € £Z%(0,T; R™). The optimality condition implies

B'p+> Digi+ Ni=0

=1
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where (p, ¢) solves the BSDE (called the adjoint equation)

dp(t) = —[AD(t +§:C@ ) + QX — q(t) ]ﬁ+§:% duw; () (64)
p(T) = M(XT—O

with
B € L3%(0,T; R") n L*(Q, Fr, P;C([0, T R™), G € (£2(0,T; R")". (65)

Via It6’s formula, we check out that the pair (¢, ¢) defined by the following
V(1) = K() X, = p(t), ¢i(t) := K(1)[C: X, + Dty + g;(t)] + LiX; — (1)

solves the BSDE (61). It is obvious that ¢ € £%(0,T; R") N L*(Q, Fr, P; C([0,T]; R™)).
Since [y L(s) dw(s) is a BMO(P)-martingale, it follows from Theorem 1.1 (i) and (iii) of
Baifiuelos and Bennett [1] that [ L;(s)X, dw;(s) is square-integrable. Therefore, L;X €
L%(0,T; R"), and ¢; € L%(0,T; R").

It is standard to get the explicit formula (63) of @ from the optimality condition.
The proof is complete.

The following can be verified by a pure completion of squares.

Theorem 6.2 Suppose that the two assumptions (A1) and (A2), or (A1) and (A3)
are satisfied. Let (K,L) solve BSRDE (1). Then, the value function V(t,z),(t,x) €
[0, T] x R"™ has the following explicit formula

V(t,2) = (K (t)r,2) = 26(0),2) + V°(1),  (t.2) € [0,T] x R" (66)
with
V)= BMES + B | "(Qa.ayds 287 [, ) ds
+un [0 z Kgi,0) — 2(619)] ds (67)
—Eft/t (N + E%D'KDi)uo,uU) ds
and )
= (N + Zd:DgKDZ-) [B'Y + ZD’ ~Kg)], t<s<T. (68)

=1

6.2 Financial application.

As an application of the above results, the mean-variance hedging problem with random
market conditions is considered. The mean-variance hedging problem was initially intro-
duced by Foéllmer and Sondermann [9], and later widely studied by Duffie and Richardson
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[7], Follmer and Schweizer [10], Schweizer [36, 37, 38|, Hipp [14], Monat and Stricker [25],
Pham, Rheinldnder and Schweizer [34], Gourieroux, Laurent and Pham [12], and Lau-
rent and Pham [21]. All of these works are based on a projection argument. Recently,
Kohlmann and Zhou [20] used a natural LQ theory approach to solve the case of determin-
istic market conditions. Kohlmann and Tang [17] used a natural L(Q theory approach to
solve the case of stochastic market conditions, but the market conditions are only allowed
to involve a smaller filtration {F?}. Kohlmann and Tang [18] completely solved the case
of random market conditions by using Theorems 6.1 and 6.2, and the optimal hedging
portfolio and the variance-optimal martingale measure are characterized by the solution
of the associated BSRDE.

Consider the financial market in which there are m+1 primitive assets: one nonrisky
asset (the bond) of price process

So(#) = exp (/Otr(s) ds), 0<t<T, (69)
and m risky assets (the stocks)
dS(t) = diag(S(t))(u(t) dt + o(t) dw(t)), 0<t<T. (70)

Here w = (wy, ..., wq)" is a d-dimensional standard Brownian motion defined on a com-
plete probability space (2, F, P), and {F;,0 < ¢t < T} is the P-augmentation of the natu-
ral filtration generated by the d-dimensional Brownian motion w. Assume that the instan-
taneous interest rate r, the m-dimensional appreciation vector process ;o and the volatility
m X d matrix process o are progressively measurable with respect to {F;,0 < ¢t < T}.
For simplicity of exposing the main ideas, assume that they are uniformly bounded and
there exists a positive constant € such that

oo’ (t) > elpsm, 0<t<T, a.s. (71)
The risk premium process is given by
Mt)=o'(o0") 1a(t), 0<t<T (72)

where e, = (1,...,1) € R™, and [i := pu — rey,.
For any z € R and m € £%(0,T; R™), define the self-financed wealth process X with
initial capital x and with quantity 7 invested in the risky asset S by

{ dX; = [rXi+ (@, m)]dt+7'odw, 0<t<T, (73)

Xy = =z, weL%(0,T;R™).

Given a random variable & € L?(Q, Fr, P), consider the quadratic optimal control
problem:

Problem P ,(€) Ec?rr(loir% . E|X0o™ _ ¢ (74)
s ].‘ ) 7

where X%%7 is the solution to the wealth equation (73). The associated value function is
denoted by V(t, z), (t,z) € [0,T] x R. The minimum point of V (¢, ) over € R for given
time ¢ is defined to be the approximate price for the contingent claim £ at time t.

19



The problem Py, (€) is the so-called mean-variance hedging problem in mathematical
finance. It is a one-dimensional singular stochastic LQ problem Py.

Denote by o; the i-th column of the volatility matrix . The associated Riccati
equation is a non-linear singular BSDE:

dK = —[2rK — ('K + X%, Lio!)) (Koo' ) "N (K + XL, Lioy)] dt + X4, L dw;
—[@2r — [MN*)K —2(\,L) — K~'L'o'(00") " 'oL]dt + (L, dw), 0 <t <T (75)

K(T)=1.
Let (v, ¢) is the Fi-adapted solution of the BSDE
dip = —{[r = |A* = (A, K1 L)y
— L[N+ K loj(o0") oL} dt + X, ¢ dw;, (76)
— {r =P~ LKD) — (A K o/(00) oL, 6)} dt + (9, dw),
P(T) =¢
Theorem 6.1 provides an explicit formula for the optimal hedging portfolio:
d
T = ZUZKUZ,- uK+ZaZ VX — i) — Zalqﬁz
(77)

= —(Koo') (K +0L)X — i — o¢]
= (00 (i oK L)X — iK1 — oK)

where (K, L) is the F;-adapted solution to the Riccati equation (75). The value function
V' is also given by

V(t,z) = K(t)a” — 2¢(t)r + E7¢* — E7 /tT(FM/) +0¢) (cKo')(ip +o¢)ds  (T8)

where ¢ := (¢4, ..., é,)". So, the approximate price p(t) at time ¢ for the contingent claim
¢ is given by

p(t) = K~ (1)y(t). (79)

The above solution need not introduce the additional concepts of the so-called hedg-
ing numeraire and variance-optimal martingale measure, and therefore is simpler than
that of Gourieroux et al [12], and Laurent and Pham [21]. To be connected to the latter,
the optimal hedging portfolio (77) is rewritten as

7 =—(00") (i + oL)(X — ) — od]. (80)
Here,
L:=LK', ¢:=¢K "', ¢:=¢K '— LK > (81)
and the pair (4, @) solves the BSDE:

{ _db = [P+ (A 9)}di+ (9 dw), 0<E<T, (82)
WI) = ¢
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with

Ni=A—[I—0'(00") 'o]LK . (83)

The process 15 is just the approzimate price process, and the BSDE (82) is the approzimate
pricing equation.

In view of Theorem 6.1, it follows from Theorem 1.1 (i) and (iii) of Banuelos and
Bennett [1] that

W € L3(0,T; R") N L*(Q, Fr, P;C([0,T); R)), ¢ € L3(0,T; RY). (84)

Note that the optimal hedging portfolio (77) consists of the following two parts:

= —(o0") i+ oL)X (85)
and
0= (00") M(fi+ o L)y + g, (86)
and satisfies
=7+’ (87)

The first part 7! is the optimal solution of the homogeneous mean-variance hedging prob-

lem Py ,(0) (that is the case of £ = 0 for the problem Py ,(§)). The corresponding optimal

wealth process X%5™ is the solution to the following optimal closed system

{ dX, = X[(r—|\? =\ L) dt — (A +0'(00") " oL, dw)], 0<t<T, (88)
Xg = ]_,

and is just the hedging numéraire. So, the hedging numéraireis just the state (wealth) tran-
sition process of the optimal closed system (88) from time 0, or it is just the fundamental
solution of the optimal closed system (88).

To understand the quantity ), consider the BSDE satisfied by (K, L)

(89)

{ Ak = {@2r — \PK+2(\ L) + KL — o' (00") Lo} dt + (L, dw),
K(T) = 1

with £ := K~ ! and £ := —LK 2. Tt is the BSRDE for the following singular stochastic
LQ problem (denoted by Py ,):

Problem 7P}, min  E|xp|? (90)
o 0eL2(0,T;RY)

where X%%¢ is the solution to the following stochastic differential equation

{ dX, = X[-rdt— (X dw)]+ (I —0o'(co") " 0)f, dw), 0<t<T, (1)

Xy = =z, 0€L£%0,T;R%.
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Its optimal control 0 has the following feedback form
0=—-K'LX=LK'X. (92)

The problem Py ; is just the so-called dual problem of the problem Py ;(0) in [12, 21], and
so the variance-optimal martingale measure is P, defined as

T _ 1 (T -
dP, = exp{—/ (O, dW) — 5/ |)\|2dt} dP. (93)
0 0

P, is an equivalent martingale measure.
Note that ¢ has the following explicit formula:

D(t) = EF € exp (— /tTr(s) ds), 0<t<T. (94)

Here, the notation E7* stands for the expectation operator conditioning on the o-algebra
F; with respect to the probability P,. The discounted q~5 is just the integrand of the
stochastic-integral-representation of the P,-martingale {E7¢€exp (— [T r(s)ds),0 < t <
T} (w.r.t. the P,-martingale W + [, Xdt).

As in Kohlmann and Zhou [20], again, the formula (80) has an interesting interpre-
tation in terms of mathematical finance. The optimal hedging portfolio 7 in (80) consists
of the two components: (a) (00') 'o¢—it may be interpreted as the perfect hedging
portfolio for the contingent claim & with the risk premium process A (that is, under the
variance-optimal martingale measure), (b) (00’)~'(fi + oL)(¢) — X)—it is a generalized
Merton-type portfolio for a terminal utility function ¢(xz) = 22 (see Merton [24]), which
invests the capital (1/; — X)) left over after fulfilling the obligation from the perfect hedge
under the variance-optimal martingale measure.
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