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Abstract. In this paper we demonstrate that the studies of structural properties of the boolean
hierarchy of NP-partitions are not only worthwhile in their own, e.g., as a framework for cap-
turing the complexity of classification problems but have interesting ties with other research in
computational complexity: We discuss the relationships to the study of separable NP sets.

1 Introduction

The notion of separability is a very fundamental one which originally goes back to Lusin
who created by introducing it in descriptive set theory a very influential notion (for a list of
separation theorems see [Kec95]).

Typically, separability means the following: Let X1 and Ky be classes of subsets of M and
let K9 be closed under complements. We say that two disjoint sets A and B belonging to K
are separable by sets from Ky if there exist a set C' € Ky such that A C C and B C C. We
say that the two disjoint sets are inseparable in Ko if they are not separable by sets from Ko.
This notion becomes interesting if Ko is not greater than ;.

Separability has been extensively investigated in recursion theory. It has been used to
strengthen the fundamental result that there exist recursively enumerable sets that are not
recursive by proving that there exists a pair of disjoint recursively enumerable sets that are
not separable by recursive sets [Kle50,Tra53] (for a stronger result see [Sho58]). In contrast to
this, it is not hard to show that every pair of disjoint complements of recursively enumerable
sets is separable by recursive sets. In fact, this property is the reason why the so-called
Embedding Theorem (as aimed for the class NP in [KW99,KW00]) cannot hold for the
recursively enumerable sets. Furthermore, separability is deeply tied with, e.g., creative sets
[Kle50,Uspb3] or essential undecidability of formal systems [Tar49).

In complexity theory, finally, separability has also been broadly applied. In 1988, Groll-
mann and Selman [GS88] showed that weak one-way functions® exist if and only if there is a
pair of disjoint NP sets that is inseparable in P. The question of whether the latter is possi-
ble has subsequently been examined further in [FR94,FFNR96,MV96]. Hemaspaandra et al.
[HHN*95] pointed out connections between separability and selectivity notions. In particular,
they proved that all NP-selective sets are P-selective if and only if all pairs of disjoint NP
sets are separable in P. Furthermore separability has been studied in the complexity-theoretic
settings of lower bounds for proof systems [Raz94,Raz95,KM98], complexity of Craig inter-
polants [SP98], P-superterse sets [Bei88], and witness-isomorphic reductions [FHT97].

1 A weak one-way function is one that has some easy-to-compute extension but no easy-to-invert extension.
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The study of separability notions is very closely related to the study of partition classes
in the context of the boolean hierarchy of NP-partitions as initiated in [KW99,KW00,Ko0s00].
In this paper we emphasize how successfully both studies can interact.

2 Preliminaries

We briefly gather basic concepts and notions that are used throughout this paper.

Let N = {0,1,2,...} and INy = {1,2,... }. The cardinality of an arbitrary finite set A
is denoted by || A||. For sets A and B we use A \ B to denote the set-difference of A with B,
and we use A X B to denote the cartesian product of A with B. Let P(M) be the power set
of a fixed basic set M. For a set A C M, its complement in the basic set M is denoted by
A ie., A= M)\ A. Let K and K' be classes of subsets of M, i.e., K,K' C P(M). We define
oK =gef { A | Aek } and K A K =gef { ANB | AeK,BeK' } BC(K) is the boolean
closure of K, i.e., the smallest class which contains K and which is closed under intersection
and complements.

We need some notions from order theory (see e.g., [Gra78,DP90]). A pair (G, <) is a poset
if < is a partial order on the set G. Usually, we talk about the poset G. Where it is necessary
we write (G, <) to specify the order.

We will make no difference between m-tuples (z1,...,z,,) over a finite set (alphabet)
M and words zi ...z, of length m over M. We fix the finite alphabet ¥ = {0,1} for
considerations about input-output behavior of machines. More generally, let A be any finite
alphabet. A* is the set of all finite words that can be built with letters from A. For z,y € A*,
z -y (or zy for short) denotes the concatenation of z and y. The empty word is denoted by e.
For z € A*, |z| denotes the length of x. For n € IN, AS" is the set of all words z € A* with
|z| < n, and A=" is the set of all words z € A* with |z| = n. If the alphabet A is ordered by
<, then let <jox denote the standard lexicographical order on A*, that is, for each z,y € A*,
z <iex y if and only if (a) z =y, (b) |z| < |y|, or (c) |z| = |y| and there is an ¢ with z; = y;
for all j € {1,...,7i—1} but z; < y;. Usually we consider words z and y of the same length n
to be partially ordered by the vector-ordering, that is, z < y iff z; < y; for all i € {1,...,n}.

The computational model we refer to is the standard Turing machine (for a formal de-
scription see, e.g., [WW86,BDG95]). We consider nondeterministic and deterministic versions
of Turing machines. We also consider Turing machines that have access to an oracle. The no-
tions translate accordingly to such oracle Turing machines. If we consider an oracle Turing
machine M accessing an oracle A then this is denoted by M4.

Polynomial-time Turing machines are Turing machines that for a fixed polynomial p, make
on every input = at most p(|z|) computation steps before reaching a final state. In case of
a nondeterministic polynomial-time Turing machine M, the set of all words accepted by M,
denoted by L(M), is the set of all words z € X* for which M, on input z, has at least one
computation path of at most p(|z|) steps of running, that ends in an accepting final state. NP
(P) is the class of all sets that are accepted by nondeterministic (deterministic) polynomial-
time Turing machines. NP? is the class of all sets that are accepted by nondeterministic
polynomial-time Turing machine accessing the set B. For a class K, NPX consists of all sets
that belong to NP? for some B € K. The polynomial hierarchy [MS72,Sto77] is inductively



defined as follows.
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UP is the class of all languages that are accepted by nondeterministic polynomial-time Turing
machines having for all inputs at most one accepting path.

FP denotes the class of all functions that are computable by a deterministic polynomial-
time Turing transducer. We say that a set A C X* is polynomial-time many-one reducible to
a set B C X*, in symbols A <}, B, if and only if there exists a function f € FP such that for
allz € X* x € A<= f(z) € B. A class K C P(X*) is closed under <}, if for all A, B C X*
it holds that A <}, B and B € K imply that A € K. All classes in the polynomial hierarchy
and UP as well are closed under <},. A set A is <h,-complete for K if A € K and B <}, A
for all B € K. SATISFIABILITY, denoting the set of all (encodings of) satisfiable propositional
formulas, is an example of a set <},-complete for NP, and TAUTOLOGY, denoting the set of
all (encodings of) tautological propositional formulas, is an example of a set <},-complete for
coNP.

We implicitly use the following correspondence val between X* and IN: For x € 3™,
define val(z) =qef |[{y € 2* | ¥ <iex z}||- Note that val is polynomial-time computable and
invertible.

Finally, let us make some notational conventions about partitions. For any set M, a k-
tuple A = (A4y,...,A) with A; C M for each i € {1,...,k} is said to be a k-partition of
M if and only if Aj UAyU---UAp =M and A; N A; = 0 for all 4,5 with ¢ # j. The set
A; is said to be the i-th component of A. For two k-partitions A and B to be equal it is
sufficient that A; C B; for all 4 € {1,...,k}. Let ca : M — {1,...,k} be the characteristic
function of a k-partition A = (Ay,..., Ag) of M, that is, c4(x) =4 if and only if z € A;. For
/C1,... ,/Ck C P(M) let

(K1, Kk) =qet { A ‘ A is k-partition of M and A; € K; for all i € {1,...,k} }
and for ¢ € {1,...,k},
(}Cl,... ,I(:i_l,',}ci+1,---,]ck) :def (ICI,---,}Ci_l,P(M),]Ci+1,...,}Ck).

For a class K of k-partitions, let K; =ger { A; | Aek } be the i-th projection of K. Obviously,
K C (Ki,...,Kg). In what follows we identify a set A with the 2-partition (A, A), and we
identify a class K of sets with the class (K, coK) = (K,-) = (-,coK) of 2-partitions.

3 Partition Classes Defined by Posets

In this section we give a short introduction to the boolean hierarchy of NP-partitions and its
refinements. The most important point for our purposes is the construction of partitions and
partition classes from finite labeled posets. The following can be found in [Kos00].

Let K be a class with ), M € K and K is closed under union and intersection.



Definition 1. Let G be a poset.

1. A mapping S : G — K is said to be a K-homomorphism on G if and only if

(a) U S(a) =M and

a€G

(b) S(a) = |J S(¢) foralla,beG.

c<a,c<b

2. For any K-homomorphism S on G and a € G, let

Ts(a) =aet S(a) \ |J S(b)-

b<a
Lemma 2. Let G be a poset, and let S be a K-homomorphism on G.
Ts(a) € K A coK for every a € G.

If a < b then S(a) C S(b) for every a,b € G.

S(a) = Up<y Ts(b) for every a € G.
The set of all Ts(a) for a € G yields a partition of M.

T Lo~

Any pair (G, f) of an arbitrary finite poset G and a function f : G — {1,2,...,k} is
called a k-poset.
Lemma 2 provides that the following definitions are sound.

Definition 3. Let (G, f) be a k-poset. Let k > 2.

1. For a K-homomorphism S on G, the k-partition defined by (G, f) and S is given by

(GafaS) :def< U TS(G') IERRE U TS(O‘))'

fla)=1 fla)=k
2. The class of k-partitions defined by the k-poset (G, f) is given by
K(G, f) =aet { (G, f,85) | S is K-homomorphism on G }.
Proposition 4. Let (G, f) be a k-poset with f : G — {1,2,...,k} surjective.

1. (K,...,K) CK(G,f) C (BC(K),...,BC(K)).
2. If K is closed under complements then K(G, f) = (K,...,K).

Definition 5. The family RBHy(K) =qef {K(G, f) | (G, f) is a k-poset} is the refined boolean
hierarchy of k-partitions over K.

It would be very useful to decide whether K(G, f) C K(G', f') for k-posets (G, f) and
(G', f') by only looking at the defining posets. To this end a relation < on finite labeled
posets has been introduced.

Definition 6. Let (G, f) and (G', f') be k-posets with k > 2.
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1. (G,f) < (G, f") if and only if there is a monotonic mapping ¢ : G — G' such that for

every 7 € G, f(z) = f'(p(z)).
2. (G, f) = (G, f") if and only if (G, f) < (G', f') and (G, f') < (G, [).

Note that among all equivalent k-posets there is always (up to isomorphy) a unique poset
having the minimal number of elements. For the relation < we are able to state an Embedding
Lemma.

Lemma 7. (Embedding Lemma.) Let (G, f) and (G', f') be k-posets. Then, if (G, f) <
(G', f"), then K(G, f) C K(G', f').

The possibility to redirect the Embedding Lemma, depends on the base class K. For NP
several results has been proven. Next theorem is currently the one with widest scope of
validity since it holds for all finite labeled posets.

Theorem 8. Let (G, f) and (G', f') be k-posets. It holds that NPA(G, f) C NPAG', f') for
all oracles A if and only if (G, f) < (G, f").

4 Separability Notions

The notion of separability mentioned in the introductory section always supposes pairs of dis-
joint sets. In order to make the notion applicable to general pairs we introduce two reasonable
extensions.

Definition 9. Let K be a class of subsets of M. Let A and B be subsets of M.

1. The pair (A, B) is said to be K-separable if and only if there exist sets C, D € K such
that ACC,BCD,CUD=M, and ANB=CnND.

2. The pair (A, B) is said to be weakly K-separable if and only if there ezists a set C € K
such that A\ BC C and B\ ACC.

The definition is of K-separability is motivated by the following correspondence to the
refined boolean hierarchy of K-partitions.

Proposition 10. Let K be a class with O, M € K which is closed under intersection and
union. Let Sy and Gy be the 4-poset presented in Figure 1.

1. K(&¢) ={ (A,B,AUB,ANB) | A,B€K }.
2. K(6x) ={ (A,B,AUB,ANB) | A,B € K and (A, B) is K-separable }.
3. All pairs of K sets are K-separable if and only if K(Sp) = K(Gw)-

Note that if we only consider pairs of disjoint sets then we have a similar equivalence,
namely by the equality of the partition classes generated by the same posets but without the
least elements (with label 4.)

The following propositions are easily seen from the definitions.

Proposition 11. Let K be a class of subsets of M. Let A and B be subsets of M.

1. (A, B) is K-separable if and only if (B, A) is K-separable.
2. If (A, B) is K-separable then (A, B) is weakly K-separable.



Fig. 1. The 4-posets &y (on the left) and G (on the right)

3. Let ANB =10. (A, B) is K-separable if and only if (A, B) is weakly K-separable.
Proposition 12. Let X CC.

1. All pairs (A, B) of K sets are BC(C)-separable.
2. All pairs (A, B) of K sets are weakly C-separable.

Proof. 1. Set C = A and D = B U A in Definition 9.1.
2. Set C = A in Definition 9.2. O

The next result can be obtained by adapting the proof of Theorem 4 from [KW00, p. 165].
A set A is 2-{A, V}-tt-self-reducible, if there exists a polynomial-time computable function f
computing for every input z € X* a triple (o,zg, 1) with zg,z; € Z<I=1 and o € {N,V}
suchthat t € A & 29 € Aoz € A

Theorem 13. Let K be closed under <h, and let K possess a <h,-complete set that is
2-{A, V}-tt-self-reducible. If all pairs of K sets are weakly C-separable, then K C PC.

Together with Proposition 12 we conclude the following.

Corollary 14. Let K be closed under <b, and let K possess a <h,-complete set that is
2-{A, V}-tt-self-reducible. Then, the following statements are equivalent.

1. All pairs of K sets are P€-separable.
2. All pairs of K sets are weakly PC€-separable.
3. K C PC.

The low and the high hierarchy within NP were introduced by Schéning [Sch83]. Define
Lowy, to be the class of all NP sets A such that X} (A) = X%. Let Highy be the class of all
sets A € NP such that 37 (A) = %7 . The following is well known.

e Lowy = P and Low; = NP N coNP.
e PLoWk = T,ow; and PHighr = High,.
e NP = Lowy <= PH = X} and NP = High;, <= PH = %

So Corollary 15 is immediate since SATISFIABILITY is clearly 2-{A, V}-tt-self-reducible.

Corollary 15. 1. All pairs of NP sets are (weakly) Lowy-separable if and only if PH = X¥.
2. All pairs of NP sets are (weakly) High,-separable if and only if PH = EE.



The similar result can be obtained for pairs of coNP sets since TAUTOLOGY is 2-{A, V }-tt-
self-reducible. In particular, we thus have that all pairs of NP sets are P-separable if and only
if all pairs of coNP sets are P-separable, and both is equivalent to P = NP. This symmetry
is remarkable since it is not known to hold for pairs of disjoint sets (see [FFNR96,MV96]).

We now turn to separability for disjoint sets. The following theorem generalizes the proof
of Grollmann and Selman [GS88] who obtained a similar result for C = £ = P.

Theorem 16. Let K C C and let K be closed under <b,. If all pairs of disjoint U-K sets are
C-separable, then U - K C P€.

Proof. Let A € U-K, i.e., there are a set B € K and a polynomial p such that

zeA = |{y | lyl=p(z]) A(z,y) € K} =1,
z¢ A <= |{y | lyl =p(z]) A {z,y) € L} = 0.

Define the following sets:

SB
Tg

{(z,2) [ By, lyl = p(l2]))lz <y A(z,y) € Bl}
{(z,2) | Gy lyl = p(l2)))[z > y A {z,y) € B}

Obviously, S, Tp € U-K, SpNTp = &, and SpUTp = A x X*. Hence, there exists a set
C,D € C with D = C and Sg C C C Tpg. Using this set C' as an oracle for binary search,
one can determine for each xz € X* a value b(x) such that x € A <= (z,b(x)) € B. Hence,
AePC. O

Corollary 17. Let K C PC and let K be closed under <B,. Then the following statements
are equivalent.

1. All pairs of U- K sets are P€-separable.
2. All pairs of disjoint U - K sets are P€-separable.
8. U-K CPC.

Corollary 18. The following statements are equivalent.

1. All pairs of UP sets are P-separable.
2. All pairs of disjoint UP sets are P-separable.
3. P=UP.

Corollary 19. 1. If all pairs of disjoint NP sets are Lowy-separable then UP C Lowy.
2. If all pairs of disjoint NP sets are High,-separable then UP C High,.

Sheu and Long [SL96] proved that for all k¥ € IN there are oracles C and D such that
UP ¢ Lowy, relative to C, and UP ¢ High, relative to D. So we obtain that there exist
relativized worlds where all pairs of disjoint NP sets are not Lowg-separable as well as there
exist relativized worlds where all pairs of disjoint NP sets are not High,-separable.
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Fig. 2. The labeled posets &,, (on the left) and &%, (on the right) for m € IN

5 A Quantitative Approach to Separability

Proposition 10 shows that the 4-poset G represents the class of all pairs of K sets and that
the 4-poset G, represents the class of K-separable pairs of K sets. However, there are further
4-posets in between Gy and G, with respect to our relation < on labeled posets, namely, all
the 4-posets &, in Figure 2 (in the case that we consider disjoint sets, for all m € INU {oc},
let &% be the 3-poset that emerges from &, by deleting the minimum of the poset). This
motivates the following definition.

Definition 20. Let K be a class of subsets of M. Let A and B be subsets of M. Let m € IN.
The pair (A, B) is said to be m-separable in K if and only if there exist sets Cy,C1,...,Cp € K
such that the following conditions are satisfied:

m
1. Jo =M,
j=0

2. ANB CCj forall j €{0,1,...,m},

3. C;NCy=ANB foralli,je€{0,1,...,m} with |i — j| > 2,
4. A\BQCO\Cl andB\Ang\Cm_l.

We say that the sets Cy, C1,...,Cy m-separate the pair (A, B).

Figure 3 shows an example of a pair of disjoint sets which is 3-separable.

Proposition 21. Let K be a class with O, M € K and which is closed under intersection and
union. Let m € . Let &,, and &2, be the labeled posets presented in Figure 2. then the
following is true.

1. K(&,)={(A,B,AUB,ANB) ‘ A,B € K and (A, B) is m-separable in K }.

2. K(&%,) ={ (A,B,AUB) | A,B€K,ANB =0 and (A, B) is m-separable in K }.

The notion of m-separability induces a hierarchy which contains each pair of sets from K.

Proposition 22. Let K be such that ), M € K and which is closed under intersection and
union. Let A and B subsets of M.

1. (A, B) is 0-separable in K.
2. For every m € IN, if (A, B) is (m + 1)-separable in K then (A, B) is m-separable in K.
3. If (A, B) is K-separable then (A, B) is m-separable in K for all m € IN.
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Fig. 3. A 3-separable pair of disjoint sets with its separating sets

Proof. 1. Set Cy = M in Definition 20.
2. Follows from Proposition 21 and the Embedding Lemma.
3. Follows from Proposition 10 and the Embedding Lemma. O

It depends on the properties of the class K how many levels the hierarchy concretely has.
For instance, by Proposition 12, if X is closed under complements then each pair of K sets
is K-separable. Generally one can prove the following theorem specifying connections in the
structure of the hierarchy.

Theorem 23. Let K be a class with O, M € K and which is closed under intersection and
union. Let m € IN. If all pairs of K sets that are m-separable in K are also (m + 1)-separable
in KC, then they all are n-separable in K for all n > m.

Proof. Suppose that all pairs of K sets being m-separable in K are (m + 1)-separable in K. It
suffices to show that then all pairs of K sets being (m+1)-separable in K are (m+2)-separable
in K as well. The theorem then follows by induction. Let the pair (A, B) of K sets be (m+1)-
separable. Let CJ" ™1, CT"tt ... ,Cgfj_ll be the sets that (m + 1)-separate (A4, B) in K. Then
the pair (C**!, B) is m-separable in K as is easily seen by setting DJ* = C;**' U C1"*! and
D" = C{Tfl for i € {1,2,...,m}. By our supposition, (Cg”“,B) is also (m + 1)-separable
in K. Let DJ*™, D ,Dmﬂ be the sets in K that (m + 1)-separate (C§"™', B). Define
the sets E]'.”+1 for j € {0,1,...,m + 1} as follows:

J m+1
BT =gt (D;n n D;ﬂ“) u (D, n | Dyt
r=0 r=j

where we consider both D™ and D;7,; to be the empty set. Clearly, all E]m+1 are in K.

Claim. (CJ"™, B) is (m + 1)-separated in K by Ef**1 BT . ,E:n”ill

Proof of the claim. We have to show that all conditions in Definition 20 are fulfilled.
1. Let z € M. Since J;_y DT* = M and U;-”j(')l D;-’H'l = M there exist indexes i and j with

z € DN D;”H. For such ¢ and j we clearly have that if 4 > j then z € EZWH else

m+1
x € Ei+1 .



2. That C*"' N B C Ej*™ for all j € {0,1,...,m + 1} is obvious.
3. We have to show that E/™*! ﬂE]mH C C"™ N B for all 4, j with |i — j| > 2. Without loss
of generality, let ¢ < j. Using the distributive law it is enough to conclude that

%
prnDrnlDrtt coptinB
r=0
m+1
Dt nDPn | Dttt nB
r=0

% m+1
DN DN (U D;ﬂ“) n|{Ubrt)cepttnBg

r=0 r=j
m+1
D nDP n | Dt cepttnB
r=j

4. On the one hand we easily calculate that
B\ B = (D 0 DR \ (DU P
— (D' \ D) N D+ 0 (D \ DI A D 2 Pt A B.
On the other hand we conclude

ERti\ Bt = (DR n D) \ Dt = D0 (D \ D) 2 65+ n B,

This shows the claim.
Now we define the sets C]m'” for all j € {0,1,...,m + 2} as follows:

optt if j =0,

ij+2 =def E6n+1 N C{H—H ifj =1,

Ep! if j > 2.
Since EJ'™' C DJ* we have that EJ*™' C CF**! U C"!. So using the claim we obtain that
(A, B) is (m + 2)-separated in K by the sets CZ)”J“Q, C{”“LZ, e, C;n”ig O

Theorem 23 is a remarkable result. Literally taken it seems to pose that an equality
(“m-separability equals m + 1-separability”) translates upwards (“m-separability equals n-
separability for all n > m”). Actually we have a downward translation of equality. If we
consider the corresponding partition classes X(S,,), then it clearly holds

* K(&o) 2 K(61) 2 -+,
e K(6,,) = K(Gp+1) implies for all n > m, K(G,,) = K(S,,).

Thus, in the refined boolean hierarchy of k-partition for ¥ > 3 we can observe down-

ward collapses that are usually very rare to find in hierarchies (see discussions in, e.g.,
[A1191,AW90,HJ95,HHH99]).
It arises the issue of how far-reaching the collapse is. More specifically, when do
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hold? The validity of the second statement trivially implies the validity of the first statement.
That the issue is reasonable follows from the next theorem.

Theorem 24. 1. &, is the greatest 4-poset which is less than &, for all m € IN.
2. Ggo 1s the greatest 3-poset which is less than 69n for all m € IN.

Proof. We start with the proof of the second statement.

2. Obviously, 6% < &2, for all m > 0. So it remains to prove that for all minimal 3-posets
T = (T,t) with T < &Y for all m > 0, it holds that T < &% . To do that we adapt
some notions from graph theory. For any poset G we say that a subset E C G is isolated
in G if for all z,y € G, z < y implies that z,y € E or z,y € G\ E. We say that a
poset G is connected if G does not contain any isolated subset. Note that each poset G
can be uniquely partitioned into maximal connected subposets. Let ' = (T”,t') be any
k-subposet of T such that 7" is a maximal connected subposet of T' and ¢’ is the restriction
of the labeling function ¢ to T". Note that €' is minimal since ¥ is minimal. Then clearly,
T < &Y for all m € IN. Let ¢, : T' — S, be a monotonic function witnessing ' < &9 .
Since T" is connected, ¢, (T") is a connected subposet of Sy,. Hence, for m > ||T"|| there
exist no z,y € o (T") with sp(z) = 1 and s,,(y) = 2. Thus ||t'(T")]] < 2. Since T" is
connected, T’ has to be a labeled chain. Hence, represented as words over the alphabet
{1,2,3}, ¥ is in {1,2,3,13,23}. Consequently, T' < &Y . Since 7" was arbitrarily chosen
among all maximal connected subposets of T, we obtain T < &0,.

1. Again it is obvious, that Gy, < &, for all m > 0. If, for any 4-poset T = (T,t), T < G
for all m € IN, then we consider the 4-poset R = (R, t) instead of ¥ where R =T\ {a €
T | (3b e T)[t(b) =4 Aa < b} and proceed as above. This is correct since each element
in T which is labeled by 4 has to be mapped to the least element in &,,.

O

From this theorem we easily obtain that between Gy and G4 no further (minimal) la-
beled posets can occur since all posets must exactly have the maximal chains 413 and 423
represented as words over the alphabet {1,2,3,4}. But &,, for m € INU{oo} are all minimal
labeled posets with this property. The same holds for the posets between 68 and &9..

Finally, we apply all our notions and results to the class NP obtaining a probably infinite
separation hierarchy.

Theorem 25. Let m € IN.
1. All pairs of NP sets are (m + 1)-separable in NP if and only if NP = coNP.

2. There exists a relativized world such that there is a pair of disjoint NP sets that is m-
separable in NP but not (m + 1)-separable in NP.
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