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Abstract

We consider the nonlinear beam equation uy + a(x)ur — f(ug)y + Ugzer = 0 in
a bounded interval (0,1) C R. The equation has an indefinite damping term, i.e.,
with a damping function a = a(z) possibly changing sign. For this non-dissipative
situation we prove the exponential stability of the corresponding linearized system
provided a = fol a(x)dx >0 and || @ — a ||2< 7, for 7 small enough. We shall also
demonstrate that the system has the spectrum determined growth (SDG) property
for the constant case a = a. Moreover, we show the global existence of the solution
to the corresponding nonlinear system. To our knowledge, this paper is the first to

deal with a fourth-order nonlinear evolution equations with indefinite damping.
Keyword: exponential stability; indefinite damping; non-dissipative system

MSC 2000: 35G25; 35B40

1 Introduction
We consider the following nonlinear beam equation
Ugt + CL(Z’)Ut - f(uz)x + Ugzze = 07 (11)

for a function u = u(t,z), t > 0, z € (0, 1), subject to the following initial and boundary
conditions

U |i=0= U0, Ut |i=0= w1 (1.2)
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U ’x:O,lZ Uz |2=0,1— 0 (13)

We assume that a € L>(0, 1) satisfies

a:= /1 a(x)dz > 0, (1.4)

in particular a may change sign in [0,1] or be zero in open subsets. The nonlinear function

f is assumed to be a polynomial function given by
fug) = aqu® — apu? — asu, (1.5)

with «; being given positive constants. We refer to [13], [12| for a more details explanation
of the physical background of f(uy).

If a(z) = @ > 0, i.e., the constant case, Shang [13] proved the existence of a global
attractor in a closed subspace Hpg, so the exponential stability of the solution easily follows.
Now we focus our attention on the indefinite damping, i.e., a(x) is allowed to change its
sign.

Already for the wave equation
Uy — Uy + a(x)uy =0 (1.6)

with Dirichlet boundary conditions, it is a subtle issue to see whether an indefinite damp-
ing with the function a just satisfying (1.4) still leads to exponential stability. The
non-dissipative case with indefinite a seems to have been posed first by Chen, Fulling,

Narcowich and Sun [4] where it was conjectured that if there exists 7 > 0 such that

Vn=1,2..: /L a(z) sin%?)dm >y (1.7)

0
satisfied, then the energy F(t) = fOL(uf +u?)dz decays exponentially in time. But Freitas
[5] found that condition (1.7) on the moments is not sufficient to guarantee exponential
stability when || a ||z~ is large. Replacing a by ea, Freitas and Zuazua [6] proved that
when a is of bounded variation and the condition on the moments (1.7) holds, then there
is e = €*(a) such that for all £ € (0,£*) the energy decays indeed exponentially. This

results was extended to a differential equation of the type
U — Ugy + a(x)uy + b(x)u =0 (1.8)

by Benaddi and Rao [7]. J.E.Munoz and R.Racke [10] proved the exponential stability

for the system in either



Case (i): || a(:) — a || 2 is sufficiently small, but || a ||~ may be large, or

Case (ii): || @ ||z is small, (a, L) satisfy certain relations, but the moments fOL a(z) sin®(
may be negative.

An extension to the type of equation (1.8) was given by Menz [11].

For the Timoshenko system with indefinite damping, J.E.Munoz and R.Racke [9]
proved that the system was exponentially stable under the same condition as in the pos-
itive constant damping case provided a := fol a(z)dx > 0 and || a — a || 2 small enough.
Moveover, [9] also gave a precise description of the decay rate and demonstrated that the
system had the spectrum determined growth (SDG) property for the constant case a = a.

For the fourth-order linear evolution equation with indefinite damping, K.Liu, Z.Liu,
R.Rao [8] proved the exponential stability of an abstract nondissipative linear system,
which could be applied to several elastic systems including the Euler-Bernoulli beam

equation of the type
U + Ugzze = fx,t), for O0<ax <1, t>0, (1.9)

where f(-,t) = —eKu(-,t), and

) 2e(m)u(z), O<< .
(K] (x) = { 2d(x)u(z), L <a<1 (1.10)
8] proved that if
nf /Z[d(l — )+ (=1)""e(z)](1 — cos 2nmx)dz > 0 (1.11)

satisfied, then there exist ¢* = ¢*(¢, d), such that for € € (0,e*), the exponential stability
holds for (1.9).

In this paper, we first consider the linearized equation
g + a(x)uy — ktigy + Ugzee = 0, in (0,00) x (0,1). (1.12)

We should see that for our results, we just need a condition on the smallness of || a—a || 2.
In a similar manner to [9], we shall demonstrate that for the constant coefficient case
a = a, the equation has the so-called spectrum determined growth property; that is, after
reformulated the system as a first-order system U; = AU, we shall prove that the growth

abscissa wy(A) equals the spectral bound w,(A), i.e.,

(o) (A) = wU(A)



with wy(A), ws(A) defined as
wo(A) =inf{w € R|IM = M(w),V\, ReX > w:|| (A — A)7!||< M},
which was given by Priiss [2| or Huang [3], and
wy(A) = sup{ReX | A € 0(A)}.

For the case of possibly indefinite damping, we shall prove the exponential stability
of the corresponding equation provided || @ — a ||z small enough. In this proof, we shall

decompose the fourth-order elliptic equation
Uggpee — Rlgy +ou = g

into two separate two-order equations and then apply the techniques in [9] to estimate
the corresponding operators defined by the contraction mapping, where a fixed point
argument will be used. Moreover, we show the global existence and uniqueness of the
corresponding nonlinear system.

This paper is organized as follows. In section 2, we shall formulate the semigroup
setting. In section 3, we shall prove that in the positive constant damping case, the
equation has the SDG property. In section 4, we shall prove that in the indefinite damping
case, the equation is exponentially stable provided || a—a ||z2< e small enough. In section

5, the global existence of the solution to the nonlinear system is investigated.

2 The semigroup setting

We first consider the linearized equation

U + a(x)uy — Kgy + Ugeze = 0 in (0,00) x (0, 1), (2.1)
U |t:0: Ug, Ut ‘t:O: Uy, (2-2)
u ’x:O,lZ Uzy |z:0,1: 0 (23)
with k = — f’(0) being a positive constant.

We rewrite problem (2.1)—(2.3) as a first-order system for U := (u,v)”, here we intro-
duce v = u;. Then U satisfies
Ut - AU,



where Uy := (ug, u1), and

AU = < ’ ) . (2.4)
—a(x)v + KUzy — Ugzax

H o= {(w,v) € (H* N H) x L* | u |—g4= 0}

Let

be the Hilbert space with norm given by

1o = ([ L 40’
Then A given in (2.4) with domain
D(A) 1= {(u,v) € (H* x HE) x (H? (VHY) |t oo = than loc= 0,0 [o—o= 0
generates a semigroup {e*'};>o and D(A) is dense in H.

Lemma 2.1. For k # j?m2, j € N, A~ is compact.

Proof. To prove AU = F is solvable for F = (f,g)T € H.
By the definition of A, we have

{ v=f(), (2.5)

If we let w = u,,, (2.5) can be rewritten as
Wry — KW = gv (26)

w |x:0,1: 0. (27)

Let N, (g) denote the solution to the Dirichlet problem (2.6)—(2.7), which is well defined
since k # jn?, for all j € N. Then we have

Ugy = Nn(§>7

U ’:p:O,lZ Ugy |m:0,1: 0

From the boundary condition u |,—01= 0, we can see that there exists a point z( € [0, 1],

such that u,(zg) = 0. Then we deduce that

ua) = [ :’Nn<g<?>>d7dy
5



Using the estimates for NV, to be proved below, we conclude,

|t [|22< C' | Ne(g(7)) 2= C | Ni(g(7)) 1< C |l G Iz, (2.8)
o llz< C F llz2, (2.9)

with C being a positive constant independent of f, g.
Since a € L, we can also deduce that there exists a positive constant M independent

of f, g, such that,
I (u0) ™l M| (F.9)" e
Therefore, A™' € L(H) and 0 € p(A). Moreover, from the estimates (2.8), (2.9), we have

lvllm< C I (0" I Tullas< Ol (f.9)" I

with positive constant C independent of f, g. By the compactness of imbedding operator
H?(0,1) — L?*(0,1), H*(0,1) — H?(0,1), we can finally conclude that A~' is also a
compact operator. The proof is complete.
O
Remark 2.1. For the Dirichlet problem appearing in Lemma 2.1, i.e.,
Vg — KU =g
v |x:0,1: 0
as well defined if \/ksinh(\/k) # 0, i.e., k # j*>n? for j € N.
The Green function for the above equation is
1 sinh(y/kz) sinh(y/k(s — 1)), 0
Vksinh(y/k) { sinh(y/ks) sinh(y/&(z — 1)), 0

Thus we have the representation of v

v(r) = /0 G(z,s)g(s)ds

1 . v
= —m[smh(\/ﬁ(:ﬁ — 1))/0 sinh(v/ks)g(s)ds

+ sinh(y/Az) / sinh(y/7(s — 1))g(s)ds]

From the representation of v, in a similar manner to the estimate of N, in J.E.Munoz

and R.Racke [9], we have

IA
8
IA
V)
IN

G(z,s) = —

A
w
VAN
&
VAN
—_ =

[ o) [=[ Nelg) < C g e -

In the next section we consider the constant coefficient case, i.e., the function a = a.
We write A for the arising constant coefficient operator instead of A and we shall prove
that the SDG property holds for A.



3 The SDG property for constant damping

Now we determine the eigenvalues of A in a way that allows us to determine w,(A) and

to estimate the resolvent operators uniformly. Let
(A=NU =0
with A € C'\ {0} and U € D(A), then u, v satisfy
v = \u,

AV 4 AU — Klgy + Upper = 0.

We reduce the system for (u, v) to a single one for u
Upzze — Klge + (A2 + A@)u = 0,

(4 |z:0,1: Uz |:v:0,1: 0.

For (3.4), (3.5), we have a complete orthonormal system of eigenfunctions:

uj(z) = /2sin(6;x) with §; = jr, j € N. Then A = ), satisfies
N+ aX+ 0 + k67 =0,

which implies

—a+ \/aZ — 407 + K07)
)\12 -

9 ) ej:jﬂ-vjeN

Then

—a =+ \/a2 4007 + k02)
o(A) = , Oj=gm, jEN

and

4007 + k02)

—a+ \/a2
wo(A) =sup{ReX | A € 0(A)} = maXRe

Next, we shall determine wy(A) and demonstrate the SDG property.

(3.1)

(3.2)

(3.3)

We investigate || (A — A)7! || for Rel > w,. Let A € C, Re)\ > w, + ¢ for some € > 0.

Consider

(A= AU =

ie.,

)\U_U:fh

AU+ av — KUzy + Upggr = f27
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which can be written as
Upgze — Klge + (A2 +aN)u = fo + \fL +af) = f, (3.8)

U |x:0,1: Uy ‘m:O,lI 0. (39)

The boundary condition admits the expansions

u(@) = 3 g5u5(x), (3.10)
with
uj(x) = V2sin(6;x), 6; = jr. (3.11)

We obtain from (3.8) that
9365 + Kg;0; + (N +aN)g; = f, (3.12)

here f] denote the Fourier coefficients of f.
We compute
9= 91 ko2 f(AQ Tan)
j j

(3.13)

Then we need to estimate fol | Uge |? d, fol | A |2 dz in term of || F |3,

Hence, we need to prove a bound for

1= |9]2 "
| 0 4 K07 + (A2 +a)) |2
and
I (AP

T R (2 aN) P

Obviously, the above two terms are bounded for any A € C', ReX > w, +¢ and 0; = jrm. ,

Therefore, we have

1 1
/]umﬁdxjt/])\u|2dx§CHFH%,
0 0
with C being a positive constant, which implies

Theorem 3.1. The SDG property holds for A, i.e., wy(A) = w,(A).



4 Exponential stability for indefinite damping

In this section we consider the original equation (2.1)—(2.2), with an indefinite damping
a = a(x). It will be shown that the system is exponential stable if || @ — a ||;2 is small
enough.

Keeping the basic assumption (1.4), i.e.,

a:= /l a(x)dz > 0, (4.1)

then we have

Theorem 4.1. Assume a € L*(0,1), satisfy (4.1), then there is 7 > 0 such that if
| @ —a | 2< 7, the equation (2.1)-(2.2) is exponentially stable, that is, the energy

1
E = / (u2, + u?)dx
0

satisfies

3 ap>0, C>0, Vt>0: E(t)<Ce " E(0).

Proof. Recalling [9], it suffices to show that for sufficiently small 7 > 0 and for A with
ReX > w, + ¢, for some ¢ > 0 such that w, +¢ < 0, (A — A)U = F is uniquely solvable
for any F' = (f1, f2) € Hand || U ||x< C || F || with a constant C' > 0 may depending
on 7 and €. We shall apply a fixed point argument to prove this.

The equation
AN-AU=F

is equivalent to
AN-—AU=F+(A-A)U. (4.2)

Let U = (u,v) be defined as solution to (4.2), then u, v satisfy
A — v = fi, (4.3)
AU+ QU — Klgy + Upzer = fo + (@ — a)v. (4.4)
(4.3), (4.4) can be written as
Upzrr — Klge + (N2 +aNu= fo+ A+ a)fi — (@ —a(z))fi + (@ — a(z))\u. (4.5)
If we define f := fo + (A +a)fi — (@ —a(z))f1, (4.5) turns into
Ungze — Kllge + (N2 +aN)u = f + (a — a(z))\u (4.6)

9



For simple, we let a := A\* + @\, then denote N, , as the solution to the problem
Uggze — RlUgze + QU = ¢,

u |$=0,1: Uz ‘m:O,lI 0.

Thus the solution u to (4.6) can be written as

~

u=Noolf + (@a—a(zx))Au).
Hence (4.6) turns into
Upgzr — Kllge + (A2 + AN\ u = f+ (@a—a(z))A -N,w(f + (@ — a(x))\u).

If we define
G(w) == Npo(f + (@ — a(z)) )

and consider the mapping

P: H*NHy— H*NH,

w o — u
defined as solution u to

Upgzs — Klige + (A2 +aNu = f + (a — a(z))\ - G(w), (4.7)

U |p=01= Usz |z—01= 0. (4.8)

In the following we try to prove P has a fixed point u provided || a(z) — a ||z small
enough.

Let u be this fixed point, and let

~

U= G(u) = Noo(f + (@ —a(x))u),

hence

liggze — Klgs + (N2 +Xa)0 = f + (a — a(x))\u,
U p=01= Uga |2=0,1= 0
Since u is a fixed point of P, we have
Ungzs — Kllgy + (A2 + aN\)u = f + (a — a(z)) A
If we define ¥ := @ — u, then we have

Usrze — KV + V¥ = (@ — a) AV, (4.9)

10



and

U = Now((a—a(z))A0).
In the following we estimate the operator N, .. In fact, we can rewrite equation
Ugzzpe — Klgy + QU = g
into two separate equations as
Ugy — K1U = U,
U |z=0,1=— 0,

and

Vge — Kot = 0,
v \xzo,lz 0,

which are well defined if x; # j2n% for i = 1,2 and j € N.

We take v = u,, — Kkju into equation (4.11) to obtain
Ugpzzx — (/{1 + KJZ)uazz + K1KoUu = g.

From the relations

K1+ Ko = K, K1k = Q,

we deduce

K+ VK2 —4da Kk — VK2 — 4o
- /{2:—

= 2 ) 2

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

If we denote Ny, (v), Ny, (g) the solution to (4.11)—(4.12), (4.13)—(4.14) respectively. Then
we can obtain the estimate of N, , from the estimates of N, and N,,. Since v = N,,(g)

and u = N, (v), in a similar manner to Remark 2.1, we have
[ul<Clvllpm<Crlv|< GGl gl

with positive constants C, Cj.

Returning to (4.9), we have
| |GG || (@—a(@)A?) < O fla—a(@) gz - | P e -

Hence

19 < Clla—a(@) e || 9 [|1e,
implying U =0 if || a —a ||2< %

11
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Next we shall prove that P is a contraction mapping provided || a—a || ;> small enough.

For this purpose let

u' = Pw', u? = Puw? (4.18)
and
u=u'—u?, w=w—w’ (4.19)
Then u, w satisfy
Upzze — Klge + (A2 + Xa)u = (a — a(z))A\G(w), (4.20)

with G(w) = N, o((@ — a(x)) w).
Multiplying (4.20) by Au and integrating the result with respect to x yields

1 1 1 1
x/ | e |2dx+f£5\/ | |2 da:+()\+d)/ | |2 da::/ (@ — a(2))AG (w) Nudz.
0 0 0 0 (421)

Then we have

1 1 1 1
Re)\~(/ |um|2dx+f<;/ |um|2d1‘—|—/ ])\u\de)—i-d/ | \u |* dw
0 0 0 0
1
:Re{/ (@—a(z) | A? G(w)udw} (4.22)
0

Multiplying (4.20) by @ and integrating with respect t yields

1 1 1 1
/ | Ugg | dl‘+/€/ | uy | da:—i—()\z—i-&)\)/ | u|? de = / (@—a(x))\G(w)udx. (4.23)
0 0 0 0
Since 0 € p(A),
>0, 1 >0, VA, [ A< Aep(AA] A=A <

hence w.l.o.g we assume | A |[> Ag. Then

1 1 1
/O]u|2dac§p/0 | da (4.24)
0

Combining (4.23) with (4.24) to obtain

1 1 2 - 1

/ | Une |* d + /<o/ | up |? do < M/ | Au |? dx—i—/ (@—a(x))\G(w)udz.
0 0 Ao 0 0

(4.25)

Multiplying (4.25) by A a g adding up with (4.22) yields there exists 7o such

[A2+[Ma
that

N[l

1 1 1
(Re>\+70)(/ | Uy |2dm~|—/€/ | |2d:v+/ | A |? dx)
0 0 0

12



<IAP / (@ a@)Gw)ads | + | |- | / (@ az)G(w)adz | (4.26)

In the following we estimate G(w).
Since G(w) = Ny o((@ — a(z))\w), as we have done before, we can decompose N, , as
Ny, - Ny, then we have

G(w) = Nial(@ — a(x)) ) = Ny, N, (@ — a(z)) \w)) (4.27)
with .
&i:w, i=1,2 and a=X\+\a (4.28)

Similarly to [9], if we decompose A = v + in, /K1 - \/ka = a1 + iay into its real and

imaginary part, respectively, we have
= 6 > O) v )‘) | ay |Z ﬁv | 5] |: 0(77)7 (77 - OO) (429)

with some negative dy and some sufficiently large, but fixed d;.

From the estimate in Remark 2.1, we conclude

[ AG(W) | = [A]- | Neal(a —a(z)) w) |
C |l (@—a(z))Aw) |11
Clla—a(@) e[| Al

VAN

IN

with C being a positive constant.
Thus, the right hand of (4.26) satisfy

R<Clla—al@) 2| dwllze - [ A flz2 . (4.30)

1 1
|| u ||)\:: / | Uz |2 dz +/ | AU |2 dm,
0 0
from (4.26), (4.30), we conclude for ReX > —~

If we define

[ulx<Clla—a(@) |- [lwlh<d | wllx (4.31)

for some d < 1 provided || @—a(x) ||12 is small enough. Thus, P is a contraction mapping.
Finally, we prove there exists unique fixed point U of P which is the unique solution
U= (u,v) to (A= AU =F.
Combining the definition of the norm || - |5, and || - ||, with the relation form
(A—A)U = F, ie, \u —v = f; implies

I ()" el s+ 11 F e (4.32)

13



and

Il I ()™ [l + 1 F Il (4.33)

Let 4 to be the solution with w = 0 in (4.7), i.e.,
llagee — Kilge + (N + @\ = f + (@ — a(x))X - G(0), (4.34)

u |3::0,1: ﬁmx |m:0,1: 0. (435)

Similarly as the above estimates, we obtain

[ [x< CH F [l -

Since
lulx=lallh < |u—al\=[ Pu—Pal\
< dffu—alx
< dlfullx+C [ F .
Thus
1 c
< —llu — || F
luls < = il I F |y
< C F (4.36)
Finally, we have
I (u,0)" < C || F I (4.37)

Thus we have prove that for ReX > —vy and k; # j2n?, we have A € p(A) and the
norm of (A — A)~! is uniformly bounded. The proof is complete.

]

5 Global existence for the nonlinear equation

We now return to the nonlinear equation (1.1)—(1.3) assuming again the positivity of the
mean value (1.4). The local well-posedness can be obtained easily, in the following we
focus on the global existence of the solution. We assume that || @ — @ ||z small enough
which assured the exponential stability of the linear equation as given in Theorem 4.1.
The local existence can be obtained by applying the contraction mapping theorem, we

can omit the details here.

14



Theorem 5.1. Suppose (ug,u;) € H*(0,1) x H*(0,1) are given functions that satisfy

the compatibility conditions, then there is t* = t*(|| wo ||ga,| w1 ||g2) > 0, such that

(1.1)-(1.83) has a unique local solution
u € C*([0,t], L*(0,1)) N C*([0,#*], H*(0,1)) N C([0, "], H*(0,1)).
In the following we shall prove the uniform boundedness of the solution.
Lemma 5.1. For any t € [0,T], the following estimates hold.
| we [[22< Cry | tge |22 Op, ] g [[2o< O
Here Cr is a positive constant which may depend on T and the initial data.

Proof. Multiplying (1.1) by u; and integrating with respect x yields

1d 1d ', ! d (!
—_—— —_—— —_— F pu—
5% uldx + 5 7t umda:—l—/o a(z)uldr + o (ugp)dxr =0
with F'(u,) = f(uy).
Using Young’s inequality, we have
F(uy) > Ciub — Cy.
We obtain from (5.3) that
1d 1d ! )
it /. dx+§£ u? dx+—/ (ug)dx = —/0 a(x)u;dx

1
< |l a(e) o~ / 2.
0

Using Gronwall’s inequality, we have
[ w22 < Cry || wae |2< Cry [ g || < O
Applying Poincare’s inequality and the boundary conditions yields
| ug ||< Cr.

The proof is complete.

Now we turn to the higher-order norm estimates of the solution.

15
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Lemma 5.2. For any t € [0,T], the following estimates hold.
| w | er2< Cr, ||t ||m2< C (5.4)
Proof. First we rewrite (1.1)—(1.3) as a first-order system for
U= (u,u)’.

Then U satisfies
Uy — AU = F(ug, Ugy ),
Ut =0) = U,,

with
Av ="
—a(x)'u + KUge — Uzgan

F(ux, Um;) = (O, f(uz)x - K'ua:x)T:

as the above, and

U(] = (UO, Ul)T.

The defined operator A generates a Cy-semigroup, for F' = 0, i.e., the linear system as we

have studied in Section 2, the solution U is given by
U(t) = ey,
and the solution to (1.1)—(1.3) satisfies
U(t) = e*Uy + /t eCIAR Uy, Ugy ) (1) dr (5.5)
0
From Section 4 we obtain that U as solution of the linear system satisfies
1 UE) < Cem " || Uo [l -

Differentiating (2.1) with respect to t one and then twice, we derive higher norm estimates
as

IU =< Cse™" || Us |

Hs, 821,2

Using the representation (5.5), we can estimate
¢
10 Nl < 11 Up 2 +/ Il e AE (g, ) || 2 dr
0
t
< G| Uy [ +Ca [ € | Plusys) [ dr
0
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t
< Coe ™ [ Up |l +C2/ e O (f(us) = K)ttas |2 dr
0
Using the estimate || u, ||z~< Cr obtained in lemma 5.1, we derive

t
eaot || U ||H2§ 02 ” U() ||H2 —f-CT/ eo” || U ||H2 dr.
0
Using Gronwall’s inequality again, we finally have
! | U |2 < Co || Ug 2 e

and

| U |g2< Oy || U || a2 e(Cr—a0)t < o1,

Combing with the equation and the boundary conditions, the estimates (5.4) following

immediately.
O

The global existence follows by the usual continuation argument.

Theorem 5.2. Let the assumptions (1.4) satisfied and || a — a ||2< 7 small enough.
Then there is a unique solution to (1.1)-(1.3) satisfying

u € C%([0,00), L*(0,1)) N C*(]0, 00), H*(0,1)) N C([0, 00), H*(0, 1)). (5.6)
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