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Abstract

Classical functional data analysis (FDA) is based on directly observed random
curves. However, in a more realistic setting such as for certain types of EEG data,
the observations are perturbed by noise even strongly dependent noise. In this
dissertation the influence of long memory noise on trend and covariance estimation,
functional principal component analysis and two sample inference is investigated.

Firstly, the kernel estimation of trend function and covariance function in
repeated time series with long memory errors is considered. Functional central
limit theorem of estimated trend and estimated covariance is established. Since
the main quantity of interest in FDA is the covariance, the trend plays the role
of a nuisance parameter. Therefore, the orthogonal contrast transformation is
proposed to eliminate the trend before estimating the covariance. In order to relax
the constrain between the number of random curves and the number of sampling
points on each curve, higher order kernels are used.

Secondly, we consider the estimation of eigenvalues, eigenfunctions (functional
principal components) and functional principal component scores in FDA models
with short or long memory errors. It turns out that there is no difference between
short and long memory errors when considering the asymptotic distribution of
estimated eigenvalues and estimated eigenfunctions. However, the asymptotic
distribution of estimated scores and the rate of convergence differ significantly
between weakly and strongly dependent errors. Moreover, long memory property
not only lead to a slower rate of convergence, but the dependence of score estimators.

Thirdly, two sample inference for eigenspaces in FDA models with dependent
errors is discussed. A test for testing the equality of subspaces spanned by a finite
number of eigenfunctions is constructed and its asymptotic distribution under
the null hypothesis is derived. This provides the basis for defining suitable test
procedures. In order to obtain asymptotically exact rejection regions, the joint
asymptotic distribution of the residual process is required. However, since the
dimension of the subspace is in most cases very small, we propose to use a simple
Bonferroni adjusted test. A more practical solution is a bootstrap test which is

also applicable even for small samples.






Zusammenfassung

Klassische “functional data analysis” (FDA) geht von direkt beobachteten zufélligen
Funktionen aus. Realistischer ist vielen Situation (wie zum Beispiel bei EEG-
Daten), von der Annahme auszugehen, dass die Beobachtungen mit zufélligen
Messfehlern behaftet sind, der moglicherweise langfristig abhangig sein kénnen. In
dieser Dissertation wird der Effekt langfristiger Abhangigkeit auf die Schétzung
von Trend- und Kovarianzfunktion, sowie auf FDA und Zweistichprobentests
untersucht.

Zuerst betrachten wir Kernschatzung des Trends und der Kovarianzfuntion fiir
wiederholte Zeitreihen mit langfristiger Abhangigkeit. Funktional Grenzwertsatze
werden hergeleitet. Da das Hauptinteresse bei FDA der Kovarianz gilt, ist der Trend
ein Storparameter. Wir fithren deshalb eine “orthogonal contrast transformation”
ein, mit der Trend eliminiert wird bevor man zur Schatzung der Kovarianzfuntion
iibergeht. Um die Annahmen fiir die Anzahl replizierter Zeitreihen zu verbessern,
verwenden wir zudem Kerne héherer Ordnung.

Als néachstes betrachten wir die Schéatzung von Eigenwerten, Eigenfunktionen
(functional principal components) und der sogenannten “function principal compo-
nent scores” unter kurzfristiger und langfristiger Abhéngigkeit. Es stellt sich heraus,
dass es in Bezug auf Eigenwerte und Eigenfunktionen keinen Unterschied gibt zwis-
chen kurz- und langfristiger Abhéngigkeit. Jedoch ist die asymptotische Verteilung
und Konvergenzrate der geschatzten Scores vollig unterschiedlich. Langfristige
Abhéngigkeit fithrt nicht nur zu einer langsameren Konvergenzrate sondern auch
zu einem Verlust der Unabhéangigkeit verschiedener Score-Schatzungen.

Drittens diskutieren wir Zweistichproben-Inferenz fiir Eigenraume von FDA-
Modellen. Ein Test der Nullhypothese, dass zwei endliche Eigenraume identisch
sind, wird eingefiihrt und die asymptotische Verteilung unter der Nullhypothese
hergeleitet. Um asymptotisch korrekte Verwerfungsbereiche zu definieren, wird
die gemeinsame Verteilung von Residualprozessen benotigt. Da die Dimension
der zu testenden Eigenraume meist klein ist, fithren wir eine einfache Bonferroni-
Korrektur ein. Eine praktikablere Losung ist ein Bootstrap Test, der auch fiir

kleine Stichproben anwendbar ist.
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Chapter 1

Introduction

It is assumed that, in classical functional data analysis (FDA), one observes n

independent random curves

{Xq(t), ..., Xp ()}

on the interval [0, 1] directly. These n independent random curves {X;(t)} (i =
1,...,n) are assumed to come from an underlying unknown stochastic process
X (t) € L*0, 1] with expectation u(t) = E[X(t)] and covariance function C(s,t) =
cov(X(s), X(t)). By Karhunen-Loeéve (K.L.) expansion, the random curves X;(t)

admit the form

Xi(t) = () + S &) (i =1,..,n) (L1)

where the coefficients {{;} (i = 1,...,n, [ € N) (functional principal component
scores) are uncorrelated random variables with E[¢;] = 0, E[¢3] = A, > 0 and
>\ < o0, the functions {¢;(¢)} (I € N) are continuous real-valued functions on
[0, 1] that are pairwise orthogonal in L?[0,1]. By Mercer’s theorem, C(s,t) can be

written as

Cs,t) =Y Ndu(s)du(t) (st € [0,1]) (1.2)

where {\}, {¢1(t)} (I € N) denote the eigenvalues and the corresponding eigen-
functions (functional principal components) of the covariance operator C(y) =
E{(X —u),y) (X —u)] (v € L*0,1]), {¢(t)} (I € N) build an orthonormal
L0, 1]-basis.
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There are three basic questions about this classical FDA model (1.1), which
are very important in analyzing the essential behavior of the underlying unknown

random curve X (¢):
e How to estimate the trend function p(t) and covariance function C(s,t)?

e How to estimate the eigenvalues \;, eigenfunctions ¢;(¢) and the functional

principal component scores of the observed sample paths &; = &;(w)?

e How to make the two sample inference for two independent functional samples
{Xf”(t)} and {X}”(t)}?

There exists a huge number of literature on this classical FDA model where
one can find satisfactory and successful methods to deal with the above three
questions. For instance, monographs of Bosq (2000), Ferraty (2011), Ferraty and
Romain (2011), Ferraty and Vieu (2006), Horvath and Kokoszka (2012), Ramsay
and Silverman (2002, 2005) and Shi and Choi (2011) give the fundamental concepts
and methods.

Nonparametric estimation of pu(t) is fully considered by many statisticians.
The introduction to spline smoothing method can be found in de Boor (2001),
Eubank (1999), Green and Silverman (1993), Wahba (1990), Wang (2011) and
the references therein. Wavelet smoothing method can be found in Antoniadis
and Oppenheim(2012), Chui (1992), Daubechies (1992), Donoho et al. (1995),
Johnstone and Silverman (1997), Ogden (2012), Percival and Walden (2006) and
the references therein. For kernel smoothing and local polynomial smoothing
methods see for instance Fan and Gijbels (1996), Hérdle and Vieu (1992), Hart
and Wehrly (1986), John (1984), Wand and Jones (1994), Lin and Carroll (2000)
and Loader (2012). References about nonparametric estimation of C'(s,t) in FDA
can be found in works such as Bevilacqua et al. (2012), Bigot et al. (2010), Bigot
et al. (2011), Fan et al. (2013), Hall et al. (1994), Lirio et al. (2014), Sancetta
(2014), Shaby and Ruppert (2012) and Zhang and Chen (2007).

Many works on the estimation of \;, ¢;(t) and &; have also been reported. Bosq
(2000) and Dauxois et al. (1982) consider the estimation of \; and ¢;(¢) and the

corresponding central limit theorem. Johnstone and Lu (2009) give a counter
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example if the regular conditions are not hold and propose different approaches to
deal with non-smooth data. Under some additional conditions, Hall and Hosseini-
Nasab (2006) and Hall and Hosseini-Nasab (2009) derive stochastic expansions of
A and ¢(t). Gervini (2008) propose the method by using functional median as a
more robust measure of central tendency and also construct a robust estimation
of ¢;(t). A definition of the mode of the distribution of a random function is
considered by Delaigle and Hall (2010) who also give the functional principal
component expansions. Boente and Fraiman (2000) discuss the kernel based
functional principal components analysis. Other contributions include Cardot
(2000), Ma (2013), Ocana et al. (1999), Reiss and Ogden (2007) and Yang et al.
(2011).

Since there are possibly different functional principal components’ structures,
it may be different to work with two functional samples. Hall and Keilegom (2007)
consider a bootstrap test of two samples with iid random errors. Fremdt et al.
(2013) construct a robust test for the equality of the covariance structures in two
functional samples. Benko et al. (2009) and Boente et al. (2011) construct a
bootstrap test for testing these equalities in the situation without errors. Horvath
et al. (2009) propose a method of comparing two functional linear models where
the explanatory variables are functions and the response variables can be either
scalars or functions. Panaretos et al. (2010) test whether the two functional
samples of continuous independent identically Gaussian processes with zero mean
have the same covariance or not. Horvath et al. (2013) discuss the two sample
problem of dependent time series. Gromenko and Kokoszka (2012) construct a
test for testing the equality of the mean fucntions of the curves from two disjoint
spatial regions. Other contributions are given in Cuevas et al. (2004), Ferraty et
al. (2007), Gabrys et al. (2010).

Most of these literature deal with the situation where the random curves
X;(t) are observed directly. However, as pointed out in Yao et al. (2003), Yao
et al. (2005) and Yao (2007), in a more realistic setting, the observations may
be perturbed by random noise. Yao (2007) therefore consider the question of

nonparametric estimation in the FDA context where X;(t) are randomly perturbed
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by noises € and series Y;; = X;(¢;) + €;(j) with independent identically distributed
(iid) random errors ¢;(j) are observed (also see e.g. Cai and Yuan 2010, Hall et
al. 2006, Ramsay and Ramsay 2002, and Staniswalis and Lee 1998). Typically it
is assumed that, for fixed 7, {¢;(j)} (j € N) are iid random variables. However,
this assumption is too restrictive in some applications. In particular, for example
for certain types of EEG signals, long memory properties in {¢;(j)} (7 € N) can
exist (see e.g. Bornas et al. 2013, Linkenkaer-Hansen et al. 2001, Parish et al.
2004, Nikulin and Brismar 2005, Watters 2000). We focus here on this situation,
although the corresponding results can be derived in a more generally situation
which includs the possibility of weakly dependence. The related inferences are
our results in Beran and Liu (2014), Beran and Liu (2016) and Beran, Liu and
Telkmann (2016).

In summary, the following situation will be discussed.

e The observations include n independent time series Y;. = (Y1, ..., Yin) (i =

1,...,n) and each observation Y;; is defined by:

Y =Xi(t;) + (i) (t;=7/N;=1,..,N), (1.3)
where n is the number of curves, N is the number of sampling points on each

curve, t; = j/N denotes rescaled time.

e The random curves X (1), ..., X,,(t) are assumed to come from an underlying
random process X (t) € L?[0,1] independently and by K.L. expansion, X;(t)

can be written as :
Xi() = plt) + 3 acn(t) (¢ € [0,1]) (14)

with covariance cov(X (t), X(s)) = C(s,t) = >, hu(s)¢i(t) and expectation
E[X(t)] = p(t), where {&;} (i = 1,...,n, | € N) are uncorrelated random
variables with mean 0 and variance A\; and Y \; < oo, {\;} and {¢;(t)} (I € N)
denote the eigenvalues and the corresponding eigenfunctions of the covariance

operator C, {¢;(t)} (I € N) build an orthonormal L?[0, 1]-basis.
e Error processes {¢;(j)} (j € N) are stationary Gaussian with autocovariance

1) = cov (6), 6l + R)) e B (15)
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and spectral density

1 - 1k —2d
FO) =57 3 B el (1.6)

for some constants 0 < ¢y, ¢, < 0o and d € [0, %), where “~” has the meaning
that the ratio of the left and right hand side goes to one. For the case d = 0,
{e;(7)} (j € N) is a short-range dependent time series. For the case d € (0, 3),
{ei(7)} (j € N) is a long-range dependent time series. The error processes are

assumed to be independent with the scores &;.

Our main purpose in this thesis is to investigate and discuss the influence
of short- and long-memeory properties in errors on estimation of u(t), C(s,t),
A, ¢(t), & and on the two functional sample inference. In this thesis, we only
consider the equidistant sampling points case and Gaussian ¢;(j) and Gaussian &;.
The reason is that we mainly focus on the essential effect of short or long range
dependence in the errors {¢;(j)} (j € N). A generalization to nonequidistant FDA
models is also possible and the corresponding methods will be considered later. In
fact, as pointed out by Menéndez et al. (2010) and Menéndez et al. (2013), for
the case of single observed nonequidistant time series, some cautions with respect
to the distribution of observational time points is needed while doing estimation.

For the nonparametric regression for single long-range dependent time series,
one can refer to for example Beran and Feng (2002a,b,c), Beran and Shumeyko
(2012), Csorgé and Mielniczuk(1995), Hall and Hart (1990), Ray and Tsay (1997)
and Robinson (1997). Ghosh (2001) gives the first results on nonparametric trend
function estimation in replicated long-range dependent time series. Generally,
literature on FDA with dependent errors seems to be sparse. The first results on
estimation of u(t) and C(s,t) in repeated time series under general dependence
assumptions on €;(j) appear in Beran and Liu (2014). The estimation of X;, ¢;(t)
and &;; and their asymptotic behavior under long memory error processes is firstly
considered by Beran and Liu (2016). Beran, Liu and Telkmann (2016) discuss the
two sample inference problem in FDA models with weakly and strongly dependent
errors. For a general and detailed overview on statistical inference for long-range

dependent processes see e.g. Beran (1994), Beran (2010), Beran et al. (2013),
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Doukhan et al. (2003), Giraitis et al (2012), Robinson (2003) and references
therein.

The thesis is organized as follows:

Chapter 2 is a short introduction to long memory processes including FARIMA
models and functional data analysis (FDA). The references to this chapter include
Beran (1994), Beran et al. (2013), Doukhan et al. (2003), Giraitis et al (2012),
Robinson (2003) for long memory process, and Bosq (2000), Ferraty and Vieu
(2006) and Horvath and Kokoszka (2012), Ramsay and Silverman (2005) for
functional data analysis.

The aim of Chapter 3 is to obtain the mean u(t) and covariance C(s,t) es-
timation in FDA models with long memory error processes and the asymptotic
behavior of these estimators. In the first step, one-dimensional boundary kernel
estimation of p(t) and two-dimensional boundary kernel estimation of C(s,t) are
defined. Then, the asymptotic mean, variance of estimated mean [i(t) are ob-
tained. Conditions needed to obtain a functional limit theorem for ji(t) lead to the
idea of using contrast transformations before estimating of C(s,t). Therefore the
asymptotic mean, asymptotic variance and the functional limit theorems for kernel
estimators of C(s,t) based on this contrast transformation model are discussed.
A small simulation study illustrates the asymptotic results for fi(t) comes at last.
The presentation of this chapter is similar to that of Beran and Liu (2014).

In Chapter 4, we estimate the eigenvalues \;, eigenfunctions (functional principal
components) ¢;(t) and functional principal component scores &; based on the
covariance estimator C’(s,t) defined in Chapter 3. Asymptotic properties of
estimated eigenvalues \; and eigenfunctions él(t) are derived for both short- and
long-range dependent errors. Moreover, the asymptotic joint distribution of {¢;(¢)}
(I =1,...,p) which will be used by considering two sample inference is also discussed.
The asymptotic joint distribution of {le} (l=1,...,p) for each curve is obtained
for the short- and long-range dependent errors cases respectively. Simulations
illustrate the asymptotic results of M\ and qgl(t) . This chapter is based on our
previous work in Beran and Liu (2016).

Chapter 5 considers the two functional sample inference for eigenspaces in FDA
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with dependent errors. After recalling the basic results in Chapter 3 and Chapter 4,
we construct a test for testing the equality of subspaces spanned by a finite number
of eigenfunctions. The test is based on the residual process. Then, we derive
the asymptotic null distribution. This provides the basis for defining suitable
test procedures. However, in order to obtain reasonable rejection regions and to
avoid the calculation of the joint asymptotic distribution of the residual process,
we propose to use a simple Bonferroni adjusted test (since, in most cases, the
dimension of the subspace is very small). A more practical solution - a bootstrap
test - is also constructed. Simulations illustrate the results are discussed. This
chapter is based on our previous results in Beran, Liu and Telkmann (2016).

We conclude this thesis with some concluding remarks in Chapter 6.
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Chapter 2

Basics

This chapter serves to collect preliminary probabilistic properties and statistical
methods in long memory processes and functional data analysis (FDA) that will
be needed later in this thesis. For the sake of completeness, we include these
materials.

In section 2.1, we cite some well-known basic definitions and results in long
memory processes. In fact, these results can be found in various textbooks and
research monographs, e.g. Beran (1994), Beran et al. (2013), Doukhan et al.
(2003), Giraitis et al. (2012) and Robinson (2003).

Section 2.2 briefly reviews some fundamental concepts and facts about FDA.
They are also well-known, see e.g. Bosq (2000), Ferraty and Vieu (2006), Horvath
and Kokoszka (2012) and Ramsay and Silverman (2005).

2.1 Long memory processes

We will introduce the definition of (linear) dependence structures in this section

(see Beran et al. 2013 pages 20 and 30).

Definition 2.1. Let {X;} € R (t € Z) be a stochastic process. {X;} is said to
be strictly stationary if for all k,l € N and tq,...,t; € Z the joint distributions of
(Xtys ooy Xt,) and (Xt 4y ooy Xt,4k) are same.

Definition 2.2. Let {X;} € R (t € Z) be a stochastic process with E[X}?] < oo
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(t € Z). Define py = E [Xy], then the function
vx : L X7 —R
(s,8) = x(s,1) = cov(Xs, X) = E[(Xs — ps) (X — 1))

is called autocovariance function of {X;}.
Definition 2.3. Let {X;} € R (t € Z) be a stochastic process with E [X?] < oo
(t € Z). Then {X;} is said to be weakly stationary if

(1) JneR:E[Xy =pforaltelZ,

(i1) yx(s,t) = vx(t —s,0) = vx(t — s) for all s,t € Z.

Definition 2.4. Let {X;} € R (t € Z) be a weakly stationary stochastic process

with autocovariance function yx (k). Then {X,} is said to exhibit (linear)

(i) short-range dependence if 0 < Z vx (k) < oo,

k=—o00

(i7) long-range dependence if Z vx (k) = oo,

k=—o00

(1ii)  antipersistence if Z vx (k) = 0.

k=—o00

Definition 2.5. Let {X;} € R (t € Z) be a weakly stationary stochastic process

with autocovariance function vx(k), then the function

fx: [-m7] =R

A FO) =5 D (ke

is called spectral density function of {X.}.

In the following several chapters, for simplicity of presentation, long-range

(short-range) dependence is characterized by
(k) = cov(Xj, Xjpn) ~ ey [P

for some constants d € (0,3) (d =0) and 0 < ¢, < co. For the spectral density
f(A), this corresponds to
FOO ~ ep A

[A|—0

for some constants d € (0,%) (d =0) and 0 < ¢; < 0.
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Example 2.1. Let {X;} € R (t € Z) be a weakly stationary stochastic process
with

where €, are uncorrelated zero mean random variables, o? = var(e;) < 0o, and

(1 - d)

a; = (—1Y¢7 | = (—1)jr(j F )T —d—j)

with —0.5 < d < 0.5. Then a; are the coefficients in the power series representation

A(z) = (1 —2)"% = Zajzj.

J=0

Therefore, the spectral density of X, is given by

o? - o? o?
A) = =S A(eT)]P = =]2(1 — cosA)[ T ~ S[A[ 7
Fx(0) = ZEJAE NP = 22201 — cosh)| ~ 25|
Thus, we obtain short-range dependence for d = 0 (and in fact uncorrelated

observations), long-range dependence for 0 < d < 0.5. If ¢, are independent, then
{X:} is called a fractional ARIMA(0,d,0) process.

2.2 Functional data analysis

First, we consider some concepts on a Hilbert space (see Horvath and Kokoszka
2012 pages 21 and 22).
Let H be a separable Hilbert space (i.e. a Hilbert space with a countable basis

{e;,i € Z}) with inner product (-,-) which generates the norm || - ||.

Definition 2.6. Denote by L the space of bounded linear operators on H with the

norm

[Allz = sup {[[A(x)]]}.

w€H, o<1

An operator A € L is said to be compact if there exists two orthonormal bases {u;}

and {v;}, and a real (positive) sequence {\;} converging to zero, such that

Az) = Z Az, u)v,  (z € H).
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Remark 2.1. (1) The \; are assumed positive because one can replace v; by —v;
if needed.
(2) The representation in Definition 2.6 is called the singular value decomposi-

tion, where {\;} are called the singular values of the operator A.

Definition 2.7. A compact operator A € L admitting above representation in

Definition 2.6 is said to be a Hilbert-Schmidt operator if

e}
Z N < oo
=1

Remark 2.2. The space S of Hilbert-Schmidt operators is a separable Hilbert

space with the scalar product

o)

(A1, Ag)s = > (Ai(e;), Az(er) (A1, Az €8),

i=1

where {e;} is an arbitrary orthonormal basis.

Definition 2.8. An operator A € L is said to be symmetric if

(A(z),y) = (x, Aly)) (x,y € H),

and positive-definite if
(A(z),z) >0 (zreH).

Remark 2.3. A symmetric positive-definite Hilbert-Schmidt operator A admits

the decomposition, by Hilber-schmidt theorem,

Ax) =) Mz, ¢)g, zcH
=1

with orthonormal ¢; which are the eifenfunctions of A, i.e. A(¢) = Ny, and the

corresponding eigenvalues \; be positive and which converge to zero.

Definition 2.9. Denote by L? = L?([0, 1]) the separable Hilbert space of measurable

real-valued square integrable functions on [0, 1] with the inner product, for x,y € L?,

(z,y) = /0 z(t)y(t)dt.
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Remark 2.4. In this thesis, we consider the random function X defined on some
probability space (Q, F, P), which can be viewed as a random element of L? equipped
with the Borel o-algebra Byz, i.e. at time t € [0, 1]

X : (Q,F, P) — (L2, Byz)

w— X(t,w)

Now, the definition of mean and covariance of random elements in L? can be
given as follows (see Horvath and Kokoszka 2012 pages 23 and 24 or Bosq 2000
page 18).

Definition 2.10. Let X = {X(¢),t € [0,1]} be a random function in L*. If X is

integrable i.e.
1/2

< 00

1
E|X|=F U X2(t)dt
0
for all t € [0,1], then the mean function of X (t) is defined by the unique function
w(t) € L? such that

E{y, X) = (y, )

for any y € L?. It follows that u(t) = E[X(t)] for almost all t € [0,1].

Definition 2.11. Let X = {X(t),t € [0,1]} be a random function in L*. If X is

square integrable, 1.e.
E|X|P=E Vl XQ(t)dt] < 00,
0
and E[X (t)] = u(t) the covariance operator of X is defined by
Cly) = E((X = p),y)(X —p)] ye L’
and the covariance function of X is defined by
C(s,t) = E[(X(s) — u(s))(X(t) — u())]-

Remark 2.5. (1) It is easy to see that C(-) is an integral operator and the

covariance function C(s,t) is its kernel, i.e.

C)(t) = / Cs, t)y(s)ds.
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(2) The covariance operator C(-) can be viewed as a bounded symmetric positive-

definite Hilbert-Schmidt operator on L?,
C:L*— I?
X(t,w) = 21(t) = Clx)(t) := E[((X(s) — p(s)), 21(s)) (X () — pu(t))]
The following Mercer’s theorem is frequently used in this thesis, which is a
representation of a symmetric positive-definite function on a square as a sum of a

convergent sequence of product functions. See for instance Horvath and Kokoszka

(2012) page 23 or Bosq (2000) pages 24 and 25.

Theorem 2.1. Let C(s,t) be a covariance function continuous on [0,1]* and
C(:) be the corresponding integral operator. Then there exists a sequence {¢;(t)}
of continuous functions on [0,1] and a decreasing sequence {\} of nonnegative

numbers such that

Ce)(t) = /0 C(s,t)p(s)ds = Nan(t) (€ [0,1],1 € N),

and
1 1, ll = l2
| onon(s)as =1, = (s € N).
0 07 ll 7é l2
Moreover,
Cls,t) =Y _Na(s)au(t) (st €[0,1]), (2.1)
=1

where the series converges uniformly on [0, 1]%; hence

00 1
> A :/ C(t, t)dt < co.
=1 0

Remark 2.6. (1) {¢/(t)} and {\} are the corresponding eigenfunctions and
eigenvalues of the covariance operator C.

(2) An operator C € L(L?) is a covariance operator if and only if it is compact,
symmetric, positive-definite and the sum of its eigenvalues is finite, i.e. > ,° N\ <

0.

The following Karhunen-Loeve (K.L.) expansion provides an explicit form of
the random curve (see Horvath and Kokoszka 2012 page 25 or Bosq 2000 page 25).

It is interesting in itself and will be used in the sequel of this thesis.
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Theorem 2.2. Let X = {X(t),t € [0,1]} be zero mean measurable random

processes in L* with continuous covariance function C(s,t). Then
X(t) =) &alt) (teo1]), (2.2)
=1
where {&} is a sequence of real valued zero mean random variables such that

Bl&,6,] = Mo, (1 €N),

and where the sequences {¢(t)} and {\;} are the eigenfunctions and eigenvalues
of C(s,t) as defined in the Mercer’s Theorem 2.1. The series in (2.2) converges
uniformly with respect to the L*(Q), F, P)-norm.

Remark 2.7. In this thesis, in order to focus on the main quantity, we will assume

that {&} (1 € N) are Gaussian random variables.
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Chapter 3

Estimation of trend u(t) and

covariance C'(s, 1)

In this chapter, we consider the estimation of trend function p(t) and covariance
function C'(s,t) in repeated time series models typically encountered in functional
data analysis (FDA) with the modification that the random curves are perturbed
by random noise. The random noise processes may exhibit short- or long-range
dependence. The one-dimensional boundary kernel estimation of u(t) and two-
dimensional boundary kernel estimation of C(s,t) are defined. Functional central
limit theorem of the estimated trend and estimated covariance is established. Since
p(t) plays the role of a nuisance parameter that is of no interest when the focus is
on C(s,t) only, it is wise to eliminate it before estimating C(s,t). The elimination
of u(t) can be done without any asymptotic loss of efficiency by using orthonormal
contrast transformations. In the sense that, under the Gaussian assumption, the
contrast transformed model is equivalent in distribution to the original model. In
order to relax the restriction between the number of random curves and the number
of sampling points on each curve, higher order kernels are used and additional
differentiability assumptions on covariance are imposed while estimating C(s,t). A
simple simulation example is given to illustrate the derived asymptotic properties
of estimated trend function. This chapter is based on our previous results in Beran

and Liu (2014).

17
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3.1 Models and estimators

In this section, we give a detailed explanation of the FDA model with dependent
errors. Moreover, the one-dimensional boundary kernel estimation of u(t) and

two-dimensional boundary kernel estimation of C(s,t) are defined.

3.1.1 Models

We consider the FDA model with long memory errors which is briefly explained in
Chapter 1.
The observations which consist of n independent time series Y;. = (Y1, ..., Yin)

(1 =1,...,n) are defined by

where t; = j/N denotes rescaled time, n is number of random curves, N is the
number of sampling points on each curve (as mentioned in Chapter 1, in order
to focus on the essential effect of dependent structure in error processes, we only
consider the equidistant case), {€;(j)} en is a random error process.

The random curves X;(t) are assumed to come from an underlying random
process X (t) € L?[0, 1] with continuous expectation u(t) = E[X (t)] and continuous
covariance C(s,t) = cov(X(s), X(1)).

By Mercer’s theorem (Theorem 2.1), C(s,t) can be written as

Cls,t) = S Nu(s)an(t) (st € [0,1]) (3.2)

where {\}, {¢1(t)} (I € N) denote the eigenvalues and the corresponding eigen-
functions (functional principal components) of the covariance operator C(y) =
E[((X — u),y) (X — w)] (y € L?[0,1]), {\} be a decreasing sequence of nonnega-
tive numbers with > \; < oo, {¢;(t)} are the continuous real-valued functions on
0, 1] which build an orthonormal L?[0, 1]-basis.

By Karhunen-Loeve (K.L.) expansion (Theorem 2.2), the random curve X;(t)

has the form

Xi(t) = p(t) + Y Cactn(t) (t€[0,1]) (3.3)
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where the coefficients {£;} (functional principal scores) are random variables such
that
Elga] =0

and

E[fillgilg] = Alléll,lga

{€i(j)} (j € N) are independent of {e;(j)} (7 € N) for i # ¢/, {&;} (I € N) are
independent of {e;(j)} (j € N) for all 4,7 € {1,....,n}.

In contrast to classical FDA, the error processes {¢;(7)} (j € N) will be assumed
to be existing and be dependent. Instead, asymptotic results for estimators of ju(t),
C(s,t) (Chapter 3), A, ¢1(t), & (Chapter 4) and two functional sample inference
(Chapter 5) will be derived under the condition that {¢;(j)} (j € N) are stationary
Gaussian and short- or long-range dependent. This means that the spectral density

of {€;(j)} (4 € N) has the form

o0

1 X
A= Y ve(k)e™ ~ cp A 4
F) =5 k:oo%( Jem o A (34)

for some constants 0 < ¢; < oo and d € [0, 3), where “~” means that the ratio of
the left and right hand side tends to one. For d = 0, (3.4) implies short memory
1

characterized by 0 < Y, , 7.(k) < oo, whereas for 0 < d < 5 we have long

memory with non-summable autocovariances of the form
Ye(k) = cov (€;(), €:(J + k)) e Cw|k3|2d_1 (3.5)

for some constant 0 < ¢, < oo (as discussed in Chapter 1).
More specifically, the following assumptions and conditions on the model will

be used:

e (A1) The eigenfunctions of the covariance {¢;(t)} (I € N) are uniformly

continuous and consist an orthonormal basis of L?[0,1].

e (A2) The functional principal component scores {{;} (i,] € N) are assumed
to be independent Gaussian variables with E[¢;] = 0, E[¢3] = A, > 0 and
Z N < 00.
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e (A3) For each 4, {¢;(j)} (7 € N) is assumed to be a stationary Gaussian process
with zero mean and spectral density f.()) satisfying (3.4) or autocovariance
7e(k) satisfying (3.5), which means that the errors are short memory processes

for d = 0 and long memory processes for d € (O, %)

e (A4) The error processes {€;(j)} (j € N) and {e»(j)} (j € N) are assumed
to be independent for ¢ # ', and the functional principal scores {;} (I € N)

are assumed to be independent of the error processes {¢;(j)} (j € N) for all

ii' e {1,...n}.

e (M1) The mean of the unknown underlying random function pu(t) is assumed

to be twice continuously differentiable on [0,1], i. e. u € C?[0,1].

e (M2) The covariance of the unknown underlying random function C(s,t) is

assumed to be twice continuously differentiable on [0, 1]%, i. e. C' € C?[0,1]%

3.1.2 Definition of the estimators

Let the observations Y;; (i =1,...,n, j = 1,..., N) be given by (3.1), (3.3) and (3.4)
or (3.5). Now we give the definition of the one-dimensional kernel estimator of
p(t) and the two-dimensional kernel estimator of C(s,t).

Let Ki(u), Ky(u,v) be two kernel functions with support [—1,1] and [—1,1]?
respectively. By using the notation §.; = n~' Y | V;;, the one-dimensional kernel

estimator of u(t) based on kernel K;(u) is defined by

1 & t—1t;
1(t) = — E K| —2 |5, :
Since the bandwidth b will be a function of N, we may write b = by.

For the covariance function of each time series Y;. = (Y1, ..., Yin)T (i =1,...,n),

note that, under the independent assumption of &; and €;(j), we have
oYy, Vi) = cov (X(t5), X (1)) + cov(s(), (k)
and

B (Y — ju(ty)) (Yie — t))] =~ cov(X (), X (t)) + cov(ei(), es(R)).
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Using the notation
Cijre = (Yij — ilt;)) (Yi — faltr))
the two-dimensional kernel estimator of C(s,t) based on kernel K(u,v) can be

defined as

N n
A 1 s—1; t— 1 _
Co0 = e 2 K ()R @
=1

where Cjp = n= 'S0 | Ciji.

In order to deal with the boundary effect which is typically encountered in
kernel regression, the kernel estimator /i(t) given by (3.6) will be modified by using
boundary kernels. Specifically, we use left boundary kernel K l(c}t(t) for boundary
points t = ¢b € [0,b) (with 0 < ¢ < 1) and right boundary kernels Kr(zght( ) for
boundary points t = 1 —c¢b € (1 — b, 1] (with 0 < ¢ < 1). The definition of the
boundary kernel estimation will be given below in equation (3.10). Boundary
kernels are used to make sure that the bias By (t) = E[u(t)] — p(t) at boundary
points t € [0,b) U (1 — b, 1] and that at interior points ¢ € [b,1 — b] have the
same order O (b?) (without boundary correction the order is O (b)). For details on
boundary kernels one can refer for instance Gasser and Miiller (1979), Gasser et

al. (1985), Miiller (1991), Miiller and Wang (1994) and Beran and Feng (2002c).

Specifically the following assumptions on the kernels will be used:

(K1) Let Ki(t) be a symmetric probability density function with support
[—1,1] such that

0<p = /1 K, (t)t*dt < . (3.8)
-1

° (KZ) Let
K1) = Ki(t).

Let K. l(;)ft( ) (c €[0,1)) denote functions with support [—1, ¢] such that

/Kleft t)dt =1, / Kleft titdt =0, B, = /Kleft t)t*dt #0.  (3.9)
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Moreover, K

right(t) (¢ € [0,1)) are functions with support [—c, 1] defined by

K(C)

right

(t) = Ko ().

e (K3) The one-dimensional boundary kernels Ki (b € (0,3)) are functions

with support [—1, 1] defined by

Ki(t) = Ki(t) (te[b,1—1b]),
Kiy(t) = K1) (t=cb,0<c<1),
Ki(t) = K50 (t=1—cb,0<c<1),
Kip(t) =0 ([t} >1)

e (K4) For any c € [0,1), K, l(ec}t(t) and K (1) are almost everywhere continu-

right

ously differentiable.

e (K5) There exists a positive and finite constant C'x such that for all ¢ € [0, 1),
(©) 2 ! () 2
HKleft(t>H = [Kleft(t)] dt < Ck.
—1

e (K6) The two-dimensional boundary kernel K ,(s,t) is defined to be the
product of K7 (t)
K27b<87t) = Kl’b<S)K1’b<t>.

The one-dimensional boundary kernel estimator of (t) based on K is defined

by:
N
) | E—1;)
Mt =+ ;Kl,b (T) Y- (3.10)

The two-dimensional boundary kernel estimator of C'(s,t) based on Ky is defined

by:

Cls,t) = ! iK oL Tmh 6 (3.11)
58 = (ND) 22\7%0 T k- '

jk=1

Define the following notation
B(t)=p01-1{0 <t <1} + fy-1{t € {0,1}} (3.12)

where 8, and fy are defined in (3.8) and (3.9) respectively. This notation will be

used in calculating the asymptotic approximation for the bias of ji(t) and C(s,t).
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Due to by — 0 as N — oo, t is an interior point asymptotically except for t = 0, 1.
This is the reason that we distinguish ¢ € (0,1) from ¢ € {0,1}.

For 0 < d < %, we will use the following several notations

1 1
‘/d,mterior - / / |.T - y|2d_1K1<l’>K1<y)dlL’dy,
—1J
1 1 (0)
Via = / 1 / o = o, () () dwdy,
b (0) (0)
Vio = / 1 / =y K (@) KL ) dady,

11
Visz = /1/1 ’x_y’2d71Kl(e0}t(x)Kf’?g)ht(y)dxdy7

and

Via(s,t) =Viinterior 1{0 < s,t < 1} + V4 11{(s,t) or (¢,s) in {0,1} x (0,1)}
+ Vai21{(s,t) = (0,0) or (1,1)} + Vy31{(s,t) = (0,1) or (1,0)}.

This notation Vy(s,t) (s,t € [0,1]) will be used in calculating the asymptotic
approximation for the variance of fi(t) and C(s,t). Note that, if s and/or t are
equal to zero or one, then boundary kernels with ¢ = 0 will be used. This is the
reason for distinguishing the four cases. However, this occurs only at the very edge
of the region [0,1]%, i.e. for s,t ¢ (0,1). Since by — 0 as N — oo, all other points

(i.e. s,t € (0,1)) are asymptotically interior points.

3.2 Asymptotic distribution of /()

This section considers the asymptotic expectation, asymptotic variance and weak

convergence of [i(t).

3.2.1 Expected value and variance of /i(t)

Note that the bias of fi(t) is a linear function of the observations Y;; = u(t;) +
Yoo Cadi(t;) +€(J) given a one-dimensional boundary kernel function K ,(t) and
a bandwidth b. Note that E[Y;;] = pu(t;), the bias of i(t) is equal to

t—t

Bualt) = EL0)] = ) = 57 3 Ko (5 ) ) = o
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Thus, given N and a corresponding bandwidth b, By (t) does not depend on the
random functions Y 7, &;éi(t) and the dependence structure of €;(j) . Therefore,
the asymptotic expression for By (t) follows by standard arguments and has the
order O(b?). For the variance of ji(t) one can see that, under the assumption
that n — oo, the dominating term is in order O (n~') and is not influenced
asymptotically by the dependence structure of €;(j). More specifically, these

asymptotic properties can be summarized as the following theorem.

Theorem 3.1. Let Y;; be defined by (3.1), (5.3) and (3.4) or (3.5). Assume that
(A1), (A2), (A3), (A4), (K1), (K2), (K3), (K5)and (M1) hold. The estimation of
trend function is defined in (3.10). Moreover, let

n— 00, N =00, b— 0, Nb> = . (3.13)
Then, for any t € [0,1],

Elu(t)] — pu(t) = Chias(t)b* + 0(b?) + O ((Nb) 1)
- Cbias (t)b2 + 0<b2)’

1

Cbias@) = 5///(’5)5@)7

with B(t) defined in (3.12) and all O(-) and o(-) terms uniform in t € [0,1].

Furthermore,

° if0<d<%, then

var[i(t)] = n" ' Coar(t) [L+ O (ND)** 1) + O (b%) + O (Nb) )]
=07 Cr (1) [1+ O (ND)*1) + O ()],

o ifd=0, then
varlji(t)] = n" Char(t) [L+ O (ND)™Y) + 0 (17)],

with o
Cvar(t) = Z )\l(blz (t)a
=1

where all O(-) and o(-) terms are uniform in t € [0, 1].
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Remark 3.1. The arguments in Theorem 3.1 can easily be extended to higher order
kernel estimator. For estimating of derivatives of u(t), one can also easily obtain
the corresponding results. Moreover, the corresponding results can be extended to
local polynomial estimators due to their representation based on asymptotically
equivalent kernels (see e.g. Gasser et al. 1985, Lejeune 1985, Miiller 1987, 1988,
Lejeune and Sarda 1992, Fan 1992, Ruppert and Wand 1994, Feng 1999, 2004).

Remark 3.2. Theorem 3.1 can also be extended to the case of a nonequidistant

design, provided that [i(t) is replaced either by the Nadaraya- Watson estimator

N ] & t—t
o(t) = K il Koo | —2 ) ...

or a local polynomial estimator (see e.g. Fan and Gijbels 1996).

3.2.2 Weak convergence of /i(t) in C0, 1]
We first define two sequences of processes:
Zy n(t) =V (@(t) — Ela(t)]) (¢ € [0,1], n, N €N)
and
Znn(t) = Vn(p(t) — p(t)  (t€[0,1], n, N €N).

Under additional assumptions on the sequence of bandwidth b, weak convergence

of fi(t) in C[0,1] in the supremum norm sense can be obtained as follows.

Theorem 3.2. Suppose that (A1), (A2), (A3), (A4), (K1), (K2), (K3), (K/), (K5)
and (M1) hold. The estimation of trend function is defined in (3.10). Furthermore
let

n— oo, N—=o00,b=by —0 (3.14)

such that
lim inf Np*%/ (124 ¢ (3.15)

for a suitable constant ¢ > 0. Then,

Zg,N(’f) = Z(t) = Z \/)‘_lgbl(t)g
=1
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where ‘=" denotes weak convergence in C|0, 1] equipped with the supremum norm

and ¢ are iid N(0,1) random variables. If in addition
n=ny=o (N‘*éi%) (3.16)
and by (which satisfies (3.15)) is such that
nyby — 0, (3.17)

then

Zun(t) = Z(t) =Y VA1)

Condition (3.15) is required in proving the weak convergence of the error term.
Note that, for 0 < d < %, we have 1+ 2/(1 — 2d) > 3. Therefore, condition (3.15)
implies Nb® — oo as stated in condition (3.13) in Theorem 3.1. Condition (3.17)
is only required to make sure that the bias of fi(t) is in order o (n’%). Combining

conditions (3.15) and (3.17), we have

N

CN 52 < b<<n (3.18)

for some constant C' > 0. In order that (3.18) can be fulfilled by a sequence of
bandwidths by we need (3.16).

Condition (3.16) means that the number of repeated time series n cannot grow
too fast compared to the number of sampling points on each curve N. Clearly, since
the upper bound of n is very small when d — %7 condition (3.16) is an unpleasant
condition. To avoid (3.16) one may prefer to find suitable bias correction methods
to relax condition (3.17). Alternatively, one may find ways to eliminate yu(t) before
calculating other statistics if it plays the role of a nuisance parameter. This is the
case when our focus is on C(s,t) only. Therefore before discussing asymptotic
properties of C' (s,t) we will discuss a simple method for eliminating u(t) in the

next section.

Remark 3.3. We mention the asymptotic results on kernel estimation for single
time series Y; = X(t;) +€(j) (j = 1,2,...,N). As reported by Csérgé and

Mielniczuck (1995), for any fixed rescaled time points 0 < t; < ... < t,, < 1, the
1(tx) — Bt

standardized variables Z%(ty,) = filt) A[PJ( b)) (k = 1,2,...,m) converge in
var(ji(te))
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distribution to independent standard normal random variables. Therefore, it is
impossible to establish weak convergence of the corresponding sequence of continuous

time processes ZS(t) (t € (0,1)) in supremum norm sense.

Remark 3.4. Suppose that the observations consist of only one time series Y;
(j =1,2,....,N). This corresponds to setting n =1 in our case, i.e. Y; =Yy; =
Xi(t;) + e1(j). Since in this case we only observe one (random) curve X,(t) =
)+ Eudi(t), thus > 72, Eugi(t) and X, (t) can be considered as deterministic
trend functions. So i(t) is an estimator of the trend X1(t) = p(t) + >, Eud(t)
instead of p(t). Since only one time series is observed (i.e. n = 1 is fized),
asymptotic properties can be derived for N — oo only. The limiting behavior is

thus determined by the dependence structure of €(j).

Remark 3.5. However, the results differ completely when n (n — oo) indepen-
dent replicates are observed. Note that the replicates are independent, €;(j) +
Yooy adu(ty) consists the (zero mean) random error of Yi; (i = 1,...n, j =
1,...,N). Therefore, the asymptotic distribution of ZgN(t) s dominated by the
contribution of Y ;2 Eau(t;) if (3.14) and (5.15) hold. This is the reason why, in
contrast to the case with n = 1, we can obtain weak convergence of ZgﬁN(t) and

Zon(t) (t €0,1]).

Remark 3.6. It should be emphasized that there is no restriction on n for the
process ZS’N(t). In fact, the influence of the dependence structure of €(j) on the
limit theorem for Z) y(t) is that by must satisfy (3.15). However, condition (3.15)
has nothing to do with n. Therefore, the conditions (3.14) and (3.15) can always
be achieved without any restriction on n and there is no restriction on n for the

process Zy n(t).

Remark 3.7. It may seem that the mean squared error E [(ji(t) — p(t))?] can be
reduced arbitrarily by increasing n only. Obviously, one can reduce the variance
part by increasing n since it is in order O (n~'). However, the bias part which is
in order O (b%;) depends on by and not on n. Since (3.14) and (3.15) imply that

by cannot be chosen arbitrarily small compared to N, the bias cannot be reduced
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Just by increasing n only. In fact, from
Zn,N<t) = Zg,N(t) + \/ﬁ [Obias (t)b?v + O(b?\/)] )

one can see that the sequence \/nb%; has to converge to zero in order to make sure

that the bias is asymptotically negligible. This leads to the restriction (3.16).

3.3 Contrast transformation and the asymptotic distribu-

tion of C(s, 1)

The orthonormal contrast transformation and the asymptotic expected value,
asymptotic variance and the weak convergence of C (s,t) are dixcussed in this

section.

3.3.1 Orthonormal contrast transformation

The most challenging thing in FDA is dimension reduction. This can be done by
considering functional principal component analysis (FPCA) which is based on
the covariance function C(s,t). Therefore, the main quantity of interest in FDA
is C'(s,t). The two-dimensional boundary kernel estimator of C(s,t) defined in
(3.11) is based on
Cije = (Yij — i(t;)) (Yie — iulte)).

As pointed out in previous section, kernel estimation of y(t) leads to an unpleasant
restriction (3.16) on n. Since we are interested in C(s,t) only, u(t) plays the role
of an infinite dimensional nuisance parameter that is of no interest. Therefore, to
avoid (3.16) it is wise to eliminate u(t) before estimating C'(s, t).

The elimination of p(t) can be done without any asymptotic loss of efficiency

(as m — o0) by using orthonormal contrast transformations as follows. Let
1=(1,., )" eRrR"

and

T
C'm:(clmv’“acnm) ER”, mzl,...,n—l
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be such that .
=3 =0
s=1
and

Cm7 Cm E CsmCsm! = 5mm

with 0., denoting the Kronecker delta. This means that c.q, ..., c,_1 build an
orthonormal basis in the subspace which is orthogonal to 17

We then define n — 1 contrast series Y,¢ = (Y,5,,...,Y.S\) by
Y= (cm Y. chz i (m=1,..n—-17=1,.,N)
where Y; = (Y3, ...,Y,;)T are the original observations. Note that
Vi =Xi(tj)+e(y) (i=1,..,nj=1,..,N)

where ¢;(j) is a random deviation from X;(¢;) and X;(t) are random functions

defined by
D+ Cudi(t)
=1

with random coefficients &;. Using the notation &; = (&5, ...,&u)T and €.(j) =
(€1(4), -, €a(4))T, then the contrast transformed random coefficients £¢, and con-

trast transformed errors €, (j) are

Tcn[ C ms gl Z Csmfsl

and
E’IC’TL(]) Cm7 N ZCSMES
Therefore we obtain the contrast series

Yoi=Xot) +en() (m=1-- n-1j=1--- N) (3.19)

where X¢ (-) (m =1,...,n — 1) are the contrast modified functions

:(chm> +Z£;l¢z Zﬁmm
s=1

Thus the trend p(t) is removed.
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Moreover, the covariance functions of X;(t) and X¢ (¢) keep the same. In fact,

this can be seen as follows:

[e.e]

E[X;,(0X5 (0] = Y E[&u,&m,) ou(t)en(t)

l1,lo=1

with .
[ mllgc ’l2:| = Z CslmCSQW’E[§s1l1€s2l2] =0 (ll 3& l2)
s1,52=1
and
E[ fnlgrcn’l] - Z cSlmcS2m/E[€Sll552l] = chmcsm’/\l = <C~ma C~m’> )\l - 5mm’)\l-
s1,82=1 s=1
Thus,
E[XC( ) _5mm ZAICﬁl

which is equal to E[X;(t) Xy (t)] (see (3.2)). Similarly we can obtain cov(€S, (), €., (5')) =
cov(e;(7), € (5"))-

Since €;(7) and &; are assumed to be Gaussian, the contrast transformed model
Y, defined in (3.19) is equivalent in distribution to (i.e. has the same distribution
as) the original model defined in Y;; (3.1) with p(t) = 0, except that n reduces to
n — 1. This equivalence in distribution implies that asymptotic results (as n — 00)
for statistics based on Y5, and Yj; with u(t) = 0 are the same. Therefore, in the

following we may assume that the observed series are given as

Z Emi(l; = Vi = Z Eagi(ty) + €(j), (3.20)

and the covariance estimator (3.11) can be replaced by

t n
’“) n Tty YV, (3.21)
=1

N

A 1 s—t; t
C(S,t) = W Z Kz,b (Tja
Js

k=1

3.3.2 Expected value and variance of C(s,t)

The asymptotic expected value and variance of the two-dimensional boundary

kernel estimation of C(s,t) defined by (3.21) are summarized as follows.
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Theorem 3.3. Let Yj; = Y5 be defined by (5.20) (and (3.1), (3.3), (3.4) or (3.5)).
Assume that (A1), (A2), (A3), (A4), (K1), (K2), (K3), (K5), (K6) and (M2)

hold. The estimation of covariance function is defined in (3.21). Moreover, let
n— 00, N =00, b— 0, Nb> = . (3.22)
Then the following holds:
e if0<d< %, then for any s,t € (0,1),
B[CG0)
iwl + (Nb)* e, Vi(s, t) + O(b%) + o (max { (Nb)**~',v*})
and 7

var [C’(s, t)}

= n_l [2 Z >\l2¢l2(3>¢l2(t) + Z )‘11)\12 [¢l1 (S)qblz (t) + ¢l2 (S)qbll (t)]2]

1<z

+n

=1

e if d =0, then these equations are replaced by
B [Cs.0)] = 3 Mon(s)an(t) + 0
I=1
and
var [é(s, t)}

! [2 DN + D M 00 ()01, (0) + G ()0, (D]

l1<ls

L0 ().,
where all O(-) and o(-) terms are uniform in s,t € [0, 1].

3.3.3 Weak convergence of C(s,t) in [0,1]?

At first we define the following two sequences of processes:

79 (s,) = v/ (é(s,t) _E [é(s, t)D (t,s € [0,1], n, N € N)

FLAND* ey Va(s, 1) Y Mu(s)n(t) + O(1%) + o (max{(Nb)*~',5°})

|
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and

Zun(s.t) = v (C’(s,t) - C’(s,t)) (t,s €[0,1], n, N € N).

Similar to the estimated trend function /i(¢), under additional assumptions, uniform

convergence results can be obtained for the estimated covariance function C(s, t).

Theorem 3.4. Let Y;; = Y be defined by (5.20) (and (3.1), (3.3), (3.4) or (3.5)).
Assume that (A1), (A2), (A3), (A4), (K1), (K2), (K3), (K5), (K6) and (M2)

hold. The estimation of covariance function is defined in (3.21). Furthermore let
n—o00, N—=o00,b=by —0 (3.23)

such that
lim inf Np' ¥/ (1724 > ¢ (3.24)

for a suitable ¢ > 0. Then,
Zy n(s,t) = Z(s,t) = Zy(s,t) + Zo(s, 1)

where “=7 denotes weak convergence in C[0, 1)* equipped with the supremum norm
and Zy, Zy are zero mean Gaussian processes which are independent from each

other, and have covariance functions
cov (Zy(t,s), Z1(t', ") =2 Z Ny (8) () ()i (t)
l

and
cov (Zy(t, s), Za(t', s"))
= D A [0 ()60, (8) + i (5)n, ()] [0 ()i (¢) + G (57) by ()]
l1<ls

Note that there is no restriction on n for sequence Z; y(s,t), which means that
removing p(t) by the contrast transformation achieved its purpose. However, the
asymptotic bias as given in Theorem 3.3, especially the term of order O(b?), needs
to be considered while dealing with sequence Z, y(s,t) .

Since the bias term of order O(b?) comes from the properties of Kjp(u,v) and
C'(s,t) only, the problem of restriction on the growth of n and N can be resolved
by using higher order boundary kernels and imposing additional differentiability

assumptions on C(s,t). Therefore, we introduce the following conditions:
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e (K7) For some [ € N, and all ¢ € [0, 1],
/K}j}t(u)uﬂdu =0 (j=1,2,..,20-1),
0 </Kl(:}t(u)u21du < Ck < 0
where Ck is a suitable constant.
e (M3) C(s,t) € C**+2(0,1)2

It is well known that, under these additional conditions, by using Taylor

expansion we have

i 2 K (S Tk _btk) Oty ) = Cls. ) +0 (b*) + 0 (N0) ).

j?k
If we assume

Nb2l+l — 00,

then the error term O ((Nb)~!) is asymptotically negligible compared to O(b?).

Together with nb* — 0, we have
N~ << b<<nu. (3.25)

Condition (3.25) together with condition (3.24) leads to

n=o (min {Nﬂ%l, RE=T }) . (3.26)

In particular, if C'(s,t) is infinitely differentiable, then we may choose [ arbitrarily

1

large. For instance, for fixed d, we may choose | > =,

n:0<N%>.

thus we have,

Obviously, this is a much better bound than n = o (N 4(1-2d)/ (3*2d)). Moreover, for
fixed d, (3.26) becomes n = o(N?) for [ — oco. These results can be summarized

as the following theorem:

Theorem 3.5. Let Y;; = Y5 be defined by (5.20) (and (3.1), (3.3), (3.4) or (3.5)),
and the conditions of Theorem 3.4 hold. In addition, assume (M3) and (K7) with
[ > 2. Let

n— o0, N—o00,b=by =0 (3.27)
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such that
N — 00, nb* — 0. (3.28)

Then,
Zn,N(‘SJt) = Z(S7t) = Z1(87t> + 22(87t)

where “=” denotes weak convergence in C[0, 1]* equipped with the supremum norm

and Zy, Zy are as in Theorem 3.4.

Remark 3.8. For fized d, the conditions in Theorem 3.5 are much simpler than
in Theorem 3.4. This emphasizes the importance of using higher order kernels

whenever (M3) is applicable and the contrast transformation.

Remark 3.9. In applications it may be worthwhile applying a simple bias correction
of the bias term in the order O ((Nb)2d_1). One can estimation d; and Cy,i from
each independent time series Y,© by using one of the well known methods in the
literature (see e.g. Giraitis et al. 2012, Chapter 8, and Beran et al. 2013, Chapter
5, for a review on estimation of the long-memory parameter). In fact, consistent
estimation s also can be obtained even in the presence of the unknown mean
functions Y~ £up(t;) (see e.g. Beran and Feng 2002a,b, Beran et al. 2013, Chapter
7.4). The estimation of d and c,, can be obtained by averaging, i.e. d=n"! > a@-,
éy=n"1tY 6y
Thus, the bias modified estimate can be given as

C(s,t) = C(s,t) — (Nb)* e, V.

A similar adjustment has been proposed in by Staniswalis and Lee (1998) and Yao
et al. (2003) in the iid context and the authors propose to remove the diagonal
terms Cyj;. Note that removing the diagonal is not sufficient if the errors exhibt
long range dependence. Instead, the complete sum over all covariances - which is

asymptotically of the form (Nb)*=1c,Vy(s,t) - should be removed.

3.4 Simulations

In this section we illustrate the finite behavior of the proposed asymptotic results

in Theorem 3.1 by a simple simulation example. The simulation is designed as
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follows. We consider the very simple case

Yij = u(t;) + &o(t;) + () (3.29)

with the trend
p(t) =10+2t* (t€[0,1))

and only one functional principal component
P(t) = sindnt (t € [0, 1]).

The scores &; are iid standard normal random variables. The error process €;(j)
with variance one are generated as follows: (a) iid N(0,1); (b) AR(1) with lag-one
correlation p = 0.5; (¢) FARIM A(0,0.3,0) process which is a long memory process
with long memory parameter d = 0.3 as discussed in Chapter 2 (see e.g. Granger
and Joyeux 1980, Hosking 1981, Beran 1994, Beran et al. 2013).

The number of sampling points on each curve considered here are chosen as
N = 100, 200, 400, 600, 800, 1000, 2000 and 4000. According to the restriction
(3.16), the number of time series (or sample sizes) ny should be in the order
0 <N %) for the short-range dependent cases (a) and (b) or o <N %> for the long-
range dependent case (c). Thus, ny can be set equal to 10N%% rounded to the
next integer (i.e. ny = 158, 240, 364, 464, 552, 631, 956 and 1450 respectively).

For the kernel estimator fi(t), the rectangular kernel Ky(u) = $1{—1 < u < 1}
is used. The bandwidth b = by is set equal to 0.05N %16 This is because condition
(3.18) should be satisfied. In fact, note that nj =10"Y4AN"%5 and d = 0 (in
case (a) and case (b)) implies N~ 52 = N~5 and d = 0.3 (in case (c)) implies
N~3=2 = N~%. Therefore 0.15 < 0.16 < ¢ implies that (3.18) holds. For each
pair (N,ny), 400 hundred simulations are carried out.

Table 3.1 gives simulated values of standardized integrated variance o% =
ny fol var [[1(t)] dt and standardized integrated mean squared error IMSEyN =
ny fol E[(a(t) — ,u(t))2] dt of [i(t). Note that the integrated squared bias of fi(t)
is in the order O(by) = O(N%6%). The integrated variance of fi(t) is in the
order O (ny') = O(N~6). So the integrated squared bias of fi(t) converges to
zero at a slightly faster rate than the integrated variance of fi(t). Therefore,

the asymptotic values of 0% and IMSFEy obtained from Theorem 3.1 are the
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same, that is 02 = IMSE,, = fol sin®(47t)dt = 3. The results in Table 3.1 show
that this asymptotic value is reached fairly quickly, even if € exhibits strongly

dependence.

3.5 Proofs and tables

3.5.1 Proofs

Proof. (of Theorem 3.1)

Because of the conditions on boundary kernels, it is sufficient to consider interior
points t € (0,1) only. The proof is the same for the two boundary points t = 0
and t = 1 except that 5(f) equals to 3y instead of 3.

For simplicity of presentation we consider the very simple case with only one
basis function ¢(t). Since the principal scores &; (I € N) are independent and
the functions ¢;(¢) (I € N) are orthonormal, the extension to the general case is

straightforward. Therefore, let

}/z'j - M(tj> +§l¢<t]> + Ez(]) (7' = 17 ey 1, ] = 17 7N>

Since the bias neither depends on n nor the temporal dependence structure,

the asymptotic expression for it is standard. In fact,
E[a(t)] — p(t)

% ]Zl ! <t _btj> n”! (Z(M(tj) + &ip(t;) + @(])))] — u(t)

:NinK (555 e = uto

=50 [ Kl x B o) +0 (89))

=k

=z

= LA (OB +olt?) + O (NB) ).

The proof of asymptotic variance consists of decomposing ji(t) — F [i(t)] into
dominated part and remainder part which is asymptotically negligible. Since
under the assumption of long-range dependence the variance of each of the terms

converges to zero at a slower rate than under short-range dependence, it is sufficient
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to consider the case of long-range dependence. Thus, in the following, we assume
that (3.5) holds with 0 < d < 3. Since t € (0,1), we have ¢ € [by, 1 — by] for N
large enough. We then have

i)~ B [a(0] = 5 S8 (5

Since € and ¢ are independent, then

) [Z& )+

var[iu(t)] = n"3(Nb) "2 (A, + Ban)

where

n N T
= (230 (15 00 ).
z;1 ];[1 -
Bn’N:var< ZKl ( ; J)q(j)) .
=1 j=1

For the part A, x we have

b= (St (15)) o (z @)
=n(Nb)*A¢*(t) (1+ 0% + O ((N
For the part B, y we obtain
By = ;var (Z K, (t _btj) a(J'))
:n<a sz( )+;% (t_btj)Kl (“ﬁ))
_n<g ZKz( ) #chm E2K, ( : )Kl (“ﬁ))

= O (n(ND)) + n(Nb)**e, Va(s, )(1 + o(1))

= n(Nb)* e, Vy(s, t)(1 + o(1)).
Thus, as Nby — oo and by — 0,

Uar[ﬂ(t)] = n_Q(Nb)_z (An,N + Bn,N)
=n""A°(t) [L+ O ((Nb)**™') + O(b*) + O ((Nb) )] .
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Proof. (of Theorem 3.2)

As discussed in the proof of Theorem 3.1, it is to sufficient to consider interior
points only. Moreover, it is sufficient to consider the case of long memory, i.e. (3.5)
with 0 < d < 3.

Condition (3.17) is only required to make the bias in the order o <n’%>. Since
this condition (3.17), i.e

Vnb* =0

together with Theorem 3.1 and (3.14) implies

lim v/ sup |E[()] — ()| =0, (3.30)

n—00 te[0,1]

thus, it is sufficient to consider the weak convergence of

Zy n(t) =V (ilt) — E[a(t)]) .-

As discussed in the proof of Theorem 3.1, we may consider the very simple

case with only one basis function ¢(t), i.e.

Let v
erlt) = 7 I (555) ot
Uy = nT2N2 ié}
and a

the sequence Z27 ~(t) can be separated into two independent components

Zu() NbZKl <—> [Zf ) el

= ©n,N,1 (t) + Sn,N,Z(t)

where

Sani(t) =cn(t )\/_un
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and

Sual =Ni2jj (52) et

Firstly, we consider S, y1(t). Since ¢ are Gaussian independent random
variables with mean 0 and variance A, u,, is a standard normal random variable

for all n. For cy(t) we have
[en(s) = en(t)] < [o(t) — @(s)] + C1b° + Co(Nb) ™

where C', C5 are suitable constants not depending on s, ¢t and N. Therefore, for

any A > 0, we have

wa,n(A) = sup [Spnia(s) = Spna(t)]

|s—t|<A

< VA (wy(A) + C1b* + Co(ND) ™) [uy|

where

wy(A) = sup [o(t) — ¢(s)]

|s—t/<A

is the modulus of continuity of ¢(¢). Let 7 > 0. Then, we have
P (wnn(8) > 7) < P (VA (wg(A) + C1t + Co(ND) ™) Jun| > 7)

Taking the limsup over n and N of the two hand sides such that conditions (3.14)
and (3.17) hold, we have

limsupP (w, y(A) > 7) < 2 [1 -9 <7'w;1(A))\_%>] .

n,N
where ® denotes the cumulative standard normal distribution. Since ¢(t) is

uniformly continuous on [0, 1], we obtain
lim lim supP (w, y(A) > 7) = 0.
A—0 n,N
Theorem 7.5 in Billingsley (1999, p. 84) then implies
Snuna(t) = \/_¢( )¢ (3.31)

where ( is a standard normal random variable.
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Secondly, for S, y2(t), note that the error term e, (j) (j € N) is a zero mean

stationary Gaussian process with autocovariance function

Ye(k) = 7e(k) ~ C’YkZd_l'

k—o00
Now we show that S, x2(t) converges weakly to the zero process ¢°(t) = 0 in C/0, 1]
equipped with the supremum norm. Since S, n2(t) € C[0,1] and ¢°(¢) € C|0, 1],
convergence in the supremum norm is equivalent to convergence in the Skorohod
norm. Thus, it is sufficient to derive the weak convergence in the Skorohod metric.

First we show convergence of finite dimensional distributions. Note that

var (Spya(t)) = (Nb)~2 i K, (%) K, (t _btj') ve(j =)

J3'=1

= (Nb)Qd_lCWVd(t, t) + TN(t)

with

lim(Nb) 24 sup ry(t) =0
N te[0,1]

where the limit N — 0o, b = by — 0 is taken such that (3.14) and (3.17) hold.

Therefore, we have

sup var (Spn2(t)) < Coar(ND)*1 (0 > ng, N > Ny),

tel0,1]
for ng € N and Ny € N large enough and a suitable constant 0 < C,, < 00. Since
€ is long-range dependent i.e. 0 < d < %, this implies that, for all p € N, ¢4,...,%, €
[0,1], (Suna2(t1), .., Snna(ty))” converges in probability and in distribution to the
p-dimensional zero vector (0, ...,0)T.

Now we consider tightness of S, y2(t) (¢ € [0,1]). To show tightness note that

E [(Suna(s) = Suva(t)’]

_ (o (iKl<S;tj)n% VR WA ei<j>>2

i=1 J =1

<R3t = )2 AND) 2D e — k)

Gk=1
< Ot — 5)?b2(Nb)2—1
_ C (t . 8)2 (Nb1+2/(1—2d)>

2d—1
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where

k= sup |Kj(u)l
u€[—1,1]

and C' is a suitable constant not depending on s, £, n and N. Therefore, assumption

(3.15) implies that there is a finite constant C* such that
E [(Snnva(s) = Snna(t)?] < C*(t—s)* (t,s€(0,1).

Thus, tightness of S,, x2(t) (¢ € [0,1]) and weak convergence of S, y2(t) to (°(t) =0
in the Skorohod topology follows from Theorem 13.5 in Billingsley (1999, p. 142).
This together with (3.31) implies

Zn (1) = V()G
As discussed above, the additional condition (3.17) and (3.30) then implies
Za () = VAS(1)C.

For the general case with an arbitrary number of basis functions ¢;(t), the

corresponding results can be obtained similarly. O

Proof. (of Theorem 3.3)

As discussed in the proof of Theorem 3.1, for simplicity of presentation only
interior points will be discussed explicitly, since this issue only matters for the
definition of V,(s,t). Moreover, it is sufficient to consider the long memory case,
e (3.5) with 0 <d < % Also, for simplicity of presentation, we first consider the

case with only one basis function ¢(¢;).
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For the expected value of C(s,t), we have

BIC(s.1)
S i s (S5 5 07 X ot + ) Eotn) + )
- i k(S5 5 (S55) petow) +.0 - 0
- A{Nibiz( (*52) as(m} {ibiff (55 ¢<tk>}
+ (Nlb)Q i K, (S btﬂ) K, <t_btk e — k)

= A(s5)p(t) [1 + O(*) + O((Nb)™M)] + (Nb)** e, Va(s, t) [L + O((Nb)™H)]
= Ag(s)p(t) + O(b*) + O ((Nb)* )

where the error terms O(b?) and O ((Nb)**~!) are uniform in s,t € (0, 1).

The variance of C'(s, t) is of the form

N S—t, t—t n
Y VT -1
ZK2( AT )n ;YEJ‘YM}

jk=1

A

var[C(s,t)] = ﬁvar {

=: (Nb) ™ *ntAn(s,1).
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Since, for ¢ # 7', the process Y;(t) is independent of the process Y (), we have

AN(S, t)

—t; t—t
=var{ZK2(S T k) Yinik}
7,k

s—t; t—t S—ty T —ty
= ZK2( ) bk>K2( — b’“)Eminj/m

]k7jl7k,
t: t—1 ’
Y R () By
A b b
Jsk
s—t; t—tk s— 1ty t—tk/
=F g K J K. J
[..2<b’b)2<b’b>
Jikg' K

- (§0(t5) + €(h))(Eo(tr) + (k) (Eb(t) + €(5))(EP(tw) + €(K))]

RabEl |

=An1+Ano+Ans+ Ana + Ans + Anve + An7 + Ansg — (Ano + Anio)?

: ; . %) (Eo(t;) + €(h)) (€ (tr) + €(k))

where

AN’IZE[g]]];k,KZ(S L) K (SRS etestmotyotn)
e A 3 Ko (35255 & (252 55 stpot B ew)
s A B K (5255 ) e () sttoten Bbw)
Ao =A 3 Ko (35255 ke (5251 attotte) Bl
Ans =2 3 K (S5 5% w (252 55 oot Bl
Ao =A 3 Ko (352555 ) & (S5 5 st Bl
Avz =2 3 K (52555 ke (555 ettotte) Bl

Ana= 3 g () ke (S5 ) Bleeel )]
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Axo = {Zm (*5°) ¢<tj>} {ZK (5%) ¢<tk>},

s—t; t—1 ,
AN,IOZZKQ( b o b k)%(J_k)-
jik

Since E[¢%] = 3)\?, and for t # s and N large enough, we have
> (M) e (T ) sttststeyotn)

VL

= (Nb)*¢*(t)¢"(s) [L + O(b") + O (Nb) )] |

and

we thus obtain
Ay = (Nb)*3X*¢*(t)$*(s) [L4+ O(b*) + O (Nb)™1)]
= (ND)'3N*¢*(1)¢°(s) [ + o(1)].
Similarly, for ¢ = s, we have

() (5o

=(NO*$* (K * [1+ O0%) + O ((Nb) )]

so that again we obtain

Ay = (Nb)3X*¢*(t)*(s) [L+ O(b*) + O (Nb)™1)] .
Analogous arguments imply that the terms Ay ; (7 = 2,...,8) are of the order
0 ((Nb)*) and hence asymptotically negligible, with Ay ; (j = 2,...,7) being of the
order O ((Nb)*2?71) and Ay g of the order o ((Nb)***71). For example, for Ay,

and t # s, we have

> () K (S5 5 sttot Bl

[ (55 s} {5 (55

T
= (N0)*¢()e(s) [1 + O() + O (Nb) )] (ND)*™ e, Va(s, t)[1 + o(1)]
= (Nb)* " p(t)¢(s) [L+O*) + O (Nb)™")] ey Va(s, t) [1 + o(1)]
= O (b))

(ND)')
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the last equality following from 0 < d < % For Ay 10 we obtain

s—1t; t—1 )
Avio = S (S5 ) i - ) = (NP4 Vi, ) 1+ o)
J,k

thus
A% 10 = O ((Nb)*H) = o ((Nb)* (ND)*7).

Finally, for Ay, similarly we have,

Ana =AY K (525 olton)
g,k

= (Nb)*Ag(t)o(s) [1+ OB*) + O ((Nb)™1)]

so that
Al = (ND)'N26%(1)¢*(s) [1 + o(1)]

and

(Ang + Ani0)” = (ND)*'N*¢* ()¢ (s)[1 + o(1)]
+ (ND) 241220 (t) () Va(s, 1) [1 4 (1))

In conclude, we have

An(s,t) = (Nb)*2)\*¢* (1) §°(s)
+ (Nb)* [(ND)* e, Vy(s, t) Ad(s)p(t) + O(b%) + o (max { (Nb)** ™, b*})]

and hence

var[C (s, t)] = n~'222¢%(t)¢?(s)
+nt [(Nb)Qd_lélcVVd(s, HAG(s)o(t) + O(b*) + o (max {(Nb)zd_l, bz})} )

In the general case with an arbitrary number of basis functions ¢;(t), the
analogous arguments are applicable except that there is only one place should be
changed. That is the variance of C(s, ) with (Nb)™* (An,1 — AR y) containing the

additional asymptotically non-negligible (mixed) term

Z )‘11)‘12 [¢l1 (S)¢12 (t) + ¢12 (8)¢l1 <t>]2 .

l1<12
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Proof. (of Theorem 3.4)

As discussed in the proof of Theorem 3.1, for simplicity of presentation, only
interior points will be discussed explicitly. For boundary points nothing will be
changed except the expression for Vy(s,t). Moreover, it is sufficient to consider the
long memory case, i.e. (3.5) with 0 < d < % Also, for simplicity of presentation,
we again mainly present the proof for the model with one basis function ¢(¢) only.

Defining the following notations

n

Go=n"2) (€-)),

=1

enl _n 22&@

and
n

en2( k) =n"2 Y ei(j)eik) — (i — k).

i=1
For the sequence of processes ZY an(8,1), we have the following decomposition

NG (é<s, t) — B[C(s, t)]) = Sp1(5,8) + Sna(5,) + Sps(s,t) + Suals,t)

where
1 s—t; t—1
Suals t>={(Nb)2];1KQ( S ) ool >} G
R s—t; t—t
N s—t t—t
Sn3(5t kz ( b k) P(tr) - en1(f)
and

i t—1g .
Sn4(8 t Nb Z K2 ( b > . en?g(.], k)

As discussed in the proof of Theorem 3.2, since S, 1(s,t) € C[0,1]%, S,a(s,t) €
C[0,1)%, Sna(s,t) € C[0,1]? and S, 4(s,t) € C[0,1]* (s,t € [0,1]) it is sufficient to
show weak convergence in the Skorohod metric for each of them.

Convergence of finite dimensional distributions can be derived straight. For

example, for S, ;(s,t), we have

var((y) = 2X°
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and

= ¢(s)o(t) + O (b°) + O ((ND) ™)
with uniformly bounded errors. Thus
var (Spa(s,t)) = 2X%¢*(s)¢°(t) [+ O(b*) + O ((Nb)™)]

converges to 2A\%2¢?(s)¢?(t) uniformly in s € [0,1] and ¢ € [0, 1].

For S, 2(s,t), we have

var (Sp2(s, 1))
N
_4 S—tj t—tk S—tj/ t—tk/
= E K
(VD) . _1K2( b b ) 2( b b

~P(ty)p(tj)cov (ena(k), en1(K)) .

Now, since
cov (ep1(k), en1 (k) = Mye (k — k') = ey |k — |24t

and Ks(u,v) = K;(u)K;(v) so

var (Sya(s, 1)) = A {%ZN;JQ (S - tj) qb(tj)}
- (Nb)~2 i K, (t_bt’“> Kl(

k,k'=1

= (ND)* "N\ (5)¢ (t) ¢, Va(s, ) [L+ O (b*) + O ((Nb) )]

which converges to zero uniformly in s € [0,1] and ¢ € [0, 1]. The same arguments
apply to S,.3(s,t).
Finally, for S, 4(s,t), we note that
cov (en2(J, k), en2(i", k')
= cov (e(j)e(k), e(5")e(k"))
= 7e(d = )k = K) +7e(F = K)ve(k = 5").



CHAPTER 3. ESTIMATION OF TREND pu(T) AND COVARIANCE C(S,T) 48

By similar arguments as before this leads to
var (Spa(s,t)) = (Nb)4d_2263/1/:f(s,t) [1 +O(b*) + 0O ((Nb)_l)] )

We thus derive for S, 2(s,t), Sn3(s,t) and S, 4(s,t) convergence of finite di-
mensional distributions to zero. However, for S, 1(s,t) we have for any p € N,

u® = (uf’,uf)) € 0,1 (i = 1,..., p),
\/ﬁ <Sn,1(ugl)7 ug”) - C(ugl)v ugl))a Xz} Sn,l(ugp)’ ugp)) - O(ugp)7 ugp)>>
VoA [0 (") o () 10 () 0 (7)) ¢

where ( is a standard noraml random variable.

As discussed in Theorem 3.2, with respect to tightness in the supremum norm,
it is sufficient to show tightness in the Skorohod metric. For example, we consider
Sna(t,s) which is the term with the slowest rate of convergence. For any A > 0,

let u = (u1,us), v = (v1,v9) € [0,1]* with Euclidian distance ||u — v|| < A. Then,

we have
N
1 V1 — t Vg — tk .
Sn ) = K. ]; *€En ak
4(v1,v9) (Nb)2 Z 2( b b ) en2(j, k)
7,k=1
N
1 U1 — t; Ug — tk X
= K J * n k
(Nb)2 Z 2 < b ) b ) € ,2(]7 )
7,k=1
1 o9 ui —t; us—t
b*l K 1 Y 2 = Uk e, "
+ (ND)? ij_: s 2 < b b en2(j; k)
1 o9 uit —t; ust—t
b—l K 1 Y 2 — Yk e ik
+ (ND)? ij:1 O 2 ( b b en2(J; k)
where max {||u* —v||, [[u™ — |} < A with v* = (u},u}) and u* = (uj*, ud").
Using the notation
K sup ma 0 Ky (xq, x2) 0 Ky (xq, x2)
pr— X —_— —
xl,mze[}iLI] 85171 2\4154L2) 1 5372 2\41, L2 )
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we obtain the upper bound

E [||Sn,4(U1,U2) - Sn,4(111,02)||2}
2Nb

< Ju—oP(NO) 70246 Y e = ) ve(k = ) e = K )ye(k = )]

kg k=1
< C(Nb)" 272452 A2
¢ (Nb1+2/(1—2d))4d_2 4/{2} A2

where C' is a suitable finite constant not depending on s, ¢, n and N. Thus

assumption (3.24) implies that there is a finite constant C* such that
E [[|Sna(w) = Sua(0)lI”] < C[lu— vf|*.

Therefore tightness of S, 4(s,t) (s,t € [0,1]?) is derived and the weak convergence
of Sp.4(s,t) to 0 in the Skorohod metric follows from Theorem 13.5 in Billingsley
(1999, p. 142). Similarly it follows that S, 2(s,t) and S, 3(s,t) are tight and
converge to 0 in the Skorohod metric.

Finally, for S, 1(s,t), convergence in the supremum norm in C|0, 1]? can be
shown directly by noting that (,, converges in distribution to a standard normal

random variable and
Sn,l (57 t) = CN(Sa t)Cn

where

exls) = e 3 H (S5 ot
and, with u = (uy, us), v = (v1, v2),
len(u) = en (V)] < o(ur)d(uz) — d(v1)d(va)] + Crb? + Co(ND) ™

with suitable constants C;, C5 not depending on s, t, n and N. Therefore, for

|u —v|| <A, we have

wn,N(A)

= sup |Sn,N,1(U1>U2)_Sn,N,1(1)17U2)|
|lu—v|<A

S (UJ¢7¢(A) + Olb2 + 02<Nb)_1) |<n|
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where

wys(A) = sup [p(u1)g(uz) — d(v1)d(v2)]

lu—v]<A

is the modulus of continuity of ¢(-)¢(-). For 7 > 0 we have

.
P (w, n(A < P (|G| > )
e (B) = 7)< ('C STV Ca(Nbrl)
Taking the limsup over n and N of the two hand sides such that conditions (3.23)
and (3.24) hold, we then have

lim supP (wn n(A) > 7) < 2 (1 — P ( T )) .

nN ws,6(A)
Since ¢(t) is uniformly continuous, let A — 0, we have
lim lim supP (w, y(A) > 7) = 0.
A—0 n,N

Then theorem 7.5 in Billingsley (1999, p. 84) implies
Snva(s,t) = V2X6()d(t)¢

where ( is a standard normal random variable.

For the general case with an arbitrary number of components ¢;(t) (I € N), we

can write
N oy
51005 = (g 2 1 (525 Gt + Gaalt )
= n71;1(57 t) + Sn71;2(57 t)
with

Cng =1~ QZZ — M) u(t;)ulte),

<n 9 ="n 2 Z Z 51l1§212¢l1 ¢l2 (tk)

i=1 11 #l2

It is easy to see that, for all s, t, §', t/, we have

cov (Sp1.1(8,t), Sp1a(s,t) =0

n—o0

lim cov (Sp,1,1(8, 1), Sn,l;l(slv t') =2 Z >‘l2¢l(3)¢l(t)¢l(3/)¢l(t,)
l
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and

lim cov (Sp1.2(8,t), Sn12(s', 1))

n—o0

= Z A Ay [¢l1 <S)¢l2 (t) + o, (5)¢11 (t>] [92511 (8/)¢l2 (t/) + P, (S/)(bll (t/)]‘

l1<lg
Tightness of S, 1.1(t, s) and S, 1.2(¢, s) follows by analogous arguments as for the

simple case with one basis function we discussed before. ]

Proof. (of Theorem 3.5) The proof is analogous to the derivation of Theorem 3.4,

and is therefore omitted. O]

3.5.2 Tables

(@ (b)) () | (@ (b) (o
N =100,n =158 | 0.683 0.933 0.722 | 0.687 0.937 0.726

N =200,n=240 | 0.602 0.762 0.645 | 0.606 0.766 0.648
N =400, n =364 | 0.551 0.663 0.587 | 0.554 0.667 0.590
N =600, n =464 | 0.528 0.618 0.570 | 0.532 0.622 0.574
N =800, n =552 | 0.521 0.591 0.554 | 0.525 0.596 0.558
N =1000, n =631 | 0.512 0.567 0.540 | 0.517 0.571 0.544

N =2000, n =956 | 0.504 0.535 0.523 | 0.508 0.539 0.528

N =4000, n = 1450 | 0.494 0.514 0.509 | 0.499 0.519 0.513

Table 3.1: Simulated values of the standardized integrated variance o3, = ny fol var [[i(t)] dt and
the standardized integrated mean squared error IMSEN = ny fol E [(ﬂ(t) - ,u(t))ﬂ dt. The
results are based on 400 simulations of Y;; = u(t;) + &é(t;) + €:(j) with p(t) = 10 + 2t2, ¢(t) =
sindmt, &; iid N(0,1) variables and ¢;(j) with variance one generated by one of the following
processes: (a) iid N(0,1); (b) AR(1) with lag-one correlation p = 0.5; (¢) FARIM A(0,0.3,0)

process.
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Chapter 4

Estimation of eigenvalues ),

eigenfunctions ¢(t), and scores ¢

As discussed in Chapter 3, observations in functional data analysis (FDA) are often
perturbed by random noise. The random noise may exhibit weakly dependence
or strongly dependence. In this chapter we consider estimation of eigenvalues \;,
eigenfunctions (functional principal components) ¢;(¢) and functional principal
component scores &; in a FDA model which is perturbed by short- or long-range
dependent error process. The corresponding estimators are based on the two-
dimensional boundary kernel estimator of covariance C(s,t) of the underlying
random curve X (t) € L?[0,1] which generates the observations (after orthonormal
contrast transformation of the observations) (see Chapter 3). As it turns out, the
asymptotic distribution of estimated eigenvalues A, and estimated eigenfunctions
Q@l(t) does not depend on the dependence structure of the error process. Although
{él(zﬁ)} (I € N) do not have independent property, the joint asymptotic distribution
of them for both short and long memory error process are also the same. However,
this is not the case for the estimated functional principal component scores éﬂ.
In fact, the rate of convergence and the asymptotic distribution of {le} (l eN)
differ distinctly between the cases of short- and long-range dependence. Somewhat
surprisingly, under long-range dependence, fil, élg, ... are no longer independent.
A simulation example illustrates the asymptotic properties of A and él (t). This

chapter is based on our previous work in Beran and Liu (2016).

93
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4.1 Estimators

Throughout this chapter, observations are still assumed to be of the form (3.1),
(3.3), (3.4) or (3.5) as that in Chapter 3.
Recall that the one-dimensional kernel estimation of trend function pu(t) of the

underlying random curve X (¢) € L?[0, 1] is defined as in (3.6), i.e.

1 t—t n
~ _ K Y —1 Y
0= 352 ( b )n >,

where Y;; (i = 1,...,n, j = 1,...,N) are the observations, n is the number of

random curves, N is the number of sampling points on each curve, t; = j/N
denotes the rescaled times, K;(t) is the one-dimensional kernel function with
support [—1,1] and b = by > 0 is a bandwidth. The two-dimensional kernel

estimation of covariance function C(s,t) of X () is given in (3.7), i.e.

Clovt) = o O Ko (S5 5 )t S )0 — i)

k=1 i=1
where Ks(s,t) is a two-dimensional kernel function with support [—1,1]? and
b= by > 0is a bandwidth.

As pointed out in Chapter 3, since p(t) plays the role of a nuisance parameter
that is of no interest when the focus is on C(s,t) only, it is wise to remover ()
before estimating C'(s,t). Eliminating of x(¢) can be done without any asymptotic
loss of efficiency (as n — 00) by using orthonormal contrasts. In the sense that,
under the Gaussian assumption, the transformed model is equivalent in distribution
to the original model with p(t) = 0, except that n reduces to n — 1. Therefore, we

assume that p(t) to be known and identically equal to zero, i.e.

Yii=Y Cadu(t) + e()).
=1

To deal with the boundary effect in kernel regression, the boundary kernel is
used as discussed in Chapter 3. In order to relax the restriction between n and
N, higher order kernels are used and additional differentiability assumptions on

C(s,t) are imposed while estimating it (see Chapter 3 or Beran and Liu 2014).
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Therefore, after the orthonormal contrast transformation of the original obser-

vations, the covariance estimator is given as in (3.21):

N n

. 1 s—t; t—1 _1§ :
C(S7t) = (Nb)Q 2 : K2,b ( b ]7T) n Y;jifilﬁ

k=1 =1

where Ky ,(s,t) is a two-dimensional boundary higher order kernel function.

The eigenvalues A, and eigenfunctions (functional principal components) ¢;(t)

of the covariance operator C with kernel C(s,t) are estimated from
1
| Cs.intsias =) (@)
0

where fol G2(t)dt =1 and fol G1(t)m (t)dt = 0 for m < I. Note that (4.1) follows

from the Mercer’s Theorem (see Chapter 2) on the estimated covairance
Cls,t) =Y Mdi(s)du(t) (s, €[0,1]). (4.2)
l

The functional principal component scores &; are estimated by

N
o= N"Y;, o0y = N Yioulty), (4.3)
j=1

. . . T
with t] = J/N7 }/; = (}/;17 "'7}/;N)T7 and ¢l' - <¢l(tl)7 sy ¢l<tj)> .
Note that, since the error processes €;(j) are existing and not independent,
cov(Yyj, Yi) = cov (X (t;), X (t)) + cov(€i()), €(k))
= C(tj,te) +7.(j — k)
means that qgl(t), 5\1 and fil based on Y;; differ from the corresponding estimates

obtained from X, (¢;). One of the questions answered in the following will be in

how far the effect of €;(j) is asymptotically negligible.

4.2 Asymptotic properties of \ and qg(t)

In this section we study asymptotic distribution of estimated eigenvalues N and
asymptotic distribution and joint asymptotic distribution of estimated eigenfunc-

tions ¢;(t) defined by (4.1) and (4.2).
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4.2.1 Assumptions and notations
At first, we introduce some assumptions and notations.

e (Al) Assume that the eigenvalues are non-negative and identifiable. That is,

for the first p largest eigenvalues, we have A\; > Ao > ... > A\, > A\, 11 > 0.

e (A2) Since eigenfunctions are determined only up to a sign, we assume without

loss of generality that the signs of (ﬁl(t) are adjusted in the correct direction.
That is sign (<ng5;, ¢l>> =1lforl=1,...p

e (N1) Let H be a separable Hilbert space with inner product (-,-) which

generates the norm || - ||.

e (N2) Denote by L the space of bounded linear operators on H, equipped with
the norm ||T||, = SUp| f(<1 IT(f)]-

e (N3) Define the operator (g ® h) by (g @ h)(f) = (g, f)h for f,g,h € H.

e (N4) Denote by S the separable Hilbert space of Hilbert-Schmidt opera-
tors on H, equipped with the Hilbert-Schmidt inner product (T4, To)s =
trace(TiT2) = > (Tiu;, Touy) (T, Ty € S) and the norm || T|[s = /(T, T)s

(T € S), where {u; : j > 1} is any complete orthonormal system in H.

e (N5) The covariance operators C and C generated by the true covariance
function C (s t) and the estimated covariance eigenfunction C(s,t) are defined
as C(f fo s)ds and C fo s)ds respectively. It
is obvious that C and C are symmetric and posatwe—deﬁnlte Hilbert-Schmidt
operators so they admit the decompositions C(f) = > 2, ([, ¢)¢é and
C(f) = S22, M(f, &)y respectively with orthonormal ¢; (I € N) and ¢
(I € N) which are the eigenfunctions of C and C, i.e. C(¢) = A\ and
C(d) = M.

e (N6) Define the orthooonal projection operators from L?[0, 1] onto the sub-
spaces spanned by the true eigenfunction ¢;(¢) and the estimated eigenfunction

qASl (t) respectively,

P, = ¢ ® ¢, Pzzqgl@)ngz, leN.
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4.2.2 Lemmas

To derive asymptotic properties of estimated eigenvalues M and estimated eigen-
functions q@l(t) , the following several lemmas will be used. First we consider weak

convergence of sequence of operators
Z, =n'*(C - Q)
which can be easily obtained from Theorem 3.5:

Lemma 4.1. Suppose the assumptions in Theorem 3.5 hold. Then there exist iid

standard normal random variables (1, (l1,lo € N) such that
Z,=7Z (n— )
where Z s the operator
Z= Z VAL (61, ® bu, + P, @ Gy )Gy + \/52 (o @ ¢r)Cu (4.4)

l1<ls l

and ‘=" denotes weak convergence in S equipped with the norm || - ||s.

Lemma 4.1 together with the results in Dauxois et al. (1982), Bosq (2000),
Dunford and Schwartz (1988), and Kato (1976) implies consistency of P;:

Lemma 4.2. Let A, ¢i(t) (I € N) be defined by (4.1) and (4.2), and suppose that
the assumptions of Lemma 4.1 hold. Moreover, (A1) and (A2) hold. Then, for
each l € {1,...,p}, we have

foi-p], -0,

Remark 4.1. The assumptions in Lemma 4.2 can be generalized a little bit.
Suppose that \y > A1 (I € N). For a given threshold ¢y > 0, let I C N denote
the (finite) set of indices such that \; > ¢y and Ay > N\jy1 (L € I). Then, for each
[ € I, we have the same results about projection operators as that in Lemma 4.2.
The assumptions in the following lemmas and theorems in this chapter can also be

generalized similarly and the corresponding results hold.

We now can formulate a consistency of \; which are defined in (4.1) and (4.2),
the consistency of ¢;(t) in (4.1) and (4.2) in the L? norm || - ||, and the uniform

consistency of ¢;(t) on [0, 1]:
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Lemma 4.3. Under the assumptions of Lemma 4.2. Then, forl € {1,...,p}, we

have
A= N = O,(n71?), (4.5)
&1 — ¢il| = Op(n™"72), (4.6)

and
sup |i(t) — i(t)] = Op(n~"/?). (4.7)

te(0,1]
Remark 4.2. The rates in (4.5), (4.6) and (4.7) are direct consequences of the

rate in Lemma 4.1.

To derive asymptotic properties of N and ngﬁl (t), the following Lemma 4.4
about the convergence of P, will also be used. It can be proved by extending
the approaches in Dauxois et al. (1982), Dunford and Schwartz (1988), and Bosq
(2000) to FDA processes with random perturbations.

Lemma 4.4. Under the assumptions of Lemma 4.2, andl € {1, ..., p}, nl/Q(f’l—Pl)

converges weakly in S to a Gaussian random element with mean zero.

4.2.3 CLT for A and ¢(t)

Asymptotic normality of n!/ Q(f’l — P;) implies a central limit theorem for the

estimated eigenvalues and eigenfunctions:

Theorem 4.1. Assume that the assumptions of Lemma 4.2 hold, and [ € {1, ..., p}.
Then
’I’L1/2 <;\l — /\l> —d \/5/\5@1, (48)

and

n2 (Gut) = aut))
= Z(t) = Z Ve v — M) oG + Z VAN =) kG (4.9)

k:k>1 k:k<l
where ‘=" denotes weak convergence in C|0, 1] equipped with the supremum norm,

and C;; are wd standard normal variables.
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Remark 4.3. These results coincide with those in Dauzois et al. (1982) (see
Proposition 8 and Proposition 10) where the estimation based on the directly
observed random curves X;(t) is considered. However, since the functions X;(t)
are not observed directly, the situation considered here is more complicated. This
leads to additional conditions as stated in (3.16) that the number of replicates n
should not increase too fast compared with the number of sampling points on each
curve N. As discussed in Chapter 3 or in Beran and Liu (2014), in order to relax
this unpleasant restriction, we need to use higher order kernels while estimating the
covariance and impose differentiable properties on the covariance. On the other
hand, from the improved condition (3.26), we can see that, for fized estimated long
memory parameter d, even with the “best” kernels the number of replicates cannot

grow faster than o(N?).

Remark 4.4. The spacings of eigenvalues influence the asymptotic distribution of
q@l(t). However, the asymptotic distribution of N does not depend on the spacing

of the eigenvalues.

The following Theorem 4.2 gives the asymptotic joint distribution of the

estimated eigenfunctions ¢ (1).

Theorem 4.2. Suppose the assumptions from Lemma 4.2 hold, then for any p
which satisfies (A1),

Vi (61(0) = 61(0), - 8y(0) = 65(0)) = (A1), . Z(0)T (410)
with
Zi(t) = > VA = M) T kG + Y VAN — M) Gk
Moreover, o o
cov(Z(s), Z)(t)) = k% M — AR) 2 ou(s)du(t)
and

COU(le (t)v le(t)) = _>\ll>\l2<)\l1 - )‘12)72(2511 (S)¢lz (t> (ll 7é l2)
where (, are 1id standard normal random variables for k : k > 1, (y are iid

standard normal random variables for k : k < I, (i are independent of (, and

“=7” denotes weak convergence in C'|0, 1]2 equipped with the supremum norm.
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Remark 4.5. There is no asymptotic independence property of estimated eigen-

functions.

4.3 Asymptotic properties of é

Our aim here is to discuss asymptotic properties of the estimated principal com-
ponent scores &; defined in (4.3). In contrast to Ay, ¢;(t), the rate of convergence
and asymptotic distribution of é;l differ distinctly, depending on whether we have
short- or long-range dependent errors. Moreover the different score estimators
£i17él‘27 ... are no longer independent for long-range dependent case. First we

consider short-range dependence.

4.3.1 Short memory case

Theorem 4.3. Assume that the assumptions of Lemma 4.2 hold, and

D (k)| < oo

k=—00

Define
Gin = (Gignsts -5 Cz‘,n;p)T =VN (éu —&ily s éi,p — §z‘,p>T 1=1,...,n.
Then, for eachi=1,...,n,
Gin 7 (~N(0,V)

where Vi, =0 (I3 # 1s) and Vi = 21 f(0), with V = [V},;,]

li,l2=1,...,p"

4.3.2 Long memory case

The following Theorem 4.4 shows that a completely different result is obtained for

strongly dependent error processes.

Theorem 4.4. Assume that the assumptions of Lemma 4.2 hold, and
(k) = cov (6Dl + R~k

for some 0 < ¢y, <00, 0<d< % Furthermore let

1 1
sz%/L/NkWWA%WMMWW%(h&szm
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and
L_q/(-~ A T
Gin = N2 (fi,l — &is e Sip — fz‘,p) .
Then, for each 1,

with V' = [‘/1112]11712:1

----- Y2

Remark 4.6. It is worth noting that, compared to the case of short-range depen-
dence, long-range dependence leads to a slower rate of convergence of éﬂ. Moreover,
for the long-range dependent errors, éill and &2 (I1 # l3) are no longer asymptoti-
cally independent. The strength of the dependence depends on the long memory

parameter d and the eigenfunctions ¢;(t).

4.4 Simulations

To illustrate the asymptotic results of estimated eigenvalues A\ and estimated
eigenfunctions ggl(t), we set up the following simulation. We consider the simple

model with only two basis functions defined by

Yi; = Xz’(tj)+€z‘(j) = §z‘1¢1(tj)+§i2¢2(tj)+€i(j) (Z =1,.,n;5=1,..,N;t; = J/N)
(4.11)
with
&1~ N(0,\) = N(0,4),
&2 ~ N(0, ) = N(0,2)

and

¢1(t) = V2 cos(t),
da(t) = V2 cos(2t).

Similar to the simulation design in Chapter 3, the error process ¢;(j) is assumed
to have variance one and is generated by one of the following processes: (a) iid
N(0,1); (b) AR(1) process with lag-one correlation p = 0.5; (¢) FARIMA(O0, d, 0)
process with long memory parameter d = 0.3. Note that in the two short memory

cases (a) and (b), d = 0. The number of sampling points on each cure N are
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chosen as 100, 200, 400, 600, 800, 1000, 1500 and 2000. Then according to the
conditions in Theorem 4.1 (or Theorem 3.5), the number of sampling points on
each curve ny can be set equal to n = 10N%5 rounded to the next integer (i.e.
n = 158, 240, 364, 464, 552, 631, 805 and 956 respectively).

For each pair (N,ny), 200 simulations were carried out. For each simulated
series, A, and ¢;(t) are calculated using kernel estimator C(s, ) defined by (3.21)
based on the bandwidth b = by = 0.05N %1 and product kernel Ky(u,v) =
Ko (u) Ky (v) with K, (u) = 11{~1 < u < 1}. Note that ny' = 10"/AN-015 5o
the conditions in Theorem 4.1 hold. In order to save calculation time, we set the
gird of C(s, 1) equal to 500, i.e. the discrete matrix C(s;, ;) (j,k = 1,...,500) with
s; = j/500 and t;, = k/500 is obtained for each simulation. The corresponding
eigenvalues and eigenfunctions which are in discrete forms (eigenvectors) with

dimension 500 are calculated from the discrete matrix C(s;, ) (4, k = 1, ..., 500).

According to Theorem 4.1, we have
N (Xl — /\1> —N(0,32),

N (Xz . Ag) —N(0,8)

and
112 (Gt = n(t)) = N (0, Mdoh = 2o) 263(1) = N (0, 4cos? (2nt)

02 (da(t) = 62(8)) = N (0, XM (A = M) 7262(1)) = N (0, 4cos? ()

Therefore, the theoretical asymptotic values of the standardized squared bias
B n = ny[E(A) — A%, variance o N = nyvar(\) and mean squared error
MSEy, n = nyE[(M — M\)? = B}y + 03, y of A should be 0, 32 and 32
respectively. The simulated values of B, y, 03, y and MSE}), y given in Table
4.1 essentially agree with the theoretical values. The simulation results also show
that, under long memory error process (c) with d = 0.3 € (0, 3), the bias By,
appears to converge to zero at a slower rate than for the two short memory error
processes (a) and (b) with d = 0. In fact, it can be seen that, in the example
considered here, the bias term B), x is dominated by the variance term 0/2\17 N SO

the MSE is not really affected by B3 .
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Table 4.2 shows the same quantities for M. Here the theoretical asymptotic
values of B, v, 03, y and MSE}, y should be 0, 8 and 8 respectively. Analogous
comments are applicable for AL

Table 4.3 shows simulated values of the standardized integrated squared bias

Bih N, variance 03517 y and mean squared error IMSEy, y of ¢21 (t). Specifically,

By, =y /0 | {B[50)] -6} .

o2y =y /01 var (B(t)) dt = ny /01 E {{qél(t) B [bi(0)] }2] dt.

and IMSEy, v = B, y + 03, y. The corresponding theoretical asymptotic values
of B;LN, 03)17]\, and IMSE, n are 0, 2 and 2 respectively. This is essentially
confirmed by the simulated values in Table 4.3. The same is true for the simulated

values of ¢y(t) given in Table 4.4.

4.5 Proofs and tables

4.5.1 Proofs

Proof. (of Lemma 4.1)

As derived in Theorem 3.5, we have, under the given assumptions
Zun(s,t) i =i (C’(s, £) — C(s, t))
= Z(s,1)
= Z1(s,t) + Zs(s,t)
where “=" denotes weak convergence in C[0,1]* equipped with the supremum

norm, Z1(s,t), Zs(s,t) are Gaussian processes with zero mean, Z;(s,t) and Zs(s, t)

are independent from each other, and have covariance functions
cov (Zy (t,s), 2, (t',s) =2 Z A on(s)n(t)gn (s') o (t')
1
and
cov (ZZ(t7 S)a Z2 (t,7 Sl))

= Z A Aty [¢l1 (S)¢l2 (t) + ¢l2(8)¢11 (t)] [¢l1 (S/) d1, (t,) + o, (8/) o1 (t,)] :

l1<l2
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Now, since the sequence of integral operators Z,, = n'/ 2(@ — C) € S and the

integral operator Z € S, we have
. 2
|Z0—Z2 = / / Vi [0(s,0) = C(s.1)] — Z(s.0)} " dsd.
Thus, for any A > 0,
lim P ( sup ‘\/ﬁ [C’(s,t) —C’(s,t)] — Z(s, t)‘ > A) =0
n—oo s,t€(0,1]
and hence

lim P(|Z,—Z]s > A)
n—oo

< lim P( sup |vn [C’(s,t) —C’(s,t)} — Z(s, t)‘ A)
n—00 5,t€[0,1]
= 0.
Therefore, the weak convergence of Z,, in S equipped with the norm || - ||s follows
from Billingsley (1999). O

Proof. (of Lemma 4.2)
Let [ € {1,...,p} and a constant p > 0 such that

0<p< Ak — Al

2 kle{l ..... p} k£l

Define a circle with center \; and radius p on the complex plane
Ay={z€C:lz—N|=p}
and consider the resolvents of covariance operators C and C
R(z) = (C - 21),
and
R(z) = (C -zt

Then the projection operators (Riesz projection, Kato (1976 p. 178)) P, and P,
can be written as

P =—-—— R(z)dz,

2mi Ja,,
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P, = —% " R(z)dz.
Since
R(z) = (C — 2I)
= [(C = 2I) + (C — 2I)(C — C)(C — 21)7| !
R(z)I+(C—C)R(2)]"
=R(z2) [(C— C)R(z)]k, (4.12)
we have
2(2) - R« — . (C—C)R(z)
IR(z) — R(2)[s HR( ) “(C_OR( |
IC — CllsIR(2)II3
T 1-C-ClsIR(2)lls

This implies

~ 1 ~
[Py = Pyf|s < 2—/ IR(2) — R(2)l|sdz (4.13)
N APJ

) IC — CllsM;
T 1€~ ClsM,,

where

M,,; = sup |R(2)||s < o0.

ZGApyl
Now, note that Lemma 4.1 implies, for an arbitrary ¢ with 0 < § < %M;ll there
exists ng € N such that, ||C — C||s < 6 (n > ng). Therefore (4.13) implies

1P, — Pyls < 20M2||C - Cls.
Hence, by noticing Lemma 4.1, we have

!
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Proof. (of Lemma 4.3)
First, recall that
h-af<fe-cf <fe-cf
c S
(see e.g. Horvath and Kokoszka 2012, Lemma 2.2; Bosq 2000, Lemma 4.2), (4.5)

follows from Lemma 4.1 .

Then we consider ¢;(t). Without loss of generality, we may assume (A2) hold,
ie. @l, ¢1) > 0. Given a complete orthonormal system {u; : j > 1} in H, we have

2
P,
s

= || ® b — @@@H
<(¢l @b — 0 @ Gy, (@b — & ¢l)uj>

Pi%ﬁ

{@%> 21, w3, wy) (@, 00 + (61,0,

J

1= (6@ o 2 61))
1= ()
CblH <1 + (. cbz))

“%w /\/\

Therefore,
. 2 . 2
ol <R -0,

and (4.6) follows.
To obtain (4.7), note that, for fixed [ € {1, ..., p}, we have

INi(t) — Ni(t)]

'/ (5. 0h(s)ds — [ Cls.061(5)ds

< [ et - 0] as)|ds + [ 166,01 fouts) = (5

< \// (C’(s,t) —C(s,t)>2d3+ \//02<s,t)dsH¢3,_¢lH.

Since Lemma 4.1 and (4.6) hold and \; > 0, we obtain

ds

sup [ \o(t)/ N — ¢z(t)‘ = Op(n~'?),

te(0,1]
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uniformly in ¢ € [0, 1]. Then due to (4.5), this implies (4.7). O

Proof. (of Lemma 4.4)

Recall that projection operators P; and P, have the form

1
P=—— R(z)dz,
2m1 A
~ 1 N
P =—-— R(z)dz,
2m1 A

and the relationship of resolvents R and R is

Using the notation Z, = n'/2(C — C) and H,(z) = 350, —n~?[Z,R(2)]F, we

have

n'/? <f’l — Pl> = nl/Q/A [R(z) — f{(z)] dz/2im

Pyl

_ nmﬁ /A ) {R(z) “R(2) i [(c . C)R(z)} k} dz

= _7,L1/2L./A R(z) i [(C — C)R(z)]kdz

211

— —nl/QL_/A R(2)(C — C)R(z) i [(C — C)R(z)]k dz

211

It is easy to verify that the mapping 7" satisfies the Rubin-Billingsley conditions
of Theorem 5.5 in Billingsley (1968, p. 34). Let

An(z) = nl? [f{(z) - R(z)] + R(2)ZR(2)

= —R(2) (Z, — Z)R(2)H,,(2) — R(2)ZR(z) (H,(z) — I).
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Then

1
<o [ lAGllsd
T Ap,l

Note that ||C — C|| < (2M,,;)~" (see proof in Lemma 4.2) implies

I (2)ls < STIE = CllsMy = [1 = 1€ = CllsMy ] <2,
k=0

we then have

[Ho(2) =Tl s < 2Mp,

c-cf,.
Therefore,
[AL(2)]ls < [IR(2)(Zn — Z)R(2)H,(2)]| s + [[R(2)ZR(2)(Hn(2) — I) ||
< Mg,z |Z,, — ZHS ||Hn(2)||3 + Mﬁ,z ||ZH5 [H,(2) — IHS

— 0.

Then separability of S, (4.4) and the Rubin-Billingsley theorem imply

(Z) = = [ R()ZR(:)dz = n(Z).

211 Ap,l
Due to the residue theorem, R(z) = >_,(\ — 2) '¢y ® ¢, and

R(Z)ZR<Z) = Z [()‘11 - z)()‘b - z)]il (¢l1 ® ¢ll) Z <¢l2 ® ¢12) :

l1,l2

Therefore, using the notation S; = Zk:k#(kl — k)t @, mi(Z) can be expressed
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explicitly as

m(Z) = Res.—, (Z[()‘h —2)(A, = 2)| 7o, ® 1) Z(dr, @ %))

l1,l2

== ) (=) (B @)L, @ )

la:lo#l
= 2 Q=2 (0 ® 61)Z(0 @ 6)
lil £
== A=A TPZ(G @) = D (A= A) (o © 64) ZP
kik£l kik£l
- PZZSI + SlZPl
which is Gaussian and with mean zero due to (4.4). O

Proof. (of Theorem 4.1)
Firstly, we show (4.8). Let

A~

Mn<Z ) = nl/Q(f’le’l - /\lPl).

Then, for fixed [, we have

M (Zn)dy = n'?(P,CP, — NPy
=n'"2(¢ ® 4Ch @ & — Ny @ ¢y
=n"?(¢ @ 4iC(dn) — Nign)
= n'""(61 ® dihidy — M)
= n'2(N = \)o

This means that n'/2(\; — ;) is an eigenvalue of the operator M7 (Z,). Now, the

Rubin-Billingsley theorem implies
M?(Zn) = P,ZP, =: Ml(Z)

Therefore, the asymptotic distribution of n'/ 2(5\1 — ;) is given by the distribution

of the eigenvalues of P;ZP;. Note that P;ZP; is a Gaussian random element in &
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with mean zero. Plugging in the right hand side of (4.4), we have

PZPi(61) = (01 @ &) Y VAo (61, © i, + b1, @ 01,) (1 @ 61) (1)

l1<ls

+ (0@ )V2D Nl @ d) (b1 @ ) (1) u

=0+ V2N hiC

with (;; be standard normal random variable. Therefore,
n2(\ = \) —a V2N = N(0,2)7).
Next we consider (4.9). Note that, n'/2(¢; — ¢;) can be written as
n'2(dy — dr) = Pi(n'*(d1 — ¢n)) + (T = P (n'*(dy — b))
=L +1I.

First, it is easy to show that I; converges weakly to 0. In fact, from the definition,

we have

L= (n'2(d — 1), o)y
=n'2({¢r, &1) — 1)y
= (0P, —P),P)s- (o, 00) + 1) oy,

and since <<,51, @) tends to 1, applying Lemma 4.4 we have
(n'?(Py = P)),P))s = (m(Z),P))s = tr(m(Z)P;) = tr(P;S,Z) = 0.

Therefore, I; = 0. Then we consider the second term I, and show that I,

converges weakly to S;Z(¢;). Since

(L= P)(n'2(d — ¢1)) = n'2(L— P))dy
=n'2(IT=P)Pigy - (b, 1))~
= (I=P)[n'*(Pr = P))(¢1) - (&1, 60)) "
= (I—=Pyn(Z)(¢)
= SiZ(¢n),
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we have

n2(dy — 1) = SiZ(n)
= Z ()‘l - Ak)il(ﬁk ® ¢k Z V )‘11)‘12(¢l1 ® ¢l2 + ¢l2 ® (bh)((bl)gllb

s L<lo
+ > =M T ® aeV2 Y Nl @ 1) (1)
kAl !
= VAN = M) T kG D VA = M) T kG + 0
k:k>1 k:k<l

with ;; and ¢;; (4,75 € {1, ...,p}) are independent standard normal random variables

as given as in (4.9) and (4.8) respectively. O

Proof. (of Theorem 4.2)
Following the proof before, for l; # Iy, the covariance operator of S;Z(¢;) is

E[Sllz(¢l1) ® Slzz(¢lz)]
( Z V )\ll)\kl /\ll )‘k1 ¢/€1Cl1k’1 + Z V )‘11/\161 >‘l1 >‘k1 ¢k1Ck1ll>

ki:k1>0 ki:k1<ly

® < Z V )‘12)‘]62()‘12 - )‘kz)il(ﬁkzgzkz + Z V )‘12)"92 ()‘12 - )‘k2>1¢kzckzl2)]

ko:ko>lo ko:ko<lo

Z Z \/)‘11 >‘k1 \/Alz)‘l@ ()‘11 - )‘k1)71(>‘12 - )‘k2)71¢k1 ® ¢k2E[Cllk1C12k2]

k1:k1>11 ko:ko>lo

+ Z Z \/)\ll)\kl \/)\lg)\lm()‘h - Akl)_l()‘lz - )\kQ)_l¢]€1 ® ¢k2E[<llk1<k212]

k1:k1>1 ka:ko<la

+ Z Z \/)\ll)\kzl \/)\lg)\lm()‘h - Akl)_l()‘b - )‘kz)_lqskl ® ¢k2E[Ckll1<12k2]

k1:k1<ly ka:ko>lo

+ Z Z \/)\ll)\kzl \/)\lg)\lm()‘h - Akl)_l()‘b - )‘kz)_lqsk’l ® ¢k2E[Ckll1<k2l2]

k1:k1<ly ka:ko<lo

= -\ (A — M) 2, @ ¢,
Therefore, for I; # I, € {1,..., p},
cov(dn, (5), Gia () = =M My (N — Aiy) 7200, (5) s ().
For [ € {1,...,p},
cov(dy(s) = AN = M) () (t)

kil
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follows directly from 4.1. O

Proof. (of Theorem 4.3)
From the definition of &; in (4.3), we have

~

) + 0 (VAN
=. Ai,l,N + Bi,l,N + O (n*1/2N*1)

with two independent terms
N o0 [e'¢) N
Ay =N")" (Z &k%(%)@(@) =Y N oty au(t;),
j=1 \k=1 k=1 j=1

N
BN = N* Z €i(j)du(t;).
=1

Note that, given the functional principal component scores & (k € N), the

first term A;; v is deterministic thus var (A;; x|, k € N) = 0. Moreover,

o0

AN = Z&'k (D) +O (N =&+ O (NT).

k=1
For the second term B;; y. Since it does not depend on &, (k € N), the condi-
tional expectation E[B;; y|&, k € N] = E[B;; x| equals to 0 and the conditional

covariance is

cov (Biy, N, Bigy N ik, k € N)

= cov (Bjy, .~y Bii,n)
N

= N72 Z Ve (]1 - 32) ¢l1(tj1>¢lz(tj2)'

Ji,j2=1
Let 6 > 0 be an arbitrarily small constant. Since the error processes ¢; are short
memory, i.e. Y |7.(k)| < oo, there exists a positive integer ko = ko(d) such that

S heb) <

|k[>ko
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Moreover, since p < oo and the eigenfunctions ¢;(t) (I € N) are uniformly continu-

ous, we have

<
xS |1(t)] < Cp < o0

for a suitable constant Cy. We may separate the conditional covariance into two

terms

cov (B; 1, N, Bijy N1k, k € N) = 51 n(0) + S2,n(9)

with
N
SI,N(6> - N_2 Z Ve (]1 - j2) gbll (tj1)¢l2 (tj2)u

J1,J2=1
l71—721<ko

N

S27N(5) = N_2 Z Ve (]1 - ]2) ¢l1 (tj1)¢l2 (tjz)'

J1,52=1
|71—J2|>ko

For the term Sy y(d). Since |j1 — jo| < ko, S1.n(d) can be written as

min(N,j1+ko)

Sl N - Z Z Ve (]1 - ]2) ¢l1 (tj1)¢l2 (tjz)'

J1=1 jo=max(1,j1—ko)

Note that
J1— J2 ko
max |t;, —t;,| = max <= —= 0,
1<j1,j2<N 1<j1,2<N | N N N—soo
|71—72|<ko |71—72|<ko

uniform continuity of ¢;(t) implies

08 iy (8,) = i (t5)] <0 (n 2 o)

l71—721<ko

for ng = ny(0) large enough. Therefore,

N min(N,j1+ko)
SI,N(5> = N72 Z ¢l1 (tjl) Z 76(].1 - ]2) [(blz (tj1> + Tl27j2,N]
J1=1 jg:max(l,jl—ko)

= Sl,N,qb((S) + Sl,N,r(é)

with |ry, j, y| bounded uniformly by §. Since, for the first term Sy (),

N min(N,j1+k0)
]\}1—>H<1>o N_l Z¢ll(tj1)¢lz(tj1) Z Ve (]1 _j2)
j1=1 je=max(1,j1—ko)

ko

= <¢l1a¢l2> Z ’76(16)’

k=—ko
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therefore, we have

min(N,j1+ko)

Sl,N:¢>(5) =N~? Z ¢ll (tjl) Z e (]1 - 32) ¢12 (tjl)

n=1 Je=max(1,j1—ko)
ko

= Nil <¢l17 ¢12> Z ’76(]{:) + O(Nil)'

k=—ko
For the second term S) n,(9), we have the upper bound

min(N,j1+ko)

|SI,N'I' | - Z ¢l1 ]1 Z Ve (]1 - j2) TlZ,j%N

=1 J2=max(1,j1—ko)
N 0o
<N o)l Y k)
j1=1 k=—00
<SNIC

with a constant

C = Cqu!% )| < co.

k=—00
Therefore, we obtain
ko
]\}gn N - Sl N( ) = <¢117¢12> Z Ve(k) +0(6)
k=—ko

Letting ky — oo, we have

Jim N - Syv() = (0. 6u) 3 k) +0(0

k=—o0

=27 f(0) (¢4, , P1,) + 0(9)
= 21 f(0)0y,1, + 0(9).

Similarly, for the term Sy n(9), we have the upper bound

Sov(6)] < CNT' > (k)| < CSNT,

|k|>ko

with a constant C' = Cz, and hence

lim N - Son(8) = o(d).

N—o0

In conclusion, we have

lim cov (B, N, Bigo,n) = 27 fe(0)01,1, = Vi,

N—oo
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Moreover, for each i, since €;(j) (j € Z) is a Gaussian process so
L/ . T
G 1= N (€ = &isonip — &) = C~ N(O,V)

with V = [‘/2112]11,52:1 -

----- P

Proof. (of Theorem 4.4)

As discussed in the proof of Theorem 4.3 we have
éil = N_1<Y;~, ¢§l> =A N+ Biyn+0 (n_l/QN_l)

where A;; v = & + O(N™!) is deterministic, and B;; y does not depending on the
functional principal component scores & (k € N).
For the covariance of B, v, since the error processes €;(j) (j € Z) are long-range

dependent, we have

cov (B; 1, N, Bij,n)

= N72 Z Ye (]1 - ]2) (bll (tj1)¢12 (tj2)

j17j2:1
i R/ i\ 1
— ¢ N2d-1 JL )2 J1 J2 ) L 21
" jjle v )W) e e
1,]2=
J1#£72

1,1
= NQd_lcv/ / lu — 7)|2le1 o1, (w) oy, (v)dudv + o (NQd_l)
—1J-1
_ ]\]2d—1‘/2112 +o <N2d—1) ]

Since ¢(j) (j € Z) is a Gaussian process and NY/2=4. N=1 = N=4=1/2 = 5(1), we
obtain

with V' = [Vi,1,];, 1,1, defined above in Theorem 4.3. O

.....
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4.5.2 Tables

2 2
N B35, .~ OX{,N

(@ () (9 (a) (b) () (a) (b) ()
100 | 0.047 0.279 0.462 | 32.881 35.056 32.950 | 32.928 35.335 33.412

200 | 0.093 0.237 0.633 | 30.260 30.661 31.442 | 30.353 30.898 32.076
400 | 0.076 0.112 0.551 | 30.285 30.698 31.317 | 30.361 30.809 31.868
600 | 0.098 0.174 0.743 | 27.863 28.181 29.633 | 27.961 28.354 30.376
800 | 0.024 0.053 0.337 | 30.668 31.004 31.039 | 30.692 31.057 31.376
1000 | 0.008 0.020 0.311 | 30.842 30.753 30.032 | 30.850 30.774 30.343
1500 | 0.254 0.294 1.005 | 31.949 31.805 32.511 | 32.203 32.100 33.516

2000 | 0.047 0.057 0.433 | 32,990 33.128 32.623 | 33.037 33.186 33.056

1) — A\1]?, variance

Table 4.1: Simulated values of the standardized squared bias B/\ N=N N[E (
f Ay. For each N, the

aAl’N = anar()\l) and mean squared error M SEy, v = nNE[()\l -A)?o
results are based on 200 simulations of model (4.11) with error process €;(j) generated by (a) iid
N(0,1) variables; (b) an AR(1) process with lag-one correlation p = 0.5; (¢) a FARIM A(0, d,0)

process with d = 0.3.
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N B, N O3, N MSE>, N
(a) (b) (c) (a) (b) (c) (a) (b) (c)
100 | 0.177 0.037 0.008 | 7.467 7.527 7.959 | 7.643 7.564 7.967

200 | 0.177 0.068 0.001 | 8302 7.981 8.206 | 8478 8.049 8.207
400 | 0.063 0.015 0.035 | 8.150 8.250 8.441 | 8.213 8.264 8.475
600 | 0.006 0.000 0.081 | 8.842 8.768 8.894 | 8.848 8.768 8.975
800 | 0.021 0.006 0.059 | 8.001 7.999 8.110 | 8.022 8.004 8.169
1000 | 0.005 0.001 0.070 | 7.808 7.786 7.835 | 7.814 7.787 7.905
1500 | 0.023 0.015 0.019 | 8.332 8.265 8.428 | 8.355 8.280 8.447

2000 | 0.033 0.028 0.032 | 8.227 8.253 8.258 | 8.260 8.281 8.289

Table 4.2: Simulated values of the standardized squared bias B, y = ny [E(Xa) — Xo]?, variance
0/2\27]\, = nyvar(\y) and mean squared error MSEy, y = nyE[(As — A2)?] of Ay. For each N, the
results are based on 200 simulations of model (4.11) with error process €;(j) generated by (a) iid
N(0,1) variables; (b) an AR(1) process with lag-one correlation p = 0.5; (¢) a FARIM A(0, d,0)
process with d = 0.3.

2 2
N By, ~ T%1,N MSEg, .~

@@ B (| @ O (| @ b ()
100 | 0.126  0.116 0.126 | 2.208 2.243 2.194 | 2.334  2.359  2.320

200 | 0.077 0.070 0.078 | 2.219 2.283 2.269 | 2.296 2.353 2.347
400 | 0.077 0.074 0.090 | 2.111 2.128 2.168 | 2.188 2.202 2.258
600 | 0.070 0.071 0.067 | 1.881 1.889 1.889 | 1.951 1.959 1.957
800 | 0.065 0.068 0.057 | 1.891 1.926 1.950 | 1.956 1.994 2.007
1000 | 0.080 0.083 0.070 | 1.852 1.879 1.845 | 1.932 1.963 1.915

1500 | 0.066 0.063 0.065 | 1.689 1.677 1.713 | 1.755 1.740 1.778

2000 | 0.029 0.030 0.028 | 1.797 1.823 1.873 | 1.826 1.852 1.901

Table 4.3: Simulated values of the standardized integrated squared bias B;l’ N> variance ‘7351, N
and mean squared error IMSEy, n of (;Aﬁl. For each N, the results are based on 200 simulations
of model (4.11) with error process €;(j) generated by (a) iid N(0,1) variables; (b) an AR(1)
process with lag-one correlation p = 0.5; (¢) a FARIM A(0,d,0) process with d = 0.3.
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2 2
N B¢2,N U¢2,N MSE¢27N

@@ B (| @ G (| @ b ()
100 | 0.210  0.202 0.210 | 2.318 2416 2.378 | 2.528 2.618 2.588

200 | 0.126 0.117 0.133 | 2.278 2.404 2.387 | 2404 2.521 2.520

400 | 0.126 0.122 0.145 | 2.144 2.207 2.262 | 2.270 2.329 2.408

600 | 0.124 0.125 0.123 | 1.905 1.950 1.970 | 2.029 2.074 2.093

800 | 0.123 0.128 0.110 | 1.909 1.975 2.018 | 2.032 2.103 2.129

1000 | 0.150 0.155 0.135 | 1.867 1.920 1.906 | 2.017 2.075 2.041

1500 | 0.140 0.135 0.138 | 1.700 1.707 1.773 | 1.840 1.842 1.911

2000 | 0.089 0.091 0.087 | 1.805 1.847 1.925 | 1.895 1.938 2.013

Table 4.4: Simulated values of the standardized integrated squared bias BiQ’ N> variance 0352, N
and mean squared error IMSE, y of QEQ. For each N, the results are based on 200 simulations
of model (4.11) with error process €;(j) generated by (a) iid N(0,1) variables; (b) an AR(1)
process with lag-one correlation p = 0.5; (¢) a FARIM A(0,d,0) process with d = 0.3.



Chapter 5

Two sample inference for

eigenspaces

In this chapter, we discuss two sample inference for eigenspaces in functional data
analysis (FDA) with dependent errors. Specifically, we study the similarities of
two independent functional data samples by proposing a test statistic for testing
the equality of the two eigenspaces U and V without assuming that individual
eigenfunctions or eigenvalues are identical. Subspaces U and V are generated
respectively by the first m eigenfunctions of the two functional data samples
with a noise component that may exhibit short- or long-range dependence. The
test statistic is constructed by considering the residue processes r(t) = gzﬁl@) (t) —
Yoy aijqbgl)(t) (I=1,...,m), where (V) (t) and ¢ (t) are the eigenfunctions of the
two samples respectively. Then, the asymptotic distribution of the standardized
residuals under the null hypothesis & = V is derived. This provides the basis for
defining the suitable test procedures where we consider the squared integral of
the standardized residuals. However, in order to obtain less conservative rejection
regions, the joint asymptotic distribution of the standardized residuals will be
required. Since, in most cases, the dimension of the subspace m is very small, we
prefer to use a simple Bonferroni adjusted test. In order to avoid the shortcomings
of the above test, a more practical solution - bootstrap test - is also discussed.
Simulations illustrated the performance of the test are carried out. In particular,

the accuracy of the level of significance does not seem to be influenced by the

79
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dependence structure and, under the alternative hypothesis, the test is very

powerful. This chapter is based on our results in Beran, Liu and Telkmann (2016).

5.1 Definitions

Throughout this chapter, observations are still assumed to be of the form (3.1),
(3.3), (3.4) or (3.5) as that in Chapter 3. Moreover, the assumptions in Chapter 3

and Chapter 4 for one sample analysis are assumed to be hold.

5.1.1 Auxiliary results

Recall that, after the orthonormal contrast transformation of the original ob-
servations, the two-dimensional boundary kernel estimator of covariance of the

underlying random curve X (¢) (¢ € [0, 1]) can be given as in (3.21):

N n
. 1 s—t; t—t\ _,
C(s,t) = (o) E Koy (TJ7 2 ) n § Yk,
k=1 =1

where K 4(s,t) is a two-dimensional boundary higher order kernel function with

support [—1,1]% (see Chapter 3 or Beran and Liu 20146).

The eigenvalues \; and eigenfunctions (functional principal components) ¢;(t)

of the covariance function C(s,t) = cov(X(s), X(t)) are estimated from (4.1):

A A

/0 C(s,t)i(s)ds = Niy(t),

where fol P2(t)dt = 1 and fol G1(t)om(t)dt = 0 for m < I. Note that the above

formula follows from the Mercer’s Theorem on C(s,t) as in (4.2):
O(S’ t) = Z j\lgzgl(s)qgl@) (Sut S [O’ 1])
!
Note that, since the error processes €;(j) are existing and not independent,

cov(Yi;, Yig) = cov (X (t;), X (tx)) + cov(ei(7), €;(k))

= C(tjatk) + ’Ye(j - k)

means that ng(t), 5\1 based on Y;; differ from the corresponding estimates obtained

from X;(t;) (see Chapter 4 or Beran and Liu 2016).
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5.1.2 Two independent samples

One of the main objectives in FDA is to obtain a low-dimensional representation of
X(t) in terms of eigenfunctions ¢;(t) (I = 1,...,m) with the largest m eigenvalues.
Therefore, in this chapter, we consider the following two sample problem. Suppose

that we observe two independent samples defined by
vl =xP) +eV() (i=1,..,n055=1,..,NV) (5.1)

and

Y = XO) + () (=105 =1,..,N®) (5.2)

where Xi(k), egk) (k =1,2) are defined as that in (3.3), (3.4) or (3.5) in Chapter 3.
(k)

For k = 1,2, the error processes ¢; ~ (i € N) are independent copies of a Gaussian

process €*) with zero mean and spectral density f*) satisfying (3.4). This means
that for d = 0, egk) (4 € N) exhibit short memory and for 0 < d < 3, egk) (1 € N)
exhibit long memory. Note that the spectral densities f(), f?) of the processes

) and ¢® may be different. The random functions X

i

el

(t) are assumed to have
the Karhunen-Loeve (K.L.) expansions

NO)

X)) =u® )+ PPt (k=1,2) (5.3)
=1

with pM, p < oo,

Given a finite fixed dimension m € N, we are interested in testing whether the
subspaces (of L?[0,1]) spanned by ¢§1)(t) (l=1,..,m) and ¢l(2) t) (l=1,...,m)
are the same. In next section we will give the definition of one test based on

residual functions and derive its asymptotic distribution.

5.2 Test statistics and asymptotic properties

The comparison of the eigenspaces generated by the first several eigenfunctions
(functional principal components) which leads to the two sample problem as above

is discussed in this section.
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5.2.1 Definition of test statistic 7(t)

Let m < min{p", p®} be a positive integer (in practice, m is small). Denote by U
and V be the m-dimensional linear function spaces generated by the eigenfunctions
gl)(t),...,gb%) (t) and ¢§2)(t),...,¢7(3) (t) respectively. Our aim is to test the null
hypothesis
Hy:U=YV

against the alternative hypothesis
H A U 75 V.

A natural approach is to consider, for each [ € {1, ..., m}, the difference between

;2) (t) and its orthogonal projection to U. Under Hy, this difference is identically

equal to zero. However, under H 4, there is at least one [ where this difference is

not identically equal to zero. Therefore, we consider the residual functions r(t)
(I =1,...,m) defined by

m

n(t) = 67 (1) =Y ausiV (1)

i=1

where, for each [ € {1,...,m}, the coefficients a; (i = 1,...,m) are chosen to
2 2

minimize H¢l(2) - Zaﬂ@(l) = fol ¢l(2) (t) — Zailgbgl)(t)‘ dt. Note that, under

Hy, we have ry(t) = 0, >." a3 = 1 and >./"  agayp = 0 for all | # I, ie.

{aj,ap) = 6y where a; = (ay, ..., aym)?. This means that, there exists an orthogo-
nal transformation (orthogonal matrix) between two basis functions ¢{" (¢),..., 1S (t)
and ¢§2)(t),...,¢£3) (t). On the other hand, under H,, we can find at least one
[ €{1,...,m} such that ||r]|*> > 0.
Now we suppose that the observations consist of two independent samples Y;gk)
(k =1,2) as defined in (5.1) and (5.2). The corresponding covariance functions
CW(s,t), CP(s,t) and their eigenvalues )\l(l), A§2) and eigenfunctions gbl(l)(t),
;2)(t) are estimated by CW(s,t), C® (s, ), 5\1(1), 5\52), q@l(l)(t), A§2)(t) (l=1,..,m)
respectively (see (3.21) and (4.1) or (4.2) as mentioned in Auxiliary results section).

Then the residual functions r(t) (I = 1,...,m) can be estimated by

Ai(t) = 71(t) = 62 (¢) — Zami” (=1,..,m) (5.4)
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where a; = <(;Sl(2), $(1)>. Standardized residual functions are defined by

)

nMn?)

7(t) = mﬁ(t) (5.5)

where n™ and n® are the sampling points of the two independent samples
respectively. The asymptotic distribution of 7;(¢) will be discussed in the next

section.

5.2.2 Asymptotic distribution of test statistic 7(t)

In this section, we derive the asymptotic distribution of standardized residual
functions 7;(¢). For simplicity of presentation we assume that p* = p® =: p. This

assumption can be dropped without any change in the proof.

Theorem 5.1. Suppose that Hy is true, Xi(l)(t) and XZ-(2) (t) admit the represen-
tation (5.3) for some p < oo, U and V are defined as above with m < p and
the assumptions of Theorem 4.2 hold. Assume also that there exists a constant
n € (0,1) such that

n

- 1)
n(l) -+ n(z)

—n (as n,n® = o).

Furthermore, define, for i # j € {1,...,p},

AL — /)Wy (@) m\~!

(i,j € N) independent N(0,1) random variables. Then

and

and denote by Ci(jl)7 i(jZ)
7’:l (t) = Zres,‘l<t>

where ‘=" denotes weak convergence in C'[0,1] equipped with the uniform metric,

Zres;l(t) = Zres;l,l(t) - Zres;l,Z (t)
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and

Zresta(t) = 7 > A (gb,(f)(t) — Zaimi(t)(l)) o
=1

k=m-+1
p m
Zresta(t) = T—1 3 S AY (amg%) + ailgb,(j)(t)) ¢,
k=m+1 i=1
Remark 5.1. If m = p, then 7(t) = 0. In order to obtain a nondegenerate

limiting distribution, one may need to consider a higher order expansion of 7(t).

Remark 5.2. In general, the processes Zyesy, (t) (t € [0,1]) and Z,es4,(t) (¢ € [0,1])

are not independent.

Remark 5.3. Since Zyesy1(t) and Z,es19(t) are Gaussian and independent of each
other, Zyesii(t) — Zresuo(t) may be replaced by Zyesi1(t) + Zyesa2(t). The sign of
Zresa2(t) is relevant only, if for instance the joint asymptotic distribution of 7,(t)

and ¢y(t) is of interest.

Theorem 5.1 can be used to define tests for Hy. For instance, we consider the

squared integral of the estimated standardized residual functions:

1
0, ::/ ROdt (1=1,2,...m).
0

Then Theorem 5.1 implies that under Hy,
1
Ui - Us = / (Zrest1 () = Zewin(®)2dt (1 =1,2,...m).
0

Note that under Hy, we expect that for all [ = 1,2, ...,m, U, ? U,. Therefore,
using only one of these test statistics is not sufficient, since the test would not be
consistent in general. One may prefer to use some adjusted correction to deal with
this multiple comparitions problem. For instance, since in most applications m is
small, one may prefer to use a simple Bonferroni adjusted test.

A simple Bonferroni adjusted test at the level of significance « € (0,1) can
be defined as follows. Denote by [y, the distribution function of U; and by
Qomi = F(jll(l —a/m) its (1 — a/m)—quantile. A Bonferroni corrected rejection

region can be defined by

K, = {Y;gk)(k —=1,2) : U > amy for at least one [ € {1, ...,m}} . (5.6)
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By definition, the actual level of significance does not exceed a.

In order to obtain less conservative or even asymptotically exact rejection
regions, we need to calculate the joint asymptotic distribution of 71 (¢), ..., 7 (t).
In fact, this joint distribution can be derived straightforwardly by using analogous
arguments as in Theorem 5.1, since Zyesy1(t) and Zyes2(t) are Gaussian and
independent of each other. However, the formulas are quite complicated and
depend on unknown quantities.

In applications where m is small one may prefer to use a simple Bonferroni
adjusted test, such as the one given here. A more practical solution is the bootstrap

test discussed in the next section.

Remark 5.4. In particular, Theorem 5.1 implies the following formulas for the

first two moments of Uy:

p m p m
ElU]=n Z {Al(l?}2 (1 - Z a?k) (1- Z Z {Az%)}Q (aiz + a?z)
k=m+1 i=1 =m+1 =1
and
var(U;) = A1 + Ay + A
with
Ay =2n? Z { lk)} (A — 2450 + Aus),
k=m+1
A =22},
A = {AZ(Z)}2 i agy,
i=1
p g [ m 2
Alg = Z {Al(z/)} (Z aikaik’> )
k'=m+1 =1
Ay =4n(1 — Z Z { } { ,k2}2 i1 Qf ks

k.k'=m+1 i=1

Az =2(1 —n)* (Az; + 2430 + Az3)

Azl = i ( i az, {AE;)}2>27

i=1 k=m+1

Aszy = zp: aiz zm: a?l {Az('li)}Zl

k=m+1 i=1
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and

Az = zp: (iai {AZ@;)}Q)Q.

k=m+1 \i=1
5.2.3 A bootstrap test
The test considered above has the following several shortcomings:

e Using the statistics U, together with a Bonferroni correction is likely to lead

to a conservative test, in particular for large values of m.

e There is an artificial asymmetry in that the estimated eigenfunctions of the

second sample are projected on those of the first sample.

e The asymptotic distribution depends on unknown parameters, including the

dimension p as well as all p eigenfunctions and eigenvalues.

Therefore, in this section, we propose an improved test to solve these problems.
The idea is to define a test statistic that is symmetric and at the same time suitable
for a simple bootstrap procedure that does not require knowledge of unknown
nuisance parameters.

First we address the question of symmetry. Define estimated residual functions

Pt 1) =

Z a1
12 =60 - 3l
=1
where a;(1) = <Al(2),g51(-1)>, ai(2) = <q£l(1),g£§2)>. Thus, 7,(t;1) and 7(¢;2) are
the residuals obtained from orthogonal projection of ngS§2) on span { A§”, ey AEE)}
and the projection of ngSl(l) on span {QEP, - (%3)} respectively. The corresponding
standardized statistics U; are denoted by U;(1) and U;(2). We may then define an

overall statistic
Ty = max {0y (1), .., O (1), 01 (2), - U(2)

By definition, T}, 5 is symmetric with respect to the two samples. Moreover, no

Bonferroni correction is needed, if the correct quantiles of 7, ; can be calculated
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or approximated with sufficient accuracy. In principle, asymptotic rejection regions
based on 7T;, x follow directly from the joint asymptotic distribution of the standard-
ized residuals 7(t; k) (k= 1,2; [ = 1,...,m). However, the asymptotic formulas are
very complicated and depend on unknown quantities (as we can see in Theorem 5.1).
Therefore, it is more useful to define a suitable bootstrap procedure that avoids
explicit estimation of nuisance parameters. Since 7(t; k) (k=1,2; [ =1,...,m) are
asymptotically jointly normal and the observed series are independent, a bootstrap
method can be applied. However, some care needs to be taken to guarantee that
the bootstrap distribution of 7}, xy approximates the null distribution even if H; is
true.

Before describing the algorithm, we start with some notations and basic obser-

vations. Let m < p, denote
U, = span {¢§1), ...,qﬁn?} ,

Vi = span{ 52), e ¢§3>}

and L{T#,p and Vﬁp be the orthogonal complement of ¢, and V), respectively. When
estimated eigenfunctions él(k) are used, we will write Z:{\m, ﬁm, ﬁnﬁ,p and ]7#%1, instead.
Moreover, orthogonal projections to the corresponding subspaces will be denoted

by Py, , Py, Py and Py . We are testing Hy : Uy, = V. Let
X0 = e
=1
and

l=m+1

The observed series ngk) (k=1,2;i=1,...,n,j=1,..N) can be written as

k k k), .
= X)) + (BE,,1) + ()

where t; = j/N, and
k k k), .
EP(t;) = RE) () + M ().
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For the functions Xi(’];%(t), RrR% (t) € L?[0, 1], we have under Hy,

T,
X)) € Up = Vi = U NV,

XE (1) € Vi = Uy = U NV,
RO, (8 €Uss = Vis, = Uss , O Vi,

and
R (1) €VE, =Us, =UL, NVE

Z7m7p

Thus, in particular, we obtain

Pu, (X20) =

p
Pug, (Rﬁfl,p(t» =Py, ( Yo ale? (t))
l=m

+1
= > < fff>¢§2><t>,¢g2><t>>¢g2)<t>
s=m+1 l=m+1
p
= > o)
I=m+1
= R? (®),

=2 <Zs£ﬁ¢§”<t>, ¢9><t>> S (1)

88
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and

p
Py, (RE%p(t)) = Pz, ( Z fz‘zl)@(l)(t))
!

Due to weak convergence of the eigenfunctions ggl(k) (t) in C0, 1], the projection
operators By, Py, , PL%,p and P%’p may be replaced by estimates (see Chapter 4
or Beran and Liu 2016).

The bootstrap algorithm is defined as follows:

e Step 1: Calculate 7, x for the observed data.

e Step 2: Obtain estimates égk)(tj), ey O (t;) and ng), AP (k=1,2,t; =
j/M, 5 =1,...M, M € N) from sample 1 (k = 1) and sample 2 (k = 2)

respectively.

e Step 3: Calculate R™" (tj)) (k=1,2;i=1,..,n,t; =j/M, j=1,..,M)

z’m’p

based on estimates from Step 2. That is

p
~(k (k) 7 (k
RY () =3 &Pe (1),

l=m+1
where él(lk) ~ N <O, j\l(k)).

e Step4: Fori=1,...,nand [ =1,...,m, set

le(m)(tj) - HPL?m (Al(1)<>)’ - ng(l)(tj),
721Dy _ fa, (ggl(m(t]))
¢l (t]) Hpam <§51(2)( )>‘ L2a
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B, ("))
P, (67°0)]

9

L2

(202) 1,y _ P9m<Al(2)(tj)> _ @,
¢ (t5) ‘Pam(?)(-))’ (),

~ A

B (1) = EV(t)),

K3 K3

L2
BV (1) = Py, (EP(1))).

and

E(2|2)( ) E(2)< )

All projections are evaluated on the grid t; = j/M (7 =1, ...

90

M),

e Step 5: For each s = 1, ..., Ny, simulate the bootstrap statistic Ty, as follows:

First simulate n independent vectors of scores

gl' (5511)7"'75’52757?12)7"’75’5733) (/L: 17"'7n)

where é(lk ) are independent N (O, j\l(k)>—variables. For each i = 1, ..., n, calcu-

late the simulated series

Xi(,’:vlll)* j Z&-zl k|1 k = 17 27 t - ]/M)

Sample n series El( It )*(tj) (¢=1,...,n,t; = j/M) independently with replace-
ment from {E~§1|1)(t]~), ...,E(ll'l)(tj)}. Similarily, sample n series Ei(ml)*(tj)
(i =1,...,n) independently with replacement from {Efll)(tj), o E~’,(L2|1)(tj)}.

Define the bootstraped samples 1 and 2 by

Y0 = XOD(1) + B (1) (k=12 i =1, 1= /M),

iJ i,m

Denote the corresponding values of Ul(k:) (k=1,2;1=1,..

Calculate the sth bootstrap statistic

s, m

,m) by 01*(k)

T*, = mazx {Um), U1, 07(2), ..., U (2)} .
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e Step 6: Carry out step 5 using (/Bl(k@) (t;) and Efku)(tj) (k=1,2,t; =j/M)

instead, to obtain the corresponding statistic T7,.

e Step 7: Given a € (0, 1) and the bootstrap statistics T, To' (s = 1, ..., Nboot),
calculate the empirical (1 — «) quantiles ¢7_,(1) and q¢j_,(2) of T}, (s =
L, .oos Npoot) and Ty (s = 1, ..., Nyoor) respectively. Reject Hy at the level of
significance «, if

Tn,N > min {C]T,a(l), QTfa(Q)} :

Note that for the calculation of T, the estimated basis functions qb
replaced by Py ((bl Y Py ((bl N||. This is necessary in order that the bootstraped
distribution approximates the null distribution even if the data were generated
under the alternative hypothesis. For the same reason the estimated basis functions
Agl) are replaced by P (qgl(l))/HPAm (q@l(l))H when calculating T7,. Note also that
asymptotically, ||Pﬁm(q5l(2))|| = 1 so that the standardization by the norm is not
needed asymptotically. Finally note that using the minimum of the bootstrap
quantiles ¢7__ (1) and ¢i__(2) is justified by the fact that under Hy the statistics
Ty, and T, have the same asymptotic distribution. Defining the rejection region
by the minimum of ¢f__ (1) and ¢}__(2) leads to improved power for finite samples.
A similar idea is discussed in Ghosh and Beran (2000) in the context of two-sample
tests for univariate distributions.

In contrast to the asymptotic test discussed in the previous section, the boot-
strap test does not require knowledge of unknown nuisance parameters. In partic-
ular, the value of p does not have to be specified and the remaining eigenfunctions
qb;k) and eigenvalues )\(k) (k=1,2; l=m+1,...,p) do not have to be estimated.
(5) and € (5).

We conclude this section by noting that an alternative test statistic, defined by

Note also that there is no need to model the residual processes ¢;

m

//{Zgbl Z i ( )}thds, (5.7)

has been proposed previously by Benko et al. (2009). For the noiseless case with
€i(j) = 0, Benko et al. (2009) derive the asymptotic null distribution of Dy,

and define a bootstrap procedure. Moreover, arguments are also given why the
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asymptotic results should not change when iid noise is added to the curves X;. In
view of Lemmas 1, 2 and 3 given above (sections 2.1 and 2.2.), the asymptotic
distribution of Dy, may be derived for general error processes as defined in (3.1),
(3.3), (3.4) or (3.5) (and under the conditions specified in Theorem 5.1). Though
a detailed proof would have to be carried out, it may be conjectured that the

asymptotic distribution is the same as in the noiseless case.

5.3 Simulations

5.3.1 Distribution of Ul

To illustrate the performance of the test based on (5.6), the following simulation
study is carried out. It consists four cases: 1) m=1,p=2;2) m =1, p=10; 3)
m=2,p=3;4) m =2, p=10. For each case a) the same eigenspaces generated
by the same eigenfunctions, b) the same eigenspaces generated by the rotated
eigenfunctions, and c) the unequal eigenspaces are discussed.

We consider two independent samples of sizes nY) = n(® = n as defined in
(5.1), (5.2). The error process el(-l)(j) (j € N) and 652)(j) (j € N) are assumed
to be the same and generated by one of the following Gaussian processes: (a)
iid N(0,1); (b) AR(1) with lag-one correlation p = 0.5 and variance one; (c)
FARIMA(0,0.3,0) process with variance one (see e.g. Granger and Joyeux 1980,
Hosking 1981). The number of time series are chosen as N = N = N = 200,
400, 600, 800, and 1000. According to the conditions in Theorem 4.1 (or Theorem
3.5) the corresponding number of sampling points on each time series are set as
n%) = nﬁ) = ny = 10N rounded to the next integer (i.e. n = 240, 364, 464,
552, and 631 respectively).

For the kernel estimators C'" (s,t) and c® (s,t), the same estimation procedure
is used. We choose the rectangular product kernel Ks(u,v) = K;(u)K;(v) with
Ki(u) = $1{—1 < u < 1}. The bandwidth is defined as b = by = 0.05N 16, In
this case n&i = 10"Y4N-915 5o the conditions in Theorem 4.1 hold. Note that

d = 0 for iid and AR(1) errors, whereas d = 0.3 for the FARIMA process. In order
to save calculation time, we set the girds of CV)(s,t) and C'® (s, t) equal to 500,
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i.e. the matrices CV(s;, ) and C®(s;, 1) (j, k = 1, ...,500) with s; = /500 and
t, = k/500 is calculated for each simulation. The corresponding eigenvalues by
(I=1,...,m) and eigenfunctions ¢;(t) (I = 1, ..., m) are calculated from the matrices
C'(l)(sj,tk) and 6’(2)(sj,tk) (j,k =1,...,500). In particularly, the eigenfunctions
are in discrete forms which means that they are eigenvectors (¢(t,), ..., ¢y(ts00))
(t; = 7/500) with dimension 500.
The results summarized below are based on 400 simulations (for each model
and combination of N and ny).
More specifically, the following situations are considered:
e Model 1a) (m =1, p =2, Hy with equal eigenfunction):
For the first sample, we have
Vi) =600 () + €605 (1) +ali) (i=1,.omj=1,..N) (58)
with € ~ N <o, A}”) (1=1,2), \V =6, AV =4,
oV (t) = V2 cos(mt), oSV (t) = V2 cos(2rt).
For the second sample, we have
Vi =007 () + €500 (1) +ali) (i=1.omj=1..N) (59)
with €2 ~ N (0, Al(2)> (1=1,2), \2 =2, A ¢,
62 (t) = V2 cos(mt), o2 (t) = V2 cos(4rt).
V(1) and ¢ (),
)(t) and we only

This means that the spaces & and V spanned by <;5§”(t), g
¢§2) (t) respectively are different. However, since qﬁgl)(t) = 92552
test for m =1 (i.e. U and V are based on ¢\" (), 9) (t) only respectively),

we have Y =V and H, is true.

e Model 1b) (m =1, p = 2, Hy with rotated eigenfunction): The two samples
Yigl) and y;g?) are defined as in (5.8) and (5.9) respectively, with the exception
that

§2) (t) = —V/2cos(nt).
This model is different from Model 1a) in that qng)(t) is not equal to qbgl)(t)
but instead it is a rotated version of ¢§1)(t). Since we only test for m = 1 and

rotation does not change the eigenspace, we have Y =V and H is true.
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e Model 1c) (m =1, p =2, H;): The two samples Y ) and Y are defined as
in (5.8) and (5.9) respectively, with the exception that

#2(t) = V2 cos(2rt).
In this case, we have U # V.

e Model 2a) (m =1, p = 10, Hy with equal eigenfunction):

For the first sample, we have

Y(1 = +Z§,l ;) Fel)) (5.10)

with £ ~ N (0, A}”) (1=1,..,10), AV =,
(Ag), ...,Ag}) = (4,1,1/2,1/4,1/6,1/8,1/10,1/12,1/14),
o (t) = V2 cos(nt),
<¢§1) (), -y B0 (t)> —=v/2(cos 2t cos 6t cos 10mt, cos 14,
cos 187t cos 227t cos 267t, cos 307t, cos 347t).

For the second sample, we have
Y = ) + Zfﬂ (t) + €()) (5.11)

with £ ~ N (0, Al(2)> (1=1,..10), \?) =6,
(Af),...,)\@)) = (2,1,1/3,1/5,1/7,1/9,1/11,1/13,1/15),
61" (t) = V2 cos(nt)
and
<¢§2) (1), ..., gb%) (t)) —v/2(cos 4nt, cos 87t, cos 127t cos 167t
cos 207t cos 247t cos 287t, cos 32mt, cos 367t).

This means that the spaces U and V spanned by ¢{" (¢), o{"(¢), ..., %)( t) and
gbf) (1), éz)(t), ...,qb%) (t) respectively are different. However, since gbl (t) =
o (t) and we only test for m =1 (i.e. U and V are based on ¢§1)(t), o (1)
only), we have Y =V and H, is true.
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e Model 2b) (m =1, p = 10, Hy and rotated eigenfunction): The two samples
Yigl) and Y;gz) are defined as in (5.10) and (5.11) respectively, with the exception
that

52) (t) = —V/2cos(nt).

This model is different from Model 2a) in that qng)(t) is not equal to qbgl)(t)
but instead it is a rotated version of ¢§1)(z€). Since we only test for m =1 and

rotation does not change the eigenspace, we have Y =V and H is true.

e Model 2¢) (m =1, p =10, H;): The two samples Yig.l) and Y;EQ) as in (5.10)
and (5.11) respectively, with the exception that

2 (1) = V2 cos(2rt).
In this case, we have U # V.

e Model 3a) (m =2, p =3, Hy with equal eigenfunctions):

For the first sample, we have
v =elol () + €0 (1) + €50 (4) + @) (5.12)
with £ ~ N (0, /\l(l)> (1=1,2,3), \V =6, \) =4,
A =2,

(67(1), 65" ()) = V2 (cos(nt), cos(2rt))

(bél)(t) = V2 cos(6t).
For the second sample, we have
Vi =600 (1) + 650057 () + 650057 (4) +eld). (5.13)
with £ ~ N (0,07) (1=1,2,3), A7 =6, 2§ =3,
N =1,

(gb?) (1), éz) (t)) = <\/§ cos(t), \/5(:08(27#)) ,
gbgf)(t) — /2 cos(8nt).
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In this case, the spaces U and V spanned by ¢§1)(t), gl)(t),¢é1)(t) and
&2 (1), 62(t), o2 (t) respectively are different. However, since ¢{" (¢) = ¢ (¢)
and qbgl)(t) = qbéQ) (), and we only test for m = 2, we have Y =V and Hy is

true.

e Model 3b) (m =2, p =3, Hy with rotated eigenfunctions): The two samples
Y;gl) and Y;g-z) are defined as in (5.12) and (5.13) respectively, with the exception
that

(ngl (1), 82 (¢ )) = (cos(mt) + cos(27t), cos(mt) — cos(27t)) .

In this case, we have gb(Q)( t) and gb(Q)( t) are different from gb(l)( t) and qﬁ(l)( t),
¢ (t) and ¢{”(t) but can be obtained by rotation of ¢\ (t) and ¢$"(¢). Since
we only test for m = 2 (U and V are based on qbl (t), él)(t) and QS&Q)(t),
¢52) (t)) and rotation does not change the eigenspace, we have U =V and H,

1s true.

e Model 3c) (m = 2, p =3, Hy): The two samples Y ) and Yigg) as in (5.12)
and (5.13) respectively, with the exception that

<¢§2)(t)> 32)(75)) = <\/§cos(7rt), \/§cos(47rt)> :
In this case, we have U # V.

e Model 4a) (m =2, p = 10, Hy with equal eigenfunctions):

For the first sample, we have
= &V (t) + €508 (t) + Zfﬂ )+ €i(4) (5.14)
with € ~ N (0,47) (1= 1,..,10), A = 6, A" = 4,
(Agw, ...,Aﬁ?) = (2,1/2,1/4,1/6,1/8,1/10,1/12,1/14),
(617, 087(1)) = V2 (cos(nt), cos(2nt))

<¢§1) (t), ..., gb%) (t)> —v/2(cos 67, cos 10mt, cos 14t cos 187,

cos 227t cos 267t cos 307t, cos 34mt).
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For the second sample , we have
Y=o () + €50 (1) + Zé ) + i) (5.15)

with £ ~ N (0, A§2)) (1=1,..,10), A2 =6, A2 = 3,
(A ) = (1,1/3,1/5,1/7,1/9,1/11,1/13,1/15),

(¢§2> (1), o1 (t)) - (\/5 cos(rt), V2 cos(27rt)> ,

(gbgf) (t), ..., gb%) (t)) —v/2(cos 87, cos 12nt, cos 167t cos 207,

cos 247t cos 287t cos 327t, cos 367t).

In this case the spaces i and V spanned by ¢'" (¢),..., (1)( t) and gbl (t),..., %) (t)
respectively are different. However, since qbgl)(t) = gbl () and ng (t) = 52) (1),

and we only test for m = 2, we have Y =V and Hj is true.

e Model 4b) (m = 2, p = 10, Hy with rotated eigenfunctions): The two
samples Y;g ) and Yi§.2) are defined as in (5.14) and (5.15) respectively, with

the exception that
(qb?) (1), §2) (t)) = (cos(7t) + cos(2mt), cos(mt) — cos(27t)) .

In this case, ¢\ (¢) and ¢$(¢) differ from ¢{"(¢) and ¢§"”(¢), but can be
obtained by rotation of ¢§1)(t) and gbgl)(t). Since we only test for m = 2 and

rotation does not change the eigenspace, we have Y =V and H is true.

e Model 4¢) (m = 2, p =10, H;): The two samples Y ) and Y are defined
as in (5.14) and (5.15) respectively, with the exception that

<¢§2)(t)> 32)(?5)) = <\/§cos(7rt), \/§cos(4m§)> .
In this case, we have U # V.

Tables 5.1, 5.2 and 5.3 give the simulation results for Models 1a), 1b) and 1c)
respectively. It can be seen from Tables 5.1 and 5.2 that under the null hypothesis
Hy the simulated values converge to the asymptotic values in a reasonably fast

speed, even in the presence of a long range dependent error process. In particular,



CHAPTER 5. TWO SAMPLE INFERENCE FOR EIGENSPACES 98

the dependence structure in error process does not influence the accuracy of
the level of significance. Moreover, under the alternative hypothesis H4 chosen
here, the test is obviously very powerful. This agrees with our simulation design.
Similar comments apply to the results for Model 2, given in Tables 5.4, 5.5 and
5.6 respectively.

For Models 3 and 4, for each case, we have two test statistics U, and U.
Simulated rejection frequencies for the individual test based on U; and the indi-
vidual test based on U, are given in the fourth and third column from the right
respectively (in Tables 5.7, 5.8 and 5.9 for Model 3, and Tables 5.10, 5.11 and 5.12
for Model 4). Note that using only one of these test statistics is not sufficient,
since the test would not be consistent in general. In fact, as we can see in our
design, for the unequal spaces case Models 3c) and 4c), that ¢§1)(t) = ¢\ (t) but

S) () # ¢§2) (t). Therefore, in the fourth and third columns from the right hand
side in Tables 5.9 and 5.12, the level of significance for U; tends to some constant
smaller than 1, but for U, the level of significance is always 1. Therefore, we give
the rejection frequencies for the joint Bonferroni corrected test defined in (5.6) in
last two columns . From the last two columns in Tables 5.7, 5.8, 5.10 and 5.11
we can see that the level of significance does not exceed the nominal level «, but
is generally lower. In addition, the results in Tables 5.9 and 5.12 illustrate that
the test based on U; alone would not be very powerful. However the combined
Bonferroni corrected test always rejects Hy. These results are what we expected.
Moreover, the accuracy of the level of significance does not seem to be influenced

by the dependence structure.

5.3.2 Bootstrap test based on T, y

Here, the finite sample performance of the bootstrap test based on 7;, 5 (Section
4) is illustrated. For sample sizes N() = N® = N = 200 and 400, n§{ = n{) =

ny = 10N rounded to the next integer, Ngmw = 100 simulations are carried
(1)

out. The errors ¢; ’(j) and 62(2) (7) are generated by one of the Gaussian processes

specified in (a), (b) and (c) above. The following situations are considered:
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e Model 1 (Hy):
m =2, p=10,

(Aﬁ”,Ag”, ...,Aﬁf) — (6,4,2,1/2,1/4,1/6,1/8,1/10,1/12,1/14) ,

(AP, AE) = (6,3,2,1/3,1/5,1/7,1/9,1/11,1/13,1/15),

( §1) (t), ..., gb%) (t)> — \/2( cos Tt, cos 2t cos 6t cos 10t cos 14,

cos 187t, cos 227t cos 267t, cos 307t, cos 34t),

,cos 67t, cos 8mt, cos 167t,

<¢gn(t)’”.7 ﬁ?(ﬂ) __\/§<coswtj%§OSQWt7coswt;k5052ﬁt
cos 207t cos 24t cos 28t, cos 327t cos 367t).
e Model 2 (H;):
m =2, p=10,
(Aﬁ”,AS), ...,Aﬂ}) = (6,4,2,1/2,1/4,1/6,1/8,1/10,1/12,1/14)

(A AP, AR = (6,3,2,1/3,1/5,1/7,1/9,1/11,1/13,1/15),

(¢§l> t), ..., gb%) (t)) — V/2( cos i, cos 2t cos 6mt, cos 107t cos 14t

cos 187t, cos 227t, cos 267t cos 307t, cos 34mt),

t 27t t— 27t
<¢§2) (t),..., %) (t)) = \/§(COS7T +cosam , cos 6t COSTE — COR2m , cos 87t, cos 167,

V2 V2

cos 207t, cos 24t cos 28t cos 327t cos 367t).
e Model 3 (Hy):
m =3, p=10,
(1) (D) MY _
AL A A (6,4,2,1/2,1/4,1/6,1/8,1/10,1/12,1/14)

(/\§2),)\(22), ...,A%)) — (6,4,3.5,3,1/5,1/7,1/9,1/11,1/13,1/15),

(¢>§1) ), ..., ¢§10) (t)> = \/5( cos rt, cos 2mt, cos 67t, cos 107t cos 14t

cos 187t cos 227t cos 267t, cos 307t, cos 347t ),
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<¢§2) ), ..., gb%) (t)) — V/2( cos Tt cos 2t cos 6t cos 8t cos 127t
cos 167t, cos 207t cos 227t, cos 24mt, cos 267t).
e Model 4 (H;):
m =3, p=10,
(A8, M) = (6,4,2,1/2,1/4,1/6,1/8,1/10,1/12,1/14),

(A?),Af), ...,Aﬁ%}) — (6,4,3.5,3,1/5,1/7,1/9,1/11,1/13,1/15),

(¢>§” t), ..., ¢§10) (t)> = \/5( cos rt, cos 2t cos 67t, cos 107t cos 14t

cos 187t cos 227t cos 267t, cos 307t, cos 34t ),

((Z)?) ), ..., gb%) (t)) = V/2( cos Tt, cos 2t cos 10mt, cos 8t cos 12,
cos 167t, cos 207t, cos 227t cos 247t cos 267t).
e Model 5 (H;):
m =3, p=10,
(A&”,Ag”, ...,Aﬁ}}) = (6,4,2,1/2,1/4,1/6,1/8,1/10,1/12,1/14) ,

(A?),A?, ...,A%)) — (6,4,3,2,1/5,1/7,1/9,1/11,1/13,1/15),

( §1) (t), ..., gb%) (t)> — \/2( cos Tt, cos 2t cos 6t cos 10t cos 14,

cos 187t, cos 227t cos 267t, cos 30t, cos 34mt),

cos 67t — cos &t
V2

cos 167t cos 207t, cos 22mt, cos 24t cos 267t).

,cos 107t cos 127t

<¢§2) (1), oees Bl (t)> = V2(cos wt, cos 2,

Simulated rejection probabilities at the nominal level of o = 0.05 are summa-
rized in Table 5.13. The results for Models 1 and 3 indicate that, under Hy, the
nominal level of significance is reached with good precision already for N = 200.
With respect to power (Models 2, 4 and 5), the most difficult alternative is Model

5. The reason is that the deviation of V3 from Us is relatively small, because
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(¢§”, ¢é2)) = V/2|| cos 67t||> = 1/4/2 # 0. In contrast, for Model 3, Us is orthogonal
to V3. Similarily, for Model 2, U5 is orthogonal to V,. The simulations show that
even for Model 5 the power of the bootstrap test is reasonably high for moderately
large sample sizes. The result is not influenced by the type of dependence in the
noise process.

Finally, Table 5.14 shows simulation results for the same models, but using
the bootstrap test (based on Dy,,) proposed in Benko et al. (2009). The results
support the conjecture that this procedure is consistent even in the presence of
very general noise processes. A detailed study of the asymptotic properties of Dy,
under the general assumptions of Theorem 5.1, and a theoretical comparison of
power properties of the tests based on 7T), xy and Dy, respectively will need to be

addressed by future research.

5.4 Proofs and tables

5.4.1 Proofs

Proof. (of Theorem 5.1)

From the results in Chapter 4 about the joint distribution of estimated eigen-
functions, vVn® (égl) — 51), e O — qb%)) and vVn® (&2) — ¢§2), oy OB ¢$§)>
converge weakly to the processes Z(1) = (Zl(l), o Zf(nl)) and Z® = (Zl(Z), . Zq(ﬁ))

respectively where

p -1
1 1 1 1 1 1 1
Zl( )(t) = Z Az(k)ﬁb/(c )Cl(k) + ZAl(k)qbé) 21)7
k=1

k=l+1
P -1
2 2 2 2 2 2 2
200 = Y AP + 3 APl
k=Il+1 k=1

Since the two samples are independent of each other, the processes ZW(t), Z(3)(t)
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are also independent of each other. Now 7(t) (I = 1,...,m) can be written as

()
=7 (t) =Y aud”(t)
=1
:&(2)_ - $(2),q3§1) Qggl)
© -3 (8. 40)

N0 (0@ W, (20 _ W (0 )
5o 6= e)) o (80 o (8-
= 6 =30 (oY otV 1 (52 — o)
(. (0 = o)) o+ (97 = 6f) o) 0t
'@ @) (a0 _ )\ 0
(67 = 6) . (8" = 6V) ) o

=300 (80— 60) + 30 (o, (3 = 6 ) (50 - 6)

i=1 i=1
~ " ~(2 2 ~(1 1 ~(1
S0 ) (3 ) 3 (0 - ) (30 - ) (30
i=1 i=1
Note that .
o =3 (o 0l") ol =0
=1
Moreover
nM
m — 7] asS n(l),n(2) — 0
n n
implies

~ (2 /(1 —
n(l)—I—n nn (1 .

Therefore, the standardized residual functions

nMn?)

a0 @ 1

m(t) =
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converges weakly to

ViZ® = T=0 3 (o2, 20 of?
=1
Vi i (20.07) 6" = VT=n i a1Z"
_\/_<ZAlk¢kz G +ZAlk¢k )

k=l+1
- \/1—772<¢l(2)7<z Azk’ (bk: zk +ZA7,I€ (/bk (1)>>¢
=1 k=i+1
S < ( T AP + zA e ) ,¢§1>> e
=1 k=Il+1
S ( S AP + zAm o é?) |
k=i+1

Since [ = 1,...,m and m < p < 0o, we can write
7i(t) = Ji(t) + Jo(t)

where Ji(t) is the term with sum of k over {1,....1 — 1,1+ 1,...,m} and Jy(¢) is
the term with sum of k over {m, ..., p}. It is easy to see that J;(¢) = 0 and J,(t)

is Gaussian as follows.
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Specifically,

m

-1
2 2 2 2 2 2
h) = i ( > AP + AL éﬂ)

k=Il+1

_\/_Z<Z Alk alkClk +ZAlk azk ) i

i=1 \k=l+1

V=3 ( $° ALl + ZA&W@?) o
k=1

=1 k=i+1

m i—1
S PORCEIEES ST
=1 1

k=i+1

=0 ( Z AZ(Z Clk + ZAlk ¢k (2)>

k=Il+1

-V ( Z ARG + ZAlk e (2)>

k=141

—V1- 772 ( Z AP agcl) + ZAE?GMC}E?) P
=1

i=1 k=i+1

m 1—1
1 1 1 1 1 1
= ( S AP 15 A ><,§2)
=1 k=1

k=i+1

and

p
(2) ,(2) ~(2)
=1 Z Ao G

k=m+1
_\/_Z Z A aszuc
i=1 k=m+1
m p
—VI=n) Y AdanGy ol

i=1 k=m+1

m p
—VI=nYan Y Ao

=1 k=m+1

p m
SUDIR (R I E

k=m+1 i=1

— m Z ZAE;) <akl¢§ +azl¢k >C1k)

k=m+41 i=1

104
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is Gaussian. Therefore, we obtain

fl(t) = Zres;l(t) - Zres;l,l(t) - Zres;l72(t)

where

P m
2 2 1 2
Zresi1 () = /1 Z Al(k) ( /(g) - Zaik(bz(‘ )> l(k:)7

k=m+1 i=1
P m
Zresta (1) = V/T=n Y DAY (akléf%(-l) + ai”b’(fl)) G
k=m+1 i=1
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5.4.2 Tables

N E \4 Q25 Qs0 Q75 Qoo Qos Qoo «(0.05)  «(0.01)
e} 3.35 18.1 0.647 1.783 4.398 8.463 11.993 20.026 0.050 0.010
€;(g): iid
200 4.36 36.9 0.922 2.503 5.530 10.246 13.737 30.879 0.072 0.025
400 3.88 22.6 0.780 2.105 5.188 9.575 12.822 20.679 0.062 0.012
600 4.01 24.1 0.736 2.131 5.684 9.289 14.281 22.209 0.065 0.018
800 4.21 33.1 0.826 2.462 5.113 10.323 13.437 26.176 0.072 0.020
1000 3.85 23.7 0.890 2.222 4.928 9.191 12.206 20.148 0.055 0.012
() AR(1)

200 4.47 38.3 1.077 2.513 5.539 9.837 13.883 31.214 0.072 0.028
400 3.94 22.9 0.833 2.180 5.322 9.872 13.715 21.342 0.065 0.015
600 4.05 24.1 0.731 2.151 5.560 9.591 14.352 22.970 0.065 0.015
800 4.27 33.3 0.823 2.457 5.107 10.009 13.417 25.539 0.075 0.020
1000 3.88 23.9 0.860 2.220 5.069 9.430 12.405 19.972 0.058 0.008
e:(j): FARIMA(0, 0.3, 0)
200 4.37 31.8 1.000 2.591 5.503 10.334 13.103 33.646 0.075 0.028
400 3.92 23.3 0.739 2.185 5.106 10.318 13.449 19.917 0.072 0.010
600 4.10 24.3 0.742 2.277 5.695 9.526 14.626 20.583 0.068 0.018
800 4.25 33.5 0.865 2.545 5.061 10.140 13.856 25.934 0.075 0.022
1000 3.86 25.0 0.845 2.122 4.730 9.357 12.725 21.418 0.055 0.015

Table 5.1: Model 1a) (m =1, p = 2, Hy with equal eigenfunctions): Asymptotic (N = co) and
simulated values of E[U;] (denoted by E), var(U;) (denoted by V), and 25%—, 50%—, 75%—,
90%—, 95%— and 99%—quantiles (Qa5, @50, @75, Qoo, Qos, Qao) of Uy are given. The last two
columns show the simulated rejection probabilities for the nominal levels & = 0.05 and 0.01

respectively.
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N E v Q25 Qs0 Q75 Qoo Qos Qoo «(0.05)  «(0.01)
o] 3.35 18.1 0.647 1.783 4.398 8.463 11.993 20.026 0.050 0.010
€;(g): iid
200 4.35 36.9 0.886 2.423 5.493 9.938 13.893 31.270 0.070 0.025

400 3.88 | 22.7 | 0.785 2.159  5.148 9.548 13.029  20.506 0.062 0.012

600 4.00 24.1 0.693 2.137 5.630 9.394 14.513 22.518 0.065 0.018

800 4.21 33.0 0.830 2.490 5.150 10.295 13.394 25.937 0.070 0.020

1000 3.85 23.8 0.859 2.237 4.855 9.224 12.223 19.841 0.052 0.010
ci(4): AR(1)

200 4.47 38.2 1.051 2.566 5.539 10.039 14.369 30.397 0.072 0.025

400 3.93 | 22.7 | 0.838 2.144 5.410 9.560 13.832  20.842 0.065 0.015

600 4.05 | 24.1 | 0.733 2.182 5.616 9.483 14.185  23.026 0.065 0.015
800 4.27 | 33.3 | 0.856  2.442  5.249 10.135 13.769  25.694 0.070 0.020
1000 | 3.88 | 23.9 | 0.861 2.211 5.010 9.447 12.481 19.912 0.058 0.010

FARIMA(0, 0.3,0)

200 4.37 | 31.5 | 1.030 2.588 5.596 10.112 13.218  33.341 0.068 0.025

400 3.92 | 23.1 0.805  2.209  4.906 10.277  13.315  21.178 0.068 0.012

600 4.10 | 24.0 | 0.784  2.347 5.878 9.512 14.509  21.471 0.065 0.015
800 4.26 | 33.3 | 0.908 2.529 5.173 9.983 13.853  26.300 0.070 0.022
1000 | 3.82 | 24.5 | 0.858 2.101 4.676 9.016 12.887  20.932 0.055 0.015

Table 5.2: Model 1b) (m = 1, p = 2, Hy with rotated eigenfunction): Asymptotic (N = co) and
simulated values of E[U;] (denoted by E), var(U;) (denoted by V), and 25%—, 50%—, 75%—,
90%—, 95%— and 99%—quantiles (Q25, @50, @75, Qoo, Qo5, Qgg) Of U, are given. The last two
columns show the simulated rejection probabilities for the nominal levels o = 0.05 and 0.01

respectively.
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N ‘ E ‘ v ‘ Q25 Qs0 Qs Qoo Qos Qoo | «(0.05)  «(0.01)
€;(7): iid
200 116.1 37.0 115.0 118.1 119.5 119.9 120.0 120.0 1.00 1.00
400 178.5 23.1 177.1 180.3 181.7 181.9 182.0 182.0 1.00 1.00
600 228.4 24.2 226.7 230.3 231.7 232.0 232.0 232.0 1.00 1.00
800 272.2 32.7 271.3 274.1 275.5 275.9 276.0 276.0 1.00 1.00
1000 312.0 23.7 310.9 313.7 315.1 315.4 315.5 315.5 1.00 1.00
€i(§): AR(1)
200 116.0 38.4 115.0 118.0 119.5 119.9 120.0 120.0 1.00 1.00
400 178.5 23.2 177.0 180.3 181.7 182.0 182.0 182.0 1.00 1.00
600 228.4 24.2 226.7 230.3 231.7 231.9 232.0 232.0 1.00 1.00
800 272.1 33.0 271.1 274.0 275.5 275.9 276.0 276.0 1.00 1.00
1000 312.0 23.8 310.8 313.7 315.0 315.4 315.5 315.5 1.00 1.00
ei(j): FARIMA(0, 0.3,0)
200 116.1 31.8 114.8 118.0 119.4 119.9 120.0 120.0 1.00 1.00
400 178.5 23.4 177.4 180.5 181.7 182.0 182.0 182.0 1.00 1.00
600 228.3 24.3 226.7 230.2 231.7 232.0 232.0 232.0 1.00 1.00
800 272.2 33.5 271.4 274.1 275.5 275.9 276.0 276.0 1.00 1.00
1000 312.1 24.7 311.1 313.8 315.1 315.4 315.5 315.5 1.00 1.00

Table 5.3: Model 1c) (m =1, p =2, Hy):

108

Simulated values of E[U;] (denoted by E), var(U,)
(denoted by V), and 25%—, 50%—, 75%—, 90%—, 95%— and 99%—quantiles (Q25, @50, Q75,

Qo0, Qos, Qog) of U, are given. The last two columns show the simulated rejection probabilities

for the nominal levels of significance a = 0.05 and 0.01 respectively.
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N E v Q25 Qs0 Q75 Qoo Qos Qoo «(0.05)  «(0.01)
o] 3.81 18.1 1.120 2.251 4.886 9.016 12.316 20.266 0.050 0.010
€;(g): iid
200 4.74 34.1 1.331 2.905 5.919 10.780 14.028 30.470 0.072 0.025

400 4.28 | 22.4 | 1.222 2.536  5.777 9.741 13.194  20.821 0.062 0.012

600 4.42 24.1 1.191 2.555 6.068 9.727 14.633 22.371 0.065 0.018

800 4.63 33.1 1.255 2.888 5.564 10.815 13.651 26.330 0.075 0.020

1000 4.27 24.0 1.324 2.559 5.444 9.581 12.589 20.641 0.055 0.015
ci(4): AR(1)

200 4.85 35.8 1.485 2.918 5.990 10.459 14.308 31.576 0.078 0.028

400 4.33 | 22.8 | 1.220 2.550 5.771 10.191 14.187  21.497 0.065 0.015

600 4.46 | 24.2 1.185 2.640 6.089 9.864 14.699  23.114 0.065 0.015
800 4.68 | 33.3 1.299 2.900 5.652 10.521 13.585  25.684 0.080 0.020
1000 | 4.29 | 24.2 1.336  2.600 5.681 9.727 12.917  20.270 0.058 0.012

€:(j): FARIMA(0,0.3,0)

200 4.73 | 30.2 | 1.422 2.958 5.909 10.659 13.751  27.199 0.072 0.028
400 4.31 23.0 | 1.200 2.566  5.483 10.691 13.955  20.052 0.075 0.010
600 4.51 | 24.3 | 1.281 2.568 6.184 10.141 15.139  20.920 0.068 0.018
800 4.67 | 33.6 1.343 2.858 5.531 10.616 14.288  26.562 0.072 0.022
1000 | 4.27 | 25.3 1.260 2.579  5.335 9.634 13.123  21.886 0.055 0.015

Table 5.4: Model 2a) (m =1, p = 10, Hy with equal eigenfunctions): Asymptotic (N = o) and
simulated values of E[U;] (denoted by E), var(U;) (denoted by V), and 25%—, 50%—, 75%—,
90%—, 95%— and 99%—quantiles (Q25, @50, @75, Qoo, Qo5, Qgg) Of U, are given. The last two
columns show the simulated rejection probabilities for the nominal levels o = 0.05 and 0.01

respectively.
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N E v Q25 Qs0 Q75 Qoo Qos Qoo «(0.05)  «(0.01)
o] 3.81 18.1 1.120 2.251 4.886 9.016 12.316 20.266 0.050 0.010
€;(g): iid
200 4.73 34.2 1.405 2.933 5.799 10.538 14.241 30.794 0.072 0.028

400 4.29 | 224 | 1.193 2.637 5.696 9.743 13.304  20.664 0.062 0.012

600 4.41 24.1 1.172 2.595 5.998 9.637 14.865 22.680 0.065 0.018

800 4.63 33.0 1.276 2.900 5.615 10.736 13.539 26.075 0.075 0.020

1000 4.27 24.0 1.313 2.553 5.490 9.587 12.771 20.359 0.055 0.015
ci(4): AR(1)

200 4.85 35.7 1.471 2.939 6.051 10.594 14.837 30.839 0.078 0.028

400 4.34 | 22.6 | 1.219 2.575  5.758 9.929 14.304  21.119 0.068 0.015

600 4.45 | 24.2 1.206  2.635 5.997 9.911 14.502  23.162 0.065 0.015
800 4.69 | 33.4 1.319 2.860 5.690 10.431 13.951 25.855 0.072 0.020
1000 | 4.30 | 24.2 1.315 2.568  5.528 9.684 12.946  20.336 0.055 0.012

€:(j): FARIMA(0,0.3,0)

200 4.73 | 30.0 | 1.449 2.957 6.058 10.688 13.567  26.589 0.068 0.025
400 4.31 22.8 | 1.251  2.573  5.418 10.633 13.398  21.343 0.068 0.012
600 4.50 | 24.0 | 1.276 2.684 6.324 9.948 15.038  21.661 0.068 0.015
800 4.67 | 33.3 1.388 2.871 5.518 10.533 14.199  26.405 0.072 0.022
1000 | 4.24 | 24.8 1.266  2.544  5.365 9.296 13.160  21.289 0.058 0.015

Table 5.5: Model 2b) (m =1, p = 10, Hy with rotated eigenfunction): Asymptotic (N = oo) and
simulated values of E[U;] (denoted by E), var(U;) (denoted by V), and 25%—, 50%—, 75%—,
90%—, 95%— and 99%—quantiles (Q25, @50, @75, Qoo, Qo5, Qgg) Of U, are given. The last two
columns show the simulated rejection probabilities for the nominal levels o = 0.05 and 0.01

respectively.
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N ‘ E ‘ v ‘ Q25 Qs0 Qs Qoo Qos Qoo | «(0.05)  «(0.01)
€;(7): iid
200 116.1 33.9 115.1 118.0 119.5 119.9 120.0 120.0 1.00 1.00
400 178.5 22.7 177.1 180.3 181.6 181.9 182.0 182.0 1.00 1.00
600 228.4 23.9 226.6 230.2 231.7 232.0 232.0 232.0 1.00 1.00
800 272.2 32.4 271.2 274.1 275.5 275.9 276.0 276.0 1.00 1.00
1000 312.0 23.6 310.9 313.7 315.1 315.4 315.5 315.5 1.00 1.00
€i(§): AR(1)
200 116.0 35.6 114.9 117.9 119.5 119.9 120.0 120.0 1.00 1.00
400 178.5 22.9 177.1 180.3 181.7 182.0 182.0 182.0 1.00 1.00
600 228.4 23.9 226.7 230.3 231.7 231.9 232.0 232.0 1.00 1.00
800 272.2 32.7 271.2 274.1 275.5 275.9 276.0 276.0 1.00 1.00
1000 312.0 23.8 310.9 313.7 315.0 315.4 315.5 315.5 1.00 1.00
ei(j): FARIMA(0, 0.3,0)
200 116.1 30.0 114.8 118.0 119.5 119.9 120.0 120.0 1.00 1.00
400 178.5 229 177.4 180.5 181.7 182.0 182.0 182.0 1.00 1.00
600 228.3 24.0 226.7 230.2 231.7 232.0 232.0 232.0 1.00 1.00
800 272.2 33.2 271.4 274.1 275.5 275.9 276.0 276.0 1.00 1.00
1000 312.1 24.6 311.1 313.8 315.1 315.4 315.5 315.5 1.00 1.00

111

Table 5.6: Model 2¢) (m =1, p = 10, H;): Simulated values of E[U;] (denoted by E), var(U;)
(denoted by V), and 25%—, 50%—, 75%—, 90%—, 95%— and 99%—quantiles (Q25, @50, Q75,

Qo0, Qos, Qog) of U, are given. The last two columns show the simulated rejection probabilities

for the nominal levels of significance a = 0.05 and 0.01 respectively.
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N E \4 Qoo Qos Qoo a(0.05)  «(0.01) | aponf(0.05)  apont(0.01)

00 U, 0.49 0.31 1.166 1.602 2.636 0.050 0.010
Us 1.36 2.25 3.191 4.308 7177 0.050 0.010

€;(7): iid

200 U, 0.55 0.29 1.272 1.614 2.413 0.052 0.008 0.0300 0.0025
Us 1.36 2.18 3.257 4.326 7.800 0.052 0.012

400 Uy 0.56 0.36 1.266 1.648 2.642 0.052 0.012 0.0350 0.0075
Uz 1.37 2.46 3.033 4.046 6.677 0.045 0.005

600 U, 0.56 0.36 1.352 1.826 2.988 0.065 0.015 0.0300 0.0100
Us 1.34 2.46 3.147 4.619 6.983 0.060 0.010

800 U, 0.55 0.32 1.235 1.707 2.725 0.055 0.015 0.0325 0.0050
Us 1.38 2.32 3.368 4.509 7.258 0.055 0.012

1000 U, 0.53 0.30 1.148 1.513 2.580 0.042 0.010 0.0225 0.0050
Us 1.39 2.32 3.535 4.494 6.596 0.058 0.010

€i(4): AR(1)

200 U, 0.59 0.31 1.325 1.754 2.597 0.060 0.008 0.0275 0.0075
Us 1.45 2.24 3.485 4.366 7.271 0.052 0.012

400 U, 0.59 0.36 1.322 1.690 2.647 0.055 0.012 0.0350 0.0075
Us 1.44 2.49 3.351 4.159 6.622 0.038 0.008

600 U, 0.58 0.36 1.320 1.786 2.948 0.068 0.012 0.0300 0.0100
Us 1.38 2.35 3.221 4.568 7.131 0.058 0.010

800 U, 0.57 0.33 1.266 1.640 2.895 0.052 0.012 0.0325 0.0075
Us 1.41 2.32 3.394 4.291 7.439 0.050 0.012

1000 U, 0.55 0.31 1.230 1.600 2.654 0.050 0.012 0.0200 0.0050
Uz 1.42 2.30 3.485 4.517 6.874 0.062 0.010

€:(j): FARIMA(0,0.3,0)

200 U, 0.57 0.27 1.325 1.565 2.182 0.048 0.002 0.0225 0.0050
Us 1.42 2.15 3.175 4.654 7.309 0.062 0.012

400 Uy 0.60 0.39 1.319 1.735 2.931 0.058 0.015 0.0400 0.0075
Us 1.46 2.43 3.208 4.210 6.906 0.045 0.008

600 U, 0.60 0.35 1.394 1.865 2.849 0.070 0.018 0.0300 0.0100
Us 1.42 2.41 3.271 4.582 7.476 0.060 0.015

800 U, 0.58 0.33 1.301 1.799 2.766 0.065 0.012 0.0325 0.0050
Us 1.44 2.32 3.290 4.877 7.315 0.055 0.012

1000 U, 0.56 0.30 1.207 1.505 2.727 0.042 0.012 0.0200 0.0050
Us 1.44 2.27 3.544 4.512 6.642 0.055 0.010

Table 5.7: Model 3a) (m = 2, p = 3, Hyp with equal eigenfunctions): Asymptotic (N = oo) and
simulated values of E[U], E[Us] (denoted by E), var(U;), var(Us) (denoted by V), and 90%—,
95%— and 99%—quantiles (Qgp, Qo5, Qog) of U and U, are given. Also given are simulated
rejection probabilities («(0.05), «(0.01)) based on U, and U, respectively and on the combined

test with a Bonferroni correction (agons(0.05), agonf(0.01)).
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N E \4 Qoo Qos Qoo a(0.05)  «(0.01) | aponf(0.05)  apont(0.01)

00 U, 0.80 0.94 1.960 2.710 4.620 0.050 0.010
Us 1.06 1.24 2.488 3.303 5.236 0.050 0.010

€;(7) : iid

200 U, 0.82 1.08 1.952 2.523 4.929 0.050 0.012 0.0225 0.0100
Us 1.08 1.09 2.562 3.262 4.882 0.048 0.008

400 Uy 0.83 1.17 1.993 2.720 5.995 0.052 0.018 0.0275 0.0125
Uz 1.09 1.17 2.438 3.184 5.127 0.048 0.010

600 U, 0.85 1.08 1.923 2.544 4.841 0.050 0.018 0.0325 0.0075
Us 1.05 1.21 2.480 3.242 4.921 0.045 0.005

800 U, 0.80 0.90 1.955 2.762 4.706 0.055 0.012 0.0250 0.0050
Us 1.13 1.35 2.620 3.567 4.722 0.062 0.005

1000 U, 0.79 0.83 2.022 2.798 4.174 0.058 0.005 0.0325 0.0075
Us 1.13 1.33 2.725 3.395 5.740 0.060 0.012

€i(4): AR(1)

200 U, 0.88 1.15 2.050 2.640 4.337 0.048 0.010 0.0225 0.0100
Us 1.15 1.08 2.627 3.277 4.698 0.048 0.010

400 U, 0.88 1.19 2.046 2.807 5.951 0.055 0.018 0.0275 0.0125
Us 1.15 1.17 2.518 3.217 5.196 0.048 0.008

600 U, 0.87 1.04 1.904 2.556 5.042 0.048 0.020 0.0300 0.0075
Us 1.08 1.16 2.368 3.412 4.881 0.052 0.005

800 U, 0.82 0.89 1.952 2.796 4.632 0.052 0.012 0.0250 0.0050
Us 1.16 1.36 2.755 3.677 4.879 0.068 0.005

1000 U, 0.81 0.85 2.058 2.946 4.147 0.060 0.008 0.0300 0.0075
Uz 1.16 1.33 2.686 3.441 5.799 0.062 0.012

e:(j): FARIMA(0,0.3,0)

200 U, 0.86 1.07 1.954 2.608 4.384 0.042 0.010 0.0250 0.0100
Us 1.13 1.04 2.648 3.273 4.519 0.048 0.008

400 Uy 0.90 1.24 2.029 2.799 5.630 0.062 0.018 0.0350 0.0125

400 Us 1.18 1.31 2.498 3.378 5.523 0.058 0.015

600 U, 0.91 1.07 2.061 2.679 5.524 0.048 0.012 0.0325 0.0125
Us 1.12 1.21 2.501 3.256 4.881 0.048 0.005

800 U, 0.84 0.90 2.019 2.642 4.745 0.048 0.012 0.0275 0.0050
Us 1.18 1.41 2.829 3.648 4.983 0.072 0.005

1000 U, 0.82 0.80 2.094 2.802 4.037 0.058 0.002 0.0400 0.0100
Us 1.20 1.36 2.721 3.587 5.479 0.062 0.015

Table 5.8: Model 3b) (m = 2, p = 3, Hy with rotated eigenfunctions): Asymptotic (N = oo)and
simulated values of E[U], E[Us] (denoted by E), var(U;), var(Us) (denoted by V), and 90%—,
95%— and 99%—quantiles (Qgp, Qo5, Qog) of U, and U, are given. Also given are simulated
rejection probabilities («(0.05), «(0.01)) based on U, and U, respectively and on the combined

test with a Bonferroni correction (agons(0.05), agonf(0.01)).
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N ‘ ‘ E ‘ |4 ‘ Qo0 Qos Qoo «(0.05)  «(0.01) | aponf(0.05)  aBonf(0.01)
€;(g): iid

200 U, 1.70 3.62 3.765 4.943 9.670 0.342 0.198 1 1
Us 118.83 3.42 120.0 120.0 120.0 1.00 1.00

400 U, 1.61 2.61 3.479 4.906 7.177 0.358 0.182 1 1
Us 180.94 2.28 182.0 182.0 182.0 1.00 1.00

600 U, 1.62 2.70 3.625 4.787 7.680 0.375 0.185 1 1
Us 230.93 2.36 232.0 232.0 232.0 1.00 1.00

800 Uy 1.61 2.78 3.521 4.737 7.542 0.368 0.188 1 1
Ua 274.93 2.43 276.0 276.0 276.0 1.00 1.00

1000 Uy 1.57 2.64 3.700 4.760 7.208 0.332 0.168 1 1
Ua 314.45 2.37 315.5 315.5 315.5 1.00 1.00

€i(j): AR(1)

200 U, 1.76 3.58 | 3.908 5.017  8.769 0.378 0.200 1 1
Ua 118.82 | 3.37 | 120.0 120.0 120.0 1.00 1.00

400 U, 1.65 2.67 | 3.566  4.827  7.826 0.348 0.185 1 1
U, 180.93 | 2.37 | 182.0 182.0 182.0 1.00 1.00

600 Uy 1.65 2.80 | 3.679 4.762  8.648 0.378 0.208 1 1
U, 230.92 | 2.47 | 232.0 232.0 232.0 1.00 1.00

800 U 1.63 2.77 | 3.528  4.688  7.586 0.370 0.198 1 1
Us 274.93 | 2.41 276.0 276.0 276.0 1.00 1.00

1000 | U, 1.59 2.65 | 3.662 4.770 7.304 0.342 0.182 1 1
Ua 314.45 | 2.36 | 315.5 315.5 315.5 1.00 1.00

€:(§): FARIMA(0,0.3,0)

200 U, 1.74 3.56 | 3.828  5.126  9.179 0.365 0.202 1 1
U, 118.80 | 3.34 | 120.0 120.0 120.0 1.00 1.00

400 U 1.65 2.68 | 3.569 5.126  7.502 0.350 0.192 1 1
Us 180.93 | 2.36 | 182.0 182.0 182.0 1.00 1.00

600 Uy 1.65 2.65 | 3.527 4.673  7.993 0.372 0.195 1 1
Ua 230.94 | 2.33 | 232.0 232.0 232.0 1.00 1.00

800 U, 1.64 2.72 | 3.502 4.829  7.446 0.372 0.185 1 1
U, 274.93 | 2.38 | 276.0 276.0 276.0 1.00 1.00

1000 | Uy 1.60 2.50 | 3.754 4.848 7.011 0.350 0.182 1 1
U, 314.44 | 2.21 | 315.5 315.5 315.5 1.00 1.00

Table 5.9: Model 3¢) (m = 2, p = 3, Hy): Simulated values of E[U,], E[Us] (denoted by E),
var(Uy), var(Usy) (denoted by V), and 90%—, 95%— and 99%—quantiles (Qgo, Qos, Qog) of
U, and U, are given. Also given are simulated rejection probabilities («(0.05), (0.01)) based
on Uy and Us respectively and on the combined test with a Bonferroni correction (apont(0.05),

OzBonf(0.0l)).
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N E \4 Qoo Qos Qoo | «(0.05)  «(0.01) | aponr(0.05)  apone(0.01)

00 U, 0.70 0.32 1.406 1.839 2.866 0.050 0.010
Us 1.40 2.04 3.100 4.216 7.059 0.050 0.010

€;(7): iid

200 U, 0.70 0.29 1.406 1.832 2.748 0.045 0.008 0.0450 0.0100
Us 1.73 2.66 3.719 5.301 8.071 0.072 0.020

400 Uy 0.68 0.26 1.275 1.653 2.409 0.035 0.008 0.0475 0.0125
Uz 1.72 2.85 3.331 5.231 8.762 0.068 0.015

600 U, 0.67 0.27 1.306 1.758 2.352 0.038 0.002 0.0375 0.0100
Us 1.71 2.63 3.468 4.527 7.801 0.060 0.018

800 U, 0.70 0.34 1.329 1.734 2.933 0.045 0.012 0.0350 0.0125
Us 1.71 2.66 3.278 4.695 8.815 0.065 0.018

1000 U, 0.70 0.34 1.331 1.736 2.989 0.042 0.015 0.0400 0.0125
Us 1.73 2.56 3.320 4.739 8.525 0.065 0.022

€i(4): AR(1)

200 U, 0.74 0.29 1.448 1.887 2.718 0.058 0.010 0.0525 0.0175
Us 1.86 2.98 3.658 5.474 8.539 0.075 0.028

400 U, 0.71 0.28 1.341 1.684 2.535 0.038 0.008 0.0450 0.0125
Us 1.77 2.79 3.438 4.967 8.339 0.068 0.018

600 U, 0.70 0.27 1.357 1.782 2.268 0.048 0.002 0.0375 0.0100
Us 1.77 2.77 3.560 4.494 8.185 0.060 0.020

800 U, 0.72 0.34 1.382 1.808 3.018 0.048 0.012 0.0350 0.0125
Us 1.74 2.65 3.334 4.837 9.127 0.068 0.018

1000 U, 0.71 0.33 1.344 1.799 2.884 0.048 0.012 0.0375 0.0125
Uz 1.77 2.57 3.366 4.707 8.458 0.070 0.022

e:(j): FARIMA(0,0.3,0)

200 U, 0.73 0.28 1.440 1.765 2.737 0.045 0.008 0.0500 0.0100
Us 1.84 2.77 3.626 5.333 8.264 0.072 0.025

400 Uy 0.72 0.26 1.368 1.654 2.392 0.040 0.008 0.0550 0.0125
Us 1.81 3.15 3.597 5.498 8.384 0.068 0.025

600 U, 0.71 0.26 1.350 1.801 2.201 0.048 0.002 0.0350 0.0100
Us 1.77 2.73 3.504 4.250 8.102 0.052 0.022

800 U, 0.74 0.34 1.387 1.783 3.019 0.045 0.015 0.0325 0.0125
Us 1.75 2.63 3.384 4.714 9.175 0.070 0.015

1000 U, 0.73 0.34 1.348 1.823 3.045 0.050 0.015 0.0375 0.0150
Us 1.78 2.58 3.534 4.704 8.522 0.065 0.025

Table 5.10: Model 4a) (m = 2, p = 10, Hg with equal eigenfunctions): Asymptotic (N = oo) and
simulated values of E[U], E[Us] (denoted by E), var(U;), var(Us) (denoted by V), and 90%—,
95%— and 99%—quantiles (Qgp, Qo5, Qog) of U and U, are given. Also given are simulated
rejection probabilities («(0.05), «(0.01)) based on U, and U, respectively and on the combined

test with a Bonferroni correction (agons(0.05), agonf(0.01)).
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N E \4 Qoo Qos Qoo | «(0.05)  «(0.01) | aponr(0.05)  apone(0.01)

00 U, 1.04 0.93 2.238 2.983 4.706 0.050 0.010
Us 1.06 1.01 2.277 3.059 5.010 0.050 0.010

€;(7): iid

200 U, 1.09 1.19 2.249 3.097 5.114 0.058 0.018 0.0350 0.0100
Us 1.34 1.16 2.664 3.396 5.715 0.062 0.020

400 Uy 1.02 1.20 2.007 2.756 5.079 0.042 0.020 0.0425 0.0075
Uz 1.38 1.31 2.904 3.558 5.558 0.072 0.022

600 U, 1.03 1.12 2.182 2.864 4.397 0.048 0.005 0.0400 0.0125
Us 1.35 1.28 2.782 3.456 6.126 0.082 0.018

800 U, 1.06 1.15 2.120 3.070 4.897 0.062 0.018 0.0500 0.0100
Us 1.35 1.31 2.651 3.859 5.782 0.080 0.022

1000 U, 1.06 1.10 2.345 3.137 5.409 0.058 0.015 0.0475 0.0100
Us 1.37 1.24 2.788 3.769 5.186 0.085 0.015

€i(4): AR(1)

200 U, 1.16 1.24 2.339 3.201 5.248 0.070 0.022 0.0425 0.0125
Us 1.44 1.28 2.769 3.537 6.039 0.075 0.022

400 U, 1.05 1.12 2.063 2.894 5.176 0.050 0.018 0.0450 0.0125
Us 1.43 1.33 2.921 3.438 5.954 0.082 0.025

600 U, 1.07 1.20 2.197 3.010 4.421 0.052 0.008 0.0450 0.0150
Us 1.40 1.34 2.837 3.688 6.254 0.080 0.020

800 U, 1.08 1.14 2.107 3.158 4.962 0.065 0.020 0.0550 0.0125
Us 1.38 1.28 2.680 3.941 5.963 0.080 0.022

1000 U, 1.09 1.09 2.426 3.171 5.163 0.058 0.015 0.0475 0.0100
Uz 1.40 1.26 2.763 3.797 5.579 0.082 0.015

e:(j): FARIMA(0,0.3,0)

200 U, 1.12 1.19 2.256 3.164 5.650 0.065 0.018 0.0400 0.0125
Us 1.42 1.20 2.618 3.469 5.715 0.072 0.020

400 Uy 1.07 1.30 2.095 2.888 5.288 0.048 0.018 0.0475 0.0100
Us 1.44 1.35 2.962 3.672 5.622 0.090 0.025

600 U, 1.07 1.09 2.164 2.958 4.599 0.048 0.010 0.0400 0.0125
Us 1.44 1.38 3.087 3.820 6.025 0.102 0.025

800 U, 1.09 1.11 2.262 3.122 4.958 0.058 0.022 0.0475 0.0150
Us 1.40 1.32 2.706 3.768 6.084 0.085 0.020

1000 U, 1.10 1.09 2.482 3.186 5.196 0.065 0.015 0.0475 0.0100
Us 1.44 1.32 3.009 3.854 5.292 0.098 0.018

116

Table 5.11: Model 4b) (m = 2, p = 10, Hy with rotated eigenfunctions): Asymptotic (N = 00)
and simulated values of E[U,], E[Us] (denoted by E), var(U;), var(Us) (denoted by V), and
90%—, 95%— and 99%—quantiles (Qgo, @95, Qog) of U, and U, are given. Also given are
simulated rejection probabilities (a(0.05), a(0.01)) based on U; and U, and on the combined

test with a Bonferroni correction (agons(0.05), agonf(0.01)).
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N ‘ ‘ E ‘ v ‘ Qo0 Qos Qoo «(0.05)  «(0.01) | aponr(0.05)  aponr(0.01)
€;(g): iid

200 U, 1.85 3.63 3.954 5.034 10.062 0.338 0.172 1 1
Us 118.84 3.44 120.0 120.0 120.0 1.00 1.00

400 U, 1.73 2.54 3.618 4.720 8.878 0.300 0.170 1 1
Us 180.94 2.26 182.0 182.0 182.0 1.00 1.00

600 U, 1.74 2.63 3.631 4.820 7.972 0.350 0.160 1 1
Us 230.93 2.33 232.0 232.0 232.0 1.00 1.00

800 U, 1.76 2.71 3.753 4.618 7.789 0.335 0.175 1 1
Us 274.94 2.37 276.0 276.0 276.0 1.00 1.00

1000 U, 1.74 2.65 3.839 5.035 6.539 0.335 0.162 1 1

Us 314.46 | 2.31 | 315. 315.5 315.5 1.00 1.00

(S

€i(j): AR(1)

200 U, 1.90 3.59 | 4.235 5.144 9.447 0.345 0.190 1 1
Uz 118.82 | 3.39 120.0 120.0 120.0 1.00 1.00

400 U, 1.77 2.66 | 3.649 4.814 9.386 0.305 0.185 1 1
U, 180.93 | 2.34 | 182.0 182.0 182.0 1.00 1.00

600 U, 1.78 2.75 | 3.711  4.996 8.733 0.345 0.170 1 1
Us 230.92 | 2.44 | 232.0 232.0 232.0 1.00 1.00

800 U, 1.78 2.70 | 3.759  4.596 7.771 0.335 0.192 1 1
Uz 274.94 | 2.34 | 276.0 276.0 276.0 1.00 1.00

1000 | Uy 1.76 2.64 | 3.857 5.152 6.479 0.332 0.172 1 1
Uz 314.46 | 2.30 | 315.5 315.5 315.5 1.00 1.00

€:(§): FARIMA(0,0.3,0)

200 U 1.90 3.58 | 4.097  5.303 9.203 0.342 0.182 1 1
U, 118.81 3.36 120.0 120.0 120.0 1.00 1.00

400 U, 1.76 2.62 | 3.667  4.753 8.032 0.298 0.172 1 1
Uz 180.94 | 2.34 182.0 182.0 182.0 1.00 1.00

600 U, 1.75 2.63 | 3.633  4.908 8.014 0.350 0.158 1 1
Uz 230.94 | 2.31 232.0 232.0 232.0 1.00 1.00

800 U, 1.79 2.67 | 3.770  4.808 8.355 0.335 0.182 1 1
Us 274.94 | 2.31 276.0  276.0 276.0 1.00 1.00

1000 U 1.77 2.53 | 3.906 5.044 6.766 0.338 0.168 1 1
Us 314.45 2.16 | 315.5 315.5 315.5 1.00 1.00

Table 5.12: Model 4¢) (m = 2, p = 10, H;): Simulated values of E[U;], E[Us] (denoted by E),
var(Uy), var(Usy) (denoted by V), and 90%—, 95%— and 99%—quantiles (Qgo, Qos, Qog) of
U, and U, are given. Also given are simulated rejection probabilities («(0.05), (0.01)) based
on Uy and Us respectively and on the combined test with a Bonferroni correction (apont(0.05),

OzBonf(0.0l)).
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N Model 1 Model 2 Model 3 Model 4 Model 5
50 0.07 0.81 0.06 0.99 0.45
0.06 0.79 0.05 1 0.35
0.05 0.79 0.04 1 0.75
100 0.08 0.92 0.11 1 0.82
0.09 0.92 0.06 1 0.83
0.09 0.92 0.10 1 0.84
200 0.03 0.97 0.06 1 0.95
0.03 0.98 0.06 1 0.96
0.04 0.97 0.07 1 0.96

Table 5.13: Simulated rejection probabilities of the bootstrap test based on T;, y at the nominal
level of significance o = 0.05. For each value of N = 50, 100 and 200, Ng;m. = 100 simulations
were carried out. For each simulation, the emipirical quantiles ¢j 95(1), ¢ 95(2) were obtained
from T3 (s = 1,...; Nioot) and T35 (s = 1, ..., Npoor) respectively, with Nyyor = 100. For each
value of N and each model, the results are listed in the following sequence from top to bottom:

(a) iid error process, (b) AR(1), (c) FARIMA(0,d,0).

N Model 1 Model 2 Model 3 Model 4 Model 5
50 0.09 0.75 0.06 1 0.89
0.08 0.76 0.06 0.99 0.91
0.05 0.74 0.06 1 0.91
100 0.04 0.87 0.05 1 0.95
0.04 0.89 0.02 1 0.95
0.06 0.89 0.05 1 0.94
200 0.03 1 0.08 1 1
0.03 1 0.08 1 1
0.03 1 0.05 1 1

Table 5.14: Simulated rejection probabilities of the bootstrap test based on Dy ,, (Benko et al.
2009) at the nominal level of significance o = 0.05. For each value of N = 50, 100 and 200,
Ngimw = 100 simulations were carried out. For each value of N and each model, the results
are listed in the following sequence from top to bottom: (a) iid error process, (b) AR(1), (c)

FARIMA(0, d, 0).



Chapter 6

Concluding remarks

In this thesis we investigated statistical inference of functional data analysis
(FDA) model with long memory random errors. The estimation methods of trend
function pu(t), covariance function C(s, t), eigenvalues )\, eigenfunctions (functional
principal components) ¢;(t) and functional principal component scores &; have
been discussed. Two sample inference has also been discussed and a test statistic
for testing the equality of eigenspaces has been constructed. All methods have
been theoretically discussed and illustrated with simulation examples. Actually,
the usefulness of these methods goes far beyond a purely mathematical device.
Finally, we give some concluding remarks and mention several open problems in

FDA which have been discussed in this thesis.

e Nonequidistant or Random Designs: In Chapter 3, we considered
estimation of trend function p(t) and covariance function C(s,t) in repeated
time series with long memory noise errors within a FDA model. In order to
focus on the essential effect of dependence in error process, only the equidistant
case has been discussed. It is well known that, for the case of single time
series, there is no functional central limit theorem. However, if the number
of repeated time series n does not grow too fast compared to the number
of sampling points of each time series N, a functional central limit theorem
can be derived for kernel estimation of p(t). Obviously, this is an unpleasant
condition. If the estimation of () is the main aim, one may use higher

order kernel to relax the restriction provided that higher order derivatives of
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u(t) exist. Since the main quantity of interest in FDA is C(s, 1), it is wise
to eliminate p(t) before estimating C/(s,t). Therefore, we propose to remove
1(t) by using an orthonormal contrast transformation. Under the equidistant
and Gaussian assumption, the contrast model is equivalent in distribution
to the original model with u(t) = 0, except that n reduces to n — 1. The
functional central limit theorem of higher order kernel estimator of C(s,1)
based on the contrast model is available with a reasonable upper bound of n.
Contrasts are not directly applicable for nonequidistant or random designed
model. One of the questions to be discussed in future is how to extend these

results to nonequidistant or random designed case.

e Principal Component Scores with Strongly Dependent Errors: In
Chapter 4, the estimation of eigenvalues ), eigenfunctions (functional prin-
cipal components) ¢;(¢) and functional principal component scores ; in a
FDA model perturbed by error processes (short- or long-range dependent)
has been discussed. Based on the kernel estimation of C(s,t) that we defined
in Chapter 3, the asymptotic distribution of the estimated eigenvalues N does
not depend on the dependence structure of the error processes. Moreover,
the asymptotic distribution of estimated eigenfunctions (ﬁl (t) and the joint
distribution of them also do not depend on the dependence structure of the
error processes. But the different eigenfunction estimators ¢;(t), do(t), ...
are no longer independent. However, this is not the case for the estimated
functional principal component scores éz-l. The rates of convergence of él are
different for the cases of short- and long-range dependent error processes.
Moreover, there is no independent property of fil, éig, .... The strength of the
dependence is a function of ¢;(¢) and the long memory parameter d. Therefore,
new statistical inference methods for &; should be established to incorporate

the possibility of strongly dependent error processes.

e Determine the Dimension of Eigenspace: In Chapter 5, two sample
inference for eigenspaces U and V in FDA with dependent errors was discussed
and a test for testing the equality of U« and V was developed. Note that the

individual eigenfunctions or eigenvalues are not required to be identical. The
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test is applicable to FDA models with an error process that may exhibit weakly
or strongly dependence. The standardized residual process 7(t) converges
weakly to a Gaussian process with a relatively simple structure. Note that the
asymptotic covariance structure of 7(t) depends on the eigenfunctions (and
eigenvalues) spanning U and V. Moreover, it also depends on the remaining
p — m eigenfunctions in the representation of the FDA component Xi(l)(t)
and XZ-(2) (t). In the worst case, p — m may be even infinite. Therefore, from
the practical point of view, determination of the dimension of eigenspace m
is very important. This leads to the question of how good approximations
based on a few estimated eigenfunctions are and how to design data driven

algorithms for choosing a suitable approximation.

e High Dimensional Model: Image data and spatial data play an impor-
tant role in many areas. These observations are obtained on high dimensional
lattices not on one dimensional points. We are working on this high dimen-
sional model. So how to extend the methods in this thesis to high dimensional

model will be considered.
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