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CHAPTER 1

INTRODUCTION

The present thesis is primarily dealing with stochastic partial differential equations in a

Banach space £ with nonlinear multiplicative noise of the form

dyr = (A(t)y + F(t,ye)) dt + G(t,y) dXq, (1-1)
Yo e€.

Here, (A(t)) teR is a family of linear operators, F, G are time-dependent nonlinearities, yg the
initial value, and (X¢)scr is a stochastic noise which is specified later. Stochastic equations
of parabolic type, such as the one given in equation (1-1), are of significant mathematical
importance and are also employed in various scientific disciplines. The incorporation of
randomness enables the modeling of uncertainty, a feature that is advantageous in numerous
applications. Before we discuss the detailed content of this thesis, it is beneficial to provide a
general overview of the motivation behind stochastic modeling.

For example, stochastic is widely used to model asset pricing in mathematical finance. The
first appearance of such stochastic models in finance was introduced by Bachelier in 1900 in
his doctoral thesis [Bac00]. He modeled the stock prices at the Paris Bourse, assuming that
the increments should be independent, normally distributed, and without memory. Here,
the increments are just the difference in the asset price between two fixed points in time.
Independence, therefore, means that the past at the stock market does not influence whether
the price falls or rises in the next period. These assumptions on the process of a stock price
lead to the Brownian motion as the model of choice. Today, Bachelier is considered one of
the pioneers of modern mathematical finance, as his early considerations led to the creation
of numerous models to investigate the dynamics of financial markets. Over the years, the
importance of stochastic modeling has risen. Today, there are also many stochastic (partial)
differential equations in use, for example, the Heath—Jarrow—Morton model for interest rates
[HIM92| or the Heston model, which describes the evolution of volatility [Hes93].

More recently, stochastic models are also increasingly being used to describe natural
phenomena. They have proven to be particularly useful in climate science. Hasselmann
primarily influenced the idea of incorporating randomness into climate models [Has76, FH77],
suggesting that climate fluctuations should not be attributed exclusively to external
deterministic forcings. Rather, the climate is influenced by noisy forces due to the random
development of weather patterns. This phenomenon can be illustrated by considering
the motion of a heavy ball, representing the slowly responding climate, being forced
by randomly moving smaller balls, representing the rapidly changing weather. These
observations coincide with the original considerations regarding Brownian motion, in which
the seemingly random movement of pollen in water was caused by constant collisions with
microscopic water particles. Accepting this framework of Brownian motion in climate
dynamics leads, besides being a more suitable model, to a much more complicated, high-
dimensional nonlinear system. For his contribution to climate modeling, Hasselmann received
the 2021 Nobel Prize in physics. In light of these findings, it has been established that
a significant number of climate models use stochastic forcings, despite their fundamental
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deterministic structure [FO17, Pal19, ABCR21, FBOL22|. Following this trend, an increasing
number of mathematical publications are also dealing with (stochastic) climate models
[IVS01, MTVEO01, HIP10, DSF24].

Another recent development is the consideration of stochastic processes with a memory effect,
which are mathematically modeled by so-called non-Markovian processes, like the fractional
Brownian motion. In the case of a Brownian motion, which is a Markov process, future
events are independent of what has happened in the past, so we say it has no memory. In
numerous instances, this assumption of memorylessness of a system represents a substantial
reduction in the complexity. Indeed, many recent studies have demonstrated the involvement
of memory effects in various applications. One of the earliest examples of such a phenomenon
comes from the hydrologist Hurst [Hur51]. He demonstrated that the probability of a Nile
flood increases if high water levels and floods have occurred more frequently in previous
years. This is referred to as a positive correlation of increments, meaning that the previous
trend is more likely to continue in the same direction. The Hurst parameter H measures
this correlation and was determined to be H = 0.74 in the case of Nile floods. Values
above 1/2 indicate a positive, values below 1/2 a negative correlation, and H = 1/2 means
there is no correlation. The stochastic process with a general Hurst parameter H € (0,1) is
known as fractional Brownian motion, where we recover the Brownian motion for H = 1/2.
However, non-Markovian processes are more complex to handle than a Brownian motion. This
complexity makes them, in particular, interesting from a purely mathematical perspective.
Indeed, there has been an increasing body of research into considering stochastic partial
differential equations with more general, non-Markovian processes as noise, see for example
[HL20, LS22, CMO22, BN22, LNZ24] and the references cited therein. Furthermore, the
fractional Brownian motion has established itself beyond mathematical interest as the model
of choice in some applications, such as mathematical finance. One reason for this is that
volatility has been found to behave like a fractional Brownian motion with a small Hurst
parameter, resulting in so-called rough volatility models [BFG16, GJR18, FSW25].

This brief overview aims to provide a general insight into the motivation for incorporating
stochastic influences into models. So, from an application point of view, we are convinced
that stochastic partial differential equations are worth considering in many cases. However,
the resulting questions, such as considering more general noise, are also very interesting and
challenging from a purely mathematical perspective. Recent studies are therefore increasingly
moving away from Brownian motion as the preferred model towards more general noise terms.
The objective of this thesis is to investigate, in particular, the long-term behavior of stochastic
partial differential equations of the form (1-1) with such general noise, modeled by a rough
path that allows a pathwise analysis of the solution. In addition, special attention is given to
equations in a bounded domain O. This is relevant insofar as many results in the stochastic
literature focus on the n-dimensional torus T™ := R™ \ Z", which simplifies many calculations
as no boundary conditions need to be taken into account. In this case, it is particularly
interesting if the noise affects only the boundary of the area A0 and not the interior.

In the remainder of this introduction, these three primary aspects of this thesis are examined in
greater detail: boundary noise, dynamical behavior, and pathwise integration. The significance
of these aspects is highlighted below, as are the latest developments in the individual subject
areas and the contribution made by this dissertation.

Equations with boundary noise

First of all, it is worth mentioning that from an application point of view, it makes sense
to consider equations on a bounded domain as well as on the torus or the whole space. For
bounded domains O, it is necessary to include boundary conditions on 9O, which makes
the analysis more involved. The torus is analogous to periodic boundary conditions and is
applicable in many situations where the system extends to infinity, such as the ocean or the
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atmosphere, at least in one direction. On the other hand, both the atmosphere and the ocean
have boundaries, such as the seabed or the surface, for which periodic boundary conditions
are not suitable. More useful here are, for example, Dirichlet conditions, where a fixed value is
prescribed on the boundary y;|go = uy, for example, if the system is bounded by a solid wall,
or Neumann conditions, where flows can be modeled as they can occur on a water surface. In
addition to Dirichlet and Neumann conditions, many other conceivable boundary conditions
correspond to a wide variety of physical meanings, such as dynamical, Robin, or Wentzell
conditions, to name a few.

Adding noise on the boundary introduces another layer of complexity and a potential realism
to models that traditional internal noise models may overlook. The general idea behind
this concept is that in many real-world applications, the interaction of a system with its
environment primarily occurs at its boundaries, as this is the only way external influences can
be introduced. For instance, the interface between the ocean and atmosphere can be viewed as
the boundary of the ocean, which is subject to perturbations caused by wind or other weather
effects [TM20]. This influence can significantly affect weather patterns, ocean and atmospheric
circulations, and climate dynamics. Other examples, such as random boundary excitations
of a Stokes flow, an elastic half-plane, and reaction-diffusion equations, are examined in a
series of papers [SS08, Sab08, SS09a, SS09b, Sab24] by Shalimova and Sabelfeld using the
Karhunen—Loéve expansion.

Besides these potential applications, the impact of boundary noise on the corresponding
system is a challenging question. From a mathematical point of view, the consideration of
boundary noise originated from the field of control theory, which deals with boundary controls
[Las80, LT81, Bal81]. The motivation here is the same as above: The easiest way to influence
a system with external control is to add it via the boundary. The semigroup approach used
here also builds the basis for the solution concept for equations with boundary noise, which
is explained in more detail in Section 3.3.

Since optimal control problems and stochastic evolution equations are related, as seen in
[DPZ14, (9.60)], the first results transferring the theory of boundary controls to boundary
noise were obtained only a few years later [Ich85a, Ich85b|. A first milestone was the paper
by Da Prato and Zabczyk [DPZ93], who proved that in the case of Neumann conditions, a
function-valued solution exists. However, for the Dirichlet condition, the solution only exists
in the space of distributions.

Over the following years, articles on equations with boundary noise were published repeatedly
[FW92, MMO93, Sow94, Mas95, DMPD98|. However, these dealt exclusively with Neumann or
Robin boundary conditions. The first breakthrough on Dirichlet conditions comes from Alos
and Bonaccorsi [AB02a, AB02b|. They used techniques from Malliavin calculus in a weighted
Hilbert space setting to treat the semilinear stochastic heat equation with Dirichlet boundary
noise. Based on this idea, Brzezniak, Fabbri, Goldys, Russo, and Peszat in particular have
advanced the theory of Dirichlet boundary noise [FG09, BGPR15|.

A different way of preventing the problems concerning Dirichlet conditions is to treat the
fractional Brownian motion instead of the Brownian motion on the boundary. If the Hurst
parameter H is bigger than 1/2, the resulting process (B{{ ) 4> 18 more regular then the original

Brownian motion. To be precise, the sample paths ¢ — B} (w) are Hélder continuous with
parameter H — ¢ for every small € > 0. In particular, if H > 3/4 then also Dirichlet conditions
are possible to treat [DPDMO02] and Neumann conditions can be considered for every H > 1/4
[DPDMO6.

Other notable achievements concerning boundary noise include the consideration of dynamical
boundary conditions [CS07], the numerical solution of the Burgers equation |[GHBI17],
optimal control with boundary noise |[DFT07, Munl7|, and the comprehensive analysis of
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non-autonomous stochastic partial differential equations with values in Banach spaces and
Neumann boundary noise [SV11].

In recent years, interest in systems with boundary noise has increased [CMO22, GP23, AL24,
ABL25|. Indeed, a growing body of research has begun to examine equations in fluid dynamics,
adding noise on the boundary. In consideration of the motivation previously outlined, this
approach is also logical, as the mentioned wind-driven boundary conditions are suitable for
stochastic modeling. This particular situation was the subject of a detailed investigation
focused on the primitive equation in [BHHS24|.

In terms of long-term behavior, equations with boundary noise have only been studied sparsely
so far. The problem here is that no flow transformations are possible when Dirichlet or
Neumann conditions are considered. What is known are some results on the (exponential)
stability of such systems [Ich85b, Mas95, AB02b, GP23|, which do not utilize the random
dynamical system approach. In the case of dynamical boundary conditions, the situation
is different, as the special structure of the boundary conditions allows for the use of a
random dynamical system, see [CS07, FSTT19]. At this point in the research, we contribute
by enabling the formulation of more extensive statements regarding the dynamics of such
equations. Specifically, we demonstrate the existence of random dynamical systems and
attractors, as well as Lyapunov exponents, for a substantial class of equations subject to
Neumann boundary noise. In the context of regular noise, such as the fractional Brownian
motion with H > 3/4, the consideration of Dirichlet noise is also included. All these results
are based on the articles [NS23, BS24, BGVS25].

Dynamical behavior

A particularly important aspect in investigating (partial) differential equations is the long-
term behavior of solutions. By this, we mean the analysis of solutions that exist over an
infinitely long period, as well as the sensitivity of the initial data. The relevance of such
investigations is omnipresent. For example, we want to know when a so-called tipping point
of a system occurs, i.e., a point in time at which the system moves out of its current stable
state into a new one. A prominent tipping point is the cessation of the Atlantic meridional
overturning circulation (AMOC) [vWKD24, CAW25, Noo25|. In its current state, this current
in the North Atlantic transports heat and salt water northwards and colder water southwards.
This mechanism plays a key role in regulating climatic conditions in the Northern Hemisphere.
Reaching the tipping point would mean that this current would weaken or even cease, which
could have far-reaching consequences for the Furopean climate. Mathematically, these tipping
points are so-called bifurcations, and warning signals are used to investigate the extent to
which it is possible to predict when these bifurcations will occur [KLN22, BDK24, BK25|.

To study bifurcations and other dynamical aspects, such as attractors, Lyapunov exponents,
and invariant manifolds, we rely on the theory of (random) dynamical systems, which is used
to model the evolution over time of an underlying system. Given an initial datum and a time
t, the dynamical system then provides the system’s status at time ¢, allowing us to analyze
its behavior with respect to its initial value. The theory of dynamical systems goes back to
Newtonian mechanics and has been further developed over time by both mathematicians and
physicists due to its relevance in applications. Pioneers of the first hour were Poincaré [P0i92],
who investigated the dynamics of the three-body problem in particular, and Lyapunov [Lya92],
who decisively shaped the stability analysis and established the use of Lyapunov functions
and exponents.

In essence, Lyapunov exponents quantify the divergence or convergence of nearby trajectories.
In the case of simple differential equations like

U = Ay,
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the Lyapunov exponents are just the eigenvalues of A, which are known to characterize the
dynamical behavior of the solution. In the non-autonomous case, it turns out that the
eigenvalues of the family (A(t)) 1[0,7] do not describe the asymptotic behavior sufficiently.
This gap is filled by the Lyapunov e’xponents of a system.

The existence of Lyapunov exponents for random dynamical systems is ensured by so-called
ergodic theorems. The most important of these are Kingman’s subadditive [Kin68| and
Oseledec’s celebrated multiplicative ergodic theorem [Ose68|. Furthermore, Ruelle generalized
the ergodic theorem to Hilbert spaces [Rue82|, and Lian and Lu to Banach spaces [LL10].
More recently, Riedel and Varzaneh proved an ergodic theorem for fields of Banach spaces
[GVR23], which can be applied to delay equations. In this thesis, we mostly use the theorem
by Riedel and Varzaneh and apply it to a single Banach space.

The area of Lyapunov exponents is an active field of research, investigating the existence
and the resulting conclusions for the corresponding equations |[ELR19, BPS23, GT24]. It
is particularly interesting to establish bounds for Lyapunov exponents and thus obtain
sign information [BY22, BBPS22, BBPS23|. This information on the sign is used to
make a concrete statement about stability, such as the existence of a stable manifold
[GVR25, BGVS25] if the top Lyapunov exponent is negative. In fact, in many cases, it is
difficult to check which sign the exponents have, which is why there are also some weaker
concepts, as the finite-time Lyapunov exponents. They, as the name suggests, are only
defined on a finite time interval and therefore represent the local behavior of the solution
[BN23, BB25].

The main object of interest in this thesis is the global attractor. In simple terms, an attractor
is a compact subset of the state space that “attracts” specific solutions of the system. This
property of attracting solutions can be defined in many ways, which will be discussed in more
detail in Section 4.1. For an autonomous system, the differences between those approaches are
not as substantial and lead to analogous results. However, in the context of time-dependent
systems, the situation differs, and it plays a crucial role which type of attraction is chosen. In
this thesis, we address the so-called pullback approach, which involves fixing the observation
time of the system and sending the initial time against —oco. In contrast to the forward
attraction, where the initial time is fixed and the observation time converges to oo, the
resulting attractor depends on time. Given that the noise is modeled as a stochastic process,
its behavior is particularly dependent on time. Consequently, the pullback approach can also

be utilized in the stochastic case. This approach has proven successful in many cases, see
[CSG11].

There are numerous results on the existence of attractors for stochastic partial differential
equations, starting with the famous works by Crauel, Debussche, Flandoli and Schmalfuss
[Sch92, CF94, FS96, CDF97] for equations driven by a Brownian motion followed by more
recent articles [GLR11, Wan12, Wanl4, Gesl4, GLS20]| dealing also with more general noise
terms. It should be noted that their focus is either on additive, i.e., G(t,y;) = o is a constant,
or linear multiplicative noise, i.e., G(t,y:) = oy;. In these situations, there exists a flow
transformation from the stochastic partial differential equation to a random partial differential
equation, sometimes referred to as Doss—Sussmann transformation. This is necessary, as it is
often unclear whether a stochastic partial differential equation generates a random dynamical
system. If such a transformation exists, the random partial differential equation admits a
random dynamical system since it can be solved pathwise. Then, after transforming back,
we can conclude that the original equation also admits a random dynamical system, see
[ISO1| and Subsection 4.2.3. There are only a few papers that circumvent this procedure and
deal with nonlinear multiplicative noise directly, using Wong—Zakay approximations [Z1.24],
mean-square random dynamical systems [Wan19], or pathwise integration [GALS16].
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As mentioned in the general motivation, we also consider non-Markovian noise to account
for memory effects. The problem here is that non-Markovian processes are also not semi-
martingales, so the analysis of the associated stochastic partial differential equations
is generally more complex [DPDMO02, DPDM06, DMPDI12|. Recent results on the
long-term behavior of equations where the noise is modeled by a fractional Brownian
motion are the existence of a random dynamical system [MS04, GALS10|, ergodicity
[Hai05, GAS11], exponential stability [BGAHS17, DGANS18| and the existence of attractors
|GAMS10, GGAS14, CG24].

One of the main contributions of this thesis is the existence of a random attractor. We consider
a pathwise approach, outlined in the next subsection, which allows the investigation of general
nonlinear multiplicative noise terms, including the Brownian and fractional Brownian motion.

Pathwise integration

Throughout this thesis, we investigate mild solutions for equations of type (1-1). This solution
concept involves a convolution of the form

t
/ S, Gr,yy) dX, . (1-2)

where the parabolic evolution family, denoted by (Ss+)s<¢, is equivalent to a semigroup in
the autonomous case. In order to define solutions, it is necessary to first define this integral.
This issue is especially complex in the context of X being a stochastic process, such as
Brownian motion and fractional Brownian motion. In particular, we aim to define the integral
in a pathwise sense, as this offers several advantages in the study of long-term behavior, as
mentioned earlier. For a more comprehensive overview of the various integration concepts,
we refer to Section 2.1.

One of the first approaches to define integrals pathwise, where X is a stochastic process, is
due to Follmer [F681|. He developed a pathwise alternative to the Itd calculus by using the
It6 formula to define the integral against a path with quadratic variation along a sequence
of partitions, which is not to be confused with the bounded 2-variation. Several authors
later extended this concept [AC17, CP19, CJ24]. However, the breakthrough in the pathwise
integration theory came with the seminal paper by Lyons [Lyo98]. In this paper, the concept of
a rough path is introduced, which is a pair X = (X, X) of a path X and a second-order process
X. The idea is that X provides additional information about the path which is necessary to
define integrals of the type [ X dX.

Over the following years, the theory was developed further and applied to differential equations
[LCLO7, Dav08]. Gubinelli and Tindel were able to define rough integrals of the form (1-2)
with the help of controlled rough paths, which also made it possible to investigate rough
partial differential equations [Gub04, GT10]. This was followed by further work on semilinear
[HN19, GHN21] and quasilinear problems [OW19, HN24|. In 2013, Hairer was able to solve
the Kardar—Parisi-Zhang equation with his regularity structures, which contain the theory
of rough paths as a special case [Hail3, Hail4| and have proven to be a breakthrough in the
study of singular stochastic partial differential equations.

All of the articles mentioned so far only deal with local well-posedness; global solutions were
only investigated in [HN20, HN22|. Due to the rough path techniques, quadratic terms appear
in the estimates, which generally pose a problem for proving global solutions. Under what
conditions does a global solution exist is still a prominent question [LY25]. Furthermore,
many existing works consider the equations on the torus and do not treat time-dependent
diffusion coefficients. In this thesis, we address all of these aspects. Among others, we
consider equations on a domain O, where the noise due to the rough path only acts on
the boundary [NS23|. Moreover, as in [BGVS25|, we deal extensively with non-autonomous
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rough partial differential equations, allowing for time-dependent diffusion coefficients.

In addition to the abstract results for equations, the use of rough paths has also increased
in many areas of application. Since the theory of rough paths does not rely on semi-
martingales as noise, rough paths are also used where memory effects are investigated,
such as in mathematical finance |[FGP21, ACLP23, ALP24, BBFP25]| or stochastic control
theory [DFG17, FLZ24]. Due to the pathwise integration, the rough paths also provide
an ideal framework for investigating the long-term behavior of dynamical systems. Where
previously only additive, or linear multiplicative, noise could be investigated, the use
of rough paths also makes it possible to consider nonlinear multiplicative noise using
the random dynamical system approach. The foundation for investigating the long-
time behavior of rough partial differential equations was laid by Bailleul, Riedel, and
Scheutzow [BRS17|, who successfully unified random dynamical systems and the theory of
rough paths. Subsequently, further results on the long time behavior of rough (partial)
differential equations have been established, such as the existence of random dynamical
systems [HN22, CHNR22, GGH25|, stability properties |[DHC19, Hes22, Duc22a, DHC25],
the existence of attractors [Duc22b, DK23, YLZ23, CG24| and invariant manifolds
[NK21, KN23, GVR25].

In this thesis, we contribute to the area of global attractors and the existence of Lyapunov
exponents. The existing works on attractors are either dealing with linear multiplicative
noise |[CG24], rough differential equations [Duc22b|, or numerical attractors |[DK23, CDH25|.
As in [YLZ23|, we can show the existence of attractors for nonlinear multiplicative noise
using different techniques under natural assumptions on the coefficients, which also allows
us to obtain optimal regularity results. This framework can be applied to partial differential
equations with nonlinear multiplicative rough boundary noise [BS24|. To the best of our
knowledge, this is the first result concerning attractors for equations with Neumann or
Dirichlet boundary noise, which was not possible so far, since for such equations, no flow
transformations are possible, and thus no random dynamical system could be proven before
[NS23]. For equations with dynamical boundary conditions, the work of Chuesov and
Schmalfuss [CS07| treats the equation in the product space L2(Q) x L?(00). This framework
enables the use of a flow transformation, allowing for the proof of the existence of a global
pullback attractor.

In order to prove the existence of Lyapunov exponents, we establish a mild Gronwall for
equations of the form (1-1). This inequality is necessary to prove the integrability assumption
of the multiplicative ergodic theorem established by [GVR25| and is the first Gronwall
inequality for mild solutions of rough partial differential equations, which makes it interesting
in its own right. So far, the only other Gronwall-type estimate is due to Deya, Gubinelli,
Hofmanova, and Tindel, who used weak solutions of rough partial differential equations
[DGHT19] in the framework of unbounded rough drivers. However, this result can only be
applied to rough partial differential eqautions with transport type noise instead of nonlinear
multiplicative noise as in our situation. The second ingredient, which is also used for the
global attractor, is an integrable solution bound in the controlled rough path norm for
non-autonomous rough partial differential equations [BGVS25].

Outline of the thesis

This thesis builds upon the following four articles. In addition to the mentioned publications,
certain results have been generalized.

“Stochastic evolution equations with rough boundary noise”
Alexandra Neamtu and Tim Seitz
Partial Differential Equations and Applications, Vol. 4, No. 6, 2023, 1-27
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“Bxistence and regularity of random attractors for stochastic evolution equations driven by
rough noise”
Alexandra Blessing (Neamtu) and Tim Seitz
Journal of Dynamics and Differential Equations, 2024, 1-24

“A mild rough Gronwall lemma with applications to non-autonomous evolution equations”
Alexandra Blessing (Neamtu), Mazyar Ghani Varzaneh and Tim Seitz
Preprint: arXiv:2503.03628, to appear in “Stochastic Partial Differential Equations: Analysis
and Computation”.

“Pathwise mild solutions for superlinear stochastic evolution equations and their attractors”
Alexandra Blessing (Neamtu), Tim Seitz, Stefanie Sonner and Bao Quoc Tang
Preprint: arXiv:2502.01209, under review in “Journal of Differential Equations”.

The thesis is structured as follows:

Part I In the first part, the primary emphasis is laid on rough partial differential equations,
establishing a foundational framework for the subsequent investigation of their long-term
behavior.

We begin by examining the fundamental motivations behind rough paths in Section
2.1 and the resulting rough integrals, highlighting the distinctions between these concepts
and other integration theories.

The basic definitions and results are then introduced and explained in Section 2.2 using
standard textbooks on the subject, such as [FV10, FH20|. Specifically, we also mention
the construction of rough paths using Gaussian processes, such as the Brownian motion,
the fractional Brownian motion, and Volterra processes in Subsection 2.2.1. Subsection
2.2.2 features a brief exploration of the Cameron—Martin space of a rough path, as
studied in [BGVS25], which plays a pivotal role in the integrability of solutions to rough
differential equations. Building upon the theory of rough paths, we introduce the rough
integral in Section 2.3. Utilizing the Sewing lemma, we focus on the concept developed by
Gerasimovics, Hocquet, and Nilssen [GHN21|, which leads to controlled rough paths and
is particularly well-suited for parabolic equations. This section augments the established
results by incorporating non-autonomous diffusion coefficients, as detailed in [BGVS25].
Additionally, we investigate in Subsection 2.3.4 the interplay between controlled rough
paths and extrapolated operators, which is a necessary step for the subsequent study of
evolution equations with rough boundary noise.

Chapter 3 treats rough evolution equations with non-autonomous coefficients. First,
the rough partial differential equations in the Sections 3.1 and 3.2 are analyzed for local
and global solutions. The results presented here are based on [GHN21, HN22| and have
been extended to the non-autonomous case in [BGVS25].
In particular, a rough evolution equation with boundary noise is considered in Section
3.3, which is the main topic of the article [NS23].
At the end of this chapter, the important properties of the solutions are examined, which
play an essential role in the investigation of their long-term behavior. Section 3.4 deals
with integrable bounds for solutions of rough partial differential equations and combines
the results from [BS24, BGVS25], and in Section 3.5 a mild Gronwall inequality is proven,
which is also part of the article [BGVS25].

Part II The second part of this thesis is devoted to the long-time behavior of rough evolution
equations.
Chapter 4 introduces the theory of random dynamical systems. Specifically, Section 4.1



Chapter 1. Introduction 9

explains the motivation behind the concept of random dynamical systems, in which the
autonomous and non-autonomous deterministic case is examined first to highlight the
differences. Afterwards, Section 4.2 addresses this theory’s most significant definitions
and theorems. In particular, Subsection 4.2.3 examines under which conditions rough
differential equations, or random partial differential equations, generate a random
dynamical system.

The subsection 4.2.2 deals with non-autonomous random dynamical systems, which are
relevant for the study of time-dependent coefficients. Here, we also introduce the concept
of an extended probability space, as described in [BGVS25]|, which combines random and
non-autonomous influences.

Chapter 5 now contains the main results of this work. Section 5.1 is largely based
on [BS24] and deals with the existence of attractors for rough evolution equations.
The results from [BS24| are presented for the more general non-autonomous case. In
particular, the results are again applicable for equations with boundary noise, which is
explained in Subsection 5.1.4.
Furthermore, in section 5.2, the existence of Lyapunov exponents is proved and applied
to equations with boundary noise, which is, to the best of our knowledge, the first result
in this direction.

Appendices Before the appendices, Chapter 7 provides a summary and an outlook
indicating possible research directions and open questions.

The appendices primarily serve to introduce the foundational concepts and tools
utilized throughout the thesis. These appendices are designed to present the results in a
manner that aligns with the thesis’s framework.

Appendix A introduces the Sobolev spaces as well as some results regarding interpolation
theory. Here, we gather, for example, the Sobolev inequalities or important properties
about interpolating Sobolev spaces. Appendix B gives an overview of sectorial operators
and analytic semigroups. These two concepts are particularly important for stochastic
partial differential equations, as we frequently utilize the smoothing property of analytic
semigroups. Further, the fractional power spaces and the concept of bounded imaginary
powers are introduced. In order to treat equations of boundary noise, it is useful to work
in Banach scales, which is the topic of Appendix C. The last Appendix D contains an
overview of deterministic parabolic evolution equations. In particular, the conditions of
Acquistapace—Terreni are discussed here, in order to treat non-autonomous equations as
well as some assumptions to solve parabolic boundary value problems.
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CHAPTER 2

THE THEORY OF ROUGH PATHS

2.1 Motivation

To briefly introduce the theory of rough paths, we take a step back and start with an old
and widely studied problem: integration along non-smooth paths. The purpose of this is to
illuminate the development of the theory over the years, highlighting both the positive and
negative aspects of existing approaches, and to clarify the contribution of rough path theory
to it.

As also mentioned in the introduction, the fundamental motivation behind this thesis is to
analyze systems that evolve over time. In the simplest case, such an evolution can be modeled
by an ordinary differential equation of the form

vt = G(yt)- (ODE)

The evolution is then encoded in the solution y: [0,7] — R of the problem (ODE). Under
suitable conditions on G: R — R, for example, Lipschitz continuity, and a fixed initial value
yo € R, it is known that there exists a unique solution of the form

t
Y =yo + / G(yy) dr,
0

for t € R. It is, therefore, essential that we first have a suitable definition of the integral
on the right-hand side before studying the evolution itself. In this particular situation, this
definition is given by the Lebesgue integral or the Bochner integral if G has values in a general
Banach space. Nonetheless, not all problems of interest are as straightforward as this one. In
particular, we want to study controlled differential equations

i = Gy) X1, (CODE)

where X is the derivative of a known function X: [0,7] — R, called the control of 3. The
name originates from the fact that, in this case, the small-scale fluctuations of y look like a
rescaled version of X, so X has control over the behavior of y. For X: R — Rt — X; =,
the ordinary differential equation is a special case of a controlled differential equation.

To solve (CODE), we examine the equivalent integral equation

t
w=w+ [ Gl dx. (21)

0
as similarly done for (ODE). A key step is to establish the integral with respect to the control

X. In the case where the control is smooth enough, which means at least X € C!, we can
formally write

t
Yt = Yo +/ G(yr)Xr d?",
0
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using the chain rule. The question now arises whether less smooth control terms, such as
Holder continuous paths X € CY for v < 1, can be allowed? In particular, can we allow
random controls, such as Brownian motion? In the following subsections, we investigate
different approaches to define the integral for less smooth integrators.

Remark 2.1. If X is not differentiable, one usually considers the integral equation (2-1)
instead of (CODE). In this context

dys = G(yz) dXy,

is commonly used as a shortened form of (2-1).

Riemann—Stieltjes integration

As part of his habilitation, Riemann worked on the construction of the integral [Rie67]. He
approximated the area under the curve by summing up rectangles with a fixed width, which
is then chosen to be arbitrarily small. The height of each rectangle is determined by the
function values within that rectangle’s width. To be more precise, let

mo={[ti,ti1]: 0=ty < t1 < ... <ty =1t}

be a partition of the interval [0,¢] with mesh size |7| := max;—o_. n |ti+1 — ti|. Then a path
f:[0,7] — R is called Riemann integrable if the following limit exists

/ fr dr = hm Z f’wu,v(v _u)7 (2'2)

where w,,, is an intermediate point of [u, v]. The integral is independent of the choice of w, ,,
but usually, one chooses them in a way such that fy, , is the supremum or the infimum of
f on the interval [u,v]. These choices of w,, are going back to Darboux [Dar75|, and the
resulting sums are called upper (Darboux) or lower (Darboux) sums.

The extension of this concept to a more general integrator X: R — R, firstly appeared in
[Sti94] and is known as the Riemann-Stieltjes integral. Here, the author defines the integral
for a control X as

¢
/ frdX, = lim Y fu,,(Xy — Xu), (2-3)
0 |7|—0
[uv]
replacing the difference v — u by X, — X,,, which takes up the aforementioned interpretation
that the solution of (CODE) can be seen as a rescaled version of f. Stieltjes proved that
(2-3) is well-defined if X has bounded variation and f is bounded or the other way around.
However, the approximation used in (2-3) can be extended to even rougher paths.

Young integration

It took around half a century to determine the precise conditions under which the Riemann—
Stieltjes integral exists and when it does not. 1936 Young showed in his article [You36| that
the right-hand side in (2-3) is finite even for paths with finite p-variation. Recall that a
Banach valued path f: J — V has finite p-variation with p € [1, c0) if

S =

[f}pvarJV — (sup Z va qup) < 00,

[uv]en
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where the supremum is taken over all partitions of the interval J C R. The space of finite
p-variation, denoted by CP¥#*(.J; V), is a Banach space using the norm

||f||p-var,],v = SIEJ‘S) ||f8”V + [f]p—var,J,V-
S

If V = R? we shorten the notation by £l povar,s and [flp-var,-

Theorem 2.2. ([You36|) Let f € CPV¥([0,T];R), X € CT¥* ([0, T]; R) such that 1/p+1/q > 1.
Then (2-3) is finite, and fg fs dXs is well-defined as a Young integral. Further, we obtain

t
/ fT dX, — fS(Xt - XS) ,S [f]p-var,[s,t] [X]q-var,[s,t] ’

for0<s<t<T.

Remark 2.3. It is also possible to state Theorem 2.2 in the setting of Hélder continuous
functions. Therefore recall that a Banach valued continuous path f: J — V on an interval
J C R, is called Holder continuous of parameter v € (0, 1] if the Holder semi-norm

Ife = fslly
flygy = sup =
[ ]'y s,teJ,s#t |t - SW

is finite. The space of Holder continuous functions, denoted by C7(J;V), is a Banach space
using the norm

”fH%J,v =sup || sy + [fly,00-
sed

If V = R? we shorten the notation by 1f1l,,; and [f]5,s. It is known that C7 C C'/7var and
therefore, Theorem 2.2 can be expressed as follows:

Let f € CV'([0,T);R), X € C7([0,T];R) be such that 4/ +~ > 1. Then (2-3) is finite, and
fg fs dX; is well-defined as a Young integral. Further, we obtain

t
/ JrdX, — fs(Xt - Xs) S Hf”y’,[s,t] HXH'y,[s,t} (t - 8)7 +77

for0<s<t<T.

This result by Young is sharp. Indeed, there are paths f and X where 1/p + 1/¢ = 1, but the
Riemann—Stieltjes approximation in (2-3) does not converge, see [You36, Section 7|.

Stochastic integration

As mentioned in the introduction, we also want to examine the situation where the control
X is random. Therefore, consider a scalar-valued Brownian motion (B)¢>o on the filtered
probability space (Q, F, P, (]:t)tzo) which is a stochastic process with By = 0, P-almost surely
continuous paths, and independent Gaussian increments, that means By — B, is independent
of F5 and normally distributed with mean 0 and variance t — s for 0 < s < t.

It is known that the sample paths t — B;(w) for w € Q are almost surely Holder continuous
with parameter v < 1/2, which is a direct consequence of Kolmogorov’s continuity theorem
[Kun90, Theorem 1.4.1|. Therefore, the integral

T
/O B, (w) dB,(w) (2-4)

is, in general, not well-defined as a Young integral, where T" > 0.
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One way to resolve this problem is to use the It6 calculus introduced in [[t644]. In particular,
It6 introduced a stochastic concept to define integrals with respect to the Brownian motion,
for example, (2-4). We won’t go into further detail here, but the basic concept is to use the
same Riemann approximation as in (2-3) and replace the type of convergence with a stochastic
convergence. For example, consider a left-continuous stochastic process (Yt)te[O,T] such that
Y; is Fs-measurable for every s € [0, 7] and the following L2(2)-norm is finite

T
E[/ Y, dr] < 0.
0

Then, the It6 integral is defined as

T

/0 VB, = lim 3D Yi(B, - B,

[uv]en

where the limit is taken in L2(£2). Unlike in the deterministic case, the value of the integral
depends now on the choice of the intermediate point, where the left endpoint Y, leads to the
It6 integral. Another prominent choice is to replace Y, by 1/2(Y, —Y,) which leads to the
Stratonovich integral [Fis66, Str66].

More generally, the Itd6 and Stratonovich integral can be defined for semi-martingales. We
will state the existence of these integrals in the continuous case; for more information, see
[RY99, Chapter IV] and [Kal21, Chapter 18 & 20].

Theorem 2.4. Let T > 0, (Q,]-", P, (ft)te[o,T]) be a filtered probability space, (Xi)icjo,r) @
continuous semi-martingale and (Yt)t€[07T] an adapted, left continuous, and locally bounded
stochastic process. Then, the Ito integral is given by

t
| ¥ i 3 vx, - X,
[u,vlen

Similarly, the Stratonovich integral is defined as

t Y, +Y,
/YrodX,, = lim %(XU—XU),
0

where both limits are taken in probability.

This stochastic integration theory was a breakthrough in the analysis of stochastic (partial)
differential equations; see, for example, the monographs [Wks03, IW81]| for stochastic ordinary
differential equations and [DPZ14, LR15] for stochastic partial differential equations, along
with the references cited therein. However, these integrals are stochastic by nature and, in
general, not pathwise!

Also, the Itd calculus is only applicable for semi-martingales and fails in the non-Markovian
setting, so a fractional Brownian motion (BtH ) >0 1s not in the scope of the Itd calculus.
It is also possible to use stochastic methods to extend the integral concept to a fractional
Brownian motion; however, these concepts become more complex, as seen in [Z&98, AMNOO,
PT00, CCMO03, ANO3, Nua03] and the references therein. The integral for more general
fractional stochastic processes has been investigated more recently in [CMO22|, which also
includes the analysis of non-Gaussian processes.

In addition to this restriction to semi-martingales, the Itd calculus leads to another issue,
which involves the well-posedness of stochastic differential equations. To be more precise, the
following negative result exists.
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Proposition 2.5 (|Lyo91]). There exists no separable Banach space V C C([0,T];R) such
that V contains the paths of a Brownian motion and the map

T
€ (10, T} R) x C([0, T:R) — C=([0,T):R), (f,g) /0 fog, dr.

extends to a continuous map on YV XV into the continuous functions.

The consequence of this proposition is that even simple differential equations driven by a
Brownian motion are possibly ill-posed in the It6 sense. For example, consider the equations

dy{" = dBY,
8 =7 a5

where (B (1)) >0 and ( (2)) t>0 are two independent Brownian motions. Formally, the second

component y® has the form f B ( ) dr, so due to Proposition 2.5 the solution does not
depend continuously on the noise, Wthh makes the problem ill-posed.

Even if the addition of stochastic properties to the definition of the integral has proved to be
very helpful, we still want a pathwise integral concept.

Pathwise integration of rough controls

There is one component that combines all the integral concepts we have seen so far: They all
use Riemann sums as an approximation for the integral. It turns out that this approximation
is no longer good enough if the integrand and integrator are too rough. In a sense, the
Riemann sum does not have enough information to cover rapidly changing paths. 1t6’s theory
addresses this lack of information by employing the martingale property. In this subsection, we
establish an alternative approach to compensate for the missing information, which motivates
the theory of rough paths.

To better understand what we mean by this missing information, consider the smooth path
X € CV([0,T);R) for v > 1/2 and a smooth function G € C*(R;R). For every r € [u,v] the
Taylor expansion of G(X) yields

G(Xr) ~ G(Xu) + DG(XU)Xu,m (2'5)

where X: [0,T])? — R, (s,t) = X5+ = Xt — X is the two-parameter function associated to
the path X. Integrating (2-5) with respect to X, which is well-defined as a Young integral,
leads to

/G ) dX, ~ G(Xy)Xuw + DG(X /dex

Summing over an arbitrary partition 7 of [s,¢], the left-hand side equals the integral over
[s,t]. Taking the limit |7| — 0 of this expression yields

t
/ G(X,) dX, = lim <G(X )Xo + DG(X / X dXT , (2-6)

|| —0
[u,vlen

which is known as the compensated Riemann sum. In comparison to the approximation used
in (2-2) with wy,, = u, it turns out that

Jim, DG(X / Xy dX, = 0. (2-7)
= [u,v]em
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This can be interpreted as follows: The second-order terms do not contribute any information
to the definition of the integral. However, this changes when X is only Hélder continuous with
parameter v < 1/2. Then, the Riemann and compensated Riemann sums are not necessarily
identical, and (2-7) is further expected to be nonzero.

The idea is to replace the Riemann sum when it stops being convergent with the compensated
Riemann sum. But, the key issue is that (2-6) is not usable for rougher inputs since it involves
the iterated integral

/ X, dX,, (2-8)

which is not well-defined for v < 1/2. To overcome this major problem, we have to replace
this integral with an algebraically similar object.

This is the fundamental idea of a rough path and the resulting rough integrals. Based on this,
it is then possible to use an approximation inspired by the compensated Riemann sum (2-6)
to establish a pathwise integration theory and, therefore, a theory to investigate equations
like (CODE) for rough paths.

2.2 Holder rough paths

This section provides a more detailed consideration of the theory of rough paths. The notation
and presentation of the results are based on [FH20|. For further reading, we also refer to
[LCLO07, Dav08, FV10| and the original article by Lyons [Lyo98|. Fix from now on T > 0.

The initial step is to specify what we mean by an algebraically similar object to (2-8). For
this, note that every concept presented in Section 2.1 fulfills basic additivity properties. For
example, let X: [0,7] — R be a real-valued smooth path, then the additivity of the Young
integral leads to

t u t
/ Xs,'r dX, — / Xs,r dX, — / Xu,r dX, = Xs,uXu,ty (2’9)
s s u

where (s,u,t) € AES’)T} with

Af,k) = {(81,...,Sk)281,...,8k€J,81 <59 < ...gsk}, (2-10)

for an arbitrary interval J C R and k£ € N, for k = 2 the superscript is omitted. It is shown
by Chen that (2-9) encodes abstractly the additivity of iterated integrals |[Che54, Che57].
With this in mind, the basic idea behind the theory of rough paths can be formulated: The
objective is not to find an integral that is directly analogous to (2-8), but rather a two-
parameter function X: Ay ) — R, which is Hélder continuous, such that Chen’s relation

Xs,t - Xs,u - Xu,t = Xs,uXu,ta (2_11>

holds for (s,u,t) € AS}T}. Of course, a smooth path fulfills (2-11) by choosing X to be

the Young integral, as in (2-9). But in rougher cases, the possible abstract, two-parameter
function X then defines the iterated integral

t
Xs,t ::/ Xs,r de
s

and not the other way around!
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Remark 2.6. Note that it is possible to use stochastic properties of the path X to define
X. For example, in the case of a Brownian motion, X is the iterated It6 or Stratonovich
integral. The main difference to the original Itd theory is that it is now possible to use the
compensated Riemann sum (2-6) to construct integrals as in (2-1) pathwise, which means
without a convergence in probability.

This can be applied to general paths with values in Banach spaces, but to formalize it, we
need to introduce tensor product spaces. Let U and V be two separable Banach spaces over
a scalar field K € {R,C}. In short, the tensor product space U ® V characterizes all bilinear
maps on U x V linearly. To be more precise, the elements in U ® V represent every bilinear
functional on the Cartesian product U x V as a linear functional on the tensor product space.

Define u ® v for (u,v) € U x V on the space of bilinear functionals £ (U x V;K) by the
evaluation at the point (u,v), this means

(u®v)h = h(u,v),

for every h € L& (U x V;K). This function is a bilinear map itself.
Definition 2.7. The tensor product space of U and V is defined by

URY = {u®v:ueu,v€V}.

In particular, if (e;);er and (f;);cs are bases for U respectively V, the family of tensor products
(ei ® fj)ielje] is a basis of U ® V, so every element € U ® V can be represented as

r= Y aje®f),

iel,jed
for coefficients (aij)ier,jes C K which are equal to 0 except for finitely many indices.

Example 2.8. Suppose that U = R™ and V = R™. In this situation, the tensor product
space can be identified with the space of all n x m-matrices. The tensor product u ® v of two
vectors u € R"™,v € R™ is then a matric with entries (u ® v);; = uv; fori =1,...,n and
j=1,...,m, which means U @V = R ™. [t is easy to see that dim(R™ @ R™) = nm.

In particular, it can be shown that the dimension of the tensor product space is generally
given by
dim(U ® V) = dim(U) dim(V).

We want to highlight the fact that the tensor product space linearizes all bilinear mappings
on U x V. In the finite-dimensional setting, this is straightforward. For f = R" and V = R™
we have U ® V = R™™ and obtain

LO(R" x R R™) =~ L(R™; L(R™;R™)) =~ L(R™™R™) ~ L(R" @ R R™). (2-12)

The first identification is, in fact, also true for general Banach spaces. The other identification
requires more information about the structure of the Banach spaces. For this note, that U @ V
can be constructed using different bases, which leads to different spaces, but which are all
isomorphic, [Rya02, Proposition 1.15]. To ensure (2-12), equip U« ® V with the projective norm

|2l = 10F ¢ Y lailly [billy = 2= Y aibilei® ;) ¢ (2-13)

i€l jeJ i€l jeg
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where the infimum is taken over all representations of x. This is the largest norm such that
|lu @ vllyey = llully llv]l, holds. This means the norm generates the smallest of all possible
tensor product spaces; see [Rya02, Proposition 2.1].

Theorem 2.9. (|[Rya02, Theorem 2.9|) Let U, V, WV be three Banach spaces. If the tensor
product space U @V is endowed with the projective norm defined in (2-13), then we obtain

LOWU X VW) =~ LU LV;W)) =~ LU V;W).

To close this interlude, define the symmetric and antisymmetric parts of a tensor. This is
particularly relevant for the definition of a geometric rough path.

Definition 2.10. Let x € Y ® U be a tensor. Then the symmetric and antisymmetric parts
of x are given by

T T
x—i—2m , Anti(z) i ,

Sym(zx) =

where 27 == > icl jes @ibj(ej ® €;) is the transposed tensor of z =3,/ . ; aibj(e; ® €;).

It is now possible to proceed with the definition of a rough path with values in an arbitrary,
separable Banach space.

Definition 2.11. A pair X = (X,X) is called a 7-Holder rough path for v € (1/3,1/2] if
X €C([0,T);V),X € C3([0,T]; YV ® V), and they satisfy

Xs,t - Xs,u - Xu,t = Xs,u X Xu,tu (2_14)
for (s,u,t) € A[(g’,)T]. Denote by €7([0,T];V) =: €7 the space of all v-Holder rough paths.

Remark 2.12. i) For a smooth path X € C*°, with the canonical choice for X as

t
Xs,t ::/ Xs,r dXT‘7
s

Chen'’s relation (2-14) follows immediately as in (2-11). Then (X, X) is called the canonical
rough path lift of X, and .Z(C*°) denotes the space of all rough paths obtained that way.

iii) The two-parameter function X is not uniquely determined. LetA(X ,X) € €7 and define
Xs =X + Fy — F, for some F € C*([0,T];V ® V), then (X,X) also satisfies (2-14).

The space of rough paths %7 is not separable and, due to the nonlinear nature of Chen’s
relation, not even a linear space. However, it is a metric space, where the metric is defined as
follows.

Definition 2.13. Let J C R be a compact interval and X = (X, X), X = ()?,FA{) be two
~v-Holder rough paths. Then the -Holder rough path metric is given by

X) Y Hxs’t — K ‘V@V
0,7 (X,X) = sup —— ¥+ sup ’
! ( ’ (Svt)eAJ |t - S|'y (57t)EAJ |t - $|2’Y

HXs,t - Xs,t

and set o, 7(X) = 0,,7(X,0).

Apart from the additivity of the integral, one could think of other properties for the definition
of X. For instance, the integration by parts rule, which for a real-valued smooth path X
implies that

t t
. 1
/ Xs,r er = / XS,TXT dr = §Xs,th,t;
s s
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for (s,t) € A 7). In comparison to the additivity, this “first order calculus” rule holds not for
every integral concept presented in the motivation. For example, for a real-valued Brownian
motion (Bt)te[o,T] the It6 and Stratonovich integrals are respectively given by

r 1 T r 1
/ B, dB,=-B%—- -  and / B, odB, = ~B2.
0 2 2 0 2
So, the Stratonovich integral fulfills the first-order calculus rule, but the It6 integral does not.
This means that this property is not suitable to replace Chen’s relation in the definition, but
it can work as an addition to it since integrals satisfying the integration by parts rule are also
needed in some situations.

Definition 2.14. i) A pair X = (X,X) € ¢7([0,T]; V) with v € (1/3,1/2] such that
1
Sym(Xs) = §(Xs,t ® Xst) (2-15)

holds for all (s,t) € A1), is called a weakly geometric y-Holder rough path. Then
€4 ([0,T); V) = €, denotes the space of all weakly geometric y-Holder rough paths.

ii) For v € (1/3,1/2], the space of geometric rough paths is defined as the closure of
£(€>([0,T];V)) in €7([0,T);V) and denoted by €70, T); V) = 627,

It is important to emphasize that ‘590 7. unlike €7, is a separable Banach space, see [FH20,
Exercise 2.8|.

The relationship between the different rough path spaces is relatively straightforward since it
works similarly to the corresponding Hélder spaces. For v € (1/3,1/2] and € > 0 we obtain for
instance the (strict) embeddings

R e A (2-16)

The last two are trivial, and the first one is proven in [FH20, Proposition 2.8, Exercise 2.12].
Another feature that the rough path space inherits from the Hoélder spaces is that the Holder
norms fulfill a certain continuity. To see this, define C%7([0,T];V) as the closure of smooth
functions in C7([0,T]; V). Then the Wiener characterization of C%([0,T]; V) yields

lim sup [X], s =0, 2-17
5_>0\t—3|<6[ [AERIRY (2-17)

for every X € C%7([0,T]; V), see [FV10, Theorem 5.33]. The limit (2-17) holds also for
any X € CV([0,T);V) with 4/ > , due to the embedding C?" — C%7, but not for X €
C7([0,T]; V)! A counterexample for the latter statement is the path t — X; :=¢7.

Lemma 2.15. ([BS24, Remark 2.3]) For any X = (X,X) € 6,7([0,T); V) the maps
A[O,T] — R, (8, t) — [X]'y,[s,t],v and A[O,T] — R, (S, t) —> [X}’y,[s,t],]/@]/
are continuous. Both maps are also continuous for X = (X,X) € €7 ([0, T]; V) with o' > ~.

Proof. Let X € %.7([0,T);V) be a geometric rough path. By definition, there exists a
sequence (X(k))keN C Z(C>([0,T];V)) such that o, o1 (X®),X) — 0 for k — co. In
particular, we have

X x

—~0 and  [X®) —X] —0

7,[0,T],Y 27,[0,T],y®V

for K — oo. This means X € C%([0,T];V), so (2-17) holds. It is easy to verify that
A, — R, (s,t) — [X]%[&t] is continuous, indeed for 0 < s9 — 51 < 01 and 0 < t9 — t1 < 9
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we obtain

HX]')/,[sl,tl],V - [X]'y,[sz,tg],l)|

< ‘[X]’Y,[Sl,tﬂ,v - [X]’Y7[517t2]7v‘ + HX]%[Shtz],V - [X]%[Smtz]y‘
< sup [X]'y,[u,v],V + sup [X]W,[u,v],v — 0,
s1<u<v<ta s1<u<v<ts

[v—u|<d2 J[v—u|<d1

for 91,02 — 0 using (2-17). A similar proof can be used for the two-parameter function X.
The second statement holds due to the embeddings in (2-16). O

2.2.1 Construction of rough paths

The objective of this section is to construct a second-order process X for a given path X such
that Chen’s relation (2-14) is satisfied. It can be proven that every path X € CY([0,T];V)
can be lifted to a rough path, even to a geometric rough path. This Lyons—Victoir extension
theorem is initially stated for p-variation rough paths in [LV07] and was later proven for
Hoélder continuous paths in [FH20].

Theorem 2.16. ([LV07, Corollary 19|, [FH20, Exercise 2.14]) Let X € C7(]0,T];V) be a
Hélder continuous path with parameter v € (1/3,1/2). Then there exists a two parameter
function X € C%V([O,T]; V@ V) such that (X,X) € €27([0,T); V).

Even though this theorem yields the existence of a two-parameter function X such that (2-14)
is fulfilled, it does not provide a general canonical construction. For a smooth path X € C7
with 7 > 1/2, the construction is straightforward, by choosing the Young integral

t
(5,6) 5 Xy s = / X, dX,.
S
For any one-dimensional continuous path X € C7([0,T];R) with v € (1/3,1/2] we can define

Xs,t = (Xs,t)2 ;

1
2
which fulfills (2-14).

For multidimensional, non-smooth paths, the choice of X is not so clear, especially in the case
of stochastic processes. Fortunately, it is possible to achieve a meaningful candidate for X in
the case where X is a Brownian motion or a Gaussian process satisfying a certain covariance
condition.

Brownian rough paths

As a first non-trivial example, consider the d-dimensional Brownian motion (By).c[o,7] on the
probability space (2, F,P). Recall that we have already observed two possibilities to define
the iterated integral with probabilistic methods: the It6 and Stratonovich integral. Therefore,
define

t t
Bit,? = / Bs, dBy, thtrat = / Bs, odB,,
S s

for (s,t) € Ajgr]- Due to the additivity, it is easy to show that both (B,B!*) and (B,BStrat)
fulfill (2-14) almost everywhere, where the null set does not depend on time. It remains to
show that B, respectively BSt2t is 2y-Holder continuous.
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Theorem 2.17 (|[FH20, Theorem 3.1]). Let ¢ > 2,3 > /q. Further, suppose X : [0,T] x Q —
V oand X: A x Q =V fulfill (2-14) as well as

E [HXS,t

q
Gl st-9"  and  E|[[Xldey] S (-7,
for all (s,t) € A ). Then there exists for every v € (1/3, 8 — 1/q) a modification X = (X, X)
such that X(w) € €7 almost surely.

Using elementary properties of the Brownian motion, the conditions of Theorem 2.17 can be
easily checked.

Proposition 2.18. (|[FH20, Proposition 3.4 - 3.5|)

i) For any vy € (1/3,1/2), (B,B"®) € €7([0, T);R?) holds almost surely.
it) For any ~y € (1/3,1/2), (B,B%™") € €,/ ([0,T];R?) holds almost surely.

Proof. i) Let g > 2 and (s,t) € A 7]. Due to the scaling properties of the Brownian motion,
we have

E“BS,tHfgd] = (t - 3)%EUBO,1|Hqu]-

To bound B!, note that the quadratic variation process of BLY is given by

t
/ ’strﬁxd dr.
S

Using the Burkholder-Davis—Gundy inequality, see [Kal21, Theorem 18.7|, we obtain

t
/ |BS,T|]§d dT
S

Since this holds for any ¢ > 2, Kolmogorov’s Theorem 2.17 yields that (B,IB%M)) is a
v-Holder rough path for every v € (1/3,1/2).
ii) The well-known relation between the It6 and Stratonovich integral is given by

E[BY2,| <E < (t—s)8
| s,t|Rd ~ N( 8) .

: ) ,
S (t—s)2E | sup |BS,T\Rd
rE[s,t]

t t 1 5 1
BSat _ / By, odB, / By B, + S1dgalt — ) = B + ldga(t — 5),
s s

for (s,t) € Ag). Due to this fact and i) we obtain B ¢ 37 ([0, T); RY ® RY) and
therefore (B,B5"") € €7([0,T];R?).

That (B , IBBStrat) fulfills (2-15) can be proven using the integration by parts rule, which is
known to be true for the Stratonovich integral. Therefore, (B,B5") is even a weakly
geometric y-Holder rough path.

O

Gaussian rough paths

With the possibility to enhance the Brownian motion to a rough path, it is now possible
to treat one of the most important stochastic processes in this setting. However, a key
motivation for exploring rough paths, as mentioned in the motivation, is also the extension
beyond the Brownian and, consequently, the martingale framework as a potential integrator.
In this subsection, a covariance criterion is presented for enhancing a Gaussian process to a
rough path.

Suppose that (Xt)te[o,T} is a d-dimensional, centered Gaussian process with independent
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Components (X ) . This means that (X,,..., Xy, ) is a Gaussian random variable for all
0 an

Lt € 10,7 H E[X] = 0. The covariance function of X is given by

Ry : [0,T)? = R4 (s5,1) — E[X, ® X].
We further define the g-variance of this covariance function by

[RX] var sup E[Xu,v & Xﬁ,ﬁ}qv
g-var,[0,T? m, c[0.7] [u%;w

[a,0]€x
where the supremum is taken over all partitions 7,7 C [0, T].

Similar to the Brownian case, we need a candidate for X fulfilling Chen’s relation (2-14).
Such a process can be constructed as a suitable iterated integral using stochastic tools. Under
certain conditions on the covariance, which are specified in the next theorem, it is possible to
define

0] . 7 _ i ]
X4 = /X( dx) I}Tlgo > X0 x{), (2-18)

[u,v]er

for (s,t) € A as an L%-limit for 1 < i < j < d, see [FH20, Proposition 10.3]. The
independence of the components is crucial at this point. But how do we define the other
components of X? To this aim, we investigate the properties of a (geometric) rough path. In
particular, to fulfill (2-15) and (2-14), the remaining components are necessarily given by

i Lo @))? i irj i) (i

Xip=5(X9) and  xde= XU+ x0X0), (2-19)
for (s,t) € Ajgpand 1 <i < j <d.

Theorem 2.19. ([FH20, Theorem 10.4 c)|) Let (X¢)ic(o,1) be a d-dimensional process which

s centered, Gaussian, and has independent components. Further, suppose that there exists a
constant q € [1,3/2) such that every component X9 satisfies

1
[RX(i)] q-var,[s,]2 5 |t - 5| 7, (2'20)

forie{l,...,d}. Then, there exists a continuous modification of X defined in (2-18)-(2-19),
which is denoted again by X. Furthermore, X = (X,X) € %, ([0,T};R?) almost surely for

every y € (1/3,1/2q).

We know that a Gaussian process (Xi)cjo,r) has finite moments, i.e. E[|X[P] < oo for every
p > 1. This property carries over to X and therefore also to the rough path X.

Corollary 2.20. (|[FH20, Theorem 10.4 b)|) Assume the same conditions as in Theorem 2.19.
Then, all moments of X and X are finite. In particular, we have

01.01(X) € [ L7(2
p=1
for every v € (1/3,1/2q).

Example 2.21. Using Theorem 2.19, the fractional Brownian motion can be lifted to a rough
path, similar to the case of a Brownian motion. The covariance of a scalar-valued fractional

Brownian motion (B{I)te[o 7] with Hurst parameter H € (1/3,1/2) is given by

1
E[B @ BY| = 5 (1t + s — 1t - 5"). (2-21)
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Due to the stationarity of the increments of (B{{) it 1s enough to investigate

telo,T)
2 7 \?
*(h)=E [(Bt,t—i-h) ] -
In particular, if <> is concave, non-decreasing and fulfills
1
|<*(h)| < |h|7,

for all h € |0, 71] with h > 0 and some ¢ € [1,2), it is possible to verify the assumptions of
Theorem 2.19, see [FH20, Corollary 10.10], which leads to the existence of a rough path
lift. Using (2-21), we obtain ¢*(h) = h*1, which is clearly concave and non-decreasing
for H < 1/2. which means that (BH,BH) is a geometric rough path. The same can be
said of a d-dimensional fractional Brownian motion with independent components, where the
aforementioned considerations can be applied componentwise.

In particular, a Gaussian Volterra process can be enhanced to a rough path.

Definition 2.22. Let K: [0,7]x[0,T] — R be a kernel such that K(0,s) = 0 forall s € [0, 77,
K(t,s) =0 for 0 <t < s <T and there exists a parameter ¢ > 0 such that

T
/D (K(t,r) — K(s,r))” dr S [t —s|', (2-22)

holds for all s,¢ € [0,7]. Then a centered, Gaussian process (V;).cjo,r) is called Volterra
process if V; has the form

t
Vi ::/ K(t,r) dBy,
0

where the integral is defined as an It6 integral with respect to a scalar-valued Brownian motion
(Bt)tefo,r)- Then, the covariance function is given by

min{s,t}
E[VSVt] :/ K(t,r)K(s,r) dr.
0

Due to (2-22), there exists a Hilbert-Schmidt operator K: L2([0,T];R) — L2([0,T];R),
associated to a Volterra process with kernel K, defined by

T
Kf ::/0 K(,r)f(r) dr,

for f € L2([0, T]; R).

Lemma 2.23. Let (Vi)i>0 be a Volterra process with kernel K. Then there exists a (-Hélder
continuous modification for every 8 € (0,¢2). If additionally v € (2/3,1], then there exists a
two-parameter function V such that (V,V) € %f([O,T];R) for every B € (1/3,4/2).

Proof. The existence of a Holder-continuous modification follows directly from (2-22) and
Kolmogorov’s continuity theorem [Kun90, 1.4.1].

To prove the existence of a rough path lift, we verify (2-20). Let (u,v), (%, ?) € Ajg 7y, then
we have min{w, @}, min{u, v}, min{a, v} < min{v, o}, which leads to

min{v,0} min{v,a}
E[VioVas) =/ K(v,r)K(v,r) dr / K(v,r)K (@,r) dr
0 0
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min{u,0} min{u,a}
_/ K(u,r)K(0,7) dT+/ K (u,r)K(a,r) dr
0 0
min{v,0}
N /0 (K(U’r) - K(U’T)) (K(ﬁ,r) - K(q, 7‘)) dr,

using K (s,t) = 0 for s < t. With this equality, (2-22) as well as the Holder and Young
inequalities, we obtain

min{v,0} min{v,0} %
E[VyoVas] < ( /0 (K (v, ) — K(u,1))? d7~> ( /O (K(5.7) — K(a,r))’ dr)

S-wi@—-a)2 < (v—w) +(0—a)

N|=

In particular, this implies that

Bv]l) o S wp 3 ol =i

wCls t] [w,v]en
Due to ¢ € (2/3,1], the assumptions of Theorem 2.19 are fulfilled, which means that V' can be
enhanced to a weakly geometric rough path. O

Example 2.24. ) (Fractional Brownian motion). The fractional Brownian motion with
Hurst parameter H € (0,1) can be represented as a Volterra process using the kernel

(t— )13

K(t,s) = FH £ D)

1 1 t
In <—HH H+2’1_s> Ljo,4)(8)s

for s,t € [0,T] where T is the Gamma- and fy, the hypergeometric function. For a,b,c € R
and |z| <1, fp, is defined by the power series

[T (o~ DILZe (0~ 1) «*
fula,b,c,d) : Z zo(c_l) e

for complex values |x| > 1 it can be analytically continued. Then, K satisfies (2-22) for
L = 2H, see for example [DU99] and [Hul03, Example 8. This implies, using Lemma
2.23, that the fractional Brownian motion can be lifted to a rough path for H € (1/3,1/2)
which is consistent with Fxample 2.21.

ii) (Liouville fractional Brownian motion). Given the complexity of the Volterra kernel from
the fractional Brownian motion, often a modification is used, where the hypergeometric
function fn is omitted. In the literature, this modification is sometimes called fractional

Brownian motion of type II or Liouville fractional Brownian motion, see for example
[FALP99, BuNS12|. The kernel is given by

K(t8) = —— =9 H 0 (0),

for s,t € [0,T] and H € (0,1). For H < 1/2 and s <t we obtain
r 2
| (=10 = =) H0,0) " ar

t s s

Z/(t—7“)2H_1 dr+/ (s —r)2H-1 dr—2/ (t—r)H_%(s_r)H—% dr
0 0 0
t s s

S/(t_T)QH_l dT+/ (s — )2t dr—2/ (t—r) a3t —r)H3 dr
0 0 0
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t S
:/ (t — )21 dr+/ (s —r)2H=1 — (¢ —p)2H=1 gp
s 0

- (t _ 5)2H N (t _ 5)2H _ (t2H _ 82H)

< _ J\2H
=" 9H 2H S =97,

and analogously for s > t. This means that (2-22) is fulfilled by choosing . = 2H, which
leads to the fact that there is a rough path lift of the Liouville fractional Brownian motion,
provided that H € (1/3,1/2].

i11) (Ornstein—Uhlenbeck process). The Ornstein—Uhlenbeck process has the kernel

K(t,s) = "1 (s),

for s,t € [0,T] and some a < 0. Then (2-22) holds for v = 1. Indeed, for s <t we obtain

T 2 s 2 t
/ <6a(t_r)ﬂ[07t)(7“) _ea(s—r)l[o’s)(,r)) d?":/ <6a(t—7’) _6a(s—r)> dT‘—|—/ eQa(t—r) dr

0 0 ]
= (e 6a5)2 /S e 2 dr + ﬂ — (™ - 6&5)2672(15 —1 11— e?alt=s)
0 —2a —2a —2a
- (ea(t—s) _ 1)2 1—e2s 1 —e2alt=s)
—2a —2a

The second term is bounded by t — s, using the inequality 1 + x < e®, which holds for all
z € R. Further, we have 1 — ¢** < 1 and e**=%) <1 — a(t — s), since a < 0. This leads
to

T 2
/0 (ea(t_r)ll[w) (r) — e“(s_r)ll[07s) (r)) dr <(t—s)?+ (t—s) <t—s,

fort—s<1. Fort—s>1, we use that

2
(e““*’—l)ﬂ_;% < 12 ,
—zQ —4Q

to obtain

T 2
/0 (6“”_’")1[0,15) (r) —e® 1y (7")) dr S1+(t—s)St—s.

2.2.2 The Cameron—Martin space associated to a Volterra process

This subsection is part of the article [BGVS25] which is based on a collaboration with
Alexandra Blessing and Mazyar Ghani Varzaneh.

Since we deal mostly with Gaussian rough paths, we know from Theorem 2.19 that all moments
are finite. However, it turns out that this assumption is not enough to bound the moments
of the solution of a rough evolution equation. However, these bounds are of significant value
when analyzing the long-term behavior. In order to establish them in Section 3.4, we need
some properties of the Cameron—Martin space associated with the noise.

For a Volterra process (Vi)icjo,rj With kernel K on the probability space (Q,F,P), as in
Definition 2.22, the Cameron—Martin space is denoted by Hy . To be precise, the Cameron—
Martin space is associated with the law of V and identifies every direction such that the
translation in this direction is absolutely continuous with respect to the original law. For a
Volterra process, it is possible to show that the Cameron—Martin space is given by the image
of L2([0,T];R) under the operator K, i.e. Hy = IC(L2[O,T];]R)). In particular, for every
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h € Hy there exists a f € L2([0, T]; R) such that

~ [ K@.nsw) an
0

with the norm [[hl3,, = [[fllr2(o,r1m)-

Before analyzing the Cameron—Martin space in more detail, we introduce a control function,
which is essential for establishing the existence of an integrable solution bound.

Definition 2.25. Let X € €7([0,T];V) be a v-Hélder rough path for v € (1/3,1/2]. Then
define for n < v the function

WX7%,7: A[O,T] —R
(2-23)
() sup {3 (v —u)i (HXWH;"+|1XM||§%J>) ,

mCls,t] [u,v]em

where the supremum is taken over all partitions 7 of [s,t]. If it is clear from the context, we
omit the dependence on + in the notation Wx ,(s,t) = Wx (s, t).

Lemma 2.26. ([BGVS25, Lemma 3.15]) Let X € €7([0,T]; V) be a y-Hdlder rough path for
v e (/3,12 and n <.

i) Then Wx ;) is continuous and super-additive, this means
WX,n(S7 'LL) + WX,’I](uv t) < WX,?](Sa t)7

holds for s < u < t. Therefore, Wx ,, is a control function.
i1) For s <t it holds that

_1 _1
W0, < =) (K132 + B o)

Proof. 1) The proof is similar to [FV10, Proposition 1.15]. Let (s,u,t) € AEO)T] and define
the abbreviation

dovt) = (¢ =77 (1Xal37 + 1KealF5 ).
For two partitions m C [s,u| and 72 C [u,t] we obtain

Yoodtiti)+ Y dlsnsi) <Y dlr i),

[tistit1]Em [si,8i41]€m2 [ri,rip1]€m1 Uy

Since 7 U7y is a partition of [s, ¢], this proves the super-additivity of Wx ,. To prove the
continuity, we show that Wx , is left and right continuous. Therefore define

Wx 5 (Si’ tx) = . hm\ Wx 77(8 + hi,t F ha),
1,h

where the limit exists due to the monotonicity of Wx ;. Further, we have
Wxp(s7,t7) < Wxp(s,t) < Wxy(s™,t7).
The super-additivity of Wx , leads to

Wx (s + hi,u — ha) + Wx y(u + hs,t — hy)
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< WX,n(S + hi,u—hg) + me(u — ho,t — hy)
< Wx,n(s + hi,t — hy),

for small constants hi, ho, hg, hy > 0, which shows that Wx,n(sﬂt_) is super-additive.
Further, we have d(s,t) < Wx ,(sT,t7), and therefore

Z d(ti>ti+1) < Z me(t;’i_?tijrl) < nyﬂ(s—’—’t_)?

[ti,ti+1]Cﬂ' [ti,ti+1]C7T

for an arbitrary partition @ C [s,¢]. Taking the supremum over all partitions 7 yields
Wx (s, t) = Wxn(st,t7). A similar computation shows that Wx (s, t) = Wx (s, t"),
which proves the the continuity of the control.

ii) For every partition m C [s,t], we obtain the bound

Sttt (|57 4 150,00 5557

[tistit1]Em

= 3 =t (Il Il )

[titig1]ET
= 1
- L
< D (m—ty) WXl \ 77 Eetillyer ) 77
1~ tj) (tjp1 —t;)7 s —t))>
[tistip1]ET i+ j it ;
L 1
oo ]
< Z (tj+1 —t;) ([X]vvz[;’tﬁl]y + [X]Z'y”y[tjlytj+1],v®v>
[tistig1]ET

1 1
< (t—s) ([X];,[;,t],v + [XE@”[!?] V®V> :

Since the right-hand side is independent of the choice of the partition, this yields the
claim. 0

Recall that (Vi);c(o,r) has a B-continuous modification for 8 < ¢/2. Then, the following lemma
characterizes the elements of Hy via the control defined in (2-23). A similar statement for
the Cameron—Martin space of the fractional Brownian motion is shown in [FV06, Theorem
3]. For simplicity, we fix T'= 1 for the next lemma.

Lemma 2.27. ([BGVS25, Lemma 3.15]) Let (Vi)icpo,1) be a scalar-valued Volterra process
with kernel K such that

1
sup / |K(t+s,r) — K(s,r)] dr:O(tB'%), (K1)
s€[0,1—t] JO
sup / |K(t+7r,s)— K(r,s)| dr:O(tﬁ'%), (K2)
s€[0,1] /0

holds for all s,t € [0,1], where f = O(t**"2) means that limsupt_m‘ SO < 00, Then, for

e

every /2 < a <  + /2, we obtain
(M2 (0,1]) Sas [17ll3, > (2-24)

for every h € Hy . In addition, for every 0 <n < a —1/2

Whn(0,1) Spy HhHHV , (2-25)

holds.
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Proof. Recall, that f = O(t5+%) means that limsup,_,q J;Ert)l
t 2

constant C' > 0 and a constant € > 0 such that |f(t)| < Ct#T2 for every lt] < e. We will
assume without loss of generality that e > 0, which is in fact possible if f is bounded on (g, 1].
Since we have

< 00, i.e. there exists a

1
1 1 2 .
/|K(t+s,7’)—K(s,7’)| dr§</ |K(t+s,r)—K(3,r)|2 dr) <tz
0 0

due to the definition of a Volterra process, we obtain therefore

1
sup / |K(t+ s,r)— K(s,r)] dr§t5+%,
s€[0,1—t] JO

sup / |K(t+1r,s)— K(r,s)| dr§t5+%,
s€[0,1]J0

for every t € [0, 1].
Let h € Hy = K(L?([0,1];R)). Then there exists a g € L?([0,1];R) such that

:/ K(t,r)g(r) dr
0

h(u) — h(v) = Jo (K(u,r) = K(v,r))g(r) dr+ [ K(u,r)g(r) dr, 1>u>v>0,
Jo (K (u,7) —K(v,r))g(r) dr+ [T K(v,r)g(r) dr, 0<u<wv<1,

The difference is given by

which leads to

v, T ) dr)?
[h We 2([01 < 2/ / fO ’u_v’(1+2a)) ( ) ) dUdU

+2// ([ Kurp(ﬂidr) dude
+2/ / fO e v!(1+2a)) 3r) dT)2 dudv

f K(v dr)
+2/ / 1+2a dudw.

Due to the Cauchy—Schwarz inequality and (K1) we further obtain for v < wu <1

(2-26)

2

(/OU(K(u,r) — K(v,r))g(r) dr)
< /UK(u,r)—K(v,r)] dr/v|K(u,'r)—K(v,r)\(g(r))Q dr
sup / |K(u—v+s,r)— K(s,r)] dr/OU]K(u,T)—K(v,'r)|(g(7"))2 dr

€[0,1—(u—v)]

< u—v% [ 1) = K a0 ar
(2-27)
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and similarly for u < v <1

(/DU(K(u, r) — K(v,7))g(r) dr)2 < |u— U‘ﬁ% /Ou K (u,r) — K(v,7)] (g(r))? dr.

Using (K2), (2-27) and Tonelli’s theorem the first term in (2-26) can be estimated by

// (J (K (w,7) v( () dr)*

1+2a

dudv

2a—LF+1/2

fKen Ko, (9(r)? dr
A e T R

dxdv

:/ L= (VK ( v—l—x,r)—K(v,r)Hg(r))Q dr
0 JO

w?a—ﬁ—f—l/z

M [T K w2 — K (o) do
- [ o [

Ty dzdr
1 1—p [l=z
9 o |K@+z,r)—K(v,r)| dv
< [ o [ A dadr
1
<y, [ a7 de Al
A similar computation can be used to estimate the third term in (2-26) as
K(v,r»g(r)drf o
[ udv
Jo' |5 (u,r) = K (v,7)] (g(r))* dr
/ / T dudv
— v
Jo' 1K (u,r) = K (v,7)| (9(r))* dr 2
/ / 0 U|1/2+2a ; dvdu S [[hZ,,

To estimate the second and fourth term in (2-26), we use the fact that K(s,t) =0 for s > ¢.
Then, similar to (2-27), we obtain

(/:(K(u,r) ~ K (,r))g(r) dr>2

=0
§/U\K(u,r)—K(v,r)] dr/u\K(u,T)—K(v,r)](g(r))z dr
Ml ' u,r) — K(v,r )2 dr
e R ) = K () o) ar
for u > v. This leads to

/ / f Kl 1#522( d7‘ dudv / / Ijngr;?;))g(r) d?“)2 dudv
Jo [K (u, ) — K(v, 7“)I( (r))? dr
S e T e

atoa—p dudv

dxdv

/ / v+m Kw+z,7)— K, (g(r)? dr

1/2+2a B

dadr

/ / fmax{r w0y [ K (0 +a,r) - K(v,m)|(g(r)* dv

rY2+2a-p
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dadr < ||h|l3,, -

L T K (04 ) — K (v, )] (g(r)? do
</

1;1/2-1—204—,3

A similar computation yields

K(v,r)g(r)dr 2
[ qua <

which proves (2-24).

To show (2-25), note that (2-24) together with the Besov-variation embedding (A-3), yields
that the 1/a-variation of every h € Hy is finite. Since o > 1/2; the Young integral

Az = R, (5,8) o Dy = / h(r) — h(s) dh(r)

is well-defined. Using the Besov—Hélder embedding (A-2) we obtain [h]a_1/s (s S [Plwe.2((s,0)
and therefore

~

[h(t) = h(s)]* S [t — s [jyac (s »

for any s,t € [0, 1]. This yields

1
h(t) — h(s)|a=n a=lj2-n =]
‘ ( ) ( 17)‘ < ’t _ 8’ a—n ([h]%\/aﬂ([s’t])) 2(a—n) ] (2-28)

t—slz 7

Note that the right-hand side is a control function. Indeed, (s,t) — t — s and (s,t) —
[h]%va,g([s g are controls and then the product is also a control function due to

1
oa—5— 1
2 77+

-1
a—n 2(a =)

and a > /241, see [FV10, Exercise 1.10]. In particular, the right-hand side is super-additive,
which leads to

Waan(©:1) = sup & > (0 =wa (|h(v) = h(w)|77 + By |5

7C[0,1] [u,o]en

S s &3 (0= W k() — Aw)|T

- 7C[0,1] [uv]em
a=l/2-9 s
< sup Z (v — ) o n ([h]%va,z([u,v]))z( )
mC[0,1] [u,v)er

< ([h]%vaﬂ([o,u))z(a s HhHHV ;
where we used (2-24) and (2-28). O

It is known that the fractional Brownian motion satisfies the statement of Lemma 2.27, see
|GVR25, Proposition 2.12]. In fact, the proof uses only that the kernel fulfills (K1) and
(K2) and builds on the embedding stated in [FV06, Theorem 3|. For this reason, it has
already been conjectured that this property of the Cameron—Martin space can be extended
to Volterra processes fulfilling these assumptions, see [FV06, Appendix A]. It turns out, that
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we can replace (K1) by
1 1
/ K (t,7) — K(s,7)| dr =O(|t —s|”"2), (2-29)
0

and the statement of Lemma (2.27) is still true. But (2-29) is harder to verify in applications,
which is the reason why we stick to the original condition (K1).

In the following, we will revisit Example 2.24 and show that Lemma 2.27 applies to more
Volterra processes than the fractional Brownian motion.

Example 2.28. (Liouville Fractional Brownian motion). Consider the kernel given by

K(ts) = —— =9 0(0),

I'(H+3

for s,t > 0 and H < 1/2. Furthermore, recall that the resulting Volterra process is Hélder
continuous with parameter 5 < H.

In order to verify (K1), note that

1
/0 (45— )T 30 () — (5 — ) 3104 (r)] dr

s Ho1 ool t+s o1
:/(s—r) T2 —(t+s—r) _2dr—|—/ (t+s—r)" "2 dr
0 s

sHT2 4 tHs _ (1 4 5)Hts 4 ¢H 3 (2-30)
- H+ 4

243 — (t 4 s)H+3 4 sH+3
N H+1 ’

holds for every s € [0,1 — t|, which implies t + s < 1. In particular, we obtain

2tfts 4 (1—t)fts — 1

t 1 1
su tts—r)77 — (s =) 21 o (r)| dr =
p}/ﬂ\( ) (s —7) 0,6)()]| Ht 1

s€[0,1—-t

since

G eyt = (4 3) (- ™) >0
S

holds for every s € [0,1 — t|, so the right-hand side of (2-30) is increasing, which means
the maximum is attained at s = 1 —t. To analyze the behavior for t — 0, we consider the
first-order series expansion of the numerator. We obtain

1—t)its =1 <H+;>t+o(t)

and in particular

(1—t)H+§—1:—(H+;>t+o(t).

In this framework f = o(t) means that limy_, ‘@‘ = 0. Using this, we have

2+ 4 (1—t)H+3 —1 2673 — (H+ 1)t +o(t)

H—et3 H—e+3
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o~ <H i ;) A-Ci=et]) 4o (p1-(-o+1)) o,

for some arbitrarily small e > 0 and t — 0, since 1 — (H — e +1/2) > 0.

Verifying (K2) works similarly. We fix t < 1/2 and obtain

1—t 1 1
/0 (47— )7 30 1y (5) — (r — )7 3100 (s)] dr

fos(t—i-r—s)H_% 1017“—1—fslft(r—s)H_% - (t+r—s)H 2 1dr, s<t
[P, t+r—s)t dr+fsl_t(r—s)H_5 —(t+r—s)f"2dr, t<s<1-—t

fsljtt(t—l—r - S)H_% dr, 1-t<s
2tH+%—(t—s)H+%+(1—t—s)H+%—(1—3)H+%, s<t
= otz 4 (1—t—s)HTs — (1—5)Ht3, t<s<1—t
2 (1—S)H+%, 1-t<s
= g(s)

(2-31)

In order to find the supremum of (2-31), we analyze the piecewise-defined function g on every
part separately. It is clear that g is decreasing on [1 —t,1]. On the interval [t, 1 — t] we obtain

o = (#+5) (=97 == )™ <o

which means that g is decreasing for s > t. On [0,t], we obtain the derivative
d 1 H-—1 H-1 H-1
o) = (H+5 ) (=9 2 +(t=9)"7F = (1= (s+)77F),

which has a-priori no clear sign. However, due to (t — s)HJrl/2 — o0 for s — t, the right-hand
side tends to +o0o for s — t, which suggests that g increases on [0,t]. Numerically, one can
prove that the supremum of g is attained at t. This leads to

1—t 1 1
sup / (47— $)H 1104y () — (r — )7 310, (s)] dr
se€0,1] Jo

243 4 (1 —2t)H+s — (1 —)H+2
- H+ 3 '

In order to analyze the behavior for t — 0, we consider again the first-order series expansion
of the numerator, which yields

(1-26)H2 —(1— )2 = - <H+ ;) t+o(t).

Finally, for some arbitrary € > 0 we have

2tts 4 (1—2t)+s — (1 — )tz 2t+3 — (H + 1)t +o()
H—e+3 N (H—e+3

— o _ (H i ;) A-(H-e+3) To <t1—(H—e+%)> -0,

fort = 0, since 1 — (H —e+1/2) > 0. In conclusion, the Liouville fractional Brownian
motion fulfills (K2).
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Example 2.29. (Ornstein—Uhlenbeck process). The Ornstein—Uhlenbeck process has the
kernel

K(t,s) = "1 (s),

for s,t > 0 and some a < 0. Recall that the resulting Volterra process is Hélder continuous
with parameter B < 1/2. In order to verify (K1), note that

1
/0 a0 () — 6 1 o ()| dr

s t+s
:/ ea(s—r) _ ea(t—l—s—r) dT+/ ea(t—i—s—r) dr
0 s

1 — et — (eas _ ea(t+s)) +1-— eat B (2 _ eas) (1 o eat)

—a —a

)

holds for every s <1 —t. Taking the supremum over the interval [0,1 — t] yields

1
oup /0 a5 1y () — €26~ 10 o ()] dr

s€[0,1—t
(2 _ ea(lft)) (1 o €at)

—a

As in the previous example, we examine the behavior for t — 0 by considering the series
representation of the numerator. Note that the exponential function

e =1+z+o(z),
holds for every x € R. In particular, this leads to
(2 . ea<H>) (1—e) = (2 — et (1 at—l—o(t))) (—at + o(t))
- ((2 — %) + e%at + o(t)> (—at +o(t))
= —a(2—e")t—e"a’t? + o(t?).
For some arbitrarily small € > 0, we obtain

9 _ ea(1-1) (1 — eat
(2-e ) (1 =) = —a(2—e")t° — et + O(tl_e) — 0,

tl—s
for t — 0, which proves (K1).

To verify (K2), we can rewrite the integral as in (2-31). Therefore, fix t < 1/2 and obtain

1—t
/0 a1 (s) — )1 (s)] dr

f(f ea(t+rfs) dr + flft ea(r—s) o ea(t+r75) dr s <t
s )
= fss_t ealt+r—s) qp + fsl—t ea(r—s) _ ca(t+r—s) dr, t<s<1-—t

fsl;t ea(t+7”—s) d?", l_t<s
et _ ea(tfs) + (ea(lftfs) _ 1) _ (ea(lfs) _ eat) . os<t
— é et _ 1 + (ea(l—t—s) _ 1) _ (ea(l—s) _ eat) ’ t<s<1—t

eo(l=s) _ 1 1-t<s
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. et _ ea(tfs) + (ea(lftfs) _ 1) _ ea(173)7 s<t
_ - 2€at —24 ea(l—t—s) _ ea(l—s)7 t<s<1—t.
a
6(1(1—8)_17 1—-t<s

The analysis of the supremum of this function is similar to the previous example, so we omit
the details. The result is that the supremum is again attained at t, which leads to

1—¢
sup / ‘ea(twfs)l[o,tw)(s) - ea(rfs)]l[o,r)(s)‘ dr
s€[0,1] JO

2t — 9 4+ ea(l—Zt) _ ea(l—t) 2(1 _ eat) 4 ea(1-t) (1 _ e—at)

a —a
Finally, we use once more the series expansion of the numerator, which yields
2(1 — ™) + U0 (1 — =) = 2 (—at + o(t)) + e (1 — at + o(t)) (at + o(t))
= at(e® — 2) + o(t)
and

2(1 _ eat) + ea(l—t) (1 _ e—at)
tl—a

= at®(e” — 2) 4+ o(t°) — 0,

fort — 0, where € > 0 is arbitrarily small. In conclusion, the Ornstein—Uhlenbeck process

fulfills (K2).

2.2.3 Alternative concepts of rough paths

In this thesis, we focus exclusively on y-Hoélder rough paths. However, various notions of
rough paths have been developed over time. In this section, we provide a brief overview of
alternative definitions. We do not aim to offer an exhaustive list or detailed explanation of the
various concepts; rather, the purpose of this section is to highlight the activity of this field and
the diverse range of settings and applications that have emerged, thanks to the contributions
of numerous researchers.

Rough paths of lower order

Everything obtained up to now is under the restriction that the regularity v of the path X is
bounded from below by 1/3, but in principle we can keep adding more iterated integrals to allow
even rougher paths, though generalizing Chen’s relation is not straightforward. Therefore
introduce the signature of a path X: [0,7] — R by

t
S(X)sy = 1,/ er,/ dX,dX,,, ... / dX,dX,, ... dX,,,... |,
s Als Aff )t]
’ k-times
for (s,t) € Ajgr), provided all the iterated integrals are well-defined. Then Chen’s relation
has the form

S(X)s,u ® S(X)u,t = S(X)s,ta

for every (s,u,t) € AS)T' Given the complexity of handling the full signature, we only
consider it up to the leve{ necessary for the analysis. Specifically, if we have a path X €

C7([0,T];R) with v € (0,1/3], then only the first N + 1 components of the signature must be
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considered, where N := |1/y]|. As in Definition 2.11, we now search for a N + 1-tupel
X = (1,X(1>,x(2>, o ,X(N))
that satisfies
Xou @ Xup = Xt (2-32)

and X*) ¢ C],:;V([O, T];R), where Clkfv denotes the space of kvy-Hélder continuous k-parameter

functions f: AW

oz R. More precisely, (2-32) is equivalent to

k
ngt) _ Z X(j)x(k—])7

for every k = 0,...,N and (s,u,t) € AES)T}, with the convention X(© = 1. Then, X is a
~v-Hélder rough path.

This definition can be further extended to paths with values in a Banach space V, though this
requires further background of tensor product spaces, which is, for example, possible using
Hilbert—Schmidt operators, see [HN19|. For further details, we refer to [Lyo98|, [FV10, Part
II] and [FH20, Section 2.4].

p-variation rough paths

The advantage of the variational approach compared to the Hélder continuous paths is that X
does not necessarily have to be continuous. So, in this framework, it is possible to investigate
jump processes. Historically, the variational approach is the notion Lyons used in his original
article about rough paths [Lyo98|. However, since many processes of interest are continuous,
like the fractional Brownian motion, numerous articles choose to treat Holder rough paths for
simplicity.

For some applications on rough paths with jumps, see, for example, [FS17, FZ18, ALP21,
AP24).

Besov rough paths

Recall that the Holder spaces can be seen as a special case of the Besov scale since Bl oo = C7
for v € (0,1). It is also possible to link the space of finite g-variation with Besov spaces, since
CTV lies in between BZ 1 and B;{ %, see [BLACS06, Theorem 5. So it seems reasonable to
bring the Holder and the p-variation rough paths together using a Besov space approach. This
is the underlying idea of a Besov rough path, which Promel and Trabs introduce in [PT16].
In this article, the authors consider R%-valued paths which have Besov regularity in time,
meaning that X € Bz,q([(), T ]Rd). Similar approaches consider paths in Sobolev [LPT21| or
Besov—Nikolskii type spaces [FP18]. A more recent treatment of this topic can be found in
|[FSZK22].

Unbounded rough drivers

An unbounded rough driver is an extension of the concept of rough paths to scenarios where
the driving signals are not bounded, allowing for the study of more complex and realistic
systems. Unlike the Hélder rough paths, the unbounded rough driver relies on a variational
formulation of rough partial differential equations. The main application is given by equations
with transport-type rough noise, see for example [BFHZ22, BG17, HHN25| and the references
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therein. However, nonlinear multiplicative noise is not yet covered in the framework of
unbounded rough drivers.

2.3 Rough integration

This section is about finding a suitable class of paths y and functions f such that integrals of
the form

T
A f(?", yT) dXT7

are well-defined. In particular, we want to treat rough convolutions, i.e. f(r,y,) = S7,G(r,y,)
for some parabolic evolution family (S;s)s<; and nonlinearity G, in order to treat parabolic
equations in Chapter 3.

This section introduces the necessary fundamentals of the rough integration theory, but also
expands on them with new findings. Parts of the expansions have already been published in
[NS23| and [BGVS25] which is based on a collaboration with Alexandra Blessing and Mazyar
Ghani Varzaneh.

2.3.1 Integration against one forms

Let V,W be two Banach spaces, T' < 1 and X € €7([0,7];V) a y-Holder rough path with
values in a Banach space V for v € (1/3,1/2]. Since X postulates the value of the iterated
integral, the logical next step is to extend the integral to functions that are “looking like X”.
Consider the composition fo X for f: V — L(V; W) which is at least C' such that the Fréchet
derivative D f(X,) € E(V; L(V; W)) exists. Then Taylor’s approximation yields

f(XT) = f(Xu) + Df(Xu)Xu,r + Ru,ra

for some v < r < v and a remainder R,,. So on small scales, f o X can be seen as a
perturbation of X, which justifies saying that “f o X looks like X”.

Now, recall one of the primary motivations underpinning our discussion in Section 2.1 to
define the integral

/T f(X,) dX,. (2-33)
0

We have shown that (2-33) can be approximated by a compensated Riemann sum (2-6),
provided that the iterated integral is well-defined. Given that X prescribes the value of this
iterated integral, it can be expected to define the rough integral by

/St F(Xp) aX, = tim > (F(X0) Xy + DI (X)X ). (2-34)

where we use the fact Df(X,) € L(V;L(V;W)) = L(V @ V; W) in order to make sense
of Df(X,)Xy, see Theorem 2.9. That this is an appropriate approximation follows from
the sewing lemma, which provides a sufficient condition for when an approximation is “good
enough” to define an integral. We refrain from giving a proof here, even though it is elementary
for the theory of rough paths, and refer to Theorem 2.42, which uses a similar technique and
fits better in the framework of parabolic equations, which is used later on.
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Define Cy P10, T); W) as the space of all two-parameter functions = € C$([0,T7; W) such that

1620

W« o

sup

) B
(s,u,t)eAEg?T] |t - 8’

—_ —_
—

where (55)87% = Est — Sou — Sut-

Theorem 2.30. ([FALP06, Lemma 2.1|) Let 0 < a < 1 < 3. Then there ezists a unique
continuous map L : C;’ﬁ([O,T]; W) — C*([0, T]; W) such that

||(IE)s,t - Es,tHW SB,E (t— 3)57
holds for (s,t) € Ay} Note that I= is itself a path.

A similar version of the sewing lemma is proven in [Gub04, Proposition 1]. Now, Theorem
2.30 yields

(Z2) op = lim Z S

|7r\—>

In order to apply this to (2-34), set 4 = f(Xu)Xuo +Df(Xy)Xyp. It is easy to see that

= — _RY —
(5‘—‘)5,u,t_ Rs,uXUi ys,uXU,tv

holds for (s,u,t) € Ay, The following lemma then yields = € C377 ([0, T]; W).
Lemma 2.31. Let f: V — L(V;W) be a bounded C*-function, X € €7([0,T]; V) and set
Yy = f © X7 y/ = Df o X’ Ri/,t = Yst — y;Xs,b

Jor (s,t) € A ). Theny € CV([0,T); W),y € CV([0,T]; L(V;W)) and RY € c2([0,T); W)
follows.

In particular, the limit in (2-34) is well-defined and
- (f(Xs)Xs,t + Df(Xs)Xs,t)

Sy ([X | RY [Rf OX}

holds for (s,t) € Afo,7]- This rough integral against a one-form f is the one Lyons introduced
in the variational setting in [Lyo98, Section 3.2].

‘ w

3
SRR + [Xb%[s,t],]}@]} [Df o X]%[S,t],w) (t _ S) y

2.3.2 Integration along controlled rough paths

It turns out that the integrand does not need to have the exact form fo X to define the rough
integral. It is about the pair (y,y") which we introduced as y = fo X,y = Df o X in Lemma
2.31. It suffices for (y,y’) to satisfy the regularity conditions in Lemma 2.31 to define the
integral. In this context, y is said to be controlled by the path X. This concept traces back
to Gubinelli [Gub04], that’s why 3/ is often referred to as the Gubinelli derivative of y.

Definition 2.32. Let X € C7([0,7];V) be a path with v € (1/3,1/2] and W an additional
Banach space. A pair (y,') consisting of the path  : [0, T] — W and the Gubinelli derivative
y': [0, 7] — E(V;W) is a controlled rough path if y € C'Y([O, T];W), y € C'Y([O, T; ,C(V;W))
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and the remainder
Yoo /
Rs’t T ys,t - ysXS,tJ

for (s,t) € Ay satisfies RY € C;W([O,T];W). Then D% ([0, T]; W) denotes the space of
controlled rough paths endowed with the norm

Hy’y,HD}(([O,T];W) = llyollw + H%HL(V;W) + [?//]%[o,:r],g(v;W) + [Ry]Q%[O,T],C(V;W)'

Remark 2.33. i) The usual choice of the additional Banach space is W = L(V;W). In
particular, this is necessary to define the rough integral, as we have seen for the integration
against one-forms.

ii) As the name suggests, y’ is some sort of a derivative to capture the first-order
approximation appearing in Taylor’s theorem. However, this should not be confused with
the time derivative of vy, which is sometimes in the literature also denoted by 1’. To avoid
confusion, the time derivative of paths is denoted in the course of this manuscript by
i, 0y or S

iii) It is worth noting that the Gubinelli derivative is not unique. It depends on the
“roughness” of the underlying path, which controls y. If X € C7([0,T];V) is truly rough,
meaning that

/

(X
o O]
N |t — s

for every s in a dense subset of [0, 7] and v* € V', then the Gubinelli derivative is uniquely
defined, see [FH20, Proposition 6.4]. For example, the d-dimensional Brownian motion is
truly rough; see [FH20, Theorem 6.6].

iv) Since the remainder has to fulfill RY € C%V and the path component only 3/ € C7, there has
to be some cancellation in the definition of the remainder to obtain that higher regularity.
But if, on the other hand, the path is smooth y € C?7, it is possible to choose ¢’ = 0 since
the path component is smooth enough to provide RY € 0227. If, in addition, X is truly
rough, ¢y = 0 is the unique Gubinelli derivative.

v) Unlike the space of v-Holder continuous rough paths, D} is a Banach space endowed with

the norm ||y, y/HD}(([O,T};W)‘

The following remarkable theorem is originally due to Gubinelli [Gub04]. The theory he
established is a little more general than the version presented here from [FH20].

Theorem 2.34. ([FH20, Theorem 4.10]) Let X € €7 ([0, T]; V) be a y-Hélder rough path for
v € (1/3,1/2] and (y,y') € D% ([0, T}; L(V;W)). Then, the rough integral

T
/ Y er = lim Z (yuXu,v + y;XUﬂ)) ’
0

—0
! [u,v]en

is well-defined and for every (s,t) € Ajg 1) we have

In particular, the map given by

t
/ yr dX, — (ysXs,t + y;Xs,t)
s

w

S/Y ([X]'y,[s,t],v [Ry]QW,[s,t],L(V;W) + [X]?y,[s,t],\/@v [y/]%[&t]ﬁ(y@y;w)) (t — 8)

(v, 9) = (/Oyr er,y>,

3y
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is continuous and linear from D ([0,T]; L(V; W)) to DL ([0, T); W).

2.3.3 Controlled rough paths according to a family of Banach spaces

We have now reached the point where we can introduce the integral notion that is central
to the remainder of this thesis. The reasoning of this entire consideration is the question
of solving a differential equation that is controlled by an irregular path. As of now, we can
consider equations of the form (CODE) with the rough integral established in the previous
subsection. The objective is now to extend the analysis by considering partial differential
equations, which entails incorporating a differential operator A. Under specific conditions,
as detailed in Appendix B, this operator generates an analytic semigroup. Specifically, the
concept of mild solutions is studied here, which involves a convolution integral

T
/ ST—ryr dXT7
0

where S, € L(€) for every r € [0,T] and some Banach space £. The problem now is that
the analytic semigroup (Sy).c[o,7) 15 generally not Hélder continuous in 0, which makes it
impossible to find a suitably controlled rough path in the sense of Definition 2.32. To get
around the lack of Holder continuity in 0, it is possible to exploit the known trade-off between
time and space regularity of analytic semigroups (B-2). However, this requires a reformulation
of the controlled rough paths.

In recent years, several approaches have been proposed for extending controlled rough paths
to parabolic equations. In this thesis, we rely on the definition of Gerasimovic¢s, Hocquet, and
Nilssen [GHN21]; other possibilities are briefly discussed in Subsection 2.3.5.

From now on, fix a R%valued y-Ho6lder rough path X = (X, X) for v € (1/3,1/2]. Since the
goal is to consider parabolic equations using the smoothing properties of analytic semigroups
or parabolic evolution families, it is necessary to define families of function spaces. These
families are often defined using the fractional powers or the abstract Banach scale defined by
the linear part of the equation. These two topics are discussed in Appendix C and B.2.

Definition 2.35. A family (Eg)ger of function spaces with norms HHEB = |||l for B € R
is called a monotone scale of interpolation spaces, if the continuous embedding E,, — E,, is
dense and

[EOcUEOéQ]a = E(Oé2*a1)01+al7 (2'35)
holds for a1 < g and a € (0,1).

Remark 2.36. This definition is stronger than originally stated in [GHN21, Definition 2.1].
There, only the interpolation inequality

2162~ S llllay ™ llla, ™ (2-36)

for oy < o < ag and = € E,, is considered. Actually, (2-35) implies (2-36), but not the other
way around. However, this is not a restriction, as most relevant examples that fulfill (2-36)
also fulfill (2-35).

We can now state the notion of a controlled rough path tailored to parabolic problems. It is
a slightly more general version of the one used in [GHN21].

Definition 2.37. (|[GHN21, Definition 4.3]) Let a € R,~ € (1/3,1/2] ,71,72 € (0,7] such that

min{y1 + 27,27 +7} > 1,
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and X € C7 ([0, T; ]Rd). We call a pair (y,y’) a controlled rough path according to a monotone
family of interpolation spaces (E3)ger if

y € C([0,TT; Ea),
y' € C([0,T); L(RY Eq—ry)) NC ([0, T); L(RY Ea—y))

and the remainder
A[O,T} — Ea, (57 t) = Rg,t = Ysit — y;X&t

belongs to C3*([0,T); Ea—y) N CS’YQ([O,T];EOC_QA/). The space of controlled rough paths is
denoted by DY7*([0,T]) and endowed with the norm |-, -Hp}mwz([oj]) given by

/ ,_ /
Y.y HD}’E’W([O,T]) = ”yHoo,[&T],Ea + H?/ Hoo,[O,T],E(]Rd;Ea_W)
/
1Y o c@iisa oy + B o .

+ [Ry]%m,[o,T],Ea,g7 )

where [|y[|o, je = supses [|Yslg is the supremum norm for an arbitrary interval J C R and
Banach space €. For v = ~; = 72, define D} ([0, T]) :== DY 7*([0,T))

Remark 2.38. The space Dy ([0, T]) is the one defined originally in [GHN21]. Incorporating
the two new regularity parameters 71,2 adds more flexibility in the sewing lemma for the
definition of the integral. This approach is useful to investigate the continuous dependence
on the noise. Most of the time, we work in the space D}(’a([O, T)), and mention the refined
one only if needed, to not overload the notation even more.

Note that it is possible to identify 3/ € E(Rd;Ea) with an element in EZ, writing 3/ =
(y"")1<i<d. Therefore, the norm is given by

H%Hqu;Ea) = ISS‘;IS)dHyv/"’lHEa :

Due to better readability, we simplify the notation by ||yl 01q ||y’\|oo’[07T],a_7 and
[v'] 1, [0,T],a—2 A0 time where there is no risk of confusion, and analogously for the remainder.
Also, the time interval is often omitted in the index of all (semi-)norms. Then, the first index
of the (semi-)norms always indicates the time regularity, and the second one stands for the
space regularity. Furthermore, we omit the time interval when specifying the function space;
for example, we use C7(E,) instead of C7([0,T]; E,) to highlight the trade-off between space
and time regularity.

Remark 2.39. If the path component itself is d-dimensional, the resulting Gubinelli
derivative is matrix-valued, where the entries are in a Banach space. Then write

(y,y) € (D}Y( a)d, meaning that every component of y together with the corresponding
column is a controlled rough path. In particular, it holds that

Yy € C(E(Rd;Ea)),
y' € C(L(RT; Bay)) NCY(L(RT Easy)),
RY € C)(L(RY; Bay)) NC(L(RY Eamsy)),
where the identification of E(Rd; Ea) with Eg is used again, as well as (2-12). These properties
justify simply writing ys X, or ¥,X,; even in the d-dimensional setting. However, keep in

mind that for d > 1, these two terms are given by the scalar product for vectors, respectively,
for matrices.
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A direct consequence of the definition of D}  is that the path component is, in particular,
Holder continuous. Let (y,y") € D, and obtain for ¢ = 1,2

Y]y .aiy < Hy,Hoo,afi'y[X]%Rd + [Ry.amiy < (1 + 04,01(X)) ||y, ¢/ HD’Y ; (2-37)

uSing Yst = Rgt + y;Xs,t

Remark 2.40. For every ¢ € [0,7), we obtain from the interpolation inequality (2-36) in
particular

Y

y—s
HyStHa+g 7) K |

Y=<

23] N (Hysfua 2”) _ el
< s,t

(t—s)r—
"/ S
‘ stHa 2 T H stHa y g
I Stla—y _ gV
(t —s)% (t—s)7 (=87,

[y]'y—c,a+c—'y S (1 + 0y,[s.1] (X)> ’

[y/] 2y—¢,4+5—2 'S Hy’ y/HD;’(ﬂ ’ (2'38)

—<

||y5t||a+g ¥
(t—s)—= S

Q2

H StHaJ,-g 27
(t—s)7

f'\J

for (s,t) € Ajg,7), which leads to

y’y/H’D}(Q 9

[Ry]%a—l—c—% 5 Hy’ y/HD}(’a ™

Before stating the existence of the rough convolution, the following auxiliary lemma is
important to estimate the approximation.

Lemma 2.41. Let a,b € R and ¢ > 0 such that a +b > 0, then the sum

C

a/c )
S (1 B ;ﬁ) <2f(k+1)>b/ <o

k>0 \0<m<2k

18 finite.

Proof. Choose a small § > 0 such that a + b > § and obtain

a/e 3
S 2 (am) @)

k>0 \0<m<2k

c

atb—8 _q ¢

2m ¢
—(k+1 k+1
<P @)Y (1—219 +1> g ()

k>0 0<m<2k

since 2~ < 1 — 2k+1 holds for every 0 < m < 2F. The sum over m is a Riemann
approximation, which leads to

a+b—6_1 a+b—6_1

2m c 2m c
2 : _ = —(k+1) ; _ —(k+1)
(1 2k+1> 2 < khj& <1 2k+1> 2

0<m<2k 0<m<2k
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since a + b — 6 > 0 and the Riemann and Lebesgue integrals coincide if the Riemann sum
converges. Using this, the claim follows

C

a/e .
S5 (1) )
<(orims) D= (i) 2

k>0
O

Now, the existence of the rough convolution can be proven with the help of all the ideas
collected in the previous sections.

Theorem 2.42. (|[GHN21, Theorem 4.5]) Let o € R,y € (1/3,1/2] ;71,72 € (0,7] be such that
min{y + 27,27 +7} > 1,

(Eg)ser a monotone scale of interpolation spaces, X = (X,X) € €7([0,T];R) a y-Holder

rough path, and (y,y’) € (D}E’W)d a controlled rough path. Further, let for every (s,t) €
Ao and B € R

St,33 Eﬁ — Eﬁ
be a linear operator. Assume that Sis fulfills the following conditions for every (s,u,t) €
AR

(S1) The operators are continuous in time S € Ca([0,T); L(Eg)) and fulfill

lim 1Sy =, =0,

for every x € Eg.
(82) The semigroup property St s = StuSu,s is satisfied and Sy = 1d g, holds.
(83) The operator Sy has the following smoothing properties
HSt,s —ld g, Hc( ) Ser (t—s),
-1

Egi1;E8

HSt,SHL(Eﬁ;EﬁH) S (=)

Then the integral

T
/ STﬂnyr dX, = lim Z ST,u (yuXu,U + y;Xu,v) ) (2_39>
0 I =0 [u,v]em

exists as an element of Eq_oy4g for B € [0, min{y + 27,272 +~v}). Moreover

holds true for every 8 € [0, min{~y; +2v,2y2 +7}) and (s,t) € A7y

t
/ St,?“yr er - St,s (ysXs,t + y;Xs,t)
s

o245 (2-40)
S Q'y,[s,t] (X) H(% y,H(fD’Y ([S,t}))‘i (t — S)mln{71+27,2'}/2+’}/}—5.

X,
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Remark 2.43. Note that condition (S3) together with (2-36) implies

|81 ~1d g,

Spups (t— )27, (2-41)
£(Ep,:Ep,) B1,82

ﬁ(EBl;E52) f§/817/82 (t - S)_(52_51)7 (2_42)

for 0 < By — B1 < 1. It is known that analytic semigroups and parabolic evolution families
satisfy (S1)-(S3), see Appendix B and Theorem D.1 respectively.

Proof. For the sake of completeness, the proof of this statement is sketched based on
the classical sewing lemma, see also [GHN21, Theorem 4.1] and [GH19, Theorem 2.4, to
emphasize the differences. Let

7k = {s}? =5+ ;Z(t—s):m:(),...,Zk}
be the k-th dyadic partition of the interval [s,t], and

I;t = Z Stu yuXuv+yu uv = Z Stuguv

[u,v]enk [uv]erk
the approximation associated with the partition 7*. Set m,,, = 3% as the midpoint of [u, v],
k+1

then the difference IS —Zg, can be rewritten as

k k+1
v
Is,t - st § St ufuv - § , St,ugu,mu,u + St,mu,vfmu,u,v

uv])emk uv])emk

e e (2.43)
Z Styu(é-u,v - é-u,mu,v - é‘mu,v,v) + Stymu,v (Smu,vyu - Id)gmu,vyv'

[u,v]erk

With the help of Chen’s relation, it can be shown that

_ — — _RY _
§u7v fu,mu,v ému,vﬂ) Ru ;Mo uXm1/,,mv yu7mu,vxv,mu,v .

k

Choose now k € N big enough, such that the intervals of the partition 7" are smaller than 1.

Using the regularity property (2-42), (y,4') € (D}’E’”)d and v — My, = My, — u We obtain

Z St,u(gu,v - gu,mu,v - ‘Emu,v,v)

[uv)emk o
< Z HSt u u ;M vau v,V a—9y+f + HSt,uy:L,mumeu,v,v a—2y+8
[u,v]emk
S Q%[O,T] Hyvy H(D}’Ll"m)d
x Z (¢~ u)_ﬂ ((v o m“v”)’y(muw - u)2’72 + (v — mu,v)2’y(mu,v - U)Wl)
['U,,'U]G’Trk
S o X Y (= M) 0 = M) g — ),
[uv]emk

for 4 = min{v; + 2v,2y2 + v} and similarly by using (2-41)

> St (S — 1m0

k
[u,w]er a—2v+8
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< Z (HSt,mum (Smuﬂ,,u - Id)ymumeu,v,vHa_Z,y_’_B

k

[u,v)er
+ HSt’mu,'u (Smu,vﬂL - Id)y;nu,vxmu,mv a—2v+8 )
S ©~,]0,T7] (X) ‘ Y, y/H(D}(leWE!)d Z (t— mu,v)iﬁw - mu,v):yil(mu,v —u),
' [uv]emk
Recall, that
t—s
ok+1 =V My = Myp — U ST — My,

and choose some ¢ with 8 —1 < § <4 — 1. Then we obtain using Lemma 2.41

D> (= muw) P (0= M) (M — )

[u,v]erk
S Z (t - mu,v)é_ﬁ(v - mu,v):y_l_(s(mu,v - u)
[uv]emk
S22 — )TN (= m) P (g — )

[u,v]emk

t
< 27RO (1 _ 5)7-1-0 / (t—r)°F dr 27FG- 10 (¢ — 5)TF8,

which leads to

Since the right-hand side of (2-44) is summable over k, the sequence (Ig:)k ey is Cauchy in
E,_2y1p and therefore has a limit Z,; € E,_2,43. The additivity of Z,; can be proven as
in [GHN21, Theorem 4.1] and [FH20, Theorem 4.2], which shows the existence of (2-39) and
(2-40). O

k+1

k
T T
Is,t - Is,t

< 9—k(7=1=0) 4 _ 7B ! :
ooy ™ 2 (t—s) O~,[0,T7] (X) Hyay H(D;Y(’:Val"m)d . (2-44)

It is an inherent property of convolution integrals that they possess a smoothing property.
This is also true for the rough convolution, as we can see in the next corollary.

Corollary 2.44. (|GHN21, Corollary 4.6]) Assume that the same conditions as in Theorem
2.42 are satisfied. Then we have

’ d / '
(D}(,a) - ,D’)Y(,C,H_ga (ya y/) = </ S-,Tyr era y> )
0

for every ¢ € [0,7") and 0 < +' <. Further, we obtain the bound

where £ = min{y — v,y — ¢} and Cr := C(v,s) > 0.

/ S, yr dXo,y
0

< {1+ 2y0nX) (Il + 5]y + 7]
D’Y

X,a+¢

y,y/H(D};ﬂ)d> ,

(2-45)

Proof. For the sake of completeness, the proof of this fact is presented in rather detail, even
if it is a longer technical calculation. However, the techniques and estimates used here are
important throughout this thesis.
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Let (s,t) € Apq). First, define

t
%s,t = / St,ryr dX, — St,s (ysXs,t + ngS,t) ) (2'46)
s

and note that due to 7' < 1 we obtain 0. o 7)(X) < 04,j0,7(X). Rewrite the remainder of z
as

Rit = t@s,t + (St,s —1d )ysXs,t + (St,s —1Id )/ Ss,ryr er + St,sy;Xs,t
’ 0 (2-47)

= Asit + Is,t + IIs,t + HIs,ty

where the smoothing of the semigroup can be used to bound every term separately. In fact,
using (2-40) for 8 = ¢ + (2 — )7/ entails

| Zs +

areiv S 00113 199/l gy 1 (2 - 5)7' TV <. (2-48)
The smoothing property (2-41) and (2-42) yields
Hlstha+g—i'yl S (t - 3)7"7 Tyigg’y,[o,T] (X) Hy7 y/H(D;’; )d 9

HHs,tHa+§,i7/ S (t - 3>i’yl <HSS,Oy0X0,S + Ss,Oyéxo,s + ‘%O’SHa—g)

S =9 200m) (T ol + 727 sl + T [ )
S (=87 0y o (X)T7 (HyoHa + [0l + ”y’y/H(D??a)d) ’

for 4 = 1,2. For the third term, we need to distinguish between the cases i =1 and i = 2

(108 Y RO NPT, S TR el | ST |

S 030y (X)(E = &) T |y, o ’(D;’(/,Q)d ’
s el o9y S 0y, 021 (X)(E = 5)77 [|Sestillo

S 030 X) (=97 T |y

The next step is to estimate the Gubinelli derivative 2’ = y. Using (2-38) and
Yst = y;Xs,t + R:;t

leads to

’

[ohalas-arr S (200m ) bl g o T by 77 = 5
5 (1 + Q’y,[O,T] (X>) Hy7 y,H(D;/(’a)d Tﬁ(t - S)’Y/a

12l ey < M0llagems + 190l cyr S Mvolla + T W)y ey
S lyolly + (1+ Q'y,[O,T](X)) | ",

Y, y/H (D},,a)d

Finally, the path component needs to be estimated, which can be done using (2-47) and (2-48)
for s =0

||ZtHo¢+§ 5 QV,[O,T] (X) Hy7y/H('D’YX/7Q)d T".



48 Chapter 2. The theory of rough paths

Altogether, this proves the inequality (2-45), and that (z, 2 ) is a controlled rough path. [

A useful fact about the rough integral is that it depends continuously on the noise, as
mentioned in Remark 2.38. With this property, it is later easy to prove that the solution of a
rough evolution equation depends continuously on the data, which is known to be mostly false
for evolution equations driven by It6 or Stratonovich noise, recall Proposition 2.5. However,
due to the pathwise construction of the integral, this follows immediately for rough noise. To
this aim, define for 0 < ' < v, two y-Holder rough paths X = (X, X), X = ()?, SA{) and two
controlled rough paths (y,y') € Dk ,(J), (9,9') € Dﬂ/ (/) the (semi-)metric

o0, J,a—y + [y/ - ZQ/] v J,a—2y

- [Ry — R@}

47w 0) =y =l e+ IV =

) [Ry B R@} (2-49)

v Ja—y 2 Jya—2y

for an arbitrary interval J C R. The dependence of the (semi-)metric on X X, ¢/ and ¢/ is
not displayed here for notational simplicity.

Lemma 2.45. Assume that the same conditions as in Theorem 2.42 are satisfied with v =

Y1 =2 < 7. Further assume there exists X € ¢7([0,T);RY) and (3,7') € D}("y;’v/ such that

there exists a constant M > 0 with

//<M

D’Y’Y’Y

9.9

ny,[07T]( ) O~, [OT]( ) Hy Yy HD’Y’Y A
Define z = [, S pyr dX,, 2/ ==y and 2 = [; S ,ir dX,, 7 =1, then

d?o’%] wrc(2,2) S lwo = dolly + 0407 (X, X) + d?(),’%],a(yv §T", (2-50)
holds for every ¢ € [0,7") where k := min{y —+',+" —¢}.

Proof. The idea of the proof is to analyze the difference of the stochastic convolutions z — Z.
Let (S, t) S A[O,T}'

As in the proof of Theorem 2.42 one needs an approximation = = £ — é, where &; =
Ys Xt + y;XS’t and & = Y Xs 1+ Q;X&t are the approximations of the individual integrals z
and Z. Then, Z can be written as

—

st = (ys - gs)Xs,t + gs (Xs,t - Xs,t) + (y; - Q;)Xs,t + ﬂ; (Xs,t - §§S,t)- (2‘51)
Combining now (2-51) with the proof of Theorem 2.42 we derive
stt Sts'—‘st”a 29+

< ( ot 0o (%K) + 08 e o <X>) (1 — syminiy +212742) 8,

for every (s,t) € Ay and B € [0, min{y" 4 27,2y +7}).

9.9

To receive now (2-50), every term of the distance (2-49) has to be estimated separately. For
simplicity, denote Zs; = 25 — — 5t,sZs,t, then the path component is bounded by

2t = Ztllage < 1 %0,tll + 11St,0Z0,ell, S dﬂj% (1, 9) T~ + 040,11 (X, X).
Using the same representation as in (2-47), the remainder difference has the bound

max [Ry - RQ]

vy .
i=1,2 iy,a—iy+s N 0v,0,T] (X X) +d T, (y,9)T".

[o,
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For the Gubinelli derivative, use once again (2-38) and 2 ; = ys+ = ys X+ + RY, to obtain

(2 = 2] ooy S 03, 011(X, X) + dﬁ)’,’%,a(y,ﬁ)Tﬁy

4 < S llyo = dolly + 04,017 (X, X) +dy 7y o (4 )T,

/
zZ —Z
H o0, a—y+

which proves the claim. O

Another significant property of the rough integral is its consistency with classical stochastic
integration theories, specifically the Ité and Stratonovich integrals, for a suitable class of
integrands. More precisely, when both the rough and the stochastic integral are well-defined,
they end up being identical. This is proven in [GH19|, using a different concept of controlled
rough paths, where the space of controlled rough paths depends on the analytic semigroup
itself. However, the proof fundamentally relies on the inherent properties of B, respectively
BStat o it is directly transferable to Definition 2.37.

Lemma 2.46. ([GH19, Proposition 4.8]) Let (y,y') € (Dgﬂa)d be a controlled rough
path where (By)i>o is the d-dimensional Brownian motion on the filtered probability space
(Q,Z,P, (]—})tzg) and consider the Ito lift B = (B,IB%MJ) such that B € %7 almost
surely. Further, assume that there exists for every M > 0 a time Thy > 0 such that
Nyello + Nyt < M holds fort < Ty and (y,y') is adapted to (F;)i>0. Then

a—y —

t t
/ St,ryr dBr :/ St,ryr dBra
0 0
holds almost surely. The same holds for the Stratonovich lift of the Brownian motion.

2.3.4 Operations on the space of controlled rough paths

As mentioned before, the Gubinelli derivative is not necessarily unique. Fortunately, controlled
rough paths behave very nicely under many operations, such as compositions. This means
there is then a canonical way to define the Gubinelli derivative.

First, investigate the composition with smooth functions. In contrast to [Gub04, GH19,
GHN21], the functions under consideration do not necessarily map within a Banach scale;
rather, they change between them. This is of particular interest in the context of equations
with boundary noise, where one scale corresponds to the functions defined on the boundary
(Eﬁ) BeR and the other represents the solution scale (Eg)gecr. The respective spaces of

controlled rough paths are denoted by D} , and 15}( - Typically, the situation is that both

scales coincide EB = Eg. Therefore, the case of using only one scale for the presentation of
the results is presented, and it is emphasized when two different scales are required.

Furthermore, the nonlinearities included in this work are time-dependent. For autonomous
functions G, it is straightforward to choose a suitable Gubinelli derivative, namely DG (y)y'.
In the non-autonomous case, the canonical choice is

t— DlG(ta yt) + DQG(ta yt)y;»

where differentiability in time is needed. It turns out that it is enough to consider only the
second term, so the time derivative is neglected in the following computations.

Many results in this thesis can be achieved for quite general mappings, but others require
additional properties. The conditions are made as transparent as possible, such that it become
clear which results require which conditions. The following assumption serves as the basis for
all subsequent conditions and is the minimum requirement for G.



50 Chapter 2. The theory of rough paths

(G1) There exists a, potentially negative, constant o¢ < v and Cg > 0 such that

G:[0,T] X Ba—iy = ES 44,
satisfies for every ¢ = 0, 1,2 the following conditions:
i) For every t € [0,T], G(t,-) is three times continuously Fréchet differentiable where
the derivatives are bounded uniformly in time, this means

<Cqg < oo
k —= ’
[’(Eg?—i'y;Eg—i'y—o'G)

w5600
te[0,T7]
is fulfilled for every ¢ =0,1,2 and k = 1,2, 3.
ii) For every x € Eo_iy, G(-,x), as well as all existing Fréchet derivatives, are 2y-Holder
continuous and the Holder constants are uniformly bounded in E,_;,, such that

|DSGt,2) - DEG(s, 2) < Calt - 9),

a—iy—og
for every k=0,1,2,3 and i = 0, 1, 2.

Remark 2.47. A positive constant og means that G loses spatial regularity, which is the
reason why it is needed to bound it from above. If og is negative, G gains spatial regularity,
which is needed for boundary value problems later on.

Recall, that E¢ can be identified with £(R%; E,).
Lemma 2.48. ([NS23, Lemma 3.10]) Let o € R and G be a nonlinearity satisfying (G1).
For two controlled rough paths (y,y'), (4,9') € D}(,a we define
(Zta Z;) = (G(ta yt)a DQG(tv yt)y£)7 (2757 22) = (G(ta Qt)a DQG(t7 gt)gg)v
fort €0,T].

~ d
i) The composition fulfills (z,z’) € (D7 ) and the estimate

X,a—og

2% sy 0 < o+ Colt+ oumO) st oy, (14w lg,)» (252

holds. This statement is also true if G is only two times Fréchet differentiable with bounded
derivatives.
i1) The difference between the two compositions can be bound by

~A ~/
Hz—z,z -z

v
DX,oz

2
v .
DX,a)

Proof. As in Corollary 2.44, the proof is provided in greater detail, even if it is a longer
technical calculation, since the estimates are used throughout this thesis.

(B )2 S Ca(1 4 0,(X))? ly— 9,9 — &
o (2-53)

9.9

< (14 9y, +

In the following it is useful to view the derivative DFG (y¢) as an element of .C(Eg?f iy Eg—iv— - G)
for k=1,2,3and i =1,2.

i) Let (s,t) € Ajg/r)- Due to Ey <= Eu— and (G1) we have

(z,z’) € C(Ed ) X C(Ed )

a—og a—y—oqg
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Using the boundedness of DoG and the uniform continuity of ¢t — G(¢,yo) entails

H ||oo Ei o < tsup HG(t’O)”Ei,GG + HyHoocx ~ 1+ Hy Yy HD’Y )
1Moo a = ID2GCw e S llscay S oo llny

To establish the Holder continuity of the Gubinelli derivative, (G1) ii) leads to

D2 G(t, y1)y; — D2aG(s,ys ysHEd
—2v—og

< [|(D2G(t, 1) — DoG(t, 1)) vh s

—2y—

+ H (D2G(ta ys) - DQG(Sa ys))yQHEg72V7GG + HDZG(Sa ys)(ywlf - y;) HEd

a—2v—oqg

S sl oz 192ll ooy + = willy oy + 1Weall sy

S (=) (1+ 0y 01(X)) | T (1 + ||, y/HD}m ) +(t—5)" Hy’y/HD},a ’

and therefore

DG g, S (14 2y0mX) 99/l (1 o)l
For the remainder, a similar calculation as in [GHN21, Lemma 4.7| leads to the
representation

st - (t yt) G(Says) DoG (Says)(y;Xs,t)
(t yt) G(S7yt) G(S yt) G<8,y5) - D2G<3ays)(y;Xs,t)
- G(t yt) G(S7yt) G(S yt) G(S ys) - D2G<37 Z/s)(ys,t - ngt) (2_54)
= G(t,y) — G(s,ye) + D2G(s,ys) RS

1
+ / / fD%G(S, Ys + rfys,t)[ys,ta ys,t] drdr.
0 0

The first term can then be estimated using the 2y-Holder continuity of G(-, ;)

1G(t9t) = G (s, 90)l| ga < (t—9)7,

a—iy—og

for i = 1, 2. Further we obtain for ¢ = 1,2

ID2G (5, 4s)RY || 50 S(t—9)7] y’y/HD}( ’
a—iy—og o

since the Fréchet derivative of G is bounded, and RY is 2+-Hélder continuous. Finally, for
the integral, we obtain

1
FD3G(8,Ys + r7Ys 1) [Yst, Ysy) drdF
0

rd
Ea iv—og

2 2 2
Slysella—iy S (=8 Wl amsy S (= 9)* (14 050,1(X))

)

for i = 1,2 using (2-37). Putting this together leads to

HRZHify,Ed S 1+ (1 + Q%[QT}(X))Q Hy,y,HD}Qa (1 + Hy, y/HD},a )7

a—iy—og

proving the claim.
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ii) The difference can be estimated similarly to (2-52). Let (s,t) € Az The bounds for

the supremum norms are straightforward

HZ — ZHOo,Ei_aG = ||G(a y) - G('?Q)HOO’E’(O)E_UG 5 ||y - QHoo,oé 5 Hy - g7y, - g,HD;/(,a )
1" = e pa_,, <ID26C0) =G o pa NG =7l
5 ||y - ?)Hoo’og—’y Hy/HO0,0zf’y + Hy/ - ?)/

Sly=00 =9l (1+

vT-og

00,a—7y

v )

The Holder seminorms for the Gubinelli derivative and the remainder are more involved.
For the remainder, consider the representation

z,t - i,t = G(t7yt) - G(Sayt) - (G(tvgt) - G(87 Qt))
+ (D2G(s,ys) — D2G(s, 4s)) R, + D2G(s,9s) (RY, — RY,)

9.9

1 1
4 / / FDIG(5, Yo + 1740.) Yo Y] — FDRG(S, G + 1780 ) [ty o] drd
0 0

= Is,t + IIs,t + IHs,ta
(2-55)

which is the difference of the respective representations in (2-54). The second line is
bounded by

Watllze % (= locaiy BYiamin + [RY =B ) (1= 5)"
S50 =g (1+ Ity ) (1=9)"
The difference of the integrals can be rewritten as
1 1
Ml = [ [ 7 (3G 7es) = DRG(5, 6+ 1700 [t ] drdi
0 0
1 1
+ / / FD3G(8, §s + 170s ) [Ysit — Tsits Yst] drdF
0 0
1 1
+ / / FD3G(8, §s + 170s ) [Js,ts Ysit — U] drdF,
0 0

which leads then to the estimate

~ 2 ~
il S0 = 3l Nty + st = Gty Dt

iy—
+ Hys,t - yAS,t”a_w ”ZQS,t”a_iy

~ ~ 2 ~
5 Hy - Y yl - y/HD}( o ([y]'y,a—i'y + [y]%a—i'y + [y]%a—i'y) (t - 8)27

Sly=09' =dllpy (L +evpom (X))’

— &\
'D’nya) (t 8) )

(o g+l o + 6.5

for i = 1,2. The first line can be rewritten as

1
Lyt = / (DQG(t7 G +7(ye — 9¢)) — DaG (s, G + 1(ys — @t)))(yt — g) dr, (2-56)
0
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93
which leads to
. " 2
sellpe . Sly=99 =9l =9,
for ¢ = 1,2 and therefore
. . 2
B, Sly=99 =9lp  (1+ey0nX)
o )
Lastly, the Gubinelli derivative has to be rewritten similarly
2o = 2o = (DaGlt ) = DaGls, 1) = (DaG(t, 1) — DaGls, ) )t
+ (D2G(t, 5) — (s,9)) (v — )
+ (D2G(s,90) — (s, ys))vi — (D2Gl(s, §r) = D2Gl(s,95))9; (2-57)
+ (D2G(s,ys) — DzG(Syﬁs)) Yo + D2G(s,9s) (Usr — Tst)

= Ts,t + ﬁs,t + Ifi/Is,t + i—{//vs,t-
The second and last lines are straightforward to estimate

.,

5 Hy - ya yl - Q/HD}(Q (t - 8)277
G )

a72'yf

Hlvst

s Sly=00 =0l (1wl )t =9
a 2v—og ’ )

For the first line, the same trick as in (2-56) can be used to obtain

Is,t

s Sly=0y =lpy N vlpy =97

a—2y—ocg

To estimate the last term, the difference has to be expressed once again as an integral

_ 1
I, = / (D3G(s,ys + 1ysy) — D3G(8,9s + i) s vi] dr
0
1
+ / D3G5, s + 7iiss) [ys — Gor 4] dr
0

1
+ / D3G(s, §s + ilss) o0 h — 9] r,
0
which leads to

HHISt

b Sly=ay =y (14 ey (X))°

042’)/ oq

(s g, + o+ 9.

o)

The elementary inequality

l+a+b+b<(1+a+b)?

together with the above estimates, then leads to (2-53), which finishes the proof.
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The metric d”

o,j0,7] €A1 also be estimated similar to Lemma 2.45.

Corollary 2.49. Let o € R,y € (1/3,1/2] ,4" € (0,7] be such that
min {’y/ + 27,29 + 'y} >1,

X € ¢7([0,T;;RY), G satisfying (G1) and (Eg)aer, (E/g)

interpolation spaces. For the two controlled rough paths (y,

two monotone families of

BER
(9,9) € D}(’L” define

),
(2t,21) = (G(t,y), D2G(t, yr)y;) and (%, %) = (G(

fort € [0, T). Further, assume there exists a constant M > 0 such that

(t,9¢), D2G(t, §¢) 1)

Q’y,[O,T] (X)a Q’y,[O,T] (i)a H@a Q 'y < M.
Then we obtain
a2 S oo = dolla+ 196 = 36l + ri0 (X X) + A7y o (5.)-

a—og

Proof. The proof follows the same strategy and estimates as in Lemma 2.48 and Lemma 2.45,
so we omit it here. O

Now, we investigate the interaction of controlled rough paths with linear operators. At first
glance, there are no major issues as long as the operator has the correct domain, as the
following lemma shows.

Lemma 2.50. Let (Eg)ger and (Eﬁ)ﬁeR
and N € ﬂf OE(EQI_W;EOQ_W) for aq, 9 € R. Then (Ny,Ny’) € D}(’az holds for every
(.) € Dk o,

be two monotone scales of interpolation spaces

Proof. That (./\/ y, N’ y') € C(Eq,) X C(Eq,—~) holds, is a direct consequence of the assumption
on N. Define the remainder by RNV := N'RY and obtain

[Ny] Bag—2y = ||N||11(Ea1 2yiBay—2,) Y [ l] E
[RMY] Nl

a172’y,
: <| [RY],, &

7/77Ea2—i'y - aq—iys OL277;’7) ’L'YaEalfi'}/

for ¢ = 1,2, which concludes the proof. O

In particular, the controlled rough path norm in the situation of Lemma 2.50 can be bounded
by

Wy NY oy, Syl

where the estimates depend only on the maximum of all operator norms of N.

The reasoning behind this is to consider boundary value problems later on. At this point, the
extrapolated operators introduced in Appendix C also appear, which is why the interaction
between controlled rough paths and extrapolated operators is further examined in the
following Corollary.

Corollary 2.51. Let A: D(A) C E — E be a linear operator with bounded imaginary powers
and (Eq, Aa)a>—m be the corresponding interpolation-extrapolation scale of order m € N, and



2.3. Rough integration 55

(1,9') € DX oy be a controlled rough path. Then (Aq—iny, Aa—ivy') € Dk, holds fori=1,2
and even (Any, Aa—yy') € D}a. In particular, the path components coincide

Ay = Aaf'yy = Aaf2'yy
as well as the Gubinelli derivatives Aq—vy = Aa—24Y'.

Proof. That (Aa_gvy,Aa_gvy’ ) € D}, holds, is a direct consequence of Lemma 2.50, since
Aa—2y € L(Eqti1-2+; Ea—2y) as well as

Aa—2v|Eai1-n = Aa—, and Aa—2v|Bosr = Aa, (2-58)

by definition. The other two statements are true since the path component and Gubinelli
derivative have values in K411 or E,1_, respectively, and we can use the same property of
the abstract Banach scale as in (2-58). For the sake of completeness, we briefly sketch the
proof of (Aqy, Aa—vy') € D} ,, the missing statement can then be proven analogously, see
also [NS23, Lemma 3.9]. 7

Let (s,t) € Apg). The fact that y; € Eoy1 and y; € Eqq1— yields Aqy € Ey and Ay y; €
E._.. Furthermore, due to (2-58)

HAOc—’ng,tHa_Q,y = HAa—%Z/;,tHa_% S Hy‘lsrtHa-i-l—Q'y S (t - 8)’Y [y/] vy,a+1—2v"
holds. The remainder Aqys;: — Aa—ryys Xt = AQ,VRi’yt € E,_~ can be bound by

HAO‘*’YRg,tHa—i'y - HAa*i’YRg,tHa—i'y N HRg,tHa-‘rl—i'y S (- S)w [Ry}i%a'i'l—i’w

for i = 1,2, using again (2-58), which proves the claim. The equality of the path components
and Gubinelli derivatives follows directly from Remark C.2. O

2.3.5 Alternative concepts of controlled rough paths

Similar to the variety of concepts associated with «-Hoélder rough paths, as discussed in
Subsection 2.2.3, there are numerous interpretations of controlled rough paths tailored to
different contexts. This section intends to introduce several alternative notions of controlled
rough paths, highlighting the difference from the approach in [GHN21|.

Controlled rough paths according to a semigroup

One of the first approaches to consider partial differential equations driven by rough paths is
due to Gubinelli and Tindel [GT10]. Their idea is similar to the one introduced by [GHN21]
with one significant difference: They incorporated the semigroup into the space of controlled
rough paths. Recall, that a controlled rough path (y,y’) € D}Q ., in the sense of Definition
2.37, fulfills

Yo — Ys = ngs,t + Rgt-
In contrast to this equation, [GT10] treats
Yt — St—sys = St—sy;Xs,t + RZta

where (St)¢>0 is an analytic semigroup. As a result, the space of controlled rough paths
depends on the semigroup (S¢):>0. Using this approach, it is possible to obtain local solutions
[HN19], global solutions [HN20|, and a Hérmander-type theorem |[GH19| for semilinear rough
partial differential equations.
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Controlled rough paths for quasilinear equations

The controlled rough paths from [GHN21]|, as well as the approach of [GT10], can only be
applied to semilinear equations. Quasilinear equations like

dy; = (A(ye) + F(ye)) dt + G(y) dX, (2-59)

cannot be considered with these approaches. A few changes are necessary to adapt the theory
to this setting. First of all, the quasilinear case leads to the fact that not the whole range of
function spaces (Eg)ser can be used, but one is limited to the spaces (Eg)ge[o,1)- This means
that the regularity losses in time and space of the Gubinelli derivative and the remainder must
be tracked more carefully so as not to drop out of the range [0,1]. For that, two additional
regularity parameters are introduced such that the Holder regularity of the solution y, the
Gubinelli derivative 3/, and the spatial regularity loss can be treated separately. This is
quite similar to Definition 2.37. A second challenge, typical for quasilinear equations, is the
dependence on the initial data 7. To circumvent this, a time weight needs to be introduced.
With this adapted version of a controlled rough path, it is then possible to prove the local
existence of solutions for quasilinear parabolic problems like (2-59), see [HN24].
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CHAPTER 3

ROUGH EVOLUTION EQUATIONS

Following the definition of both the rough paths and controlled rough paths, rough partial
differential equations can now be investigated. For that let E be a reflexive Banach space,
T <1, (A(t))te[o,T] a family of linear operators A(t): D(A) C E — E satisfying (A) and
(Eﬁ, Ag) 5>—m the resulting interpolation-extrapolation scale of order m € N. More precisely,
in this chapter, we investigate equations of the form

dyr = (A(t)ys + F(t,y0)) At + G(t, 1) dXs, (RPDE)

where X € ¢7([0,T];R?) is a y-Holder rough path for v € (1/3,1/2]. For the rest of this
thesis, we assume without loss of generality that the noise is scalar-valued. The extension to
multidimensional noise can be done componentwise, as seen in the previous chapter.

The first two sections of this chapter are a summary of well-known facts extended to the
non-autonomous case, which are also part of the article [BGVS25]. Section 3.3 was already
published in [NS23] as well as Section 3.4 and 3.5 in [BGVS25]|, which contains an expansion
of the earlier results presented in [BS24| and [GVR25|. Everything is based on a collaboration
with Alexandra Blessing and Mazyar Ghani Varzaneh.

3.1 Local-in-time solutions

In this section, we examine the local-in-time solvability of (RPDE). To the best of our
knowledge, there are only a few results on non-autonomous rough partial differential equations.
In [GHN21] only the linear part is time-dependent, and in [HN24] the authors investigated
quasilinear equations with a time-dependent drift term. Recently, Tappe [Tap25| investigated
equations that are not parabolic. He uses a different approach for the space of controlled
rough paths, which does not require an analytic semigroup but also allows time-dependent
data.

Let us now state the conditions on the drift term F' to specify the solution concept.
(F1) There exists a op € [0,1) such that F(t,-): E, — Eq4—_s, is Lipschitz continuous, this

means there exists a constant Lg; > 0 such that Lp = SUP;e(o,77] Lp; < oo and

[E(t,x) — F(t,y)ll < Lrllz—yl,

a—op —

for every z,y € E, and t € [0,T]. Further, set 7 := max{op, 27} and

Cr = max {LF, sup ||F(t,0)||
t€[0,T

a—0op }

Definition 3.1. A mild solution of (RPDE) with initial value ys € E, on an interval [s, t] is
a controlled rough path (y,y') € D% ,([s,]), where y' = G(-,y) and the path component is
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given by
Yu = Su,sYs +/ Sy F(r,yr) dr +/ SurG(r,y,) dX,; (3-1)

for u € [s,t].

Recall that Assumption (A) ensures that the resulting parabolic evolution family is
smoothing, see Theorem D.3. In particular, the assumptions of Theorem 2.42 are fulfilled,
and the rough convolution in (3-1) is well-defined.

For convenience, the local existence of a mild solution for (RPDE) is proven on the interval
[0,T] for T'< 1, but the statement holds for every arbitrary interval [s, t].

Theorem 3.2. Fiz oo € R. Let (A(t))te[o T]’F and G satisfy Assumption (A),(F1) and

(G1). Then for every yo € Eq there exists a time T* < T and a unique controlled rough path
(y,y') € DY ([0,T*)) which is a mild solution to (RPDE).

Proof. A mild solution for (RPDE) is a fixed point of the operator

PT(y,y’) = <S~,0y0 +/0 S-,TF(ra yr) dr +/0 S',T‘G(T7 yr) dXTaG('7y)) :

Instead of proving the existence of a fixed point in D} o> consider for 4" < v the space

Br(yo) = {(yay') € DY o ([0.71) = (y0,56) = (40, G(0,30))

and Hy—ijl —flup}”a([o,T]) < 1}’

where & = S oyo + f(f StrG(r,y0) dX, and & = G(t,y0) for t € [0,T]. Since the diffusion
coefficient GG is time-dependent, £’ is not constant, in contrast to [GHN21]. The outline of
the fixed-point argument is briefly sketched to emphasize the difference from the autonomous
situation. Let (s,t) € A 1y-

i) First, show that Pr (,%’T(yo)) C PBr(yo) if T is small enough. Define (z, z’) = Pr (y,y’)
for some (y,y') € %Br(yo). Then we have

t t
w— b= / SirF(r, ) dr + / Sur(G(r ) — Gry0)) AKXy = A + .
0 0

Using the Lipschitz continuity and a similar representation for the integral as in (2-47)
given by

s t
t/t{s,t = (St,s - Id)/ SS,T‘F(T7 yr) dr +/ Sth(T, yr) dr (3_2)
0 s
entails

V0l T+ [yllooa) S T’%(l + Hg,g’HD}/a ),

where & := min{1 —2v/,1—op} and we used |

(2-45) and (2-52) we obtain

08 |l <1468 ]y - Further, with

2
|t S (14 000y )T (14 = 90,8 )

2
< (1+ Qy,[o,T](X))?)TH (1 +j6 - yﬂvngD}M) :
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where x := min {fy -,y - Ug}. Since the controlled rough path norm (f L& ) does only
depend on G, yp and X, this leads to
Hz —§,2 — ﬁlHD} SEG X0 proindeR}

which is smaller then 1 if 7" is small enough.
ii) For two different controlled rough paths (y,v'), (4,9) € D}(, o, define (z,2) == Pr(y,v)
and (2,2) == Pr(9,9'). Then we have
t t
2 — 2 = / St,r (F(T‘, yr) - F(T, gr)) dr +/ St,r (G(T, yr) - G(Ta gr‘)) dX,
0 0
= JZ + //Z

The Lipschitz continuity of F' yields

|70

D}(l,a SF,X,yo,a T‘% Hy - gvy, - Q,HD}@( .

For ., we use again (2-45) and (2-53) to obtain

/

i

~! 5 (1 + lQ'y,[O,T]()())T’i Hy - yv y/ - g/

X,

R T B Y

)
S (14030 X)) T ly = 99" = 9|l | (1+ Ie- g, )

Since

N R I

788
’]X,oz

r
v
DX,a

this proves that Ppr» is a contraction for 7% < T small enough.

Then, Banach’s fixed-point theorem [vN22, Theorem 2.13| yields the existence of a unique
controlled rough path (y,y') € Dy ,([0,T%)) such that ' = G(-,y) and y satisfies (3-1).

It remains to show, that (y, y’) e D} o We sketch the proof in the case of F' =0 and choose
7' such that o¢ < ' < . First, y = G(-,y) € C(Eq—) follows directly due to (G1) and
Eo—op — Eq—vy. Using (2-46) and (2-47) further leads to

ys,t = r@s,t + St,sDQG(Sy ys)G(Sv ys)Xs,t + St,sG(Sa ys)Xs,t + (St,s —1Id ) Ys-

Since X € C7([0,T);R) and X € C37([0, T]; R), this representation implies y € CY(Ea—2y) and
Yy = G(-,y) € CV(Eqy—2y) using the smoothing properties (2-41), (2-42) as well as (2-40) and
(2-52). For the remainder, note that similarly

Rg,t = %s,t + St,sD2G(57 ys)G<3a ys)xs,t + (St,s - Id) G(S, ys)Xs,t + (St,s —1d ) Ys,
holds, which proves RY € C7(Eq—y) NC*(Eq—2+). O

Remark 3.3. Note, that the maximal interval [0,7*), depends on the initial state, more
precisely on [|yo|l,. The time T* can be substituted by a time T*(r) which depends on a
constant r > 0, and then every solution with an initial datum satisfying ||yo||, < 7 exists up
to time 7*. With a slight abuse of notation, we denote this time again by 7.

A significant advantage of the rough path approach compared to the It6 calculus is the
continuity of the It6-Lyons map, providing the continuous dependence of the solution on
the noise. For similar results see [GH19, Section 4.1] and [GHN21, Theorem 5.4].
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Theorem 3.4. Assume that (A(t))te[o 7 Fand G satisfy the Assumptions (A), (F1) and
(G1). Let yo,90 € Eq, and (y,G(',y)) € D}(va, (Q,G(,g))) € D%a be the mild solutions

of (RPDE) driven by X € €7 respectively X € €7 with initial conditions yo and go. If
0+,10,71(X), 0,077 (X), lvoll, - |90, are bounded from above by the same constant, then for
every 1/3 < ' <~ we have

d’[}(/):%*],a(y’ g) SJ Q'y,[O,T*] (Xa X) + HZ/O - gOHQ P (3'3>
for some T* < T. If both solutions are globally defined, then (3-3) holds for T* :=T.
Proof. Using Lemma 2.45 and 2.49 infers that
dH):’:IY”]7a(y7 9) Sum llyo — 9oll, + 0+,[0,T] (X, X) + d?ﬂ:%],a(y’ 9)T",

where x := min{y — 9/,7'}. Choosing a small enough time 7, this shows (3-3). If both
solutions are globally defined, the process can be iterated up to T* =T O

3.2 Global-in-time solutions

The existence of a global-in-time solution to equations like (RPDE) was open for a long time.
The first results on rough partial differential equations, as in [Gub04, GT10, GH19, GHN21]|,
were limited to local-in-time existence. Then the works by Hesse and Neamtu [HN20, HN22|
state the first condition for global solutions. It is worth noting that recently [Tap25] presents
an alternative idea where the diffusion coefficient lifts the spatial regularity, and is assumed
to map into D(A3). If the linear part is given by the Laplacian, so A = A, on a bounded
domain O C R"™, this would correspond to

D(A?) = {u € H**(0) : ulgpo = 0}.

In the case of boundary noise, we encounter a similar assumption on the nonlinearity (Gu).
However, in the context of analytic semigroups, as is the case for parabolic equations, this
condition is more restrictive than necessary, see [HN20, HN22|. Tappe’s approach is therefore
particularly interesting when non-parabolic equations are examined.

It turns out that the main obstacle to obtaining global solutions is the quadratic term on the
right-hand side of (2-52). So, the goal is to establish a new bound to avoid these quadratic
terms, which is why we need to impose additional assumptions on the nonlinearity.

(G2) For every t € [0,T], the derivative of
DgG(t, -)G(t, ) Ea,,y — Ea72770—G (3—4)

is bounded.

Remark 3.5. i) If G is either bounded or linear, then (G2) is obviously fulfilled. For
concrete examples, see Subsection 3.2.1.
ii) That (3-4) has a bounded derivative, leads to the fact that

[(D2G (1) = D2G (1, 40)) Gty 42y oy
< ||D2G(t7 yt)G(tv yt) - D2G(t7 ys)G(tv ys)
+ HD2G(t> ys) (G(tv yt) - G(t> ys)) H

S ||yt - ys”a—’y ’

||o¢—2’y—ac (3_5)

a—2y—oqg

for (s,t) € A7y
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Using the specific form of the mild solution (y, G(-, y)), the quadratic term in (2-52) can now
be avoided.

Lemma 3.6. Let G satisfy (G1)-(G2) and (y,G(-,y)) € Dy o Then

(G(7?/)aD2G(,y)G( )) € DY

X,a—og’

and we have the bound
2
||G(7 y)a DQG('v y)G(’ y)HD}yﬁfﬂg S CG + CG(l + Q’y,[O,T] (X)) ||y> G(a y)HD;’(ﬂ . (3_6>

Proof. Let (s,t) € A ). The supremum norms can be estimated directly, since D2G is
bounded. Therefore, we have similar to Lemma 2.48

1GC Y ooamoq ST+ 19 GC 9Dy
ID2G ()G looa—og—y SNGE W0y S H% Gl

For the Holder continuity, we consider the representation

DQG(t7 yt)G(t7 yt) - D2G(37 yS)G($7 ys) = (D2G<t7 yt) - DQG(tv ys))G(t, yt)
+ (DQG(t7 yS) - DQG(Sv ys))G(t7 yt) + D2G<3a ys) (G(t7 yt) - G(S7 ys))u

and use (G2) as well as the embedding Eq_s,—y — Eq—2, to obtain

[DQG(W y)G(7 y)]'y,a—gg—Z'y rS [y]w,oc—’y + [y/] 00,00—y + [y/] ¥,00—27y
S (1 + Q’y,[O,T] (X)) Hya G(7 y)HD’YX,a
Consequently, only the Holder semi-norms of the remainder are left to bound. This is possible
using

GEV) = Gt y0) — G(s,ys) — DaG(s,ys) (G(5,y5) Xo)

G(t,
G(t yt) - G(Sv yt) + G(Sv yt) - G(57 yS) - DQG(S’ yS) (G(S) ys)XsJ)
= G(ty) — Gls, 1)

1
+ / (D2G(5, s + 1Ys2) — DaG(5, ) (G(5,y) Xaz) dr
0

1
+/ DoG(s,ys + TYs,t) dTR?sJ,tv
0

where we recall that y,; = y; —ys denotes the difference. The first line can be estimated using
G(,yt) € C(Eq—iy—og) for i = 1,2. For the other two lines, the boundedness of DG leads
to

RE] S1+(I6C.y

v, a—oGg—Y

S14+ 1+ 0y01(X) |y, G(wy)HD}M

Mooamry X1y + [B], o)

Then (3-5) implies

1
| RS S / [(D2G (s, ys + 1yss) — D2G(s,ys)) G (s,5)]| dr | X
0

a—og—2 a—og—2y

1
+ / HDQG(S, Ys + ry&t)Rz,;”tH dr + (t — 5)27
0

a—og—2v

X (= 5)" + [RV)gy gy (E=9)"7 + (= 5)7

a—y [
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S [y]'y,af'y [X]»y (t - 5)2’y + Hy, G(’y)HD}a (t — 3)27 + (t _ S)Z’Y

< (t—s5)2 (1 + (14 0y, 0m(X)) 1y, G(-,y)HD}(,() ’

where (2-37) is used in the last inequality. This shows RE(:¥) € CV(E,_.) N C*'(E,—2,) and
collecting all the estimates proves the claim. O

To derive an a-priori estimate for the solution, we first need a bound on the terms involving
the initial condition yy and the drift term F.

Lemma 3.7. Let yo € Eo and (y,y') € Dy o Assume that (A<t))te[0 oo and F satisfy (A)
and (F1). Then we have (S.0y0,0), ( [y S-ryr dr,0) € Dk, as well as the estimates

15.090:0llps, < ol

[ serean ano| s (1 vyl )T
0 D}(’a X,

where T = max{2y,0p}.

Proof. Let (s,t) € Ag ). Note that if the Gubinelli derivative is 0, the remainder is given
by Ri + = St0Y0 — Ss,0Y0. The same holds for the deterministic convolution. Recall that the
evolution family is Hélder continuous with parameter iy for ¢ = 1,2 if we assume the same
amount of spatial regularity, see (D-2). This leads to

[S.Yoliv,a—iv S lvolla »
and proves the first estimate since [|S. oyoll . ., < l¥ollo-

The integral involving the drift can be estimated using the Lipschitz continuity

The Holder continuity of the corresponding remainder can be derived by using the
representation (3-2) and the estimates

H(St,s - Id)/ St,rF(ra yr) d’F
0

ST (14 [yl sea)-

/ S+ F(r,yy) dr

0

00,

5 (t _ S)l—l—min{i’Y—UF,O} (1 + ||y||oo,oc)7

a—1iy

5 (t - S)i,ysl_o—F (1 + HyHoo,a )7

a—1iy

t
/ St,rF(T’ yr) d’l"

for ¢ = 1,2, which proves the claim. O

Based on these inequalities, we can now state an a-priori estimate, which does not involve
.. 2
any term containing ||y, y'[|py -
X,a

Corollary 3.8. Let yg € F,. Assume (A(t))te[o,T]’ F and G satisfy (A),(F1) and (G1)-
(G2). Further, let (y,G(-,y)) € D%, be the local mild solution of (RPDE). Then we have

3 3
ly, GCo)llpy, | S 1+ (14 0y02)(X) lolle + T (1 + 050.11(X)) " N1y GGy » (3-7)

with & = min{l — o,y — og}.
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Proof. Since (y,G(-,y)) solves (RPDE), we know in particular that the path component
satisfies (3-1), so we have

G, < WScom: Ol -+ | [ 1P (r) a0

.
DX,a

+ H/ St,rG(T', yr) dX'MG(ay)‘
0

~
DX,&

Now a combination of the Lemmata 3.6, 3.7, and the estimate (2-45) leads to

I, GOy, ol + (14l GO llpy, )T
+ (14 2,021%)) (160,40} la5 + ID2G(0,40) GO, 90) g,
+ TG 9). DaG )G, )
,a—oq
S+ (L4 0y0nX) lwolla + 7777 N1y, GC9)lpy, |
Y 3
+ T (1 + 00.1(X)) " My, GG 9oy,

7 3
< 14 (14 03001 () lollo + (14 230001 (X))° 9. G- -
with & = min{l — &,y — og}. O

With this essential estimate, it is now possible to state the existence of a global-in-time solution
to (RPDE). The strategy is as follows: First, it is demonstrated that the endpoint yr+ of the
local solution is bounded by the same constant as the initial condition. Consequently, it is
possible to employ this endpoint as a new initial condition, thereby generating a solution that
persists for the same time as the original, starting at yr+. By gluing these solutions together,
we obtain a solution on the interval [0,27*]. Through repeated application, the solution can
be extended to the entire time interval.

In the autonomous case, the proof of the following theorem can be found in [HN22, Theorem
3.9].

Theorem 3.9. Fiz o € R. Let (A(t))te[o ' and G satisfy Assumption (A),(F1) and

(G1)-(G2). Then there exists for every yo € Eo a unique controlled rough path (y,y') €
D’)Y(,a([O’TD such that y, = G(t,y) and

t t
v = Srovo + / Sy F(riy) dr + / S0sGlr,yy) dX,,
0 0
fort e 0,T].

Proof. Without loss of generality, assume |/yol, > 1. Otherwise we replace it by
max{1, ||lyo[|,}. Due to Theorem 3.2 there exists a time T* < T such that (y,G(-,y))
is a local solution on [0, 7).

i) We fix Ty < T* and prove first that there exists a § > 0 such that the the path component
of the solution satisfies

To _.
19l oo 0.10).00 S w0l €770 = . (3-8)

Indeed, due to (3-7) there is a constant C'(X) = C' > 1 such that

Hya G('??J)HD}@([QTM) <C (1 + HyOH(x + T(S% Hyv G('?@/)”D}yg([O,Tg])) )
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for = = min{y — 0g,1 —7p} and Ty < T*. Choosing a time (2C)* T < 1 yields
19 lloo o570 = 19 GC9)lIpy 0,151y < 4C [190lla

If Ty < Ti, then (3-8) holds for an arbitrary a < 0. Otherwise, choose some N € N such
that 75/2 < T = To/N < T§, which is possible since & < 1, and observe

19lsoforspa < 4C 190l -

We define yﬁk) = ypypmy for k=0,..., N — 1 as the solution of (RPDE) on the interval
[0, T1] with initial condition yi7, and therefore
D},aqom])) '

Hyw), G(.,ym))’

y®,G (™)

DY, _([0,T1]) =¢ <1 + Hyle”a + le
X, )

Due to the definition of T3, this implies

g ] <20 (1 [0 )
” 00,[0,T1 ], y .G y™) DY (0.1]) ~ 4 00,[0,T1],a )’
using yrr, = y(T]j_l). By induction, we obtain

(k < (40" ol »
H Hoo,[O,Tl]va

for k=0,...,N — 1 and therefore

o < g {99 o} < 4O ol

Recall that Ty = NT; and Ty > 75/2, which leads to

2\ To
™ Tt
1l 1510 _<<4C>To) ol < €T lyoll. .

for some a > 0 large enough.

ii) Now we prove the global existence. Choose N € N large enough, such that /N < T*.
Due to (3-8), we know [ly¢]|, < r for every ¢ € [0,7/n], and in particular ||yz/y| < r.
Therefore, we obtain a solution on [0,7/N] with initial condition yr/y using Remark 3.3.
Gluing these two solutions together results in a solution on the interval [0, 27/N]. Iterating

this process N times leads to a solution y, which is defined on the whole time interval
[0,T7].

O

Remark 3.10. We briefly explain why the quadratic term can be problematic in the above
proof. Starting from an initial datum satisfying ||yol|, > 1 still leads to a solution that we
can bound as in (3-8). But, if we start with estimates like (2-52), then the a-priori estimate
of the solution also contains a quadratic term, which leads to the fact that (3-8) has the form

2
19l sc 0,510 S I90llg €™ =t 7.

Therefore, starting with an initial datum ||ypl|, < r results in HyT/NH < r2. Consequently,
the second interval of the solution may be smaller than the first one. In thls case, it is not
certain whether the entire interval [0, T'| can be filled by iterating this procedure, as the added
interval becomes smaller with every new step.
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3.2.1 Examples

We assume without loss of generality /' = 0. Since the conditions on F are very general, the
focus here is on the diffusion coefficient G.

Example 3.11. Let O C R™ be an open and bounded domain, E = LP(O) for p > 2 and
(A(t))te[o 00y @ family of second-order operators with Dirichlet boundary conditions. Then,

under suitable assumptions on the coefficients, it can be shown that (A(t)) ) satisfies

te(0,00
(A). For more information, see Example D.8. We recall that the corresponding fractional
power scale is then given by

H2P(0), 0<a<s,
E, = 2p
{uEHQa’p((’)):ub@:O}, ﬁ<a§1,a#%.

As a diffusion coefficient, we consider a nonlinear integral operator G, similar to [HN19,

Section 7] and [GALS16, Section 7/

G(t,u) = a(t)/ g(,u(x)) dx,

(@]

with a € C?7([0,00);R). The kernel g: O x R — R is assumed to be bounded and three
times continuously differentiable with bounded derivatives such that sup ’Dgg(-, :c)‘ 1s bounded
z€ER

for k =1,2,3, i = 0,1,2 and glspoxr = 0. Then G(t,-): LP(O) — LP(O) is three times
continuously differentiable with derivatives

DoG(t,y)h1 = a(t) /ODgg(-,y(x))hl(:n) dz,

DGt y) I, ha] = alt) /O D29(-,y(@)) [ (@), ha(2)] da,

DGt )1, b, hs] = at) /O D3g (- y(@)) [ (), b (), g (2)] iz,

which is proven in [KA82, XVIL3| for y,hi, he,hs € LP(O) using the mean value theorem
and the fact that G is a parameter dependent integral. If we choose « big enough, such that
Eo_iy — C(@) holds, i.e. o > n/2p+ 27, using Sobolev inequalities, we obtain further that all
the derivatives of G are bounded operators from Eﬁ—m to Eq—in—og fork=1,2,3,1=0,1,2,
and 0 < o < v see [GALS16, Section 7]. Since every derivative is Hélder continuous in
time, the resulting operator

G: [0, OO) X Ea—i'y — Eafi’yfacv
fulfills (G1).

For D2G(-,y)G(-,y), we know

2 (DGU)G(0) (2) = alt? | Dag(eo(@) [ aleu(@) dida
is an element of Eo_2y_g, which means that
Da2G(t,-)G(t,-): Ea—iy = Ea—iy—og-
The derivative of this operator is then given by

(Dz (DzG(tyy)G(t,y)D (h) = D3G(t, )[G(t,y), h] + DaG(t,y) (D2G(t, y)h)
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—a(t) [ [ (Dh.s(e)alu(@) + Dag(.y(e))Dag . (@) @) dd

for h,y € Eq_.. Due to the assumptions on g, this derivative is bounded. Therefore, (G2) is
also satisfied.

Example 3.12. For this example, we consider the n-dimensional torus T", p > 1, and
the Laplacian A = A. In this case, the resulting scale of function spaces is given by the
Sobolev tower E, = H2*P(T"). We let v € (1/3,1/2], o < v and k € N be large enough
such that HX@==96)P(T™) s an algebra for i = 0,1,2, which is the case for a > nf2p +
2y + og. Furthermore, choose g € CZV([O,OO);EQ,UG) and define the diffusion coefficient
by G(t,y) = g(t,-)(—=A)?Cy for y € E,. Due to the definition of Bessel-potential spaces we
obtain (—A)6: Ey — Eq—ge. Since HFH=27=9G2(T™) s an algebra, for every i = 0,1,2,
the spaces Eo_iy—q, are closed under multiplication, which implies

G: [0, OO) X Eoz—i’y — Ea—i'y—ag-

Furthermore, G is linear, consequently the derivatives DSG exist for every k = 1,2,3 and
(G1) is fulfilled. The linearity also directly implies that (G2) holds.

3.3 Evolution equations with rough boundary noise

In this section, we investigate a special type of evolution equations, where the noise acts on

the boundary of an open subset O C R™ with C*°-boundary. To be precise, we investigate the

semilinear parabolic evolution equation with nonlinear rough boundary noise given by
Gy =Ay+F(ty) O, (BN)
By, = G(t,y;) %Xt on 00,

where X is a geometric y-Holder rough path with v € (1/3,1/2], F' and G are nonlinear terms
and (A, B) is a normally elliptic boundary value problem given by

A= Z 0; (aijaj) +b, B:= Z Vinoai;Oj,

i,j=1 hj=1

for suitable coefficients (a;;);';—; and b. Further, let A: D(A) C LP(O) — LP(O) be the LF-
realization associated to the boundary value problem (A, B). For more information on these
boundary value problems, see Appendix D.2.

In this chapter, it is essential to note that the focus is not on a time-dependent family of
linear operators. This is because, by incorporating boundary noise, the resulting domains are
time-dependent, and the Kato—Tanabe conditions are not satisfied. Therefore, we consider
here an analytic semigroup (S;);>o generated by A. However, we expect that the theory
presented here can be extended to time-dependent domains using more general assumptions,
such as the Acquistapace—Terreni conditions [AT87], see also Chapter 7.

The content of this subsection is already published in [NS23] as the result of a collaboration
with Alexandra Blessing. Although, the presentation has changed and the proofs are more
streamlined now.

3.3.1 Solution concept

As mentioned in the introduction, there are various approaches to address noise on the
boundary. The general strategy in this thesis is to rewrite the original equation into something
that does not involve any boundary terms and use the results of Section 3.1 and 3.2.
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The motivation behind this idea comes from the deterministic control theory setting, see
[Bal81, Section 4.2| and |[LT81|. Consider the formal boundary value problem

{y =Ay in O, (3:9)

By =g on 00,

where (A, B) forms a boundary value problem with LP-realization A and ¢ a time-dependent
inhomogeneity. Assume that A generates the semigroup (S;):>0 and that

Au=0, Bu=yg, (3-10)
is uniquely solvable with solution operator N'g = u. Then the difference v := y — N g satisfies
0= Av—Ng,

and v solves a partial differential equation with homogeneous boundary conditions, since
Bv = 0. Formally, the mild solution of this equation is given by

¢ ¢
v = Spvg + / S+ Ng dr = Siyo — Ng(t) + / AS; +Ng(r) dr
0 0

using vp = yo — N g(0), integration by parts and %St = AS;. This shows that we can express
the mild solution y as

t
Yt = Styo + / AS;_y Ng(r) dr.
0

Using Theorem C.11, we can swap the operator A and the semigroup by replacing A with
its extrapolated operator A_;. This leads to the observation that (3-9) is, in a mild sense,
equivalent to

y :Ay+A_1Ng n O,
By =0 on 00.

We now replace g by a noise term, such as the derivative of a Brownian motion, see [DPZ93|.
For that, consider a smooth basis (e;);eny of L2([0,T];R) and a sequence of independent

standard normal distributed random variables (§);en. Then define Bt(k) = Zle &e(t) and
g = B®) . We obtain, using the same strategy as above, that

t
y,gk) = Styo +/ AStfr./\/’B,ﬁk) dr
0

is the mild solution to the boundary value problem

& — Ay®
{y Ay in O, (3-11)

By = BK) on 00.

Now, Da Prato and Zabczyk have shown in [DPZ93, Section 2| that

t t
/ AS,_ NB® dr — / AS, N dB,,
0 0
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in L2 for all ¢ € [0, T] under certain conditions on the adjoint of the integrand N'*S¥ A*. This
shows that

t
v = Siyo + / Su AN dB,,
0

is the mild solution to (3-11). In particular, this proves the equivalence of

y =Ay in O,
By =B on 080,
to the stochastic partial differential equation

dy=Ay+ A_ 1N dB.

The procedure in the stochastic case of Da Prato and Zabczyk suggests that such an
equivalence can also be shown for rough partial differential equations as in (BN). More

precisely, let X be a geometric rough path, so there exists a sequence (X(k)) keN =

(X(k), X(k))keN C L(C™) with X(®*) — X for k — oo, in the rough path metric. Consider, as
in [DPZ93]

yt :.Ayt in O,
By, :G(t,yt)Xt(k) on 00.

The above computation, and the fact that X(¥) € ¢*°, leads to the mild formulation
¢ ) t

Y = Siyo + / ASy NG(r,y) XF) dr = Syyo + / ASy  NG(r,yr) dX ),
0 0

where the integral is defined as a Riemann-Stieltjes integral. In particular, since X*) is
smooth, the right-hand side is even equal to the respective rough integral if the integrand is
a controlled rough path, which is proven in the following subsection. Since the rough integral
depends continuously on the noise, recall Lemma 2.45, we obtain

t t
Siyo + / ASi_ NG (r,y,) dX®) — Sy + / AS;_ NG(r,y,) dX,.
0 0

To summarize, due to the stability of the rough integral, the mild formulation of (BN) is given
by

t
yr = Styo + / AS;  NG(r,y,) dX,, (3-12)
0

as long as integrand of the rough convolution together with its Gubinelli derivative form a
controlled rough path.

3.3.2 Existence and uniqueness

As we have seen in Subsection 3.3.1, we have to make sense of the stochastic convolution
involving the Neumann operator. In particular,

t
/ S, NG(r,y,) dX, € D(A),
0

has to be true, in order to investigate (BN) in the space of controlled rough paths.
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The main result in this section is to prove this regularity statement and to determine a
meaningful Gubinelli derivative. We have already laid the foundations for this in Subsection
2.3.4 by investigating the interaction between controlled rough paths and extrapolated
operators. Furthermore, we continue to investigate the transformation of the evolution
equation with boundary noise to a rough partial differential equation with homogeneous
boundary conditions, which was already mentioned in Subsection 3.3.1 and is particularly
important for the global existence of the solution. This all ends in an existence result for
equations with rough boundary noise.

Therefore, let us first specify the scales of Banach spaces that are required in our framework.
Let p >2,2>2a > 1+ 1/p and set E :=LP(O). In this case, we define the spaces

~ pg—1-1

Epg:=Bpp "(90)
for 5 € R and let (A/g,Eg)ﬁe[_Q,oo) be the interpolation-extrapolation scale generated by
A: D(A) C E — E, see Example C.12. Further, we denote by A the solution operator, called

the Neumann map of the boundary value problem associated to (A, B), see Appendix D.2 for
more detailed information.

Corollary 3.13. Let p < ﬁ,o <e< 12412 and (y,y') € D% . Then

t
/ St—rNyr dX’I‘?

0
is well-defined and belongs to D(A) for every t € [0,T].

Proof. We know that N € E(Eg;EB/Q) for every 8/2 € [0, 1] such that 5 # /p,1 + 1/p due
to Theorem D.12. In particular, Ny is a strong solution of the boundary value problem
associated to N for every y € E,, due to the assumption on a. Since € < 1/2 + 1/2p < «
we have Fo iy, < Ee_iy for i =0,1,2. So, N satisfies the assumptions of Lemma 2.50 and
Corollary 2.44. Therefore, we obtain for every ¢ € [0,7) that (fo SNy, dX,, Ny) € D}(,H-g'
If we choose ¢ = v — §, for some small § > 0, we have

1 1

+

1
- >1-2y=1-2+4+2 <— —-—+——-0+¢>1,
P 2 2p

using the assumption on p. Therefore, we obtain fg St—w Ny, dX, € D(A) choosing € =
Lo+ 12p —§ < L/2 + 1/2p. O

Remark 3.14. i) The essential step in the proof of Corollary 3.13 is that we can choose
an € such that ¢ > 1 — . In the case of Neumann conditions, we have proven that this
is possible. But for Dirichlet boundary conditions, we can choose € only up to 1/2p. This
comes from the fact that the Dirichlet map is only bounded from Bg;l/ ?(0) to HPP(O)
and provides a strong solution for § > 1/p. Since p > 2 and v < 1/2, it is not possible to
find an e such that € > 1 — v and € < 1/2p to hold simultaneously.

ii) In the Young regime, this means 7 € (1/2,1), we can incorporate Dirichlet boundary noise
since the conditions € > 1 — 7 and € < 1/2p can simultaneously be fulfilled. For additive
fractional noise, it is known that Dirichlet boundary conditions can be incorporated
provided that H € (3/4,1) as established in [DPDMO02|. We provide further details on
the well-posedness of (BN) with multiplicative Dirichlet boundary noise in Theorem 3.25.

From now on we assume that p,v and € are chosen as in Corollary 3.13, such that the rough
convolution fot Si_+ Ny, dX, is an element in the domain of A.

Before we proceed, note that the operator A being in front of the rough integral introduces
some complications. It is much easier to handle if the integral and the operator are swapped,
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as in (3-12). In particular, it is not possible to show that (BN) has a global solution working
with the controlled rough path where the path component is A f(f S+ Ny, dX,., even though
we could establish a local solution using a fixed-point argument. Therefore, we prove first
that it is possible to swap the operator A and the rough integral, see [MP07] for an analogous
result for additive fractional noise. As a consequence of Theorem 2.42, the integral exists as
an element in E._oy4g for every 8 € [0,37). So the equality

A / SNy, dX, = / AS,_ Ny, dX,, (3-13)
0 0

holds for a bounded, and therefore continuous, operator A with domain Ec_oyi5. In
particular, (3-13) holds for 8 := 2y —e+1 < 3y and for A € L(E1; Ep), due to our restriction
on €. Using Theorem C.11, we can swap A and the analytic semigroup to obtain

t t
A/ St—rNyr dX, = / St—rAe—lNyr dX,, (3-14)
0 0

using the extrapolated operator A._i.

Remark 3.15. To make sure that the right-hand side is well-defined as a controlled rough
integral, we need to find a Gubinelli derivative for A._;ANy. A natural choice would be
Ac_1Ny/, but since 3y loses spatial regularity, this term is not well-defined. Therefore, we
need to lift the extrapolated operator. In the end, one can show using Corollary 2.51 that

(Ae_lj\/y, Ae_l_w./\/'y') € ID’YX,e—l'

To avoid working with two different indices for the extrapolation operator in the path
component and its Gubinelli derivative, we rely again on Corollary 2.51, which leads to the
next result.

Corollary 3.16. For every (y,y’) € ﬁ}a we have

(Aeflfyj\/y, Ae,l,w/\/'y') € D}Qe—l—v'

Consequently, this allows us to define the rough convolution in the sense of controlled rough
paths.

Lemma 3.17. For every (y,y') € ZS}Q the right-hand side of (3-14) is well-defined and we
have

(/ S._TAE_l—’yNyr dXT’7 A€—1—7Ny) € D’)y(,efl'
0

Since the solution operator is applied on functions defined on the boundary, and the solution
of (BN) itself is a function on the whole domain, the nonlinearity G needs to map from
(EB)BGR to (Ejg)ger satisfying (G1). Then Lemma 2.48 shows that the composition of G

and a controlled rough path is again a controlled rough path. Therefore, we obtain that (BN)
is equivalent to the semilinear evolution equation without boundary noise

{dy = (Ay + F(t, y)) dt + Ae—l—’yNG(ta y) dX, (3_15)

Yo € Fe_1,

using (3-14) and Lemma 3.17 as highlighted in Subsection 3.3.1. This leads to the following
solution concept, which is used throughout this subsection.
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Definition 3.18. We call (y,4) € Dk, ; a mild solution to (BN) if ' = A1, NG(-,y)
and the path component satisfies

t t
Yt = StyO + / St—TF(T’ yr) dr + / St—rAe—l—'yNG(ra yr) ery (3‘16)
0 0

for every t € [0, 7).

Remark 3.19. The idea to rewrite (BN) as a semilinear problem without boundary noise
as in (3-15) using an extrapolation operator was also applied in [SV11]. We note that the
index of the extrapolation operator needed there is &/2 — 1 where & € (1,1 + 1/p). Therefore,
our result is consistent with the one in [SV11] for Brownian noise, since in both cases the

extrapolation index satisfies
o 1 1 1
1.2 1 I 4=
T3 €< 2 27" 2p>

due to the restriction € > 1 —~ and v € (1/3,1/2].

We can now state the local-in-time existence of a solution to (BN). Note that 6¢ < 0 is
negative, which means that the diffusion coefficient has to lift the spatial regularity, which is
necessary due to the presence of the extrapolation operator. In combination, the regularity
loss due to Ac—1—,/ is then compensated by G.

Theorem 3.20. ([NS23, Theorem 3.16]) Assume that there exists a g < 0 satisfying —6¢g >
1—e+1+41/p such that (G1) holds and F satisfies Assumption (F1). Then there exists for
every initial condition yo € Ee—1 a time T* < T and a unique solution (y, A1 NG, y)) €
D}7€_1 ([0, 7)) to (BN) such that the path component satisfies (3-16) for all t < T*.

Proof. We need to show that G := Ac_1-NG satisfies (G1) for o¢ = 0. Then the claim

follows from Theorem 3.2.

Let t € [0,T]. Due to e—1—6¢ > 1+41/p we obtain NG(t,-): E._1 — E, using the definition
of the Neumann map. Due to Remark C.2 we obtain Ac_1_ NG(t,:) = A1 NG(t,-),
therefore, é(t, ): Ee.1 — E._1 is well-defined. Since NG(t,-): Ee—1—iy — FEe_iy is also
valid, we conclude further that G: Ee_1_ iy — Fe_1_iy is well-defined for ¢ = 1,2. Note that
A1 NG(t,y) = Acm1—2yNG(t,y,) since NG(t,y;) € Ee—~, which follows from the key
property of the abstract Banach scales, see Remark C.2. Therefore, we obtain by combining
Lemma 2.50 and Corollary 2.51 that G satisfies (G1) for g = 0. Then Lemma 2.48 yields

(6(7 y)? DQG('v y)G(a y)) € D}(,e_la

which proves the claim. O

Remark 3.21. Due to the rough path techniques, the assumptions on the diffusion coefficient
G differ from those in [SV11]|, where G maps into E_j, is Lipschitz continuous, and satisfies
a linear growth condition. Therefore, we assume a higher degree of differentiability for the
diffusion coefficient than is typically assumed. Such issues are common for rough convolutions,
in particular for global-in-time existence, and have also been encountered in [HN19, GALS16,
Tap25]. However, the advantage of our approach is that we can consider more general noise,
including a non-Markovian process, in contrast to [SV11], where only the Brownian motion
is investigated.

To prove the global-in-time existence of the solution, we need an additional assumption to
avoid the quadratic terms appearing by the composition of a controlled rough path with a
smooth function, similar to Lemma 3.6.
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(GnN) There exists a 6¢ < 0 satisfying —6¢ > 1 — € + 1 + 1/p such that (G1) holds. Further,
the derivative of

DQG(t, ')é(t, ) Eeflffy — EE*I*Q'Y*&G?

is bounded for every ¢ € [0,T], where G = A1 NG.

Remark 3.22. The assumption stated in [NS23], demanded that DaG(t,-)G(t, ) maps to
Ec_1_y_5., which is a stronger assumption because of the embedding

Ee 166 Ee 12y 54

However, it turns out that the condition in (Gy) is sufficient for global existence, as also seen
in [HN22].

Based on Assumption (Gn), we can now state the global-in-time existence.

Theorem 3.23. (|[NS23, Theorem 3.20]) Assume that F' and G satisfy (F1) and (Gn). Then
there exists for every initial condition yg € Fe—1 a unique solution

(ya Ae—l—vNG('vy)) = (va(ay)) S D}(,efl ([07T])

to (BN) such that the path component satisfies (3-16) for allt < T.

Proof. Let t € [0,T]. We only need to show that (Gn) implies (G2). Indeed, note that
DoG(t,-) = Ac1-4ND2G(t,-) holds for every t € [0,T], since N and the extrapolated
operator are linear. This leads to

DaG(t, )G(t,-) = Ac1--N (D2G(t, )G(t,-)).

Due to (Gn), we obtain Dgé(t, ~)(~?(t, -): Ec—1— = Ec_1_2+, where the derivative is bounded

since the derivative of DaG(¢,-)G(t,-) is bounded. Therefore, G satisfies Assumption (Gn).
The claim follows from Theorem 3.9. O

Furthermore, we obtain a similar stability result of the solution for the initial condition and
the noise term as in Theorem 3.4.

Corollary 3.24. Assume that F' and G satisfy (F1) and (Gn). Let yo,90 € FEe1

be two initial conditions, and let (y,G(-,y)) EAD}(’FI’ (Q,G(-,g])) € D}(,e—l be the
mild solutions of (ABN) driven by X respectively X with initial conditions yo and 3o. If
0+,[0,T] (X),Q%[QT} (X), lvoll.—1 s loll.—y are bounded by the same constant, then for every

1/3 < v <~ we have
d’[)(/):”]y“],e_l(y7 g) S Q'y,[O,T] (X7 X) =+ ||y0 - :g()Hefl .

The Young case and Dirichlet boundary conditions

As mentioned earlier in Remark 3.14, we are not able to treat Dirichlet boundary conditions
using a noise that is 7y-Holder continuous for v < 1/2; similar to [DPZ93]. In the case of a
fractional Brownian motion (B{{ ) > With Hurst parameter H on the boundary, it is known
that the equation can be solved in the Dirichlet case if the Hurst parameter is big enough
[DPDMO02|. Therefore, we expect the same for more general noise terms. For paths X €
CY([0,T);R) with 4 € (1/2,1) we do not need any rough path techniques, since all integrals
are well-defined using the theory of Young. For the sake of completeness, we give the results
in this regime without repeating the proofs, since everything can be handled similarly if we
simply ignore the terms involving X.
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So, let X € CY([0,T);R) for ¥ € (1/2,1). We denote by © the solution operator of the
boundary value problem (A4, 7). In this case, the interpolation-extrapolation scale generated
by the LP-realization A of (A,~y) is different, see (C-6), and is denoted by (Ag, Eé)),3>—m'

Further, define E’BD = Bﬁ;l/p(ﬁ(’)). Then, the Dirichlet map ® is bounded from E[;D to EP
for every ep < 1/2p. Furthermore, the boundary value problem (3-10), with B substituted by
~a, has a strong solution for 25 > 1/p. Then we can define the rough convolution as a Young
integral

t
/Stryr dX, := lim Z St—uluX w09
0

|7|—0
[u,v]em
for every y € C(ED ) ncy (ED ~) as in Theorem 2.2. Then the Dirichlet map satisfies
D ED G5/ EeD 5 for every 28 > 14 1/p. It is not possible to simply assume 23 > 1/p, as

one would expect in the Dirichlet case, because then  — 7/2 can become negative. However,
we need 3 —7/2 > 0, because then Theorem D.12 provides us with a solution.

Furthermore, ¥ > 1 — ep needs to be satisfied in order to ensure fot St—rYr dX € D(A).
In the Neumann case, this condition holds for rough noise v € (1/3,1/2] i ——. In the
Young regime, we need 1 — 1/2p < 5 < 1 to be fulfilled, compare [DPDMOZ] Under these
assumptions, we obtain the equivalent rough partial differential equation

(3-17)

dy = (Ay + F(t,y)) dt + Ac,,—5-1DG(t,y) dXy,
Yo € EED 1

To stick to the framework presented in this thesis, we impose the following conditions on G
to solve (3-17).

(Gp) There exists a 65 < 0 satisfying —65 > 1 —ep + 1 + 1/p such that

D,

G:[0,T] x Eepy—1- w—>E€D 1558
satisfies for every ¢ = 0, 1 the following conditions:
i) For every ¢t € [0,T], G(t,-) is twice continuously Fréchet differentiable, where the
derivatives are bounded uniformly in time.
ii) For every z € EED 1—i5> G(-,z), as well as all existing Fréchet derivatives, are 279-
Holder continuous, and the Hélder constants are uniformly bounded in E., _1_;5.

The additional assumption to ensure global existence is not needed in the Young regime, since
we do not have to investigate any remainder or Gubinelli derivative.

Theorem 3.25. ([NS23, Theorem 3.24]) Let X € CY([0,T);R) with 7 € (1 —1/2p,1). Assume
that F and G satisfy Assumption (F1) and (Gp). Then there exists for every initial condition

Yo € ED -1 @ unique mald solution y € C(EED _1) N CV( o ) that satisfies

¢ ¢
w=Sun+ [ SoFlr) drt [ SiAg 1 9G(y,) dX,,
0 0
for all t € [0,T], where the integral is defined in the sense of Young (2.2).

3.3.3 Examples

To conclude this section, we add possible diffusion coefficients, which satisfy (Gn) or (Gp).
For simplicity, assume that p = 2.
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Young regime

We consider the Dirichlet case (A,7y) and the respective realization A. For the regularity of
the noise, we take 4 € (3/4,1), such that the condition ep > 1 — 7 is satisfied. To verify the
Assumption (Gp), we first investigate the extrapolation spaces. Recall that they are given
by

{u € H?52(0) : ulgo = O} ) 28 > %,
Ef = { H»2(0), / —3 <28 <3,
{u < HfQ’B’Q(O) : u‘ao = 0} , 26< —%.

Since ep — 1 — 4 > —2% > —2, we are interested in EP2. Now, it is known that EPQ can be
characterized by the dual space of D(AQ), see Theorem C.10. But due to Proposition A.11

we obtain (Hé’Q(O))/ = H"*2(0). Combined with
Hy*(0) — D(A?) = EY,

we can EPQ continuously embed into H~42(0). Based on these considerations, it is sufficient
to find a linear continuous mapping from H~%2(0) to H**12(90) = nggl (00) for a small
0> 0.

Define the operator
A HO(RY) — B2 (RY), s 7 (14 | F 2,

where .# is the Fourier transform and vg := —11/2 — §. Such operators occur in the theory
of pseudo-differential operators, see for example [H07, Theorem 18.1.13]. To extend this to a
map on the bounded domain O, we use a retraction/co-retraction argument. More precisely,
consider the linear and continuous operators

co: H42(0) —» H42(R"), ro: HFIF22(R?) — HF1432(0),
see [Tri78, Theorem 4.2.2|. Since the trace operator
o HSJ“H%’Q((’)) _ H5+1’2(6(’))
is also linear and continuous due to Proposition A.12, we conclude that the operator G :=
YoroA"®ep satisfies (GN).

Rough regime

Now consider the original boundary value problem (BN), with Neumann boundary conditions.
Let A be the L2realization of (A, B) and 7 € (1/3,1/2]. We recall the characterization of the
extrapolation spaces associated with the interpolation-extrapolation scale generated by A

{ueH#20): Bu=0}, 28> 3,
28,2 _1 3
Eg = H—zé?% ! §<25<2’1
(H ’ (O)) ) —5 <2< -3,
{ue H292(0): Bu=0}", 28<-3.

(3-18)

In particular, we are interested in E._1_2,. Since € — 1 > —v we have

e—1—-2y>-3/2> -2
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and therefore E._j_9, — E_». Similar to the example in the Young regime, it holds that
E_5 < H™*2(0). Now we define G := y9r0oA"eo in the same way as before, but set v =
—9/2 — § for some small § > 0. In this case, G maps H~%2(0) into H*?(90). Since G is linear
and bounded, the same holds for Ac_1_,N'G. This means that F' satisfies the Assumption
(Gn) and Theorem 3.23 entails a global-in-time solution.

Remark 3.26. Before we conclude this subsection, we compare our results to the ones for
additive infinite-dimensional fractional noise in Hilbert spaces. Similar results have also been
derived in Banach spaces, see [CMO22, Section 5.2.

To this aim, let U and V be two separable Hilbert spaces. For a U-cylindrical fractional

Brownian motion (BtH ) /> it is known that the stochastic convolution

t
/ S;_,® dBH,
0

is well-defined if [|S(t)®|| 2,1y < ™% holds for some a < H, where L2(U; V) denotes the
space of Hilbert-Schmidt operators from U to V and ® € L(U;V). See [DPDMO02, Corollary
3.1] for the case H > 1/2 and [DPDMO06, Corollary 11.9] for H < 1/2. Consequently, to
incorporate boundary noise given by an U = L?(00)-cylindrical fractional Brownian motion
with covariance operator Q"2 € L5(U), one has to verify that

<t
Lo(U;V)

)

HAS(t)NQ%

where V := L?(0) and a < H. For E. :== D(A€), we obtain

< te—l

HAStNQ% La(U3U0) ™

o

L) < 1ASH 2y IN 200
This means that if we have ¢ > 1 — H, then the stochastic partial differential equation driven
by the fractional Brownian motion on the boundary admits a solution. Since € < 3/4, recall
Corollary 3.13; this means that it is possible to deal with fractional Neumann boundary noise
for H > 1/4 and even with Dirichlet boundary conditions if H > 3/4. The condition € > 1 —H
is consistent with the result of Corollary 3.13, which is established in the more general setting
of rough path theory.

3.4 Integrable solution bounds

Up to now, the rough path X was mostly deterministic, apart from a few side notes. In this
section, we will now investigate a stochastic process X, and answer the question of under
which conditions the solution of (RPDE) is integrable.

This issue is already addressed in [CLL13|, where known a-priori bounds for the solutions
of rough differential equations were adjusted to make use of the probabilistic properties of
Gaussian rough paths to prove the integrability. Subsequently, the results in [CLL13] were
refined and broadened to encompass a wider class of rough differential equations in [FR13|.
However, for rough partial differential equations, the challenge of identifying an integrable
a-priori bound has remained unresolved for a long time. Indeed, in [GH19, Page 51] it was
stated:

“The [integrable] moment bounds for the rough path norms of solution and Jacobian (.....)
[for the RPDE] might not be easy to obtain in general and require a closer look as a separate
problem on its own.”

Recently, this gap was filled by [GVR25] for autonomous rough partial differential equations,
which was extended to the non-autonomous setting in [BGVS25] in a collaboration with
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Alexandra Blessing and Mazyar Ghani Varzaneh. Some of the result were also use and
published in [BS24]. This section aims to work through the whole proof in detail; the quick
reader can also skip to the main result in Theorem 3.42.

Sewing lemma revisited

The main idea is to accordingly modify the sewing lemma, replacing the Hélder norms of the
rough input by controls as in Definition 2.25, since they have better integrability properties
compared to the Holder norms. Then we have to make sure that we can estimate (2-40)
properly, in a way that the terms on the right-hand side contain either the control defined
in Definition 2.25 or no controlled rough path norm. To obtain this, we have to review the
proof of the sewing lemma, essentially outlined in Theorem 2.42, and rewrite the stochastic
convolution in a specific way.

Let [s,t] C R be an arbitrary interval. In order to prove the integrability of the solution, we
need the following condition on the diffusion coefficient.

(G3) There exists a constant og < v such that G: [s,t] X Fq_jy = Ea—iy—0 is bounded for
every i = 0,1, 2 and satisfies (G1).

Lemma 3.27. (|GVR25, Lemma 2.3]) Let « € R, (y,y') € Dk, and (A(r))
(A) and (G1). Then we have fori=0,1,2

relsi]’ G satisfying

t
/ St,rGr(T7 yr) er - St,s (G(Sa ys)Xs,t - DQG(Sa ys)G(Sa ys)Xs,t)

a—1iy
m 2m+1 2m+1 m+1 m m41 (3_19>
< Z Z ':\slc k41 + —=Sk+1 Sk =% %k
— —s,t —s,t —s,t ’
k>0 0<m<2F a—iy

where T = {s7" == s + sr(t—8):0<m< 2%} is the k-the dyadic partition of [s,t] and

for (u,v) € Ay
Proof. This was already shown in Theorem 2.42, see (2-43). O

To estimate the right-hand side of (3-19), we have to use a specific representation of the
individual terms.
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Lemma 3.28. Let a € R, (y,G(,y)) € D, and (A(r))
Then we have

G satisfying (A) and (G1).

réels,t]’

Hg;) + ::ZU - H?ZU = Stu(G(Ua Yv) — G(u,yv))qu

1 1
/ FD3G (U, Yo + 170 ) [G (U Yu) X, Gt Yu) X o) drdf) Xow

0 JO

1 1
/ FD3G (U, Yu + T7Yuw) [G (U, yu) Xuw, RY ] drdf) X
o Jo

DyG(o, ) D2G<v, Yo+ )[R dr)) Xy

+ St u <D2G v yv DQG('U, Yu + Tyu,U)G(u7 yu)XuﬂJ d?”‘)) XU,U}
( G (v, Yu + TYuw) [G (U, Yu) Xuw, G(V, Yu)] d?‘) X

G(v, Yu + TYuv) [RUU,G(v,yu)] d’r) X

+ Sp ((DzG — DG (t, y)) G (v, yu) + D2G(u, yu) (G(v, ) — G(u, yu))>Xv,w

- St,v(sv,u —1d ) (G(’U, yv)Xv,w + DQG(U7 yv)G(Ua yv)XU,w)a
(3-20)

for (u,v,w) € Ag)ﬂ

Proof. Let (u,v,w) € A[(Sg)t]. Using Chen’s relation (2-14), we obtain

St 20 = = (= StuG(u,yu) + StwG (v, 90)) Xow
+ St,uDQG(uv Yu) G (u, yu)(Xu,v - Xu,w)
+ S1,0 (G (v, o) Xv,w + D2G (v, y5) G (v, Yo ) X )
= 8 RECWur X,
= St.0(Svu = 1) (G (v, y0) Xow — D2G (v, 40) G (v, o) Xow)
+ St (D2G(0, 1) G(v, yo) = DaG(t, yu) G (1, yu)) X -

The last line can be rewritten as an integral

1
DQG('Uv yv)G(v’ yv) - D2G(u7 yu)G(u7 yu) = DZG(Ua yv) / DZG(Ua Yu + ryu,v)yu,v dr
0

1
+ / DgG(Ua Yu + TYuw) [Yuw, G0, yu)] dr
0
+ (D2G(Uv yu) - DQG(uv yu))G(va yu) + DQG(U7 yu) (G(U7 yu) - G(U, yu)) :
Further, we can rewrite the remainder by using Taylor’s theorem

1 1
Rﬁgj’y) = G(U, yv) - G(u, yv) + / / fD%G(u, Yu + Tfyu,v)[G(uy yu)Xu,vy yu,v] drdr
0 0

1
+ / D2G(U, Yu + Tyu,v)Rz,v dr.
0
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Putting these representations together and using vy, = G(u, yu)Xu,0 + Ri,» we finally obtain
(3-20). O

In order to estimate all terms in (3-20) properly, we do it in two steps: First, we estimate
all lines involving the remainder, followed by the remaining terms. In order to clarify the

procedure, we use I; to denote the i-th line in (3-20), and omit the dependence on s}, si’fi 1
and s}?“.

The estimates for each term utilize the same basic techniques. Before delving into the proofs,
let us briefly emphasize them.

Remark 3.29. i) The first major ingredient is the smoothing property of the parabolic
evolution family. Note that we have

15002l 5 Saus (v =)~ ja],,

for (u,v) € Ay where the difference 8 — o > 0 is positive and is allowed to exceed 1,

see Theorem D.3. This is important when it comes to the next two lemmas, since in both

proofs the case ¢ = 0 would otherwise be problematic, since 2v 4 o¢ is possibly greater

than 1. This is the reason why [GVR25| and [BGVS25] have the restriction og < PTV
ii) Due to the assumption (2-35), and (A-5) we know that

DISG(T, yr) € »C(Eg_gQ Ea—ac—c)a
holds for every k =1,2,3, r € [s,t] and ¢ € [0, 27] since we know
D5G(r,yr) € L(EY; Ba—og) NL(EY 5y Bacog—2v)-

iii) Beside the two items above and Lemma 2.41 we also frequently use the interpolation
inequality

(L

Y, y/HD}( N (U - u)gv (3_21)

for every ¢ € [v,27] and (u,v) € A[, ), which can be shown, similar to (2-38), using (2-36).
In the next lemma, we start by estimating all terms involving the remainder.

Lemma 3.30. Let « € R, (y,y') € D} ,([s,t]) and (A(T>)7”E[s t],G satisfying (A) and (G3).
Further, we choose an € > 0 such that og + € < . Then we obtain

S Msllasy + Malla—sy + Mellarsy + sllosy S 8= 5)7]]w, ?/HD;M
k>0 0<m<2k ’

X max {(t — 8) WX 54e(8,8)777675 (t — 8) 2 Wx o 4e(8, t)2('7_UG—5)} :
fori=0,1,2.

Proof. First, note that we have

1
Z WX,O'G-i-E(SZL)SZL—F ) S WX,UG+E<37t)7 (3_22)
0<m<2F
since Wx g,+4c is super-additive. Fix u = sj',v = si’rfl,w = s?“, let ¢ = 0,1,2 be

arbitrary, and recall s} = s + m/2k(t — s). Therefore, we have

1
_ 41 2m+l _ 2mil ok _
t—s?-(t—s)(l—zkH), s —sle —skill —sm—(t—s)—QkH,
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2m

and Qk% < 1— 555 for m < 2F and k > 0. Then, using the smoothing properties of the
parabolic evolution family, (3-21) and the monotone embeddings of (FE,)qcr, we obtain

I slla sy < (= )72 | X0 ] | X[ 1G (s 9) a2y | BYu o,
S (=) ly, GCy)llpy | (w = 0)7F (0 = w)7 (v = w)P 0

X W;:f;f;(M w)W;(;UGGJ:; (u,v).

In fact, we can estimate all four terms similarly, which leads to
HI3Ha7ify ) Hjﬁ”afify ’ HI8H0471L7 5 ”y7 G(7 y)”D%@ (t - 8)i7+25

2m \ TG )\ PHIeE o)
‘ (1 _ QkH) (2-4+0) W76y, w),

HI4||a—ify 5 Hy7 G(')y)HD},a (t - S)i’y-i_e

om \~2—ea , dytogte
X (1 — > <2 (kH)) W;JGGJF;(U, w).

The Holder inequality and (3-22) yield

Yo > sl

k>0 0<m<2k
Wy — O — .
SWRLTE D (5,0) Iy, Gl (8 — )74

(i=2)y—0g 2ytogte 1_2(7_‘76‘_8)

2m \ 12(v—og—2) T2 —er—o
_ —(k+1)\T2(—0G—9)
XZ Z <1 2k+1> (2 )

k>0 \0<m<2k

SWRETT (.0 Iy, GOyl (¢ = 577,

where we used Lemma 2.41 in the last line. The same applies to Ig and Ig. For I; we obtain

Y > Ml

k>0 0<m<2k
SWEoE (5.0 .G ), (¢ — 97+

(i—2)y—og o te 1-(y—og—¢)

2m \ 1-(—eg—2) iy P
N —(k+1)\ 1=(y=og—¢)
S| X (-5) (20+0)

k>0 \0<m<2k
5 W%;ZGJ:;(& t) Hyu G() y)HD}’a (t - S)i’YJrE’

which proves the claim. O

Lemma 3.31. Let v € R, (y,y') € DX ,([s,t]) and (A(r))
Then we obtain for i =10,1,2

D> Millaiy + Mallai + Msllasy + 1T7llasy + ollasy + Tr0lla—sy
k>0 0<m<2k

< . {(1 = )T RO P(X, g, (Kl o).

G satisfying (A) and (G3).

rels,t]’

where ]S(a:, y) = 23 + 2y + x +y is a polynomial in two variables.
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Proof. Fix u:= s}, v = siTiH, w = s and recall that sJ* = s + m/25(t — s). These terms

are now easier to estimate than the ones in Lemma 3.30, since we do not need to bound them
with the control.

For ¢ = 0,1,2 we obtain as in Lemma 3.30

Millazsy S XD g (¢ =) 27770 (w = 0)7 (0 — w)®,

Malla—sy S XT3 fog (¢ =) 27770 (w = 0)7 (0 — w)®,
5oy 17 la—iy S B, g (XD g (8= @) 727776 (w0 — )2 (0 = )7,

olla—sy S BT, oy (8 = ) 27776 (w = 0)*7 (0 — ),

where we several times use the boundedness of G. The only term that requires special
consideration is Ijo since this is the only term which includes St ,(Sy, — Id). For i = 2,
we can proceed with the first part as before

|St,0(Sp,u — Id)G (v, yo) X,

a2y S X fog (= 1)776 (w = 0)7 (0 — ),
For ¢ = 0,1 we choose 01 € (1 —v+0g,1),02 € (1 —~,1) such that o3 — 01 = —0¢ which
implies

”St,v(sv,u —Id )G(’U, yv)Xv < [X}fy,[s,t] (t - u)_gl (w - ’U)W(U — U)UQ

YW HOC—Z’Y ~

For the term consisting of X, it is the other way around; here we can estimate i = 1,2 as
before

HSt,v(Sv,u —1Id )DQG(Ua yv)G(vv yv)Xv,w

|o¢—iw S [X]Q"/,[s,t} (t - v)_2UG (U - U)Z'Y(w - U)Q’Ya

and for i = 0 we choose 01 € (1 —2y+20¢g,1) and o9 € (1 —2v,1) such that o9 — 01 = —20¢
which leads to

HSt,v(Sv,u —Id )DZG(Ua yv)G(% yv)Xv,wHa Sz [X]?y,[s,t] (t - v)*01 (U - u)02 (w - U)2’y'
Using now Lemma 2.41 for every one of these terms, the claim follows. O

Combining now Lemma 3.28, Lemma 3.30, and Lemma 3.31, we obtain the following bound.

Corollary 3.32. (|[GVR25, Proposition 2.7|,[BGVS25, Lemma 3.7]) Let o € R, (y,y) €
Dy o([5,1]) and (A(r))re[s t],G satisfying (A) and (G3). Further, we choose an € > 0 such

that o + € < ~y. Then there exists a constant M = M(Ug,E,’}/,Oé) > 1 with

t
/ St,rG(Ta yr) er - St7s (G(S, ys)Xs,t - DQG(S’ ys)G(Sa ys)Xs,t>

a—1iy

< M(t—8) ||y, '
< M(t =)y, by, (3.23)

X max {(t — 8) WX y06+¢(8,8)77797%, (t = 8)* WX 0642 (5, t)2(7_ac—8)}

M max {1 =) 000} P, [K]2,).

fori1=20,1,2, where ]5(37, y) = 2>+ xy +x + vy is a polynomial.

Remark 3.33. We want to highlight why we assume G to be bounded in this section. For

example, for u = s’,?“ v = sz"fll and w = 32”:21 we obtain

||St,v(5v,u —1d)G(v, yv)Xv,w”a_m S (=) (v —u)?||G(v, yv)Ha_m-;-aQ_al |Xv,w|
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S (=) (v —u)” (w — )7 T Wy 70 (0,0) |GV, o) lainsoy—a,

—0o1 o2t+ogte
< (t . 5)02—01—0—0@4-6 <1 o 27’L> <1)
~ 2m+1 2m+1

X W)’zjfy?ocfci-ig(v7 ’LU) HG(U7 y'U) |’a—i’7+02—01 9

with suitable choices of o1, o2. Using that (y, G(, y)) € D}, is asolution of (RPDE) together
with a bound of the form

1G (0, Yo)la—iytor—o1r < G0 Y00 < Iy, G Y)llpy s

would lead to —iy + 09 — 01 = —7, which entails 09 — 01 + 0 + € =iy + o0g + € — 7. Since
we assume o + ¢ < v, the exponent of (£ — ), is in this case less than iy. On the other hand,
one could try to bound G(v,y,) by its Holder norm

HG(U7 y’U) ”a—i'y—&-og—ol < HG(O? yO) ||a—i'\/+<72—01 + U[G(W y)]’Y,a_Q’W

but such a bound is only helpful if G(0,y9) = 0. In conclusion, using the control defined
in (2.25), we cannot drop the boundedness of G, since there would be terms that we cannot
estimate by the right-hand side of (3-23) in a way that it contains (¢ — s)*. This is because
the control has lost a small amount of time regularity to achieve better integrability. This
limitation has been removed recently in [BGV25]| using different techniques.

Integrable moments of every order

After obtaining the essential estimate (3-23), we can proceed with proving the desired
integrability. Therefore, fix a probability space (Q,F,P) and specify which stochastic
processes we want to treat. In the probabilistic setting, we mostly omit the dependencies
Wi t(w) = Wx(4),4,n(8, 1) if there is no risk of confusion.

(N) Let X: R x Q@ — R be a continuous, centered Gaussian process with the associated
Cameron—Martin space H such that (W, H, ut) is the abstract Wiener space associated to
X. Further, let 4/ > 0 be such that v+~ —2(og +¢) > 1 for some arbitrarily small £ > 0
and assume the following properties to hold:
i) Every h € H is continuous, H C C/7"(R) and we have

1

'—oq—¢
Wh,'y/,achs(Oa 1)§||h||;[ @

for all h € H.
ii) There is some ¢ € [1,3/2) such that he covariance Rx(s,t) = E[X;X;] has finite
g-variation with [Rx]gvars2 S (t — )", for every [s,t] C [0,00).

Remark 3.34. It is possible to choose the probability space in a way such that it coincides
with the abstract Wiener space, i.e., = W and P = u. For the Brownian motion, this would
mean that €0 is given by the space of continuous functions and P is the Wiener measure,
see also Example 4.5. In the following, we use the probability space (€2, F,P), to keep the
presentation consistent with the following sections, having in mind that P is actually the
measure of the abstract Wiener space associated to X.

In particular, Assumption (N) ii) entails that X can be enhanced on any interval [s,t] to
a geometric y-Holder rough path X(w) = (X(w),X(w)) € €4 ([s,t];R), see Theorem 2.19.
We have shown earlier that Volterra processes, under additional assumptions on the kernel,
are examples of continuous paths that fulfill Assumption (N), as stated in Lemma 2.27. In
particular, this applies to the fractional Brownian motion.
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Let us introduce the concept of greedy times, which is an essential element later on. In essence,
greedy times are strategically chosen time points such that each interval is maximized under
the constraint that the control remains bounded by a fixed constant.

Definition 3.35. Let n € [0,7), x > 0, w € Q and X satisfies (IN).

t]

; w(x)) of the interval [s,¢] through

[s
’ keNy

i) We define the sequence of greedy times (Tk

7o(w) := s and recursively for k£ € Ny

T (@) = 1 W00 = sup {r € (), 1 W (@) < X}

k
ii) Let

NS,t(W) = N([s,t],n, X, X(w)) = inf {k >0: Tlgf;yt,]w(w) — t} 7

be the number of greedy time steps in the interval [s, t].

The number of actual greedy time steps can be bounded by the control, which is again bounded
by the Holder norms of X and X, see Lemma 2.26.

Lemma 3.36. Letn € [0,7), x >0, w € Q and X satisfy (N). We can bound the number of
greedy time steps by

1
Ns,t(w) S VI/YS’,#,((AJ)Xiﬁ + 1.

Proof. Due to the super-additivity of W (w) we obtain

N t(w)—2
__1 __1 __1
Notlw) =1 > W @77 € Wamy @)X 77 < Waglw)y 77,
=0

which proves the claim. O

We now investigate the probability of having a large number of greedy time steps. In
particular, we need to show that this probability decays exponentially. The key ingredient
in this part is Borell’s inequality, which essentially gives a lower exponential bound on the
measure of specific subsets of the Cameron—Martin space. To this aim, we recall that the
inner measure P* induced by P is given by

P*: P(Q) — [0, 00], 0 v B*(O) = sup {P(é) .0eF0cC o}.

Theorem 3.37. (|[Led96, Theorem 4.3|) Let O C Q be a measurable Borel set with P(O) > 0.
Choose an a € (—oo, 00| such that

P(O) = \/12?/_00 e da
Then for every r > 0, we obtain
1 atr o
P*(O + rB) > Nor /_OO ez dz, (3-24)

where B denotes the unit ball in H and O + 1B :={a+7rk:a € O,k € B}.

We use Borell’s inequality on the Cameron—Martin space associated with a rough path. For
this we define the translation of a rough path X € %7 by a continuous function of finite
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1/y/-variation h € C"/7"~Va" by

t t t
(5,) = (Th(X)),, = (ht+Xt, / g by + / iy X, + / X., dhr+xr,t>, (3-25)

providing all integrals are well-defined, which is, for example, the case if v+~ > 1. Then
all appearing integrals can be defined in the sense of Young, as seen in Theorem 2.2. If
Assumption (N) holds, then we know that every element in the Cameron—Martin space can
be associated with a continuous function of finite 1/y-variation. In particular, we have the
following results, which will be stated without proof.

Lemma 3.38. ([CLL13, Lemma 5.4]) Assume X satisfies (N). Then there exists a measurable
subset  C Q) of full measure such that

E(X(w)) = X(w+ h),

holds for any w € Q and h € H.

Lemma 3.39. (|[GVR25, Lemma 2.9]) Let n > 0 be such that n < v and Wx (s,t) < oo.
Further assume that Wy n(s,t) < oo for every v > 0 with v+~ > 1 and continuous
he /v ([s t;R). If v+ > 1+ 2n we obtain for such h

/

J=n
WTh(X)a’YW(S’ t) 577 WX,"/J](Sa t) + Wh,'y/,n(sa t) 7 (3—26)
Proof. Recall that the finite variation of h yields the existence of
t
/ hsﬂ" dX - hm Z hs uXu U9
s [u,v]em

and analogously for the other integrals appearing in 75(X). Removing one point s of the
partition m = {[sk, Sky1] 18 =80 < .o S Sjp = t}, denoted then by 7/, leads to

Z hs,uXu,v - Z hs,uXu,v S ‘hsk,l,sk‘ ‘Xsk,sk+1’

[uv]en [uv]en’
< VVh7 (k=1 sk)Wx 1 (Sky Sk1) (85 — Sk—1)" (Sk41 — s3)".

Now there exists k < |r| such that

"/ (/] 2 ’Y —n i/}
Y+ =2n 'y+’y Y+ =2n v+’v’ 2n
Wh'y n (Sk—lﬂsk)WX'yn " (Sky Sk11) < ] — Wh'y n (s, )VVX,W7 (s,t),
¥ =n 71
v+ =27 7+7 3 —n Y= — i i i
since Wh po Wx o " is a control due to 5 +,Y 277—1—7 —2n = 1. Repeating this by replacing

7 by 7’ and removing another point, we conclude

[

Therefore, Youngs inequality leads to

S,r

) 9\ YTV =2
Wm0 - 0 Y (F)
k>1

1
2(v—mn) , ,

=N 1
S Wil (5, )W (5:8) S WL (5,8) + Wx (s, 1),

S,

\t—s|77—n
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and with similar estimates, we can also bound the remaining integrals appearing in (3-25). O

Proposition 3.40. (|GVR25, Proposition 2.16]) Assume that x > 0, X satisfies (N) and
set n = og + € for some ¢ > 0 such that og + € < . Then there exists a constant My =
Moy(n, x) < oo such that

2(~"—n
P(Nyy > k) Spp e MOF77,
for every k € N.

Proof. Before we prove the actual inequality, we have to establish a bound on the number of
greedy times N, first. Using Lemma 3.38 we obtain 7 (X(w — h)) = X(w). Therefore, we

can estimate the control, applied to the greedy time steps (Tk (w))k oy using (3-26)

W;zﬂ),%n(Tk(w)’TkJrl(w)) <C th (T (W) Tr41 (W)
+C WX(UJ h), 'yn(Tk(w)7Tk+1(w))a

for some constant C), > 0. Due to the definition of greedy times, we have for 7541 (w) <t
Wx(w) i (T(@); g1 (W) = x

Setting x = QﬁCnWX(w_h)mn(s, t) leads to

—n

W)z(wn h) Yy, 77(8’ t) < Whﬂ’ﬂ? (Tk (@), Th41 (w)) )

for 7;11(w) < t. Summing over all k, entails

L =0
(N([s,t],n, 271 CyWx (w—h) (5, 1), X(w)) — 1)I/V7 o (Sa t) < Whyy (s, 1) (3-27)

1
<Gyl

for some constant 577 > 0 using Assumption (N).

Now Borell’s inequality can be used. Therefore, define

X X
O=<w € Q: T S WX(W),’Y,U(S7t) S 1 5
2 tle, 257 C,

where P(O) > 0 holds. Indeed, a support theorem for Gaussian rough paths, see [FV10,
Theorem 15.64], states that the support of the law of X, in our case P, contains the rough
path lift of every h € #. This lift is well-defined due to H C C/¥~2". This yields P(O) > 0.

Observe that for every w — h € O we have

X
5 = 271 C WX (w—h)ym(8:1) < X5
therefore, we can bound the number of greedy times for every w —h € O using (3-27) and the

fact that x — N([s,t],n, x, X) is decreasing.

(N (Is. 7 X () — )W”(w"h) L (5:1)

< (N (5.8, 275 Cy Wy (.. X)) = 1) W (s
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<, ||h||” o
If in addition

(k — 1)7’—77)(7—77
2=+ Cy Oy N

[2llyy <71 =

holds for x > 0 and k € N, we further obtain

X y'—n . - ~
(N([s,t],n,x,X(w)) - 1) T < Cyllhllg, ™ < Corg ™"
27 ()

This implies in particular {N([s,t],n, x,X) > k} C Q\ {O + rpB} for every k € N, where ‘B
denotes the unit ball in H. Then Borell’s inequality (3-24) entails finally

12 1 ee 2

re+a B}
P(N([s,t],n,x,X) > k) <1_/ N .
( Vﬁz; Trta

— + —
P

Y

X7~
~~!

—n+1o0—neY —n
2y=n+1CyCy

for some a € (—o0, 00] and My = , which proves the claim. O

The last ingredient needed is the following simple concatenation argument for the controlled
rough path norm.

Lemma 3.41. Let (y,y’) € DY ([s,t]) and a possible random partition (sk){y:o of [s,t] with
so = s and s5 =t. Then we have

N—

v,y HDV( allst) = (1 +[X st]) 2 v/ HD;’(( allskska]) " (3-28)

,_.

Proof. The only non-trivial estimate is the Holder semi-norm of the remainder. For this, we
have

[Ry]i'y,[s,t],afiy < [Ry]i'y,[s,u},afi'y + [Ry]i'y,[u,t},afi'y + [X]’y,[u,t] [y,] (i—1)7,[s,u],a—iy

for (s,u,t) € A®)

0.1]" This leads to

vy’ HD;’(( (Y = (1 + [X(W)]%[st> .y’ HDX( ) o ([5:) +y.y HD7 Yoyt
Iterating this process for every time step of the partition (sk)fyzo proves the claim. O

Putting all of the above statements together yields the main theorem of this section. First
proven in [GVR25] and later slightly adjusted in [BS24]. Here, we extend the theorem to the
non-autonomous case. The difference in the non-autonomous case lies in particular in the
proof of Lemma 3.28. Due to the time-dependent coefficients, a different representation of

Eor +E¢ — Egy must be chosen in order to modify the Sewing Lemma accordingly.

Since we use the inequality for the analysis of the long-term behavior, we specify the constants
as concretely as possible to maintain readability.
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Theorem 3.42. ([BS24, Theorem 2.15], [GVR25, Theorem 2.17]) Let x € (0,1) and n €

(o0G,7) such that My’ < 1/4, where M is the constant from Corollary 3.32. Assume
(A(r))re[st],F G and X satisfy (A), (F1), (G3) and (N).

— 1
i) Fort—s < min { (4M)_ﬁ’ 1} = min{d, 1} and any fired w € Q the solution (?/, y,) S
D’)y((w) a([s,t]) of (RPDE) satisfies

sup [[grlly < sup ||yt

r€ls;t] 0<E<N; 1 (w)—1 X (@),0 TR k1))

Ns,t(w)M eNet(DMHM
< e slla + e P(X (@) o K@y g ).

where P(z,y) =1+ 2%+ 2y +2+y and M = log (2M)
it) For an interval [s,t] with d < t —s < 1 and any fized w € Q, the solution (y,y') €
D}(w)’a([s,t]) of (RPDE) satisfies

Ty alls) N( ( X(w)l,, [st])eNs’t(w)M>N+1 (A

eNst(W)M+M _
M) e PUX @), g K@)y g

" i ( Ny (@) (1 + X (@) sy )eNs,th)k |
k=1

+ NN, (w ( X

(3-29)
for N == [d=1(t — s)].

Proof. 1) Recall that the mild solution of (RPDE) satisfies

t t
v = Suays + / Sy F(r,y) dr + / S0, Glr,y,) dX,.

and y' = G(-,y). Using Corollary 3.32, we obtain

< MP([X]’y7[S7t]7 [X]Q%[svt])

/ S~,TG(T7 yr) dXTaG('7y)’

DXy, ([5:1)
+ M max {(t — 8) WXy ogte(8,8)779CTE (t — 8)* WX 1 opte(s, t)2(’)/—0c;—€)}
X (1 + vy, G(y )HDX< ) ([s,t})> 5

which leads to

1-o
Iy Gl oy <M (1 sl + Crlt = )7 9. GC)lo, o)
+MP([ ] RERIE [ ]Q'y,[s,t])

+ M max {(t - S) WX:%UG-FE(Sa t)’y—crc;—aa (t - S)ZEWX,%UG—&—E(Sv t)2(’y—crc—s)}
x (14 Iy GC oy o))
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where we also used Lemma 3.7 and M > 1. Using the assumption on Y, M and t — s, we
obtain

||y7 ( )||DX( ) o ([Tvak-l»l]) g 2M Hka ||a + 2MP([X]’Y7[SJ}? [X]Q’Y,[S,t])

~ Ns, w
for k& < Nsi(w), where P(z,y) = 1+ P(x,y) and (Tk)ivsé( W) — ( [s.¢] ( )) 1@

Tk oate,w k=0

is the sequence of greedy times. Due to |y ||, < |lv,G(,y)|p y for every

X (w),a ([kalﬂ—k}
0 < k < N4, we can iterate this estimate, which leads to

Iy GClpy e < 2M (o + PUX D o, Ky )

T\ 2
< (2M) (H% (hy )HDX() ([Tk,g,rk,l])+P([X]'y,[s,t]a[X]Q’y,[s,t])>

—+ 2MP([X]7,[S¢]7 [X]Q'%[S,t})
k+1 N

< (2M) M lysll + PX] o (Ko o) S (200)' 7
=1

Defining M := log (2M ) then proves the claim.

ii) For the second part, we use Lemma 3.41 for the sequence of greedy times (Tk)i\f;’é(w)
defined in Definition 3.35. The inequality (3-28) then leads to
[9: oy oy < 21 550 Tl + P s ), (3-30)

fort—s<dand
o Ns t(w)M
PL(w, [5,1]) 1= Noa(@) (14 [X @),y g )€V,

oNat(@)M+M _
pa(w, [5,t]) == Ngt(w) (1 + [X(W)]»y,[s,t] ) !

2M 1 P( [X(w)]')/’[s’t} ) [X(w)]Q’y,[s,t] )
To extend the statement for arbitrary intervals ¢ — s > d, we define iteratively so = s and
sk = min{d + s_1,t} for k=1,..., N = [d~(t — 5)]. Then s;1 — s < d, and we can
use (3-30) to obtain iteratively

v, || o < p1(w, [Sk, k1)) 1Ysi o + P2(w; [Sks Sk11])

X (w), Q([skyskle])

< p1(w, [Sks Sk+1]) \

) + p2(w, [k Sk+1))

X (w),a ([sk—1,5k]

<P1( sk se1]) (P1(w, [sk-15 88]) [|Ysi_s ||, + P2(w, [sk—1,81])) + pa(w, [sk, Sk11])
k

<HP1 st si41)) sl + Y p2(w, [k Sk-n1] le s [Sk—n+1; Sk—nti41])
n=0 =1

N 1

< pr(w, [, DN lysll, + pa(w p(w
l:O

since p1(w, [sk, sk+1]) < p1(w, [s,1]) and analogously pa(w, [sk, sk+1]) < pa(w, [s,1]), for
k < N — 1. Together with (3-28), this provides (3-29).

O

We do not highlight the dependence of N on the length of the interval [s, ], since we later
use these estimates only for intervals of length one. In this case, we have N = [d~1], with

d = (AM) T ET < 1,
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Since the inequality is lengthy, we define the abbreviations
Pow, [s,1]) 1= Nogw) (14 [X(@)] gy g )
Py(w, [s,1]) = NPy(w, [s, )V +,

_ eNst(@M+M _ 4
Pa(w, [5,1]) = NNyy(w) (1+ [X (@), )

2M —1
W, S N
X P([X ()], 5. K(@)gy 5.4 )Jjgs(b;’[[:g) -1’

for better readability. With these abbreviations, the bound for the solution (y, Y ) of (RPDE)
becomes

Finally, we can prove that the solution of (RPDE) has bounded moments of all orders p > 1.

y’y/HD?(w)’a([Syt]) < ||ysHa Pr(w, [Svt]) + P (w, [Svt])‘ (3-31)

Lemma 3.43. Under the same assumptions of Theorem 3.42 the bound of the solution
ly, G-, y)ll p2y (s.)) (3-29) is integrable. In particular, we have
X, ’

Not() (14 X Ol oy ) OM € (Y L7(Q)
p>1

and therefore

Pi(-[s,1]), Pa( [s,t]) € [ LP(Q)

p=1
Proof. Recall that Assumption (N) leads to
]P)(NS . > k) S e*MOk'Q(’Y/_n)’

for every k € N, due to v+« > 1 4 2n which implies ¢ := 2(7' — 1) > 1. Since the expected
value can be written as

E UBMNS,t } epMNS ¢ Z PMEp( N, — k)

k>0

— Z ePM0 Z (epM J+1) _ eng) P(Nst = k)

k>0
1+ (epM kD) epMk> P(Nyy > k) = 1+ (™ — 1) 3 e?MFP(N,, > k)
k>0 k>0

<1+ ( e1oM Z ePMbk—Moke

k>0

where we use Tonelli’s theorem and the fact that P(Ns; > k) = Z;?ik—&-l P(Ng; = k). Since
¢ > 1, the last sum converges and we obtain eVt ¢ Np>1 LP(R2). Since o, [54(X) is

also LP-integrable due to Corollary 2.20, we further have Ng,(-)(1 + [X(-)]%[sﬂ)eNS’t(')M €

Mp>1 LP(£2). Since P is a polynomial, this leads in particular to the claimed integrability of
Py, P> and therefore also for ||y, G(-,y) || p2 (js.4]) USINg the estimate (3-31). O
X,« ’
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3.5 Mild rough Gronwall inequalities

In this section, we prove a Gronwall Lemma for the mild solution of rough differential equations
on an arbitrary interval [s,¢]. In particular, we present here the results published in [BGVS25]
resulting from a collaboration with Alexandra Blessing and Mazyar Ghani Varzaneh.

As a reminder, the classical Gronwall inequality states that paths y that fulfill

t
yt§a+/ by, dr,
0

have maximum exponential growth gy, < ae® for t > 0, see [Grol9]. This inequality has
attracted considerable attention, and various Gronwall-type estimates have been developed
over time. In particular, the singular Gronwall-Henry lemma is useful for partial differential
equations. It is also employed in this thesis to prove the existence of a global attractor, see
Theorem 5.2. More recently, stochastic versions of the Gronwall inequality have also been
considered; see, for example, [Sch13, MS21, Gei24] and the references therein.

Before turning to the Gronwall lemma for the mild solution, we note that there is another
version of a rough Gronwall inequality, developed in [Hofl8, DGHT19| for weak solutions
of rough partial differential equations using unbounded rough drivers. We sketch a simple
version of the Gronwall-type lemma they used. To this aim, let g be a path and Wy, Ws two
controls such that

st 5 sup grwl (Sa t) + W2(57 t)a (3_32)
rel0,t]

holds for s < ¢, where Wj is bounded. Then (3-32) implies

sup g < "0 (go+ sup (Wz(o,t)601W1(o,t>)>
te(0,7) t€[0,T]

for some c¢; > 0. In applications, the controls W7 and W5 are dependent on the rough path, or
in their case, on the unbounded rough driver. The inequality (3-32) is derived through energy
estimates of the variational /weak formulation of the partial differential equation. However,
this is possible only for rough partial differential equations with additive noise; how such an
inequality (3-32) can be derived for multiplicative noise remains unclear. This is the primary
reason why we derive a mild Gronwall inequality in this section.

To be precise, our goal is to obtain a bound for the solution of (RPDE) given by (y, G(-, y)) €
D}( o, of the form

Iy GC 9l ray S (sl + 1G5, ) oy )2,

for a suitable constant co > 0 and (s,t) € Afsy- Furthermore, this inequality is applied to
the linearization of the equation during this section.

Lemma 3.44. ([BGVS25, Lemma 4.2|) Suppose (A(r))re[s 1t],F and G satisfy (A),(F1) and
(G3). Then the solution (y,G(-,y)) € D}{,a([s,t}) to (RPDE) satisfies

1y, GG Ipy, sy < Cr(1+ lyslly + 1G (s, 95|y )2, (3-33)
X,a
where the constants are given by

1 - COridg (1 - Crrd3)CP,y
20Dy — 1+ C1r®3" (CTRDy + 205 — 1)2} (14 0300(X))

C1 = 2 max {
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1 20D,
Ci=Tln <1 - 07%3)’

with C == C(S,a,0¢,0p,7) >0, & :=min{l — 27,1 —op,y —og}, 7 < 1 such that 2CPy >
1—C71F®s >0 and

®, =Cp+ Cqg (1 t 0y,[s,4) (X))3 +Cq (1 t 0y[s,1] (X>) ?
®9 := max {1, Ca (1 + Qw,[s,t}(X)) }7
(I)g = CF + CG (1 + er,[s,t] (X))3 :

Proof. Let (u,v) € Afgy. As in Lemma 3.6 and 3.7 and we obtain for (y,2) € A,y with
v—u <l

HS,UywOHD'Y o ([usv]) ~S HyUHa’

[ 8.F i) aro < Cp(o = w7 (14 19, G 0)lpy, ()

DY ([u,0))

o (o) = O (14 0340 (X)) (14 119, GC ) o)

Combining these estimates with (2-45) we obtain

12 G )l oy S Malla + Crlo =)' =7 (14 lly, G 9)lpy, )
(14 030X (16 1)l ooy + [[(Gls)Y |

+ (v =) G(,y), (G(,y)

a—oGg—y

/HD}’[X([U,’U]))
5 Cr+Cq (1 + O~,[s,t] (X))3 + Cq (1 + Q'y,[s,t}(X)) + HyuHa
+ CG (1 + Q'y,[s,t}(X)) HG<U7 yu)Ha—fy

+(Cr+ Co (14 2360(X))" ) (0 = 0) 9, G0l
= @+ Bl + 100 y)r) + 20~ 05 GO ),

We now choose a sequence of intervals I, :== [sg, Sp4+1] with s = min{s + k7, ¢} and
N(7) =inf{k € N: s, = t},
where 7 < 1 is fixed such that
20%; > 1 — C77 3 > 0.
So we obtain for k < N(7)
ly, GC.0)llpy, 1) < CO1+ 20y, GO, )llpy 1) + CT slly. GO )llpy 1y

which leads to

Cd,y 20(132
9. Gy ) < T g, * 1 e, 10 CCW oy

Iterating these estimates entails

Gl a0 < (g, ) (ela+ 16wl )
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k

Cd, 200, 1\’
Tz CThds jz:;) (1 — CT’%(I)3>
k+1
20P
_ & o (H H + HG(S )H ) + Cd, - (1_CTR2<I)3>
~\1-Cridy Yolla S K Ty OF T R Qe P
20@2 k+1
(F2520) (e + 1666,y
N CP, 209, \"*' .
CThd3 + 2005 — 1 1 —CrEds

200, ! CP,
< R —— ~
<(Zoms) (Il + 166wl s+ Grrg o omg—1 )

since 20®5 + Cr*®3 — 1 > 0. Using now (3-28) we derive

N(r)-1
ly, GG lpy o < (100 00(X)) D N9, G w)llpy, )
k=0
Cd
< (14 010000 (Il + 1660y + G g )
( 2L )N(T)H _ 209
1-C71rd3 1-C1rd3
200, 4
1-C1rPg3
CP
S (1 + Q’y,[s,t](X)) (HySHa + ||G(37y8)||a—’y + CT[%@3 + 22@2 _ 1>

e (Z2920) 1 OrFay

1-CrR®g
e 209, — 1+ Or°d;’

Finally, the bound N(7) < (t — s)7~! entails (3-33). O

3.5.1 Linearization of rough partial differential equations

It is often advantageous to also examine the linearized equation of (RPDE), as the behavior
of the linearization also provides insights about the original equation. Due to this, a Gronwall
lemma for the linearized equation is established in this subsection.

Recall that the equation of interest is

{dyt = (AM)ye + F(t,y0)) dt + G(t, ) dXe, (RPDE)

Yo € E,.

The linearization Dy/° of (RPDE) along an arbitrary solution y;/°, with initial value yo, is
defined as the solution z; of the following equation

{dzt = (A(t)zt + DoaF (t,y{°) z) dt + DaG(t, ") 2 dXy, (3-34)

20 € Ea,

also called the first variation equation. Here, DoF' and DsG denote the Fréchet derivatives of
the nonlinear terms F' and G with respect to the second variable. Suppressing the dependency
of y on the initial condition yg, the Gubinelli derivative of H(y, z) := D2G(+, y)z is given by

(D2G(t,yt)zt)/ = D3G(t, 1) (Y1, 2] + D2G (L, ye) 21,



92 Chapter 3. Rough evolution equations

using the chain rule and the product rule for two controlled rough paths (y, Y ), (z, 2! ) € D}( o

We first show that (H(y, 2), (H(y,2))") € D% a—og together with an a-priori estimate. Based
on this, we obtain a bound for the solution of the linearization (3-34) using the mild rough
Gronwall lemma.

Lemma 3.45. Let (y,y'), (2,2) € Dk, be the solution to (RPDE) with initial value yo € Eq

and the linearization along the solution given by (3-34). We have (H(y,z),(H(y,z2))") €
D}Y( a—oc and

2
0oy, ) o7, (355)

< Co(1+ 0y5(X))” (1 +

|Hw =), (H. )|

X,a—og
Proof. Let (u,v) € A[;,. We directly obtain
ID2G (-5 y)zllo0,0-06 < Callzlloo,a

as well as

!/

|D:6)2)

o 2Oy ol + [ )

< CG<1 +y:9 oy, ) 1221l -

The ~-Holder regularity of (H (y, z))/ in Ey_2y—g is straightforward using that
D3G (v, Yo) [ 20) — D3G(t,yu) [Ys 2u] + D2G (v, 40)2,, — DaGlu, yu)2,
= (D%G(v, Yp) — D%G(u, yv)) [y;, zv] + (D%G(u, Yy) — DgG(u,yu)) [y;, zv]
+ D3G(w, yu) [(Y — ¥i), 20] + DG (w, y) [0, (20 — 2u)]
+ (DgG(U,yU) — DoG(u, yv))zq’J
+ (D2G (u, yo) — DaG(u, yu)) 2, + DG (u, yu) (25, — 2y,)-

For the first line we have, using (2-37) and the Hélder continuity of G

1(D3G(v, 90) = D3G(,90)) [Uo 20] [l _es—9y S Ca@ =" [[¥/ ] o 12l

H (DQG(uv yv) - DQG(ua yu)) [y;, Z'U] HQ—O'G_2'7 S OG(U - u)v[y]%af?y Hy,Hoo,a—'y HZHoo,oé

< Calo =) (1+ 2,00 ) ot/ I2,_[12 oy
The second line can be controlled using
1= )2l S (0= 0] o olocin < = 0 st 12

Iz = 2l gy S @ = W)Y | sy ooy < 0 =)l 0 Nl g, Nl207 1l -

The third line can be estimated as before due to the Holder regularity

|(D2G(v, y) — DaGlu,,)) 7| S Calv —w)? ||

a—og—2y ™~ oo, a— °
Based on the boundedness of G, we can estimate the last line by
(DG 50) — DaGlus ) 2l 2y S Col® = W) lha ]|
< Co(v=u)" (14 0y,i50(X) 9.9 lpy, 122 ]lpy

HDQG(U, Yu) (z; — z;) H < Cq(v—u)? [z']

a—og—2y — Y,0—=2y"
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For the remainder of H(y, z), denoted by RY  we obtain similar to (2-54)

Rﬁv = DoG (v, yv)2up + (DQG(v,yv) - DQG(u,yu))zu
- (D%G(’U,, yu) [yqlu Zu] + D2G(u7 yu)Z:J,)Xu,U
= DaG(v, yo) Ry, + (D2G (v, yu) — D2G (v, yu)) 2, X
+ (DQG(U, yu) - DQG(U, yu))Z;Xu,U + (DQG(U, yv) - DQG(U, yv))zu
1
+ / D%G(u, Yu + ryu,v)[yu,va Zu] dr — D%G(u, yu) [yqlu Zu] Xu,v
0
= D2G (v, yo)RE, , + (D2G (v, yu) — D2G (1, yu)) 2y Xuw
+ (DQG('Uy yv) - DQG(% yu))Z;Xu,v + (D2G(U7 yv) - DQG(U, yv))zu

1 1
+ / / ngG(ua f(yu + Tyu,v) + (1 - f)yu) [yu,v’ y,u’ Zu] drdeu,v
0 Jo

(3-36)

1
+/ D%G(u,yu +ryu7v)[Rz,v,zu] dr.
0

Using this representation we obtain that the remainder R¥ is y-Holder continuous in Ey 64
and 2v-Hélder continuous in E,_,—24. Indeed, let ¢ = 1,2, then for the first line it is
straightforward to show that

HD2G(U> yv)RZ,vHangfi,y < Cg(v — U)W[Rv]i'y,afi'ya

H (D2G(U7 yu) - D2G(“’ yu))Z;Xuvaa—ag—i'y = (U B u)?w Hz/Hoo,a—’y Or,[s,1] (X)

For the second line, we obtain

[(D2G (v, y0) = D2G (0, 90)) 20 Xuo | oy iy S Ca05150 (X)W = )P [Y)yamiy [|2']| o 0y
< Co (1+ 2y0(X)) (0~ 07y o/ oy, 12l
H (DZG(Uv yv) - DQG(U7 yv))zuH N CG(U - u)?’y ||Z||oo,a :

a—og—iy "~

The integral in the third line can be estimated as follows

S Caoy s (X)W =) [y|| o 12lloc.alylyaiy
< Cg(v —u)® (1 — Qy,[s,t}(X))Q ‘

1 1
/ / ’FD%G(U, 'F(yu + Tyu,v) + (1 - f)yu) [y',m Zus yu,v] dferu,v
0 0

a—og—iy

o e

whereas the last line finally entails

S Calv— U)h [Ry]i%a—iwnznoqw
a—og—1iy

1
/ D%G(u,yu + ryuﬂ))[Rzm, zy] dr
0

Putting all these estimates together leads to (3-35). O

Now we can formulate a Gronwall inequality for the solution of the linearized equation. We
recall that

t ¢
2t = St.s2s +/ St Do F(r,yr)zy dr +/ St »DoG(r, yr)2zr dX,,
S S

is the mild solution of (3-34). To handle the second integral, we need to impose more
conditions on F.
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(F2) In addition to (F1), we assume that F'(r, -) is Fréchet differentiable for every fixed r € [s, t]
and that there exists a constant Lpg, > 0 such that DoF(r,-) is Lipschitz and

Lpr = sup Lpp, < oo.
r€(s,t]

In particular, we have

D2 F (v, 2) = DoF(u,y)|| £(BaiFa—op) < LoF Iz =yl
ID2F (v, 2)|| £(BosEarrp) < Cor(1+ 2], ),

for z,y € Eq, (u,v) € Ay and

CDF = max {LDF, sup ||D2F(T7 O)Ha—O'F} < oo.
r€(s,t]

Remark 3.46. It is possible to extend our results to the case where the Fréchet derivative
of F' satisfies a polynomial growth condition, for example

ID2F (7, )| £(BaiBa—op) S QU]

for some polynomial ). For computational simplicity, we work with the linear growth
assumption.

Corollary 3.47. Suppose A, F and G satisfy the Assumptions (A),(F1)-(F2) and (G1)-
(G2). Let (y,y') € D, be the solution to (RPDE) with initial value yo € E, and (z,7') €
D}Qa the linearization along this solution satisfying the equation (3-34). Then we have 2’ =
D2G(-,y.)z and the estimate

12:D2G ()2 lpy ey < Cr (14 0350 (X)) (1126 + ID2Gs,9) 2]l ) €07,

(3-37)
where the constants are given by
~ 5 1-C0r"® ~ 1 20®
Cp =2 —— T3 ——, Co=—1In 7& , (3-38)
2009 — 1 4+ C1rPg T 1—Crrdg

with C(S,a,06,0r,7) > 0, & = min{l — 2v,1 — op,y — o}, 7 < 1 such that 200y >
1—Cr*®3 >0 and

&;2 = max {17 CG (1 + Q'y,[s,t] (X)) 70% (1 + Q’y,[s,t] (X))} )
2

;3 := Cpr (1 + 9,9 l| a([s,t])) +Co (14 0y69(X)” (1 + 19,9l a([s,t})) :
Proof. Using Lemma 3.45 we obtain for (y,v'), (z,2) € D’YX,a and t —s < 1

15525, Ollpy. 151y S 1125l

/ S. Do F (7, yp) 2 dr, 0

< Corlt— )7 (14 ||y,y
L i o L Yy

X HZ’Z/HD}(’Q([s,t])’

ID2G (-, )z, (D2G (-, 9)2) || 2

X,a—o0o

(X S Ca (1+ Q%M(X))Q (1 + v, y/HD}’a([s,t})>

X HZvZ,HD}m([s,t])'
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Combining these estimates with (2-45) entails

l2: D26 9)2llpy, (s, S Nl2slla + Cr(t = §)! 7" (1 + Hy’y,H’D}(YlX([s,t]) ) 2, Z,HD}(VQ([s,t])

(14 03 00(X)) (D26 (5,02l + | (D2G(5,5)20) |0 )
(14 050 (X)) (£ = )77 [DaG )2 DG 0)2) g,y

—0o

S ‘I>2< 125l + [ID2G (s, ys)zSHa—'y) + ®3(t — 5)" [[v, D2, V=zloy (s -
Here, we used the fact that ¥, = G(s,ys) to obtain

H (D2G(s, ys)zs)’

<Ol Nosllay + 12y ) < CE lzslla + Ol

a—og—

The remaining proof is the same as in Lemma 3.44, with ®3 and ®3 substituted by ®y and
Ds. O

To obtain stability statements, for example, the existence of invariant manifolds, we further
need an estimate of the difference between two linearizations for two different initial data
points. Although we do not utilize this Gronwall for the two different linearizations in this

thesis, it is still interesting in its own right and worth mentioning. For an application see
[BGVS25, Subsection 5.4].

Therefore, we let yo,J0 € FE, be two initial conditions and vy = y/°, 4 = yfo the
corresponding solutions to (RPDE), with linearizations z; and Z,. Then we are interested in
the difference between the two solutions

t
2 — 2 = St,s(zs - 28) + / St,r (DZF(T’ yr)zr - DQF(T, gr)gr) dr
t
+/ St,r (D2G(T’ yr)zr - DQG(Ta gr)gr) dX,.

Similar to Lemma 3.45 we first investigate

H(yt, Yty 2, 2t) = DaG(t, ye) 2t — DoG (8, G¢)Ze = H (yr, 2¢) — H(Gt, 2¢),

with the Gubinelli derivative

(H(yta gta 2ty Zt))/ = DgG(tv yt) [yl/fv Zt] + DG(tv yt)zllf - (D%G(ta gt) [gilﬁa 2tj| =+ DZG(tv gt)zé)
(3-39)

Now we derive a bound for H depending on the difference between the controlled rough path
norms of (y — g,y — §') respectively (z — Z,2" — Z’). As we have already seen, the estimates
of the linearization include the third derivatives of G. Considering the difference between the
two linearizations, we expect that another derivative is needed, which motivates the following
condition.

(G4) There exists a constant og < 7, such that G satisfies (G3) and is four times Fréchet
differentiable with bounded derivative.

Lemma 3.48. Assume G satisfied (G4). Let (y,y') € D%, (4,9') € D%, be two solutions
of (RPDE) with initial data yo,50 € Ea and (z,2'),(Z,%") € DX, be the corresponding
linearizations.
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Then we have (fl(y,g,z,i), (ﬁ(y,gj,z,i)) ) e D]

X.a—oc and

Hﬁ(y, 7,2, %), (H(y, 7, 2, 2))/‘

~
X,a—og

SCa(l+ 0y (X))2

wa—zz—muw(<

lly = 5.5 = 7l ((

+

J NIHD”’ ) (3-40)

1) 1)

22|y
X,« X,a) ’ DX,Q
~ =
270, ).
’ DX,Q

Proof. We have to derive estimates for the path component, Gubinelli derivative (3-39), and
the remainder. The path component

X,a)

DoG(t, ye)zt — DiG(t, G) % = (D2G(t, y¢) — D2G(t, §¢)) 2 + DaG(t, ) (2 — Z),

as well as the supremum norm of the Gubinelli derivative, are straightforward to estimate

~ / ~/
=22 =y ),
X,a X,

Xa(1+|

/ X,a)>‘

The estimates for the Holder continuity of the Gubinelli derivative and the remainder are more
involved. The representations we are using are similar to (2-55) and (2-57). Especially, the
part of the Gubinelli derivative, which depends only on the first derivative, can be rewritten
as in (2-57)

Hfl(y,@yzji) SCG<H?/—?%?/—@'HD;M

|(F (. 5.2.2)

00,a—0G

$Ca(ly =5 =7 oy, v lpy )

00,a—0G—"7

~ / ~/
—i—Hz—z z —zH v
’ DX,Q(

DG (v, yy) 2, — D2G (v, Gv)Z, — (D2G (u, yu) 2y, — D2G (u, Gu)Z,)

= (DQG( V, Y ) 2G U yv (D 'U yv DQG(U,ij)))Z{,
+ (D2G(v, ) — D2G(u,§0)) (2, — Z,) (3-41)
+ (D2G (u, yo) — D2G(u, yu) — (D2 (u, §v) — D2G (u, 7)) 2,
+ (D2G(u, y») — D2G(u, yu)) (2, — Z,)
+ ( G(’U, Yu ) DQG(U yu)) v T DQG(ua gu> (z;,v - 2;,1)) :

For the terms with second-order derivatives, we obtain in a similar way

D5G(v, yu) [Ys, 20| — D3G (v, §) [T, Zo] — (DFG(w, yu) [Yas 2u) — i) [T Zu))
= (D3G(v,y0) — D3G(u, y0)) [y — Fbr 20] + (D3G (v, ) — ( ) [T 20 — 2]
+ (P3G, ) — D3G(w, ) — (DG (v, ) — D3 <u,yv>)) (7, %]
+ ((D3G(u,30) — D3G(u, ) — (DIG (1, 5) — D3G(w.3) ) [t 2]
(D%G(u o) DQG(u,.@u)) [y = G 0] + (D3G(w, §0) = D3G(w, §u)) [ 20 — 2o

( G(u,yu) — (U ?ju)) [yiwa Zv] + (D%G(u,yu) - D%G(u,yju)) [y;, Zu,v}
=+ D2 U yu [y; v yu v ZU] + DQG(uv gu) [y:u Zu,v - gu,v]
+ D2 u s Yu [yqli yuv Zy v] + DQG(U, gu) [gf/u;m 2y — Zv] .

(3-42)
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Most of the terms above can be easily estimated, as shown in Lemma 3.45. The only non-
trivial ones are the first and third lines in (3-41) and the second and third lines of (3-42). In
these four situations, we use a similar integral representation as in (2-56), which leads to

((D26(v,9) = DoGlu 1)) = (D2G(v, 50) ~ DaGlw.50)) )2,

= /01 (P3G (v, + (w0 = §0)) = DIG (s G + (o = 50)) ) [0 — G 2]
((D2G(w,90) ~ DaGlu, ) — (DGl ) ~ DGl ) )2,

= /O1 (D3G(t, Yu + TYuw) — DG (U, G + 7u0)) (Y 2] dr

+ /0 1 D3G(t, Ju + 15u0) Y0 — Juws 2] dr,

((D3G(@,9.) = D3G(u, ) — (D3G(v, 50) = D3G () ) [0 =]

= /01 (DgG(v, o + 1Yo — Gv)) — D3G(u, G + (Yo — z)u))) (Yo — Gus Yhys 20] dr,
((D3G () = D3G(u,92)) = (D3G(u,50) — D3G(w,§)) ) [vh =]

= /O 1 (D3G (t, Yo + 1) — DGy T + i) [V s 20] I

1
+ / D%G(u, Yu + rgu,v) [yu,v - gu,va y'f)7 Zv] dr.
0

This also shows why we need a fourth derivative of GG, since we want to use the Lipschitz
continuity of D3G. Using similar estimates to Lemma 3.45 yields

[(ﬁ(y, 7,0, 5))'}

V,a—oG—2y

~ o~y

5.9l |

S Ca (14 04,54(X)) (Hz — 57 - 2/HD}<Q (1 +| yvy,HD}(a +| ?J,?J'HD}Q)

=58 = 7o, (127 s, (0 0+
0oy, V5o ) )

Using the representation of the remainder (3-36) for both linearizations, we obtain here for
the remainder of H denoted by R¥

+ (1 * 0y,[s,4] (X))HQ’Q/HD}(’Q) + (1 + ‘

Rf{v = (DQG(U7 y’U) - DQG(U, yv))z’u - (DQG(’U, gv) - D2G(u7 g]v))iv
+ (D2G(u, yv) — D2G(u, ) RS, , + D2G(u, ) (R, — RZ.,)
+ (D2G(u, o) — D2G(u, ) (21, — 2,) Xuw

1
" /0 (DSG(u, Jo + 1Yo — g”)) - D%G(uv Ju +1(Yu — Zju))) [yv — Yo, Z;] dr Xy
1
+ / D%G(uv Yo + T(yv - gv)) [yuﬂ) - ﬂu,v, Z;] d’l“Xu’U
0
1
+/ (D%G(u, ryo + (1 = 7)yu) — D3G (u, 7y + (1 — r)gu)) [RY,, 2] dr
0

1
+ / D%G(’U,, Yy + (1 - T)g’u) [Rg,v - Rg,v’ Zu] dr
0
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1

+ DgG(u, gy + (1 — T)?ju) [Rz v Pu — Zu] dr
1 1
+ / ’LL yYu + Tryu v) D%G(u, Yu + ngu,v)) [y;, Zus yu,v] dequ,v
0

+

N%c\c\

1 41

/ (u, Ju + TTYu0) [y; — hs Zus yuyv] drdr X, ,
0

1 1

I

+ / / FD3G(u, G + 175u0) [7 Zus Yo — ] drdFX .
0 0

’I“D2
+ TD2 ’LL s Yu + rryu v) [:gqlu Zy — Zu, yu,y] d’r‘d’I:qu

In conclusion, the Holder norm of the remainder can be estimated by

[RH} B < Cg<HZ — 3, - 2/HD},Q (1 + |7, @/HD},Q + y’y/HD}(’a)

= a8~ 9l ((1+]
oy, (1157 ,)) ) 05 30000

for ¢ = 1,2, which leads to (3-40). O

5.5l

v llpy 87y + Hy,y’H;}’a)

+

Remark 3.49. The bound on the right-hand side of (3-40) naturally depends on Hy, Yy HD7 ,
X,«

2,2 HDW , . For notational simplicity, we use the abbreviation
X, a

)
X,a

| 5.2,2), (A, 5.2,2)

'D’Y

e (3-43)
< CCG(l + Oy,[s,1] (X)) p(ya Y, %, 2) (Hz -z 2 = 5/HD;’(Q + Hy - z],y’ B ngD}Q)’

for some polynomial p(y, 7, z, Z).

Corollary 3.50. Suppose that (A(t))re[s g I and G satisfy the Assumptions (A),(F1)-(F2),
(G4). Let (y,y') € Dk, (9,9) € DX, be two solutions of (RPDE) with initial data
Y0, Yo € Eo and (z, z’), (2, 2’) € Dg(a be the corresponding linearizations. Then we obtain

|2 = 202G )2 = DG D)z, o0 < <0y (||zs — Zll, + |12 - %HM) (Calt=s),
(3-44)

where the constants are given by

. - 1—Cr*d 1 — Cr°d3)Cd
Cy = 2 max — cr 3~A, (/\ T 32 !
2099 — 1+ C1rdg (CT“(I)3+2C‘I)2—1)

62 Izlln L@?A 5
T 1—C1rdg

with C’(S a,06,0r,7) > 0, K = min{l — 27,1 — op,y — 0}, 7 < 1 such that 20Dy >
1-— CT”<I>3 > 0 and

2 } (1+ Oy, [s,t] (X))

S U At P (P e B
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+(1+ Q%[sil(X))CG(HZ’ Fpy + oy 27l + HZ’Z/HD}(’O)
(= 8T Ca (1 + 0y 1 (X)) Pl 5 = >)

By =1+ (14 0,09(X) Ca (14 5.7 |y, )

By = Cpp(t —5)' 7 ( )+ =G (1 + 0,0 (X)) 055 2. 2).

Proof. Similar to Corollary 3.47, we obtain ||.S. s(zs — Zs), O||Dw () S S |lzs — 2|, and

S.r(D2Fy(r, yr)zr — DoFy(r, §r)Z,) dr,0

DY o (Is.t))

< Cpp(t—s)'77F << + 1y, ¥'llpy (1) )HZ — %4 - 2/HD}(7Q([3,IS])

ot (1 +ly 9.9 - QIHD}(,Q([s,t])))’

where ¢t — s < 1. Together with (3-43) and (2-45) we obtain

Hz —2,D2G( )z — D2G('7g)§HD}(,Q([Syt]) S llzs = 2l

+ Cpp(t — 5)F <(

N(x) >H2_5 7 -z HD7 (x)

g oy (1 = @'Hp}ﬂq&m))
+ (1 + 04, s, t} )) < HD2G<3 ys) D2G(87g8)28Ha7¢7G

+ H (DQG(Sa Ys)zs — DaG(s, gs)és)/

a—og—y
+ (t - 5)7700 HDZG(a y-)Z - DZG('a g)é’ (DQG(’ y.)Z - DQG('7 H’D;Y( o aG([S7tD>

S llzs = Zsll + Cpr(t —5)' 7" ((1 sl o) 12 = 57 = Zllog, o)

o (1w =50 = 27'”D}(,a([s,tn))

# (14 21060/0) (ol = 2l + =l sl

+ Ca (s = Gl 194 oy N2l + 19 = Gl Uzl
+llzs = 2ol sl + s = Gl o, + 112 = 2L, )
+(t— 8)77CG (1 + 0y 14(X)) (Y, G, 2, ) (Hz —Z, Z_EIHD;W +|ly — 7, y‘@’lb;{ﬂ))
SB1+ B lles = 2l + 24— Zlly ) + Bslt = 9|z = 2,2 = Z g
As in the proof of Lemma 3.45, this yields the claim. O

Remark 3.51. Note that the constants C; and Cs used in (3-44) depend on the controlled
rough path norms of the linearizations z and Z. It is possible to use (3-37) to bound these
norms, resulting in a Gronwall inequality where the right-hand side only depends on ¥, ¢, and
the initial conditions z and z..
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Part 11

Dynamics of stochastic evolution
equations
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CHAPTER 4

RANDOM DYNAMICS

4.1 Motivation

In this second part of this thesis, we deal with the long-term behavior of rough partial
differential equations. This means we analyze the evolution of solutions as time approaches
infinity, which is one of the key reasons why we were interested in global solutions in the
previous part. Several aspects are interesting and frequently investigated, such as asymptotic
behavior, bifurcations, stability, or invariant subsets of the phase space.

Before we start explaining the theory and its definitions, let us briefly describe some of its
key aspects.

(Exponential) stability

Stability can be investigated in various forms, but what they all have in common is that we
want to examine how a solution behaves under small perturbations.

Consider a physical pendulum fastened to a rigid bar. First, note that there are two possible
states where there is no motion: Namely, the pendulum is either in the lowest or the highest
possible position, in each case without kinetic energy. The two states are also referred to as
equilibrium points. In both cases, the pendulum remains stationary. Now, two important
things are observable: If the pendulum is deflected from the lower position, it swings for
a while and then returns to the same position. However, deflecting the pendulum from its
upper position causes it to swing for some time, but it does not return to its original position;
instead, it settles into the lower equilibrium position. This observation makes the lower
position “stable” and the upper “unstable”.

Of course, this can be formulated more generally. Take a solution y, associated with an initial
value yg of an evolution equation. The solution is then stable if every solution corresponding
to go with |lyo — go|| < J for some small § > 0 behaves similarly. More precise, there exists a
small (9) > 0 such that

ly(t) =g <e, (4-1)

for ¢ > 0. If this is the case, the corresponding trajectory is called Lyapunov stable and
exponentially stable if (4-1) even goes to zero with an exponential rate for ¢ — oo. Therefore,
an unstable trajectory means that a slight change in the initial conditions results in a
completely different behavior of the solution.

A fundamental element of these studies is the concept of Lyapunov exponents, which quantify
the rate at which two trajectories, initially differing slightly in their values, diverge or
approach each other. A positive Lyapunov exponent indicates instability, while a negative
one corresponds to stability.
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Attractors

Strongly connected to the notion of stability is the concept of an attractor in an evolution
equation. Hereby, we mean a subset of the phase space, which “attracts” a wide variety of
solutions. Ideally, such a set attracts every solution regardless of the initial state. Defining
attraction precisely is part of the following sections, as it is particularly challenging in non-
autonomous and random settings.

The attractor is interesting for several reasons. Firstly, in some sense, the attractor reflects the
“typical behavior” of the equation under consideration. To illustrate this point, let us consider
dissipative systems, which are frequently encountered in physical applications. In this context,
the system loses energy to the environment through friction or similar effects, as illustrated
again by the physical pendulum. In the presence of oscillation, the amplitude of it decreases in
proportion to the decrease in energy in the system, as a result of the air resistance experienced
by the pendulum. After some time, the oscillation ceases. The bottom equilibrium point is
then a candidate for the attractor of this system. Conversely, if a pendulum is initiated from
its resting position and is periodically driven by an external force, such as a motor, it begins
to oscillate with increasing amplitude over time. This continues until the air resistance and
the driving force balance each other, resulting in the pendulum swinging with a constant
amplitude in each period. In this state, the system exhibits its “typical behavior”. And this is
precisely the idea of an attractor: For dissipative systems, we assume that the motion decays
slowly, which corresponds to the solution converging towards an equilibrium. Introducing a
force, we expect the system to take time to balance out the dissipation and the forcing.

In contrast to the pendulum, the time required for a system to exhibit its typical behavior can
be quite long. Therefore, the attractive property of the attractor also includes a convergence
to effectively approximate and understand the dynamics.

Another significant advantage of attractors is their tendency to be a finite-dimensional
subspace of the phase space, even when the underlying system is infinite-dimensional. This
characteristic is particularly beneficial in practical applications, as it simplifies the analysis
of the system dynamics by reducing the complexity involved.

Invariant manifolds

To obtain an attractor, some sort of dissipativity of the system is needed. Invariant manifolds
are more versatile in this regard and can also deliver information about the dynamics of non-
dissipative systems. The attractor itself is an example of an invariant set, satisfying forward
invariance, where a trajectory remains within the invariant set once it enters, and backward
invariance, where the past trajectory of a point within the set also lies within it. These
properties ensure that an invariant set maintains its structure over time.

Now there are many different invariant manifolds, like stable, unstable, or center manifolds, to
name the most common ones. Each of them captures the dynamical behavior of certain points.
The stable manifold of an equilibrium position, for example, contains every initial state such
that the solution starting in this point ends up in the equilibrium. Conversely, the unstable
manifold contains all positions that are moving away from the equilibrium. For example,
consider the pendulum again. We have already seen that there are two equilibrium points.
For the lower equilibrium point, the stable manifold is given by every starting position except
the upper equilibrium point. The stable manifold of the upper equilibrium would consist just
containing of the equilibrium point itself. For the unstable manifold, it is the opposite. In
this example, we also see an illustration of the difference to the attractor: The attractor of a
system marks the “endpoint” of motion, where the invariant manifolds illustrate the road to
this endpoint.
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Our main object of interest is the global attractor of a rough evolution equation. But also
the stability, Lyapunov exponents, and invariant manifolds are addressed in Chapter 5. To
do so, a framework is needed in which long-term behavior and concepts such as attraction
can be investigated. It can be difficult to define “the” notion of attraction, since there are
several possibilities. To understand where the problems lie and what is important for long-
term behavior, we begin by investigating the autonomous case, followed by the addition of
time dependencies. In the end, these observations can be applied to treat stochastic systems.
The strategy of presenting the topic in this way is inspired by many articles, for example
[CSG11, KR11, CLR13, CH16].

4.1.1 Dynamical systems

We refrain from giving a more detailed introduction to autonomous dynamical systems, as
our main focus in this thesis is on random equations, which is why we give the more general
definitions in the later sections. For further information, see, for example, the monographs
|[KH95, Rob99, Tes12| for finite-dimensional systems and [BV92, Tem97, SY02] for the infinite-
dimensional case.

Let us consider the scalar-valued autonomous equation

vt = f(yr), (4-2)

for some function f: R — R and assume that (4-2) has a unique global solution for any initial
value ys € R. Denote by y(-, s;ys) the solution, and therefore the trajectory, which starts at
time s in ys. Then, the uniqueness leads to the fact that y(t,s;ys) = y(t,r;y(r,s;ys)) for
every, s < r < t. Further, note that since f is time-independent, the solution trajectory does
not depend on the initial time but only on the elapsed time. Indeed, it is possible to show that
y(t,s;ys) = y(t — 5,0;ys) = y(t — s;ys), see [KR11, Theorem 1.1]. This map (¢, z) — y(t;x)
is then called a dynamical system generated by (4-2).

Now, address the question of what properties we want to require of an attractor. The most
crucial one is how to define attraction and which points in phase space should be attracted at
all. Since the attractor should encapsulate the behavior “at infinity”, it is reasonable to take
t — 00. So we say a set O C R is attracted by O, if

lim dist(y(¢; 0),0) =0,

t—o00

where y(t;é) ={ylt;z) :z € 6} and
dist(y(t;é),O) = sup inf |z —y|,
zey(t;0) Y€

is the Hausdorff semi-distance of sets. So, O C R is attracted by O if any trajectory starting
in O converges to O.

The question of which sets should be attracted to form an attractor is a little more subtle.
Consider therefore f(y) = y(l — y2). The solution of the equation corresponding to this
nonlinearity is given by

[
82t+%—1 Yo Z 07
y(t;yo) = o,
€
—, % <0
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It is easy to see that —1,0 and 1 are the only equilibrium points; this means f(y*) = 0, and
that every trajectory converges to one of these equilibria. The minimal set that attracts every
point is {—1,0,1}, which is referred to as a point attractor of the equation. A downside of
this definition is that we can not attract every bounded set. For example, we have

lim dist(y(t; (075)),{—1,0,1}) .

t—o00 o 2,

for some small € > 0. Indeed, for every ¢t > 0, there exists a initial state 0 < yg < € such that
y(t;y0) = /2, which leads to

dist (y (¢ (0,¢)),{—1,0,1}) = %

To enable uniform attraction, we have to require the attraction of all bounded subsets. In the
example above, every set attracting all bounded subsets has to contain at least [0, 1].

The last thing is the uniqueness of the attractor. To achieve this, we additionally impose
that the attractor is a compact invariant subset. A set O C R is called invariant if and
only if y(t;O) = O for every t € R. This means that the attractor can only contain global
trajectories, so if yg is already in the attractor, then all future and past values also belong to
the attractor.

To summarize, we obtain the following definition.

Definition 4.1. A subset o/ of the phase space is called an attractor to the dynamical system
(t,z) — y(t; x) if

i) < is compact,
i) < is invariant,
ili) o7 attracts every bounded subset.

4.1.2 Non-autonomous dynamical systems

Consider instead of (4-2), a non-autonomous equation given by

U = f(t,yt), (4-3)

such that the equation admits a unique global solution for any initial value ys € R. Since
the right-hand side is now time-dependent, we expect the solution to depend not only on the
elapsed time but also on the initial time s. Denote again by y(-, s;ys) the solution of (4-3),
which starts at time s in y;. Then, the uniqueness leads to the fact that
y(t, s;9s) = y(t,r3y(r, 57s))
for every s < r < t. The map
{(s,t) i s,t e R, s <t} xR =R, (t,s,2) — y(s,t;x),

is called a non-autonomous dynamical system.

To define a non-autonomous attractor, the first idea is to follow the same approach as in
the autonomous case. However, since the solution depends on the initial time, the resulting
attractor does not necessarily reflect the actual dynamics of the system. To see this, consider
first the concrete nonlinearity f(¢,z) = —x + t. The solution is then given by

y(tv S;ys) =t—1+ (ys — (5 _ 1))6_(t_8),
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which means that for fixed s € R, we obtain
lim t,s; = OQ.
L 1 y( y 85 ys)

In particular, we do not have an attractor in the sense of the previous section. This is
surprising, since the dissipative term —y indicates the existence of an attractor, due to the
corresponding autonomous equation & = —z, x(s) = T € R satisfying

lim z(t,s;%) = lim z(t — 5,0; &) = lim #e~ (7% = 0.

t—00 t—o0 t—o0
The dependence on time appears to change the asymptotic behavior, but we can still infer

something about long-term behavior. Indeed, consider two initial values ys, ys € R, then we
obtain for the two corresponding solutions

ly(t) = §(6)] = lys — sl e 79 =0, (4-4)

for t — oco. This means that all solutions of the equation converge towards each other! In
particular, each solution exhibits the same asymptotic behavior, which is a primary motivation
for the attractor. This suggests that the definition of the attractor needs to be adapted to the
time dependence. So, how can we generalize the principle of attraction to reflect the behavior
we can see in (4-4)7

In the autonomous case, this was achieved by fixing the initial state and sending t — oco.
But since the solution only depends on the elapsed time, this is equivalent to fixing the
observing time t instead and sending the initial time s to —oco. For example, reconsider

& = —x,x(s) = T € R, here the solution satisfies
lim z(t — 5,0; ) = lim e~ ") =0= lim Ze ) = lim (t—s,0;%),
t—o00 t—o00 §——00 §——00

so both approaches lead to the same behavior. For non-autonomous equations, the solution
depends explicitly on s and ¢, which means there is a difference between these two concepts,
as the resulting limit depends in general on s and ¢ respectively. In the example above, this
pullback approach leads to

lim y(t, s;2) =t —1,
S§——00

which tells us that every solution behaves asymptotically like ¢ — ¢ — 1, or more precisely
every solution converges to ¢t — t — 1 =: &7(t). In this example, (%(t))teR would then be
the canonical candidate for the non-autonomous attractor. We refer to this as a pullback
attraction, since we pull the initial value back into the past and consider the system at a
given time ¢. In contrast to the attraction in the autonomous case, where we have a fixed
initial time s from which we move forward in time, which is sometimes referred to as forward
attraction.

However, it generally makes sense that the attractor in a non-autonomous system itself
depends on time, which means that this pullback approach is more suitable in this case.
Still, due to the resulting attractor being also time-dependent, the invariance property must
be adapted accordingly.

Definition 4.2. A family of sets (</(t)) g 15 called a pullback attractor to the non-
autonomous dynamical system (s, t,x) — y(t, s; x) if

i) </ (t) is compact for every t € R,
i) o is invariant, this means y(t, s; JZ‘/(S)) = 4/ (t) for every s < ¢, and
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iii) o pullback attracts every bounded subset, this means that for every bounded set O we
have

I . ) _o.
im dist (y(t, s;0), &/ (t)) =0
Remark 4.3. i) The pullback approach also has some significant limitations. It describes,
to some extent, the dynamical behavior in the past and does not always provide much
insight into future behavior. In particular, o7 (¢) describes the state of the system at time
t after it has been running for an infinite amount of time and does not look ahead in that
sense.
On the other hand, it is also possible to define the so-called forward attractor, replacing
condition iii) by
lim dist(y(t,s; B), & =
Jim dist(y(t, s; B), /(s)) =0,

for every bounded subset O. The forward dynamics are often different to the pullback
dynamics, as we have already seen in the previous example, but in order get a full
description of the dynamical behavior both concepts are needed; see, for example, recent
publications [KY21, Chapter 11] and [HKP22, CFLLN24, GFKLS25|.

ii) Another alternative concept is the uniform attractor. Here, we replace the condition iii)
by

lim sup dist(y(t,s;B),d) =0,

t—o00 sER

where it does not matter whether we consider the limit in the forward or pullback sense.
Note that in this case, the resulting attractor does not depend on time! Therefore, the
notion of invariance assumed in ii) does not make sense, and the properties i) and ii) are
substituted by demanding that <7 is the minimal closed subset which attracts all bounded
sets uniformly. For more information see [CLR13, Chapter 16],[CV02, Section IV.3| and
for applications for example [Wan08].

iii) Another example is the exponential attractor, where the key difference is that the
attraction property, which can be again either of pullback or forward type, is assumed
to be exponentially fast, and that the attractor needs to have a finite fractal dimension.
However, only forward invariance is required for this concept. It turns out that this
is more general than the pullback/forward attractor, but not necessarily unique. It is
possible to show that if a non-autonomous dynamical system generates an exponential
attractor, then it also possesses a pullback/forward attractor. Another advantage is
that exponential attractors are stable under perturbation. For more information, see
[EFNT94, CS13|.

iv) A natural question is if it is possible to allow further time-dependent families to be
attracted, instead of only bounded subsets. Generally, the set of attractable sets is referred
to as the basin of attraction. Choosing this basin as the set of all bounded subsets, this
has the consequence that the pullback attractor itself is, in general, not part of the basin,
since &7 (t) is time-dependent. A different basin is given by the so-called tempered time-
dependent sets (O(t)) +eg» Which satisfy

sup || e — 0,
z€O(t)

for t = —oo and every a > 0. Since every bounded set O C R is tempered, the pullback
attractor with the collection of all tempered sets as the basin of attraction may be bigger.
It turns out that in many cases, it is enough to consider only all bounded sets. Indeed, if
the attractor itself is bounded in the past, meaning there exists a time 7 and a bounded
set O C R, such that &7(t) C O for every ¢ < 7, then every basin of attraction which
contains all bounded subsets, leads to the same pullback attractor [MRRO09].
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4.2 Random dynamical systems and rough dynamics

The reason for the detailed considerations in the previous section is that the results obtained
can be applied to the stochastic case. This is because the noise dX; can be understood as a
non-autonomous term, since it is a stochastic process and therefore time-dependent. For this
reason, our aim in this section is to transfer the idea of the pullback attractor to the random
case. The resulting notion of a random dynamical system is also discussed in many books
on non-autonomous dynamical systems, due to the aforementioned connection, for example,
|CH16, Chapter 4], [KR11, Chapter 14|, and [CLR13, Section 1.7|. For a detailed discussion
on random dynamical systems, see the monograph [Arn98|.

4.2.1 Basic definitions

Let (2, F,P) be a probability space and £ a separable Banach space. We first specify the
model for the noise, which enables us to track changes over time. Therefore, we recall the
definition of a metric dynamical system.

Definition 4.4. i) A family of mappings (0;):cr defined by 6; : Q@ — Q, is called measure-
preserving if for every O € F and ¢t € R we have IP’(Gt_lO) =P(0).
ii) The quadrupel (Q,}" P, (Ht)teR), where (0;)ier is measure-preserving, is called a metric
dynamical system if
1) 6y =1Id g,
2) (t,w) — O is B(R) ® ¥ — ¥ measurable,
3) 015 =000 for all t,s € R.
We call it an ergodic metric dynamical system if for any (6;)¢cr-invariant set O € F, we
have P(O) € {0, 1}.

This definition can be interpreted as follows: If the noise w € €2 is observed at the initial time,
say 0, and the system evolves for time ¢, then the noise that is observed after that time is 6;w.
Restarting the equation from time t requires now this updated noise term represented by 6;w.
For example, it is possible to generate a metric dynamical system from Brownian motion, as
illustrated in the following example.

Example 4.5. We introduce a metric dynamical system associated with a two-sided &-valued
Brownian motion defined on a filtered probability space (Q,f, P, (ft)tzo); where (Ft)i>0 s
the natural filtration of the Brownian motion. To this end, let 5 be a Hilbert space and
(B%J(t))po, where Byy: H % [0,00) — L%(Q) is an S -cylindrical Brownian motion, which
means that (t,w) — (B (t)h)(w) is a real-valued Brownian motion for every h € A and

E[Bﬁ(t)hlBJf(S)hz] = <h1, h2>]f min{s, t},

holds for every s,t € [0,T] and hy,hy € F. Further, fiz an orthonormal basis (ex)ken for
FC and let G: & — £ be a y-radonifying operator. This means that G is linear and for any
sequence (Yk)ken of independent Gaussian random variables, the series

Z%gek

keN

E

2
] < 00, (4-5)
&

is finite. If A is isomorphic to €, then (4-5) implies that G € Lo(I; H) is a Hilbert-Schmidt
operator. In this case we obtain ||G| c,ce,z) = Tr(GG").

According to [vNOS, Proposition 8.8/, the series

Z ij(t)éngenv

neN
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then converges almost surely and the limit defines an &-valued Brownian motion with

covariance operator tGG*, where (€,)nen C (kzer(g))J‘ is an orthonormal basis. For a more
detailed treatment of vy-radonifying operators and Banach space-valued Brownian motions,
see [vNOS, HONVW17].

Now, let (Btl)t>0 and (Bf)t>0 be two independent £-valued Brownian motions and define the
two-sided Brownian motion with values in £ by

B}, t>0,
Bt = t2
B2, t<NO.

Denote by Co(R; E) the subset of continuous functions which are zero at zero and equip it with
the compact open topology generated by the metric

dCo(fvg) '_;%Hdk(ﬁg)’

for f,g € Co(R; &) and di(f,9) = sup_p<i<p || f(t) — g(t)|lc. Then Kolmogorov’s existence
theorem yields the existence of a probability space (CO(R; E),B(CO(R;é’)),IP’W) such that the
Brownian motion is the canonical process (t,w) +— Bi(w) = wy for w € Co(R; E), where Py is
the Wiener measure, see [UNOS8, Theorem 6.9]. To obtain a metric dynamical system, all that
remains is to define (0y)ier by

Ow(-) = w(t+ ) —w(t),

fort € R and w € Cy(R;E), which is sometimes called the Wiener shift. Since Brownian
motion has stationary increments, it follows almost directly that (6;)ier is measure-preserving.
The ergodicity can be proven along the lines of Mané’s [Man87, Chapter 1] proof for Bernoulli
shifts, which is carried out in Bozler’s doctoral thesis [Box88, Lemma 3.3], see also [Arn9s,
Appendiz AJ.

Remark 4.6. It is also known that more general processes generate an ergodic metric
dynamical system. For example, ergodicity is demonstrated in Kiimmel’s doctoral thesis
[Ki90, Theorem 3.6] for Levy processes and in [GAS11] for the fractional Brownian motion.

The next Lemma collects some standard growth properties of the Brownian motion, which are
used to prove the existence of a random attractor for the pathwise mild solution in Chapter
6.

Lemma 4.7. ([GLR11, Lemma 3.3]) In the situation of Example 4.5, there exists a (0y)icr-
invariant subset Q C Co(R; E) of full measure, with the following properties:

i) For allw € Q2 and any € > 0 there exists a time To(e,w) > 0 such that for any |t| > Ty(e,w)
we have linear growth of w, i.e.

lw(®lle < eftf- (4-6)

ii) For any v € (0,1/2) and any [s,r] C R there exist a constant csy(w) > 0 such that
sy € LY(Q) and

lly £ gy < € (). (47)

Remark 4.8. Condition (4-6) implies that w € Q has subexponential growth, meaning that
for any € > 0 there exists a time ¢y = to(e,w) and a constant c.(w, tg) such that for all |¢t| > to,
we have

lw(®)llg < eo(w, to)e .
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Given a model of the noise, we can now define a random dynamical system.

Definition 4.9. A continuous random dynamical system on a separable Banach space £ over
a metric dynamical system (Q,]—" P, (Gt)teR) is a mapping

®:10,00) x AxE = E,(tw,x) — d(t,w,z),

which is (B([0,00)) ® ¥ ® B(E), B(E))-measurable and satisfying

i) ¢(0,w,-) =Idg for every w € €,
ii) for allw € Q, ¢,s € [0,00) and x € £ we have

(Z)(t+8,w,.%') = ¢(t708w7¢(87w7x))7 (4_8)
iii) the map ¢(t,w,-): &€ — &£ is continuous for every ¢ € [0,00) and w € Q.

Condition ii) is referred to as the (perfect) cocycle property and is illustrated in Figure 4.1,
which can be found in a similar form in many monographs like [Arn98, Figure 1.2].

{w} x & {O;w} x & {Op4sw} x &

o (t, 05w, p(s,w,x)) =
d(t+ s,w,x)

9t05w = 9t+S(JJ

FIGURE 4.1: This diagram illustrates the cocycle property of a random

dynamical system ¢, where the evolution of a point x € &£ under the flow

¢(t,w,-) corresponds to sequential applications along the metric dynamical
system (6;)¢er-

Remark 4.10. The cocycle property must hold for every w € €2, since we need to investigate
the long-term behavior pathwise. However, it is possible to weaken this condition. If (4-8)
holds for every fixed s € R and all ¢ € R almost surely, so the exceptional set depends on s
but not on ¢, (4-8) is called a crude cocycle property and if (4-8) holds for every fixed s,t € R
almost surely, therefore with an exceptional set depending on s and ¢, a very crude cocycle.
It is possible to state a so-called perfection theorem [AS95], which constructs, starting from
a crude or very crude cocycle ¢, a map gzNS that satisfies the perfect co-cycle property and is
indistinguishable from ¢. The only thing not allowed is that the exceptional set depends on
the initial datum x. This is a major reason why the existence of random dynamical systems
generated by stochastic partial differential equations is tricky.

We now apply the same idea used for non-autonomous dynamical systems to define the notion
of attraction. To do so, define the basin of attraction used in the random setting.

Definition 4.11. i) A family of non-empty closed sets K = {K(w)}yeq in € is called a
random set if

w+— inf ||z — ,
VoK () | ylle
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is a random variable for all x € £. It is called a bounded, or compact, random set if K (w)
is bounded, respectively compact, for every w € €.
ii) A random variable Y : Q — [0, 00) is called tempered with respect to (6;)er if
lim e Ay () = 0,

t—+oo

for all 8> 0 and w € Q. If K := {K(w)}weq is a bounded random set and

w—  sup lz¢,
zeK (0—tw)

is tempered, then K is called a tempered set.

Remark 4.12. A direct consequence of the definition of temperedness is that finite sums of
tempered random variables, as well as positive powers, are again tempered.

The temperedness, defined in Definition 4.11, is equivalent to a subexponential growth
condition, which means

log™ (Y (6w
i 28 (YO) (4-9)
t—+oo ‘t‘
There are several ways to check the temperedness of random variables. In many cases, the
following sufficient condition can be used.

Proposition 4.13. Let (Q,f,]P, (Gt)teR) be an ergodic metric dynamical system. A random
variable Y : Q — [0, 00) satisfying

E | sup Y(0,w)

reE(s,t]

< 00, (4-10)

for some interval [s,t], is tempered.

Proof. This was proven for [s,t] = [0, 1] in [Arn98, Theorem 4.1.3], see also [Tan74], using the
ergodic properties of (6;)icr and a Borell-Cantelli argument. This argument is completely

independent of the choice of the interval, so it is possible to do the same proof for an arbitrary
interval [s, t], see [BGAS14, Lemma 8|. O

Due to the subexponential growth of a tempered random variable, the following lemma is
easy to verify.

Lemma 4.14. (|[BGAS14, Lemma 3.7|). Let Y be a tempered random variable and v > 0.
Then

0
W / Y (O,w) dr

is tempered.

At this point, all the necessary elements are in place to define a random attractor. To translate
the pullback attraction into the stochastic framework, consider first how to encode the starting
time in the random dynamical system, since ¢ does not depend on the initial time as in the
non-autonomous case. This is where the noise model comes into play, because the metric
dynamical system tracks the temporal change by definition. So ¢(¢,w,z) means that the
system that started at time 0 at x after the time t has elapsed, where w corresponds to time
0. If instead 0_,w is plugged in, this would mean that the initial time is now —¢. Considering
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than ¢(t,0_sw,x) and sending t — oo, corresponds to sending the initial condition to —oo
and evaluating the system at time 0.

Definition 4.15. A tempered random set o/ = {7 (w)},eq is called a random pullback
attractor for the random dynamical system ¢ and ergodic metric dynamical system
(Qaf7 ]P)7 (et)tER) if

i) o/ (w) is compact for every w € €,

i) o is ¢-invariant, this means for every t > 0 and w € 2 we have

¢(tvwa Ji((“))) = M(etw)a
iii) o7 pullback attracts every tempered random set K = {K(w)},ecq, this means
tli)m dist (¢ (¢, 0—sw, K (0—4w)), o/ (w)) =0, (4-11)

holds for all w € €.

Remark 4.16. As in the deterministic case, the pullback attraction can be substituted to
achieve different notions of an attractor, for example, the random forward attractor [CK18|,
the random exponential attractor [KNS21| and the random uniform attractor [ZLC21|, where
the difference to the random pullback attractor is the same as in the non-autonomous setting.
What is different in the stochastic case is the possibility of including randomness in the
definition, as happens with the weak attractor, or attractor in probability. Here, the pointwise
convergence is substituted by convergence in probability. More precisely, replace (4-11) with

tli}m P({w € Q : dist(¢(t, 0w, B(6_w)), o (w) > 0})
= 1tlim P({w € Q : dist(¢(t,w, B(w)), & () > 6}),
—00
where the equality holds due to the 4-invariance of the probability measure. In particular,

this leads to the fact that pullback and forward attraction yield the same result. For more
information about this type of attractor, see [AO03].

In many applications, (4-11) is challenging to verify. A simpler option is to use the so-called
absorbing sets. The existence of a compact absorbing set is a sufficient condition to ensure
the existence of random pullback attractors.

Definition 4.17. A tempered random set K = {K(w)}weq is called random pullback
absorbing if for every tempered random set K = {K(w)}yeq and w € Q there exists an
absorbing time T (w) > 0 such that

o(t, 0w, IN((H,tw)) C K(w),

for all t > T (w).

Lemma 4.18. Let (Q, F,P, (Gt)teR) be a metric dynamical system and ¢ a random dynamical
system. If there exists a positive tempered random variable R, such that for any tempered
random set { K (w)}yeq, w € Q and x € K(0_w) the estimate

limsup ||¢(t, 6—w, z) HS < R(w) (4-12)
t—»00

holds, then the open ball {B(0, R(w) + 0)}weq is a random pullback absorbing set, for some
constant § > 0.
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Proof. For every 6 > 0 and w € Q, there exists a Tk (w) > 0, due to (4-12), such that
|o(t,0-1w,2) |, < R(w) + 4,
for every t > Tk (w). This proves, that {B(0, R(w) + J) }weq is an absorbing set. O

Theorem 4.19. (|FS96, Theorem 3.5]) Assume the existence of a compact tempered random
set K = {K(w)}weq which is random pullback absorbing with respect to the continuous
random dynamical system ¢. Then there exists a unique random pullback attractor of =

{d (w)}weq for ¢, given by

o (w) = ﬂ U o(t, 0w, K(0_w)).

s>0t>s

Remark 4.20. Similar to the non-autonomous case, an intuitive question is, what happens
if the collection of tempered random sets is substituted by a different basin of attraction? It
turns out that the biggest possible attractor o7 is the one where the basin of attraction
contains every compact deterministic set if it exists, see [Cra99]. Since every compact
deterministic set is trivially tempered, the attractor achieved in Theorem 4.19 satisfies @7 =
o/ P-almost surely if the metric dynamical system is ergodic.

4.2.2 Non-autonomous random dynamical systems

The random dynamical system, as defined so far, is only tailored to autonomous equations.
Since the underlying idea behind the definition of random dynamical systems is to utilize
results from non-autonomous deterministic theory, the noise can be viewed as a time-
dependent force. Therefore, it is possible to incorporate additional time dependencies
separately, which leads to the definition of a non-autonomous random dynamical system;
see, for example, [Wan08, CL17]. For this approach, it is necessary to set up a model for the
temporal change of the non-autonomous terms, similar to the metric dynamical system.

Definition 4.21. The tuple (E, (19t)teR) is a symbol space, if ¥ is a Polish metric space and
¥: R x ¥ — ¥ satisfies

i) 99 = Idy,
ii) (t,0) — Y0 is continuous,
i) s = ¥ 0V for all t, s € R.
With this at hand, it is possible to combine the non-autonomous dynamical systems and

the random dynamical systems. Note that the classical definition of an autonomous random
dynamical system can be recovered by setting ¥ = ().

Definition 4.22. A continuous non-autonomous random dynamical system on a separable
Banach space & over a metric dynamical system (Q,]:, P, (et)teR) and a symbol space

(2, (V¢)ter) is a mapping
¢:[0,00) x AXE X E =&, (t,w,0,2) — (t,w, o, ),

which is (B([0,0)) ® F @ B(Z) ® B(E), B(€))-measurable and satisfies

i) ¢(0,w,0, ) =Id¢ for every w € Q,0 € 3,
i) o(t+ s,w,o,x) = gzb(t,@sw,ﬁsa, (;S(s,w,a,:c)) forallwe Q,0€ %, t,s€[0,00) and z € &,
iii) the map ¢(t,w,o,): € — £ is continuous for every ¢ € [0,00) and w € Q,0 € X.

It is now possible to adapt the notion of a pullback attractor in this non-autonomous
framework [CL17]. However, the strategy presented in this thesis differs. Instead of using
a non-autonomous random dynamical system, we construct a larger probability space that
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incorporates the non-autonomous parts through the nonlinearities. The only thing missing
is a probability measure Py acting on the time-dependencies. For a similar approach in
the case of fractional Brownian motion and Young integrals, see [Hon25|. To be precise,
the probability space is enlarged by the symbol space, which enables us to use results for
autonomous random dynamical systems and makes the presentation clearer. This seems
reasonable, since the symbol space and the metric dynamical system are defined similarly.
Assuming that such a measure exists, define the extended probability space by

(2 x X, F 0 B(X),P® Py).

Construction of a compact symbol space

In this section, the construction of a symbol space for an equation of the form (RPDE) is
discussed. In particular, it is important to obtain a compact symbol space, since this is needed
for the theorem of Krylov—Bogolyubov, which states the existence of an invariant probability
measure. This idea is also used in [BGVS25|.

To do so, add the structural assumption A(t) = A(£(t)) for some function &, to the
Assumptions (A). This means that & collects the time-dependence of the linear part of
the equation, for example A(t) = £(t)A = A(&(¢)). Most of the non-autonomous linear
operators used in applications are of this form; see, for example, [CV02]. Together with
the time-dependencies incorporated by the nonlinearities, the time symbol of the equation
(RPDE) is then given by

G: R = Xt &(t) = (§(t), F(t,-), G(t,))

for some topological Hausdorff function space X, which we will specify later.

The symbol space 3 together with (9;);cr models the temporal change of the nonlinearities
and the linear part. To achieve this, choose (¥¢)icr as the temporal shift ¢y(-) == y(- + t).
Indeed, if the system is started at time s, which corresponds to &(s), the symbol changes to
S (s) = S(t + s) after the time ¢. The natural choice of ¥ is then the collection of all time
shifts of the original time symbol. Therefore, define the hull of &

H(S)={6( +s):scR}

as the completion of the set of all time shifts with respect to the topology of X. Indeed, H (&)
is invariant under (¥;)ier. In order to work with the hull as the symbol space, we make the
following assumption:

(S) The hull H(S) is a compact Polish metric space.

Then we define the symbol space as ¥ := H (&) with the translation operator ¥y = y(- +t)
for every y € . Let us now state some conditions for the compactness of the hull such that
Assumption (S) is satisfied. For further information and detailed proofs, see [CV02, Chapter
V] and [CL17, Section 6].

Definition 4.23. A function g € X is called translation compact if H(g) is compact.
The easiest way to obtain such translation compact functions is to consider periodic functions.

Example 4.24. Let X = Cp(R;R) be the space of bounded continuous functions, and assume
that g € Co(R;R) is periodic with period T. Then it can be shown, using Arzela—Ascoli’s
theorem, that H(g) = {g(t +-) : t € [0,T]} is compact. There are also generalizations
of the periodicity, such as almost or quasi-periodic functions on Cp(R;R), which also entail
compactness of the hull [CV02, Example IV.1.1 € IV.1.2].
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Some other sufficient and necessary conditions for translation compactness of a function hardly
depend on the choice of X. We mention three special cases here, which apply to our setting
of semilinear parabolic evolution equations.

Proposition 4.25. (|[CV02, Proposition 2.2, 3.3, 4.1|)

i) Let (./\/l,dM) be a complete metric space and define X = C(R; M). Then a function
g € X is translation compact if and only if g is uniformly continuous, such that there
exists a positive function kg with ky(s) — 0 for s \, 0 and

da(g(t),9(s)) < kg(t —s|),

forallt,s € R.
it) Let (M, ||| o) be a Banach space, p > 1 and define X := LI (R; M), which is the space
of locally 1P -integrable functions. Then a function g € X is translation compact if and

only if there exists a function kg such that kq(s) — 0 for s \,0 and

t+1
[ lo(s) — g(s + £)[% ds < Ky (|t]),

for allt € R.
ii) Let (M, ||| \,) be a reflezive Banach space, p > 1 and define X = L?OC’M(R; M), which is
the space LIZDOC(R;M) endowed with the local weak convergence topology. Then a function
g € X is translation compact if and only if g is translation bounded in LY (R; M), which

loc
means

t+1
sup [ [lg(s)fy ds < o0
teR Jt

In all three situations, the hull H(g) is a compact Polish space.

Lemma 4.26. Let (X;)%_, be a collection of Hausdorff topological spaces and (g;)5_, such that
gi € X; is translation compact. Then g = (g1,...,9x) € X = Hi.“:l X; is translation compact
and in particular H(g) is compact.

Lemma 4.27. Assume (A(r))re[s L F and G satisfy (A), (F1) and (G1). Further let &
be translation compact, so for example let & € Cp(R;R) be periodic. Then Assumption (S) is
satisfied.

Proof. Due to Lemma 4.26, it is enough to consider each component of the time symbol
separately. The first component is, by assumption, translation compact. Recall that the
family of operators generates a Banach scale of order m € N given by (Ag, Eg)s>—m

The second component of the time symbol is the drift term F. Define the space My as the
set of all continuous functions f: E, — E4_s, such that

1@l
f = sup ————*
1las, = sup ==

is finite. Then (Mg, ||HM2) is a Banach space, see [CV02, Remark 2.10], and define Xy =
LY . . (R; M3). Note that Assumption (F1) implies

sup/t+1 (sup HF(S’:UWQ_UF)]D ds < C¥ < >
teR Ji veb, L[zl - r .
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The last component, the diffusion coefficient GG, can be treated in a similar manner. Define
M3 as the space of three times Fréchet differentiable functions g: F, — Eo—s, such that

19l py = sup l9(0)]la—ge, + sup [Dg()ll 28,50 _,,.)
ek, reFy G

2
+ sup D% (@) sz 5, ) < 0

Then (M3, ||||M3) is a Banach space and define X35 = C(R;M3). Additionally, due to
Assumption (G1), G is Holder continuous in time. Define s — kg(s) :== s*7, which satisfies
ka(s) — 0 for s N\, 0 and

IG(t,2) = G(s,2) | pq, < (It = s]),

due to the Holder continuity. Then Assumption (S) is satisfied due to Proposition 4.25 and
Lemma 4.26. 0

Extended probability space

As the symbol space is now constructed, we can discuss how to enlarge the probability space
to incorporate . The main task is to equip (E, B(Z)) with a probability measure Py, which
leaves (¥;)ier invariant. Afterward, we consider the extended metric dynamical system

(Q X E7~F®B(Z)7P®PE7(9t7’l9t)t€R)' (4_13)

Theorem 4.28. Let Assumption (S) be satisfied. Then, there exists at least one probability
measure Py, on (3,B(X)) such that (9¢)ier is invariant under Py, and

Ps({S(-+h):h>0}) =1.

Proof. Due to the compactness of ¥, a direct application of the Krylov-Bogolyubov theorem
[BCD*89, Theorem 1.1] yields that

1 T
V= Th_I)l’éO T/O 5'L9t6(') dt,

is a probability measure on (3, B(X)). Since
d9,6(.) ({6( +h):h> 0}) = 56(~+t)({6(’ +h):h> 0}) =1,

for every ¢ € [0,T], we obtain v({&(- + h) : h > 0}) = 1, which proves the claim by setting
PE =V. O

The ergodicity of the resulting metric dynamical system (4-13) follows by the existence of an
ergodic decomposition of Py, see [Arn98, Page 539).

Corollary 4.29. The quadrupel defined in (4-13) is an ergodic metric dynamical system.

Remark 4.30. In the following, the focus is on this extended metric dynamical system.
Nevertheless, sometimes it will be necessary to refer to the original probability space. From
now on, we denote the extended metric dynamical system as (Q, F,P, (Qt)teR) to stay as close
as possible to the notation of random dynamical systems. If a reference must be made to the
original metric dynamical system, it is referred to as (Q, 3, P, (5) . eR)‘ The integrability result
Lemma 3.43 still holds in this extended probability space, as can be seen from Lemma 4.35.
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4.2.3 Generation of random dynamical systems

What remains is the generation of random dynamical systems by partial differential equations.
Since both rough and stochastic partial differential equations are considered in the following
two chapters, this section is divided into two parts.

Random dynamical systems for rough partial differential equations

First, we prove that (RPDE) generates a random dynamic system. The critical point here is
the cocycle property, which follows from the uniqueness of the solution, but which, untypically
for stochastic equations, should apply pathwise. In this section, we focus on rough partial
differential equations, where this problem does not occur because the solution is already
pathwise. Therefore, the theory of rough paths is particularly suitable for investigating long-
term behavior. The work [BRS17|, which was the first to combine the theory of rough paths
and that of random dynamical systems, paved the way for this.

Definition 4.31. ([BRS17, Definition 2]) We call a pair
X =(X,X): QxR —> R xR,

a (y-Hélder) rough path cocycle if X|(, (@) is a y-Hélder rough path for every [s, ] C R and
w € ﬁ, and the cocycle property X o4(@0) = X; (ésoﬁ) as well as X g1+ (@0) = Xo (ésd)) holds

true for every s € R, ¢ € [0,00) and @ € Q.

Remark 4.32. As a direct consequence of this definition, we obtain [X (9}5))} =

v,[s:1]
[(X (@), fs1rt40 and [X(Gr&))h%[sﬂ = [X(@)]ay (s4r44r for 7 € R. In particular, the
same holds for the control Wi, (97«@) = s+rit+r(@) and the number of greedy times

Ns,t (éra)) = Ns—f—r,t—f—r (UNJ) .

The central issue is determining which stochastic processes are rough path cocycles. To
fulfill the cocycle property from Definition 4.31, the underlying path must exhibit stationary
increments. Subsequently, the following result provides a rough path cocycle.

Theorem 4.33. ([BRS17, Thoerem 5|) Let X be a stochastic process such that X(©) € €7
for some v € (1/3,1/2] almost surely. Further, assume that X has stationary increments.

Then there exists a modification of X, denoted again by X, and a metric dynamical system
(Q,]:, P, (et)teR) such that X is a rough path cocycle.

Example 4.34. We recall Example 2.24, where several stochastic processes that generate
rough paths have been investigated. The Liouville fractional Brownian motion and the
Ornstein—Uhlenbeck process do not have stationary increments, therefore do not lead to a
rough path cocycle. However, both Brownian motion B and fractional Brownian motion
BH have stationary increments, so they are examples of a Markovian and a non-Markovian
process that can be lifted to a rough cocycle, as seen in [BRS17, Example 10].

With this at hand, it is easy to prove the existence of a random dynamical system; see, for
example, [HN22, NS23|.

Lemma 4.35. Suppose (A(t))re[s t},F and G satisfy the Assumptions (A),(F1), (G3) and

(S). Further, let X be a rough cocycle satisfying (N). Then the solution of (RPDE) generates
a continuous random dynamical system denoted by .

Proof. For w € Q, let Hy(w), (y(w))/ be the global solution of (RPDE) and

DY (4.0 ([0:2))

denote path component by ¢(t,w,z) = y;(w), where z € E, is the initial value. Using the
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fact that the path component satisfies (3-1), we obtain

(p(t + s, w, $) = StJrs,ol‘ + StJrs,rF(Ta QO(T’, W, ‘T)) dr
0

+ St+s,rG(ra (,0(7", W, li)) dXT ((D)
0

= Stts,5590T + St+s,s/ SS7TF(T, go(r,w,a:)) dr
0

+St+s,s/ SS,TG(T7SO<T7O‘)7:I;)) dX?”(&))
0

t+s t+s
+ St+57TF(r,cp(r,w,a;)) dr + St+5,rG(r,g0(r,w,x)) dX, (@)
S t+s S
== St+575g0(t,w,f13) + St+S,TF(T790(T7w7m)) dT
t+s

+ St+57TG(r,<p(r,w,x)) dX, ().
S
Further, we emphasize the fact that the evolution family also depends on the symbol o € X,
but this dependence is mostly omitted for notational simplicity. In particular, in this situation
we have S7 o = Sg 27, Together with the shift property of the rough convolution, see
[HN19, Corollary 4.5] and [HN20, Lemma 8|, this yields

t+s
ot +s,w,z) =S st w,r) + ST o F (ryo(r,w, 2)) dr
t+s ’
+ Sf+S7TG(r,g0(r,w,m)) dX, (@)

s

t
= ngs,ng(t?w’ :C) + / Sg+s,r+sF(r + S, SO(T + S, W, x)) dr
0

t
+ / S,‘;S,HSG(T + s,0(r + s,w, :U)) d(OSXT) (@)
0

t
= Sgggw(s,w,x) + / Sg;i"F(r + s,0(r + s,w,:c)) dr
0

¢
+/ Sg;JG(r—i—s,ap(r—i—s,w,x)) d(GSXT)(JJ)
0
= ¢(t795W790(57W7x))7

which verifies the cocycle property.

For the measurability, use a sequence of classical solutions to (RPDE) corresponding to a
smooth approximation (X"“) kEN of X. Since the solution depends continuously on the rough
input X, see Theorem 3.4, the approximating sequence of solutions converges to the solution
corresponding to X. Using this, it is easy to see that ¢(t,-,-): Q x E, — E, is measurable
and (-, w,x): [0,00) = E, is continuous. Then [CV77, Lemma 3.14] yields the measurability
of ¢. O

Conjugated dynamical systems

As noted, stochastic partial differential equations do not directly generate a random dynamical
system. The problem is that Kolmogorov’s theorem fails in the infinite-dimensional setting.
To circumvent this, we transform the original equation in a manner that generates a random
dynamical system from the resulting equation. This conjugated random dynamical system
is then transformed back to obtain a random dynamical system for the original equation.



120 Chapter 4. Random dynamics

This procedure is due to Imkeller and Schmalfuft [ISO1]. A similar conjugation method is
introduced by Imkeller and Lederer [ILO1].

Definition 4.36. Let .7 : Q x &€ — & be such that for fixed w € Q, J(w,-) is a
homeomorphism on £ with inverse 7 '(w,-) and 7 (-,z), 7 ~!(-, ) are measurable for every

x € £. Then, given a random dynamical system ¢, ¢ defined by
(t,w,x) — qg(t,w,ac) = Q(Gtw,(j)(t,w, 9—1(%%)))’

is the conjugated random dynamical system to ¢.

It is easy to see that qg is also a random dynamical system. Further, due to the conjugacy, ¢
and ¢ exhibit the same asymptotic behavior. In particular, if ¢ has a random attractor, the
same holds for ¢.

Theorem 4.37. ([IS01, Theorem 2.1|) Let o/ be a random pullback attractor of the random
dynamical system ¢ and 7 satisfy Definition 4.36. Suppose that

{7 (w, K(w))}uea : {K(w)}weq is tempered }

consists of tempered sets. Then {Q{?zw)}weﬂ = { T (w, T (W) }weq is a random pullback

attractor for the conjugated random dynamical system ¢.

Proof. The original statement was established for random dynamical systems in Hilbert
spaces. But the proof is independent of the topology of the space, so it is directly applicable
to Banach spaces. For the sake of completeness, we briefly sketch this proof.

Assume 7 is an attractor. Because .7 (w,-) is continuous, the compactness of .7 (w) follows.
Due to the definition of .7 and &/, we obtain

é(t,w,fofv(w)) = g?(Htw, ¢(t,w, T w, 9(w,%(w))))> = fxszv(w)

Note that for every tempered set {K(w)}weqn, {7 (w, K(w))}
the continuity of .7 (w, -) yields

weq 18 also tempered. Then,

lim dist(f(w, B(t,0_yw, T HO_w, K(0_w)))), 7 (w, M(w))) =0,

t—00
for every tempered set { K (w)},ecq, where dist denotes the Hausdorff semi-distance. O
Remark 4.38. This technique is often used for stochastic partial differential equations with

additive or linear multiplicative noise, where the underlying transformation is known as Doss—
Sussmann transformation.
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CHAPTER 5

LONG-TIME BEHAVIOR OF ROUGH
EVOLUTION EQUATIONS

Recall that the extended probability space 2 = Q x X consists of the symbol space ¥ and (NZ,
which is the probability space of the noise term. We will highlight the original probability
space by using @ and Q every time it is needed. As before, E is a separable Banach space
and the family of operators (A(t)) >0 Satisfies (A). The respective interpolation-extrapolation
scale of order m € Ny is then denoted by (Ag, EB)g>—m-

5.1 Global attractors

In this section, we extend the results obtained in [BS24| to the non-autonomous setting. This
was part of a collaboration with Alexandra Blessing.

5.1.1 Basic estimates

Before explaining the strategy for obtaining a random pullback attractor, it is necessary to
collect several estimates to bound the solution. In particular, we need specific Gronwall-type
estimates tailored to our equation (RPDE).

Remark 5.1. We believe that the existence of the random attractor can also be shown using
the mild rough Gronwall inequality proven in Section 3.5. In this section, however, we rely on
using the singular Gronwall-Henry lemma, since this approach was also used in [BS24]; the
mild Gronwall lemma was developed after completing this project.

Theorem 5.2. ([Hen81, Lemma 7.1.1]) Let T € (0,00] and v,h € L2 ([0,7);[0,00)) be
non-negative functions satisfying

v(t) < h(t) + a/o (t— 7“)*8*11)(7") dr,

fort€[0,T) and a,B > 0. Then we have

e o
o) < hlt)+ (ME)a)” " [ )& (=@ ) ar
Jor every t € [0,T) where T'(z) == [~ e "r*~! dr is the Gamma function and &p.(z) =
Yoro % is the Mittag—Leffler function.

This inequality is a generalization of the classical Gronwall lemma, which is a special case
of the previous statement for 8 = 1 since &3 1(z) = e*. To prove the existence of a random
absorbing set later on, the asymptotic behavior of the derivative of the Mittag—Leffler function
is crucial. Since the Mittag—Leffler function is a generalization of the exponential function,
its asymptotic behavior is similar, see [Hen81, SY02].
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Lemma 5.3. For every 8 € (0,1), there exist a constant Mg > 0, such that for z > 1 large
enough we have

&41(2) < Mge*. (5-1)
Proof. Due to [SY02, (94.19)] there exist two polynomials Qg and ()1 such that
&3,5(2) < Qo(2) + Q1(2)€?,
for z > 1. Since we can bound every polynomial by e?, if z is large enough, this leads to
85,6(2) < Mge™,

where Mg depends on the coefficients of Qg and Q1. This further yields

1
Jim = log &5,5(ut) = b,

for all u,8 > 0. A similar statement also holds for the derivative of the Mittag—Leffler’s
function. To obtain this, note that

s kB B > Lkf—1 1 o (k=1)p+8
) =Y ™ = L i 1
8.1
— T(kB+1) = D(kB) 2 =T((k-1)5+5)
2P 2P
_ — P-le
2 & T'(kB3+ B) < 5,8(2)

Therefore, the asymptotic behavior of éaﬁ’ 1 is the same as that of &3 3, where the constant Mg
has to be adjusted appropriately. O

Due to the fact, that X(©) = (X(@),X(@)) is only locally Hélder continuous, we need to
discretize the rough integral to obtain infinitely many integrals over a finite time interval.
This is also a known problem for Young integrals, see [DH23, GAMS10, KN23|. Therefore,
we also need a discrete Gronwall inequality.

Lemma 5.4. (|[DH23, Lemma 3.12|) Let (uk)ken,, (bk)ren, and (ck)en, be non-negative
sequences and a > 0, satisfying

k1 k1
up <a+ Y bug+ > a,
1=0 1=0

for all k € N. Then we have

k—1 k=1 k-1
uk<max{auo}H +bj)+zcl H( +bj)
§=0 1=0  j=I+1

for all n € N.

Before proving the existence of a random pullback attractor, we also need estimates of the
convolutions appearing in the mild formulation. Recall that X = (X, X) is a geometric rough
path cocycle satisfying Assumption (N).

From now on, let (y(w),y'(w)) € D}((w) ,([0,00)) be the unique global solution of (RPDE)
driven by X(@). The semigroup is assumed to be exponentially stable, which means

Assumption (Ag) is fulfilled. This is necessary to establish the existence of an attractor.
Further, we use the notation C,_g for the constants appearing in the smoothing property
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(D-4), this means
||St,st5 < Ca—ﬁei)\A(tis)(t - S)C!iﬁ ”xHa

In the following, the lowercase c is used to denote the constants associated with the attractor,
distinguishing them from the constants used in the mild Gronwall lemma; recall Section 3.5.

Lemma 5.5. Let (A(t ))t>0’F and G satisfy Assumption (A), (As), (F1) and (G3) are

satisfied. Furthermore, let X be a rough path cocycle satisfying (N) and fix t > 0. Then we
have

[t]
<C’Gclze A=D py(w, [1,14 1)),

/ St rG(r,yr) dX,(

H/ St,rF(rv yr) dT’
0

where the appearing constants are given by

t
<C .. Cr / e ME) (= 1) ||yl dr + e,
0

«

c1 = max{CC4,Cr},
2= C_owCEAY 'T(1 - o),

)3
P3(w7 U?l + 1]) = (1 + O [1,1+1] (X(w))) (1 + Hy(w HD’Y L(L+1]) )
Proof. Regarding Assumption (Ag), (2-45) and (3-6) we obtain

t
/ St,rG(Ta yr) dXT(‘:})

0
t]—1

>

=0

(e}

I+1 ¢
St rG(r,yy) dX, (@) St rG(r,yy) dX, (@)

t)

IN

_l’_

«

l
o

N Z e—)\A (t—1-1)

=0
t
StrG(r,yr) dX, (@)

+1
Sl+1,rG(T, yr) dX, (‘D)

«

_l’_

Lt

[t]-1
<CiCx Y M (10 y(X(@)) || G v (G
=0

+ Cr(1+ 0410 9 (X@) [ GC0), (GC)

«

DYy, (b1H1])

(t—[t])77

DY 0,0, (LE1:1)

3
<qu2 D (14 g 4y (K@) (14 I Gy e ):

X(@),a

which shows the first inequality. The second integral can be estimated using the Lipschitz
continuity of F as follows

t
H/ St,rF(Tv yr) dr
0

t
<C, Cp /0 e ()= (14 |y, ) dr

t
<Oy Cr / e (1t — ) ||yl dr
0

t
+ C_GFCF/ e~ Halt=r) (t—r) 7% dr,
0
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where the last term is bounded by A%” “IT(1 — op), which follows from a simple substitution
and the definition of the Gamma function. g

5.1.2 Pullback attractor for rough partial differential equations

To show the existence of an attractor after all the preparations, we proceed as follows: First,
the solution gy is estimated using the singular Gronwall-Henry lemma, where the stochastic
integral is split into integrals over intervals of length 1 as in Lemma 5.5. The right-hand side
of the resulting estimate still depends on the solution itself, but always on an interval of length
1 due to the splitting. Using this estimate and the discrete Gronwall lemma, the solution can
be estimated at discrete points in time, i.e., y,, so that the right-hand side no longer depends
on the solution. This estimate can then be used to check the condition in Lemma 4.18, which
shows the existence of an absorbing set. Finally, a compactness argument in Theorem 5.10
provides the existence of an attractor.

Lemma 5.6. Let (A(t))t>0,F and G satisfy Assumption (A), (As), (S), (F1) and (G3)
are satisfied. Furthermore, let X be a rough path cocycle satisfying (N) and define

7 M- ~ LM;_ ~ ~ M
612016/\“‘111%{[/, IQUF}, 62202<L+21)\UF>,C'A:CAmax{L, 12”},

1 ~
where L = 2(C'_JFC'FI’(1 — O'F)) =oF L= El—gp (tol/2) + 1, A == Ag — L and tg > 0
such that toL/2 is large enough for (5-1) to hold. Then we obtain for k € Ny with k > ty and
t € [k, k + 1] the estimate

k
lyello & < Callyolly + 26N +&Ca Y N Py(w, 11+ 1]). (5-2)
=0

Proof. First assume ¢ € [k, k + 1). Due to (3-1), we can estimate the path component y; by

/0 S0, G (ryr) dX, (@) (5-3)

t
el < 1Seovoll, + H [ suru) ar
0

il
[0

a

We now multiply (5-3) by e*? and obtain together with (D-4) and Lemma 5.5

n
lyillo €47 < Callyoll + c2e™* + Caer Y MU Py(w, 1,1+ 1))
=0

t
+CpnCr / (t— 1) "7r AT |y, |, dr,
0

which fits in the setting of the singular Gronwall-Henry lemma. In conclusion, apply Theorem
5.2 to v(r) = ||y,||, 4" and obtain

.
lyell, e < Callyolly + 2™ + Caer Y M) Py, 1,1+ 1))
=0

7]

L [t L

5 [ | Catinll e+ Coa S MR+ 1) ) 6 (0-0F ) an
0 1=0

(5-4)

1
with L = 2(C,GFCFI‘(1 — JF)) 1=or . Further, due to the time-continuity of y, the previous
estimate also holds for ¢ = k 4+ 1. Now we have to bound the derivative of the Mittag—Leffler
function. Since the estimate (5-1) is only valid for large values, we consider tg > 0 such that
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toé is large enough for (5-1) to hold and introduce

7]
h(r) = Callyollq + c2e™" + Caer Y MV Py(w, (1,14 1]).
=0

Since t > ty, we can split the integral as follows and use that A is increasing

t , L t—to , I
/ h(r) &1 _gp ((75 - 7")2> dr =/ h(r)é_op1 ((t — r)2> dr
0 0
! L
[ e ()
t—to ’ 2
t—to to I
< Ml—JF/ h(r)e®= " dr +/ h(t = 7)6]_gp1 <7“2) dr
0 0

t to L
< M1_0F/ h(r)e "L dr + h(t) E| _op1 <r2) dr
0

0
25’1/70'1:,1 (toé)

t
— My, / APl dr + h(t) =7
0

We set L = & _gp1 (tol/2) + 1 and multiply (5-4) by et to obtain

k
Iyl e < L (CA lyoll, e 4 cae™ + Caey Z e M Py, 1,1+ 1]))
1=0
t ]
| [ Catmll +eae®sm 4 Coer 3o M P 14 1) | e
° 1=0

LMl—O'F
2

where we need to evaluate the integrals in the second line. The only non-trivial term is the

third one. By Fubini’s theorem, we obtain

t [7] k t
Z A Py 1,1+ 1))e I dr < Z eMeM Py(w, [1,1+ 1)) / e =l g
0 =0 1=0 !

k _ —L(t—1)
= MNeMPy(w, [1,1+1]) (12) .
=0

Putting all of these estimates together, this leads to

~ _ M_ _ ~ LM_
”ytHaeAt < CA HyOHa <L€ Lt+ %(1 —e Lt)) + ¢y <Le>\t+ #(ekt - 1))

k
+ Cger Z eMer Py(w, [1,1+1]) (EeL(tl) + % (1 _ eL(tl))>

=0
~ - LM n
< Callwoll, + c2e™ (L T (1- e_)‘t>> +61Ce Y M Py(w, 1,1+ 1))
=0
_ k
<Callyoll,, + &e? + 61 Cq Ze’\ng(w, 1,1+ 1)),
=0

with A, ¢1, ¢ and éA defined as in the statement .
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The right-hand side of (5-2) still depends on the solution y, via Ps(w,[l,] + 1]). However,
combining the discrete Gronwall lemma with (3-31), it is possible to get an estimate where
the right-hand side is independent of the solution. First, recall that

Py(wn L0 41]) = (L 0, s (K@) (14 @) v @lloy sy )

and that the controlled rough path norm of the solution (y, y’) = (y, G(y)) can be estimated
due to Theorem 3.42 by

Hya y/HD}@),a([l,lJrl]) < HylHa Pi(w, [l,1+1]) + Po(w, 1,1 +1])

for | € Ny, where P; and P» are given by

Po(w, [1,1+1]) = Ny (@) (1 + [X (@)],, [ll+1])€Nz,l+1(@)M’

Pi(w, [1,1+1]) == NPy(w, [I,1 + 1)+,
eNur(@M+M _ 4

Py(w, (1,14 1]) == NNy @) (1 + (X (@) s 117) o7 — 1
w, [, N _
x P( (X (@) 1) > K@) aq,141] ) P;s(u:’[l[l,ll++1g) — 117

and P is a polynomial. In particular, these bounds only depend on @. This is essential in the
following results.

Lemma 5.7. Let the assumptions from Lemma 5.6 be satisfied. Let k € Ng such that k > tg.
Then we obtain

k—1
lyell, < Callvoll, e”“H (1+ Hi(w,[j,5+ 1)) + Y e M D Hy(w, [1,1+ 1))
7=0 =0

X H (14 Hy(w, [5,5 +1])),
j=l+1

where we define

Hy(w, [la [+ 1]) = élCG(l + 0y, [11+1] (X(a})))dpl(w? [lv I+ 1])7

~ (5-5)
Hy(w, [I,1+ 1]) == max {Ge*,&1Cc } (1 + 0 1141] (X(cb)))3(1 + Py(w, 1,1+ 1])).
Proof. We apply Lemma 5.6 for ¢ = k£ and obtain
_ k—1
lyllo e < Callyoll, + &2 +&Ca Y N Py(w, 1,1 +1])
1=0
k—1
= Calwollo + 226 + 106 3 M (1+ 0y e (X@))* (14 v/l )
1=0
k—1
< Callyolly +e2e™ +aCe Y N (1 + 0y 114y (X(@))) (1 + Pa(w, 1,1+ 1))
1=0

k—1

+CICGZ€M 1+ 0y s (X(@ ))) lyill o Pr(w, [0+ 1])
1=0
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k-1
< Callyoll, +max {@e, &1Ca} >~ M (14 0y a1 (X(@)))" (1 4+ Pelw, [1,1+ 1))
1=0
k—1
+a1Ca > e (1+ 00,14 (X(@))° llmll, P, 1,1+ 1]).
=0
With this we can now use the discrete Gronwall Lemma 5.4 for uy := ||yx|,, e** to obtain
N k—1 ,
lyilla e < Calolly, TT (14 &1Ca (1 + 03,500 (X(@))*Pate, 5 + 1))
j=0
k-1
+ Zmax {626 chg}e (14 0y gy (X (@ ))) (1+ Po(w, (1,1 +1)))
1=0
k-1 ,
< TT (1+aCa(l+ o455 (X@))°Prw, [ +1])),
j=l+1
since 5,4 > 1. O

The last ingredient required for the existence of an absorbing set is based on the ergodic
properties of the noise. Therefore, we need Birkhoff’s ergodic theorem [Bir31|. This essentially
yields the equality of spatial and temporal averages under an ergodicity assumption.

Theorem 5.8. ([EW11, Theorem 2.30]) If 7: Q — Q is an ergodic measure preserving
function and f € L}(Q), then we have

lim =37 £(Tw) = E[f],

n—00 N, 4
7

almost surely.

Recall that due to Assumption (N), X is Gaussian and therefore all moments of X and X
exist and in particular all moments of the respective Holder semi-norms are bounded, see
Corollary 2.20. Regarding the ergodicity of the metric dynamical system (6;);cr, Birkhoff’s
ergodic theorem then yields

lim sup — Z (0_;0)] 7 L1y = E [[X]g,[q,l]} = K,

n—oo N

(5-6)
lim sup — Z ;)] [7171] =E [[X]g'y,[—l,l]} =Ky,

n—oo M

for ¢ > 1.

For a better comprehension, recall that N = {(4]\7 )ﬁ—‘ is the number of intervals with
which we have to fill an interval of length 1 to obtain the integrable bounds from Theorem
3.42. Further define _ _

C(N) := max {1+ N, 24(2+N)NM1+N}.

Note that N will determine how many moments of (X, X) we have to control, but since the
noise is assumed to be Gaussian, the concrete value of N is not important, since all moments
are bounded. We further set K, := K, + Ky-1,.
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Lemma 5.9. Let the assumptions from Lemma 5.6 be satisfied, and assume further that
1
A —2(C_s,CrT(1 —op))7F > ¢(Kq+1), (5-7)
holds, where q and ¢ are given by

~ . 4(14+ N
c::2C’(N)maX{M,51CG}, q::(’y—i—_n)'

Then the random dynamical system ¢ associated to (RPDE), possesses a random pullback
absorbing set { K (w)}weq-

Proof. We fix {K(w)}ueq as a tempered random set and estimate ¢ (¢, 0_yw,yo(6—w)) for
yo(w) € K(w). To do so we combine Lemma 5.7 and (3-31) to obtain

e (t, 61w, yo(0—sw)) Ha < |yr(O—tw)l|, P1(0—rw, [k, k + 1]) + Po(0_4w, [k, k + 1])

k—1
< Callyo(O-1)lo Pr(0-ew, [k, k + 1)e [T (14 Hi(6-w, [, +1]))
=0

+ POy, [k k+ 1)) e MU HY (0 4w, 1,1+ 1])
l

E
—_

Il
=)

k-1
X H (1+H1(0—tw7 [Ja]+1])) +P2(9—tw7[k>k+1])
j=l41

for tg <t € [k, k+ 1]. Similar as in Remark 4.32 we can see that
P(O,w,[s,t]) = Pi(w,[s +r,t+7r]) and H;(0,w,][s,t]) = Hi(w,[s+r,t+ 1))
holds for ¢ = 1,2 and r € R. Applying this to the previous estimate yields

o (t, 010, 50(0-10)) ||, < Ca g0 (O—1) o Pr(w, [~1,1])e**
k

X sup H (1+ Hi(0—jw,[~&,1—¢]))
56[0,1]]-:1
+ Pi(w,[-1,1]) sup > e MHy(0 jw,[—e, 1 —¢]) o
e€(0,1] 77
-1
< [ (1 + Hi(0-jw,[&,1 = ¢])) + Pa(w, [~1,1]).
j=1

For the first term one can use the fact that yg is tempered, which means by definition that
e Pt lyo(frw)l|, — 0 for ¢ — oo and every § > 0. To compute the needed exponent /3, we
note that log (1 + aeb) < a + b holds, which leads to

log (14 Hy(w, [s,1])) < Ns,t(fD)M(l + ]\7)

+ échjv(l + Q'y,[s,t}(X(JJ)))B(MNSJ((’D)(]' + [X(a))]'y,[s,t} ))1+N

Using Lemma 3.36, Young’s inequality and (a + b)? < 2P~!(aP + bP) multiple times we can
bound the noise terms by

(140 16, (X(@))) *Net (@) N (1 + [X (@)], (o )Y



5.1. Global attractors 129

1 1

~ 1+N
<2 (14 [X@) g+ XK@, o) (1 + <[X @) s + [X@”?@T@ﬁ) )

x (1 +IX@)LY)

o\ 2
1 1 1+N
o (1 R+ 0 ) (1 (05 + )
, 2(14+N) 1+N
<2 (1 + ’Y [s,t] + [X(LD)]Z%[S,t}) 1+ [X<CD)]'Y,W;: * [X(@)];{[ﬁs’ﬂ
< oT+4N (1+ (X (@)15 o [X(@)]g%[s,t})
N >

i 4(1-_§—N) ~ 2(14+N)
+2 1+ [Szi + X(w )]2«7[52}
o . a0+ 20+8)
<2 2+ [X(w)] Jsd) T [X(@ )]2’)’ [s,t] [X(w)]%?s_,tﬁ T [X(~)]277[5nt]
. | a0+m) 2048
< 2 (14 [X@), 1o+ K@),y

Therefore we obtain

k
%log ( sup [[ (14 Hi(6_jw,[—e,1 - 5D)>

56[071} ,]:1

k
< sup %log (H (1+ Hi(0_jw,[—e,1— 5])))

€€[0,1] j=1
_ _ 1&
< M(l + N) sup — ZN—E,l—s(e—jw)
EE[O,].] k ]:1
L _ 1 k 4(1+Kf) 2(14N)
+ 2N NN O sup kZ( g K@) a})
66[0 1 le
N o ~ 1 1 = PeED)
<M(1+N)+M(1+N)x 7 g > ([X(&))]J,[”E,ld + [X(@)]ﬁ{’é,ld)
g€ j=1
ok < 1 k 4(1+N) 2(14N)
) (2+N ) NN c1Ca SL[BpH - Z (1 + [X(d))]%[”_*!’l_d + [X(N)]QJ[ 7]5 1— g]) :
&S j=1

Using the ergodic properties of the noise (5-6), the limes superior can be bounded by

k
hmsup i’ log ( sup H (1 + H(0—jw, [—¢e,1 — 5])))

k—oco €€[0,1] j=1

SM(I—F]V)—F]\?(l—i—ﬁ)Xﬁ(KL +K_. )
Y=

2(y—m)

i 24(2+N)NM1+N610G <1 + Kaoem + K2<1+N>> <cKy+ec,

=N Y=

1
where we used that xy7=7 < 1. Therefore, the right-hand side of (5-7) depends only on ¢ and
on a specific moment of the Gaussian rough path X(@) of order gq. Furthermore, there exists
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for any 6 > 0 some kg € Ny such that

k

sup H (1 + H; (H_jw7 [_Ev 1- 8])) < e(CKq+C+6)k7 (5_9)
56[0,1]j:1

holds for all k > ky. Since the condition (5-7) leads to A — cKy; — ¢ — 6 > 0 for some small
d > 0, the temperedness of yy yields that the first term in (5-8) can be bounded by 1 for large
times. So we obtain

oo

HSO(t7 e—tw7y0(0—tw)) Ha <1+ Pl(w7 [_17 1]) Sl[lp] Z ei/\lHQ(eflu% [_57 1- 8])
e€|0,1 =1

k—1
< [T (1 + Hi(b—jw,[e,1 =€) + Palw, [-1,1)),
j=1

for ¢t large. It remains to show that the expression on the right-hand side is a tempered
random variable. First, note that Pa(-,[—1,1]) is integrable due to Lemma 3.43, which is
possible since P, in fact depends only on @. In particular, due to the special structure of P
it is easy to show that also log (Ps(-, [—1,1])) € L'(2) and therefore

log (P2 (Osw, [—1,1
lim sup 0g (Po(fhw, [~1,1]) =0,
t—o00 t

due to [Arn98, Theorem 4.1.3 i)]. In conclusion (4-9) is fulfilled, and P5(-,[—1,1]) is tempered.
The same argument can be used to show that also Hs(-, [—¢,1 — ¢]) is tempered, so for every
6 > 0 there exists a lg € Ny such that for [ > Iy we obtain the bound

(0, [—2,1 — &) < e

Together with (5-9) and (5-7) this leads to

[ -1
R(w) = sup Z e MHy(0_jw,[—e,1 —¢€]) H (1+ Hi(0_jw,[—e,1—¢)))
e€l0,1] 7 j=1
%) lo—1
< Z e (A=eKa=e=0)l L qup Z e MHy(0_yw,[—e,1 —€])
1=, e€l0,1] 1
-1
< [T @+ Hi(0-jw,[-2,1-¢])) < 0.
j=1

To show the measurability, we recall that since X is a geometric rough path, the Hélder norms
are continuous, according to Lemma 2.15. Therefore, ¢ +— H;(w,[—€,1 —¢]) for i = 1,2 is
continuous. In conclusion, the supremum can be taken over [0,1] N Q instead of [0, 1], which
yields measurability.

The temperedness of R follows by similar arguments as in [DH23, Proposition 3.5|. For this
we need again that H;, defined in (5-5), satisfies H;(0,w, [s,t]) = H;(w, [s+7,t+7]) for i = 1,2
and 7 € R. Further, we have

log (Pl(Gtw, -1, 1])R(9tw)) log (P1 (Opw, [—1, 1]))

lim sup < lim sup
|00 [t] It/ o0 t]
log (R(6
+ lim sup e ) ( ( tw)) =0,

|t 00 t]
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and therefore the temperedness of Py(-,[—1,1])R(-) follows again by [Arn98, Theorem 4.1.3
i)]. With the temperedness of Py(-,[—1,1]), also

R(w) =1+ Pi(w,[-1,1))R(w) + Py(w, [-1,1])

is tempered. Hence, K (w) := B(0, R(w) + ), for some small § > 0 is a random absorbing set
for ¢ in E,, see Lemma 4.18. O

It remains to prove the existence of a compact absorbing set since { K (w) },ecq, as constructed
in Lemma 5.9, is not necessarily compact.

Theorem 5.10. Let the assumptions from Lemma 5.9 be satisfied and assume that the
embeddings Eg — FE, are compact. Then the random dynamical system ¢ associated to
(RPDE), possesses a random pullback attractor {</ (w)}weq-

Proof. Since Lemma 5.9 ensures the existence of a tempered absorbing set {K(w)},eq in
FE,, we need a compactness argument such that Theorem 4.19 provides a global attractor.
Therefore, we define

~ Eo
K(w) =¢(T,0-rw, K(0_nw))  C K(w),

where 71 > Tk and Tk is the absorbing time of K (w) where we omit the w-dependence of
the absorbing times. The fact that {I~( (w)}w cq 1s indeed absorbing is a direct consequence
of the cocycle property and the fact that {K(w)},ew is an absorbing set. The proof of the
compactness of I?(w) uses the compact embedding Eyyp — E, for 0 < f <min{l —op,y —
oc}. Indeed, we let yp € K(0_1,w) and observe that

T
le(T1s 0-119,90) 0y 5 < [1571,0%0] g8 + H i Sty o F(ry0(r,0_1,0,90)) dr
a+p
Ty
STIJ’G(T: 90(717 G—le, yo)) dXT (G_Tlaj)

l
0

a+

The first term can be bounded using (D-4), which leads to
15709005 < C-pe™ T Nl < Cope™ TP (R(O-1) +5) < oc,

due to yo € K(0_r,w) = K (0, R(0_1,w) +6). Since F has linear growth, we can estimate the
drift term by

Ty
STIJ"F(n (,0(7", 9—T1w7 yO)) dr

0 a+ﬁ

T
<C_po, /0 e~ Aa(Ti—r) (T, — T)—B—UF HF(T’ o(r,0_7w, yO)) H dr

a—0op

T
< CrC_p_y, / e~ a(Ti—r) (Ty — r)_/B_UF (1 + ||e(r, 0—1w, yo)Ha) dr
0

0

< CFC—,B—UF / eAAT(_T)—ﬁ—JF (1 + ”SO(T + 17, H_le, yo)Ha ) dr.
-7

Since r — ||o(r + T, 01w, yo)||,, is continuous, it is bounded on the compact interval [—T7, 0]
by some constant C,, which leads to

T1

STl 77‘F<T7 QD(Tv Hlewv ?JO)) dr
0

a+p
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0
< CFC—,B—UF/ eAAr(—T)_ﬂ_UF (1 + CAO) dr,
-7
where the integral is bounded due to f < 1 — op. For the rough integral we combine (2-45),
(3-6) and (3-29) to obtain

T
Sty G(r, (1, 0_mw,y0)) dX;(0_1,@)

0 a+

< Cr06 (1 + 0y 0.1 (X(0-1,))) 1y P76
x (14 lwolly Po(6-7,, [0, Ti)) + Po(6-7,, 0, )
< CrCa(1+ 00,1 (X(0-7,0))) T 77770
x (14 (R(O-1,0) + 3) Pr (0,0, [0, T1]) + Po(6-r,0, [0,T1])),

which is finite due to 8 + og < y. This shows that
HQO(Tla elewa yO) Ha+5 < oo,

for arbitrary yo € K(0_g,w), which leads to K(w) € Eqo1p. Therefore, {I?(w)} is a

compact absorbing set in Fj,.

we

Remark 5.11. i) Generally, the condition (5-7) implies that (RPDE) has an attractor if the
nonlinearities are sufficiently small in comparison to the spectral bound of the operator
A. A similar condition to (5-7) was obtained in [DH23] for Young differential equations.
We note that we have to control higher moments of the noise term X, which is possible
since X is assumed to be a Gaussian rough path.

ii) We also want to mention an alternative approach to obtaining an absorbing set. This was
used in [GAMS10]| for stochastic differential equations driven by a fractional Brownian
motion with Hurst index H > 1/2. This approach relies on stopping times required to
control the Holder norm of the random input. This technique was extended to the rough
case in [YLZ23]. Here, the condition for the existence of a random attractor reads as
follows. The constants C'r and Cg need to be sufficiently small such that

A . .
ez —1 , plB plf
Cr<————=pu, Cg<min<l1, —
SNCHE TR { Q006 X)WF(ha0) Q106 X)

holds, where 0 < < min{l — o,y — 0}, @ depends on the moments of X up to
the [~ !]-order and W+ < 1 depends on j, A\4,Ca and a small positive number . In
particular, this means that Cg, and therefore the growth bound of G, has to be bounded
by 1. In contrast, our technique also allows Cg > 1 by selecting a sufficiently large A 4.

iii) If the noise is additive, the existence of a random dynamical system can be established,
transforming the stochastic partial differential equations into a random partial differential
equation using the stationary Ornstein—Uhlenbeck process. In this case, the condition for
the existence of the attractor (5-7) simplifies to

1

/\A > Q(C_UFCFF(l — O'F))m,

which is consistent with similar results for additive noise and the assumption F': [0, 00) x
E, — E,, consequently op = 0, compare [KNS21, Assumption 2].
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5.1.3 Regularity of the random pullback attractor

A key feature of the mild formulation is that we directly obtain higher regularity of the
attractor. If the smoothing of the evolution equation, or the analytic semigroup, is not
usable, it is often quite complex to obtain similar results. The procedure depends then on the
specific equation; see, for example, [Zhal3, Tanl5, Tanl6, LSX25].

Corollary 5.12. Let the same assumptions as in Theorem 5.10 be fulfilled, choose
0< B <min{l —op,v—o0g}

and replace (5-7) by

1

A — Q(C—UF—BCFF(l —O0fF — B)) lmop=08 > (] (Kq + 1),

with ¢ g = max {C’I, C_BC]}G)‘A min {Z, W} and

cg = QC(N) max {M, fCVl,,BCG}‘

Then the random pullback attractor { o/ (w)}weq obtained in Theorem 5.10 also belongs to
Ea+/3.

Proof. Let yo(w) € K(w) where {K(w)},eq is a tempered set in E,. We need to estimate
¢(t, 0_4w, yo(f—4w)) in the E,yg-norm, similar to the proof of Lemma 5.9. Therefore, the
estimates obtained in Lemma 5.7 need to be adapted to the new Banach space. Based on the
computations in Lemma 5.5, we observe that for 0 < < min{l — op,y — 0¢} the estimates
for the integral terms can be improved, exploiting the smoothing property (D-4)

t)

t
/ SerGlroyy) dX,w)| < Cgergy e D Py(w, 114 1)),
=0

0

oth (5-10)

t t
H | Skt ar| < CpaCr [y, drt o
0 0

a+p
for all t > 0 where ¢; g := max{Cr,C_g, Cr} and

o= Cpp pgCrAYF P01 = 0p + ).
Further, we obtain

1St.090(W)lats < C—pe P |lyo(w) |l »

and combining this with (5-10) one gets an absorbing set, similar to Lemma 5.9. The
compactness is shown in the same way as in Theorem 5.10. O

5.1.4 Applications

To end this section, we provide some examples for the nonlinear term G and indicate how the
condition (5-7) on the existence of random attractors can be verified in concrete applications.
Since the conditions on F' are less restrictive than those on GG, we can consider in both examples
a global Lipschitz nonlinearity F'. Therefore, we focus on G and A, and let F' = 0 without
loss of generality.

PDEs with multiplicative rough boundary noise

As in Section 3.3, let O C R" be a bounded domain with C*°-boundary and consider the
semilinear parabolic evolution equation with multiplicative rough boundary noise in E =
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LP(0O), for 2 < p < oo, given by

Ly = Ay, in O, (5-11)
By: = G(t,yt) %Xt on 00.
Here X is a y-Holder rough cocycle which satisfies Assumption (IN) with v € (1/3,1/2]. Further,
A is a formal second-order differential operator in divergence form with Neumann boundary
conditions B given by

d
Au = Z 0; (ai;05) u — )\Au Bu = Z ViYoaij0ju, (5-12)
7] 1 l,]:].

where the coefficients a;;: O — R are smooth, A4 > 0 is a constant, (aij)gjzl is symmetric
and uniformly elliptic. Let A: D(A) C E — E be the E-realization of (A, B) with

D(A) = {u € H*(O) : Bu = 0},

(Ea)ack the respective fractional power scale and E, := H* 1=Y»P(90) the scale for the

boundary data. In Section 3.3, it was shown that one can transform (5-11) to a semilinear

problem without boundary noise. This reads as

dy, = Ay, dt + Ac1-2,NG(t,y;) dXy, (5-13)
Yo € E€—17

where N is the Neumann map and Ac_1-9y € L(Ec_2y; Ec_1_9,) an extrapolation operator
for some € < 1/2 4 1/2p, see also Appendix C.

Theorem 5.13. (|BS24, Theorem 4.2]) Let Ay > 0 be large enough such that (5-7) holds
for some A < )\A Further assume that G: [0,00) X Ee_1—yy = Ee_1—iytoy 5 bounded for
i = 0,1,2 and satisfies (Gn), A has a compact resolvent, and the principal part, i.e. A=
Z;{j:l 0; (ai;0;), is dissipative and there exists a constant ag > 0 such that A—ay is surjective.
Then there exists a random dynamical system for (5-13) on E._1, which possesses a global
random pullback attractor.

Proof. As in Theorem 3.20 it can be shown that A._1-2,NG(y) satisfies the Assumptions
(G3) with o = 0. Consequently, there exists a global-in-time solution, see Theorem 3.23,
which generates a random dynamical system on F._;.

It is known that the operator A, constructed above, satisfies Assumption (A), see Example
D.8. Due to the assumptions on A, the Lumer—Phillips Theorem B.6 yields the existence of an

analytic semigroup (§t) 4~ of contractions for the principal part A. The semigroup generated

by A is then given by S; = e~*tS, and is therefore exponential stable with parameter A4,
since (St) >0 18 contractive. The compactness of the semigroup follows from the fact that A
has a compact resolvent, as stated in [Ama95, V.1.2.1]. The existence of the global attractor
is finally ensured by Theorem 5.10. O

Remark 5.14. i) If the noise X € C7 is Holder continuous with parameter 7 > 1/2, we can
use the Young integral instead of the rough integral. Then, the convolution can be defined
for a path y € C(E,) NCY(E£,—5) by

t
/Stryr dX, = lim Z St—uluX v,
s

\ﬂ'—)
[u,v]er



5.2. Existence of Lyapunov exponents 135

as in Theorem 2.2. The techniques developed in this section also apply to the Young case,
modifying (5-7) accordingly. More precisely, the constant ¢ differs and K, = K, since
X is not needed to define the integral. As a particular application of Theorem 5.10, we
can also investigate Dirichlet boundary conditions if 4 > 1 — 1/2p and obtain a random
pullback attractor in this situation.

ii) To the best of our knowledge, this is the first statement for attractors of equations with
boundary noise. In general, there are only very few results on the long-term behavior of
equations of the form (5-11). For example, stability criteria were investigated in [AB02b|
and a stabilization effect by boundary noise was shown for the Chaffee-Infante equation in
[FSTT19]. We further refer to [BDK24| for the analysis of warning signs for a Boussinesq
model with boundary noise.

Parabolic PDEs with multiplicative rough noise

We consider the parabolic partial differential equation on E := LP(Q) for 2 < p < oo given by

o € E (5-14)
o

{dyt = Ay dt + G(t,yr) dXy,
Example 5.15. The framework investigated in FExample 3.11 can be adjusted to obtain a

pullback attractor. Let p > 3 and A = Ap — Aa with Aa > 0. Then the corresponding
fractional power scale is given by

5. JHPP(0), 0< B <5,
B =
{u e H¥P(0) 1ulpo =0}, 5 <B<1,8# 5

We further choose o > n/2p + 2y which leads to E4—iy — C(O). We introduce the operator G
as

G:[0,00) X Eq_iy = Eq_iy,u — a(t)/ g(,u(x)) dx,
@]

fori=0,1,2 and a € C*'([0,00);R). The kernel g: O x R — R is assumed to be bounded
and three times continuously differentiable with bounded derivates such that sup ‘D’;g(-,m)‘ @8
z€R

bounded for k =0,1,2,3, i =0,1,2 and glpoxr = 0. Due to the boundedness assumption on
g, the operator G fulfills (G38), which can be proven as in Example 3.11.

Theorem 5.16. Let Ay be large enough such that (5-7) is satisfied for some Ay < Aa. Then
there exists a random dynamical system ¢ for (5-14) on E, that possesses a random pullback
attractor.

5.2 [Existence of Lyapunov exponents

This section is meant to give a concrete application of the mild Gronwall lemma proven in
Section 3.5. We published this result already as a part of [BGVS25|, which was a collaboration
with Alexandra Blessing and Mazyar Ghani Varzaneh. In particular, we use the mild Gronwall
lemma to validate the integrability assumption of the multiplicative ergodic theorem, which
ensures the existence of Lyapunov exponents. As this study focuses entirely on the application
of the Gronwall Lemma, the proofs are kept brief. For a more detailed proof and other results
in this direction, see [BGVS25].

Let us briefly explain what Lyapunov exponents are. In particular, they can measure chaos
and instability of a system and quantify the extent to which nearby trajectories converge or
diverge, as introduced by Lyapunov in his thesis [Lya92]. Consider a random dynamical system
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¢ in a Banach space £, which is linear in its third variable, then the Lyapunov exponents are
defined by

AMw, z) = limsup % log ( lo(t,w,x) e )
t—o0

In the simple case where the system satisfies y = My, for a matrix M, the dynamical system
is given by (t,2) — ez and the Lyapunov exponents are just the eigenvalues of M. It is
well-known that the eigenvalues determine the stability of such a deterministic linear system.
For example, if all eigenvalues are negative, the system is stable. This concept is extended to
more complex systems where a top negative Lyapunov exponent indicates stability, whereas
a positive one indicates chaotic behavior.

The demonstration of the existence of Lyapunov exponents typically involves the application of
ergodic theorems, such as Kingman’s subadditive ergodic theorem [Kin68| or the multiplicative
ergodic theorem by Oseledets [Ose68]. More generally, Ruelle proved an ergodic theorem in
Hilbert spaces [Rue82], which was extended to Banach spaces [LL10, GTQ15].

This section is now based on the more recent results by Varzaneh and Riedel [GVR23, GVR25,
BGVS25]. The multiplicative ergodic theorem, proven in [GVR23], is more general than we
need, as it is established for measurable fields of Banach spaces. In our case, we apply the
theorem to a single Banach space.

5.2.1 Multiplicative ergodic theorem
Recall that we use the extended probability space 2 = (2 x ¥, established in (4-13), which also

incorporates the symbol space to treat the non-autonomous part of the equation. Q represents
the randomness described by the noise, and the symbol space ¥ is constructed to incorporate

the time dependencies.

Definition 5.17. A random point Y: Q — FE, is referred to as a stationary point for the
random dynamical system ¢ if the map w +— ||Y,,||o is measurable and for every t > 0,w € Q
we have

Qﬂ(t, (U, Yw) = Yetw-

Now fix a stationary point Y. Then, the linearization of (RPDE) along y;(w) = Y, is given
by

{dzt = (A(t)z + DaF(t, Yo,0)) 2 dt + DaG(t, Yo,u) 2 dX4 (),
z20 € Ea,

see also Subsection 3.5.1. Let ¢ be the random dynamical system generated by this
linearization.

Lemma 5.18. Let (A(t)),.,, F and G satisfy Assumption (A),(S),(F1) and (G3).
Furthermore, let X be a rough path cocycle satisfying (N). Then the solution operator ¢
of (RPDE) generates a continuous random dynamical system. If further (F2) is satisfied
and A(t) admits a compact inverse for every t € [0,T], then the solution operator i) of the
linearized equation along the stationary point (Y,)weq s a compact linear random dynamical
system, meaning that ¥ (t,w,-) is a compact operator for every t > 0 and w € Q.

Proof. That ¢ is a random dynamical system was shown in Lemma 4.35. Moreover, 1 is a
random dynamical system; we only need to show the compactness. Since A(t) has a compact
inverse, we know that the Banach spaces (E,)q.cr are compactly embedded [Ama95, Theorem
V.1.5.1]. Using the smoothing property of the parabolic evolution family, one can show that
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Y(t,w,-) € L(Eqy; Eqte) for some small € > 0, similar to [GVR25, Proposition 3.7|. Then the
compactness of the embedding E, . < E, yields the claim. OJ

Proposition 5.19. Let the same assumptions as in Lemma 5.18 be fulfilled and fix a time
to > 0. We further assume that the stationary point fulfills

(w = [IYalla) € () TP(9), (5-15)
p=1
for every p > 1. Then we have
B | sup tog" (100t leqeien)| < (5-16)
0<t<to
| sup tog" (10600~ .0 leqeen) | < (5-17)
0<t<tp

Proof. Using the mild Gronwall inequality in Corollary 3.47, we obtain

1t w, )l e(Eap = sup [(Ew, )]l < CLw) (1 + 040,4(X(@))) ") (1 + Cg)

llzll =1

for ¢t € [0, tp]. In particular, this leads to

sup o™ ([0t e, ) < 108 (Cr@) (14 2300 (X@)) 1+ Ca) ) + 1oCaw).
o (5-18)

To prove the integrability, we note that X (&) satisfies Assumption (N) and we therefore
obtain

B 0y 00(X(@)) € [ LP(Q), (5-19)
p>1

by Corollary 2.20. Further, since ¢ is the linearization along the stationary solution Y, the
random constants C}(w) and Cy(w) depend on the solution y;(w) := Yp,,,. Then, Lemma 3.43
provides that

& [9(@,0), 3@,0)) lpr (ooey € ) L7(Q).

X (&
(@), p>1

For the integrability with respect to Py we note that

HHy(a)a)a (y(aja')),HDV ([0,00))

X (@), Lr(%)

~ ~ !/
< sup Jy(@. & (s + ). (v@ S+ D)l 0.0

)0

holds, where we use that Py, ({S(-+s) : s > 0}) = 1. Further, recall that & is the time-symbol
associated with (RPDE) and the shift by time s is the same as choosing the starting time s.
To be precise, consider the equations

d’Ut = (A(t)’Ut + F(t, Ut)) dt + G(t, ’Ut) dXt, (5—20)
Aty = (A(t + 8)0 + F(t + 5,0)) dt + G(t + s,3;) dXq, (5-21)
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with initial condition ©(0) = v(s) € E,. Then (5-20) corresponds to & and (5-21) to &(s+-),
which results into the fact that ¥, = vs44s. In particular, we have

Y (@0, 6(5 + 1)) = yep5(@, ©),

which leads to

[lv@. ). @) oy, . (oo < 90p 403, ©), (1@ &) Il 1000

L () X(@),a

< [y @) 37 (000

X (@)«

Together with Fubini’s theorem, we obtain

w Hy(w), (y(w))'HDw ([0,00)) € m LP(Q). (5-22)

(o
(@), p>1

Using (5-19), (5-22), and (5-15) it is easy to see that the random constants C; and Cs defined
in (3-38) are also integrable. Then (5-16) follows using this integrability and the inequality
derived in (5-18).

The second integrability condition (5-17) can be shown similarly. Indeed, we obtain

sup log® ([lv(to — ¢, 01w, )| (B E0)) < log ( sup 61(9tw)9%[o7t0] (X(étcb))(l + Cg))
0<t<to 0<t<to
+ty sup (72(0tw).
0<t<to

So, it is enough to prove that supg<;<y, Hy(ﬁtw),y(c9,5(,u))’HD7 is in LP(Q2) for every p > 1.
- - X,«
But again, due to ys(6iw) = Yp,0,0 = Ys+t(w), we obtain (5-17) analogously to (5-16). O

In the next theorem, we use our previous results to obtain the existence of Lyapunov exponents
for the random dynamical system constructed from the linearization of the non-autonomous
rough partial differential equation (RPDE) along a stationary point.

Theorem 5.20. ([BGVS25, Theorem 5.10]) We assume that the same conditions as in
Proposition 5.19 are satisfied and define

1
D(w) = {az € E, : limsup i log ||Y(t,w,z)||, < )\} ,
t—o00

for X € RU{—o00}. Then, on a O¢-invariant subset of Q with full measure, which is denoted
again by ), there exists a decreasing sequence (X\;)i>1, known as Lyapunov exponents with
Ai € [—00,00), such that lim;_,oo A; = —o0. Moreover, for each i > 1, either A; > Aiy1 or
Ai = Aiy1 = —oo holds. For every i > 1 with A\; > —oo, there exist a finite-dimensional
subspace ' C E, with the following properties:

i) Every J! is invariant, this means that ¢ (t,w, #!) = ,%”eiw holds for all t > 0.
ii) There exists a splitting of E,. Indeed, we have 9\, (w) = E,, and H DY\, (W) =D, (W)
for each i. In particular, for every i we have

Ea = @ %j@g)\l+l(W)

1<j<i

iii) The spaces H are fastly growing, in the sense that for each h € A we have

.1
Jim - 1og (¢, )l = A
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and )
Jim 10g [0, B, =

Proof. For every to > 0 we can construct a discrete time random dynamical system
( Zto)neN,weﬁ' Due to the bounds (5-16) and (5-17), (w(nto,w,-))neNMEQ satisfies
the integrability conditions of the multiplicative ergodic theorem obtained in [GVR23,
Theorem 1.21], which proves the statement for the discrete time random dynamical
system. The extension of this result to the continuous time setting, this means, for
(w(t,w, )) 150.0eQ follows by standard arguments, see |[LL10, Theorem 3.3| for more details

on this procedure. O

Remark 5.21. i) Further sign information on the Lyapunov exponents yields the existence
of invariant manifolds for the random dynamical system generated by (RPDE). This
contains, for example, stable manifolds [BGVS25, Theorem 5.17] and similarly unstable
or center manifolds.

ii) A further result, which is not expanded further here, is the independence of the Lyapunov
exponents from the index a. In particular, it can be demonstrated that the Lyapunov
exponents from Theorem 5.20 remain unchanged when FE, is substituted for E,, g, as
outlined in [BGVS25, Theorem 5.14].

5.2.2 Applications

We can now apply the above results to similar examples as we have already discussed in
Section 3.3 and Subsection 5.1.4. Therefore, we do not repeat the examples of parabolic partial
differential equations as in Subsection 3.2.1. Instead, we focus on an equation with boundary
noise, where we prove the existence of a stationary solution and Lyapunov exponents.

Let O C R™ be an open bounded domain with C*°-boundary and consider the semilinear

parabolic evolution equation with multiplicative rough boundary noise in E := L2(O) given
by

D — i
{8tyt Ayt in O, (5-23)

By: = G(t,yt) %Xt on 00.

Here, X is a y-Holder rough cocycle which satisfies Assumption (IN) with v € (1/3,1/2] and G
a time-dependent nonlinearity. Furthermore, A is a formal second order differential operator

in divergence form with corresponding Neumann boundary conditions B given by (5-12) and
define the E-realization of (A, B) by A: D(A) C E — E with

D(A) = {u e H**(O) : Bu=0}

and (Fq)acr the respective fractional power scale as in (3-18). To keep the analysis as simple
as possible, we work in L?(0O) although it is possible to treat (5-23) in LP(QO). In this case,
it is possible to verify (A1)-(A2) for A and (A3) holds trivially. Let (St)¢>0 be the analytic
semigroup generated by A, which is exponential stable

1Sell 23y < Cse™ 4. (5-24)
Then (5-23) is equivalent to the transformed equation

{dy = Ay dt + A1 NG(t,y) dXq, (5-25)

Yo € Ee—l:
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as seen in Section 3.3. We further define the extended probability space Q = Q x Y., where
Q is the probability space associated to X (@) and X the symbol space associated to the non-
autonomouous terms F' and G. Similar to Subsection 3.5.1, we consider the linearized rough
partial differential equation along the path component y given by

dZt = AZt dt + A€,1,7ND2G(t, yt)zt dXt((:})

The solution operator of the linearization generates a random dynamical system .
Lemma 5.22. We assume that the diffusion coefficient G is bounded and satisfies (Gn), and

that A has a compact resolvent. Then 1 is a linear, compact random dynamical system.

Proof. Since A has a compact resolvent we conclude that the embeddings Eg — FE, are
compact for § > a, see [Ama95, V.1.5.1]. Then the claim follows using the smoothing
properties of the semigroup and compactness of the embeddings E, . — F, for € > 0, as in
Lemma 5.18. O

To apply Theorem 5.20, we have to linearize (5-25) along a stationary solution. In the
following, we establish such a solution for the rough evolution equation (5-25), where X :=
B= (B , IB%M’) is the It6 Brownian rough path, which satisfies assumption (IN), see Subsection
2.2.2. It is known that the stationary solution of the linear stochastic partial differential
equation driven by a Brownian motion

dZy = AZ; dt + dB;

is given by the stationary Ornstein—Uhlenbeck process

t
Zy :/ St—r dB;.

Consequently, we would expect that a stationary solution of (5-25) has the form

¢
Y = / St—r A1 NG(r,y,) dB,.

To prove this, we first note that the rough convolution coincides with the stochastic
convolution defined in the It6 sense, which was shown in Lemma 2.46. In particular

t t
/ St—r A1 NG(r,y,) dB, = / St—r A1 NG(r,y,) dB;, (5-26)
0 0

holds almost surely.

Remark 5.23. The same statement as in (5-26) holds also, considering the Stratonovich lift
(B,B5"at) of the Brownian motion. Likewise, all the following statements remain true for
(B,B5at) instead of (B,B?).

The two sided Brownian (B;)icr is adapted to the two-parameter filtration (.7-';)8 -, given by
Fli=0(B,:s<r<t)andset F =o0(U,, FL).

Lemma 5.24. Let the same Assumptions as in Lemma 5.22 be fulfilled, and assume further
that

CsCq
— | Acm1 |l ez ) Wl ez <1
V2 4
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holds. Then there exists a stochastic process y : R x Q — FE._1 adapted to (Hoo)te]R given by

t
Yt = / St—rAg—l—nyG(r7 yr) dBT
Proof. For t € R we define the map I' : A — A

t
F(y)(t) = / St—rAe—l—’yNG(ru yr) dBy,
where

ye A= {y: R x Q — E._1 :y is continuous, (‘Fioo)teR

1

adapted, sup E[ [31]”_,]* < oo},
teR

Due to an inequality similar to the Ito’s isometry for UMD spaces [vNVWO07, Corollary 3.10],

which is applicable since every Hilbert space is a UMD space as well as (Gn) and (5-24) we

obtain

t

E[IP@) 0], ] <E [/ 1St Acm1 NG (r, )12, d"”}

—0o0

t - 0 -
</ 672(2&771))\‘4 dr :/ 62)\Ar dT‘,
—00 —00

meaning that I'(y) € A holds for every y € A. In addition, we have

t

E[ID)(®) - @O <2 [ (1S AN (G - G, ]

CECE
25\,4

<

~ 2
HAeflwa%(EE;Ee,l)||NH%(E€,1;E€) SIEIIIR?E[ lyr — yr||5—1]
T

for every y,g € A. Applying Banach’s fixed-point theorem [vN22, Theorem 2.13|, we infer
that there exists a y € A such that I'(y) = v. O

It only remains to show that (Y,,),ecq, defined by Y, = yo(w), satisfies the integrability
condition (5-15), where y is the fixed point obtain in Lemma 5.24.

Lemma 5.25. Let the same Assumptions as in Lemma 5.24 be fulfilled. Then, the random
variable (Y,),eq is stationary with respect to the random dynamical system ¢ generated by
the solution of (5-25) and fulfills

(W= IYolley) € [ LP().
p>1

Proof. 1t is easy to see that Y fulfills ¢(¢,w,Y,) = Yp,w, which means that Y is a stationary
solution of (5-25). Furthermore, we have

s t
Yt — Ys = / Ss—r(St—s - Id)Ae—l—'yNG(Tu yr) dBr + / St—rAe—l—’yNG(Tu yr) dBr:

for s <t. Using again [vNVWO07, Corollary 3.10] and (Gn) we obtain

2
E[llye = sl ] S (2= 9)™,



142 Chapter 5. Long-time behavior of rough evolution equations

for m € N and s < t. The exponential stability of the semigroup assumed in (5-24) further
leads to E[||yoll._;] < oo. Therefore, Kolmogorov’s continuity theorem [Kun90, Theorem
1.4.1] entails that yo € L™(Q; Ec_1) for all m € N, which proves the claim. O

Finally, the following theorem summarizes the above considerations.

Theorem 5.26. Let the same assumptions as in Lemma 5.24 be satisfied. Then there exists a
sequence of Lyapunov exponents (N;)i>1 for (5-23), which fulfill the properties from Theorem
5.20.
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CHAPTER 6

RANDOM ATTRACTORS USING
PATHWISE MILD SOLUTIONS

This chapter is based on a collaboration [BSST25| with Alexandra Blessing, Stefanie Sonner
and Bao Quoc Tang.

In the final chapter of this thesis, we focus on a different solution concept for stochastic
differential equations, which does not utilize the theory of rough paths. This is because we
now consider equations where the linear part is also random, not just time-dependent. More
precisely, the focus is on the following stochastic evolution equation

dy = (A(t,w)ys + F(ye) + f) dt + odBy, (6-1)

where (Bi);>0 is an infinite-dimensional Brownian motion on a filtered probability space
(Q,f, P, (ft)tzo), o > 0 denotes the intensity of the noise, (A(t’w))teR,weQ is a family of
random, time-dependent operators, F' a nonlinear drift term, f a given external force and the
initial datum g is Fp-measurable.

To capture the asymptotic behavior of (6-1), we again rely on the random dynamical system
approach. Since the linear part is now also random, this requires the following structural
assumption

A(t,w) = A(w),

forall t € R and w € €2, where (Q, F,P, (Qt)teR) is an ergodic metric dynamical system. With
a slight abuse of notation, we use the same notation as for the filtered probability space of
the Brownian motion, except in the proof of Theorem 6.6, where we highlight the filtered
probability space in particular. This property ensures that the random parabolic evolution
family (.5’1578((;J))t237w€Q generated by the family of operators (A(t, w))teR’weQ forms a random
dynamical system.

Formally, the mild solution of (6-1) is given by the variation of constants formula

= Sialehn+ [ Sun @) (F () + f) dr 4o (/ Sialw) 18.) ()

However, the stochastic integral is not well-defined due to the randomness of the evolution
family. In particular, to define the stochastic convolution as an It6 integral, the integrand
has to be Fs-measurable, which is not in general true for the random evolution family. This
problem can be resolved by formally applying integration by parts, which leads to the following
pathwise representation formula

Yt = Sto(w)yo + 0St0(w)Bi(w) ‘1‘/0 St,r(w)(F(ys) + f) dr

o /0 Ser (@) A(r,w) (By(w) — By(w)) dr.
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The key advantage is that it is not necessary to define any stochastic integral to use this
representation. A process satisfying (6-2) is called a pathwise mild solution of (6-1), which
was introduced in [PV14]; more information on this subject is given in Subsection 6.1.1.

The existence and uniqueness of pathwise mild solutions for stochastic parabolic equations
of the form (6-1) with globally Lipschitz continuous nonlinearities F', and more general noise
terms is the content of [PV14]. These well-posedness results for pathwise mild solutions are
applied in [KNS21]| to investigate the existence of global and exponential random pullback
attractors for the problem (6-1) with a globally Lipschitz nonlinearity F'. Recently, this result
was extended to locally Lipschitz continuous functions [BSST25|, which is the main topic of
this chapter.

The fact that F' is only locally Lipschitz continuous causes some problems. To be precise,
we cannot use a-priori estimates of the solution directly to obtain global well-posedness. To
circumvent this, we will employ a bootstrapping method introduced in the deterministic case
by [BCNS22| and extend it to a setting with random non-autonomous generators and infinite-
dimensional additive noise. This approach heavily relies on the construction of an Ornstein—
Uhlenbeck process, which is tempered in certain regular function spaces, see Subsection 6.1.2.
This is the main difference from the approach used in [KNS21|. Due to the global Lipschitz
continuity of F', the authors achieved global solvability without the need for a transformation.
In addition to proving the existence of an attractor, the stochastic variant of the bootstrapping
method in [BCNS22] is another important result and also an interesting insight in its own
right.

To the best of our knowledge, [KNS21, BSST25| are the only works that address random
attractors for stochastic parabolic evolution equations of the form (6-1) using the concept of
pathwise mild solutions. On the other hand, a vast literature exists on random attractors for
stochastic reaction-diffusion equations driven by real-valued additive or linear multiplicative
noise; see, for example, [BLW09, GW20, Tan16, CSY15, LCK17| and the references therein.
These works heavily rely on the standard approach to prove the existence of random
attractors, where a finite-dimensional stationary Ornstein—Uhlenbeck process is used to
transform the stochastic problem into a partial differential equation with random, non-
autonomous coefficients as in Subsection 4.2.3. For infinite-dimensional additive noise, the
existence of random attractors for reaction-diffusion equations has been obtained in [CW25]
using mean random dynamical systems, instead of a pathwise approach as presented here.

Several dynamical aspects have been investigated for random evolution equations without
noise, meaning (6-1) with ¢ = 0. For instance, principal Lyapunov exponents and Floquet
theory were analyzed in [MS03, MS08, MS13|, stable and unstable manifolds in [CDLS10],
and the multiplicative ergodic theorem in [CDLS10, LNS18|.

6.1 Abstract setting

In this chapter, we work with the metric dynamical system established in Example 4.5
restricted to the situation of Lemma 4.7. Therefore, (0;)icr is the Wiener shift and (Q, F,P)
is the probability space associated to the &-valued Brownian motion (By)ier, such that
Bi(w) = wy for every w € Q. Further note that all elements w € 2 have sublinear and
subexponential growth, and are locally Holder continuous, as stated in Lemma 4.7.

6.1.1 Pathwise mild solutions

To treat the random linear part, Assumption (A) must be modified in a similar way to [PV 14]
and [KNS21|. Therefore, let £ be a separable, reflexive Banach space of type 2, which means
for example £ = L2(0).
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(A1) The operators A(t,w) are closed and densely defined with fixed domains, i.e. Dy =
D(A(t, w)) for every t € R,w € ). Furthermore, they have bounded imaginary powers.
(A2) There exists a ¥ € (7/2,7), such that $oy U {0} C p(A(t,w)) holds for all t € R,w € Q,
where p denotes the resolvent, and there exists a constant M > 0 such that

— A(t, _1H <
H(Z (t.w) £EE) ~ 147
_ holds for every t € R,w € Q and z € X9 U {0}.
(A3) There exists a constant v € (0, 1] such that

IAG,w) = Als, @)l £(p ey < Clw) [t = s]” (6-3)

holds for every t,s € R,w € Q and some mapping C: Q — [0,00) which is uniformly
bounded.

(A4) There exists a constant v* > 0 such that the adjoint operators (A*(t,w))teR’weQ
satisfy (6-3) with exponent v*.

(A5) The mapping A: R x Q — £(Dy; &) is strongly measurable, adapted and for every ¢ €
R,w € Q the operator A(t,w) has a compact inverse.

(A6) For all t € R and w € Q the structural assumption A(t,w) = A(f;w) holds, with slight
abuse of notation.

The Assumptions (A1)-(A3) are similar to the ones imposed in (A) but adapted to the
random setting. The uniform boundedness of the random constant C'(w) in Assumption
(A3) can be removed by a localization argument; we refer to [PV14, Section 5.3] for more
details on this procedure. Assumption (A4) is used in Lemma 6.3 to provide refined
smoothing inequalities. (A5)-(A6) are necessary because the generators depend on the
random parameter w. In particular, the structural dependence in (A6) is essential to show
that the problem generates a random dynamical system. We say that (A(t,w)) teR weQ

satisfies Assumption (A) if it satisfies (A1)-(A6).
Similar to the deterministic case in Theorem D.1, it is possible to show the existence of a
parabolic evolution family, which is now random. Let £ be an UMD space. For more details

on UMD spaces see for example [HYNVW16, Chapter 4]. For our purposes it is enough to
know that every Hilbert space is also an UMD space [HYNVW16, Proposition 4.2.14].

Theorem 6.1. ([PV14, Theorem 2.2, Proposition 2.4]) Assume that (A(t, w))teR wen
Assumption (A). Then there exists a unique parabolic evolution family S: Ag x Q — L(£;E)
which is strongly measurable in the operator topology and satisfies the following properties:

i) Sti(w) =1dg for allt > 0,w € Q.
ii) For all0 <r <s<t,we N we have

satisfies

St.s(W)Ssr(w) = Sppr(w). (6-4)
iti) For all s <t the formula

d

—Sts(w) = A(t, w) St s(w)

dt
holds pointwise in Q.

iv) S..(w) is strongly continuous for every w € Q, and Sy 4(-) is strongly F;-measurable in the
uniform operator topology for every t > s.

For 3 > 0, we denote the fractional power spaces by £z := D((—A(t,w))”) endowed with the
norm

lalls = llallg, = ||(= At.w)) .
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and by £_3 the completion of £ with respect to the norm

lall_s = llalle_, = || (- Att.w)) 2] .

Since we assume that A(t,w) is densely defined, all fractional powers A(t,w)? are also closed
and densely defined; for more information, see the Appendices B and C.

Remark 6.2. In Assumption (A1), we impose that the domain of A(f;w) is independent of
t and w. In general, this does not necessarily hold for the fractional power spaces. However,
since we further assume that the operators A(f;w) have bounded imaginary powers, the
fractional power spaces can be identified using complex interpolation. Therefore, we obtain
Ea = [€,Dala = D((—A(bw))*) for any o € (0,1) due to [Ama95, Theorem V.1.5.4]. In
particular, the spaces &, do in fact not depend on t and w. This is similar to Remark D.2.

Note that we can also transfer the results from Theorem D.3, Corollary D.4, and Remark
D.6 to the random case. For this, we also assume an exponential stability of the parabolic
evolution family.

(Ag) The evolution family is exponentially stable. This means that there exists Aa>0,C5>0
such that

[|St,s(w) ||g(g;g) < CSeiAA (tis)a (6-5)

holds for all £ > s and w € Q. We can fix a Ay < A4 to obtain smoothing and exponential
decay simultaneously as in Corollary D.4.

Lemma 6.3. ([PV14, Lemma 2.6, 2.7]) Let the Assumptions (A) and (Ag) hold. Then for
every t > 0 and w € Q the mapping S¢.(w) € Cl([O,t); E(S;S)) satisfies

d
gst,s(w) =-S5t s(w)A(s,w)z,

for allx € Dy. Moreover, for o € [0,1] and B € (0,1) we obtain

a - e—)xA(t—S)
H( — A(t,W)) St’S(W).fUHS S CQW HHZ’HS y WS g, (6-6)
- —)\A(t—s)
1S, (w) (= A(s,0)) x| ¢ gcae(t_is)anxug, z €&,

e*)\A(tfs)

[ (= At0)) ™ 81aw) (= Al )], < Capir— 5= el

x € &g, (6-7)

fort>s and w € Q. In particular, we have, similar to Remark D.6, an unique extension of
Stjs(w)( — A(s,w))a

to a bounded linear operator on € as well as an unique extension of S s(w) to a bounded linear
operator on E_, for o € [0, 1].

Keeping this in mind, the mild formulation corresponding to the linear part of (6-1) is formally
given P-almost surely by

= Sl +o ( [ Sualw) 8.) (v
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for every ¢ > 0. As in (6-2), this is equal to

t
Yt = Sto(w)yo + 0S¢ 0(w)By — 0/ Sts(w)A(s,w) (B — By) ds, (6-8)
0

using integration by parts. Note that the integral in (6-8) is well-defined due to the Holder-
regularity of the Brownian motion (B;);>¢ which compensates for the singularity arising from
the estimate ||S s(w)A(s,w)| ze.6) S (t— ). To shorten notations, we set

h(t) = 0S40(w)Bs — /0 Spa(w)A(s, ) (By — By) ds. (6-9)

Definition 6.4. Let a € [0,1). A local pathwise mild solution for (6-1) is an £,-valued process
y together with a stopping time 7 such that P(7 > 0) = 1 and for every ¢ > 0 the identity

v = Suo(w)yo(w) + 0S0(w)Be + /0 S14() (F(ya(w)) + f) ds
— 0/0 St.s(w)A(s,w) (Bt — BS) ds

holds P-almost surely on the event {t < 7}. Moreover, if 7 is a stopping time such that 7 < 7
almost surely and the corresponding solution satisfies 7(¢t) = y(¢) almost surely on {t < 7},
then the pair (g, 7) is also a local solution and (y, 7) extends (g, 7). Finally, (7, 7) is a maximal
pathwise mild solution if on the set {7 < oo} one has 21_1;1% I7;]la = oo almost surely and there

exists a sequence (Y, 7,) of local mild solutions with increasing stopping times 7,, such that
T = sup 7, almost surely and (7,7) extends each of the local mild solutions (yn,7,). The

n
pathwise mild solution is globally provided that 7 = oo almost surely.

The structural assumption A(t,w) = A(fw) on the generators allows us to prove that the
corresponding evolution family generates a random dynamical system.

Theorem 6.5. ([KNS21, Theorem 3.1]) Let the Assumption (A) hold and S : Ag x Q —

L(E;E) be the evolution family generated by (A(Htw))teR weq- Then

S:[0,00) x QA xE—=E, (t,w,z) = So(w)x
1s a random dynamical system.

Proof. We only give a brief argument to emphasize why the structural assumption on the
random generator is required. First, observe that

StJrs,s(W) = St,O(esw)

holds for ¢,s > 0 and w € Q. Intuitively, this means that starting at time s on the w-fiber, and
letting the system evolve for time ¢, is the same as starting at time 0 on the shifted 0 w-fiber
and letting ¢ time units pass. On the level of generators, the evolution operator Sy, s(w) is
obtained from A(fw) and the evolution operator S¢o(fsw) from A(fi—s o Osw). Due to the
group property of the metric dynamical system 6, these generators are the same. Together
with (6-4), this results in

§t+s (w) = gt(esw)gs (w),

for every t,s > 0 and w € 2. Hence, S fulfills the cocycle property, and the measurability can
be shown using the properties of Theorem 6.1. OJ
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The local-in-time existence of a pathwise mild solution for (6-1) can be shown following the
proof of [Hai23, Theorem 7.8|, which relies on Banach’s fixed-point theorem and subtracting
the modified stochastic convolution h in (6-9). This argument is simpler than the setting
in [PV14, Theorem 5.3] due to the additive structure of the noise. They can consider more
general noise terms, but the nonlinearity is globally Lipschitz, which we do not assume in this
case.

In order to distinguish the filtered probability space from the metric dynamical system, it is
denoted by (ﬁ, 3, P, (ft)tzo) for the following theorem.

Theorem 6.6. Let a € [0,1/2), f € &, and (A(t,cu))tE]RwEQ

Assumption (A). Assume that yo(w) € Eq is Fo-measurable and that the modified stochastic
convolution h in (6-9) has P-almost surely continuous sample paths in E,. Furthermore, let
B > 0 be such that o+ B < 1 and assume that the map

a family of operators fulfilling

F: 5& —>5_5,

18 Lipschitz continuous on bounded subsets of £, and grows at most polynomially, i.e. there
are constants R > 0,L = Lr > 0, Cp > 0 and ny > 1, such that the

[F(u) = F()ll-p < Lllu = vlla, |ulla, [[v]la < R,
|F(u)||-s < Cr(1+ [Julz), u € &,,

holds. Then (6-1) has a unique mazimal pathwise mild solution y € C([0,7);Ey). Moreover,
this solution exists globally provided that ||yt||o < C for all t > 0.

Proof. We fix a sufficiently small terminal time 7" > 0 and apply Banach’s fixed-point theorem
to the mapping ®: C([0,7]; Ex) — C([0,T]; E4) given by

(®(w) (1) = / Sts(@) (F(u(s)) + £) ds + g(t),

with ¢t < T, where

g(t,w) = Sio(w)yo(w) + 0 Sto(w)By — 0'/0 Sty (W)A(r,w) (B — By) dr
= Sro(w)yo(w) + h(t,w)

has P-almost surely continuous paths in &, due to our assumptions. Therefore, g(-,w) €
C([0,T); &) for all w € Q up to a null set Ny. Let c¢: Q x [0,T] — [0,00) be defined by

sup Hg(saw)Hav we ﬁ\ No,
c(t,w) = { s€[0,¢]

0, w € Ny.

We observe that c(-,w) is continuous and increasing in ¢. Furthermore, we define d: Qx[0, T] —
[0, 00) by

d(t,w) = max {6067/3[/6(15@)4—1’ 5@,50F(1 + (1 + c(t,w))™™ + ||f|!a)} ,
where ||Sts (W)l e ge.) < 5,175(15 — 5)~(@*5) and the constant 5a,5 is uniformly bounded in
w by (6-7) and Assumption (A3). By definition, d(t,-) is F;-measurable for every t € [0, T].

Therefore, 7: Q — [0, T] given by

7(w) = inf {t € [0,7] : 1= @A d(t, w) > 1/2} ,
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is a stopping time, where we set inf () := T'.

Let w € Q\ Ny and t < 7(w) which implies that t'~(“*#)d(t,w) < 1/2. We further consider
the set

PB = {u € C([0,t]; &) = sup |lu(s) — g(s)|la < 1}

s€[0,¢]

and show that @ : C([0, t]; E4) — C([0,t]; £4) leaves £ invariant and is a contraction. To verify

the invariance, let u € . Then we obtain sup ||u(s)|o <1+ c(t,w) as well as
s€[0,t]

Sil[a]ll(q’(U)(S)) —9(5,w)la < sil[lol,)t]/o 1S5 (@)l 2e_ i || (ulr)) + f]| g dr

< CCyy sup / (s — )~ @O AA6= (1 4 lu(r) e + ||f]la) dr
s€[0,¢] JO

< CCp sup / (s — 1)~ (1 4 Ju(r) |2+ flla) dr
s€[0,t] JO

~ 1
< OpCopt' ™ (14 (14 c(t,w)™ + || flla) < 5

which shows the invariance of 4.

For u,v € # we obtain
@)@ = @), < [ 15@)(Fu(s) = Fee)],
< /0 1Ses(@) c(e_ ey 1F(u(s)) — F(u(s))]_p ds
< Cus [ (=9 D Pu(s) = F(u(s))]-5 ds
< CapLisetea [ (6= @ Pus) ~ v(s) o ds

by using that F' is locally Lipschitz continuous. This implies that

. [(@(w))(s) — (@) (s)], < '~ TDd(t,w) s lu(s) = v(s)]la

1
<5 sup flu(s) = v(s)lla,
s€[0,t]

proving the contraction property. Therefore, Banach’s fixed-point theorem [vN22, Theorem
2.13] yields the existence of a unique pathwise mild solution (y,7) which belongs to &,.
Iterating this argument entails the existence of a maximal pathwise mild solution (y, ), and
obviously, if the solution does not explode in finite time, it exists globally. O

Remark 6.7. We apply the abstract setting of Theorem 6.6 to reaction-diffusion equations
in Section 6.2 with & = L2(0), a = 1/2 — ¢ for ¢ € (0,1/2) and 8 = s/2 for s € [0, 1).

The global existence, i.e., 7 = oo, holds almost surely and is shown under additional
dissipativity assumptions on the nonlinearity F' at the level of the random partial differential
equations similar to [BLWO09, Section 3| and [BCNS22|. Subsequently, we prove that
the reaction-diffusion equation generates a random dynamical system and investigate its
asymptotic behavior in Section 6.2.
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6.1.2 Temperedness of an Ornstein—Uhlenbeck-type process

In this subsection, we investigate the properties of a stationary Ornstein—Uhlenbeck process.
This process is defined as the solution of the following linear problem with random non-
autonomous generators
dZ(t,w) = A(Qtw) (t,w) dt + dwy, (6-10)
Z(w) = Z(0 f So,r (W) A(Oyw)w, dr,

where (S; s(w))s<tweq is the evolution family corresponding to the operators (A(t, w))teR wen:

For the initial condition for Z we would expect Z(w f So,r(w) dw,. However, as in the
previous subsection, the integral is not well- deﬁned due to the w-dependence of S. Hence,
similar to the definition of pathwise mild solutions, we formally apply integration by parts
and obtain

/ Sor(w) dw, = hm < S0,0(W)w—q / So,r (W) A(Orw)wy dr), (6-11)

where the limit is taken in £. The first term converges to 0 due to the exponential decay of
the evolution family and the subexponential growth of w, which means

150,~a(@)w—allg < Cse™ 4% w_llg < Cscce 479 =0

as a — oo for € small enough, see Remark 4.8. The second term in (6-11) is well-defined due
to the sublinear growth (4-6) of w which for —r > Tj(e,w) implies that

- e)\AT _
IS0, (w)ABrw)erlle < Cr—- lrlls < e

Hence, the right-hand side of (6-11) is well-defined and converges to the Z(0,w) given in
(6-10).

The pathwise mild solution of (6-10) is then given by

Z(t,w) = Sto(w)Z(w) + Sto(w)wr — /0 Str(wW)AOrw)(wr — wy) dr (6-12)

for t > 0. Further, we obtain
t 0
Z(t,w) = wy + / Str(w)A(Orw)w, dr = wy +/ Strit(W)A(Orprw)wyie dr

0
=w; + / So,r(0rw) A(6y 0 Orw) (O, + wy) dr
.
= / So,r(Orw) A(0, 0 Oyw) by, dr,
which is well-defined for every t € R. Therefore, we define the Ornstein—Uhlenbeck process

as (t,w) — Z(Ow) = Z(t,w).

Lemma 6.8. The Ornstein—Uhlenbeck process Z is stationary and tempered in &.

Proof. For every t,s € R and w € {2 we have

t+s
Z(t + s,w) = Wt+s + St+57r(W)A(9rw)w7‘ dr

— 00
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t
= Oswi + ws + / Stpsrts(W)A(Orsw)wypis dr
¢
= Qw; + / Str(0sw) A0, 0 Osw)bsw, dr = Z(t, 0,w).

For k € N and t,t1,...,ts € R set Zy, .4 = (Z(t1,"),...,Z(t,")). Then the (6;)icr-

invariance of P implies that
P(Zt,+t,.. it € O) =P(Zyy,..,(00) € O) =P(Zy,..1,, € O),

holds for any O € B(E¥), which shows that Z is stationary.

To verify the temperedness, we use the sufficient condition (4-10). The representation of the
Ornstein—Uhlenbeck process in (6-12), together with (6-5) leads to

E| sup |Z(0w)]s| < CsE[[1Z(w)]s] + CE | sup Hthg]
tef0.1] te(0,1] (6-13)
sup /stT ) (wr — wy) dr ]
tEOl £

To estimate the first term, we use the sublinear growth of the noise. In particular, for
weNe<Ag,a>0and r < —Th(w), we obtain

10, —a(W)w—alls < Cse 4% w_g]|g < Cgcee™®Pae),
~ 6>\A7’ A ~
150,r (@) A(rw)wrllg < Cr—r [lwr[lg < e™47eCh.

These estimates allow us to bound the first term in (6-13)

0
E[[|Z(w)|¢] < lim <E[|]—Soya(w)w_a|]g] +E [H 3 So,r(w)A(Orw)w, dr

a—r00

D ~
< lim <Cscge_“()‘f“_a)+/ My dr)

1)

a—00
1— —Aaa _ 1 ~
= lim CSCEG_G(AA_E) + 67016 = —Cle < 00.
a—00 )\A >\A

The second term can be estimated by Doob’s maximal inequality [RY99, Theorem I1.1.7], since
(llwelle), cg 18 a positive submartingale. In fact, using that (w;)ier is an £-valued martingale
implies that

2
E ! sup Hwt\g] SE <sup rwtug> SE [Jerl?],
te(0,1]

te(0,1]

due to the embedding L?(2) < L!(2). Hence, this term is finite due to (4-5). The last term
in (6-13) can be estimated using the Holder continuity of the noise, see Lemma 4.7 ii), which
yields

- t e*/\A(t*T)
sup / Spr(W)A(Orw)(wr — wy) drl| | < CLE | sup / —— vt —wrllg dr
t€[0,1] < tejo1]Jo  t—T
_ t
< GiE | |wlly g0.1] sup / e A=) (g p)11 dr]
t€[0,1] J0
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< CCLE[|wll, e p04y] < CC1E[e1(w,7,0,1)] < o0
where the integral is finite due to v —1 > —1. 0l

This result can be generalized to fractional power spaces, which is needed in the following
section to show the global solvability of (6-1) and the existence of an attractor.

Proposition 6.9. For all § € [0,1/2), the stationary Ornstein—Uhlenbeck process
Z:RxQ— &, (t,w) = Z(bw)
s tempered.

Proof. In comparison to the proof of Lemma 6.8, we need to change the interval in the
sufficient condition (4-10) to take into account the singularity of e=*4*~=# in 0. Consequently,
we obtain

E +E

te[l,2]

sup HSt,O(w)thg]
te(1,2]

J

, we can estimate the terms similarly to

sup IIZ(Gtw)Hgl <E[SHD 1St0(w)Z(w)llg
tel12] (6-14)

sup
te[l1,2]

/ St (@) A(Br0) (e — w,) dr

Since &g is endowed with the norm ||(—A(6w))?-| P
the proof of Lemma 6.8. In fact, (6-6) implies that

—Aat

| (40w Si0@)2w)|), < Cs"5— 12

and since sup¢y g e Mt—B — ¢~ the first term in (6-14) is bounded by

< Cpe™ME[||Z(w)]¢] < oo,

E [ sup |[Sto(w)Z(w)|

te(1,2]

where E[ || Z(w)]|¢ ] < oo as in Lemma 6.8. For the second term in (6-14) we use again Doob’s
maximal inequality [RY99, Theorem II.1.7] and the ~-radonifying property (4-5) to conclude
that

2
< Cge ™ ME (sup leb)

§6/36_AAIE sup ||wel| g
t t€(0,2]

)

E [ sup || St0(w)wt|5
te(1,2]

S Cpe™ME [|lwn?] < oo

To estimate the last term in (6-14), we recall that we can extend the inequalities (6-6)-(6-7)
to all € £, see (D-6). Therefore, we obtain

ISt (@) A@rw) e = )l < [|S, 150 @)

L(&:€p)

= N g = t—r —B A =r t—r -1
< Cglre ™2 ( — e | 5 lwe — wrl¢

6—)\A(t—r)
(t — T)1+ﬂ7’y

< 27wl g 0.9 C5Ci
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for 0 < r < t. The resulting integral is finite if and only if v — 1 — 3 > —1, which means that
for § < v < 1/2 we have

sup / Str(w hw)(wp — wy) dr ]
te(1,2] B
o t —Aa(t—r)
< 2PCsCLE sup ||lw / S
B relL2] || ny,g,[(),t} 0 (t _ T)1+,57'y
R pepe t —Aa(t—r)
< 21003 R | ||w sup / 15 dr
BCHE | wll, £ 109 oo Jy T
< 21H0C,C0E| ol g09] S 2148 CHC1Ee1 (w,7,0,2)] < oo,
where we used again Lemma 4.7 ii). O

Combining Proposition 6.9 with Sobolev embeddings from Proposition A.10, we finally obtain
the following properties of the stationary Ornstein—Uhlenbeck process Z.

Corollary 6.10. Assume (E1)-(E2). The process Z: R x Q — Eg is tempered for any
B € 10,1/2). Consequently, Z is tempered in LI(O) where ¢ = oo if n =1, 1 < ¢ < o©
arbitrary if n =2, and 1 < ¢ < 2” arbitrary if n > 3.

The temperedness of Z can be generalized even further if the underlying Brownian motion is
more regular in space. To see this, assume that the noise is an &,-valued Brownian motion
using now a -radonifying operator G: 5 — &, with values in &, instead of £. Let Q, C
Co(R; &) be the set such that (4-6) and (4-7) are satisfied for an &,-valued Brownian motion
endowed with the respective o-algebra X, := B(C’o(]R; €a)) N, and let P, be the restriction
of Py to Fy.

Lemma 6.11. For all o € [0,1] and B € [a,a + ), the Ornstein—Uhlenbeck process
Z R x Qa — 55
1s tempered.

Proof. We observe that

E | sup ||Z(9tw)H5] [Sup [Sto(w)Z(w)[5| +E | sup |[[Sto(w )wt||g]
te(l1,2] te(1,2] te(1,2] (6—15)
sup / Str(w hw)(wp — wy) dr ] i
te[1,2] B

The first two terms can be estimated exactly as in the proof of Corollary 6.9 using that
Ea — €. Therefore, we only need to estimate the last term. We have

ISt (@) ABr) = wr)llg < ||y 5 @), o ||Sge.r (DAY @1 = )]

L(E:Ep) H 2
< Che a5 (t 3 7”) - ‘ Sexr (@) (= A(Bw))' ™ (—A(Bw))* (@i — wy) .

—-B —1l4a
I e [t
< 01301—(16 Aag < 9 > € A4 ( 2 > Hwt - era

e—Aa(t—r)
(t — 7*)1+/B_Q’_77

< 2wl n o.:6) CHC1—a
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for ¢ > r, where we used that the norms in the fractional power spaces are equivalent for
t € [1,2], see Remark 6.2. Therefore, all terms on the right-hand side in (6-15) are finite, i.e.,
Z: R x Qy — &3 is tempered. O

6.2 Random attractors for reaction-diffusion equations

In this subsection, we analyze a concrete reaction-diffusion equation. Before addressing the
global well-posedness and the existence of an attractor, it is necessary to establish first the
framework in which we operate.

Let O C R™ be a bounded domain with C*-boundary 00O, E := L?(O) with the inner product
(,-) = (-,-)g and we consider the equation

{dyt(w) = (A(t, )y (W) + F(ye(w)) + f)dt + o dBy(w), i O, (6-16)

ye(w) =0, on 90,

with initial condition yg for w € Q,t > 0, where (By)ier is the E-valued Brownian motion
introduced in Example 4.5 and A is a second-order differential operator in divergence form
given by

At,w,z) = Z diaij(t,w,x)0; ==V - (a(t,w,z)V),

ij=1
with diffusion matrix a: [0,00) X © x O — R™ ™. This random diffusion matrix a satisfies

the following ellipticity and structural assumptions.

(E1) The random matrix a: [0,00) X 2 x O — R™*" is symmetric, bounded, Holder continuous
in ¢ with exponent v € (0, 1] and continuously differentiable in z, uniformly with respect
to the remaining variables. Further, we assume uniformly ellipticity, which means there
is a ¢, > 0 such that

§Ta(t,w,x)§ 2 Ca|§|2

holds for every (t,w,z) € [0,00) x Q2 x O and £ € R™.
(E2) We have a(t,w,-) = a(biw, ) for all (t,w) € R x £, with a slight abuse of notation.

The corresponding fractional power spaces are again defined through interpolation of £ and
E1 = {u S H2’2(O) : u’a(g = 0},

and denoted by (Ep)ge[1,1- Note that in this case we can identify Ei;, = Hj(O) and its dual
space as E_i/, = H~1(0), see Proposition A.11. We now define the operator A(t,w): Eyy —
Efl/z by

(A(t,w)u,v) = /OVU ca(t,w,z)Vu dz

for every u,v € Ei/,. In Subsection 6.2.3, we will prove that the operator family satisfies (A)

The growth and dissipativity assumptions on the nonlinearity F', depend on the dimension n
of the domain O.

(F1) The function F: R — R is locally Lipschitz continuous. Moreover, we assume that the
dimension is either n = 1 or n > 2 and there exists a constant Cr > 0 such that

|F(u) — F(v)| < Cplu—v| (!u\p_l + ]v|p_1)
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holds for all u,v € R, where the exponent p satisfies

00 if n=2,

P < Peritical = (6—17)

if n > 3.
n_

(F2) There are positive constants Cp, C; such that
Fu)u < —Colul™ +C; YueR

where p < oo is arbitrary if n = 1 and p satisfies (6-17) if n > 2.

The local Lipschitz continuity and growth assumption in (]?Ll) imply the local existence of
pathwise mild solutions, while the dissipativity assumption (F2) ensures global existence.
Note that for n > 2, the assumption (F1) implies that

|F(u)| < Cp(1+ |ul?)

for all u € R, where we use under slight abuse of notation the same constant as in (f‘2)

Remark 6.12. Due to the noise, the global well-posedness of (6-1) and the existence of the
random attractor are shown under the growth condition (6-17), which is more restrictive than

for deterministic autonomous problems where the subcritical growth assumption is p < %

This assumption only suffices for the local existence of solutions of (6-16). Moreover, we
remark that in [LCK17| even for finite-dimensional noise, the more restrictive condition
p <1+ 4/n was imposed.

Lemma 6.13. Let the Assumption (F1) be satisfied. Then, for any s € [0,1) and ¢ € (0,1/2)
the Nemytskii operator F' given by

is Lipschitz continuous from Eij,_. to E_s, on bounded subsets of Eij,_..

Proof. The lemma follows from the proof of [CLR13, Theorem 12.1|; for the sake of
completeness, we sketch it here.

n = 1: Due to the Sobolev embeddings in Proposition A.10, we obtain
E1/2_€ — C(@)

Since C(O) — L?(0O) is also true, we obtain F: By — E_y, for every s € [0,1). Due
to the local Lipschitz continuity of F', this also holds for F.
n > 2: Due to (F1), we obtain

~ 2 9
(T0) WS S I (6-18)

This means the nonlinearity satisfies F' : L2(0) — L2(0) — E_s,. Now Proposition
A.10 leads to

El/z—a — Lq(O)

2n

for every q < 75, and we end up with F: Eiyy o — L2(0), which proves the claim due
to L2(0) — E_s». O
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We set By(w) = By(-,w), where By(-,w) is the two-sided Brownian motion defined in
Example 4.5. With a slight abuse of notation, we use F' and B instead of F' and B. The
reaction-diffusion Equation (6-16) can then be rewritten in the abstract form

dy;(w) = (A(G:w)ye(w) + F(y(w)) + f) dt + o dBy(w), (6-19)

which, according to Theorem 6.5, generates a random dynamical system ¢.

To establish a global solution, we must also consider the transformed equation. Therefore
recall that the stationary Ornstein—Uhlenbeck process (t,w) — Z(t,w) = Z(6;w), constructed
in Subsection 6.1.2, is the stationary solution of the linear equation

{dZ(Gtw) = A(Ow)Z(6w) dt + dB,(w),
Z(w) = Z(0,w) = [°_ Sor(w)A(Brw)w, dr.

Then define v (w) = y(w) — 0 Z(6w) as the solution of

—vy(w) = A(Ow)vy(w) + F vy + 0 Z(0w)) + f,

(6-20)
vo(w) == yo(w) + 0 Z(w) = yo(w) + o ffoo So.r(w)A(Orw)w, dr,

which means the solution to the original problem can be expressed by (6-19) y:(w) = v¢(w) +

0Z(6;w). Due to the regularity of Z, we expect the solution of the transformed equation v

to have higher regularity. The bootstrapping method introduced in [BCNS22| then yields the

global well-posedness.

6.2.1 Global existence

Due to the time-dependent random differential operators and the only locally Lipschitz
continuous nonlinearity, we cannot directly obtain a-priori estimates for the solution in more
regular function spaces, more specifically, in the fractional power spaces corresponding to
the random non-autonomous generators. Such estimates are essential for the global well-
posedness of (6-19) and the compactness argument, which is needed for the existence of the
random attractor. In order to overcome this issue, we derive a-priori bounds in suitable L/T!-
spaces where p is determined by the subcritical growth of the nonlinearity F'. These bounds,
combined with a bootstrapping argument based on the regularizing property of parabolic
evolution families, will entail a-priori estimates of the solution in more regular spaces, similar
to [BCNS22| for deterministic reaction-diffusion equations with non-autonomous generators.

For the rest of this section, we consider the phase space E, where « is chosen such that

n(p—1) . fn 1 2
— < —, = P . -
4(p+1)_a<mln{4,2} and E, < L*(0) (6-21)

Due to the conditions on p specified in (F1) and (F2), such a constant o always exists.
Throughout this section, C' denotes a universal constant that varies from line to line.

Lemma 6.14. Assume that (A(Htw))teR weq and F fulfill the Assumptions (E1)-(E2) and

(ﬁ'l), and fix « satisfying (6-21) and let f € E,. Then, there exists for any w € 0 and initial
datum vo(w) € Eq a local mild solution to (6-20) in E, on the mazimal interval of existence
(O,Tmax(w)) in the following sense: For all t € (O,Tmax(w)) the solution v € C([0,t]; Eq)
satisfies the variation of constants formula

vrlw) = Sto(w)vo(w) + /O Sts (@) (F(vs(w) + 0Z(0:w)) + f) ds.
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Moreover, for each t € (0, Tmax(w)), we have the reqularity vi(w) € Ey for any n € [a,1).
Proof. The local existence of v is standard and follows by a fixed-point argument in
C([0,t]; Ey) for t € [0, Tiax)-

To show the regularity of v, we use the smoothing effect of the parabolic evolution family S
in Lemma 6.3 and the growth assumption on F', which leads in particular to (6-18). This
means, for 7 € [, 1) and any ¢ € (0, Tihax) We obtain

Jor(@)lly < IS0 (w@)vo@)ly + / Stae)(Flonte) + a2(0.0)) + 1) [, o

< Gyt 4 0o (@) 0 + Cl / (t— )7+ ds
0

¢
+ C/ (t—5) 7" F(vs(w) + 0 Z(0sw))|| 5 ds
< Cpae M M vo(@)lla + Ol flla

)
+CCF/ (t = 57 (108 () 200y + 071 20 ) s
)

< Cnae*)“‘tta Mvo(w)]a

t
+CCF < sup |vs(w)[lg + UpHZ(9sw)H§> / (t—5)"" ds+ Cl|flla < o0,
0

s€[0,¢]

due to the embedding E, — L?°(0), together with the fact that v € C([0,t]; E,) and ¢
Z(0yw) € C([0,t]; Eq). This computation also shows v; € Ey, for every ¢ € (0, Tpax(w)). O

In the following, once w is fixed we use Tiax instead of Tiax(w) for simplicity. Here, Tiax(w)
denotes the maximal existence time as constructed in the proof of Theorem 6.6.

Proposition 6.15. Let the same assumptions as in Lemma 6.1/ be fulfilled. Then for every
w € Q and any initial value yo(w) € E,, there exists a unique local mild solution y of (6-19)
with mazimal interval of existence (0, Tyax)-

Proof. The statement immediately follows from Theorem 6.6 and Lemma 6.10. O

Recall that E, < L2?(0O) holds, if «a satisfies (6-21). Since yo(w) € E,, it follows that
vo(w) € Eqy.
Lemma 6.16. Assume that (A(Htw))teR weq ond F' fulfill the Assumptions (E1)-(E2), (F1)

and (f’?} Fiz « satisfying (6-21) and let f € E,. Then for every w € Q and initial data
vo(w) € Ey we have

[ve(w)llLz(0) < C(Tmax: | fllas lvo(w)llrzo))
for every t € (0, Twax), where C(Tnax) = C(Tmax, | fllas [[vo(w)[l12(0)) depends continuously

on Tmax and on the norm of the external force || f||q-

Proof. Due to the regularity of v established in Lemma 6.14, we can take the inner product
in L2(O) of (6-20) with v. Integrating by parts, and using the assumptions (E1) and (F2)
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then imply that

1d
5&”%(@“%2(0)

— (—ABw)u(w), v (w)) + /

F(v(w) + 0 Z(w))ve(w) da +/ for(w) dx
@ (@

< —calul@) By o) — Co [ o) + 02 (00 da + C1[O
O
~ o [ P0(w) + 02(0) Z(6) da + [u)ls2(0)]f 1210 (6-22)
< —callu) o) ~ C0) [ [ o+ Clp,0) [ |Z(6)] da
(@] (@]

+ C1|0] - O'/O F(vi(w) + 0Z(0iw)) Z (bpw) dz

A1 1
+ ijt(w)Hi?(o) + TMHinQ(O)'

Here, we used the norm || - |10y = ||V - [|l2(0) which is equivalent to the H!(O) norm due to
the homogeneous Dirichlet boundary condition. To deal with the last term on the right-hand
side, we use the growth condition (F1) and obtain

/ F(ui(w) + 0Z(01)) Z(61w) d < Cr / 1Z(0,0)|(|oe(w) [P + | Z (@) + 1) da
O O
< C(p) (;/O v (w)[PTE da + /(’) | Z(0y0)|PT! daz + 1> .

We now use the Poincaré inequality from Theorem A.9, ie. [lvp(w)llm o) = Allve(w)llL2(0),
and the continuous embeddings [|f[li2(0) < C|flla and [|Z(0iw)[|1o+1(0) < Cl|Z(01w)|la in
(6-22) to get

d
@) By + cmalu @l + Co) [ fu)lH do
© (6-23)
<o ([ 126w a1+ 17l ) < (126" +1).
@]

This implies

t
lor(@)E2(0) < e uo(W)lIE2 o) + C (/ e~ =) Z(O.w)|[4 ds + 1)
0 (6-24)

Tmax
< @B+ ([ 1201 ds+1)),

which shows the desired estimate, due to (t — Z (Htw)) € C([0, Tmax); Eo), and the continuous
dependence of the constant C(Tinax) on Tinax- O

Lemma 6.17. Let the same assumptions as in Lemma 6.16 be fulfilled. Then for every w € €1,
vo(w) € Eq and any 7 € (0, Tinax) we have

[vt+r (W) llLe+1(0) < C(T, Tinax),

for all t € (0, Tiwax — 7), where C(7, Tmax) depends continuously on 7 and Tyax.
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Proof. Fix 7 > 0 and consider ¢t € (0, Tmax — 7). Integrating (6-23) over (t,t + 7) yields

[ g o) @5 < la@lfao + (v [ IZ0wNE 4s). @)
Due to Lemma 6.14, we can multiply Equation (6-20) by |v;(w)|?~tvs(w). In particular
L7 (@ @)™ ) - attw.)V)ue) da
= p/@ (W) [P Vo (w) - (a(t,w, 2)V) v (w) da,

is well-defined due to the regularity of v;. Indeed, if n < 4, we have v (w) € L9(O) for an
arbitrary ¢ € [1,00) using the Sobolev embeddings from Proposition A.10 and Lemma 6.14,
which yields v(w) € E, for every n € [a,1). Therefore, the justification of the right-hand
side is straightforward. Otherwise, if n > 4, the boundedness of a and the regularity of v
give |V (w)| € B, 1. Again, Proposition A.10 yields [V, (w)]? € L"/(=2=%(O) for any
0 < do < -25. It remains to show that |vs(w)|’~t € L'/>t0(©) for some §; > 0, which
is achieved provided that p < -%;. But this always holds due to the assumption of p in
(6-17). This implies that the right-hand side is well-defined. Further, using (E1), it is also

non-negative.

Integrating by parts then leads to
bd
p+1dt

< [ Plafe) + 02 u )™ ot [ gt dr
o o

@I+ [ @l Tuw) - (aft.w.)9)u(w) da
© (6-26)

where we also used that

/(9 % |Ut(w)|P+1 dr = (p+ 1)/@ log(w)|? |Z§z§’ivt(w) dzx.

We further exploit the dissipativity of the nonlinearity F' to obtain
LF@)+ o z0w)u@lu@) iz

_ /O F(un(w) + 0Z(0w)) (vn(w) + 0 Z(01w)) [op(w)|? " da
~ o [ F(ulw) +02(00) Z(0)lu()P ! da

< =G [ J0(w) + 020w () do +C [ u(e)p ! da
— O'/O F(vt(w) + JZ(Htw))Z(Gtw)m(w)V’_l dx

< —Cy /O lvg(w) + UZ(Qtw)|p+1|vt(w)|p*1 dx + C/@ \vt(w)|p+1 dx + C
+Cr [ (1) +020)l? + D126 ()l da

<=Co [ (@) do+ oo™ [ 120 @) +C [ @) de+c

+ CC’F/ v (W) 27 Z(0w)| dx + C’C’F/ 1 Z(030)|P T oy (W) dae
(@] @]



160 Chapter 6. Random attractors using pathwise mild solutions

+C’F/ |Z(9tw)||vt(w)\p71 dz.
o
We use Young’s inequality to estimate every term on the right-hand side
COUPH/ \Z(Gtw)|p+1]vt(w)\pfl dz < 65'0/ ]vt(w)\zp da:—i—C'/ ]Z(@tw)|2p dzx,
o o o
¢ [l ar < L [ upe ar+c,
o 6 Jo
C
c/ ()20~ Z (81| dar < 0/ o (w) 22 dx+0/ Z(0)[% da,
o 6 Jo o
C’/ \Z(Gtw)|p+1]vt(w)\pfl dz < CO/ ]vt(w)\ZP daz—}—C’/ ]Z(Htw)|2p dzx,
o 6 Jo o
o/ 1Z(00) oy ()|~ da < C“/ oy (w)[2° dz + c/ Z(01) 2 do + C
o 6 Jo o
and

C C
[ imerpar < G [ ) + O, < G [ i+ Cl12.
(@] @ @

By plugging these estimates in (6-26) we obtain
d pt1 2 2 2
@0y =€ : 1 Z(0:0)]* dz + 1+ [IfII5 ) < CUIZ(0w)I2F +1).  (6-27)
We now integrate (6-27) over (s,t+ 7) with s € (¢,t 4 7), which yields
+1 +1 i 2
Jocre @ oy < loe@lfihio + € [ (12012 +1) o
S
Integrating this inequality now with respect to s over (t,¢ + 7) and using (6-25) leads to
t+1 1 t+1 t+7
o @ < [ @iy ds+¢ [ [ (1Z@@) +1) dras
t

t+T1
< Pnoy +0 (r 724 [ (1201 + 120018 a)

i (6-25)
< @) + ) (14 [ 120012 as)
Tmax
< C(Thmax) + C(7) <1 —i—/ 1Z(8sw) % ds) ,
0
where we use p > 1 and Young’s inequality in the last step. O

For the global existence, we establish first a bound for v in E,, for some arbitrary n € [, 1).

Lemma 6.18. Let the same assumptions as in Lemma 6.16 be fulfilled. Then for every w € €Q,

vo(w) € Ey and any n > 0 such that n + « < 1, we obtain for every 7 € (0,Tmax/2),t €
(0, Timax — T) the estimate

Hvt—H(w)Hn < Ot + 7, Tiax)

for some constant C(t + 7, Tmax) depending continuously on Tyax such that

lim  C(t+ 7, Thax) < 00.

t—=Tmax—T
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Proof. We use the mild formulation for v and the regularization properties of the parabolic
evolution family (St s)s<¢. We first show that

|F (o) + 0 Z0) |, < CU @) i0) + 12O i + 1) (6-29)
Indeed, for u € E, «— L*/~4)(O) we have
[(F(vt(w) + 0 Z(bw)), u)| < /(9 |F(vt(w) + 0 Z(w)) ||u] da
< CF/O (Joe(w) + o Z(Bpw)|P + 1) |u| da
< CORlull2ron-sa) (o) 100(w) + 0 Z O[T 2y 100 ) + CFllullLr o)
< CCrllulla (106) + 020 20101000y + 1) -
Due to the choice of a specified in (6-21), we obtain

lv1(w) + 0 Z(00) | 2nosinsaor ) < Cllve() + 0 Z(0) 10410y
< Cllor(@) et () + Coll Z(0:) o o)

which yields (6-29). In the rest of this proof, we also highlight the dependence of v on the
initial condition, i.e. wvt(w,vp(w)). Then, we can estimate the solution v using the mild
formulation. For any ¢ € (7, Tinax — 7) we have according to (6-29) that

[orsr (@, vo (@), = [Jor (Bu0, velew, vo@))

7H5t+7-,t( Jve (w, vo(w )H
t+1
[ IStin) (o) + 0 Z(0.0) + 1), d
< H5't+r,t(w)vt(wv”0(w))Hn

. t+7
+Cha / (t+71— s)_”_ae_)‘A(t+T_s) HF(vS(w, vo(w)) + JZ(HSw)) |- ds
¢

. t+71
+Cha / (t+ 7 —s) e al+m=9) £|| L ds
< [[Seira ), vo(@))],

~ t+7
+ Cn,aCF / (t +7— S)*W*Oée*)\A(t+TfS) Hvs ((U, ’Uo(w>) HinLl((’)) ds
t
~ t+1
+CoaCr [ 17— 0) 70T (0 2001 0 +1) d
t
~ t+7
+ G allflla / (47— 5) e M)
t

We recall that S satisfies Siyr(w) = S70(fsw) as established in Theorem 6.5. Moreover, the
constants C’,7 =C (W), respectively Cy o = Cp o(w) in the computation below are uniformly

bounded with respect to w € €2, due to Assumption (A3). To estimate the first term on the
right-hand side, we use (6-6) to obtain

_)\A (t+7—1)

T4 T —

[Stsna(w)e o en), < Gy o (0 0y < Callon ) s
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and the second term is bounded by

CraCr_sup (112001 0) + |05, 20 @) |11 o))

se€ Tmiax

t+7
X / (t 47 —s) e raltFT8) g
t
~ t+1
+ CpoCF / (t+7 — ) 1 raltT=9) (g
t

<0 s (120 + s 0@ s ) +1)

se (TaTmax)

$€(T,Tmax)

< Cy(7) (C(t+ﬂ Tmax) +  sup HZ(Gsw)HQ> +1,

where we used that 17 + o < 1, the estimate for v in Lemma 6.17 and the embedding E, —
LAT1(0). Finally, the last term is bounded by

t+7
Cnﬂ/ (t+7 =) ds| flo < Cpal7)C(t + 7, Tinas)|| 1] O
t

Theorem 6.19. Let the same assumptions as in Lemma 6.16 be fulfilled. Then for every
w € Q and initial data vo(w) = yo(w) + 0Z(w) € E,, Equation (6-20) has a unique global
solution in C([0,00); Ey). Consequently, for every w €  and initial data yo(w) € E, Equation
(6-19) has a unique global solution in C(]0,00); Eq).

Proof. From Lemma 6.18, by choosing 7 = «, we conclude the global solvability of (6-20). The
global existence of (6-19) follows immediately due to the relation y;(w) = v(w)+0Z(fiw). O
6.2.2 Random attractors

Due to the global existence of solutions proved in the previous section, (6-20) gives rise to a
continuous random dynamical system ¢ on E, defined by

¢:[0,00) X Q X Eq = Eq, (t,w,v0(w)) = vt (w, vo(w)).
We now define a transformation in the sense of Definition 4.36 by
T: QX Ey, (w,x) = T (w,z) =+ 0Z(w).
Applying this to the random dynamical system ¢ of (6-20), entails

©:[0,00) X Q@ x Ey — E,,
(t,w,vo(w)) — T (w, (¢, w, ﬂ_l(w,yo))) = v¢(w, vo(w)) + 0 Z(w),

where vy(w) = yo(w) — 0 Z(w) and T H(w,yp) = vp is the inverse with respect to the second
variable. Therefore, ¢ is the conjugate random dynamical system to the original Equation
(6-19).

We now investigate the long-time behavior of ¢, establishing the existence of a random
attractor. We use a similar bootstrapping method as for the global solution and prove first
the existence of an absorbing set in L2, then in L/™!, and finally in E, for some > «. The
latter regularity implies than also the compactness of the absorbing set, which leads to the
existence of an attractor.
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Lemma 6.20. Let the same assumptions as in Lemma 6.16 be fulfilled. Then there exists an
absorbing set in L2(O) for the random dynamical system .

Proof. In the Estimate (6-24) in Lemma 6.16 we can replace w by #_;w and obtain
2
[ (t, 01, v0(0—1)) || 20

t
< e |og(0_4w)|F2(0) + C </0 efcm(t*s)HZ(es—tw)HﬁEl(o) ds + 1> (6-30)

0
< e*C“’\ltHUO(Q—tW)||I%2(O) +C </

—00

N\ Z (W) |5 dr + 1) ,

where we used the change of variables 7 = s — ¢ and the embedding E, < L**1(0) in the
last step.

If {K(w)}weq is a tempered random set with K (w) € E, and yo(0_w) € K(0_4w) we obtain
| (t,0—w, yo(O—w)) Hiz(o) < 2[|¢(t, 0—sw, vo(f—w)) Hiz(@) + 202\\2(‘0)”%2(0)
< 2= g (0-w) [ 20y + C + C/O NN Z(0w)[18H dT + 20% (|1 Z(w)[1F2 0
< 2e” M|y (0_w) | F2(0) + 207N Z(0-1w)IE2 o)

0
+c<1+/ M| Z(07w) 15 dHHZ(w)Hi?(O))'

—00

Taking the limes superior of this expression leads to
lim sup H(p(t, 0_sw, yo(ﬁ_tw)) HLQ(O) < ro(w),
t—o00

where

—00

0 12
ro(w) == <2C (1 —l—/ €M7 Z(0,w)||PH dr + ||Z(w)\|iz(o)>> .
using yo(f_tw) € K(0_iw). The temperedness of ||Z(w)|q, which was established in

Proposition 6.9, implies the temperedness of || Z(w)||r2(0). Therefore, 72 is tempered due to
Lemma 4.14 and Remark 4.12. We conclude that there exists T5(w) > 0 such that

HSO(t, e—twa yO(e—tw)) HLQ(O) <79 ((U)
holds for all t > T5(w), which completes the proof of this lemma. O

Lemma 6.21. Let the same assumptions as in Lemma 6.16 be fulfilled. Then, there exists an
absorbing set in LPT1(O) for the random dynamical system .
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Proof. Taking 7 =1 in (6-28) and using (6-30) leads to
+1
|o(t+1,0—¢—1w,v0(0—t—1w)) Hip+1(o)

t+1
< H¢(t=9—t—1w7”0(9—t—1w))Hi2(0) +C <1 +/ 1Z(0s—t—1w) |2 d5>
t

0

< Mg (6s10) o +C(/ M| Z(6,) £ dT+1)

—00

t+1
+C (1 + et / e_c"Al(tH_S)||Z(98,t,1w)||?f ds)
t

0
eMT|| Z(0,w)|| % dT) .

—00

< efadgm caA1(t+1) HUO(9 t— 1W)||L2 +C< /

Hence, if {K(w)}weq is a tempered random set with K(w) € E, and yo(0_w) € K(0_w) we
obtain

I (8,00, 0 (O-2)) 51, ) < Clos ) ([ (8010, 00 (0-10)) |71 ) + 1 2@ o)

< C(p,0)e?Me™ CaAltHUO( ftw)HL?(O)

0
e (1 -/ ew||z<efw>||iﬂd¢> 2@ o)

—00

< C(p, o)ec™ (267C“A1t||y0(9—tw)Hi2(0) + 2‘72676“A1t\|z(9—tw)||12J2(O))

0
vo (1 [ ez + 2@ )

—00

for t > 1. Taking the limes superior yields
hm Sup HSO(t; g—tw7 ?/O(e—tw)) HLp+1(O) S Tp(w)v
t—o0

where

0 ) 1/(p+1)
1 CaA1T
rolw) = G4 (1+ [ ez ar+ 12615 © >> .

using the temperedness of w — || Z(w)||o which implies in particular the temperedness of
w = || Z(w)|[ro+1(0). Similar calculations to those for r9 in the proof of Lemma 6.20 show
that r, is tempered, i.e. there exists a time T,(w) > 0 such that

HSD(t7 9—tw7y0(9—tw)) HLp+1((9) < 7rp(w) (6-31)
holds for every ¢ > T,(w). Therefore, there exists an absorbing set for ¢ in L*T1(0). O

Theorem 6.22. Let the same assumptions as in Lemma 6.16 be fulfilled. Then the random
dynamical system ¢ generated by (6-16) possesses a unique random attractor o7 in E,.
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Proof. Let {K(w)}weq be a tempered random set with K (w) € E, and fix yo(w) € K(w). We
first estimate ¢ similarly as in the proof of Lemma 6.18 for some 1 > « which yields

ot + L o), = 61000, (¢, v00))]
< [[Serr sl v0(w)

t+1
+/t HSHl,S(w)(F(qb(s,w,Uo(w)) +0Z(0sw)) + f)H
< ISl

~ t+1
+Ca / (t+1—s) 1% M P((s,w,v0(w)) + 0 Z(0w))]|_,, ds (6-32)
t
~ t+1
+C, ,a/ (t +1-— S)_n+a6_)\A(t+1_8)HfHadS
t

t+1
< |14 (@) (t,w, v0(w))]], + Cra CF/ (t 41— 5) "1 Aalt+1=9)
(“‘75(3 w,00(W)) [Los1(0) + 7N Z(0s) 1T 10 1> ds + C||fa-

Recall that Siy1:(w) = S10(6iw)holds for every ¢t € R as stated in Theorem 6.5 and that

the constants C~',7 = Cy(w) as well as 6'77704 = ()o(w) in the estimates below are uniformly
bounded with respect to w € © due to Assumption (A3). We now replace w by _;_jw and
use (6-30) to obtain

(| St41,6(0—1—1w)B(t, O—t—1w, vo(f——1w)) ||
—)\A(t—‘rl t)

1

n

<C, ch(t O—t—1w, vo(0—1-10)) [| 200

0 12
<Gy <€C”AltHUOW—t—M)Hi?(O) +/ M| Z(0—aw)|I5H dr + 1)

B B (6-33)
< Gy (26 “N g (0-1-1w) 20y +20%€ M Z(0-10) 720

0 1/2
Y / N7 Z(G,0) |2 d¢+1>

—00
0

1/2
< (e Doy + [ eNTIZEwIE dar 1)

—00

where we chose t large enough such that 202e~%M*|| Z(0_ 1w)||L2(O) < 1. For the second term
on the right-hand side of (6-32), we also replace w by #_;_jw and then use the absorbing
property of ¢ in LPT1(0) obtained in (6-31). Hence, we have

_ t+1
C’n,a/ (t+1—s)"1¢ (Hgf)(s, 011w, vo(0_1—1w)) + UZ(G—t—l)HipH(O) + 1) ds
t
_ t+1
S C’q7a </ (t + 1 — 3)7777a7¢p(98_t_1w)p dS _|_ 1)
t
t+1 t+1 (6-34)
<Gy </ (t+1—8)"p(fs—r—1w)’ ™ ds + / (t+1—5)""T*ds+ 1)
t t

1
< C, (1 —i—/ T (O rw)P T d7>
0



166 Chapter 6. Random attractors using pathwise mild solutions

for every t > T,(w). From (6-32), (6-33) and (6-34) we conclude

lo(t+ 1,0 —1w,yo(0—1—1w)) Hn
< Hgb(t =+ 17 e—t—lwa ,UO(Q—t—lw)) H"] + O—HZ(W)HW
< e M 1y (04 10) 20y + C + Cll flla + ol Z(w)lly
0 /2 1
+C (/ €M7 || Z(0,w)||PH dT) + Cy <1 +/ T (0 rw)P T dT)
—0 0

1
— Cne_caAl(t—H)Hyo(eftflw)HLz(O) =+ 5’["77(&]),

for all ¢ > T,(w) where

0 1/2
rn<w>:=c+c</ eCW||Z<eTw>r\g+ldT) Lol Z@)ly + Cll flla

1
+Cy, (1 +/ T (0 w) Pt dT) .
0

Note that n < 1/2, hence, using the temperedness of ||Z(w)||, and of r, it follows that r, is
tempered. Since yo(6—i—1w) € K(6_;—1w), there exists T, (w) > 0 such that

le(t, 01w, yo(0—1w)) Iy < ry(w),

for all t > T}, (w) + 1. Consequently, the random dynamical system ¢ possesses an absorbing
set in E;. Since nn > «, the embedding E);, < FE, is compact, and we conclude that ¢ possesses
a unique random attractor & in E, according to Theorem 4.19. O

6.2.3 Generalization for higher-order elliptic operators

Standard examples of operators satisfying Assumptions (A) are uniformly elliptic operators
with Dirichlet, Neumann, or Robin boundary conditions. The following example was given
in [KNS21], see also [MS03, MSO08|. It generalizes the results of the previous section for
higher-order uniformly elliptic random operators. More precisely, for m € N, we consider the
following stochastic partial differential equation

{dyt(w) = (An(t,w)y(w) + F(ye(w)) + f) dt + 0 dBy(w), in O, (6-35)

yi(w) = 0, on 00,

for w € Q,t > 0 where O C R" is a bounded domain with smooth boundary 90, and the
differential operator is defined as

Ap (b, z) = Z o (akh;€2 (Orw, x)@’”),

k1], k2| <m

for every w € Q, x € O, t € R. We assume that the coefficient functions satisfy the following
properties:

(El) The coefficients ay, 1, are bounded and symmetric. More precisely, there exists a constant
K > 1 such that
|ak17k2 (Gtw7 l’)’ <K

for all |k1], |k2| <m, t e R,z € O,w € Q and

akhkz(’v ) = Qg ,ky ('7 ')a
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for |k1], |k2] < m.
(E2) The coefficients form a stochastic process (t,w) — ag, k,(iw,) € C™(O) with Holder
continuous trajectories. This means that there exists v € (0, 1] such that

‘akl,]@(atwax) = Qky ko (98"‘)737” < EQ‘t - S‘V

forall t € R, x € O, |ky|, |k2| < m and some constant ¢o > 0. Furthermore, the mapping
t + OFag, g, (0w, ) is continuous for |k|, |k1], k2| <m, w € Q and = € O.
(E3) The operator A, is uniformly elliptic in O, i.e. there exists a constant & > 0 such that

D ko (O, ) &y > TP,

|k1|=[k2|=m

forallt € R, z € O and £ € R™.

We now introduce the random partial differential operator on the Banach space E = L%(0).
To this end we define the L?(O)-realization A of A,,(-,-, D) as

Dy = D(A(bw)) = H*™*(O) N Hy"*(0),
A(Orw)u = Ay, (Oiw, x)u,

for u € D4 and assume it has a compact inverse. Then it is known that, after a possible
shift, every A(fw), generates an analytic semigroup, see Theorem B.13, which means (A1)
and (A2) are satisfied. The Assumptions (A5) and (A6) follow directly by definition, so
we only have to verify (A3) and (A4). The Hélder continuity of A(f;w) was verified in
[KNS21, Example 4.2|, however, for the sake of completeness, we will state the argument
here. Therefore note, that for every s, € R we have

[A(Orw) — A(QSW)H%(DA;E)

2
= sup Z (6’“ (ky oo (O, ) — apy i, (&w,x)@’”))v
VEDA VI, =1 ||y | k2| < 5
Further, we obtain
2
Z (81“ (akl’kg(ﬁtw,x) — Ay ko (Gsw,x)(?k?))v
[k1l,|k2|<m E
2
< Z / ‘(ﬁkl (akh;@(@tw, x) — gy ko (Gsw, x)((?k?))v(az)‘ dzx
@
|k1‘7|k2‘ém
2 2
S Z sup |9F (ke oy (Orw, T) — gy iy (Bs, :c))‘ / ‘8k21,(3;)‘ dz
€O E Jo
k1|, k2| <m
S ||’U‘ W2m,2(0) Z Hakhkz (etwv x) — Oy ko (st, x)Hgm(é) ,

|k1],|k2|<m

for every v € D 4. This estimate and the Holder continuity of ay, , then yields (A3) Since
A is self adjoint in this particular case, we obtain also (A4). Therefore (A(f:w)), R weR

satisfies Assumption (A) and generates a parabolic evolution family on F as established in
Theorem 6.1.

For the nonlinearity, we assume the following:
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(F1) F:R — R is locally Lipschitz, and either n < 2m or n > 2m + 1 and there is C' > 0 such
that

|[F(u) = F(v)| < Cplu—of (Jul*~" + [v]*7),

for all u,v € R, where p satisfies

00 if n < 2m,

< Heritical =
#S Horitiea {ngm it n>2m+ 1.

(F2) There are constants Co, C; such that
F(u)u < —Colul** + Cy,

for all u € R, with p from (i).

Using the same arguments as in the previous section, one can show the existence of an attractor
as in Theorem 6.22.

Theorem 6.23. Suppose that the above assumptions on the differential operator A,, and the
nonlinearity F' hold. Fiz o € (0,1/2) such that

n(p—1)

n 1
< inq-—, = d E,— L™
D) _a<m1n{4,2} an — L*(0)

holds. Then for any initial data yo(w) € Ey, and any f € E, the Equation (6-35) has a
unique global solution in E,. Moreover, the random dynamical system ¢ generated by (6-35)
as

@:]0,00) X Q X Ey — Eq, (t,w,yo(w)) > @(t,w,yo(w)) = yt(w,yo(w))

possesses a unique random attractor of in E,,.
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CHAPTER 7

SUMMARY AND OUTLOOK

To summarize, this thesis primarily investigates stochastic evolution equations with nonlinear
multiplicative noise and their long-term behavior. Due to the stochastic influence, the
solutions are, in general, not pathwise defined, which causes several problems when examining
long-term behavior. In particular, it is challenging to consider equations with nonlinear
multiplicative noise. For this reason, the focus of this work is on pathwise solution concepts.
To be more precise, we consider mild solutions using the theory of rough paths and pathwise
mild solutions. The results are applied to several examples, such as equations with noise on
the boundary. We also highlight some open questions or potential areas for extension.

In Chapter 2, we introduce the theory of rough paths and controlled rough paths. A rough
path enables the examination of solutions to stochastic partial differential equations in a
pathwise sense. Through rough paths, non-Markovian processes can also be considered, which
includes the fractional Brownian motion. Additionally, in Subsection 2.2.2, we investigate the
Cameron—Martin space of a Gaussian rough path, as this information becomes important
when it comes to the integrability of solutions. Based on the theory of rough paths, we
introduce the rough integral in Section 2.3. First, the integral over so-called one-forms is
discussed, which then leads to the definition of controlled rough paths in Subsection 2.3.3, as
developed by Gerasimovi¢s, Hocquet, and Nilssen [GHN21]. Controlled rough paths form a
class of functions that can be integrated against a rough path and are adapted to the setting of
parabolic equations. This section extends the established results by including non-autonomous
diffusion coefficients. Additionally, in Subsection 2.3.4, we examine how the controlled rough
path is affected by various operations.

In Chapter 3, we deal with the solutions of rough evolution equations. In particular,
Subsections 3.1 and 3.2 first examine the local and then the global solvability of semilinear
parabolic evolution equations with nonlinear multiplicative noise. Furthermore, we investigate
the solutions of these equations in more detail to obtain a-priori estimates. We can prove
integrable bounds for arbitrary moments of the solution in Subsection 3.4 and Gronwall-type
estimates in Subsection 3.5. In addition, in Subsection 3.3 we apply the results of this chapter
to equations with boundary noise.

Everything so far is based on the assumption that the linear part of the semilinear equation
(A(t)) 1 has a time-independent domain. It is an interesting question to consider how to
extend the results from the first chapters to the situation where the domain is allowed to
change over time. This extension requires the more general assumptions of Acquistapace—
Terreni, leading to time-dependent fractional power spaces and, consequently, to time-
dependent controlled rough path spaces. These assumptions do not fit in the framework
of Gerasimovics, Hocquet, and Nilssen [GHN21|. In the case of the Brownian motion, this
extension has already been made in [SV11], and it would be interesting to investigate in
future works whether this can be transferred to the rough path case. Furthermore, the
conditions under which global solutions for quasi-linear equations exist remain open. Local
solvability has only recently been investigated; see [HN24].
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In the second part of this thesis, we use the insights from the first part to investigate the long-
term behavior. In Chapter 4, we deal with the introduction of random dynamical systems,
which provides the basis for examining the dynamics. More precisely, we introduce the notion
of rough path cocycles, which in turn leads to the fact that a rough evolution equation
generates a random dynamical system if the solution exists globally. Furthermore, we briefly
introduce the concept of a conjugated random dynamical system, which we later apply in the
context of pathwise mild solutions. To consider non-autonomous equations, we also construct
the extended metric dynamical system in Subsection 4.2.2, which models both temporal and
random change. This construction allows us to apply the theory of autonomous random
dynamical systems to non-autonomous equations.

In Chapter 5, we prove the existence of a global pullback attractor in Section 5.1 and Lyapunov
exponents in Section 5.2. Again, we apply these results to equations with rough boundary
noise. Apart from studying attractors and Lyapunov exponents, many other asymptotic
concepts could be investigated in more detail using the Gronwall inequality, the a-priori
estimates, and the multiplicative ergodic theory. Another open question is the dimension of
the global attractors. To date, no studies are addressing this issue in the context of rough
paths. However, we aim to examine the dynamics of boundary noise in greater detail in
future works. In contrast to regular stochastic partial differential equations, there is much
less literature on these systems.

In the last Chapter 6, we consider an alternative pathwise solution theory, namely pathwise
mild solutions. This solution concept can be used in particular to consider equations in
which the linear part not only depends on time but is also random, i.e., (A(t, w))te[o,T},weQ'
Using these pathwise mild solutions, we can show the existence of a pullback attractor for
reaction-diffusion equations with additive noise. The pathwise mild solutions are even more
generally defined for multiplicative noise. Nevertheless, it is still open whether it is possible
to prove the existence of an attractor in this case. Here, we transform the equation into a
random partial differential equation, which is not feasible for nonlinear multiplicative noise.
Moreover, another open question is whether the two parts of this dissertation can be connected,
i.e., whether the results on the pathwise mild solution can be linked to the theory of rough
paths to prove, for example, the existence of attractors for random moving domains with a
rough path approach.
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APPENDIX A

SOBOLEV SPACES AND INTERPOLATION
THEORY

Most of the calculations in this thesis use LP-based Sobolev spaces for p > 2. In particular, the
fractional power spaces introduced in Appendix B are often given by Bessel potential spaces.
Since we aim to investigate boundary value problems, we also end up using Besov spaces,
which are the canonical spaces for the range of trace operators. Therefore, we introduce in
the first part of this appendix the important function spaces and their properties as far as we
need them. The second part of this appendix is devoted to the key results of interpolation
theory, which is used in the context of Banach scales and is strongly connected to function
spaces.

For a more rigorous introduction to the following topics, we recommend [AF03, BG26]| for
function spaces and [BL76, Tri78, Lunl18| for interpolation theory.

Let £ be a Banach space. Recall the definitions of basic function and distribution spaces, and
further fix an open subset O C R"™ which can be identical to R" for some dimension n € N.

Definition A.1. i) The space of test functions Z(0) = C°(O;C) consists of all smooth
functions with compact support, endowed with the topology where a sequence (fx)ken, C
2(0) converges to zero if and only if there exists a compact set K C O satisfying
supp (fx) C K for every k € Ny, and

sup [0 fi(x)| — 0
zeK
: 091 ogon
aSk%OOfOI'aHOCENn,WIthaa.—Txl'...'m.

ii) The Schwartz space .(R"™) contains all smooth functions f € C*°(R"; C) which are rapidly
decaying, i.e. that

= max sup (1+1]al™ ) 9 f(2)] < o,
" || <N geRrn
for every N € Ny, where |a| == >} _,a; for a € Nj. /(R") is endowed with the locally
convex topology generated by the family of semi-norms ([-]n,») NeNy-
iii) The space of distributions 2’(O) is given by the topological dual space of Z(0), and the
space of tempered distributions .#/(R™) is the topological dual space of .7 (R").

A.1 Sobolev spaces

We begin by recalling the definition of a Bochner space, which is the generalization of a
Lebesgue space for functions with values in a Banach space.

Given a measure space (I,.#, ), a function f: I — & is strongly p-measurable if and only if
[ is p-almost surely the limit of simple functions of the form ) 14, ® xj, where only finitely
many terms are nonzero, z, € £ and every Ay € . has finite measure p(Ay) < co. Then the
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Bochner space LP(I; ) is given by all strongly u-measurable functions such that

/I 1@ du(z) < oo,

for p € [1, 00|, see for example [HVNVW16, Chapter 1]. For measure spaces endowed with
a Lebesgue measure )\, we use dz instead of d\(x). Then the Sobolev space W*P(O; &) is
defined by

WEP(O; ) = {f €eLP(0;€): 0°f € LP(O;€) for all @ € Nj such that |o| <k},

where in this case 3% f is the weak derivative of f. The canonical Sobolev norm is then given

by

_ ) (S o), e fto0),

HfHWk,p(o;g) = o
SUP|a|<k Ha f”f) ) p = 0.

Remark A.2. For the following definitions, we fix £ := R, which simplifies the presentation.
In this case, denote the function spaces by LP(Q), W*P(0), and so on. Note that it is possible
to extend all of the following function spaces to an arbitrary Banach space £. For more details,
we refer to [HYNVW23, Chapter 14].

Definition A.3. For s € R and p € (1,00) the Bessel potential space is given by

P (R") = {f € S @) : oo = |7+ PR < oo} .

It is possible to show that H*P(R?) = W*P(R"™) for k € N, see [Tri78, Theorem 2.3.3].

A different approach to fractional order Sobolev spaces is based on a generalization of the
Hoélder condition to the LP-setting. So let (Cx)ren, C Z(R™) be a sequence of test functions
which have

e dyadic support, i.e. supp (¢x) C {m eR™: 2F1 < 2| < 2k+1} for k € N and supp ({p) C
BZ(O)a

e a strictly positive sum, so there exists a constant C' > 0 such that », , ((z) > C for
every x € R",

e and satisfies the Michlin condition, i.e. for every a € Ng we have a constant m, > 0 such
that

2] 0%y ()| < e

for every x € R".

The last property yields that the associated operators
op () : L' (R") = ' (R"),u — F'.Fu
are bounded in LP(R™) due to the Michlin multiplier theorem, see [Gral4, Theorem 6.2.7].

Definition A.4. i) For p,q € [1,00] and s € R define the Besov spaces by

By (R") = {U € S (R"): ||UHB]§7q(Rn) = |[(op (Ck)u)keNong(Lp(Rn)) < Oo}a
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where [;(LP(R")) is the space of all dyadic weighted sequences (z)ren, C LP(R") endowed
with the norm

1
(ZkeNo (2Sk ”kaLP(R") )q> ", qel,00),

H(mk)kENo HZS(LP(R")) = 23k B
suPgen, 2° |2k |Lp ey q =00
ii) For p € [1,00] and s > 0 define the Sobolev—Slobodeckij spaces by

H5?(R"), s € N,

WHRY) = {B;p(Rn), s € (0,00) \ N.

Remark A.5. The function spaces can also be generalized to an open set O C R" with
C*°-boundary via restriction. For example, define

H*P(0) = {f € 2'(0) : There exists a f € H*P(R") such that f = f]@},

with the canonical norm

HfHHS’P(O) = 1I1f{Hf~‘ Hs»p(R™) . f - f‘o} :

The same way we can define By  (O) and W*?(0O).

To investigate the dual space of Sobolev spaces, it is useful to consider the closure of smooth
functions with respect to the Sobolev norm.

Definition A.6. For s € R,p > 1 and ¢ € [1, 00| define
WS;P(@) — W”'”W&P(O) , (A—l)

and similarly define H)”(O).

As mentioned before, the Sobolev—Slobodeckij space generalizes the Holder condition. In
particular, this can be observed using the following equivalent norm.

Proposition A.7. ([Tri78, Equation 2.5.1 (15)]) For every s = k + so > 0 with k € Ny and
so € (0,1), we have that

a* o
||f||WkP(O + Z </ / ‘ f n—l—s](().](i )‘ dxdi’J)

|a|=F

::[f]wa,p(o)
is an equivalent norm on W*P(Q).

Corollary A.8. ([FV10, Corollary A.2-A.3]) Let [u,v] C R be an interval. Then for every
f € C([u,v]; R) we have

[f]a—%,[u,v] SQ,P [f]wa’p((u,’l)))7 (A—2)

_l
[f]i—var JJu,v] Na,p |U - U| [f]WO"P((u:U))' (A_B)

Next, we state the Poincaré inequality, which gives us an equivalent norm on Wj”(0).



174 Appendix A. Sobolev spaces and interpolation theory

Theorem A.9. (JAF03, Theorem 6.30]) If O is bounded in at least one direction, then we
have for any p € [1,00) and u € WIP(O) the inequality

||U||Lp(o) S ||VUHLP(O) = ||U||w1,p(o)- (A-4)

Throughout this thesis, we also use several results concerning Sobolev embeddings, dual
spaces, and trace operators.

Proposition A.10. ([AF03, Theorem 7.34]|) Let p > 1. Then we have for s > 0 satisfying
sp < n the embeddings

np

WP(O) — LY1(O) for 1<¢< ,
n—sp

and for s > 0 satisfying sp > n

WHP(0) < C(O).

Proposition A.11. (|Tri78, Theorem 4.8.2])

i) Letp,g > 1 and s € (1/p—1,1/p), then the dual spaces are given by (Hs’p(O))/ = H*S’p/(O)
and (B;q((’)))/ =B’ (0), where 1/p+ 1)y =1 =1/q+1/q. In particular, this means that
(W=r(0)) = W=*#(0).

it) Let p € (1,00) and s > 1/p such that s — /p is not an integer, then we have (Hé’p((’)))/ =
H—*?(0) and (Wg’p((’)))/ = W=7 (0), where 1p+ fp = 1.

Proposition A.12. (|Tri92, Theorem 4.4.2 & Remark 5.1.3]) Let n > 2,p,q € [2,00] and
s > 1/p. Then, the trace operator v5: H*P(O) — Bf,;l/?(ao), u — ulgo is bounded.

A.2 Interpolation theory

An interpolation space is, in some sense, the mathematical description of a space between two
general Banach spaces. This specification can be realized in various ways. The most common
approaches are the complex and real interpolation spaces. Before we briefly explain these
concepts, let us introduce the general notion of an interpolation functor.

Definition A.13. We call (&, 1) an interpolation pair if & and &; are Banach spaces and
there exists a topological Hausdorff space G such that &,& C G. A map {-,-} is called
interpolation functor if it assigns to every interpolation pair (£y,£1) an interpolation space
{&0, &1} such that for all interpolation pairs (&y, £1) and (go, 51) we have

1) EoNé& = {&, &1} — &+ & aIld
ii) for every A € £(50; 50) N £(51; 51) the restriction is again a linear bounded operator, i.e.

Altgoey €L ({50,51}; {50,51}) : (A-5)

Definition A.14. (|[Lunl8, Definition 2.3]) Let (£, &1) be an interpolation pair. Then define
for a € (0,1) the complex interpolation space

[0, &1l ={f(a): f € F(&o: &)},
where F(&p; £1) is the space of all holomorphic functions

[:{z€C:0<Re(z) <1} =&+ &
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which are continuously bounded up to the boundary, and for which the norm
1 (eer) = max {sup 1£(t)]lg, »sup | £(1 + z't>||gl} (A-6)
teR teR

is finite, where 7 denotes the imaginary unit. The norm on [y, &1, is given by

||$||[50,51]a = f(ian)f:x Hfo(go;gl)- (A-7)
JFeF(&o;n)

In particular, every complex interpolation space is also a Banach space and the interpolation
inequality

1—
lallgy o1, < el N2, (A-8)
holds for every z € & N &1, see |[Lunl8, Corollary 2.8|.

Lemma A.15. ([Tri78, Theorem 4.3.1|)

i) For every sg,s1 € R,po,p1 € (1,00) and o € (0,1) such that sy # s1 we obtain

[H 7 (0), B (0)], = H**(0),

where s == (1 — a)sg + asy and + = 1;—()0‘ + o
i1) For every sg,s1 € R,p € (1,oog,q1,qQ € [1,00] and o € (0,1) such that sy # s1 and

qo < 0o we obtain

(B3, (), B, (O)], = B}, (0),

p;q0 p,q1

o . 1. 1-a o
where s = (1 —a)so + asy and ;= %+ 2.
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APPENDIX B

SECTORIAL OPERATORS AND ANALYTIC
SEMIGROUPS

In order to analyze mild solutions of stochastic partial differential equations, it is necessary to
consider analytic semigroups and their generators. In this appendix, we collect the definition
of sectorial operators, which essentially is the class of operators that generate an analytic
semigroup, and provide some examples also used in this thesis. Furthermore, we highlight
the scale of fractional power spaces, which is used in Appendix C to define the extrapolation-
interpolation scale. The non-autonomous version, in the form of parabolic evolution families,
is treated in Appendix D. Further information on analytic semigroups and their generators can
be found, for example, in [Lun95]|, [Paz83, Section 2.5], [HVNVW17, Appendix G.5|, [ENOO,
Section II.4| and [Vra03, Chapter 7|.

B.1 Definition and basic properties

Let £ be a complex Banach space. Note that every complex Banach space can be treated
as a real one by restricting the scalars to R. Further, the case of real Banach spaces can be
treated by complexification ¢, which is the Cartesian product £ x £ equipped with the scalar
product

(a+1b) - (e, f) == (ax — by, ay + bx).

It is not in the scope of this thesis to discuss this topic further; for more information, see
[HYNVW16, Appendix B.4].

Definition B.1. A densely defined operator A: D(A) C £ — £ is said to be sectorial if there
exists an angle ¥ € (5, m) such that

Suaw = {1 € C\ {wa) : |arg(u — wa)| < 0} C p(A),

and for every p € ¥, ¢ the resolvent fulfills
[0 = 7| ey S = wal " (B-1)

The maximal angle ¥4 such that ¥,,, y C p(A4) and (B-1) holds is called the spectral angle
and w4 spectral bound of A.

Remark B.2. i) If A is a sectorial operator with spectral bound w4, then the shifted
operator A — w, is again sectorial with spectral bound 0 and the same spectral angle.

ii) Since the resolvent set of a sectorial operator A is nonempty, A is, in particular, a closed
operator. Further, this means that the graph norm ||-||z + [|A:||¢ is an equivalent norm
on D(A).

iii) If € is a reflexive Banach space, we can drop the assumption that D(A) C &£ is dense.
This is because it is possible to show that the resolvent inequality and the fact that A is
closed are sufficient to prove that A is densely defined, as seen in [Kat59, Corollary 2|.
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Despite the focus on reflexive spaces in this thesis, we maintain the assumption that the
sectorial operators must be densely defined.

Definition B.3. We say the family of operators (S¢)>¢ is a Cp-semigroup on £ if S; € L(&;E),
Strs = StSs for all t,s > 0 and

lim Sy =z,
t—o0

for every x € £. Further, (S¢):>0 is an analytic semigroup, if there exists an angle 9 € (0, 7],
w € R and an extension §t: Yo = L(E;E) of Sy for every t > 0, which is analytic in X, .
If there exists a constant Mg > 0 for every 9 € (0,9) such that H‘ngz:( < My for all
z € Ewﬁ we call (S¢)i>0 a bounded analytic semigroup.

&;€)

These two definitions of analytic semigroups and sectorial operators are strongly connected,
because for each sectorial operator A it can be shown that the operator family (St):>0 given
by the Dunford integral

1 tA -1
=— A—A)" dA
e AR R

is an analytic semigroup. The integration is along the curve
v = (00,ele™™ Ueel ™M U e[e, 00)

for some small € > 0 and 7 € (7/2,94). For a proof, see for example [EN00, Proposition 4.3
and 4.4] and [Sin85, Proposition 1.1] for the case that A is not densely defined. Further, the
following results hold for every analytic semigroup generated by A.

Lemma B.4. (|[Lun95, Proposition 2.1.1 iii)|) If A generates an analytic semigroup (St)t>0,
we obtain ||Stl|zie.e) S e for every t > 0.

Based on this lemma, we call semigroups generated by a sectorial operator with negative
spectral bound w4 < 0 exponentially stable.

Remark B.5. It is easy to see that if A generates the analytic semigroup (S¢)¢>0, the operator
A — w for every w € R\ {0} also generates a semigroup given by (e_tht) In particular,

>0
for w := w4, the resulting analytic semigroup is bounded.

There are many theorems about the generation of (analytic) semigroups. In the following, we
mention one of Lumer—Phillips [LP61], for contraction semigroups.

Theorem B.6. ([EN00, Theorem I1.3.15]) Let A: D(A) — £ be a densely defined operator
which is dissipative, i.e. ||(A— A)x|g > X||x||¢ for every X > 0 and v € D(A). Then, the
closure of A generates a contractive Cy-semigroup, i.e. ||St||£(g;g) < 1, if and only if there
exists some A > 0 such that the range of A — A is dense in .

B.2 Fractional power spaces

Analytic semigroups possess the so-called smoothing property, which essentially means that
they increase the spatial regularity of the functions to which they are applied. To capture
this smoothing, we introduce the fractional power spaces of sectorial operators in this section.

Definition B.7. Let A be the generator of an analytic semigroup (S¢)¢>0.
i) For @ > 0 the linear operator (—A)~® is defined by

D((-A)™%) = {x eé: / t* 1Sz dt s convergent},
0
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(—A) % = / t¢7 S dt
L(a) Jo
for all z € D((—A)™®), where I' is the Gamma function.
ii) Assume in addition that the semigroup is exponentially stable. For a > 0 define the
linear operator (—A)* := ((—A)~*)~! where the domain D((—A)%) is given by the range
of (—A)™.

To see that the positive powers are well-defined, note that the exponential stability of (S¢)i>0
yields that (—A)~“ is injective, see [Vra03, Lemma 7.6.5], and therefore the inverse exists. It
is further possible to show that the notation is meaningful in the sense that for a € Z we end
up with the exact powers of the operator, see [Lun95, Subsection 2.2.2].

Proposition B.8. ([Vra03, Theorem 7.6.1|) Let A be the generator of an exponentially stable
analytic semigroup. Then the following statements are true.

i) For every a € R, (—A)* is a closed and densely defined operator.
ii) For all o, B > we have (—A)*TH = (=A)*(—A)P.
iti) For all o > B > 0 we have D((—A)®) < D((—A)P).

Since (—A)® is a closed operator, |||, = |||l p(— aya) = [[(=A)*||¢ is an equivalent norm on
D((—A)*) provided 0 € p(A). We can now state the aforementioned smoothing property of
the semigroup.

Theorem B.9. ([Vra03, Theorem 7.7.2]) Let A be the generator of an exponentially stable
analytic semigroup. Then the following statements hold.

i) For everyt >0 and o > 0 we have Sy € D((—A)*) for every x € €.
i1) For everyt >0, > >0 and z € D((—A)a) we have Sy(—A)%x = (—A)*Syz.
iii) For every a > 0 there exists an a € (0,—w4) such that

ISzl Sa,s t~ e |2l (B-2)

holds for every t > 0 and z € D((—A)P).
iv) For every a, 8 € (0,1] with o > 8 we have

I1See = 2llg Sas 17 Nl (B-3)

for every t > 0 and z € D((—A)*).

Remark B.10. i) The two properties (B-2) and (B-3) reflect the smoothing effect of an
analytic semigroup. It is possible to trade between time- and spatial regularity, for times
away from 0. This is particularly important, given that the semigroup is not Holder
continuous at 0, which is necessary in the context of mild solutions. However, if we allow
a certain loss of regularity in space, we can circumvent this issue using these smoothing
properties.

ii) As we have seen in Remark B.5, it is possible to consider the shift A — w of an arbitrary
sectorial operator by some w € R, and if w > 0 is big enough, we end up with an
exponentially stable semigroup. Then the fractional powers of the shifted operator D ((w—
A)O‘) are well-defined for all & € R. Therefore, we can define fractional power spaces for
every sectorial operator, not just for the exponentially stable ones. For convenience, we
omit the shift in the notation D ((—A4)%).

B.3 Bounded imaginary powers

A special case of sectorial operators is those that have bounded imaginary powers. This
class of operators is particularly important for parabolic problems in the context of maximal
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regularity, as seen in [Ama95, DHP03, AV22] and the references therein.

Definition B.11. A sectorial operator A: D(A) C £ — £ is said to have bounded imaginary
powers if A* is bounded for every s € R, and there exists a constant C' > 0 such that

HAi5H£(5,5) < C for every |s| < 1. Here, i denotes the imaginary unit.

In particular, for this class of operators, the fractional power spaces of A can be characterized
using complex interpolation.

Theorem B.12. (|Tri78, Theorem 1.15.3|) Suppose A: D(A) C & — & has bounded
mmaginary powers. Then, fractional power spaces are well-defined, and we obtain

[D(A™), D(A™)],, = D(AU-e)eotao), (B-4)

with equivalent norms, for 0 < a3 < ag <1 and o € (0,1).

It is known that many differential operators have bounded imaginary powers. Let O C R”
be an open bounded domain with C*°-boundary and define the Banach space E = LP(Q) for
some p > 1. Then consider the differential operators of order 2m given by

A= Y ag(x)(=iD)?,  Bj= > bjs(x)(—iD)" (B-5)

|B]<2m 1B1<m;

for j = 1,...,m where i is the imaginary unit, D := (01,...,0,), and m,mq,...,my, € N
with mj < m for every j =1,...,m. Assume that the pair (A, (Bj)}”:l) is normally elliptic,
which is examined in more detail in Section D.2. Consider the E-realization of (A, B) given
by Apu = Au for u € D(Ap) where

D(Ag) ={ue H>™P(0) : Bju = 0}.

To ensure that Ap has bounded imaginary powers, further regularity assumptions on the
coefficients are needed.

(R) There exists some p € (0, 1], such that ag € C#(O) for all |§| = 2m, and ag € L>(O) for
|8| < 2m. Further, the coefficients of the boundary operator satisfies b; 3 € C2™~™i (9O)
for every j =1,...,m and || < m;.

Theorem B.13. ([DDH"04, Theorem 2.3|) Assume the coefficients of the normally elliptic
boundary value problem (A, B) satisfy the regularity Assumption (R). Then, there exists a
w > 0 such that w4+ Ap has bounded imaginary powers. In particular, w + Ap generates an
analytic semigroup.
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APPENDIX C

ABSTRACT BANACH SCALES

A weak solution of parabolic equations is often an element in some space that is larger than the
original one, which corresponds to a space of “negative”’ regularity, for example, D((—A)_l).
Due to this fact, the weak solution is no longer an element of D(A). This is particularly an
issue if boundary value problems are the objects of interest. To get around this problem,
one idea is to extend the operator A in a way that the “extrapolated” operator A_; acts
on D((—A)™!) instead of D(A). The first mentions of this extrapolation technique were in
[Nag, Wal86] and then in more detail in a series of articles by Amann [Ama86a, Ama87,
Ama88a, Ama88b|. In particular, Amann went a step further and constructed a whole scale
of operators, which act on the scale of function spaces.

This appendix is devoted to the abstract construction of these families that consist of function
spaces and operators, as well as their application to the setting primarily dealt with in this
thesis.

The initial step is to provide a general definition, as outlined by Amann [Ama95, Chapter V.

Definition C.1. Let I € {N,Z,[0,00),R} and (€4, Aa)acr be a family of Banach spaces
(Eas I Ea) and closed linear operators A, € L(€a+1;€). Then this family is called an
(abstract) Banach scale if £, < £ for a > 3, and for every o > /3 the equality

Jl A, = Agiitl, (C-1)

holds, where jg: Eo — &g denotes the embedding. If all embeddings are dense or compact,
we refer to the Banach scale as densely or compactly injected.

Remark C.2. The key assumption in this definition is (C-1). In particular, (C-1) holds if
and only if the diagram

E14a — &4

] L

ga — 55

is commutative for every o > . A direct consequence of this fact, is that D(A4,) = E14a0 —
E148 = D(Ap) and Agx = A, for every « € €144, which means A, C Ag.

Recall that the Ey-realization Alg, of A: D(A) C € — £ is given by
Alg,: D(Alg,) ={z €& ND(A): Az € &} — o,z — Az,

for two Banach spaces & — &.
Lemma C.3. ([Ama95, Remark V.1.1.2]) A densely injected abstract Banach scale
(Eas Aa)acr is completely determined by Ag: & — &o.

Proof. Fix a > 3. Since A, is a closed operator, it is closable in £3. Due to A, C Ag the
closure equals the restriction of Ag to the closure of €441 in £g41. Since Eqqp1 — Eg4q s
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densely embedded, this means that fo = Ag. On the other side, A, is the £,11-realization
of Ag. So every operator A, can be written as a closure (o < 0) or a realization (o > 0) of

Ap. O

Remark C.4. In particular, A_; can be written as a closure of Ag, so it is an extension of
the operator, acting on a larger space £_1. This is a key idea behind the definition of the
abstract Banach scales, as mentioned at the beginning of this appendix.

C.1 Interpolation-extrapolation scales

Let £ be a Banach space and A: D(A) C £ — & some sectorial operator with negative
spectral bound w4 < 0. Then A is, in particular, a closed operator, and the fractional power
spaces are well-defined. So, define the spaces & := D((—A)*) with norm |||, = H(_A)ng
for k > 0 and set & = £. Since these spaces are continuously and densely embedded, it is
justified to define the E-realization of A as Ay.

Theorem C.5. (|[Ama95, Theorem V.1.2.1]) Let A be a sectorial operator with a negative
spectral bound. Then (&, Ak)ken, i an densely injected Banach scale, called the power scale
generated by A.

To extend this (one-sided) power scale to negative values, note that & and Ay = A can be
constructed using £ and A;. Indeed, & endowed with the norm H (—Al)*l'H is a dense linear
subspace of & such that ||(—A;)7'|| and ||-||, are equivalent. Therefore, the completion of &
endowed with the norm H (—Al)_l'H is &. The operator Ay is then the continuous extension
of Al.

This motivates the definition of an extrapolation space and operator by
E = gl ana Ay = A70£_1,

where ||-||_; = H(—Ao)_lHO. Replacing A here by A_;, leads to the definition of £_5 and
A_o. Tterating this procedure leads to

Eopim EMlem g A (C-2)

for m € N, with ||-[|_,, = |[(=A=m+1)~ HO.

Remark C.6. Even if this construction can be carried out for all m € N, it should be treated
with caution. As new steps E}, are incorporated, the embeddings in Definition C.1 can become
incompatible. To address this, each existing extrapolation space must be substituted with an
isomorphic copy. For more detailed information, see [Ama95, Page 263].

Theorem C.7. ([Ama95, Theorem V.1.3.2|) Let A be a sectorial operator with negative
spectral bound, m € N and (&, Ak)ken, the power scale generated by A. Let A_y and E_
for k=1,...,m be defined as in (C-2). Then (&, Ak)kez k>—m s a densely injected Banach
scale, called the extrapolated power scale of order m generated by A.

An important consequence is that every operator Ay for k = —m, ... inherits the properties
of the generator A, see [Ama95, Lemma V.1.3.7]. That is, if A is sectorial, then so is Ay; if A
has bounded imaginary powers, then so does Ag.

We still need to close the respective gaps between two integers using fractionally indexed
spaces and operators. As the name of the subsection suggests, we use interpolation for
this purpose. In the following, and also in the course of this thesis, we limit ourselves to
complex interpolation. However, it is possible to define Banach scales using a general exact
interpolation function; this also applies to real interpolation.
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Theorem C.8. ([Ama95, Theorem 1.5.1]) Let A be a sectorial operator with negative spectral
bound, m € N and (&, Ak)kezk>—m the extrapolated power scale of order m generated by A.
Then (Eqy Aa)a>—m ts an abstract Banach scale, called the interpolation-extrapolation scale
of order m generated by A, where

Epyk = [gk;,gk_’_l]ﬁ and  Agyy, = Egyp-realization of Ay,

fork € Z,k > —m and 8 € (0,1).

If A is an operator with bounded imaginary powers, the Banach spaces can be characterized
by the fractional power spaces.

Theorem C.9. ([Ama95, Theorem V.1.5.4 & Proposition V.1.5.5|) Let A be a linear operator
with bounded imaginary powers, m € N and (€4, Aa)a>—m the interpolation-extrapolation
scale of order m, generated by A. Then for every a > —m the operator A, has also bounded
imaginary powers and satisfies (Ay)* P € L(Ey; Es), which is also an isomorphism, for B > o.
Further, the spaces &, can be characterized using the fractional powers of A

D((-A)%), a>0,
Sa == *ﬁ'“ ) (C'S)
&' e, —-m<a<0,
with |||, = [|[(=A)*||c. Moreover, the spaces satisfying the reiteration property, which means

that for every —m < ap < a1 < oo and o € (0, 1), we have

[gal’gcw}a = g(l—a)al—i-aozg,
with equivalent norms.

In particular, this shows that every interpolation-extrapolation scale generated by an operator
A with bounded imaginary powers is a monotone family of interpolation spaces in the sense
of Definition 2.35.

Characterizing an extrapolated space is often challenging. If £ is reflexive, the extrapolated
spaces can at least be calculated using duality arguments. Recall that £ is reflexive if there
exists an isometric isomorphism between £ and its bidual £”.

Theorem C.10. ([Ama95, Theorem V.1.5.12|) Let £ be a reflezive Banach space, A a
linear operator with bounded imaginary powers, m € N and (Ey, Aa)a>—m the interpolation-
extrapolation scale of order m, generated by A. Then &, is reflexive for every o > —m and

the adjoint operator
By = A*: D(A*) = F C g =& = Fo

generates an interpolation-extrapolation scale (Fo, Ba)a>—m Satisfying
() =F_o and (A,)* = B_,

for every a > —m.
Using Theorem C.10, the extrapolated space is then given by the dual space of D(A*).

As mentioned before, if A generates an analytic semigroup, then also A,. To study mild
solutions of equations with boundary noise, it is essential to know the connection between
extrapolated semigroups and the original semigroup.

Theorem C.11. ([Ama95, Theorem V.2.1.3]) Let € be a reflexive Banach space, A be a
linear operator with bounded imaginary powers, m € N and (Eq, Aa)a>—m the interpolation-
extrapolation scale of order m, generated by A. Then A, generates an analytic semigroup.
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Further, for a > B, the semigroup generated by A, is the same as the semigroup generated by
Apg restricted to &,.

Example C.12. Of particular interest is the interpolation-extrapolation scale generated by a
second-order differential equation with corresponding boundary conditions. This is a special
case of (B-5) form =1. Let

A= Z 0; (aij@j) +b, By:= Z Vi’yaaijaj, Bp = Yo (C—4)

i,j=1 i,j=1
where v is the outer normal vector of O, 7y is the trace and (aij); ;—1,b fulfill (R) for m = 1.

The boundary operator is therefore either of Neumann or Dirichlet type. Further, define the
LP-realization of the boundary value problem (A, By p) as

Anp: D(Anp) CLP(O) = LP(O),u — Anpu = Au
with domain
D(An,p) = {u € H*(0) : By,pu =0},
where we will mostly neglect the index in the case of Neumann boundary conditions. If
(A, Bn,p) is normally elliptic, which is true under certain ellipticity conditions on (aij)ijl

> ai(@)E'e 2 |

i,j=1

forxz € O, € R", the realization A € {An, Ap} has bounded imaginary powers and generates
an analytic semigroup, see B.15.
In that case, it is known that A generates, in particular, an interpolation-extrapolation scale,
given by
{uGHw’p(O) :BuzO}, 1+% < 28,
H2%r(0), 141 <28<142,

, /
(H—mvp (0)) : 241 <28 < -1+,
{u e H 297 (0): Bu=0}, —2<28<-2+1,

&g =

for Neumann boundary conditions and

{u S HQB’p(O) : u’ao = 0}, I% < 28,
EF =S H27(0), —2+4+1<2p< 1412, (C-6)
{u e H 25 (0) 1 ulpo =0}, m—2<28< -2+ L

for Dirichlet boundary conditions, see for example [Ama93, (7.4),(7.5)].
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APPENDIX D

PARABOLIC PROBLEMS

In this appendix, we provide a detailed treatment of deterministic non-autonomous parabolic
problems. To be precise, first, we specify some conditions under which a family of non-
autonomous operators generates a so-called parabolic evolution family, which is the non-
autonomous counterpart of a semigroup, and then determine the resulting properties. We
focus on the case where the domain is time-independent; however, we briefly discuss a possible
extension at the end of the section.

In the second section, we address parabolic boundary value problems and provide a brief
review of the solution theory, without delving into excessive detail. Let & be a reflexive
Banach space and T > 0.

D.1 Non-autonomous evolution families

We want to investigate problems of the form

—y, = At D-1
dtyt )yt (D-1)
where (A(t));c[0,7] is a time-dependent family of linear operators. A large number of articles
and books are available for studying such time-dependent problems under various conditions;
see [Tan79, Ama86b, AT87, Acq88, Yagl0| and the references therein.

In the autonomous case, A(t) = A, it is known that the solution operator is a semigroup
(St)t>0 and the solution is given by y; = Si_sy,s for some initial value y,. By introducing a
time dependence, the situation becomes more complex, but it is also possible to specify an
equivalent to the semigroup. The main difference is that the so-called evolution family in the
non-autonomous case depends on the starting time s and the observed time ¢. In contrast,
the semigroup only depends on one time parameter, namely the elapsed time.

The following conditions are known as the Kato—Tanabe assumptions; for more details
see |Paz83, Page 150|, [Ama86b| and the references therein. They ensure the existence of a
parabolic evolution family.

(A1) The family (A(t))te[o,T]
with time independent domain D(A) := & C &.
(A2) There exists a ¥ € (7/2, ) such that ¥oy U {0} C p(A(t)) and

consists of closed and densely defined operators A(t): & — &

1
1+ 2|

(= - A(t))_luc(&;&) S

as well as ||(z — A(t))_lug(go;gl) Slforall zeXyyU{0},i=0,1andte0,T].

(A3) There exists a v € (0, 1] such that

|A®) — A(s) |l c(eriee) S It — 51"



186 Appendix D. Parabolic problems

for all s,t € [0, 7.

In particular, (A2) implies that the operator A(t) is sectorial for every t € [0,T]. Note that
the boundedness of the resolvent in £(&1;&1) and L£(&p; &1) is added to obtain the more general
smoothing property obtained in Theorem D.3.

Theorem D.1. ([Acq88, Theorem 2.3|) Let (A(t))te[o,T] satisfy Assumption (A1)-(A3).
Then there exists a unique parabolic evolution family (St,S)(s,t)eA[(),T] of linear operators Sy s €
L(Ep; E9) N L(E1; E1) such that the following properties are satisfied:

i) For all (s,u,t) € AS?T} we have

St,s = St,usu,s

as well as the identity S;y = Id g,.
ii) The mapping (s,t) — Sy ¢ is strongly continuous, this means

lim (1St = 2llg, = fim 1St = 2llg, =0,

if and only if x € &;.
i11) For s <t we have the identity %St,s = A(t)Sts as well as the estimate

AW Seell ey S (= 97
for every (s,t) € Ay gy

Next, we want to establish smoothing properties similar to those of analytic semigroups. Due
to (A2), every operator A(t) generates an analytic semigroup, so the fractional power spaces
Ea = D((—A(t))*) endowed with the norm ||-||, == ||( — A(t))a-HgO are well-defined.

Remark D.2. Assumption (A1) requires that the domain of A(t) is independent of ¢.
However, this does not mean that the fractional power spaces are, in general, also independent
of t. The easiest way to circumvent this problem is to suppose further that every A(t) has
bounded imaginary powers. In that case, the fractional power spaces can be identified using
complex interpolation (C-3). This means that for any o € (0, 1) we have

Ea = [507D(A)]C¥ = D((_A(t))a)

and therefore &, does not depend on time.

Theorem D.3. (|[GHN21, Theorem 3.9]) Let k_,k+ € N and (A(t))te[o 7
operators with bounded imaginary powers satisfying Assumption (A1)-(A3) where (&y,&1) is

substituted by (Eq, Eav1) for every a € [k_,ki]. Then we have for every a, B € [k—, k4] with
B>« and € [0,1]

be a family of

1(St,s = Id)z[| , Sas [t = I (|2l »

e (D-2)
19521l 5 Sap [t =517~ 2]l

fOT (S,t) S A[O,T}'

To investigate the long-term behavior of evolution equations, it is often useful to assume
that the resulting evolution family has an exponential decay. This leads to the two main
assumptions in this thesis.

(A) The operator family (A(t))te[o 7 satisfies Assumption (A1)-(A3), where (&),&;1) is
substituted by (Ey,Ea+1) for every a € [k_, k4], where k_,k; € N. Further, assume
that A(t) has bounded imaginary powers.
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(As) The evolution family (St,s)(s,t)eA[ is exponentially stable. This means that there

0,T7]
exists a Ay > 0 and a constant C'4 > 0 such that

HSLSHE((SO) < CAef)\A(th) < CAef)\A(th% (D_3)

foralltZsandOS)\ASS\A.

In particular, Assumption (Ag) is satisfied if every A(t) has a negative spectral bound. As a
result, all estimates from Theorem D.3 now also have an exponential decay on the right-hand
side.

Similar to (B-2), it is not possible to obtain the smoothing property and the full decay rate
in the same inequality.

Corollary D.4. Let the Assumptions (A) and (Ag) be satisfied and fix Ay < Aa. Then we
have for every o, B € [k_, k4] with > «

e—ra(t—s)

”St,sicHg ga,ﬂ,AA/iA m HxHa ) (D-4)

where the right-hand side explodes for Ag — 4.

Proof. The simultaneous exponential decay and smoothing can be proven similarly to [Vra03,
Lemma 7.7.1]. Set a = *4/X, < 1, then we obtain

HSt,siUH5 < Hst,t—a(t—s)Hﬁ(gB;gﬁ) HSt—a(t—s),SxHB

1
<eMalt=s)___ ~ N —(B-a)
~ € (1-@)6_0‘ (t 8) H:UHOL D

Lemma D.5. ([PV14, Lemma 2.7|) Let (A(t))te[o 7] and (A*(t)) satisfy the Assumption

(A). Then we have for every a, 8 € [k—, ky]| with 5 > «

t€[0,T

|Sts (= 49)’a|| Sas ¢ =570 el (D-5)

where x € Eg.

Remark D.6. i) Note that for 3 > «, the space £ is densely embedded into &,. Therefore,

(D-5) shows that there exists a unique extension of Sy s( — A(s))ﬁ as a bounded linear
operator on &,. We denote the extension again by S;s(—A(s))?. In particular, we have
for x € &,

tsl — sﬁx S(E—s) VT x|, - -
|Sts(=A4)’a]| <=7 |al (D-6)

ii) Similarly, we can extend S;s to an operator in £_,. Indeed, A(¢)® is an isomorphism
between &, and &. Hence, for x € £ there exists an y € &, such that x = A(t)%y, see
Theorem C.9. This implies that

1Stszlle = 1St (= A(5)) ylle S (¢ = 5)"*[lylle
= (t =) (= A®) "zl = (t =)~z -a,

and since & is densely embedded into £_,, we can extend S; s to an operator from £_,
to &.
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Remark D.7. It is also possible to consider non-autonomous evolution equations in the
context of time-dependent domains. In this setting, the stated Kato-Tanabe conditions (A2)-
(A3) are not enough to ensure the existence of a parabolic evolution family. With stronger
conditions, for example, under the assumptions of Acquistapace—Terreni [AT87, Hypothesis I-
I1], we can obtain the same results as before, but now with possible time-dependent fractional
power spaces. For a detailed discussion on different assumptions for non-autonomous evolution
equations, see [AT87, Section 7] and also [Acq88, Yagl0].

Example D.8. Let O C R" be an open domain. Consider the time-dependent version of
second-order differential operators

n

A(t) = 9i(ai;(1)9;),

ij=1
where (aij (t, '))?j:1 € C® (@; R"X") satisfies the ellipticity condition

3 aij(t,2)Ee 2 |l

2,j=1

forz e O, e R" and t € [0,T]. Further, assume that the coefficients are Hélder continuous
aij(-,x) € CH([0,T];R) uniformly in O for some p € (0,1). Then the Dirichlet realization
A(t): D(A(t)) — LP(O) with

D(A(t)) = {u € H*?(O) : u|po = 0},

satisfies (A), see [GHN21, Example 2.12 & 3.10] and [CM0O6].

D.2 Parabolic boundary value problems

In this section, the theory of parabolic boundary value problems is briefly introduced based
on the survey of Amann [Ama93]. For more information, see also [LM72, DHP03| and the
references therein. Consider the equation

Au=0, Bu=g (D-7)

where A and B are formal differential operators as in (B-5) of order 2m with m; < m for
every j =1,...,m.

Definition D.9. i) Associate to the operators A and B the principal values
an(@,) = Y ag@)e’, (@0 = D bp@)¢”
|8]=2m |B]=m;

for x € 0,7 € 00 and £ € R™.
ii) The operator A is called normally elliptic if

o(ax(z,€)) C {z € C:Re(z) > 0},

holds for every z € O and ¢ € R™ with |¢] = 1.
iii) A boundary operator B satisfies the normal complementing condition with respect to A
if w = 0 is the only exponentially decaying solution of

(ax(Z, &+ v(2)i0y)) + A)u(t)
br (Z,& + v(2)idy) ) u(0)

)

0
0
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for every A € {z € C : Re(z) > 0}, £ € 0O and ¢ is in the tangential space of & with
z,§ #0.

iv) The pair (A, B) is called a normally elliptic boundary problem if A is normally elliptic
and B satisfies the normal complementing condition with respect to A.

In the following discussion, the focus is on second-order operators, as in (C-4), even if the
definition allows more general orders. If (A, B) is a normally elliptic boundary value problem,
then there exists an interpolation extrapolation scale generated by the LP-realization A of the
boundary value problem. We denote the scales by (SC]!V ,A N7a)a>7m for Neumann boundary

conditions and (55, AD7O‘)a>7m for Dirichlet boundary conditions as in Example C.12.

Definition D.10. i) Let 1/p < 200 < 2, g € Bzifl/p(@@;]&) and B = v5. Then u € &P is

called a strong solution of (D-7) if (D-7) holds in the sense of distributions.
i) Let 1+ 1/p<2a<2, g€ BZ%_l_l/p(a(’);]R) and B = BY. Then u € &Y is called a strong
solution of (D-7) if (D-7) holds in the sense of distributions.

Remark D.11. It is possible to identify a solution to equation (D-7) for lower values of «,
which are no longer in the sense of Definition D.10, but weak or very weak solutions. The
precise definition of these concepts is not essential for our purposes and is not addressed in
further detail in this discussion. For more information see [Ama93, Section 9.

Theorem D.12. (|[Ama93, Theorem 9.2|) Let a € [0, 1] such that 2ac # 1/p, 1+ 1/p, (A,B) a
normally elliptic boundary value problem with coefficients satisfying (R) with u > 2a—1, then

there exists a unique solution to (D-7). In particular, the solution operator N : Bf,i;—l_l/p —
EN . respectively D Bf,f;,_l/p — EP is bounded and linear for every a € [0,1] such that

200 # UYp, 14+ Up. If 2a > 14+ 1/p, in the Neumann or 2c > 1/p in the Dirichlet case, we obtain
even a strong solution.
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German summary

In dieser Thesis werden vor allem stochastische Evolutionsgleichungen mit nichtlinearem
multiplikativem Rauschen und deren Langzeitverhalten untersucht. Aufgrund dessen dass
durch den stochastischen Einfluss die Losungen nur auferhalb von Nullmengen definiert
sind, eroffnen sich bei der Untersuchung des Langzeitverhaltens mehrere Probleme.
Insbesondere ist es erstmal schwierig Gleichungen mit nichtlinearem multiplikativem
Rauschen zu betrachten. Unter anderem aus diesem Grund liegt der Fokus in dieser
Arbeit auf pfadweisen Losungskonzepten, da diese es ermdglichen, allgemeineres Rauschen
zuzulassen. Die Ergebnisse werden dabei speziell auch auf Gleichungen mit Rauschen auf
dem Rand angewandt.

Die Arbeit ist in zwei Teile gegliedert: Im ersten Teil werden raue Differenzialgleichungen
eingefithrt und auf Existenz und Eindeutigkeit untersucht. Im zweiten Teil wird dann das
angesprochene Langzeitverhalten von rauen Evolutionsgleichungen sowie von pfadweisen
milden Losungen betrachtet. Nach einer Einleitung in Kapitel 1, wird in Kapitel 2 die
Theorie der rauen Pfade ausfiihrlich eingefiihrt. Hauptséchlich werden viele aus der Literatur
bekannten Fakten, wie die Erzeugung von rauen Pfaden durch gaufssche Prozesse, zitiert.
Ein rauer Pfad ist hierbei eine Verallgemeinerung des stochastischen Rauschens, welche
es schlussendlich ermoglicht, Losungen von partiellen Differenzialgleichungen pfadweise zu
untersuchen. Durch die rauen Pfade konnen dann insbesondere auch nicht-markovsche
Prozesse betrachtet werden, was auch die fraktionelle Brownsche Bewegung mit einschlieft.
Auflerdem wird im Unterabschnitt 2.2.2 untersucht, wie der Cameron—Martin Raum eines
Gauftschen rauen Pfades aussieht, da diese Information wichtig wird, wenn es um die
Integrierbarkeit von Losungen geht. Anhand der Theorie der rauen Pfade fiihren wir das raue
Integral in Abschnitt 2.3 ein. Danach wird zunéchst das Integral iiber sogenannte 1—Formen
diskutiert, was schliefflich in Unterabschnitt 2.3.3 zur Definition von kontrollierten rauen
Pfaden fiihrt, wie es von Gerasimovi¢s, Hocquet und Nilssen [GHN21| entwickelt wurde.
Die kontrollierten rauen Pfade bilden eine Klasse von Funktionen, welche sich gegen einen
rauen Pfad integrieren lassen und auf das Setting von parabolischen Gleichungen angepasst
sind. Dieser Abschnitt erweitert die etablierten Ergebnisse durch die Einbeziehung von
nicht-autonomen Diffusionskoeffizienten. Zusétzlich wird in Unterabschnitt 2.3.4 untersucht,
wie sich verschiedene Operationen auf einen kontrollierten rauen Pfad angewandt auswirken.

Kapitel 3 beschéftigt sich mit den Losungen von rauen Evolutionsgleichungen. Insbesondere
werden in den Unterabschnitten 3.1 und 3.2 erst die lokale und dann die globale Losbarkeit
untersucht. Auferdem wird in Unterabschnitt 3.4 eine integrierbare Schranke zur Losung
konstruiert und in Unterabschnitt 3.5 eine Gronwall-artige Ungleichung fiir milde Losungen
von rauen Evolutionsgleichungen bewiesen.

Die im ersten Teil erlangten Erkenntnisse werden im zweiten Teil der Arbeit dann benutzt,
um das Langzeitverhalten zu untersuchen. Hier beschiftigt sich Kapitel 4 zunéchst mit der
Einfiihrung der zufélligen dynamischen Systeme, was die Grundlage zur Untersuchung der
Dynamik liefert. Mithilfe dieser zufiilligen dynamischen Systeme, der Existenz von globalen
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Losungen, der integrierbaren Schranken und des milden Gronwall Lemmas ist es dann in
Kapitel 5 moglich, die Existenz von Attraktoren und Lyapunov Exponenten zu zeigen.

Im letzten Kapitel 6 werden allgemeinere Evolutionsgleichungen betrachtet, bei denen nicht
nur das Rauschen zufillig sein darf, sondern auch der lineare Operator. Um diese Gleichungen
zu untersuchen, wird deshalb das Konzept der pfadweisen milden Losungen betrachtet, welches
ein weiteres pfadweises Losungskonzept zu stochastischen Gleichungen darstellt. Mithilfe
dieser Theorie wird hier die Existenz von globalen Attraktoren fiir Reaktions-Diffusions-
Gleichungen bewiesen.
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List of Figures

4.1 This diagram illustrates the cocycle property of a random dynamical system
¢, where the evolution of a point x € £ under the flow ¢(t,w,-) corresponds to
sequential applications along the metric dynamical system (6;)ier. . . . . . . 111
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List of Symbols

T € [0, 00] is a positive constant, v € (0, 1), £, F and G general Banach spaces over K € {R, C},
(Ea)acr a scale of Banach spaces, A some linear operator between £ and F.

Function spaces

EXF

ERF

C:=C(&) =C([0,T];
CY=C1(€) = C([o, ]

(Ca-var . (g-var (5

y
€O = C7(E) = C([0, T

) —
¢} = Ci(e) =}

G (0T

Ck = CH(E) = CF ([0, T); €)

Ck = CH(E) = CF ([0, T); €)

LP(O;€)
W#P(0;€)

WoP(0;€)
HoP(0; €)
H?(0;€)
Bz,q((’);g)

¢ :=%¢7([0,T];€)
%) =€) ([0,T);€)
€07 = 607([0,T);€)

)

D o = Dxo([0,T]

L(E;F)

LO(E x F;G)
g/

2(0)

7'(0)

S (R%)

S (RY)

(Semi-)norms

:€)

(Ca-var

product space of £ and F

tensor product space of £ and F

space of continuous functions

space of y-Holder continuous functions
closure of smooth functions in C7([0,T7; &)
space functions with finite g-variation

space of two-parameter

~v-Holder continuous functions

space of k-times Fréchet differentiable functions
with k € NU {oo}

space of k-times Fréchet differentiable functions
with compact support and k € NU {oco}
Lebesgue space for p € [1, o0]
Sobolev—Slobodeckij space for s > 0,p € [1, 0]
closure of smooth function

with respect to the norm in W*P(O;€)

Bessel potential space for s € R,p € (1,00)
closure of smooth function

with respect to the norm in H*P(O; )

Besov space for s € R,p, q € [1, 0]

space of y-Hoélder rough paths

space of weakly geometric v-Holder rough paths
space of geometric v-Holder rough paths
space of controlled rough paths according

to the path X and the family (€,)acr

space of bounded linear operators

space of bilinear operators

the dual space of €

space of test functions

space of distributions

Schwartz space

space of tempered distributions

-
Il or [Nl = II-lle,,
e = -5 formy

absolut value in K and the Euclidean norm in R¢
norm in & respectively &,
Hoélder norm with values in &, on the interval [0, T']
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[,

a = H%SQ,[O,T]

Holder semi-norm with values in &,

on the interval [0, 7]
] Holder semi-norm with values in R?

o1 = hyra oy on the interval [0, 7]
I llpy W I HD'* ([0.77) controlled rough path norm
Miscellaneous
xSy x < Cy for some positive constant C'
T Say as above, but C' = C(a) depends on a
E—F € is embedded in F, i.e. £ C F and ||z < ||=||¢
Re(x) the real part of a complex number z € C
Im(x) the imaginary part of a complex number x € C
00 the boundary of a bounded domain O C R"
Yo the trace operator
D(A) the domain of A
p(A) the resolvent set of A
o(A) the spectrum of A
E~F £ is isomorphic to F
A* the adjoint operator of A
A®) subset of R¥ for an arbitrary interval J € R

J defined in (2-10)
» used to highlight a multiplication when

the equation goes over a line break
O(f),o(f) Landau symbols
oe = 01 L0
9%z, o%n Multiindex notation for o € Nj

lal =a1+... +ay
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