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Abstract

To study the nonlinear properties of complex natural phenomena, the evolution of the
quantity of interest can be often represented by systems of coupled nonlinear stochas-
tic differential equations (SDEs). These SDEs typically contain several parameters
which have to be chosen carefully to match the experimental data and to validate the
effectiveness of the model. In the present paper the calibration of these parameters
is described by nonlinear SDE-constrained optimization problems. In the optimize-
before-discretize setting a rigorous analysis is carried out to ensure the existence of
optimal solutions and to derive necessary first-order optimality conditions. For the
numerical solution a Monte—Carlo method is applied using parallelization strategies
to compensate for the high computational time. In the numerical examples an Ornstein—
Uhlenbeck and a stochastic Prandtl-Tomlinson bath model are considered.

Keywords Optimization of SDEs - First-order optimality conditions - Monte Carlo
methods - Stochastic gradient methods - Ornstein—Uhlenbeck model - Stochastic
Prandtl-Tomlinson equations

Mathematics Subject Classifications 49J55 - 49K45 - 65C05 - 90C52 - 93E20

1 Introduction

Natural processes inherit noise and uncertainties and therefore are often modeled using
stochastic differential equations (SDEs). Such equations consist of a deterministic part
and a stochastic part, where the latter one is usually modeled by Brownian motions; see,
e.g., [55, 56]. The application of SDEs ranges from physics and biology to finance;
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cf. [13, 28, 51], for instance. All these SDEs include parameters that need to be
calibrated. For this calibration (also called parameter identification), usually real-
world data is used and parameters are searched that lead to the best agreement of
measured and predicted data. Therefore, parameter identification and optimal control
of such processes are of interest to many communities and have been the subject of
extensive research.

The main motivation for our work is the calibration of models that investigate the
rheological properties of fluids using the microrheology technique. Specifically, the
study of the behavior of fluids using a so-called tracer particle suspended in a fluid. Key
tools to study properties of complex fluids are nonlinear bath models, for example, the
Stochastic Prandtl-Tomlinson (SPT) model [29, 30, 43]. While linear models have
been investigated in the Markovian framework [15, 52, 53], less is known for the
nonlinear case together with memory effects in which the Markovian framework is no
longer applicable. To study the properties of fluids, systems of coupled nonlinear SDEs
representing the movement of particles are studied. The SDEs in this case typically
possess the structure of (generalized) nonlinear Langevin equations [33, 35, 58].

In this paper, we express the calibration problems as SDE-constrained optimization
problems of the form

min J (X, u) = j(X) + jr(X(T)) + g luelI3

subject to X satisfies an SDE on [0, T'] for parameter or control u € Uy,g C U
(1.1

with ¥ > 0, a parameter or control space U and with properly chosen functionals j,
Jjr which will be specified in Sects.3 and 4, respectively. In particular, the tracking
type functional

1 T
J(X,u) = 5( fo ICEIX (O)]) — A1)l dt + ICEIX (T — 150 + ||u||ﬁ)
(1.2)

is included. Notice that the objective defined in (1.2) differs from the one typically
used in the stochastic optimal control setting (see, e.g., [19, 46]), but is present in
literature for calibration problems; see, e.g., [17, 20, 22, 31, 36]).

To solve (1.1) let us mention three different approaches:

e One can lift the problem to the level of partial differential equations (PDEs). This
lift can be viewed as taking the limit in several senses; see, e.g., [45] for a review
in the deterministic setting. One way is to define a probability density function that
contains information on the probability of the state of the model being in a certain
configuration at a certain timestep. The PDE that governs the evolution of the
probability density is given by the Fokker-Planck equation [1, 9]. In this setting,
one can apply tools from PDE-constrained optimization; see, e.g., [27, 54]. If one
wants to account for the structure of the space of probability measures, we refer to
[4,7, 14, 21]. However, one encounters certain challenges with this lift to the level
of PDEs. One of them is the exponential growth of numerical complexity with the
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dimension of the model since we encounter a high-dimensional PDE. This is also
known as the curse of dimensionality.

e In another approach one stays on the microscopic level and directly characterizes
the optimal control or calibration using SDEs [5, 6, 37]. Here, no probability
density functions come into play and hence no PDEs have to be solved. However,
their huge weakness is their quite slow convergence [24].

e Further, hybrid methods are utilized, where the models are solved on the micro-
scopic level, but—to calculate the gradient—the density functions are assembled.
These methods suffer from the time-consuming bottleneck of assembling proba-
bility density functions in hybrid methods [2, 3].

In the present paper we study (1.1) as an infinite dimensional optimization prob-
lem; see, e.g., [27, 38, 54]. The first objective is to derive sufficient conditions for the
existence of optimal solutions and to carefully set up the correct framework in terms
of solution spaces and control or parameter spaces. After we guarantee sufficient dif-
ferentiability of the cost functional and the constraints, we derive first-order necessary
optimality conditions by an adjoint calculus. This allows us to characterize an opti-
mal control or optimal parameters; see, e.g., [27]. Up to the authors’ knowledge, the
rigorous derivation of the reduced gradient for the calibration problem using adjoint
calculus is not present in the literature. Nevertheless, there are some works heading in
a similar direction, in particular, [34] and very recently [11].

To solve (1.1) numerically, one possibility is to start with deriving first-order
necessary optimality conditions for the optimal control problem on the continuous
level. After this, the system is discretized and optimization schemes are applied.
This approach is also known as first-optimize-then-discretize. Alternatively, in the
first-discretize-then-optimize approach (1.1) is discretized first and then the first-order
optimality system is derived for the discretized optimization problem. Utilizing the
Lagrangian framework, we derive an optimality system consisting of the state equa-
tion, the adjoint equation and the optimality condition. Both approaches are compared.
Moreover, convergence of the value of the discretized cost functional to the value of
the continuous one is proved. Notice that the exploiting of adjoint-based models and
staying on the microscopic level by using Monte—Carlo computations have several
advantages, in particular, they are easy to implement and inherit huge flexibility [24].

The paper is structured as follows: In Sect.2 we introduce the notation and recall
some preliminaries when dealing with SDEs. In Sect.3, a general state equation is
introduced that governs the optimization problem that is defined in Sect. 4, where we
prove the existence of solutions to the optimization problem. In Sect.5 we introduce
a discretization for (1.1) and derive the associated first-order necessary optimality
system which is the basis for a gradient-based method utilized for our numerical
tests. The Fréchet differentiability of the constraints and the objective as well as the
first-order optimality system for (1.1) are proved in Sect. 6. The work is completed
in Sect.7, where we formulate our optimization strategy and validate it using two
different examples. At first, we apply our method to the mean-reverting Ornstein—
Uhlenbeck process where we try to find a time-dependent control function that drives
the evolution of the SDE to follow a desired trajectory. Then, we solve the calibration
model governed by the SPT model with one and two particles.
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2 Notation and Preliminaries

In this section, we introduce our setting and a general model for calibration and
stochastic control problems. We start by recalling some preliminaries. For more details,
we refer the reader to [40, 57].

Let (2, F, IP) be a probability space with a non-empty event set €2, a o-algebra F
and a probability measure P : § — [0, 1]. For givend € Nlet X = (Xy,..., Xy) :
Q — R? be F-measurable. Then, X is called a d-dimensional random variable and
its expected value is defined as

E[X]::f XdIP’:/ X () dP(w) € RY.
Q Q

A d-dimensional stochastic process is a family {X (f)};>0 of d-dimensional random
variables X (1): Q — RY. A filtration of the probability space (22, F, P) is a family
{F(t)}s>0 of o-algebras F(r) C FwithTF(s) C F(¢) foralls € [0, 7]. A d-dimensional
stochastic process {X (t)};>0 is called adapted with respect to the filtration {F(¢)};>0
if each X (¢) is F(z)-measurable. Furthermore, it is called progressively measurable
if for every ¢+ > 0 the function X|jo : @ x [0,1] — RY, (0,1) = X(w,1), is
F(t) ® B([0, t])-measurable, where B([0, t]) is the o-algebra of all Borel subsets
of [0, ¢] and ® denotes the product-c-algebra. The stochastic It6-integral will be
considered in the L2-framework; cf., e.g., [18, Section 4.2]. For T > 0 we endow
L2(0, T; Rd) with the standard norm

T 12
||¢||Lz(o,T;Rd>:=( f ||so<z)||]1§ddt> :
0

with the Euclidean norm || - [|pe in R?. In the same way, the space L2(Q2; RY) of all
equivalence classes of square-integrable random variables is endowed with the norm

12 172
2 2
1Xoll2@mn= (E[1Xel3e]) = ( /Q 1X o (@) 112 dP(w)) .

Finally, L>(2 x (0, T); R?) = L*(Q; L%(0, T; R?)) denotes the space of equivalence
classes of R-valued ¥ ® B([0, T'])-measurable and square-integrable processes X,

with the norm
T 1/2
||X||L2(Qx(0,T);Rd)f=<E[/0 ”X(t)”]]éd dl]) .

We define
]L%r(IR{d)::{X € L2(Q x (0, T); Rd) : X progressively measurable}.

More precisely, Lé(Rd) consists of all equivalence classes in L>(€2 x (0, T); RY)
which contain at least one progressively measurable process. The space ]L%Jr (RY) will
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be considered as a subspace of L(2 x (0, T); RY) supplied by the topology of LZ(£2 x
0, T); Rd), i.e., we set

||X||L§(Rd>i=||x||L2(Qx(0,T);Rd)~

In addition to the above Hilbert spaces, we will also consider processes with continuous
paths, endowed with the sup-norm. For this, we define the norm

(Ex@iz]) "

I X1lcqo.r:22@:rey) = sup 1 X (@)l 2q.rey = sup
1€[0,T] 1€[0,T]

on the Banach space of all processes X which are continuous functions of # with values
in the space L?($2; RY).

Let now m € N be given. By {B(t) = (Bi(t))1<i<m |t = 0} we denote an m-
dimensional Brownian motion (or Wiener process); see, e.g., [40, Definition 4.1,
Chapter 1]. We introduce the family of o-algebras {F5 (t)}:>0, where FB (1) is gen-
erated by {B(s) |0 < s < t} for any ¢+ > 0. Recall that {?B(t)},zo is said to be
the natural filtration generated by the Brownian motion {B(¢)};>0. By {F(t)};>0 we
introduce the filtration given by F(r) = FB(r) U N, where the set N is the set of all
P-null sets.

We fix a sub-o-algebra ¥, C F which is independent of F(7'), and define
the extended filtration F,(¢):=0 (F(t) U F,). Let X denote the vector space of all
{Fo(t)}re10,71-adapted measurable processes of the form

t t

a(s)ds +/ b(s)dB(s) foreveryt € [0, T]
0
2.1

Y(1) = B(Yo, a, b)=Y, +/
0

satisfying

T 1/2
1Y li=(E[I1Yel2 ]|+ E| [ la@Z + Ip@IRds[)  <o0  @2)
0

with Y, € L*(Q2; R?) being F,-measurable, a € L%:(Rd) and b = [by]...|bn] €
L2 (R9*™). In (2.2), we denote by | - || the Frobenius (matrix) norm induced by the
inner product
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m d m
(b,B)p =) bJbj = > bijbj; forb=1[bj]...[by] b=1[b1]...16,]eR>".
j=1 i=1j=1
(2.3)

Then the stochastic process Y in (2.1) is adapted with respect to the filtration
{Fo(t)}iel0,11, and for almost all w € €2 the associated path [0, T] > f — Y(w, 1) €
R? is continuous. In particular, Y is progressively measurable; cf. [32, Proposi-
tion 1.13]. We consider on the space X the inner product

T

T
(Y, Z) :E[YOTZO] +E|:/(; a(s)'a(s) ds+/0 (b(s), b($))g ds:|, (2.4)

where Z := ®(Z,, &, b) with Z, € L2(Q; RY) being F,-measurable and with pro-
cesses & € LZ(RY), b = [by]...|by] € LZ(R™). Throughout this work, the
symbol ‘T’ stands for the transpose of vectors or matrices.

To show that X is a Hilbert space, we consider the product space

={(Yo,a,b) € LY RY) x LF([RY) x LF[RY*™) : ¥, is FO -measurable}.
(2.5)

In Lemma 2.1 we show that the space X is a Hilbert space with the inner product given
by the right-hand side of (2.4), and the induced norm is given by the right-hand side of
(2.2). In the proof of the lemma we utilize the notion of a martingale which is defined,
e.g., in [18, Section 2.7].

Lemma 2.1 The map ®: X — X is injective, i.e., the representation of Y € X of the
form (2.1) is unique, and therefore the norm (2.2) is well defined in X. With this norm
in X, @ is an isometric isomorphism between X and X. In particular, X is a Hilbert
space.

Proof AssumeY = ®(Y,,a,b) =0.Then Y, = Y(0) = O (note that Y has continu-
ous paths), and

1 1
Mt:Z/ b(s)dB(s) = —f a(s)ds, te[0,T],
0 0

is a continuous martingale with finite variation and therefore constant, see [49,
Theorem II1.12], and we obtain M; = My = O for all t € [0, T]. As the inte-
gral representation of square integrable martingales with continuous paths is unique
(see [32, Theorem 4.15]), this yields b = 0 in ]L%F(]Rdx’”). Moreover, we have
-M, = ]01 a(s)ds = 0 for all r € [0, T] which implies a = 0 in LZ?(]Rd). Con-
sequently, the map & is injective, which implies that the norm in (2.2) is well defined.
By construction, ® is an isometric isomorphism between X and X, which also yields
that X is a Hilbert space. O
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As the following lemma shows, we obtain continuous embeddings of X into standard
spaces of processes. Part (2) of the lemma will be useful later in Sect. 6.3, when we
derive backward equations.

Lemma 2.2 (1) For C := /3max(T, 1} we have
1Yllcqo.7):02(:rdy) < ClIY |l foreveryY € X.
In particular,
X C C([0, T1; L*(2; RY)) € L*(Q x (0, T); RY) (2.6)
holds with continu?us embeddings, and we obtain X C L%I(Rd).
(2) Let A:=®(A,, &, b) € X. Then the map

T
A: X —>R, Y~ IE|:Y(T)TA(T) —/ Y(s)' acs) ds:| 2.7)
0

defines a continuous linear functional on X. Moreover, forY = ®(Y,, a, b) € X,
we have

EA(Y) =((Yo, a, b), (Ao, A, D))y, 2.8)

where (-, -)x stands for the inner product in X.

Proof (1) LetY € Xbe given Then (2.1) holds with a random vector X, € L*(£2; RY)
and processes a € L2 (Rd) and bell (Rd XMy From (2.1) and the inequality
(s1 + 52 + S3)2 < 3(s1 + s2 + 532) for positive s1, 52, §3, we obtain for every
tel0,T]

E[1¥01%] = 3(E[1¥el2,] +E[| /0, als) dSH];] +E[| /Ot b(s) dB(S)Huz@d])'

An application of the Cauchy-Schwarz inequality yields

t 2 T 2 T
| [[awas|, = ([ 1a0kas) <7 [ 12w

For the stochastic integral, we use the It6-isometry (cf., e.g., [40, Chapter 1, The-
orem 5.21])

E[H /otb(s) dB(s)H;d] = E[/Ot ||b(S)||12:ds] < E[fOT ||b(s)||12;ds],

Therefore, recalling that Y has continuous paths, we obtain

sup E[|IY (1)l|30] < 3max{T, 1} |¥[%

1Y 20 Rd
cao.rp@rsy =SB
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which shows the first embedding in (2.6). The second embedding follows from
the obvious estimate

1X 1l z2x0.7y:re) < VT 1Xlleqo. 71 L2(0:R4))-

As every element of X is progressively measurable, we obtain X C Lgf RY).
(2) By the Cauchy-Schwarz inequality and the embeddings from (1), we can estimate

[€A(Y)] < ”Y”C([O‘T];Lz(Q;Rd))”A”C([O,T];LZ(Q;Rd)) + ”Y”L?f(Rd)”A”Lgt(Rd)
< C'|Y|IxlIAllx
for some constant C’ > 0. Therefore, £, is a continuous linear functional on X.

The proof of (2.8) is based on the It6 lemma applied on Y(T)TA(T), see [25,
Lemma 2.2.16], which yields

T
Y(T)TAT) = Y(0)"AO) + f (YO a0 +a0 A + (o). 5O ) di
0

T
+ / (Y()"B(t) + A@) "b(1)) dB(1).
0

Taking the expectation and noting that the expectation of the stochastic integral
equals zero, we obtain

CA(Y) = IE[YOTAO + /OT (a(t)TA(t) + (b(0), B(r))F) dt],

which shows part (2).

Remark 2.3 Let Y € X hold. Then,

1/2
sup [EY()llze = sup E[IYOlze] = sup (E[1Y0IZ]) " = CI¥lx
te[0,T] t€[0,T] te[0,T]

follows from Holder’s inequality and Lemma 2.2.

3 The State Equation

For r € N we introduce the Hilbert space u:=L2(O, T; R") and the set of admissible
(deterministic) controls which is given as

Uaq:={u € U | u(t) € [ua, up] for almost all (f.a.a.) t € [0, T1} 3.1

with ua, up € R” satisfying uz < up in R” (i.e., component by component) and
[ta, upl:={u € R” ’ua <u <upinR"}.
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Remark 3.1 1) Notice that U,q defined in (3.1) is nonempty, convex and closed.

2) In one numerical example carried out in Sect.7.2, we consider calibration prob-
lems, where the unknowns are time-independent parameters. In that case we have
U® = R" and US, = [ua, up] C UC, i.e., the set Us, is even compact.

Next let us start with the introduction of the coefficient functions that constitute
the equation, where the following standard hypothesis on the coefficient functions is
taken from [57, p. 44].

Assumption 3.2 We are given measurable drift and diffusion coefficient functions
a:RIXxR x[0,T] > R? and b:R? xR x [0, T] — R*™,

respectively. Further, there exists a (Lipschitz) constant Ly > 0 such that for every
x, ¥ € R4 u,ii € [ua, up] and f.a.at € [0, T] there exists a constant Ly > 0 such
that the Lipschitz condition
laCx,u, 1) —a(X, i, D)llga + I1b(x, u, 1) = b(x, i, )|l
<Ly (Ilx = Xlge + lu—dllg)  (3.2)

holds. Moreover,

T
/0 a0, u(®), )1y + 160, ut), H||gdt < L, (3.3)

is valid for all u € U,q.

Suppose that X, € L?(Q:R?) is a fixed given initial condition being F-
measurable. For a given (deterministic) input function u € U,q, the associated
stochastic process X is an R¢-valued solution to the stochastic differential equation
(SDE):

{dX(t) =a(X@®),u(@),t)dt +b(X (@), u(),t)dB(t) forallt € (0, T], 3.4)

X(0) =X,.
The next definition specifies the concept of a solution and uniqueness in our context.

Definition 3.3 1) If X belongs to X and satisfies

t

t
X(t):XO+/ a(X(s),u(s),s)ds—i—/ b(X(s), u(s), s)dB(s) in L2(Q; RY)
0 0

for all r € [0, T], we call X a solution to (3.4). .
2) We say that a solution X € X to (3.4) is unique if for any other solution X € X to
(3.4) we have

P({oe|X@) =X forallr € [0, T]}) =1,

@ Springer
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Remark 3.4 For the example introduced in Remark 3.1-2), the SDE (3.4) is given as

{dX(t) =a(X(@),u,t)dt +b(X (), u,t)dB(t) forallz € (0, T], (3.5)

X(0) = X,

for a given (parameter) vector u € US,. In that case, its solution X € X satisfies

t
X(1) =X0+/ a(X(s),u,s)ds
0

t
+/ b(X(s),u,s)dB(s) in L2(:;RY) forallt € [0, T].
0

Now, we recall the existence result from [57, Corollary 1.6.4].

Theorem 3.5 Let Assumption 3.2 hold and X, € L2(Q; Rd) be an F,-measurable
random variable. Then for every u € Uaq there exists a unique solution X € X of
(3.4).

Remark 3.6 To prove Theorem 3.5 we do not need the Lipschitz continuity of the
coefficient functions a and b with respect to the control variable u. Moreover, for the
unique solvability, the Lipschitz condition (with respect to x) can be weakened by a
local one; cf. [40, Chapter 2, Theorem 3.4].

Let X, € LZ(Q; Rd) be an JF,-measurable random variable. Due to Theorem 3.5
we introduce the non-linear solution operator

S:Uyg — X, X = S(u) is the unique solution to (3.4) for u € Uyqy. 3.6)

Theorem 3.7 Let Assumption 3.2 hold and X, € L*(2; RY) be an Fo-measurable
random variable. Then, for all u, u € Uyy, we have

1Su) — S@ M cqo.11:L2(2:r)) < C1 llu — il (3.7)
ISl qo,7): 2y < C2 (3.8)

with non-negative constants C1 = C1(Ly,T) and C; = Co(Ly, T, X,).

Proof To show the estimates (3.7) and (3.8), we follow a standard Gronwall approach
(see [44, proof of Theorem 5.2.1]). For this, let u, i € Uaqg be given. We set X := S(u)

and X := S(u). In the same way as in the proof of Lemma 2.2, we obtain for fixed
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te[0,T]

t
E[||X(z)—i(r)||§d]§21@[ /a(X(s),u(s),s)—a(i((r),a(s),s)ds
0

2
R4

B t
2k ”/ b(X(s), u(s), s) — b(X(s), i(s), 5) dB(s)
L" JO

2

]
r t

<2TE / IIH(X(S),M(S),S)—a(i(t),ﬁ(S),S)lluzgddS}
L Jo

t
+2F f ||b(X(s),u(s),s)—b()?(s),ﬁ(s),s)||§ds].
L JO
(3.9)

Now the Lipschitz condition of Assumption 3.2 yields

[ ~
/0 la(X(s), u(s), ) — a(X (1), i(s), )] 2 ds
4 ~ 2
< [ (L001X6) = X6 + (o) = 16 1)) s

t ~
<212 /0 1X(5) — K)ot + luls) — (s) |3 ds

for t € [0, T]. We proceed analogously for the second term on the right-hand side of
(3.9). Consequently, we obtain

~ t ~
E[1X0) = X0l] < o1 [ B[1X6) = O]+ luo) =71 ds

fort € [0, T] and ¢; = 4 max{T, 1}L%j. Now, an application of Gronwall’s inequality
(cf., e.g., [18, p. 92]) gives

. T
E [||X(t) . X(;)||§d] < creloen dS/O lu(s) —a()|3 ds  (3.10)

for t € [0, T], which yields (3.7) with C{(Ly, T) = v/ciet?.
To show (3.8) we proceed similarly as in the proof of Lemma 2.2 and utilize again
Assumption 3.2. Note that

t
E[IX(®)l3.] < 3(1E[||Xo||§d] + TIE[/O la(X(s), u(s), )l ds]

t
+1E[/ 1D(X (), u(s), s)lll%ds])
0
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for t+ € [0, T]. For brevity, we use the notation a = ||a(0, u(-),-)||ge and b =
160, u(-), - )||g- Note that

t
E[/O ||a<X(s),u<s),s>||§dds]
t
< ZE[/O la(X (5), u(s), s) — a0, u(s), $)lga + a0, u(s), $)|3a ds]

t t
< 21@[/0 Ly 1 X34 + |a<s>|2ds} = 2/0 LYE[IX (9)lI54] + la(s)[* ds.
(3.11)

Similarly, we infer that

t t
JE[ /0 ||b(X<s>,u(s>,s>||%ds]sz /0 LYE[IX () 13.] + Ib(s)[*ds.  (3.12)

By Assumption 3.2, we obtain

E[I1X(0)|54] < 3(E[||Xo||§d] +2max(T, 1) /0 ' la(s)[* + [b(s)|* ds
+2(T + L, fo l E[1 X (5)3a] ds)
< 3E[IIXo)2,] + 6 max{(T, 1)L} + & /0; E[IIX (5)]I2] ds
<OHh+8 fot E[I1X (s)34] ds

for t € [0, T] with & = 6(T + 1)L and & = 3E[|| X, l2,] + 6 max{T, 1}Lf,. By
Gronwall’s inequality and Assumption 3.2, this implies

t
E[||X(t)||I2Rd] < G exp </O 62dr) < Gyexp (62T)::C2

where c¢; depends on Ly, T and X,. Therefore, (3.8) holds with Co(Ly, T, X,) =
1/2
o'

O

Corollary 3.8 In the situation of Theorem 3.5, we have for all u, it € Uyq
1S@) = S@llx < Cillu =il (3.13)
ISl < C) (3.14)

with constants C| = C{(Ly, T) and C5 = C5(Ly, T, X,). Therefore, S: Uyg — X
is Lipschitz continuous and has bounded range.
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Proof Again we set a = ||a(0, u(-), -)|lge and b = [|b(0, u(-), -)||r. Utilizing the
definition of the norm in X, (3.11), (3.12) and Assumption 3.2, we find that

T
I1X1% =E[IXoll34] +EUO la(X(s), u(s), )l ds]
T
+EU ||b<X(s>,u<s),s>||%ds}
0

T
< E[IIXollza] +/0 ALLE[I1X (5)124] + la(s)[* + [b(s)[* ds

< max{l, 4L%,}||X||2C([0’T];L2(Q;Rd)) + L%,

Now (3.14) follows directly from (3.8) in Theorem 3.7. To show (3.13), let u, it € Uaqg
and set X := S(u) and X := S(u). In the same way as above, the Lipschitz continuity
condition in Assumption 3.2 leads to

~ 2 ~ 2 -
IX — Xl < 4L (1X — Xlicqo.ry:L2:rey) + i — @lly).-

Therefore, (3.13) follows from (3.7) in Theorem 3.7. O

4 The Optimization Problem

Next, we focus on the optimization problem itself. We start by introducing the cost
functional

J(X, u):=j(X) + jr(X(T)) + g luelI3 4.1

where j and jr fulfill the following hypothesis:

Assumption 4.1 The functionals j : X — R and j7 : L2(Q; RY) — R are convex,
lower semicontinuous and bounded from below.

Notice that j and j7 take random variables and map them to deterministic outputs.

Example 4.2 For example, we may consider the following non-negative functional of
tracking type for which Assumption 4.1 holds:

1 T 2 2
J(X,u)= 5(/0 ICELX (1)]) — ¢ (1) lIge dr + [CEIX (T)]) — C‘}' Ige +« IIMII%(>
“4.2)

for (X,u) € X x U. In (4.2) and ¥ > O is the control weight. We suppose that
the (non-linear) mapping C : RY — R’ is given in such a way that J is convex
and lower semicontinuous. Notice that the objective defined in (4.2) differs from the
one typically used in the stochastic optimal control setting (see, e.g., [19, 46]), but is
present in literature for calibration problems; see, e.g., [17, 20, 22, 31, 36]).
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Now we can formulate our stochastic optimization problem:
min J(X, u) subjectto (s.t.) (X, u) € X x Uyq satisfies (3.4). 4.3)

Utilizing the solution operator S (introduced in (3.6)), we define the reduced cost
functional

Ju):=J(Su), u) foru € Uyg. (4.4)
The associated reduced problem reads
minJ(u) st u € Ung. 4.5)

In Theorem 4.5, we deal with the question of the existence of optimal solutions to
(4.5). In view of our numerical example later on, we restrict ourselves to the case of
a linear SDE in the case of U = LZ(O, T; R"); see also the discussion after the proof
of Theorem 4.5.

Assumption 4.3 Suppose that (3.4) is a linear SDE. More precisely, the coefficients a
and b are of the following form

ax,u,t) = a(t) + A Ox +Ao(Hu  for (x,u, 1) € R4 x R” x [0, T],

4.6)
b(x,u, 1) = b(t) +B1()x + Bor()u for (x,u, 1) € R x R” x [0, T]
with (deterministic) functions
ae L0, T; R, Ay € L0, T; RY*9), Ay € L0, T; RV,

be L*(0, T;R™), By € L0, T; R™ %), B, € L™(0, T; R"™)

and

d
(B (t)x)l.j = Z B1,ij1(t)x,
=1

forl <i<dand1<j<m.

(%2(0%)[]» = 2%2,1'1‘10))61

=1
Remark 4.4 (1) It follows from Assumption 4.3 that

dX (1) = (a(t) + A1 (O X (1) + Ao (Du(r)) dr
+ (6(1) + B1()X (1) + Ba(u(1)) dB(r) forallr € (0, T], (4.7)
X(0) = X,

possesses a unique solution X € X for every u € U and every F,-measurable
X, € L*(Q; RY); cf. [57, Theorem 6.14].
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(2) Notice that Assumption 4.3 implies Assumption 3.2. Thus, the estimates of The-
orem 3.7 and Lemma 3.8 are satisfied also in the linear setting.

(3) Suppose that Assumptions 3.2 and 4.3 hold. For given initial condition X, : € —
RY et X € X be the unique solution to the linear SDE

dX (1) = a(z)dt + b(r) dB(¢) forall € (0, T], X(0) = Xo. (4.8)

Moreover, for given control u € U,q we denote by X, € X, the unique solution
to

dXn (1) = (A1 (OXn () +A(Du(n)) dr
+ (B1(OXn(1) + Bo(u())dB(t) forallz € (0,T], (4.9
Xh(0) =0,

where we set X, = {Y € X | Y(0) = 0in L%(Q; Rd)}. Then the solution
operator Sy, : Uyg — Xo, where Xy = Sh(u) solves (4.9), is well defined, linear
and bounded. Moreover, S(u) = X + Sp(u) solves (3.4) with the setting (4.6).

Theorem 4.5 Let Assumptions 3.2, 4.1 and 4.3 hold. Then there exists a (global) opti-
mal solution u € Uyq to (4.5).

Proof We follow the main idegs of the proofs in [57, Theorem 5.2, Chapter 2]. First, we
observe that the reduced cost J is bounded from below. Thus, there exists a minimizing
sequence {u*}reny C Uyg such that

—co < J =inf {J() |u € Usg} = Jim J ) < oo. (4.10)
—00

We set X¥ = S(u) for k € N. Due to Remark 4.4-(1)., the sequence {X*}ren C X is
well defined. Since U,q is bounded, the sequence {u }keN is bounded as well. Hence,
there exists a subsequence (which is still labeled by uk) {u }een C Uaq and an element
i € Uyg such that u¥F—i in U as k — o0o. We set X = S(ir). By Mazur’s theorem
[50, Lemma 10.19], we get the existence of a function N : N — N and a sequence of

sets of real numbers {c; k}l{\l:(,];) such that the sequence of convex combinations

N (k) N (k)
k= Z ajru’ € Uyg with ajr > 0 and Z aip =1 4.11)
i=k i=k

converges strongly to z in U, i.e.

7 - i inlU. (4.12)

. . - ok
Since the set U,q is convex and closed, we have iz € U,q. Furthermore, if X is
the state corresponding to the control #¥, then we have the strong convergence (see
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Theorem 3.5 and Lemma 3.8)

X - X X (4.13)

Using Remark 4.4-(3), we find that

- N (k) ' N (k) '
X = S@*) = X + Sp (@) = X + Sh< > a,-ku’) =Y ain(X + Sh())
i=k i=k
N (k)
= Z air X!
i=k

(4.14)

Due to Assumption 4.1 both j and jr are lower semicontinuous and convex. Thus,
we infer from (4.11), (4.13) and (4.14) that

5 .5 . Sk . .Sk
JX) + jr(X) iklgroloj(X )+klggojr(X )
N (k)

N (k)
i
kll)rgof < Z o X! > + 111’1’1 JT( Z air X (T)) (4.15)

=k
N (k)

< Jim 3 e (J () + i (X))

Since u +— ||u ||%( is continuous and convex in U, we infer from (4.12)

N (k) N (k) )
= li = lim | < i w416
@l = tim [y = lim Za,ku y kggo;a,knu e (416
1=

Combining (4.10), (4.15) and (4.16), we obtain

J(@) = j (X) + jr (X(D) + —||ﬁ||%L
N (k) . N (k) .
< hm Za,k (] +JT(X’(T)) _””l“u) :kli)n;OZaik J ).
i=k

4.17)

To pass to the limit in the last equality in (4. 17) we perform the following estimates.
Due to (4.10) we have limy_ oo J (uk) = J. Thus, for every ¢ > 0 there exists a
K = K(e) € N such that |J(uk) J| < ¢ for all k > K. Moreover, it holds that
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va:(,]:) aix =1land 0 < o < 1fori =k, ..., N(k) and for any k. Consequently,

N ONK® NGK o
D Sy = i+ Y ain (S —J)
i=k i=k =k
N (k) N (k)
<J Y i+ Yy on|l@)—J|<T+e forallk>K
i=k i=k

and analogously

N (k) N (k) N (k)
Z(xik Jw) >J Zaik - Za”‘ ’J(ul) - J‘ >J—¢ forallk > K.
i=k i=k i=k

Since ¢ > 0 is chosen arbitrarily, we conclude that limy_, vaz(,]? apx Jw') = J
holds true. Thus, it follows from (4.17) that iz solves (4.5). O

Remark 4.6 Notice that the assumption of the linearity of the SDE is quite restrictive.
However, it is in general not possible to prove existence of optimal controls for general
SDE in the strong sense. On the contrary, one has to consider so-called relaxed controls
for which the probability space can not be fixed a-priori [10, 57]. In [16], the authors
deal with the question of existence of optimal stochastic control for a quite general
form of stochastic optimal controls problems with a state equation of the form (3.4).

Let us come back to the case when the control is time-independent and just a vector
inU® = R¥: see Remarks 3.1 and 3.4. In this case, the proof of the existence of optimal
parameters can also be executed for a non-linear SDE.

Theorem 4.7 Let Assumptions 3.2 and 4.1 hold for U = U and Uag = U5,. Then
there exists a (global) optimal solution u € ugd to (4.5).

Proof First, notice as in the proof of Theorem 4.5 that the reduced cost J is non-

negative and the existence of a minimizing minimizing sequence {u*}reny C U; q- We
use again the notation Xk = Sy for k € N. Due to Theorem 3.5, the sequence
{X k}keN C X is well defined. Since u;d is compact, there exists a subsequence of
the minimizing sequence (which is still labeled by ub) (uFheen C Ugd and an element
i € US, such that we have the strong convergence u¥ — @i in U as k — oco. We set

X = S(i) € X. It follows from Theorem 3.7 that X¥(T) — X(T) in L?*(Q, RY)
as k — o00. Due to Lemma 3.8 we have X¥ — X in X as k — oo. Now, with the
notation of (4.10) and Assumption 4.1, it holds that

J@) = j (X) + jr (X(D) + Sl = lim (j (X°) +jr(x“@)) + 5 1tl1y)
=inf{J () |u € US,).
O
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5 Discretization of the Optimization Problem

In this section, we introduce a discretization for (4.3) and derive the associated first-
order necessary optimality system which is the basis for a gradient-based method
utilized for our numerical tests in Sect.7. For that reason, the following hypotheses
are required.

Assumption 5.1 1) The mapping C : RY — R’ is continuously differentiable and the
function 9 : [0, T] — R¢ is continuous.

2) The functions a : RIXR x[0,T] > RYand b: RY x R" x [0, T] — R4*™ are
continuous and satisfy Assumption 3.2. Moreover,

RY5 x> al,u(), ) e R, R 5 x> blx,u@), 1) e R (forany u € Uyg),

R >u—> alx,u,t)eRY, R 5 u > bx,u, 1) € R&™ (for any x € RY)

are continuously differentiable for all ¢ € [0, T].

We remark that if Assumption 5.1-2) holds, then (3.2) holds for all ¢ € [0, T'], by
continuity of @ and b. In a first discretization step, we consider a semidiscrete version
of the calibration problem and prove a convergence result. For the numerical imple-
mentation, we then follow [31] and apply a Monte—Carlo discretization for (3.4) to get
a discretized and high-dimensional, but now deterministic constrained optimization
problem. Then, we can apply a Lagrangian framework to get optimality conditions.

5.1 The Semidiscrete Calibration Problem

In this section, we study the calibration problem (cf. Remark 3.1-2)), where the control
space U® = R" is already finite-dimensional and needs not to be discretized:

min J () = J(Sw),u) st. u €Uy = [ua, up] C US, (5.1)

where X = S(u) € X is the solution to (3.5). In order to keep the presentation clear
and concise, we restrict ourselves in this section to the form of the functional given in
(4.2). However, all results can be extended to functionals that satisfy Assumption 4.1
and Assumption 5.1.

For the semidiscrete approximation of (3.5), we split the time interval [0, T'] in N
intervals of equal length At = T /N. We set

ty:=vAt forv=0,...,N
and define an elementary time interval as

Jv:=[ty, ty41] = [ty, t, + At] C [0, T] forv=0,...,N —1.
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We will approximate continuous functions f: [0, T] — R by step functions of the
form

N—-1

> f ) xa ().

v=0

where xg denotes the indicator function for the set S, i.e.

1 ifs e,
5):= 52
xs() 0 otherwise. (5.2)

Following, e.g., [26], we discretize (3.5) with respect to time and obtain an
explicit semidiscrete scheme of Euler—-Maruyama type. For u e U5 , we define

XV =(xV}NV_, ¢ L*(Q; R?) as the solution of

XN =XV +ax) un) At +b(XY u,t,) AB, forv=0,...,N —

17
5.3)
Xy =X,

where AB,:=B(t,+1) — B(t,) € LZ(Q; R™). Note that (AB,); ~ N(0, At) for
1 <i < m. Here, N(0, At) defines a normal distribution with mean 0 and standard
deviation Ar!/2. For the explicit realization of sampling Brownian motion increments,
we refer to Sect. 5.2. As the scheme (5.3) is explicit, there exists a unique solution X N
and X C] is F,(t,)-measurable for v = 0, ..., N. We introduce the discrete solution
space

V=YV = (v | Y e L2 RD) = (L2 )M

with norm

,,,,,

and the discrete solution operator
SN . Uy — XV, u S¥w):=x"V,

where X denotes the solution of (5.3).
The following result is the time-discrete analogon of Theorem 3.7.

Lemma5.2 Let Assumption 5.1-2). hold, and let X, € L2(§2;Rd) be an F,-
measurable random variable. Then, for all u, i € u;d, we have

ISN () — SN (@) loov < Cy llu — @tllye, (5.4)
ISN W) [lov < Ca (5.5)
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with non-negative constants C1 = C1(Ly, T) and C» = Co(Ly, T, X,) independent
of N.
Proof Let u, i € U, and set XV:=8"(u) and XN:SN (u). We consider the dif-

ferences A{)V:zX{,V — X'iv € LZ(Q; Rd), 0 < v < N. Obviously, we have Aév = 0.
Iteratively, we obtain

AN = AN 4 (XY u1) —a(RY i 1) At + (XY usn) = b i, 1)) AB,
v
-y ((a(X;V, ) —aX) i, ) A+ (XN u 1) — b(X] i, 1) AB,)
=0

forv=0,..., N — 1. From this, we see that

E[IAY, 12,] < ZE[H > (@ XY um) —a(X, i) At‘
=0

2
R4
2
R4

forv=0,..., N— 1. With Assumption 5.1-2), At = T /N and Z}):o 1 < N, we get

2
R4

v - 2
< (A1)? E[(Z lax™, u, 1) —aX) i, z,)||Rd) }

(5.6)

v
~N _
n ZE[H S (o) un) - bX) 1) AB;‘
1=0

E[H Xv: (aX u 1) —a(X) . ii.0)) At‘
=0

=0
! 2
< (Ar)zL%,E[(Z (1Al + e = i) ]
=0
< 2
< ArL%,TE[Z(HAfVHRd + = dilye) ]
=0

v
2 ~
< 2L%]T<Ar D E[IAN lga] + llu — ull%(c)-
=0

For the second expectation on the right-hand side of (5.6), we set

.....

and get (cf. also [18, Subsection 4.2.2])
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[HZGIABIH] [ (GIABI)T<GZABK):|

1,£=0

v
= Y E[AB[G[ G, AB.]
1,6=0
v m d m o
Z Z ZE[ABHG{ZG% AB[}C].

=0 i=1 j=1 k=1

~

If £ > [, then A By is independent of ABliGljink, and we get
E[AB,,G”G”‘ ABUC] - E[ABHG{"G,@"] ]E[Ang] —0.

In the same way, the expectation vanishes for £ < [ and for i # k. With this and
E[(AB;;)*] = ti41 — t; = At, we obtain

v
2
E[H > GiaB|
=0

= AriE[nGzn%}

=0

From the definition of G; and the Lipschitz continuity of b (see Assumption 5.1-2)) it
follows that

v 3 2 ” 2 _
IE[H S (b)Y u) —b(X] i) AB; HRJ] <21} (At > E[IAY lga] + llu — ull%ic)
=0 =0

Inserting this into (5.6) yields

%
2 ~
E[IAY l5a] < c1Ar S E[IAN [5a] +c1 lu — @lfe forv=0,....N—1
=0

with ¢1:=4(T + 1)L%]. Now an application of the discrete Gronwall inequality (see
[12, Theorem 3.2]) gives the desired estimate

2
N _gN ~ 112
max B[IX) = X, llge] < Crllu = ile

v=0,...,
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with a constant C; = C1(T, Ly), which shows (5.4). The proof of (5.5) follows the
same lines, writing

aX}* un) = (a(X Y 1) = a0, u, 1)) +a(0, u, 1)

(see the proof of Theorem 3.7). We obtain

v N—1
E[IX) 1] < ot S E[IXN 2] + 2+ e2 Y Ar(lla©, u, )y + 16O, w, 1)I})
=0 =0

with a constant co = c2(Ly, T, X,). By Assumption 5.1-2), the (deterministic) coef-
ficient a(0, u, -) is continuous and therefore uniformly continuous in the interval
[0, T]. Therefore, szv;()l la(O, u, l‘[)||12RdeJ”(') converges uniformly to ||a(0, u, -)||12Rd
for N — oo. Integration with respect to ¢ € [0, 7] shows that

N—1 T

At a0, u, )13 »/ la(0, u, )Ipa dt < L,
0

=

and, in particular, this sum is bounded by a constant for all N € N. Treating the
coefficient b in the same way, we get

v
E[I1XY,117] < cant Y E[IXN[*] +¢5 forv=0,....N—1
=0

for some constant c’2 = c’z(LU, T, X,). Now the discrete Gronwall inequality yields
(5.5). O

We set cS::cd (t,) forv =0, ..., N and introduce the discrete cost functional
Ar 4

NN =5 Y |eE[x)]) -
v=0

2 1 2 K
s | e |+ 5 e

for XN e XY and u € u; qas well as the discrete reduced cost functional
TN @):=IN (SN (), u) foru e US.

The following is the main result on convergence of the semidiscrete approximation.

Theorem 5.3 Let Assumption 5.1 hold.

(1) The map JN ug 4 — Ruis Lipschitz continuous with Lipschitz constant indepen-
dent of N, i.e., there exists a constant Ly > 0 such that for all N € N and all
u, it € Ugy we have

[TV ) — IV (@)| < Ly llu — illye.
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(2) Foranyu € ugd, we have fN(u) — f(u)forN — 0Q.
(3) Let {uF}reny C ULy be a sequence with uk > u e USy for k — oo, and let
{Ni}ken C N be a sequence with Ny — oo for k — 00. Then

IV Ry > Tw) fork — oo.

Proof (1)Forv=0,...,NandXN,)~(Nef)CN,wehave

=N 5N
|E[T = E[X, Jpa = [B[XD = X, Tl = X0 = X0 | 11 gy
< VT [ XY = X 2 gy

which shows that the map XV — R¢, XV - E[X {)V ] is Lipschitz continuous. Since
Assumption 5.1-2) holds, we can apply Lemma 5.2. We conclude that S" : Uy — xN

is Lipschitz continuous with constant independent of N and that SN (ug d) is bounded
by virtue of (5.5). Therefore, the same holds for the map

dv: Usy = RY > E[XY] with XV:=8" ().

By Assumption 5.1-1),

R >R, x> HC(x) _ A (5.7)

URK

is continuously differentiable and therefore Lipschitz on the bounded range of ¢,,. As
the composition of Lipschitz functions is again a Lipschitz function, we see that

Uy —> R, ur> ”C(E[Xf)v]) —d ’

v

with XV:=8" (u)

is Lipschitz continuous with a Lipschitz constant L > 0 independent of N. As u +—
lu ||%lc is continuously differentiable and therefore Lipschitz with some constant L’ >
0 on the compact set ug 40 We obtain for u, u € ug d and forevery N ¢ N

N-—1
R AN At - 1 - K .
|7V = IV @] < = Y0 Ll = e + S L lu = dllye + 5 Ll = dllye
v=0
< Ly llu = iillye

for Ly:=((T + 1)L + «L')/2, where we used At = T /N, which gives part 1).
(2)Letu € ugd and set X:=S(u) and XV:=8" (u) for N € N. By Theorem 3.7, we
have X € C([0, T]; L*>(2; R?)) which implies that E[X (-)] € C([0, T]; R¢). From
this and the continuity of C and cd, we see that the integrand in the cost functional
J(X, u) (see (4.2)), whichis given as | C(E[ X ()]) — @ ) ”fw is a continuous function
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on [0, T'] and can be approximated uniformly by the step function

N—-1

> > CERIX ()] — [ 7exa ().
v=0

Integrating this with respect to ¢ € [0, T'], we obtain

IV (X (t)v=0,..n u) = J(X,u) for N — oc. (5.8)
Now we use the fact that X"V is computed with the Euler-Murayama scheme (5.3)
which is known to be of convergence order 1/2 (see [42, Section 1.1.5]). Therefore,
we can apply the convergence result from [42, Theorem 1.1.1] which tells us that

v=0,...,

This implies E[X {)V ] — E[X(t))] for N — oo and, by uniform continuity of the
function (5.7) on bounded subsets,

up N'||C(E[XQ’]) — )2, — |CEIX @)D — 2| = 0 for N — oo,

S
v=0,...,

Summing up over v and using At = T /N again, we get
‘JN(XN, u) — IV (X ()=, u)‘ -0 for N — oo. (5.9)

As VXN u) = JN (w)and J(X, u) = f(u), the statement in (2) now follows from
(5.8) and (5.9).

(3) This is an immediate consequence of parts (1) and (2). In fact, for ¢ > 0 we
first choose ko € N such that for all £ > k¢, we have ||uk —ullyc <e/(2L4) with Ly
from 1). Then |JV (u¥) — J¥ (u)| < /2 holds by 1) for all N € N. Now we apply
(2) and N, — oo to see that there exists k| > kg such that for all k > k; we obtain
|JVe(u) — J(u)| < &/2. This yields |J M (u*) — J(u)| < & for k > ky, which shows
3). O

5.2 The Fully Discretized Problem

In this section, we explain how we solve (5.1) numerically. In Sect.5.1, we already
described the discretization with respect to time and formulated a semi-discrete scheme
(5.3). In order to obtain a fully discrete scheme, we use a Monte Carlo approximation.
More specifically, we consider M > 1 realizations of the SDE and for every realization
and every time instant ¢, € [0, T'], we precompute samples of the Brownian motion.
We denote these samples by

AB" =[ABY|...[ABY] e RN with ABY = (AB]) ;) and AB}; ~ N(0, At)
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foru =1, ..., M. In order to simplify the notation, we set h = (M, N).
We can now introduce the discretization of the state equation (3.4) as follows: For
any given control u € U, find

X" eX"={X eR!|v=0,....Nandpu=1,..., M}
satisfying

XU =XV +aX), u, ) At +b(XY, u, 0,))ABY, p=1,...,M,v=0,....,N—1,

X = X, w=1,..., M.
(5.10)

Notice that the solution in (5.10) depends on the pre-computed samples of the Brow-

nian motion. For the discrete X h, we define the discrete expectation value as the
arithmetic mean, i.e., forv € {0, ..., N}

M
EM [Xh] :=% 3 x. (5.11)
n=1

The finite-dimensional (Hilbert) space X" is isomorphic to RN TDM and is supplied
by the weighted inner product

M N N
(X" X" = % SN (xR =EM [Az 3 (X’g)Tif,’] for X", X" & X",
n=1v=0 v=0

~h < .
where we set ij = {X’J}ﬁ” and X ) = {Xl:}ﬁl:l for v € {0,..., N}. Notice

that (5.10) is an explicit difference scheme. Thus, the existence of the sequence X”
satisfying (5.10) is clear. In that case the discrete non-linear solution operator

S = X", X" = 8" (u) is the unique solution to (5.10) for u € U,
given the M pre-computed Brownian increments

is well defined. We formulate a discrete version of (5.1) as follows:
min J"(u) st ou e Uy, (5.12)
where the discrete reduced cost functional is defined as
J"u)y:=d"(X", u) foru e US4 and X" =8 w)

with
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JhX" uy= (At Z Hc EM[x") - | et HC(EM[X};V])_C?\’H;e +x||u||ﬁc)

( S x )_cg;+

n=1

1,1 & dl? kL
_ _ Ky s 2
2“C<M,;X”) CN‘Rﬁzgm .

The next step is to introduce the associated Lagrange functional for the discretized
problem (5.12). It is given by

LX", u, Ah):z

: <At Z e [xt]) - 4

=0

e ki - [

+ K ||u||ﬁ)

M N-1

SOXEL - X —a(X u ) At — b(XE, u, ) ABL]TAY,,
v=0

§|~
M

m

(x4 — X277 A

+
Nk
M=

=
LN

(5.13)
for X" = (X!} € X", and where we have introduced the Lagrange multiplier
h d h
={AleR|v=0,....,Nandp=1,..., M} e X".

In particular, Ag is the Lagrange multiplier associated with the initial condition. Note
that

bxh utU)AB“_ZAB” bj(Xh. u,ty) foru=1,...,M, v=0,...,N—L
_\,._J;v_z I8 —

eRdxm eRrR™ J=1 R4

Next, we derive the adjoint equation by computing the partial derivative Lx of £ with
respect to X”. Let us refer to [31] for a similar approach, but in our case, we consider
data that is given over the whole time interval [0, T']. Notice that in the discretize-
before-optimize approach, the solution of the adjoint problem is only the variable
A", This is a crucial difference to the optimize-before-discretize approach, where the
solution of the adjoint problem is in fact a tuple of stochastic processes (cf. Section 6.3

~h ~
and [57]). For any direction X = {X ’:} € X", we obtain the following expression

N-1
Lx(X",u, ADX" = arY" [e(EY[x1]) - c;‘]Tc’(]EM[X’;])]EM[iC’]
v=0

@ [x]) - o] ¢ @V X e[ ]
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M N-1
1 ~ ~ -
a7 [X’j+1 — X (@ (X, ) XY At] A"
n=1v=0
1 M N-1 m . T
_MZ [ZABgfj(bjx(X*;,u,zv)X‘j)} Al
p=1v=0 = j=1
1 z SHAT A 1
+MZ [Xo] Aj (5.14)
n=1
with b, (X Bou,t,) e Rixd, Using an index shift, we can write
M N-1 M .
S w W
Yo X - X AL+ ) [Xo] AG
n=1v=0 n=1
M N-—1 . . M
w S
=2 Y (R ] AL, — [T AL ) + Y (K] Ad
u=1v=0 n=1
M N M N-1 (5.15)
SuqT T
=2 2 (X AL -3 0) [X] AL
n=1v=0 n=1 v=0
M N-1 . M
=3 DAY - AL TR+ Y [AR] R
u=1 v=0 n=1
Furthermore, we can calculate
M N—1 3 . M N—1 .
> [(ax (XY, u, 1) X)) At] A =3y [(ax(Xff,u,tv)TAffH)At] Xt
n=1 v=0 n=1v=0
(5.16)

and
M N-1 m )
Z [ZABlﬁj(b./x(levu»tv)le)} Al‘f_H
M N-—1 m T~
=2 [ZABﬁj(be(X i, 1y) Av+l):| X, (517

Using (5.11), inserting (5.15)-(5.17) into (5.14) and setting Lx (X, u, A)f( =0, we
derive

@ Springer



50 Page 28 of 54 Applied Mathematics & Optimization (2024) 90:50

=
L

<|&
M=

e [x]) - ] eV [xi) &L

=
Il
_
<
Il
S

+
N
M=

e [xy]) - <] x4 Ry

n=1
1 M N-1 T"‘li 1 M
D (A AL (X ) TA ) A R
n=1v=0 n=1
1 M N-1 m ‘|"~
-2 [ZABﬁj(bjx(X u, 1) Am)] X, =0 (5.18)

=
I
_
<
Il
S
~
Il
—-

for any direction X = (X ff} € X", If we choose X" with X ?v = 0, we deduce from
(5.18)

m
Al = Al ac (XN, u, ) TAY At T ABY (b (X u,0) TAL )
j=l1
= ArC(EM[XE]) T (C(BM[X"]) =) forpw=1,....,M, v=0,...,N — 1.
(5.19a)
Inserting (5.19a) into (5.18) we obtain the terminal condition
T
N = CEM XD (¢ - (" [x}]) (5.19b)
forp =1, ..., M.Next, we compute the partial derivative with respect to # and derive
for u € int U3, and for any direction i € U such that u + i1 € Uj,
Lu(X" u, Ay
M N— m .
- Z Z ( (au X8 ) An) i+ (D2 ABY bju(XE . u, m)ﬁ) AM
p=1 v=0 j=1
1 M -1 m T
= (Ku 7 Z Z au(Xv u, IU)TAu+1 (Z ./“(Xl‘f’ u’tV)TAl\j+l)> i,
n=1v=0 j=1

Suppose that for given u € U the state X h =X, " solves (3.5). Moreover, A" = Ah is
the solution to (5.19) with X" =X,  Then, it follows that (cf., e. g.,[27, Section 1.6.4])

VIt ) = L,(X" u, A

u’
M N-1

m
= KU — M Z Z <au(X’,f, u ) TAY ALY T AB] (X 1) Av+1)

J=1
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N—-1 m
= Ku — EM[ D au(Xu )T AL ALY T ABY b (XY tU)TA’:+1:|.
v=0 j=1

(5.20)

All together, we can formulate first-order necessary optimality conditions for (5.1)
in Theorem 5.4.

Theorem 5.4 Suppose that (5.10) and (5.19) are uniquely solvable and moreover that
ue ug q is a local solution to (5.1). Then, it follows

N-—1
<KL_£ — IEM[ > an(Xh u, t,,)TA‘V‘HAt], u— ﬁ>
v=0 u

N—1 m
—<IEM|: Z Z ABllf’jbju(X{f, u, tv)TAfjH], u— ﬁ>u >0 forallu e ugd,
v=0 j=1

(5.21)

where X" € X" solves (5.10) for u = it and A" € X s the solution to (5.19) with

u =1u.

In Remark 6.9, we compare the discrete gradient (5.20) with the continuous one
that will be derived in Sect. 6.3.

5.3 Continuous Control Inputs

Let us just explain briefly how we derive a discretization of the general optimization
problem (4.3). Again, we set h = (M, N) to simplify the notation. We approximate a
time-dependent control u € U by the piecewise constant function

N—1
u(t) = Z u,x9,() €R" fort € [0, T]
v=0
with ug,...,uy—1 € R" and characteristic functions xg, : [0,T] — {0, 1}
defined in (5.2). Thus, each control u” is characterized by a coefficient matrix
U" =[ug]...Juy_1] € RN We set U = R"*N which is a Hilbert space endowed

with the (weighted) inner product

r N-1 N—1
~ ~h .
UM O o =AY Y ULT;, =AY u)h,
i=1 v=0 v=0
~h ~ ~ . . .
for UM = [ug|...luy—1]and U = [Ug]...|uy—1]. The associated induced norm is

given as |U" ||y = /At |U" ||
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Clearly, ul e Uaqg holds true provided u,, € [ua, up] forv =20,..., N — 1. Thus,
we define the set of admissible control coefficient matrices as

Uy ={U" =[uol...luy—1] € U" |u, € [ua, upl forv=0,..., N — 1}.

Next we introduce a discretization of the state equation (3.4) as follows: For any
given control matrix U’ = [ugl|...luy—1] € Ug’d find X" € X" satisfying

XffH =X +a(Xt, vy, 1) At + (XY, uy, 1) ABY
fory=1,...,Mandv=0,...,N — 1, (5.22)
Xg:X0 forp=1,..., M.

For any U" € u’;d we suppose that the explicit difference scheme (5.22) admits a
unique solution X" € X”. Thus, the discrete non-linear solution operator

S uf;d — Xt xh = SHUM) is the unique solution to (5.22) for U" e uf;d
given the M pre-computed Brownian increments

is well defined. Now let us formulate a discrete version of (4.3):
Jhhy st Ut ey, (5.23)
where the discrete reduced cost functional J” is given as
Jhohy = J"x", U for U" e U, and X" = S"(U")

with

N-1
1 2 2
e w)zzg(m > leEM X)) — e + |eEM XD - g |, + 10" ||uh)
v=0

and X! = {X}}M_ forv € {0,..., N}.

6 First-Order Optimality Conditions

In this section, we derive a formula for the gradient of the reduced cost functional
J: Uag — R which allows us to formulate first-order necessary optimality conditions
for the continuous problem. Here we focus on the choice U = L2(0, T;R"). The
derivation for the calibration problem is analogously.

First let us introduce the constraint function e : X x Uyg — X by

) ¢
e(X,u):=X() - X, —/ a(X(s),u(s),s)ds—/ b(X(s), u(s),s)dB(s)
0 0
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for (X, u) € X x Uyq. Here, (-) is a placeholder denoting the dependence on ¢. Using
the mapping e, the constraint (3.4) can be expressed as the operator equation

e(X,u) =0 inX. 6.1)

Due to Definition 3.3, we infer from (6.1) that X is a solution to (3.4) for any given
u € Uyg. Moreover, (4.3) can be expressed equivalently as a non-convex, infinite-
dimensional, constrained optimization problem as follows:

minJ(X,u) s.t. (X,u) € X x Uyqand e(X, u) = 01in X. (6.2)

It_follows from Theorerr}s 3.5_ and 4.5 that (6.2) admits a (global) optimal solution
(X, u) € X x Uyg with X = S(iz) provided that Assumptions 3.2 and 4.1 hold.

6.1 Fréchet Differentiablity of the Constraints

To derive the derivative of the constraint function e, we have to ensure Assumption
5.1-2).

Remark 6.1 Let (x,u) € RY x Uag. For any s € [0, T'] we have

b(x,u(s),s) = [bl(x, u(s), s)| ... |bm(x, u(s), s)] e R4m,

With Assumption 5.1-2) holding the partial derivative by (x, u(s), s) is a linear map
from R? to R**™ forany s € [0, T]. Consequently, b, (x, u(s), s)X is a (d x m) matrix
for all ¥ € R? and we write

by (x,u(s), )X = [bix(x, u(s), )X| ... |byx(x, uls), )X]

d
= be,' (x, u(s), )% € RP>m
i=1

for any s € [0, T'], where b, (x, u(s),s) (1 < j < m) denotes the partial derivative
of b; with respect to x. Analogously, we write

bu(x, u(s), )it = [bru(x, u(s), )it ... [bmu(x, uls), s)it]

m
=Y by (x, u(s), 8)ii,, € R

i=1

forany s € [0, 7] and u € U.

Lemma 6.2 Suppose that Assumption 5.1-2) holds. Then the mapping e is continuously
Fréchet differentiable on X x Usq. For any (X,u) € X x Uyq the partial Fréchet
derivatives ex and e, are given by

)
ex(X,w)X° = X°() — / ax (X (s), u(s), $)X°(s) ds
0
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0
— / b (X (5), u(s), S)X(S(S) dB(s) for X% e,
0
0
e (X, wub = —f au(X(s), u(s), s)u’(s)ds
0

¢
—f by (X (), u(s), s)u’(s) dB(s) foru® € U,
0

respectively, where we have used the notation introduced in Remark 6.1.

Proof The claim follows by similar arguments as the proofs of Lemmas 6.3.3 and
6.3.4 in [25]. In fact, by Assumption 5.1-2) it holds that the coefficients a and b of
the SDE are continuously Fréchet differentiable. Now let X° € X and apply Taylor’s
formula to a and b with respect to X

a(X() + X2 (1), u(0), 1) = a(X (1), u(t), 1) + ax (X (1), u(t), X (1) + O(| X° (1) | ga )
and

b(X(t) + X‘s(t), u(t),t) =b(X(@),u(t),t)+ bx(X(), u(t), l)X‘S(t) + O(||X5(t)||Rd).
Now, we obtain for ex as defined in the statement of the theorem

le(X + X%, u) — e(X, u) — ex (X, u) Xa”%c
)
= IE|:/0 la(X(s) + Xﬁ(s), u(s), s) —a(X(s),u(s),s) —ax(X(s), u(s),s) Xa(s)llﬂéd ds

)
+ /0 I6(X (5) + X (s), u(s), s) — bX(5), u(s), s) — by (X (5), u(s), s) X‘S(S)Hé dS}

©) 2 2 2
=5 [ o1 0)a) s = 0 (1Kl ryszcaimay) = OUX°).

where we have used Lemma 2.2. An analogous result holds for the Fréchet differen-
tiability with respect to u. More precisely, for any u® € U with u 4+ u? € Uag it holds
that

le(X,u+u’) —e(X,u) — eu(X, )’ ||c = O([lu’ llyy)-

m}

In Proposition 6.5 we will prove that the operator ex (X, u) : X — X has a bounded
inverse for (X, u) € X x U,g. For that purpose we set for all x = (x;) € R4 and f.a.a.
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te[0,T]

d
ax, 1) = ax(X (.0, u(), Dx =Y ay (X, 0. u@).Dx eRY  inQas.,

i=1

d
b(x, 1) = bo(X (-, 1), u(t), t)x = bei (X, 0),u(), Hx; € R inQas.,
i=l1

(6.3)

where we have used the notation introduced in Remark 6.1 and ‘a.s.” stands for ‘almost
surely’. Note that both a(-, #) and b(, r) are linear mappings on R? f.a.a. t € [0, T]
and in 2 a.s. However, due to the dependence on X the functions a and b contain
random-valued coefficients. Therefore, we can not utilize Assumption 4.3 together
with [57, Theorem 6.14] in the proof of Proposition 6.5 below; cf. Remark 4.4. For
that reason we introduce the following hypothesis.

Assumption 6.3 Let (X, u) € X x Uyq hold and the mappings a, b be given as in
(6.3). Suppose that there exists a constant L, > 0 satisfying

lax(X(#),u(t),t)||p < Lqp faa.te[0,T]andin Q2as., (6.4a)

d 1/2
<Z 1Dy, (X (1), u(t), t)||%) <Lqy faarel[0,T]andinQas. (6.4b)
i=1
Further, we suppose that

T
E[ fo la(0, )12 + 1160, r)||%dr} <12, 6.5)

ie., a(0,-) € LZ(RY) and b(0, -) € L% (R?*™) hold.

In the next lemma, we prove that Assumption 6.3 implies condition (RC) from [57,
p- 49] which is given by (6.5) and (6.6) below. Notice that condition (RC) ensures the
existence of a unique solution to linear SDEs with random coefficient functions. This
fact will be used in Proposition 6.5 below in an essential manner.

Lemma 6.4 Let (X, u) € X x Uyg hold and the mappings a, b be given as in (6.3).
Suppose that Assumption 6.3 holds true. Then we have

lale(). 1) —alp (), Dlga = Lap l¢ — Sllcqo,r.rey Sfaa.t€[0,T]andin Qa.s.,
(6.6a)

16Ce(@), 1) = b(@ @), DlF < Lap lo — dllco.r1:rey Ja.a.t €[0,T]andin Q2 a.s.,
(6.6b)

where @, ¢ are chosen arbitrarily in C ([0, T]; Rd).
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Proof For arbitrarily ¢, ¢ € C([0, T]; R?) and u € Uyg we get fa.a. r € [0, T] and
in Q a.s.

lap(0). 1) — al¢ (1), Dllga = [ax (X @), u(@), ) (p@) — ¢®)) | ga
< lax (X (@), u(®), DIIple@) = dD)llga < lax(X @), u®), DIEle = Sllc(o.7):Rd)>

where X is any element in X. Utilizing (6.4a) we infer that (6.6a) is valid. Analogously,
we derive f.a.a. t € [0, T] and in 2 a.s.

d
16(p(6), 1) = b(p(1), Dllp = | Y by (X (1), u(t), 1) (g0i (1) — i (1))

i=1

F

d
<Y by (X (@), u (), D)llp|ei (1) — i ()]
i=1

d 1/2
< (Z (L (xa),u(r),t)u%) lo®) = ¢ (1) |

i=1

d 1/2
< (Z by (X (1), u(t), r)u%) le = @llco,71:R4):
i=1

where again X is any element in X. Hence, (6.4b) implies (6.6b). O

Proposition 6.5 Suppose that Assumptions 5.1 and 6.3 hold, and let (X, u) € X X Uaqg.
Then the linear operator ex (X, u) : X — X is bijective and its inverse ex (X, u)™"
is a bounded operator.

Proof Suppose that (X, u) € X x Uyq and Y € X are given arbitrarily. Then there
exist a measurable initial condition Y, and measurable coefficients a € Lé(Rd),

b=1[b1]...1bn] € LZ(RI™) with
t

t
Y(t) = Yo—i—/ a(s)ds+/ b(s)dB(s) fort e[0,T]. 6.7)
0 0

We have to show that there exists a unique X° € X satisfying
ex(X, WX’ =Y inX. (6.8)
By Lemma 6.2 and (6.7), equation (6.8) is equivalent to

) )
X0() — / ax (X (s), u(s), $)X°(s) ds — / by (X (s), u(s), s)X°(s) dB(s)
0 0

=:a(X%(5),5) el (RY) =:b(X?(5),5)€LZ (RI*m)

t t
:Yc+/ a(s)ds+/ b(s)dB(s) fort € [0, T].
0 0
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We set

AX°(). ) = a(X°(), ) +a e LERY), 69
BX?(), ) = B(X*(), ) + b e LER™), '
Then X? € X is the solution to the linear SDE with random coefficients

dX%() = aX°@), r)dr + 6(X°(1), 1) dB(t) fort € (0, T],
X%0) =v.,.
Utilizing Assumption 6.3 and Lemma 6.4 it follows from [57, Theorem 6.16] that
there exists a unique XPeX satisfying X% = ex(X, u)~'Y € X. Thus, ex (X, u)’1
is bijective. Moreover, we infer from [57, Theorem 6.16] that there is a constant C > 0

such that

sup E[IX°(0)lIza] = C(1 +E[I¥.]1%]) (6.10)
t€l0,T]

forall Y € X. Applying (6.9) and Lemma 6.4 we estimate
(A 2 L B 2
/ 1a(X° (1), D)lIga df = 2/ la@)Ige + 1a(X° (@), 1)llga dt
0 0
T
~ 2
<2 /0 1G24 +2 1a(X° (1), 1) — a(0, Dl[ga +2 [a(0, D)2, dt
T2 " Se? 2
< 2/0 la@)llgas dt —1—4/(; Ly 1X° (@) llga + 100, 1) ||lpq df in 2 as.
Analogously, we find that

T ~ 2
/ 1B(X3 (), 1, ) ndt 52/
0 0

T
2 .
+ 4/0 L2 I1X° (1) e + 1160, )} df in Q as.

r_ 5
16(0)|Ig dr

Let Y € X with |Y|x < 1 be chosen arbitrarily. Then, Y has a representation as in
(6.7) so that we have

T
- ~ 2
1Y% =E[I¥slz.] + ]E[/O 1) 154 + 16| df] <L (6.11)
Utilizing Assumption 6.3 as well as equations (6.11) and (6.10) it follows that
o2 2
lex (X, w)~ 'Yl = 1X° |1
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T ~
E[IYoll2,] +1E[ /0 13CX5 (0, D)l + 15X 1), z)n%dr}
2 o o2 2 (T 82
52<E[||Yo||Rd]+E[/O ||a(r)||Rd+||b(r)||th]>+8Lab/0 E[I1X° (1) lIga ] dz

T
+41E[ | 10012, + 160,01 dr]

<24 SLile s[ng]E[nX"(t)an] +412 < e+ e (1+E[IVoI3,]) < ¢ + 26
€[V,

for constants ¢;:=2 + 4L%lb and czz=8LﬁbTC which do not depend on Y. Conse-
quently,

lex(X, 1) oy = sup llex(X, )" 'Yy <ci +2ca,
1Y llx=<t1

where L(X) denotes the Banach space of all linear and bounded mappings from X
to X supplied by the usual operator norm. This implies that the bijective mapping
ex (X, u)~! is also bounded. O
Remark 6.6 1t follows from Proposition 6.5 that the Fréchet derivative

dX,u)=(ex(X,u)|e,(X,u)): X xU—>X

is surjective. This implies a constraint qualification which allows us to formulate first-
order necessary optimality conditions for (4.3); cf., e.g., [38, p. 243].

6.2 Fréchet Differentiablity of the Objective

Next, we turn to the cost functional defined in (4.2); c.f. [25, Lemma 6.3.5].

Lemma 6.7 Let Assumption 5.1-1) be satisfied. Then the cost functional J is continu-
ously Fréchet differentiable at every (X, u) € X x Uyg. Introducing

g1 =C(EIXN]) (CEIXDD — ) e RY fort € [0, T,

h ) . (6.12)
g, =C(EIX(D)])" (CEIX(T)]) — ) e R

we have

T
(Ix(X,u), X%)yo = E[f gl(t)TX‘S(t)dt:| +E[g; X(T)] forall X° € X,
0
(6.13a)
T
(X, u), ) = K/ u@®) "Wl (1) dr forall u® € .
0
(6.13b)
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Proof Notice that the Jacobian C'(x) belongs to R¢* for every x € RY. Let (X, u) €
X x Uaq be chosen arbitrarily. Then, it follows that

(Jx (X, 1), X°) o = /OT (CEIX (1) — ) "¢ (BIX(O)E[X’ ()] dr
+ (CEIX (D)) - ¢§) ' C (EIX (T)])E[X*(T)]
= /0 ' g1 TE[X°(1)]dt + g, E[X*(T)]
= E[/OT g1 X% dz} +E[g; X*(T)] forall X° e X,
which immediately gives (6.13a). The proof of (6.13b) is straightforward. O

6.3 Derivation of the Gradient for the Reduced Cost
In the sequel we follow [27, Section 1.6.2] and [25, Section 6.3]. We suppose that
Assumptions 5.1 and 6.3 hold. Let u € U,q be given and X, = S(u) € X. Then,

e(S(u), u) = Oisvalidin X. Due to Lemma 6.2, the mapping e is Fréchet differentiable.
Thus, we have

0= %[e(é’(u), w)]u® = ex(Sw), w)S i’ + e, (Sw), wyu® inX  (6.14)

for all u® € U. From Proposition 6.5 and (6.14), we derive the formula
S W) = —ex(Sw), u) e (Sw), u) in LU, X)), (6.15)

where L(U, X') stands for the Banach space of all linear and bounded operators from
U to X. Furthermore, it follows that

" d
1w, u e = 3 [I6S@, 0)]u = (Ux (@), ). 8 w@u )y x + (Ju(Sw). ), u )y

= (S W)* Tx (Sw), u) + Ju (Sw), u), ul )y
for all u® € U, which yields directly
J(w) = S'W)*Jx(Sw), u) + Ju(Sw),u) inU. (6.16)
Next, we introduce the Lagrange multiplier G € X' by
ex(Sw), u)* G = —Jx(Sw), u) in X, (6.17)
where ex (S(u), u)* : X' — X’ stands for the dual of ex (S(u), u) : X — X satisfying

(ex (Su), w)* F, XYy = (F, ex(Sw), u) X®)xr ¢ forall (F, X°) € X' x X.
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It follows from (6.17) that
G=—ex(Sw),u) *Jx(Su),u) inX'. (6.18)

In (6.18), we denote by ex (S(u), u)~* : X’ — X' the inverse of ex (S(u), u)*. More-
over, (6.18) is equivalent to

(G, XYy x = —(ex(Su), u) *Jx (Sw), u), X°)xr r forall X° € X. (6.19)
Using (6.15) and (6.18) we find that

S'w)* Tx (S@w), u) = [ — ex(S@), w) " e (Sw), w)]" Jx (Sw), u)
= eu(Sw), w)*[ — ex(Sw), w) *Jx(Sw),w)]  (6.20)
= ey (Sw), w)*G in W,

where the operator e, (S(u), u)* maps from X' to U'. Inserting the last expression in
(6.16) we derive

T () = S Tx(SWw), u) + J,(Sw), u) = e, (Sw), u)*G + J(Sw), u) inUW.
For arbitrary X? € X let Y® = Y°(X?) e X be the unique solution to
ex(Su), w)Y® = X° inX. (6.21)

In particular, we have

t

t
Y%)—/ ax(X(s),u(s),s)Y“(s)ds—/ by (X (s), u(s), s)Y°(s)dB(s) = X° (1)
0 0
(6.22)

forall ¢ € [0, T], where we have applied the notation introduced in Remark 6.1. Then,
we infer from (6.19) that

(G, X%)or xx = —{ex (S(u), u) *Ix (S, u), ex (S(u), u)Y?) s

(6.23)
= —(Jx(S@), u), Y)y  forall X? € X

and for the associated ¥? € X solving (6.21). Now we study the specific problem
introduced in Example 4.2. Using (6.13a) we have

T
(G, X%y = IE|: / g0 TY (1) dt] +E[g; Y ()] (6.24)
0
with g; and g, from (6.12).
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In the following, we want to represent the functional G € X’ in the form G = £,
(see Lemma 2.2) with a suitably chosen A € X. Slightly changing the notation, we
write A = ®(A,, —A, Z) with (A,, —A, Z) € X (see (2.5)), and get

T
A(X%) = E[X“(T)TA(T) +/ X TA@) dt] = ((Xo,a, D), (Ao, A, Z))y
0
(6.25)

for X0 = @ (X,, a, b), where the second equality follows from Lemma 2.2. Note that
this can be seen as a Riesz representation in the space X. Let Y% = & (Y ,, &, b). From
(6.22), we know that we have

X =Y® - @0, a,Y’, b, Y?, (6.26)

where we abbreviated a, = a,(X(-), u(-),-) and by = b, (X(-), u(-), -). Recall that
b(X,u,) = i(X,u,)|...|bw(X,u,-)) and Z = (Zy]|...|Z,,). Therefore, the
Frobenius inner product, defined in (2.3), of by Y% and Z is given by

0xY?. Z)p = (0 YD) Z; = (Y%%Zb}xzj). (6.27)
Jj=1 j=I1

With (6.25)—(6.27), we obtain

EAX?) = e (Y%) —((0.ax ¥, b, YP), (Ao, A, Z))5

T m
= IE[/ Yo ()T (AM) — ax(X(0), u). ) TA®) = Y b (X(0). u(0), 1) Z;(1)) dt]
0 ;
j=1
+E[Y (1) TAD)].

Comparing this with (6.24), we see that the representation (G, X 3y xx = €a(X 8y
holds for all X° € X if

T m
E[ fo Y07 (A0 = ax(XO.u0. DT A = Y by (X0 1), Z;(0) — g10)) dr]
j=1
+E[YX ()T (A(T) — g2)] =0

which yields

AC) = ar (X, u(), ) TAO + D b (X (), u(), ) Z;() + g1()  in LFRY,
j=1
A(T) =g,.
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As A = (A, —A, Z), we see that A satisfies the following (linear) BSDE (cf., e.g.,
[39)):

dA®) = —(g1(0) +ax (XD, u@). 0 TAD + Y by (X, u), 0 Z;()) dr
j=1
+ Z(t)dB(t) forallt €[0,T),

A(T) = g>.
(6.28a)

Moreover, if the solution pair (A, Z) to (6.28a) is computed, then

Ao = A(0) (6.28b)

holds. Now we turn to the representation of the gradient VJ(u) € U of the reduced
cost functional J at a given admissible control u € U,q4. Recall that

(VI@w), ubyy = (J (), u‘s)u,’u forallu® € U

holds, i.e., the gradient VJ(u) € Uis the Riesz representant of J'(u) e W. Utilizing
(6.20) and G = £ 5, we find

(S W) Tx (Su), u), u’)yp . = (eu(SW), w)* G, ubhrya = (G, e (SW), wu’)or
= CA(eu(S), uyu).

By Lemma 6.2, we know that e, (S(u), u)u® = ®(0, &, b) € X with
a(t):= — ay(X (1), u(t), Hub (), Bt):=— by (X (@), u®), Hu’(t), t e 0, T).
From this and Lemma 2.2-2), we obtain

(S W)* Ix (Sw), u), u’ )y qp = La(®(0,d,0)) = ((0, &, b), (Ao, A, 7))y
= <é-v A)]L%_(Rd) + <57 Z>]L%.(Rd><m)' (629)

Noting that the control u is deterministic, we rewrite the first term on the right-hand
side as

(@ M)z oy = (—au(XC)ou (), U’ Az gy = (1, —au(X () u(). ) T A) 2 @y
T
:E[/ us(r)T(—au(X(t),u(t),z))TA(z)dz]
0
T
:/ u‘s(t)TE[(—au(X(t),u(t),t))TA(t)] dr
0
- <IE[ — au(X(), u(), .)TA], u5>u.
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In the same way, we obtain for the second term on the right-hand side of (6.29)

<b, Z>L:2T(Rd><m) = <—bu (X(), M(), ~)u5, Z)]L%f(Rdxm)
:<E[_iju(X(-),u(-),.)sz]’u5> :
Jj=1 "

cf. (6.27) for the description of the Frobenius inner product. Inserting this into (6.29)
and using (6.16) and (6.13b), we see that

(J' ), uP ) = (S @W* Ix (SW), u) + Ju (S), u), u® )y
- <E[ — X, ) TA = by (X )T 2| 4k, u5> .

u
(6.30)

j=1

Summarizing, we have proved the following theorem.

Theorem 6.8 Suppose that Assumptions 5.1 and 6.3 hold. Moreover, the cost functional
is given by (4.2) and (6.28) is uniquely solvable. Then, for any u € Uag the gradient
of J is given as

VI () = ku — E[au(X(~), (), ) TA+ D b (X (), u), -)sz] e, (631)
j=I

where the pair (A, Z) € X x ]L%Tr(RdX’”) solves (6.28).

Remark 6.9 Let us compare VJ for the case U = US with the gradient v.Jjh (given in
(5.20) for the discretized problem. For this case we can write (6.31) as

T m
VI ) = ku — IE[/ a (X0, u)TA+ D b (X0, u,0) Z; dt]. (6.32)
0 ot

Recall that the discrete gradient (5.20) is

N—-1
VIt ) = rcu — EM[ > au(Xtu, tV)TA’j+]Ati|

v=1
N—1 m

—i—EM[ S S b X u )T (ABﬁjAljﬂ)]
v=1 j=1

The first difference between (5.20) and (6.32) is that the integral over time in the
continuous gradient turns to a sum over the time intervals discrete gradient. This is
not surprising. However, we point out that in the discrete case, the coefficient function
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a, and the adjoint variable A are not evaluated at the same timestep, but at #, and
t,+1, respectively. The crucial difference is in the last part. In the continuous case, the
stochastic variable Z appears that is absent in the discrete gradient. Instead, in the latter
case, the (pre-computed) Brownian increments A B multiplied with A appear. This is
consistent with the numerical scheme to solve backward SDEs presented in [23, Sec-
tion 3.3]. Furthermore, recall that the time increment is incorporated in the Brownian
increment. Hence, the discretization factor Az only appears in the deterministic part.

Our discussion raises the question whether optimization and discretization com-
mute in the sense that the optimize-before-discretize and discretize-before-optimize
approaches lead to similar results for sufficiently fine mesh sizes. We are currently
investigating this question.

The following result follows directly from Theorem 6.8 and [27, Theorem 1.46].

Corollary 6.10 Suppose that all assumptions of Theorem 6.8 hold. We assume that
it € Uyq is a local solution to (4.5). Then, first-order necessary optimality conditions
are given by the variational inequality

m
</c17t —I-IE[—au(X,ﬁ, .)T[\ — iju()_(,ﬁ, -)TZj],u —ﬁ> >0 forallu € Uyg,
j=1 u

where X = S(it) holds and (A, Z) solves (6.28) for (X, u) = (X, it).

7 Numerical Experiments

In this section, we explain our optimization strategy. Afterwards, we perform numerical
experiments. In the first one, we find an optimal control such that the mean and variance
of the governing process follow precisely the prescribed data. The governing process
in this case is the well-known mean-reverting Ornstein—Uhlenbeck process. In the
second one, we calibrate a model consisting of systems of SDEs by finding optimal
parameters. The specific model is the so-called Stochastic Prandtl-Tomlinson (SPT)
model that is used to study microrheological processes of viscous fluids.

Let us mention that in both examples our cost functionals are not of the specific
form introduced in Example 4.2.

Exploiting the discrete optimality system and using the Euler-Maruyama (EM)
scheme [26, 41], we construct a stochastic gradient method that is summarized in
Algorithm 1. During the process of solving the model and adjoint SDE, we utilize the
parallelization technique of multi-threading in order to speed up the calculations. This
is possible since each realization is independent of the other ones. While updating
the control, we apply a projection onto Uag or U, utilizing the standard projection
operator Py, that is based on a componentwise projection.

Hence, we apply a stochastic gradient method using fixed batch sizes M. Conver-
gence properties can be found in [8]. In our examples, we use with some initial so > 0
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the stepsize rule
s¢ =50/ with£ e N (7.1)

for the stochastic gradient method.

Algorithm 1 Stochastic Gradient Method for Stochastic Optimal Control
cudT

Require: Initial discrete control guess ud = (u(l), . in case of U = [ua, up] (calibration problem)
or UN0 = [u8| ... |u(]]\,71] in case of U = L2(0, T; R") (time-dependent controls), tolerance rol > 0,

maximum iteration depth £pax € N;

1: Set £ = 0, initialize E > tol;

2: while E > rol and { < {max do

3:  Generate M¢ € N random numbers (call the set of the random numbers Mt e NM ¢ );

4:  Solve the discretized state model using the EM scheme;

5:  Solve the associated adjoint model using the EM scheme;

6:  Assemble the gradient vt wt) and VJE UMY, respectively, of the reduced cost and compute
E = |Vi"w)yc and E = [VJ* W0l i, respectively;

7:  Calculate stepsize sy using (7.1);

8:  Determine a new control u¢t! and U-¢+1 respectively, by applying a projected stochastic gradient
step;

9: Setl=¢(+1;

10: end while

11: return u® and UM¢, respectively.

Remark 7.1 The random numbers M’ in Algorithm 1 change in every optimization
iteration, but stay the same within an iteration.

7.1 Time-Dependent Ornstein-Uhlenbeck Process
In the context of (3.4) we haved = 1, m = 1, r = 2 and therefore u:=L2(0, T; Rz).
For a fixed parameter 6 > 0, the stochastic process X () € Lz(Q; R) solves the linear
SDE

dX () = 9(u1(t) — X(t)) dt +up(r)dB(t) fort € (0,T], X0) =X, (7.2

with an initial condition X, € L%(Q) and the time-dependent coefficients u =
(uy,up) € U. We set

a(x,u,t) = 9(u1 —x), b(x,u,t) =up
for (x,u,t) e R x R" x [0, T]and u = (uy, us).

Then, (7.2) can be expressed in the form (3.4). Recall that for X € L?(2) the variance
is defined as

VIX]:=E[X — E[X]?] = /

(X —E[x])* dP = / (X (@) — E[X])” dP(w).
Q Q
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Now we introduce the cost functional as

1 1
JX =3 [EIXOT = 1Ol 2.0 + 5 [VIXOT= 0O 20 1)
| a1 o e (1.3)
+5 [E[X(T)] — 05| + 5 |VIX(T)] —of|” + 7 Il
with
d . (2mt d 2wt d d
nd(t) = sin (T) —1, ¢94) =02 cos (T) +2), ¢ =pdm),
O’? = O’d(T)

fort € [0, T]. Setting fort € [0, T]and X € X

. 1 2 1 2
JX) = S [BIXO1 =1 a0 1) + 5 [VIXOT =0 a0 1)
1 1
Jr(X0) = 2 [BIX (DN = | 20 ) + 5 [VIXD = 0120 1,

the cost (7.3) and our optimization problem can be expressed as (4.1) and (4.3),
respectively.

Remark 7.2 (1) Note that the coefficient functions @ and b are independent of ¢ and
affine linear in x and u. In particular, both coefficients are Lipschitz continuous
in x and u. Moreover, a and b are time-independent. Furthermore, (3.3) holds for
u € U. Hence, Assumptions 3.2 and 4.3 are fulfilled.

(2) For the cost functional it holds that it is continuous as a composition of continuous
functions and moreover bounded from below by zero. Furthermore, the parts of
the functional only containing the expected value are convex as a composition of
non-decreasing functions and a convex function. However, since the variance is
not a convex function, the parts with the variance are not convex. Consequently,
Assumption 4.1 is only partially satisfied.

(3) Note that a and b are continuously differentiable and hence Assumption 5.1-2)
is fulfilled. Furthermore, a, (x, u(t),t) = —60 and b, (x, u(t),t) = 0 hold for
(x,u) e Rx Uandt € [0, T]. Thus, (6.6) is clearly valid by choosing Ly, = 6
and Lqp = 0, respectively. Thus, Assumption 6.3 is fulfilled.

Utilizing the notation introduced in Sect.5.3, it turns out that for u = 1,..., M
and v = 0,..., N — 1, the first-order necessary optimality system of the discrete
optimization problem is given with u =1, ..., M by

Xl =X+ (U}, — XID) At + Ub, ABY, v=0,....,N—1

Xy =X,
(7.4a)
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M M d
Al = AV —9A’:+1At+At(]E [Xv]—nu>

v+1
+2ar (VX - o) (X2 - EM[X)]), v=N-1,...,0,
Ay = (BM[x3] =) +2 (VM[x}] - of) (Xh —EV[XL]).
(7.4b)
. 1 &6 0
VJf(u)::x u, — MMZI ((())At + <1>AB{,‘) AffH forv=0,...,N—1
(7.4c)

with

X'={XteR|p=1,....M, v=0,....N},
U" =[uol...luy_1] e RZ>N, u, = (W', UL) eRZ(w=0,...,N—1),

v

A'={AleR|p=1,....,M, v=0,...,N}.

In the sequel, we set the regularization parameter to zero, i.e. k = 0. Notice that
(7.4¢) can in this case be written as

M MpaM
Vil =EY [<9AtA”+‘>] = (MIE [A"“]) (1.5)
v M M 1) :
AB, AM, EM[AB,AM |

Recall that E[AB,+1] = 0. However, since we used the ABY to derive X v+1 and
with this A, 41, it holds that A4 is not independent of A B,. Therefore, the second
component of the gradient in (7.5) is non-zero.

In the next figures, we present the results of our optimization strategy for the
Ornstein—Uhlenbeck process (7.2). For this example, we choose the initial condition
X, to obey the normal distribution with mean nd(O) and standard deviation ad(O).

Since (7.2) is a linear SDE, the trajectory of mean and variance can be calculated
as (see, e.g., [40, Chapter 3, Theorem 3.2 and Example 5.2])

E[X(t)] = e_et]E[Xo] + 6_9[9 /S ui (S)ees ds’

° t (7.6)

V[X(Z)] = e_ZGIV[XO] + e_20t/ M%(S)e295 ds.
0

Hence, we can derive the best controls u in the sense that they will lead to a perfect
tracking of the desired trajectories of mean and variance:

1
MT(t)=(nd)’(t)§+nd(t) and (u3)2(1) = 2009 (1) + /o4 (1) Vo) (1).
(7.7)
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Optimization results
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Fig. 1 Results for the example of Sect.7.1. a Trajectories of all trials (grayed out), desired moments (red)
calculated moments (black) while applying the control calculated by Algorithm 1; b Calculated controls
u and u together with controls uT and ué defined in (7.7) for a perfect tracking; ¢ Convergence history
of relative functional (solid) and Euclidean norm of the relative gradient (dashed) over the optimization
iterations (cf. (7.8))

The success of the method given in Algorithm 1 is evident in Fig. 1. The method
manages to find controls #1 and u; such that the trajectory of the mean value and the
variance of the solution of the model equation follows the desired one. In Fig. 1(a),
the trajectories of all M trials are plotted together with the calculated and desired
moments. In Fig. 1(b), the control that is calculated with our optimization method
is plotted together with the theoretical control (u7(¢), u3(t)) that leads to a perfect
tracking. One obtains a very good agreement for u (¢). For u, () there is higher noise.
However, for more iterations of the stochastic gradient method, the noise gets smaller.
Finally, in Fig. 1(c), we plot the convergence history of the (relative) functional and
the relative norm of the gradient over the optimization iterations £. and the analogous
holds for the relative gradient.

More specifically, the relative functional is given by

VLAYV DT (7.8)

7.2 Stochastic Prandtl-Tomlinson (SPT) Model

The SPT model is a non-equilibrium bath model in which a tracer particle, also called
colloidal, is assumed to be immersed in a suspension of micelles; see, e.g., [29, 30,
43] and the references therein and see [47, 48] for the origins of this models in the
deterministic case. In this setting, the internal forces between the particles lead to
non-Markovian behavior of the movement of the colloidal due to the memory of the
system. The goal is to study the properties of the suspension by tracing the colloidal.
To model the complex fluid, the colloidal particle is investigated with a coupling
to one or more bath particles that describe the background. The system of differential
equations describing the position of the tracer and K bath particles is given by

1 K+1 1
dX (1) = —< — Oy Vext (X1(1), 1) — Z ek (X1(0) — Xk(ﬂ)) dt + —dB1 (1),
Vi 2 Vi
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1 1
dXp(t) = ” ek (X1(0) — X (1) + y—dBk(t) fork=2,....,K+1, (7.9
k k

fort € (0, T], where for (x,1) €e R x [0, T']

Kext 2 x

Vext (x, 1) = (x— v01)2 and Vi x(x) = Vo x cos ( v ) fork=2,...,K +1.
k

The system (7.9) is completed with the initial condition X; (0) = X;?,i = 1,..., K+
1, where X;? € L?(9; R) is the equilibrium distribution of the corresponding particle
given the external potential Vex (X, 0). In system (7.9), the variable X; denotes the
position of the tracer particle and the X ’s the position of the bath particle py, k =
2,...,K+1.The y; > 0,i = 1,..., K + 1, are the friction coefficients of the
corresponding particle and are assumed to be known. The external potential Vex; may
be applied using optical traps (laser beams) of strength kex¢ > 0 to realize harmonic
potentials. This potential has a trapping effect, which means that the particle cannot
leave the potential easily. This trap is then pulled with a constant velocity vy through
the surrounding medium. The internal forces between the tracer and the bath particles
are denoted by Vipc x fork =2, ..., K 4 1. The force

“£.(t) = Br(t)" fort e[0,T]andk=1,...,K + 1

resembles a random force for which the following mean value relation and fluctuation-
dissipation theorem must hold

E[&(1)] =0, E[&0& ()] =2kpTy8ij6(t —t') fori,j=1,....,K+1,
(7.10)

where kp > 0 is Boltzmann’s constant and T > 0 the temperature of the bath. The
requirements (7.10) are fulfilled by Brownian motion, hence we can apply our setting
above.

Remark 7.3 Notice that in [29, 30], the authors did not specify any initial condition
within the SPT model (7.9). The reason for this is that the system needs to be in
equilibrium. To realize this numerically, we need to integrate over the transient phase
in order to generate sensible data that will be used to calculate the simulation data.
To generate X7, any initial condition can be used and the model needs to evolve for
a certain equilibration time 7., > 0. Then, we use the state of the system after ., as
X¢?. Tn order to account for a possible high equilibration time, one needs to resort to
parallelization techniques such as multi-threading that we use in our simulations.

The goal is to identify the pairs {(Vp «, dk)},f:zl C R? for each bath particle py,

k=2,...,K + 1, within (7.9), such that experimental data is matched as good as
possible. For r = 2K we define the parameter vector u = [uy, ..., usx] € US:=R"
with

1
u—3 = Vo and uzk_zzd—k fork=2,...,K + 1.
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It follows that

Vint.k (X) = u2k—3 cos (27‘[1/!21(,2)() fork=2,...,K+1,

Vi;n,k(x) = —2mup_3uUrkx—s sin (ZJTMZk_zx) fork=2,...,K +1.

We suppose that u, € UC satisfies u5 > 0 component-wise in R?X . Further, the state
variable consists of the tracer particle X and the bath particles X»,

..., Xk+1.Hence,
ford = K + 1 and ¢ € [0, T'] we define the following state vector

X():=(X1(0), ..., X)) € R

The SDE for X is given by (3.4), where the coefficient functions a and b are given for
every (x,u,t) € R? x R x [0, T] as

d
1
ar(x, u, 1) = 7( — O Vext (1, 1) = ) Vi (1 — xk>>
1
k=2

d
1 .
= —( — Kext (X1 — v0t) + 27 Y upk_guzk—3 sin (2muz_a(x) — Xk))>
Y1 =
W Ving,i (X1 — Xi) = —— u2i—suz;—3sin (2muzi—2(x1 — x7))

1 1

(7.11a)
fori =2,...,dand
bi(x,u,t) =1/y;, i=1,...,d. (7.11b)

Notice that the b;’s are constant and therefore independent of (x, u, ). Moreover, we
have that

ay(x,u,t)= ((ijai(x, u, t))) € Rixd (7.12)
with
K+1
K 472
Oyt (v, u, 1) = —— 4 Nl usp—s cos (2mun—2(x1 — xi)),
14! >
712
2 .
8xja1(x, u,t) = —7 U5y _oU2k—3 COS (Znugk_z(xl — xj)), j=2,...,K+1,
2
T, ,
O ai(x,u,t)= —7 U5;_oU2;—3 COS (27‘[142,‘_2()(1 — x,-)), i=2,...,K+1,
1
472 2 .
Oy, @i (x,u, 1) = e U3;_oU2i—3 08 (2muni—o(x1 —x;)), i=2,...,K+1.
1
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We also find for
ay(x,u,t) = ((8ujai (x,u, t))) e R,

with the following components. For the right-hand side a; corresponding to the tracer
particle, we calculate

2 .
Quyza1(x, u, 1) = ;uzkfz sin (2w ur—2(x1 — xz)),
2 .
Quy_ra1(x, u, 1) = o unj—3 sin (2muag—n(x1 — xz))
1

+ 2 uk—3unk—2(x1 — xg) cos (2mus—2(x1 — Xk))>-

(7.13)
For the other right-hand sides a;,i = 2, ..., d, we calculate
2 .
Ouy 3Gi = _7“21'72 sin (2mug; 2 (x1 — x7)),
1
2 .
Oun_,ai = —7 (u2i73 sin (27‘[1421-,2()61 - x,-)) (7.14)
1

+ 27 ugi —puni—3(x1 — X;) sin (2muz; o (x; — xi)))-

All other components vanish, i.e. 8uja,- =0ifi #jforj=1,...,d,i=2,...,d
since the position of each particle depends not on parameters of the other particles.
Hence, 0,a(x, u, t) has the structure

04, A0 0yr G0 « .. oo ol Oy A0
0gar 0 0 9dyear O ... 0
o .0 0 .0 @
: o . 0 0 . 0
0 coo 0 Oygak 0 0 dyyean,

Notice that 9,0 = 0 and 9,6 = 0. We define the following continuous problem

inJ(X.u) = ~ lex ol Uieaoir = &
min J (X.0) = 5 [[CCO10) = 40, 45 e = <A
(7.15a)
s.t. (X,u) e X x R*M solves (7.9), (7.15b)
where we have set
E[Y1(1)Y1(0)]
X = = —-E 1
COON="pra0 @ N0 = X0 -EX 0], (7.16)
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The term [C(X)](¢) stands for the (normalized) correlation function and is connected
to the mean conditional displacement that is used in [30]. Notice that it holds for all
t that

Cov(Yi (1), Y1(0))
C(X = )
[C(X)]1(1) SAG)

since E[Y] ()] = 0 by the definition of Y.

Remark 7.4 (1) The coefficients functions a and b are given by (7.11). Hence, they
consist of functions that are either affine linear in x and u or smooth and bounded
and therefore fulfill the Lipschitz property. Moreover, by linearity and bounded-
ness, they also fulfill (3.3). Consequently, Assumption 3.2 holds also for the SPT
model.

(2) Also the coefficients functions a and b are continuously differentiable functions
as a composition of smooth functions. Their first partial derivatives are given by
(7.13), (7.14), (7.2). Furthermore, the derivatives are bounded in X due to the
boundedness of the sin function and bounded in u due to our assumptions on U,q.
Thus, Assumption 5.1-2) and Assumption 6.3 are fulfilled.

(3) We do not have the convexity of C since it contains the variance. But assuming
that the variance of X, is not vanishing, we have continuous differentiability of
the functional as a composition of continuous differentiable functions and hence
that Assumption 5.1-1) is fulfilled. Furthermore, the functional is also bounded
from below by zero, since it consists of norms. Consequently, Assumption 4.1 is
only partially satisfied.

Now, we formulate the discretized model and the discretized adjoint model to the
problem (7.15). For this, we define the discrete version of C as follows:

Myyh yh
E [Yl,le,O]

M Xh = v 1,07

forv=1,..., N and Yﬁu = X{’,V —EM[X?,V].

Recall the definition of EM in (5.11). Notice that the derivative of the functional with
respecttoX vefl,...,N},pe{l,..., M}is given by

1,v°
1 g -
(C{,W(Xh)—cg)< Z(Y )2 Yllf()_ e Z (Yl v 2Yl v)( Z(Y )
W=l w=1
M, vh M{yh \27 (yH M xhyyi ) (eM Tyt (27) 2
7 (et - ) sM et )2 (vl — 2l ) (Mot D

" My hyyH
(et — o) Vi =26 @Y,
Y EMr )%

§\~ E\
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— initial (simulated) C 11 —— initial (simulated) C
— optimal (simulated) C — optimal (simulated) C
— (desired) ¢¢ 087 —— Measured ¢¢

T T
0 02 04 06 o0s 1 0 10 20 30 40 50 60

t(s) (rescaled) t(s) (rescaled)
(a) K =1 (b) K =2

Fig. 2 Results of numerical experiments for (7.15). Simulation of X, defined in (7.16) using the initial
(grey) and optimal (black) guess of parameters fora K = 1 and b K = 2, each time compared with the
desired 9 (red)

Thus, we can write the derivative of the functional with respect to the state variable
X' = (X])iz1,..a as

Y{f072C€’I(Xh)Y1/fU ifi=1
EM[(y])2] v (7.17)
otherwise.

1 M h d
37 (G (X)) —¢f
J)}éh(leL)z 3/[( )

We introduce the adjoint variable Al = (ALY} € X", Using (5.19a) and (7.12),
we can formulate the discrete adjoint equation that evolves backwards in time for
v=N-1,...,0

Al = (I + Atal (X4, u))T AL+ At Jh,,(X{f) forpy=1,....m (7.18a)
with the terminal condition

AN = T8, (XR) forp=1,....m. (7.18b)

Furthermore, the discrete gradient is given by

N—

._

vJhu) = LR T A (7.19)
MN —1 v+1°

M:

1 v=0

n

For the first numerical experiment using the SPT model, we consider a single bath
particle, i.e. we set K = 1. In Fig. 2, we present the results. The plot in Fig. 2(a) shows
the simulation of (7.9) using the initial guess of the parameters and the simulation
using the parameters obtained by Algorithm 1.

For asecond test, we consider (7.15) with two bath-particles, i.e. K = 2. In this case,
we observed that a longer calibration time is needed, also because the equilibration
time 7, is longer (cf. Remark 7.3). We plot the results in Fig. 2(b).
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It is evident, that our method manages to find optimal parameters in order to match
the desired behavior of the model.
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