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Zusammenfassung

Diese Arbeit beschéftigt sich mit dem zeitasymptotischen Verhalten der Energie von
Losungen hyperbolischer Probleme in Aufengebieten am Beispiel der Wellengleichung
und der Elastizitatsgleichungen isotroper Medien. Hierbei stellen sich die Fragen, ob
die Energie lokal gegen Null strebt (fiir £ — oo) und ob dieses zeitliche Abklingen
gleichméfig beziiglich solcher Anfangsdaten ist, deren Triger in einer beliebigen aber
festen kompakten Menge enthalten ist.

Es sollen zundchst die wesentlichen Probleme und Ergebnisse fiir die Wellenglei-
chung vorgestellt werden. Sowohl im Falle des Dirichlet- als auch des Neumann-Prob-
lems strebt die Energie lokal gegen Null. Ob dieses Abklingen gleichmafig ist, hingt
allerdings entscheidend vom Hindernis und von den Eigenschaften des Mediums ab. Es
gibt Situationen, in denen gleichméafiges Abklingen der lokalen Energie unméglich ist.
Andererseits existieren zahlreiche Bedingungen, die sicherstellen, dass das Abklingen
tatsdchlich gleichméfig ist. Einige von ihnen sind duflerst anschaulich, aber lediglich
hinreichend. Andere wiederum sind zwar sehr abstrakt, dafiir aber durch das Ziel mo-
tiviert, eine notwendige und hinreichende Bedingung fiir gleichméfiges Abklingen der
lokalen Energie zu présentieren. Solche Bedingungen — und in der Literatur sind einige
davon zu finden — heifen Non-Trapping-Bedingungen.

Das Ziel dieser Arbeit ist der Vergleich und die geometrische Interpretation dieser
Bedingungen. Fiir die Wellengleichung homogener Medien wurde dies vom Autor be-
reits in [Pau 96] untersucht. Das Ergebnis war die Aquivalenz aller Non-Trapping-
Bedingungen fiir Hindernisse, die einer gewissen Nichtdegeneriertheits-Bedingung genii-
gen. Hierbei spielt es keine Rolle, ob die Dirichletsche oder die Neumannsche Randwert-
aufgabe betrachtet wird. Fiir inhomogene Medien ist das Resultat nun im wesentlichen
dasselbe, mit dem entscheidenden Unterschied, dass nicht mehr lénger allein das Hin-
dernis Wellen oder Lichtstrahlen einfangen kann, sondern auch das Medium, wie wir
an einigen Beispielen verdeutlichen. Dieser Unterschied hat einen wesentlichen Einfluss
auf die geometrische Interpretation dieser Bedingungen: Im homogenen Fall genii-
gen konvexe, sternférmige, schlangenférmige und von innen oder von aufen beleucht-
bare Hindernisse jedweder Non-Trapping-Bedingung. Dariiber hinaus gibt es fiir Ge-
biete im R? eine geometrische Bedingung, die einerseits leicht zu iiberpriifen ist, und
die andererseits fiir eine grosse Klasse von Hindernissen dquivalent zu gleichméfigem
Abklingen der lokalen Energie ist, wie bereits in [Pau 96| festgestellt wurde. Ein wei-
teres Resultat der vorliegenden Arbeit ist, dass diese geometrischen Bedingungen nur
fiir geeignete Medien gleichmifiges Abklingen der lokalen Energie implizieren. Ahnliche
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Schwierigkeiten ergeben sich bei der Suche nach Situationen, in denen gleichméfbiges
Abklingen nicht moglich ist. Wir konnen dennoch einige konkrete Beispiele hierfiir
angeben.

Die entscheidenden neuen Ergebnisse auf dem Weg zum Beweis der angekiindigten
Resultate sind: Die Existenz von Escape-Funktionen fiir geeignete Medien mit Hin-
dernissen, die den oben genannten geometrischen Bedingungen geniigen; die Implika-
tion von Melroses Non-Trapping-Bedingung durch die Existenz einer Escape-Funktion;
die Existenz und Eindeutigkeit der Greenschen Funktion sowohl als Kern des Losungs-
operators als auch als distributionelle Losung der Wellengleichung; schliefslich der Be-
weis, dass Melroses Non-Trapping-Bedingung die Non-Trapping-Bedingung von Vain-
berg impliziert.

Im Falle der isotropen Elasitizitdt ist die Situation erheblich schwieriger. Dies liegt
daran, dass es sich hier um ein System von Differentialgleichungen handelt. Es existieren
zwei verschiedene Wellen, die sich mit unterschiedlichen Geschwindigkeiten ausbreiten
und sich am Rand gegenseitig beeinflussen. Im Falle freier Rénder (i.e. des Neumann-
Problems) gibt es sogar noch eine dritte Welle in der Oberfliche des Hindernisses, die
gleichméfige Abklingabschitzungen unmoglich macht. Hier verhalten sich also — im
Gegensatz zur Wellengleichung — Losungen des Dirichlet- und des Neumann-Problems
vollig unterschiedlich.

Doch auch fiir das Dirichlet-Problem sind die Resultate schwicher als im Falle
der Wellengleichung. Es ist nicht einmal klar, ob die dort bewiesenen Aquivalenzen
hier iiberhaupt gelten konnen. Wir kommen zu den folgenden Resultaten: Fiir die
obigen hinreichenden geometrischen Bedingungen sind die Ergebnisse im wesentlichen
unverandert. Geeignet muss das Medium nun beziiglich beider auftretenden Wellen
sein. Um dies zu beweisen, fiihren wir eine spezielle Klasse von Escape-Funktionen
fiir die isotrope Elastizitdt ein. Es gelingt erneut der Nachweis, dass die Existenz
einer solchen Funktion Melroses Non-Trapping-Bedingung impliziert, wobei wir auch
fiir diese Bedingung eine Formulierung gewahlt haben, die den Elastizitidtsgleichungen
angemessen erscheint (und die beispielsweise unmittelbar die Non-Trapping-Bedingung
an die schwache Lésung impliziert).

Auch hier beweisen wir die Existenz und Eindeutigkeit der Greenschen Matriz
als Distributionskern und als distributionelle Losung, die Implikation von Vainbergs
Non-Trapping-Bedingung durch Melroses Non-Trapping-Bedingung und die iibrigen
Beziehungen zwischen den verschiedenen Non-Trapping-Bedingungen bis hin zu gleich-
méakigem Abklingen der lokalen Energie wie im Falle der Wellengleichung. Den Kreis
dieser Folgerungen zu schliefen, gelingt allerdings derzeit nur fiir homogene Medien
im R? unter einer zusitzlichen Einschrinkung an die Klasse der Hindernisse. Dariiber-
hinaus kénnen wir — wenigstens in einigen speziellen Situationen — Ralstons Konstruk-
tionen lokalisierter Losungen dazu verwenden, einige Besipiele anzugeben, in denen
gleichmifiges Abklingen der lokalen Energie nicht moglich ist.



Abstract

In working with Evolution Equations one is interested in answers to questions con-
cerning

e the existence of a solution
e the uniqueness of the solution

e continuous dependence on prescribed data
and closely connected with the last question
e the asymptotic behaviour as t — 0.

An important characteristic feature for the last point is the behaviour of the energy and
the question whether the energy tends locally to zero (for ¢ — oco)—the so-called local
energy decay (LED)—and whether this decay in time is uniform with respect to initial
disturbances concentrated in some finite region—the so-called uniform local energy
decay. Answers to the latter questions are important for existence and uniqueness
results, too. If one is interested in solutions existing globally in time of non-linear
Evolution Equations for small initial data, the relation between these questions could
be roughly described as follows: The better the solutions of the corresponding linear
problem decay in time, the larger the class of non-linearities leading to global existence
is.

This thesis is devoted to the study of hyperbolic problems in exterior domains,
namely the wave equation and the equations of elasticity in isotropic media, that
describe the propagation of sound waves and the deformations of elastic solids respec-
tively. An important phenomenon which is described by the latter equations is given
by earthquakes.

We will point out the essential problems and results first for the wave equation.
For the Dirichlet and the Neumann problem the question whether the local energy
decays to zero in time has an affirmative answer. But whether this decay is uniform
depends essentially on the complement of the domain, the so-called obstacle, and on
the medium itself. There are examples in which no uniform local energy decay holds.
However there are many conditions which assure that the decay is in fact uniform.

iii
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Some of them are very concrete and illustrative, but unfortunately only sufficient for
uniform decay. Some others seem to be very abstract and thus difficult to understand,
but nevertheless they are motivated by the aim to present a necessary and sufficient
condition for uniform LED. Conditions like the latter ones are called non-trapping
conditions (NTCs) and the literature provides several of them.

The subject of this thesis is to compare these different non-trapping conditions
and to give some concrete geometric interpretation of them. For sound waves in a
homogeneous medium this has already been done in [Pau 96], leading to the result that
under some non-degeneracy condition on the boundary all non-trapping conditions are
equivalent, no matter whether the Dirichlet or the Neumann problem is considered. For
inhomogeneous media the result is essentially the same, with the important difference
that no longer the obstacle alone can trap rays but the medium, too, as we will illustrate
by some examples. This difference mainly influences the geometric interpretation of
these conditions: In the homogeneous case obstacles with the nice geometric properties
of being convex, star-shaped, snake-shaped, or able to be illuminated from the interior
or from the exterior satisfy any (reasonable) non-trapping condition. For homogeneous
media in R? there is in fact a geometric condition which is on the one hand very easy to
verify in concrete situations and on the other hand necessary and sufficient for uniform
LED for a large class of obstacles, as we have already pointed out in [Pau 96]. This
result is included here as Theorem 3.1.7 in a survey on the development of this subject
since the late 1950s. One further result of this thesis is that in the general situation
these geometric conditions are sufficient for uniform LED for suitable media only. The
condition a medium has to fulfil for this purpose is stated explicitly in Section 3.2.
The same complications arise in giving counterexamples which do not allow uniform
LED. But nevertheless we state concrete conditions for non-decay, partly in a more
visualized way and partly by explicit calculation (cf. Sections 2.1, 3.2, and 4.1).

We proceed as follows: In Chapter 1 we introduce the class of problems under
consideration. This is followed by a chapter dealing with the famous Lax-Phillips con-
jecture of a necessary and sufficient condition for uniform LED and with Ralston’s
proofs concerning one implication of this assumed equivalence. Here we point out sit-
uations in which no uniform decay is possible. The third chapter is concerned with
the so-called energy method. Here the above sufficient geometric conditions are pre-
sented. This finally leads to the definition of an escape function, which is the decisive
link between these geometric and the more or less abstract non-trapping conditions.
Chapter 4 gives a precise definition of the terms of the Lax-Phillips conjecture, i.e. the
generalized bicharacteristics, and presents the Generalized Huygens’ principle, being
the most powerful tool for the comparison of the non-trapping conditions. As already
remarked, Section 4.1 includes the calculation of two counterexamples to uniform LED.
In Chapter 5 we formulate Melrose’s non-trapping condition and prove that it is implied
by the existence of an escape function (in fact this proof is given in the more compli-
cated situation of Section 9.5.2). Chapter 6 presents the Vainberg method. We prove
the existence and uniqueness of the Green’s function both as the kernel of the solution
operator and as the distributional solution of a differential equation. This makes the
statement of Vainberg’s non-trapping condition possible, followed by a presentation of
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the essential ideas and results of the Vainberg method. Chapter 7 is then devoted to
the comparison of the different non-trapping conditions. On the one hand a chain of
inclusions is proven, on the other hand it is pointed out, how this circle of implications
can be closed, leading to the equivalence of all non-trapping conditions for a large class
of obstacles. Here the main result is the implication of Vainberg’s NTC by the one of
Melrose. Some improvements for special situations and a summary of the geometric
aspects conclude this chapter.

The situation is worse with isotropic elasticity. This is essentially due to the fact
that it is a system of differential equations. The result is that two different waves
appear, travelling at different speeds and influencing each other at the boundary (gen-
erally at different angles of incidence). Concerning the propagation of singularities this
means that two bicharacteristic families exist and that e.g. changes from one family to
the other are possible. For a free boundary (i.e. Neumann problem) there is actually a
third wave travelling in the boundary and making uniform decay estimates impossible.
Thus here—in contrast to the wave equation—solutions of the Dirichlet problem and
the Neumann problem behave completely differently.

But even for the Dirichlet problem where this third wave does not occur, the results
are weaker than those for the wave equation. It is not even clear, whether the Lax-
Phillips conjecture may be true for isotropic elasticity. We achieve the following results:
For the above sufficient geometric conditions things are essentially the same. In the
inhomogeneous case the medium has to be “suitable” with respect to both waves and
the condition to be fulfilled is, for both waves, the analogue to the wave equation. To
prove this result we wanted to make use of the connecting role between the geometric
conditions and Melrose’s NTC, played by escape functions in the case of the wave
equation. This was our motivation for the introduction of a special class of escape
functions for isotropic elasticity. And in fact these functions are as useful as their
analogues for the wave equation (cf. Section 9.5).

In comparing the different non-trapping conditions we can prove the same chain of
implications as in the case of the wave equation. But at the present state of the art
it is possible to close the circle only for homogeneous media in R? under an additional
assumption on the class of obstacles.

On the way to prove these results we proceed similarly to the wave equation. Chap-
ter 8 presents the problems under consideration and the fundamental results. Chapter 9
is devoted to uniform decay results but also presents the more complicated propagation
of singularities, the formulation of a Melrose-type non-trapping condition for isotropic
elasticity, and the proof of the existence and uniqueness of the Green’s matrix—both
as a distribution kernel and as a distributional solution of a system of differential equa-
tions. Afterwards we present examples for non-uniform decay according to the results
of the Gaussian beam constructions of Ralston. Chapter 11 is then devoted to the
comparison of the different NTCs and to a summary of their geometric properties.

According to the two different problems under consideration, this thesis consists of
two major parts, each of them dealing with one problem. But because of the similarities
of these phenomena there are many parallels. Thus we tried to follow a certain rule
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to avoid too many repetitions: The results quoted from the literature are presented in
more detail for the easier case of the wave equation to make the decisive ideas as clear
as possible. The results of the author, however, are presented chiefly for the system of
isotropic elasticity to point out exactly all the problems that arose in these proofs.

Many other problems have been treated with the methods discussed in this thesis.
There are for example numerous results on the propagation of singularities and on
uniform LED for other equations and systems, for more general boundary conditions,
and for moving obstacles. We added an—in fact very individual-—choice out of these
publications at the end of this thesis. A short discussion of a part of the literature
quoted there can be found in Chapter 11 of [Pau 96].

I want to thank Prof. Dr. Reinhard Racke: For giving me the possibility of writing
this thesis at his chair at the University of Konstanz, whose constructive atmosphere I
enjoyed very much, and for many interesting discussions during the preparation of this
thesis. In addition I am indebted to Prof. James V. Ralston from UCLA for the email
discussions about his Gaussian beam construction and the Lax-Phillips conjecture in
isotropic elasticity, to Prof. Kazuhiro Yamamoto, Nagoya Institute of Technology, for
the answers to some questions concerning the propagation of singularities in isotropic
elasticity, and to Mrs. Helen Walter for the careful reading of this thesis and her many
advices concerning the English language. Last but not least I want to thank my parents
for their great support.

The present monograph is based on my thesis.
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Notations xi
Notations

The following notations are used:

0
0=

0
0= 5.
ft = atfa
fzi = 8zf7

V=V, :=(0,...,0.),

A=A, = i@f,
i=1

O:= Oy =07 — A.

For X = (X1,...,Xy), € = (&,...,&,), and a function U(7,...), the operators
Vx, Ax, V¢, and the derivative Ur are defined in the same way.

For multi-indices o = (v, ...,0,) € N2 and v = (v0,71,---,7) € N¢™' and for

N € N let
n n
o =), =,
i=1 i=0

DR = o o, DY, =00 - 3}
D:]zv = (D;(cla la| = N), Dgw = (DZz’ Y[ =N),
—N a —N

Dz = (D;c’ |a‘<N)a Dt,w = (Dzw |7|<N)

D, ., will frequently be used instead of Dg,w. Radial and normal derivatives are defined
by

fr=0f =Vf .
5 |
a_nf = Vf'na

0

8nef'_ vf.n€7

n being the exterior normal of a domain 2 C R” and n, the exterior normal of R" \ Q.

For a function V' with values in R",
div,V(z,...) =Y _oVi(,...)
i=1

defines the divergence of V with respect to . Analogously we define divx V' (X, ...) and
the divergence with respect to (¢,z) for a R*™-valued function U, div,,U(t,z,...).
Writing the equations of elasticity, one traditionally uses

V' = div,.
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For functions of one real variable, the abbreviations

f'@)y=af@),  f't):=38ft), etc
are used.

Let S™ ! be the unit sphere in R*. For a > 0 and Q C R” let
B, := {:L'ER” |x|<a},

Q,=QNBAB,.

For D C R", D denotes the closure of D in R* and D the boundary of D. We use

supp f,  supp(f,9)

for the support of a function f and the union of the supports of functions f and g
respectively. For two subsets D; and D, of R”

D, CcC D,

means that there exists a compact K C R" with D; C K C D,.

The following spaces and norms are used (cf. [Ad 75]; all functions are real-valued,
if not indicated otherwise):

For an open subset G of R”
C(G), and Ci(G), keNUox

denote the continuous and the k times continuously differentiable functions on G re-
spectively. In contrast to [Ad 75| we use

C(G), and Cy(G), keNU

for the subsets of all functions f of C(G) and Ci(G) respectively which together with
all their derivatives up to the order k can be continuously extended to G; C1([a, b]\ J),
where J is at most countable, has to be understood in the same way in Lemma 9.5.2
and the text preceding it. We define the space Cp(G) to consist of all those functions
f € C(G) which are bounded and uniformly continuous on G. (Cp(G) is the space

which Adams in [Ad 75] denotes by C(G)).
C(@), Cu(G) and Coo(G)

are the subspaces of all functions f in C(G), Cx(G) and Co(G) for which supp f CC G
and supp f CC G respectively. We denote by

D'(G)
the space of all distributions on G. For z € G and 2y € G

§(z — xp)
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denotes the Dirac J-distribution. As an element of D'(G) it is defined by

Vo € Coo(G) = 6(- = 20) () := (o)

(with 6(- — zo)(¢) := 0, if g € 0G). As an element of D'(G x G) it is given by

Vo € Coo(G x Q) : 6(z — 30)((x, 20)) := /(p(xo) dxg .

For open subsets O of R™, the concept of convergence in D'(G) leads to the definition
of
Coo(O0,D'(G)) and Cu(O0,D'(G)),

the spaces of arbitrarily differentiable distribution-valued functions on @ and O re-
spectively, given by

f€C(0,D(Q)) (f €Cx(0,D(Q))) =

Vi € Coo(G) = f(9) €Cx(O) (f(p) € C(0)).

For a domain Q C R" let £P(Q2) be the usual space of p-integrable functions,
equipped with the norm ||-[| ;. We often use the abbreviations

= Ml = 11l 22
(the first one only, if the domain is clear from the context). For m € N
Hm () := HZ(Q)

denotes the usual Sobolev space of all functions which, together with their derivatives
up to order m, belong to £2(€2). The norm is given by

-l = 1Ml -

Here, too, the abbreviation is used, if the domain of integration is clear from the
context.

Hm () denotes the closure of Coo () in Hym ().

Furthermore we use the subspaces £7(€2) and Hum,o(Q) of £2(Q) and H,, (1), consisting
of the functions with support in €.

When working with functions of the above spaces on {2 and €2,, a > 0, at the same time,
we add to the norms of the spaces defined on €2, an additional index a, to distinguish
them from the norms of the spaces defined on Q. That is, we use ||-||, for the £?-norm
on €2, and |[|-[|,, , for the norms of the above Sobolev spaces on §),. Sometimes these

norms are used for the restrictions to €, of elements of £2(2) and My, 4(€2).

We use (-,-) without an additional subscript for the inner products of both R” and
L%(9), if it is clear from the context which one is meant.
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For a normed space Y with norm |||, ,
ylHy

denotes the completion of Y with respect to ||-||y. In Co(2) there can be defined a
norm | - |; given by )
Vo € Cu(G) = oli = IVell -

One now defines

Ho(Q) = (éw(9)>~|-h .

For two Banach spaces X and Y we denote the space of all continuous linear maps
from X to Y by £,(X,Y’) and its norm by || - ||z,(x,v)-

The definitions of the next paragraph’s terms can be found in [H6I, H6III]. They
will be used for the abstract derivation of the generalized Huygens’ principle in Chap-
ter 4.

For z € R* and a subspace Y of R* we denote by 7'(R") the cotangent space
of R* at z, by N}(Y) the conormal space to the subspace Y of R* at z, and by
T*(R™) the cotangent bundle of R*. Let X be a Cy-manifold with boundary (for
the definition cf. [HSIIT], p. 482), X the interior of X. Using charts one can define

o

Coo(X), Coo(X), Co(0X) and thus D'(X) and D'(0X). According to Section 6.4 in

o

|[H6I] one defines the cotangent spaces and bundles T} (X), T7%(X) and T*(X) as well
as the conormal space to 0X in x € 0X, N;(0X). T*(X) being a C,-manifold with
boundary itself allows the definition of Coo (7*(X)).

We use the above symbols for function spaces no matter whether the functions are
scalar-, vector-, or matrix-valued. This implies a corresponding use of the notations for
spaces of distributions. However, if there is the danger of a mistake, we will use specific
notations, e.g. (Cso(€2))" for a vector whose n components are functions in Coo(£2).

We sometimes work with complex-valued functions. If this is clear from the context,
we use for the function spaces the same notations as above. For a complex-valued
function u we denote by wu its complex conjugate function.

By f(t £0) we denote the left and right limits of a function f at the point ¢. Instead
of f(0 £ 0) we write f(£0).

[A, B] means the commutator of the operators A and B.
I, stands for the (n x n) unit matrix in R* and AT for the transpose of a matrix A.

d;; denotes the Kronecker symbol, that is

1,i=j
0ij =19 - 45
! {O, e
In estimates, C' and c¢ are used for (changing) positive constants.

We work in domains with compact C,-boundary. By this we mean the uniform
Coo-regularity property of the boundary according to [Ad 75|, 4.6, p. 67.

Finally it should be noted that we use the Einstein summation convention.



Part 1

The Wave Equation






Chapter 1

Fundamentals

Let Q C R" be an exterior domain with compact Cy-boundary 02 and B := R\ Q2.
We assume that an Ry > 0 exists with B C Bg,. By n we denote the exterior (unit)
normal of J$2 and by n, the exterior (unit) normal of 9B. The space dimension n is
assumed to be larger or equal to 2. In this first part we study the wave equation for
inhomogeneous media, that means u = u(t, z) is supposed to be a solution of

(8?52 — 8Za”(x)6])u =0 in Rx Q,
(W.A) Au=0 on R x 99,
u(0) =ug, u(0) =uy in Q.

Here A denotes a differential operator of at most first order on 02 x R. For the
real-valued functions a;; € Coo(2), 4,5 = 1,...,n, we assume

Qi = Qjq
E|R>R0:aij(:r)=(5ij, ‘.’L‘|>R
E|c>0:aij(x)§i§j>c\§\2, .’EGQ, gER”

The special case of a homogeneous medium is described by a;; = 0,5, i.e. 0;a;;(x)0; = A.
We restrict our attention to two kinds of boundary value problems,

ul = 0 (Dirichlet, (W.D)) and n;a;;0;u o 0 (Neumann, (W.N)).

The energy of a solution u at time ¢ in D C Q is then given by

E (u(t), D) := / ijtta; (s, (£) + 2(t) da

D

Many of the results presented here also hold for the Robin boundary condition

n;a;;0;u + ou =0, o(x) > 0.
39j 20
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Note that in this case the energy is given by

E (u(t), D) := /aijuwi(t)uwj(t)-l-uf(t) dx + / ou(t)*do.

We are chiefly interested in solutions of (W.D) and (W.N) for which this energy is
defined. For this purpose one may use the notion of a solution with finite energy of
|Le 86, Definition 3.2]. Then Theorems 3.6 and 6.1 of [Le 86] give:

Theorem 1.0.1 Suppose uy € Hi(Q), uy € L2(Q). Then a unique solution u with
finite energy of (W.D) exists. For this solution the following holds:

1. E(u(t),Q) = const.,
2.VKccQ: E@u(t),K)—0, (t— o).
Remarks:

1. An analogous theorem holds for (W.N) if ug € H,(Q), u; € L%(Q).

2. A more general ansatz using semigroup theory allows for example in case of
(W.D) ug in Hy () instead of #;(€2). This leads to a result similar to the
above theorem. For initial data with compact support this is in fact nothing new
because of Poincaré’s estimate (cf. |Le 86, p. 25|). Nevertheless it is sometimes
useful for our purposes to work with this semigroup approach.

3. Unless specified differently, we mean such solutions with finite energy, if we talk
about solutions of (W.D) and of (W.N).

The last result of Theorem 1.0.1 is referred to as local energy decay (LED for short).
But this decay is not uniform with respect to the initial data. What we are interested
in is a result of the following form:

VK,K;cc 3f:Rt* — R* with f(t) =0 (t = o) :

(P)
supp(ug, u1) C K1 = FE (u(t),K) < f(t) E (u(0),9) .

Here we speak of uniform LED, meaning decay with a rate f(¢), independent of the
initial data with support in K . It should be remarked that without this restriction on
the support of uy and u; such an estimate is not possible, because there would be an
eternal transport of energy to K from regions far away, otherwise. We want to mention
that an equivalent formulation of (P) is achieved by replacing K and K; by e.g. Q,
and Q with a,b > R. For the Cauchy problem in a homogeneous medium there is
always uniform LED. Explicit representation formulae for the solutions (cf. [Le 86],
(5.2), p. 97 and p. 104f.) yield

n>3 o0dd: wu| =0 fort>T(K,Ky),
K

n even: E (u(t), K) < (K, K;)t*"E (u(0),R*) for t > T1(K, K,)



(cf. [Pau 96], Chapter 1 and Appendix A). The restriction to initial data with compact
support, however, is not sufficient for uniform LED in the presence of an obstacle, as
we will see next. So it seems natural, to look for a condition as good as possible, which
guarantees that both the medium and the obstacle do not “retain energy” or “trap
waves”. Such a condition—and the literature on this topic provides several of them—is
called a non-trapping condition (NTC for short). To compare these conditions and to
analyse their geometrical properties is the subject of this thesis. We will first focus our

attention on the last point, starting with the presentation of the famous conjecture of
Peter D. Lax and Ralph S. Phillips.






Chapter 2

The Lax-Phillips Conjecture

It is well known that by the methods of geometric optics one can construct ap-
proximate solutions to the Cauchy problem of the wave equation, whose energy stays
arbitrarily long near a given characteristic. Dealing with the Dirichlet problem for a
homogeneous medium in odd dimensions n > 3, Lax and Phillips therefore made in
|[La/Ph 67|, p. 155, (see also [La/Ph 89|, p. 278) their famous conjecture, which will be
presented here in a way appropriate for our problem (P). Starting at a point x in Qg
draw a ray in some direction w and reflect it according to the classical law of reflection
every time it hits the obstacle. Denote by I(z,w) the total length (possibly infinity) of
that ray within 2z and by /(R) the supremum of I(x,w) for all such z,w.

Lax-Phillips Conjecture: [(R) < co <= there is uniform LED.

Because of the formulation we have chosen here, this conjecture is also meaningful in
all even dimensions.

It should be remarked that the behaviour of a ray at the boundary is more compli-
cated than Lax and Phillips may have imagined when they presented their conjecture.
If such a ray has a tangency of infinite order with the boundary it may not have a
unique continuation; this has been proved by Taylor in [Tay 76]. On the other hand
one should observe that in the case of inhomogeneous media the optical rays are in gen-
eral not straight but curved lines. Taking these facts into account, the above conjecture
states an assertion which has not been proved completely ever since. Making essential
use of the so-called generalized Huygens’ principle, the “if” part “==" is proven by the
results of [Me 79], [Ral 79], and [Ya 92b], if n > 3, and Section 6.3 of this thesis, if
n = 2. We will discuss these results in more detail later.

For the other half of the conjecture there are the results of Ralston (|Ral 69,
Ral 82]), which are subject of the next section. It is still an open problem, whether
they include all obstacles.
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2.1 Ralston’s Proofs

In [Ral 69] Ralston considered admissible paths T in @ C R? for the wave equation
in a homogeneous medium. These are generalized rays that are nowhere tangent to
0f). Furthermore they consist of only a finite number of straight line segments. Denote
by [z(€2) the supremum of the length of the admissible paths contained in Qg. Ralston
proved the following result:

Theorem 2.1.1 Suppose Ir(2) = co. Then, given any p,t > 0, there exist initial data
U, U1 € Coo(r) with
E (u(0),Qr) =1,

such that the solution u of (W.D) satisfies

E (u(t),Qr) > 1— .

This result was proved by the method of geometric optics, where near a caustic the
geometrical optics solution is continued by a free space solution.

In [Ral 82] Ralston improved this result considerably. The Gaussian beam construc-
tion he used there holds for n > 2, arbitrary strictly hyperbolic differential equations
and a large class of boundary conditions, especially the Dirichlet and the Neumann
problem for the wave equation. The advantage of Gaussian beams over geometric op-
tics is the use of a complex phase function avoiding the development of caustics. As
remarked above, the admissible paths of an inhomogeneous medium do not consist of
pure straight line segments any more. Nevertheless the only assumption of importance
is that they do not “graze” i.e. that they are not tangent to 0f2. For a precise def-
inition of these rays cf. Section 4.1. For the reason of future reference we state this
generalization of the above result as a theorem.

Theorem 2.1.2 The result of Theorem 2.1.1 holds in arbitrary dimensions n > 2 for
(W.D) and (W.N) in both homogeneous and inhomogeneous media.

This is the possibly incomplete proof of the “only if” part of the Lax-Phillips conjecture.
That this result might not be optimal is because it is not known up to now, whether
all generalized rays can be approximated by non-grazing ones. This lack of evidence is
due to the non-unique continuation of some rays at points of infinite order tangency
(cf. Section 4.1).

But these results imply the existence of obstacles and media for which uniform LED
is impossible. For the homogeneous case there are

e Obstacles with admissible paths that hit the boundary perpendicularly at two
points.

e Obstacles with admissible paths that form closed polygons.
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Some characteristic examples:

Things are a little bit more complicated for general media. Now the medium itself
may trap rays. We will present examples of media that possess circular and elliptic
rays respectively (cf. Sections 3.2 and 4.1). So here, too, as well as for the curvilinear
analogues of the special admissible paths mentioned above, no uniform LED is possible,
because of Theorem 2.1.2. Again, we give some examples:

//

>

All these paths are referred to as periodic or closed rays.
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As a short intermezzo before the investigation of the other half of the Lax-Phillips
conjecture, we will discuss some interesting results of Walker, Tkawa, and Burq respec-
tively. They proved that in some way slightly different from (P), there is uniform “local
energy decay” even for the situations described above.

2.2 Uniform LED for Initial Data with Higher Regu-
larity

According to Ralston’s theorems, uniform LED as demanded in (P) is a property
that cannot be expected in general. Using Theorem 1.0.1 and the Rellich selection
theorem, allows, however, other uniform estimates of the local energy, if the initial
data are sufficiently regular as was first proven by Walker in [Wa 77]. Because his
proof can be literally applied to arbitrary space dimensions n, we formulate this result
here without Walker’s original restriction to R3.

For a compact set K C Q and 8 € Rt we denote by ’}:tg(K) the space of func-
tions supported in K which possess square integrable derivatives of all orders up to .
[Ill5, (%) denotes the norm of Hs(K) (there a different possibilities for the definition
of such spaces, cf. [Ad 75]). Walker proved the following result for a homogeneous
medium:

Theorem 2.2.1 Let o >0, K C Q compact, ug € Hisa(K), ui € Ho(K), and

2 2 2
||(U0,U1)||1§ra(1<) = ||U0||7izl+,,(K) + ||U1||7iza(K) :

Then for a solution u of (W.D) with such initial data ug and uq , it holds that

JUTuOF + wee) ds < Prcal@) o, uly with Jim Prcalt) =0.
K

A corresponding result holds for the Neumann problem and for more general domains,
as long as a (non-uniform) decay result like Theorem 1.0.1 is available.

At first sight Theorem 2.2.1 looks surprising, because Ralston proved that in general
uniform LED is not possible. Walker’s result shows that it is important which norm
appears on the right-hand side of the estimate. Our problem (P) demands the energy
norm on both sides. And whereas the initial data of the localized solutions of Ralston
have an energy equal to 1, they are highly oscillating functions, leading to large norms
in their higher derivatives. These norms become larger, the better the approximation
is, because the frequency of the oscillations tends towards infinity if the energy is
concentrated along a single admissible path.

Walker’s result is only of a qualitative nature, because it does not state precise
decay rates. Explicit algebraic rates are given in only two special cases in [Wa 77|.



2.2. UNIFORM LED FOR INITIAL DATA WITH HIGHER REGULARITY 11

Stronger results were proven by Ikawa in 1982 and 1988, finally leading to the
following exponential decay for the Dirichlet problem in a homogeneous medium outside
several strictly convex obstacles in [Tk 88| (with some assumptions on the positions of
the obstacles relative to each other):

/(IVU(t)I2 +uy(t)?) de < C(R) e (|luolls + llurlly) ,

Qg

0 > 0 being independent of R.

The strict convexity is important for this result according to a counterexample of
[Ik 82|: For two balls flattened on the sides facing each other, given by

O C{z1 21}, {z1=1, 23423 <1} CO;,

02C{$1<0}, {.’1'1:0, $§+$§<1}C802,
Ikawa proved that the decay rates of Theorem 2.2.1 are at most algebraic.

While Tkawa dealt with some special geometric situations, it was Burq who gave
explicit rates of decay for all exterior domains and both homogeneous and inhomoge-
neous media. According to his result [Bu 98, Théoréme 1] the decay rates of Walker
are at least logarithmic:

Theorem 2.2.2 Let the assumptions of Theorem 2.2.1 be fulfilled. Then for the decay
rates P (t) the following estimates hold:

Picalt) < O(K, @) (In(2+ 1))

We want to conclude this section with a remark on a paper of Liu and Kazarinoff.
For both the Dirichlet and the Neumann problem of a homogeneous medium filling the
exterior of two strictly convex obstacles, they proved

3Q > 0Vug, u; € Coo () ITy > 0VE > Ty = E (u(t), Qr) < Qt~'E (u(0),9)

(cf. [Liu/Kaz 88, Theorem 2]). Although Tj depends on ug, 11, seeming to be already in
contrast to uniform LED, the crucial point here is that this result only holds for initial
data in a dense subspace of the energy space H = H1(Q) x £2() (or H1(Q) x L2(Q)
for the Neumann problem). Since such an estimate for all (ug,u;) € H with compact
support in © would immediately imply uniform LED by the uniform boundedness
principle in contradiction to Theorems 2.1.1 and 2.1.2 (cf. [Rau 78b, p. 150]). This
leaves only one possibility for non-smooth initial data in H: during the process of
approximation by smooth and compactly supported functions, the time Ty after which
the solution falls under the above regime tends to infinity at least for some data wug, u;
compactly supported in Q.






Chapter 3

The Energy Method (Friedrichs’ a-b-c
Method)

The idea of the energy method is to multiply the differential equation with a factor
Nu, N being a linear first-order differential operator, to integrate the result, and to
derive estimates out of this identity.

Friedrichs himself used this method to prove the existence of weak solutions. The
choice of suitable multipliers led to results even for non-hyperbolic problems (cf. [Fr 54,
Fr 58]).

The crucial point for our purposes is to find a good multiplier and to express the
product Nu(d} — 0;a;;0;)u by suitable so-called divergence or energy identities. The
general case has the form

(Au+ (B - Vu) + Cw;) (87 — 9;ai0;)u = divy (- - ) + quadratic terms. (3.1)

After integrating this expression over a domain in R"*! this leads to certain surface
and volume integrals. With the use of this method several uniform decay results were
proved in the 1960s and 70s.

Before we discuss them in more detail, it should be mentioned that the first to prove
uniform LED for some class of obstacles was Calvin H. Wilcox (cf. [Wil 59]). For the
exterior of a spherical body B C R® he showed that the decay is at least exponential.

3.1 The Homogeneous Case

We start our considerations with the discussion of the wave equation for a homoge-
neous medium. This is on the one hand due to historical reasons, for the first results
were achieved for the d’Alembert operator 87 — A. On the other hand the medium
is fixed in this case. Therefore, only conditions on the obstacle have to be imposed.
Considering inhomogeneous media in general, additional restrictions have to be made,

13
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for the medium itself may trap rays, as we will see in some detail later. The aim of
this section is to give a short survey of the results with the main attention lying on the
geometric conditions and their relations to each other. For more details cf. the quoted
literature or the extended survey in |[Pau 96, Chapters 3-6].

3.1.1 Star-Shaped Obstacles

Cathleen S. Morawetz was the first to succeed in proving uniform LED by the
energy method. We want to give some motivation for her choice of the multipliers.
If one intends to estimate the energy at time ¢ by the initial energy, it is useful to
integrate the divergence identity over the domain (0,%) x Q. For initial data with
compact support the finite propagation speed leads to surface integrals over (2 at times
0 and ¢ and over (0,%) x 0. But in general a volume integral of the quadratic forms
appears, too. A first choice of a multiplier may try to avoid these quadratic forms and,
therefore, the volume integral. Using a certain symmetry argument this leaves only
three linear independent multipliers (cf. [Pau 96] or [Mor 62| for a similar approach):

A, B, C' multiplier Nu used in
A=0)
B=0} w standard energy identity
c=1)
A= n—1)
2 n—1
B= =z >Tu+x-Vu+tut [Mor 61]
= t |
= (n—1)t )
= 2tz (n—Dtu+2t(z-Vu) + (|z]* + t*)u; [Mor 62, Mor 67]
C = |z|* +¢*)

Whereas the standard energy identity

(IVul]? + uf), — div o (u; V)

DN | =

0=y Ou=

yields the conservation of the total energy, the other multipliers can be successfully
used for decay estimates. But for the boundary integrals to have the “right” sign in the
estimates a condition on the obstacle has to be imposed:

Definition 3.1.1 An obstacle B is called star-shaped, if z - n < 0 for x € 0B. It is
called strictly star-shaped if z - n < 0 for z € OB.
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Remark: This is actually the definition of star-shapedness with respect to the origin.
If the obstacle is star-shaped with respect to some zy € R*\ {0}, one simply transforms
the whole system to xqg = 0. That may, for an inhomogeneous medium, change the
radii Ry and R from the beginning of Chapter 1, but not the class of problems under
consideration here. This justifies dealing with star-shapedness with respect to the
origin, only.

For star-shaped obstacles Morawetz derived a decay rate of ¢t ! for n > 2 in
[Mor 61]. She later improved this result for n = 3 to ¢t 2 in [Mor 62, Mor 67|, the
latter publication making an interesting ansatz using the Kelvin transformation.

A closer look at the proofs shows that the star-shapedness of the obstacle is in fact
necessary and sufficient for the boundary integrals to have the “right” sign. Thus the
above multipliers are insufficient for more general obstacles. On the other hand other
linear combinations of these multipliers will not lead to better decay rates, for these
rates are correlated to the highest exponent of ¢ in these multipliers, a number that
is not larger for linear combinations. Since 1962 the results of Morawetz have been
considerably improved in several directions: The class of obstacles under consideration
has been enlarged, better (optimal?) decay rates have been achieved, and the energy
method has been applied to a wider class of equations. Whereas the latter will be
discussed in Section 3.2 and Part II, a survey of the development of the first two points
will be given next.

3.1.2 Exponential LED

There is an essential difference between odd (> 3) and even space dimensions.
Whereas Huygens’ principle holds in the former case, it does not in the latter. A
consequence of this principle is that in free space a wave originating from an initial
disturbance of compact support, has only a finite time of influence on any point in
space. The situation is completely different, if the space dimension is even. Then
there are persistent reverberations even for initial data of compact support. This has
a remarkable effect on the decay of the local energy. While algebraic decay rates are
the best one can achieve in even space dimensions, a much better result holds for
odd n. This has been proved by means of the scattering theory of Lax and Phillips in
[L/M/P 62, L/M/P 63] and by repeated subtraction of free space solutions in [Mor 66].
This last result of Morawetz was proved for homogeneous media and arbitrary energy
conserving boundary conditions (for the precise Definition cf. [Mor 66]), including the
Dirichlet, the Neumann, and the Robin problem. Because the crucial point in the
proof is the validity of Huygens’ principle, this result holds for all media treated in this
thesis. Thus we formulate it here for the general situation:

Theorem 3.1.2 Let n > 3 be odd and let the boundary condition Au|gg = 0 be energy
conserving. Suppose uniform LED according to (P) holds for solutions of (W.A). Then
the decay s in fact exponential.
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Because of its elegance, we just want to sketch the idea of the proof of Lax, Morawetz,
and Phillipsin [L/M/P 62, L/M/P 63]: The assumed uniform local energy decay yields
that the operator norm of the Lax-Phillips semigroup Z(¢) becomes smaller than one
at some time 7" > (. But then the semigroup property implies that this operator norm
decays at an exponential rate. Because Z(t) fits exactly to the situation of a solution to
compactly supported initial data, studied in a compact subset of €, this is equivalent
to exponential LED.

From now on it is sufficient to derive any decay rate in odd dimensions n > 3;
for then Theorem 3.1.2 shows that this decay is actually exponential. The results of
[Mor 61, Mor 62, Mor 67|, therefore, already yield exponential LED for a homogeneous
medium outside a star-shaped obstacle.

We want to conclude this short section by a somewhat exotic application of The-
orem 3.1.2 that has already been remarked in [Mor 75b, p. 26]: In Section 2.2 we
introduced the decay results of Walker and of Burq for initial data with a higher regu-
larity. Here the iterative procedure of [Mor 66| can be applied, too. But in each step of
the iteration the assumed decay result has to be applied. Therefore in each step more
regularity of the initial data is demanded. For smooth initial disturbances supported
in K C Q this leads for all exterior domains € to the estimate

E (u(t),K) < ce [ (wo, ul)”f{t/T(K)

with positive constants ¢, §, and T.

3.1.3 More General Obstacles

The ansatz to avoid the quadratic terms in (3.1) excluded all but three multipliers
and made the star-shapedness necessary for decay estimates. Using other multipliers
will lead to volume integrals, which we tried to avoid in Section 3.1.1. But possibly
these integrals may be useful in estimating the energy. This in fact allows, as we will
see next, larger classes of obstacles.

The first extension is an illustrative generalization of the strict star-shapedness.
The condition z - n < 0 (i.e. z - n, > 0) implies that each ray beginning at the origin
intersects 02 exactly once. This fact could be described this way: the interior of the
obstacle can be illuminated by a source of light situated at the origin. Since the origin
is an interior point of the obstacle, a small ball centred at the origin is contained in
the interior of B. Thus the above rays of light are perpendicular to the surface of this
ball. The idea of Bloom and Kazarinoff was to allow strictly convex bodies instead of
balls for the illumination. Thus they define in [Bl/Kaz 74b]:

Definition 3.1.3 An obstacle B can be illuminated from the interior if there exists a
smooth strictly convex body C' inside B such that R* \ C is filled by a family of rays
normal to OC and such that each ray intersects OB ezxactly once.
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Remark: In this form the definition is a generalization of the strict star-shapedness
only. A closer look at |Bl/Kaz 74b| shows that it is sufficient to demand that an
illuminating ray never enters the interior of the obstacle again after having once reached
its boundary. This would include the possibility of illuminating rays that follow a
straight part of the boundary for a certain time, before leaving the obstacle. The latter
extension of the above defintion 3.1.3 would include all star-shaped obstacles.

The following images show how Definition 3.1.3 generalizes the strict star-shaped-
ness. The last obstacle (due to Bloom and Kazarinoff) is, obviously, not strictly star-
shaped.

“dog bone”

Now let B be illuminated from the interior by a strictly convex body C. Thus every
point z € R \ C is situated on one and only one ray starting at ¢(z) € C and being
orthogonal to 0C with direction v(c(x)). Thus an s(x) € Rt exists, such that

x = c(x) + s(z) vic(x)).
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Bloom and Kazarinoff define the following vector field:
o™ (z) = s(z) v(c(x)).
Because B can be illuminated from the interior, for all z € 9B the following holds
n.(z) - o™ (z) = s(z)(n.(x) - v(c(z))) > 0. (3.2)

Now

-1
Nu:zn

u+ o™ (z) - Vu + tu, (3.3)

is chosen as multiplier in [Bl/Kaz 74b|. Integration of the resulting divergence identity
yields a surface integral over [tg,t] x 0€2. The integrand

1 ou |2

B (ne(m) - (x)) on

has the desired positive semidefiniteness because of (3.2). Without going into details
we want to mention that the resulting volume integrals, as announced at the beginning
of this section, are very useful in the estimates. Thus Bloom and Kazarinoff derive the
following decay rates for (W.D) and a homogeneous medium:

o n=2: ¢t with some § € (0,1),

e n =3: ce % with some § > 0,

the latter using Theorem 3.1.2 after having established a polynomial rate. It should be
remarked that the result for n = 3 was proven under an additional geometric restriction
on the obstacle. But we will see that this condition was of purely technical nature, for
the above o™ satisfies (3.2), as we have already seen, and

gV (2)&&; = cl€?,  2€Q, £€R,

with a ¢ > 0, because of the strict convexity of C' (cf. Sections 4 and 8 of [Bl/Kaz 74b]).
Thus o™ is a special case of the vector fields of Walter A. Strauss, which we will discuss
later.

An obstacle B that cannot be illuminated from the interior may have the following
“snake-shape”™

oC
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There is no strictly convex body in the interior of B possible that illuminates the
obstacle. But uniform LED still holds, because there obviously exists a strictly convex
body C' whose boundary is able to illuminate 0B from the exterior in the following
way:

Definition 3.1.4 We say that the boundary of an exterior domain €2 can be illuminated
from the exterior iff there exists a convex body C containing 02 with smooth boundary
0C' such that OS2 s filled by a family of non-intersecting rays normal to OC'. Each ray
1s completely contained in €2 in the following sense: for each xq € OS2 there exists a
unique T, € 0C and a number sy(z1) < 0 such that

zo = So(z1)v(21) + 21,
where v is the outward normal to 0X) at x1, and

r=tv(r)+z €Q, fort € (sp,00).

Here we have chosen the definition of Liu De-Fu [Liu 87, Definition 1, p. 314], which
is more general than the one of |Bl/Kaz 76, Definition 2.1, p. 24]. In relation to the
star-shapedness of an obstacle the same difficulty arises here that was already remarked
after Definition 3.1.3. We will briefly state the consequences of Definition 3.1.4: If 0S2
(or B) can be illuminated from the exterior, then for all z € Q there exist unique

s(z) € R and ¢(z) € OC such that
z = c(z) + s(z) v(c(z)).

Because of the boundedness of C, there exists a ¢ € Rt such that s(x) +¢ > 0 in Q.
The vector field

B (@) = (s(x) + g)v(c(x))

satisfies for n = 2,3

(i) B™(z) n.(z) >0, x €09,
(i) BB (2)&& = clé]?, 2€Q, E€R,

with a ¢ > 0, (i) being an immediate consequence of Definition 3.1.4 and (ii) following
from the calculations of [Liu 87, Section 1] (or [Bl/Kaz 76, Lemma 4.4]). Thus 8 (z),
too, provides one of those Straussian vector fields we discuss next. Definition 3.1.4
actually generalizes Definition 3.1.3, for every body that can be illuminated from the
interior can also be illuminated from its exterior: One just takes a level surface of
equidistant points to the (interior) illuminating body C' that contains the obstacle.
This enlargement of C' then illuminates B from the exterior (cf. |Liu 87|, remark 3,
p. 330).

For the sake of completeness we want to mention that Liu proved an algebraic decay
for a class of hyperbolic systems of second-order equations in the exterior of an obstacle
in R? that can be illuminated from the exterior. He used the multiplier

2tu + 2t (2)Vu + (2 + (s(z) + ¢)?)u,
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which is a generalization of the third multiplier we presented at the beginning of Sec-
tion 3.1.1, in contrast to the choice (3.3) of [Bl/Kaz 74b|, which obviously generalizes
the second.

Let us assume that the above snake is in a less pleasant position:

For such a 2-d snake there is no chance for a convex body to illuminate it, neither from
the interior nor from the exterior. But this obstacle still allows uniform decay of the
local energy, as the next results will show.

In [Str 75|, Strauss proved uniform LED for (W.D) in exterior domains in R*, n > 3,
provided a strictly expansive C3 vector field exists, that leaves (2 strictly invariant. This
means the following: There exists a ¢ > 0, such that

(1) I(z)-n(z) >0, z € 0N,
(i5) 0ilj(x)&& > clé)?, z€Q, R,

Strauss in fact demanded that [ is the gradient of a function of |z| outside Qg, but
this can always be achieved, if (i) and (ii) hold, as Strauss has already conjectured in
[Str 75] (a proof was given in [M/R/S 77|). Assuming that such a vector field exists
Strauss used the multiplier

l-Vu—i—%(divx)u

and proved the following results:
en> odd:  E(u(t),K)<ce®E,, t>0

e n>4even: [E(u(t),K)dt<cEp,
0

with some positive constants ¢ and §. This last uniform LED in an “integrated sense”
implies a decay rate of at least ct~' as was later shown in [M/R/S 77].

The above requirement on [ can be somewhat relaxed, for Strauss proved that
strictness in (i) or (ii) is sufficient for the existence of a vector field that is strict in
both estimates. Non-strictness in (i) and (ii) is of course insufficient, because this is
always fulfilled by [ = 0 (the asymptotic condition on [ still causes no problem). And
this cannot generally imply a uniform decay according to Theorems 2.1.1 and 2.1.2.
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At the same time Morawetz proved a similar result for domains in R? and R3
assuming the existence of some convex function x (cf. [Mor 75a|). But then Vi provides
exactly such a Straussian vector field [. Morawetz proved for (W.D) uniform LED with
the rates

o ct72 forn =2,

e ce % form =3.

Because she solely worked with Vy instead of x—without making use of the fact
that it is a gradient field—her results actually hold under the more general conditions
of Strauss. We want to add that Morawetz studied not only the Dirichlet problem in
[Mor 75a]. For convex obstacles she established the above rates even for the Neumann
boundary condition.

As we have already remarked above, the existence of a Straussian vector field is a
generalization of the property that an obstacle can be illuminated from the interior.
This includes the case of strictly star-shaped obstacles. But the choice of I(z) = x
provides a vector field which is strict in (ii) and non-strict in (i) for all star-shaped
obstacles. Therefore, the existence of a Straussian vector field generalizes all the geo-
metric conditions we have dealt with so far. And with some restriction on the behaviour
of the curvature of the boundary, the existence of a Straussian vector field is an optimal

requirement on obstacles in R2. This is a consequence of the following theorem, proven
in [M/R/S 77, Section 4]:

Theorem 3.1.5 Let Q C R%. Suppose the curvature of 0€2 does not change sign
infinitely often and no straight line segment in € is perpendicular to 0S) at both ends.
Then a Straussian vector field exists.

For later convenience, we will introduce a notation for obstacles that fulfil the assump-
tions of the above theorem:

Definition 3.1.6 We say that B € R? is snake-shaped if the _curvature of OB does not
change sign infinitely often and no straight line segment in 2 is perpendicular to 0S)
at both ends.

Thus the non-illuminable obstacle on page 20 is snake-shaped, implying the existence
of a Straussian vector field according to Theorem 3.1.5 and, therefore, uniform LED
for (W.D) in a homogeneous medium.

If on the other hand one of the segments excluded in Theorem 3.1.5 exists, The-
orem 2.1.2 can be applied, as long as only the endpoints lie on 0€). Otherwise the
segment would be tangent to 0€), a situation explicitly excluded in Ralston’s proof.
But nevertheless Ralston’s theorem can be used even here, since the boundary is lo-
cally convex near a point where such a segment is tangent to it. And, therefore, the
results of [Me/SjI, Me/SjII| (they will be discussed in Chapter 4) together with an
application in [Ya 86| show that a ray propagating along this segment can be approxi-
mated by the admissible paths of Ralston. This finally proves the following theorem:
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Theorem 3.1.7 Let QQ C R? and let the medium be homogeneous. Suppose the cur-
vature of 0S) does not change sign infinitely often. Then the following properties are
equivalent:

(i) No straight line segment in §Q is perpendicular to S at both ends.
(ii) The supremum of the lengths of all admissible paths in Qp is finite.
(i1i) A Straussian vector field exists.

(iv) For (W.D) uniform LED holds.

Remark: The condition on the boundary curvature is a (not very strong) non-
degeneracy condition. If it is violated, the obstacle must, because of its compactness,
have an oscillating boundary. Thus Theorem 3.1.7 seems to be optimal for most of the
obstacles that may appear in applications.

Whereas the existence of a Straussian vector field is a good criterion for uniform
LED in R?, it seems to be too special in higher dimensions as obstacles like the one due
to P. Ungar in [Mor 75a, Section 3.2, p. 259f.] show. This motivates the introduction
of a generalization of these vector fields in [M/R/S 77]—the crowning publication for
the energy method we discuss next.

3.1.4 Escape Functions

The aim of Morawetz, Ralston, and Strauss was to introduce a sufficiently general class
of smooth functions which are strictly increasing along generalized bicharacteristics
(heuristically: generalized rays x direction &). These functions would yield an upper
bound of the lengths of generalized rays in Q. Thus the authors of [M/R/S 77]
define so-called escape functions (we use the notations %i’(ac,f) = Ve p(z,§) ete. of
[M/R/S 77]).

Definition 3.1.8 A function p(x,€) € Coo(Q x S"1) is called escape function <=

9p
ox

@(x,f) - p(mvg)

(1) €& (,6) >0 in QxSvt,

>0, if &-n.(z)>0

(i) €-¢€ )éne(fﬂ) on 00 x S
l’le(it) : a_gg(x,g) >0, Zf g ne(x) =0

Here 5 = - 2(5 : ne(x))ne(x)'
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Remarks:

1. 5 and & are, as we will see later, the directions of an incoming ray and its reflection
at x € 09 (or vice versa). £ - n.(x) = 0 corresponds to a tangential ray.

2. (i) means that p is strictly increasing along bicharacteristics and according to (ii)
this is still true at the boundary, especially at points of reflection.

3. The class of escape functions remains unchanged, if £ - n.(z) > 0 is replaced by
€-n(x) # 0 in (ii).
4. In the special geometric situations discussed in Sections 3.1.1 and 3.1.3

z-&, a™@)-&, BM(2)-¢, VX(z)-&, and (z)-€

provide escape functions that are linear in £. This is due to the fact that smooth-
ing is possible for every Straussian vector field without changing the other prop-
erties. The result may be strict only in (i) or (ii) of Definition 3.1.8, but this
causes no problem:

5. For an escape function, too, strictness in (i) or (ii) is sufficient. The proof is
essentially the same as the one for a Straussian vector field.

6. It is sufficient to have an escape function for z € Qpr. This already yields the
existence of an escape function for all x € €2, which, furthermore, satisfies

p(x,&)zc(l—ﬁ) ° & for |z| > 2R

Eh
(for details cf. [M/R/S 77]).

That this definition implies in fact that escape functions are strictly increasing along
generalized bicharacteristics has been proved [Pau 96, Section 7.2]. In this thesis a
corresponding result for isotropic elasticity is proved in Theorem 9.5.3.

Assuming the existence of an escape function, Morawetz, Ralston, and Strauss
used p for the construction of a pseudodifferential operator P(x, D) and applied Pu
as multiplier for the energy method. They proved the following result:

Theorem 3.1.9 Let n > 3. Let u be a solution of (W.D) in a homogeneous medium
for initial data ug,u; with supp(ug,u1) C Qr. Suppose an escape function o exists.
Then for all a > 0 there exist constants ¢,d > 0, such that

(i) n even: E (u(t),Q,) < ct 'E (u(0),9Q), t>0,
(ii) n odd:  E (u(t), Q) < ce™®E (u(0),Q), t>0.

Remark: The methods of [M/R/S 77| cannot be applied to domains in R?, but here the
existence of a Straussian vector field is almost equivalent to uniform LED according to
Theorem 3.1.7. Nevertheless generalizations are possible (cf. [M/R/S 77, M/R/S 78|):
On the one hand all the inhomogeneous media subject of this thesis can be treated, as
we will discuss in the next sections. On the other hand various boundary conditions
are possible, for example the Robin condition, but not the Neumann condition.
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3.2 The Inhomogeneous Case

The energy method was successfully applied to the case of inhomogeneous media,
as well. But here conditions on the obstacle and the medium have to be imposed, as
we have already remarked in Section 2.1. Ralston mentioned in [Ral 71| that operators
of the form

07 —c(r)A with ¢(r) = r* for r; <r < 1o (3.4)

have circular rays for all » between r; and ro, if they are studied in free space or in
an exterior domain whose complement is contained in B,, . We calculated an operator
in R? that leads to elliptic rays: Denote by A(z) the coefficient matrix of the space
operator. Let a,b > 0 and

2 2
The choice of
_(a*p(z) O : : 1
Ax) = < 0 Bp(z) in a neighbourhood of p™ (1) (3.6)

yields the elliptic rays
_ (acoss
o(s) = <bsin s)
in free space and in the case of obstacles B, which do not intersect this ray (we will give a
proof in Section 4.1). These situations are illustrated in the figures of Section 2.1. There
we presented a star-shaped obstacle with a circular segment making perpendicular

incidence at both ends, too. For this situation it is even sufficient that the differential
operator has the form (3.4) only locally and not in a whole annular region.

In the literature there are decay results for inhomogeneous media, proven by the
energy method, too. The first of them treat star-shaped obstacles. Zachmanoglou
considers in [Za 66| a large class of equations containing the problems studied here.
The same is true for [Bl/Kaz 73, Bl/Kaz 74a] by Bloom and Kazarinoff. In contrast
to Zachmanoglou they allow time-dependent coefficients such that the total energy of
the system grows algebraically in time. If one reduces the numerous conditions of all
these authors to the case under consideration here, it is essentially one restriction that
remains: They suppose an g € [0, 1) exists such that

r0pa:(2)&&; < apai; ()65, £eR\{0}, z€Q. (3.7)

For (W.D) in the exterior of a star-shaped obstacle they established the following decay
rates:

o ct— (=) >3 in[Za 66]

o ct—(2721) = =3 in [Bl/Kaz 73, Bl/Kaz 74a],



3.2. THE INHOMOGENEOUS CASE 25

with oy = g + ¢ for an arbitrary € > 0. The decay rates in odd dimensions are in fact
exponential by Theorem 3.1.2. One interesting feature of Zachmanoglou is, as we want
to add shortly, that he proved the above result for unbounded star-shaped obstacles,
too, as he had done before in |Za 63| for a homogeneous medium.

We have already mentioned that inhomogeneous media are discussed in [M/R/S 77|,
as well. But this requires a generalization of the above definition of an escape function.
With ¢(z,§) := (€, A(z)¢) and

Kpi={(5,€) | v €Qn, a(z,6) =1}
this is done by

Definition 3.2.1 A function p(z,§) € Coo(Kr) is called escape function <=

L~ Ogq Op Oq Op :
(2) 6_§8_x_8_xa_§>0 mn KR,
p(x7§)v_ p(l‘ag) > 0’ Zf A(SL’)f . ne(ac) >0
(1) (€ =€) - n(z) on{(x,&)eKR ‘ xE@Q}.

n, () - %@’(m) >0, if A@)E- n(z) =0

Here & :=¢— 2%@(1‘).

Remarks:

1. If a;; = ¢;; this is exactly a restatement of Definition 3.1.8.

2. In dealing with this general class of media, only the strictness in (ii) can be
relaxed, as a counterexample at the end of this section shows.

Provided such an escape function exists, a slight modification of the proof of
Theorem 3.1.9 yields the same result for (W.D) in an inhomogeneous medium (cf.
[M/R/S 77, Section 6]).

In the homogeneous case, we discussed in some detail geometric conditions which
imply the existence of special escape functions, i.e. of Straussian vector fields. We want
to analyse now which additional conditions have to be imposed on the medium when
the general case is studied. So let us assume that a Straussian vector field [ exists. If
we denote by A;(x) the derivative of A(x) in direction /, then [(x) - £ being an escape
function requires

(1)  2(A(2)€, Vi (l(z) - ) — (@) (Ai(2)§,€) >0 in Kk,
(3.8)
(@) n(z)-lz)>0  on {(x,f) € Kr ‘ = asz}.
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Of course (ii) is automatically fulfilled by Straussian vector fields, but (i) is an addi-
tional condition if A(x) # I,,. If for instance the obstacle is star-shaped or snake-shaped
or can be illuminated from the interior, i.e. if [(z) is assumed to exist, then (i) is in fact
a condition on the medium only. With this additional requirement these obstacles still
possess escape functions. This especially yields uniform LED if the space dimension is
larger than two. Because we will see later that the existence of an escape function im-
plies uniform decay even for n = 2, we should bear in mind that snake-shaped obstacles
have escape functions in appropriate media.

Condition (i) may be a little abstract. But it becomes very clear, if star-shaped
obstacles are considered. Here the Straussian vector field is of the simple form /(z) = =.
This simplifies (i) considerably. The result is the requirement

2(6, A(@)€) — (€, Ar(2)§) >0 in Kp. (3.9)
This condition is obviously weaker than (3.7), the assumption of |Za 66, Bl/Kaz 73,
Bl/Kaz 74al. So [M/R/S 77| generalized these results even for star-shaped obstacles.
But can condition (3.9) be relaxed? At the beginning of this section we gave an example
of a differential operator which makes uniform LED impossible for general star-shaped
obstacles (the operator is locally of the form of (3.4)). For this special medium, locally

2(, A(2)€) = 2r°[¢” = ropr?|€]* = r(€, Ay(2))
holds, violating (3.9). Thus condition (3.9) is sharp. We want to add that this proves
the remark concerning the strictness in Definition 3.2.1, as well: If (3.4) is valid and
a strictly star-shaped obstacle is lying within the interior sphere, then z - £ is strict in
(ii) and non-strict in (i), whereas uniform decay is not possible because of the circular
rays.

The condition (3.9) was first used by Bloom in 1973 for an analysis of the resol-
vent of the stationary problem (his formulation [Bl 73, p. 311| is somewhat stronger,
but what he really makes use of is (3.9)). We, therefore, refer to it as Bloom’s condi-
tion. This requirement is also used by Rustenbach ([Ru 93], (2.12), p. 27) and in the
publications [Rac 90a, Rac 90b, Rac 97| of Racke on damped systems and generalized
Fourier transforms. The shape of Bloom’s condition in these papers is always a little bit
stronger than (3.9)—essentially depending on the matrix norms which are used—but
it would be sufficient in all these cases to use the form presented here. The common
aim of the authors is to derive good high-frequency estimates of the resolvent. For this
purpose a non-trapping condition has to be imposed, as we will see in Chapter 6, when
we consider the Vainberg method. And a star-shaped obstacle together with (3.9) is
a situation in which such a condition is satisfied, as will be one of the results of this
thesis.

3.3 Summary

We want to conclude our discussion of the energy method by summarizing the
results: Starting with spherical obstacles the conditions on B could be repeatedly re-
laxed. For the non-homogeneous case however, additional requirements on the medium
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like Bloom’s condition had to be imposed. All this culminated in the Definition 3.2.1
of a general escape function. All relations are expressed by the following diagram a
non-trapping condition:

B star-shaped
B strictly star-shaped =
B illum. int. = B illum. ext. =

B spherical =

B snake-shaped

= 3 4 30,

where the (x) means that condition (i) of (3.8) has to be fulfilled, which is an additional
requirement for non-homogeneous media only.

In the following situations we are equipped with uniform decay results:

e For (W.D) and n > 3, if an escape function exists.

e For (W.D) and n = 2, if the medium is homogeneous and a Straussian vector
field exists.

e For (W.N) and n = 2, 3, if the medium is homogeneous and the obstacle is convex.

The decay rates are algebraic in even dimensions and exponential—because of Huygens’
principle—in odd dimensions.

For a homogeneous medium in R? and the Dirichlet boundary condition we have
the equivalences of Theorem 3.1.7 for a large class of obstacles, namely for those with
non-oscillating boundaries.

Our aim in the rest of Part I is to establish such equivalence theorems for all
dimensions. In proceeding this way we will improve the above list of decay results, as
well. For this we have to give first the exact definition of a generalized bicharacteristic.
This will lead to the generalized Huygens’ principle and to the precise formulation of
a first non-trapping condition.






Chapter 4

Propagation of Singularities

The notion of a generalized bicharacteristic has up to now been used in a heuristi-
cal way only. The aim of this chapter is to give first a precise definition of this term.
Then we present the generalized Huygens’ principle, which states the relation between
the generalized bicharacteristic flow and the propagation of singularities according to
[Me/SjI, Me/SjII|. As [Pau 96, Section 7.1], this chapter follows the presentations of
|Tay 81| and especially [HGIII, Chapter XXIV|, because Hérmander gives an elegant
description of the results of Melrose and Sjostrand for the Dirichlet problem. In addi-
tion to |Pau 96| we will prove here the existence of elliptic closed rays for the example
(3.5)—(3.6).

4.1 Generalized Bicharacteristics

The Fourier transform gives an interesting representation of a differential operator
P(z, D) in free space:

P = (L) [ guereas
with (€)= (%)W / u(y)e— e dy

This especially transforms linear differential operators with constant coefficients into
polynomials with respect to & € R*. p(z,§) is called the symbol of P(z,D). The
equivalence classes of such symbols modulo lower order terms in & and the members
of these classes are called principal symbols. In the case of a homogeneous differential
operator of order m it is, therefore, justified to call its symbol a principal symbol.

29
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Definition 4.1.1 Let P(z, D) be a differential operator in R™ with real principal sym-
bol p(z,&). The Hamilton vector field of p is given by:

" (dp O op 0
H, = — — — ] .

i=1

A bicharacteristic of p is an integral curve of H,, that is a curve

z(s :
10 = (5) w29 = Hya(o).
The integral curves on which p(x(s),&(s)) =0, are called null bicharacteristics.

H, is constant on bicharacteristics, because Hyp = 0. Thus an integral curve is
already a null bicharacteristic, if p vanishes at one point of . It should be noted that
7v(s) is sometimes written as exp{sH,}vy(0).

z(s) and &(s) are solutions of the system of ordinary differential equations

7'(s) = Vep(a(s), £(s))
61(3) = —V;Cp(f(S),f(S)) :

We want to give a few examples for the wave equation (here z has to be replaced by
(t,x) and & by (7,&)):

In the case of a homogeneous medium we have

— 2 2 _
p(t,a),'/_, 6) - ‘6' — T and Hp =2 (i:EI fza—xz — T&) ,

yielding after a change of parameter the differential equations

z'(s) = &(s), £'(s)
t'(s)=-7(s),  7(s)

The null bicharacteristics are, therefore, given by

0,
0.

v(s) = (to £ 5[, 0 + 5 &0, Fl&ol, &) -

It is assumed that 7o, |£| # 0, for the curve would degenerate to a single point, other-
wise. The space-time projection of null bicharacteristics are the well-known character-
istics (to % s |&ol, zo + s &) of the wave equation. For fixed (o, z¢) they form a so-called
wave cone or light cone.

As a second example we want to verify the elliptic closed rays of the medium
presented at the beginning of Section 3.2. For the wave equation in an inhomogeneous
medium we have

p(t> L, T, 6) = <£’A($)€> - T2
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yielding the differential equations
o' =24(x)¢, & =-V,(£ Ax)E),
t=-2r, =0

for the bicharacteristics of p. For (3.5) and (3.6) this means

1
x' = 2p(x) (a2£1> : £ = —2(a& + v?&E3) (im)

b*E pz L2
t'= -2, T=0.

Then the curve y(s) given by

w9 = (1) =5 ()L =T o) =%

bsin s ;oSS

is a null bicharacteristic of p. This is implied by the following calculations: Obviously
p(x(s)) = 1. This yields

=7(s)?,

NI

(€(s), Az ()8 (5)) = (a”¢] +b°63) =

thus p(7(s)) = 0. Now
20(z(a) <a2§1(5)> _ (—asin s) ),

b2&5(s) bcos s
(g2 2 g2 2 IZ(;) _ 1 %COSS o
a0 P60 () =5 (S =€)

t'(s)=F1=-27(s), and 7'(s)=0.

Similar calculations yield the null bicharacteristic

o) =r (7Y e =g () o e = s, rle) =

sinrs 2 \ cosrs

of Ralston’s example (3.4).

The following considerations on the propagation of singularities are not restricted
to solutions with finite energy. It is the much wider class of distributional solutions,
for which these results hold.

We have already mentioned Huygens’ principle. It states that signals are propagated
sharply, i.e. without reverberations. This principle holds for wave equations in R" for
all odd dimensions n > 3. Furthermore a general Huygens’ principle exists, saying that
a singularity in zy at time ¢, is propagated along the wave cone originating from (¢, x).
This principle holds for the free space problem in any dimension (the reverberations
in even dimensions and in R' are smooth). Considering the wavefront set of a solution
instead of the singular support leads to a microlocal version of the general Huygens’
principle. For this we have to introduce:
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Definition 4.1.2

(1) A set N C T*(R") is called conical, if (z,£) € N implies (z,s§) € N for all
s> 0.

(13) Let f € D'(R"). The wavefront set WF(f) € T*(R") \ 0 of f is defined as
follows:

Let (xg,&) € T*(R*) \ 0. Then (z9,&) € WEF(f) <=

Ap€ COOO(R") with p(zo) = 1 and a conical neighbourhood N of & ezist such
that
VEENIC>0VYEEN: pf(€)l < Cu(l+1E)7",

with ;} denoting the Fourier transform of pf.

Remarks:

1. The subset 0 of 7*(R") denotes the set of all (z, &) with £ = 0.
2. WF(f) is a conical set.

3. This definition is due to [Ral 82, p. 227|. It is equivalent to the one of [Tay 81,
p- 126], according to Theorem VI.1.8 of Taylor’s book.

4. Proposition VI.1.1 of [Tay 81] shows that singsupp f is the projection to z-space
of WF(f).

Now we can state the general Huygens’ principle (for a proof cf. [Tay 81, Section VI.2]):

Theorem 4.1.3 Let P be a differential operator with real principal symbol p and let
f € Cx(R™). Then for a solution u of Pu = f the following holds:

(1) YNWF(u) =7 or yNWF(u) =@ for all null bicharacteristics vy of p.

(17) WF(u) is a union of null bicharacteristics.

Remark: Theorem 4.1.3 means that W F(u) is invariant under the flow of H,,. It holds
in fact under more general assumptions on P (cf. [Tay 81]).

The situation becomes more complicated in the presence of an obstacle. Now reflec-
tions, finite order tangencies, and especially infinite order tangencies of bicharacteristics
have to be considered. This will be done by the Definition 4.1.5 of a generalized bichar-
acteristic. Using modified b-wavefront sets W F, (this is nothing new in the interior
of the domain, for details cf. [H6III, p. 135f.]), this will lead to the generalized Huy-
gens’ principle of Theorem 4.2.1, which holds for various boundary conditions. We will
present this for the special case of the Dirichlet problem following [H6 II1).

We start with the description of the general setting and the introduction of the
special distributions to be used here. Let X be a closed Cy-manifold with boundary
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0X. The b-wavefront sets mentioned above are actually not subsets of 7*(X) but of
the compressed cotangent bundle 7*(X) (for details cf. [HOIII, Section 18.3|). Never-
theless, a natural map

T*(X) — T*(X) (4.1)

exists that maps 7, (X) one-to-one onto T;(X ), if z € X. If z € X the conor-
mal space N}(0X) forms the kernel. In this case the image of T (X) can be iden-
tified with 7*(0X). Thus the image of 7*(X) under the map (4.1) is isomorphic to
T*(X) U T*(8X) and it will, therefore, from now on not be distinguished from this set.
While we deal in the sequel with distributions whose b-wavefront sets are contained in

this image, we omit a forthgoing discussion of the properties of T* (X).

Let ¢ be a defining function for X, i.e. ¢ € Coo(X) with
oS 0¢
¢p>0in X, ¢=0o0n0X, and 8—n#00n8X.

Let P be a second-order differential operator with real principal symbol p € Co (T*(X)).
Suppose
Hip#0, if $=0.

Because of \

0¢ p(z,n(x)), forzx € dX,

a_n(x)

this means that the boundary is non-characteristic with respect to P.

Hzp:2

We study distributional solutions of

Pu=f inX, u‘ =g, (4.2)
0X

o o

ie. u € D'(X) fulfils for given f € D'(X) and g € D'(0X) the equation Pu = f in
D'(X) and has trace g on 0.X. For the latter to make sense special distributions f and
u are considered. For this we denote by 5I(X ) the space of extendable distributions

on X. If X C R", then f € D (X) iff
dJFeD'(R"): F| =Ff.
X
For an arbitrary C,,-manifold with boundary extendable distributions are defined using

charts (cf. [HoIII, Appendix B.2|). The space N (X) of those distributions we will use
here, is characterized essentially by the following properties:

1. The restriction
N(X) Bur—>u)%€5/(X)

is injective ([HOIII], p. 133).
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2. There is a unique continuous restriction map
N(X) — D'(0X),

which agrees with the standard restriction on Coo(X) (cf. [HOIII|, Proposition
18.3.21).

3. As announced we have

ueNX) = WFy(u) L, CTx)¢ T*(X)

0X

(cf. [H6I1I], Definition 18.3.30).

4. Let u € N(X) and WFy(u) = @. Then u € Copo(X) (cf. [H6III], Theorem
18.3.27.(iii) ).

The following lemma holds (for a proof cf. [H6 I1I]):

Lemma 4.1.4 ([HSIII], Corollary 18.3.31) Let P be a differential operator with

Coo-coefficients in X such that 0X is non-characteristic. If f € N(X), and u € 5’()0()
satisfies the equation Pu = f in X, then u has a unique extension uy € N (X).

Remarks:

1. This ug has, therefore, a unique trace in D'(0.X).

2. For the wave equation in X = Rx Q the boundary 0X is non-characteristic. This
is still true for X = R x §2(¢), if Q(¢) is the exterior of an obstacle that is moved
or deformed at a sufficiently slow speed.

3. Weak solutions of the wave equation in an exterior domain () generate distri-
butions that can be extended by zero to the obstacle. This, therefore, holds
especially for solutions with finite energy. Then such a solution for all ¢ € R
fulfils (87 — 9;a;;0;)u = 0 in D'(R x Q). Thus it is an element of V(R x Q), too,
according to Lemma 4.1.4.

After having introduced a suitable class of distributions, we now want to discuss
the propagation of singularities. In X , there is no difference to the Cauchy problem.
However, we have to take care at the boundary of the manifold. When projecting
T*(X)|ax onto T*(0X), the conormal bundle forms the kernel. If we consider now
the inverse image under this projection and compare the number of preimages in the
characteristic set of P, char P, (i.e. the set of the zeros of p in T*(X)\ 0) T*(0X) can
be divided into three disjoint subsets:
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. The subset of 7*(0X) without inverse images in char P is called elliptic set. For

smooth f and g this set is of no importance for the propagation of singularities
in the case of the Dirichlet problem. For boundary conditions like

0 0

a—z = ia(x)a—q: on 0f2
with a real-valued a not vanishing identically on the boundary, however, so-called
Rayleigh waves propagating in the elliptic set occur according to [M/R/S 78] and
[Me/SjII, Proposition 5.13, p. 154].

. The set of points with two preimages is called hyperbolic set. A bicharacteris-

tic making incidence in such a preimage shall be continued (reflected) by the
bicharacteristic starting at the second preimage. Hormander denoted curves -y
constructed by this procedure and having a discrete set of “reflection points” by
broken bicharacteristics (cf. [H6 III, Definition 24.2.2]. The projections of broken
bicharacteristics to ) are just the admissible paths of [Ral 69]. The image of
in T*(X) under the map (4.1) is called a compressed broken bicharacteristic and
it is continuous even at points of reflection. Here for the propagation of singu-
larities the following holds: Suppose f and g are smooth. Then a compressed
broken bicharacteristic is completely contained in or disjoint to W F;(u). This is a
microlocal version of the reflection law of optics (for a proof cf. [H6 ITI, p. 424f.]).

. There remains the case of one preimage. This is the most difficult one. It corre-

sponds to tangential bicharacteristics.

We will study this last point in some detail. This makes the introduction of a few

terms and sets necessary:

The glancing set G or G? is the set of all points in char P in which H, is tangent to
T*(X)ox, ie.

6* = {(@,0) e T"(X)\0 | 6(2) = pls,€) = Hyo(z,6) =0} . (43)

The glancing set G* of order at least k is defined by the equations

p=0, Hi¢=0, 0<j<k, k>3.

Thus G* is the set of all points where H), is tangent of order at least k to T*(X)|sx-
These definitions imply:

G?OG*o---DG™.

G? \ G3, the glancing set of order precisely 2, is further divided into

the diffractive set G4, where ngﬁ >0 and
the gliding set Gy, where H2¢ < 0.

Analysing the behaviour of non-tangential bicharacteristics near G4 and G, (for details
cf. [H6III]) suggests the following definitions:
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Firstly the gliding vector field Hf tangent to G? is given by
HY:=H,+ (H}¢/H;p) Hy . (4.4)

Note that HS = H, in G*, because there H2¢ = 0 holds. Secondly the integral curves
of HY are called gliding rays. Finally, continuity considerations between H, and HS
lead to the definition of generalized bicharacteristics (|H6 I1I], Definition 24.3.7):

Definition 4.1.5 A generalized bicharacteristic of p is a map

o

I\B3s+—(s) e TH(X)UG

where I is an interval on R and B a subset of I, such that p(y(s)) = 0 and

o

(1) v(s) is differentiable and v'(s) = Hy(v(s)), if v(s) € T*(X) or y(s) € Gq,
(i) y(s) is differentiable and v'(s) = HS(v(s)), if v(s) € G*\ Gq,

o

(173) every t € B is isolated, y(s) € T*(X), if s # t and |s — t| is small enough, the
limits y(t £ 0) exist and are different and their projections to T*(0X) yield the
same hyperbolic point.

The continuous curve ¥ obtained by mapping ~ to T* (X) by (4.1) is called a compressed
generalized bicharacteristic.

Thus # is differentiable in I \ B. In B right and left limits exist as well as right and
left derivatives. Furthermore, v and 7 have the same image under the projection to X.
The following results hold (for proofs cf. [H6III, p. 438-441]):

Theorem 4.1.6 Let v(s) be a generalized bicharacteristic, let y(sq) € G? \ G* and
denote by v,(s) the gliding ray with v4(so) = v(so). Then it follows that in a one-sided
deleted neighbourhood of ty we have

either Yq(s8) € Gy and y(s) = v4(s)
or Yq(s) € Gq and y(s) = exp{sH,}v(so) -

Remarks:

1. Thus points of G can accumulate at points of G* only.

2. The same is true for points of reflection: If they have a limit point it must lie
over 0.X; it cannot be a point of reflection because these are isolated according to
Definition 4.1.5. Because of Theorem 4.1.6 it does not belong to G* \ G* either.
Thus it has to be in G*°.

Corollary 4.1.7 A generalized bicharacteristic v with no point in G* is uniquely de-
termined by any one of its points.
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This statement may fail if v contains a point of G*°. An example was first given by
Taylor in 1976. He could show that a generalized bicharacteristic may have a non-
unique continuation in G* (cf. [Tay 76], p. 28f. and [H6 III], example 24.3.11, p. 438).

Proposition 4.1.8 Assume that—using local coordinates—a direction &; which is tan-
gent to the boundary exists such that g—g > 0. Then for all o € T*(X)Np~1(0) a
generalized bicharacteristic v with v(0) = o exists which is a limit of broken bicharac-
teristics. If v has a reflection point for t = 0 this means that y(+0) = vy or v(—0) = 7o.

Remarks:

1. In view of Corollary 4.1.7 it follows that every generalized bicharacteristic which
does not intersect G*° is a limit of broken bicharacteristics. It is, however, an
open problem, whether every bicharacteristic can be obtained as such a limit,
namely in the case of non-unique continuations at a point vy € G*°.

2. The assumption of this proposition is fulfilled by the choice & = ¢ for the wave
equations in X = R x €2 considered here.

3. In [Ya 86, p. 290, Yamamoto proved for a homogeneous medium that generalized
bicharacteristics cannot branch at a convex part of the boundary. This holds
especially for those generalized bicharacteristics whose projections to € are the
straight lines of Theorems 3.1.5 and 3.1.7. Proposition 4.1.8 shows, therefore,
that these generalized bicharacteristics can be approximated by broken ones.
Thus the above straight lines can be approximated by Ralston’s admissible paths.
This finally proves Theorem 3.1.7.

4.2 The Generalized Huygens’ Principle

This short section is devoted to the presentation of the generalized Huygens’ prin-
ciple for the propagation of b-wavefront sets and a few related comments. A first result
for the Dirichlet problem of a homogeneous medium was proven by Morawetz and Lud-
wig for strictly convex obstacles in [Mor/Lu 69]. But they had to add an extra time
factor to be able to guarantee smoothness of solutions for initial data of compact sup-
port. It was Taylor who proved the generalized Huygens’ principle for strictly convex
obstacles in [Tay 76|. His results hold for a large class of boundary value problems
and second-order differential operators, provided the obstacle is strictly convex with
respect to the bicharacteristics. Results for the gliding set, i.e. boundary regions which
are strictly concave with respect to the bicharacteristics, can be found in [An/Me 77].
While, therefore, some results for tangential bicharacteristics were available, it was due
to Melrose and Sjostrand to avoid assumptions like local convexity or concavity with
respect to the bicharacteristics in [Me/SjI, Me/SjII| and to handle even the case of
infinite order tangencies. This completely proved the generalized Huygens’ principle:
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Theorem 4.2.1 ([H6III], Theorem 24.5.3, p. 458f.)
Let P be a second-order differential operator with real principal symbol p and Cu-
coefficients defined in a Cyo-manifold X with non-characteristic boundary 0X. Let
u € N(X) be a solution of the boundary value problem (4.2) with f € N(X) and
g € D'(0X). Every

Yo € WE(u) \ (WE,(f) UWF(g)),

is then either a characteristic of P in the interior of X or else a point in the hyperbolic
or the glancing set in T*(0X). An open interval (=T, T) 3> t — (t) with 7(0) = o
on a compressed generalized bicharacteristic is contained in W Fy(u).

For a proof cf. [H6 ITI].

Remarks:

1. For the wave equation this means that a singularity is propagated on a com-
pressed generalized bicharacteristic at least until it reaches W Fy(f) or WF(g).
For our problem (W.D), W Fy(u) is, therefore, a union of maximally continued
compressed generalized bicharacteristics, i.e. W Fy(u) is invariant under the com-
pressed generalized bicharacteristic flow.

2. These results still hold for other problems (cf. [Me/SjII], Section 6, especially
Theorem 6.14), for example (W.N). Here we have the same generalized bichar-
acteristics as for (W.D). Furthermore, non-stationary obstacles are included as
long as the boundary remains non-characteristic. This is the case for sufficiently
slow moving or deforming obstacles. For the operator 87 — A, “slow” means a
speed less than one. We will, therefore, use Theorem 4.2.1 as a reference for the
generalized Huygens’ principle in these general cases, too.

3. This theorem is—in contrast to Theorem 4.1.3, which still holds in X—not op-
timal. The behaviour of wavefronts at the branch points is in general not (yet?)
predictable. Likewise—in contrast to the Cauchy problem—there is no answer
to the related question, whether for any compressed generalized bicharacteristic
~ a solution exists whose b-wavefront set is exactly the conical set generated by
~ such that f is singular at the endpoints of 7 only and g = 0. This result is
only proven for those compressed generalized bicharacteristics that are limits of
compressed broken bicharacteristics (cf. [H6 III, Theorem 24.5.4|). Hence there is
no way of predicting the future path of a singularity in general. Here the same
gap remains as in Ralston’s Theorem 2.1.1. This is due to the fact that the proof
is closely related to the one of Ralston.



Chapter 5

Melrose’s Non-Trapping Condition

The definition of a generalized bicharacteristic makes a precise formulation of the
non-trapping condition of the Lax-Phillips conjecture possible. This has been done by
Melrose in [Me 79]. After having presented this condition, we will study its relation to
escape functions. We will conclude this chapter by giving two uniform decay results
which have been derived from Melrose’s non-trapping condition.

5.1 Melrose’s NTC and Escape Functions

In [Me 79, p. 44] Melrose defines:

Definition 5.1.1

(i) The projection of a generalized bicharacteristic to Q is called a (generalized)
geodesic.

(77) (Melrose’s Non-Trapping Condition)
Q is said to be non-trapping
<= for some (any) Ry > R there exists Ty, such that no geodesic of length Tk,
lies completely in Qg, .

Although Melrose works in [Me 79] with a homogeneous medium only, this non-trap-
ping condition can be used for all media considered here.

For a convex obstacle in a homogeneous medium maximally extended geodesics
are either straight lines or consist of two rays by a single reflection at the boundary
(cf. [Ya 86, p. 290]). Here convex obstacles fulfil, therefore, Melrose’s non-trapping
condition with Tk, = 4R;. In the sequel we will prove a more general result: Whenever
an escape function exists, Melrose’s NTC holds.

39
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For this purpose we need to have a more concrete look at the objects of the last
chapter in the case of the wave equation. As defining function for R x € one can use
locally the distance to the obstacle, for this is according to [Gi/Tr 83|, Lemma 14.16,
p. 355, in a Q-neighbourhood U(9£2) of A as regular as the boundary itself. Thus we
define

d(t,x) = () := d(x,00) =: d(x) inUON) CQ.

It is possible to extend d to 2 in such a way that d € Coo(2) and d|p > 0. Furthermore
Vd(z) = n.(z) on 012, (5.1)
holds. Now we can calculate the different vector fields:
The Hamilton vector field of p:
P(t,x,Dyy) = 0? — 8;a;i()0;
= pt,z,7,8) = (§A@@)E) —

- 0 0 0
= Hy= 3 (24005 - (V6 AWy ) ~ 275
i=1 ! !
The Hamilton vector field of d:
" 9d 0
H;,=- .
" & 006
This yields
Hap = —2(Vd, A(z)¢) (5.2)

and because of (5.1) for z € 09
Hyp = —2(n.(z), A(z)§)
H;p = 2(n.(z), A(z)n.(z))
follow. According to (4.3), (5.1), and (5.2) the glancing set is given by
r€d, =71 and mn.(z)-A@)E=0,

i.e. here A(z)¢ is a tangential direction to 02 in z. For the gliding vector field (4.4)
we have
HE = H,+ (H2d/(2(n(2), A(z)n.(2)) ) Ha.

Thus gliding rays are solutions of the ordinary differential equations
z'(s) = 2A(x)E, t'(s) = —2r, T'(s) =

07
€(s) = ~(V(&, A@) — (H24/Clno) A@n @) )n@).
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At points of reflection (i.e. n. - A(z)€ # 0) one has to look for the other preimage in
char P with respect to the natural projection to 7%(02). This means looking for real
o with

<§ + ang, A(x)(f + ane)) — 7%= 0,
one solution, namely a = 0, already being known. This equation is equivalent to
(6, A@@)€) — 7 +2a(n,, A(@)E) + o (n,, A(@)n.) = 0

~”

=0

yielding
(ne, A(z)S)

= = -2 7 - 7>
a=0 V « (ne,A(:v)ne>

Thus the second direction is given by

§=¢- 2%ne (5.4)

as in the definition of an escape function.

Therefore, generalized bicharacteristics of the wave equation consist of integral
curves of H,, which, if necessary, have to be reflected according to (5.4), and of gliding
rays, i.e. solutions of (5.3). In any case 7 is constant along generalized bicharacteristics.
Because

p(t7x77-7§) :O

has to be fulfilled, (£, A(x)&) is constant on generalized bicharacteristics, too. While
b-wavefront sets are conical and

(1,6) — (ar,0€), a>0,

changes only the parametrization of (z,t), but not the curve in R x 2, we can assume
w.lo.g. that (£, A(z)§) = 1. Thus we have reduced the problem to the study of
generalized bicharacteristics with (z, ) in the compact set Kg of Definition 3.2.1. The
following theorem holds:

Theorem 5.1.2 Assume that an escape function exists. Then Q fulfils Melrose’s non-
trapping condition.

Remark: Because all obstacles and media with uniform LED discussed so far possess
escape functions, they are non-trapping in the sense of Melrose.

A complete proof of this theorem for a homogeneous medium was given in [Pau 96,
Section 7.2|. The proof of the general case is essentially the same, because a more
implicit use of the different Hamilton vector fields than in [Pau 96| is sufficient for this
purpose, as can be seen in the proof of the related Theorem 9.5.3 for isotropic elasticity
we present in Part II.
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5.2 Existence of Escape Functions for Homogeneous
Media in R’

Besides the proof of Theorem 3.1.9 for both homogeneous and inhomogeneous me-
dia and the verification of the existence of a Straussian vector field for a large class of
obstacles in a homogeneous medium in R?; a great part of [M/R/S 77| deals with the
question, whether an escape function exists for homogeneous media in R3. Morawetz,
Ralston, and Strauss proved that this is true for obstacles with non-degenerated bound-
aries that fulfil a non-trapping hypothesis. In this section we will discuss these two
conditions in some detail. We begin with the

Non-Degeneracy Hypothesis:
Given any straight line | in R, the function d(s), giving the distance from points on
to Q) as a function of arc length on 1, only has zeros of finite order.

In [Pau 96| we proved by a simple calculation that:

non-degeneracy hypothesis <= G*=0.

Things seem—at first sight—to be a little bit more complicated with the non-
trapping hypothesis of [M/R/S 77]. We first continue the calculation of the last section
for the special case of a homogeneous medium. Now

H,p=—2n.(z)-¢

on the boundary, yielding n.(z) - £ = 0 in G and n.(z) - £ # 0 for the preimages of a
hyperbolic point. Because
H2d=4V(Vd-£)- ¢

and
Hip=2n,z) n.(z) = 2

in G, the gliding vector field becomes

G_oS e @ _ 0 (p 0\~ 0
HP_2<;5Z3:(;Z- T 5t (5 axf)z(ne)lagi)‘

Thus a gliding ray is a solution of

P(s) =&, €s) = (6- %I;eﬁ) ne(x), (5.5)

Thus the “generalized rays” of [M/R/S 77, p. 478| are exactly the (z, £)-components of
generalized bicharacteristics. Denoting by a “gliding segment” the (z,£)-components
of a gliding ray, the non-trapping hypothesis of [M/R/S 77| reads as follows:
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Definition 5.2.1

(Non-Trapping Hypothesis of Morawetz, Ralston, and Strauss:)

For any (xo,&) € OB x S?, the generalized ray from (xo,&) consists of a finite number
of finite straight line segments, plus a finite number of finite gliding segments, plus a
final segment which passes out of |z| < R.

Remarks: It is no restriction that the generalized ray starts on 0B, for straight line
segments in (2 have at least length 2R. But two questions arise:

1. Is the requirement that a generalized ray may consist of at most a finite number
of segments an additional restriction?

2. Does this non-trapping hypothesis imply an upper limit for the length of gener-
alized rays with |z| < R?

We can give an immediate answer to the first question:

Lemma 5.2.2 Let Q C R® and G® = @. Then any generalized ray in Qg x S% with a
finite length consists of a finite number of straight line and gliding segments.

We proved this lemma in [Pau 96, p. 49].

The answer to the second question is a consequence of the following theorem of
Morawetz, Ralston, and Strauss.

Theorem 5.2.3 Let Q) C R3. Let the non-degeneracy and non-trapping hypotheses be
fulfilled. Then an escape function for a homogeneous medium exists.

For a proof cf. [M/R/S 77, Section 5].

Now we can answer the second question:

Lemma 5.2.4 Let Q) C R? and G® = @. Then the following conditions are equivalent:

(i) the lengths of all generalized rays in Qg x S? are finite,
(ii)  the supremum of the lengths of all generalized rays in Qg x S? is finite.

Proof: Obviously (i¢) implies (7).
On the other hand Theorems 5.2.3 and 5.1.2 yield

(1) = descape function = (%) . O
This furthermore proves:
Corollary 5.2.5 For obstacles in a homogeneous medium in R® with non-degenerated

boundaries Melrose’s non-trapping condition is equivalent to the non-trapping hypoth-
esis of Morawetz, Ralston, and Strauss.
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5.3 Uniform LED for Obstacles that Fulfil Melrose’s
Non-Trapping Condition

Up to now, uniform LED holds only under assumptions that are special cases of
Melrose’s non-trapping condition. Provided the medium is homogeneous, there are
large classes of obstacles in R? and R® for which the existence of an escape function
is equivalent to Melrose’s NTC. But for this result additional requirements on the
boundary curvature have to be imposed. In 1979, however, two papers were published
which derived uniform LED for a homogeneous medium from Melrose’s NTC without
any further restriction. In addition, both publications treated the Neumann problem:

The first result was due to Melrose (|[Me 79|). For the Neumann problem, however,
he did not use the usual energy, for he included second derivatives of the solution. Thus
he needed a special class of initial data, which has this additional regularity. For the
Neumann problem the energy integral of Melrose has the following form:

Ey(u(t), D) := /((Au)2+ |Vul? + |[Vug|* + uf)dz, D CQ.
D

For the initial data he assumed

g,
% = % =0 on 89} ,

(w0, ) € {9 € Cu@)” | T = 50

with
1/2

1611, := / (A1) + (Vi + Vool + 82) da

Q

We denote this Neumann problem by (W.N)*. Melrose proved:

Theorem 5.3.1 Let n > 3 and let the medium be homogeneous. Suppose 2 fulfils
Melrose’s NTC.

1. Let K CC Q. Then there exist positive constants ¢ and 0 such that for all solu-
tions u of (W.D) with initial data having support in Qg

(1) n even: E (u(t), K) < ct™ E (u(0),9), t>0,
(i3) n odd: E (u(t), K) < ce™® E (u(0),9Q), t>0.
2. Letn be odd. Let K CC Q. Then there exist positive constants ¢ and § such that

for all solutions u of (W.N)* with initial data having support in Qg

Ey(u(t), K) < ce  Fy(u(0),Q), t>0.
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Melrose proved this result by methods of the scattering theory of Lax and Phillips.
He uses especially properties of the Lax-Phillips semigroup Z(¢). While [La/Ph 67| is
restricted to odd dimensions larger than one, the scattering theory could be transferred
to even dimension in [La/Ph 72|. But this made a modification of Z(t) for even n
necessary—Melrose used the one given in [Me 79, Proposition 5.1]—which is finally
reflected by the non-exponential decay rate of Theorem 5.3.1.

A more general result was given in [Ral 79]. Ralston used the usual energy integral
for both the Dirichlet and the Neumann problem. In both cases he established uniform
LED for even space dimensions and here his polynomial rates are even better than
those of Melrose.

Theorem 5.3.2 Let n > 3 and let the medium be homogeneous. Suppose 2 fulfils
Melrose’s non-trapping condition. Let K CC €. Then there exist positive constants
¢ and 6 such that for all solutions u of (W.D) and (W.N) respectively with initial data
having support in Qg the following hold:

(1) n even: E (u(t), K) < ct™2""2 E (u(0),Q), t>0,
(i) n odd: E (u(t),K) < ce™® E (u(0),9), t>0.

Ralston’s proof is based on the Vainberg method. For this, Vainberg’s non-trapping
condition has to be verified first. While the next chapter deals with the Vainberg
method for general media, we will compare the different non-trapping conditions af-
terwards. The key results for this purpose have already been presented, namely the
generalized Huygens’ principle and the constructions of localized solutions by Ralston.






Chapter 6

The Vainberg Method

The Vainberg method is essentially based on an analysis of the resolvent
R(l{)) = (aza”(l')aj + k2)_1 .

It can be roughly described as follows: One applies the Laplace transform to the
differential equation. This transforms the differential operator 07 — 8;a;;(x)9; to
—(0;ai;(x)0; + k*). By inversion of this last operator and application of the inverse
Laplace transform a representation formula for the solution of the original differential
equation is achieved. But to derive estimates from this formula one has to extend the
resolvent across its continuous spectrum and to shift the integral path in the inverse
transform into the upper half-plane. The latter is only possible under a suitable non-
trapping condition. Vainberg uses a condition that is different from Melrose’s, and
this condition even varies in his publications [Va 75] and [Va 89|. In the first section
of this chapter we will present the non-trapping condition of [Va 89|. The relation to
the older condition of [Va 75] will be discussed in Chapter 7. The other sections give a
more detailed description of the Vainberg method and the decay results achieved by it.
Some special attention is focussed on the two-dimensional case in Section 6.3, because
to our knowledge there is no proof of uniform LED with the rates ¢t~2In"*# (Dirichlet)
and ct~2 (Neumann) in the literature.

6.1 Green’s Function and Vainberg’s Non-Trapping
Conditions

In order to understand and interpret Vainberg’s non-trapping conditions, a few
important results and definitions have to be introduced. The former will be presented
without proofs. This is because of two reasons. For a homogeneous medium they have
been proved in [Pau 96|. The proofs for the situation here can essentially be achieved
by just exchanging the space operator. The second reason is that detailed proofs for
the more complicated situation of isotropic elasticity are given in Section 9.6 of this
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thesis. Obvious simplifications of the arguments presented there yield the results of
the present section.

Let X; C R™ be open, j = 1,2. Every function K € C(X; x X,) defines an integral

operator ]
IC: C(XQ) — C(Xl)

by the formula

(Ke)(z1) = / Ko, wo)p(m) dea, € C(X).

Xo

The following theorem shows that this definition can be extended to arbitrary distri-
butions K € D'(X; x X5), if K is restricted to Coo(X2) and (Kyp) is allowed to be a
distribution. If we denote by

(¥ ® ) (71, 72) := P(71) - p(22) ) € Coo(X1), ¢ € Coo(Xa),

the tensor product of 9 and ¢ in Cooo(Xl x X5), and interpret K and (Ky) even for
K € C(X; x Xj,) as distributions, we get:

(Ko) (W) =K@ ®p), 1€ Cou(X1), ¢ € ColXa). (6.1)
The Schwartz kernel theorem states that the correspondence between K and K is one-

to-one (cf. [H6I], Theorem 5.2.1):

Theorem 6.1.1 Every K € D'(X; x Xs) defines according to (6.1) a linear map
K : Coo(X2) — D'(X))

which is continuous in the sense that Kp; — 0 in D'(X;), if ¢; — 0 in Coo(Xa).
Conversely, to every such linear map K there is one and only one distribution K such
that (6.1) is valid. One calls K the (distribution) kernel of K.

For a proof cf. [H61I], p. 129f.

Remark: The restriction of K to those functions ¢ € COOOO(X 1) which can be represented
as tensor products of functions ¢ € Coo(X;) and ¢ € Cx(X3) already determines K
completely as an element of D'(X; x Xj).

Let Py denote the unique solution with finite energy for ¢ € Coo(Q) of

(8752 — 8ZGZ](£E)3J)’LL =0 in Rx Q,
u=0 on R x 092, (6.2)
u(0) =0, wu(0)=¢ in Q.

Py obviously generates a distribution in D'(R x §2) which is, according to [H6 I|, The-
orem 4.4.8 (and the remark at the beginning of its proof there), even an element of
Coo (R, D'(£2)) and solves (6.2) in the distributional sense (i.e. all four equations hold in
the distributional sense). The solution operator P now regarded as a map

P :Cs() — D'(R x Q)

fulfils the assumptions of the Schwartz kernel theorem. This yields:
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Theorem 6.1.2 The operator P has a unique distribution kernel G € D'(R x Q x Q)
with
(Po)(®) =G ®¢), Vi €Cu(X1) Yy € Coo(Xa).

Definition 6.1.3 The distribution kernel G of P is called the Green’s function of the
problem (6.2).

Remark: Vainberg defines the Green’s function as the kernel of the solution operator
of the restriction of problem (6.2) to Ry x Q. Because of the uniqueness of the Schwartz
kernel this is exactly the restriction of G to Co(R* X © X Q).

We now formally add to G the variables ¢, x, and z( to make it clear, how differential
operators have to be applied. The above-mentioned properties of P and Py imply
together with the remark following Theorem 6.1.1 that

G € Coo(R, D' (Q x Q)

and that G has boundary values in D'(R x 02 x ). Therefore G is a solution of the
following problem:

(07 — Op055(w)0y;) G(t, 2, 20) = 0 in D'(RxQxQ),
G(t,z,z9) =0 in D'(R x990 x ), (6.3)
G(0,z,20) =0, ,G(0,z,20) =0(x —x9) in D'(Q2xQ)

(for the initial values cf. Section 9.6). Furthermore G is extendable to R* with respect
to x. This is implied by the Schwartz kernel theorem, because extending solutions of
(6.2) by 0 to B generates distributions in R x R".

A consequence of the generalized Huygens’ principle is the following uniqueness
result:

Theorem 6.1.4 Let I = R or I =R* and assume that uo, u1 € D'(Q), g€ D'(I x 09Q)
and fe C(I,D'(2)). Then the problem

(83 — 8Za”(x)8])u = f m D’(I X Q) s
=g in D'(I x 092),
u(0) =ug, u(0)=u; in D'(Q),

has at most one solution in D (I x ).

Theorem 6.1.4 together with the Schwartz kernel theorem yields uniqueness even
for problem (6.3). This finally proves the following existence and uniqueness result:

Theorem 6.1.5 Problem (6.3) has for all domains 2 a unique solution in the space
of distributions which are extendable with respect to x, namely the Green’s function.
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Remark: The Schwartz kernel theorem and the generalized Huygens’ principle are
valid for the Neumann problem, too. Thus the above results hold in this case also.

Now we have the results which allow us to state Vainberg’s non-trapping condi-
tion. Furthermore they are important for the comparison of the different non-trapping
conditions, which will be done in the next chapter. In [Va 89|, p. 341, Vainberg defines:

Definition 6.1.6 (Vainberg’s Non-Trapping Condition)
Let G be the Green’s function of (6.2). Q0 is called non-trapping
= Va,b> R 37(Q,a,b) >0: G € Co([T,00) x D x Q) .

One will get the same decay results with nearly the same proofs, if the following non-
trapping condition is used (cf. [Sh/Ts 84, Sh/Ts 86|, [Iw/Sh 88|, |Di 92|):

Definition 6.1.7 (Non-Trapping Condition for the Weak Solution)
Let u be the weak solution of (6.2) for p € L2(Q). Q is called non-trapping
<= Va >R 37(Qa) >0 Vp € L2(Q) : u € Co([r,00) X Q).

Remarks:

1. Obviously u(0) € H;(Q) in (6.2). Therefore u is even a solution with finite
energy. On the other hand the distribution generated by u solves the problem in
the distributional sense.

2. For the relation between these two conditions cf. Chapter 7.

6.2 Uniform LED for Domains in R” with n > 3

The presentation of the Vainberg method in this section follows [Sh/Ts 84] and
[Sh/Ts 86], with the exception that we consider general media according to the results
of [Ya 92b]. We explicitly treat the Dirichlet condition and indicate afterwards the
changes necessary for the Neumann condition. We first introduce three Hilbert spaces

H = {(u,v) ‘ u € He(Q),v € 52(9)},
Hy := {(u,v) ‘ u € Hi(Q),v € L2(),u =0 on 89} ,

H, = {(u,v) €H ‘ supp(u,v) C ﬁa} = {(u, v) ‘ u e Hio(Q),v e EE(Q)},
with a,b > R. They shall be equipped with the following norms:

1w )lg = lwo)llg = Vo, Al2)Vu) + lol*)*2,

Lo+ llolly) 2.

1(w, )l g, = (Ilul

Let ||-||._., denote the operator norm from H, to Hj.

a—b



6.2. UNIFORM LED FOR DOMAINS IN RN WITH N > 3 51

Denoting the space operator 0;a;;(z)0; of the wave equation by A(x, D), we next

define the operator
0 1
A= (A(x,D) 0)

Dmy:ﬁ%meH‘AmmeH}
= {(u,v) €H ‘ DiueﬁQ(Q),vefﬁll(Q)}.

with

We consider the system

—AV =0 mRxQ,
V=0 onRxdQ, (6.4)
V(0)=f inQ.

It is related to the wave equation by

u Uu
V:<Ut> and f:(u(l)).

A is skew-adjoint according to [Ya 91|. Thus by Stone’s theorem (cf. [Paz 83, Theorem
1.10.8]) A generates a one-parameter unitary group {U(t);t € R}. U(t)f is for all
f € H the solution of system (6.4).

Shibata, Tsutsumi, and Yamamoto restricted themselves to domains in R® with
n > 3 because of Lemma 6.2.4 below. They proved the following theorem:

Theorem 6.2.1 ([Sh/Ts 84|, Theorem 2.3, [Ya 92b|, Theorem 1.2)
Let n > 3 and assume that Q) fulfils Vainberg’s non-trapping condition. Then, for any
a,b > R there exist positive constants C and 6 depending on a,b,n, ) such that

U@ gmp < Cg(t),  t>0,

—5t
with g(t):{e , for odd n,

t=t1  for even n.

Remarks:

1. This proves uniform LED with the rate c g(¢)?, because

E(u(t), %) < cllu@)llfy + llue(®)])
clU®fIg,
)
)*

<eg(®? I,
(1 F (u(0),9) .

cgl(t
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2. One may compare this result with Theorem 5.3.2, which yields the same decay
rates provided Melrose’s non-trapping condition is fulfilled.

Proof: We will just give the outline of the proof according to [Sh/Ts 84].
Let
p-i={kec | mk <o},
C, n > 3 odd,
b ::{{kEC ‘ —377T< argk<g}, n >4 even.

Because U(t) is a unitary group, for all £ € D~ and f € H the Laplace transform
Uk)f := / MU fdt inH
0
exists. Partial integration yields
kDT (k) f = / U)o dt + f
0

and, therefore, because of

(0, — AU()f =0
even N
(ik =AUk =f
holds. Let (ik — .A)~'f denote for f € H and k € D~ the solution of (ik — A)W = f
in Q, W =0 on 0f). This yields
Uk)f = (ik— A f

~(rwaen ) (1)

Here R(k) := (A(z, D) + k?)~! denotes the operator that maps g to a solution of
(A(x,D) +k*)w =g in Q, w=0o0n 9.

(6.5) shows that R(k) plays the main part when working with (ix — A)~'. For an
arbitrary o > 0 and all ¢ > 0 the inverse Laplace transform

+oo—io

/ e* ik — A7 f dk (6.6)

—oo—io

1
o

u)f

as an identity in H is defined for all f € H. Here the integral is to be understood as
M—ioc
lim / e ik — At f dk,
M—o0
—M—io
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where convergence in H is uniform for ¢ in bounded intervals. Unfortunately the imag-
inary part of k£ seems to have the wrong sign to derive good estimates of the solution
out of (6.6). The path of integration has to be moved (partly) into the upper half-
plane. Therefore, a continuation of the resolvent R(k) across the continuous spectrum
is needed and its analytical properties together with the behaviour for high and low
frequencies have to be investigated. This is done by the following three lemmas:

Lemma 6.2.2 ([Va 68], Theorem 3) Suppose a,b > R. Then the resolvent R(k),
k € D™, can be continued meromorphically to D as a Ly(L2(Q2), Ho(Q))-valued func-
tion. The set of poles of R(k) is discrete and its intersection with D~ is empty.

The continuation of the resolvent will still be denoted by R(k).

Remark: Because k? belongs, for k € R, to the spectrum of —A(z, D), it is necessary
to restrict the domain of the resolvent and to extend its range in order to achieve
such a continuation. Ladyzhenskaya was the first to study the analytic continuation
of the resolvent across the continuous spectrum in [Lad 57| (even if this is sometimes,
e.g. |Rau 78a, p. 439], attributed to Dolph, McLeod, and Thoe, who were the first to
derive this result in the American literature in [D/McL/T 66]).

Lemma 6.2.3 ([Va 75], Theorem 7)

Let a,b> R and let Q2 fulfil Vainberg’s non-trapping condition. Then there exist positive
constants o, B,C, T such that for integers 0 < s <1 and 0 < j <2

||R(k)||Lb(ﬁs,a(ﬂ),ﬂs+2—j(gb)) < C |k‘1_jeT|Imk3‘

for any k out of
Ups = {keD ‘ \Imk|<aln\Rek|—ﬁ}.

Remarks:

1. This especially means that U,s is a pole-free region of R(k).

2. This result remains unchanged if the non-trapping condition for the weak solution
is imposed (cf. [Di 92| and [Ya 92b]) .

We give a sketch of the regions U, in D:
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obla

To be able to shift the path of integration into the upper half-plane there is still
some information needed about the behaviour of the resolvent near £ = 0.

Lemma 6.2.4 ([Va 73], Th. 2, [Ya 92a], Th. 4.6, [Ya 92b], Th. 1.1)
Suppose n > 3 and a,b > R. Then there exists a v > 0 such that:

1. For odd n
R(k) is holomorphic in W := {k €D ‘ |k| < ’y} .

2. For even n

:iiBmJ K" In k) k) in W’::{keD ‘ |k|<7}-

m=0 5=0

Here the By,; € Ly(L2(Q), H2()) and the double series converge absolutely and uni-
formly in the operator norm.

Remarks:

1. This means that near £ = 0 R(k) has no pole and is bounded.

2. For even n Lemma 6.2.4 yields in W':
R(k) = Bi(k) + k" 2Ink B, + k" 2B5(k) ,

where Bj (k) is holomorphic in W and Bs(k) is bounded and continuous in W,
both as L£y(L2(€2), Ha(S2%))-valued functions, and By € Ly(L2(2), Ha(S%)).

For a proof of these lemmas we refer to the quoted literature. Here we will continue
with the sketch of the proof of Theorem 6.2.1: These lemmas make it possible to shift
the contour of the integral in (6.6) and to estimate |[U(¢)f| g, The following integral
paths I'y are chosen:

nodd: Ty=({keD ‘ mk =8} \Us) U ({keD ‘ Tmk > 6} N 0Uag)
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Iy )

n even: Let ¢ € (0,min(6,0)) and 7 := £/v/2. Because of the slit plane, here one
chooses I'y for [Rek| > n and Imk > § as above, adding the “thermometer”-shaped
contour

{keD ‘ Rek:in/\nglmkga}u{kez) ‘ kl=¢ A Imk<77},

finally yielding:

Because of the above lemmas there exists a § > 0 with § < +, such that no pole of R(k)
is situated between the old and the new contour. Let such a 6 and an € € (0, min(d, o))
be fixed. In applying the Cauchy integral theorem some convergence problems have to
be analysed to justify the shift of the contour. This is first possible for initial data with
a higher regularity only. But because of continuity, the resulting identities still hold
for initial data with finite energy. So the high-frequency behaviour—i.e. the large pole-
free regions near the real axis—decides whether there is uniform LED or not. But the
explicit rate is calculated from the low-frequency asymptotics, and here the resolvent
behaves much better in odd space dimensions. With these remarks we conclude the
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proof of Theorem 6.2.1. The detailed application of the above lemmas can be found,
for example, in [Pau 96]. O

Remark: The influence of the high- and low-frequency behaviour on the decay of the
energy is closely related to the following facts. Singularities essentially result from the
superposition of high-frequency waves and the localized solutions of Ralston have high-
frequency initial data. The reverberations of the fundamental solution of the Cauchy
problem in even dimensions, however, are smooth. So they essentially result from the
superposition of low-frequency waves.

_ These results still hold for the Neumann condition with the following choice of H,
H,,and D(A):

H = {(u,v) ‘ u e H(Q),v € ﬁ?(m},
H, = {(u,v) cH ‘ supp(u, v) C ﬁ} - {(u, v) ‘ u € Hia(Q),v e cg(g)},
the norms remaining unchanged, and
D(A) := {(u,v) cH ‘ A(u,v) € H and
(Vu, A(z)Vf) = —(A(z, D)u, f) Vf € Hl(Q)} .

Exchanging the boundary condition in the non-trapping condition then implies LED
with the same decay rates as above (cf. [Sh/Ts 85|, Lemma Ap. 1, p. 222; the expo-
nential decay for odd n can be derived as usual from Theorem 3.1.2).

6.3 Uniform LED for Domains in R?

It is not due to any deficiency of the Vainberg method that Shibata and Tsutsumi
did not establish results for domains in R?. What was missing was an adequate low-
frequency asymptotic for this case. Theorem 2, p. 227, of [Va 73] includes such a result
for a general class of problems:

JA,0€Z Iy>0VEeW' s R(k)=k*> > Bp(kIn®k)"(nk) 7,

=0 m=0

where B,,; € L,(L2(Q2), H2(€)) and the series converges absolutely and uniformly in
the operator norm. But a more precise result for (W.D) and (W.N) was still needed.
There are numerous publications dealing with this topic. We want to mention only a
few of them. Whereas Muravel imposed the convexity of the obstacle, when dealing
with a homogeneous medium in [Mu 73, Mu 79|, Weck and Witsch succeeded in giving
the first terms of the series for general obstacles (even without a C,-boundary) and
inhomogeneous media in [We/Wit 92|, Theorem 2, p. 317. The complete low-frequency
asymptotics for exterior domains with C,-boundary were finally proven by Kleinman
and Vainberg in [K1/Va 94|, Theorems 1 and 2, p. 992f:
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Lemma 6.3.1 Let n = 2 and a,b > R. Then there exists a v > 0 such that the
following holds in W' = {k €D ‘ k| < 7}:

(1) For (W.D):

j—m+1

oo j
Rk)=)>_ Y By In™k k¥ (Ink — 2,)77,

j=0 m=0 p=0

3

zo € C being independent of a,b und 7.
(2) For (W.N):

1
BjIn™k k¥ .
0

+

R(k) = J

v

0

I

3
I

J

Here Bymj, By € Ly(L2(2), Ha () and both series converge absolutely and uniformly
with respect to the operator norm.

For a proof the reader is referred to [K1/Va 94].

Remarks:

1. Thus near £ = 0 the resolvent of the Dirichlet problem has no pole and is uni-
formly continuous and, therefore, bounded. In W' the lemma yields

R(k) = By (k) + (Ink — 2) By + k By (k) (6.7)

where By (k) is holomorphic in W and Bs(k) is bounded and continuous in W,
both as Ly(L2(S2), H2(S2))-valued functions, and By € Ly(L2(S2), Ha(2)).

2. In the case of the Neumann problem the resolvent still has no pole in W', but is
bounded as a L;(L£2(), Ha(s))-valued function in the sets

{keD ‘ e< |kl <y} with 0<e<y,
only. In W’
R(k) = By(k) +Ink By + Bs(k) (6.8)
holds, where B;(k), By, and Bs(k) have the same properties as above.
3. For the calculation of zy cf. [K1/Va 94| and [We/Wit 92].

With Lemma 6.3.1 uniform LED in two space dimensions can be established. The
present author does not know a publication that proves this result. Thus he gave a
proof for a homogeneous medium in [Pau 96, Section 8.3]. The proof of the general
case is literally the same, so we do not repeat it here. We just want to mention that
a skilful analytic procedure according to Muravei makes it possible to derive from the
slightly “better” representation (6.7) (in contrast to (6.8)) a stronger decay rate for the
Dirichlet problem (¢t 21n *t) than for the Neumann problem (ct2).
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6.4 Summarizing Theorem for the Vainberg Method

We want to conclude the considerations on the Vainberg method by summariz-
ing the decay results of the preceding two sections in a theorem (the non-trapping
conditions shall be the ones for the particular boundary value problem):

Theorem 6.4.1 Letn > 2 and assume that €2 fulfils Vainberg’s non-trapping condition
or the non-trapping condition for the weak solution. Let K CC Q. Then there exist
positive constants ¢ and § such that for all solutions u of (W.D) and (W.N) respectively
with initial data having support in Qg the following hold:

1. For (W.D) with n > 3 and (W.N) with n > 2:

(i) n even: E (u(t), K) < ct™"2 E (u(0),9), t>0,
(ii) n odd: E (u(t), K) < ce ® E (u(0),9Q), t>0.
2. For (W.D) with n = 2:
E(u(t),K) < ct?In"*t E (u(0),9Q), t>0.

Using the Vainberg method one can prove uniform LED for many other boundary
value problems (cf. [Va 75, Va 89]). We just want to mention explicitly that Yamamoto
proved the above result in [Ya 92b] even for the Robin condition, provided n > 3.

The similarity of Theorem 6.4.1 and Theorem 5.3.2 for n > 3 is obvious. This
is due to the fact that Ralston proved Theorem 6.4.1 for n > 3 after having derived
Vainberg’s non-trapping condition from the one of Melrose. Results like the latter are
subject of the following chapter.



Chapter 7

Comparison of the Different
Non-Trapping Conditions

In the first chapters we have presented different methods for the proof of uniform
LED together with their specific non-trapping conditions. We now want to compare
these requirements. While we do this, some further conditions that appear in the
literature will be included, which are closely related to those we have already discussed.
As a reminder we list the latter ones.

1. Melrose’s NTC (Definition 5.1.1).

2. The non-trapping hypothesis of Morawetz, Ralston, and Strauss (Definition 5.2.1).
3. Vainberg’s NTC (Definition 6.1.6).

4. The NTC for the weak solution (Definition 6.1.7).

5. The existence of an escape function (Definition 3.2.1).

Remark: Generalized bicharacteristics were introduced without referring to a special
boundary value problem. Thus there exists only one NTC of Melrose. Things are
the same with Definitions 5.2.1 and 3.2.1 (even if the methods of [M/R/S 77| did not
suffice for a proof of uniform LED for (W.N)). The conditions 3. and 4., however, both
emphasize the particular boundary value problem. In the sequel we will, therefore, add
a supplement to them which makes it clear which boundary condition is meant.

The non-trapping hypothesis of Morawetz, Ralston, and Strauss is formulated for
“non-degenerated” obstacles in a homogeneous medium in R®. As we have seen, ex-
actly those obstacles are non-degenerated for which G* = () holds. According to
Corollary 5.2.5 this yields the equivalence of Melrose’s non-trapping condition and the
non-trapping hypothesis of Morawetz, Ralston, and Strauss. In addition we already
know by Theorem 5.1.2 that the existence of an escape function implies Melrose’s
non-trapping condition.

29
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The rest of this chapter is structured as follows: Starting with Melrose’s NTC we
prove a chain of implications leading finally to uniform LED for (W.D) or (W.N). At
several stages we will include further conditions that appear in the literature. For
obstacles without points in G*°, uniform LED implies Melrose’s NTC by the theorems
of Ralston. For these obstacles, therefore, the equivalence of all non-trapping conditions
under consideration is proven. We will add some results for both special dimensions
and homogeneous media that will include the existence of escape functions and the
eventual compactness of the Lax-Phillips semigroup Z(¢). Finally—as a reminiscence
of the first chapters—we will present some geometrical annotations on non-trapping
conditions in general.

Because the second part of this thesis deals with the more complicated situation
of isotropic elasticity, we present most of the results of the present chapter without
proofs. They are achieved by the obvious simplifications of the proofs of Chapter 11.
Only the results concerning those conditions which are special features of the literature
devoted to the wave equation will be proved here.

7.1 The General Theorems

Before we proceed in the announced chronology, we will state a result which shows
the most immediate application of the generalized Huygens’ principle in this context:

Theorem 7.1.1 Melrose’s non-trapping condition implies the non-trapping condition
for the weak solution for both (W.D) and (W.N).

Proof: The generalized Huygens’ principle yields that the weak solution of (W.D) or
(W.N) can only be singular along generalized bicharacteristics which at time ¢ = 0 meet
the support of the initial data. For the wave equation a maximal length of generalized
bicharacteristics in €, implies a maximal length of the time interval by which this
curve may w.l.o.g. be parametrized. For initial data with support in €,, Melrose’s
NTC implies, therefore, according to Theorem 4.2.1 the existence of a 7(2, a) such
that
U € Coo([T,00) X Q).

This yields in particular the NTC for the weak solution for both (W.D) and (W.N). O

In [Ral 79] there is the assertion that for a homogeneous medium Melrose’s NTC
implies—as a corollary of the generalized Huygens’ principle—Vainberg’s NTC (Dirich-
let or Neumann). But one cannot apply Theorem 4.2.1 in this immediate way for two
reasons: On the one hand, the Schwartz kernel theorem yields G(t,z, o) as distri-
butional solution of a differential equation in R x €2 x 2 and the principal symbol
p(t, x, 19, 7,&,&) = |2 — 72, regarded as a function in Co (T*(R x Q x )), violates
the assumptions of the generalized Huygens’ principle. On the other hand, R x Q x Q
is not a C,-manifold because of the “corner” in 02 x 0€). What one needs is some
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information on the regularity of the Green’s function with respect to xy3. Professor
Ralston was so kind as to answer the author’s question on this point with a refined
proof of the above implication. He essentially showed that the dependence on xq is in
fact Cy, which makes Theorem 4.2.1 applicable. We presented a detailed version of
this proof in [Pau 96, Chapter 9]. With some slight modifications this proof applies
also to inhomogeneous media, yielding the following result:

Theorem 7.1.2 ([Ral 79]) Melrose’s non-trapping condition implies Vainberg’s non-
trapping condition for both (W.D) and (W.N).

The author succeeded in proving the corresponding result for isotropic elasticity using
the ideas of Ralston. Because we present this proof with all details in Chapter 11, we
omit it here.

A condition very similar to Vainberg’s non-trapping condition was used by Rauch
in his extension [Rau 78a| of the results [Va 68, Va 73, Va 75| of Vainberg. For the
Cauchy problem he demands a scattering of singularities in terms of Melrose’s condition
(|Rau 78a, (1.5)]). In the case of exterior boundary value problems he uses another
condition, not least because at that time there was no complete understanding of
the propagation of singularities for exterior boundary value problems even for the
wave equation. So he postulates his “propagation of singularities hypothesis” [Rau 78a,
(9.3)], which is obviously influenced by Vainberg’s non-trapping condition. For the wave
equation this condition reads (G being the Green’s function of the Dirichlet problem
or the Neumann poblem).

Definition 7.1.3 (The Propagation of Singularities Hypothesis of Rauch)
Q 1s called non-trapping
= VX ECL()IT >0Vt =T : x(2)G(t,z,70)x(T0) € Coo (2 X Q) .

Remark: In Rauch’s hypothesis there is a somewhat weaker condition on the support
of xG'x. But according to the definition of x this support is actually compact for any
t > 0. The essential point is, therefore, the regularity of the distribution for ¢ > T'.

Because Definition 7.1.3 involves all cut-off functions y, the main importance lies
not in the special shape of x, but in its support. This is not least expressed by the
following theorem:

Theorem 7.1.4 Rauch’s propagation of singularities hypothesis is equivalent to the
non-trapping condition of Vainberyg.

We will present a proof for the related result of isotropic elasticity in Chapter 11.

In [Va 75] Vainberg used a non-trapping condition different from the one of [Va 89
(Definition 6.1.6 above). It was his condition D', [Va 75, (p. 11)], and this is still the
name it has in the literature:
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Definition 7.1.5 (Vainberg’s Condition D')
For some N > 2 there is an Ex(t,z,10) € D'(Q2) depending continuously on parameters
9 € Q, 9 < a, andt > 0, where Ey satisfies the following two conditions:

(a) Ey is a distributional solution of:

(8752 - aacz a'ij(x) 836]) EN(tamwTO) = fN(tamwTO)v (ta 33) € (07 OO) X Qa
B, En(t,z,29) =0, (t,z) € (0,00) x 09,
En(0,z,20) =0, OEN(0,2,20) = §(x — z0), x €€,

where fn has N continuous derivatives with respect to t,x, xg .

(b) For any r < oo there is a T(r) > 0 such that Exy = 0 for |x| < r, |zo| < a, and
t>T(r).

Here B belongs to a very general class of boundary operators which includes

0

B=1Id and B

In (a) all equations are meant distributionally with respect to the given variables. The
following result holds:

Theorem 7.1.6 Vainberg’s non-trapping condition implies Vainberg’s condition D'.

Remark: Vainberg avoided his condition D’ in [Va 89| because there, in contrast to
[Va 75|, he did not treat any boundary condition that involves time derivatives. This
allowed him to use £G with a suitable cut-off function £(¢,x) instead of Ey (cf. the
proof preceding Theorem 11.2.2). This is not possible in case of the general boundary
operators of [Va 75|, because then £G may not satisfy the original boundary conditions
anymore. But this is of crucial importance in Vainberg’s proof of the above Lemma
6.2.3. Thus it seems useful to demand condition D’ in [Va 75|, that is to postulate
at once the existence of a parametrix with good asymptotic properties. So with this
condition D', Vainberg was able to prove uniform local energy decay in [Va 75| for a
very general class of boundary value problems. If G*® = @, condition D' therefore
implies Melrose’s NTC and all conditions that follow from it.

One easily verifies the following theorem (cf. the proof of Theorem 11.1.8):

Theorem 7.1.7 For (W.D) and (W.N) respectively the following holds:
Vainberg’s non-trapping condition implies the non-trapping condition for the weak so-
lution.

The last chapter’s proof of uniform LED using the Vainberg method followed the
outline of Shibata and Tsutsumi. But they used the following NTC (actually for
homogeneous media only, but the following discussion does not depend on this fact):
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Definition 7.1.8 (Non-Trapping Condition of Shibata and Tsutsumi)
Let a,b > R. Let G(t,z,x0) denote the Green’s function of (W.D) and (W.N) respec-
tively. For v € L2(Q) put

(Gv)(t,x) :== /G(t,:c,xo)v(xo) dxy . (7.1)

Q is called non-trapping <= 3Ty(2,a,b) >0 Yo € L2(Q) : Gv € Coo([Tp,00) X p) -

Equation (7.1) needs an interpretation: A locally integrable function f on an open set
O C R™ generates a distribution [f] € D'(O) by

b€ Crul(0) / f(2)(x) dx (7.2)

but (7.2) is often used formally for arbitrary distributions. If P denotes again the
solution operator of (6.2) for smooth ¢, one could return from the Schwartz kernel
theorem to the beginning of Section 6.1 and write formally the distribution kernel as
an integral kernel:

(Po)(t z) = / G(t, 2, 20) (o) dao (7.3)

Q

P extends to a solution operator on £2(f2), and in this spirit one has to interpret the
right-hand side of (7.3) for these ¢. Thus in (7.1) (Gv) stands for the weak solution of

(8? — &a”(x)aj)u =0 in R x Q,

u=0 (ora—n=0) on R x 09,

u(0) =0, w(0)="wv in Q

for v € £2(), and so Shibata and Tsutsumi only use a slightly different way to write
the non-trapping condition for the weak solution. Whether one uses two different radii
a,b > R—with or without the restriction @ > b—or only one radius a, does not matter,
because this leads to equivalent conditions. It is also possible to assume

Vip € Coo(R™) 3Ty(a,1h,Q) Yo € L2(Q) 1 9(x)(Gv)(t, z) € Coo([Tp,00) x Q) (7.4)

as Tsutsumi does in |Ts 83|. This requirement is equivalent to the non-trapping condi-
tion for the weak solution, too, as the proof of Lemma 11.2.1 will show: What has real
importance in (7.4) is not v itself, but the support of ¢, and this has the same effect
as the restriction of Gv to ([Ty, 00) x €). This proves the following lemma:

Lemma 7.1.9 For (W.D) and (W.N) respectively the following conditions are equiv-
alent:

(i)  The non-trapping condition for the weak solution.
(17)  The non-trapping condition of Shibata and Tsutsumi.
(131)  The non-trapping condition (7.4) of Tsutsumi.
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The non-trapping condition for the weak solution implies uniform LED for solution of
(W.D) and (W.N) respectively by the Vainberg method (Theorem 6.4.1). Ralston’s
Theorems 2.1.1 and 2.1.2, therefore, yield for (W.D) and (W.N) an upper limit of the
lengths of all geodesics in Q that can be approximated by non-tangential ones. This
includes according to Corollary 4.1.7 and Proposition 4.1.8 all geodesics that give rise
to generalized bicharacteristics which do not meet G*°. As we have already remarked
after Theorem 7.1.6, we can draw the same conclusions for domains and media which
fulfil Vainberg’s condition D', because of the results of [Va 75]. This yields together
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with the other results of this section for all dimensions n > 2:

Theorem 7.1.10 Let G™ = . This yields the equivalence of

(¢
(i3
(idi
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(v
(vi
(vii
(vidi
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(xit
(wiii
(xiv

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

(zv

The non-trapping condition of Melrose.

The non-trapping condition of Vainberg (Dirichlet).

The non-trapping condition of Vainberg (Neumann).

The propagation of singularities hypothesis of Rauch (Dirichlet).
The propagation of singularities hypothesis of Rauch (Neumann).
Vainberg’s condition D' (Dirichlet).

Vainberg’s condition D' (Neumann).

The non-trapping condition for the weak solution (Dirichlet).
The non-trapping condition for the weak solution (Neumann).
The non-trapping condition of Shibata and Tsutsumi (Dirichlet).
The non-trapping condition of Shibata and Tsutsumi (Neumann).
The non-trapping condition (7.4) of Tsutsumi (Dirichlet).

The non-trapping condition (7.4) of Tsutsumi (Neumann).

Uniform LED for solutions of (W.D) with the rates of Theorem 6.4.1.
Uniform LED for solutions of (W.N) with the rates of Theorem 6.4.1.

Remarks:

1. If the medium is homogeneous, a class of obstacles with G = () is given by those
obstacles with analytic boundaries. This is due to the fact that at a boundary
point which is the projection of an element of G*°, the curvature must vanish of
infinite order in at least one direction as we have seen by the explicit calcula-
tions of the Sections 5.1 and 5.2. In this direction an analytical boundary must,
therefore, consist of a straight line in contradiction to the boundedness of the

obstacle.
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2. There is no general splitting of bicharacteristics in G*°. We have already men-
tioned that the continuation of a bicharacteristic is unique at bicharacteristically
convex parts of the boundary. Convexity with respect to the boundary, however,
does not exclude points of G*°. But obviously they do not cause any difficulties
here. So the assumption of Theorem 7.1.10 can be considerably weakened. One
possibility is to assume just that all generalized bicharacteristics can be approx-
imated by broken ones. The discussion at the end of Section 4.1 shows that it is
still an open problem whether this is a restriction at all.

7.2 Results for Special Cases

If the medium is homogeneous, the list of Theorem 7.1.10 can be extended under
some additional restrictions on the space dimension n. This will be done in this section.

The original version of the Lax-Phillips conjecture for odd n contained the equiv-
alence of Melrose’s NTC and the eventual compactness of the Lax-Phillips semigroup
Z(t). But denoting by Tk the supremum of the sojourn times of geodesics in Qg, the
following implications hold for the Dirichlet problem, provided the conjecture is true:

L.-Ph. conj.
—

T < o0 Z(t) is eventually compact

[La/Ph 89], p. 277 |Z@t)|| <1 for large t

WAL S niform LED
/AL o3 |Z(t)|| <1 for larget
L.—lgonj. TR < 0.

Thus we have equivalence in all these implications, justifying the choice of the presenta-
tion of the Lax-Phillips conjecture in Chapter 2. With a modification of the operators
Z(t) for even n > 4, Melrose derived in his proof of Theorem 5.3.1 first for all dimen-
sion n > 3 the eventual compactness of Z(¢) from his non-trapping condition. Then
he used this result to establish uniform LED. This yields for the operators Z(¢) in the
case of the Dirichlet condition (the Neumann condition is not included because of the
special ansatz of Melrose):

Theorem 7.2.1 Let n > 3 and G = . Let the medium be homogeneous. Then to
the list of Theorem 7.1.10 the following equivalent condition can be added:

(zvi) The eventual compactness of Z(t) for the Dirichlet problem.

For exterior domains in R® we are, furthermore, equipped with Theorems 3.1.9
and 5.2.3 of Morawetz, Ralston, and Strauss on uniform LED for solutions of (W.D) in
domains that possess an escape function and on the existence of these functions. For
n = 3 this therefore proves
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Theorem 7.2.2 Let n = 3 and G® = ). Let the medium be homogeneous. Then to
the lists of Theorems (7.1.10) and (7.2.1) the following equivalent conditions can be
added:

(zvii) The non-trapping condition of Morawetz, Ralston, and Strauss.

(zviit)  The existence of an escape function.

Remark: Morawetz, Ralston, and Strauss make explicit use of their non-degeneracy
condition, i.e. of G® = @, both in the formulation of their non-trapping condition and
in the construction of an escape function. Thus Remark 2 following Theorem 7.1.10
does not apply in this case.

For two space dimensions we proved Theorem 3.1.7. On the other hand a trivial
consequence of Melrose’s non-trapping condition is that no straight line segment in € is
perpendicular to 02 at both ends. Furthermore, the assumption of only a finite number
of points at which the boundary curvature changes its sign is fulfilled by all obstacles
with G® = J: On a smooth and compact boundary with infinitely many points of
inflection, these points have to accumulate. This would contradict the regularity of
the boundary, if the curvature in such a limit point did not vanish of infinite order.
This, however, implies, as we already know, that the limit point is the projection of an
element of G*°. Thus, Theorem 3.1.7 implies:

Theorem 7.2.3 Let n = 2 and G*® = ). Let the medium be homogeneous. Then to
the list of Theorem (7.1.10) the following equivalent conditions can be added:

(zvi)"  No straight line segment in Q is perpendicular to O at both ends.
(zvii)'  The existence of a Straussian vector field.
(zviit)  The existence of an escape function.

Proof: What remains is to justify the inclusion of the existence of an escape function
in this list. But this can be done as follows:

(zvid) = (zviti) = (1) = (2vi) = (zviz)’. 0

Remark: Here, too, Remark 2 following Theorem 7.1.10 does not apply, because the
construction of [ in [M/R/S 77| makes essential use of the at most finite number of
inflection points.

7.3 Geometric Aspects

Point (zvi)" of the last theorem is a very clear geometric condition. In this section
we want to continue the geometric analysis of non-trapping conditions of Chapter 3
and Section 5.1. The connecting tool between the geometric properties sufficient for
uniform LED and the various non-trapping conditions is given by escape functions, as
the next theorem shows:
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Theorem 7.3.1 Let n > 2. Assume the existence of an escape function. Then the
conditions (i) to (zv) of Theorem 7.1.10 are fulfilled. If in addition n > 3 and the
medium is homogeneous, Z(t) for the Dirichlet problem is eventually compact.

Proof: The existence of an escape function implies Melrose’s NTC according to Theo-
rem 5.1.2. This implies all the other non-trapping conditions by the results of the first
section of this chapter, which is a consequence of the generalized Huygens’ principle.
The eventual compactness of Z(t) is implied by Theorem 5.1.2 and [Me 79]. O

We want to emphasize again the geometrical background of this theorem. All
the geometric conditions of Chapter 3 imply the existence of an escape function, if
the medium is homogeneous. For general media an additional requirement has to
be imposed for this purpose. Let therefore I(z) always denote the special Straussian
vector field we obtained in each of the geometric situations discussed in Sections 3.1.1
and 3.1.3. Thus Theorem 7.3.1 implies:

Corollary 7.3.2 Let the obstacle have one of the geometric properties spherical, con-
vex, (strictly) star-shaped, illuminable from the interior (n = 2,3), illuminable from
the exterior (n =2,3), or snake-shaped (n =2). Then the following hold:

1. If the medium is homogeneous, then all the non-trapping conditions (i) to (xiii) of
Theorem 7.1.10 are fulfilled. If in addition n > 3, Z(t) for the Dirichlet problem
1s eventually compact.

2. If the medium s inhomogeneous, but

2(A(2)€, Va(l(2) - §)) — l(z)(Ai(2)¢,€) > 0, = €Qp, £€R"\ {0}

holds, then all the non-trapping conditions (i) to (xiii) of Theorem 7.1.10 are
fulfilled.

We want to add one final geometric property for all space dimensions n > 2. It is
not (yet) known, whether one of the non-trapping conditions discussed in this thesis is a
necessary condition for uniform LED, if general domains with C.,-boundary are consid-
ered, but sufficient are all of them. By the results on the existence of localized solutions
of Ralston this implies that a domain which satisfies any of the above non-trapping
conditions does not admit non-tangential closed rays. If the medium is homogeneous,
this especially excludes the existence of a straight line segment in {2 that is perpendic-
ular to 092 at both ends. This is even true, if the straight line segment is tangent to
the obstacle between its endpoints, as we have discussed after Proposition 4.1.8.

We conclude our discussion of the wave equation with a résumé: For a large class of
obstacles the aim to impose an optimal condition for uniform LED has been reached.
For this purpose in all space dimensions n > 2 various equivalent conditions for both
the Dirichlet and the Neumann problem are available. If the restriction G* = @,
however, is violated, the necessity of these conditions could be established only for a
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few special situations (cf. e.g. the second remark following Theorem 7.1.10). What
we can say is that Melrose’s non-trapping condition is—besides the simpler geometric
conditions of Chapter 3—the strongest requirement, whereas Vainberg’s condition D’,
the non-trapping condition for the weak solution, and—for the Dirichlet problem and
n > 3—the eventual compactness of Z(t) are the most general ones. We have no result
on the relation between the latter conditions in the general case. The reason for these
problems lies in the unanswered question, whether all generalized bicharacteristics can
be approximated by broken ones. This is the point that remained open in the work
[Me/SjII| of Melrose and Sjostrand in 1982 and there is to our knowledge no proof up
till now. A positive answer to this question would finally prove the general equivalence
of all non-trapping conditions of Part I of this thesis.



Part 11

The Equations of Elasticity for
Isotropic Media
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Chapter 8

Fundamentals

In this chapter we state the equations of elasticity for isotropic media—for a rigorous
derivation cf. [Ca 72]. The energy is defined and conditions on the Lamé moduli are
given. In the last section we present the basic theorem on existence, uniqueness, and
local energy decay.

8.1 Formulation of the Equations

Let Q fulfil the assumptions stated in Chapter 1. Let U = (U',...,U") = U(t,z) be
the displacement vector of an isotropic elastic medium filling the whole of €2. Then the
equations of elasticity are

02U — div (u(VU + (VU)T) + (A divU)L,) =0 in RxQ,
(ELA) AU =0 on R x 092,
U(O) = UO) Ut(o) = Ul n Qa

A € Coo(f2) being the Lamé moduli of the medium, which are required here to
become constant outside Qg for some R > Ry. Some further restrictions on A and 1
will follow from Section 8.2. For later convenience, we introduce the operator A(x, D)
by the identity

A(z, D)U = div (u(VU + (VU)") + (A divU)1,) .

We study the following boundary value problems: The Dirichlet or displacement prob-
lem (ELD) with

AU =U
and the Neumann or traction problem (ELN) with
Zn: n;0i
AU = - : ,
Zn:lnzﬂm

71
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the o;; given by . _
05 = )\V’U&Z] + M(ajUZ + 8ZU’) .

Because of
div (()\ div U)In) = V(\divD),

the differential equation can be written as
U = V' (u(VU + (VU))) = V(AV'U) =0

or as
02U — (A + ) VV'U — pAU —(VU + (V)" )V — (VU)VA = 0.

principal part

In case of a homogeneous medium there remains only the principal part yielding
OU — (A +p)VV'U — uAU = 0.

The principal part is emphasized here not only for the case of homogeneous media, but
also for the examination of the propagation of singularities, because there again the
principal symbol of the differential operator plays the central role.

We now want to define the energy of solutions of (EL.A). This will lead to some
restrictions on the Lamé moduli, for an energy is still required to be a positive definite
form in D, ,U.

8.2 Definition of the Energy

We motivate the later definition of the energy by applying the energy method with
the multiplier U; to the system (ElL.A) leading in fact to the correct physical energy.
We use the following scalar product for (n x n) matrices A = (a;;) and B = (b;;):

A-B:= aijbij .

After integrating over € we get for solutions of (EL.D) or (ELN)

0=

/N

Uy — div (u(VU + (VU)T) + (A div U)In)) U, dz
Uy + (u(VU + (VU)T) + (Adiv U)1,) - VU, da

UnlUs + p(VU - VU,) + p U7 9;Uf + AV'UV'U, dw

ool

1d
=22 / UL + uVUP + 4 70,0 + NV'UP da
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We now define the energy E (U(t), D) of a solution U of (ELD) and (ELN) respectively
at time ¢ in D C Q by

E(U(t),D) ::/|Ut(t)|2+,u|VU(t)|2+,u(9,-Uj(t)8jUi(t)+)\|V'U(t)|2da:.

Then E (U(t),2) is obviously constant. However, for the positive definiteness of
E (U(t),2), some restrictions on the Lamé moduli have to be made: For the special
case of (E1.D) with p being constant we get by partial integration

EU®),Q) = / GO + p VU@ + (A + )| VU @) da (8.1)

This is the form of the energy in most of the literature dealing with homogeneous
isotropic media. (8.1) yields at once

At u,p>0 = E(U(t),Q) is positive definite.

But this can be improved a little bit, because

1 1
B9 = [1040F + 1 (IFUOF - 2900 )+ (3 + ) 900 do.
Q N ~~ -
>0
Therefore
n+1 . - .
A+ L p> 0 = E(U(¥),9Q) is positive definite.
Because of 1
A+ nTﬂ > A+ My

this last condition on the Lamé moduli is weaker.

For inhomogeneous media and for the Neumann problem respectively, the above
partial integration leads to a more complicated expression, which doesn’t allow the
above conclusions. But pointwise estimates of the integrand are helpful. Note first
that

p| VU + udU?0;U" + M\ V'U|?

= 20U +p Y (10U + |0;U" ) + 20,U70;U7) + A\ V'U|?

1<i<j<n
. 1 . . 92
=2 (\6Z-UZ|2 - EWIU|2) +u Y @UT+ U7 + (/\ + ;u) IV'U|?.
1<i<j<n

For the integrand of the energy integral to be a positive definite form in D, U, it is
therefore necessary and sufficient that nA 4+ 2y, u > 0. Thus we assume from now on:
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Assumption 8.2.1 The Lamé moduli A\ and i fulfil

nA+2u, > 0. (8.2)
For the special case of (El.D) with = const. let
1
A+ s (8.3)
n

instead.

Note that for the energy we have the simpler expression (8.1) in the last case.

Remark: The above assumption implies, as we have seen, the existence of some
positive constants ¢, cs > 0 such that

a (IVUDIP + IVUMIP) < EU®),Q) < (IVUDIP +IVUMIP) - (8:4)
The first inequality is often referred to as Korn’s (first) inequality.

For the sake of completeness it should be mentioned that more general assumptions
on A and p are possible in the case of the Cauchy problem: According to the remark
in [Rac 92, p. 119], there exists an orthogonal decomposition of £* := (£*(R"))" in
potential and solenoidal fields given by

L?=VH,(R") ® Dy,
with V#;(R") denoting the closure in £? of

VH,(R) == {w ‘ o Hl(R")} — {V e L2

Jp e Hi(R) : v:w}

and

Dy = {Weﬁ? Ve Cul(Q) : <w,W>:o}

being the space of all weakly divergence-free vector fields. Such a decomposition of the
initial values leads to a decomposition

U=U+U"
of the solution, the so-called pressure and shear waves. In the distributional sense
VV'V =VV'Vp=VAp=AVyp =AV for Ve VH,(R")
holds. Thus UP° and U®® solve
O2UP° — (N + 2u)AUP =0, Ure(0) =08, UP°(0) = Uy
and
02U — AU =0, U*0) =0, U*0)=U".

These problems are hyperbolic iff A + 2u, x > 0, which is an even more general con-
dition on the Lamé moduli than the one of (8.3). This decomposition still holds in
exterior domains, but here the potential and the solenoidal part are still coupled by the
boundary condition, i.e. UP® and U*® are not solutions of (EL.D) or (ELN) respectively
any more. This coupling will lead to a mutual influence of the singular behaviour of
each part at the boundary, as we will see in Section 4.
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8.3 Unique Solvability

In this section we state the existence and uniqueness of solutions with finite energy
and the local energy decay of such solutions. For more details cf. [Sh/Sog 89] and
|Le 86].

The best possible energy space for the Dirichlet problem is given by
H:= {(U, V) ‘ UeHe(Q),V e 52(9)}

(for the Neumann problem U has to be in (Coo(Q))™'"). Transferring the ansatz of
[La/Ph 67, La/Ph 72| to the case of a system and using essentially Stone’s theorem
and the scattering theory of Lax and Phillips, Shibata and Soga proved in [Sh/Sog 89|
the following theorem:

Theorem 8.3.1 Suppose that (Uy,U,) € H. Then (EL.D) has a unique solution U
with

1. (U, U) eC(R,H),
2. E(U(t),Q) = const.
If furthermore the medium is homogeneous, then
3. VKccQ: E(U®’),K)—0, (t— o)
holds.
Remarks:

1. An analogous theorem holds for (ELN).

2. Shibata and Soga assume n > 3. However, this is not necessary for the above
results, cf. [Dan 96].

3. Shibata and Soga assume (8.2) throughout their work (cf. the Stability Assump-
tion (A.2), p. 862, in [Sh/Sog 89|, which requires (8.2) automatically). What
they really need is Korn’s inequality of (8.4) and for this purpose it is sufficient
to make our Assumption 8.2.1 (cf. the proof of Theorem 1.5, [Sh/Sog 89]).

4. At first sight the energy spaces of Shibata and Soga may seem to be different
from ours, because they use the completion with respect to | - |; of

{vele® ‘ AU =0 on 00}
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as the first component of H. This leads in fact to the same result, for
C(€) is a dense subspace of {U € () ‘ v =0 on OQ}

and
{U € Coo(Q) ‘ (iniaij) =0on BQ} is a dense subspace of Ca(12)
i=1 I

with respect to |- ;.

A similar result can be found in |Le 86, Chapter 11|. Here again Leis assumes that
Uy € H1(Q) instead of Uy € Hy (Q) (Uy € H1(Q) in case of (ELN)) with the consequence
that U(t) remains in this space for all times. This is his notion of a solution with
finite energy. As for the wave equation Leis uses the spectral theorem for self-adjoint
operators to prove his analogue to the above results. It should be noted again that
this restriction of the energy space is of no importance for initial data with compact
support in Q, because

UpeMHy(Q) A supplUpccQ = Uy e HiQ)

(a corresponding result holds for the Neumann problem). As in the case of the wave
equation we mean such solutions in suitable energy spaces, if we talk about solutions
of (E1.D) and of (ELN) without further specification.



Chapter 9

Uniform Local Energy Decay

We now present various results on uniform local energy decay. The first section deals
with the energy method. Then we introduce a few results of Kawashita guaranteeing
optimal decay rates and therefore ruling out the Neumann problem from most consid-
erations of this chapter. In the third section we study the propagation of singularities
and formulate an analogue to Melrose’s NTC. In Section 9.4 we describe physical phe-
nomena that are closely related to the results on the propagation of singularities. In
Part T we saw how useful escape functions are for relating geometric properties of the
obstacle to non-trapping conditions. This was the reason for us to look for a suitable
definition of escape functions for isotropic elasticity. We present the result in Sec-
tion 9.5.1. In fact the existence of such an escape function implies the above analogue
to Melrose’s NTC (Theorem 9.5.3). And as in the case of the wave equation the nice
geometric conditions of Chapter 3 yield for suitable media the existence of an escape
function (Section 9.5.3). After having established these results, we define the Green’s
matrix of the equations of elasticity, prove some existence and uniqueness results for
distributional solutions, and state two different non-trapping conditions for the Vain-
berg method. The last section of this chapter contains the decay results obtained by
this method.

9.1 The Energy Method

There are only few publications concerning decay results for the equations of elastic-
ity achieved by the energy method, namely those of Dassios (|[Das 83|) and Kapitonov
(|[Kap 86, Kap 87]) for (ELD). They deal with homogeneous isotropic media with
A, it > 0 (Dassios makes a more implicit use of this last assumption). For their di-
vergence identities it is important that some terms have the right sign which can be
achieved at least by the more general assumption A+ p, # > 0. The two authors proved
the existence of the following decay rates for star-shaped obstacles:

Dassios: n =3, f(t)=ct
Kapitonov: n arbitrary, f(t) =ct !

7
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Remarks:

1. Both authors essentially used the multiplier ”T_IU + rU, + tU; , which is closely
related to the one Morawetz used in [Mor 61| for the wave equation. But because
of the two waves of isotropic elasticity which propagate with different phase
speeds, the energy identities of [Das 83, Kap 87| are more complicated and more
difficult to analyse.

2. For odd n Kapitonov used the Huygens’ principle to improve the decay rate to
ce % with some positve constant 4.

9.2 Improvement of Decay Rates and the Neumann
Problem

After the presentation of the first decay results we want to have a closer look at two
results of Kawashita for homogeneous media. On the one hand they improve the above

decay rate and on the other hand they show why no uniform decay can be expected
for (ELN).

In |[Kaw 93] Kawashita proves—by a comparision with the Cauchy problem—the
following result for (E1.D) and (ELN) in case of homogeneous media:

Theorem 9.2.1 Suppose 2 C R*, n > 3. If there is local energy decay with some rate,
then this decay rate can be improved to

ct™t2 n >4 even,
ce % n>3 odd

This leads to a corresponding improvement of Kapitonov’s decay results, if the space
dimension is even.

Remarks:

1. Kawashita restricted his investigation to n > 3, becauses he used the results of
[Sh/Sog 89]. As we have already remarked, this restriction is not necessary. On
the other hand Vainberg’s method will lead to an optimal rate of decay for n = 2
in Section 9.7.

2. In [Kaw 93| there is again the assumption (8.2) on the Lamé moduli, because
the author refers to [Sh/Sog 89] and uses therefore the stability condition. As
remarked above, assumption (8.3) is sufficient for the results of Shibata and Soga.

The Neumann problem allows so-called Rayleigh waves, which are surface waves on
the boundary of the obstacle. Even here local energy decay holds, as we have seen
in Theorem 8.3.1. But Kawashita proved that this is all that can be expected: In
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[Kaw 92] he showed that for (ELN) there exists no decay “of strong type”. On the
other hand any decay rate implies, according to Theorem 9.2.1, such a decay “of strong
type”. Therefore there exists no decay rate for the Neumann problem at all. As a
matter of fact this shows that non-trapping conditions do not make sense for (ELN).

9.3 The Propagation of Singularities

In Chapter 4 we studied the propagation of singularities for boundary value prob-
lems of the wave equation. The crowning result was the generalized Huygens’ principle,
stating that b-wavefronts of solutions of (W.D) or (W.N) propagate along generalized
bicharacteristics. We now want to present the corresponding results for the equations
of elasticity. What is the situation here? Now the determinant of the principal symbol
has to be studied. It is given by

p(t, 2, 7,6) = (plgl” — )" (A + 2m)[€* — 77)

(cf. [Ya 88|, Lemma 1.1). This leads to two bicharacteristic families in char p, namely
those of

Pt 2,7, E) = pil€P =77, pr=p, pp=A+2pu.
We make from now on an additional assumption on the Lamé moduli, because otherwise

the singular behaviour of elastic waves is much more complicated even in the interior
R x 2 (cf. [Ral 76, Ral 78]):

Assumption 9.3.1 The Lameée moduli A and p fulfil
WFENF20. (9.1)

Remark: This is in fact an additional assumption for (E1.D) with u being constant
only, for (8.2) already implies (9.1).

Let X := R x Q. In the interior, i.e. in T*(X ), wavefronts propagate indepen-
dently along the null bicharacteristics of each of the two families (cf. [Tay 81], Corol-

lary VIIL.2.3, p. 154f.). At the boundary, however, one has to consider the inverse
images with respect to the projection

T*(X)|ox — T*(0X) (9.2)

in charp, U charpy,o,. We want to illustrate what happens at a boundary point
(t,z) € 0X. Let (1,£) # (0,0) be a tangential direction to 0X in (¢,z), i.e. £-n(x) = 0.
Then we can regard (7,&) as an element of 77} ,(9X). To look for inverse images in
both characteristic sets means here to look for o € R with

pp(t,z, 7€+ an(z)) =0, i=1,2.

Because of
ppi(t7 ZaT,€+ an(l‘)) = p; (|€|2 + a2) _ 7_2’
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72
a=+4/— —[£]?, i=1lori=2.
Pi

For the existence of such real «

this requires

Ty = pilé)P — 2 <0, i=1lori=2

is needed. For fixed (¢,z) € 0X, the characteristic sets of p, and py;9, form two
double cones with common origin (79,&;) = (0,0). From the geometrical point of view
there exist five possibilities for a tangential direction ¢ := (7,&) # (0,0) with different
numbers of inverse images with respect to the projection (9.2):

( is situated in the exterior of both cones no inverse image.

( is situated on the boundary of the exterior cone one inverse image.
( is situated between the two cones two inverse images.

( is situated on the boundary of the interior cone three inverse images.

el

( is situated within both cones four inverse images.

Suppose without restriction A + g > 0, that is A + 2y > p (otherwise one has to
interchange p and A+ 2p in the next statements). Then these five cases correspond to

0. 0<ry, <Tapou, elliptic set.
1. 0=r, <ryu, tangential bicharacteristics of p,.

2. 7, <0< rx9,, oneincoming and one outgoing non-tangential bicharac-
teristic of p,,.

3. 1, <Txyou =0, oneincoming and one outgoing non-tangential bicharac-
teristic of p,, tangential bicharacteristics of pyo,.

4. 1, <rTxyou <0, oneincoming and one outgoing non-tangential bicharac-
teristic of p, as well as of pyo,.

If we look for example at case 4., we get with

2
QG 1= T__|§|2a Z':]-a?a
\/ Pi

in the special situation of homogeneous media the following four incoming and outgoing
bicharacteristics:

(t —27s, 2+ 2p;(§ + ayn(z))s, 7, € + ayn(z)) , s<0, i=1,2,
(t =278,z +2p;i(§ — ayn(z))s, 7,6 —ayn(x)), s>0, i=1,2.

Yamamoto was able to establish a generalized Huygens principle for isotropic elas-
ticity in [Ya 88, Ya 89|. His results were formulated for homogeneous media, but his
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proofs actually apply to the general case also. This is due to the fact that he used
local coordinates, since the corresponding transformation of the coordinates leads ac-
tually to a general isotropic medium. A distributional solution of (EL.A) is again a
distribution that satisfies all the identities of (EL.A) in the distributional sense, and
(t,z,7,&) € T*(R x 002) means that z € 92 and & - n(z) = 0. For the displacement
problem there is no propagation of singularities in the elliptic set. Yamamoto proved
the following result:

Theorem 9.3.2 (Generalized Huygens’ Principle)
Suppose U € 5’(R>< Q) is a distributional solution of (E1.D). Then the following hold:

1. InT*(R x Q), WFy(U) is propagated along the bicharacteristics of p, and pria,.

2. Let (t,z,7,&) € T*(R x 0Q) \ 0. If WE,(U) has an empty intersection with all
incoming generalized bicharacteristics in (t,x,7,£), so it has with all outgoing
generalized bicharacteristics.

Remarks:

1. The second statement includes the possibility that wavefronts ramify. So a solu-
tion may be singular along the incoming generalized bicharacteristic of one variety
only, but along all outgoing generalized bicharacteristics and vice versa. That this
happens indeed was proven by Yamamoto in [Ya 90]. Another possibility is even
a change of the variety at the boundary.

2. In [Ya 89|, Yamamoto assumes that n = 3. For his results, he does not need this
restriction at all, because he always refers to the proofs of [Ya 88|, where n > 2
as in our considerations.

3. For the traction problem the same results hold with one important difference
(cf. [Ya 88]): The elliptic set is now involved, too. The so-called Rayleigh waves
propagate in this set at a speed slower than p'/2. In case that

singsupp(U(0), U(0)) N (R x 092) # O,

these Rayleigh waves occur. As remarked above, because of these surface waves,
there is no uniform LED for (ELN).

The above considerations suggest the definition of special curves which reflect the ex-
istence of more than two inverse images in p~!(0) with respect to the projection (9.2).
We therefore denote by a generalized bicharacteristic path a curve which consists of
generalized bicharacteristics with the possibility of changing the bicharacteristic vari-
ety at each point of 7*(0X) in the way indicated above. The projection of such a
generalized bicharacteristic path to Q will be called a (generalized) geodesic path. The-
orem 9.3.2 and the Gaussian beam construction of Ralston motivate now the definition
of a Melrose-type non-trapping condition for (EL.D):
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Definition 9.3.3 (Melrose’s NTC for (EL.D))
Q s called non-trapping

<= for some Ry > R there exists a Tk, such that no geodesic path of length T, lies
completely within Qp, .

Remark: This is not the non-trapping condition of Yamamoto in [Ya 89]. He used
Melrose’s NTC for the wave equation. His results on the propagation of singularities,
however, show that one needs control of the length of geodesic paths near the obstacle if,
for example, the eventual smoothness of a weak solution in 5 should be implied. It is
not clear from [Ya 89|, how to derive an upper bound of the length of geodesic paths in
Qg from Melrose’s original NTC. That is why the present author uses Definition 9.3.3,
which seems to suit better to the quoted results of Ralston and Yamamoto.

9.4 Ramification of Singularities and Rayleigh Waves

In this short section we want to present some further details on the results of the
last section and point out the relation to phenomena that occur in the applications
(e.g. earthquakes).

The generalized Huygens’ principle of Yamamoto allows the ramification of singu-
larities to both bicharacteristic varieties at the boundary. We want to mention some
results which show that this happens in fact. In Sommerfeld’s book [Som 64], p. 301~
304, for the traction problem of homogeneous media in a half-space in R? the following
reflection phenomena are described:

(a) one incident longitudinal wave
= one reflected longitudinal wave and one reflected transversal wave, polarized
in the direction of the incident plane,

(b1l) one incident transversal wave, polarized in the direction of the incident plane
— one reflected transversal wave with the same polarization and one reflected
longitudinal wave,

(b2) one incident transversal wave, polarized orthogonal to the incident plane
— one reflected transversal wave with the same polarization and no reflected
longitudinal wave.
Transversal waves and longitudinal waves propagate with velocities /2 and (A+2p)'/?
respectively. These are exactly the shear and pressure waves of Section 8.2.

Motivated among other things by a seismogram, these three reflection phenomena
of the free boundary value problem served as a starting point in [Ya 90]. Yamamoto
studied this behaviour for A, 4 > 0 in terms of the propagation of singularities. Trans-
ferring (a), (b1), and (b2) to generalized bicharacteristics with the same projection to
T*(R x 0f2), Yamamoto proved (a) for bicharacteristics of pyis, which make nearly
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tangential or nearly orthogonal incidence at 0€). Furthermore he showed that singular-
ities must propagate according to (b1l) and (b2) under some assumptions on A, u and
the angle of incidence. All these results hold independently of this angle, if A > 4u. It
should be remarked that this last assumption excludes the possibility that singularities
change the bicharacteristic variety at the boundary.

Finally we want to stress the importance of Rayleigh waves. In seismology the shear
and pressure waves propagating with the above speeds can really be observed. But in
case of a discontinuous impulse on the surface of the earth, caused for example by an
earthquake, another wave appears, travelling along the boundary at a third, slower
speed. This is a Rayleigh wave. Shear and pressure waves dissipate rapidly and decay
inversely as the square of the distance from the epicentre. Rayleigh waves, however,
travel slower and decay, as surface waves, only like the inverse of the distance. These
waves were first analysed by Lord Rayleigh in [Ray 1885] for a planar boundary. He has
already assumed that they could be of great significance in seismology (p. 11, ibid.):

It 1s not improbable that the surface waves here investigated play an impor-
tant part in earthquakes, and in the collision of elastic solids. Diverging in
two dimensions only, they must acquire at a great distance from the source
a continually increasing preponderance.

While Rayleigh and others studied flat boundaries only, a rigorous treatment of the
related singular behaviour for arbitrary smooth boundaries was first given by Taylor
in [Tay 79|.

9.5 Escape Functions

In this section we introduce escape functions for isotropic elasticity. This is an
adaption of the definition of Morawetz, Ralston, and Strauss for the special situation
of two bicharacteristic families that occurs here. The reason is not that we want to
apply the energy method similar to [M/R/S 77| for a proof of uniform LED. What we
want to make use of is the special link between some nice geometric conditions on the
obstacle and the NTC of Melrose for (ELD), given by an escape function, as we have
already seen with the wave equation. So after some work that may seem a little bit
“academic”, we prove that the existence of an escape function implies Melrose’s NTC
for (ELD). This finally enables us to conclude that under a few restrictions on the
medium star-shaped obstacles, obstacles that can be illuminated from the interior or
from the exterior, and snake-shaped obstacles are in fact non-trapping in the sense of
Melrose.

9.5.1 Definition

In Section 9.3 we saw how to calculate the incoming and outgoing bicharacteristic
directions of a point in 7*(0X). For the definition of an escape function it is more
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useful to calculate the outgoing directions from an incoming one: Let there be an
incoming bicharacteristic in (¢,z,7,&) € T*(X)|sx, i-e. £ € 02 and £ - n > 0, then

(t,z, 7,6 — (£ -n)n) € T*(0X).

Looking for the inverse images under the projection (9.2) means here to calculate the
solutions « of
pil(€— (€ -mn)+an’ -7 =0, =12,

i.e. real o with

a=i\/§—|5—<g-n>n|2,

one solution, namely o = £ - n, being already known from the starting point of our
considerations. Here one should note that the related outgoing “directions” &y, to a
given incoming &;,, have the property that

Eout = &n + QN with a <0.

We finally get the following result: If there is an incoming bicharacteristic of p,,  in
(t,z,T,&n), one calculates the starting point (¢, z, T, &) of a related outgoing bichar-
acteristic of p, . by

§0ut:§in_(§in'n)n_ \/7-2< ! _i> +(€in'n)2n7

Pout Pin

where at least for pou; = pin @ solution exists.

Before we define an escape function for isotropic elasticity, a few motivating remarks
should be made: First there exist constants C; and Cy such that

0<Cr <A+ 2u,u <0y in Q.

Secondly 7 is constant along generalized bicharacteristic paths. Because the b-wavefront
set of a distribution is conical, it therefore suffices to look at generalized bicharacteristic
paths with |7| = 1. With this restriction || = l/p;/2 on p,*(0) holds, i = 1,2. Thus
our escape functions will be defined on

_ 1 1
Kp:= {(x,&) ‘ z € g, |§|:,ulT(:r) v [El = ()\+2,u)1/2(x)}'

This means in particular that K is compact. We divide K into two compact subsets,

K, = {(x,g) ‘ z€Qg, €] = %} i=1,2.
pi'"(x)
The intention of introducing escape functions is: They shall be strictly increasing
along generalized bicharacteristic paths. So they shall behave like the original escape
functions of [M/R/S 77| with the addition that the possibility of changing the bichar-
acteristic family at the boundary is taken into account. Thus we define
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Definition 9.5.1 A function p(z,€) € Coo(Kg) is called escape function (El) <=

0 0

p(xaé-out) - p(‘Ta é-in) > 07 fOT §0ut 7é fin

(17) dp

on {(x,f,) € Kg ‘ x € 89}.
ne(x)-a—g

(‘Tag)>03 fOT f'ne(l'):()

Remark: Here we used the above definitions of &, {uus. For the sake of completeness
we repeat them using now n, instead of n: For &,, &, - n. < 0 holds and

1 1
- _> + (&in - ne)? 0.
Pout Pin

Eout = &in — (gin : ne)ne + \/7-2 (

9.5.2 Escape Functions and Melrose’s NTC

Before we prove that the existence of an escape function (El) implies Melrose’s NTC
for (EL.D), we need to have a closer look at the regularity of generalized bicharacteristic
paths. Each of the two families comes from the principal symbol of a wave equation.
There differentiability of generalized bicharacteristics holds with the exception of the
points of reflection. We have already seen that these points are isolated and that right
and left limits and derivatives exist at a reflection point. Thus there remain those
points at which the bicharacteristic family is changed. According to |Ya 88, Ya 89| to
each such y(sp) € T*(X)|sx there exists a neighbourhood (sy — ¢, s +¢) of sy in which
a change of the family is possible only at sy. Therefore the set of those changing points
is a discrete subset of the interval I on which v is parametrized. In a changing point
right and left limits and derivatives of v exist, too. The only difference with respect
to regularity to a generalized bicharacteristic of the wave equation is now that the set
B of all singular points, i.e. the union of reflection points and changing points of v, is
no longer a discrete set, because reflection points could accumulate at a point of G*°,
where a change of the family may occur.

Now let v(s) := (t(s), z(s),7(s),£(s)) be a generalized bicharacteristic path. Then
x(s) is continuously extendable at every singular point sq of v, because there right and
left limits of z(s) coincide. That means: Whereas

v:I\B — T*(X)UG2UG3,,,
is not defined at the countable set B, one can regard z(s) as a continuous curve
r:1 — Q.

One calculates the gliding vector field of p,, as in the case of the wave equation. This
yields

1
G —_ 2 -
Hoa = Hon. ~ (201'(33) Hpﬂid> (0e(7),Ve-), i=1,2.
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As usual
Hzpidé(]in GgPiUGzi (: Gii\dei)7 i:1,2,

holds.

Suppose now that an escape function exists. Let
v:I\B — T*(X)UG2 UG3,,,
be a generalized bicharacteristic path with |[7| = 1 and x(s) € Qg for all x € I. Then
o(s) == p(x(s),&(s)) is differentiable in I\ B and in B right and left limits of p and
@ exist. In I'\ B, 7y is locally a generalized bicharacteristic of one family, namely a

generalized bicharacteristic of p,,. Therefore in I\ B the following holds

o for z(s) € Qor y(s) € Gy, :
W s) = (Hyi) ()

— (2063~ 169 (0) - 52 ) 9).

o for y(s) € G3,\ Gg, :

Ws) = (#5,0) ()

— (2063~ 16900 52 ) ) = (oo o) malo) - 52 ) 9)

Because K is compact and g is smooth, in Definition 9.5.1.(i) actually

Op 9 Op
208 - 7 — i -
pi& -5 = €V % > >2c>0
holds. In addition
dp
ne(x)-a—{__ >0 and Hﬁmdgo in G2\ Gq,

This yields
£(8)20>0 inl\B.

In B, on the other hand, an escape function is just so defined that

(s +0) — p(s = 0) = p(z(s), £(s + 0)) — p(x(s),£(s — 0))
= p(x(s), Sout) — p((s), &in)

> 0.

Thus all assumptions of the following lemma have been verified:
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Lemma 9.5.2 Let f € Ci([a,b] \ J) be real valued, where J is almost countable. Sup-
pose the following holds:

(i) Vte[a,b]\J: f'(t) 2¢c>0,
(i7) for all t € J there exist f(t £0), f'(t£0) and f(t+0) > f(t—0).
Then
f(b—0)— f(a+0)=c(b—a).
The lemma is proved in essentially the same way as Lemma 7.11 of [Pau 96|.

Since p is bounded by some constant M on Ky, Lemma 9.5.2 implies that the length
of an interval on which a generalized bicharacteristic path over Ky is parametrized is
at most 2M /c. Because of

1 1/2
|7'(s)] = |2pi(2)€(s)| = 2|p¢(fv)IW — 2lpi(x)|V? < 2012 = €,
for the length [ of a geodesic path over Kg it follows that

b
2M
l=/|x'(s)\ds < Csfb—a) < Gyt = Ty < oo

This proves the desired implication:

Theorem 9.5.3
3 escape function (El) = Melrose’s NTC for (E1.D) holds.

9.5.3 Applications

We now want to point out a few situations in which escape functions for isotropic
elasticity exist. As always in case of inhomogeneous media this leads to conditions on
both the obstacle and the medium.

Suppose a Straussian vector field [ exists, i.e. a smooth vector field [ with a ¢ > 0,

such that
(1) I(z) -ne(xz) >0, x € 09,

(i) Bilj(x)&&; > clef, ze€Q, E€RY.
When is p(z, &) := I(z) - £ an escape function (El)? Because of

0
8_§ =l(z) and & = &in + an, with a >0
point (ii) of Definition 9.5.1 obviously holds. Because of

9

§- 8? = 3ilj($)§z'§j
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point (i) of Definition 9.5.1 means
For homogeneous media this inequality reduces to

2pi(x)0il;(x)&:&; > 0,

a condition which is fulfilled in K,,, ¢ = 1,2, by every Straussian vector field [. A
direct application of Theorem 9.5.3, therefore, yields:

Theorem 9.5.4 Assume that a Straussian vector field | exists. Then the following
holds:

1. If the medium is homogeneous, then Melrose’s NTC for (ELD) is fulfilled. This
especially means that star-shaped obstacles (n > 2), obstacles that can be illu-
minated from the interior (n = 2,3), obstacles that can be illuminated from the
exterior (n = 2,3), and snake-shaped obstacles (n = 2) are non-trapping.

2. If the medium is inhomogeneous and in addition condition (9.3) holds, then Mel-
rose’s NTC for (ELD) is fulfilled.

As remarked earlier, strictness in (i) or (ii) is sufficient for a Straussian vector field.
Therefore star-shapedness instead of strict star-shapedness is strong enough a condition
on the obstacle.

We already know that for star-shaped obstacles [(x) := z is a Straussian vector
field. Because 0;l;(x) = 0,5, (9.3) becomes here

€)? (2pi(z) — rOppi(z)) >0in K,,, i=1,2. (9.4)

This corresponds exactly to the condition (3.9) of Bloom in the case of the wave equa-
tion for inhomogeneous media. And after the remarks on the existence of two different
waves for the displacement problem of isotropic elasticity this should be actually no
surprise: (9.4) means that the medium shall fulfil Bloom’s condition with respect to
both the shear and the pressure waves.

The preceding theorem shows no real difference to the wave equation. In the sit-
uations studied there, the existence of a usual escape function already implies the
existence of an escape function (El). So what about general escape functions, as con-
structed in Section 5 of [M/R/S 77| for non-degenerated non-trapping obstacles in
R?? The problem is that Definition 9.5.1 requires some additional structure of p with
respect to the variable £ in order to take into account the possible changes of the
bicharacteristic family. This structure is respected especially by those usual escape
functions that are linear with respect to £&. But this does not hold in the general case.
What remains an open question is, whether the existence of a usual escape function
gives rise to the construction of an escape function (El)—a problem which seems to be
closely related to the question discussed above, whether the original NTC of Melrose
is sufficient for our NTC of Melrose for (ELD).
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9.6 Green’s Matrix and the Non-Trapping Conditions
of Vainberg

Similar to Section 6.1 we want to introduce the Green’s matrix of the Dirichlet
problem in isotropic elasticity and combine this with an existence and uniqueness result
for distributional solutions. The situation here is again more difficult than with the
wave equation because of the system of equations. Since the Schwartz kernel theorem
is proven in [HGI] for a “scalar” problem we have to introduce a certain formalism and
to reduce the solution operator to a family of scalar operators first. Their distribution
kernels will build the Green’s matrix. This finally leads as in Section 6.1 to Vainberg’s

NTC.
Let Py denote the unique solution with finite energy for ¢ € Coo () of

2U — div (uw(VU + (VU)T) + (AdivU)I,) =0 in RxQ,
U=0 on R x 09, (9.5)
U(0) =0, U(0) = ¢ in Q.

Let X1 :=Rx 2 and X5 := 2. We want to apply the Schwartz kernel theorem to prove
the existence of a distribution kernel of the operator P. The situation here is more
complicated than in the case of wave equations, because now ¢ and Py are vector-
valued and their components are coupled by the above system of differential equations.
So we have to formalize the situation a little bit in order to apply Theorem 6.1.1. At
the end we will be able to write again

(Kp) (@) = K@ ®¢), %€ CoulX1), ¢ € CoolXa) (9.6)

with K¢ := Py and K := G, but now with vector-valued functions ¢ and ¢ and with
G being the Green’s matriz of the problem. To avoid some confusion, we will—up

o

to the beginning of Theorem 9.6.1-formally distinguish the dual of (C(Y))" by the
notation (D'(Y))" from the dual of Coo(Y). (9.6) means that K is a (n X n) matrix
whose components are distributions,

Y1 @1 Y1 ®pp
YR @ = : : for ¥ € (Coo(X1))" and ¢ € (Coo(X2))",
Un @1 -y @ pn
and K and Ky have to be applied to ¥ ® ¢ and 9 respectively in the following way:

n

(Kp)(¢) == Z(/Cso)i(wi) (9.7)
and
Kpoe) =Y Ki®p);=Y Kjthi®p;). (9.8)

=1 =1
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With this in mind we see that Py obviously generates a distribution in (D'(R x ))™
which is, according to [H6I]|, Theorem 4.4.8 (and the remark at the beginning of its
proof there), even an element of Co, (R, (D'(2))™) and solves (9.5) in the distributional
sense (i.e. all four identities of (9.5) are valid in the distributional sense).

We now regard the solution operator P as a map
P: (CoolQ)” — (D'(R x Q)"

and study

n

(Po)(®) = D (Pe)i(th) -

i=1

Define ¢; := ¢,e;, e; being the j-th unit vector of R*. Because of

Py =Y Py
j=1

we get

This defines linear mappings
P;:Cu(Q) — D'(RxQ), i,j=1,...,n.

The P, fulfil all the conditions of the Schwartz kernel theorem: Let x € Coo(R x ).
Then there exists a T > 0 such that supp x C (=7,7) x Q. With

p = sup max(\(z) + 2u, i)
z€Q

we have
bm — 0 in Col() (m — 0)

= ¢ — 0 in L2(Q) (m — ) A da > 0Vm : supp ¢, C Q
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and with ¢, = ¢ne; follows

(Pybm) ()] = / (P3;m)i(ts2)x(t, 2) dasdt

(-T,T)xQ

< || (Péb/jam)i”(fT,T)XQa_FﬁT ||X||(—T,T)XQ
1/2

T

<0l [IVEEHM O, ] N Crrres
T
T

1/2

N

c / E((PEim)(®):2)dt | ¥l raryee

-T

= C (2D)* E(P%3m)(0), DY Ixll 1,190
= C D)2 Igmllo X rrye — 0 (M —> )
= (Pj¢) — 0 in D' (RxQ) (m — ),

where we used the finite propagation speed of solutions of (9.5) for the first estimate
and Poincaré’s inequality for the second. Thus the assumptions of Theorem 6.1.1 have
been verified. Therefore a unique kernel G;; € D'(R x 2 x §2) of the operator P;; exists
with

(PZJQDJ)(I/)Z):GZJ(,(/)Z(@QD])’ iajzla"'an'

With G := ((Gy;)); and the conventions (9.7) and (9.8) for the application of vectors
matrices of distributions this finally proves the following theorem:

Theorem 9.6.1 There erists a unique distribution G € D'(R x Q x Q) with

o

(Po)() =G ®@¢), Vi € (Coo(X1))" Vip € (Coo(Xa))"
Thus G is still called the distribution kernel of P.

Definition 9.6.2 The distribution kernel G of P is called the Green’s matrix of the
problem (9.5).

Remark: Vainberg defines the Green’s matrix as the kernel of the solution operator of
the restriction of problem (9.5) to Ry x €. Because of the uniqueness of the Schwartz
kernel this is exactly the restriction of G to Coo (RT x Q X Q).

The differential operator of the equations of isotropic elasticity can be written as a
matrix operator:

L(.’L’, Dt,w) = (((513 (3? — 8k,u8k) — aj,uai — 8Z/\8]))

ij



92 CHAPTER 9. UNIFORM LOCAL ENERGY DECAY

and thus
L(z,Dy,)U = 8;U — div (u(VU + (VO)T) + (A divU)1,) .

We again add formally to G, ¢, and 1 the variables t, z, and xy to make it clear, how
differential operators have to be applied. We have

(L(@, Dy p)G(t, x,20)) (¥ (t, ) @ p(x0)) = G(¢, z,20) (L(x, Dyp) (¥ (2, ) @ ¢(20)))
= G(t,2,20) ((L(x, Dia)(t, 7)) ® ¢(0))
= (Pgo(t, ac)) (L(:L', D, . ) (t, ac))
= (L(z, Do) (Pp)(t,2)) (¥ (t, 2))
=0, Yelo(RxQ), pelunl(®).

Here L has to be applied to G and ¥ ® ¢ by the usual matrix multiplication. As in
Section 6.1 it follows that

G € Cou(R D' (Q x Q) (9.9)

and that G has boundary values in D'(R x 09 x Q). Therefore G is a solution of the
following problem:

L(z, Dy ,)G(t,xz,20) =0 in D'RxQx0),
G(t,x,20) =0 in D'Rx 002 xQ), ¢ (9.10)
G(0,z,29) =0, 0,G(0,z,20) = 6(x — x9)1, in D'(2x Q).

That G has the above initial values can be seen by the following arguments: The
Schwartz kernel theorem gives

@.G) (b ® @) = =GO © ) = =(Pp)(01) = (8,(Pp))(¥)

for all ) € Coo (R x Q) and ¢ € Coo(Q) . The right-hand side is continuous with respect
to t € R and known for t = 0. With (9.9) we get

(0:G(0))(x ® ¢) = (B:(P¥)(0))(x) = / p(o)x(z0) dzo,  Xo 9 € Coo(Q) -

The remark following Theorem 6.1.1 leads to
0,G(0,z,z9) = d(x — o) in D'(2 x Q).

Again (G is extendable to R" with respect to z.

Before we state Vainbergs non-trapping condition, a few remarks concerning dis-
tributional solutions of (9.5) and (9.10) should be added. Assigning boundary values
to a distribution seems only possible for extendable distributions, i.e. elements of D
(cf. Section 4.1). In the distributional sense the system (9.5) has at most one solution
in the space D (Rx ), even if ¢ € D'(Q). Because the author has no reference for this
result, a proof follows, which makes essential use of the generalized Huygens’ principle:
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Let v be the difference of two solutions of (9.5) belonging to D (R x €2). Therefore
v solves the same problem with ¢ = 0. Theorem 4.4.8, [H5I|, yields v € Co (R, D' (2)).
Define V € C(R, D' () by

v(t), t>0,
V(t):{o() t<0.

Clearly V € 5’(R x ). Because all right and left derivatives of V in ¢ = 0 vanish
identically, we even have V € Co (R, D'(2)) and all distributional time derivatives of V
coincide with the distributions generated by the classical time derivatives. Thus V' is
a distributional solution of (9.5) with ¢ = 0, too. Therefore the generalized Huygens’
principle, Theorem 9.3.2, can be applied yielding

VECL(RxQ),
because

LV €C(RxQ), V €Co(Rx99Q), and V €Cx(R xQ).
(Rx09)

This especially means v € Co(Rt x Q). So the same argument can be used for v
proving that

v € Coo(R x Q).

According to this, v is the unique smooth solution of the problem and therefore it
vanishes identically for (¢,z) € Rx Q. This proves the uniqueness of a solution of (9.5)
even in the space D (R x ().

This uniqueness result evidently remains true, if one allows in (9.5) non-vanishing
initial data U(0), inhomogeneous boundary values, and any right-hand side in the first
identity that is continuous in ¢ (without this last assumption Theorem 4.4.8 of [H61]
could not be applied and therefore it would not be possible to assign initial values in
this “strong” formulation to a distributional solution).

The proof can be transferred to the restriction of (9.5) to R x €. In this case one
has to use Theorem 4.4.8" of |[H6I|. One still works with an extension of v by 0. This
proves the following theorem:

Theorem 9.6.3 Let I =R or I = R" and assume that Uy, U; € D'(Q), g€ D' (I x09),
and f€ C(I,D'(2)). Then the problem

02U — div (u(VU + (VU)T) + (A divU)L,) = f in RxQ,
U=g on R x 00,
U(O) = U(), Ut(O) = U1 m

has at most one solution in D (I x ).
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Uniqueness holds for problem (9.10), too: A solution F' shall still be extendable
with respect to z. Then this is also true for Fo with ¢ € Coo(Q) and F being the
operator related to F' by the Schwartz kernel theorem. One easily verifies that F is
a distributional solution of (9.5). The above uniqueness result gives

F=P
yielding
F=d

by the uniqueness of the distribution kernel. This finally proves the following existence
and uniqueness result:

Theorem 9.6.4 Problem (9.10) has for all domains Q a unique solution in the space
of distributions which are extendable with respect to x, namely the Green’s matriz.

It should be noted again that the above results are important for the next chapter’s

comparison of the different non-trapping conditions. But first they enable us to state
Vainbergs NTC:

Definition 9.6.5 (Vainberg’s non-trapping condition)
Let G be the Green’s matriz of (9.5). Q is called non-trapping
= Va,b> R 37(Q,a,b) >0: G € Coo([r,00) x U x Q).

One will still get the same results with essentially the same proofs, if one uses the
following non-trapping condition (cf. [Iw/Sh 88|, [Di 92]):

Definition 9.6.6 (Non-trapping condition for the weak solution)
Let U be the weak solution to ¢ € L2(Q) of (9.5). Q is called non-trapping
= Va >R 37(Q,a) >0 Vo € L2(Q) : U € Coo([r,00) X Q).

As in Section 6.1 we conclude that U is a solution with finite energy. The two non-
trapping conditions will be compared in next chapter.

9.7 The Vainberg Method

Now we want to establish uniform local energy decay for solutions with finite energy
of (EL.D). The procedure here is essentially the same as for the wave equation: With

A= (A(ﬁ D) I(?) ’

and with (ik — .A)~'V denoting the solution of (ik — A)W =V in Q, W = 0 on 992 for
V € H and k € D™, we have

ik — A1 = ( —ikR(k)  —R(k) )

“R(k) A(z, D) —ikR(k)
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where R(k) := (A(x, D) + k%)~! denotes the operator that maps f to a solution of
(A(x,D) +k*g=finQ, g=0o0ndN.

We use the representation of the solution of (EL.D) in terms of the Laplace transform:

+oo—io

()2 Towear (@ o

—oo—io

The path of integration has to be moved into the upper half-plane. Therefore, a
continuation of the resolvent R(k) across the continuous spectrum is needed and its
analytical properties together with the behaviour for high and low frequencies have to
be investigated. As before the high-frequency asymptotics determine whether there is
uniform local energy decay at all—this is the place where a non-trapping condition is
needed—whereas the low-frequency asymptotics give the precise decay rates.

We first state the analogues of the Lemmata 6.2.2, 6.2.3, and 6.2.4. Afterwards we
present the decay results for solutions of (ELD).

Lemma 9.7.1 ([Va 68], Th. 3, [Iw/Sh 88], Th. 1.3, [Dan 96], Th.1.4)
Suppose a,b > R. Then the resolvent R(k), k € D™, can be continued meromorphically
to D as a Ly(L2(Q), Ho())-valued function. The set of poles of R(k) is discrete and
its intersection with D~ 1is empty.

The continuation of the resolvent will still be denoted by R(k).
Lemma 9.7.2 Suppose a,b > R. Then R(k) has no pole in R\ {0}.

Remark: Iwishita and Shibata stated this last assertion for homogeneous media only
(cf. Theorem 1.4 of [Iw/Sh 88]). The reason seems to be that the authors were not
aware of the unique continuation principle for the inhomogeneous case. But such a
result exists in [We 69a, We 69b, We 00, De/Ro 93, A/I/T/Y 98]. Therefore Lemma
9.7.2 is even true in the general situation.

Lemma 9.7.3 ([Va 75], Theorem 7) Let a,b> R and let Q2 be non-trapping accord-
ing to Definition 9.6.5. Then there exist positive constants o, 3,C, T such that for
integers 0 < s<1and0<j<2

”R(k)||£b(7:ls,a(9)a7is+2_j(nb)) <C |k‘1—jeT|Imk\

for any k out of
Upp = {k €D ‘ Imk| < aln |Rek| —ﬁ}

Remark: Like Lemma 6.2.3 this result remains true, if the non-trapping condition
for the weak solution (Definition 9.6.6) is used instead of Vainberg’s non-trapping
condition.

The low-frequency asymptotics are due to [Va 73|, Theorem 2, [Iw/Sh 88|, Theorem 1.2,
and [Dan 96|, Theorem 1.2:
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Lemma 9.7.4 Suppose a,b > R. Then there exists a v > 0 such that:

1. For odd n
R(k) is holomorphic in W := {k €D ‘ k| < 7} :

2. For even n >

4
iiBmJ 2 Ink)mkd i W= {keD ‘ \k\<7}

m=0 57=0

3. Forn=2

:i i "(Ink)™ in W'

Here the By,; € Ly(L2(2), H2()) and the double series converge absolutely and uni-
formly in the operator norm.

Remark: According to [Iw/Sh 88| and [Dan 96| similar expansions hold for the Neu-
mann problem (for n = 2 there is a slight difference comparable to the one of the wave
equation). That these results do not lead to uniform LED for solutions of (ELN) is
due to the fact that no obstacle satisfies Vainberg’s NTC or the NTC for the weak
solution in case of homogeneous Neumann boundary values. So Lemma 9.7.3 is an
empty statement for (ELN)!

Now the contour of the integral in (9.11) can be shifted into the upper half-plane as
in Chapter 6. The application of the above lemmata leads then to the following decay
results:

Theorem 9.7.5 Assume that a > R and that € fulfils Vainberg’s non-trapping condi-
tion or the non-trapping condition for the weak solution. Let K CC Q and let U be a
solution of (EL.D) with (Uy,U,) € H and supp(Up,U;) C Qr. Then positive constants
c and § exist such that the following decay estimates hold:

1. Forn > 3 odd
E(U(t),K) <ce™®EU(0),Q).

2. Forn >4 even
EU@®),K)<ct *™2E(U0),Q), t>0.

3. Forn=2:
E(U(t),K) <ct?In™*t E(U(0),Q), t>0.

Remarks: For homogeneous media this result is due to Iwashita and Shibata (n > 3)
and Dan (n = 2), cf. [Iw/Sh 88|, Theorem 4.3, and [Dan 96|, Theorem 5.2. The only
reason for their restriction to homogeneous media is the unique continuation principle
which is needed for the proof of Lemma 9.7.2. As remarked above this principle holds
for all isotropic media such that the results of [Iw/Sh 88, Dan 96| remain true for the
inhomogeneous case also (compare with [Di 92]). For the technical details of the proof
of Theorem 9.7.5 cf. for example [Di 92| and [Pau 96].



Chapter 10

Localized Solutions

In Section 2.1 we presented Ralston’s proofs of the “only if” part of the Lax-Phillips
conjecture. This result was achieved by the construction of so-called “localized so-
lutions” which stay near a given ray for a long time. In [Ral 82] Ralston actually
treated equations of higher order, too, with the effect that ramifications of geodesics
and bicharacteristics similar to our situation in isotropic elasticity may occur. Thus
a bicharacteristic starting at a single point will in general give rise to a whole shower
that gets bigger at each point of reflection where several outgoing bicharacteristics ex-
ist. With the Gaussian beam construction Ralston used here, he proved the existence
of solutions which are localized near the whole shower.

This result does not hold for equations only. In [Ral 99| Ralston showed how Gaus-
sian beams could be used for the Cauchy problem of isotropic elasticity, the main
difference being that the amplitudes of the beams are now vector-valued functions.
With the methods indicated in [Ral 82| this construction works for boundary value
problems, too. This yields the existence of solutions of (EL.D) that are localized near
a shower generated by the two bicharacteristic families. But is it possible to prove
the above direction of the Lax-Phillips conjecture for isotropic elasticity with Gaussian
beams? This question, which the author discussed in some detail with Prof. Ralston, is
difficult to answer. On the one hand it is not clear that this conjecture (i.e. arbitrarily
long trapped rays imply that there is no uniform local energy decay) is true in this
case. This may be illustrated by an example of Ralston, which he introduced to us
during our correspondence:

Let us consider a homogeneous isotropic elastic medium filling all of three space
outside three small balls whose centres are the vertices of an equilateral triangle. Then
there would be a periodic ray path which is an equilateral triangle with a vertex on
the surface of each ball. Assume the Dirichlet boundary condition on the surfaces
of the balls. Then one can build a Gaussian beam which follows the triangle at the
high speed but reflects off a slow speed ray at each reflection. If the balls are small
enough, these slow speed rays have no further contact with the obstacles (this can
always be achieved because of our Assumption 9.3.1, for here the slow and high speed
rays under consideration diverge at a fixed angle different from zero). This seems to
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be all that could be constructed in this situation, and the energy in the high speed
part of the beam does decay (exponentially) because the slow speed parts carry a fixed
proportion of the energy away at each reflection. This example does not show that
the direction of the Lax-Phillips conjecture that we are interested in is false (there are
other trapped rays—the shortest connections between pairs of balls—where Gaussian
beam constructions would show that energy does not decay uniformly with respect to
the energy of initial data), but it does indicate that one cannot prove the conjecture by
Gaussian beam constructions along a shower containing arbitrarily long trapped rays.

That was Ralston’s example. On the other hand, in Section 9.4 we have already
mentioned Yamamoto’s following result: If A > 4u, then singularities cannot change
the bicharacteristic family at the boundary. Only ramifications to both families are
possible. Because of the strong connection between the propagation of singularities
and the existence of localized solutions, the above detail of [Ya 88|, too, points to a
problem that seems to arise in proving the Lax-Phillips conjecture: It may in general
not be possible to concentrate most of the energy near a single geodesic path of the
shower.

Thus, in general, a proof of the Lax-Phillips conjecture using Gaussian beams seems
almost possible with a refined analysis of the geometrical properties of the obstacle. But
there are some results useful for our purposes that can be achieved by this construction
as has already been indicated in Ralston’s above example. If there is a closed ray of one
family that makes no contact with the boundary, there is no influence from the other
family at all. Then the Gaussian beam construction proves that there is no uniform
local energy decay. Here is no difference to the wave equation. The more interesting
case is the one where 0f) is involved. And for a few special situations, we have good
results, too: Let us suppose the ratio A\/u be constant throughout the medium—
a requirement that is automatically fulfilled in the homogeneous case. Furthermore,
assume the existence of a ray +y in {2 that makes perpendicular incidence with 99 at both
endpoints and has no further contact with the boundary (otherwise the phenomenon
described in Ralston’s example would occur). Our assumption on the medium yields
the differential equations

& =2cu(2)§, £=—cl¢Vu), =12

for the two families. Thus 7 is a ray of both speeds. Because of the perpendicular
incidence, a shower starting with any portion of v would only consist of segments of
+v of both speeds. Therefore, Gaussian beams exist which concentrate the energy
arbitrarily long in a small neighbourhood of 7, showing that uniform LED for (EL.D)
does not hold in this case.

It should be remarked that our assumption on the medium can be considerably
weakened: For our arguments to hold, it is sufficient that the ratio A/p is constant
in some small neighbourhood of v. We summarize these immediate consequences of
Ralston’s results in the following theorem:
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Theorem 10.0.6 Let one of the following two assumptions be fulfilled:

(i) In Q, a periodic ray of one family exists.

(ii) In Q, a ray v of one family exists that makes perpendicular incidence with ) at
both endpoints and has no further contact with the boundary. The ratio A s
constant in some 2-neighbourhood of .

Then there is no uniform LED for (ELD).

If A+ 24 or u have the form cr? in a neighbourhood of a whole circle in  with

centre at the origin, we have the situation of case (i), as we have already seen with the
wave equation.

We can also give an easy example for case (ii), similar to one that occurred in Part I:
If locally A = ¢;72? and p = cpr?, then star-shaped obstacles exist such that a circular
segment gives rise to a periodic ray. The last image on page 9 provides an example for
this situation. This shows that the Bloom-type condition (9.4) is sharp at least in the
following sense: if it is violated by both propagation speeds then star-shaped obstacles
may exist which don’t allow uniform local energy decay.






Chapter 11

Comparison of the Different
Non-Trapping Conditions

As in Chapter 7 of Part I we now want to compare the different non-trapping
conditions that appeared in Part II. The conditions to be discussed for the displacement
problem of isotropic elasticity are:

1. Melrose’s NTC for (EL.D) (Definition 9.3.3).
2. Vainberg’s NTC (Definition 9.6.5).
3. The NTC for the weak solution (Definition 9.6.6).

4. The existence of an escape function (El) (Definition 9.5.1).

We already know that the existence of an escape function implies Melrose’s NTC
(Theorem 9.5.3). In this chapter we will prove the following implications between the
above conditions:

Melrose’s NTC = Vainberg’s NTC == the NTC for the weak solution (11.1)

As announced in the first part of this thesis we furthermore include two other non-
trapping conditions, namely Rauch’s propagation of singularities hypothesis and Vain-
berg’s former condition D'.

Before we start with the proof of (11.1), it should be noted that again Melrose’s
NTC at once implies the NTC for the weak solution. This consequence of the gener-
alized Huygens’ principle has already been remarked by Yamamoto in [Ya 89, (4.3),
p. 217] as one step of his proof of uniform LED (Yamamoto used Melrose’s original
non-trapping condition, a problem we discussed above).
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11.1 The Main Theorems

We begin this section with the proof of the first implication of (11.1). We use here,
as already mentioned in Chapter 7, the ideas that Prof. Ralston told the author in
1996. We start with some preliminaries:

In this proof Sobolev spaces of negative order will be used. These are the conjugate
spaces of the usual Sobolev spaces of positive order. One defines

whereas the dual of #,,(2) is just denoted by (#,,(€2))". These spaces are equipped
with the norms ||-[l, () and [|[|,, @)y respectively (for details cf. [Ad 75], p. 471L.).

Hn(§2) is continuously imbedded into Cp(£2), if m > n/2, according to Sobolev’s imbed-
ding theorem (cf. [Ad 75, Theorem 5.4|). For these m and fixed zy € Q the distribution
d(- — zo) can, therefore, be extended to an element of (H,,(Q2))".

Note that all elements of H_,, () are extensions of distributions in D'(Q) to H,y (L)
(cf. [Ad 75], 3.9, p. 49). Now convergence in H_,,(£2) implies convergence in D'(2):

Lemma 11.1.1 Let the sequence (g;); C H_pn(S2) converge to g € H_,(2). Then the
sequence of restrictions of the g; to Coo(Q2) converges in D'(Y) to the restriction of g.

Proof: We have
g —9 mHLQ) ([ — )
= Vu € Hm(Q) ¢ lgju—gul <llg; = gllyy o lulli) —0 (G — o0)
= Vo €Col®) : |gjd—gd| — 0  (j — )
=09, —¢ in D'(Q) (j — ).

This proves the lemma. U

For the proof of (11.1) we need to have a closer look at the ansatz of the scattering
theory of [Sh/Sog 89]. We denote by (-, -) the inner product in £2(Q) for both scalar-
valued and vector-valued functions. We furthermore use for functions U, U with values
in R”

(U,0)p = /,NU VU +p Yy 8iU70;U + AV'UV'U da,
P ij=1
provided this integral makes sense. We have already introduced the energy space H
for the Dirichlet problem,

H={(UV) | Uens(@),Ver )},
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which is equipped with the so-called energy norm ||(U,V)| g, induced by the inner
product

(U (T, Vg = UT)p+(V,Vy, (UV),(UV)eH.

Although (U,V) € H is a function with values in R?", U will be referred to as the
first component of (U, V) and V as the second. f; and f» have to be understood in the
same way, if f € H. We will use the abbreviation A for A(z, D) in this chapter. The
operator A has already been defined by

0 I,
A= :
A(z,D) 0
For D(A) Shibata and Soga choose
D) ={(U,V) e H ‘ AW, V)T e H}

- {(U, V)e H ‘ DU € £2(Q),V € ’H,V(Q)}

(this is indeed the same set as their D(A) in [Sh/Sog 89, p. 863]). They prove that A
generates a one-parameter group of unitary operators {U(t);t € R} on H. As usual
for initial data (U, U;) € H the first component of U(t)(Uy, U;)” provides a solution
with finite energy of (ELD), whereas the second component is just the derivative with
respect to t of the first. The decisive idea in the proof of the first implication of (11.1)
is now to use properties of the group {U(t);t € R} and its infinitesimal generator A.
We need the following high energy estimate:

Lemma 11.1.2 Let Uy € Hpm(Q) and Uy € Hpm_1(Q). Then for solutions U of (ELD)
the following estimate holds:

1/2

T2+ 101 )" <@ (Ul + It )", teR.  (11.2)

m—1

Proof: For all V € D(A) :={V € Hy(Q) | D2V € £2(Q)} with AV € Hi(Q) Jiang
and Racke proved the elliptic regularity estimate ([Ji/Rac 90, Theorem A2.1])

IVllk+e < c([[AVIE + V) - (11.3)

Now let U be a solution of (EL.D) with initial data (Up, U;) as above. Because A and
U(t) commute, one sees that U(t) preserves the domain of any power of A. Thus (11.3)
can be applied to U(t) for all ¢ € R and k£ < m. Repeated application of this estimate
and the differential equations together with the conservation of the total energy of
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OlU, 1=0,...,m—1, yields

((m—2)/2

N IAU@ A+ AU, m even,
=0

(m—1)/2 .

> AT, m odd,

. J=0

U #)[lm < C

((m—2)/2

S GPUDN+ 10U @I, m even,
j=0

(m—1)/2

> lBPU®)h, m odd,

\ J=0

<C mZ_E(@iU(O),Q)”?JrIIU(t)II)-

1=0
OLU is a solution of (EL.D) with initial values
Ay, AV for even [,

and
AEDRE o AED 2 for odd 1.

Therefore
E(0{U(0),9) < C (1Uoll7,1 + NTAIIT) -

On the other hand we have

+ [|Uoll

t
ol < | [ v ar
0
< 1B (U(0),92)2 + |y
1/2
<C+ 1) (Il + |Tu?) ", teR.
This yields
U@ < et) ([U6l2 + U2, - (11.4)
By similar methods we estimate
U0,y < ¢ (10l + 1UAIE-,) |

which together with (11.4) proves (11.2). O
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The first step in the proof of the first implication in (11.1) is the following lemma:
Lemma 11.1.3 U(t) can be extended to a mapping of E'(Q) to D'(N).

Proof: The commutativity of A and U(t) in particular yields: If the initial data
f = (f1, fo) are elements of éoo(Q), then both components of U(t)f are in Coo(12)
belonging to the domain of any power of A. Thus one can extend U(t) to a mapping
of £'(Q2) to D'(2) by duality making use of the unitarity of U(¢) in the energy norm:
for f € HN L%(Q) and g € D(A)

(U ), Agr) — (UR)f)2,92) = — U [ 9)E (11.5)
=—U@Q) [ UU(-)g)r
= —(f,U(-1)g)E
= (i, AU(=)g)1) — (f2: U(—1)g)2)

holds. We want to get rid of the operator A on the right and left-hand side of this line
of equations: Denote by H; the first component of H. Because (Hi, (-, -)p) is a Hilbert
space, the Riesz representation theorem yields:

R 1
Vh ECOO(Q) E|g S H1 Vf S H1 : <g,f>D = <—h,f)
This identity especially holds for all f € C(€2). By partial integration we get

Vi€l : (g, Af) = (b, f).

Therefore Ag = h in the distributional sense. On the other hand h € £?(Q). This

yields
9) € D(A)
0 )

(@) e s a()= () e

h .
V(i) e le@ 3() enl) A=t A g =-na,
ho g2

for

This proves

or, using the operator A,

() ca(g) e 4()= ()
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Let f = (f1,f2) € HNL2(Q) and b = (hy, hy) € Coo(). To h we choose g = (g1, go)
as above. With (11.5) the following holds:

(U@ )1, 1) + (U@ f)2, h2) (11.6)
U@)f)1, Agr) — (U@)f)2, 92)

=
=
= (f1, (AU(—
= {
=

This yields the desired extension of U(t): For any f = (f1, f2) € £'(2) we define

U )1 () + U@ f)a (ho) (11.7)
= fi (U(~t)(=ha, ;1)")2) = fo (U(=1)(—ha, h1)")1)

for all b = (hy, hy) € Coo(92). Now the right-hand side obviously provides an element
of D'(Q). O

(11.7) yields an extension of U(t) to a bounded map between Sobolev spaces of
negative order, as well:

Lemma 11.1.4 (11.7) extends U(t) to a bounded map from (Hm-1(2)) x (Hm(2))")
to (H_(m_l)(Q) X H_m(9)).

Proof: Let m > 1 and h € (Hp_1(Q) X Hn(€)). Then

(Zj> € (Hn(©) X Hon1(90))

and, therefore,

—h
u-0(7") € (@ x Hua(@) . 1R,
1
Because of the high energy estimate (11.2)

0 i <0 1)

holds for all ¢ € R. Let furthermore

(Hm () xHm-1())

(ﬁ) € (-1 () x (Hn()))
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so (11.7) defines an element U(t) f of (H_(m-1)(22) X H_n(2)) and we have

OB = (U Pr () + @)D (h)
(u-0(),

< ||f||((%m,1(9))'x(ﬂm(n))') (Z,{(—t)(#”))
L (Hm—1 () x Him ()

_h2

= 11 @)y xrm()) u(_t)( hy )
_h2

< C(t) ||f||((%m71(9))’X(”m(m),) H( hy )

hy
= OO 1l (3t )y x om0y H (h2>

(Hm () xHm-1(?))

(Hm () xHin—1(92))

. teR.
(Hm—1 ()X Hom (2))

This yields for all f € ((Hm-1(2)) x (Hm())') and t € R

1A 1l 3¢ sy @) xtem(@)) S CEO Nl (3t @)y x ()

that is for m > 1 the continuity of U(¢) as a map from ((H,,_1(Q))" x (Hnm(2))") to
(H—(m—l)(Q) X H—m(Q)) O

Denote by fs; the distribution (0, (- — z¢)e;). Then the following lemma holds (to
make clear which variable is involved, it will be specified as a subscript):

Lemma 11.1.5
u(t)fJ,j € COO((R X ﬁwo)aDI(Qw)) .

Proof: Lemma 11.1.4 especially means that U(t) f5; depends continuously on zy € Q
in the corresponding Sobolev norm. On the other hand, for any differential oper-
ator D acting in the zo-variable one has DU(t)fs; = U(t)Dfs,;. That means here
Dfs; = (0,D (- — xo)e;j). Thus we conclude that U(t) f5 ; has continuous derivatives in
xg of all orders considered as a function with values in a Sobolev space of sufficiently
high negative order. One can also take derivatives with respect to ¢, since U(t) is
strongly continuous and U'(t) = AU(t). This regularity of U(t)fs; as a function with
values in Sobolev spaces of negative order transfers to U(t) f5; even as a distribution-
valued function by Lemma 11.1.1. O

We are now able to prove that an analogue to Lemma 11.1.5 holds for the Green’s
matrix:

Lemma 11.1.6 For the Green’s matriz G(t,z,zo) of (ELD) the following holds:

G € Coo((R X Q4py), D'(522)) -
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Proof: Denoting by (U(t)fs)x, for £ = 1,2, the matrix consisting of the n columns
U@®) fo)k,9 =1,...,n, Lemma 11.1.5 yields

(u(t)fJ)k € Coo((R X ﬁwo)’D,(Qx)) ) k = 1’ 2. (11'8)

(U(t) fs5)1, however, is the Green’s matrix G(¢,z,o): To see this let Py denote the
solution of (ELD) for initial values U(0) = 0 and U;(0) = ¢. Thus for all ¢ € Coo ()

Pp = (L{(t) (e(;))l . (11.9)

It is sufficient to show that

U) f5); (@) (V(t,2) @ @(x0)) (11.10)
_ //(Pgo)(t, Dbt z)dedt Vb € Co(R x Q) , ¢ € Coo(Q)

(if necessary, we still formally add variables to distributions). Then the uniqueness
statement of the Schwartz kernel theorem yields the assertion. For this purpose we
first introduce the following notation:

(f(y,2) (6(2,7))),

means that the distribution f, depending continuously on y, is applied for fixed y and
z to ¢ as a function of z. Because of (11.6), (11.7), (11.8), (11.9), and the conventions
(9.7) and (9.8) for the application of vectors and matrices of distributions, one gets
equation (11.10) as follows:

U@) f5), (@) (¥(t,z) @ (x0))
=3 [ [ (@05, @) 000,20, 01 00) o

1
=R g,

_ _R[m/ ; ((5(96 — Ip)ej ((U(—t) <1/1(§5), _)>)1 (x)))xg;j(xo) daodt
ol )

- R/ Q / (ur( ,)) (@) it d

- [ [t a0(t.z) daat.

R Qg

Therefore (U(t) f5)1 as the unique distribution kernel of P is identical with the Green’s
function. Because of (11.8) this finally proves the lemma. O
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Now we know that G is a smooth distribution-valued function of ¢ and xy. Thus
it especially solves the equations of problem (9.10) in the distributional sense for each
fixed xy. As a second step, therefore, the generalized Huygens’ principle can be applied
and we conclude

Va,b > R 37(a,b) >0 Vag € Qy : G(+,-,70) € Coo([T,00) X Q). (11.11)

To derive from this the regularity of the Green’s matrix as a R*’-valued function of
(t,z,10) € [1,00) X Qp x Q,, one should first note that the proof of Lemma 11.1.6 yields
(11.11) with the same values of a, b, and 7(a, b) for any zo-derivative of the distribution
G. Then one makes use of the commutativity of U(t) and differential operators acting
in xy again, especially of the identity

DgoU(t)(O’ 5( - xo)ej) = U(t)(O, Dg()&(- - 3:0)6]') y € Ng )

now applied to U(t)(0,d(- — xo)e;) as a function on [r,00) x O x Q, with values in
R2?", finally leading to:

Theorem 11.1.7 Let Q fulfil Melrose’s non-trapping condition for (E1LD).
Then ) satisfies Vainberg’s non-trapping condition.

The second implication of (11.1) is easy to verify:

Theorem 11.1.8 Let Q2 fulfil Vainberg’s non-trapping condition.
Then ) satisfies the non-trapping condition for the weak solution.

Proof: For 7(€,a) of Definition 9.6.6 take 7(, a,a) of Definition 9.6.5. Then for the

weak solution U of (ELD) for initial data U(0) = 0 and U;(0) = U; with U; € £2(Q)
the following holds:

Ut z) = / Gt 2, 20)Us (o) dzo,  (£,7) € ([, 00) x ).

Now the dominated convergence theorem of Lebesgue yields

U € Coo([r,00) x Q). O

Thus (11.1) has been proved completely. The next section will include some more
conditions.
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11.2 Other Non-Trapping Conditions

So far we have dealt with the non-trapping conditions of Melrose, Vainberg, and
the one for the weak solution only, including the earlier decay results of Kapitonov
and Dassios for star-shaped obstacles. Now, as announced in the introduction of this
chapter, we want to include the propagation of singularities hypothesis of Rauch and
Vainberg’s former condition D’ into our considerations.

Rauch’s propagation of singularities hypothesis reads for (E1.D) like Defintion 7.1.3
with G now being the Green’s matrix of (E1.D). We want to prove the following theorem:

Theorem 11.2.1 Rauch’s propagation of singularities hypothesis is equivalent to the
non-trapping condition of Vainberg.

Proof: Suppose () fulfils Vainberg’s non-trapping condition. For given x € Cio(ﬁ)

choose @ > R such that suppx C Q,. Then x(z)G(t,z,x¢)x(xy) € Coo(ﬁ x ), if
t>71(9,a,a).

Conversely, let 2 be non-trapping in the sense of Rauch. Let x € Coo Q) and the

related 7' > 0 be given. Choose now a x € Coo(€2) with Y =1 on suppx. Thena T > 0
exists with

X(@)G(t, z, 20)X(10) € Co(@xQ), t>=T.

Thus we have

As in the proof of Lemma 11.1.5 we now conclude that for ¢ > T, one can also take
arbitrary derivatives with respect to ¢t of x(z)G(t,z,z0)x(z0), because of the strong
continuity of U(¢) and the identity U’(t) = AU(t). This leads to

x(@)G(t, 7, 20)x(70) € Coo([Tp,00) x Q x Q).

Now let a und b be given. With ¢ := max(a,b) we choose x € Cso(Q) such that
X =1 on Q. We get a Ty >0 as above. Put 7(Q, a,b) := Ty. Then

G e Coo([T,OO) X Qb X Qa)

and €2, therefore, satisfies Vainberg’s non-trapping condition. O
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Condition D’ reads for (ELD):

Vainberg’s condition D':

For some N > 2 there is a matriz Ex(t, x, xy) whose elements are generalized functions
in D'(Q) depending continuously on parameters xo € Q, xo < a, and t > 0, where Ey
satisfies the following two conditions:

(a) Ey is a distributional solution of:

Lz En(t,z,20) = fn(t, 2, 20), (t,z) € (0,00) x £,
En(t,z,z0) =0, (t,x) € (0,00) x 09,
En(0,z,20) =0, OFEN(0,2,2¢0) = 6(x — 29)L,, z€Q,

where the matriz fy has N continuous derivatives with respect to t,x, xg .

(b) For any r < oo there is a T(r) > 0 such that Ex =0 for |z| < 7, |zo| < a, and
t>1T(r).

Again, in (a) all equations are meant distributionally with respect to the given vari-
ables. In |[Ral 79] it is shown how to derive condition D’ from Vainberg’s non-trapping
condition in the case of the wave equation for homogeneous media. With similar ar-
guments we want to show the corresponding implication for the system of isotropic
elasticity (the proof holds essentially unchanged for the wave equations of Part I also):
For an arbitrary but fixed a one can regard the 7(€, a, b) of Definition 9.6.5 as a func-
tion of the second radius b. We define 7(b) := 7(£2,a,b). We can assume without
restriction that 7 is a non-decreasing positive function in C(Ry ), because otherwise
it could be replaced by a larger function with these properties. Let 7 € Coo(R]) be
non-decreasing, too, with

71(b) > 7(b) forb >0,

and let the distance between these two curves in R? be not less than unity. Then a
£ =&(t, 1) € Coo (R™!) exists such that

£=1, t<7(|z),
£E=0, t>mn(z]),
§=&(t), |r)<a,

and for all p = (po, p1, - .., pa) € NjH!
‘Dgw 6‘ < CP'

Let such a & be fixed. Because of Lemma 11.1.6, the Green’s matrix G is a distribution
for each fixed xy. Thus E := G satisfies (a): The definition of £ implies that E, has
the same initial and boundary values as G. Furthermore for the function F' defined by

Lt,ono = Lt,;c(é-G) = [Lt,wag]G = F
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we have F € Coo (R % Q x Q,), because Ly, ] cuts off all the singular behaviour of
G. For the validity of (b) one has just to choose T'(r) := 7y(r). Finally the desired
continuous dependence of F, on t and z( follows by Lemma 11.1.6 from the regularity
of GG. This finally proves:

Theorem 11.2.2 Vainberg’s non-trapping condition implies Vainberg’s condition D'.

11.3 Further Results for Domains in R?

As we have already mentioned, there is no proof of the Lax-Phillips conjecture for
isotropic elasticity at the present state of the art—it may be possible that it is not even
true in this situation, as was discussed in Chapter 10. Thus we are not able to prove
the equivalence of the different non-trapping conditions for a large class of obstacles
as in the case of the wave equation. Nevertheless, the existence of a Straussian vector
field for a large class of obstacles in R? according to [M/R/S 77| and the Gaussian
beam construction allow the proof of such an equivalence, though under a stronger
restriction than the one for the wave equation. To derive this result we are going to
start with the geometric assumptions of [M/R/S 77| and list a number of implications.
At some steps, we have to impose some additional conditions on the problems under
consideration. Summing up all the restrictions we will have made so far, we will achieve
an equivalence for (EL.D) in the case of homogeneous media.

According to [M/R/S 77| we make the assumption
(i) The obstacle B is snake-shaped.
Therefore, a Straussian vector field [ exists. We now assume in addition
(ii) The estimates (9.3) hold.

According to our Theorem 9.5.3 this implies Melrose’s NTC for (E1.D) (I(z)- £ provides
an escape function (El)) and, therefore, all the other non-trapping conditions discussed
in Sections 11.1 and 11.2. All these conditions imply uniform LED by the Vainberg
method. We assume next

(iii) The ratio A\/u is constant throughout €.

As we have seen in Chapter 10 uniform LED guarantees now the absence of rays in
Q) which are perpendicular to 92 at two points, and have no further contact with 9.
To close the circle of these implications we need to have control about straight line
segments. But for this purpose we have to assume

(iv) The medium is homogeneous.



11.4. SUMMARY 113

Thus the above rays are straight line segments. Unfortunately this does not rule out
the existence of such segments that are in addition tangent to 0f) at interior points,
as was discussed in Chapter 10. If these cases are excluded, we achieve the announced
equivalence for homogeneous media, because the homogeneity already implies (ii) and
(iii). This proves

Theorem 11.3.1 Assume that Q C R?, the curvature of 0 does not change sign
infinitely often, and no straight line segment in €2 which is tangent to the boundary
in at least one point makes perpendicular incidence with OS2 at both ends. Then for

the Dirichlet problem of homogeneous isotropic elasticity the following properties are
equivalent:

(i) There are no straight line segments in 0 which are perpendicular to 02 at two
points.
(ii) The ezistence of a Straussian vector field.
(11i) The existence of an escape function (El).
(iv) Melrose’s NTC for (ELD).
(v) Vainberg’s NTC.
(vi) The NTC for the weak solution.
(vii) The propagation of singularities hypothesis of Rauch.
(viii) Vainberg’s condition D'.

(iz) The existence of uniform LED.

11.4 Summary

In this section we just want to summarize graphically the results of Part II, as far
as the relations between the different conditions on the obstacle and on the medium are
concerned. We include the relations between the explicit geometric conditions already
summarized in Section 3.3. So far we know:
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The Relations between the Conditions for Uniform LED

B spherical

U
B strictly star-shaped M
U U
B illum. int. (n = 2,3) B star-shaped B snake-shaped (n = 2)
U
B illum. ext. (n = 2,3) ﬂ ﬂ
U

3 Straussian vector field

4 ()

3 escape function (El)

4

Melrose’s NTC (EL.D)

4

Vainberg’s NTC <= Rauch’s NTC

N2 N2
NTC for the weak solution Condition D'
N2 I

LED with the decay rates of Theorem 9.7.5

Remember that the implication (x) only holds for suitable media, i.e. if (9.3) is fulfilled.
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We have, therefore, many conditions at hand which are sufficient for uniform local
energy decay. On the other hand Ralston showed that localized solutions can be
constructed using Gaussian beams. This leads at least to the necessary conditions
of Theorem 10.0.6. But this result is too weak to achieve equivalences similar to
Part I. However, as we have seen in Section 11.3, for a homogeneous medium in
R? this suffices to prove the equivalence of all non-trapping conditions—including the
existence of escape functions—for a large class of obstacles.
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