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Measurement of permeability of microfluidic porous media

with finite-sized colloidal tracers

Christian Scholz - Frank Wirner - Yujie Li -
Clemens Bechinger

Abstract We present two methods how the permeability
in porous microstructures can be experimentally obtained
from particle tracking velocimetry of finite-sized colloidal
particles suspended in a liquid. The first method employs
additional unpatterned reference channels where the liquid
flow can be calculated theoretically and a relationship
between the velocity of the particles and the liquid is
obtained. The second method takes advantage of a time-
dependent pressure drop that leads to an exponential
decrease in the particle velocity inside a porous structure.
From the corresponding decay time, the permeability can
be calculated independently of the particle size. Both
methods lead to results comparable with permeabilities
derived from numerical simulations.

1 Introduction

Flow properties of liquids through porous media are of
central importance in different areas, such as groundwater
flow, environmental remedy, oil recovery, transport
through biological tissue and microfluidic flow devices.
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However, due to the complexity of streamline distributions
in random structures and the limitations of numerical and
theoretical studies to investigate such processes on a wide
range of length scales, flow properties are frequently descri-
bed by semi-empirical laws obtained from macroscopic
studies (Sahimi 1993). For a microscopic understanding of
such processes, experiments within well-defined porous
microfluidic devices are required, which allow a systematic
investigation of liquid transport in different types of structures
(Auset and Keller 2006).

For many applications, the most important macroscopic
flow property is the permeability k, which connects the
externally applied pressure AP with the flow rate Q
according to Darcy’s law:

=T (1)
where A is the cross-sectional area of the porous medium, 7
the viscosity and L the length of the porous structure. In
general, k depends on the detailed microstructure and thus
on the precise flow field within the porous medium.
Empirical relationships have been proposed, which relate
the permeability to geometric and statistical properties of
porous media, such as the porosity and the percolation
threshold (Kozeny 1927; Carman 1937; Katz and Thomp-
son 1986). In contrast to macroscopic systems where these
parameters are not easily accessible, they can be directly
measured in man-made porous structures, for example, within
microfluidic devices. Even then, however, the accurate
determination of flow properties within such samples remains
a challenging task as pointed out below.

One method to visualise the fluid’s flow field is particle
tracking velocimetry (PTV) where colloidal particles are
used as tracers (Santiago et al. 1998). Yet, in contrast to
ideal tracers that would perfectly follow the flow, colloidal
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particles often strongly deviate from such conditions due to
their finite size, mass and additional interactions with the
porous matrix. In general, tracer particles should be sig-
nificantly smaller than the shortest relevant hydrodynamic
length scale (Lindken et al. 2009). This, however, is often
difficult or even impossible to achieve, for example, in
random porous media with a broad range of length scales.
In addition, deviations from fluid flow lines due to inertial
effects can occur even for small particles, as recently
shown for time-periodic and chaotic flows (Ouellette et al.
2008; Pushkin 2011). Consequently, the impact of particle
size within inhomogeneous flow fields has to be consid-
ered, which leads to relevant hydrodynamic effects even in
simple geometries (Segre and Silberberg 1962; Staben
et al. 2003).

In this paper we demonstrate how the permeability of
porous structures can be obtained by PTV measurements
independently of the particle size. In contrast to well-
established techniques for permeability measurements
which employ constant flow rates provided by syringe
pumps, our methods are also applicable for measuring
permeabilities in small samples with very low flow rates.

The paper is organised as follows: In Sect. 2 we present
our experimental PTV set-up. Section 3 discusses the tra-
cer behaviour in a thin microfluidic channel, in particular
the relation between the mean particle velocity # and the
mean fluid velocity v. Section 4 illustrates the complexity
of particle transport and the impact on PTV measurements
inside a porous structure. Finally, the two methods for
permeability measurement are presented and compared in
Sect. 5. A concluding summary is given in Sect. 6.

2 Experimental set-up

We prepared different types of microfluidic channels with
height # in the range of 5-20 pm, width w = 1 mm and
length L between 8 and 9 mm. The devices are made by
soft lithography, which allows the fabrication of structures
with different porosity and morphology (Quake and
Scherer 2000). A hydrostatic pressure AP is applied to the
channels by connecting two reservoirs to the in- and outlet
and varying the levels of injected liquid. To ensure that AP
remains constant during a measurement, the cross-sectional
areas of the reservoirs are chosen to be sufficiently large.
Polystyrene particles of different diameters d in the range
of 1.2-5.2 um are injected into the solvent, which flows
through the structure. The samples consist of three seg-
ments, as illustrated in Fig. 1. The inner segment contains a
porous structure of randomly overlapping circles created
by a numerical algorithm, and the two outer segments
connect the structure to the reservoirs. The porosity ¢ is
defined as the volume fraction of the fluid phase within the

inner segment (structure)

outer segment outer segment

Fig. 1 Photograph of a typical microfluidic device composed of a
porous segment (middle) created by randomly overlapping circles.
The inner part is connected to two plain outer segments

structure. Size-dependent averaged particle velocities u(d)
are determined from the ensemble average over all parti-
cles of the same diameter d within the field of view
(400 x 300 um?). All experiments were performed at
room temperature (20 °C).

The experimental goal is to determine the permeability
kpor Of the inner, that is, porous part of a microfluidic
device. This can be achieved by determining the flow rate
Q for a given AP, from which the permeability &, of the
entire sample can be calculated using Eq. 1. kpo, is then
determined by considering the sample segments as a series
of hydraulic conductivities. For ideal tracers where the
mean particle velocity # and the mean fluid velocity v are
identical, Q can then be determined from a PTV experi-
ment because for an incompressible fluid the continuity
equation implies

Q=7A¢. (2)

Therefore, we analyse whether particles of different
diameter can be indeed considered as ideal tracers in the
following section.

3 Mean particle and mean fluid velocity in simple
geometries

At first we discuss the behaviour of tracers in a plain
non-porous microfluidic channel (¢ = 1) of length
L = 8,600 = 50 pm and height &~ = 6.5 £ 0.3 um. Here,
the flow field is known to be parabolic in z-direction,
constant in x-direction and zero in y-direction (Bruus
2007), as illustrated in Fig. 2. For this simple geometry the
permeability is given by k = h*/12 (Bruus 2007).

We apply a pressure drop AP = 479 Pa which results in
a mean fluid velocity v = 196 4+ 20 um/s, according to
Eq. 1. When comparing i(d) for different particle diame-
ters, we find a decreasing # in dependence of d, as shown
in Table 1. The differences in & amount up to 26 %, which
clearly demonstrates that the particles are far from being
ideal pointlike tracers and that # is not identical to v
(Taylor 1953).

Several reasons for this difference exist: (1) non-uni-
form particle height distribution p(z) of the particles inside
the channel mainly due to gravitational forces and (2)



Fig. 2 Illustration of a particle with diameter d in the x/z-plane inside
a channel of height 4. The particle is moving with local particle
velocity u(z) in a parabolic flow profile v(z) of the liquid. Due to the
finite mass of the particle, the probability distribution p(z) is non-
uniform

Table 1 Mean particle velocity i and calculated « for different-sized
polystyrene particles of diameter d within an empty channel of height
h =6.5 =% 0.3 pm, length L = 8,600 = 50 pm and the correspond-
ing gravitational length 4

d (um) i (um/s) u (um/s) A (pm)
1.2 2706 £ 1.4 240 £ 36 8.75
24 246.6 £ 3.3 224 £+ 32 1.09
3.4 2343 £ 4.6 194 + 32 0.383
52 2157 £ 3.6 176 £ 59 0.107

The mean fluid velocity is calculated to be 196 £+ 20 um/s

hydrodynamic interactions between the particles and the
walls which lead to a reduced particle velocity u(z) (com-
pared to v(z)). In particular for large particle sizes and at
small particle—wall distances, this effect can be sizeable as
has been demonstrated (Staben et al. 2003). Finally (3) the
limited field of view leads to a biased sampling of high
particle velocities since faster particles pass more fre-
quently than slow particles and thus shift # to higher
values.

To estimate the mean particle velocity for a given d, we
have assumed a Boltzmann particle height distribution

p(z) = exp (—z/4) which is characterised by the gravita-
tional length 1 = frf?z, where kg is the Boltzmann constant,

T is the temperature, m, is the particles’ effective mass, and
g is the gravitational acceleration (Frenkel 2002). In
addition, hydrodynamic effects were approximated by the
numerical results given in reference (Staben et al. 2003).
The resulting theoretical i(d) for m,, calculated according
to the density of PS (p = 1.05 g/cm?) is also shown in
Table 1 (see Appendix 1 for a full derivation of i(d)). The
obtained values of u are close to i and show a similar
dependence on d. One reason for the quantitative discrep-
ancy is that a Boltzmann distribution is certainly too simple
to describe the particle distribution in the presence of a
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flow. A more accurate model should also include electro-
static interactions which would push the particles away
from the walls and thus towards faster streamlines.

4 Particle transport in porous structures

In a random porous structure the streamline distribution
becomes even more complex, and the flow field cannot be
determined analytically. To illustrate the particle transport
through a porous sample, in Fig. 3 we show typical particle
trajectories within a porous microstructure (¢p = 0.82) for
two colloidal species with diameter 1.2 pm and 5.2 pm at
AP = 479 Pa.

As can be seen, there is a strong dependence of the
particle trajectories on the particle size, which is largely
caused by volume exclusion due to hard core interactions
between the particles and the porous matrix. This leads to
faster transport of larger colloids through constricted
regions since their centre of mass is further away from the
matrix surfaces (Auset and Keller 2004). Additionally, hard
core repulsion leads to the displacement of particles per-
pendicular to streamlines (streamline crossing), which
breaks the time-reversibility of particle trajectories even in
the Stokes limit (Loutherback et al. 2009). As a result large
particles cannot access the entire region behind obstacles as
exemplarily shown in Fig. 3c—f. This effect depends on the
ratio of obstacle and tracer diameter and becomes most
pronounced for size ratios around one as illustrated in
Fig. 3f where a sticking 5.2 um particle acts as an obstacle
for other tracers of identical size. This kind of volume
exclusion is counteracted by Brownian motion, but it per-
sists up to low Péclet numbers. Furthermore, large parti-
cles, owing to their small diffusion constant, cannot diffuse
into stagnant parts if the Péclet numbers of the surrounding
regions are too high.

We also performed an analysis of the local ensemble
average particle velocity i(x,y) by dividing the field of
view into small cells and calculating the average velocity
(2D-projection) of particles in each cell via a MATLAB
program. Figure 4 shows the resulting velocity fields. From
these data we obtained the spatially resolved average par-
ticle velocity #(x,y) which is shown in Fig. 4 for particles
with d = 1.2 and 5.2 pm. As expected, the particles are
fastest (yellow) in regions where nearby obstacles form
constrictions with an increased fluid flow velocity and are
slower far away from obstacles (red). Similarly as in the
experimentally determined particle trajectories, the calcu-
lated velocity fields quantitatively differ for the two par-
ticle sizes as, for example, seen by the larger area of
excluded volumes (black regions) around the obstacles.
Since even for a simple non-porous channel a relationship
between iz and v cannot be determined, it is obvious that the
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(d) ()
Fig. 3 Particle trajectories within a porous structure for 1.2 um obstacles but are still excluded significantly from stagnant parts.
(a) and 5.2 pm (b) particles. The flow direction is from right to left. e Large tracer particles are excluded from stagnant parts even if the
The colour code is chosen arbitrarily to distinguish individual length scale is larger than the particle diameter. f A sticking 5.2-um

trajectories. ¢, d Small tracers sample the velocity field close to the particle leads to a pronounced volume exclusion for large particles

PS 1.2 um Average particle velocity PS 5.2 ym Average particle velocity pum/s
700
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Fig. 4 Colour-coded spatially resolved average particle velocity for a particle velocity is calculated from the ensemble average over all
pressure drop AP = 479 Pa for d = 1.2 pm and 5.2 pm PS particles. trajectories within each cell
The field of view was divided into 160 x 128 cells, and the average

situation is even worse for a random porous structure and it  performed in order to determine the flow rate. Using our
might appear that the experimental measurement of the  previous results, the two possible techniques of measuring
permeability based on PVT is impossible. Consequently, k. from the tracer motion are explained in the following
reference measurements in the outer segments have to be  section.



5 Experimental determination of the permeability
5.1 Constant-head method

In order to measure ky,,, we need to determine the flow rate
that is related to the mean fluid velocity v according to
Eq. 2. However, as has been shown in Sect. 3, i is not
identical to v even for simple channel geometries. Never-
theless, both quantities are in close relationship as shown in
Fig. 5 where the mean particle velocities for different
particle sizes are plotted as a function of AP both for the
inner, porous segment and for the outer plain segments. In
combination with Eq. 1, the linear relationship between u
and AP suggests that i = ¢, - v, where ¢, is a constant for a
given particle diameter d.

To determine the value of c¢;, we measure iz inside an
unpatterned reference channel of rectangular cross section
of known geometry where v is known analytically.
Assuming that ¢, is the same within the outer segment of
the sample, we can determine v from a measurement of i,
which enables us to calculate the total permeability of the
sample.

For an experimental realisation of such a measurement,
we added two unpatterned reference channels to our sam-
ple as shown in the inset of Fig. 6. Within such a micro-
fluidic device, we can at the same time determine the mean
particle velocity of the unpatterned reference channels and
that of the test channel containing the porous structure at
the same pressure drop. With the procedure outlined above,
this eventually leads to the determination of k., for arbi-
trary structures. A remaining problem is that the theoretical
flow rate of the outer segments enters this calculation, so
that the technique shows poor accuracy for high-porosity
structures that have about the same permeability as the
outer segments. This is similar to an electrical resistance
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200
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100+ o

0
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0 100 200 300 400 500 600 700 800 900
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Fig. 5 Comparison of mean particle velocities # in non-porous
(circles) segment and a representative part of the inner segment
(squares) for d = 1.2 pm (blue), 2.4 pm (white) and 3.4 um (red)
particles as a function of the applied hydrostatic pressure AP. The
solid and dashed lines correspond to linear fits
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Fig. 6 Time dependence of the mean particle velocity u# for an
exponentially decreasing pressure drop for 2 um (white) and 3 pm
(red) particles inside the outer segment. The permeability of the
whole structure can be deduced from the decay time constants
T =4,212 £ 68 s and 4,701 £ 108 s, respectively. The inset shows a
schematic of the set-up. Two reservoirs with cross-sectional area A
are connected to the microstructure that consists of three parallel
channels. The middle channel contains a porous structure of randomly
placed overlapping circles with permeability kpor

measurement where the resistance of the leads is compa-
rable to the resistance being measured.

5.2 Falling-head method

To determine the permeability of a porous microstructure
independently of any theoretical input parameters and
independently of the tracer size in a PTV measurement, we
introduce an alternative concept which is also known at
macroscopic scales (Marshall et al. 1996) and makes use of
the fact that the pressure drop AP is related to an excess
volume V. The change of the excess volume caused by
fluid flowing through the sample results in an exponential
decrease in AP, similarly to the discharge of a capacitor
across a resistance. Using that # o AP this leads to a
decreasing particle flow velocity as a function of time

%ﬁ:—fﬁ, (3)
which does not depend on the particle size and where
T o< k! (see Appendix 2 for a full derivation). It should be
realised that Eq. 3 is valid independently whether the
particle velocities are obtained inside the porous part or the
outer segments of the sample (cf. Fig. 1). Only stagnant
parts where Brownian motion plays a major role should be
avoided. It should be noted that the liquid flow velocity
through a porous sample could in principle also be deter-
mined by the falling level of a water column; however, due
to the small flow rates in microscopic samples, this would
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require rather long observation times. Because mean par-
ticle velocities can be almost instantly observed with PTV
measurements, such an approach is rather preferred.

5.3 Results and comparison

To compare both methods, we used a microstructure
(¢ =091, h=19.0 £ 0.3 pm, length L = 8,150 £ 50
pm) where the flow rate is in a regime which allows us to
use the falling-head (FH) and the constant-head (CH)
method. The constant-head measurement was carried out as
previously described. In order to realise a sizeable variation
in the applied pressure during the falling-head measure-
ment, we reduced the cross-sectional area of the reservoirs
A t0 0.176 cm?. The resulting exponential decrease in i
for particles with d = 2 and 3 um in the outer segment of
the middle channel is shown in Fig. 6. From a fit with Eq. 3
we obtain decay-times 7 = 4,212 + 68 sand T = 4,701 &+
108 s for the smaller and larger particles, respectively.
From these values we calculate k, and the permeability
kpor Of the porous part of the sample for the two different
decay-times.

The resulting values for the total permeability k. and the
permeability of the porous inner part k., are summarised in
Table 2. The values for k, obtained by the two different
methods differ by 12 %, which shows that either method
provides accurate results. For comparison we also performed
afinite-element simulation of incompressible Stokes flow for
the structure with COMSOL, which is in agreement with the
experimental results and demonstrates that both methods
give indeed reliable results. The higher deviations of the
values for kp,, are mainly caused by the fact that the porous
part is very small compared to the whole sample.

The advantage of the falling-head method is that the
outer segments and the reference channels can be removed
completely. However, for low-porosity structures and low
flow rates, this method suffers from longer measurement
times. This restricts the applicability to structures with
kpor > 0.3 X 10~""'m?. In general, it is possible to extend
that range by making A, smaller. In the case of lower
permeabilities, the constant-head method should be pre-
ferred, even though it may suffer from simplifications such
as the assumption of a perfectly rectangular channel and

Table 2 Comparison of the total permeability k,, and permeability
of the porous inner part kp,, of a microstructure of height
h=19.04 03 pm, length L = 8,150 £ 50 pm and porosity

¢ =091

CH FH 2 pm FH 3 pm Simulation
kot (10711 m?) 267 291 2.60 N/A
kpor (107" m%  1.58  2.07 0.81 1.74

For the constant-head measurement we used both particle species

the additivity of outer segment permeability and structure
permeability. This method yields accurate results for
structures with kpor < 1.8 X 10~'"" m?. For either method
the range of permeability for which precise measurements
can be performed can be extended by making the micro-
structure larger.

6 Conclusions

In summary, we introduced two methods how the perme-
ability kp, of porous microstructures can be determined
from a PTV measurement using a dilute suspension of
finite-sized colloidal tracers. We showed that small colloids
are not necessarily ideal tracers since the mean particle
velocity # can differ substantially from the mean fluid
velocity v. Hence, a direct measurement of v is not feasible.
The first approach, that is, the constant-head technique,
requires additional unpatterned reference channels with
rectangular cross section where the liquid flow profile can
be calculated theoretically. From the measurement of the
particle velocity in such simple geometries, a relation
between the mean particle and the mean fluid velocity is
derived, which allows to obtain k... We also illustrated an
alternative method based on the falling-head principle
where we take advantage of the fact that the applied
pressure and thus the particle velocity changes with a time
constant depending on kp, as a function of time. For low-
porosity structures with small flow rates, a constant-head
measurement of Q is favourable, as it requires a much
shorter measurement time. However, it also suffers from
additional error contributions due to the reference mea-
surement. For structures where a higher flow rate can be
expected, the falling-head method is favourable, as the
permeability can be deduced directly from the time
dependence of ii. However, longer measurements are usu-
ally necessary.
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Appendix 1: Theoretical calculation of mean particle
velocity

First we assume that gravity leads to a non-uniform particle
distribution described by the Boltzmann distribution

p(z)=e", (4)

where / is the gravitational length.

Second we use numerical values from (Staben et al.
2003) to describe the local particle velocity u,(z). Third we
consider the biased sampling, as the inception rate of the



particles (coming from an infinite reservoir) is proportional
to the particle speed, which results in an effective particle
distribution

Pett, (2) = ua(2)p(2). (5)
Combining these assumptions, the mean particle velocity is
given by
h—d/2
N fd/z / ud(z)peffd (Z)dZ
i(d) = i )
fd/z Pett, (2)dz

(6)

Appendix 2: Exponential decrease in mean particle
velocity

First we use that AP = pgAh and the excess volume is
given by V = AsAh which yields
AesAP
V — Tes . (7)
pg

Second we know the time derivative of the excess volume
is related to the total flux, so that

d

where the factor 2 is due to the relative increase and
decrease in the water column in the two reservoirs. Now we
insert Eq. 7 and Darcy’s law into Eq. 8, which gives

d 2Apgk

—AP = — AP. 9
dt NLA es ©)
Using AP & we arrive at

d

i= —t'a, (10)

where T = yLA/(2Apgk).
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