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Weakly hyperbolic equations in domains with boundaries®

Piero D’Ancona and Reinhard Racke

22/1996
Universitat Konstanz

Fakultat fir Mathematik und Informatik

Abstract: We consider weakly hyperbolic equations of the type us(t) +a(t)Au(t) = f(t, u(t)), u(0) = ug,
ut(0) = uy,u(t) € D(A), t € [0,7], for a function v : [0,7] — H, T € [0,00], H a separable
Hilbert space, A being a non-negative, self-adjoint operator with domain D(A). The real function a is
assumed to be non-negative, continuous and (piecewise) continuous differentiable, and the derivative a’
will have to satisfy an integrability condition, which will admit infinitely many oscillations near the point
of degeneration. For given initial data ug,u; a global existence theorem in C([0,77, D(A®)) is proved
for the linear problem f = f(t). If a’ does not change sign, the result can be improved, and finally a
local (in time) existence theorem can be proved for nonlinearities f essentially satisfying the mapping
property f(-, D(A®)) C D(A?®), where s > 0 describes the regularity class. In the applications, A will be
a uniformly elliptic operator in a domain €2,  being a bounded domain with smooth boundary in R",

n > 2, for second-order operators then describing a weakly hyperbolic wave equation.

AMS subject classification: 35 L 05, 35 L 20, 35 L. 70

Keywords and phrases: Semilinear wave equation, degeneracy in time

1 Introduction

We consider first abstract degenerate equations of the type

u(t) + a(t) Aul(t) = f(t, u(t)), te[0,T], (1.1)
u(0) = ug, u(0) = uy, (1.2)
u(t) € D(A), te[0,T], (1.3)
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where w maps [0,7] into a separable Hilbert space H, 0 < T < oo, A is a non-negative self-
adjoint operator with domain D(A). The real-valued function a is first assumed to satisfy the
following conditions:

There exists a sequence (¢;); C [0,00), decreasing (or increasing) to some ty € [0, 00) such

that
a € C'([0,00)\ U{t]-},}R), a>0, (1.4)
and
e
% / 2y g < < Milogel, (L.5)

where M is independent of ¢ € (0,¢g] for some fixed g9 € (0,1). Typical examples will be the

following ones:

a(t) =t (sin(logt) + (14 6)) (1.6)
a(t) = exp(—1/t) (sin(1/t) + (1 +9)), (1.7)

where
0<d<V2-1 (1.8)

is arbitrary, but fixed. As these examples show, infinitely many oscillations near a point of
degeneration (here ¢ = 0) are possible, also with infinite order or degeneracy. Moreover, the

condition of Oleinik [19],

dB>0: a' 4+ Ba >0, (1.9)
is not satisfied (see section 2).
Under the assumption
a>0 and a€C'Y[0,00),R), @ >0 or a <0, (1.10)

it will be possible to obtain better a priori estimates and to deal with the nonlinear case too.

For the possible nonlinearities f we assume
f:[0,7) x H— H smooth (1.11)

and for a fixed s > 0, there is a non decreasing function ¢, : [0,00) — [0,00) and a function

s 1 [0,00) X [0, 00) — [0,00), non-decreasing in each component, such that for

B :=C°([0,T], D(A®))



we have

Vwe B V€ [0,T]: £t wt)llps < esllw®loas)le®lna, (1.12)

Vu,we B |[f(-,u) = f(-,w)llB < ¢s(llullB, lwllp)[lv — w5, (1.13)

|| - || denoting the norm in Z.

Since by (1.4) a is allowed to have zeros, we deal with a degenerate equation, typically a weakly
hyperbolic equation, see section 5, while also, for example, degenerations of equations describing
plates are included: A = A2, roughly spoken.

It should be noticed that (1.12) in particular requires that f(¢,-) maps D(A®) into itself, thus
restricting the admissible nonlinearities. As typical examples, we shall be able to deal with
the case where A is the self-adjoint realization in H := L%(2)) of the formal uniformly elliptic

operator of second order,

A=— ZZ: diaix (x) 0k, 0; = 8(?62'7 (1.14)
subject to Dirichlet boundary conditions
w(z) =0, T € 09, (1.15)
or Neumann boundary conditions
vi(z)a(z)Opw(z) = 0, x € 01, (1.16)
where v = (v4,...,v,)" denotes the exterior normal. Here, @ C R™ n > 2, is a domain with

smooth boundary, not necessarily bounded, and the coefficients a;; are assumed to be smooth

and to satisfy

a;r=ay and Iy>0 VzeQ VEel” Zazk(x)ffk > y|€)% (1.17)
k=1

Typical examples of nonlinearities satisfying (1.12) are
f=rft,z,u)=>5b(tz,u)ub, (1.18)
with smooth b, or smooth f such that
| f(t,z,u)| < const. |dist (z, 0Q)|?, (1.19)
where p > s for (1.15) and p > s+ 1 for (1.16) and

5> (1.20)

n
1 .
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The last condition stems from the desired continuous imbedding H?*(2) C L°°(€). The number
s describes the regularity of the solution in the space variable. For s € N the domain of A® is
included in the Sobolev space H?*(Q2) = W2%2(Q), by the usual elliptic regularity theory and the
smoothness assumptions on a;; and on 9€2. In particular, a;; and 9€2 need not be C"°°-smooth.
We shall prove a global (7" arbitrary) existence result for (1.1)—(1.3) in the linear case, f only
depending on t, and a local (7" = T sufficiently small) existence result in the general case.

The assumption a > 0, even after replacing it by
a € C(0,T],R), a>0, (1.21)

does not guarantee the well-posedness even locally of the linear problem in the class C'*°, as was
shown by Colombini & Spagnolo [4], in contrast to the situation in the strictly hyperbolic case,
where a(t) > § > 0 uniformly; the additional sufficient condition (1.10) is important. In [4], @
is in C*°((0,00),R), a(t) > 0if ¢ > 0 and «(0) = 0, with infinitely many oscillations near ¢t = 0.
Recently, Tarama [26] showed that the Cauchy problem for uy — exp(—2/(t)) b(1/t)uz, = 0 is
well-posed in C* if and only if @ > 1/2; here b € C*°([0,00)) is not constant and 1-periodic;
compare our example (1.7) above.

We mention that in spaces of smoother functions such as analytic or Gevrey functions,
stronger results can be obtained, and in particular no assumption is necessary on the coefficient
a(t). Apart from the local existence in the analytic class, which is trivial thanks to the Cauchy-
Kowalevsky theorem, one can prove results of analytic regularity or stability of solutions (see the
papers of Spagnolo [23] and D’Ancona & Spagnolo [7] and the references therein), at least for
the case 2 = R™. Moreover weakly hyperbolic equations and systems are well posed in Gevrey
spaces of suitable order (see e.g. Kajitani [9] and Kajitani & Wakabayashi [11] or Colombini,
Jannelli & Spagnolo [3]). This should be contrasted with the solvability in C'*® which always
requires additional assumptions regarding the oscillations of a(t). In the latter paper [3] the
equivalent to the integrability condition (1.5) was proposed; Kajitani [10] considered a to be a
C'-function for solutions in C*([0,7]),C°°(R™)) with a similar assumption, and also extended
the results to some cases with coefficients depending also on z. Different conditions have been
proposed by Oleinik [20] and Nishitani [18] (see also D’Ancona [6]) in the linear case; the local
existence for some semilinear degenerate equations in {2 = R™ was investigated by D’Ancona [5]
and Manfrin [17]; see also the recent work of Reissig [22] for solutions in Sobolev spaces.

As far as the special application to mixed weakly hyperbolic initial-boundary value problems is
concerned, we would like to mention that there exist numerous papers on the linear problem,
discussing various boundary conditions, but not on the nonlinear case and being more restrictive
_ 42k

with respect to the admissible degeneracy in time typically studying a(t) near t = 0, see



the papers by Baranovskii [2], Kimura [12], Kubo [13], [14], [15], Oleinik [19], Taniguchi [24], [25]
and the references therein. Yamazaki [27] considered the linear case with f = 0. For this case
our example (1.6) above is included, but the complicated proof — allowing finally for infinitely
many degenerate points — can be replaced in the present case by ours; moreover, here the loss
of derivatives can be computed explicitly.

In each case our results extend partial aspects of the above mentioned papers because of

e the simple assumption on @ given in (1.5),

the discussion of semilinear problems,
e the solution space being of Sobolev type in the applications,
e the discussion of domains with boundaries,

e the simplicity of the proofs using appropriate energy estimates.

The technique of proof reflects energy estimates known for the application in the case Q = R”,
here using a general spectral mapping theorem replacing the Fourier transform.

The paper is organized as follows: In section 2 and 3 the global well-posedness of the abstract
linear system (1.1)—(1.3), f = f(¢) is investigated under the assumption (1.5) and (1.10), respec-
tively, in section 4, assuming (1.10), the local well-posedness of the abstract nonlinear system.
Applications to initial boundary value problems will be discussed in section 5. In section 6 we

conclude with remarks concerning the case when A has additional, negative eigenvalues.

2 Global solutions for the linear problem I

Under the assumptions (1.4),(1.5), we consider the linearized system, f = A(t) in (1.1),

u(t) + a(t)Au(t) = h(t), t>0, (2.1)
u(0) = ug, u(0) = uy, (2.2)
u(t) € D(A), t>0, (2.3)

where A > 0 is self-adjoint, and shall prove

Theorem 2.1 Let a satisfy the assumptions (1.4), (1.5), let T > 0 be arbitrary, but fized. Let
h € C°([0,T], D(A*TM/2)) for some fized s > 1, uwy € D(A*TM/2) and ug € D(AsHM+1/2),
Then there ezxists a unique solution u to (2.1)-(2.3) such that

u € C*([0,T], D(A*~1)) N C°([0, T], D(A®)).



Moreover,

de=c(a,T) > 0: [[ullcoo,11.0(a%) < ellluoll pastrny oy Hurl|peastrry bl oo go,11,p a5+ M72)))
(2.4)

where

o= il;g la(t)]. (2.5)

ProoF: We use the following version of the spectral theorem for self-adjoint operators (cf. [8],

[16]): There exists a Hilbert space H

= [ HOdu),
5

a direct integral of Hilbert spaces H(A), A € R, with respect to a measure y, and a unitary
operator A : H — # such that for s > 0

D(A®) ={we H|l X~ Aw()) € H}, (2.6)
A(A%w)(A) = X Aw(N), (2.7)
4wl = [ A% Aw () (), (28)
0
for w € D(A®). Here, || - || denotes the norm in H, while |- |y\) denotes the norm in #(A); in

the sequel the index #(A) will be dropped for simplicity. Since A > 0, the integral in (2.8) can

be taken over [0, 00) instead of (—oo,00). Now let
vo :i= Aug, vy :=Auy, g¢(t):=Ah(t), te€]0,T],
and let v = v(f, \) be the solution to the ordinary differential equation

v, A) +a(t) v (t, A) = g(t, A), (2.9)

v(0,A) = vo(A), v'(0,A) = vi(N), (2.10)

where a prime ’ denotes differentiation with respect to t, and A > 0 is regarded as a fixed
parameter. Then v(-, \) is a well-defined, twice continuously differentiable function on [0, 7.

Let

E(t,A) = |v'(t, V)2 + (a(t) A+ 1)]v(t, V)| (2.11)



Then, for A > 0,
E'(t) = 2Rev”" ()T (t) + ' ()A\v()]* + 2Re (a() X + Vv (t)T (t)
2 |a’(t)]
< g+ 2+ W)E(t%
=:x(?)

hence
t

X0 dr) 50,0 + [ exp [ (o) do)lg(r, )

0

t

Bt ) < exp( |

0

Using assumption (1.5), we obtain
t
/ x(o)do < 2(t —r) + log\M,

where, without loss of generality,

A Z AO = 1/80.

This implies

E(t,\)

IN

e(T)AM {E(O, A+ / lg(r, /\)|2dr}

0

IN

t
cla,T) { [OTE 1yugf?  |M2  1)or2 4 [ ]X2g, A)Pdr} ,
0

where

a= sup |a(t)].
te[0,T]

We conclude

[ o N + 166 VB < efa, T) { [ 22 () Pu()

+//\25+M|v1(/\)|2du(/\)—l—///\25+M|9|(7“7 NPy (A) dr. (2.12)

The estimate (2.12) will imply (2.4) by (2.8), and to complete the proof of Theorem 2.1 it
remains to show the classical regularity properties of u. For this purpose let, for 7 > 0, L2
denote the following Banach space

L2 := AD(A").
with obvious norm.

Then the a priori estimate (2.12) shows

v’ € L™([0,T], L3 (2.13)



which implies

v e C0,7],L2),

and by the differential equation
U// € CO([Ov T]7 Lg—l)v
hence, by (2.8),
u € C*([0,T], D(A*™1)) N CO([0, 7], D(A?)).

Q.E.D.

As typical example we now discuss that given in (1.6) above,
a(t) =t (sin(logt) + (14 4)),

with
0<d<vV2-1

arbitrary, but fixed. The calculations for the second example (1.7) are analogous ones. The

sequence (t;); postulated in connection with (1.4) and (1.5) is given by the sequence of zeros of

a’,i.e.
toj i=1F, ty_ =17,
where
t:l: = e—5/47‘re:I:C e—27'r]
J —_——
::d1i>0
with a fixed
e (0,m/4)

depending on §. In each interval, where @’ does not change sign, |a'|/(a + €) is a logarithmic

derivative. Hence, in order to fulfil (1.5), it is sufficient to estimate

—1—5 —|—5
lo Hl resp. lo
2 og = LR resp R

Observing that

a(tt) = —tjicos(log t;t)
_ + N
= —tj cos(=5/4m —2mj £ ()

—.4%
=:d3

+ 3+ —2mj
dydy e ,



we have to estimate a sum of the type
2 lo e
- coe=2mi 4 ¢’
where, without loss of generality,
c1 > cg > 0.

This sum can easily be estimated as follows:

—27j
cie + € B
E log 70263_2” i Elog <1 + ot Se%])

€1 — C2
< _
- z].:cQ—i—se?’W
Tod
lx
< (ep—c _
o ( ! 2)/62 + ge2mx
0
(o @]
B 01—02/ dy
o 2w co + eY
loge
T od rod
cp— ¢ .
_ a 2(/ Y -I-/ y )
2w cy + eY co + e
0 loge
=:c3>0
(01—02)03 C1 — C2
< log e
- 2T + 2mey [log ¢
cp— ¢
< ——[loge]
Te

if
€ <eggi=e 2%,

Therefore, (1.5) is satisfied and Theorem 2.1 applies.
Finally, we remark that the condition of Oleinik [19], i.e
AB>0: ad 4+ Ba >0,
is violated in our example, namely, taking for j € N
p; = o= (5/4m+2mj)

we have, as 7 — oo,

sin(log p;) 4 (1 +9)

_ 1 V2
- Pf(1+f—2(1+5))

~d(p)) 1 (1+ cos(log p;) )



with some constant ¢s depending on &, which is negative because of the assumption (1.8) on 4.

3 Global solutions for the linear problem II

Now we consider the linearized problem (2.1)—(2.3) under the assumption (1.10). The problem
can be solved globally, and a suitable a priori estimate can be proved which will be useful for
the nonlinear case. In particular, the estimates below show the same order of derivatives for the
solution as for the right-hand side, which is important for the semilinear problem to be discussed

in the next section.

Theorem 3.1 Let a satisfy the assumption (1.10), let T > 0 be arbitrary, but fized, let h €
C°([0,T], D(A®)) for some fized s > 1, uy € D(A*) and ug € D(A®) ifa’ >0, ug € D(A*T!) if
a' < 0. Then there exists a unique solution u to (2.1)-(2.3) such that

u € C*([0, 7], D(A*™1) N C°([0, ], D(A?)).
Moreover, if a’ > 0,
de=c(T)>0  |lullp < c([[(uo, u1)l[p(asy + [|2]B), (3.1)

where B = C°([0,T], D(A®)) and, if a’ <0,

de=c(a,T) > 0: [Jullp < c([Juollpas+ry + urllpeasy + [12llB), (3.2)
where again
a = sup |a(t)].
>0

PRroOOF: As in the proof of Theorem 2.1 let
vo = Aug, vy :=Auy, ¢(t):=Ah(t), te0,T],
and let v = v(f, A) be the solution to the ordinary differential equation

" (t, A+ a(t) At N) = g(t, A), (3.3)

v(0,A) = vo(A), v'(0,A) = vi(N). (3.4)

Case 1: ¢’ > 0o0n [0,t1], 0<t; <T.

To prove an a priori estimate, we define
w(t,7,A) = /v(r, A)dr, (3.5)
i
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where 0 <t < 7 < T (cf. [20] where the integrated function has been used too). Multiplying

(3.3) by w and integrating from 0 to 7, we obtain, dropping A for the moment in v and w,

T T

/ o (VB (t, 7)dt + / a(t) N (t)(t, 7)dt = / () (t, 7)dt.

0

Observing (Re: real parts)

T T

Re / (W, T)dt = Re {v'(0)w(0,7) — / o' (1) 0w (t, T)dt}

0 0

and

Re

gl

a()Ao()m(t, 7)dt = —Re / a(t)Adyw (t, 7Vw(t, 7)dt

0
.

1 2
_ —/a(t)A§8t|'w(t,T)| dt

0

S~

= SeONwO,7)P + 5 [ O w7t
0
we conclude from (3.6)—(3.8)

lo(r, \)]* = |vo(A)]? = 2Re v (A)W(0, 7, A) — Aa(0)|w(0,7)|?

—/a'(tmw(t,r, A)|%dt + 2Re /g(t, \(t, 7, A)dt.
0 0

We obtain from (3.9), the assumption (1.10) and the definition of w,

OV < JroE + [ )+ [ ol M+ [ 1g(e, ) e

- 2

v/

0

T

/v(r, s)dr

t

dt

T

< oo+l WF+ [ Lot )t + () [ Jote, AP

0

(3.6)

(3.9)

(3.10)

where ¢(7T) denotes a constant only depending on T'. By Gronwall’s inequality we conclude

[o(r A < e(7) { [o0(X) 2+ o1 ()2 + [ gt A)Pdt}

11

(3.11)



which implies

7A25|U<T,A>|2dm>3c { 2210, o) () Pdu(x) + / / 22 g (H(N) Pdp(N)d } (3.12)

0
In particular, for 7 € [0, T7,
u(r) = A" v(r) e H

is well defined and by (2.8) we shall obtain from (3.12) the estimate (3.1). The regularity of u

can now be obtained as follows. From (3.9) we see that for 7,0 € [0,7]

T

lo(r, N> = |v(a, \)]? = —2Revl(/\)/17(r, A)dr — Aa(0)(Jw(0, 7, A)|* — [w(0, g, \)|?)
—/\(/a’(t)|w(t N2t — /a’(t)|w(t,a, NPt
+2Re /g wl(t, T, /\)dt—/g(t, Nt o, A)dt), (3.13)

which implies, for fixed A,
A o(r, N2 = A2 |v(o, N3, as T — 0. (3.14)
Using (3.12) and Lebesgue’s theorem on dominated convergence, we conclude, as 7 — o,
[o(7; lzz = llv(os )l (3.15)
On the other hand, the a priori estimate (3.12) shows
ve L®(0,T], L% (3.16)
which implies, using the differential equation for v,
v" € L([0,T], L7 _y),
hence
v e C0,T), L2 ). (3.17)
Let (t,), C [0,T], t, =t (as n — 00), then by (3.17)
v(t,) = v(t) in L2_,, (3.18)
and by (3.16) there is a subsequence (#,), and w € L? such that
v(f,) — w, weakly in L2 (3.19)

12



Since L? is continuously imbedded into L?_;, we conclude from (3.18), (3.19)
w = v(t),
which implies
v(r,-) = v(o,) weakly in L2. (3.20)
JFrom (3.15) and (3.20) we get
ve 0,71, L),
and by the differential equation

,U// € CO([07 T]7 L3—1)7

hence, by (2.8),
u € C*([0,T], D(A*~1) nC°([0, T], D(A®)).

Case 2: o’ <0 on [0,t1],t € [0,t4].
As in the proof of Theorem 2.1 let

E(t,A) = [v'(t, )2+ (a(®)X + 1)]v(t, M| (3.21)
Then
E'(t) = 2Rev”(t)7(t) + a' () \v(#)|* + 2Re (a(t) X 4+ 1)v(#)T ()
< 2Reg(H)V'(t) + 2Re v(t)V'(t)
< lg@)P + E(),
hence

E(t,A) <e(T) {E(O, A)+ / lg(r, /\)|2dr}

which implies

[0t NPy < efo,T) { [+ oo () du()

+ [N Pdu) + [ [0 lglr ) Pduhdr. (322

The estimate (3.22) implies (3.2) by (2.8), and the regularity properties of u follow as in the
proof of Theorem 2.1. Q.E.D.

13



Remarks:

1. The loss of derivatives encountered in Theorem 3.1 (or Theorem 2.1) seems to be natural
for weakly hyperbolic equations, although we do not claim the optimaliy of our result with

respect to regularity.

2. If @’ changes sign only in a finite number of values t1,...,t,, a solution « in [0, 7] can be

constructed that looses regularity of order n by putting pieces of solutions together.

4 Local solutions for the nonlinear problem

For the nonlinear problem (1.1)-(1.3) we are now able to present a local existence theorem and

prove it by a fixed point argument.

Theorem 4.1 Let a satisfy the assumption (1.10), and let f satisfy the assumptions (1.11) -
(1.13). Let s > 1, u; € D(A®) and ug € D(A®) if &’ > 0, ug € D(A*T1) if o’ < 0. Then there
exists Ty > 0 and a unique solution u to (1.1)-(1.3) for t € [0,T,] such that

u € C*([0,T.], D(A*~1)) nC°([0, T.], D(A?)).
Proor: For T,, R > 0, to be determined below, define
X :={we B:=C%[0,T+],D(A®) | |u|s< R}.
X is a Banach space with norm || - ||g. For the given initial data ug, u; we define a mapping
¢: X = X, u— T = d(u),

by solving
Uy (t) + a(t) Au(t) = f(t, u(t)),
u(0) = ug, w(0) = uy,
u(t) € D(A).

®(u) = 7 is well defined by Theorem 3.1 because h with

h(t) = f(t, u(t))

satisfies

h € C°([0,T.], D(A®))

14



by assumptions (1.11), (1.12) and since u € X. From Theorem 3.1 we conclude that 7 satisfies
@ € C*([0,T.], D(A*™1) N C*([0, ], D(A%)),

and the estimate (cf. (3.12), (3.22))

Ve e [0, : [0 < el T){luo un) [§ + [ 170, u(r)l[Biasdr)

holds, where

Y := D(A®) x D(A®) resp. Y := D(ASH) x D(A?%),

depending naturally on the sign of a’, and 0 < T, < T (fixed). The assumption (1.12) on f now

implies
)13 aey < el T) { || (w0, w)|[2 + Tups(R)R2} (4.1)

Choosing R such that

R? > 2¢(e, T) ||(uo, u)lf5r (4.2)
and choosing T, such that
T. < 1/Qpy(R) Rc(a, T)), (43
we obtain from (4.1)—(4.3)
[7lls < R
which implifies
o(X) CX.

Moreover, ® can be shown to define a contraction if T is chosen appropriately:

Let u,w € X and @ := ®(u), @ := ®(w). Then @ — w satisfies
(1= W)alt) + o)A@ —T)(1) = F(t,u(t)) — F(t, w(t),
(w—w)(0)=0, (@w—w)0)=0,
(@ —w)(t) € D(A).

The energy estimates (3.12), (3.22) imply

7 =% < elo, TYTISCow) - £ w3

15



Using assumption (1.13), we obtain

[ -wls < ela, T)Tpi(|ulls, |wllp)llu — wllE
< el T)TI(R, R)|Ju — w].
Choosing
T. <1/(2¢(a, T)¥3(R, R)), (4.4)

® becomes a contraction. Thus with R, T, satisfying (4.2)-(4.4), there is a unique fixed point
u € X of ® being the desired solution.

Q.E.D.

5 Applications

Typical examples for operators A could be elliptic operators of order 2m, m € N. For m = 2
for example, it might be appropriate to speak of weakly parabolic equations rather than of
hyperbolic equations. In detail we look at the case m = 1, where we obtain a weakly hyperbolic
wave equation.

Let a;z, 2,k = 1,...,n, be smoth functions of z € @ C R™, n > 2, when € is a domain with

smooth boundary 0f2. Let a;; satisfy

a;r = a; and 37 >0VzeQ V€ € c* Z alk(x)ffk > ")/|£|2.
i,k=1
Then
A:D(A) C H = L*(Q) — L*(Q),
D(A) = HQ) 1 HY(Q),
resp.

D(A) = H*(Q) n{w|v;(z)a;(z)pw(z) = 0, = € IN}

v(z) denoting the exterior normal in z € 052,

Aw = — Z @azk()@kw,
i,k=1
defines a self-adjoint operator A > 0.

Remark: a;;, and d9Q are only assumed to be smooth enough to assure the H25-regularity of A.

Now the abstract conditions (1.12), (1.13) can be interpreted. Assuming

N3s> =
S —_
1
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to assure the continuous imbedding

H*(Q) C L™(Q), (5.1)
the following examples are typical:
f=rft,z,u)=>b(t z,u)ul, (5.2)
with smooth b, or smooth f with
|f(t,z,u)| < const.|dist (z,0Q)|?, (5.3)

where p > s for Dirichlet boundary conditions and p > s+ 1 for Neumann boundary conditions.

The condition on p guarantees that f(¢, -, u(t,)) satisfies the boundary conditions
f(t7 g u(t)) € D(AS)) if u(t7 ) € D(As)

The estimates (1.12), (1.13) can be proved using Gagliardo-Nirenberg type estimates for com-
posite functions and (5.1).

Thus we obtain the following — exemplary — application:

Theorem 5.1 Under the assumptions made in this section above, Theorem 2.1 and Theorem

3.1 apply to the weakly hyperbolic initial-boundary value problem

uy(t, z) — a( E Oia;p(z)Oku(t,z) = f(t, z,u(t, z)),

i,k=1
u(0, z) = up(z), u (0, 2) = uq(2),
u(t, )jaa =0 resp.  vi(-)aix(-)Opu(t, )ja0 = 0,

t>0, zef

6 Elliptic operators with potential

Continuing the discussion of applications to wave equations, we wish to consider the case where
A has finitely many negative eigenvalues (counted with multiplicity), i.e. the spectrum o(A) of

A consists of
U(A):{Ah"w)‘n}ua-l(A)? Ul(A) C [0700)

where A; < 0 is an eigenvalue of A corresponding to the eigenvector w;:
Aw; = Ajw;.

17



Then the space of eigenvectors Hg,
Hg :=span{wy,...,w,}
and its orthogonal complement in H reduce A
H=Hp® Hg, (6.1)

and we can solve the associated linear problem (2.1)—(2.3) by decomposing wug,uq and h(t)
according to (6.1). For the part in H A is non-negative, and Theorem 2.1 applies immediately,
while for the part in Hg a simple ansatz

ult,) =) di(t)w;(),

—_

b

where d; is determined by

with
b; :=(b,w;)g  inner product
for b € {ug, u1, h(t)} gives the solution in Hg.

A typical situation is given, when
A=-A+q(z)in LX(R"), q€CFRY),

(cp. [21]).
We remark that for the more general case

A=-— Z ik ()0 + g(), g € C5° (),
i,k=1

a;;, as in section 4, a local existence theorem for the linear case follows from Theorem 4.1 resp.

Theorem 3.1, since
flt,z,u) :=a(t)g(z)u

obviously satisfies the assumptions.
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