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Slow and fast topological dynamical phase transitions in a Duffing resonator
driven by two detuned tones
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Nonlinear dynamics are studied in diverse fields as climate models, avalanches, nanomechanical sensors,
optical frequency converters, and electrical quantum amplifiers. A widely studied nonlinear model is the so-
called Duffing (or Kerr) resonator, which features a quartic potential term. Two hallmark properties of this model
are (i) a shift of a system’s resonance frequency as a function of the driving strength, and (ii) monostable or
bistable responses, depending on the drive strength and detuning from resonance. Together, these two properties
can lead to dynamical phase transitions when several drives are applied simultaneously. Here, we report an
experimental and theoretical study of a driven-dissipative nonlinear system with two detuned drives. We observe
distinct response regimes characterized by the system’s ability to follow the system’s time-dependent vector-flow
topology. Our work provides an example for understanding dynamical phase transitions in out-of-equilibrium

nonlinear systems.
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I. INTRODUCTION

Measuring the response of a system to a strong “pump”
by means of a weak “probe” has been a cornerstone of
optical spectroscopy and microscopy for many years [1-4].
In Josephson superconducting circuits, pump-probe measure-
ments are exploited for mode tuning via the AC stark shift
[5,6] and to engineer level attraction between signal and idler
[7]. In nanomechanics, it is used to investigate the coupling
between vibrational modes [8—10], study isolating electronic
states in carbon nanotubes [11], and quantify the phase noise
squeezing of a resonator [12]. In all these experiments, the
probe amplitude is kept small to only explore linear per-
turbations of the system around the dominant pump-driven
physics [13]. This condition separates the impact of the pump
tone that sets the stationary state from the probe that induces
small fluctuations, making the method versatile and simple to
interpret.

While useful for linear systems, the separation of the driv-
ing tones into so-called pump and probe severely restricts
applications in nonlinear systems to the domain of linear fluc-
tuations around the stationary states of the pump. Away from
this linear approximation, the combination of both tones may
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lead to significant effects that cannot be analyzed separately
[7,8,10,14—-18]. Essentially, nonlinear dynamics map to vector
flows whose topology encode the structural arrangement of
attractors and separatrices [19]. These vector flows will dy-
namically evolve due to the combined tones. Examples where
the interplay of the nonlinearity with multiple driving tones
leads to new phenomena are strong optomechanical squeezing
[20,21], pulse-width modulation [22], parametric symmetry
breaking [23], and routes into chaos [24-29]. In the latter two
examples, the second tone drives instabilities in the system,
leading to new dynamics that are challenging to describe
analytically [26,30,31]. In such a setting, the timescale of the
beating between the drives relative to relaxation times in the
system plays a crucial role in the resulting dynamics.

In this work, we explore the interplay between vector flow
and dynamical phase transitions in a single Duffing (Kerr)
resonator subject to a combination of two near-resonant drive
tones. We measure the response of the resonator by varying
the relative strength and detuning of the one of the tones. Un-
der particular conditions, the system response to the two drive
tones is characterized by periodic orbits in phase space around
the stationary states of the nonlinear resonator. These orbits
arise from an interplay between the detuning between the two
drives, multistability, and dissipation. We find two separate
regimes of orbits, originating from either slow or fast changes
in the vector flow relative to the decay time. We explain
both regimes with a modified model of the Duffing resonator.
Our results thus highlight a key distinction in multitone mea-
surements, and lay the groundwork for future explorations of
nonlinear networks. Such networks have important implica-
tions for society as model systems to study tipping points in
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FIG. 1. Experimental setup. (a) Simplified sketch of the tun-
ing fork resonator (light gray) vibrating with displacement z(¢) in
response to a voltage signal U(t). The capacitive coupling to the
lower electrode converts the vibration into an electrical signal x().
The tuning fork is biased with a voltage U, = 32 V. (b) Measured
amplitude response A to a single driving tone U = 140mV swept
from low to high (high to low) frequency €2, as filled (empty) blue
symbols, with Ay = ©; — €. Disks and diamonds represent the
lower and upper stable solution, respectively. The red solid (dashed)
lines represent the analytical stationary stable (unstable) solutions,
cf. Eq. (2). Gray spheres highlight the positions of the bifurcation
points, cf. Eq. (4), and the gray vertical line corresponds to the tone
frequency Ao/2m = —148 Hz used in Fig. 2. (c) In Figs. 24, we
use a second tone at frequency €2,, detuned from the first tone by
Ay = Q2 — Q.

early warning theories [26,32-34] that pertain, for example,
to climate models, avalanches, and economy.

II. EXPERIMENTAL RESULTS

Our experimental setup consists of a double ended tuning
fork resonator, made out of single-crystal silicon, which is
capacitively coupled to electrodes fabricated next to it [35];
see Fig. 1(a) and [36] for additional details. We employ the
lowest mechanical mode, whose resonance frequency €2, and
Duffing nonlinearity 8 is tuned by applying a bias voltage Us,.
An oscillating voltage U (¢) results in a drive. The resulting
displacement z(z) is converted into an oscillating electrical
voltage x(¢). For simplicity, we treat x as our effective de-
gree of freedom and express all parameters accordingly as
those of an effective electrical resonator. Under a strong drive,
the response of the system is distinctly nonlinear and can be
described by the equation of motion:

¥4+ Qx4+ Ti+ B = F(t), (1)

with I the damping rate, F(t) = U(¢) x K the overall applied
drive in units of V/s> with a conversion factor K ~ 1 x
107 /s>, and B the negative (softening) Duffing coefficient.
Equation (1) does not contain a term proportional to x2, as this
merely leads to a modified effective value of S, see Chapter 2
in Ref. [37]. In our treatment, this modification is included
in the usual calibration of 8, and the small effect of pulling

due to (F?) is ignored. From calibration measurements, we
obtain the parameters Q2y/27 = 1.109 MHz, I /27 = 110 Hz,
and B = —1.89 x 107 V=252 [36].

To characterize our system, we first measure the response
of the resonator to a single drive F'(¢#) = Fj cos (217 + 6;)
with frequency 2 ~ o, fixed phase 6}, and strength F} /K =
140 mV. We generate the oscillating drive and collect data
with a lock-in amplifier [38] set to a local oscillator fre-
quency €2;, enabling the down conversion to extract the
in-phase (X) and out-of-phase (Y) quadratures defined by
x(t) = X (¢)cos(21t) — Y (¢) sin(£2;¢). In Fig. 1(b), we show
the measured amplitude response at frequency 2;, A(f) =

X (£)?2 + Y (¢)?, for sweeps from low to high (high to low)
frequencies as filled (empty) dots. In each sweep, we observe
a jump between high and low amplitudes, as expected in a
Duffing resonator, reflecting transitions between stationary
oscillating solutions at the driving frequency €2;. The jump
position is hysteretic and is influenced by initial conditions
and sweep direction.

Next, we add a second weak probe tone, such that
F(@t)y=Y,_1,Fncos(Qut +6,). We initialize the system
in the low-arflplitude stationary solution in Fig. 1(b) at a
detuning A9 = Q2 — Qo, cf. Fig. 1(c). The second tone has
an amplitude F, = hFj, and a frequency €2, detuned from €2,
by Ay = Q, — Q. For Ayp/2nr = —148Hz, h = 0.14, and
Ay ~ 0.09T", the response at €2; shows small oscillations
around the initial solution (red line and symbols in Fig. 2) with
frequency A,j, see left panel in Fig. 2(a). In the frame rotating
at 2y, spanned by X and Y, this oscillation forms a closed
loop around the initial state, see right panel. Increasing the
probe amplitude to 7 = 0.21, we observe a striking change in
the response: as shown in Fig. 2(b), the system exhibits large
amplitude variations, with X and Y tracing an eight-shaped
trajectory which circles the two stable solutions the system
has when driven only by F; (h = 0). Increasing the detuning
Aj; while keeping & = 0.21 alters the response once more,
see Fig. 2(c). Here, the system’s quadratures oscillate again
around the low-amplitude solution. However, as is discussed
below, this case differs from the similar phenomenon in
Fig. 2(a), marking a third regime with unique features.

III. EFFECTIVE MODEL

To better understand the differences between the three
cases, we write Eq. (1) in the rotating frame measured by the
lock-in amplifier at the frequency of the first drive. Assuming
the quadratures X (), Y (¢) to vary slowly relative to the drive
frequency €2;, we average them over the oscillation period
27 /21 [30,37]. This yields

x=-_rX_7Y ﬂAzJFQ?)—Q% 4 (@)
2 2\4 Q 29,
; Y X(38 ., %9\ Re(f()
Y =-T— —_==A _ ’ )

with f(t) = Fie® + Fe"*OF%) and ¢(t) = Ay t. For Eq. (2)
to hold, |BIA%/(Q}), |Q1 — Q3|/Q2, and V|BIF?/Q8 must
be «1 [37]—conditions always fulfilled by our experimental
parameters. Equation (2) is valid when the variation of f(¢),
driven by the detuned second drive and its relative phase ¢(t),
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FIG. 2. System response to a two-tone drive. Measured ampli-
tude A(t) over time (left panel) and trajectory in phase space (right
panel) for (a) h = F»/F; = 0.14 and A, /2n = 10Hz, (b) h = 0.21
and A, /2w = 10Hz, and (¢) 2 = 0.21 and A,;/27 = 90Hz. We
initialize the system in the low-amplitude state with a fixed voltage
Fi/K = 140mV and Ay/2m ~ —148 Hz, cf. Fig. 1(b). Blue points
are measured data. On the left, the dark solid (dashed) line represents
the calculated time-dependent stable (unstable) stationary solutions,
while the red lines indicate the analytical single-tone stationary so-
lutions of the system for 2 = 0 in Eq. (2). On the right, the disk
(diamond) represents the low (high) amplitude stable state, corre-
sponding to the red lines on the left. The cross marks the unstable
state, and gray lines show the vector flow arising from Eq. (2) for
h=0.

is sufficiently slow. The averaging is carried out to second
order, introducing a small correction from residual quadratic
nonlinearities [additional terms ocx? in Eq. (1)], that renormal-
izes the effective Duffing nonlinearity [37]; this corrected 8 is
the one extracted from the experiment [36].

Intuitively, we can understand the main effect of the two
detuned drives as a single amplitude-modulated drive with

IF()] = Fiv/1+ 12 +2hcos(@ — 6, —o(1)).  (3)

Within each period 1/A,, the resonator experiences a drive
amplitude ranging from F; — F, (drives are completely out of
phase) to F; + F, (drives are in phase). For an effective drive
f at a single point in time, we can set X =Y = 0 in Eq. (2)
and obtain either one or two stable stationary solutions at
frequency 21 [30,37]. For & = 0, this yields the stationary am-
plitudes and bifurcations of the single-tone Duffing resonator;
see Fig. 1(b) [36]. The bifurcation points occur when
3

P = %[( or = 307Q1)7 £ A, (&g, +9r°Q))]. 4)
with Ag; = v/ Q2 — Q2 [36]. The effective drive f therefore
sets the position of the two bifurcation frequencies. Since the
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FIG. 3. Calculated topological phase diagram for the two-tone
driven Duffing resonator. We use Fj/K = 140mV and A,y/2n =~
—148 Hz as in Fig. 2. Depending on the amplitude & = F,/F; and
the phase ¢ between the drives [cf. Eq. (3)], the system can have a
net chirality x = 1, 0, or —1, corresponding to distinct topological
phases that offer only the high-amplitude solution (monostable),
both solutions (bistable), or only the low-amplitude solution (monos-
table), respectively. The white ring represents the critical value of &
to enter the high-amplitude monostable region.

drive is amplitude modulated, the detunings Ao at which
the bifurcation points occur are also modulated, cf. Eq. (4).
If the modulation is strong enough, the number of stable
solutions at €2; changes between 1 and 2 periodically.

Note that Eq. (2) defines a 2D vector flow, shown as gray
lines in the phase space graphs in Fig. 2. Different solutions
of the system are characterized by different flow chiralities,
where we assign the value 1 (—1) to a clockwise (coun-
terclockwise) chirality, highlighting whether the dynamics is
advanced or delayed relative to the driving tone. In the Duffing
resonator with 8 < 0, the upper (lower) solution has a chiral-
ity of 1 (—1) [39-41]. We can solve for all stable stationary
solutions i € {1, 2} as a function of / cos ¢ and % sin ¢, and at
each point sum over their chiralities yx;, see Fig. 3. This yields
a net chirality x = )", x; When the low-and high-amplitude
solutions coexist, x = 0. The net chirality is a sufficient topo-
logical index for our system [19]. To summarize, structural
changes in the vector flow manifest as changes in the number
of solutions and their local flow chirality, indicating topologi-
cal phase transitions.

We return now to our two-tone dynamical system. For a
fixed second drive with relative amplitude 7 > 0, the sys-
tem traverses a circular path in the stationary phase diagram
[Fig. 3] as its phase ¢ evolves over time. The path can traverse
regions with different x and may induce dynamical phase
transitions [42] between low- and high-amplitude solutions.
Nonetheless, the system’s ability to undergo a dynamical
phase transition and reach the vicinity of a new solution de-
pends on the available time before the solution vanishes again.
To determine which solutions are reached over time in the
experiment, we track the stationary amplitudes along each cir-
cular trajectory in Fig. 3 and overlay them with the observed
A(t) in the left panels of Fig. 2. When the drive modulation is
relatively small (2 = 0.14), the low-amplitude solution never
loses stability, and the system remains trapped near the initial
single-tone solution; see Fig. 2(a). In contrast, the case with an
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FIG. 4. Simulated qualitative difference between the slow and fast regime. (a) From left to right we show snapshots at various ¢
(top labels) during a single modulation cycle of the slow (A;;/2w = 10Hz) regime. The instantaneous solution (blue triangle) initially
continuously follows the high amplitude solution (red diamond), jumps to the low-amplitude solution (red disk), continuously follows the
low-amplitude solution, and then jumps to the high-amplitude solution. (b) Same snapshots in the fast (A, /27w = 90 Hz) regime. Here, in
contrast, the instantaneous solution (blue star) remains confined to a trajectory around the low-amplitude solution. Parameters are the same as
in the corresponding experiments in Fig. 2, with ¢ = A,;f. The analytically calculated positions of the two stable (red disk and diamond)
and the unstable solution (red cross), as well as the instantaneous system position, are shown together with a numerical simulation of the
entire trajectory (blue line). Gray lines represent the stationary vector flow calculated from Eq. (2) assuming an effective instantaneous force
f [Eq. (3)] with 2 = 0.21 and a different phase ¢ in each panel (top labels).

increased probe strength (A = 0.21) in Fig. 2(b) corresponds
to a trajectory in Fig. 3 that enters both the low-amplitude
monostable region (red) and the high-amplitude monostable
region (blue). The system follows stable solutions until they
vanish at a bifurcation point, forcing a periodic jump between
low- and high-amplitude Duffing solutions. This corresponds
to repeated dynamical phase transition imposed periodically
by ¢(t). As the system has enough time to probe the change
in topology, we term this regime “slow.”

The slow regime (A, <TI'), which we explore in
Fig. 2(b), was also studied in Ref. [22]. It can be compared
to an hourglass where all the sand collects on the lower side
before being turned. Such phenomena are studied in a broad
range of fields, ranging from bursting oscillations observed in
nonlinear coupled systems [43] to tipping points of avalanches
[26,44]. By contrast, in Fig. 2(c), we used A, ~ I'. Even
though the stationary solutions and chiralities are identical to
the ones in Fig. 2(b) and we follow the same path in Fig. 3,
the system cannot probe the changing vector-flow topology
quickly enough. The jumps are thus never completed, and
the system orbits around the initial single-tone solution. To
distinguish from the slow case above, we term this regime
"fast." The fast case contrasts with Fig. 2(a), where the system
can follow a single stationary state continuously because that
solution remains available during the entire period.

To emphasize the difference between the slow regime in
Fig. 2(b) and the fast regime in Fig. 2(c), Fig. 4 presents
snapshots of the accumulated system’s trajectory at dif-
ferent times during a single period, shown alongside the

instantaneous vector flow. The vector flow lines are calculated
using Eq. (2), with the same parameters as in Figs. 2(b)
and 2(c). A numerical simulation of the slow regime is shown
in Fig. 4(a). Like in the experiment in Fig. 2(b), we observe
the characteristic eight-shaped trajectory due to the opposite
chirality of the flow lines around the two solutions. In the
fast regime in Fig. 4(b), instead, the simulated trajectory is
strikingly different, even though the global topology of the
flow lines is identical. Here, the system is trailing (but never
quite catching up with) the low-amplitude solution or the
changing topology of the flow lines. The resulting small loop
strongly resembles the experimental observation in Fig. 2(c).
The time-dependent flow analysis thus reveals stark contrast
between the slow and fast regimes, driven by the interplay
of modulation timescales and dissipation, and traceable to
the system’s capacity—or lack thereof—to adapt to changing
conditions. Interestingly, a systematic study of the system
response to various Aj, and & reveals a nontrivial transition
between fast and slow regimes; see Sect. III of [36]. We leave
the analytical description of such interplay to future work.

IV. CONCLUSION AND OUTLOOK

This work exemplifies the competition between an
amplitude-modulated drive and resonator damping in a non-
linear oscillator. In particular, we highlight the transition from
a slow regime, where the system adheres to the underlying
topology of the phase-space dynamics and undergoes dy-
namical phase transitions, to a fast regime where this is no
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longer true. While starting from a similar situation as previous
works [24-29], we thus emphasize a fundamental aspect that
was hitherto not well addressed: why does the system select
a particular trajectory in response to multitone drives, and
how can it be controlled? The insights from this example
are broadly applicable to other nonlinear systems, particu-
larly to networks of nonlinear resonators, where the coupling
terms of the individual network constituents act as multiple
drive tones that can induce many-body oscillation phases
[45—48]. Characterizing these phases in terms of their time-
dependent phase-space topology [19] and departures therefore
will provide a robust framework for sensing applications [22],
computer vision [49], and kinematic synthesis in complex
machinery [50], as well as further our understanding of water
wave dynamics [51,52] and combustion engines [53], as well
as early-warning models [26] employed in the context of
avalanches, earthquakes, and solar flares [44].
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