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Abstract. Energy-transport models describe the flow of electrons through a semi-
conductor device, influenced by diffusive, electrical, and thermal effects. They consist
of the continuity equations for the mass and energy, coupled with Poisson’s equation
for the electrostatic potential. The energy-transport model can be written in a drift-
diffusion formulation which is used for the numerical approximation. The stationary
equations are discretized with an exponential fitting mixed finite-element method in
two space dimensions. Numerical simulations of a ballistic diode are performed and
numerical convergence rates are computed. Furthermore, a two-dimensional MESFET
device with parabolic band structure is simulated.
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1 Introduction

In the modeling of semiconductor devices, two main classes of classical models
can be distinguished: kinetic models, like the semiconductor Boltzmann equa-
tion, and fluid-dynamical models, like the drift-diffusion equations [21, 25, 31].
The semiconductor Boltzmann equation gives quite accurate simulation results,



but the numerical methods to solve this equation (for instance, with Monte-
Carlo methods [40]) are too costly and time consuming to model real prob-
lems in semiconductor production mode where simulation results are needed in
hours or minutes. Acceptable accuracy can be obtained by solving macroscopic
(fluid-dynamical) model equations derived from the Boltzmann equation. The
simplest model are the drift-diffusion equations for which very efficient numer-
ical algorithms are available [6, 20, 22, 26]. These models, however, are not
accurate enough for sub-micron device modeling, owing to temperature effects
of hot electrons, for instance.

The energy-transport equations are able to model temperature effects. They
are of parabolic type such that their numerical solution needs less effort than
hydrodynamic models which contain hyperbolic modes [4, 9, 17]. Moreover, the
energy-transport models we study here can be written in a drift-diffusion form.
Therefore, the numerical effort is comparable to the drift-diffusion equations and
numerical schemes, developed for the drift-diffusion models, can be employed.

In this paper an exponential fitting mixed finite-element method is used to
discretize the stationary energy-transport equations in two space dimensions.
More precisely, we adopt the finite-element scheme, proposed by Marini and
Pietra in [29, 30] for the drift-diffusion equations, to the energy-transport sys-
tem.

The energy-transport equations consist of the conservation laws of mass and
energy, together with constitutive relations for the particle and energy currents,
and are coupled to the Poisson equation for the electrostatic potential. Denot-
ing by p, T, and V the chemical potential, the electron temperature, and the
electrostatic potential, and by J;, Jo the particle and the energy current den-
sities, respectively, the stationary equations in the entropic variables u/T and
—1/T read as follows:

—div Jl = 0, (1)
—divJ, = —-J-VV+W(n,T), (2)
_ qp - gVV 1
Ji = L11<Vm - kB—T) +L12V(— kB—T)7 (3)
_ qu qV'V 1
gl = Lo (vk‘B—T - k‘B—T) +L22V(— k‘B—T)’ (4)
esAV = g(n-0C). (5)

The physical constants are the elementary charge g, the Boltzmann constant
kg, and the semiconductor permittivity ;. The electron density n depends
on 4 and T. The space dependent function C = C(x) is the doping profile,
L;; = L;j(n,T) are the diffusion coefficients, and W = W(n,T) is the energy
relaxation term [25]. The above equations have to be solved in the bounded
semiconductor domain Q0 C R?. We complement the equations with physically
motivated mixed Dirichlet-Neumann boundary conditions:

n=np, TZTD, V:VD on FD,
Ji-v=Jy-v=VV-vr=0 on I'y,



modeling the contacts I'p and the insulating boundary parts I'y. We have
assumed that 0Q = T'pUTl'y and I'pNT'x = 0. The exterior normal unit vector
on 0f) is denoted by v.

The system (1)-(5) has been studied analytically in [11, 12] under the as-
sumption of uniformly bounded diffusion coefficients. The existence and unique-
ness of weak solutions to both the stationary and the time-dependent (ini-
tial) boundary-value problems have been proved. Existence results with dif-
ferent assumptions (for instance, near-equilibrium situations) have been shown
in [1, 15, 19, 24].

The first energy-transport model has been presented by Stratton in 1962
[37]. In the physical literature, energy-transport equations have been derived
from hydrodynamic models usually by neglecting certain convection terms (see,
e.g., [34] and references therein). This approach can be made rigorously by con-
sidering a diffusion time scaling [18]. Another approach is to derive the energy-
transport equations from the Boltzmann equation by means of the Hilbert ex-
pansion method [3]. First, a so-called spherical harmonic expansion (SHE)
model is derived from the Boltzmann equation in the diffusion limit, under the
assumption of dominant elastic scattering. Then, through a diffusion approx-
imation, respectively making electron-electron or phonon scattering large, the
energy-transport equations are derived from the SHE model. The advantage
of this approach is that it can be performed under quite weak assumptions on
the semiconductor band structure and that explicit expressions for the diffu-
sion coefficients and the energy relaxation term can be given [13]. Moreover,
any energy-transport model derived in this way (assuming Boltzmann statistics)
allows for a drift-diffusion formulation of the form

Ji = Vg’t(nJT) - g’t(nJT)vTa—Va P = 1727 (6)
where g1 and g2 are nonlinear functions of n and 7. (In fact, g1 = L1 and
g2 = Lay; see [13] for details.) This formulation is the basis for our numerical
discretization. Notice that for constant temperature, this expression reduces to
the standard drift-diffusion current definition.

In the physical literature, the energy-transport equations have been inves-
tigated numerically for several years [2, 7, 8, 36, 39], usually using Scharfetter-
Gummel-type discretizations. Jerome and Shu [23] solved the equations em-
ploying ENO (essentially non-oscillatory) methods. Compact finite-difference
schemes have been used in [16]. The energy-transport model in the dual en-
tropy formulation has been discretized with mixed finite elements by Marrocco
et al. [32]. Another mixed finite-element discretization has been employed in
[13], but only in one space dimension.

The continuity equations (1), (2) and (6) are discretized in this paper in two
space dimensions with a variant of the mixed exponential fitting scheme, which
has been developed and studied in [6, 30] for the linear drift-diffusion equations
and extended to a nonlinear drift-diffusion model in [26]. The most important
features of this scheme are the current conservation (the current is introduced
as an independent variable and continuity is directly imposed) and the ability



to approximate accurately steep gradients.

Since the energy relaxation term can be written in the form W = ¢;91 —¢292
with ¢; = ¢;(g1,92) > 0 (see Section 2), we can write the continuity equation
(2), (6) in the variables g; and go:

_VV
T(gla 92) ’

where f contains the Joule heating term J; - VV and the term ¢;9;. For the
case ¢z = 0 and constant temperature, a mixed scheme, based on the lowest-
order Raviart-Thomas elements [33], has been introduced and discussed in [6]
for f = 0 and in [5] for f # 0. The matrix associated with the scheme can
be proved to be an M-matrix, if a weakly acute triangulation is used. This
property guarantees a discrete maximum principle and, in particular, a non-
negative solution if the boundary data are non-negative. Unfortunately, the
M-matrix property does not hold anymore if c2 # 0. In order to circumvent this
fact we use the finite elements developed and analyzed by Marini and Pietra
[29, 30]. In fact, it has been proved that these elements provide an M-matrix
for all ¢ > 0.

This paper is organized as follows. In Section 2 we scale the equations and
make explicit the model assumptions. In particular, we assume parabolic band
diagrams (see [13] for nonparabolic bands). The mixed finite-element discretiza-
tion using the elements of Marini and Pietra is derived and the global iteration
procedure is explained in Section 3. Section 4 is devoted to the application
of the resulting scheme to a two-dimensional ballistic diode, which is uniform
in one space dimension (for comparison with the results in [13]) and to a two-
dimensional MESFET device. The paper finishes with a short conclusion in
Section 5.

—divJa +c2g92 = f, Ja=Vga—go

2 The Model Assumptions

In this section we scale the equations (1)-(5) appropriately and specify our
assumptions on the constitutive relations for L;;, n and W (or g1, g2 and W).

Let (), be the maximal value of the doping profile, £* the diameter of the
device, pg the low-field mobility, Ty the lattice temperature, and Uy = kgTo/q
the thermal voltage. Using the scaling

n—Cpn, C—>C,C, T-TyT, p—Urp, z— 0,
Jl — (quoUTCm/f*)Jl, J2 — (q,ugU%Cm/E*)Jg,
Lij = ((qUr)"™ ' uoCrm) Lij, W = (quoUzCrm /€)W,



we obtain the system

_divs; = 0, (7)

—dive = —-J;-VV+W(n,T), (8)
_ uw  VV 1

N
_ p_VV 1

Jo = Ly (VT T ) +L22V( T)’ (10)

MNAV = n-C, (11)

where A = \/e;Ur/(qC, £*?) is the scaled Debye length.
We impose the following physical assumptions:

e The energy-band diagram is parabolic.
e The electron density is given by nondegenerate Boltzmann statistics.

e The energy relaxation term is given by a Fokker-Planck approximation
(see [13, section 2.2]).

Under these hypotheses it is shown in [13] that the current densities (9)-(10)
can be written in the form (6) and that the following relations hold:

n = N.T*?exp(p/T), where N, >0,
gi(n,T) = MowTi_l/z_ﬂm i=1,2,
T - T,
Wt = 3"
B(T) = 70 741_‘?5/_? %) T'/2-8,

Here, 73(T') is the energy relaxation time, and the constant f > —2 is a param-
eter in the energy relaxation model. For the precise definition of the parameters
N;, 10 and pg we refer to [13, section 2.4]. The symbol I' denotes the Gamma
function defined by

o0
T(s) =/ u* e %du, s> 0.
0

In the literature, the values § = 1/2 (used by Chen et al. [7]) and 8 = 0
(used by Lyumbkis et al. [27]) have been employed. In the case § = 1/2 we have
I'(3/2) = /7/2 and T'(5/2) = 34/w /4 and therefore, since Ty = 1,

3
g1(n, T) = pon, ga(n,T) = §u0nT,

_ 3 TL(T—T()) _ 1 3
W= 2 To  Topo (291 gz).




We call the energy-transport equations with these relations for gy, go and W
the Chen model.
If 3 = 0 we obtain

2 4
91(n,T) = —=ponT*?,  go(n,T) = —=ponT??,
™ VT

W 2 n(T-To) 1 ( 1 )
VT VT o T (g1,92) '~ 2%/
The function T'(g1,g92) equals go/(2g1). The corresponding energy-transport
equations are called the Lyumkis model. We use the above formulation of
W (g1, g2) including T'(g1, g2) since this allows us to write the energy equation
in the form

div Jo + C2ga = f,

with co = 1/(210u0T") (see Section 1).
We rewrite the energy-transport model in the (g1, g2, V') variables:

—divJ; =0, (12)
—div Jy + 62(91,92)92 = 01(91592)91 - Ji - VYV, (13)
vv
Ji=Vgi— gim———, i=12, 14
FE VI T g, g) 1)
NAV =n(gy,92) — C(x) in Q, (15)
91 =9p1, 92=gpy2, V =Vp onI'p,
Jl'V:JQ'V:VV'I/:O OHFN,
where gp; = ¢i(np,Tp), i = 1,2, and
Ch (91,99) = s——,  ca(g1,02) = — (16)
n: = . -
€ €191, 92 2r0kt0” C2(91, 92 —
2g2 g1
T = == = = 17
(91,92) 31 n(g1,92) o’ (17)
1 1
Lyumkis: ¢ , =— ¢ , =—— (18
Y 1(91:92) Tok0T (g1, g2) 2(91,92) 270107 (g1, g2) (18)
) 3\1/2
g2 T 91
T = <= = | — — ].
(91,92) 9 n(g1,92) (2M3 g2) (19)

3 The Numerical Scheme

3.1 Mixed Finite-Element Discretization

In this section we describe the discretization of the energy-flux equations (13),
(14) using an exponential fitting mixed finite-element method. The equations
(12), (14) are treated similarly. In fact, their discretization is simpler since



the right-hand side of (12) vanishes. For the Poisson equation (15), P; non-
conforming elements are used (cf. [10]). Therefore, in the forthcoming, we as-
sume V to be linear on each triangle.

Let Q C R? be a polygonal domain and let 73, be a regular family of decom-
positions of 2 into triangles K in such a way that there is no element across the
interface between I'p and I'y. Furthermore, let &, be the set of edges e of T},.
Asin [13, 26] the idea of the discretization is to transform the problem by means
of the Slotboom variable to a symmetric form, then to discretize the symmetric
form with mixed finite elements (consequently, the flux is introduced as inde-
pendent variable), and to use a suitable discrete change of variable to return
to the original unknown gs. Due to the nonconstant electron temperature, a
global Slotboom variable does not exist. However, we can define a “local” Slot-
boom variable y», assuming that the temperature T' = T'(g1, g2) is a prescribed
piecewise constant function, called T, defined in the global iteration process.
Therefore, VV/T is constant on each element K, and we can define

yp=e"Tgy inK (20)

under the assumption T|gx > 0. Equations (13) and (14) can be rewritten on

each triangle K with ¢ = ¢;(T) (see (16) or (18)) as follows:
e VT Jy — Vy, =0, (21)
—div Jy + EzeV/Tyz =—J1-VV+4+eqn in Q. (22)

To derive the monotone mixed scheme developed in [30], a special set of
polynomial vectors are introduced to approximate the current density:

E(K) = span(n,TQ,Tg),
with
n = (130)7 T2 = (Oal)a T3 = (wlaWZ)-

To define the properties that determine the polynomials w; we need the following
notation. The edges of each triangle K are numbered counter-clockwise starting
with e;, which is the edge connecting the vertices with the smallest values of V
in K (see Figure 1). We choose 73 = (w1, w2) with wy, we € Py(K) fulfilling the
following conditions:

T3 Valey = T3 Usles =0, T3-vile, =1, (23)
/ T3 - curl(/\l, /\2, )\3)d$dy = 0, (24)
K
/ widzdy =/ wadzdy = 0, (25)
K K

where A; denotes the i-th barycentric coordinate. It is easily checked that
dim(div E(K)) = 1 (see (23)).
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Figure 1: Notation in a triangle K.

We introduce the following finite dimensional spaces:

Vi = {7‘ € [L2(Q)]2 : T|K € E(K) VK € 77L}7
Wi = {¢ € L*(Q) : ¢|x € Po(K) VK € Tp,},

Ape = {p € L*(&) : plx € Pole) Ve € &; /(u —¢)ds =0VeeI'p},

e

(26)

where ¢ is any function in L2(T'p). The spaces Py(K) and Py(e) denote the sets
of constant functions in K and on e, respectively. The mixed-hybrid formulation

of (21)-(22) is:

( Find J} € Vi, gh € W), and g% € Ap g, , such that:

KeTs, ei(K) e;

> (—/ divJ§¢da:+/ 52g3¢da:) =/(—Jf-vv+élgf)¢dx,
KeT K K K
Z / uJP - vds =0

L KeTn oK

3 (/KRKJ;‘-de+/KSKdeiVde— 3 Seiggr-l/ds) -0,

(27)

forall 7 € Vj,, ¢ € Wy, and p € Ap . Here, v denotes the normal unit vector
on 9K and e;(K) is the set of edges e; of K. Furthermore, J} € V}, is the
approximation of the current density J; and g3 € W}, is a piecewise constant
approximation of g;. The first equation in (27) is a weak discrete version of
(21), the second equation corresponds to a discrete version of (22), and the
third equation imposes a continuity requirement of the normal component of
JI at the interelement boundaries. At first the equation states that the jump of
JJ - v has zero mean value since p is constant on each edge. But since J# itself
is constant on any edge (see (23)), the normal component of J§ is continuous

across the interelement boundaries.



The function R denotes a piecewise constant function that is defined on each
triangle K by

1 __
R :—/ e VT dy.
K] Jx

The piecewise constant function S is defined via an average on the edges. The
goal is to approximate large gradients of the potential with the correct order of
magnitude (for a detailed discussion see [30, section 3]). More precisely, S = Sk
on K is given by:

1 i
Sei (k) = m/ e V/Tds, Sk = miaXSei(K) = Se,(K)- (28)
e

Recall that the edge e; connects the vertices with the smallest values of V' in
K. The terms Sk gh and S.,g? are both approximations of ys.

We describe now the static condensation procedure that eliminates J§ and
gh and leads to the final algebraic system in the variable g#. Denoting by JZ,
g%, and g} the vectors of the nodal values, the linear system associated with
(27) then reads as follows:

A B -C Jh 0
BT _-D 0 f]g = -F 1. (29)
-CT 0 0 gh 0

The matrices A, B, C, and D correspond to
RK/T,' 'Tjd.’L', /divncbjd:c, /¢i¢jd{1?, and /Tiujd.’l,‘,
K K K K

respectively, where 7;, ¢;, and u; are the basis functions of the corresponding
spaces. The elementary matrices associated with the element K will be denoted
with the superscript K. Then it holds BX = BXSx € R%. For CF we get

6K = CKdiag(Sel ; Seg ) S€3)'

In view of (26) and (25) the matrix A has a diagonal structure and can easily
be inverted, i.e. J? can be removed from the system by static condensation.
Similar arguments for —BTA-'B — D allow to eliminate gh. This leads to a
system only acting on g}:

Mgh =G

with
M=CTA'C-CTA'B(BTA'B+ D) 'BTA'C,
G=CTA'B(BTA'B+ D) 'F.

For the current density we get

Ji = AYB(BTA'B + D) (=F — BTA'Cgh) + Cgl].



We make more precise the structure of the resulting matrix M = (m;;) on
each triangle K:

SKMTL | oBe) ifi=j=1,
mk = { B |K] (30)
Y Se; () 11 - 1 else

Rk |K] ’

where we have set n; = |e;|v;. The function (&), which is related to CTA-'B
x(BTA7'B + D)~! and that scales the influences of the right-hand side and
the zeroth-order term, is given by

_ _ R\t
5(22) = lea I (sl + l € sy ) (31)
The coefficients of the right-hand side are:
5(-)1/(Jh VV +ég1)dedy  ifi=1
Co)— —Ji - cig1)dedy ifi=1,
VK = QPR f T i (32)

0 if { = 2,3.

For ¢ > 0, B(&2) is a positive function. The quotient Sk /Rk governs the
strength of the convection and is strictly positive. Altogether we get an M-
matrix if the triangulation is weakly acute (see [30] for details).

Let J3%; be the nodal values of J§' that correspond to the triangle K. From

e:)

g% we reconstruct the current J3 (with g% ; = g

3
1 — . .
m ZSej(K)RKlgg,j(nj)i ifi=1,2,
Jj=1

le1| (= + 228(22)) if i = 3.

Ty = (33)

The approximation J} is constant on each triangle. With the same notation for
gl we get

3
1 _
Tk = & ZSej(K)RKlgf’jnj. (34)
=1
Remark 1 Since

mf; = iKIJ’ i,

=1,2,3,

is the elementary stiffness matrix corresponding to a P; non-conforming finite-
element discretization of the Laplace operator and since for constant poten-
tial it holds Sx/Rg = 1, a treatment of the lower order terms in (22) with
non-conforming P; elements is motivated. In the next chapter we perform a
comparison of the different treatments.

10



3.2 Global Iteration

For the classical drift-diffusion model, several iterative procedures for solving the
coupled system have been proposed in the literature (see, e.g., [21, 28] and the
references therein). We have used a Gummel-type method for the first numerical
example, combined with an iteration procedure for the temperature, and a full
Newton method for the second example. The Gummel iteration procedure can
be regarded as an approximate Newton method, where the information about
the strong coupling of the unknowns is incorporated into the Poisson equation
and the Jacobian of the system is replaced by a diagonal matrix [21].

In the following we describe the Gummel-type iteration procedure. Before
we give a description of the complete algorithm we explain the treatment of the
temperature. From g? and g we construct through (17) or (19) a temperature
T), on each edge e. The local mean temperature 7|k is then defined by the
(arithmetic) mean value of Tj on the edges e € K. This is different from
the treatment in [13] since there T|x is constructed directly from g, and g;.
We observed that our method gives a slightly faster converging global iteration
procedure (compared to the algorithm in [13]).

In the Poisson equation the electron density is defined through the equations
(17) or (19). We assign the starting values g§0), géo) (vectors of nodal values)
and compute V(9 as the solution of the Poisson problem. Furthermore, assign
three real numbers ¢, ¢, d > 0 and the vector T(=). (For the values of ¢, ¢, and

d, see below.) Then, given gg), ggl), and V| the iteration is defined as follows:

1. Compute the temperature T(®) as a function of gy), gél) (using the expres-

sions (17) or (19)), set Vo = V¥ and define T (using T™) as mentioned
above.

2. (a) Find g; such that
~divJy =0, Ji=Vg —VVWT ‘g1 inQ,

g1 =91(np,Tp) on 'p, (35)
Jl -v=0 on FN.

(b) Set Vi = V4 + 6V where §V is the solution of

NAV) = n(gy, TV)V = =XN2AVy +n(g1, TW) = C in 9,
0V=0 onTp, V(@V)-v=0 onTy.
(36)

If ||6V || > max(e, ¢||T¢ 1) — T®||4) then set Vy := V; and repeat step
2, otherwise proceed with step 3.

3. Set
g](-l-‘rl) =g and V(l+1/2) — ‘/'1

11



4. Find gglﬂ) such that

—divJSY 4 gl = g, vV YD) g gDy
T = gl _ gyt gl in 0, (37)
98t = g2(np,Tp) onTp, JTV-v=0 on ['y.

5. Compute T from g§l+1), g§l+1)'

6. Define V(+1) = V(+1/2) | §V where §V is the solution of

XAV = n(gt, T+)5v
= —NAVEHLD) 4D Ty ¢ inq,  (38)
0V =0on I'p, V(@V)-v=0 onTy.

Steps 2(a) and 4 are performed by means of the mixed exponential fitting
scheme presented above (see (27)). Steps 2(b) and 6 are solved via a P; non-
conforming finite-element method (cf. [10]). After convergence of the iterative
scheme, the current densities JI and J} are computed using formulas (33)
and (34). We stress once more the fact that the use of the mixed formulation
guarantees conservation of the current densities, i.e. the jump of the normal
component of the current at the interelement boundaries is zero.

It is well known that a Gummel-type iteration scheme is very sensitive to
the choice of initial guess, in particular far from thermal equilibrium. Therefore,
the procedure is coupled to a continuation in the applied bias. For small bias
steps or near the fixed point it is sufficent to perform steps 2(a) and (b) only
once before proceeding to step 3. Performing this inner loop allows to use larger
bias increments. However, it is not necessary to have convergence in the inner
loop at every step for reaching convergence of the complete system. Altogether
this is controlled by the truncation condition of step 2. In the computations we
have used the values ¢ = 0.01, d = 0.8 and € = 1078.

4 Numerical Examples

We present two numerical tests. First we simulate a two-dimensional ballistic
nTnnt silicon diode which is uniform in one space dimension. The numerical
results are compared to the results of the one-dimensional ballistic diode sim-
ulated in [13]. In the second example we consider a two-dimensional silicon
MESFET device. In Table 1 the physical constants we use here are collected.

4.1 Ballistic Diode

We consider a two-dimensional diode which is uniform in one dimension. The
semiconductor domain is Q = (0,1;) x (0,1,), where I, = 0.6pm, I, = 0.2um,
and the length of the channel equals 0.4um. The nt regions are defined in

12



Parameter | Physical meaning Numerical value

q the elementary charge 1.6-10~9As

n; intrinsic density 10%m—3

€5 permittivity constant 107 12AsV—1s7!

Mo low field mobility 1.5-103cm?V—1s7!
Ur thermal voltage at Ty, =300K | 0.0259V

To energy relaxation time 0.4-10~12s

Table 1: Physical parameters for silicon.

(0,0.1pm) x (0,1,) and (0.5um, ;) x (0,1,), the n region (or channel region) in
(0.1pm, 0.5pum) x (0,1,). The diode has two Ohmic contacts on both sides of
the domain whereas the remaining boundary parts are insulating. We choose:

Ipi={z=0}, Tpo={z=0L}, Tn={y=0tu{y=10}

On I'y homogeneous Neumann boundary data are imposed and on I'p the
Dirichlet boundary data are given as follows:

n:Cm, T:T(), V:(I)o on FDl;
n:Cm, T:To, V=U+%® on I'ps.

Here, the ambient temperature is Ty = 300K, U = 1.5V is the applied voltage,
and the built-in potential ®¢ is given by

®y = Urln(n/n;). (39)

The doping concentration in the nt region is C,,, = 5-107ecm ™3, in the channel
region we take a doping density of 2 - 10°cm=2. These values are the same as
in [7, 13, 32, 36] and allow for a comparison with the results presented in these
papers.

First we report the relative errors (RE) of the computed solutions in the L?
norm in Table 2 and Table 3, using the Chen model (see Section 2). The mesh
on which the reference solution was computed has 20480 triangles and maximal
edge length h = 1/160. As mentioned in Remark 1 we compare the proposed
scheme with a P; non-conforming treatment of the zeroth-order terms. The
convergence rates of the mixed discretization for T}, np, g2, are 1.55, 1.85,
and 1.84, respectively. For a constant potential one would expect the P; non-
conforming scheme to give better results, since there the lower-order terms have
a stronger effect on the resulting matrix. For the present situation the errors do
almost not differ. This shows that the convection parts play here an important
role. We finally mention that similar results have been obtained using the
Lyumkis model.

Now we present the numerical results for a non-uniform mesh with 900 tri-
angles. In Figure 2 the (unscaled) electron temperature for the Lyumkis and the
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| h

| RE for ¥, | RE for T}, | RE for ny | RE for gy 4 |

0.1 5.4-1073 0.0122 0.100 0.100
0.05 | 1.9-10=% | 4.96-103 0.029 0.029
0.025 | 5.1-107* 1.4-107% | 7.7-1073 7.7-1073

Table 2: Relative errors for the mixed scheme (Chen model).

| h | REfor ¥ | REfor T} | RE for ny | RE for ga 5 |
0.1 5.4-1073 0.0122 0.100 0.100
0.05 1.9-10° 3.4-1073 0.029 0.029
0.025 | 4.8-10~* 99.-10~* 7.8-1073 781073

Table 3: Relative errors for the P; non-conforming scheme (Chen model).

Chen model are shown. As expected, the temperature profiles are almost uni-
form in one space direction. Moreover, they coincide with the values computed
in [13].

In Figure 3 we show the (unscaled) electron mean velocity u = Ji/(qn).
Again, the profiles coincide almost with the corresponding results in [13]. The
maximum values for the Lyumkis and the Chen model are 3.03 - 10"cm/s and
1.44-107cm/s, respectively. In [13], the maximum values 2.92-107cm/s (Lyumkis
model) and 1.44 - 107cm/s (Chen model) are reported.

4.2 MESFET Device

The MESFET (metal-semiconductor field-effect transistor) device is used as a
switch or amplifier [38]. The device geometry is as follows. The device consists
of two highly-doped nT regions near the Ohmic contacts (called source and
drain) and an n region with a Schottky contact (called gate); see Figure 4. The
source and drain contact lengths are 0.1um; the gate contact length is 0.2um.
The complete geometry is shown in Figure 4. For the doping profile we use the
smoothed function presented in Figure 5. It holds (in pm):

3-107cm™3
1-107e¢m—3

: (z,y) €0,0.1] x [0.15,0.2] U [0.5,0.6] x [0.15,0.2],
: else.

C(a:,y) = {

The boundary data is given as follows (with &g as defined in (39)):
e at the source: n =3-107cm 3, T = 300K, V = ®;
e at the drain: n =3-107ecm ™3, T = 300K, V = &, + 2V;
e at the gate: n =3.9-10°cm 3, T = 300K, V = &, — 0.8V;

14
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Figure 2: Electron temperature versus position in a ballistic diode.

e for the remaining boundary segments, homogeneous Neumann boundary
conditions for Ji, Ja, and V are used.

These values are the same as in [9, 23], but we do not prescribe the velocity on
the contact parts. The value for n at the gate contact has been computed from
the formula (5.1-19) from [35]. We use the definition of the temperature and
the energy relaxation term of the Chen model.

For this device geometry, the Gummel-type iteration presented in Section
3.2 converges very slowly. The reason may be the complex structure of the
temperature profile, in particular the large gradients near the gate contact. For
this reason, a full Newton scheme has been used.

In the Newton algorithm, the discrete algebraic equations for T' = f(g1, g2)
(see (17)) must be properly scaled in order to avoid a badly conditioned Jacobian
matrix. We assume that Tj, and fy, given by Ty, = fr = f(g%, g%), are a P,
non-conforming approximation of the temperature and the right-hand side of
(17) and the equation T}, = f3, is considered in variational form as follows:

/Q Thjpjpidrdy = /Q frjpjpidrdy,

where ¢; denotes the basis function. Now, since [ ¢;p;dzdy = |supp(p;)|/3-di;
we get

Thjlsupp(p;)|/3 = frjlsupp(e;)|/3,
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Figure 3: Electron mean velocity versus position in a ballistic diode.

which is of the same order of magnitude as the zeroth-order term in the differ-
ential equations. This leads to much faster convergence especially for bad initial
values or high increments in the bias continuation.

Figures 6-9 show the computational results for a mesh with 1564 nodes. It
is only refined near the Dirichlet boundaries and the junctions. In Figure 6 the
electron density is shown. The depletion area around the gate contact is clearly
seen.

The electron temperature is presented in Figure 7. The maximal temper-
ature is 3152K. As expected, the temperature is large near the drain contact.
Near the gate, the gradient of the temperature is very large, which may indicate
that the fixed boundary temperature of 300K is physically not appropriate.

In Figure 8 the electrostatic potential is shown. Since the electrons are
moving in the direction of positive potential, we expect a significant current
flow from the source to the drain. This is confirmed by Figure 9 where the
vector of the particle current density is depicted. In fact, with the above data,
the MESFET device is in an “open” state. In a “closed” state the depletion
region is much larger than shown in Figure 6 and the current density much
smaller.
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5 Conclusion

In this paper we have adopted the mixed finite elements developed in [30] to
the two-dimensional energy-transport equations. The three main features of the
numerical scheme are that the current densities are conserved (i.e. the jump of
the normal component of the current at the interelement boundaries is zero),
that the resulting stiffness matrix is an M-matrix (which guarantees positivity
of the electron density and provides robustness of the scheme in regions with
very low carrier concentrations), and that the convection part is approximated
with the correct order of magnitude even in the presence of zeroth-order terms.

We have presented numerical results for a ballistic diode and a MESFET
device. Due to the advantages of the employed scheme, rather coarse meshes
could be used. Some care has to be taken on the discrete temperature in regions
where it varies strongly.

The boundary layer of the temperature near the gate contact indicates that
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Figure 6: Electron density in the MESFET (Chen model).

different boundary conditions may be physically more appropriate. One possi-
bility is to employ Robin boundary conditions at the contacts, since they are
second-order approximations of boundary conditions for the Boltzmann equa-
tion [14] and the energy-transport equations are itself derived from the Boltz-
mann equation [3]. Robin boundary conditions have been already used in the
drift-diffusion model [41]. This investigation will be done in a future work.
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