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Attracting sets in index 2 Differential Algebraic
Equations and in their Runge-Kutta Discretizations

Johannes Schropp
Dept. of Mathematics and Computer Science
University of Konstanz
P.O. Box 5560
D-78434 Konstanz

Abstract

We analyze Runge-Kutta discretizations applied to index 2 differential algebraic equa-
tions (DAE’s) in the vicinity of attracting sets. We compare the geometric properties of
the numerical and the exact solutions and show that projected and half-explicit Runge-
Kutta methods reproduce the qualitative features of the continuous system correctly.
The proof combines invariant manifold results of Schropp [13] and classical results for
discretized ordinary differential equations of Kloeden, Lorenz [10].

1 Introduction

The treatment of index 2 differential algebraic problems gains more and more importance in
numerical analysis. Classes of problems which serve as sources are, e.g, multibody systems
with constraints on the velocity level or in the GGL-formulation (see, e.g., Gear [5] or Gear,
Gupta, Leimkuhler [6]). Index 2 DAFE’s also occur as auxiliary systems for minimization
problems when searching for an evolution that approaches a local minimum of an objective
function restricted by algebraic constraints (see, e.g., Schropp [11]).

In the present paper we analyze the behaviour of projected and half-explicit Runge-Kutta
discretizations applied to index 2 DAE’s near stable attracting sets. It is well known that the
dynamics of an index 2 problem in Hessenberg form takes place in a submanifold of the space
times control space (see Hairer, Wanner [9], Ch. 7.1). Additionally, the phase space of the
discrete dynamics for fixed step size is an open neighborhood of that submanifold. In Schropp
[13] it is shown that discrete schemes satisfying the first order constraint admit a submanifold
too which is attractive, invariant and close to the continuous one. Here, we compare the
geometric properties of a Runge-Kutta method restricted to the discrete invariant manifold
with the properties of the continuous solution flow on its phase space. To be more precise, we
analyze the behaviour of the discrete and continuous dynamics near stable attracting sets, a



characterization in a neighborhood of hyperbolic equilibria can be found in Schropp [12] and
the analysis for period orbits is presented in Schropp [13]. We show, that in the vicinity of
an uniformly stable attracting set [y the discrete Runge-Kutta time h-map restricted to its
invariant manifold admits a discrete attractor I'p, which converges in the Hausdorff metric
towards its continuous counterpart 'y as the step size h tends to zero. This generalizes the
well known Kloeden, Lorenz result [10] for ordinary differential equations (ODEs) to index 2
DAEs.

Our main tools are embedding and invariant manifold techniques. We embed the original
index 2 DAE into a DAE of the same index such that the corresponding index 0 ODE admits
a representation as dynamical system on the euclidian space RY. Then, we mimic that
approach for the projected and half-explicit Runge-Kutta dynamics. This will allow us to
apply the results of Kloeden, Lorenz [10] for one-step methods in RY and using invariance
results a drawback to DAEs is possible.

2 The main results

We consider the autonomous DAE

= f(u,A), u(0) = uy,
0 = g(u), A0) =X, (2.1)

u € RY and A € R in Hessenberg form. Let C! denote the space of functions of class C¥
with bounded derivatives up to order v. We make the following assumptions.

(A1) f e CyYRNTLRYN), g€ CyHH(RY,R!) for some sufficiently big v.

(A2) There is a CY-function vy satisfying Dg(u) f(u,e(u)) = 0 for u € D, := {u € R |
lg(w)|l2< 7}, 7> 0.

(A3) Dg(u)%(u, Yo(u)) is invertible for u € D, and the inverse has bounded norm.

In particular, problem (2.1) is of index 2 and consistent initial values must satisfy g(ug) = 0,
Dg(uo) f(ug, Ao) = 0. Additionally, Dg(u) is of full rank for v € D, so that the second
equation of (2.1) defines the (N — I)-dimensional submanifold S := {u € RY | g(u) = 0} of
RN and the underlying index 0 ODE reads

o = f(u,o(u)),u(0) =uy € S. (2.2)

Note that by virtue of (A2) equation (2.2) describes a dynamical system on the manifold
g(u) = 0. We denote the solution flow of (2.2) with @(t,ug), ug € S. Then, the solution flow
of (2.1) has the form

Sp(ta Uo, )‘0) = (’(L(t, uO)a dJO (’Q(t, UO)))



for initial values (ug, Ag) = (uo, ¥o(uo)) in the phase space
My = {(u,)) € R | g(u) =0, A =o(u)}. (2.3)

In order to avoid inconvenient technicalities we assume ¢(t, ug, Ag) to exist for ¢ > 0. This
holds, e.g., if S is compact.

One of the most interesting topics related to a DAE is to analyze the longtime behaviour of
its evolutions. This behaviour is governed in a decisive way by its stable attracting subsets.
For a nonempty, compact subset I'; of RY and a point v € RV

dist(u, o) := inf{||lu—al | @ € o}

describes the distance of u to I'y. Now, let I'y be a compact, invariant subset of S for the
index 0 equation (2.2) and let B,(I'g) := {u € RV | dist(u,[y) < a}. Following Kloeden,
Lorenz [10] we call 'y uniformly stable, if for each € > 0 there is § = d(¢) > 0 such that

dist(a(t,u),Ty) < efort>0and u € Bs(Ty)NS.

The set 'y is uniformly attractive if there is a o > 0 and for each € a time 7' = T'(¢) > 0
satisfying

dist(a(t,u), Iy) < € for all t > T'(e).

An uniformly stable, attractive set I'y is called uniformly asymptotically stable for the ODE
(2.2). Alternatively, we say (Lo, ¢o(I'9)) is uniformly asymptotically stable for the DAE (2.1).
We are interested in the geometric features of s-stage Runge-Kutta methods with Butcher

tableau
A
L’bT’ A= (a,ij)lsm'ss € RS’S, b, ceR (24)

and constant step size h when applied to the DAE (2.1) in the vicinity of an asymptotically
stable set (Lo, 10(Lp)). Our goal here to show is that appropriate Runge-Kutta schemes
reproduce the phase portrait of a DAE correctly. To avoid drift phenomena in the longtime
behaviour of the numerical methods we restrict ourselves to discrete schemes which retain the
constraint g(u) = 0. This leads us to the widely spread projected Runge-Kutta methods due
to Ascher, Petzold [1] and the half-explicit methods introduced by Hairer, Lubich, Roche [8].
The Runge-Kutta method (2.4) possesses stage order g, if

S ck
E: k—1 __ ] _ .

a,ijcj = E,k—l,...,q,l—l,...,s.
=1

For the Butcher tableau (2.4) of the Runge-Kutta method we impose the following conditions:

(B1) The Runge-Kutta matrix A is invertible.
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(B2) R(c0):=1—-b"A L, 1= (1,...,1)T satisfies | R(00) |< 1.
(B3) The method possesses classical order p and stage order ¢ with p > ¢ > 1.

If we denote the Runge-Kutta approximation of (2.1) at the time ¢, = nh with (u,, A,) the
projected Runge-Kutta method has the form

i1 = Uup+h0F @ I)f(U™ A", (2.5)
Ag1 = R(oco)\, + (BTA @ A"
where U = (UP,...,U") € RY*, A® = (A?,...,A") € R are determined by the algebraic
system
U-(1®u,) = h(A®I)f(U,A), (2.6)
0 = g(U).

Here, f,g stand for f(U",A") = (f(U?,A}),..., f(U",A?)), g(U™) = (g(UD), ...,g(UM)).
Finally, the projection step

Upt1 = Upyr + 5f(un+1, Ani1)7Y
0 = g(tun41) (2.7)

completes the numerical scheme. The extra variable 7 is needed for the projection only. It
measures the deviation of %,4; from the manifold S.
An important subclass of the projected Runge-Kutta methods are the stiffly accurate ones
which are defined by a,; = b;, j = 1,...,s. The iterates of these Runge-Kutta methods
satisfy g(u) = 0 by construction and, hence, the projection step is superfluous.

For the half-explicit scheme, that is, a; ; = 0 for ¢ < j we assume

(BY’) @iy1;#0fori=1,...s —1 and b, # 0.
(B2’) The method is of order p.

The application of a half-explicit Runge-Kutta method to (2.1) reads as follows. We solve
(2.6) in the case a;; = 0 for j > 7 and obtain U™ and A}, i=1,...,s—1. Then A? and ;41
are computed by

Uns1 = up+ A" @)U, A, (2.8)
0 = g(un+1)‘
Introducing the matrix

Q21
as1 a3z

A = E RS,S (29)
A1 -+ .. QAgs—1
by ... ... bs_1 by



and the vector U" := (U, ..., U " un+1) the half-explicit Runge-Kutta scheme can be written
in the compact form

U —1Qu, = h(AR ) f((un, UP,..., U™ ), A"), (2.10)
0 = g(U")

(see, e.g, formula (4.59) in Hairer, Lubich, Roche [8]).

In order to compute the A-component one has several possibilities. The most accurate is the

computation of A from the index 2 condition, that is A, = 1jc(u,). Here we follow the more
efficient approach of Hairer, Lubich, Roche [8]. They propose to require ¢; = 1 and take

Ans1 = A (2.11)

£

In this case, we assume

(B3’) A” — A(h,u,) = O(h"), r < p (see, e.g., Hairer, Brasey [7] for sufficient conditions on
A, b, c).

Sometimes when the dependence on the initial value (ug, Ag) and the step size h is important,
we denote the numerical solution (u,, \,) more precisely by

®"(nh,ug, No) = (u"(nh, (ug, Xo)), N*(nh, (uo, Mo))).

The following Lemma (see Schropp [13]) characterizes the link between the discrete state and
control flow u" and \.

Lemma 2.1 Consider the DAE (2.1) and assume (A1)-(A8). Let (un, A,) denote the iterates
generated with a projected [half-explicit] Runge-Kutta method satisfying (B1)-(B3) [(B1’)-
(B3’)], when applied to (2.1) with consistent initial values (ug, o).

Then for 0 < h < hgy, hg > 0 sufficiently small there is a Cy-function oy : S — R,
S ={ueRN| g(u) =0} such that the following assertions hold.

i) The set Moy = {(u,\) € RN | g(u) =0, X =g p(u)} is invariant for the projected
[half-ezxplicit] Runge-Kutta map (2.5)-(2.6) [(2.8)-(2.11)].

ii) The manifold My, is uniformly attractive with attractivity constant x, = | R(00) |
+O(h?*) [xn = 0].

i1) For every initial value (uo, Ao) with || Ao—1ho(uo) || sufficiently small there is (i, Xo) €
My, and c,é > 0 such that the corresponding evolutions (U, Ap) and (iin, A,) satisfy

||Uz'—7:tz'|| < ex | 2o — ol(uo) ||, it €N,
A =Xl < éxq [ ho — o(uo) ||, 7 € N.

w) |ltho(u) = Yon(u)|[< ChT [Ch] for u € S.



Lemma 2.1 shows that the invariant manifold Mj j is the discrete analogue of the continuous
phase space My = {(u,\) € RN | g(u) =0, A = 1(u)}. Our aim in the present paper is to
compare the discrete flow ®"(nh,ug, \g) on My, with its continuous counterpart (¢, ug, Ag)
on Mj in the neighborhood of an uniformly asymptotically stable set I'y.

In order to measure the distance of two nonempty and compact subsets A and B of RY we
define the Hausdorff separation

H*(A,B) = max{dist(a,B)| a€ A}
and the Hausdorff distance
H(A,B) = max(H"(A,B),H"(B,A)).

Theorem 2.2 Consider equation (2.1) under the assumptions (A1)-(A3) and let (Ty, 1o(Ty))
be a compact, uniformly asymptotically stable subset of the phase space. Let ®"(nh,ug, Ag) =
(u(nh, (ug, Xo)), A*(nh, (ug, No))) denote the sequences generated by a projected [half-explicit]
Runge-Kutta method satisfying (B1)-(B3) [(B1’)-(B3’)], when applied to (2.1) with initial
values (ug, o) = (uo, Yo n(uo)) on Moy and let p(t, uo, Ao) = (u(t, uo), Yo(u(t, uo))) stand for
the solution flow of (2.1).

Then for 0 < h < hgy, ho > 0 sufficiently small the discrete projected [half-explicit] Runge-
Kutta dynamics possesses a compact, uniformly asymptotically stable set (I'gp,%on(Lon)),
LCon C S which contains I'y and this set converges to (Lo, 1o(Lo)) in the Hausdorff metric as
h — 0.

Theorem 2.2 confirms that the qualitative geometric properties of (2.1) are preserved under

the discretization with projected and half-explicit Runge-Kutta methods in the vicinity of an
asymptotically stable set. Hence stable phenomena of a DAE are reproduced correctly by its
corresponding Runge-Kutta dynamics.
But we have said nothing about the dynamics on the invariant set (g, %o(T)). Thus we
cannot say anything about the discrete dynamics on its counterpart (Lo, o n(Iop)). With
additional assumptions about the dynamics within the attracting set (I'g,(I)) in special
cases one is able to characterize the discrete dynamics. This is done for the set I'y to be a
hyperbolic equilibrium in Schropp [12] or a hyperbolic periodic orbit (see Schropp [13]).

3 Embedding techniques for index 2 DAE’s

We have seen in the previous section that the corresponding index 0 version (2.2) to an
index 2 DAE (2.1) is a dynamical system on a manifold. For technical reasons it is useful to
embed (2.1) into another DAE of the same index such that their corresponding index 0 ODE
provides an embedding of (2.2) in an open neighborhood of S in RY. Assuming (A1)-(A3),
an embedding of (2.2) into D,,, 7o €]0, 7] sufficiently small can be established as follows.



Consider the DAE

u = f(u,A), u(0
) = —B(u)v, pa(—B(u)) < —n, n>0forue D, v(0)=uvy, (3.1)
0 = g(u) —v, A0) =X

with a C¥-function B(-) on RY (e.g. choose B = I). Here uy(C) stands for the logarithmic
norm of a matrix C' € RY (see, e.g., Dekker, Verwer [3], p. 27 for definition). In Schropp [13]
it is shown that (A1)-(A3) imply the following assertions for the DAE (3.1).

(A1) f e CYRNTRY), g € CHY(RY,RY) and B € C¥ (RN, RH).

(A2’) There is 79 €]0, 7| and a Cy-function v satisfying Dg(u)f(u, ¥ (u,v)) + B(u)v = 0 for
u € D, and ||v|[2< 7o.

(A3") Dg(u ) (u ¥ (u,v)) is invertible for u € D,,, || v ||2< 7o and the inverse has bounded
norm.

(A1’)-(A3’) imply that equation (3.1) is of index 2. Consistent initial values must sat-
isfy g(ug) — vo = 0 and Dg(uo) f(uo, Ao) + B(uo)ve = 0. The solution flow of (3.1) has
the form (@(t, uo), (¢, ug), A(t, up)), ug € Dy, with §(t,ug) = g(a(t,ue)) and At up) =
W(a(t, ug), 0(t, up)). Moreover,

M, = {(u,v,\) € D;y x R* | g(u) —v =0, A=1(u,v)}

is the phase space of equation (3.1). In particular, with v(0) = vy = 0 problem (3.1) reduces
0 (2.1). After eliminating the v-variables by g(u) = v the u-component of the underlying
index 0 ODE of (3.1) reads

= f(u,¥(u,g(uw))), u(0)=uy€ D;y CRY open. (3.2)
In Schropp [13], Lemma 3.2 the qualitative properties of the solutions of (3.1) are summarized.

Lemma 3.1 Consider equation (3.1) on the phase space M., and let (A1)-(A3) hold.

Then every solution of (3.1) with initial value ug € D, vo = g(ug) and Ao = ¥ (ug, vo) exists
for all t > 0. Moreover, My, = {(u,v,\) € D;y x R% | g(u) =v =0, A =(u,0)} is an
iwvariant and globally attractive subset of the phase space M,.

We are interested in the behaviour of s-stage projected and half-explicit Runge-Kutta type
methods of order p with Butcher tableau (2.4) and constant step size h when applied to (3.1).
The projected Runge-Kutta method has the form

Unt1 = up+h(T ®I)f(U",A"),
Upp1 = vn—h(b" @ )B(U™)V", (3.3)
Mgl = ( 1-b"AT)N, + (BTA T @A™
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where U™ = (U, ...,Ur) € RS V™ = (VP,..., V) € Ré, A" = (A7, ..., A7) € R denote
the solution of the algebraic system

U-(I®u) = hASDf(U,A),

V-(1I®wvw) = —hAI)BU)V, (3.4)
0 = gU)-V

and B stands for B(U") = diag(B(U}), ..., B(U")). Finally, the projection step

. 0
Up+1 = Up41 + ﬁf(un—l—la )\n+1)%

0 = g(unt1) = Vnn (3.5)

is used to compute s 1. )
With A from (2.9), U" := (UZ},..., U ups1) and V"™ = (V5*, ..., V! v,41) the application
of half-explicit Runge-Kutta methods to (3.1) reads as follows.

U'—1Q®u, = h(ARI)[((ua,UF,...,U",),A"),
Vn—][®g(un) = _h(A®I)B((umU{l""aUsnfl))(g(un)a‘/ln’""Vvsnfl)a (36)
0 = g™ —vn

This has to completed by A,+1 = 9¥(upi1,vns1) or more efficient by A\,;; = A? provided
¢s = 1 holds. Finally, the reader may notice that (3.3)-(3.5) and (3.6) reduce to (2.5)-(2.7)
and (2.10), respectively, when initialized with g(ug) = vo = 0.

Lemma 3.2 Let the assumptions of Theorem 2.1 hold and let uy € D, vo = g(ug), Ao =
¥ (ug, vo) be a consistent initial value for the DAE (3.1).

Then for 0 < h < hg, hg > 0 sufficiently small the projected and half-explicit Runge-Kutta
iterates (Un, vn, Ap) ezist for n € N. Moreover, the projected or half-explicit Runge-Kutta
scheme reproduces the phase portrait of (3.1) in the state variables (u,v) correctly, that is,
Moee:={(v,v,)) € D;y xR | g(u) =v =0, ||\ —(u,v)||< €} is a positive invariant and
globally attractive subset for the discrete dynamics.

For a proof of Lemma 3.2 see Schropp [13], section 3.
It is shown in Schropp [13], section 4 that the projected Runge-Kutta iteration with eliminated
v-variables has the form

Unpr = Up+ (07 QI)F(U (R, up), Ah,up)) + hif (R, tn, )],
A1 = R(c0)A, + (bTA @ I)A(h, u,) (3.7)

with a smooth and bounded function f. Moreover, for 0 < h < hg, hy > 0 sufficiently small
there is a C¥-function v, : D;, — R with the the following properties:



i) The set M, = {(u,\) € D,; x Rl | X\ = o (u)} is invariant for the projected Runge-
Kutta map (3.7).

ii) The manifold M}, is uniformly attractive with attractivity constant x, = | R(oc0) |
+O(hath).

iii) For every initial value (ug, Ao) with || Ao — v(ug,g(uo)) || sufficiently small there is
(Tg, Ag) € M}y, and ¢, ¢ > 0 such that the corresponding evolutions (u,, A,) and (@, A,)
satisfy

CX;L ||)‘0 - ¢(U0,9(U0)) ”’ XS Na
exh 1 o — ¥ (uo, g(uo)) || 7 €N.

u; — ;]| <
A=A <

i) [[¢(u, g(w)) — va(u) [|< Ch? .

Reduced to the invariant manifold M}, the u-component of a projected Runge-Kutta method
reads

Upt1 = Up + h[(bT & ])f(U(ha un)a A(ha un)) + hqf(ha Unp, wh(un))] (38)

Obviously, the iteration scheme (3.8) can be regarded as a gth order one-step method applied
to the initial value problem (3.2).

An analogous result holds for the half-explicit Runge-Kutta schemes with O(h") instead of
O(h9).

4 Discretization near stable attracting sets

In this section we give a proof of Theorem 2.2. We make essential use of the embedding
techniques and their results displayed in section 3.

Let @(t, ug, o) = (u(t, uo), Yo(u(t,up))) denote the solution flow of the DAE (2.1) , and let
(T, 1o(I'y)) be uniformly asymptotically stable for that DAE. Thus, I'y is uniformly asymp-
totically stable for the corresponding index 0 equation (2.2). By definition this means that
for every € > 0 there is a § > 0 such that

dist(a(t,u),Iy) < e
for t > 0 and u € Bs(I'p) N'S. Additionally, there is a 9 > 0 such that for each ¢
dist(a(t,u),Iy) < e

holds for all ¢ > T'(¢) and u € Bs(I'y) N S.

We want to apply the Kloeden, Lorenz results [10] for one-step discretizations of dynamical
systems on RY in the vicinity of uniformly asmptotically stable sets. To this purpose, our
first goal in this section is to show that I'y is an uniformly asymptotically stable set for the
dynamics of equation (3.2) on D, too. This is the content of
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Lemma 4.1 Let (A1)-(A8) hold and let Ty be uniformly asymptotically stable for equation
(2.2). Then Ty is uniformly asymptotically stable for the ODE (8.2).

Proof: We prove Lemma 4.1 indirect and in two parts.
Assumption 1: Ty is not uniformly stable for the dynamics of (3.2).
Then there is ¢ > 0, a sequence (0p)nen, 0n — 0 as n — o0, sequences (t,)nen, tn > 0,
(Un)nen, Un € Bs, (T'g) such that

U(tn, up) & Be(To), n €N

holds. Moreover, (t,),en cannot be bounded, because otherwise for a convergent subsequence
(tn)nen, NI CN, t, — t, u, — @ € Iy the relation

U(tn, up) = 4(t, @) ¢ Be,(Fp), n—>00, ne€N;

holds in contradiction to #%(Z,4) € [y due to the invariance of I';. Thus, we can assume
without loss of generality lim,, ., t, = oc.

Since Iy is uniformly asymptotically stable for (2.2) on S for €/2 there is & := (ey/2) such
that the flow with initial values in Bj(I'g) N S remains in B, /»(Io) NS for ¢ > 0. Due to
un € By, (o) and §, — 0 as n — oo we may assume u,, € B;(I'y) for n € N without loss of
generality.

Next for a fixed n € N we define the time points 7,,, 0,, and the space points v, w, as follows.

Tu = inf{t > 0] a(t,un) ¢ By(To)}, vn 1= @7y, un) € OB (T), (4-1)
Oop = 1nf{f € [OaTn] | ﬂ(t, un) ¢ BS(FO) for ¢ 6]5: Tn]}: Wn, = a(a”“u") < Bg(ro).

The compactness of B;(I'g) ensures w, — @ € Bj(I'g) for n — oo eventually after choosing
a subsequence Ny C N;. The sequence (0,)nen cannot be bounded, because this leads to a
contradiction to the invariance of I'y. Hence , lim,,_,, 0,, = 0o holds. This ensures

[9(wn) ll2 = [l g(@(on, un))ll2 < exp(=onn) [[g(un)|l2 = 0asn = oo,

that is, @ € S N B;(I'p). Then the uniform asymptotic stability of I'y for the ODE (2.2)
implies that (¢, w) exists for ¢t > 0 in B, 2(I'o) and dist(u(t, w),s)) < € holds for ¢t > T'(é),
€ > 0 arbitrary.

Now we consider the sequence (s,)nen, Sp = T — 0n, > 0, n € N. Again (s,)nen cannot be
bounded, because convergence towards a finite number § would lead to (3, @) € 0B, (L)
which stands in contradiction to @(t,w) € By 2(I'g). This implies

Tzll)r{olo Sy = 00. (4.2)
Finally, let T’ be defined via
u(t,w) € Bj,(ly) fort > T (4.3)
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and let Ny € N satisty s, > T for n > Ny. We obtain @(T,w,) — a(T, %) ¢ B;(T,) in
contradiction to @(T,w) € Bj /2(I'0). Thus Assumption 1 cannot hold and we have shown
that T'y is uniformly stable for the dynamics of ODE (3.2).

Assumption 2: T'y is not uniformly attractive for the dynamics of (3.2).

Assumption 2 implies that there is ¢ > 0 and sequences (0, )nen, 0, — 0 as n — 00, (Uy)nen,
un € Bys, (To), (tn)nen, tn > n satisfying

dist(@(t,, un), o) > €.

Moreover, let § > 0 be defined via dist(i(t, o), [g) — 0 as t — oo for ug € B3(To) NS due to
the attractivity of 'y for the dynamics of (2.2). With 8, the time points 7,, o, and the space
points v, € B¢ (I'y), w, € B;(I'y) can be defined as in (4.1). Now we are in the situation
to mimic the steps in the first part of our proof. Let @ = lim,_, w, € 0B;(I'y) and let T
be defined as in (4.3). Again, we define (s,)nen by S, := 7, — 0, and obtain (4.2). Finally,
this leads us to @(T,w,) — w(T,w) ¢ B;(Iy) as n — oo. This stands in contradiction to
u(T,w) e B;5(I'o) and Lemma 4.1 is shown.

In the remainder of this section we give a proof of Theorem 2.2. By virtue of Lemma
4.1 the set Ty is uniformly asymptotically stable for (3.2) and in section 3 we have seen that
(3.8) is a smooth g-th order one-step method applied to (3.2). Thus, Theorem 1.1 in Kloe-
den, Lorenz [10] is applicable and ensures for sufficiently small step size h the existence of
an uniformly asymptotically stable set I';, containing Iy which converges towards I'y in the
Hausdorff metric as h — 0.

The last step in our proof is to draw back the results from an open subset of RY to the
manifold S. To that purpose we define I'g;, := ', N S. Since S is invariant for the discrete
dynamics and the dynamics coincides with the u-component of the projected Runge-Kutta
method (2.5)-(2.7) applied to @ = f(u, \), g(u) = 0 the set [y, is uniformly asymptotically
stable for (2.5)-(2.7). Finally, with property iv) of Lemma 2.1 we obtain that (Lo, 0,1 (o))
possesses the desired properties for sufficiently small step size h.

An analogous argumentation works for the half-explicit Runge-Kutta methods too and finishes
the proof of Theorem 2.2.
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