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in finite and infinite-dimensional settings as well as Wasser-
stein perturbations of transition semigroups.
© 2025 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this article, we address the question whether strongly continuous convex monotone
semigroups are uniquely determined via their infinitesimal generators. It is a classical re-
sult that a strongly continuous linear semigroup (S(¢))¢>0 on a Banach space X satisfies
S(t): D(A) — D(A) for all t > 0 and that the unique solution of the abstract Cauchy
problem Oyu(t) = Au(t) with u(0) = = € D(A) is given by u(t) = S(t)z for all ¢ > 0. Here,
the domain D(A) consists of all z € X such that the limit Az := limy o W e X
exists. For more details, we refer to Pazy [57] and Engel and Nagel [29]. These results
can be extended to nonlinear semigroups which are generated by m-accretive or maximal
monotone operators, see Barbu [4], Bénilan and Crandall [10], Brézis [17], Crandall and
Liggett [23] and Kato [40]. While this approach closely resembles the theory of linear
semigroups, the definition of the nonlinear resolvent typically requires the existence of
a unique classical solution of a corresponding fully nonlinear elliptic PDE. As pointed
out in Evans [30] and Feng and Kurtz [33], it is, in general, a delicate issue to verify
the necessary regularity of classical solutions. This observation was, among others, one
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of the motivations for the introduction of viscosity solutions, see Crandall et al. [22],
Crandall and Lions [24] and Lions [52]. The key ideas in order to obtain uniqueness of
viscosity solutions are local comparisons with a sufficiently large class of smooth test
functions and regularizations by introducing additional viscosity terms. For the relation
between viscosity solutions and semigroups, we refer to Alvarez et al. [1] and Biton [11],
where the authors provide axiomatic foundations of viscosity solutions to fully nonlinear
second-order PDEs based on suitable regularity and locality assumptions for monotone
semigroups on spaces of continuous functions. While these works mainly focus on the
existence and axiomatization of second-order differential operators through semigroups,
the uniqueness of the associated semigroups in terms of their generator is not yet fully
clarified, cf. the discussion in [11, Section 5]. We refer to Fleming and Soner [34, Chap-
ter I1.3] for a broad discussion on the relation between semigroups and viscosity solutions
and to Yong and Zhou [68, Chapter 4] for an illustration of the interplay between the
dynamic programming principle and viscosity solutions in a stochastic optimal control
setting.

In the spirit of traditional semigroup theory, this article is concerned with comparison
principles for strongly continuous convex monotone semigroups resembling the classical
analogue from the linear case. In order to uniquely characterize semigroups via their
infinitesimal generator, it is crucial to show that the domain is invariant under the semi-
group but for nonlinear semigroups this statement might be wrong, see, e.g., Crandall
and Liggett [23, Section 4] and Denk et al. [28, Example 5.2]. On the one hand, for
strongly continuous convex monotone semigroups defined on spaces with order continu-
ous norm such as LP-spaces and Orlicz hearts, the domain is invariant and the unique
solution of the abstract Cauchy problem

Opu(t) = Au(t) with «(0) =z € D(A)

is given by wu(t) = S(t)x for all t > 0, see Denk et al. [27]. However, this approach uses
rather restrictive conditions on the nonlinear generator, see Blessing and Kupper [14]. On
the other hand, for spaces of continuous functions, the domain is typically not invariant
under the semigroup and we have to find an invariant set on which we can define a
weaker notion of the generator that uniquely determines the semigroup. In Blessing and
Kupper, see [14,15], invariant Lipschitz sets are used in order to construct nonlinear
semigroups and invariant symmetric Lipschitz sets provide regularity results in Sobolev
spaces. In this article, we introduce the invariant upper Lipschitz set [,g on which we
can define the upper I'-generator by

Afff := I'-lim sup 7S(h)f —f

for all f € E'g.
hlo h

Since Af f is, in general, only upper semicontinuous, we have to extend S(t) from con-
tinuous to upper semicontinuous functions in order to define the term S (t)AI‘Lr f, see
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Subsection 3.1. The equivalence between continuity from above, continuity w.r.t. the
mixed topology and upper semi-continuity w.r.t. I'-convergence for families of uniformly
bounded convex monotone operators is also the key to understand why I'-convergence is
a suitable choice for the definition of the generator.

The first main result of this article is a comparison principle, which allows to under-
stand strongly continuous convex monotone semigroups as minimal I'-supersolutions to
the abstract Cauchy problem dyu(t) = Afu(t) with u(0) = f € L, see Theorem 3.6.
Moreover, strongly continuous convex monotone semigroups are uniquely determined by
their upper I'-generators defined on their upper Lipschitz sets, see Theorem 3.7. Under
additional assumptions we further show that Arf = I'-lim,,_, o, Arf, for suitable ap-
proximating sequences f,, — f such that (Aff frn)nen is bounded above, see Theorem 4.3.
Using regularization by convolution and truncation, we then establish comparison prin-
ciples for convex monotone semigroups by comparing their generators only on smooth
test functions or even smooth test functions with compact support, see Theorem 4.7 and
Theorem 4.9. This leads to an explicit description of the upper I'-generator if, for smooth
functions, the I'-generator is given as a convex functional of certain partial derivatives,
see Theorem 4.10. It was shown in Alvarez et al. [1] and Biton [11] that this is the case
for typical fully nonlinear second-order PDEs. We would also like to remark that our
notion of a strongly continuous convex monotone semigroup coincides with the one in
Goldys et al. [39], where it is shown that the function u(t) := S(t) f is a viscosity solution
of the abstract Cauchy problem d,u = Aw with initial condition w(0) = f. The idea of
weakening topological properties of the semigroup is already present in the literature.
Goldys and Kocan [38], van Casteren [64], Kunze [50] and Kraaij [45] study linear semi-
groups in strict topologies, see also Kraaij [43] and Yosida [69] for semigroups in locally
convex spaces. We further discuss this in Remark 3.5. In addition, equicontinuity in the
strict topology is suitable for stability results. Kraaij [46] provides convergence results
for nonlinear semigroups based on the link between viscosity solutions to HJB equations
and pseudo-resolvents and in [44] the author establishes I'-convergence of functionals on
path-spaces.

Second, we study Chernoff-type approximation schemes for strongly continuous con-
vex monotone semigroups which resemble Chernoff’s original work, see [20,21], that
generalizes the Trotter—Kato product formula for linear semigroups, see [41,63]. Start-
ing with a family (I(t));>o of operators I(t): C,, — C,, we construct a corresponding
semigroup as the limit

S(t)f == lim I(hy)*f € C,, (1.1)

n—oo

where (hy)nen C (0,00) converges to zero and k!, := max{k € Ny: kh,, < t}. Denoting
by A the generator of (S(t)):>0, it holds

T (O N |
Af =T(0)f :=lim = —=

W € C,
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for all f € C,, such that the previous limit exists, see Theorem 5.4. For instance, in case of
the Trotter-Kato formula, the choice I(t) := e!41et42 yields a semigroup with generator
A = Ay + As. Since all limits in the present framework are taken w.r.t. the mixed
topology, this work extends previous results that are either based on norm convergence,
see Blessing and Kupper [15], or monotone convergence, see [8,26,37,55,56]. A priori, the
limit in equation (1.1) only exists for a subsequence and the derivative I’(0) f can only be
computed for smooth functions. Hence, in order to apply the approximation results from
Section 4, we introduce the so-called approximation set, see Theorem 5.6. We further
identify explicit conditions such that the semigroup (S(¢));>o is uniquely determined by
I'(0)f, see Theorem 5.10. In particular, the limit in equation (1.1) does not depend on
the choice of the sequence (h;,)nen and different approximation schemes with the same
infinitesimal behaviour lead to the same semigroup.

In Section 6, we explain how the abstract results can be applied in different examples.
In Subsection 6.1, we show that stochastic optimal control problems can be approxi-
mated by using piecewise constant controls and a discrete noise. Moreover, an explicit
computation of the so-called symmetric Lipschitz set yields a regularity result for the cor-
responding fully nonlinear PDE. In Subsection 6.2, we extend the previous approximation
result to an infinite-dimensional setting. In Subsection 6.3, we show that non-parametric
Wasserstein perturbations of transition semigroups asymptotically coincide with pertur-
bations which have a finite-dimensional parameter space. As a byproduct, we recover the
Talagrand T5 inequality for the normal distribution.

2. Setup and notation

Throughout, let (X, d) be a complete separable metric space and k: X — (0,00) be a
bounded continuous function. Functions f,g: X — [—00,00) are ordered pointwise and
we define fV g :=max{f, g}, fAg:=min{f, g}, [T :=fVvO0and f~ := —(f A0) with
the convention —(—o00) := 0. Defining

Il == 51612 |f(z)|s(x) € [0,00] forall f: X — [—00,00),

we denote by C, the space of all continuous functions f: X — R with || ]|, < oo, by Uk
the set of all upper semicontinuous functions f: X — [—o00,00) with || fT||,; < oo and by
B, the space of all Borel measurable functions f: X — [—00,00) with ||f*||,, < co. The
space C, is endowed with the mixed topology between ||- ||, and the topology of uniform
convergence on compacts sets, i.e., the strongest locally convex topology on C, that
coincides on || - ||,-bounded sets with the topology of uniform convergence on compact
subsets. It is well-known, see [39, Proposition B.2], that f, — f if and only if

sup ”anm < oo and lim ”f - fn”oo,K =0
neN n—oo
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for all compact subsets K C X, where || f|loo,x := sup,cg |f(x)|. Subsequently, if not
stated otherwise, all limits in C, are understood w.r.t. the mixed topology and we
write K € X if K is a compact subset of X. An operator ®: C,, — C is called
monotone if &f < &g for all f,g € C, with f < g and convex if P(Af + (1 — N)g) <
ADf + (1 — X\)®g for all f,g € C,, and A € [0,1]. Although the mixed topology is not
metrizable, for monotone operators ®: C, — C,, sequential continuity is still equivalent
to continuity and continuity is equivalent to continuity on ||-||s-bounded subsets, see [54].
The mixed topology also belongs to the class of strict topologies, see [35,50,61]. For more
details, we refer to [66,67] and Appendix B in [39]. Note that the set U, consists of
all functions f: X — [—o00,00) such that there exists a sequence (fy)nen C C, that
decreases pointwise to f. Indeed,

1
x) = lim sup — ( max{(fk ,—n} —n2d(z,y)),
fla) = Jim sup s (mase{(fw)(3), <0} ~ nd(z. )
showing that U, = (Cy)s := {infen frn: (fn)nen C Cx}. Subsequently, we write f, | f
if (fn)nen C U, decreases pointwise to f € U,. A set F' C B, is called bounded if
supsep || fll« < 0o and bounded above if sup ;e || f*]« < co. For every r > 0, let

Be, (r) :={f € Cu: [ fll« <7}

Likewise, we define By, (r) :={f € Ux: ||fllx <7} and Bp,_(r) :={f € Bs: || fll« < r}.

Definition 2.1. For every sequence (fy,)nen C Uy, which is bounded above, we define

(F— lim sup fn) () :=sup { limsup fr(zn): (Zn)neny C X with z,, — x} € [—o0, 00)

n—oo n—oo

for all x € X. Moreover, we say that f = I'-lim, . f, with f € U, if, for every x € X,

f(z) > limsup,,_, ., fn(zy,) for every sequence (2, )peny C X with 2, — x,
o f

(z) = lim,, 00 fn(xy,) for some sequence (z,),eny C X with x,, — .

For every t > 0 and (fs)s>0 C Uy being bounded above, we define

I-lim sup f, := sup { I-limsup fs,: 0 < s, — t} € Ug.
s—t n—00

In addition, we write f = I'-lim,_; fs with f € Uy if f =I'-lim,,_, fs,, for all sequences

($n)neN C [0,00) with s, — t.

For further details on I'-convergence, we refer to Appendix A. The different conver-
gence concepts in this article are related as follows. For every sequence (f)nen C Cek
and f € Cy, ||fn—fllx — 0implies f, — f, fn — f implies f = I'-lim,,_,o f and Dini’s
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theorem guarantees that f,, | f implies f,, — f. In addition, if the sequence (fy,)neN i8
bounded, then the following statements are equivalent:

<
kﬁ
I
-
=
)]
=
k=]
3
1
8
=
I
[
G
=
w0
=
k=]
3
1
8
\
=

The equivalence between (i) and (iv) follows from Lemma A.3(ii) and Dini’s theorem.
Indeed, since f € Cy, it holds I-limsup,,_,, fn < f if and only if [|(fr, — f)V|lcc.x — 0
for all K € X and I'-limsup,,_,..(—f») < —f if and only if ||(f — fn) T ||oo,x — 0 for all
K € X. While (iii) is equivalent to f = I'-limy, 00 fr = — I-lim, 00 (—fr), in general,
only the inequality I'-lim,, oo fr > — T-lim, o0 (— fr) is valid.

2.1. Lipschitz sets, I'-generators and basic continuity properties

The (infinitesimal) generator of a family (I(t))¢>o of operators I(t): C, — C, is
defined by

A: D(A) = Cy, fr— lﬁﬁ% %,
where the domain D(A) consists of all f € C,; such that the previous limit exists w.r.t.
the mixed topology. While the domain of any strongly continuous linear semigroup is
invariant, the same does not necessarily hold for strongly continuous convex monotone
semigroups. We therefore introduce the upper Lipschitz set which is invariant and will
serve as domain for the upper I'-generator.

Definition 2.2. Let (I(¢));>0 be a family of operators I(t): C, — C. The upper Lipschitz
set E?‘ consists of all f € C, such that

‘(I(h)f - N
h

< 00
K

lim sup
R0

which is equivalent to the existence of ¢ > 0 and ho > 0 with ||[(I(h)f — f)T||x < ch for
all h € [0, hg]. Furthermore, the Lipschitz set £; consists of all f € C, such that

< 00
K

lim sup
hl0

lf(h)f—f
h

which is equivalent to the existence of ¢ > 0 and hy > 0 with ||I(h)f — f||. < ch for all
h € [0, ho]. The symmetric Lipschitz set is defined by L™ :={f € L;: — f € L;}.

From the convexity estimates in Appendix B, we obtain the following invariance result.
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Lemma 2.3. Let (I(t))i>0 be a family of convex monotone operators I(t): C, — C,; with
I(s)I(t)f =I(t)I(s)f for all f € Cy and s,t > 0. Then,

I(t): L1 — Lr and I(t): LF — LT forallt>0.

Proof. For every t > 0, f € C, and h € (0,1], it follows from I(h)I(t)f = I(t)I(h)f,
Lemma B.1 and the monotonicity of I(¢) that

T Y (L TN PO T Y G LY
<1 (ML ) o

< I(t) ((I(h)fh_ f)Jr +f) 7[(t)f.

If f € Ly, we can choose ¢ > 0 and hg € (0,1] with |[I(h)f — f|lx < ch for all h € [0, hg].
Due to the previous estimate and Lemma B.3(ii), there exists ¢/ > 0 with

<c¢d forall h € (0,ho.

Hf(t)f(h)f —I(t)f
h

K

If f € L], one can argue similarly. O

The invariance of £7™ can not always be guaranteed. However, in several examples,
the symmetric Lipschitz set is invariant and can be determined explicitly which implies
that certain regularity properties of the initial function f are transferred to I(t)f for all
t > 0, see [14,15] and Subsection 6.1.

Remark 2.4. We briefly discuss the relation between Lipschitz sets and Favard spaces.
Let (T(t))i>0 be a strongly continuous semigroup of bounded linear operators on a
Banach space X. For simplicity, we assume that there exist ¢ > 0 and w < 0 with
IT(t)z| < cevt||z| for all z € X. Then, the set

F = {a:EX: ’slli%"%“ < oo}

is called Favard space or saturation class, see [18, Section 2.1] and [29, Section I1.5.b].
Denoting by B the norm generator of (T'(t))¢>o, it is known that F; = D(B) holds if X is
reflexive, see [18, Theorem 2.1.2]. If (T'(t))¢>0 is holomorphic, then Fy = (X, D(B))1 00,
see [53, Proposition 2.2.2], where (+,-)1 o stands for the real interpolation functor. For
non-reflexive X', an explicit description of F; seems to be unknown in many cases.
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On the upper Lipschitz set, we now define the so-called upper I'-generator which is
usually not a continuous function anymore but still upper semicontinuous. In Section 4,
we give conditions under which the upper I'-generator coincides with the I'-generator.

Definition 2.5. Let (I(t));>0 be a family of operators I(t): C, — Cy. The upper I'-
generator is defined by

Aff: E}r — Uy, f— F—limsupw.
0 h
Furthermore, the I'-generator is defined by
Ih)f—f

AFZ D(AF) — UK, f — F;ilom h s

where the domain D(Ar) consists of all f € £} such that the previous limit exists.

We conclude this section with the discussion of basic continuity properties for families
of convex monotone operators. The results transfer to single operators by considering
families that are constant in time, see also [54] for a more detailed discussion. Note that,
by Lemma B.3, for a family (I(¢));>0 of convex monotone operators I(¢): C, — Cy, the
following statements are equivalent:

(1) supseqo,r 1) 5llw < oo for all 7, T > 0.
(il) supsefo,r18UPsepe_(r) () f s < oo for all 7, T > 0.
(iii) For every r,T > 0, there exists ¢ > 0 with

@) f = It)gllx < cllf —gllx forallte[0,T]and f,g € Be, (r).
Moreover, I(t)f, {0 for all (f,)nen C Cx with f,, | 0 implies 1(¢)0 =0 for all ¢ > 0.
Lemma 2.6. Let (I(t))i>0 be a family of convexr monotone operators I(t): C, — Cy

satisfying 1(t)0 = 0, sup,cpo.r [1(s)llx < oo and I-limsup,_,, I(s)f < I(t)f for all
rt,T >0 and f € C,. Then, the following statements are equivalent:

(i) It holds I(t)fn 4 0 for allt >0 and (fn)nen C Cx with fy, | 0.
(ii) For every T >0, K € X and (fn)nen C Cx with f, |0, it holds

sup  (I(t)fu)(x) L0 asn — oco.
(t,z)€[0,TIx K

(iii) For everye >0, r,T >0 and K € X, there exist K' € X and ¢ > 0 with

I1(t)f = 1) glloo,xc < cllf = glloc, k7 + €
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for allt € [0,T] and f,g9 € B, (r).

Proof. Since the mapping [0,00) x X — R, (¢,2) — (I(t)f)(z) is upper semicontinuous
for all f € C,, Dini’s theorem implies that (i) and (ii) are equivalent. Let T > 0 and
K € X. For every (t,z) € [0,T] x K, we define

¢t,z: Cm — R7 f — (I(t)f)($)
Then, the equivalence between (ii) and (iii) follows from Lemma C.2. O

Remark 2.7. A family (I(t)):>o satisfying the assumptions and the equivalent conditions
(i)-(iii) of Lemma 2.6 is locally uniformly equicontinuous on bounded sets in the mixed
topology. Indeed, following Appendix B in [39], the mixed topology is generated by
the seminorms py (k) (a,)(f) = SUPLeN SUP.ek, @nlf(2)|k(7), Where K, € X and
(an)nen C (0,00) satisfies a, — 0. By considering the functionals ¢; ,: C,, — R given
by ¢r..(f) := (I(t)f)(x)k(z), we obtain that the conditions (i)-(iii) are equivalent to the
following statement: for every € > 0 and r, T > 0, there exists ¢ > 0 such that, for every
K € X, there exists K’ € X with

I11(t)f = 1(t)g]

Kk, K S EHf_an,K’ +e

forallt € [0,7] and f,g € Bc, (r), where || f| x,x = sup,cx |f(x)|k(z). Since & does not
depend on K, for every € > 0, ,T" > 0 and seminorm p, (x,),(a,), there exist § > 0 and
another seminorm py (c,),b,) such that

Pre, (k) (an) L) f = I(t)g) < €
for all t € [0,T] and f,g € Bc, (r) with p. (c,),6.) (f —g) < 6.
3. Convex monotone semigroups, comparison and uniqueness
3.1. Convexr monotone semigroups

The following definition characterizes the main object of this article. We emphasize
that requiring norm continuity of the mappings [0,00) — C,, t — S(¢)f for all f € Cy
would be too strong even in the linear case. Hence, we define strong continuity w.r.t. the
mixed topology and, for most of the results, we only require the weaker conditions (S3)
and (S4).

Definition 3.1. A family (S(¢));>0 of operators S(t): C,, — C, is called convex monotone
semigroup on C, if the following conditions are satisfied:

(S1) S(t) is convex and monotone with S(t)f, | 0 for all ¢ > 0 and f, ] 0.
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(S2) S(0)f = fand S(s+¢t)f =5(s)S(t)f for all s,t >0 and f € Cy.
(S3) supiepo ) 19() 5 |l < oo for all r, 7" > 0.
(S4) I'-limsup,_,, S(s)f < S(t)f forallt > 0 and f € C,.

Furthermore, a convex monotone semigroup (S(¢))¢>o on C, is strongly continuous if
f=1lim_ S(t)f for all f € C,.

The following lemma shows that strong continuity transfers to all positive times.

Lemma 3.2. Let (S(t))i>0 be a family of operators S(t): C, — C, that satisfies (51) and
(52). Then, the following statements are equivalent:

(i) (S(t))i>o0 s a strongly continuous convex monotone semigroup on C,.
(i) S(t)f =lims—y S(s)f for allt >0 and f € C,.
(iii) S(tn)fn — S(t)f for all sequences (tn)nen C [0,00) and (frn)nen C Cx such that
t:=lim, o tp, and f:=lim, . [, exist.

Proof. First, we show that (i) implies (ii). Let ¢ > 0 and f € C,. Condition (S2) implies
S(s)f=S@t)f =S(s)f —S(s)S(t —s)f for all s € [0,t]. Moreover, for every £ > 0 and
K € X, Lemma 2.6 guarantees the existence of ¢ > 0 and K’ € X with

15(s)f = S(s)S(t = 8) flloo,x < cllS(t = 8)f = flloo,xr + & forall s € [0,].

It follows from (i) that ||S(t — s)f — flloo,x» — 0 showing that S(s)f — S(t)f as s — t.
For s > t, one can argue similarly.

Second, we show that (ii) implies (i). It is clear that (ii) implies lim; o S(¢)f = f for
all f € C. It remains to prove that (ii) implies (S3) and (S4). To that end, let r,7 > 0
and assume towards a contradiction that there existed a sequence (t,)nen C [0,7]
with ||S(tn)£||'€ > n for all n € N. Since [0,7T] is compact, by potentially passing to a
subsequence, we may w.l.o.g. assume that ¢, — t € [0,77], so that S(t,)= — S(t)~. The
latter implies that sup,,cn HS(tn)%HIi < 00, which leads to the desired contradiction. We
have therefore shown that (S3) is satisfied and (S4) now follows as a direct consequence
of (ii).

Third, it is clear that (iii) implies (ii). Since the equivalence between (i) and (ii)
is already established, it remains to show that (i) together with (ii) implies (iii). Let
(tn)neN C [0,00) and (fn)nen C Cx such that ¢ := lim, o t, and f = lim, 00 frr
exist. Let ¢ > 0 and K € X. By Lemma 2.6, there exist ¢ > 0 and K’ € X with

”S(tn)fn - S(t)f”oc,K < ”S(tn)fn - S(tn)fHoo,K + HS(tn)f - S(t)fHoo,K
< ellf = Falloo,xr + &+ [15(tn)f = S(8)flloo,x  for all n € N.

It follows from (ii) that ||S(t,)f — S(t) flleo,xk — O showing that S(¢,)f, — S(t)f. O
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Let (S(¢))i>0 by a convex monotone semigroup on C, with generator A and upper
I’-generator AIJE . While Af € C, holds by definition, the function Ali' f is not necessarily
continuous and may take the value —oc. Hence, in order to define the term S(¢) A" f, an
extension of S(t) to U, is necessary. Moreover, the argumentation in this article relies
heavily on the fact that the extension is I'-upper semicontinuous in time and continuous
from above.

Theorem 3.3. Let (S(t))i>0 be a convexr monotone semigroup on C,. Then, for every
t >0, there exists a unique extension S(t): U, — U, which is continuous from above.'
The family (S(t))i>0 of extended operators is a convexr monotone semigroup on U,, i.e.,
it satisfies the conditions (S1)-(S4) with U,; instead of C. In addition, for everyt >0
and x € X, the functional Uy — [—00,00), f+— (S(t)f)(x) can be further extended to
the space By such that, for every r,T >0, e >0 and K € X, there exists K1 € X with

sup (S(t)(£1ke)) () <e.
(t,z)€[0,T)x K

Proof. First, we extend the family (S(¢));>0 from C, to U,. Let t > 0 and x € X. By
condition (S1), the functional

¢t,x: CH — Ra f = (S(t)f)(l‘)

satisfies the assumptions of Theorem C.1. Define (S(t)f)(z) := ¢ (f) for all f € Uy,
where E denotes the unique extension of ¢;, from Theorem C.1(ii). The family of
extended operators satisfies the conditions (S1), (S2) and (S3) with U, instead of Cy
and is the unique extension which is continuous from above. These properties follow
from the fact that, for every f € Uy, there exists a sequence (fp)nen C Cx with f,, | f.
In order to verify condition (S4), let t > 0, f € U, and = € X. Let (t,)nen C [0, 00)
and (zp)neny € X be sequences with ¢, — ¢ and x, — x. We use Theorem C.1(ii) and
condition (S4) on C, to estimate

limsup (S(t) ) () = inf supinf {(S(ti)g)(ax): g € Cu g > )

n— 00 neN k>n

< inf { limsup (S(tn)g)(zn): g € Cuy g = f}

<inf {(S(t)g)(x): g € Cw, g > f} = (S(t) ) ().
Second, we define (S(¢)f)(x) := @:(f) forall t > 0, f € Bx and x € X, where (Z,;\x

denotes the extension from Theorem C.1(iii). Let r,7 > 0, e > 0 and K € X. It follows
from Theorem C.1(iii) that

L Tt holds S(t)fn 4 S(t)f for all (fn)nen C U and f € U, with f, | f.
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0< Gro(Elxs) < sup p(Elxy)
neM

for all (t,z) € [0,7] x K and K; € X, where

M= el ofun) < 0 (%) ~2000( - 2}

(t,x)€[0,TIx K

for the convex conjugate ¢; , as defined in equation (C.1). Furthermore, due to Dini’s
theorem, the functional

d): Cp — Ra f = sup ¢t,z(f)

(t,z)€[0,T]x K

is well-defined, convex, monotone and continuous from above. Hence, [7, Theorem 2.2]
and condition (S3) imply that the set

M C {u€caz: o (n) < sup |¢>tz(2—:) —2¢m(—£)|}
(t,z)€[0,T]x K

is o(ca,, Cy)-relatively compact. By Prokhorov’s theorem, the set {y,: p € M} is tight,
where 11,,(A) := [, L du for all A € B(X). Hence, there exists K1 € X such that

(S f)(x) = bra(Elxg) <e forall (t,2) € [0,T] x K. O

The extended convex monotone semigroup (S(¢)):>0 on U, satisfies the following
upper semicontinuity property.

Lemma 3.4. Let (S(t))i>0 be an extended convexr monotone semigroup on U,. Then,

I-lim sup S(tn)fn S S(t)f

n—oo

for all sequences (ty)nen C [0,00) such that t := lim,_,o fn exists and (fn)nen C Uk
bounded above with f :=I'-limsup,,_, ., fn-

Proof. In the sequel, we denote by (S(t)):>0 the extension to B, from Theorem 3.3. Let
e>0and K € X. By Lemma A.3(ii), there exists ng € N with

fa(z) < T (z) forall z € K and n > ny.
We use the inequality 75 > —siﬁ and the monotonicity of S(t¢,) to estimate
S(tn)fu < S(tn)(F + Zlge)  for all n > ng,

where 7 := sup,en ||/ ||« + £ < co. Let A € (0,1). The convexity of S(t,) implies
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S(ta) (7 + % 1) S AS(t) (3F7) + (1= NS (ta) (gL )-

Hence, it follows from Lemma A.2(iv) and Theorem 3.3 that

I-limsup S(ty,) fr, < )\S(t)(ife) +(1—A)sup S(tn)(ﬁﬂ;{c).

n—00 neN

Since K € X has been arbitrary, we can use Theorem 3.3 to obtain

D-limsup S(t,) fn < AS(t) (%76) .

n—oo

Furthermore, the inequality f k < £l + € < re and the monotonicity of S(t) imply

T-limsup S(tn) fn < AS()(1F) < AS(D) (75 + (L 1)%).

n—oo

Since S(t) is continuous from above, the right-hand side converges to S(¢)f as A 1 1. It
follows from Lemma A.3(i) that

L-limsup S(t,) fn < S@E)F L S@t)f asel0. O
n— oo

Remark 3.5. Continuity properties for semigroups on spaces of continuous functions
w.r.t. the uniform topology are often too restrictive and are therefore relaxed to the
mixed topology. For transition semigroups of Markov processes this observation has been
discussed in detail in the introduction of [39]. We point out that a convex monotone semi-
group on C, is not necessarily strongly continuous but rather I'-upper semicontinuous in
time. Furthermore, it follows from Remark 2.7 that a convex monotone semigroup on C,
is locally uniformly equicontinuous on bounded sets in the sense of [39, Definition 3.1(iii)].
A strongly continuous convex monotone semigroup is consequently a Cpy-semigroup in
the sense of [39, Definition 3.1]. In the linear case, our notion of strongly continuous semi-
groups on C,; falls into the class of Cy-semigroups on locally convex spaces, see [42,69],
and into the class of bi-continuous semigroups, see [49]. They are also closely related
to semigroups on norming dual pairs together with the strict topology [50,51]. In this
context, the mixed topology has first been used in [38] to study transition semigroups of
solutions to SDEs with additive noise and Lipschitz drift. Similar but rather pointwise
convergence concepts are used in the context of w-semigroups [59] and weakly continuous
semigroups [19]. We also want to mention the use of strict topologies in the context of
linear semigroup in [45,64] and the use of I'-convergence in [44].

3.2. Comparison and uniqueness

The following theorem is the main result of this section and states that the minimal
I'-supersolution of the abstract Cauchy problem dyu(t) = Afu(t) with u(0) = f is
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given by u(t) = S(t)f for all t > 0 and f € LL. We can not prove uniqueness for
I"-solutions, since I'-converge is not symmetric, i.e., f = I'-lim, .~ f» does not imply
—f =T-lim, 00 (—fn). However, if u(t) := T(¢) f is given by another semigroup, we can
reverse the roles of (S(t));>0 and (T'(¢))i>0 to obtain uniqueness for strongly continuous
convex monotone semigroups. In Section 4, we investigate how the I'-generator can be
approximated. In particular, for X = R? and under additional conditions, we obtain
that strongly continuous convex monotone semigroups are uniquely determined by their
generators evaluated at smooth functions.

Theorem 3.6. Let (S(t))i>0 be a convexr monotone semigroup on C, and f € LE. In
addition, let 0 < Ty < Ty and u: [Ty, Te] — L% be a function with S(T1)f < u(Ty),
Supyeiry, 1) [u(t) |l < 0o and I-limsup,_,, u(s) < u(t) for all t € [T1,T3]. Suppose that,
for every t € [T1,T3),

linhlisoup H(M)_ 3 < oo and (3.1)
I'- lim sup (Alfu(t) - w> <0. (3.2)

hl0

Then, it holds S(t)f < u(t) for all t € [T1,T3].

Proof. Tt is sufficient to prove the result in the case T3 = 0 and S(0)f = u(0) since the
general case follows immediately by considering @: [0,T5 — T1] — £, t — u(t + T1).
Indeed, suppose that the result holds for 77 = 0 and S(0)f = u(0). Since @ satisfies the
conditions imposed on u, we obtain S(t)g < @(t) for all ¢t € [0, Ty —T1], where g := u(T1).
The semigroup property and the monotonicity of S(t — T7) imply

St f=St-T)ST)f<S{t—-Tg <u(t—T1)=u(t) foralltelTy,Ts].
Now, let T3 = 0 and S(0) f = u(0). For fixed ¢ € [0, T, we show that
v: [0,t] = LE, s S(t— s)u(s)

satisfies v(0) < v(s) for all s € [0,¢]. First, we show that

lim inf

v(s+ h) —v(s)
h10 h

>0 forall se|0,t). (3.3)

Let s € [0,t). Due to u(s) € £& and condition (3.1), there exists ho > 0 with

— S(h)u(s) —ufs)\*
oim sy (S50

(u(s +h)— u(s))*
h

)
K

N} <oco. (34)

For every h € (0, ho], we define
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fn = maX{S(h)u(sh)u(s)’2} and gj, == maX{W’Z}'

It follows from Lemma A.2(vi) that

f:=T-limsup f; = max {Affu(s), —E} ,
hl0 K

Moreover, inequality (3.2), equation (3.4) and Lemma A.2(vi) yield

I-limsup (f + gn) < 0. (3.5)
hl0

Let € > 0. Since v is bounded and by condition (S3), there exists A € (0, 1] with

sup Al[S(a)u(d)|. < e. (3.6)
a,bel0,t]

Lemma B.1 and inequality (3.6) imply

v(s+ h) —v(s) v(s) —v(s+h)

_ 1iI}ILI¢i(Jnf N — hn}ifoup ;
i sup SE= 3= MSMu(s) = S(t =5 — huls + 1)
hl0 h

. S(h)u(s) — u(s+ h)
<11121lsoup)\<5(t—s—h) ( 7 —|—u(s+h)> —S(t—s—h)u(s+h)>

< limsup AS(t — s — h)
hl0

(f}l% +u(s+h)> + =

Furthermore, the boundedness of (gx)ne(0,ho]> (fn)ne(o,n] and u, the conditions (S1)
and (S3) and Lemma 2.6 guarantee that we can apply Theorem C.3 to obtain

limsup AS(t — s — h)
hl0

(fh + gn

. +u@+h0

<limsup AS(t — s — h) (m +u(s+ h))
hl0 A

Lemma 3.4, inequality (3.5), Lemma A.2(iv), the inequality I'-lim sup,, o u(s+h) < u(s)
and inequality (3.6) yield

limsup AS(t — s — h)

+u(s + h)) < AS(t = s)u(s) <
hl0

x| m

<f+gh
A

We combine the previous estimates and let € | 0 to obtain inequality (3.3).
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Second, we adapt the proof of [57, Lemma 1.1 in Chapter 2] to show that v(0) < v(s)
for all s € [0,t]. Let € X and & > 0. Define v(s, z) := (v(s))(z) and

ve(+,2): [0,8] = R, s+ v(s,z) +es.

Let so := sup{s € [0,¢]: ve(0,2) < v:(s,z)}. It follows from I'-limsup,_,, u(r) < u(s)
and Lemma 3.4 that v.(-,2) is upper semicontinuous and thus v.(0,z) < v.(sp,x). By
contradiction, we assume that so < t. Let (sn)nen C (So,t] be a sequence with s, | so.
It follows from ve(sp,x) < v:-(0,2) < v-(Sp,x) and inequality (3.3) that

0 > lim sup Ve (8n, 2) — Ve (50, 2) — limsup v(sp, ) — v(s0,7)

n— oo Sn — S0 n— oo Sn — S0

+e>e>0.

This implies v.(0,z) < v.(t,z) and therefore v(0,z) < v(t,x) as € | 0. In particular, we
obtain S(t)f =v(0) <wv(t) =wu(t). O

Inspecting the proof of the previous theorem, it seems natural to replace the condi-
tions (3.1) and (3.2) by the assumption that

<0.

H (S(h)u(t) —u(t+ h))+

L < oo and TI-limsup S(h)u(t) —u(t + h)

K h10 h

lim sup
h10

Indeed, the previous theorem remains valid and the proof simplifies. In particular, we
do not need Theorem C.3. However, in applications, this assumption is not verifiable.
Lemma A.2(iv) implies that condition (3.2) is satisfied if

u(t+h) — u(t) . —(I‘— limsup—u(t +h)— u(t))

Aftu(t) < T-liminfy o
h10 h
Furthermore, it follows from Lemma A.3(ii) that condition (3.2) is satisfied if

iy (4t - =) o

w.r.t. the mixed topology.

Theorem 3.7. Let (S(t))t>0 and (T'(t))i>0 be two convexr monotone semigroups on Cy
and D C Lr N Eg. We denote by Af the upper I'-generator of (S(t))i>0 and by B
and B the generator and the upper T-generator of (T(t))¢>0, respectively. Assume that
T(t): D — D forallt >0 and

Aff < Bff forall f€D. (3.7)

Then, it holds S(t)f <T(t)f for allt >0 and f € DN D(B).
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Proof. Let f € DN D(B) and u(t) := T(¢)f for all ¢ > 0. The conditions (S3) and (S4)
and the invariance of D C E;r imply that u: [0,00) — ng is a well-defined mapping
satisfying w(0) = f, supyc(o.q lu(s)llx < co and I'-limsup,_,, u(s) < u(t) for all t > 0.
Condition (3.1) follows from the invariance of D C Lp. It remains to verify condi-
tion (3.2). For every ¢ > 0 and h > 0, we use u(t) € D and inequality (3.7) to estimate

u(t+ h) — u(t)

u(t +h) —u(t)
o _

Afuft) - )

< Bfu(t) -
Let t > 0 and (hy)nen C (0,1] be a sequence with h,, | 0. For every n € N,

u(t + hy) —u(t)
hn

u(t + hy) — u(t)

Bifu(t) — = Biu(t) — gn + gn — 5 , (3.8)

where g,, 1= % (T@X)(f +haBf)—T(t)f). It follows from Lemma B.1 that

1O + o) =70 (F5 - Br 4 4 hB1 )
ol h) —ult) _ T +haBS) = TOT(0)S
= gn B = ho,

<10 (- (P mr) g ) - TOT (L)1

n

Combining the previous estimate with Lemma 2.6 yields

Cult+ha) —u(t)

0.
h -

In
Furthermore, since T'(t) is convex, the sequence (g, )nen is non-increasing. Hence, there
exists a function g € U,; with g,, | g and Lemma A.2(iii) and (v) imply that g = B u(t).
It follows from inequality (3.8), the inequality B u(t) — g, < 0 and Lemma A.2(iv) that
condition (3.2) is satisfied. Theorem 3.6 yields S(¢)f < T(¢)f for allt > 0. O

A function u: [0,T] — E; satisfying the conditions from Theorem 3.6 can be seen as
a I'-supersolution of the equation

Ou(t) = Afu(t) forallte[0,T], wu(0)=f. (3.9)

Let f € D(A) and v(t) := S(¢)f for all ¢t € [0,T)]. Similar to the proof of Theorem 3.7,
one can show that v a T'-supersolution of equation (3.9). Furthermore, Theorem 3.6
guarantees that v is the smallest I'-supersolution.

Remark 3.8. In view of Theorem 3.6 and Theorem 3.7, it becomes apparent that our so-
lution concept is based on a weak form of differentiability of the solution while viscosity
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solutions are defined by comparison with smooth functions. In general, the domain of the
generator containing all functions such that the trajectories ¢ — S(t) f are differentiable
might not be invariant under the semigroup, see, e.g., [23, Section 4] and [28, Exam-
ple 5.2]. Fortunately, the Lipschitz set Lg containing all functions such the trajectories
t — S(t)f are Lipschitz continuous is invariant. Since the existence of the I'-limit can
a priori not be guaranteed, we define the upper I'-generator as a limit superior which
is naturally defined on the upper Lipschitz set C;. The latter is also invariant and,
under additional conditions, the upper I'-generator coincides with the I'-generator, see
Section 4. Furthermore, the proof of Theorem 3.6 crucially relies on the close relation
between upper semicontinuity w.r.t. ['-convergence, continuity from above and continu-
ity w.r.t. the mixed topology. Previously to the introduction of the I'-generator in this
article, the notion of a monotone generator has been studied in [28]. Furthermore, in
spaces with order continuous norm such as LP-spaces and Orlicz hearts, the domain of
the norm generator is invariant and the semigroup defines the unique classical solution
of the abstract Cauchy problem, see [14,27]. However, these two approaches are rather
limited in applications. Finally, in order to apply the classical theory of nonlinear semi-
group theory based on m-accretive or maximal monotone operators, see [4,10,17,23,40],
one typically has to solve a fully nonlinear elliptic PDE. The lack of classical solutions for
this type of equations has been one of the motivations for the introduction of viscosity
solutions, see, e.g., the discussion in [30] and [33, Chapter 6]. Since our approach does not
involve the resolvent of the nonlinear generator, we do not have to address these issues.
For that reason, we also use Chernoff-type approximations to construct semigroups, see
Section 5. Finally, we want to emphasize that our approach is self-contained and does,
in particular, not rely on the theory of viscosity solutions.

4. Approximation of the I'-generator

Throughout this section, let (S(t));>0 be a convex monotone semigroup on Cy. In
many applications, it is possible to compute the generator for smooth functions whereas
the upper I'-generator cannot be determined explicitly. Moreover, the semigroup does not
map smooth functions to smooth functions, see, e.g., [28, Example 5.2]. Hence, in order
to apply Theorem 3.7, we must show that the upper I'-generator can be approximated
by means of smooth functions. In contrast to the theory of strongly continuous linear
semigroups, where the norm generator is always a closed operator, we do not claim the
same to be valid for the upper I'-generator. Indeed, while the upper bound Alf f <
I-limsup,, Aff fn is satisfied for any approximating sequence such that (Aif frn)neN
is bounded above, we prove the equality AIJE f=T-lim, s Aff fn only under additional
conditions on the semigroup and for particular choices of the sequence (f,)nen. In the
sequel, we denote by (S(t)):>0 the extended convex monotone semigroup on U, from
Theorem 3.3. For every t > 0, f € U, and = € X, we define
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t

] S(e)fds | (2) = [ (SE1) (@) ds,
0

0

4.1. General approzimation results

The proof of the upper bound is based on the following auxiliary estimate.

Lemma 4.1. For every r,T > 0 and € > 0, there exists Ao € (0, 1] with

S(0)f - f<A/s AR s+ 2

for allt € [0,T), f € Be,(r)NLE and X € (0, Ao).
Proof. Let r,7 > 0 and ¢ > 0. By condition (S3), there exists A\g € (0, 1] with

sup  sup  A|lS@)flls <e and MNT < 1. (4.1)
t€[0,T] f€Bc, (1)

In the sequel, we fix t € [0,T], f € Bc,.(r)N [Z;f and A € (0, Ag]. Define h,, := 27"t and
th .= k27"t for all k,n € Ny. For every n € N, it follows from the semigroup property,
inequality (4.1) and Lemma B.1 that

) f—f= Z SR f = SEENF) =D (SEETHS(ha) f = St S)
k=1

< Ahp, Z( S(tE) (7S(hi)}i_f+f> —S(tf;l)f>

< A 3 (=)

k=1
= f et
_A/ZStk 1 < ) L () ds + =

Due to f € Eg and condition (S3), the sequence inside the integral is bounded above.
Hence, we can apply Fatou’s lemma and Lemma 3.4 to obtain

t

St f—f< )\/limsupZS(th—l) ( (h Azlf f f> ﬂ[tﬁ,lytﬁ)(s) dS-i-%t
0
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t

et
)\/S A+f+f)d +2. 0

0

Theorem 4.2. Let f € Cy and (fn)nen C L’:g be a sequence with f, — f such that
(A fo)nen is bounded above. Then, it holds f € ﬁg and Al f < T-limsup,_, . Af fn.

Proof. Choose € > 0 and A\ € (0, 1] such that the statement of Lemma 4.1 is valid with

7 :=sup,en ||fnllx and to := 1. Then, for every h € (0,1] and A € (0, o], it follows from
Lemma 2.6, Fatou’s lemma, Lemma 3.4 and Lemma A.2(iv) that

h
% = lm W < lirrlrisotip%/)\S(s)(iAlffn ¥ h)ds+ =

0

h

< %/hinfip AS(s)(%Alffn + fn)ds +%
h
%/AS 9+ f)ds + =
0

where g := I-limsup,,_, ., Af fn. Condition (S3) implies f € L£L. Moreover, it follows
from Lemma A.2(iv), Lemma 3.4 and S(0) = idy, that

A+f<Fhmsup /)\S g—i—f)ds—i— <g+/\f+— for all A € (0, o).

Letting €, A | 0, we obtain Afff < TI-limsup,,_, Afffn. O

The previous result relies on the fact that the semigroup is upper semicontinuous w.r.t.
I'-convergence and that the I'-limit superior exists for any sequence which is bounded
above. Since the semigroup is not continuous w.r.t. I'-convergence, the reverse estimate
is only valid for particular choices of the approximating sequence. Condition (4.2) incor-
porates the fact that the I'-limit is not determined by evaluating a sequence of functions
at a fixed point but also depends on the values of these functions in an arbitrarily small
neighbourhood of that point. In Subsection 4.2, we study the construction of such se-
quences by means of convolution and truncation. These results are particular interesting
for applications with X := R?, where one can typically verify that the domain of the gen-
erator contains smooth functions with bounded derivatives or at least smooth function
with compact support.
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Theorem 4.3. Let f € C, and (fn)nen C D(Ar) be a sequence with f, — f such that
(Arfn)nen is bounded above. Suppose that, for every € > 0 and K € X, there exist
ng € N, hg > 0 and a sequence (r,)nen C (0,00) with r,, — 0 such that

()< e (BB )+ = (12)

for all h € (0,hg], n >ng and x € K. Then, f € D(Ar) and Arf = T-lim,,_, 00 Arfp-

Proof. First, let (Ap)men C (0,00) be a sequence with h,, — 0. Since Theorem 4.2
guarantees that f € LJSF, we can apply Lemma A.2(i) to choose a subsequence, still
denoted by (hm)men, such that

Sthm)f — f

m

g1 :=I'-lim e U, (4.3)

m— o0

exists. Moreover, since (Arfy,)nen is bounded above and due to Lemma A.2(i), every
subsequence (f,, )ken has a further subsequence (fs,, )ien such that

g2 :=T1-limArf,, €U, (4.4)
l—o0 L
exists. To simplify the notation, we write f; := f,, for all l € N. Theorem 4.2 implies
g1 < AL f <T-lim Apf; = go.
=00

Second, we show that g1 > g2. To do so, let z € X and € > 0. By definition of the
I-limit, we can choose a sequence (z;);eny C X with 2; — 2 such that

(F—limAFfl)(Jj) = lim Al"fl(-rl)-
l—o0 l—o0
In addition, there exist sequences (m;);en and (y;)ien with d(x;, ;) — 0 such that

Ar fi(z)) < <S(hm;L)fl_fl) (y;) +& foralll e N.

Since K := {y;: I € N} U {z} is compact, there exist hy > 0 and (r;);eny C (0,00)
satisfying condition (4.2). For every | € N with ng, > ng and h.,, < ho,

S(hmz)f - f) L
Ar fi(z) < ZGE‘(B?M) <7hmz (2) + ) +e
M)
< (L) et e
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where ¢, := d(z,y;) + r; — 0. Since infjen £(y;) > 0, Lemma A .2(vii) implies

S(hml)f - f

mp

ga(o) = (-l A ) (0) = Jim ArfiCan) < (T-tim ) @ =ala).

Third, we show that f € D(Ar) with Arf = I-lim,_, o Arf,. From the first part,
we know that every sequence (Ap,)men C (0,00) with h,, — 0 has a subsequence which
satisfies equation (4.3). A priori the choice of the subsequence and the limit g; depend
on the choice of the sequence (hy,)men. However, it holds g1 = g2 and the function go
is independent of (A, )men. Hence, Lemma A.2(ii) implies

g S = f
A

which means that f € D(Ar) with Apf = g1. Since the limit in equation (4.4) is also
independent of the choice of the subsequence, we obtain Arf = lim, _,. Arfn. O

4.2. Regularization by convolution and truncation

We study two particular constructions for approximating sequences satisfying condi-
tion (4.2).

4.2.1. Convolution
Let X be a separable Banach space and

Cr := SUp sup (@) < 00, (4.5)

z€X yeBx (1) H(l‘ - y)

where Bx (1) :={z € X: ||z|]|x < 1}. Let (in)nen be a sequence of probability measures
on the Borel o-algebra B(X) satisfying

un(BX(%)C) =0 forallneN. (4.6)

For every n € N, f € U, and =z € X, we define

(f * ) () = / £z — y)un(dy) € [~00,00),

X

where condition (4.5) guarantees that the integral is well-defined.

Lemma 4.4. Let n € N. Then, it holds f * u, € Uy for all f € U,, and

D-limsup (fin * pn) < (I‘— lim sup fm) * by,

m—r oo m—0o0
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for every sequence (fm)men C Uy which is bounded above. Furthermore,

P-limsup (f % pn) < f forall f € U,.

n—oo

Proof. First, let n € N, f € U, and = € X. Condition (4.5) and condition (4.6) imply

k(x)

m pn(dy) < C,.;Hf+||ﬁ-

(.f * Mn / f xr — $ — )
Moreover, for every sequence (Z,,)men C X with z,, — x, Fatou’s lemma yields

tim s (5 1) (2) < [ Yimsup £~ ) o) < [ £ = ) (),
m—0o0 m—o0
X X
This shows that f * u, is upper semicontinuous.
Second, let (fm)men C U, be bounded above, x € X and (zm)men C X with
T, — 2. It follows from Fatou’s lemma that

limsup (f * pin ) (@m) = limsup / fn(Tm —y) pn(dy)

m—r o0 m—0o0

< / B sup fon (2m — 4) g (dy) < / (F— lim sup fm) (z = y) pn(dy).

m—00 m—00
X X

This shows that I'-lim sup,,,_, oo (fin * ttn) < (T-Hmsup,,_,o0 fin) * fn-

Third, let € X and (zp,)neny € X with 2z, — x. Since f is upper semicontinuous,
for every € > 0, there exists ng € N such that f(x, —y) < f(z) + € for all n > ny and
y € Bx(1/n). We obtain

(f * pn)(z) = / f(@n —y) un(dy) < f(z) +e  for all n > ng.
Bx (1/n)

Letting € | 0 yields limsup,, , o (f * un)(zn) < f(z). O

Condition (4.7) in the following lemma is crucial in order to control the difference
between S(t)(f*uy,) and (S(t)f)* . We will encounter this condition again in Section 5,
where we study the construction of semigroups via Chernoff-type approximation schemes.
For every f: X — R and z,y € X, we define (7,.f)(y) := f(z + y).

Theorem 4.5. Let f € £JSF such that f, = f* u, € D(Ar) for all n € N. Assume that,
for every e > 0, there exist §,tg > 0 with

S(t) (1o f) < SE)f+ L forallt €0,t] and x € Bx(6). (4.7)
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Then, it holds f € D(Ar) and Arf = I'-lim,, o0 Ar fr.

Proof. We verify the assumptions of Theorem 4.3. First, we show that f, — f. Condi-
tion (4.5) guarantees || fu|l« < cxl|f|lx for all n € N. Moreover, for every K € X,

sup |fa() — £(2)] < sup / £ — ) — F(@)| pn(dy) = 0 as n - co.
zeK xEKBX(l/n)

Second, we show that condition (4.2) is satisfied. Let ¢ > 0 and K € X. Due to
condition (4.7), there exist hg > 0 and ng € N with

S(h)(1—yf) < T_yS(h)f + 2 for all h € [0, ho] and y € Bx (1/no).

Hence, for every h € [0, hp], n > ng and « € X, it follows from Jensen’s inequality and
the monotonicity of S(h) that

s = (s [ Eaneima) )@

Bx (Y/n)
< [ sOem@ma s [ (S0 + ) i)
Bx (1/n) Bx (1/n)
= (St * pa + 2 ) (2).

For every h € (0, ho] and n > ng, condition (4.6) implies

< sup
K yeBx(-.1/n)

LI ELTES ST

Third, we show that (Arf,)n.en is bounded above. The previous inequality applied
with € := 1 and condition (4.5) yield hg > 0 and ng € N with

(S(hf =

1
3 +

K

< ek

K

H (S(h)fn = fn)*
h

for all h € [0, ho] and n > ng. Hence, it follows from f € E; that (Aff fn)nen is bounded
above and Theorem 4.3 yields the claim. [

Using the previous approximation results, we obtain the following comparison result
which forms the basis for comparison in terms of C5° and Cg°, see Theorem 4.7 and

c
Theorem 4.9 below.
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Theorem 4.6. Let (S(t))i>0 and (T'(t))i>0 be two convex monotone semigroups on C,.
We denote by Af the upper T'-generator of (S(t))i>0 and by B and Br the generator
and the T'-generator of (T'(t))i>0, respectively. Let C C C,, and D C L be two subsets

satisfying the following conditions:
(i) For every f € D and € > 0, there exist 0,1ty > 0 with
T(t)(1af) < 7Tt)f + £ forallt €[0,t0] and x € Bx(6).

Furthermore, it holds f * p, € C for alln € N and f € D.
(ii) It holds T(t): D — D for allt > 0.
(iii) It holds CN LF C LL N D(Br) and A f < Brf for all f €CNLF.

Then, it holds S(t)f <T(t)f for allt >0 and f € DN D(B).

Proof. The arguments are very similar to the proof of [13, Theorem 2.5] but for the sake
of a self-contained exposition, we outline the details. In order to apply Theorem 3.7,
we have to show that D C E; and AL f < B{ f for all f € D. To do so, let f € D,
e > 0and f, := f*pu, for all n € N. Choose d,%y > 0 such that condition (i) is satisfied.
Then, following the lines along the proof of [13, Theorem 2.5], we use Jensen’s inequality,

condition (i) and condition (4.5) to obtain

@@h—ﬂM@M@Sl/(ﬂmtﬁ%wﬁﬂ@M@M@w

Bx(6)

< / (ry DO f — 7y f) (@)A(2) pn (ly) + et

Bx (9)

<o [ (TOF - eyl = ) pn(dy) + et
Bx (6)

< c,{(((T(t)f —f)Tr) #n)(x) tet
for all t € [0,tp], z € X and n € N with % < 4. Hence,
[T @) fn = £ F|,, < eal[(T@F = £)F], + et

for all t € [0,¢0] and n € N with 1 < §. Combining the previous inequality with the
conditions (i) and (iii) yields f,, € CN L} C L& N D(Br) and

ICAF £) e < N(Brf) *lle < exll(BES) Fllx +& for all n € N with ;- < 4.

It follows from Theorem 4.2 and Theorem 4.5 that f € £ and, invoking Lemma A.2(iv),
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A+f<1" hmsupA+fn <I‘ hmefn—Bpf B+f

n—oo

Hence, Theorem 3.7 implies S(t)f <T(t)f forallt > 0and fe DND(B). O

For the rest of this subsection, let X := R¢ and n: R? — R, be an infinitely differ-
entiable function with supp(n) C Bra(1) and [g.n(z)dz = 1. For every n € N, z € R¢
and locally integrable function f: R? — R, we define 1, () := n%n(nz) and

(f * 1) /fw— Wiy

Denote by Lipy, the space of all bounded Lipschitz continuous functions f: R? — R and
by Cf° the space of all bounded infinitely differentiable functions f: R? — R such that
the partial derivatives of any order are bounded.

The following theorem uniquely characterizes semigroups via their generators eval-
uated at smooth functions. In particular, while a thorough understanding of the I'-
generator and related topological properties is crucial in order to prove the abstract
comparison principle in Subsection 3.2, in applications one only has to verify several
explicit conditions.

Theorem 4.7. Let (S(t))t>0 and (T'(t))i>0 be two convexr monotone semigroups on Cy
with generators A and B, respectively. Assume that (T'(t))i>0 satisfies condition (4.7)
for all f € Ly N Lip,, and that T(t): Lip, — Lipy, for all t > 0. Furthermore, suppose
that C3° € D(A) N D(B) and

Af < Bf forall f €Cy.

Then, it holds S(t)f <T(t)f for allt >0 and f € C,.
Proof. Applying Theorem 4.6 with D := L N Lip, and C := C° yields S(¢)f < T(t)f
for all t > 0 and f € D(B) N Lip,,. Since the set C;° C D(B) N Lipy, is dense in Cy, see
Remark 5.2 below, Lemma 2.6 implies S(¢)f < T(t)f forallt >0 and f € C,. O
4.2.2. Truncation

Let X := R?% and denote by C the space of all infinitely differentiable functions
f: R - R with compact support. Let (¢,)nen C C be a sequence with 0 < ¢, < 1

for all n € N and ¢, (x) =1 for all n € N and = € Bga(n).

Lemma 4.8. Suppose that C°* C D(A). Let f € C, be infinitely differentiable with f > 0
and define f, := fo, for alln € N.

(i) If f € L&, then (Af,)(x) < (Af f)(x) for alln € N and x € Bga(n).
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(ii) If (Afn)neN is bounded above, then f € D(Ar) and Arf =T-lim, 00 Afp.

Proof. First, for every h > 0, n € N and x € Bga(n), the monotonicity of S(h) yields

(S(h) fn)(@) = ful@) _ (S(W)fn)(@) — fz) _ (S(W)f)(2) — f(z)

= <
h h - h

(4.8)
Since C°* C D(A), it follows from f € E; and the previous inequality that
(Af.)(z) < (Aff)(z) foralln € N and € Bra(n).

Second, inequality (4.8) guarantees that condition (4.2) is satisfied. Furthermore, it
holds f, € D(A) for all n € N and f, — f. Hence, if (Af,)nen is bounded above,
Theorem 4.3 implies f € D(Ar) and Arf =T-lim, 0o Af,. O

Theorem 4.9. Let (S(t))i>0 and (T'(t))i>0 be two convex monotone semigroups on Cy
with generators A and B, respectively. Assume that (T'(t))i>0 satisfies condition (4.7)
for all f € Ly NLipy, with f > 0 and that T(t): Lip, — Lipy, for all t > 0. Furthermore,
let C* C D(A) N D(B) and let (Bf,)nen be bounded above for all f € Ci° N LE with
f >0, where f, :== fo, for alln € N. Assume that

Af <Bf forall f e CE.
Then, it holds S(t)f <T(t)f for allt >0 and f € C, with f > 0.

Proof. Let C := {f € C*: f > 0} and D := {f € Ly NLip,: f > 0}. It follows from
Theorem 4.2 and Lemma 4.8 that C N L} C £& N D(Br) and

Aiff <T-limsup Af, <T-lim Bf,, = Brf forall f €CN L.
n—00 n—0o0
Hence, Theorem 4.6 yields S(¢)f <T(t)f for all t > 0 and f € D(B)NLip, with f > 0.
Since the set {f € C°: f > 0} C {D(B) NLip,: f > 0} is dense in {f € C,: f > 0},
Lemma 2.6 implies S(t)f < T(t)f for all t >0 and f € C,, with f >0. O

Since inequality (4.8) is only valid for non-negative functions, the previous theorem
has a priori the same restriction. However, in many applications one can show that
SW(f+c)=8St)f+cand T#t)(f +¢)=T({t)f +cforallt >0, f € C, and ce R. In
this case, we obtain S(t)f <T(t)f for all t > 0 and f € C,.

4.3. Link to distributional derivatives
Let X := RZ In many applications, one can show that C* C D(A) and Af =

H((D%f)aer) for all f € C°, where I C N¢ is a finite index set and H: Rl — R is a
convex function. Furthermore, one can show that
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S(t): L™ NLip, — £ NLip, forallt>0

and the set £2™ N Lip, often admits an explicit representation by means of Sobolev
spaces. The latter allows to define H((D*f)aer), where the partial derivatives D f are
regular distributions. In Subsection 4.2.1, we also identified conditions such that

L™ N Lip, C £& NLip, C D(Ar).
Hence, the question arises whether u(t) := S(t) f solves the equation
Aru(t) = H((D*u(t))aer) forall t > 0.

The left-hand side of this equation is an upper semicontinuous function while the right-
hand side is an equivalence class of functions coinciding almost everywhere and the upper
semicontinuous hull strongly depends on the choice of the representative. However, a
canonical choice is given by Lebesgue’s differentiation theorem. For a locally integrable
function f: R? — R, we define’

Xy = JJG]R{d:Iifg ][ f(y)dy € R exists

B(z,r)

The set Xy C R¢ is dense and it holds Xy = X, for any other function g: R4 — R such
that f = g almost everywhere. Let n: R? — R, be an infinitely differentiable function
satisfying supp(n) C Bgra(1l) and f]Rd n(z)dx = 1. For every n € N, x € R? and locally
integrable function f: R — R, we define 7, (z) := nn(nz) and

(f % 1)) = / £ — 9)ia(y) dy.
Rd

The functions f * 7, are infinitely differentiable. We also want to emphasize that the
construction of the function g in the following theorem does not depend on the choice
of the representative for the distributional derivatives D f.

Theorem 4.10. Let I C N¢ be a finite index set and let H: RY — R be a convex function.
Let f € E}' such that, for every e > 0, there exists §,ty > 0 with

2 Denoting by A the Lebesgue measure, the normalized integral is given by

1
ff(y)dyizm / f(y) dy.

B(z,r) B(z,r)
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S) (12 f) < TS{E) f+ S forallt € [0,t0] and x € Bra(6).
For every n € N, we define f, := f *xn, and assume that

(i) D*f is a regular distribution for oll « € I,
(ii) H((Df)aecr) is locally integrable,
(iii) fn € D(Ar) and Arfn = H(D*fn)neN)-

Furthermore, we define the functions

g(z) == H((D*f(2))acr) for all x € RY,

g(z) = liﬁ)l g(y)dy forallx € X,
B(z,r)

g(x) ;= limsup g(y) for allx € RY.
yeEXy,y—x

Then, it holds f € D(Ar) and (Arf)(x) = g(x) for all v € R?.

Proof. It follows from Theorem 4.5 that f € D(Ar) and Arf = I'-lim,,—, oo Afy. First,
we show that § < Arpf. Define F := (D*f)qer and F,, := (D f,)aes for all n € N.
Since F,, = F xn, for all n € N, condition (i) implies F,, — F almost everywhere. We
use the continuity of H and condition (iii) to obtain

g=H(F)= lim H(F,)= lim Arf, <T-limsup Arf, = Arf

n—oo n—oo n—oo
almost everywhere and therefore
g(y)dy < ][ (Arf)(y)dy for all z € R® and 7 > 0.
B(z,r) B(z,r)

For every z € X, it follows from the upper semicontinuity of Arf that

g@) =tim | g)dy <tmsw | (4eN)0)dy < (Ar)(0)
T rl0
B(z,r) B(z,r)

By condition (ii), the set X, C R? is dense and the upper semicontinuity of Arf yields

g(z) = limsup §(y) < limsup (Arf)(y) < (Arf)(z) for all z € R

yeXy,y—x yeXg,y—z

Second, we show that Apf < g. Let z € R and € > 0. Since Apf = I'-lim,,_,oc Ar fn,
there exists a sequence (z,)nen C R? with z, — x and (Arf,)(z.) — (Arf)(z).
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Moreover, there exists § > 0 with g(y) < g(z) + € for all y € B(x,0) because g is
upper semicontinuous. Choose ng € N with B(z,,1/n) C B(z,d) for all n > ng. Since
condition (ii) implies H(F) = g = g < g, for every n > ny, it follows from Jensen’s
inequality that

(Arf)(@n) = H(Ea(e2)) = H / F(@n — () dy

B(/n)
< / H(F(zn —y))mn(y) dy
B(1/n)
< / G(n — 1)n(y) dy < G(z) + .
B(1/n)

We obtain (Arf)(z) = lim, e Arfn(z,) < g(z) for all z € RY. O
5. Chernoff-type approximation schemes

Let (I(t))i>0 be a family of operators I(t): C, — C, and (hyp)nen C (0,00) be a
sequence with h,, — 0. For every ¢t > 0, f € C,; and n € N, we define

I(wt) f = I(hp)* f = (I(hn)o... 0 I(hy)) f,

t times
kt times

where k! := max{k € Ny: kh, < t} and 7%, := {0,hn,...,kLh,}. Recall that the
Lipschitz set £ consists of all f € C,; such that there exist ¢ > 0 and ¢ty > 0 with

@) f — fllx <ct foralltel0,to.

Moreover, for every f € C, such that the following limit exists, we define

/ s I(h)f*f

By definition of the mixed topology, the existence of I'(0)f implies f € L;.

Assumption 5.1. Suppose that the following conditions are valid:

(i) 1(0) = idc,,.
(ii) I(hy) is convex and monotone with I(h,)0 = 0 for all n € N.
(iii) There exists a function a: Ry x Ry — R, which is non-decreasing in the second
argument, such that, for every » > 0 and k,l,n € N,
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I(hy): Be, (r) = Be, (a(r,hy)) and  a(a(r, khy), lhy) < a(r, (k+ 1)hy,).
(iv) For every r > 0, there exists w, > 0 with

[ (hn) f = I(hn)gllx < ehan”f — gl foralln €N and f,g € Be,(r).
Moreover, the mapping r — w, is non-decreasing.

(v) There exist a countable set D C L; and a countable dense set 7 C R including
zero such that (I(7})f)nen is uniformly equicontinuous for all (f,¢) € D x T
and, for every f € C,, there exists (fy)nen C D with sup, ey [|fnlle < ||f]lx and
fn— f

(vi) For every e >0, 7,7 > 0 and K € X, there exist K’ € X and ¢ > 0 with

11(7) f = I(m)glloo, 6 < Cllf = glloo,cr +€
forallt € [0,7], n € N and f,g € Be, ().

The conditions (i)-(iv) only involve the one-step operators I(h,) and are then trans-
ferred to the iterated operators I(n! ). Furthermore, in many applications, condition (v)
can be verified as described in the following remark.

Remark 5.2. Let X := R? and assume that C° C £;, where C2° denotes the space of all
infinitely differentiable functions f: R — R with compact support. Subsequently, we
construct a countable set D C C2° such that, for every f € C,,, there exists (f)neny € D
with sup, e [|fnlle < ||fllx and f, — f. Let n € N and denote by C(B(n)) the space
of all continuous functions f: B(n) — R, where B(n) := Bgra(n). Due to the Stone—
Weierstrafl theorem, the set D,, C C(B(n)) of all polynomials f: B(n) — R with rational
coefficients is dense w.r.t. the norm ||| B(n) = SUPzep(n) |f(¥)[r(z). Let ¢ € CZ° with
0<¢<1,¢(=1on B(1)and ¢ =0 on B(2)°. Define (,(v) := () for all n € N and

r € R%. Furthermore, by setting (f¢,)(z) := 0 for all x € B(2n)¢, we define

D= | J{f¢n: f € Dan} CC.

neN

Let f € C,. For every n € N, there exists f, € Da, with IflB(2n) — fnl
I fallx,Bezn) < 1f1B@n)llsB@n) < |Ifllxra Hence, the sequence (fu)nen C D given by
Jn = fuG, satisfies || fpl.ra < [|f|lxre and f, — f. Hence, Assumption 5.1(v) is, for
example, satisfied if there exists ¢ > 0 with I(t): Lip,(r) — Lip,(e“r) for all r,¢t > 0,
where Lip,,(r) contains all r-Lipschitz functions f: R? — R with || f]|ec < 7.

1
r,B(2n) < 5 and

- n

It remains to discuss how condition (vi) can be verified. For the examples presented
in Section 6, we rely on the fact that, due to Lemma C.2, condition (vi) is equivalent to
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sup sup (I(7}) fx)(z) L 0 as k — oo
(t,2)€[0,T) x K neN

forall T > 0, K € X and (fg)ren C C, with fi | 0. There also exist several verifiable
sufficient conditions on the one-step operators I(t), one of which is presented in the next
remark. In applications, this condition can be satisfied by requiring finiteness of certain
moments which appears very naturally, see, e.g., [13]. A detailed discussion of several
further sufficient conditions can be found in [16, Subsection 2.5].

Remark 5.3. Let &: X — (0,00) be a bounded continuous function such that, for every
€ > 0, there exists K € X with sup,cg- % <e.Let &@: Ry x Ry — R be a function,
which is non-decreasing in the second argument, such that

I L(hp)fllz < @(r,hy) and  &(a(r, khy),lhy,) < a(r, (k+Dhy) (5.1)

for all » > 0, k,I,n € N and f € C, with ||f|z < 7. Then, for every (fn)nen C Cg
with f, | 0, Dini’s theorem implies || f.|[z — 0. It follows from Assumption 5.1(ii),
equation (5.1), [15, Lemma 2.7] and Lemma B.3(ii) that

sup sup [|1(m,) fillz < @@l fillz, )l fellz — 0 as k — oo
te[0,T] neN

Since inf,cx k(x) > 0 for every K € X, Assumption 5.1(vi) is satisfied.

The following theorem is based on the work in [15], where Chernoff-type approxima-
tion schemes for nonlinear semigroups have been systematically investigated. The results
in [15] require relative compactness of the sequence (I(!)f)nen W.r.t. a given metric
(here the one induced by || - ||x). A close inspection of the proofs given in [15] reveals
that relative compactness of the sequence (I(7%)f)nen W.r.t. the mixed topology is suf-
ficient as long as Assumption 5.1(vi) can be verified. This condition also guarantees that
the corresponding semigroup (S(t)):>0 is continuous w.r.t. the mixed topology. For the
reader’s convenience, we provide a detailed proof in Appendix D, where we thoroughly
explain how the arguments from [15] have to be modified.

Theorem 5.4. Suppose that Assumption 5.1 is satisfied. Then, there exist a strongly con-

tinuous convex monotone semigroup (S(t))i>0 on C, with S(t)0 =0 and a subsequence
(n1)ien € N such that

St)f = llim I(wl,)f  forall (f,t) € Co X T. (5.2)
—00
Furthermore, the following statements are valid:

(i) It holds f € D(A) and Af =TI'(0)f for all f € Cy such that I'(0)f € C, ewists.
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(i) For every r,t >0 and f,g € Bc, (r),

ISt fllx < a(r,t) and [[S()f =SBl < =0 f = glla-

(iii) For everye >0, r,T >0 and K € X, there exist K' € X and ¢ > 0 with

1S)f = SM)gllec.x < cllf = glloo,xr + ¢

for allt € [0,T] and f,g € Be, (r).
(iv) It holds L; C Lg and S(t): Ls — Ls for all t > 0.

The previous theorem provides a general approach for the construction of strongly
continuous convex monotone semigroups. In principle, the limit in equation (5.2) could
depend on the choice of the convergent subsequence and convergence of the whole se-
quence might fail. The latter is crucial in order to understand the previous result as
an approximation scheme and as a possibility to determine the continuous-time limit of
an appropriately scaled discrete-time dynamics. Furthermore, in view of equation (5.2),
the semigroup (S(t))+>0 should only depend on the infinitesimal behaviour of the family
(I(t))i>0 close to zero.

Classical existence results for strongly continuous linear semigroups are based on the
resolvent of A and the semigroup is defined on w which is supposed to coincide
with C. Here, for the existence result, we do not a priori assume that I’(0) and thus
A are densely defined but in order to apply the comparison principle from Section 3.2
it is crucial to determine Af for sufficiently many functions. In many applications, the
limit I’(0)f can be computed explicitly for sufficiently smooth functions. Then, Theo-
rem 5.4 guarantees that Af = I'(0) f and that (S(¢));>0 is a strongly continuous convex
monotone semigroup.

Since the set of smooth functions is not invariant under the semigroup and the up-
per -generator cannot be computed explicitly, we rely on the approximation results
in Section 4, which heavily depend on condition (4.7). In order to characterize func-
tions satisfying this condition, we introduce the so-called approximation set Ag which is
invariant under the semigroup (S(t));>0. Furthermore, the iterative approximation set
Alfer contains functions for which this condition can be verified by means of the opera-
tors (I(t))¢>0 and transferred to (S(t))¢>0. In the sequel, let X be a Banach space and
assume that

€y i=Sup sup LG < o0. (5.3)
ze€X yeBx (1) K —y)

Recall that the shift operators are given by (7, f)(y) := f(z +y) for all f: X — R and
z,y € X.
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Definition 5.5. Let (I()):>0 be a family of operators I(¢): C, — C,. The approximation
set Aj consists of all f € C, such that, for every ¢ > 0 and ¢ > 0, there exist 4,59 > 0
with

$)rd(O)f < Tl(SIOf + =

for all s € [0,s0] and € Bx(§). Furthermore, the iterative approximation set A
consists of all f € C, such that, for every € > 0, there exist ¢ > 0 and §, hg > 0 with

I()Te (W) f < 7o (W) f + ——
for all h € [0, hol, I € Ng and z € Bx(0).

Theorem 5.6. Suppose that Assumption 5.1 is satisfied and denote by (S(t))i>0 the cor-
responding semigroup from Theorem 5./4. In addition, we assume that there exists w > 0
with |1(hy)f|lx < e*P||fll. for all f € C,. and n € N. Then,

Alfer c Altr ¢ Ag and S(t): As — As  for allt > 0.
Proof. Let f € A" and € > 0. Then, there exist ¢ > 0 and J, hg € (0, 1] with

Clhsh
I I(0)' f < 7 (B) 1 + (5.4)

for all h € [0, hgl, I € Ny and € Bx (). By induction, we show that

(eVw) (k+1)h
I(R)Fr, () f < 7o I(R)*TLf + e ek (5.5)
K

forall h € [0, ko, k,1 € Ng and « € Bx (). For k = 0, 1, this follows from inequality (5.4).
For the induction step, we use Lemma B.1 and Corollary B.2 to obtain

T I(h) f — T (R)FHIHL ¢
(I MI(h)Tel ) —I(h) T.I(h)l+1f) + (I(h)kTwI(h)le _ Twl(h)k+l+1f)
I k I( f—T I( )l-‘rlf +Tzl(h)l+1f> —I(h)szI(h)H_lf) h

4 e(c\/w)(k-i-l-‘rl ckh

IA

clh
<I(h)’“ (m( ) — 5) — I(h) 7 I (h)"* f) h+ elV D,

e(ch)(k+l+1)€<k + 1)h
- .
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Now, let s,t € T. Assumption 5.1(vi) and equation (5.2) guarantee
I(m) e I(7h) f — S(s)mS(t)f and 7 (xSt f — 7.S8(s+t)f = 7.5(s)S(t) f
for all x € Bx(d) and therefore inequality (5.5) implies

eleVw)(s+t) o g
S(s)mS(t)f < 1:5(s)S(t)f + — (5.6)
This inequality remains valid for arbitrary s,¢ > 0 and € Bx(J) due to the strong
continuity of (S(t))¢>0 and Theorem 5.4(iii). We obtain f € A" and similarly one can
show that AL C Asg.
Let f € Ag and s,t > 0. Then, for every ¢ > 0, there exist d, 79 > 0 with

S(r)7S()S()f = S()7eS(s +1) < TS()S(s +)f + = = 7.S(r)S(5)S(0) + =

K

for all r € [0,79] and x € Bx(4). We obtain S(t)f € Ag. O

We now apply the previous result to the particular case that the approximation set
contains bounded Lipschitz continuous functions. This covers all examples presented
in Section 6, where we can explicitly compute the generator Af for smooth functions.
Note that Assumption 5.7(v) only involves the one-step operators I(h) rather than the
iterated operators I(h)! appearing in Definition 5.5. In the sequel, let X := R? and
let n: RY — R, be an infinitely differentiable function with supp(n) C Bgra(1) and
f]Rd n(z)dx = 1. For every n € N, x € R? and locally integrable function f: R? — R,
we define n,,(z) := nn(nz) and

(f *nu)(@) == / F(@ = y)na(y) dy.

Rd

Let Lip,, () be the space of all r-Lipschitz functions f: R? — R with || f||s < 7 and define
Lipy, := U, Lipy (7). The following Assumption 5.7 is stronger than Assumption 5.1
and leads to a refinement of Theorem 5.4.

Assumption 5.7. Suppose that the following conditions are valid:

(i) 1(0) = idc,

(ii) I(hy) is convex and monotone with I(h,)0 =0 for all n € N.
(iii) There exists w > 0 with ||[I(hy)f|lx < e“"| f||x for all f € C,, and n € N.
(iv) For every r > 0, there exists w, > 0 with

1(h) f = I(hn)gll < €| f =gl for alln € N and f, g € B, (7).

Moreover, the mapping r +— w, is non-decreasing.
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(v) For every € > 0, there exist 6 > 0 and ng € N with

reh,

I(hn)(Txf) < Txl(hn)f +

for all r > 0, f € Lipy,(r), € Bgra(d) and n > ny.
(vi) The limit I'(0) f € C,, exists for all f € C{°.
(vii) For every € > 0, r,T > 0 and K € X, there exist K’ € X and ¢ > 0 with

11(m) f = I(m7)glloo,ic < cllf = glloo,xr + €

forall t € [0,7], n € N and f,g € Bc,(r).
(viii) There exists ¢ > 0 with I(hy,): Lipy,(r) — Lip, (e“*»r) for all » > 0 and n € N.

Remark 5.8. Observe that Assumption 5.7(iii) implies Assumption 5.1(iii) by choosing
a(r,t) :== re*t. Moreover, Assumption 5.1(v) follows from Assumption 5.7(vi) in conjunc-
tion with Remark 5.2. In particular, Assumption 5.7 implies Assumption 5.1. Finally,
Assumptions 5.7(iii) and (iv) are guaranteed by the global Lipschitz condition: there
exists w > 0 with ||[I[(hy)f — I(hn)gllx < e“" | f — gll. for all f,g € C, and n € N.

Theorem 5.9. Suppose that Assumption 5.7 is satisfied and denote by (S(t))i>0 the cor-
responding semigroup from Theorem 5./. Then, the following statements are valid:

(i) It holds S(t): Lipy(r) — Lipy(e“r) for all v,t > 0.
(ii) For every e > 0, there exists 6 > 0 with

e(c\/w)t

S()(raf) < TS f + S

K

forallt >0, r >0, f € Lip,(r) and x € Bga(0).
(iit) It holds C° C D(A) with Af =1'(0)f for all f € C°.
(i) It holds L& NLip, C D(Ar) and, for every f € L N Lipy,

Arf = F—_l}imAfn with  fn = fxn,.

Proof. Property (i) follows from Assumption 5.7(viii), equation (5.2) and the strong
continuity of (S(t));>0. For every € > 0, due to Assumption 5.7(v) and (viii), there exist
6 >0 and ng € N with

eCthnypeh,

I(hn) 7o (hn)'f < 7ol (ho) 1 f +

K

for all n > ng, Il € N, r > 0, f € Lip,(r) and € Bga(d). Assumption 5.7(iii) and
inequality (5.6) yield that property (ii) is satisfied. Property (iii) follows from Assump-
tion 5.7(vi) and Theorem 5.4(i). In order to verify property (iv), let f € £& N Lipy,. It
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holds f,, := f*n, € C* C D(A) for all n € N and thus Theorem 4.5 implies f € D(Ar)
with Apf =T-lim, 0 Afn. O

As a consequence of Theorem 4.7 and Theorem 5.9, we get the following result.

Theorem 5.10. Let (I(t));>0 and (J(t))i>0 be two families of operators satisfying As-
sumption 5.7 with

I'0)f < J(0)f forall f € CP. (5.7)

Then, it holds S(t)f <T(¢)f for allt >0 and f € C,, where (S(t))i>0 and (T'(t))i>0 are
the semigroups from Theorem 5.4 corresponding to (1(t))t>0 and (J(t))i>o0, respectively.

Proof. Theorem 5.9(iii) and inequality (5.7) imply
Af =1'0)f <J'(0)f = Bf forall feC,
and therefore the statement follows from Theorem 4.7 together with Theorem 5.9(ii). O

In particular, under the stronger Assumption 5.7, the limit in the Chernoff-type ap-
proximation (5.2) is independent of the subsequence.

Corollary 5.11. Let (I(t))i>0 be a family of operators satisfying Assumption 5.7. Then,
the limit in equation (5.2) does not depend on the choice of the convergent subsequence
and therefore the whole sequence converges.

6. Examples

In this section, we apply our theoretical results in illustrative examples with focus on
the comparison principles in Subsection 3.2 and Section 4 as well as the Chernoff-type
approximation in Section 5. For additional applications, we refer to the limit theorems
in [13] and the stability results in [16].

6.1. Stochastic control problems

We consider a controlled SDE of the form

ng:,oz = b(Xg:’a,th) dt—l—o(at) th, (6 1)
Xo* ==, .
where (W;);>0 is a d-dimensional standard Brownian motion on a complete filtered
probability space (€, F, (Fi)i>0, P) satisfying the usual conditions, A C R? is an action

set with ¢ € N and 0: A — Si and b: R? x A — R? are measurable. Here, the set Si
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consists of all symmetric positive semidefinite d x d-matrices. We endow R¢ and R? with

Rdxd

the Euclidean norm and with the Frobenius norm. For every t > 0, z € R? and

f € Cy, where K := (1 + |- |P)~! for some p > 1, we consider the value function

t

o(t,;f) = sup E f@&“%——/ixagds

a€Aaq o

where A,q consists of all predictable processes a: [0,00) X Q — A with
t
E /|as|ds <oo forallt>0
0

and the running cost L: A — [0, o0] is measurable. The following conditions guarantee
that equation (6.1) is well-posed.

Assumption 6.1.
(i) There exists C' > 0 with |o(a)| < C for all & € A. Furthermore,
b(z, )] < C(1+[z]) and  |b(z, @) — by, )| < Cle —y|

for all « € A and z,y € R%.
(if) There exists o* € A with L(a*) = 0.

For every t > 0, 2 € R? and f € C,., we define

t
(SON) = oltwi )= sw B |70 = [ Layas| . (62)
a€Aqaq 0
A standard method in optimal control is to show that the value function v(-,-; f) satis-
fies the dynamic programming principle (DPP) for certain terminal conditions f. From
this, the Hamilton—Jacobi-Bellman (HJB) equation is obtained and linked to the control
problem by using a verification argument. The existence and uniqueness of the solution
to the HJB equation typically relies on viscosity theory. In Theorem 6.2 below, we show
that the value function (S(¢))¢>o of the control problem defines a strongly continuous
convex monotone semigroup. Hence, the previously developed semigroup theory is ap-
plicable and the associated semigroup is uniquely determined by its generator evaluated
on C° due to Theorem 4.7. In particular, the control problem can be described using
the Chernoff-type approximations studied in Section 5 which allow for approximations
with piecewise constant controls and discretizations of the noise. We further note that
Chernoff-type approximations lead to numerical schemes for stochastic control problems
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whose convergence rates are given in [12]. In case of a sublinear value function, the
rates obtained in [12] are consistent with the rates which have previously been obtained
in [5,6,47,48] by relying on monotone schemes for viscosity solutions. However, in the
convex case, the results in [12] are apparently new. We now consider the following dis-
cretized version of the previous control problem. Let £: © — R¢ be a random variable
with E[¢] = 0, E[¢¢T] = 14 and E[|¢[*] < co. For every t > 0, f € C, and x € R?, we
define & := V/t¢ and

(I(t)f)(z) = 21611;)‘ (E[f(x +b(x, )t + o(a)&)] — L(a)t). (6.3)

Let (hn)nen C (0,1] with h,, — 0. For every n € N, t > 0 and f € C,, we define

I(xt) f = I(ha)* f = (I(hn) 0 ... 0 I(hy)) f,

t times
kt times

where k! := max{k € Ng: kh,, <t} and 7, := {0, hy,..., k% h,}. The following result
illustrates the convergence of the discretized control problems I(x!)f to the original
control problem T'(t) f. Moreover, if £ is normally distributed, then I(n!)f corresponds
to the control problem (6.2) with piecewise constant controls which are obtained by
iteratively solving the one-step optimization problems fyn, := I(hn) f(k41)n, of the form
(6.3) with fy: p, := f. By backward recursion, we obtain I(7},)f = fo.

Theorem 6.2. Suppose that Assumption 6.1 is satisfied. Then, (S(t))i>o0 is a strongly
continuous convex monotone semigroup on Cy. It holds C3° C D(A) and

(4D(e) = sup (Gt (0(@)*D1(0) + bl ) DI (0) ~ (o))

acA

for all f € C° and x € RY, where A denotes the generator of (S(t))i>0. Furthermore,

St)f = lim I(xl)f forallt>0 and f € C,.
n—oo

Proof. We show that (I(¢))¢>0 and (S(t));>0 satisfy Assumption 5.7 with the same in-
finitesimal behaviour on C{°. Then, the statement follows from Theorem 5.10, since
(S(t))i>0 satisfies the dynamic programming principle S(s + t)f = S(s)S(t)f for all
s,t > 0 and f € Lip,, see, e.g., Fabbri et al. [31, Theorem 2.24] or Pham [58, Theo-
rem 3.3.1], which extends to arbitrary f € C, due to Lemma 2.6. For every t € [0, 1],
r € R% and a € A,q, Assumption 6.1(i) implies

t
| L E[|IX5P] < 39 1+\az|p+02p/1+E[\X§’“|p] ds+ Cptc? | |
0
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where C,, > 0 is the constant from the Burkholder-Davis—Gundy inequality. Hence, by
Gronwall’s lemma, there exists ¢, > 0 with

L+E[XYP] < e (1 + |z[P).

For every t > 0, f € C,., z € R? and o € A,q4, we obtain

t

E | f(X7) - / L) ds| < [[fllwe'® (1 + [2]?).
0

Assumption 6.1(ii) guarantees that S(¢)0 = 0 for all ¢ > 0 and thus
ISE) fllx < e?||f]l. forallte[0,1] and f € C,.

Furthermore, the operator S(t): C,, — F, is convex and monotone. Let & := (1+|-[?)~!
with ¢ > p. For every sequence (fn)nen C Ck with f,, | 0, Dini’s theorem implies

IS(E) fullz < €™l fullz = 0 as n— oo

which shows that S(¢) is continuous from above. Let ,¢ > 0, f € Lip,(r) and =,y € R9.
Assumption 6.1(ii) yields ||S(¢) flloo < ||f]loo and

¢
| X" — X7 < |z —y —|—/C’\X§’a — XY ds for all & € Aug.
0

Hence, it follows from Gronwall’s lemma that

(S®F)(2) = (SO W) < sup E[If(X]) = F(XP)] < e rla —y|

a€Aaq

showing that S(t): Lip,(r) — Lipy,(e“*r). Since Lip,, C C, is dense, Lemma C.2 implies
S(t): Cix — Cy for all t > 0. In addition, for every a € A,gq,

¢
|z + X7 — th+y’a| < Clz|t + /C|1: + XP* — X0 g,
0

By applying Gronwall’s lemma again, we obtain
|z + X% — X7 < Ote® (6.4)

and therefore
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(ST () = (SO W) < sup E[If(w+X,) = fF(X;T)]] < Cerfalt.

a€Aqaq

This shows that Assumption 5.7(viii) is satisfied.
Next, we show that C° C D(A) and

(4D(e) = sup (Gt (0(@)*D1(0) + bl ) DI 0) ~ L))

acA
for all f € Ci° and = € R Let f € Cye. Ito’s formula implies

t

E | f(X7) - / L(aw)ds| — f(x)

0

~E % tr (0(as)? D2 F(XT)) + b(XT?, 0s) TDF(XP) = L(as) ds

1 IO"\H_

<E / g(X) ds
LO

for all t > 0, x € R? and a € A,q, where g: RY — R? is given by

1 272
g(x) := saufll) (5 tr (o()’D?f(z)) + b(z, )" D f(z) — L(a)) for all z € RY.

By Assumption 6.1(i), there exists r > 0 with
l9() —g(y)l <rlz—yl and |g(x)| <r(1+]z]) forall z,ye R

Let e > 0. Forevery 6 > 0,t > 0,z € R and o € A,gq, it follows from Holder’s inequality
and inequality (6.4) with y = 0 that

t t

E /Q(st’a)ds =E /Q(Xf’a)]l{u xooi<or T 9(XT ) o xmo)55y ds
0 0

< (g( +T(5 t+rE 1 + |Xw’a ]l{|x—X§”a|>6} ds

P)PP(jz — X5 > 6)7 ds

< (g9(x) +r6t+2r/
0

< (g(m)+r6)t+/t(W)% 14 o) ds
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-1 1+2
p\ cd+|zP)t e rep
< (g(z)+ro)t + (1 + a) Te »

where 1/p +1/q = 1. By choosing ¢ := £ and to > 0 sufficiently small, we obtain
t
B | [g(Xre)ds| < (o) + (14 faP)e
0

for all t € [0,9], € R and « € A,q. Taking the supremum over a € A,q yields

(M) (@) — g(x) < (1+ |z]P)e forall t € [0,fo) and z € RT.  (6.5)

In order to prove a lower bound, it is sufficient to take the supremum over controls which
are constant in time. For every a € A and 2z € R%, we define

1
Jo(z) = 5 tr (o0(a)?D*f(2)) + b(z,a)" Df(z) — L(a).
By Assumption 6.1(i), there exists r > 0 with

90(2) = ga(y)| < rle —y| and |ga(@)| <r(L+]2]) forallz,y e R and a € A.

In addition, for every ¢t > 0, z € R and a € A,

E[f(X]) = L(@)] = f(z) = E[ga (X))
Hence, similar to the previous estimates, there exists ¢; € (0, to] with

(M) (z) — g(z) > —(1 4 |z|P)e for all t € [0,#;] and 2 € R, (6.6)

Combining inequality (6.5) and inequality (6.6) yields

i S f

Performing similar computations for constant controls together with the assumptions
E[¢] = 0 and E[|£]?] = tr(E[¢€T]) = tr(14) = d shows that the family (I(¢));>0 satisfies
Assumption 5.7 as well with I'(0) f = Af for all f € C{°. In case that ¢ is not normally
distributed, one has to apply Taylor’s formula rather than Ito’s formula. O

Recall that Chernoff-type approximations reduce the original optimization problem
to a sequence of one-step optimization problems fxn, := I(hy) f(k41)n, of the form (6.3)
with fie 5, = f. If the supremum in the one-step optimization problem (6.3) is attained
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by a control of the form a* = g*f(x) for some measurable function g%/, then a max-
imizer of the approximated control problem I(rx!)f is given by the piecewise constant
Markovian control af = g ft+Dnn (X,fhi) for all s € (khy,, (k+1)hy,]. As noted before,
this procedure yields e-optimal piecewise constant controls for the original optimization
problem. For the sake of illustration, we consider a simple example where the optimal
controls are characterized by first-order conditions.

Example 6.3. We consider a linear quadratic setting with d = 1. Let o(a) := o > 0,
b(x, ) := ax+« and L(a) := "‘72 for all @ € A :=R. Then, for every f € C,, z € R and
h, > 0, the one-step optimization problem is given by

2

a

(I () f)(a) := sup (]E [f(z + (az + a)hn + 03/ hn€)] — 7hn), (6.7)
(¢S

where £ ~ N(0,1). Tt follows from the proof of Theorem 6.2 that I(hy): Lip, — Lip,

for all h,, > 0. Let f € Lip, and h,, > 0. Since

o2
lim sup (IE [f(x + (az + a)h, + O’\/Ef)] — ?hn) = —00

|| =00 z€ER

and the function o — E[f(z+(ax+a)h,+0+v/hy€] is continuous, there exists a maximizer
a*(hp,x) of the supremum in equation (6.7) which is bounded and measurable in .
Furthermore, the weak derivative f/ € L* exist and the first-order condition

o (hn,2) = E[f'(z + (az + a*(hn, ) hn + 0V ha§) ] (6.8)
is satisfied. It follows from the boundedness of f that

M}L” > E[f(z + axt + 0&;)]

E[f(z+ (az + o (hn, z))hn + 0/ hp€)] —
and therefore h,a*(h,,z)? < 4| f|~. We obtain h,|a*(h,,x)] — 0 as h, | 0. If £’ is

even continuous, we can further conclude that

a* (hn,x = E[f' (2 + (az + a* (hn))hn + 0/ ha€)] = f/(z) as by, 10,

i.e., the approximately optimal strategy a*(h,, ) in the state 2 converges to f’(z) when
the time step h,, tends to zero.

We conclude this section by showing that the symmetric Lipschitz set can be computed
explicitly which provides a regularity result for a possibly degenerate fully nonlinear
PDE. Similar results have previously been obtained in [14,15]. Let L> be the space of
all bounded measurable functions f: R¢ — R and denote by W the corresponding
first order Sobolev space. For f € W1> and ¢ € Si, we say that tr(c?D?f) exists as
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a regular distribution if and only if there exists a locally integrable function ¢g: R — R
with

/ﬁ¢dm:—i/@IUVED¢dx for all ¢ € C°.

Rd Rd

In this case, we define tr(c2D?f) := g. Since tr(c?D?f) = Af for 0 = 14, we subse-
quently also write A, f := tr(c?D?f) and f € D(A,).

Theorem 6.4. Suppose that Assumption 6.1 is satisfied and that sup,e 4 L(a) < 0o. Fur-

thermore, we assume that, for every o € A, there exists & € A with o(a) = o(&) and
b(z,a) = —b(z,a) for all x € R, Then,

L™ N Lip, = {f € ﬂ D(Ag(ay) N W sua Ay fllx < oo} )
ae

acA

In addition, if b(x, o) = b(y,a) for all z,y € R? and o € A, then
S(t): L™ NLip, — L™ NLipy, for allt > 0.

Proof. Since the semigroup (S(t));>0 does not depend on the particular choice of &, we
can choose £ ~ N(0,14). It follows from Theorem 5.4(iv) and the inequality

=S (=f) < —I(O)(=f) <I@)f < S)f

for all t > 0 and f € C, that £L7™ = LT™. Let r > 0 and f € £7™ N Lipy(r). Choose
¢ >0 and tg > 0 with

M@(=f)+ fle <ct and [I(t)f = fll <t for all ¢ € [0,t].

Then, for every t € [0,%9], « € A and z € R%, we obtain

[ELf(z + o(a)é + bz, a)t)] — f(2)|r(z) < (c+ L))t

Let n: R? — R be an infinitely differentiable function satisfying supp(n) C Bgra(1) and
Jgan(z)dz = 1. For every n € N and € R?, we define n,(z) := nn(nz) and

(f *nn) (2 /fx— Y)1n(y) dy.

For every t € [0,t], « € A, * € R? and n € N, we use Assumption 6.1(i) to estimate
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|E[fu(z + o(@)é + b(z, a)t)] — fa(@)]

< / IE[f(x — y + o(a)& + bz, a)t) — F(z — y + ()& + bl — 1, 0)8)] |1 (y) dy

R4
+ [ IBLF — y+ o)+ bo = )] - 1o~ )] S ) d
Rd
<t / i) dy + (e + L(o))t / (1+ |2 — y[P)n(3) dy.
R4 R4

Hence, it follows from supp(n,) C Bgra(1) that
|E[fn(x +o(a)& + b(z, a)t)] — fn(a:)|/4:(a:) < (OT + e+ L(a)))t (6.9)
for all t € [0,t], a € A, * € R% and n € N, where

k(x
Cy = Sup sup (z) < 2P

zeRd |y|<1 k(T —Y)
It follows from Ito’s formula that

L t2(0(0)2D? £ (1)) + b(w, ) D fo ()

5 k(z) < Cr+ co(c+ L(a))

for all @« € A, 2 € R? and n € N. Let a € A. By assumption, there exists a@ € A with
o(a) = o(a) and b(z,a) = —b(z, @) for all z € R%. Then,

| tr(o(a)2D? fa(2))|(2) < ';tr(a(a)2D2fn(fv)) +b(w, )T D fn(@)| ()

+ ‘% tr(o(a)?D?fn(z)) + b(z, @) T D f,(z)| k(z)

< 2(Cr + cx(c+ L))

for all n € N and 2 € R By Banach-Alaoglu’s theorem, there exists g € L™ with
tr(o(a)?D? f,)k — g in the weak*-topology. Furthermore, it follows from f € Lip,, that

o(a)Dfy = (o(a)Df) *n, — o(a)Df.

In particular, for every ¢ € C2°, it holds % € C° and thus

c

/tr(a(a)2D2fn)¢dx:/(tr(o(a)QDan)n)%d:c%/%¢7dm.
Ha

Rd Rd
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This shows that tr(o(a)D?f) exists as a regular distribution and
ltr(e(@)D? f)llx < 2(Cr + cx(c + L(a)).

Taking the supremum over « € A, we obtain

Fe ) Do) NWh™ and  sup | Ay () fllx < oc.
weA acA

Now, let f € ﬂaeAD(Aa(a))ﬁWLOO with sup,e 4 | A (a) fllx < 0. Define f,, := f*n,
for all n € N. Since & ~ W, it follows from It6’s formula and Assumption 6.1(i) that
there exists ¢ > 0 with

E[f,(z + o ()& + bz, a)t)] — fu(2)]
= |E[fn(z + o(a)W; + b(z, a)t)] — fn(z)]
_E / (% tr(0(0)2 D ) + b(w, )T D f, ) (@ + o (@)W, + b(z, )s) ds

0
< ‘;tr(a(a)zDan) +b(,a)Df,|| E /1 + |z 4 o () Wy + b(x, a)s|P ds
® 0
<ct ‘% tr(a(a)zDan) +b(,a)Dfp

for all t € [0,1], « € A, * € R? and n € N. Moreover, for every « € A and n € N,
tr(a(a)2D2fn) = tr(a(a)2D2f) *1, and D f, = Df *np,.

For every t € [0,1] and n € N, it follows that
70 = Fulle < 535 (1800011 + 86,0 D et

where Assumption 6.1(i) guarantees that supremum is finite. Since I(t) is continuous
w.r.t. the mixed topology, we obtain f € £; N Lip,. Applying the previous arguments
with — f implies f € £7™ N Lipy,.

The invariance of £3™ NLipy, follows from the results in [15, Section 5]. Indeed, while
the results in [15] are stated under slightly different conditions, a close inspection of the
proofs reveals that it is sufficient to show I(¢)(—I(t)(—f)) < —1(t)(—I(t)f) for all t >0
and f € C,. In the present setting, this follows immediately from Fubini’s theorem since
the drifts do not depend on the current state. [l
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In the previous theorem, we do not assume that the matrices o(«) are positive def-
inite which is a common assumption for parabolic PDEs. Moreover, in the completely
degenerate case o(«) = 0 for all & € A, it holds £Z™ N Lip,, = Lip;, and (S(¢))¢>0 is a
shift semigroup corresponding to a first order PDE. On the other hand, if o(«) is positive
definite for some « € A, using similar arguments as in the proof of [53, Theorem 3.1.7],
we obtain

L™ NLip, € D(A) = ({f € W2 N Cy: (Af)r € L}

p>1

and Theorem 4.10 can be applied. Under an additional condition on the controls, one can
further show that £3™ C Lipy,, see [15, Theorem 6.3]. In general, an explicit description
of L™ seems to be unknown even in the linear case A = A, where £J™ coincides with
the previously mentioned Favard space.

6.2. Trace class Wiener processes with drift

Let X be a real separable Hilbert space with inner product (-,-) and norm |- |. We
denote by .71 (X) the space of all trace class operators endowed with the trace class norm
| - l.# (x). Throughout this subsection, we make the following assumptions.

Assumption 6.5. Let B x Q C X X .#1(X) satisfy the following conditions:

(i) Q is selfadjoint and positive semidefinite for all Q € Q.

(i) @1Q2 = Q2Q: for all Q1,Q2 € Q.
(iii) B x Q is bounded.

By the previous assumption and [70, Corollary 3.2.5], there exists a joint orthonormal
basis of eigenvectors (e )reny C X, i.e., for every Q € Q and k € N, there exists ug r > 0
with Qer = pg rer. For every Q € Q and z € X,

Qz = Z pQ.k (T, ex)er.

keN

Hence, every @ € Q can be identified with the sequence g = (ug.k)ken € €' satisfying
tr(Q) = |Qll. (x) = llpgller. Assumption 6.5(iii) implies that A := B x u(Q) C X x ¢!
is bounded, where 1(Q) = {ug: Q € Q}. Let (£¥)ren be a sequence of independent
one-dimensional Brownian motions. For every A := (b, u) € A, we define by

f (x +th+ Y \/pt_kffek>]

keN

(SA(®)f)(x) :==E

forall t > 0, f € Cp, and x € X the transition semigroup associated to the Q-Wiener
process with drift b and pu = pg. For every ¢t > 0 and f € Cy, let
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I(t)f = sup Sx(t)

AEA

Moreover, for every t > 0, f € Cy, and z € X, we define

TN = swp E|7 ot [bdse 3 ([ urach)en] |,

(bueA 5 keN 9
where A consists of all predictable processes

(bv ﬂ): Q x [07 OO) - Aa (wvt) = (bt(w)ﬂ (/j‘f(w))keN)'

Let (hpn)nen C (0,00) be a sequence with h, — 0 and T,, C T4 for all n € N, where
Ty = {khy: k € No}. One can show that the sequence (I(7!)f)nen is non-decreasing
forall t > 0 and f € Cy.

Theorem 6.6. It holds

T(t)f = lim I(x})f = sup I(x})f
n—00 neN
forallt >0 and f € Cy such that there exist a compact linear operator K: X — X and
a function g € Cy, with f(x) = g(Kz) for all x € X.

Proof. Since the sequence (I(r})f)nen is non-decreasing for all t > 0 and f € Cy, there
exists a family (S(¢)):>0 of convex monotone operators on Cy, with I(wl)f 1+ S(¢) f for all
t >0 and f € Cy. For more details, we refer to [39, Section 2 and Example 7.2]. Dini’s
theorem implies () f — S(t)f for all t > 0 and f € C},. By definition, the inequality
S(t)f <T(t)f holds for all t > 0 and f € Cy,.

First, we show that S(¢)f = T(¢t)f for all t > 0 and f € C, depending only on finitely
many coordinates, i.e., there exists n € N such that

flx)=f (Z(x,ek>ek> for all z € X.

k=1

Let n € N and X, := span{ey,...,e,} C X. For every t > 0, f € Cp(X,,) and x € X,,,
we define

t

n t
! x+/b5ds+kzl(0/\/;7§d§§)ek ]

0

(Tn()f)(x) := sup E
(b,n)€AR

where A,, denotes the set of all predictable processes (b, u): Q x [0,00) = A,, with

A= { (B exDrmr,ms ()imr,n): (b ) € A} CR™ X RE
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In addition, for every ¢t > 0, f,, € Cp(X,) and = € X,,, we define

(Sxan()f)(z) :=E

f <x +tb+ Z \//kafe;C)] for all A := (b, u) € Ay,
k=1

(In(t)f)(x) := sup (Sxn(t)f)(x).

AEA,

By Theorem 6.2, the family (S, (t))i>0 on Cy(X,,) given by
Sp(t)f = klim Ly(m})f forall (f,t) € Cp(X,) x Ry,
—00

is a strongly continuous convex monotone semigroup with S, (¢)f = T, (¢)f for all t > 0
and f € C,(X,,). Let f € Cyp, such that

fly=f (Z(x, ek>ek> forallz € X

k=1

(X»). From the construction of (S(t))¢>0 and (S, (t))¢>0 and

the definition of (T'(t));>0 and (Ty(t))s>0, we obtain S(t)f = Sn(t)f = Tu(t)f = T(t)f
for all ¢ > 0.

Second, we show that S(¢)f = T(t)f for all t > 0 and all f € Cy such that there exist

a compact linear operator K: X — X and a function g € Cy, with f(z) = g(K=z) for

all z € X. Since the finite rank operators are dense in the space of all compact linear

operators w.r.t. the operator norm || - ||1(x), there exists a sequence (K,)nen of finite

rank operators with ||K — Ky |/ (x) — 0. Let f,(x) := g(K,x) for all z € X and n € N,

Then, it holds || fnllcc < ||lgllec for all n € N. Moreover, since K is compact, for every

e > 0 and r > 0, there exists § > 0 with
1f(z) = f(Kz)| <e

for all z € Bx(r) and z € X with ||Kz — 2| < 4. Since sup,¢p, () [Kz — Kzl — 0, it
follows that

lim sup |f(z)— fu(x)|=0 forallr>0.

N0 2eBx (1)

Moreover, the boundedness of A yields

c:= sup E /tbsds—l—i(/t\/;’;dff)ek < 00.
0 k=1 "%

(bp)eA

Hence, for every r > 0 and x € X, we use Chebyshev’s inequality to estimate
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(TWOIf = fal) (@) < sup [f(y) = fa®)] +2ll9llc sup P(’Xf’b”‘br)
A

yE€Bx (r) (b,u)€
2[|glo0 B
< s 1)~ ful)l + 20 gy w [ x|
yE€Bx (1) T (bpeA

< sup |f(y)—fn(y)|+M’
yEBx (r) r

where Xé”vb,# = x—i—fot bsds+ e, (fot ok dﬁf) ey for all (b, u) € A. By choosing first
r > 0 and then n € N sufficiently large, we obtain

max{[S(t)f = S(t) fnl(x), [T()f = T(#) fnl(x)}
S max{(S@)[f = fu) (@), (TOIf = ful)(@)} = (TOLf = ful)(x) = 0.

Hence, we can use the first part to conclude S(t)f =T'(¢t)f. O

Observe that the condition f(z) = g(Kz) for a function g € Cy, and a bounded linear
operator K: X — X implies that f(x,) — f(x) whenever Kz, — Kz, which is also
referred to as K-continuity, cf. [31, Definition 3.4]. If K: X — X is a compact linear
operator and f: X — R is K-continuous, then f is weakly sequentially continuous. On
the other hand, if f: X — R is weakly sequentially continuous, then f is K-continuous
for every injective compact linear operator K: X — X, see [31, Lemma 3.6].

6.3. Wasserstein perturbation of linear transition semigroups

Let p € (1,00) and denote by P, the set of all probability measures on the Borel-o-
algebra B(R9) with finite p-th moment. Let (1);>0 C P, and (¢;);>0 be a family of
functions v;: RY — R?. Following the setting in [8,37], for every t > 0, f € C}, and
x € R, we define a reference semigroup by

(R()f)(x) == / F(e() + ) dpue()
R4

and work under the following assumption.

Assumption 6.7. Suppose that (R(t));>o is a semigroup. Furthermore, let (p);>0 and
(11)¢>0 satisfy the following conditions:

(i) limyyo [ga [ylP dpe(y) = 0.
(if) There exist » > 0 and ¢ > 0 such that p;(Bra(r)¢) < ct for all t € [0, 1].
(iii) +(0) = 0 for all t > 0.



52 J. Blessing et al. / Journal of Functional Analysis 288 (2025) 110841

(iv) There exists L > 0 such that, for every z,y € R% and ¢ € [0, 1],

[¥i(x) = e(y) = (2 = y)| < Lz —yl.

(v) For every f € C® N Lg, the limit

ROS ==

exists. Furthermore, it holds C® C Lg.
For every z,y € R? and t € [0, 1], the conditions (iii) and (iv) imply

[(z) — 2| < Lt|lz| and  |¢y(z) — d(y)| < ez —y). (6.10)

Remark 6.8.

(i) In case that ¥;(x) := e*4x for a matrix A € R?*4, the family (R(t));>0 satisfies
the semigroup property if (p)i>0 is a skew-convolution, see [2,3]. In this case,
(R(t))i>0 is a so-called (generalized) Mehler semigroup, see [36].

(ii) For every t > 0 and = € R¢, it holds

[Yi(@)] = Ja| = |¢e(2) — 2| = (1 - L) x|

and therefore |1;(z)| — oo as 2| — oo for all ¢ < +. As a consequence, the
semigroup (R(t)):>o satisfies the Feller property, i.e., the space of all continuous
functions vanishing at infinity is invariant under R(¢) for all ¢ > 0.

(iii) One readily verifies that Assumption 6.7 is satisfied for Koopman semigroups and
transition semigroups of Lévy and Ornstein—Uhlenbeck processes, see [37] for the

details.

In the sequel, we consider a perturbation of the linear transition semigroup (R(t)):>0,
where we take the supremum over all transition probabilities which are sufficiently close
to the reference measure p;. To that end, we endow P, with the p-Wasserstein distance

Wonw)i= | it [y P dn(y.2)

R xR4

where II(u, v) consists of all probability measures on B(R? x R?) with first marginal p
and second marginal v. Let ¢: Ry — [0, 00] be a convex lower semicontinuous function
with ¢(0) = 0 and ¢(v) > 0 for some v > 0. The mapping [0, 00) — [0, 0], v 4,0(111/7’)
is supposed to be convex which implies
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¢*(w) :=sup (vw — ¢(v)) < oo for all w > 0.
v>0
For every t > 0, f € C, and z € R, we define

(1)) (z) = sup /f% )t 2) du(z) — o (Wl ) |

veEP,
where @;: [0,00) — [0, 00] denotes the rescaled function

to(¥), t>0,v=>0,
pi(v) = 10, t=v=0,
00, t=0,v#0.

In addition to the Wasserstein perturbation, we consider a perturbation which is
parametrized only by drifts b € R%. For every t > 0, f € C}, and = € R%, we define

(J(t)f)(x) == sup /fw )y + b) due(y) — @i (lblt)

beRd
We remark that W, (i, v,) = |t for all b € R? and t > 0, where

vp(A) = /]lA(b +y)due(y) for all A € B(R?).
Ré

Let (hn)nen C (0,00) be a sequence with h,, — 0 and 7, C T,41 for all n € N, where
Trn = {khy: k € No}.

Theorem 6.9. There exists a strongly continuous conver monotone semigroup (S(t))i>o
on Cy given by

St)f = lim I(xh)f = nh_}ngo J(mt)f  forall (f,t) € Cp, x Ry

n—oo

such that C° N Lr C D(A) and
Af =R0)f +¢*(IVf]) forall f € CPNLE.

Proof. In a first step, we show that both (I(¢));>0 and (J(¢));>0 satisfy Assumption 5.1
by showing that they satisfy Assumption 5.7, where Assumption 5.7(ii) is satisfied with
Cg° N Lg instead of Cp° and I'(0) f = J'(0)f = R'(0)f + ¢*(|V f]) for f € Ci° N Lg. By
definition of (I(t));>0 and (J(t))i>0, Assumption 5.7(i)-(iv) is satisfied with w = w, =0
for all r > 0. It follows from Assumption 6.7(iv) that
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(e (L) S)(y) — 1) (72 f)(y) < sup /\f Ur(w+y) +2) = fe(y) + 2+ 2)[dv(z)

ue’Pp
< rlpe(x + y) — Pu(y) — x| < Lrt||

for all » > 0 and f € Lip,(r) showing that Assumption 5.7(v) is valid. Similarly, one can
verify Assumption 5.7(v) for the family (J(¢));>0. Moreover, for all r,¢ > 0, f € Lip, ()
and z,y € R?, inequality (6.10) implies

(L)) (=) = (L)) (y)] < sup /\f Ye(@) +2) = f(We(y) + 2)| dv(2) < eP'rla —yl.

This shows that (I(t)):>0 and similarly (J(¢))¢>0 satisfy Assumption 5.7(viii). Since [37,
Lemma 3.10] implies I(s)I(t)f < I(s+t)f for all s,t > 0 and f € Cy, the continuity
from above of I(t) for all ¢ > 0 guarantees Assumption 5.7(vii). Hence, by Theorem 5.4,
there exists a strongly continuous convex monotone semigroup (S(t))¢>o on Cy, which is
given by

St f = li_)m I(rl)f = sup I(z})f forall (f,t) € Cp x R,
n (o) nEN

For every T > 0, K € R? and (f,)nen C Cp, with f,, | 0, we use Dini’s theorem and the
inequality J(t)f < I(t)f to obtain

0< sup sup (J(7h) fr)(z) < sup  (S()fx)(z) 10 ask — cc.
(t,2)€[0,T) x K neN (t,2)€[0,T)x K

Next, we prove that I'(0) f = J'(0)f = R'(0)f + ¢*(|Vf]) for all f € Cg°NLE. For every
r,t >0 and f € Lipy(r), it follows from [37, Equation (3.7)] that

0<J@)f = RO <It)f— RO <™ (r)t (6.11)

and therefore C2° N Lr C L. Let f € C3° N Lg. By [37, Lemma 3.11}, it holds

Jf—f 10~ f

h = h = R(0)f+o"(IVf]) ashlO.

Moreover, for every h > 0 and b, z,y € R, Taylor’s formula implies

|f(¥n(@) +y +bh) = f(¥n(2) + 1) = (V(n(x) +y), bh)| < [[D*floo|b]*h*.

As seen in the proof of [37, Lemma 3.6], it holds R(h)g — g as h | 0 for all g € Lip,, and
therefore
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U =1 _ I~ RO, RO~ 1

h h h

. % + / (VI () + 1y, b)dun(y) = @(b]) = 1D floobl*h
Rd

_ R()

# + RV ((V£.5) — @(b]) — | D*Fllc bR
— R'(0)f + (Vf,b) — o(|b])

as h | 0 for all b € R?. Taking the supremum over b € R? yields

J(h)f —
i LD o)+ (v,

By Theorem 5.4, there exist a subsequence (n;);cn and a strongly continuous convex
monotone semigroup (T'(¢));>0 on Cp with T'(¢£)0 = 0 given by

T f = Jim J(mh,,)f forall (f,t)€Cy,xT, (6.12)

where 7 C Ry is a countable dense set with 0 € 7. It holds C;* N Lr C D(B) and
Bf = R'(0)f + ¢*(|Vf|) for all f € C;° N Lg. Furthermore, Theorem 5.9 guarantees
that condition (4.7) is valid for all f € Lip,, and that T'(¢): Lip,, — Lipy, for all ¢ > 0.

Second, inequality (6.11) implies 0 < T'(¢)f — R(t)f < ¢*(r)t for all r,t > 0 and
f € Lip,(r) and therefore the set D := L N Lip,, = L7 N Lip,, does not depend on the
choice of the convergence subsequence in equation (6.12) and satisfies T'(t): D — D for
all ¢ > 0. We show that, for every f € D, there exists a sequence (f,)neny C C° N Lg
with f, — f and Brf = I-lim, ;o Bf,. Let f € D and n: R? — R, be infinitely
differentiable with supp(n) C Bra(1), and [p,n(z)dz = 1. For every t > 0, n € N and
x € R%, Fubini’s theorem and Assumption 6.7(iv) imply

[R(t) fr = (R(8) ) * 1| ()

< / (R [fWi(x) +y = 2) = fF(Wu(@ = 2) +y)| dp(y) | 1n(2) dz < Lrt,

B(1)
where 0, (z) := nn(nx) and f, := f xn, € C°. We obtain
IR(#) fn = fallso < |R(E)f = flloo + Lrt
and thus f,, € Lg. Furthermore, inequality (6.11) yields
0<T(t)f —RA)f <SWO)f—R(A)f < ()t

for all r,¢ > 0 and f € Lipy(r) and therefore
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Since S(t): D — D and T(t): D — D for all t > 0, we can use Theorem 4.5 and
Theorem 3.7 to conclude that both semigroups coincide. [

In the particular case that (S(t));>0 can be represented by the entropic risk measure,
as a byproduct of Theorem 6.9, we recover that p, satisfies the Talagrand T inequality,
see [65, Chapter 22] and [62]. The proof uses the fact that the sequence (I(7})f)nen is
non-increasing for all t > 0 and f € Cy, see [37, Lemma 3.10].

Corollary 6.10. It holds Wa (v, i) < \/2tH (v|pe) for allt > 0 and v € Py, where H (v|ut)
denotes the relative entropy of v w.r.t. puy == N(0,t1y).

Proof. Choose 9; := idga, pt := N(0,t14) and p(v) := % for all t,v > 0. Let (Wy)>0
be a d-dimensional Brownian motion. We show that

(S(t)f) (@) = (St)f)(x) = % log (E[exp(2f (z + W1))])

for all t > 0, f € Cp and = € R% One readily verifies that the family (S(t));>0 is a
strongly continuous convex monotone semigroup that satisfies inequality (4.7). Further-
more, it holds S(¢): Lip, — Lipy, for all ¢ > 0 and C* C D(A) with

Af = L(Af+|VSP) forall feCe.

Theorem 4.7 implies S(t)f = S(t)f < I(t)f for all t > 0 and f € Cy,. Hence, it follows
from Fenchel-Moreaus’s theorem that

Appendix A. T'-convergence

Following the works of Beer [9], Dal Maso [25] and Rockafellar and Wets [60], we
gather some basics about I'-convergence. In [25] and [60], all results are formulated for
extended real-valued lower semicontinuous functions but a function f: X — [—o00,00) is
upper semicontinuous if and only if —f: X — (—o0, c0] is lower semicontinuous and all
results immediately transfer to our setting.
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Definition A.1. For every sequence (f,)nen C Uy, which is bounded above, we define

(F— lim sup fn> (z) :=sup { limsup fp,(2n): (Tn)neny C X with z,, — x} € [—00, )

n—oo n—oo

for all x € X. Moreover, we say that f = I'-lim,, . fn, with f € U, if, for every x € X,

f(z) > limsup,,_, ., fn(zy) for every sequence (x,)peny C X with z,, — x,
o f

(x) = limp, 00 fn(2n) for some sequence (zp,)neny C X with z, — .

For every t > 0 and (f5)s>0 C Uy being bounded above, we define

I'-lim sup fs := sup { I-limsup fs,: 0 < s, — t} € Ug.
s—t n— 00

In addition, we write f = I'-lim,_; fs with f € U, if f =I'-lim,, .~ fs, for all sequences

(Sn)nen C [0,00) with s, — t.

Lemma A.2. Let (fn)nen C Uk and (gn)nen C Uy be bounded above and f,g € U,.

(i) It holds T-limsup,, . fn € Ux. Furthermore, (fn)nen C U, has a I'-convergent
subsequence, i.e., I-limg_,o0 fn, € U, exists for a subsequence (ng)keN-
(i) We have f = T-lim, o fn if and only if every subsequence (ny)ren has another
subsequence (nk,)ieNn with f =T-1im;_, fnkl.
(iii) If frn | f, then f =T-lim, o0 fn-
(iv) It holds I-limsup,,_, o (fntgn) < I-limsup,,_, o fn+I-limsup,,_, . gn. Moreover,
we have I-limsup,, , o fn < T-limsup,, . gn if fn < gn for alln € N.
(v) Assume that f € Cy, fn — f uniformly on compacts and g = I-lim,— o0 gn. Then,
it holds f 4+ g = I-limy, o0 (fr, + gn)-
(vi) If f =T-limsup,,_,. fn and g € C,, then fV g =T-limsup,_, . (f. V g).
(vii) It holds (I'-limsup,,_,, fn)(®) > HBmsup,,_, .. SUP e p(a.s,) fn(y) for allz € X and
(0n)neN C (0,00) with &, — 0.

Proof. Part (i) follows immediately from [25, Remark 4.11], [25, Theorem 4.16] and [25,
Theorem 8.4]. Regarding part (ii) and (iii), we refer to [25, Proposition 8.3] and [25,
Proposition 5.4]. Part (iv) and (vii) are direct consequences of the definition of the I'-
limit superior. In order to show part (v), let z € X and (x,),en C X be a sequence
with z, = = and g(x) = lim,, 00 gn (2, ). For every n € N,

[(f +9)(@) = (fu + gn)(@a)| < f(2) = flan) + sup 1f () = fa)] + 19(x) = gn(zn)l,

where K := {z,: n € N}U{z} is compact. Since f, — f uniformly on compacts and f is
continuous, the right-hand side converges to zero. We obtain f+¢ < I-lim, o0 (frn +9n)
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and the reverse inequality follows from part (iv). It remains to show part (vi). The
inequality fV g < I'-limsup,,_,..(fn V g) follows from part (iv). Let (z,)neny € X and
x € X with x,, — x. Continuity of g implies

(fon V 9)(e) = (limsup fu, (20,) ) V 9(a) < (f V 9) (@),

k—o0

lim sup (f, V g)(x)

= lim
n—00 k—o0
where (z,, )ren is a suitable subsequence approximating the limit superior. O

The following geometric characterization of the I'-limit superior is based on the work
of Beer [9] and is very useful to link I'-upper semicontinuity with continuity from above.
Let f € U, and € > 0. Following [9], the upper e-parallel function to f is defined by

fF:X—>R 2z L( sup max{f(y)li(y)v—%}"’g)v

K’(‘r) yEB(z,€)

where B(z,¢e) := {y € X: d(z,y) < e}. If closed bounded sets in X are compact one
can show that f¢ is upper semicontinuous, see the proof of [9, Lemma 1.3], but for a
general metric space (X, d) the upper semicontinuity of f¢ cannot be guaranteed. For
this reason, we consider the upper semicontinuous envelope of f¢ defined by

FiX >R,z limsup f5(y) = inf sup f°(y).
Yy—xT 6>0 yeB(Iv(;)

Denoting by f¢ the constant sequence (f¢),¢cnN, for every z € X,

f (x) =sup { limsup f¢(zy): (Tn)nen C X with z, — x} =TI-limsup f°.

n—oo n—oo

Lemma A.3.
(i) For every f € U,, and € > 0,

<t ff oand —1<FR<|f e te (A1)

e'>e

Furthermore, it holds ?E € Uy for alle >0 and ?6 $faselO0.
(ii) Let (fn)nen C Uy be bounded above and f € U,. Then, I-limsup,, . fn < f if
and only if, for every e >0 and K € X, there exists ng € N with

fu(z) < T (z) forallz e K andn > no. (A.2)
Proof. First, we show inequality (A.1). Let f € Uy, e > 0 and = € X. For every &’ > ¢,

fel@)<f(x)<  sup  f(y)

yEB(x,e'—¢)



J. Blessing et al. / Journal of Functional Analysis 288 (2025) 110841 59

= up L( sup max{f(z)n(z)—é}—l—&)

S
yEB(z,e’—¢) H(y) z€B(y,e)

< G (z) (

S e sup sup max{f(z)n(z),—%}+g)

yEB(w,e'—¢) z€B(y.¢)

ce'(x) ( sup  max { f(2)r(2), _é} + 5,> = G (z)fsl(x)’

<
o K((E) z€B(z,e’)

where co/ () := SUPycp(p,er—s) % Continuity of x implies ¢./(x) | 1 as &’ | €. Hence,
taking the infimum over ¢’ > ¢ in the previous estimate yields the first part of inequal-

ity (A.1). Furthermore, we can estimate

(Fr) " (@) < inf (/%) (@) < inf (sup (FR) " (1) +2") = [l 4=

e'>e e'>e \yex

In particular, we obtain 76 € U, because 76 is upper semicontinuous by definition.

Second, we show that fé 1 f as § L 0. Due to inequality (A.1) it is sufficient to prove
fo | fasé ] 0. Since fr is upper semicontinuous, for every z € X and € > 0, there
exists > 0 such that (fx)(y) < (fr)(z) + ¢ for all y € B(x, ). We obtain

@) < @) = e {(f0)(0).—3} 0 < e {f(0), 3} +9 4=
Y x,

This implies f(z) < infsso fO(x) < f(z)+e | f(z) as e | 0.

Third, let (fn)nen C Uy be bounded above and f € U, with I'-limsup,,_, . fn < f.
We follow the proof of [9, Lemma 1.5] to verify inequality (A.2). Let K € X and € > 0.
Since I'-limsup,, .. fn < f and x > 0 is continuous, we obtain

limsup(fn&)(zn) < (fr)(x) for all x € K and (zp)neny € X with z, — .

n—oo

Hence, for every © € K, there exist n, € N and r, € (0,¢) such that
(fuk)(y) <max {(fr)(z),—L} +c forall n >n, and y € B(x,r,).

By compactness of K, we can choose z1,...,x; € K with K C Ule B(w;,ry,;). Define
ng:="ng, V...Vng,. Let x € K and i€ {1,...,k} with d(z,z;) < ry, <e. We obtain

fa(z) < ﬁ(max {(fr)(zi), -1} +5) < F(z) for all n > ny.

Fourth, let (f)nen C Uy, be bounded above and f € Uy such that inequality (A.2)
is valid. Let € X and (z,,)nen C X with @, — x. Since K := {z,,: n € N} U{z} is
compact, for every e > 0, there exists ng € N such that f,(x,) < 75 (2,) for all n > nyg.
We obtain limsup,, . fn(2) < f (z) for all e > 0, because f~ is upper semicontinuous.
Hence, part (i) implies I-limsup,, , . fn < inf.sq F=f 0O
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The definition of 75 simplifies if (X, d) satisfies an additional geometric property.
Lemma A.4. Assume that (X,d) has midpoints, i.e., for every x,z € X and X € [0,1],
there exists yy € X with d(x,yy) = Ad(x, z) and d(yx, z) = (1 = N)d(z, z). Then, it holds
?E = inf. . f‘fl forall f € U, and € > 0.

Proof. Let x € X and ¢’ > e. Since (X, d) has midpoints, for every z € B(x,€’) there
exists y € X with d(z,y) <& —e and d(y, z) < e. Hence, we can estimate

S (z)= ﬁ sup (max{f(z);@(z)7_%} +€/)

1
=—— sup sup (max f(2)k(z), -1 + 8/)
’%(‘T) yEB(z,e’—¢€) z€B(y,e) { ° }
1
<ce(r) sup —— sup (max {f(2)r(2), =&} + 6/),
yEB(z,e’—¢) ”i(y) z€B(y,¢)

where co/(7) 1= SUDP e p(y,e/—e) % Continuity of x implies ¢, | 1 as €’ | . We obtain

inf f(z) < inf  sup  fo(y) = (a).

e'>e e'>e yEB(z,'—¢)

The reverse estimate follows from inequality (A.1). O
Appendix B. Basic convexity estimates

Lemma B.1. Let X be a vector space and ¢: X — R be a convex functional. Then,

¢<x>¢<y>9(¢(% y)¢<y>) for allz,y € X and X € (0,1].

Proof. For every z,y € X and X € (0,1],
o) = ol) =0 (A (52 +9) + (1= Ny) - 000

<3 (T3 40) + (1= o) - 000

_A<¢(f”_;y+y)¢<y)). O

Corollary B.2. Let ® be a convex operator ®: C, — C,; such that there exists ¢ > 0 with
12Nl < cllflli for all f € Cy. Then,

clal
K

(I>(f+%)§<1>(f)+ for all f € C, and a € R.
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Furthermore, if ® is additionally monotone, then
[®f — @gllx < cllf =gl forall f,g € Cs.
Proof. Let f € C, and a € R. For every A € (0,1),

<I>(f+%) Sm(if>+(1”¢<(1_ax)ﬁ>

clal

<Aq><§f>+(1—A)m=Aq><§f>+%.

Lemma B.1 implies A® (5 f) — ®(f) as A — 1 and the first part of the claim follows.
Furthermore, if ® is additionally monotone, one can apply the previous estimate with
a :=||f — g||x to obtain the second part of the claim. O

Let F,; be the space of all functions f: X — [—o00, 00) with || fT], < oco.

Lemma B.3. Let ®: C, — F. be a convex monotone operator with ®0 = 0. Then, the

following statements are valid:
(i) For every r >0, there exists ¢ > 0 with
1@l < cllfllx forall f € Bc,(r).
One can choose ¢ = 0 forr =0 and ¢ := %H(I)%HK for r > 0. In particular, the

function ®f is real-valued, i.e., f: X — R for all f € C,.
(ii) For every r > 0, there exists ¢ > 0 with

[@f = @gll < cllf —gllx forall f,g€ Be,(r).
One can choose ¢ :=0 forr =0 and c := %supfleBC @) [1@f' || < 00 for > 0.
The previous statements remain valid if we replace C,, by B,.

Proof. First, let r > 0, f € B, (r) and A := HfT”“. We use the fact that ® is convex and

monotone with ®0 = 0 to estimate

of =d(ALf+(1-N0) < e(f) <aor = llegr,
Moreover, it follows from the convexity of ® and ®0 = 0 that

0=00=(5f+5(—f) < 5f + 32(—f).
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We conclude (®(£f))(z) > —oo for all x € X and —®(—f) < ®f. Combining the
previous estimates yields

Ul g

r

<-—B(—f)<Bf < Iflle g

T

=3

=3

Hence, it holds [|®f||. < c||f|x with ¢ := %H‘I’ﬁH,{ < 0o.

Second, let r > 0 and f, g € Bg, (r). We define
Pr:Cp = Fy, ff>®(f+f)—f forall f'eC,.

Note, that ||®f||. < oo by the first part and therefore ®f' € F, for all f' € C,.
Furthermore, it follows from the first part that

1 -\
|2f = @glle = [|25(F = 9)ll,, < 5 1(@sCO) NS =gl < ell f = gl
where ¢ := %Supf’GBcﬁ(Sr) 12f |l < oo. O
Appendix C. Extension of convex monotone functionals

Denote by ca; the set of all Borel measures p: B(X) — [0,00] with [, Ldu < oo.
Let ¢: C, — R be a convex monotone functional with ¢(0) = 0 and define

¢*: ca — [0,00], pr sup (uf —¢(f)), where puf ::/fdu. (C.1)
X

feCx

Based on the results from [7], we obtain the following extension and dual representation
result.

Theorem C.1. Let ¢: C; — R be a convex monotone functional with ¢(0) = 0 which is
continuous from above. Then, the following statements are valid:

(i) For every r > 0, there exists a o(ca;, C,)-compact convex set M, C ca} with

¢(f) = max (uf —¢"(w)) for all f € Be, (r).
Moreover, one can choose M, := {u € ca : ¢*(u) < ¢(2r/x) — 2¢(—7/x)}.
(ii) Define ¢: U, — [—o0,00), f + inf{p(g): g € Cx, g > f}. Then, the functional
¢ is convex, monotone and the unique extension of ¢ which is continuous from
above. In addition, ¢ admits the dual representation

o(f) = 52% (,uf — (b*(,u)) for allr >0 and f € By, (r).
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(iii) Define ¢: B, — [—00,00), f = lime oo SUD ¢ cat (n(max {f,—<}) — ¢*(n)).
Then, the functional ¢ is convex, monotone and an extension of ¢. In addition, ¢
admits the dual representation

qAS(f) = sup (uf — (b*(,u)) for allr >0 and f € Bg,(r).
neM,

In particular, for every e > 0 and r > 0, there exists K € X with q@(%]ch) <e.

Proof. First, we apply [7, Theorem 2.2] to obtain

¢(f) = max (nf —¢*(n)) forall feC,.
nECa
Let r > 0 and f € Bg, (r). Choose u € cal with ¢(f) = puf — ¢*(u). It follows from the
definition of ¢* and the monotonicity of ¢ that

P = ¢(2) < 6" () = uf — o(f) < pf —o(—5)-

We obtain uZ < ¢(2) — ¢(—~) and therefore ¢* () < ¢(2) — 2¢( — ). Hence,

¢(f) = max (uf —¢"(w)) forall f € Be, (r),
where M, := {p € cal: ¢* (1) < ¢(27/x) — 2¢( — 7/x) }. Moreover, the set M, is convex
and o(ca;, C,)-compact, see [7, Theorem 2.2].

Second, by monotonicity of ¢, the functional ¢ is monotone and an extension of @.
We show that ¢(f) = lim,, o ¢(f,) for all sequences (fn)nen C Cr and f € U, with
fn 4 f. By definition of the infimum, there exists a sequence (gx)ren C Cj such that
o(gr) — o(f) as k — oo. Let gF := f,, V gx for all k,n € N. Since ¢g* | gr as n — oo,
and ¢ is monotone and continuous from above, we obtain

lim ¢(fn) < lim #(gF) = ¢(gp) forall k e N,

The monotonicity of ¢ implies ¢(f) < limy, o0 ¢(fn) < limg 00 @(gr) = &(f). In partic-
ular, it follows that ¢ is convex. Indeed, let f,g € U, and A € [0,1]. Since U, = (Cy)s
and C, is directed downwards, there exist sequences (f)nen and (gn)nen in C, with
fnd fand g, | g. We obtain

SAf+ (1= Ng) = lim ¢(Afy + (1= N)ga) < lim (A¢(fn) + (1= N)gn)
=X0(f) + (1 = N)o(g).

Third, we show that ¢ is continuous from above. Let (f,)nen C Uk and f € U, with
fnd f. Since U, = (Cy)s, for every k € N, there exists a sequence (f}')nen C C, with

) fu as n — oco. Define f,, :== min{f}",..., f*} € C, for all n € N. It holds
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an = mln{f"“, e f,?jll} <min{f', ..., i} = fn forallne N,
fo=min{fi,..., fo} <min{fP, ..., "y =f, forallneN,
fo=min{fr, ... fr,... 7} < fr forall k,neN with k < n.

We obtain f = lim, oo frn < lim, 0 fn < limp o0 ff = fi for all k£ € N. Hence, it

follows from the monotonicity of ¢ and the second part of the proof that
¢(f) < lim ¢(f,) < lim ¢(fn) = 6(f)-
We have shown that ¢ is continuous from above and thus [7, Theorem 2.2] implies

¢(f) = max (uf —¢" (1))

,chaK

for all bounded f € U,. By the same arguments as in the first step, the maximum in
the previous equation can be taken over the set M, for all » > 0 and f € By, (r). The
uniqueness of ¢ as extension, which is continuous from above, follows from U, = (Cx)s-

Fourth, the functional ¢ is clearly convex and monotone. Since ¢ is continuous from
above, we obtain

o(f) = lim ¢(max {f,~£}) =a(f) forall f €U,

Similar to the first part of this proof, it follows that the supremum in the definition of
¢ can be taken over M! for all # > 0 and f € Bg, (r). By [7, Theorem 2.2, the set
M/ is o(ca/, C,)-compact and convex. The last statement follows from ¢* > 0 and the
fact that, by Prokhorov’s theorem, the set {u,: p € M.} is tight for all » > 0, where
p(A) = [, dpforall A€ B(X). O

Let ¢: C,, — R be a convex monotone functional with ¢(0) = 0 which is continuous
from above at zero, i.e., ¢(f,) | 0 for all (f,)neny C Cx with f,, | 0. Then, it follows
from the proof of [7, Theorem 2.2] that ¢ is continuous from above, i.e., ¢(fn) L ¢(f)
for all (fn)nen C Cyx and f € C, with f,, | f. However, if we replace C, by Uy, this
statement does not remain valid, because U, is not a vector space.

Lemma C.2. Let (¢;)ier be a family of convex monotone functionals ¢;: C,;, — R with

¢i(0) = 0 and sup;c;Supsep, () |0i(f)| < oo forallr > 0. Then, the following two
statements are equivalent:

(i) It holds sup;c; ¢i(fn) 1 O for all sequences (fn)nen C Cx with f, ] 0.
(ii) For every e >0 and r > 0, there exist ¢ > 0 and K € R¢ with

sup [¢i(f) = 6i(9)l < ellf = gllooc +& - foralli € I and f,g € B, (r).
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Proof. Suppose that condition (i) is satisfied. Let £ > 0 and r > 0. Since ¢;: C, — R is
continuous from above, we can apply Theorem C.1 to obtain

¢i(f) = max (uf = ¢}(w)) foralli€and f € Be,(r), (C.2)

where M; := {u € ca}: ¢] (1) < ¢i(%) — 2¢;(—Z)}. Since the convex monotone func-
tional ¢: C,, = R, f — sup,;c; ¢:(f) is continuous from above, [7, Theorem 2.2] implies
that M := {p € ca}: ¢* (1) < super(ds(2) — 2¢5(—2))} is o(ca, Cy)-relatively com-
pact. Hence, Prokhorov’s theorem yields K € R? with SUP e v ch %du < 5. We use

equation (C.2) and M; C M to obtain

16:(F) = 64(9)] < sup |uf — gl < su /|f—g|du+/|f—g\du
K

neEM; HEM;
KC

2r
< sup (OIS =gl + [ 2| < el = gl +2
HeEM,; K
KC

foralli eI, f,g € Be, (r) and ¢ := sup,,¢py p(K) < (1) +sup,ep ¢ (1) < o0

Suppose that condition (ii) is satisfied. Let f,, | 0 and r := || f1]|x. For every € > 0,
there exist ¢ > 0 and K € R with sup;c; ¢i(fn) < ¢l falloo,x + /2 for all n € N. Hence,
by Dini’s theorem, there exists ng € N with sup;c; ¢i(fn) < e for alln > ng. O

Theorem C.3. Let (¢n)nen be a sequence of functionals ¢ : C, — R which satisfy the
following conditions:

o ¢, is convex and monotone with ¢,(0) =0 for alln € N,
* SUP,eN SUPfep. () [Pn(f)] < 00 for allr >0,
e SUp,en Pn(fi) 4 0 as k — oo for all (fi)ken C Cy with fx | 0.

For every n € N, Theorem C.1 yields that the functional ¢,,: C, — R has a unique
extension ¢n: Uy — [—00,00) which is continuous from above. Let (fn)nen and (gn)neN
be bounded sequences in U,. Then,

lim sup ¢y, (fr + gn) < limsup ¢, (f + gn), where f:=T-limsup f,.

n—oo n—00 n—0o0

Proof. First, we show that imsup,, .. én(fn + gn) < limsup, .. én(f + gn) for all
€ (0,1]. Since the functionals (¢, ),en are uniformly bounded, the functional

¢: Cp = R, f sup ¢n(f)
neN

is well-defined, convex, monotone and satisfies ¢(0) = 0. Furthermore, it follows from
Theorem C.1(ii) and ¢* < ¢* that
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dn(f) —;?Elf]i(/)[( (uf o (1 )) foralln € N, r >0 and f € By, (r),

where M, := {u € cal: ¢*(u) < sup,en [0n(27/x) — 26, (~7/x)|}. In the sequel, we fix
r = suppen (| fnlle + lgnllc +1), M = M, and € > 0. Since ¢ is continuous from
above, by [7, Theorem 2.2] and Prokhorov’s theorem, the set {u,: n € M} is tight,
where p1,,(A) := [, = dp. Hence, there exists K € X with sup,,¢ s i (K°)(r 4 1/c) < e.
Moreover, by Lemma A.3, we can choose ng € N with f,,(z) < f () for all # € K and
n > ng. For every n > nyg, it follows from 76 > —ELK that

d_)n(fn + gn) = Lne%{ (H(.fn + gn) - (b:;(U))
< mae (u(F° 4+ 90 + (%25 1k) ) = 20

< max (u(f +ga) = 61(1) +¢ < Ou(F +gn) +e
We obtain limsup,, . ¢n(fn + gn) < lim SUDp ;00 Gn(f" + gn) + ¢ for all e > 0.

Second, we show inf.c (1) limsup,, . ¢n(f* + gn) < limsup,,_,o ¢n(f + gn). Using
the dual representation from the first part, we obtain

£ 1 . ») = inf inf i — &
aéf}) . lﬂsipgb (F + gn) égmeﬂ(% g eup (u(f + g) — % (1))

= inf inf ma -«
neN e€(0,1] i (Nf n(1),
where oy, (1) = infr>, (05 (1) — ngr). To interchange the maximum over p € M with
the infimum over € € (0, 1] by using [32, Theorem 2|, we have to replace a,, by a convex
lower semicontinuous function. It holds inf,car o (1) > —o0, since ¢, > 0 and (gi)keN
is bounded. Hence, we can define @,: M — R as the lower semicontinuous convex
hull of a,, i.e., the supremum over all lower semicontinuous convex functions which are
dominated by «,,. Fenchel-Moreau’s theorem, [32, Theorem 2] and Lemma A.3 imply

inf _inf J*—an(p) = inf inf 7 —a.
o, 3ol ey (uF” — o) = ik, _iuf, e (u]” = (1)

= inf max (uf —@n(p)) = inf max (uf —an(n)) = lim sup gu(f + gn)

Appendix D. Proof of Theorem 5.4

We need the following version of Arzéla—Ascoli’s theorem. A sequence (fy),en of
functions f,,: X — R is called uniformly equicontinuous if and only if, for every € > 0,
there exists ¢ > 0 with |f,(z) — fn(y)] < e for all n € N and z,y € X with d(z,y) < .

Lemma D.1. Let (fn)nen C C, be bounded and uniformly equicontinuous. Then, there
exist a function f € C,, and a subsequence (n;)ien with fn, = f uniformly on compacts.
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Proof. Let D C X be countable and dense. By the Bolzano—Weierstrass theorem and a
diagonalization argument, there exists a subsequence (n;);en such that the limit

f(z):= lim f,,(z) €eR

l—o0

exists for all z € D. Since the mapping D — R, x — f(z) is uniformly continuous and
satisfies sup,cp | f(x)|k(z) < oo, there exists a unique extension f € C,. Since (fy)nen
is uniformly equicontinuous, it holds fy,,(x,,) — f(x) for all z € X and z,, — z. In
addition, we have f,, — f uniformly on compacts. Indeed, assume by contradiction that
there exist € > 0, K € X, a subsequence (n;,1);en of (n1);en and z,, | € K with

|[friq (@n, ) — f(@n, )| > € forallleN.

Since K is compact, we can choose a further subsequence (n;2)ieny of (ny1)en and
r € X with z,,, = . It holds f(zy,,) — f(x) and fy,,(zs,,) — f(x) which leads to a
contradiction. We obtain lim;_,o || f — fr,lleo,k,, =0. O

ny

Proof of Theorem 5.4. First, we show that there exists a family (S(¢)):>0 of convex
monotone operators S(t): C, — C, with S(¢)0 = 0 and D C L satisfying property (i)
for all (f,t) € D x Ry and a subsequence (n;);eny C N with

S(t)f:llirgol(ﬂf”)f for all (f,t) e D xT. (D.1)

Note that [15, Lemma 2.7-2.9] which are applied in the sequel do not rely on the
relative compactness w.r.t. the norm topology required in [15, Assumption 2.4]. As-
sumption 5.1(iii) and (iv) and [15, Lemma 2.7] imply

I(m,)f € Be,(a(r,t)) and |I(m,)f —I(m;,)gllx < €00 f g, (D.2)

forallmn € N, r,t > 0 and f,g € Be, (r). We use Assumption 5.1(v), Lemma D.1 and a
diagonalization argument to choose a subsequence (n;);ey C N such that the limit

St f = ll_i)r(r)lol(wfn)f € Cy

exists for all (f,t) € D xT. Moreover, for every f € D C Ly, there exist ¢ > 0 and ¢tg > 0
such that [15, Lemma 2.8] implies

1 (m5) f = I(mp) flle < ce™™ o (|s — t] + ) (D-3)

forall T >0, s,t € [0,7] and n € N with h,, < tg. For every f € D, by [15, Lemma 2.9]
the mapping 7 — C,, t — S(¢)f has an extension to R satisfying

1S(s)f —St)fllx < ceT@atnm|s —t| for all T >0 and s,t € [0,T). (D.4)
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By construction, the operators S(t): D — C, are convex and monotone with S(¢)0 =0
for all t > 0. Moreover, inequality (D.3) implies D C £ and property (ii) is satisfied for
all (f,t) € D x Ry

Second, we extend (S(t));>0 from D to C, and show that property (ii) and (iii) are
valid as well as the inclusion £; C Lg and equation (5.2). We also show that the mapping
t — S(t)f is continuous for all f € C,;. For every ¢ > 0, r,7 > 0 and K € X, due to
Assumption 5.1(vi) and equation (D.1), there exist K/ € X and ¢ > 0 with

[S@)f = SH)glloc,ic < cllf = glloo,x +€ (D-5)

forallt € [0,T] and f,g € Bc, (r)ND. For every f € Bc, (r), Assumption 5.1(v) yields a
sequence (fn)nen C Be, (1) ND with and f,, — f. Inequality (D.2) and inequality (D.5)
guarantee that the limit

S()f := lim S(t)f, € Cx

n—oo

exists and is independent of the choice of the sequence (f)nen. The properties (ii)
and (iil) are satisfied for arbitrary functions f, g € C, and the inclusion £; C Lg follows
from the fact that inequality (D.3) is valid for all f € L;. Next, we verify equation (5.2).
Let (f,t) € Cx x T, e >0and K € X. Define r := ||f||,. and choose K/ € X and ¢ >0
such that Assumption 5.1(vi) and inequality (D.5) are valid for arbitrary f,g € Bg, (r).
Since Assumption 5.1(v) yields g € Be, (1) N D with || f — ¢llco, k7 < €, We obtain

IS f = I(mn,) flloo.c < NS(E)f = S(t)glloo,ic + [1S(t)g — I(my, )9l 0.1
+ ()9 = I(mn,) ) lloo,1c
< 2| = glloo. i + 26 + [1S(t)g — I (7, )glloc i
<2(c+ e+ [1S(t)g — I(my,)glloo, -

Hence, it follows from equation (D.1) that
llim 1S@)f —I(mh,) flloo,x =0 forall (f, ) € C x T. (D.6)
—00

In addition, for every ¢ > 0, f € C,, ¢ > 0 and K € X, Assumption 5.1(v) and the
previously shown property (iii) guarantee that there exists g € D with

15(s)f = S() flloo.x < [IS(s)g = S(t)gllco.ic +&  forall s € [0,¢41].

Hence, it follows from inequality (D.4) that lims_ ||S(s)f — S(t) fllco,x = 0.

Third, we show that S(0)f = f and S(s+1t)f = S(s)S(t)f for all s,t > 0 and f € Cy
and conclude that S(t): Ls — Lg for all t > 0. It follows from I(0)f = f that S(0)f = f
forall f € C,. Let r >0, s,t €T and f € Be, (r) N D. For every n € N,
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S(s+0)f = S()SM)f = (S(s + 1) f = I(my*")f) + (L(my ™) f = I(m)) (7))
+ (L(m) I (7)) f = I(m)S(E) f) + (L(my)S(#) f = S(s)S (b))
It follows from equation (D.6) that the first and last term on the right-hand side con-

vergence to zero for the subsequence (n;);cn. Furthermore, we use inequality (D.2),
kstt — k3 — k! € {0,1} and f € D C L/ to obtain

() f = L)L (my) [l < elFD%eeso | I(hy) f = flle =0 asn — cc.

Since I(n}) f, S(t)f € Be, (a(r,t)) for all n € N, for every € > 0 and K € X, Assump-
tion 5.1(vi) yields K’ € X and ¢ > 0 with

[ (mo) () f = I(mp)S() flloo, i < el I(m) f = S(t) flloo,c + € forallm € N.

Equation (D.6) guarantees that the previous term converges to zero for the subsequence
(n1)1en and we obtain S(s+t)f—S(s)S(t)f =0forall s,t € T and f € D. Furthermore,
Assumption 5.1(v) and the previously shown property (iii) imply

S(s+t)f =S(s)S(t)f forall s,t €T and f € C,.

In order to extend the previous equation to arbitrary times s,¢ > 0, we choose sequences
($n)neN C [0,8]NT and (tn)nen C [0,t]NT with s, — s and ¢, — t. For every n € N,

S(s+1)f = S(s)St)f = (S(s +1)f = S(sn +tn)f) + (S(5n)S(tn)f — S(50)S () f)
+ (S(s0)S(t) f — S(s)S(t)f).

Since we have already verified the properties (ii) and (iii) and shown that (S(t));>0 is
strongly continuous, the terms on the right-hand side converge to zero as n — oco. In
addition, for every f € Lg and ¢ > 0, there exist ¢ > 0 and hy > 0 with

1S(h)S@)f = SO fllx = ISE)S(h)f = S#) [«

< etontrin [S(R)f = flle < ce@aeimy

for r := || f||x and all h € [0, ho] showing that S(¢)f € Ls.
Fourth, we show that f € D(A) and Af = I'(0)f for all f € C, such that

I'0)f = E%I(h)# €C,

exists. Let ¢ > 0 and K € X. Define g := I'(0) f and
I(hn)f - f
A )

n

ro= sug max {||I(hn)f|m If + Pnglls,
ne

}<oo.
K
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By Assumption 5.1(vi), there exist K’ € X and ¢ > 0 with

€
1 (hn)* f1r = T(hn)* falloo, i < €llfr = falloo v + 1 (D.7)
for all k,n € N with kh, <1 and fi, fo € B¢, (2r). W.lo.g, we assume that K C K.
Since Assumption 5.1(v) yields that £; C C, is dense, we can use Assumption 5.1(vi)
and argue similar to the proof of [15, Lemma 4.4] to choose tg € (0, 1] with

k _ k
Hl(hn) (f + hng) = I(hn)" f _gH <€ (D.8)
hn, oK 2
for all k,n € N with kh,, < ty. By definition of g, we can further suppose that
I(h)f - f 2
A < — for all h € (0, ). D.9
[P | < eranne o (D9
By induction, we show that, for every k,n € N with kh,, < tg,
-~ 4 <e. D.1
H khn I oo, K =° ( 0)

For k = 1, the previous inequality holds due to inequality (D.9). Moreover, for every
k € N, Lemma B.1 implies

~ (#0* (o= =L o 1hg) 101001

I(hn)* I (hn) f — I(ho)*(f + hng)

Ih)f=f hng> — I(ha)*(f + hug)-

It follows from inequality (D.7) and inequality (D.9) that

ha,

<

<c
oo, K

HI( ) I (h) f = I(hn, )(f+hng)H
b,

A
oo, K’

l\DI“‘)

£
4

If inequality (D.10) is valid for a fixed k € N, we can use inequality (D.8) to conclude

H I(h,)* 1 — f gH 1 Hz( D) f — T(h )(f+hng)H
(k+ Dh, oo,K_k+1 hy, o K
. HI(W(f + ;;;g) () f QHM
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b Huhn)kf -

TR T K QHOO,K
< L. + L ¢ + i e=¢
“k+1 2 k+1 2 k+1 7
For every t € (0,t0] N'T, equation (D.6) and inequality (D.10) yield
tf — I(mh ) f —
RS R 1N/ S
t 0, K l—o0 knlh’ﬂl 0o, K

Since (S(t))¢>0 is strongly continuous, the previous estimate remains valid for arbitrary
times t € (0, o] showing that

lim
h10
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