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Spin-vibration interaction in a nanomechanical spin-valve
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We study spin-dependent transport in a suspended carbon nanotube quantum dot in contact with
two ferromagnetic leads and with the dot’s spin coupled to the flexural modes. We consider a spin-
vibrational interaction inducing spin-flip processes between the two Zeeman levels of the dot due
to spin-orbit interaction or a magnetic field gradient. The inelastic vibration-assisted spin-flips give
rise to a mechanical damping and for an applied bias-voltage to a steady non-equilibrium occupation
of the harmonic oscillator. We discuss how these effects depend on the Zeeman splitting and the
magnetic polarization of the leads. Depending on the magnetic configuration and the bias voltage
polarity, the vibration can be cooled or become unstable. Owing to the sensitivity of the electron
transport to the spin orientation, we find signatures of the nanomechanical motion in the current-
voltage characteristic even for weak spin-vibrational coupling. Hence, the vibrational state can be

read out in the current-voltage characteristic.

PACS numbers: 73.63.-b,71.38.-k,85.85.4j,75.76.+]

I. INTRODUCTION

Advances in the fabrication of nanoelectromechanical
systems (NEMS ¥ have open the possibility to measure
extremely small forces and masses¥As the displace-
ments of mechanical vibrations are conveniently regis-
tered by the electron transport measurements, NEMS
may prove also useful technologically as ultra-sensitive
detectors of charge® and spin.® High-frequency NEMS de-
vices operating at cryogenic temperatures can themselves
approach the full quantum regime and pave the way
for testing quantum mechanics in solid-objects formed
by a macroscopic number of atoms™* Recent experi-
ments realized the quantum ground state in different type
of nanomechanical resonators Y12 Despite this variety,
a common and promising strategy for the achievement
of the quantum mechanical regime consists in interfac-
ing the mechanical degree of freedom with an elemental
quantum object, i.e. a quantum two-level system such
as superconducting Josephson qubits!?, single Andreev
levels'® or single spins. 1219 Successful accomplishment of
this strategy was reported for a nanomechanical dilata-
tion resonator coupled to a phase-qubit? This experi-
ment and others motivate the interest in hybrid quan-
tum nano-systems containing nanomechanical oscillators
approaching their quantum regime 18419

Concerning the spin-oscillator systems, a variety of
nanomechanical devices have been proposed. For in-
stance, systems consisting of mechanical cantilevers
with a ferromagnetic tip coupled to magnetic moments
of a solid sample have been extensively studied in
the context of Magnetic Resonance Force Microscopy
(MRFM). 020722/ Ty this case, the interaction between the
nanomechanical resonator and the spin arises from the
relative motion of the spin in the inhomogeneous mag-
netic field created by the tip. In the MRFM-experiments,
realized at room or low-temperature, the ultimate goal
was the mechanical detection, spatially resolved, of a

single electron spin® or thousands of nuclear spins with
nanometer resolution.2!! In another series of experiments,
the spin was exploited for sensing the motion of the
mechanical resonator, i.e. magnetized micro-cantilevers
coupled to the magnetic spin associated to a nitrogen-
vacancy (NV) center in diamond##*# In both cases, the
state of the spin or the oscillator’s position (MRFM-
scheme) were probed via optical measurements.

The interplay between mechanical motion and spin-
transport has been also discussed for nanomechanical tor-
sion oscillators at the interface between a ferromagnetic
and nonmagnetic conductors.>*2% In this configuration
the main operating principle is the spin-flip torsional bal-
ance: a change of angular momentum (spin-flip) creates
a torque in similarly way to the Einstein-de Haas effect”
which can be detected in the torsion oscillator. Exper-
imental detection of the mechanical torque induced by
the itinerant spins was reported in such devices28

A microscopic realization of similar ideas was accom-
plished in a recent experiment of Ref. 29, in which the
magnetization reversal (spin-flip) of a single molecule
magnet grafted to a suspended carbon nanotube (CNT)
was probed through electrical transport measurements.
Resonant incoherent relaxation between two magnetic
states was observed and related to the resonant spin-
vibration coupling between the single magnet and a single
vibrational mode of the suspended carbon nanotube.

Suspended carbon nanotube quantum dots (CNTQDs)
have been also discussed as a suitable playground for
the realization of a coherent quantum spin-vibration
system 3U40 In such a case, the spin of the discrete dot’s
electron levels, formed on the CNT, are coupled to the
vibration. An extrinsic mechanism of coupling was pro-
posed in Ref. [41] between the electron spin and the flexu-
ral modes of a suspended CNTQD under a magnetic field.
On the other hand, the spin-orbit interaction®?3 in CN-
TQD provides an intrinsic way to couple the electron
spin and the flexural vibration*#45 (a similar mechanism

Konstanze©Online-Publikations-Syste(KOPS)
URL: http://nbn-resolving.de/urn:nbn:de:bsz:352-0-2591


http://nbn-resolving.de/urn:nbn:de:bsz:352-0-259179

Figure 1. Schematic views of a carbon nanotube quantum dot
suspended between two ferromagnetic leads. (a) The spin-
vibration interaction can be either induced by the intrinsic
spin-orbit coupling Aso or by a magnetic gradient 0B/0zx.
(b) Due to the spin-vibration interaction, the dot spin’s com-
ponent 6, parallel to the mechanical displacement u couples
to the flexural mode. The local tangent vector is denoted by

t(z).

was theoretically discussed between spin and phonons
in quantum dots in semiconductor heterostructures, see
Ref. [46)). In qualitative picture, this microscopic inter-
action acts as an effective magnetic gradient seen by the
spin, which is modulated by the mechanical motion*4
in a similar way as in the MRFM setup ©20 This spin-
orbit interaction in suspend CNTQDs was theoretically
discussed for the realization of a qubit in a single mode
cavity In another recent study, this interaction was
employed for the detection of the vibrational motion
in a Pauli-spin-Blockade setup using two CNTQDs in
series 4547

Motivated by the growing interest in spin-vibration
coupling and spin-transport, in this work we discuss the
effects of the spin-vibration interaction when the sus-
pended CNTQD is sandwiched between two ferromag-
nets and a bias-voltage is applied. Such a system acts as
nanomechanical spin-valve. Indeed, spin-current injec-
tion has been experimentally reported in CNTs in spin-
valve geometry #8500 As compared to other spin-valve sys-
tems, CNTQD offers also the possibility of the gate-field
control in the quantum dot regime 42451

We consider a model with a single mechanical model of
frequency w. In the first part, we calculate the mechani-
cal damping and the nonequilibrium occupation n of the
harmonic oscillator determined by the electron current
flowing through the dot. In comparison to our previous
work [52], we show the results for the regimes in which: 1)

a mechanical instability occurs (negative damping coeffi-
cient) , ii) a single lead is polarized. In the second part,
we study the effect of the spin-vibration interaction on
the current. In particular, we show that remarkable fea-
tures appear in the current-voltage characteristic when
the oscillator is driven in a non-equilibrated state (active
cooling and heating).

The paper is structured as follows. In Sec. [[I} we in-
troduce the model-Hamiltonian and report the results for
the steady-state nonequilibrium phonon occupation and
the current calculated using the Keldysh nonequilibrium
Greens functions approach (NEGF) to the first leading
order in the spin-vibrational coupling. In Sec. [[I} we
discuss the nonequilibrium phonon occupation and fo-
cus on two aspects: the mechanical instability (negative
total damping coefficient) of the resonator and a single
polarized lead. The signatures of the spin-vibration in-
teraction in the current are studied in Sec. [Vl In the
Sec. [Vl we summarize our work.

II. MODEL AND APPROXIMATION
A. Microscopic derivation of the Hamiltonian

The nanomechanical spin-valve that we consider con-
sists of a suspended CNTQD in contact with ferro-
magnetic leads [Fig. [1f. In this section, we introduce
the Hamiltonian of the CNTQD and derive the spin-
vibration interaction induced by the spin-orbit coupling
or by the application of a magnetic gradient.

1. Carbon nanotube quantum dot

In a confining potential, each localized electronic level
of the CNTQD is fourfold degenerate owing to the spin-
and orbital degree of freedom™. We denote the corre-
sponding states as |7, 0) with 7 = &+ and ¢ = =+ referring
to orbital- and spin states, respectively. We chose the
spin-quantization axis along the z-direction. The effec-
tive low-energy Hamiltonian is given b

Hepp = %Tgt(z)-&f,uorbi'gBot(z)+uBB'&+AKK/%1 :

(1)
with the orbital magnetic moment .., and the Bohr
magneton pp, the intrinsic spin-orbit coupling Agp, the
coupling Ak g+ between different orbital states due to
disorder and a magnetic field B. The Pauli matrices
in spin (orbital) space are denoted as & = (65,6,,5)
(F = (71,72,73)) and the local tangent vector at each
point of the tube is written as t(z) whose direction varies
with position z [Fig. [[(b)]. Since typically Axg <
(Aso, tory B, 115 B), we neglect the coupling between dif-
ferent orbitals in the following as we discuss transport far
away from the regime in which the energy crossing point
between different orbitals occurs.



The deflection associated with the flexural mode leads
to a coupling of the spin on the quantum dot with the
vibration which is either mediated by the spin-orbit cou-
pling or by a magnetic gradient. The electronic model
and the coupling induced by the spin-orbit coupling was
studied in Refs. 44l [45] and [47. Here, we additionally
derive the coupling between the deflection and the spin
due to a magnetic gradient. This coupling arises from the
relative motion of the suspended nanotube in a magnetic
gradient added to the homogeneous magnetic field B5Y,

We refer to Fig. 1 for the choice of the orienta-
tion axis and we assume that the nanotube oscillates
in the x-z plane. The deflection #(z) can be writ-
ten in terms of creation and annihilation operators as
W(z) = 3, fa(2)un(b, + bl) with the waveform f,(z)
and the zero-point amplitude u,,. For a suspended elas-
tic rod with sufficient strong tension, the waveform is
given by f,,(z) = v2sin[r(n + 1)z/L] for integers n > 0
with the eigenfrequency w,, = (n+1) w+/T/(pL?), length
L and density p*? If the deflections are small, we can
write the variation of the tangent vector as 0t(z) ~
(du(z)/dz,0,0). Additionally, the magnetic field at the
location of the spin changes by éB = (9B/0z)u(z)
due to the magnetic gradient. We then can expand
B-t(z) ~ B, + B-dt(z) + 6B - Z in which we neglect
0t(z)- 0B corresponding to higher-order terms in @ (2 de-
notes the unit vector in z-direction). In the following, we
assume a leading magnetic gradient dB, /dx perpendic-
ular to the nanotube z-axis and neglected the variation
of the y- and z-component of the magnetic field along
the z-axis dB,, . /dx = 0. Furthermore, we assume a van-
ishing magnetic field in z-direction B, = 0. Inserting
the expansion of B and ¢(z) into Eq. and projecting
the Hamiltonian on a flexural mode f, in the z-axis we
obtain?4¥2

. . (Aso . R . .
Hepy = 73 <2Uz - Uorsz> +NBBzO'z+HSV,1+HSV,2 ,
(2)

with

Asva = s fule)) un (b, + ) 00 (3)

fsvs = 250 (D (b +8) 200, (1)
in which the waveform f, is averaged over the elec-
tronic orbital in the dot (we also assumed that the vari-
ation of the gradient along the nanotube axis is negli-
gible). For a quantum dot formed with symmetric or-
bital electronic density, the coupling elements (f,(z))
((f](2))) vanish for all odd (even) harmonics. To give
a simple estimation, we consider a uniform distribution
of the electronic charge on the dot and we obtained
(fo(2)) = 2¢/2/7 for the first even mode (fundamental)
and (df;(z)/dz) = 2v/2/L for the first odd mode. In this
way, coupling constant A\, ~ up(0B,;/0x)un(fn(z)) of
IYSVJ can be estimated by A = 0.5 MHz for the funda-
mental (even) mode with B, /dz = 5-10° T/m4. The
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Figure 2. (Colors online) Spectrum of the Hamiltonian for a
defect-free carbon nanotube quantum dot. The inset shows
the full spectrum as a function of the magnetic field along
the nanotube axis. Our model is restricted to the eigenval-
ues €4 and e_ corresponding to equivalent orbital and oppo-
site spin momentum. The sketches illustrate the direction of
the orbital (large green arrow) and spin (small magenta ar-
row) magnetic moments along the z-axis. The parameters are
taken from Ref. [57].

coupling constant A, ~ (Ago/2)un (dfn(2)/dz) in Hsy.o
is estimated to A ~ 2.5 MHz for the first odd mode with
ASO ~ 400 ,ueV.44

2. Nanomechanical spin-valve

The CNTQD is embedded between ferromagnetic
leads. We model the two ferromagnets with the Stoner
model in which one assumes a strong spin asymmetry in
the density of states for the spin-up and down density
Pac = pall + ops) with the degree of spin polarization
in the a—lead defined as po = (pat — Pa—)/(Pat + Pa—)-
The effect of the ferromagnets is captured by the spin-
dependent tunneling rates I'Y = 7|tao|?pao. The full
Hamiltonian of the spin-valve is given by

ﬁ:ﬁl+ﬁt+ﬁd, (5)

where the Hamiltonian for the leads (o = L, R) reads
H = Y ok aﬂ,élk,néakg and the tunneling Hamiltonian
is H, = Zaak(twélkgczo_ + h.c.). The operators el

ako
(éoro) and d" (d) are creation (annihilation) operators
for the corresponding electronic states in the ferromag-
netic leads and the dot states. We restrict our discussion
to a part of the spectrum of the CNTQD, i.e. the situa-
tion in which only two spin-channels for the same orbital
level are involved in the relevant range as shown in Fig.
This regime occurs when the orbital-energy splitting
is the largest energy-scale in the Hamiltonian . The
model Hamiltonian capturing the two spin state of the
same valley, the spin-vibration interaction and a single



mechanical mode is given by
Hy=Y codid, + 6, (IBT + 8) + hwbh,  (6)

with the energy level of the dot and the splitting be-
tween the two spin-state given by e, = eg + oe,/2.
The xz—component of the local spin operator in the dot
Op = dicz_ + cztci_k is chosen to be perpendicular to the
quantization axis for the spin transport. The bosonic
operators are denoted as b and b and we model the os-
cillator as a single mode with frequency w.

The Hamiltonian Eq. is similar to the well-
known Anderson-Holstein model widely discussed in
literatureé®® ™ in which the quantum oscillator is linearly
coupled to the dot charge n = dtd of a spinless level,
according to the Hamiltonian Hip = A(l;T + B)ﬁ Such
a model is recovered by replacing the operator &, with
6., i.e. when spin-vibration interaction is parallel to the
axis magnetization of the two leads so that the trans-
port occurs through two separated spin-channels. On
the other hand, the Hamiltonian of the dot has the form
H; = ggnn + Ae, 6, which represents, in the limit of van-
ishing coupling with the leads and with a single electron
in the dot, the Rabi model, i.e. the simplest quantum
model of interaction between an oscillator and spin/
Despite its simplicity, the Rabi-model is not integrable.

The Hamiltonian Eq. (6] is also similar to the one dis-
cussed in Refs. [73] and [74! although these previous works
assumed the case of non-ferromagnetic leads and their
analysis was focused on the transport in the low bias-
voltage regime (~ I = GV).

B. Phonon Green’s function and occupation
1. Phonon Green’s functions

Electrons tunneling through the CNTQD change the
state of the nanomechanical resonator. The effect of
nonequilibrium phonon state is taken into account by
dressing the phonon Green’s function with the polariza-
tion TI() to lowest order in . Additionally, we include
a self energy 20(5) modeling the coupling to an external
bath. The Dyson equation in Keldysh space can then be
written as

D(e) = d(e) + d(e) (II(e) + Xo(e)) D(e),  (7)
in which the retarded and Keldysh Green’s functions are
defined as DT(t) = —if(t) ([a(t),a(0)]) and DE(t) =
—i6(t) ({@(0),a(t)}) with the deflection 4 and the com-
mutator (anti-commutator) [, ] ({, }). We used the tri-
angular Larkin-Ovchinnikov representation and we set
h = kg = 1. The bare phonon propagators in Eq.
are given by

dA(e) = 2w/ ((e £in)* + w?), (8)
d¥(e) = —2mi(6(e—w)+6(e+w))coth(w/(2T)))  (9)

with an infinitesimal small real part n. To the first
leading order A in the spin-vibration interaction, the
three components of the phonon self-energies for the spin-
vibration interaction are given by:

i (e) = —i/\; Z [GE, (") 0 GHH(e' —¢)
+GR (e o GE (e —¢)], (10)
K ~)‘2 K ! K1
I (e) = —iy Z [GE,(e) o GE (' —e)+

g

GE () oG —e) + G2 () o GE(e' — )] . (11)

The symbol o denotes the convolution product a(x) o
bz —y) = [, 42 q(2)b(z — y). Note that the interac-
tion vertex due to the spin-vibration couples only spins of
opposite sign. The electron Green’s functions of the dot
appearing Eqgs. and are those associated with
the unperturbed Hamiltonian and correspond to the ex-
actly solvable problem of two dot levels coupled to the

leads. These Green’s functions are given by

GRA = (gBA™ £4Ty +4T9) 1, (12)
GE = —2iGETy(1-2/)+T(1-2f,))Gs,  (13)

with the Fermi function of the left and right lead denoted
by fa- §

To calculate the self energies ¥y, we model the envi-
ronment by the Caldeira Leggett model (see Appendix
A). The coupling of the single oscillator to a bath of os-
cillators leads to the retarded and Keldysh self energies

Sg(e) = —ie/Q (14)
»¥(e) = —2iecoth(e)/Q, (15)

with the Quality-factor @ of the resonator.

Finally, we obtain the full Phonon Green’s function by
Eq. @ As the interaction is small, we can expanded the
retarded phonon propagators around ¢ < w. We define
the damping as vy (w) = —Im[[IF(w) +ZF(w)] , whereas
the frequency renormalisation is Aw = Re[l1%(w) + 2]
and @ = w 4+ Aw. The results are

2w
£2 — w? — 2w(TIR(e) + X (e))
1 1
~ S— — S— , (16)
E—WFtot €+ W+ 1tot
DX (e) = DR(e)IT¥ () D% (¢)

~ % (I (e) + S (e)) [6(c — @) + 6(c + @)].-
’ (17)

DE(e) =

In the following we set © — w.



2. Phonon occupation

The spin-polarized current drives the oscillator towards
a nonequilibrium steady state n = (i/87) [ deD¥ () —
1/2 which can be reduced to
- _ donp(w) +n (18)
Yo+
The steady state is reached by two competing processes.
The first term corresponds to the interaction of the me-
chanical oscillator with the thermal bath with the damp-
ing 70 = —ImXf(w) = w/Q and the Bose distribu-
tion np(w). The second term is associated to the spin-
vibration interaction leading to a damping ~ and an oc-
cupation n given by (s = +1)

= Z 5736 ) (19)

afls

= 1Y einn( s~ pg)) . (20)
afs

Here we introduced the lead chemical potentials p, and
. A [de
Yoo = | S TEsE @ @ I fsle+ 5], (21)

with the Fermi function f, ()={1 + exp [(e — pa)/T]} ",
L3(e) =217/ [(F" +T7)% 4 (e - 50)2} and

=2 Laer

Yop corresponds to the rates for inelastic processes in
which a spin flip occurs for one electron tunneling from
lead « to lead 8 accompanied by the absorption (s = +)
or emission (s = —) of an energy quantum of the vibron.
Equation also shows that the processes of absorption
(emission) of a phonon give a positive (negative) contri-
bution to v. Therefore, for certain configurations, the
resonator can be driven to a mechanical instability for
which v, < 0. As last point, we observe that our ap-
proximation on the self energy to the first order is valid
if the coupling is sufficiently small, i.e. the mechanical
damping 7 < w. We focus on this regime in this work.

(€ + sw). (22)

C. Electronic Green’s function and current

The transport properties through the nanomechanical
spin-valve with spin-vibration interaction are calculated
by the Keldyh-Green’s function technique. The coupling
to the leads are taken into account to infinite order in
the coupling t,o. In order to understand the effect of the
spin-vibration interaction, we calculate the correction to
the current to first leading order in the coupling ©¥®

The current operator through the left contact can be
expressed as 20

N,

I =e{(—— ar

) = —Re

tzaZ/d5 gdaum ] » (23)

in which (...) denotes the quantum statistical
average " and G3, (¢) the Fourier transform of the
Green’s function Gap(t,t') = (¢, (t')d(t)). The cor-
responding Green’s function in Keldysh space are de-
fined as Gup(7,7') = —i(Toéy,(7)di (7)) with the time-
ordering operator T, on the Keldysh contour. Trans-
forming from the contour variable 7 to the real time
and using the Larkin-Ovchinnikov rotation, we intro-
duce the triagonal matrix representation Q such that
G is composed by only three components GH4K (re-
tarded, advanced, Keldysh). From diagrammatics, we
obtain the Dyson equation Gu = gddtl g1 where g, de-
notes the Keldysh Green’s function for vanishing tunnel-
ing in the Hamiltonian Hy. Inserting the Lesser element
Gy = (GE — gk — gQ)/Q of G4 in the current one
obtains

= SO T7Re [deliG1S 4y (0)-2i (1-21(2) G2 ()

(24)
The problem then reduces to the calculation of the
Green’s function (neglecting the index dd) GXK,f4. We
expand the Green’s function on the Keldysh contour
G(r,7') = —i(T.d(7)d' (7)) to the order A2 treating the
spin-vibration interaction as the perturbation. The re-
sult of the expansion can be written as Gy, (7,7) =
G, (T, T’)+G<(72g) (7,7"), with the Green’s function G, (7, 7’)
corresponding to the exact solution of the tunneling res-
onant problem for vanishing spin-vibration interaction
[Eq. (12)]. Finally, we transform the contour vari-
able to the real time and use the Larkin-Ovchinnikov
transformation to represent the perturbation expansion
in Keldysh space as

Gool€) = Go(e) + Go(e)X_5_o(e)Gy(e) (25)
The elements of the self energies Yo, due to the spin-

vibration interaction in Eq. (25 are denoted as Zf&A’K
and are given by

Soy (€)=D A (e")oGy (e—€')+ DX (€)oGg (e—¢"),

) oGS (e —¢) (27)

Z DS (¢’
¢(=R,AK
with the Phonon Green’s functions D45 of Egs. (16])
and . The corrections to the current is finally ob-
tained by inserting the retarded and Keldysh element of
the perturbative expansion into Eq. .

If we compare our results with the Anderson-Holstein
model, we observe that for the Rabi-model here dis-
cussed, the tadpole diagrams to lowest order vanishes
due the spin-flipping at the interaction vertex, see Fig.[3]
Hence the expression in Egs. and for the rain-
bow diagram in each spin-channel represents the unique
contribution to the self-energy. On the other hand, the
self-energy itself 3 is similar to the analytic expres-
sion for the Anderson-Holstein model 826775 albeit the
spin-index due to the spin-flip scattering.
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Figure 3. Rainbow diagram with spin-flip scattering. The
diagram shows the term G,%_,_,Go.

III. DAMPING OF THE OSCILLATOR AND
PHONON OCCUPATION

An applied voltage drives the resonator in a nonequilib-
rium state. Additionally, we observe a mechanical insta-
bility setting in when the total damping rate is negative
Yot < 0. In a previous work [52], we studied ground-
state cooling for two polarized ferromagnets in the an-
tiparallel configuration and discussed the dependence of
the phonon occupation on the polarization and the en-
ergy separation €.

Concerning the case of the parallel configuration we
found that with same polarization p, = p, p; = p, the
only effect of an applied voltage is to increase the phonon
occupation. Cooling processes are overwhelmed by the
heating ones as the spin-vibration interaction connects
spin-up (down) electrons on the left lead with spin-down
(up) electrons on the right leads resulting in a strong sup-
pression of the rates associated to the cooling processes
since the transmissions of Eq. are proportional to
1";1“1"5. However, if we relax the condition of same polar-
ization, the phonon occupation can be cooled with low
efficiency. The system also can become mechanical unsta-
ble. In the following, we focus on two additional issues:
the mechanical instability for the antiparallel configura-
tion and the cooling or heating for a single polarized lead.

In the Sec. [[ITA] we summarize our previous results.
In Sec. [IIIB| we discuss the state of the mechanical res-
onator in the antiparallel configuration with same polar-
ization. Since the inversion of the left and right polar-
izations with sgn(p)=-sgn(e,) is equivalent to a reversed
voltage, we keep the polarization fixed to sgn(p)=sgn(e,)
and p, = p, p; = —p in the following discussion. This
configuration allows for efficient cooling to the ground
state and a strong heating of the resonator resulting
in a mechanical instability corresponding to the oper-
ating regime in which phonon lasing has been discussed
recently % In Sec. we discuss cooling with a single
polarized lead.

In a first step we consider a relatively large energy
separation €, such that mainly either the spin-up or spin-
down level is involved in transport associated with the
processes shown in Fig. [f[a)-(d). In the second step, we
study the phonon occupation close to resonance €, = w.
This regime is sketched in Fig. [4| (e) and (f).

D

Figure 4. Schematic picture for the spin-flip processes with
rate ;7 for fully polarized ferromagnets. In (a)-(d) a single
level contributes to transport and leads to absorption (up-
wards blue arrows) or emission (downward red arrows) of a
vibrational energy quantum. In (e) and (f) the resonant con-
dition €. = w is fulfilled. In (e), optimal ground state cooling
of the oscillator is achieved. In (f) a strong heating occurs
which is precursor of a mechanical instability of the oscilla-
tor.

A. Summary of previous results

Hereafter, to be define, we assume ¢, > 0 with p; < 0,
pr > 0. In the high temperature regime 7' > I'7 and high
Zeeman splitting T' < €, one can use an analytic approx-
imation for the rates 7 5, which is in excellent agreement
with the full results of Eq. . The Lorentzian func-
tions appearing in Eq. can be treated separately as -
functions in the integral and we can cast each rate as the
sum of two rates Yap = Yoo Yok for tunneling through
the dot level o, respectively. The additional index o indi-
cates that the tunneling processes involves the dot level
o = +. They read

2
739 = Ty {rgr;m’ Faleo) [1 = fa(eo + sw)]

+ TLTETE fa(eo — sw) [1 — fa(eo)]} (28)

with 757 = 1/ [(T; 7 + %)% + (o€, £ sw)?]. For fully
polarized ferromagnetic leads one of the two terms of
the processes in 7,5 vanish. Examples of the processes
associated to the rate Eq. are shown in Fig. [f[(a)-(d)
for each of the two spin levels.

In the high-voltage limit eV > T (e > 0), we can
neglect the processes v, >~ 0 being V' > 0 as electrons
tunneling from the right lead are Pauli blocked. The total
damping then reduces to the sum of only two processes
v o~ 7;; — 7, and the expression of n simplifies to the
average distribution resulting from these two competing
processes

e~ Yingw+eV) =y, np(w —eV) o
Ny = Vi Nk = Vi
(29)
The second step in Eq. holds for eV > w, when the
nonequilibrium phonon occupation is completely ruled by




the ratio VZJ; /7, Although in the region of stability de-
fined by ’ylt > 7, the total damping is always positive, n
can show heating or cooling: for 4,/ > v, the mechanical
oscillator is almost undamped and it is actively heated to
n 2 np(w) whereas for 7;" > v, the dominant emission
processes yield an efficient cooling of the oscillator.

Strong cooling is achieved at resonance when e, ~ w.
From the full rates Eq. , we can estimate the lower
limit for maximal cooling. For fully polarized ferro-
magnets with p; = —1 and p; = 1 and in the limit
eV > (T,w,e0), the Fermi function are f; ~ 1 and
fr =~ 0 and the phonon occupation of Eq. becomes
n ~ (I/w)®. The processes corresponding to maximal
cooling are shown in Fig. e). By reversing the volt-
age, we pass to the regime of strong heating leading to a
mechanical instability [Fig. [(f)] which we discuss in the
next section.

B. Instability

In Fig. a) we consider the regime of a single level in-
volved in transport and fully polarized ferromagnets. We
set the left chemical potential pu; = ¢g and p,. = g9 — eV
such that for eV > 0 (eV < 0), the spin-down (up)
level mainly contributes to transport. For positive volt-
age V > 0, the oscillator can be cooled or heated as
discussed in previous work Ref.[52]. For negative voltage
we found that the oscillator is strongly heated as increas-
ing the bias voltage. Eventually the system approaches a
mechanical unstable region: the total damping becomes
negative yior = v + Y0 < 0.

The different behaviors for eV > 0 and eV < 0 can be
understood by considering the rates of Eq. . Since
I‘f =TI, = 0 one of the two terms appearing in Eq.
vanish for each spin channel. For symmetric contacts
I =T} =T and setting 75 = XN°T/[[? + (sw £ ¢,)?],
the single spin-channel rates are given by

7?1? =177 fl(Ecr - SW(SoJr) [1 - fr(gtf + SW(SU*)] ) (30)
Yol = Tj fr(eo —swio—) [1 = files + 5wy )] . (31)

In the regime eV > 0 and the high-voltage limit,
we can approximate the phonon occupation as n =
Y.~ /(vt~ — ;") since only the spin-down level is in-
volved in transport. Cooling occurs for v/~ > 7, ~
while heating occurs when '7;;7 2 v, - The crossover
from cooling to heating depends on the Fermi function
(1 — fr(e~ + sw)) and the factor ¢ in Eq. (30). Note
that, the total damping Yior = 7;;7 — 7, is positive
for eV > 0 since the difference in the Fermi function
in v~ and ~,,” is positive and additionally 7+ > 7.
Therefore, for eV > 0, the systems remains stable by in-
creasing the voltage and the transition from cooling to
heating can be understood in the following picture. At
low temperature, the electrons tunnel from the left lead
to the spin-down level accompanied by a spin-flip tunnel-
ing to the right lead. At u, 2 e_ the processes of cooling
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Figure 5. Phonon occupation as function of the bias voltage
V and gate voltage 9. The parameters are p, = —1 and
pr =11, =T, =02w, and T = 10w. White corresponds
to np(w). (a) Vanishing external damping vo = 0, €, = 107,
ur =0 — eV, and u; = 9. (b) Resonant regime e, = w with
70 = 1075w, A/w = 0.01, and ., = €0 £ eV/2.

(absorption of a phonon) dominate over the processes of
heating (emitting a phonon), since the heating processes
are suppressed by the Fermi function. When p, < e_,
the heating processes are possible and the phonon oc-
cupation increases. At finite temperature, the thermal
broadening of the Fermi functions causes a smooth tran-
sition between the regimes of cooling and heating.

We now turn the case eV < 0. In the high voltage
approximation, the relevant processes are 77 and the
phonon occupation is given by n = 'yr_l"’/(’yrl’L — 77~_1+)'
The electrons tunnel from the right lead to the dot and
finally to the left accompanied by a spin-flip. In compari-
son with the case eV > 0, now the transmission for heat-
ing is larger than the transmission for cooling (7. 2 Tj_r)
indicating that in this regime the total damping can also
be negative resulting in an instability of the resonator.
The instability in the single channel approximation is at-
tributed to the different magnitude of the transmissions.
In the high-temperature limit f. ~ 1 and f; = 0 such
that the total damping reduces to vior = T} — Ty < 0.

From Eq. we can also discuss the onset of the
instability. Since the instability occurs at relatively small
voltages, we can not use the high-voltage approximation.
In the limit of £, > w, the total damping reduces to



Yeot =Vt =+ kT =, 7. Then, setting yor = 0,
we obtain the equation for the onset of instability eV =
—TIn[l1+(1/T)(w+e./2)] to leading order in T'/e,. The
line does not depend on ¢¢ as shown in Fig. [5f(a).

In the resonant case, the phonon occupation is shown
in Fig. b) with an intrinsic damping of Q = 10°, a
spin-vibration coupling of A = 0.01lw and symmetrically
applied voltage. Since now both levels are involved in
transport we consider Eq. to discuss the instability.
In the high-voltage limit, the only transmissions of Eq.
giving a relevant contribution to the current are T},
for p; > pr and T3 for py < p,. In the first case, Tlif >
T,., such that the system is stable. In this region we
obtain strong cooling as discussed in Ref. [52]. In the
second case p; < [, le < T, and for sufficient large
voltages, the total damping rate becomes negative. An
intrinsic damping reduces the parameter range for which
we obtain the instability. Anyway, as shown in Fig. b),
the system becomes unstable even for relatively small
voltages.

The strong heating and instability obtained for the res-
onant regime can be explained as follows. The emission
processes for each spin channel are now the same as the
virtual levels e — w and £_ + w, which are involved in
the spin-flip tunneling for heating, coincide, respectively,
to the real dot spin levels £ and e_. This yields a strong
enhancement of the (transmission) function 7_.

In the high-temperature limit 7' > (eV, eq, €,), we can
expand the Fermi functions in Eq. (21]) to lowest order
in /T and perform the integrations. As a result we ob-
tain the line for which the total damping rate becomes
negative

4r2% + w2 4r2% + w2
eV = 2 16TT ONw (32)

This line in plotted in Fig. [5| (b) and agrees with the
onset of the instability for small e9/w. For larger £¢/w,
the approximation of T' > ¢( gradually breaks down and
the approximation becomes less accurate. Finally, we
found that the instability also occurs at finite polariza-
tion.

In the regime of instability, our model of a harmonic
oscillator breaks down. Even before reaching this regime,
the oscillator can store enough mechanical energy such
that its dynamics is characterized by oscillations of large
amplitude. In this regime, anharmonic effects play an
important role and the harmonic approximation for the
resonator breaks down. Additionally, in this regime the
Q-factor can also depend on further parameter as the
displacement of the resonator.

C. Single polarized lead

In this section we discuss the modification of the cool-
ing when only a single lead is polarized. We restrict the
discussion to a left polarized lead (p; # 0) and a nor-
mal right lead (p, = 0). This configuration is equivalent

to setting the reversed left polarization on the right lead
and the opposite voltage. The processes ;7 for p; = —1
are sketched in Fig. [ except that the polarization on
the right lead must be set to zero. Since p, = 0, we have
to include additionally the processes v and at p; > —1,
the processes 'yljl[ which corresponds to an electron tun-
neling on the dot, flipping its spin and then coming back
to its initial lead. In the high-voltage approximation, the

phonon occupation of Eq. can then be written as

~_ (o) +nB(yvy(P1) + V)
Vit (1) = i (1) + v (1) + Yo

(33)

With Y0 ="F —Van- For yi(p)—v,.(p) >
Y (PO + Vs we can write as

nen(p=1)+(np—n(p=1)) (v (P1) +7,) /(1 (1) =7, (P1))
with the phonon occupation n(p=1) for fully polarized
left and right leads p = p; = —p, given by Eq. .
From the expansion one can see that the effect of a right
normal lead or a finite polarization on the left lead is
to drive the phonon occupation towards the equilibrium
occupation.

The minimal phonon occupation 7,,;, as a function
of the left polarization p; and the energy separation ¢, is
shown in Fig. @(a) and (b), respectively. For p; = —1, the
differences to the case of two fully polarized ferromagnets
are the processes 7. which try to drive the resonator at
thermal equilibrium. However, the processes ;. and ;..
only contribute to the total damping close to the right
chemical potential due to the factor f,.(¢)(1 — f(e + sw))
in Eq. . Therefore, if the energy separation is close
to resonance and p; > €9 £ €, > u,, these processes
are strongly suppressed and cooling close to the ground
state can still be achieved. When p; > —1 additionally
the processes 'yﬁ drive the resonator to equilibrium and
cooling is suppressed.

In Fig. @(a), the minimal phonon occupation remains
at equilibrium below a certain threshold polarization be-
low which the resonator is heated. This behavior is
contrary to the case of two fully polarized ferromagnets
where the minimal occupation decreases continuously as
reducing the polarization. This relies on the fact that the
cooling processes must overcome the right-right spin-flip
processes. These processes are characterized by the rate
v, Which is independent of p; as shown in Eq. .

In Fig. @(b) we show the cooling for a single polarized
lead. In the configuration discussed above the electrons
flip the spin while tunneling from the left lead to the
dot. After the spin-flip the electrons are absorbed in
the right lead. Therefore, the left lead acts as a source
for injection of spin-polarized electrons, see Fig. a,b)
without preventing the possibility of occurring cooling
processes in the opposite lead. A similar argument holds
when we consider p; = 0 and p,, = —1. In this case, spin-
up and spin-down electron can enter the contact and the
right lead acts as filter selecting only spin-down electrons.
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Figure 6. Minimal phonon occupation for one polarized lead
as a function of p; (a) and €. (b). Parameters: Iy = I'y, =
0.2I, T = 10w, @ = 10* and A = 0.05w.

IV. CURRENT

In this section, we study the transport properties of the
carbon nanomechanical resonator in contact with ferro-
magnetic leads. We focus on weak spin-vibration inter-
action and perform a perturbation expansion to leading
order in A using a similar approach as in Refs. [67) [73]and
9.

We calculate the signature in the current of the spin-
vibration interaction for two cases. In section m, we
assume that the resonator is strongly coupled to the ex-
ternal bath such that 9 > . In other words, the time
for thermal relaxation is much smaller than the time as-
sociated to the inelastic spin flip processes to set the oscil-
lator in an unequilibrated state. The resonator occupa-
tion can be described by the Bose distribution function.
This regime is referred to as the regime of strong damp-
ing (thermal equilibrated vibration). In section we
consider a carbon nanotube with a high quality factor of
Q = 10°. In this regime the resonator is driven by the
current itself towards the nonequilibrium phonon occu-
pation (unequilibrated vibration).

A. Current with equilibrated vibration

The general result for the current can be written in
terms of an elastic current Iy, an elastic correction I,

and an inelastic current I, 67072

I=1+1.,.+1,,. (34)

The elastic part describes the current not interacting
with the oscillator and is given by

Io_—/dEZF"I‘”\G

We first consider the elastic correction to the conductance
and in a second step discuss the differential conductance
for equilibrated vibrations.

? (file)=fr(e)).  (35)

1.  Elastic correction with thermalized vibration

The elastic correction of our model Hamiltonian can
written as (€5 = € + sw)

2
I,,=)\* 6/d£< snp(sw)To.( —|—ZT“S €s)]

_/ —Re DR ZTa g, 6 foc E— 6’)) (fl(g)_fr(e))a
(36)
with the transmission defined as

4Z|GR

T (e)=4 Z ILITL7 |G (e)GE, (e4)PIm]GE (e)]

)PTTTTRe[G()GE, (e5)],  (37)

(38)
(e)=8) TITII. |G ()GE (=<' )*Re[GF (e)].
’ (39)
In the above formula, the integral of the retarded Green’s
function has to be understood as the principle value.

At T = 0, the elastic correction G = dl../dV]y—o
reduces to

Gec_z 2N T, (5_ +5w
Go 4 (1"‘72—1—53)2 (F_Uz—i— (e_oFsw) 2) I=e

28 4 [E_g s w?

In a process contributing to the elastic correction to
the conductance, an electron tunnels through the junc-
tion by virtually exciting the resonator. The resonator
is excited by an emission (absorption) of a vibron fol-
lowed by an absorption (emission) of a vibron and ends
up at the same energy as the initial state. The obtained
behavior is contrary to the one obtained in the Holstein



model of spinless electrons in which these processes al-
ways have the effect of increasing the conductance at zero
temperature.

In Fig. we show the elastic conductance Eq.
at zero temperature for the parallel and antiparallel con-
figuration at w = 5I". The asymmetry of the elastic cor-
rection as a function of £y /T stems from the polarization
of the ferromagnetic leads. In the parallel configuration
the transport through the spin-up level is enhanced com-
pared to the transport through the spin-down level since
the majority charge carriers are spin-up electrons, thus
leading to a larger conductance at the spin-up level. How-
ever, for the anti- parallel configuration, there are always
electrons of the majority and minority spin involved giv-
ing raise to a symmetric and a suppression of the con-
ductance. We notice that the correction is negative in
the range |eg| < ,/2. This can be understood in the fol-
lowing way. Without the spin-vibration interaction, the
spin-up and spin-down channel do not mix. When the
spin-vibration is considered, an electron of spin up can
tunnel from one lead to another one either through the
dot level with spin-up or through the dot level with spin
down due to the elastic spin-flip, see Fig. [3] This leads
to a Fano interference effect with negative correction to
the conductance in the range |eg| < €,/2.
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Figure 7. Conductance from elastic correction for parallel (a)
and antiparallel (b) configuration for 7' = 0 and symmetric
coupling to the leads. The parameters ¢, = 50", p; = p, = 0.8.
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Figure 8. Inelastic contribution to differential conductance
at zero temperature and €0 = 2w, pr = p, =04, 1 =1, =
0.2w and the voltage is applied symmetrically. (a) Parallel
configuration (b) Antiparallel configuration

2. Inelastic current with equilibrated vibration

In inelastic current can be written in terms of the rates

75 of Eq. (21)) as
26 S S
Lin = EZS snp(sw) (7 = 1) - (41)

If the voltage is increased transport is possible via emis-
sion and absorption of phonons. At zero temperature the
threshold voltage for an emission of a vibron is eV = w.
As we calculated the inelastic current to lowest order in
the coupling, only single phonon processes are taken into
account. The differential conductance G = dl;,/dV at
zero temperature can be written as

G’i" )\2 o —0o
G = T 2 L) LG (e — o)y — pr —). (42)

Fig. 8 (a) and (b) show the inelastic differential con-
ductance at zero temperature in the parallel and antipar-
allel configuration respectively. The voltage is applied
symmetrically p; = eV/2 and p, = —eV/2, the energy
level on the dot is set to €9 = 2w and the polarization
is p = p, = p; = 0.4 for the parallel configuration and
p = pr = —p; = 0.4 for the antiparallel configuration.
In Fig. [§| the inelastic processes can occur at the volt-
ages eV/2 = ey and eV/2 = e4 + w. The first peak
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Figure 9. (Colors online) Inelastic current for equilibrated

(a) and unequilibrated vibration (b) for fully polarized ferro-
magnets at resonance €, = w, T' = 10w, I' = 0.2w, A = 0.0lw
and Q = 10°.

appears due to the resonance of the left Fermi level with
the spin-down level on the quantum dot (eV/2 = e_).
In this process a spin-down electron is transferred to the
quantum dot followed by a spin-flip and an emission of
a vibron at the right barrier. When the voltage is in-
creased, a second peak arises due to inelastic spin-flip
scattering at the left barrier. This peak is attributed to
a resonance condition eV/2 = e_ — w. In this case a
spin-up electron flips the spin and is transferred to the
right lead. These two processes are repeated if the volt-
age is further increased and the Fermi energy in the left
lead is in resonance with the spin-up level of the quantum
dot. At resonance ¢, = w, the differential conductance is
strongly increased compared to the case out of resonance.
Note that the strong coolmakiing in Fig. b) is related
to the large peak at resonance in Fig. b).

B. Current with unequilibrated vibration

In this section, we discuss the current for the case of
unequilibrated vibration. The current is given by the
same Eqs., , and in which the ther-
mal Bose distribution inside the integral is replaced by
n. For oscillators with very high quality factor, we have
that 7 is essentially n.8Y We find clear signatures of the
nonequilibrium phonon occupation and in particular a
strong suppression of the current when the resonator is
strongly cooled.

In Fig. [0fa) and (b), we show the current at reso-
nance for equilibrated and unequilibrated vibration re-
spectively. We consider fully polarized ferromagnets,
T = 10w and I' = 0.2w. The nonequilibrium phonon
occupation corresponding to the current in [9(b) with
A = 0.0lw and Q = 10° is shown in Fig. [5(b) for
go/w > 0. Note that in the case of fully polarized ferro-
magnets, the current is complete carried by the inelastic
processes of Eq. . By comparison of Fig. @(a) and
(b), we observe that the current for unequilibrated vibra-
tion is strongly asymmetric as a function of eV/w. Fur-
thermore, for eV > 0, the current in @(b) is strongly sup-
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Figure 10. Current for equilibrated (a) and unequilibrated
vibration (b) for fully polarized ferromagnets, T' = 10w, €9 =
0, =0.2w, A = 0.0lw and Q = 10°.
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Figure 11. Current for equilibrated (a) and unequilibrated
vibration (b) forp = 0.5, T = 10w, €0 = 0, ' = 0.2w, A = 0.2w
and Q = 10°.

pressed compared to the case of equilibrated vibration.
The decrease of the current occurs due to the cooling
of the oscillator close to the ground state in this regime
and the associated suppression of processes exciting elec-
trons. For eV < 0, the current is strongly increased and
the system becomes unstable. The current mainly follows
the nonequilibrium phonon occupation of Eq. @(b) and
therefore serves as an indication of the nonequilibrium
occupation and the spin-vibration interaction.

In Fig. we compare the current for equilibrated vi-
bration with the current for unequilibrated vibration in-
cluding a damping of Q = 10° and a coupling A = 0.01w.
We consider fully polarized ferromagnets and different
energy separations €,. The parameters are choose the
same as in Fig. b) and we plot the current along the line
€og = 0. In the case of equilibrated vibration, the current
at resonance is larger than the current out of resonance.
For unequilibrated vibration, the current is stronger sup-
pressed at resonance, and hence also strongly reduces the
current.

In Fig. (a) and (b), we compare the current for
equilibrated and unequilibrated vibration at p; = p, =
0.5. Additionally to the inelastic current, now also the
elastic current and the elastic correction contribute to
transport. In Fig. we set A = 0.2w for large spin-orbit
coupling as recently reported in Ref. 81l and observe the
asymmetry of the current as well the instability where
the current sharply decreases.



V. SUMMARY

In summary, we studied the steady-state phonon occu-
pation in a suspended carbon nanotube quantum dot in
contact with ferromagnetic leads. We have shown that
the spin-vibration interaction induced by the spin-orbit
coupling or a magnetic gradient can be exploited to cool
and heat the flexural mode or drive the resonator to to an
instability. Strong cooling can even be achieved for mod-
erate polarizations, weak spin-vibration interaction and
a single polarized lead. The current shows characteristic
features of the nonequilibrium phonon occupation and di-
rectly can be exploited to demonstrate the presence of the
spin-vibration interaction and the non-therrmal phonon
occupation of the resonator.
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Appendix A: Phonon self-energy for the
vibration-environment coupling

We consider a mechanical oscillator coupled to the en-
vironment which is described as an ensemble of harmonic
oscillator (the Caldeira-Leggett model)

H = huwb'b+(bT+5) Y An (bl +bn)+ > hewnblb, . (A1)

As the Hamiltonian is quadratic, the model is exactly
solvable: The phonon self-energy is composed by only
one irreducible diagram. For instance, in the frequency
space, the retarded self energy is given by

1 1
e (e) = 2 — :
en(®) Zn:/\"<e—hwn+i77 6+hwn+i77>
(A2)
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To mimic the dissipation, the ensembles of oscillators
form a bath with a continuos spectrum. Then, by re-
placing the sum with an integral over the frequencies and
approximating ITZ (¢) ~ IIZ (w), we obtain

Y0 = —Im I (w) = w/Q,
X (w) = 2iIm TI7 (w)coth(w),

(A3)
(A4)

with @ the quality factor of the oscillator.

Appendix B: Appendix

The retarded self energy in Eq. (26) can be calcu-
lated analytically at zero temperature. For completeness
and comparison, we give here the expression for the real
and imaginary part. These expressions agree with the re-
sults of Ref. [67] when our model reduces to the Holstein
model albeit with the generalized spin index.

D (E — €5 — SW

€—€_g — sw)2 4 Too? [oo

Re EJRU’ (5) = Z (

a,s

1 _
(2 + 2 tan™! 5‘}@,““) +2m
" " \/(50 = fa)? + [oo?

e — sw — pal
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(B1)
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Here, we use the notation 7" = 7 + I‘fl.
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