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Preface

This dissertation was written in the Quantum Transport Group in the Department of
Physics at the University of Konstanz under the supervision of Prof. Dr. Wolfgang
Belzig and Dr. Gianluca Rastelli and is divided into two main parts while both contain
an introductory chapter based on the current literature and research indicated by the
references. Furthermore, the new content that we present in Chapter 2 is published by a
peer-reviewed journal1. This work was done in close collaboration with Prof. Dr. Fabian
Pauly and parts have already been published in my Master thesis, Coupling of Quantum
Dot Systems to Microwave Cavities, submitted 2017 at the University of Konstanz for the
degree Master of Science (M.Sc.). The second part contains two different works. The
content of Section 4 is already published by a peer-reviewed journal 2 and was done in
close collaboration with Dr. F. Yang and the experimental group of Prof. Dr. Elke Scheer
from the University of Konstanz. The content of Section 5 is currently unpublished. Since
this project was initiated as Bachelor thesis some parts are similar to the work of Nonlinear
interacting quantum Duffing resonators of Michael Saur, submitted 2020 to obtain the
degree Bachelor of Science (B.Sc.). All results presented in the dissertation were obtained
after many, fruitful discussions with my supervisors and the coauthors.

1F. Hellbach, F. Pauly, W. Belzig, G. Rastelli, Quantum-correlated photons generated by nonlocal electron
transport, Phys. Rev. B 105, L241407 (2022)

2F. Yang, F. Hellbach, F. Rochau, W. Belzig, E. M. Weig, G. Rastelli, and E. Scheer, Persistent Response in an
Ultrastrongly Driven Mechanical Membrane Resonator, Phys. Rev. Lett. 127, 014304 (2021)
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Abstract

Hybrid devices based on semiconducting quantum circuits with integrated microwave
photonics are promising for implementing quantum transducers, in which single electrons
control photonic quantum states. To combine electronic with photonic degrees of freedom
on-chip, quantum dots coupled to microwave photon cavities provide a novel family of
coherent quantum devices. A fundamental property of the microscopic world described
by quantum mechanics is the theory of nonlocality which is at the heart of quantum
communication and computing in various physical implementations. An intriguing ex-
ample of quantum delocalization is interference in the motion of a single electron. Our
theoretical work suggests a realistic setup to generate entanglement between two spatially
separated microwave cavities using quantum delocalized electrons that flow through a
parallel double quantum dot connected between two electrodes. To prove the generation
of entangled photons, we use a diagrammatic perturbative expansion based on Keldysh
Green’s functions, going beyond the theoretical studies that exist in the literature.

Another source for photon pairs with non-classical behavior are parametric oscillators. The
occurring two-photon coherent states are essential in quantum optics and of enormous
interest for applications in quantum communication since their noise properties are close
to those of a minimum-uncertainty state, i.e. a squeezed state. We develop the theoretical
basis to explain the phenomenon of persistent response and other nonlinear phenomena
obtained in an experiment where membrane resonators are driven in an ultra-strong
regime. We show that they are caused by the nonlinear, internal interactions between
higher-order flexural modes and higher-order overtones of the driven mode, where one
mode is acting as a parametric drive onto another mode. Furthermore, we consider
the interaction of two parametrically driven and nonlinear coupled Duffing resonators,
obtaining nonlinear phenomena like a bifurcation.
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Structure and Overview

The thesis is divided into to main parts.

The first part I of the thesis deals with the quantum entanglement in the hybrid system of
two microwave cavities coupled to a parallel double quantum dot. For this reason, the
first introductory part, Chapter 1, gives in Section 1.2 an insight into the fundamental
interaction of light and matter with a detailed view regarding the different regimes of
coupling strength between the electronic and photonic subsystems and the experimental
state of the art. In the following Section 1.3, we give a short overview of quantum
entanglement with particular attention to the Cauchy-Schwarz inequality as quantum
entanglement criterium. To prove the entanglement and determine other quantities in
the hybrid system, we use a diagrammatic perturbation theory based on Keldysh Green’s
functions. Therefore the most extended section in the basics, i.e. Section 1.4, introduces
the main steps in the nonequilibrium Green’s function theory. Starting with introducing
the retarded and advanced Green’s function, extending them to the Keldysh contour,
deriving the perturbation theory, Wick’s theorem, and introducing Feynman diagrams.
Parallel to the theoretical derivation of these topics, we consider as a reference example
a single electronic level coupled to two fermionic leads and a single bosonic mode. In
the main part, i.e. chapter 2, we introduce in section 2.1 the basic idea of how we create
entanglement based on a heuristic argument. In section 2.2, we describe the Hamiltonian
of the system and define the correlators in terms of lesser single-particle and two-particle
Green’s functions. Then we determine the Green’s functions of the whole system, starting
with the fermionic subsystems of a parallel double dot coupled to a common left and right
lead in section 2.3. We investigate this electronic system and the simplifications we made
in more detail by analyzing the transmission function. As a sanity check, we perform the
calculations also for a single dot coupled to two microwave cavities simultaneously in
section 2.4 and show, for completeness, in section 2.5 also the bosonic Green’s functions of
the microwave cavities. Afterward, we perform the perturbation expansion in the dot-lead
interaction upon fourth order for the single-particle and two-particle Green’s functions in
section 2.6 and perform the integration in section 2.7. With these, we are finally able to
calculate and discuss the main quantities in the last section, 2.8.

In Part II, we move on to driven and nonlinear interacting Duffing resonators. We begin
Chapter 3, which explains the basics with Section 3.1, in which we give an overview of
nonlinear resonances in mechanical and optical resonators and its wide field of applica-
tions to motivate the following work. The Duffing resonator plays a central role in this
part since we model most modes with cubic nonlinearity. Since we consider two different
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kinds of the driving mechanism, we first determine the solution, stability conditions, and
physics behind a Duffing resonator driven by an external linear force in Section 3.2.1
and move on to a Duffing resonator that is driven parametrically in Section 3.2.2. The
parametric drive reveals various nontrivial effects while we give special attention to an
effect called bifurcation in Section 3.2.3. We consider two different works: In Section 4.3,
we derive the theory from an experiment done by F. Yang et al. in the Scheer Group at
University of Konstanz. Driving a vibrating membrane resonator in the ultra-strong regime
reveals several nonlinear effects based on internal, nonlinear mode coupling. In Section
4.3, we explain the persistent response based on the coupling of the fundamental modes to
its higher harmonics. In Section 4.4, we focus on direct and indirect parametric excitation,
each between two specific modes, to explain nonlinear features occurring in the persistent
response. In Section 5, we consider two nonlinear coupled Duffing resonators driven by a
parametric force. We investigate the system first in the classical regime in Section 5.1. We
study stability conditions and the nonlinear effect of bifurcation for various parameters.
In Section 5.2, we move to the quantum regime introducing quantum fluctuations to
determine possible squeezed states and entanglement criteria.
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Deutsche Zusammenfassung

Im ersten Teil unserer Arbeit geht es um die Möglichkeit zur Erzeugung quantenver-
schränkter Photonen in einem elektro-photonischen hybriden System.

Die Theorie der Nichtlokalität ist eine grundlegende Eigenschaft der Quantenmechanik.
Die Delokalisierung eines Quantenteilchens im Raum entsprechend seiner zugehörigen
Wellenfunktion oder seine Überlagerung und die dementsprechenden Korrelationen zwis-
chen räumlich getrennten Teilen eines Quantensystems sind von großem Interesse für
hybride Geräte aus Halbleiter-Quantenschaltungen mit integrierter Mikrowellenphotonik.
In unserer theoretischen Arbeit schlagen wir einen realistischen Aufbau zur Erzeugung
von Verschränkung zwischen zwei räumlich getrennten Mikrowellenkavitäten vor, bei
dem delokalisierte Elektronen durch einen parallelen Doppelquantenpunkt fließen, der
zwischen zwei Elektroden angeschlossen ist. In Abschnitt 2.1 führen wir ein erstes heuris-
tisches Argument an. Wenn die Energieniveaus der Quantenpunkte nahe beieinander
liegen, bewegt sich das Elektron delokalisiert durch den parallelen Doppelquantenpunkt.
Die im elektronischen Teil des Systems auftretende Korrelation wird auf die gekoppelten
Mikrowellenkavitäten ausgedehnt und bleibt auch dann bestehen, wenn das Elektron das
System verlässt, was einer nichtlokalen Messung entspricht, da das Elektron entfernt wird,
ohne zu wissen, welchen Arm es durchlaufen hat. In Abschnitt 2.2 drücken wir die Kovari-
anz und einen weiteren Parameter, der auf der Cauchy-Schwarz-Ungleichung basiert, mit
Hilfe von Keldysh-Green’schen Funktionen aus. Ersteres ist ein Nachweis für klassische
Korrelation, letzteres für Quantenkorrelation. Um diese Größen zu bestimmen, betrachten
wir das elektronische Teilsystem in Abschnitt 2.3 und das bosonische in Abschnitt 2.5
getrennt, und berechnen die Wechselwirkung beider durch eine Störungsentwicklung in
der Kopplung zwischen Quantenpunkten und Kavitäten. Da wir die Kopplungsparameter
zwischen den elektronischen Niveaus der Quantenpunkte und den fermionischen Leitern
identisch gewählt haben, untersuchen wir das elektronische System anhand der Transmis-
sion näher, um aufzuzeigen, dass dies keinerlei Einschränkung für unsere Berechnungen
bedeutet. In Abschnitt 2.6 führen wir dann die Störungsentwicklung bis zur vierten
Ordnung durch, welche zu drei unterschiedlichen Arten von Feynman-Diagrammen führt.
Durch Transformation der entsprechenden Integrale in den Energieraum und unter Ver-
wendung des Residuensatzes führen wir die Integration der entwickelten Green’schen
Funktionen in Abschnitt 2.7 durch. Schließlich fassen wir die Ergebnisse in Abschnitt 2.8
zusammen. Wir präsentieren die durchschnittliche Photonenzahl, die Fluktuation und
den Fano-Faktor und finden sub-poissonisches Verhalten für identische Energielevel, was
einem Anti-Bunching der Photonen in der lokalen Kavität entspricht, und ansonsten super-
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poissonisches Verhalten. Wir bestimmen die Kovarianz, die für identische Energielevel
oder einen einzelnen Quantenpunkt endlich ist und damit klassische Korrelation zeigt.
Die Cauchy-Schwarz-Ungleichung wird jedoch nur für den Doppel-Quantenpunkt gleichen
Energieleveln verletzt, was die Quantenkorrelation, d. h. die Verschränkung, beweist.

Im zweiten Teil fokussieren wir uns nun auf nichtlineare Wechselwirkung zwischen
linearen und nichtlinearen Resonatoren beziehungsweise Moden.

Nanomechanische Oszillatoren können mittlerweile Dimensionen auf atomarer Ebene
haben und zeigen daher schon bei kleinen Amplituden nichtlineares Verhalten ihrer
Schwingungen, wie parametrische Schwingung oder Verzweigungen. Das Anwendungs-
feld ist riesig, da die Anregung von Biegemoden den Weg für hybride technische Systeme
ebnet, da sie leicht mit anderen Freiheitsgraden wie Licht oder Atomen gekoppelt werden
können. Interne Resonanzen wie die 1:3-Resonanz führen zu nicht-trivialen Aspekten,
wie der Selbstbegrenzung der Amplitude. In diesem Zusammenhang entwickelte die
Scheer Gruppe der Universität Konstanz, insbesondere Dr. F. Yang, ein Experiment mit
einem schwingenden Membranresonator getrieben von einer Kraft im ultrastarken Regime.
Durch Entwicklung der Theorie für dieses Experiment zeigen wir, dass die Antwort des
Systems, die einen Schwingungszustand mit nahezu konstanter, hoher Amplitude über
einen Frequenzbereich von mehr als 50% der Eigenfrequenz zeigt, durch eine bisher
unbeschriebene parametrische Kopplung zwischen verschiedenen Biegemoden und deren
Obertönen verursacht wird. In Abschnitt 4.3.1 zeigen wir, dass die Dynamik der Grund-
mode (1,1) durch Wechselwirkung mit der zweiten, dritten und vierten Harmonischen
durch eine effektive septische Kraft modelliert werden kann, wenn die Moden höherer Ord-
nung im harmonischen Bereich liegen. Unter diesem Gesichtspunkt leiten wir in Abschnitt
4.3.2 einen skalierten Ausdruck für die Amplitude her, der die im Experiment erhaltene
Abflachung zeigt. Außerdem bestimmen wir die maximale Amplitude und Verstimmung.
Die Messkurve zeigte jedoch Besonderheiten auf der Nanometerskala in Form von kleinen
Stufen und Sprüngen. Bei der Auswertung des Ablenkungsprofils hatte die Experimental-
gruppe diese als Anzeichen für eine nichtlineare Modenkopplung identifiziert. In Abschnitt
4.4 weisen wir nach, dass zwei verschiedene nichtlineare Kopplungsmechanismen diese
Schwankungen verursachen. In Abschnitt 4.4.1 weisen wir eine indirekte, parametrische,
nichtlineare Wechselwirkung nach, die durch die Obertöne der Grundmode (m = n)
aktiviert wird. Im Detail untersuchen wir die Kopplung des zweiten Obertons des Grund-
modus mit der (2,2)-Mode. In Abschnitt 4.4.2 betrachten wir eine direkte parametrische
Wechselwirkung mit höheren Biegemoden (m ”= n). Die Resonanz ist nicht ganzzahlig,
und wir untersuchen die Wechselwirkung der (1,1)-Mode mit der (1,2)-Mode im Detail.
Der Vergleich mit dem Experiment zeigt, dass beide Kopplungsmechanismen mit den Merk-
malen in der Messkurve in Verbindung gebracht werden können. Solche parametrischen
Prozesse können kohärente Zweiphotonen-Zustände erzeugen. Diese Zustände sind für die
Quantenoptik und die Quantenkommunikation unerlässlich. Motiviert durch den großen
Anwendungsbereich und die Bedeutung verschränkter und gequetschter Zustände für
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verschiedene Bereiche haben wir die nichtlineare Wechselwirkung von zwei parametrisch
gesteuerten Duffing-Resonatoren untersucht. In Abschnitt 5.1.2 analysieren wir die Sta-
bilität der trivialen Lösungen und stellen fest, dass die Kopplung zu instabilen Regionen
führt, selbst wenn die Amplitude eines Resonators gleich Null ist. Bei der stationären
Lösung der Amplitude stellen wir eine Verzweigung fest, wenn die treibenden Kräfte gleich
sind, was wir in Abschnitt 5.1.3 analysieren. Je größer die Kräfte sind, desto ausgeprägter
ist die Verzweigung. Wenn die Kopplung zunimmt, hat dies den entgegengesetzten Effekt
einer erhöhten Antriebskraft. Wenn sich die Duffing-Nichtlinearitäten der beiden Res-
onatoren unterscheiden, kann die Verzweigung unterdrückt werden, während sich die
Amplituden weiterhin kreuzen. Eine Erhöhung der Kraft hebt diesen Effekt auf. Wenn die
Kräfte gleich sind, werden die beiden Zweige mit der Anfangskurve vor der Bifurkation
verbunden. Unterscheiden sich die Kräfte geringfügig, verschwindet die Lösung in einem
bestimmten Verstimmungsbereich und es entsteht eine Lücke in einem der beiden Zweige,
was wir in Abschnitt 5.1.4 zeigten. Betrachtet man nicht nur die Amplitude, sondern
auch die Phase der möglichen Lösungen, so erhält man vier verschiedene Lösungspaare
mit unterschiedlichen Kombinationen eines positiven oder negativen Phasenwertes. Die
relevante Information ist die konstante Phasendifferenz von fi. Um das Vorhandensein
möglicher gequetschter Zustände zu untersuchen und andere Verschränkungskriterien
anzuwenden, untersuchen wir in Abschnitt 5.2 das System im Quantenregime. Bei der
Herleitung der Bewegungsgleichung für die Quantenfluktuationen führen wir eine erste
Analyse der Matrixelemente durch, wobei wir die stationären Lösungen des klassischen
Regimes verwendeen, die das Vorhandensein von gequetschten Zuständen zur Folge hat,
woraus wir den effektiven Hamiltonian der Quantenfluktuationen herleiten.
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Part I

Entanglement of Photons in a Hybrid Platform
of a Double Quantum Dot, Coupled to Two

Microwave Cavities





Introduction and Theoretical

Background

1

1.1 Introduction

Nonlocality is a fundamental property of quantum mechanics that manifests itself in two
main ways: the delocalization of a quantum particle in space according to its associated
wave function (superposition) or as correlations between spatially separated parts of
a quantum system (entanglement). It is at the heart of quantum communication and
computing in various physical implementations.

An intriguing example of quantum delocalization is the interference in the motion of a
single electron. Quantum delocalized transport has been proven in nanodevices formed
by two possible paths connecting an initial and final point, namely two electrical contacts
playing the role of source and drain. Examples are parallel double dots [1, 2, 3], operating
as single-electron splitter interferometer, or the electronic Mach-Zehnder interferometer
[4], operating with the edge states of two-dimensional (2D) quantum Hall systems [5].
Similarly to a photon in a Mach-Zehnder interferometer, an electron wave function can
split into two branches and then recombine give rise to interference in the transmitted
flux. In general, semiconducting single-electron devices form a unique playground to
address nonlocal electron transport and quantum interference [6, 7, 1, 2, 3].

Besides electron transport, quantum mechanics can be explored with high precision in
the field of optics and photonics. In particular, microwave quantum photonics has made
remarkable progress in the last decade. In the circuit quantum electrodynamics (QED)
architecture [8], a large variety of quantum states in an electromagnetic microwave
resonator has been prepared and measured [9, 10]. Moreover, using superconducting
qubits or Josephson circuitry (Josephson parametric amplifier or wave-mixer), quantum
entangled states of microwave photons have been realized in two spatially separated
resonator cavities [11], in two resonator modes of different frequency [12, 13] as well as
in propagating photons [14, 15, 16]. More recently, an entangled pair of two-mode cat
states has been realized in two microwave cavities [17], a dc-biased Josephson junction
was used to create two continuous entangled microwave beams [18].

Beyond superconducting circuits based on Josephson junctions, quantum dots realized in
semiconducting nanostructures implement reliable and well-controlled qubits [19, 20]
with transition frequencies in the microwave domain and with the advantage of electric
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field control [21]. Quantum dots can now be readily coupled to microwave photon
cavities, establishing the field of semiconductor hybrid QED [22], which provides a novel
family of coherent quantum devices that combine electronic with photonic degrees of
freedom on-chip [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. The so-called strong coupling
regime has been reached [34, 35, 36] as well as the full microwave control and readout
of the quantum dot qubits [37].

Coupling quantum dots with quantum optical resonators adds a new dimension to cavity
and circuit QED beyond the conventional paradigm of an atom coupled to a harmonic
oscillator. This research line opens the path to exploring the correlations between charge
transport and nonequilibrium, possibly quantum, regimes of localized electromagnetic
radiation. The corresponding hybrid devices are also promising for implementing quantum
transducers, in which single electrons control photonic quantum states in microwave
cavities.

1.2 Light-Matter Interaction in Hybrid Systems: The Field
of Cavity Quantum Electrodynamics

A fundamental physical topic that develops both in theory and experiment with huge effort
is the interaction of light and matter. In the semi-classical theory the basic atom-field
interaction of an electron, characterized by a charge e and mass m is described by the
so-called minimal-coupling Hamiltonian, i.e. higher multipole moments are neglected. In
terms of the canonical momentum p, the vector potential A(r, t) and the scaler potential
U(r, t) of the external field as well the electrostatic potential V (r) the Hamiltonian reads

H = 1
2m

[p ≠ eA(r, t)]2 + eU(r, t) + V (r) . (1.1)

This Hamiltonian can be simplified using the dipole approximation. Latter is based on
the fact that the characteristic length of an atom is much smaller than the wavelength
of the external field [38], i.e. k · r π 1. The field can be approximated by a plane
electromagnetic wave with constant amplitude over the length scale of the atom, defined
by the vector potential A(r0 + r, t) = A(t)eik(r0+r) ¥ A(t)eikr0 and one obtains, after
some transformation [39] the simplified Hamiltonian

H = p
2

2m
+ V (r) ≠ erE(r0, t) . (1.2)

Moving from the semi-classical theory to the quantum description, writing momentum,
position and therefore the fields in terms of the second quantization [40] we consider now
a two-level system that is coupled to a multi-mode field, while each mode is indicated
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by the index k. We can write the Hamiltonian in terms of the creation and annihilation
operators as

H =~
ÿ

k

‹kâ†
k
âk + 1

2~Ê‡̂z + ~
ÿ

k

gk(‡̂+ + ‡̂≠)(âk + â†
k
) . (1.3)

The first term describes the modes with frequency ‹k, the second term the two-level
system, described by the Pauli matrix ‡̂z with transition frequency Ê and the third part is
the interaction term with the coupling strength gk between the atom and the kth mode.
This coupling parameter is the electric dipole matrix element of the transition inside the
atom multiplied with the cavity mode that is located at the atom [41]. ‡̂± are the raising
and lowering operators

‡z =
A

1 0
0 ≠1

B

, ‡+ =
A

0 0
1 0

B

, ‡≠ =
A

0 1
0 0

B

. (1.4)

The interaction part contains four terms. Two of them conserve the quanta of excitations.
These are â†

k
‡̂≠ and âk‡̂+ where an atom decays from the upper to the lower state while a

photon with mode k is created and vice versa. The other two terms lose or gain energy of
2~Ê. Neglecting these terms corresponds to the rotating-wave-approximation [39], that
we will consider in more detail in the second part of this thesis. We focus in the following
on a single two-level atom coupled to a single-mode so the index k drops, and we finally
get the so-called Janes-Cummings Hamiltonian

H =~‹â†â + 1
2~Ê‡̂z + ~g(‡̂+â + â†‡̂≠) . (1.5)

Compared to an atom in free space that is interacting with an electric field, the coupling
properties and therefore the coupling strength can change remarkably if the atom is
coupled to a "resonator-like" body, i.e. a cavity [41] as sketched in Fig. 1.1. Due to the

Fig. 1.1.: The basic idea of a two-level system is indicated here by the states |0Í and |1Í with
a transition frequency Ê and a decay rate “. It is coupled to a cavity with resonance
frequency ‹ and decay rate Ÿ via a coupling constant/strength g.

cavity, the line spectrum of the field is well-defined, which increases the coupling for
transitions in the two-level system adjusted to the resonance lines of the cavity. A photon
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created by spontaneous emission is trapped inside the cavity for some time and can be
reabsorbed by the atom. Induced emission by an external pumping source results in lasing
effects. The coupling properties depend mainly on the geometric and optical properties
of the cavity. A measure of the cavity’s quality and, therefore, of the achievable coupling
strength or lifetime of the photons is given by the quality factor Q. For a high Q-factor,
one can achieve a strong coupling and long lifetime of the photons in the cavity, and if
only photons of a single transition frequency, like in the two-level system, comes into
play, this system can be described by the Janes-Cummings Hamiltonian [41]. A two-level
system in the form of an atom is valid if the two levels, whose transition is in resonance
with the cavity mode, are highly detuned from all other energy levels of the atom. Other
possibilities are a double quantum dot with single levels, which have been interesting for
quantum computation for a long time [42], or a superconducting qubit [22]. In addition
to the mentioned properties of the cavity, its coupling to the environment influences the
essential quantities of the coupled system, which are, besides the coupling strength, the
spontaneous decay rate “ of the atom and Ÿ of the cavity. This can be due to the coupling
to a read-out cavity for the measurement, mesoscopic dissipation due to the contacts of a
two-level system like a double quantum dot or other nano-conductors, effects due to the
cavity drive, or just noise of the environment.

In general, one would like to have degrees of freedom with good coherence properties.
This means for an artificial atom that, one tries to get a low coupling between the two-level
system and the fermionic reservoirs to avoid decoherence. On the other hand, we want to
give the side note that also systems with strong coupling show fascinating results since
the transport effects are sizable, and one can study the effect of electron transport on
a nano-circuit and the microwave resonator, yielding two qualitatively different signals
providing different information. Also, dissipation of the reservoirs could modify the
cavity states, and there are many more interesting physical quantities and effects of
using electronic transport to manipulate or probe the state of a cavity, and it provides
a powerful way to study condensed matter problems in a new way. In the last years,
different coupling strengths were achieved experimentally, which can be classified into
four different categories [43] and are summarized nicely in [44].

Weak coupling regime:
This regime is classified by the ratio g π “, Ÿ. The interaction between the electronic
system and the cavity mode is incoherent, i.e. the damping rates “ and Ÿ dominate in
this process, and the energy dissipates from the system faster than the interaction can
take place. Even if the time scale of the dissipation is small compared to the time scale of
the interaction, the spontaneous emission rate is enhanced, which is the so-called Purcell
effect [45]. Introducing two additional driving fields, one for the emitter and one for
the cavity mode, enables new non-classical effects even in the weak coupling limit [46].
During the time, there have been lots of experiments, while the coupling is within the
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range 30 MHz < g < 50 MHz with the damping within 350 MHz < “ < GHz [47, 48,
49, 50].

Strong coupling regime:
This regime is classified by the ratio Ê, ‹ ∫ g ∫ “, Ÿ. In this case, the dissipation plays a
minor role, i.e. a photon can be coherently (re-)emitted and (re-) absorbed many times,
and we can describe the interacting systems with the Janes-Cummings Hamiltonian [51].
The research field is immense, while the coupling to single or multiple atoms [52, 53]
like Rdybger atoms[54] and now single or double quantum dots acting as qubits [35,
34, 36, 55, 56, 57, 58, 59] with normal or superconducting leads are of high interest.
Recently the strong-coupling regime was reached with a THz-cavity coupled to just a
single electronic level which is remarkable since the strong coupling to a THz-cavity was
achieved so far only using collective modes to increase the coupling [60]. In the weak
and strong coupling regime, ground state cooling, the excitation of mechanics, storage,
and squeezing of mechanical states is possible [61].

Ultra strong coupling regime:
This regime is classified by the ratio g/‹ & 0.1, i.e. the coupling is not stronger than the
driving frequencies but is on a par with them. Mathematically spoken, the rotating-wave
approximation does not hold any longer. For the coupling with a single electron [62]
experiments reaches values for the ratio g/‹ from 0.073 to 0.112. In this regime effects
like photon blockade or non-gaussian and non-classical states appear [63, 64, 65, 66].
Note that the cooperativity C = g2/“Ÿ is the relevant quantity within this regime.

Deep strong coupling regime:
This regime is classified by the ratio g/‹ & 1. Exceeding the limit from the ultra strong
coupling regime, ratios g/‹ up to 1.34 [67, 68] were achieved. The currently largest ratio
of g/‹= 1.43 was obtained in [69]. An exciting effect in this regime is the decoupling of
light and matter [70].

1.3 Entanglement in Hybrid Systems

Quantum entanglement is one of the most fascinating and, at the same time, one of the
most difficult to understand topics in physics. Anyhow quantum entanglement is also an
important property to differ between classical and quantum states. To transfer a quantum
state, one needs to entangle the quantum memory with the transport or communication
channel since a quantum state can not just be copied. By achieving this, the field of
applications in the future is rather broad.

A more easy-to-understand example, as analogon in classical physics, is to take two coins
that have either the value +1 or the value -1. Alice and Bob each get one of the coins
without looking at them but receiving the information of the two different values. Then
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the two separate from each other, like being in different places of the world or even on
different planets. Now Alice checks her coin, and exactly at this moment, she also knows
the value of Bob’s coin [71]. Einstein called this "spooky action" since the information
about Bob’s coin was received by Alice even if they are spatially separated so far that
the information would have to be traveled faster than light. Regarding the physics of
entanglement behind this sketch, the idea is the following: Since the two coins have
either one of the values, they are correlated in the classical way. When Alice is looking
at her coin, i.e. she performs a measurement on her subsystem, she simultaneously
determines the value of Bob’s coin. So it is not possible to describe the quantum states
of the subsystems independently from each other. A direct physical (particle) equivalent
is the spin of an electron pair or the polarization of a pair of photons. As long as the
measurement has not been done, the state of the system is a coherent superposition of
the possible subsystem states.

Of course, this idea cannot easily be transferred to macroscopic systems. Here world’s
most famous example is the gedankenexperiment of Erwin Schrödinger. The rough idea
is to put a cat, Schrödinger’s cat, inside a box together with an unstable atom. The
probability that the atom decays or not within a specific time is equal. If the atom decays,
a poison is released, and the cat dies. Only if one opens the box, the measurement will
occur, and the state of the atom - and the cat - is determined. Until this point, the atom is
in the superposition of being decayed or not. However, also, the cat is in the superposition
of being dead or alive until the box is opened for an indefinite time, which does, of course,
not make sense.

The field of possible applications is rather broad, from quantum cryptography [72, 73, 74,
75], to quantum teleportation [76, 77] as basic part of the quantum internet [78], the
overcome of noise in the entanglement distribution using not classical two-level qubits but
systems with more levels [79], or exceptional applications like an entanglement-enhanced
microscope [80].

We roughly scan the huge experimental field of entanglement involving photons starting
with the entanglement of a single photon and an electronic counterpart as a single trapped
atom [81, 82, 83], a single electron spin [84, 85, 86] or superconducting qubits [87,
88]. To exchange information coherently inside a quantum network is a fundamental
request for quantum information processing. The electron spin has to be noted here
since it has the longest coherence time, but problems occur with long-distance interaction.
Photons are ideal candidates to carry and propagate the entanglement between spatially
distant systems of which such a network is composed. In other words, entangling distant
(superconducting) qubits, quantum dots, or spin-spin interaction mediated by cavities is
an excellent and elegant way [22]. In an easy picture, the state of the qubit or else can be
transferred to a photon and then be sent to another cavity-qubit system to be decoded [89,
90]. At least as interesting but experimentally much more challenging is the entanglement
of distant photons. It offers possibilities for new platforms of quantum coherent devices,
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quantum transport of nonequilibrium states, and quantum simulators [30]. Quantum
entangled states of microwave photons have been realized in two spatially separated
superconducting microwave resonator cavities [11], a single photon in two different
"color" states, i.e. the coupling of the mode currents of two harmonics via a SQUID[12],
two resonator modes of different frequency [13] as well as in propagating photons [14, 15,
16]. Beyond controlling photons one by one, superposition of more complex, multi-photon
states have been reported as Schrödinger-cat states [91, 92] opening the route towards
the encoding of continuous variable quantum computation [93, 94]. More recently, an
entangled pair of two-mode cat states has been realized in two microwave cavities [17]
that are coupled via a superconducting, artificial atom, and a dc-biased Josephson junction
was used to create two continuous entangled microwave beams [18].

1.3.1 Entanglement Criteria

In general, a quantum mechanical state of a system can be characterized and described by
its density matrix fl. The measurement of an observable corresponds to the determination
of the expectation value, defined as the trace of the density matrix and the related operator.
Considering a bipartite system of two subsystems, denoted by (1) and (2), which can
be, for instance, two electronic, two photonic, or a photonic and an electronic system,
with commutating operators, the system is uncorrelated if the density matrix fl of the
combined system is a direct product of the two subsystem density matrices fl(1) and fl(2),
so fl = fl(1) ¢ fl(2), i.e. the state is separable [95].

In this separable case, the measurement result of any observable A(1) of the first subsystem
is entirely independent of the measurement result of any observable B(2) of the second
subsystem. This means

e
A(1)B(2)

f
=

e
A(1)

f e
B(2)

f
for any A and B. If the system is not

separable and the density matrix cannot be factorized, so fl ”= fl(1) ¢ fl(2), this equality is
violated and concerning this matter we can define the covariance

C := cov(A(1)B(2)) =
e
A(1)B(2)

f
≠

e
A(1)

f e
B(2)

f
, (1.6)

which is nonzero in the case of a classical correlation between the two subsystems [95].

To prove if the system is not just classical correlated but quantum entangled, we need
other (in)equalities. The most famous inequality that is violated in the case of quantum
entanglement is Bell’s inequality[96]. It contradicts the theory of Einstein, Podolsky, and
Rosen that the quantum theory can be explained with hidden variables [97]. But there
are several more criteria for which the general separability criterion is used [98, 99, 100,
101, 102]. There especially exists a class of inequalities which are applications of the
Cauchy-Schwarz inequality |Èx, yÍ|2 Æ Èx, xÍ Èy, yÍ [103]. We focus on bipartite systems
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with the expectation value ÈA1A2B1B2Í, whereby Ai and Bj belong to the two subsystems.
The inequality

---ÈA1A2B1B2Í
sep

---
2

Æ
e
A1A†

1B†
2B2

f

sep

e
A†

2A2B1B†
1
f

sep
(1.7)

is valid for separable states and can only be violated by entangled states, which depends on
the choice of the operators A and B. For the special choice A2 = B1 = 1, A1 = A† = (am)†

and B2 = B = bn, whereby a, b are the annihilation and a†, b† the creation operators of
system A and B, we obtain the criterion

----
e
am(b†)n

f

sep

----
2

Æ
e
(a†)mam(b†)nbn

f

sep
. (1.8)

For A1 = B1 = 1, A2 = (am)† and B2 = B = bn we obtain the criterion

---ÈambnÍ
sep

---
2

Æ
e
(a†)mam

f

sep

e
(b†)nbn

f

sep
.

Both criteria were also discussed by Hillery and Zubairy [98] and lead to an entanglement
criterion based on the Cauchy-Schwarz inequality. In the special case of m = n = 2 we
obtain

---
e
a2b2

f---
2

Æ
e
(a†)2a2

f e
(b†)2b2

f
. (1.9)

After the first experimental observations, where the Cauchy-Schwarz inequality of the
second-order correlation function was violated by a collection of ultracold bosons [104]
there appeared also other experimental [105, 106, 107] and theoretical [108, 109, 110]
paper showing that the violation of this inequality proves (particle) entanglement, also
connecting photon antibunching and sub-Poisson photon statistics [111, 112].

1.4 Green’s Functions and Nonequilibrium Keldysh
Formalism

1.4.1 Equilibrium Green’s Functions and Dyson Equation

"In classical physics Green functions are used as a powerful method for solving inhomogeneous
differential equations" [113] so it is not surprising that a common used Green’s function
approach is the definition of the Green’s function as the inverse of a differential operator
[114]. In general, since the Schrödinger equation is a second-order differential equation,
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it is possible to apply this approach in a perturbative way. For a free particle, it is given
by

H0(r)�E(r, t) = E�E(r, t) . (1.10)

Here the eigenstates �E(r) to a given energy of the "unperturbed" Hamiltonian H0(r) of
the free particle are known and the corresponding Green’s function of the unperturbed
system is defined by the differential equation [114]

[E ≠ H0(r)] g(r, r
Õ, E) = ”(r ≠ r

Õ) . (1.11)

In the same way we can consider the time-dependent Schrödinger equation, where we
also added a perturbation V (r) acting on the particle, such that [115]

[iˆt ≠ H0(r) ≠ V (r)] �(r, t) = 0 , (1.12)

and define the Green’s functions via

[iˆt ≠ H0(r)] g(rt, r
ÕtÕ) = ”(r ≠ r

Õ)”(t ≠ tÕ) , (1.13)

[iˆt ≠ H0(r) ≠ V (r)] G(rt, r
ÕtÕ) = ”(r ≠ r

Õ)”(t ≠ tÕ) . (1.14)

This Green’s function is nothing else as the non-interacting retarded single-particle Green’s
function. Besides the definition as the inverse of a differential operator it is also known as
a propagator, namely the propagator of the wave function. If we know the wave function
�(rÕ, tÕ) at time tÕ, the wave function �(r, t) for t > tÕ, is given by

�(r, t) =
⁄

dr
ÕG(rt, r

ÕtÕ)�(rÕ, tÕ) . (1.15)

Note that the condition t > tÕ for �(r, t) would be mathematically correct by adding the
Heaviside step function �(t ≠ tÕ) on the left side of the latter equation. Comparing this
equation now with

Èr|�(t)Í =
⁄

dr
Õ Èr| e≠iH(t≠t

Õ) --rÕ, +
r

Õ|�(tÕ)
,

, (1.16)

we can identify the so-called retarded Green’s function that propagates forward in time

Gr(rt, r
ÕtÕ) = ≠ i�(t ≠ tÕ) Èr| e≠iH(t≠t

Õ) --rÕ, . (1.17)

Another possible solution is the so-called advanced Green’s function, which propagates
backward in time and therefore becomes

Ga(rt, r
ÕtÕ) =i�(tÕ ≠ t) Èr| e≠iH(t≠t

Õ) --rÕ, . (1.18)
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Here �(t) is the Heaviside step function. If the system is in equilibrium, the Green’s
functions depend only on the time difference, i.e.

Gr,a(rt, r
ÕtÕ) =Gr,a(r, r

Õ, t ≠ tÕ) . (1.19)

Using the Fourier transformation of the Green’s function

Gr,a(r, r
Õ, t ≠ tÕ) =

⁄
Gr,a(r, r

Õ, E)e≠iE(t≠t
Õ)dE (1.20)

we can transform Eqs. (1.13) and Eq. (1.14) from time to energy domain and obtain

lim
‹æ0

[Er,a ≠ H0(r) ≠ V (r)] Gr,a(r, r
Õ, E) = ”(r ≠ r

Õ) , (1.21)

with Er,a = E ± i‹. The retarded Green’s function refers to +i‹ and the advanced one to
≠i‹. Note that we will suppress the expression lim

‹æ0
in the following and imply the limit

when the parameter ±i‹ appears. A typical ansatz to solve a differential equation like Eq.
(1.21) is to consider a discrete lattice with lattice points i, j for the spatial coordinate and
therefore transform the Green’s function according to [113, p. 142 ff]

Gr,a(r, r
Õ) æ Gr,a

ij
. (1.22)

In this way the latter equation changes from a differential equation to a matrix equation
which depends on the discrete lattice. Now we can identify the energy-dependent Green’s
function as inverse of a matrix, i.e.

g
r,a(E) = [Era1 ≠ H0]≠1 , (1.23)

G
r,a(E) = [Era1 ≠ H0 ≠ V ]≠1 . (1.24)

g
r,a denotes the unperturbed Green’s functions and we call G

r,a the full retarded and
advanced Green’s functions. Besides the possibility of determining the full retarded
and advanced Green’s function by the inverse of the matrix, we can also employ the
perturbative Dyson equation to obtain the full solution for a given perturbation V. It can be
derived iterating the integral solution for the differential equation or simply by inserting
the inverse of the unperturbed Green’s function from Eq. (1.23) inside Eq. (1.24) and
multiply the inverse of this expression with g

ra from the left and G
ra from the right or

vice versa . In the energy domain and matrix notation the Dyson equation reads

G
r,a(E) = g

r,a(E) + g
r,a(E)V G

r,a(E) . (1.25)

It was initially developed by Dyson [116] for single-particle Green’s functions and a few
years later generalized by Schwinger [117].
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1.4.1.1. Minimal Example: Single Electronic Level Coupled to a Left and Right

Lead

As a minimal example, which will guide us through the fundamentals section, we consider
a single electronic level Á coupled, via a coupling parameter t, to a left and right lead
which have the chemical potentials µL and µR. The Hamiltonian of this system reads

HÁ =
ÿ

r=L,R

ÿ

k

(Ákr ≠ µr) ĉ†
kr

ĉ
kr

+ Ád̂†d̂ + t
ÿ

r=L,R

ÿ

k

1
ĉ†

kr
d̂ + h.c.

2
, (1.26)

where ĉ†
kr

and d̂† with r = L,R are the creation operators of the electrons in the left
and right lead and of the single electronic level Á. The unperturbed or non-interacting
Hamiltonian is described by the first part of ĤÁ. The unperturbed retarded and advanced
Green’s functions are then determined by

g
ra(E) = lim

‹æ0
[(E ± i‹)1 ≠ H0]≠1

= diag
1
(Era ≠ Á)≠1, (Era ≠ ÁkR)≠1, (Era ≠ ÁkL)≠1

2

with Era = E ± i‹. The tunnel coupling between the isolated electronic level and the
leads is handled as perturbation Vij , with i, j œ {1, L, R}, that is defined by

V1r = Vr1 =

Y
]

[
t for r œ {R, L}

0 else
, (1.27)

The full retarded and advanced Green’s function can then be calculated with the Dyson
equation

Gra

ij =gra

ij +
ÿ

lm

gra

il VlmGra

mj , (1.28)

which leads to the three coupled equations

Gra

11 =gra

11 + gra

11V1LGra

L1 + gra

11V1RGra

R1 , Gra

R1 = gra

RRVR1Gra

11 , Gra

L1 = gra

LLVL1Gra

11 . (1.29)

By inserting the latter two in the first one, we get

Gra

11 =gra

11(1 + (V1Lgra

LLVL1 + V1Rgra

RRVR1)Gra

11) (1.30)

=gra

11(1 + t2(gra

LL + gra

RR)Gra

11) (1.31)

=gra

11(1 û i�Gra

11) (1.32)

= 1
Era ≠ Á ± i� , (1.33)

To obtain Eq. (1.32) from Eq. (1.31) we used the wide-band approximation for the leads
with t2gra

RR,LL
= ûi�R,L in the symmetric way �L = �R = �/2 [114]. Solving Eq. (1.32)
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for Gra
11 gives the final result in Eq. (1.33) for the retarded and advanced Green’s function

of the isolated level.

1.4.1.2. Concept of Self-energy Illustrated at the Dyson Equation for the

Retarded and Advanced Green’s Function

Based on the minimal example, we would like to introduce, according to [114], a first
concept of the self-energy. From Eqs. (1.30) and Eq. (1.31) one can determine the
energy-dependent function

�r,a

11 (E) © V1Lgr,a

LL
(E)VL1 + V1Rgr,a

RR
(E)VR1 (1.34)

= t2gr,a

LL
(E) + t2gr,a

Rr
(E) . (1.35)

Placing this new quantity in Eq. (1.30), we can cast the equation for the Green’s function
in the form

Gra

11 = 1
Era ≠ Á ≠ �ra

11
. (1.36)

�ra
11 is called the self-energy. In this setup, it is the self-energy of the dot due to the

interaction with the fermionic leads, i.e. it contains the effects on the central region, here
the single electronic level, due to interaction with the leads. The concrete form depends
both on the coupling between dot and leads and on the electronic structure of the leads.

If we consider not just a single electronic level but a central region or conductor that is
coupled to (semi-infinite) leads, Eq. (1.36) can be brought into the more general form
[113, p. 151 ff]

Gra = 1
Era ≠ Hc ≠ �ra

, (1.37)

where Hc is the Hamiltonian of the isolated conductor, and as introduced before, �ra

contains the effect of the leads on the conductor. In this way, it is possible to solve the
issue of an open system with "infinite leads" and obtain a finite one, as shown in Fig. 1.2,

1.4.2 Keldysh Formalism

"The real power of Green’s functions is evident when we try to include the effect of interactions
as electron-electron or electron-photon. Such interactions give rise to excitations within the
conductor and cannot be described by simple S-matrices." [113].

To develop the perturbation formalism, we define the Green’s functions in time domain.
We will replace the real-time axis with a closed time contour and transform the Green’s
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Fig. 1.2.: Left: A central region as a conductor coupled to several (semi-infinite) leads. Right:
Equivalent semi-finite system where the self-energy terms describe the impact on the
central region. This figure is redrawn from [113, p. 151].

functions from real-time arguments to contour-times introducing the so-called Keldysh
contour and Keldysh Green’s functions. Then we develop the perturbative expansion of
the contour-ordered Green’s functions and introduce Wick’s theorem, which simplifies the
calculation of a string of field operators while the occurring expressions can be represented
in a graphical way using Feynman diagrams. The energy-dependent Green’s functions can
be obtained by a Fourier transformation of the time-dependent Green’s functions. The
following sections are mostly orientated in the notation and structure at [118].

1.4.2.1. General Introduction and Definition

The Hamiltonian of our system is composed by a non-interacting part H0 and an interacting
part H(i)

H = H0 + H(i) . (1.38)

We use the second quantization formalism to represent the time-ordered Green’s function,
whereby the time arguments correspond to the general real-time axis

G(x, t, xÕ, tÕ) = ≠i
e
T

1
�H(x, t)�†

H
(xÕ, tÕ)

2f
. (1.39)

The expectation value is evaluated for an arbitrary state described by the statistical
operator

fl(H) = e≠H/kBT

Tr(e≠H/kBT ) (1.40)

where kB is the Boltzmann constant, T (only in the combination kBT ) is the temperature
and the notation means È...Í = Tr(fl...). The field operators ÂH(x, t) are defined in the
Heisenberg picture with respect to the total Hamiltonian H. T is the time-ordering
operator that orders the creation and annihilation operators according to their time
arguments. The operator with the larger time argument is placed to the left. If we
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effectively apply the time-ordering, i.e. we distinct the two cases tÕ > t and tÕ < t, we can
define the corresponding greater and lesser Green’s function

G(x, t, xÕ, tÕ) =

Y
]

[
G>(x, t, xÕ, tÕ) = ≠i

+
�H(x, t)�†

H
(xÕ, tÕ)

,
, tÕ < t

G<(x, t, xÕ, tÕ) = ±i
+
�†

H
(xÕ, tÕ)�H(x, t)

,
, tÕ > t

(1.41)

whereby the upper sign of G> corresponds to Fermions and the lower one to Bosons.
Furthermore we introduce the anti-time-ordered Green’s function

G̃(x, t, xÕ, tÕ) = ≠i
+
T̃

1
�H(x, t)�†

H
(xÕ, tÕ)

2 ,
. (1.42)

whereby T̃ orders the arguments reverse to T .

Green’s Functions of a System in Equilibrium
Starting with a system in thermal equilibrium, the statistical operator fl becomes the
Boltzman statistical operator fl(H0) and the Green’s functions read then

G(x, t, xÕ, tÕ) = ≠i
e
T

1
�H0(x, t)�†

H0(xÕ, tÕ)
2f

= Tr

Q

ae≠H0/kBT �H0(x, t)�†
H0(xÕ, tÕ)

Tr
!
e≠H0/kBT

"

R

b ,

(1.43)

where �H0(x, t) is the field operator with respect to the unperturbed Hamiltonian H0,
which describes the system in equilibrium. The Green’s functions depend then only on the
difference of the time arguments t ≠ tÕ. We can perform a Fourier transformation to pass
from the time domain to the energy space with

G(x, t, xÕ, tÕ) =
⁄

dp

(2fi)3

⁄
dE

2fi
ei(p(x≠x

Õ)≠E(t≠t
Õ))G(p, E) . (1.44)

Extension of the System to Non-Equilibrium
Now we extend the system to non-equilibrium. To characterize the non-equilibrium
state, we assume that the system was at a time t < t0 in equilibrium at temperature
T characterized by the Hamiltonian H0. The state of the system at time t0 is therefore
described by the statistical operator fl(H0). For times t > t0 a perturbation H i is applied
to the system which is now described by the Hamiltonian H = H0 + H i. The new state
can now be represented by

fl(t) = U(t, t0)fl(H0)U †(t, t0) , (1.45)

with the full time evolution operator

U(t, t0) = Te
≠i

s
t

t0
dt̄H(t̄)

. (1.46)
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1.4.2.2. Keldysh Contour - The Closed Time Path

One way to handle an interaction described by H i is to consider it as a perturbation that
is adiabatically operating on the non-interacting system, i.e. given by its ground state.
Another possibility is to introduce a new time path that passes along the real time axis
from t0 to t = Œ and then back to t0. This formalism was developed in 1961 by Schwinger
[119] and applied by Keldysh [120].

Ground State formalism and transformation to the interaction picture
At this point the field operators �H(x, t) are in the Heisenberg picture with respect to
H. We transform the field operators to the interaction picture, i.e. they are defined with
respect to H0. The corresponding time evolution operator in the interaction picture is
defined as

U(t, tr) =Te
≠i

s
t

tr
dt̄H

(i)
H0

(t̄) with H(i)
H0(t) = eiH0(t≠tr)H(i)e≠iH0(t≠tr) . (1.47)

The field operators are related by the unitary transformation

ÂH(x, t) = U †(t, tr)ÂH0(x, t)U(t, tr) with ÂH0(x, t) = eiH0(t≠tr)ÂH0(x)e≠iH0(t≠tr) .

(1.48)

Based on these relations we can write the Green’s function in terms of the new field
operators

G(x, t, xÕ, tÕ) = ≠i
e
U †(Œ, ≠Œ)T

1
ÂH0(x, t)Â†

H0(xÕ, tÕ)U(Œ, ≠Œ)
2f

, (1.49)

while the average is evaluated in the ground state.

One way to handle the interaction is now to assume that it is turned on and off adiabatically.
This can be achieved by replacing H(i)

H0(t) with e‘|t|H(i)
H0(t). The non-interacting ground

state is transformed via |GÍ
‘

= U‘(0, Œ) |G0Í . In the limit lim ‘ æ 0 it can be shown
perturbatively that the interacting ground state obtains a phase factor [118]

U‘(≠Œ, Œ) |G0Í = ei� |G0Í and therefore ei� = ÈG0| U‘(Œ, ≠Œ) |G0Í . (1.50)

Now the the time-ordered Green’s functions can be formulated in terms of the non-
interacting ground state |G0Í and with the field operators in the interaction picture

G(x, t, xÕ, tÕ) = ≠i
ÈG0| T

1
ÂH0(x, t)Â†

H0(xÕ, tÕ)U‘(Œ, ≠Œ)
2

|G0Í
ÈG0| U‘(Œ, ≠Œ) |G0Í .

Approach of a Closed Time Contour
Another, more elegant way is to calculate the propagation on a closed time contour. We
introduce a closed time path C that passes along the real time axis from t0 to t = Œ and
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then again back to t0, as shown in Fig. 1.3. We denote the upper branch with C+ and the
lower one with C≠.

Fig. 1.3.: Basic idea of the Keldysh contour. Extension of the real time axis from ≠Œ to Œ while
the Keldysh contour passes once in the forward and then in the backward direction. We
denote the upper branch with C+ and the lower branch with C≠

To find the unitary transformation that relates real times and contour times, one consid-
ers, as done in the latter part, the unitary transformation of an operator between the
Heisenberg picture with respect to H and the Heisenberg picture with respect to H0 and
compares this to the transformation of operators from the Schrödinger picture to find for
an arbitrary operator the relation

OH(t) =U †
H

(t, t0)UH0(t, t0)OH(t)U †
H0(t, t0)UH(t, t0) , (1.51)

while we define V (t, t0) = U †
H0(t, t0)UH(t, t0). The transformation between the Heisen-

berg and interaction picture on the closed time path shall be given by

OH(t) = TC

3
e

≠i

s
C

d·H
i

H0
(·)

OH(t)
4

, (1.52)

where · is a time on the contour and TC orders the operators according to the position of · .
To show the equivalence of the transformation of operators with real-time arguments and
those with contour times, one expands the exponential function of the latter equation

OH(t) =
Œÿ

n=0

(≠i)n

n!

⁄

C

d·1· · ·
⁄

C

d·nTct

!
H Õ

H0(·1) . . . H Õ
H0(·n)OH0(t)

"
,

and splits the contour into a forward and a backward part C = C+ + C≠. An additional
transformation [118, p. 84 ff], and a parametrization of the forward and backward
contour according to ·(tÕ) = t, for tÕ œ [t0, t] yields the two terms

TC+e
≠i

s
C+

d·H
i

H0
(·)

= Te
≠i

ts
t0

dt
Õ
H

i

H0
(tÕ)

= V (t, t0) , (1.53)

TC≠e
≠i

s
C≠

d·H
i

H0
(·)

= T̃ e
i

ts
t0

dt
Õ
H

i

H0
(tÕ)

= V †(t, t0) . (1.54)

The contour ordering operator corresponds to the normal time-ordering TC+ = T , and the
anti-time-ordering to TC≠ = T̃ . Due to the equivalences in Eq. (1.54) one can conclude
that the times in V (t, t0) corresponds to the contour times on the forward contour part
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C+ and V †(t, t0) corresponds to contour times on the backward part C≠.

Green’s Functions on a Closed Time Path
We apply the unitary transformation given in Eq. (1.52) to the field operators of the time-
ordered Green’s functions and develop in this way the contour-ordered Keldysh Green’s
functions. The single-particle Green’s function contains two field operators that depend,
therefore, on two different real-time arguments t1 and t1Õ . Each of the corresponding
contour times that we denote with ·1 and ·1Õ has two possibilities to be placed on the
Keldysh contour, as it is shown in Fig. 1.4. We will call the contour-time dependent

Fig. 1.4.: The real times t1 and t1Õ correspond to the contour times ·1 and ·1Õ . There are four
different possibilities to distribute them on the contour C = C+ + C≠ which belong to
four different Keldysh Green’s functions. (a): Time-ordered Green’s function G(·1, ·1Õ),
(b): Lesser Green’s function G<(·1, ·1Õ), (c): Greater Green’s function G>(·1, ·1Õ), (d):
Anti-time-ordered Green’s function G̃(·1, ·1Õ)

Green’s functions in the following Keldysh Green’s functions 1 and define them by

G(x1, ·1, x1Õ , ·1Õ) = ≠i
Tr(e≠H/kBT TC(ÂH(x1, ·1)Â†

H
(x1Õ , ·1Õ)))

Tr(e≠H/kBT ) . (1.55)

The contour ordering symbol TC orders, as said before, the field operators according
to their contour time argument. Therefore we can introduce the four different Keldysh
Green’s function as we did for those depending on real-times and shown in Fig. 1.4. The
time-ordered Keldysh Green’s function G, the lesser Keldysh Green’s function G<, the

1Note that there also exists "the" Keldysh Green’s function defined as GK = G> + G<. Since we do not
use this function in the following, we will use the terminus "Keldysh" to abbreviate the large expression
"contour-time-dependent w.r.t. the Keldysh-contour", i.e. in the following "Keldysh Green’s functions" are
contour-time-depending Green’s functions where the contour-times are defined via the Keldysh-contour.
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larger Keldysh Green’s function G> and the anti-time-ordered Green’s function G̃. They
are defined as

Ǧ(1, 1Õ) =
A

G(1, 1Õ) G<(1, 1Õ)
G>(1, 1Õ) G̃(1, 1Õ)

B

, (1.56)

=

Q

a≠i
e
T

1
Â(1)Â†(1Õ)

2f
±i

e
Â†(1Õ)Â(1)

f

≠i
e
Â(1)Â†(1Õ)

f
≠i

e
T̃

1
Â(1)Â†(1Õ)

2f

R

b , (1.57)

whereby we used the time-space coordinates 1 = x1, ·1 and 1Õ = x1Õ , ·1Õ . We can transform
the field operators defining the Green’s function in the interaction picture, i.e.

G(1, 1Õ) = ≠i
e
TC

1
ÂH(1)Â†

H
(1Õ)

2f
= ≠i

=
TC

3
e

≠i

s
C

d·H
i

H0
(·)

ÂH0(1)Â†
H0(1Õ)

4>
.

(1.58)

In this way, the interaction is captured in the exponential function while the field operators
refer to the non-interacting system.

1.4.2.3. Perturbation Expansion

Now we can develop the perturbation theory for the contour-ordered Green’s functions.
Transforming the field operators in the interaction picture, one obtains the latter Eq.
(1.58). With — = 1/kBT it reads in detail

G(1, 1Õ) = ≠i

Tr

A

e≠—HTC

A

e
≠i

s
C

d·

1
H

(i)
H0

(·)
2

ÂH0(1)Â†
H0(1Õ)

BB

Tr(e≠—H) . (1.59)

To transform the total expression to the interaction picture, we have to transform the
statistical operator fl as well. We need an imaginary time-evolution operator and therefore
the contour has to be extended into to complex time plane from t0 to t0 ≠ i—, that we
denote by Ci, as shown in Fig. 1.5. The exponential function can then be written in the

Fig. 1.5.: Extension of the Keldysh contour, see Fig. 1.4, into the complex time plane from t0 to
t0 ≠ i—, denoted by Ci.
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form

e≠—H = e≠—H0TCi
e

≠i

s
Ci

d·H
(i)
H0

(·)
. (1.60)

We insert the transformation of Eq. (1.60) in the contour-ordered Green’s function (1.59)
and extend the expression inserting the identity operator in terms of the closed contour
contribution TC(e≠i

s
C

d·(Hi

H0
(·))) = 1 in the denominator and we obtain

G(1, 1Õ) = ≠i

Tr

Q

ae≠—H0

Q

aTCa
e

≠i

s
Ca

d·H
(i)
H0

(·)
R

b TC

Q

ae
≠i

s
C

d·H
(i)
H0

(·)
ÂH0(1)Â†

H0(1Õ)

R

b

R

b

Tr

Q

ae≠—H0TCa
e

≠i

s
Ca

d·H
(i)
H0

(·)
TC

Q

ae
≠i

s
C

d·H
(i)
H0

(·)
R

b

R

b

.

(1.61)

Since we do not consider transient phenomena, we can set t0 in the far past to minus
infinity, i.e. t0 = ≠Œ. In this case, we can neglect the contribution of the imaginary
contour part Ci compared to the whole contour C + Ci, and we can obtain the final
expression [118, p. 92 ff]

G(1, 1Õ) = Tr

Q

afl0TC

Q

ae
≠i

s
C

d·H
(i)
H0

(·)
ÂH0(1)Â†

H0(1Õ)

R

b

R

b (1.62)

with fl0 = e≠H0/kBT /Tr
1
e≠H0/kBT

2
. At this point, we are able to expand the Green’s

function, i.e. expand the exponential function containing the integral over the interaction
Hamiltonian.

1.4.2.4. Wick’s Theorem

The perturbation expansion of the exponential function in Eq. (1.62) leads to products of
the interaction Hamiltonian and therefore to products of fermionic and/or bosonic field
operators. The common trace over the bosonic and fermionic operators can be separated
since they are independent of each other. To calculate the average of a long chain of field
operators we use Wick’s theorem, which allows us to decompose a contour-ordered string
of creation and annihilation operators, derived from a quadratic Hamiltonian, into a sum
over all possible pairwise products

e
TC

1
c(·n)c(·(n≠1)) . . . c(·2)c(·1)

2f
=

ÿ

a.p.p.

Ÿ

q,qÕ

+
Tct

!
cq(·)cqÕ(· Õ)

",
. (1.63)

We sum over all possible ways of picking pairs (a.p.p.) of the n operators and neglect the
ordering within a pair, while cq represents either a creation or an annihilation operator.
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Writing bosonic field operators „ and the fermionic field operators Â, we specify Wick’s
theorem for the case of a fermionic or bosonic chain of operators.

Wick’s theorem for bosonic operators:

ÈTC („(x2n, ·2n)„(x2n≠1, ·2n≠1) . . . „(x2, ·2)„(x1, ·1))Í

=
ÿ

a.p.p.

Ÿ

i”=j

ÈTC („(xi, ·i)„(xj , ·j))Í =
ÿ

a.p.p.

Ÿ

i”=j

iN D0(xi, ·i; xj , ·j) (1.64)

Wick’s theorem of fermionic operators:

ÈTC (Â(x2n, ·2n)Â(x2n≠1, ·2n≠1) . . . Â(x2, ·2)Â(x1, ·1))Í

=
ÿ

a.p.p.

Ÿ

i”=j

(≠1)’P ÈTC (Â(xi, ·i)Â(xj , ·j))Í =
ÿ

a.p.p.

Ÿ

i”=j

(≠1)’P iN G0(xi, ·i; xj , ·j) (1.65)

For the bosonic and fermionic case, the last step is only valid if one operator is a creation
and the other is an annihilation operator. If the expression contains an odd number of
creation or annihilation operators, it is zero since the number of particles is not conserved.
(≠1)’P denotes the number of transpositions of operators since each swap of two fermionic
operators adds a factor of (≠1).

1.4.2.5. Feynman Diagrams and the Concept of Self-Energy

Performing the perturbative expansion and applying Wick’s theorem leads to a huge, in
principle infinite, amount of different combinations of Green’s functions. In 1948, Richard
Feynman introduced a method to represent these contributions graphically, the so-called
Feynman diagrams [121]. On the one hand, the diagrams represent the perturbation
theory in a (mathematical) exact way, while it is also an impressive possibility to decode
the physical statement of long and messy expressions [115]. To use Feynman diagrams,
we need some basic elements [122], as shown in Fig. 1.6

The structure of the Feynman diagrams depends directly on the kind of interaction in
the system. The two standard examples given in most textbooks are interaction with an
external static potential, and the electron-electron interaction [114, 115, 123]. Since we
consider the electron-photon interaction in the minimal example in more detail at the
end of this chapter, we just briefly show the results for the case of an external potential
[114].

Feynman diagrams for an external potential
In this example we consider electrons that are interacting with an external potential

V (0) =
ÿ

‡

⁄
dr�(0)

‡

†(rt)V (r)�(0)
‡ (rt) . (1.66)
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Fig. 1.6.: Basic elements of Feynman diagrams. (a) A straight line corresponds to the unper-
turbed propagator G(0)(r, t, rÕ, tÕ), (b) the double line represents the full propagator
G(rÕ, tÕ, r, t), (c) a wiggled line describes an interaction between the events rÕtÕ and rt,
(d) a dashed line represents an interaction with an external potential.

The expansion of the full Green’s function in terms of the external potential is equivalent
to the Feynman diagrams in Fig. 1.7. For the n-th perturbation order, one obtains n+1
propagators, i.e. the unperturbed Green’s function and n interaction lines, i.e. the external
potential, while one needs to integrate over the internal variables. Defining the "Feynman
rules" [115, p. 228 ff] one can determine the perturbative expansion directly in terms
of Feynman diagrams. The second-order diagram is then given my the mathematical

Fig. 1.7.: Perturbative series of the Green’s function upon third order, graphically represented by
Feynman diagrams, with an interaction given by an external potential.

expression
⁄

t1

⁄
t2 G(0)(rt, r1t1)V (r1)G(0)(r1t1, r2t2)V (r2)G(0)(r2t2, rÕtÕ) . (1.67)

In this example we can easily see the concept of self-energy. As a first idea we consider
the complete (infinite) expansion and summarize the occurring diagrams in the following
way, compare Fig. 1.8. While we denote the gray area with �I , we define a first idea of
the self-energy and write the full propagator as

G =G(0) + G(0)�IG(0) . (1.68)

We can see that the the diagrams defining �I repeat the same sub-part several times. In
detail, the n-th order diagrams contain n times exactly the same expression. Extending
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Fig. 1.8.: Perturbative series of the self-energy �I .

and summarizing these contributions in a different way, we define the (proper) self-energy
according to Fig. 1.9. In this way we finally recover again the Dyson equation in terms of

Fig. 1.9.: Perturbative series of the proper self-energy �.

the self-energy, i.e.

G = G(0) + G(0)�G . (1.69)

1.4.2.6. Disconnected Diagrams

To develop the full propagator, we consider the numerator and denominator separately.
It can then be shown that the denominator completely cancels all the "disconnected
diagrams" and, therefore, only so-called "connected diagrams" remain. For the general
derivation, we refer to textbooks but show the main principle in the example of pair
interactions [115] .
The numerator contains the diagrams in Fig. 1.10. The free propagator belongs to the
zeroth-order, the following diagrams to the first, and those of the second line to the
second-order of the perturbative expansion. Of course, there are many more diagrams,
but the main difference becomes clear already for this selection. In the first and fourth
diagrams, all propagator and interaction lines are connected, and we refer to them as
"connected diagrams". The second and third diagrams are examples of pure "disconnected
diagrams" since the propagator between the reference points is not connected to the
internal arguments. The last diagram in the second line is a combination of a connected
and disconnected diagram. Diagrams that contribute to the denominator are shown in
Fig. 1.11. As we can see, only disconnected diagrams contribute to it. If one considers
all diagrams of the numerator, it can be separated into a part containing only completely
connected diagrams, i.e. the first bracket in Fig. 1.12 and those terms that contribute
to the diagrams that are combinations of connected and disconnected parts. This term
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Fig. 1.10.: Feynman diagrams contributing to the numerator of the full propagator.

Fig. 1.11.: Feynman diagrams contributing to the denominator of the full propagator.

corresponds now exactly to the denominator and therefore cancels. Finally, one considers
only the connected diagrams to determine the propagator in terms of Feynman diagrams.

1.4.2.7. Tadpole Diagrams

A so-called tadpole diagram is a Feynman diagram consisting of a loop and a single external
leg. Therefore it can be disconnected by cutting just a single line. It is contributing to
the vacuum expectation value of a field È�Í = È0|�(x, t)|0Í. If the tadpoles of the given
field are nonzero, one can redefine it via �(x) = �(x) ≠ È0|�(x)|0Í [@124, 125, 126].
Regarding a microwave cavity with the creation and annihilation operators b̂, b̂†, coupled
to a quantum dot, this effect appears due to a shift of the resonator because of an average,
nonzero force acting on it. Without such a shift, these tadpole diagrams would not appear
in a system. To neglect the terms containing tadpoles, one can redefine the bosonic
operator concerning this shift like b̂Õ = b̂≠

e
b̂
f

. We show this in more detail in the minimal
example in the next subsection.
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Fig. 1.12.: Feynman diagrams that did not cancel and finally determine the full propagator.

1.4.2.8. Minimal Example

In the latter section, we finished the minimal example by determining the retarded and
advanced Green’s function in Eq. (1.33) for a quantum dot with a single level coupled
to left and right leads. We move on with this example in the following way: We first
determine the Keldysh Green’s functions. Then we couple this single level to a single
microwave cavity. We perform the perturbative expansion on the single-particle Green’s
function and simplify it with Wick’s theorem. Finally, we show the perturbative expansion
in terms of Feynman diagrams and identify disconnected and tadpole diagrams.

Unperturbed Greater and Lesser Green’s Function of the Leads
We use the Dyson equation to determine the full Keldysh Green’s function. For this
purpose, we will need the unperturbed Green’s functions of the leads. The unperturbed
Green’s functions describe the isolated uncoupled subsystems, i.e. they are independent of
the central region, and this result is valid both for a single and a double dot coupled to the
leads. We first determine the unperturbed greater and lesser Green’s functions, i.e. g>(E)
and g<(E), [114, 127]. The lesser Green’s function of a non-interacting system, that we
denote with G̃<(E), can be expressed in terms of the electron distribution in equilibrium
2 and therefore with the local density of states fli(E) and the Fermi function f(E) in the
following way

G̃<

ii
(0) = i

+
c†

i
(0)ci(0)

,
= i

+
ni

,
=

⁄
dE

2fi
G̃<

ii
(E) = i

⁄
fli(E)f(E)dE . (1.70)

2To be precise it is only the diagonal component. Since we consider the unperturbed, i.e. uncoupled system
the offdiagonal elements vanish.
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The greater Green’s function of a non-interacting system can be found in an analogue way,
while it is proportional to 1 ≠ f(E). Together with the relation

Ga(E) ≠ Gr(E) = G<(E) ≠ G>(E) . (1.71)

We can express the lesser and greater Green’s functions in terms of the retarded and
advanced Green’s functions. The unperturbed system, i.e. the isolated dot(s) and leads,
is a system in equilibrium without any interaction. The unperturbed greater and lesser
Green’s functions can therefore be defined in the same way as those of a non-interacting
system and we end up with [114]

g<

ij
(E) =

Ë
ga

ij(E) ≠ gr

ij(E)
È

f(E) , (1.72)

g>

ij
(E) = ≠

Ë
ga

ij(E) ≠ gr

ij(E)
È

[1 ≠ f(E)] , (1.73)

for i = j and zero else. Since these functions are diagonal, the Green’s functions are
proportional to the density of states. For a quantum dot with a single energy level Ái, this
density of states is a delta function

fli(E) = ”(E ≠ Ái) . (1.74)

We will see later that this fact will simplify the calculation of the full greater and lesser
Green’s functions, and it is not necessary to determine the unperturbed ones further. The
voltage that is applied across the parallel double quantum dot is included in the unper-
turbed Hamiltonian by shifting the corresponding chemical potentials, which changes,
in general, the energy-dependence of the unperturbed Green’s functions. Since we still
use the wide-band approximation for the (normal) leads, the Green’s function becomes
independent of the energy and the shift by the chemical potential. The energy shift
is captured in the Fermi function describing the leads and we use the short notation
fR = f(E + eV/2) and fL = f(E ≠ eV/2).
The unperturbed Green’s functions of the lead r = L, R read

g<

rr(E) = [ga

rr(E) ≠ gr

rr(E)] fr(E) , (1.75)

g>

rr(E) = ≠ [ga

rr(E) ≠ gr

rr(E)] [1 ≠ fr(E)] . (1.76)

Full greater and lesser Green’s function
Now we can determine the greater and lesser Keldysh Green’s functions via the Dyson
equation. In the system of this minimal example, it can be simplified to the expression

G<

ij
=

ÿ

lm

Gr

il�<

lm
Ga

mj . (1.77)
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The derivation of the latter equation needs a detailed explanation that we skip here but
take care of it in the main part in Section 2.3.3.1. The self-energy of such a system consists
only of the tunneling self-energy [128], which is defined as

�<

lm
=

ÿ

r=L,R

V ú
r,lg

<

rrVr,m . (1.78)

Using the wide-band approximation, the lesser and greater self-energy become

�<

11 =i�(fL + fR) , �>

11 = i�(fL + fR ≠ 2) . (1.79)

From this we can determine, together with the retarded and advanced Green’s functions
from Eq. (1.33), the greater and lesser Keldysh Green’s functions in the high-voltage (h.v.)
limit

G<

11 = Gr

11�<

11Ga

11 = i�(fL + fR)
(E ≠ Á)2 + �2

h.v.= i�
(E ≠ Á)2 + �2 , (1.80)

G>

11 = Gr

11�>

11Ga

11 = i�(fL + fR ≠ 2)
(E ≠ Á)2 + �2

h.v.= ≠i�
(E ≠ Á)2 + �2 . (1.81)

For the time-ordered and anti-time-ordered Green’s function, we use the relations

G11 = G<

11 + Gr

11 = i�
(E ≠ Á)2 + �2 + 1

E ≠ Á ≠ i� = E ≠ Á

(E ≠ Á)2 + �2 , (1.82)

G̃11 = G<

11 ≠ Ga

11 = i�
(E ≠ Á)2 + �2 ≠ 1

E ≠ Á + i� = ≠ E ≠ Á

(E ≠ Á)2 + �2 . (1.83)

In summary, we get the four Keldysh Green’s functions in the high-voltage (h.v.) bias
limit

Ĝ11 =
A

G11 G<

11
G>

11 G̃11

B

= 1
(E ≠ Á)2 + �2

A
E ≠ Á i�
≠i� ≠(E ≠ Á)

B

. (1.84)

Perturbation expansion
As a next step, we couple a single microwave cavity to the quantum dot with the single
electronic level. Therefore, the Hamiltonian will be extended by the photonic part, and
the electron-photon interaction

Htotal =HÁ + Ê0â†â + ⁄(â + â†)d̂†d̂ , (1.85)

where HÁ given in Eq. (1.26) describes the electronic part, â are the bosonic operators,
Ê0 the resonance frequency of the cavity and ⁄ the dot-cavity coupling parameter. We
want to determine the single-particle Green’s function. To obtain this result we perform a
perturbation expansion upon second order in the electron-photon interaction

Ĥint = ⁄
1
â† + â

2
d̂†d̂ . (1.86)
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The first (and third) ordered term of the perturbative expansion become zero, because
of the odd number of operators. However, the second-order perturbation expansion is
nonzero and reads

e
TC

1
â(t)â(tÕ)†

2f
¥

e
TC

1
â(t)â(tÕ)†

2f(0)
(1.87)
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Ë
⁄(â + â†)

È

t2

4>
.

(1.88)

Multiplying the terms of the interaction Hamiltonian, we can separate the string of bosonic
and fermionic operators.

Wick’s theorem
To simplify this expressions we then apply Wick’s theorem and get four different contribu-
tions for the second order term:
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tÕ

2f e
TC

1
d̂†

t1 d̂t1

2f e
TC

1
d̂†

t2 d̂t2

2f

+⁄2
⁄

C

dt1

⁄

C

dt2
e
TC

1
âtâ
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(1.89)

Feynman diagrams
The occuring terms can now be represented as Feynman diagrams. Of course it would
also have been possible to develop them directly. For the bosonic propagator we use the
wiggled line while the arrow indicates the time-dependence. The straight line defines the
fermionic ones. The diagrams are shown in Fig. 1.13 while they are given in the same

Fig. 1.13.: Feynman diagrams contributing to the numerator of the full propagator.

order as the contributions appear in Eq. (1.89). The first diagram corresponds to the
zeroth-order. The other four diagrams correspond to the second-order while only the last
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one is a connected diagram. In total, only the first and last diagrams contribute to the
result. Furthermore, the third diagram of the second order is a tadpole diagram.

Tadpole diagrams
To explain it in more detail, we check the first-order perturbative expansion of ÈbÍ

ÈbÍ ¥ ÈbÍ0¸˚˙˝
0

+
=

⁄
⁄

C

dt1(≠i)bt

1
(bt1 + b†

t1)d̃†
t1 d̃t1

2>
(1.90)

= ≠ i⁄
⁄

C

dt1 Èbtbt1Í
e
d̃†

t1 d̃t1

f
(1.91)

= i⁄
⁄

C

dt1D(t, t1)G22(t1, t1) (1.92)

and it is corresponding Feynman diagram. The first-order term represents the first-order

Fig. 1.14.: Tadpole diagram of order of ⁄, i.e. the first perturbative expansion of ÈbÍ.

tadpole diagram. We can redefine the bosonic operator via bÕ = b ≠ ÈbÍ
⁄

and obtain

+
bÕ, = ÈbÍ ≠ ÈbÍ

⁄
= ÈbÍ0¸˚˙˝

0

+ ÈbÍ
⁄

+ ÈbÍ
⁄2¸ ˚˙ ˝

0

+ ÈbÍ
⁄3 + . . . ≠ ÈbÍ

⁄
. (1.93)

Since the term ÈbÍ
⁄

is canceled in this way, diagrams containing tadpoles of the first order
would vanish with the new bosonic operators bÕ = b ≠ ÈbÍ and only a tadpole diagram of
third-order or higher remain. If we proceed in this way and redefine the bosonic operator
via bÕ = b ≠ ÈbÍ with ÈbÍ = ÈbÍ

⁄
+ ÈbÍ

⁄2 + . . . , every tadpole-like diagram is canceled and
results in a ÈbÕÍ, i.e. without tadpoles. Therefore, the diagrams containing tadpoles do not
contribute to the result. Regarding a perturbative expansion up to the fourth order, only
tadpole diagrams of first and third order appear. These tadpole diagrams are depicted in
Fig. 1.15.

Fig. 1.15.: Perturbative expansion of ÈbÍ up to third order.
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Quantum-Correlated Photons

Generated by Nonlocal Electron

Transport

2

F. Hellbach, F. Pauly, W. Belzig, G. Rastelli, Quantum-correlated photons generated by
nonlocal electron transport, Phys. Rev. B 105, L241407 (2022)

2.1 System and Main Idea

We analyze a parallel double quantum dot system, as shown in Fig. 2.1. Both dots are
coupled to a common left and right lead with the chemical potential µL and µR, while
electron transport between lead and dot is defined by the hopping constant t. Each dot is
capacitively coupled to one of two separated microwave cavities of resonance frequencies
Êa and Êb. We denote the coupling strength of the dot-cavity interaction by ⁄.

Fig. 2.1.: Main model: A parallel double quantum dot with a single electronic energy level in
each quantum dot. Each dot is coupled to one of two separated microwave cavities and
a common left and right lead.
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We study a spinless model, consisting of a single electron state in each dot, whose energy
level is given by Áa,b = Á̄ ± �Á for the upper and lower dot, respectively. There is no direct
tunneling between the dots. A priori, we cannot exclude the possibility that both dots are
occupied simultaneously. However, the tunneling of electrons into the double-dot system
is an uncorrelated event in our model due to the lack of electron-electron interactions.
Therefore, the process cannot generate quantum correlations between the two microwave
cavities that go beyond the elementary single-electron tunneling process that we discuss
in the following.

We explore how correlation and entanglement between the two cavities emerge by the
coherent transport of a single electron passing simultaneously through the two different
dots. Let us first assume that the energy levels of the dots are close to each other, in the
sense that the energy difference is small compared to their broadening |�Á| = |Áa≠Áb| π �,
i.e. the energy distributions overlap. In this regime the two paths are indistinguishable, and
the electron flows through both branches simultaneously, causing quantum interference in
the double quantum dot system. This means that the linear conductance associated with
the levels of the double-dot system is different from the sum of the linear conductances of
the two separate dots, i.e. different from the single level regime, see Chapter 2.3.2. If the
difference between the two energy levels is increased, i.e. |�Á| ∫ �, the interference is
destroyed, and the electron transfer occurs via the incoherent sum of the two possible
paths, namely, the electron proceeds independently through the upper or through the
lower branch, but not simultaneously through both. As we will see later, this mechanism
allows or prevents entanglement. In Fig. 2.2 we sketch the idealized procedure of the
entanglement process that we substantiate with the following equations.

Fig. 2.2.: Sketch of the main idea: The electron travels inside the double-dot system and splits
between the two branches. Therefore the electronic state is a coherent superposition of
the electron occupying the upper or the lower quantum dot. Due to this superposition
and after some dwell time, the dot-cavity interaction correlates the two cavities. Without
knowledge of the path through that the electron has traveled, it is removed from the
system in some kind of non-local measurement, creating an entangled state between
the cavities that persists even if the dot state is empty.
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When the electron travels inside the system, it splits. Therefore the electronic state is a
coherent superposition of the electron occupying the upper dot or the lower dot, with
the corresponding occupations n(el)

a and n(el)
b . The state of the complete system is this

superposed electron state coupled to the two ground states of the cavities |GSÍa and
|GSÍb

|�Íin = 1Ô
2

1---n(el)
a = 1, n(el)

b = 0
f

+
---n(el)

a = 0, n(el)
b = 1

f2
|GSÍa |GSÍb . (2.1)

The interaction between an electron in a dot and the corresponding cavity ensures that
a coherent state is created, depending on the position of the electron, described by the
unitary time evolution operator

Û(·) = D̂a[n̂(el)
a fl(·)] ◊ D̂b[n̂(el)

b fl(·)] , (2.2)

where n̂(el)
a and n̂(el)

b are the electron occupation operators of the two dots, D̂a,b[›] are the
coherent displacement operators with the associated parameter ›, and fl(t) = ≠i⁄t. (We
set ~ = 1 here and in the following.) After some dwell time · the state has evolved, and
the dot-cavity interaction correlates the two cavities,

Û(·) |�Íin = 1Ô
2

1 ---n(el)
a = 1, n(el)

b = 0
f

|fl(·)Ía |GSÍb +
---n(el)

a = 0, n(el)
b = 1

f
|GSÍa |fl(·)Íb

2
,

(2.3)

where |fl(·)Ía and |fl(·)Íb are coherent states of the cavities. The quantum delocalization
of the single electron in the double-dot leads to a quantum correlation of the two cavities,
which indicates the possibility of an entangled state. This state can persist even when the
electron leaves the system, and the dot state is empty,

|�Íout = 1Ô
2

|0, 0Í
!
|fl(·)Ía |GSÍb + |GSÍa |fl(·)Íb

"
. (2.4)

Notice that in the last step the electron is removed without the knowledge of which path
it passed through, and this operation corresponds to a kind of non-local measurement.
When a second electron subsequently enters the double-dot, one can repeat a similar
argument starting from the entangled photon state instead of the vacuum. However, for
long times, the internal losses of the cavities should be included as well as their energy
relaxation and dephasing due to the coupling with the conducting leads via the double-
dot. In other words, Fig. 2.2 describes just the idealized argument of the entanglement
generation process, where it is assumed that the interaction time of the electron and the
cavity is short and that decoherence effects of the dots happen much later regarding the
timescale of the interaction.
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2.2 Hamiltonian and Correlators

To investigate the possibility of entanglement, we will evaluate two quantities: We prove
correlation via the covariance of the Fock occupation numbers and quantum correlation
via the violation of the classical Cauchy-Schwarz inequality [103] for the two cavities.
We calculate these two quantities, and some more, by a perturbative expansion using the
Keldysh Green’s function formalism. For this reason, we determine the Keldysh Green’s
functions of the pure fermionic system, namely the parallel double-dot coupled to the
left and right lead, as well as the Green’s functions of the pure bosonic system, which
consists of the two isolated microwave cavities. We write the covariance and classical
Cauchy-Schwarz inequality in terms of single- and two-particle Green’s functions. We
then perform a perturbative expansion in the dot-cavity interaction Hamiltonian up to the
fourth order.
The double quantum dot system with the attached cavities, shown in Fig. 2.1, is described
by the following Hamiltonian including the electronic part Ĥel, the photonic part Ĥph as
well as the electron-photon interaction Ĥint:

Ĥ = Ĥel + Ĥph + Ĥint , (2.5)

Ĥel =
ÿ

r=L,R

ÿ

k

(Ákr ≠ µr) ĉ†
kr

ĉ
kr

+
ÿ

–=a,b

Á–d̂†
–d̂–

+ t
ÿ

r=L,R

ÿ

–=a,b

ÿ

k

1
ĉ†

kr
d̂– + h.c.

2
, (2.6)

Ĥph =
ÿ

–=a,b

Ê––̂†–̂ , (2.7)

Ĥint = ⁄
ÿ

–=a,b

1
–̂† + –̂

2
d̂†

–d̂– . (2.8)

In this work we focus on the non-interacting, spinless model for the electronic system
[129, 130]. We disregard the spin degree of freedom, as the interaction with the cavity
is spin-independent. The electron spin is therefore not crucial for the entanglement
generation process that we focus on here. ĉ†

kr
and d̂†

– with r = L,R and – = a,b are the
creation operators of the electrons in the left and right lead and in the two quantum dots
with energy levels Áa, b = Á̄ ± �Á. –̂† and –̂ are the creation and annihilation operators
of photons with frequency Ê– in cavity –. t œ R is the hopping parameter describing the
transport of an electron between dots and leads.

We focus on the regime of unidirectional transport. The voltage applied along the system
shifts the electrochemical potential of the leads. We consider a symmetric shift in the high
voltage limit

µL = ≠µR = lim
eV æŒ

eV/2 . (2.9)
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Therefore the Fermi functions of the left and right lead become fL(E) = 1 and fR(E) = 0.
This approximation holds as long as the potential is the largest energy scale involved in
our model, namely |eV | ∫ max(kBT, �, �Á, Ê0, ÷). Here kBT is the temperature of the
leads and ÷ is the damping parameter that characterizes the cavity losses, which we will
describe in more detail in Chapter 2.5. The mean value of the dot energy levels is chosen
to be in the middle of the electrochemical potentials of the two leads, i.e. Á̄ = 0. Dot
energies are therefore specified only by the level difference, i.e. Áa,b = ±�Á.

To demonstrate the entanglement of photons in the two cavities, we calculate the covari-
ance

C = Èn̂an̂bÍ ≠ Èn̂aÍ Èn̂bÍ , (2.10)

which proves correlation if it is finite, i.e. C ”= 0, and test the classical Cauchy-Schwarz
inequality

S =

e
â†âb̂†b̂

f

Ò
Èâ†â†ââÍ

Úe
b̂†b̂†b̂b̂

f Æ 1, (2.11)

which proves quantum correlation if it is violated. In the expressions, the cavity occu-
pations are defined by the bosonic creation and annihilation operators n̂a = â†â and
n̂b = b̂†b̂, and S is the classical Cauchy-Schwarz parameter.

To evaluate Eqs. (2.10) and (2.11), we express the expectation values by Keldysh Green’s
functions and perform a diagrammatic perturbative expansion in the dot-cavity coupling ⁄

up to fourth order, i.e. given by the interaction Hamiltonian in Eq. (2.8). For this reason,
we define the bosonic two-particle Green’s function

F–—(t, tÕ) = ≠ i
e
TC

1
–̂(t)—̂(t)–̂†(tÕ)—̂†(tÕ)

2f
, (2.12)

and the bosonic single-particle Green’s function

D–(t, tÕ) = ≠ i
e
TC

1
–̂(t)–̂†(tÕ)

2f
. (2.13)

Analog to the single-particle Keldysh Green’s function, we obtain the four different Keldysh
components for the two-particle Green’s function, depending on the position of the time
arguments on the Keldysh contour

F (t, tÕ) =
A

F (t, tÕ) F <(t, tÕ)
F >(t, tÕ) F̃ (t, tÕ)

B

. (2.14)

2.2 Hamiltonian and Correlators 35



The expectation values of Eqa. (2.10) and (2.11) can now be represented in terms of the
lesser component of Eq. (2.14), while the average occupation of a single cavity is given
by the lesser component of the bosonic single-particle Green’s function, i.e.

Èn̂–Í =D<

– (t, t), (2.15)

C =
!
iF <

ab(t, t) + D<

a (t, t)D<

b (t, t)
"

, (2.16)

S = F <

ab(t, t)
Ò

F <
aa(t, t)F <

bb(t, t)
. (2.17)

The conditions for entanglement are a nonzero covariance, C ”= 0, and a violated classical
Cauchy-Schwarz inequality, i.e. S > 1. Both quantities have no finite contributions up to
the third order, so we have to calculate them consistently up to the fourth order in ⁄.

2.3 Parallel Double Quantum Dot

To determine the electronic transport through the system in the absence of electron-photon
interaction, we calculate the unperturbed electronic Green’s functions associated with the
electronic part Ĥel of the Hamiltonian, using the diagrammatic Keldysh technique and
applying the wide-band approximation for the leads [131, 132]. In this way, we obtain
the broadening � of the electronic levels. These electronic Green’s functions represent
our bare propagators in the perturbative approach, where we expand in terms of the
electron-photon interaction.

2.3.1 Retarded and Advanced Energy-Dependent Green’s Functions

Recalling Section 1.4.1 the full retarded and advanced Green’s functions can be calculated
via the Dyson equation, that is given by Eq. (1.25). In our setup we define the single
electronic levels of the parallel quantum dots and the continuum of electronic levels of
the leads as unperturbed electronic system while the dot-lead interaction will be handled
as the perturbation. The unperturbed fermionic Green’s function can be determined via
Eq. (1.23). With the Hamiltonian of the free levels

H0 = diag (Áa, Áb, ÁkL, ÁkR) , (2.18)

we get the unperturbed retarded and advanced Green’s functions

g
r,a(E) = diag

1
(Er,a ≠ Áa)≠1, (Er,a ≠ Áb)≠1, (Er,a ≠ ÁkL)≠1, (Er,a ≠ ÁkR)≠1

2
. (2.19)
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If we know the self-energy of the system the Dyson equation allows us to directly calculate
the full retarded and advanced Green’s function in a similar way via Eq. (1.36), that we
shortly recall

G
r,a(E) =

!
Er,a ≠ H0 ≠ �r,a

L
≠ �r,a

R

"≠1
. (2.20)

To justify the simplification regarding the equal tunnel couplings we start with a more
general setup, where the tunneling of an electron from lead r to dot i is given by the
hopping parameter tri, and the tunneling from dot i dot lead r by tir, with r = L, R and
i = a, b. We derive the Green’s functions in the case of real, but four different couplings,
described by �r

i
as shown in Fig. 2.3. In this system the self-energy consists only of the

Fig. 2.3.: Parallel double quantum dot with levels Áa,b, coupled to a common left and right lead,
where �R,L

a,b describe the tunneling coupling of dots and leads.

tunneling self-energy [128], i.e.
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for X = L, R. Using the wide-band approximation we defined them via the finite linewidth
of the electronic levels with �L,R

a,b
= fi(tL,R

a,b
)2flL,R(EF ) [114]. In terms of the four different

tunnel couplings �L,R

a,b
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2.3 Parallel Double Quantum Dot 37



With �ij = �L

ij
+ �R

ij
Eq. (2.20) we get

Ĝ
r,a(Ê) =

Q

ca
Ê ≠ Á1 ± i�11 ±i�12

±i�21 Ê ≠ Á2 ± i�22

R

db

≠1

. (2.24)

We introduce the average level energy and the level spacing

Á̄ =Áa + Áb

2 , � = Áa ≠ Áb , (2.25)

so that the Green’s function becomes

Ĝ
r,a(Ê) = 1

Ÿr,a(Ê)

Q

ca
Ê ≠

1
Á̄ ≠ �

2

2
± i�22 ûi�12

ûi�21 Ê ≠
1
Á̄ + �

2

2
± i�11

R

db , (2.26)

Ÿr,a(Ê) =
3

Ê ≠ Á̄ ≠ �
2 ± i�11

4 3
Ê ≠ Á̄ + �

2 ± i�22

4
+ �12�21 . (2.27)

If we assume that all tunneling elements are equal with �L

a,b
=: �L, �R

a,b
=: �R, and

�L = �R =: �/2 and the energy levels Áa,b = ±�Á the Green’s function simplify to

G
r, a(E) = 1

(Er, a ≠ �Á ± i�) (Er, a + �Á ± i�) + �2

A
Er, a + �Á ± i� ûi�

ûi� Er, a ≠ �Á ± i�

B

.

(2.28)

2.3.2 Transmission

The transmission through the system can be calculated via [133, 134]

T (E) = 4tr
Ó

G
a(E)�R

G
r(E)�L

Ô
, (2.29)

where G
r,a and �L,R are the 2x2 matrices defined above. With Ē = E≠Á̄ the transmission

for arbitrary tunnel couplings and finite level spacing becomes

T (Ē) =
4

C

2Ē�
1
�L

a �R
a ≠ �L

b
�R

b

2
+ Ē2

3Ò
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a �R
a +

Ò
�L

b
�R

b

42
+ �2

3Ò
�L

a �R
a ≠

Ò
�L

b
�R

b

42D

C

Ē2≠�2≠
3Ò

�L
a �R

b
≠

Ò
�R

a �L

b

42D2
+

Ë
Ē

!
�L

a +�R
a +�L

b
+�R

b

"
+ �

!
�L

a +�R
a ≠�L

b
≠�R

b

"È2
.

(2.30)
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2.3.2.1. Equal tunnel couplings

In the case of equal tunnel couplings, with �L

a,b
=: �L, �R

a,b
=: �R, and �L = �R =: �/2

and the energy levels Áa,b = ±�Á the transmission reduces to

TDQD(E) = 4�2(E ≠ Á̄)2

((E ≠ Á̄)2 ≠ �Á2)2 + 4�2(E ≠ Á̄)2 . (2.31)

The transmission through a single quantum dot with a single electronic level Á, coupled to
two leads with the same parameters as in the double-dot case, reads

TSQD(E) = �2

(E ≠ Á)2 + �2 . (2.32)

Let us first assume that the energy levels of the two dots are close to each other, in the sense
that the energy difference is small compared to their broadening |�Á| = |Áa ≠ Áb| π �, i.e.
the energy distributions overlap. In this regime, the two paths are indistinguishable, and
the electron flows through both branches simultaneously, causing quantum interference in
the double quantum dot system. This means that the linear conductance, that is given by
the transmission since we consider the whole system at zero temperature, associated with
the levels of the double-dot system is different from the sum of the linear conductances
of the two separate dots, i.e. different from the single level regime. This becomes more

Fig. 2.4.: Transmission as a function of energy E for a parallel double quantum dot with equal
dot levels, i.e. level spacing �Á/� = 0 (orange), with different levels, i.e. a finite level
spacing of �Á/� = 10 (blue), and for the sum of the transmissions of two separated
dots in the single level regime, with transmission peaks shifted to the origin (green
dashed).

clear if we consider Fig. 2.4. The sum of the two transmissions of two identical separated
quantum dots would reach the value T = 2, while the parallel double quantum dot
just reaches T = 1. The total transmission can be viewed as the sum of incoherent
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contributions reduced by interference, i.e. 2|T1|2 ≠ |T1|2 (incoherent + interference) with
T1 = 1 being the maximum transmission through a single quantum dot. This interference
effect vanishes for an increased level spacing, and we get two separated peaks, each with
a transmission of T = 1. The conductance is a continuous function of all our Hamiltonian
parameters, particularly the level spacing and central level position. If the difference
between the two energy levels is increased, i.e. |�Á| ∫ �, the interference is destroyed,
and the electron transfer occurs via the incoherent sum of the two possible paths, namely,
the electron proceeds independently through the upper or through the lower branch, but
not simultaneously through both.

2.3.2.2. Arbitrary tunnel couplings

Since we consider the most simplified case for the tunnel coupling, i.e., all tunnel couplings
are equal, we check the impact of arbitrary tunnel couplings on our proposal. For this we
start with the transmission for arbitrary tunnel couplings and zero level spacing, i.e. given
by

T (E)�Á=0 =
4

3Ò
�L

a �R
a +

Ò
�L

b
�R

b

42
(E ≠ ˜̄Á)2

C

(E ≠ Á̄)2 ≠
3Ò

�L
a �R

b
≠

Ò
�R

a �L

b

42D2
+ (E ≠ Á̄)2 !

�L
a + �R

a + �L

b
+ �R

b

"2

(2.33)

We define ” :=
Ò

�L
a �R

b
≠

Ò
�R

a �L

b
. At E = Á̄ the transmission shows a different behaviour

for zero or finite ”. If the tunnel couplings are arbitrary, the parameter ” is finite. In
some special cases, this parameter vanishes, which can be, for instance, the case when all
tunnel couplings are equal, which is the case that we consider in our study. For a finite
” the transmission vanishes at this point, forming a dip in the transmission curve. This
dip discontinuously disappears as soon as ” = 0 since, in this case, the term (E ≠ Á̄)2 in
the numerator cancels, and we get a nonzero result for the transmission at E = Á̄. An
example for one arbitrary parameter set is shown in Fig. 2.5. This points out a singular
dependence of the transmission function on the asymmetry and is important if (and only
if) one considers the linear conductance. In other words, if we apply a “vanishing gate
voltage” in our setup (with a symmetric bias voltage on the lead and Á̄ = 0) this singular
behavior will strongly affect the final result as the current in such a linear regime strongly
depends on the transmission. But, this critical dependence does not show up in all physical
quantities and observables. For example, in the regime of the high voltage bias limit
corresponding to the unilateral transport fL(E) = 1 and fR(E) = 0, that we consider in
this work, the relevant quantity is the total current which is given by the integral over the
transmission. To emphasize this we check the integral over the transmission depending
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Fig. 2.5.: Transmission for equal (– = 1) and arbitrary (– = 0.75) tunneling couplings, for the
choice �L

a = �R
b = �/2 and �L

b = �R
a = –�/2.

on the parameter ”. Defining the three parameters

” =
Ò

�L
a �R

b
≠

Ò
�R

a �L

b
, (2.34)

Isat = fi

�̄

3Ò
�L

a �R
a +

Ò
�L

b
�R

b

42
, (2.35)

�̄ = 1
4

1
�L

a + �L

b + �R

a + �R

b

2
, (2.36)

we can write the transmission in short form as

T (Ē) = Isat

4�̄Ē2/fi
Ë
Ē2 ≠ ”2

È2
+ 4�̄2Ē2

, (2.37)

From Eq. (2.37) it is possible to show that the function of E that multiplies the constant Isat

is normalized independently of the parameter ”, since the integral over the transmission
becomes [135]

Œ⁄

≠Œ

T (Ē)dĒ = Isat

Û

1 ≠
1

”Ô
8�̄

22
+

Ú
1 ≠

1
”

2�̄

22
≠

Û

1 ≠
1

”Ô
8�̄

22
≠

Ú
1 ≠

1
”

2�̄

22

Ú
2 ≠ 1

2

1
”

�

22
(2.38)

¥ Isat (2.39)

corresponding to the saturation current, scaled in terms of e/~. The result for the total
current is, therefore a smooth function of the tunneling rates and has a continuous
dependence on the asymmetry: it is given by Eq. (2.39), a kind of average of the tunneling
rates. For an intuitive explanation, we illustrate this result in Fig. 2.6. In simple words,
within the high voltage bias limit, the effective flux of electrons is confined by ≥ �̄, the
average rate, and there is no reason why the electrons of a pretty small energy range, as
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Fig. 2.6.: Transport of electrons (electron flux indicated by black arrows) in the high voltage
bias limit, i.e. µL = ≠µR = lim

eV æŒ
eV/2 through a parallel double quantum dot. The

transmission function is described by the blue curve. The effective flux of electrons is
confined by �̄ while the dip associated to the asymmetry is related to an even smaller
energy range ” π �̄ (see text).

given by the singularity ” π �̄, should contribute more to the current.

One can argue a similar conclusion if one takes into account only quantities for which
we must integrate over the whole bias µL = ≠µR = lim

eV æŒ
eV/2. Here the relevant

mathematical quantities are the electronic Green’s functions which are used to construct
the diagrams in the perturbation theory to treat the parallel double-dot system with
electron-photon interaction. For the degenerate case �Á = 0, the denominator of the
Green’s function Gr,a(E) simplifies and is reduced to

Ÿr,a(Ē) = Ē2 ≠ ”2 ± 4i�̄Ē (2.40)

pointing out that a finite ” changes the position of the poles. However, the Green’s
functions are objects that have to be inserted inside the integrals defining the diagrams,
and the small energy region associated to ” must give a small contribution to the full
integral. Therefore we expect a smooth, continuous behavior of the diagrams as a function
of the asymmetry. In other words, the electrons flowing in the small energy range
associated with the region Ē ≥ ” with ” π �̄ are expected to give a small contribution to
the entanglement when we compare them to the whole flux of electrons. Indeed, we have
shown that the saturation current is proportional to the integral over the transmission, and
it is independent of ”. Such small energy scale is also irrelevant when we consider inelastic
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tunneling events as the resonance frequency of the microwave cavities is also a larger
energy scale Ê0 ∫ �̄. This justifies our approximation of setting all the tunneling rates
equal to simplify the complex calculations of the perturbative diagrams largely. Overall we
can conclude that the choice of equal tunnel couplings leads to a special transport property
which is important for the linear conductance but not relevant for our proposal. The
retarded and advanced Green’s functions that we consider as bare electronic propagators
are therefore given in Eq. (2.28).

2.3.3 Keldysh Green’s Functions

As introduced in Section 1.4.2.2, a Green’s function depending on two-time arguments t

and tÕ there are four possibilities to distribute them on the two branches of the Keldysh
contour leading to four different Keldysh Green’s functions. Furthermore, we need to
take into account the parallel double quantum dot coupled to the two leads, so for
each Keldysh Green’s function, we get again a matrix Green’s function in the elements
i, j œ {a, b, L, R}.

Ĝij =
A

Gij G<

ij

G>

ij
G̃ij

B

= ≠i

A+
TC

!
ci(t)c†

j
(tÕ)

",
≠

+
c†

j
(tÕ)ci(t)

,
+
ci(t)c†

j
(tÕ)

, +
T̃C

!
ci(t)c†

j
(tÕ)

",

B

. (2.41)

2.3.3.1. Dyson equation and full Green’s functions

We recall the Dyson equation of the contour ordered Keldysh Green’s functions, which
reads for each matrix element

Ĝij = ĝij +
ÿ

lm

ĝil�̂lmĜmj , (2.42)

with the unperturbed Keldysh Green’s function ĝ, the self-energy �̂ and i, j œ {a, b, L, R}.
To determine the lesser and greater Keldysh Green’s function, we use the Langreth theorem
[128, 136] and get the two equations

G
< = g

< +
1
ĝ�̂Ĝ

2
<

(2.43)

= g
< + g

r�r
G

< + g
r�<

G
a + g

<�a
G

a , (2.44)

G
> = g

> + g
r�r

G
> + g

r�>
G

a + g
>�a

G
a . (2.45)

We transform Eq. (2.44) in the following way

(1 ≠ g
r�r)G< = g

<(1 + �a
G

a) + g
r�<

G
a (2.46)

g
r (Gr)≠1

G
< = g

< (ga)≠1
G

a + g
r�<

G
a (2.47)

G
< = G

r (gr)≠1
g

< (ga)≠1
G

a + G
r�<

G
a , (2.48)
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while we inserted a form of the Dyson equation for the retarded and advanced Green’s
function to obtain Eq. (2.47) from Eq. (2.46). We end up with an equation for G

< that
depends only on the unperturbed, the retarded and advanced Green’s functions as well as
the lesser self-energy. Since the unperturbed Green’s functions g

r,a and g
< are diagonal,

the multiplication of the three unperturbed Green’s functions is also a diagonal matrix.
According to Eq. (2.19), the inverse of the retarded and advanced Green’s functions are
proportional to E ≠ Ái. In Eq. (1.74) we see, that the unperturbed lesser Green’s functions
of the dots are proportional to ”(E ≠ Ái). The product of the three unperturbed Green’s
functions for the first and second matrix element, 11 and 22, is proportional to

(gr

ii)≠1g<

ii
(ga

ii)≠1 Ã ”(E ≠ Ái)(E ≠ Ái)2 = 0 , (2.49)

with i = a, b, and therefore vanishes. The third and fourth elements LL and RR contain
the unperturbed Green’s functions of the leads. The unperturbed lesser Green’s function
of the leads was determined in Eq. (1.75). We get

(gr

rr)≠1g<

rr(ga

rr)≠1 Ã lim
‹æ0

2i‹fr(E) = 0 . (2.50)

Summarized, the first term of Eq. (2.48) vanishes since the multiplication of the unper-
turbed Green’s functions vanishes. The same arguments hold for G

>.

For the perturbative expansion we need only the greater and lesser Keldysh Green’s
functions of the dots, i.e. i, j œ {a, b}, and not of the leads. In this case, the equation for
the fermionic lesser Green’s function of the dots reduces to

G<

ij
=

ÿ

l,m

Gr

il�<

lm
Ga

mj . (2.51)

As already said, the self-energy of the parallel double quantum dot coupled to the two
fermionic leads consists only of the tunneling self-energy, while the lesser self-energy, and
the greater, respectively, are then in general determined by the equation [128].

�<

lm
=

ÿ

k–=L,R

V ú
k–,lg

<

k–
Vk–,m . (2.52)

Vk–,l describes the coupling of the leads and the dots. Therefore Vk–,l = 0 if k– = l = L, R

and Vk–,l = t else. With Eq. (1.75) for the unperturbed Keldysh Green’s functions of the
leads, we can determine the lesser self-energy and the greater self-energy, respectively

�< = i� (fL + fR)
A

1 1
1 1

B
h.v.= i�

A
1 1
1 1

B

, (2.53)

�> = i� (fL + fR ≠ 2)
A

1 1
1 1

B
h.v.= ≠i�

A
1 1
1 1

B

. (2.54)
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The Fermi functions became fL(E) = 1 and fR(E) = 0 since we consider the electronic
transport through the parallel double-dot system in the high voltage (h.v.) bias limit.
When we have determined the greater and lesser Keldysh Green’s functions, we can
calculate the time-ordered and anti-time ordered Green’s function with the relations

G(E) = G<(E) + Gr(E) , (2.55)

G̃(E) = G>(E) ≠ Ga(E) . (2.56)

Finally, we get the four Keldysh Green’s functions in the high voltage bias limit.

The greater and lesser Green’s functions are

G
<(E) = ≠G

>(E) (2.57)

= i�
(E2 ≠ �Á2)2 + 4�2E2

Q

a
(E + �Á)2 (E2 ≠ �Á2)

(E2 ≠ �Á2) (E ≠ �Á)2

R

b , (2.58)

and the time-ordered and anti-time-ordered Green’s functions are

G(E) = ≠G̃(E) (2.59)

= 1
(E2 ≠ �Á2)2 + 4�2E2

A
(E ≠ �Á)(E + �Á)2 + 2�2E ≠2�2E

≠2�2E (E ≠ �Á)2(E + �Á) + 2�2E

B

.

(2.60)

2.4 Single Quantum Dot

We want to compare the transport through a double-dot coupled to two microwave cavities
with the transport through a single dot, which is also coupled to separated microwave
cavities. The system is shown in Fig. 2.7 while the Hamiltonian is the same as given by
Eqs. (2.5) to (2.8), reduced by the terms of the second dot, i.e.

Ĥ = Ĥel + Ĥph + Ĥint , (2.61)

Ĥel =
ÿ

r=L,R

ÿ

k

(Ákr ≠ µr) ĉ†
kr

ĉ
kr

+ Ád̂†d̂ +
Ô

2t
ÿ

r=L,R

ÿ

k

1
ĉ†

kr
d̂ + h.c.

2
, (2.62)

Ĥph =
ÿ

–=a,b

Ê––̂†–̂ , (2.63)

Ĥint = ⁄
ÿ

–=a,b

1
–̂† + –̂

2
d̂†d̂ . (2.64)

The operators and parameters are defined in the same way as for the double-dot. If one
considers the parallel double-dot at zero level spacing, the Hamiltonian of Eq. (2.6), i.e.
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Fig. 2.7.: A single quantum dot with a single electronic energy level coupled simultaneously to
two separated microwave cavities and a left and right lead.

the electronic part, can be transformed into an effective single-dot problem [132] while
the dot-lead coupling is renormalized by a factor

Ô
2. To compare the results, in the end,

we directly included this factor in the system with the single dot.

The Green’s function of the electronic system does not depend on the coupling to the
cavities, and we determined them already in the fundamentals part within the "minimal
example". The retarded and advanced Green’s functions were determined in Section
1.4.1.1 and given by Eq. (1.33), i.e.

Gra

11 = 1
Era ≠ Á ± 2i� . (2.65)

The corresponding Keldysh Green’s function are determined in Section 1.4.1.1 and given
by Eq. (1.33), i.e.

Ĝ(E) = 1
(E ≠ Á)2 + 4�2

A
E ≠ Á 2i�
≠2i� ≠(E ≠ Á)

B

. (2.66)

2.5 Microwave Cavities
The calculation of the bosonic Green’s functions of an (isolated) microwave cavity is well
known in the literature. For completeness, we show the rough procedure also here. The
Hamiltonian for the noninteracting microwave cavity, with time independent creation and
annihilation operators –̂† and –̂ for – = a, b reads

Hph,– = Ê––̂†–̂ . (2.67)
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The time-depended creation and annihilation operators can then be calculated as

–̂(t) = e≠iÊ–t–̂, –̂†(t) = eiÊ–t–̂† . (2.68)

The four bosonic, time-depended Keldysh Green’s functions become

D<

–

(0)(t, tÕ) = ≠i
e
–̂†

tÕ–̂t

f

0
= ≠ie≠iÊ–(t≠t

Õ)n– , (2.69)

D>

–

(0)(t, tÕ) = ≠i
e
–̂t–̂

†
tÕ

f

0
= ≠ie≠iÊ–(t≠t

Õ)(n– + 1) , (2.70)

D–
(0)(t, tÕ) = ≠i

e
TC

1
–̂†

tÕ–̂t

2f

0
= �(t ≠ tÕ)D>

– (t, tÕ) + �(tÕ ≠ t)D<

– (t, tÕ) , (2.71)

D̃(0)
– (t, tÕ) = ≠i

e
TC

1
–̂†

tÕ–̂t

2f

0
= �(tÕ ≠ t)D>

– (t, tÕ) + �(t ≠ tÕ)D<

– (t, tÕ) , (2.72)

with n– =
e
–̂†–̂

f
. We calculate their Fourier transformations to obtain the bosonic

Keldysh Green’s functions in energy space. If the cavity is coupled to an external bath, as
for instance a transmission line into which photons from the cavity escape, the bosonic
Green’s functions contain a finite imaginary part ±i÷, as used in the expressions below,
which describes the damping of the cavity resonator. The energy-dependent free bosonic
Green’s functions are

D<

–

(0)(E) = ≠in–÷

(E ≠ Ê–) + ÷2 , (2.73)

D>

–

(0)(E) = ≠i(n– + 1)÷
(E ≠ Ê–) + ÷2 , (2.74)

D–
(0)(E) =E ≠ Ê– ≠ i÷(2n– + 1)

(E ≠ Ê–)2 + ÷2 , (2.75)

D̃(0)
– (E) =≠(E ≠ Ê–) ≠ i÷(2n– + 1)

(E ≠ Ê–)2 + ÷2 . (2.76)

We treat the cavities at zero temperature, such that the initial photon number n– is
zero. We will see later in the final formulas of the integrals that only the unperturbed
time-ordered and anti-time-ordered bosonic Green’s functions will contribute since we are
interested only in the lesser functions, compare Eqs. (2.15) to (2.17). At zero temperature,
these Green’s functions simplify to

D–(E) = 1
E ≠ Ê– + i÷

, (2.77)

D̃–(E) = 1
E ≠ Ê– ≠ i÷

. (2.78)
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2.6 Perturbation Expansion

So far, we have introduced in Section 2.2 the correlators that can verify entanglement.
We expressed them in terms of the lesser component of the bosonic single-particle and
two-particle Keldysh Green’s functions. In Section 2.3.3.1 and 2.5 we determined the
unperturbed fermionic and bosonic Keldysh Green’s functions. The next step is now to
perform the perturbative expansion in the interaction Hamiltonian, i.e. the dot-cavity
interaction given by Eq. (2.8).

Regarding Eqs. (2.15) to (2.17) we need to determine the single particle Green’s functions
D<

a (t, tÕ) and D<

b
(t, tÕ) as well as the two-particle Green’s functions F <

aa(t, tÕ), F <

bb(t, tÕ) and
F <

ab(t, tÕ).

Before we start with the calculation we first clarify the notation. All operators depend on a
time argument. To simplify the notation we place the time-dependence in the subscript.i.e.
–̂(t) æ –̂t. The bosonic operators of the two cavities are –̂. The fermionic operators of the
two dots are d̂–. With – = a, b. To avoid a double subscript for the fermionic operators,
i.e. the time argument and the index –, we distinguish the fermionic operators of the two
quantum dots by a tilde. Therefore we use in the perturbative expansion the notation
d̂a(t) æ d̂t and d̂b(t) æ ˆ̃dt.

2.6.1 Single-Particle Green’s Function of the Double-Dot

We start in detail with the perturbative expansion of the bosonic single-particle Green’s
function

iDa(t, tÕ) =
e
Tc

1
âtâ

†
tÕ

2f
= Tr

3
fl0Tc

3
e≠i

s
C

d·H
(i)(·)âtâ

†
tÕ

44
, (2.79)

with the interaction Hamiltonian in the new notation

H(i) = ⁄(â + â†)d̂†d̂ + ⁄(b̂ + b̂†) ˆ̃d† ˆ̃d .

The zeroth order corresponds to the unperturbed bosonic Green’s function. In the end we
need the lesser component

e
TC

1
âtâ

†
tÕ

2f
<(0)

= iD<(0)
a (t, tÕ) = 0 , (2.80)

which is zero at zero temperature. Since we calculate the correlators C and S upon fourth
order and the single-particle Green’s function appears only as product D<

a (t, tÕ)D<

b (t, tÕ),
we need the perturbation expansion of the single-particle Green’s function only upon
second order, since the product of the zeroth and fourth order contributions is zero. The
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first order term of the perturbative expansion becomes zero, due to the odd number of
operators. The second order can be calculated in the following way:

e
TC

1
âtâ

†
tÕ

2f(2)
= (≠i)2

2!

⁄

C

dt1

⁄

C

dt2

=
TC

3
âtâ

†
tÕ

Ë
⁄(â + â†)d̂†d̂ + ⁄(b̂ + b̂†) ˆ̃d† ˆ̃d

È

t1

◊
Ë
⁄(â + â†)d̂†d̂ + ⁄(b̂ + b̂†) ˆ̃d† ˆ̃d

È

t2

4>
(2.81)
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C

dt1
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C

dt2
e
TC

1
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†
tÕ ât1 â†

t2

2f e
TC

1
d̂†

t1 d̂t1 d̂†
t2 d̂t2

2f
(2.82)

= ≠⁄2
⁄

C

dt1

⁄

C

dt2
e
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1
âtâ

†
t2

2f

0

e
TC

1
ât1 â†

tÕ

2f

0

e
TC

1
d̂†

t1 d̂t2

2f

0

e
TC

1
d̂†

t2 d̂t1

2f

0
(2.83)

= ⁄2
⁄

C

dt1

⁄

C

dt2D(0)
a (t, t2)D(0)

a (t1, tÕ)Gaa(t1, t2)Gaa(t2, t1) . (2.84)

For the second-order perturbation term, we get the two-dimensional integral over the
Keldysh contour written in Eq. (2.81). We can split the expectation value of the bosonic
and the fermionic operators and summarize the full multiplication of the interaction
Hamiltonians to the result in Eq. (2.82). We apply Wick’s theorem to decompose the
string of bosonic and fermionic operators separately. In Eq. (2.83) we already neglected
disconnected or Tadpole diagrams as explained in Section 1.4.2.7. The last step is now
to identify the unperturbed Keldyh Green’s functions to finally get the expression in Eq.
(2.84).

In the same way the expansion for the other microwave cavity is calculated and results
in

e
TC

1
b̂tb̂

†
tÕ

2f(2)
= ⁄2

⁄

C

dt1

⁄

C

dt2D(0)
b (t, t2)D(0)

b (t1, tÕ)Gbb(t1, t2)Gbb(t2, t1) (2.85)

A more pleasant way to consider the perturbative expansion and to compare the different
terms for the calculation is the representation as Feynman diagrams. The wiggled lines
correspond to bosonic, the straight lines to fermionic Keldysh Green’s functions. The blue
and red color correspond to the diagonal elements, i.e. blue for Gaa and D(0)

a and red for
Gbb and D(0)

b
. Lines in green color, as used in the next part in Fig. (2.9), correspond to

the off-diagonal fermionic Green’s functions Gab = Gba.

Fig. 2.8.: Nonzero Feynman diagrams of the second-order contribution of Da(t, tÕ) in red and
Db(t, tÕ) in blue, depending on the contour times ti, i œ {1, 2}.
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2.6.2 Two-particle Green’s function of the Double-Dot

The correlators C and S contain two different two-particle Green’s functions, i.e. F––(t, tÕ)
with – = a, b and Fab(t, tÕ) which we determine separately upon fourth order. The
procedure to obtain the two-particle Green’s function as contour-time integral over the
unperturbed bosonic and fermionic Green’s function is the same as explained for the
single-particle Green’s function. So in this section, we give just the final expression
and show the more detailed calculation in the appendix. In the result shown here, we
neglected all terms of the perturbation expansion that finally do not contribute to the
integrals. These are disconnected and Tadpole diagrams, as also those terms that contains
the unperturbed bosonic Green’s function depending explicitly on t and tÕ in the way
D(0)

a, b(t, tÕ). Since we consider in the end only the lesser component, these terms become

zero since D<(0)
a, b(t, tÕ) = 0.

2.6.2.1. Two-particle Green’s function Fab(t, tÕ)

We start with the two-particle Green’s function

Fab(t, tÕ) =
e
TC

1
âtâ

†
tÕ b̂tb̂

†
tÕ

2f
.

The perturbative expansion’s first and third-order term again becomes zero because of the
odd number of operators. The perturbative expansion upon fourth order reads
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†
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†
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2f
¥
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†
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e
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tÕ b̂tb̂

†
tÕ

2f(2)
+

e
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1
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†
tÕ b̂tb̂

†
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2f(4)

(2.86)
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=
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Ë
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Ë
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È
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Ë
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È
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(2.87)
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=⁄4
⁄

C

dt1

⁄

C

dt2

⁄

C

dt3

⁄

C

dt4
Ë

+ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gaa(t1, t2)Gaa(t2, t1)Gbb(t3, t4)Gbb(t4, t3)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gaa(t1, t2)Gab(t2, t4)Gba(t3, t1)Gbb(t4, t3)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gaa(t1, t2)Gab(t2, t3)Gbb(t3, t4)Gba(t4, t1)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t3)Gaa(t2, t1)Gbb(t3, t4)Gba(t4, t2)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t3)Gab(t2, t4)Gba(t3, t2)Gba(t4, t1)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t4)Gaa(t2, t1)Gba(t3, t2)Gbb(t4, t3)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t4)Gab(t2, t3)Gba(t3, t1)Gba(t4, t2)

+ D(0)
a (t, t2)D(0)

a (t3, tÕ)D(0)
b

(t, t4)D(0)
b

(t1, tÕ)Gab(t3, t4)Gab(t2, t1)Gba(t1, t2)Gba(t4, t3)
È

(2.88)

The large and complex expression of the latter equation can be represented again much
easier as Feynman diagrams which we show in Fig. 2.9.

Fig. 2.9.: Nonzero Feynman diagrams of the fourth-order contribution of Fab(t, tÕ), depending on
the contour times ti, i œ {1, 2, 3, 4}.
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2.6.2.2. Two-particle Green’s function F––(t, tÕ)

The perturbation expansion of Faa(t, tÕ) and Fbb(t, tÕ) leads to similar results as Fab(t, tÕ).
The non-vanishing contributions are
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†
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¥
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dt1
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C
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⁄

C
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C

dt4
Ë

≠ D(0)
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a (t1, tÕ)D(0)
b

(t, t4)D(0)
b
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b
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b
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È
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(2.89)
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b
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b

(t, t4)D(0)
b
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+ D(0)
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È

.

(2.90)

The Feynman diagrams of these equations are shown below in Fig. 2.10.

Fig. 2.10.: Nonzero Feynman diagrams of the fourth-order contribution of Faa(t, tÕ) in blue and
Fbb(t, tÕ) in red, depending on the contour times ti, i œ {1, 2, 3, 4}.

All diagrams have similar geometries and differ only in the composition of the matrix
components of the Green’s functions. The first analysis, compare Fig. 2.11, shows that
due to the fourth order of the perturbative expansion, we get four interaction points
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proportional to the dot-cavity coupling strength ⁄. The diagrams thus describe a two-
photon process involving the emission and absorption of photons in both cavities with
energies Êa and Êb, and different types of fermionic interaction in the double quantum dot
system. The three basic geometries of the Feynman diagrams are shown in Fig. 2.11.

Fig. 2.11.: Examples of vertex diagrams, which correspond to the integrals of C and S. Black dots
represent the electron-photon interaction proportional to ⁄. Wiggled lines correspond
to bosonic Green’s functions of the microwave cavities with resonance frequency Êa,b,
distinguished by the colors red and blue. Straight lines signify fermionic Green’s
functions of the double quantum dot system. Diagonal ones are indicated by blue and
red lines, offdiagonal Green’s functions are represented in green.

2.6.3 Single- and Two-Particle Green’s Function of the Single Dot

In the minimal example regarding the perturbative expansion, we considered a single
dot coupled to a single microwave cavity. Since the interaction Hamiltonian differs for
coupling to a single or two microwave cavities, the perturbative expansion becomes more
complicated and similar to the expansion terms for the double-dot case since the bosonic
part of the interaction is equivalent. Since we already determined the expansion of the
single- and two-particle Green’s function for the double-dot in detail, we directly give
the results for the perturbative expansion. We show only nonzero contributions, i.e. we
neglected disconnected diagrams, Tadpole diagrams, and contributions containing the
term D(t, tÕ).

The result for the single-particle Green’s function upon second-order reads

e
ata

†
tÕ

f(2)
= ⁄2

⁄

C

dt1

⁄

C

dt2Da(t, t2)Da(t1, tÕ)G(t1, t2)G(t2, t1) , (2.91)
e
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†
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= ⁄2

⁄

C

dt1

⁄

C

dt2Db(t, t2)Db(t1, tÕ)G(t1, t2)G(t2, t1) . (2.92)
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The fermionic parts of the two-particle Green’s functions F––(t, tÕ) and Fab(t, tÕ) are equal
and they differ only in the bosonic contribution. With the fermionic part

Gpert.SD = G11(t2, t1)G11(t3, t2)G11(t4, t3)G11(t1, t4)
+ G11(t2, t1)G11(t4, t2)G11(t1, t3)G11(t3, t4)
+ G11(t3, t1)G11(t1, t2)G11(t4, t3)G11(t2, t4)
+ G11(t3, t1)G11(t4, t2)G11(t1, t3)G11(t2, t4)
+ G11(t3, t1)G11(t4, t2)G11(t2, t3)G11(t1, t4)
+ G11(t4, t1)G11(t1, t2)G11(t2, t3)G11(t3, t4)
+ G11(t4, t1)G11(t3, t2)G11(t1, t3)G11(t2, t4)
+ G11(t4, t1)G11(t3, t2)G11(t2, t3)G11(t1, t4) , (2.93)

the three two particle Green’s functions upon fourth order read
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(2.94)
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(2.95)
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dt4D(0)
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b

(t2, tÕ)Gpert.SD .

(2.96)

2.7 Integration

2.7.1 Real Time and Frequency Representation

Until now we have the integral representation over the unperturbed Keldysh Green’s
functions in contour times. Summarizing the multiplication of the fermionic Green’s
function by a quantity P (t1, t2, t3, t4) all three types of diagrams, as shown in Fig. 2.11,
read in this shorter notation

⁄

C

dt1

⁄

C

dt2

⁄

C

dt3

⁄

C

dt4D(t, t1)D(t, t2)P (t1, t2, t3, t4)D(t2, tÕ)D(t4, tÕ) , (2.97)

where D(ti, tj) can be the bosonic Green’s function of cavity a or b.
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We parametrize the Keldysh contour through [118]

⁄

c
d· =

⁄ Œ

≠Œ
dt+ +

⁄ ≠Œ

Œ
dt≠ , (2.98)

where t+ are time arguments on the upper branch and t≠ on the lower branch of the
contour. We introduce a corresponding variable si = ± that denotes the position of
the time argument ti. We transform the integrals from contour time to real-time by
subsequently summing up the integrand for all possible configurations of the integration
variables t1 to t4 on the contour, which can be written as

ÿ

s1,s2,s3,s4=±
s1s2s3s4

⁄ Œ

≠Œ
dts1

1

⁄ Œ

≠Œ
dts2

2
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dts3

3
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≠Œ
dts4

4 Dsts1 (t, t1) Dsts3 (t, t3)

P s1s2s3s4 (t1, t2, t3, t4) Ds2s
tÕ

!
t2, tÕ" Ds3s

tÕ
!
t3, tÕ" . (2.99)

Regarding Eqs. (2.15) to (2.17), the two time arguments t and tÕ are already fixed due to
the choice of the lesser component. Regarding the latter equation we get only bosonic
Green’s function of the form D+ si and Dsi ≠. This and the fact that the bosonic lesser
Green’s function of Eq. (2.73) is zero reduces the number of possible configurations of
time arguments on the contour to only a single one and we get the real time integral

Œ⁄

≠Œ

dt1

Œ⁄

≠Œ

dt2

Œ⁄

≠Œ

dt3

Œ⁄
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dt4D(t, t1)D(t, t2)P ++≠≠(t1, t2, t3, t4)D̃(t2, tÕ)D̃(t4, tÕ).

(2.100)

In Sections 2.3.3.1 and 2.5 we determined the unperturbed fermionic and bosonic Keldysh
Green’s functions depending on the energy. Via the Fourier transformation, we replace
Green’s functions with the integrals in energy space

G(t ≠ tÕ) =F [G(Ê)](t ≠ tÕ) =
Œ⁄

≠Œ

G(Ê)e≠iÊ(t≠t
Õ)dÊ , (2.101)

D(t ≠ tÕ) =F [D(Ê)](t ≠ tÕ) =
Œ⁄

≠Œ

D(Ê)e≠iÊ(t≠t
Õ)dÊ . (2.102)

In this way, we transform the integrals describing the diagrams from the real-time domain
to the energy domain and can insert the energy-dependent Green’s functions that we
already obtained. To simplify the complex integration, we consider the limit of equal
resonance frequencies of the microwave cavities, i.e. Êa = Êb = Ê0 so that the bosonic
Green’s function of the two microwave cavities becomes equal, i.e. Da = Db = D.
The average occupations for the two cavities – = a,b upon second order, written in Eqs.
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(2.84) and (2.85) dependent on contour times, reads in terms of the energy-dependent
integrals

n̄– = ≠⁄2
⁄⁄

dÊ1 dÊ2 D(0)(Ê2 ≠ Ê1)G<

––(Ê2)G<

––(Ê1)D̃(0)(Ê2 ≠ Ê1). (2.103)

They become identical for zero level spacing, i.e. n̄a = n̄b, since then also the Green’s
functions of the two dots, the diagonal elements of Eq. (2.58), are equivalent. For a large
level spacing the quantities have to be calculated separately.
The contour time integral of Eq. (2.88) reads in the energy domain
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(2.104)

The real time integrals of Eqs. (2.89) and (2.89) becomes for – = a, b
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(2.105)

In the latter term, only diagonal elements of the fermionic Keldysh Green’s function appear.
In the case of zero level spacing, the integral result is equal for – = a and – = b. Since we
consider the limit of equal resonance frequencies, i.e. Êa = Êb = Ê0, the bosonic Green’s
function are already the same while the fermionic Green’s functions differ only in their
dependence on �Á. The fermionic Green’s functions are different for a finite level spacing,
and we have to calculate both cases independently. However, we will see that result will
still be the same.

The bubble diagrams in the first line of Fig. 2.9 and Fig. 2.10, which correspond to the
first summand in Eqs. (2.104) and (2.105), are factorizable and can be separated into
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their upper and lower branches as in Fig. 2.8. This leads to two two-dimensional integrals,
which are equal or similar to the integral of the average occupation of Eq. (2.103).

The real-time Green’s functions for the single dot coupled to two microwave cavities
transform similarly.

The two-dimensional integral over energy required for the average occupation in Eq. (2.103)
and the separable terms of Eqs. (2.104) and (2.105) as well as the four-dimensional in-
tegrals of the eight Green’s functions in Eqs. (2.104) and (2.105) are polynomial in the
integration variables and thus in principal solvable. We consider the poles of the functions
and perform energy integrations with the help of the residue theorem.

2.7.2 Results of the Single- and Two-Particle Green’s Function for the
Double-Dot

Due to the large number and complicated expressions for the poles, the algebraic results
generally become pretty lengthy. To simplify the expressions, we decided to solve the
integrals in the low damping limit, i.e. Ê0 ∫ � ∫ ÷, as we also did in the minimal
example. Due to the large effort, we directly determined the single- and two-particle
Green’s function, given by Eqs. (2.104) and (2.105) and determined not explicitly and
separately the result for each diagram. While it would be manageable to show the results
appearing after the first integration in this thesis already, the second integration leads
to such lengthy expressions that it is not feasible to write them up in a helpful way. We,
therefore, give the result directly for the single- and two-particle Green’s function in the
limits of zero and large level spacing.

Zero level spacing, i.e. �Á = 0

The lesser single-particle Green’s function upon second order becomes for – = a, b

e
–̂†–̂

f
<

= fi2
3

⁄

Ê0

42 3�
÷

4
. (2.106)

The lesser two-particle Green’s functions F <

ab(t, tÕ) and F <
––(t, tÕ), for – = a, b, upon fourth

order become

e
â†âb̂†b̂

f
= 3

2fi4
3

⁄

Ê0

44 3�
÷

42
, (2.107)
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4fi4
3

⁄

Ê0

44 3�
÷

42
. (2.108)
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Large level spacing, i.e. �Á ∫ �

The lesser single-particle Green’s function upon second order becomes for – = a, b

e
–̂†–̂

f
<

= 2fi2
3

⁄

Ê0

42 3�
÷

4
. (2.109)

The lesser two-particle Green’s functions Fab(t, tÕ) and F––(t, tÕ), for – = a, b, upon fourth
order become

e
â†âb̂†b̂

f
= (2fi)4

3
⁄

Ê0

44 3�
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42
, (2.110)
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÷

42
. (2.111)

2.7.3 Results of the Single- and Two-Particle Green’s Function for the
Single Dot

The integral results for the single dot are obtained in the same way. For equal frequencies
of the microwave cavities Eqs. (2.94) to (2.96) become equal. The Cauchy-Schwarz
inequality parameter S, that is given by the ratio of these terms becomes then equal to
one. Therefore we need to determine only the average occupation and the covariance for
which we need two quantities

e
–̂†–̂

f
<

= 2fi2
3

⁄

Ê0

42 3�
÷

4
, (2.112)

e
â†âb̂†b̂

f
= 12fi4
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⁄

Ê0

44 3�
÷

42
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2.8 Results

In certain limits, we are able to calculate the relevant quantities analytically. We consider
equal resonance frequencies Êa = Êb © Ê0 and zero temperature of the cavities. Further-
more, we focus on the regime of low damping inside the cavities, i.e. Ê0 ∫ � ∫ ÷, and on
the high voltage bias limit. Regarding the energy levels of the parallel quantum dots, we
consider two different cases: First, we study the case of two almost equal energy levels,
and second the case of two strongly differing levels. Finally, we compare these results
with the case of a single dot coupled to two cavities at the same time, see Fig. 2.7.

We first determine the average photon number of the single cavities Èn̂aÍ = Èn̂bÍ = n̄ up to
second order and the corresponding fluctuations ”n2 =

+
n̂2,

≠ n̄2 up to fourth order. The
latter quantity can be computed from the knowledge of n̄ and

e
–̂†–̂†–̂–̂

f
(viz. F <

––(t, t)).
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Then one can analyze the behavior of the Fano factor, defined as F = ”n2/n̄. Finally, we
calculate the covariance C and the Cauchy-Schwarz parameter S both up to fourth order
in ⁄. Due to the symmetries in the system, the results for both cavities are the same.

2.8.1 Average Photon Number, Fluctuation and Fano Factor

First, we show the results for the average occupation of the single cavities n̄, their
fluctuation ”n2, and the Fano factor F . Let us discuss them successively in the following.

The average occupation is directly given by the result of single-particle lesser Green’s
function, i.e. Eqs. (2.106) and (2.109) for the double-dot and Eq. (2.112) for the single
dot coupled to two cavities. We define the average occupation for the double-dot coupled
to the two cavities at zero level spacing as reference value n̄ with

n̄ = fi2
3

⁄

Ê0

42 3�
÷

4
. (2.114)

The fluctuation can be expressed in terms of the average occupation and the two-particle
Green’s function of Eq. (2.108), and Eq. (2.111) respectively, via

”2
n =

e
n2

f
≠ ÈnÍ2 =

e
â†â†ââ

f
≠ ÈnÍ ≠ ÈnÍ2 . (2.115)

Finally the Fano factor is defined as

F = ”n2

ÈnÍ . (2.116)

The results for these three quantities are given in the Tab. 2.1. The first column describes
the results for the parallel double-dot with equal energy levels, while the second column
is the evaluation at large level spacing. The third column gives the result of Section 2.7.3,
i.e. the single dot coupled to two cavities. The average occupation for the single and
double-dot with large level spacing is equal since we calculate the average occupation
only up to second order. The result of the double-dot with two almost equal energy levels,
i.e. �Á π �, acting as a single-electron splitter, is half the size of the case �Á ∫ � and
the single-dot system. This becomes clear when considering the electronic Hamiltonian
of the parallel double-dot coupled to the two leads. In the case of zero or small level
spacing, the Hamiltonian can be written in the form of an effective single-dot problem.
Compared to the real single-dot case the dot-lead coupling parameter t is renormalized
to t æ t/

Ô
2. With � Ã |t|2, this renormalization enters as a factor of two in the bosonic

occupation of the cavities [132]. Furthermore, we checked that the result for the single
dot coupled simultaneously to two cavities coincides with previous results in the limit, in
which the induced damping associated with the electron-boson interaction is smaller than
the intrinsic damping of the cavities ÷ [137, 138].
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DQD, �Á = 0 DQD, �Á ∫ � single dot

n̄ n0 2n0 2n0

”n2 n0 (1 ≠ n0/4) 2n0 (1 + n0) 2n0 (1 + 4n0)

F 1 ≠ n0/4 1 + n0 1 + 4n0

Tab. 2.1.: Results for the average photon number of a single cavity n̄, fluctuations ”n2, Fano factor
F , for three different cases: the double quantum dot (DQD) coupled to two cavities
with zero or large level spacing and a single quantum dot coupled to two cavities. Here

n0 = fi2
1

⁄
Ê0

22 1
�
÷

2
.

According to Tab. 2.1, for the fluctuations and the corresponding Fano factor of the double-
dot system, we find a sub-Poissonian behavior in the regime, where we have quantum
interference in transport through the double-dot, whereas we obtain a super-Poissonian
behavior for the other two cases. The sub-Poissonian behavior corresponds to a photon
anti-bunching in the local cavity. Let us emphasize that the nature of the interaction
already appears at the level of a single-cavity quantity, namely the local fluctuations
of the photons in a cavity. This fact can already be seen at two trivial examples, since
the sub-Poissonian behavior occurs both for the entangled bosonic states in the Fock
occupation

|�Í
pq

Ã |na = p, nb = qÍ + |na = q, nb = pÍ , (2.117)

with p, q œ N or in the coherent state basis

|�Í
z1z2 Ã |›a = z1, ›b = z2Í + |›a = z2, ›b = z1Í , (2.118)

with |›Í being a coherent state and z1, z2 œ C.

2.8.2 Covariance and Cauchy-Schwarz Inequality Factor

The final aim was to calculate the covariance C and the Cauchy-Schwarz inequality factor
S to prove classical and quantum correlation. We recall their equations

C =
!
iF <

ab(t, t) + D<

a (t, t)D<

b (t, t)
"

, (2.119)

S = F <

ab(t, t)
Ò

F <
aa(t, t)F <

bb(t, t)
, (2.120)
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and use the results of Eqs. (2.106) to (2.111) to determine them. The final expressions
are given in Tab. 2.2.

DQD, �Á = 0 DQD, �Á ∫ � single dot

C n2
0/2 0 8n2

0

S 2 2/3 1

Tab. 2.2.: Results for the covariance C and Cauchy-Schwarz inequality parameter S, for three
different cases: the double quantum dot (DQD) coupled to two cavities with zero
or large level spacing and a single quantum dot coupled to two cavities. Here n0 =
fi2

1
⁄

Ê0

22 1
�
÷

2
.

For the covariance C, we find a finite and positive value for the double quantum dot
with two equal energy levels, verifying a correlation of the photons in the single cavities.
The covariance for a large level spacing vanishes, meaning no correlation. This result is
expected for the case of two separated electron pathways. Notice, however, that a finite
covariance also arises in the case of a single dot simultaneously coupled to two cavities,
see Fig. 2.7. This latter result can be interpreted as classical correlation, as we have a
single photon emitter coupled to both cavities.

A finite covariance proves correlation but does not indicate quantum correlation (entan-
glement). To distinguish classical and quantum correlations, we calculated the classical
Cauchy-Schwarz parameter S of Eq. (2.120), which we cast in the following form

S =
--n̄2 + C

--

|n̄ (n̄ ≠ 1) + ”n2| =

---n̄ + C

n̄

---

|n̄ + F ≠ 1| . (2.121)

The expression states that a violated Cauchy-Schwarz inequality (S > 1) occurs if a finite
and positive covariance is combined with a sub-Poissonian (F < 1) behavior. As reported
in Tab. 2.2, the Cauchy-Schwarz inequality for vanishing level spacing is clearly violated.
This confirms the quantum entanglement of the photons in the two distant microwave
cavities if the energy levels of the two dots are sufficiently close to each other, viz. the
electron is delocalized over the two dots when it flows from one lead to the other. For
strongly differing energy levels of the dots, the classical Cauchy-Schwarz inequality is no
longer violated as C = 0 (uncorrelated systems). As a sanity check, for the single dot with
C > 0 and F > 1 (super-Poissonian), we find that the classical Cauchy-Schwarz inequality
is not violated but reaches the maximum classical value.
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2.9 Limitations

Let us finally discuss the role of decoherence in the system.
Intrinsic contributions stem from losses in the cavities. Therefore, we assume high-quality
cavities with intrinsic damping that is smaller than the broadening of the electronic levels
÷ π � π Ê0. We expect the photon production rate to be proportional to the flow of
electrons through the dots. If the cavities lose energy at a rate that is faster than the rate
at which photons are created, this will, of course, destroy entanglement.
Another source of decoherence arises from the stochastic nature of electron tunneling.
The granular electron flow cannot generate a pure quantum state of the photons in the
two cavities, but it will create an entangled mixed state.

We propose our setup as a proof of concept to realize bosonic quantum correlations
mediated by single-electron transport. Although several parameters were assumed to be
equal, we expect our results to be relevant for carefully chosen experimental settings.
Since the covariance C and the Cauchy-Schwarz parameter S are continuous functions of
the parameters of the Hamiltonian, we expect our idealized proposal to be robust to small
variations and hence to be realizable. A long-term perspective may be the creation of pure
entangled states. For this objective, a time-dependent control of the electron occupations
of the dots may need to be implemented along the lines discussed in [9, 10].

2.10 Conclusion and Outlook

The theory of nonlocality is a fundamental property of quantum mechanics. The delo-
calization of a quantum particle in space according to its associated wave function, or
its superposition and corresponding correlations between spatially separated parts of a
quantum system are of huge interest in hybrid devices based on semiconducting quantum
circuits with integrated microwave photonics. Our theoretical work suggested a realistic
setup to generate entanglement between two spatially separated microwave cavities using
quantum delocalized electrons that flow through a parallel double quantum dot connected
between two electrodes. In Section 2.1 we gave a first heuristic argument. If the energy
levels of the dots are close, the electron travels delocalized through the parallel double
quantum dot. The occurring correlation in the electronic part of the system is extended
to the coupled microwave cavities and remains even if the electron leaves the system,
which corresponds to a nonlocal measurement since the electron is removed without
knowing which path it passed through. In Section 2.2 we defined the covariance and
the Cauchy-Schwarz inequality parameter based on terms of Keldysh Green’s functions
as verification for classical or quantum correlation. To determine these quantities, we
considered the electronic subsystem separately in Section 2.3 and the bosonic in Section
2.5 to describe the interaction of both by a perturbation expansion in the dot-cavity
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coupling. Before we analized this, we studied the electronic subsystem in more detail.
Due to the significant simplification of equal couplings between the electronic levels of the
dots and the fermionic leads, we obtained an unusual behavior in the transmission curve
compared to the system with arbitrary tunnel couplings, i.e. we obtained a peak instead
of a dip at energies in close vicinity to the origin of the dot levels. We demonstrated that
this singularity does not affect our results. The essential argument is that, since we are
assuming the high voltage limit, a local singularity of transport properties at Á̄ is averaged
out. The singularity thus neither leads to a discontinuous behavior of the integral of
the total electron flux nor any other quantities, like Feynman diagrams, derived from
integrals over energy. In Section 2.6 we then performed the perturbation expansion in the
doty-cavity interaction Hamiltonian upon fourth-order leading to three different types of
Feynman diagrams. Transforming the corresponding integrals to the energy domain and
using the residue theorem, we calculated the results for the single and two-particle Green’s
function in Section 2.7 for the double-dot with zero and large level spacing, respectively,
and also for a single dot coupled simultaneously to two cavities. Finally we showed the
results in Section 2.8. We presented the average photon number, the fluctuation, and
the Fano factor finding sub-Poissonian behavior for the case of zero level spacing, which
corresponds to a photon anti-bunching in the local cavity, and super-Possonian behaviour
else. It was remarkable that the nature of interaction already appeared at the level of
a single cavity, namely the local fluctuations of the photons in a cavity. We determined
the covariance, which is finite for zero level spacing, and the single dot proving classical
correlation. However, the Cauchy-Schwarz inequality is only violated for the double
quantum dot with zero level spacing, proving quantum correlation, i.e. entanglement.
The Cauchy-Schwarz parameter can also be expressed in terms of the average occupation,
the covariance, and the Fano factor and states that entanglement occurs if finite covariance
is combined with a sub-Poissonian behavior. We propose this setup as proof of concept to
realize bosonic quantum correlations mediated by single-electron transport.
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Part II

E�ects in Systems of Nonlinear Coupled and
Linear or Parametrically Driven Du�ng

Resonators





Introduction and Theoretical

Background

3

3.1 Nonlinear Resonances in Mechanical and Optical
Resonators

Small nanomechanical oscillators can have atomic-scale dimensions like carbon nanotubes
and graphene sheets [139, 140, 141, 142] and show therefore already at small amplitudes
nonlinear behavior of their vibrations, like parametric oscillation [143, 144, 145, 146,
147] or bifurcation [148, 149, 150, 151, 152]. The applications for nanomechanical
resonators are prominent in the field of sensors and molecular transport [153, 154]. There
have been theoretical proposals [155] and successful experiments for the detection of
mass [156, 157, 158] or the enhancement of the thermal responsibility [159], general
signal enhancement [160] or the detection of noise [161, 162]. Enhancing significantly
a weak signal by use of a vibrational force [163] or squeezing a weakly damped driven
mode [164] can be used to reduce noise for signal processing in metrology. Already small
changes in the driving force can lead to different amplitude due to the bistability of forced
vibrations [165], and therefore nanomechanical resonators are, besides being used as
force detectors [166], ideal candidates for logical gates [167, 143, 168]. A larger device,
like a two-dimensional membrane resonator, has the advantage that the frequency range
showing resonant behavior reaches from 100 kHz to several MHz, enabling to observe
experimentally higher orders of the parametric resonance due to a broader frequency
bandwidth [169]. The excitation of flexural modes passes the way for hybrid engineered
systems since they can easily couple to other degrees of freedom like light or atoms.
Coupling membranes to ultra-cold atoms [170] can be used for cooling the membrane
[171] or successfully couple collective atomic spin strongly to a membrane over a distance
of 1m [172].

Regarding photonic degrees of freedom, the field of cavity optomechanics is quite broad
[173]. There exist different forms of optomechanical coupling, and it can, for example, be
linear, quadratic, or quartic in the displacement of the membrane [174]. In this way, it can
be used for position measurement [175], e.g. fluctuations in the radiation force are corre-
lated temporal to the position of the resonator [176] or to improve microwave-to-optical
converters [177]. The application as a sensor can also be extended to physics caused by
internal resonances. Examples are the phononic frequency comb [178, 179], an arbitrary
flexural mode can be used as a self-detector for the amplitude of another mode [180] or
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the lack of frequency stability of an oscillator due to its small size can be restored [181]. In
nano- and micromechanical systems, the coupling of modes with a frequency ratio close to
1:3 is often stronger than the coupling between modes close to 1:2 [182] and is therefore
of great interest in current research [149, 148]. There exist several non-trivial aspects
when an internal resonant condition between eigenfrequencies is matched [182]. Based
on the coupling of only two internal modes [183], one proposed that the resonance ampli-
tude is limited by nonlinear terms and therefore becomes independent of the driving level
[184] and observed that the energy decay rate suddenly switches to a lower value if two
modes hybridize [185]. The principal mode is driven, and the mechanical energy is stored
in the vibrational mode. Turning off the external drive, the energy is coherently transferred
back to the fundamental mode [186]. But also multimode coupling can be achieved [187].

As already said, nonlinear resonances occur if the frequencies of two vibrational modes
have a rational proportion. If the proportion is small, in the way that one frequency is just
twice or three times as large as the other one, the resonance effects are most present [182].
A classical analog is the coupling of two harmonic oscillators with similar frequencies
that exchange energy due to their coupling. The same physical process occurs between
different resonant modes that exchange energy due to internal nonlinear resonance. The
advantage of microscopic resonators is the explicit frequency controlling [182, 188] and,
therefore, the possibility to tune the modes in or out of resonance. Due to the coupling,
the behavior of the resonator depends not only on its frequency but also on the amplitude
of the modes. Therefore, one can generate an internal coupling of different modes and
their overtones, changing the dynamics of the corresponding driven mode even if the
drive is turned off.

3.2 Forced Du�ng Resonators

The harmonic oscillator describes the simplest form of oscillation, which is valid if the
amplitude is small enough. However, due to miniaturization, the systems differ from the
harmonic oscillation already at small amplitudes, showing nonlinear behavior. The first
correction is the Duffing nonlinearity, which is of cubic order. A system can be excited
by a single force or pulse, acting as an initial perturbation on the equilibrium system,
that responds without further excitation. On the other hand, one can apply a continuous
drive to the system while we differentiate between two different types of excitation. The
so-called external excitation, which is included by an inhomogeneous term in the equation
of motion and the parametric excitation that appears as time-dependent variable [189]. In
the example of the Duffing resonator, we consider its behavior under an external, linear
drive in Section 3.2.1, while we consider the parametrically driven case in Section 3.2.2.
Besides the amplitude of the drive, also its frequency is essential. If we drive close to
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the eigenfrequency of the resonator, it is called primary or main resonance. Due to the
overtones of the fundamental mode, one can also drive the system at larger frequencies,
like twice or three times the eigenfrequency, to obtain resonance phenomena of the higher
harmonics. Due to internal resonances, these higher-order modes can couple, similar
to the coupling of two nonlinear resonators. A prominent example of optical higher-
harmonics is a laser pulse interacting with an atomic gas [190, 191], while the non-linear
interaction between a plane light wave and its second (or even higher) harmonic was
initially described by Armstrong et al. [192]. The coupling of nonlinear oscillations leads
to interesting effects like bifurcation, which we briefly describe in Section 3.2.3.

3.2.1 Du�ng Resonator with Linear Driving Force

In which way a mode has to be described in theory depends on the strength of the
excitation, i.e. its amplitude. If the force and amplitude of a driven resonator are weak
and small enough, respectively, the dynamics of the resonator can be modeled by a simple
harmonic oscillator with additional damping and driving terms, i.e. the equation of
motion is linear in the amplitude. If the amplitude increases, the linear theory is no longer
sufficient to capture all occurring features. The first correction to the harmonic oscillator
is a cubic nonlinearity, also known as Duffing nonlinearity [193]. The dynamics of the
Duffing resonator, named after Georg Duffing [194], is described by the equation for the
amplitude q(t), which reads

q̈ = ≠Ê2
0q ≠ 2�q̇ ≠ “q3 + F

m
cos(Êdt) . (3.1)

Note that we set the mass m = 1 here and in the following. The system is characterized
by the eigenfrequency Ê0, the linear damping constant �, the Duffing nonlinearity “, and
the linear driving force F with driving frequency Êd. If the system is driven in this way,
the driving frequency needs to be on primary resonance, i.e. the driving frequency needs
to be close to eigenfrequency Êd ¥ Ê0 to respond with sufficiently large amplitudes. We
use a canonical transformation for q(t) to switch to the rotating frame

u =
3

q ≠ i

Êd

q̇
4

e≠iÊdt , uú =
3

q + i

Êd

q̇
4

eiÊdt . (3.2)

The corresponding equation for the new variable u(t) reads then

du

dt
= ≠ i

Êd

e≠iÊdt
1
(Ê2

d ≠ Ê2
0)q ≠ 2�q̇ ≠ “q3 + F cos(Êdt)

2
. (3.3)
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We apply the rotating wave approximation (RWA), i.e. we neglect the fast oscillating
terms while we are within small detuning, i.e. |Êd ≠ Ê0| π Êd , Ê0. Regarding Eq. (3.3),
the individual terms approximate to

e≠iÊdtq u u

2 , e≠iÊdtq̇ u i
Êd

2 u, e≠iÊdtq3 = 3
8 |u|2u, e≠iÊdtF cos(Êdt) u F

2 . (3.4)

Introducing the detuning ”Êd = Êd ≠ Ê0, the first term of the latter equation can be
approximated by

Ê2
d

≠ Ê2
0

2Êd

= Ê2
d

≠ [Êd ≠ ”Êd]2
2Êd

u ”Êd .

In this way, we get the final expression for the variable u(t) in the RWA:

du

dt
= ≠ i”Êdu ≠ �u + i

3“

8Êd

|u|2u ≠ i
F

2Êd

. (3.5)

To simplify the expression of Eq. (3.5) and plot the numerical solution, we introduce new,
scaled variables, i.e. the amplitude z(t), detuning ” and force

Ô
—

u =
Û

8Êd�
3“

z , ” = ”Êd

� ,


— =
Û

3“F 2

32Ê3
d
�3 , (3.6)

and finally obtain the equation for the scaled amplitude in the RWA, which now depends,
besides the detuning, only on the parameter

Ô
—, which is proportional to the driving

force

1
�

dz

dt
=

1
≠i” ≠ 1 + i|z|2

2
z ≠ i


— . (3.7)

We consider the steady-state solution z̄, which can be derived by dz̄/dt = 0, and take the
square modulus of both sides, obtaining the equation

— =
5
1 +

1
” ≠ |z̄|2

226
|z̄|2 , (3.8)

that we solve numerically. Equation. (3.8) has either one or three solutions, which
we plotted for different forces

Ô
— in Fig. 3.1. If the force is small, we obtain only a

single stable solution. With increasing force, we obtain three steady-state solutions, of
which two are stable, and one is unstable. In contrast to the linear system, the state in
which the system responds to the drive depends on the initial conditions. If the detuning
is small, i.e. the driving frequency is below the eigenfrequency, the system shows the
high-amplitude solution. Increasing the driving frequency and, therefore, the detuning,
the amplitude follows the curve indicated by the red arrows. At some point, the solution
breaks down, the amplitude shows a jump, and continues in the low amplitude solution.
If the initial driving has a large detuning, the amplitude corresponds to the low amplitude
state and follows the curve indicated by the green arrows with decreasing detuning. If the
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detuning has decreased enough, a jump appears upwards to the high amplitude solution.
The maximum amplitude value can be obtained only with increasing detuning. The
dashed line is also a steady-state solution but belongs to a saddle point that is unstable
and therefore cannot be reached in the experiment [189]. We show the same curve for
different strong driving forces in the right panel of Fig. 3.1. With increasing force, the
curve bends stronger to the right. Note that we assumed that the Duffing nonlinearity
is positive, i.e. “ > 0, otherwise the curve would have been bent to the left. If one plots
the maximum amplitude value for all possible forces in between, one gets the so-called
backbone curve, which is the gray dashed line in Fig. 3.1.

Fig. 3.1.: Numerical solutions for the Duffing equation. Bold lines represent stable solutions and
dashed lines the unstable solutions. Left plot: Duffing solutions for a force characterized
by the parameter — = 25. The red arrows indicate the amplitude for increasing detuning
while the green arrows indicate the amplitude for measurements with decreasing de-
tuning. Right plot: Duffing solutions for different forces characterized by the parameter
— = 0.1, 1, 5, 10, 15, 20, 25. Gray dashed line represents the backbone function.

3.2.2 Du�ng Resonator with Parametric Force

The Duffing resonator in the previous section was driven by an external force that occurred
in the equation of motions as an inhomogeneous extension. We still consider a Duffing
resonator but with a driving force that occurs as a coefficient. The (time-dependent)
excitation appears then as a parameter in the equation of motion, which is the reason why
this excitation is called parametric excitation [189]. Contrary to the external force, which
needs a primary resonance to initiate finite amplitudes, the parametric excitation produces
a significant amplitude response if it drives close to twice the system’s eigenfrequencies.

The parametric drive is mathematically described by µ cos(2Êdt + Ï). µ is the modulation
amplitude, and we modulate close to twice the eigenfrequency, i.e. |Ê0 ≠ Êd| π Êd, Ê0
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while the drive varies over time. The equation of motion describing the dynamics of this
system reads then

q̈ = ≠
Ë
Ê2

0 + 2µ cos (2Êdt + Ï)
È

q ≠ “q3 ≠ 2�q̇ . (3.9)

We choose the same canonical transformation, as defined in Eq. (3.2), to switch to the
rotating frame. The driving term becomes in the RWA e≠iÊdt cos(Êdt + Ï)q ¥ uú/4 · eiÏ.
The equation of motion transforms then to

u̇

� = ≠ i”u + i
µ

2Êd�eiÏuú + i
3“

8Êd� |u|2u ≠ u . (3.10)

We introduce the scaled parameters

u =
Û

8Êd�
3“

z , ” = ”Ê

� , µ̃ = µ

2Êd� , (3.11)

and obtain finally the equation of motion of the scaled amplitude depending on the scaled
parameters

ż

� =
Ë
≠1 + i(|z|2 ≠ ”)

È
z + iµ̃eiÏzú . (3.12)

We consider the steady-state solution dz̄/dt = 0 and take the square modulus of both
sides. Besides the trivial solution z̄ = 0 we also get the finite-amplitude solution

|z̄|± =
Ú

” ±
Ò

µ̃2 ≠ 1 , (3.13)

which is only valid if µ > 1 and ” >


µ̃2 ≠ 1. To determine the phase, we use the
general phase representation of the steady-state z̄± = |z̄±|eiarg(z̄±) with the amplitude
of Eq. (3.13). Inserting them into the steady-state equation we obtain the phase, with
n œ N

arg(z̄+≠) = ≠ arctan
3

û
Ò

µ̃2 ≠ 1 + µ̃
4

+ Ï

2 + fin . (3.14)

Stability analysis

To investigate the stability of the possible steady-state solutions, we consider a small
fluctuation ”z(t) around the steady-state z̄, i.e. z(t) = z̄ + ”z(t). In this way, we can
analyze if a small perturbation of the oscillation in the steady-state decays or rises, which
illustrates the stability of the steady-state solution. In other words; after some time
the so called dynamical state solution should approach the steady-state solution, i.e.
limtæŒ z(t) = z̄. Hence, the fluctuations must be small, so that occurring higher orders of
”z can be neglected.
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We expand the scaled equation of motion in the RWA to first order in ”z(t), i.e. we neglect
higher-order terms and obtain

˙̄z + ”̇z(t)
� ¥

Ë
≠1 + i(|z̄|2 ≠ ”)

È
z̄ + iµ̃eiÏz̄ú +

Ë
≠1 + i(2|z̄2| ≠ ”)

È
”z(t) + i(z̄2 + µ̃eiÏ)”z(t)ú .

(3.15)

Identifying the steady-state equation as the first and second addend of the latter equation,
we can isolate the differential equation for the fluctuation

”̇z(t)
� =

Ë
≠1 + i(2|z̄2| ≠ ”)

È
”z(t) + i(z̄2 + µ̃eiÏ)”z(t)ú . (3.16)

With – =
#
≠1 + i(2|z̄2| ≠ ”)

$
and — = i(z̄2 + µ̃eiÏ), we write the latter equation and its

conjugated version in matrix form

1
�

A
”̇z

”̇z
ú

B

=
A

– —

—ú –ú

B A
”z

”zú

B

, (3.17)

and determine the eigenvalues

‹± =– + –ú

2 ±

Û3
– + –ú

2

42
≠ (|–|2 ≠ |—|2) = Re(–) ±

Ò
|—|2 ≠ Im2(–) , (3.18)

and the eigenvectors

x± =
A

‹±≠–
ú

—ú

1

B

. (3.19)

The general solution of the fluctuation is then given by the expression

”z(t) =c+
‹+ ≠ –ú

—ú e‹+t + c≠
‹≠ ≠ –ú

—ú e‹≠t . (3.20)

Only if the real part of both eigenvalues ‹± is negative, the exponential function of the
latter equation tends to zero for large times and the fluctuation converges, which is
necessary to reach a stable steady-state. It is trivial that real part of the eigenvalue ‹≠

is negative since Re(–) = ≠1. For the second eigenvalue, the following condition has to
hold:

Ò
|—|2 ≠ Im2(–) < 1 æ |—|2 ≠ |–|2 < 0 . (3.21)

For the trivial amplitude solution z̄ = 0, the condition implies that |”| >


µ̃2 ≠ 1. The
non-trivial steady-state solution z̄+ is valid if µ > 1 while the solution z̄≠ requires the
additional limit ” >


µ̃2 ≠ 1. The stability condition of the latter becomes ” > ≠


µ̃2 ≠ 1

which are mutually exclusive. Therefore, z̄+ describes a stable solution while z̄≠ is
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unstable. Exemplary, we show the absolute value for µ =
Ô

2 depending on the detuning
in Fig. 3.2(a). To delimit the different kinds of stable and unstable solutions in the field of
parametric oscillators, we emphasize again that we have considered so far a parametrically
driven Duffing oscillator in the R.W.A. and studied if the occurring dynamical solutions
are stable or unstable within the R.W.A. Furthermore, a harmonic, i.e., non-Duffing, the
parametric oscillator has "unstable" solutions in the sense that they diverge. Physically
speaking, the fluctuations make these solutions unstable, and the stable solution has no
finite lifetime. Exemplary shown in Fig. 3.2(b), the colored regions, the so-called Arnolds
tongue, correspond to parametric oscillations that diverge in time, while in the white
region, only zero-amplitude solutions exist. With increasing linear damping, these regions
deform. By introducing a nonlinearity, one can pass from a diverging and, therefore,
unstable solution to a metastable solution with a finite amplitude.

Fig. 3.2.: Numerical solutions for the parametrically driven Duffing resonator. (a) shows the
solution of the amplitude. Orange line represents a stable solution, the dashed blue
line the unstable solution. Due to RWA the breakdown has to be taken by hand. (b)
shows the so-called Arnolds tongue for increasing damping. Blue parts correspond to
zero damping while it is finite for the green and even larger for the red areas.

3.2.3 Bifurcation as E�ect of Coupled Nonlinear Resonators

They dynamics of a system, described by the equation of motion, can show interesting
behavior in certain ranges of parameter regimes. One example is to consider a fixed point
which can be created, destroyed or its stability is changed due to a varying parameter.
These changes in the dynamics are so-called bifurcations [198] and the values of the
parameters at which these changes appear are called bifurcation points. A basic and simple
mechanism is the saddle-node bifurcation. We consider a first-order system, depending
on a parameter r described by the equation

ẋ = r + x2 . (3.22)
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Depending on the value of r we get different curves, plotted in Fig. 3.3. Regarding
the steady-state solution we are interested in the poles of the latter equation. If r < 0
two fixed points are visible. With decreasing r the curve moves upwards while the two
points move closer until they merge at r = 0 to only one point that vanishes for r > 0.
In this case the bifurcation appears at r = 0. If we now plot the possible solutions for
ẋ = 0 depending on the parameter r we obtain the right panel of Fig. 3.3, the bifurcation
diagram, visualizing that the solutions can appear simultaneously.

Fig. 3.3.: Saddle-node bifurcation. The left panel shows Eq. (3.22) for different values of r. The
dark blue curve corresponds to r < 0, medium blue to r = 0 and light blue to r > 0.
The right panel shows stable and by a dashed line the unstable solutions depending on
the parameter r.

If the system has a symmetry, the fixed points seem to appear and vanish in pairs and the
so-called pitchfork bifurcation occurs. There are two different types, the super- and the
subcritical pitchfork bifurcation, while we focus only on the first one. The corresponding
equation reads

ẋ = rx ≠ x3 , (3.23)

and is plotted for different values of r in the right panel of Fig. 3.4. For r < 0, which is
the dark blue curve, we get a single fixed point that is stable. At r = 0 it becomes a saddle
point and decreasing further it becomes unstable. However two additional stable fixed
points appear. If we plot these solutions over the parameter r we obtain in the right panel
of Fig. 3.4 the occurring bifurcation diagram.

If the symmetry is lifted and we get at least minor differences between the left and right
side, described for example by an additional parameter h

ẋ = h + rx ≠ x3 , (3.24)

also the bifurcation diagram changes. The parameter h shifts the curve along the vertical
axes indicating a left-right asymmetry regarding the fixed points. The case of one or
three intersection corresponds to the pitchfork bifurcation, shown the light and dark blue
curve in Fig. 3.5. But if the axis is tangential to the curve, like the medium blue curve, a
saddle-node bifurcation occure. If we now consider the stable and unstable solutions in
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Fig. 3.4.: Supercritical pitch-fork bifurcation. The left panel shows Eq. (3.23) for different values
of r. The dark blue curve corresponds to r < 0, medium blue to r = 0 and light blue to
r > 0. The right panel shows stable and unstable solutions depending on the parameter
r.

the right panel of Fig 3.5 we see that the pitchfork of Fig. 3.4 is now disconnected into
two pieces.

Fig. 3.5.: Imperfect bifurcation. The left panel shows Eq. (3.24) for a fixed value of r and different
values of h which are chosen to be negative. The right panel shows stable and unstable
solutions depending on the parameter r for a fixed value of h.
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Persistent Response in

Ultra-Strongly Driven

Mechanical Membrane

Resonators

4

F. Yang, F. Hellbach, F. Rochau, W. Belzig, E. M. Weig, G. Rastelli, and E. Scheer, Persistent
Response in an Ultrastrongly Driven Mechanical Membrane Resonator, Phys. Rev. Lett. 127,
014304 (2021)

In the last decades, mechanical resonators were driven mainly through small driving
forces while one studied their feedback, i.e. the (weakly) linear response. Just in the last
years, the strongly nonlinear regime received more attention. Mechanical resonators have
the great advantage of directly visualizing effects due to nonlinear dynamics in the system,
which can then be transferred to other resonating systems. In the experiment of Yang et
al. [199] a membrane resonator with an ultra-strong drive is studied, i.e. in the regime of
extremely nonlinear response. A vibrating state of the membrane with nearly constant
and high amplitude over an extremely wide frequency range is explored, which is now
designated as persistent response. This effect is pioneering in avoiding a breakdown since it
establishes a self-limitation of the maximum amplitude due to nonlinear self-interactions.
This novel phenomenon is based on two different kinds of parametric couplings between
different flexural modes and their overtones, which has not been described anywhere else
before.

This part of the work was done in close collaboration with Dr. F. Yang and Prof. Dr.
Elke Scheer from the University of Konstanz. Yang and other coauthors set up the remark-
able experiment and obtained fascinating and novel nonlinear phenomena. In intense
discussions, we developed the theory to explain and substantiate the occurring physics.
The figures taken from the original paper were also produced by F. Yang, while content
not indicated by a reference was done by myself.
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4.1 Experimental Setup

A schematic of the experimental setup is shown in Fig. 4.1. A SiN membrane that is 478
nm thick and 413.5 ◊ 393.5 µm2 wide is carried by a silicon chip. This chip is connected
to a piezoelectric ring, to which a sinusoidal AC voltage Vexc sin(2fifdt) is applied. Due
to the voltage, the height of the actuator of the piezoelectric ring changes, which excites
then the membrane. The different modes are denoted as (m,n) modes, i.e. they are
specified by the integers m and n, which correspond to the number of deflection nodes in
two spatial directions. The characterizing parameters for the fundamental (1,1) mode
are among others the eigenfrequency Ê11/2fi = 323.5 kHz and the mechanical Q factor
Q11 = 20.000. The membrane is driven close to the eigenfrequency of the fundamental
mode. The resonance frequency of the (2,2) mode is with Ê22/2fi = 646 kHz not exactly
twice of the (1,1) mode. The reason is a non-zero bending rigidity and and the small
rectangular deviation from a quadratic shape of the membrane. To visualize the vibrational
states of the different modes of the membrane, the imaging white light interferometry
is used. In this way, one can spatially resolve the deflection profile of the membrane
and can determine the average mean amplitude response. Furthermore, a Michelson
interferometer is used, focusing on a single membrane position. Other parameters and
further details for the fabrication and measurement are given in [200].

Fig. 4.1.: Sketch of the experimental setup: A free-standing SiN membrane is carried on a piezo-
electric ring that is driven by an AC Voltage. The measurements are taken by imaging
white light interferometer (IWLI) and a laser beam of the Michelson interferometer
(MI). Figure taken from [200]
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4.2 Theoretical Introduction

The entire theoretical description of the nonlinear coupling between different types of
tones and modes and the complex superposition of these internal resonances is quite
challenging. To explain the experimental observations qualitatively, we focus on the
underlying process of each feature and show, solving the theoretical models for three
individual cases, that each model explains one of the observations.

We first develop a model for the nonlinearly excited fundamental mode (1,1) of the
membrane with eigenfrequency Ê11. The goal is to explain qualitatively the experimental
observation of the “persistent response”, namely the two central facts that first, the
average vibration amplitude of the membrane is almost flat by increasing the detuning,
and second, the maximum frequency detuning at which the resonator switches from the
high amplitude state to the low amplitude state is much larger with respect to the Duffing
model. A consistent theoretical scenario can explain these two facts.

In a second step, we consider the interaction of the fundamental mode and one specific
higher-frequency mode, where we focus on one example for each of two different coupling
cases. This is either an indirect parametric nonlinear interaction moderated by the
overtones of the fundamental mode, where we study the case of the third harmonic of
the (1,1) mode with eigenfrequency 3 Ê11 which drives indirectly the (2,2) mode with
Ê22 ƒ 2 Ê11. Or it is a direct parametric nonlinear interaction with a fractional resonance,
where we study the interaction of the fundamental mode (1,1) with the (1,2) mode with
Ê12 ƒ 3

2 Ê11.

4.3 Persistent Response

4.3.1 Interaction of the Fundamental Mode (1,1) with the Harmonic
Modes (2,2), (3,3) and (4,4)

Driving the system in the ultra-strong regime and measuring the mean amplitude response
of the (1,1) mode for varying drive frequency, one observes a flattening response curve
as shown in Fig. 4.2(a). In the range of small detuning above the linear eigenfrequency,
the flattening can be explained by the spatial modulation of localized overtones [201].
At larger detuning, the amplitude becomes almost independent of the driving frequency,
and one can detect small steps and kinks, i.e. peculiarities that deviate from the smooth
response curve. This almost constant amplitude over the extremely wide frequency range
is denoted as persistent response. Besides the spatial modulation of overtones, a second
interaction mechanism occurs, i.e. a nonlinear coupling between different flexural modes
that becomes dominant with increasing detuning.

4.2 Theoretical Introduction 79



Fig. 4.2.: (a) Response function, i.e. the normalized mean amplitude response of the (1,1) mode
with eigenfrequency around 321 kHz, measured for four different driving voltages.
In the gray area the amplitude is almost independent of the driving frequency. (b)
Theoretical curves for the amplitude of the (1,1) mode with different higher-order
nonlinear forces. Original figure of [199].

By expanding the complex elastic energy potential of the membrane in terms of the normal
modes, one generates all possible nonlinear interactions between the different modes.
The generic term reads

V (kh)
(n m | ¸ p) = ⁄(kh)

(n m | ¸ p) qk

n m qh

¸ p , (4.1)

with the coupling strength ⁄(kh)
(n m | ¸ p) where k, h are integers and qn m and q¸ p the am-

plitudes of the two modes (n, m) and (¸, p). Except for some frequency ranges, where
we observe features that deviate from the smooth curve of the persistent response, we
assume the higher-order modes and/or the overtones are weakly excited due to nonlinear
interaction with the fundamental mode (1, 1) such that they oscillate in their linear or
Duffing state.
However, the dynamics of the activated high frequency modes affects the response of the
mode (1, 1). To illustrate this idea, we discuss as example a minimal (toy) model to quali-
tatively capture the experimental findings. In this model we consider the fundamental
mode (1, 1) with eigenfrequency Ê11 ƒ Êd only coupled to the three modes (n, n) with
n = 2, 3, 4 and eigenfrequencies Ênn ƒ n Ê11 through the potential

4ÿ

n=2
V (n1)

(1 1 | n n) =
4ÿ

n=2
⁄(n1)

(1 1 | n n) qn

11qnn . (4.2)
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Then the dynamical equations read

q̈11 = ≠Ê2
11q11(t) ≠ 2�11q̇11(t) ≠ “1q3

11(t) + Fd cos(Êdt) ≠
4ÿ

n=2
n ⁄(n1)

(1 1 | n n) qn≠1
11 qnn ,

(4.3)

q̈nn = ≠Ê2
nnqnn(t) ≠ 2�nnq̇nn(t) ≠ ⁄(n1)

(1 1 | n n) qn

11 , (n Ø 2) . (4.4)

As already noted, the modes are described by effective resonators with frequencies Ênn

and damping constant �nn for n=1,2,3,4. The fundamental mode (1,1) is driven by
a linear force F and can be described by a Duffing nonlinearity strength “1 while the
higher harmonics are assumed to behave linearly. The fundamental mode is described as a
Duffing resonator, with Duffing nonlinearity strength “1 and driven by the force F , while
the higher harmonics are assumed to be linear. Using the canonical transformations

un(t) = e≠inÊdt

2

3
qnn(t) ≠ i

nÊd

q̇nn(t)
4

, (4.5)

uú
n(t) = einÊdt

2

3
qnn(t) + i

nÊd

q̇nn(t)
4

, (4.6)

and applying the rotating wave approximation (RWA), we get the equations

u̇1(t) = ≠
3

�11 + i”Ê1 ≠ i
3“1
2Êd

|u1(t)|2
4

u1(t) ≠ i
F

4Êd

+
4ÿ

n=2

in

2Êd

⁄(n1)
(1 1 | n n) un(t)(uú

1(t))n≠1 ,

(4.7)

u̇n(t) = ≠ (�nn + in”Ên) un(t) + i
⁄(n1)

(1 1 | n n)
2nÊd

un

1 (t) , (n Ø 2) , (4.8)

with the detuning ”Ên = Êd ≠ Ênn. u(t) describes the vibration amplitude in the rotating
frame at the driving frequency Êd. We scale the amplitude like

un(t) =
Û

2Êd�11
3“1

zn(t) , (4.9)

and introduce new parameters: the scaled detuning, the scaled damping and the scaled
force

�n = ”Ên

�11
, Ÿn = �nn

�11
, — = 3F 2“1

32Ê3
d
�3

11
. (4.10)
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With these parameters we get the scaled equations

ż1(t) = ≠
1
�11 + i”Ê1 ≠ i�11|z1(t)|2

2
z1(t) ≠ i�11


—

+
4ÿ

n=2

in

2Êd

⁄(n1)
(1 1 | n n)

AÛ
2Êd�11

3“1

Bn≠1

zn(t)(zú
1(t))n≠1 , (4.11)

żn(t) = ≠ (�nn + in”Ên) zn(t) + i
⁄(n1)

(1 1 | n n)
2nÊd

AÛ
2Êd�11

3“1

Bn≠1

zn

1 (t) . (4.12)

In the steady state, żn(t) = 0 one can obtain a closed equation from Eq. (4.11) and (4.12)
for the the stationary solution z̄1. With the abbreviation

gn =

1
⁄(n1)

(1 1 | n n)

22

4Ê2
d
�2

11

32Êd�11
3“1

4n≠1
, (4.13)

we finally get

≠i


— =
5
1 + i�1 ≠

3
i ≠ g2

(Ÿ2 + 2i�2)

4
|z1|2 + g3

(Ÿ3 + 3i�3) |z1|4 + g4
(Ÿ4 + 4i�4) |z1|6

6
z1

ƒ
5
1 + i�1 ≠ i

3
1 + g2

2�2

4
|z1|2 ≠ i

g3
3�3

|z1|4 ≠ i
g4

4�4
|z1|6

6
z1 , (4.14)

where we used the condition Ÿn π �n. The latter result corresponds to an effective septic
force for the fundamental mode in the RWA.

4.3.2 Theoretical Description of Fundamental Mode as Nonlinear
Resonator with an E�ective Septic Potential

From the previous section, we argue that the dynamics of the fundamental mode (1,1) of
the membrane with eigenfrequency Ê11 driven by a force, can be modeled by an effective
septic force if the higher-order modes are in the harmonic regime. Therefore, with the
drive Êd ƒ Ê11 we assume the following equation for the dynamics of the (1,1) mode

q̈11(t) = ≠Ê2
11q11(t) ≠ 2�11q̇11(t) + F cos(Êdt) ≠ “1q3

11(t) ≠ µ1q5
11(t) ≠ ‹1q7

11(t) , (4.15)

which corresponds to an effective resonator, driven by a linear force, the Duffing non-
linearity with parameter “1, a quintic nonlinearity with parameter µ1 > 0 and a septic
nonlinearity with parameter ‹1 > 0.

One expects a priori that the vibration amplitude is large for a sufficiently strong drive,
and the nonlinear higher-order terms become more and more important. In particular,
the Duffing nonlinearity is insufficient to explain the dynamics, and we need to include
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these higher-order nonlinearities. The crucial effect of the latter terms is to produce a
deflection of the Duffing response curve as a function of the drive frequency. It is also
important to note that the inclusion of the quintic (or other higher-order terms) does
not necessarily imply that the resonator has more stable solutions than the ones in the
Duffing model. As will be shown below, in the regime of parameters that describe the
experimental observations of this work, the nonlinear resonator of Eq. (4.15) still has
three possible real solutions, out of which two are stable and one unstable, as in the
Duffing case.

Using the canonical transformations

u(t) =
3

q11(t) ≠ i

Êd

q̇11(t)
4

e≠iÊdt , (4.16)

uú(t) =
3

q11(t) + i

Êd

q̇11(t)
4

eiÊdt , (4.17)

and applying the RWA we get the equation

u̇(t) =
5
≠i”Êd ≠ �11 + i

3“1
8Êd

|u(t)|2 + i
5µ1
16Êd

|u(t)|4 + i
35‹1

128Êd

|u(t)|6
6

u(t) ≠ i
F

2Êd

,

(4.18)

with the detuning ”Êd = Êd ≠ Ê11. The variable u(t) describes the vibration amplitude in
the rotating frame at the driving frequency Êd. We scale the amplitude like

u(t) =
Û

8Êd�11
3“1

z(t) , (4.19)

and introduce the new parameters: the scaled detuning, the scaled quintic and septic
nonlinearity parameters and the scaled force, provided by an external drive,

� = ”Êd

�11
, µ̃1 = 20

9 µ1
Êd�11

“2
1

, ‹̃1 = 140
27 ‹1

Ê2
d
�2

11
“3

1
, — = 3“1F 2

32Ê3
d
�3

11
. (4.20)

With these, we get the short equation for the scaled amplitude in the RWA

1
�11

ż(t) =
1
≠i� ≠ 1 + i|z(t)|2 + iµ̃1|z(t)|4 + i‹̃1|z(t)|6

2
z(t) ≠ i


— . (4.21)

In the steady state, ż(t) = 0, the stationary solution z̄ is given by the equation

— =
5
1 +

1
� ≠ |z̄|2 ≠ µ̃1|z̄|4 ≠ ‹̃1|z̄|6

226
|z̄|2 . (4.22)

If the external driving force is fixed, the parameter — is fixed. One can then plot the
solutions of Eq. (4.22) as a function of the scaled detuning �. With the scaling proposed
above, the solutions then depend only on two parameters, namely ‹̃1 and µ̃1, as evident
from Eq. (4.22). The Duffing resonator is recovered if µ1 = ‹1 = 0. As shown in Fig.
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Fig. 4.3.: Theoretical curves for the amplitude of the fundamental (1,1) mode including different
nonlinearities, i.e. the black curve includes only the Duffing nonlinearity, yellow
includes, in addition, the quintic, and blue also the septic nonlinearity. (a) Shows how
the amplitude is bent in a small frequency range. Bold lines represent stable solutions
and dashed lines the unstable solutions. (b) Only stable solutions over a wide frequency
range for different strong nonlinearities. The values for ‹, the quintic nonlinearity, pass
from 0.2 to 0.6 with a step size of 0.1 and µ, the septic nonlinearity, from 0.0015 to
0.0075 with a step size of 0.0015. As larger the nonlinearities as darker the yellow or
blue curve.

4.3(a), at small frequency range, the quintic nonlinearity already bends down the curve
largely while adding the septic nonlinearity does not show a great effect. The important
impact of the septic order can be seen at a wide frequency range, see Fig. 4.3(b). The
concrete profile depends on the choice of the parameters, while larger nonlinearities imply
greater bending. Compared to the experimental results, the corresponding theoretical
curve, both shown in Fig. 4.2, was generated by using the parameters — = 25, ‹̃1 = 0.5
and µ̃1 = 0.0075. Besides the impact of the concrete choice of the nonlinearities ‹ and µ,
it is evident that already the septic order is sufficient to describe the persistent response.
If one would compare the solutions of the RWA, so Eq. (4.22), for the amplitude with a
complete numerical simulation of a version of Eq. (4.15) that is scaled in the same way,
deviations between the complete numerical solution and the RWA solution appear at large
detuning beyond the validity of the RWA which is given by

|Êd ≠ Ê11| π Êd, Ê11 . (4.23)

The RWA breaks down when the detuning is comparable to Ê11.
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Solving Eq. (4.22) for the detuning �, we assume that we have either 1 or 3 real solutions
for |z̄|2. Then the condition — / |z̄|2 ≠ 1 = 0 set the maximum amplitude |zmax|2 = — leads
to the maximum detuning of

�max = |z̄|2max + µ̃1(|z̄|2max)2 + ‹̃1(|z̄|2max)3 = — + µ̃1—2 + ‹̃1—3 . (4.24)

Without the scaling, the maximum amplitude and maximum detuning become

|umax|2 = F 2

4Ê2
d
�2

11
, (4.25)

”Êd

�11
= 3“1F 2

32Ê3
d
�3

11
+ 5µ1F 4

256Ê5
d
�5

11
+ 35‹1F 6

213Ê7
d
�7

11
. (4.26)

As shown in Fig. 4.2(b), the curve of the amplitude vs. detuning becomes flattered
by adding nonlinear self-interaction terms in the equation. This explains the observed
saturation qualitatively in the measurements.

4.4 Nonlinear Parametric Interaction

Zooming in the mostly smooth and flat response curve, nanometer-scale variations appear
in the form of small steps and kinks, compare Fig. 4.4(a). Considering the deflection
profile in this detuning area, which is shown in the inset of Fig. 4.4(a) , higher-order
modes (m, n) appear. This is a signature of nonlinear mode coupling. Since it is also
possible to excite overtones of the individual (m,n) modes [201]; one can argue that the
complex superposition of several modes is generated by an effective nonlinear coupling
between different types of modes and overtones. Small continuous deviations from a
smooth response curve can qualitatively be described in terms of nonlinear coupling with
overtones [201], but here we focus on and discuss the discontinuous steps. They can be
explained by an indirect parametric nonlinear interaction mediated by the overtones of the
fundamental mode (m = n) or direct parametric nonlinear interaction between the modes
(m ”= n). We discuss two examples to illustrate this idea.

4.4.1 Indirect Parametric Nonlinear Interaction Activated by the Second
Overtone of the Fundamental Mode

For the first coupling mechanism, the indirect parametric nonlinear interaction activated
by the overtones of the fundamental mode, we study the specific case of the second
overtone of the (1,1) mode with eigenfrequency 3 Ê11 which drives indirectly the (2,2)
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Fig. 4.4.: (a) Close-up of the large detuning range in Fig. 1(a), indicated by the gray background.
Along the mostly constant plateau, we see small steps and kinks. The red arrows indicate
the positions where one captured the deflection patterns for Vexc = 4.6V shown in the
insets. (b) Numerical solutions of the amplitudes of the nonlinear coupling models
(solid lines: common amplitude of the coupled modes, dashed lines: driven modes
without interaction). Left: indirect interaction between the mode (1, 1), i.e. its second
overtone, and the mode (2, 2); Right: direct interaction between the mode (1, 1) and
the mode (1, 2). Original figure of [199].

mode with Ê22 ƒ 2 Ê11. We consider the nonlinear interaction term, described by the
potential

V (22)
(1 1 | 2 2) = 1

2 ⁄(22)
(1 1 | 2 2) q2

11 q2
22 (4.27)

between the two Duffing resonators q11 and q22, with interaction strength ⁄ © ⁄(22)
(11|22). For

simplicity and qualitative analysis, we neglect high order nonlinearities of the fundamental
mode since the main features are captured already at this order. Therefore, we set the
following coupled equations for the amplitudes q11(t) and q22(t)

q̈11(t) = ≠Ê2
11q11(t) ≠ 2�11q̇11(t) + F cos(Êdt) ≠ “1(t)q3

11(t) ≠ ⁄q11(t)q2
22(t) , (4.28)

q̈22(t) = ≠Ê2
22q22(t) ≠ 2�22q̇22(t) ≠ “2q3

22(t) ≠ ⁄q2
11(t)q22(t) . (4.29)

Both effective resonators of Eq. (4.28) and (4.29) are characterized by a Duffing nonlin-
earity with strength “1 or “2, the eigenfrequencies Ê11 and Ê22, and a damping constant
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�11 or �22. The first resonator is linearly driven by the force F . We use the following
ansatz to include also the presence of the overtone of the fundamental mode

q11(t) = 1
2

1
u1(t)eiÊdt + uú

1(t)e≠iÊdt
2

+ 1
2

1
u3(t)e3iÊdt + uú

3(t)e≠3iÊdt
2

, (4.30)

q22(t) = 1
2

1
v(t)e2iÊdt + vú(t)e≠2iÊdt

2
. (4.31)

Note that the first overtone at 2Ê2 is also present but couples to another higher-order
mode. Then, the mixing term q2

11 Ã u1u3ei4Êdt in Eq. (4.27) represents the parametric
excitation for the high frequency mode (2, 2), which becomes resonant and relevant as
soon as 4 Êd ¥ 2 Ê22. To obtain three coupled equations for ui(t) with i = 1, 2, 3 we check
the RWA for q̈1 separately for the order n = 1 and n = 3, i.e. we consider only rotating
terms with either Êd or 3Êd. More details are shown in the Appendix in Section B.3. In
combination with the RWA for q̈2 we get then the three coupled equations

0 =
31

Ê2
d ≠ Ê2

1
2

≠ 2iÊd�11 ≠ 3
4“1|u1(t)|2 ≠ 3

2“1|u3(t)|2 ≠ ⁄

2 |v2(t)|
4

u1(t) + F

≠ 3
4“1(uú

1(t))2u3(t) ≠ ⁄

4 uú
3(t)v2(t) , (4.32)

0 =
31

9Ê2
d ≠ Ê2

1
2

≠ 6iÊd�11 ≠ 3
4“1|u3(t)|2 ≠ 3

2“1|u1(t)|2 ≠ ⁄

2 |v(t)|2
4

u3(t)

≠ “1
4 u3

1(t) ≠ ⁄

4 uú
1(t)v2(t) , (4.33)

0 =
31

4Ê2
d ≠ Ê2

2
2

≠ 4iÊd�22 ≠ 3
4“2|v2(t)| ≠ ⁄

2
1
|u1(t)|2 + |u3(t)|2

24
v(t)

≠ ⁄

2 u1(t)u3(t)vú(t) . (4.34)

With the detunings of the two resonators ”Ê1 = Êd≠Ê11 and ”Ê2 = 2Êd≠Ê12. The detuning
of the second resonators can be expressed in terms of the first one via ”Ê2 = 2”Ê11 ≠ �Ê

with �Ê = 2Ê11 ≠ Ê12. Dividing Eqs. (4.32) and (4.33) by 2iÊd and Eq. (4.34) by 4iÊd we
applied the following approximations to express the equations in terms of the detuning
”Ê1

Ê2
d

≠ Ê2
1

2Êd

=Ê2
d

≠ (Êd ≠ ”Ê1)2

2Êd

= Ê2
d

≠
!
Ê2

d
≠ 2Êd”Ê1 ≠ ”Ê2

1
"

2Êd

u ”Ê1 , (4.35)

9Ê2
d ≠ Ê2

1 =9Ê2
d ≠ (Êd ≠ ”Ê1)2 = 9Ê2

d ≠ Ê2
d + 2Êd”Ê1 ≠ ”Ê2

1 u 8Ê2
d u 8Ê2

1 , (4.36)

4Ê2
d

≠ Ê2
2

4Êd

=4Ê2
d

≠ (2Êd ≠ ”Ê2)2

4Êd

= 4Ê2
d

≠
!
4Ê2

d
≠ 4Êd”Ê2 + ”Ê2

2
"

4Êd

u ”Ê2 . (4.37)
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To simplify the expressions, we use the following scaling for the amplitudes

z1(t) =
Û

3“1
8Êd�11

u1(t) , z3(t) =
Û

3“1
8Êd�11

u3(t) , w(t) =
Û

3“2
8Êd�22

v(t) , (4.38)

and the parameters for the difference between the resonance frequencies scaled by �11,
the scaled force, the detuning of the first resonator scaled by �11 and the detuning of the
second resonator scaled by �22, a coupling parameter and an asymmetry factor

� = �Ê

�11
,


— =

Û
3“1F 2

32Ê3
d
�3

11
, �1 = ”Ê1

�11
, �2 = ”Ê2

�22
= �11

�22
(2�1 ≠ �) , (4.39)

g = ⁄
Ô

“1“2
, – =

Ú
“1
“2

3�22
�11

4
. (4.40)

The scaled coupled equations read as follows:

0 =
3

≠1 ≠ i�1 + i|z1(t)|2 + 2i|z3(t)|2 + i
2
3g–|w(t)|2

4
z1(t) ≠ i


— + i(zú

1(t))2z3(t)

+ i
g

3–zú
3(t)w2(t) , (4.41)

0 =
3

4 ≠ �11
Êd

|z3(t)|2 ≠ 2�11
Êd

|z1(t)|2 ≠ 2
3g–

�11
Êd

|w(t)|2
4

z3(t) ≠ �11
3Êd

z3
1(t)

≠ 1
3

�11
Êd

g–zú
1(t)w2(t) , (4.42)

0 =
3

≠1 ≠ i
�11
�22

(2�1 ≠ �) + i

2 |w(t)|2 + i

3
g

–

1
|z1(t)|2 + |z3(t)|2

24
w(t) + i

3
g

–
z1(t)z3wú(t) .

(4.43)

For w(t) ”= 0 the last equation can be transformed to a direct expression for |w(t)|
depending on z1(t) and z3(t). Assuming �11

Êd

|z1|2 π 1, �11
Êd

|z3|2 π 1, �11
Êd

|w|2 π 1 and
– π 1 we can simplify the equations to

0 =
3

≠1 ≠ i�1 + i|z1|2 + 2i|z3|2 + i
2
3g–|w|2

4
z1 ≠ i


— + i(zú

1)2z3 , (4.44)

z3 = �11
12Êd

z3
1 , (4.45)

|w|2 = 2�11
�22

(2�1 ≠ �) ≠ 2g

3–

1
|z1|2 + |z3|2

2
± 2

Û
1
9

3
g

–

42
|z1|2|z3|2 ≠ 1 . (4.46)

Inserting Eq. (4.45) in Eq. (4.44) yields a closed equation for |z1|. Inserting Eq. (4.45) in
Eq. (4.46) we obtain an equation for |w| depending only on |z1| that has been determined
by the closed equation before. We solved this problem numerically. The result is shown
in the right panel of Fig. 4.4(b). Notice that the result for z1 has effective high-order
nonlinearities.
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4.4.2 Direct Parametric Nonlinear Interaction Caused by Fractional
Resonance

For the direct parametric nonlinear interaction with higher flexural modes (m ”= n), so
caused by a fractional resonance, we consider the interaction of the fundamental mode
(1,1) with eigenfrequency Ê11, with the (1,2) mode with frequency Ê12 ¥ 3/2 Ê11. To
this end, we treat both modes as individual resonators and consider a nonlinear coupling
between the two. An essential ingredient is the nonlinear interaction of the two resonators,
described by the potential

V (32)
(11|12) = 1

2 ⁄(32)
(11|12) q3

11 q2
12 , (4.47)

with interaction strength ⁄ © ⁄(32)
(11|12). Therefore, we can set the following coupled

equations for the amplitudes q11(t) and q12(t):

q̈11(t) = ≠Ê2
11q1(t) ≠ 2�11q̇11(t) + F cos(Êdt) ≠ “1q3

11(t) ≠ 3
2⁄q2

11(t)q2
12(t) , (4.48)

q̈12(t) = ≠Ê2
12q12(t) ≠ 2�12q̇12(t) ≠ “2q3

12(t) ≠ ⁄q3
11(t)q12(t) . (4.49)

Both effective resonators of Eqs. (4.48) and (4.49) are characterized by a Duffing
nonlinearity with strength “1 or “2, the eigenfrequencies Ê11 and Ê12, and a damping
constant �11 or �12. The first resonator is linearly driven by the force F . We use the
canonical transformations

u1(t) =
3

q11(t) ≠ i

Êd

q̇11(t)
4

e≠iÊdt, u1(t)ú =
3

q11(t) + i

Êd

q̇11(t)
4

eiÊdt , (4.50)

u2(t) =
3

q12(t) ≠ i2
(3Êd) q̇12(t)

4
e≠i

3
2 Êdt, u2(t)ú =

3
q12(t) + i2

(3Êd) q̇12(t)
4

ei
3
2 Êdt .

(4.51)

The parametric interaction becomes resonant and relevant when 3 Êd ¥ 2 Ê12: In the non-
linear interaction Eq. (4.47) the term q3

11 Ã u3
1ei3Êdt represents the parametric excitation

for the mode (1, 2). Applying the RWA we obtain two coupled equations

u̇1(t) =
3

≠i”Ê1 ≠ �11 + i
3“1
8Êd

|u1(t)|2
4

u1(t) ≠ i
F

2Êd

+ i
3
32

⁄

Êd

(uú
1(t))2 u2

2(t) , (4.52)

u̇2(t) =
3

≠i
3
2”Ê2 ≠ �12 + i

“2
4Êd

|u2(t)|2
4

u2(t) + i
⁄

24Êd

u3
1(t)uú

2(t) , (4.53)
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with the detunings ”Ê1 = Êd ≠ Ê11 and ”Ê2 = Êd ≠ 2/3 Ê12. The variables u1(t) and u2(t)
describe the vibration amplitude of the two effective resonators. To obtain the detunings
in the latter equations we made the approximations

Ê2
d

≠ Ê2
1

2Êd

= Ê2
d

≠ [Êd ≠ ”Ê1]2
2Êd

¥ ”Ê1 , (4.54)

1
3
2Êd

22
≠ Ê2

2
3
2Êd

=

1
3
2Êd

22
≠

1
3
2Êd ≠ 3

2”Ê2
22

3
2Êd

u 3”Ê2 . (4.55)

We use the following scaling for the two amplitudes

u1(t) =
Û

8Êd�11
3“1

z1(t), u2(t) =
Û

4Êd�12
“2

z2(t) . (4.56)

To simplify the the coupled equations of the scaled amplitudes we directly introduce the
parameter

Ô
— for the scaled force and the abbreviations g and h

— = 3“1F 2

32Ê3
d
�3

11
, g = 27

8

3�12
�11

42 3
“1
“2

4
h , h = ⁄

9

3�11
�12

4 Û
8Êd�11

3“3
1

. (4.57)

In the steady state ż1 = ż2 = 0, the stationary solutions z̄1 and z̄2 are given by the two
coupled equations

0 =
3

≠i
”Ê1
�11

≠ 1 + i|z̄1|2
4

z̄1 ≠ i


— + ig(z̄ú
1)2z̄2

2 , (4.58)

0 =
A

≠i
3
2”Ê2
�12

≠ 1 + i|z̄2|2
B

z̄2 + ihz̄3
1(t)z̄ú

2 . (4.59)

Transforming Eq. (4.59) and taking the square modulus of both sides yields an expression
for |z̄2| ”= 0 depending only on |z̄1|

|z̄2|2 = 3”Ê2
2�12

+
Ò

h2|z̄1|6 ≠ 1 , (4.60)

which is valid only if h2|z̄1|6 Ø 1. To transform Eq. (4.58) we need to take the phase into
account, i.e. we use the phase representation z̄i = |z̄i|ei�i for the two amplitudes and
Eq. (4.60). In this way we achieve the phase relation between �1 and �2 in the long
amplitude limit, i.e.

e2i�2 = ≠hz̄3
1

h2|z̄1|6 ≠ 1 + i
u ≠hz̄3

1
h2|z̄1|6

= ≠z̄3
1

|z̄1|3 = ≠|z̄1|3e3i�1

|z̄1|3 = ≠e3i�1 . (4.61)
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Therefore, the phase relation reads �2 = 3/2�1. With this phase relation Eq. (4.58) can
be transformed into a phase-independent equation

— =
5
1 +

3
”Ê1
�11

≠ |z̄1|2 ≠ g|z̄1||z̄2|2
46

|z̄1|2 . (4.62)

If |z̄2| ”= 0 we can replace |z̄2| by Eq. (4.60), which is valid only if h2|z̄1|6 Ø 1. In this case
we get a closed equation for |z̄1| and can solve the problem numerically for.

C

1 +
3

”Ê1
�11

≠ |z̄1|2 ≠ g|z̄1|
53”Ê2

2�12
+

Ò
h2|z̄1|6 ≠ 1

642D

|z̄1|2 = — . (4.63)

If |z̄2| = 0, which is the case if h2|z̄1|6 < 1 we solve Eq. (4.58) for |z̄1| while setting
|z̄2| = 0. The threshold value depends on the amplitude |z̄1| which itself depends on the
detuning. Therefore we get a jump at the point were the solution merge. The result is
shown in the left panel of Fig. 4.4(b).

4.4 Nonlinear Parametric Interaction 91





Nonlinear Coupled

Parametrically Driven Duffing

Resonators

5

In 1956, the experiment of Hanbury Brown and Twiss demonstrated that photons of a
light beam with a narrow spectral width tend to arrive in correlated pairs [202]. In 1962,
Glauber developed the quantum mechanical theory of correlated photons to explain this
effect and derived the distribution of the photon number in an incoherent beam [203].
He extended the previous ansatz of Mandel and Wolf, that classical Gaussian stochastic
processes can describe an electric field of such a beam [204, 205, 206]. In 1989, it was
shown theoretically by Yuen that optical radiation, prepared in a minimum-uncertainty
state, may significantly improve the performance in an optical communication system
[207] compared to correlated photons [208]. Already 12 years earlier, Yuen derived that
the radiation state of ideal two-photon lasers, which perform far above the threshold
[209], can produce such states, which are called two-photon coherent states.

Two-photon coherent states are essential in quantum optics and, as a possible minimum-
uncertainty state, of enormous interest for applications in quantum communication.
Mathematically, a unitary operator associated with quadratic Hamiltonians applied to
a coherent state can obtain such a state. Coherent states can be generated from ideal
single-photon sources, while a two-photon coherent state needs a two-photon process for
two photons of the same mode. Their noise properties are close to those of a minimum-
uncertainty state, i.e. a squeezed state. This can be achieved in systems with parametric
processes, while a first success was obtained in 1985 by Slusher et al. [210] and others
followed soon [211]. Hence, parametric oscillators are present in the field of quantum
communication using entangled pairs of photons or as sensors due to their ability to create
squeezed states [212, 213]. A prominent example is the enhancement of the sensitivity
in the famous LIGO gravitational wave detector [214]. Further, recently, a parametric
oscillator for phonons was successfully obtained in an experiment [215] paving the way
for entangled or squeezed phonon states.

Motivated by the large field of applications for two-photon states and the significance
of entangled and squeezed states for various domains, we will consider the nonlinear
interaction of two parametrically driven Duffing resonators. We derive and solve the
equation of motion in the classical regime and obtain the steady-state amplitudes of both
resonators. Investigating different parameter regimes, we find the most interesting case,
which is when a bifurcation occurs. We analyze this in more detail by determining the
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ideal setup. With the amplitudes derived in the classical regime, we find the effective
Hamiltonian for the quantum fluctuations and check some first quantities that can indicate
squeezed states. Finally, we give an outlook on the steps that still need to be taken and
the results that still need to be calculated.

This work was initiated as a Bachelor thesis Nonlinear interacting quantum Duffing res-
onators of Michael Saur, submitted in 2020 to obtain the degree Bachelor of Science
(B.Sc.). Although there exists some double content, calculation, figures, and plots have
been done by myself.

5.1 Classical Regime

5.1.1 Derivation of the Steady-State Solution and Fluctuations as
Stability Criteria

We consider two nonlinear interacting Duffing resonators, while the interaction is de-
scribed by the potential

V (22)
(1|2) = 1

2⁄(22)
(1|2)q

2
1q2

2 , (5.1)

with the interaction strength ⁄ © ⁄(22)
(1|2). Both resonators with amplitudes qi(t) are

characterized by their eigenfrequencies Êi, the Duffing nonlinearities with strength “i and
the damping constant �i, with i=1,2. Both resonators can be modulated by a parametric
drive µ̃i cos(2Êdt+Ïi), where µ̃i is the modulation amplitude and we drive each resonator
close to twice of the eigenfrequency. Therefore, |Êi ≠ Êd| π Êd, Ê0. The Hamiltonian of
this system reads

H =
2ÿ

i=1

C
p2

i

2 +
A

Ê2
i

2 + µ̃i cos (2Êdt + Ïi)
B

q2
i + “i

4 q4
i

D

+ ⁄

2 q2
1q2

2 . (5.2)

By introducing (phenomenologically) the damping �i, the equations of motion of the two
oscillators become

q̈i = ≠
Ë
Ê2

i + 2µ̃i cos (2Êdt + Ïi)
È

qi ≠ “iq
3
i ≠ 2�iq̇i ≠ ⁄qiq

2
j . (5.3)

We use the same canonical transformation as for the single Duffing to switch into the
rotating frame

ui =
3

qi ≠ i

Êd

q̇i

4
e≠iÊdt , uú

i =
3

qi + i

Êd

q̇i

4
eiÊdt . (5.4)
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Except for the coupling term, whose RWA reads

eiÊdtqiq
2
j ¥1

8
1
2ui|uj |2 + uú

i u2
j

2
, (5.5)

the other terms were already derived in Section 3.2.2 and we obtain

u̇i

�i

= ≠ i”iui + i
µ̃i

2Êd�i

eiÏiuú
i + i

3“i

8Êd�i

|ui|2ui ≠ ui + i
⁄

8Êd�i

1
2ui|uj |2 + uú

i u2
j

2
. (5.6)

We introduce the scaled parameters

ui =
Û

8Êd�i

3“i

zi , ”i = ”Êi

�i

µi = µ̃i

2Êd�i

, ⁄i = ⁄

3“j

�i

�j

, (5.7)

yielding the two coupled equations in the scaled representation (for i, j =1, 2, with i ”=j)

ż1
�1

=
Ë
≠1 + i(|z1|2 ≠ ”1)

È
z1 + iµ1eiÏ1zú

1 + i⁄1
1
2z1|z2|2 + zú

1z2
2
2

, (5.8)

ż2
�2

=
Ë
≠1 + i(|z2|2 ≠ ”2)

È
z2 + iµ2eiÏ2zú

2 + i⁄2
1
2z2|z1|2 + zú

2z2
1
2

. (5.9)

We assume that the resonance frequencies of the two resonators are close, and define their
difference by �Ê = Ê1 ≠ Ê2 with the scaled analog � = �Ê/�1. Hence the detunings are
not independent of each other, we express ”2 in terms of ”1:

”2 =”Ê2
�2

= Êd ≠ Ê2
�2

= Êd ≠ Ê1
�2

+ �Ê

�2
= �1

�2

3
”Ê1
�1

+ �Ê

�1

4
= �1

�2
(”1 + �) . (5.10)

The equation for the steady-state solution, i.e. ˙̄zi = 0, reads

0 =
Ë
≠1 + i(|z̄i|2 ≠ ”i)

È
z̄i + iµie

iÏi z̄ú
i + i⁄i

1
2z̄i|z̄j |2 + z̄ú

i z̄2
j

2
. (5.11)

To investigate the stability, we consider again a small fluctuation around the steady-states,
i.e. zi(t) = z̄i + ”zi(t). We expand the RWA equation to first order in ”zi(t) and neglect all
higher contributions of ”zi(t).

˙̄zi + ”̇zi(t)
�i

¥i
Ë
i + (|z̄i|2 ≠ ”i)

È
z̄i + µie

iÏi z̄ú
i + ⁄

1
2z̄i|z̄j |2 + z̄ú

i z̄2
j

2

+ i(2|z̄i
2| ≠ ”i + 2⁄i|z̄j |2)”zi(t) + i(z̄2

i + µie
iÏi + ⁄iz̄

2
j )”zi(t)ú

+ i2⁄i

1
(z̄iz̄

ú
j + z̄ú

i z̄j)
2
”zj(t) + i2⁄iz̄iz̄j”zú

j (t) . (5.12)
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The first line of the latter equation can be identified as the steady-state solution. Further-
more, we define

aij = (2|z̄i
2| ≠ ”i + 2⁄i|z̄j |2) , (5.13)

bij = (z̄2
i + µie

iÏi + ⁄iz̄
2
j ) , (5.14)

cij = 2⁄i

1
(z̄iz̄

ú
j + z̄ú

i z̄j)
2

, (5.15)

dij = 2⁄iz̄iz̄j , (5.16)

and write this system of equations in matrix form:
Q

ccccca

”̇z1
”̇z

ú
1

”̇z2
”̇z

ú
2

R

dddddb
=i

Q

ccccca

a12 b12 c12 d12
bú

12 aú
12 dú

12 cú
12

c21 d21 a21 b21
dú

21 cú
21 bú

21 aú
21

R

dddddb

Q

ccccca

”z1
”zú

1
”z2
”zú

2

R

dddddb
≠

Q

ccccca

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

R

dddddb

Q

ccccca

”z1
”zú

1
”z2
”zú

2

R

dddddb
, (5.17)

where we isolated the damping. Based on this eigenvalue problem, we obtain a condition
for a stable solution that the real part of the eigenvalues has to be negative, i.e. Re(‹) < 0.
We solve the coupled system of equations in Eq. (5.11) for i, j = 1, 2 with i ”= j to obtain
the possible solutions and the eigenvalue problem to distinguish stable and unstable
solutions numerically.

5.1.2 Trivial and Non-Trivial Solutions and Their Instabilities

Solving the nonlinear coupled resonators equations, we always obtain pairs of solutions
of the two amplitudes |z1| and |z2|. Several trivial solutions exist, i.e. the amplitude
of one or both resonators is zero, and the corresponding nonzero amplitude behaves
like an uncoupled parametrically driven resonator. However, the coupling between the
resonators changes the stability condition even for zero amplitude compared to the
real noninteracting parametric driven oscillator. We compare the trivial and non-trivial
solutions and analyze the coupling effect for either one or both resonators driven by a
parametric force.

To compare the case with indeed zero coupling to those with a zero amplitude solution
pair, we plot the stable solutions of both cases in Fig. 5.1. We drive the first resonator by
a force with amplitude µ1 = 10 while the second resonator is not affected by any external
force. Furthermore, we set symmetric parameters Ïi = 0, �1 = �2 and “1 = “2 and the
coupling constant either zero or finite as ⁄ = 33

80“1, such that ⁄i = ⁄

3“i

�i

�j
= 11

80 . Regarding
Fig. 5.1, the red and green solutions correspond to the uncoupled system. Since the
second resonator is not driven, its amplitude is zero, while the first resonator shows the
classic behavior of a parametric driven oscillator. For a finite coupling, we obtain two
stable solution pairs: the yellow and blue lines. Here we show only the pair where one
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solution is zero. Comparing the uncoupled and coupled system, i.e. the red/green solution
to blue/yellow, a gap appears. This gap results from an instability. The uncoupled solution

Fig. 5.1.: Plot of the stable numerical solutions for two coupled oscillators. The first resonator
is driven parametrically by a force with amplitude µ1 = 10. The second resonator
is not driven, i.e. µ2 = 0. Further parameters are Ïi = 0, �1 = �2 and “1 = “2.
(a) Red and green solutions belong to the uncoupled system. (b) Blue and orange
solutions correspond to a finite coupling with ⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 .

In the area indicated by the gray lines, the solution pair with one zero solution but
corresponding to finite coupling shows a gap.

exists, but due to the finite coupling to the second resonator, it is unstable, even when
the amplitude of the second resonator is zero. Considering Eq. (5.16) and in detail the
elements aij and bij , we note that even if the amplitude zi is zero, the terms ⁄i|z̄j |2”zi(t)
and ⁄iz̄2

j
”zi(t)ú couple the fluctuations of the zero amplitude via ⁄i to the finite amplitude

zj . Due to this coupling, there is a parameter regime in which some solutions become
unstable, which are stable in the uncoupled case.

This can be visualized, plotting the real part of the eigenvalues from Eq. (5.17) depending
on the coupling parameter ⁄1 = ⁄2. We show this in Fig. 5.2 for the amplitude z1(”1) at
two different values of the detuning, i.e. ”1 = 5 and ”1 = 10. The coupling parameter
used in Fig. 5.1, i.e. ⁄1 = ⁄2 = 11/80 is denoted by the gray line. The solution of zi is
stable if the real part of all eigenvalues is negative. For a specific range of the coupling
constant, the real part of one eigenvalue becomes positive, and in this region, the solution
becomes unstable.

Fig. 5.2.: Real part of the four eigenvalues of solutions for the two different detuning values, i.e.
” = 5 and ” = 10 depending on the coupling constant ⁄1 = ⁄2. In a certain range of
the coupling constant, the real part of one eigenvalue becomes positive, leading to an
unstable solution. The gray line indicates the coupling constant 11/80 that is used in
Fig. 5.1. For an amplitude for ” = 5, i.e. the left plot, the solution is unstable while it is
stable for ” = 10, i.e. the right plot.
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The same observation can be made considering two nonlinear coupled Duffing oscillators
where now both resonators are driven by a parametric force that differs slightly, i.e.
µ1 = 2.5 and µ2 = 2.25, while the other parameters are the same as in the example before.
In Fig. 5.3, we plotted the stable solutions of the uncoupled system in red and green,
while the stable solutions of the system with finite coupling are shown in yellow and
blue. Again we plot only the solution pairs with one zero-amplitude solution, differing
slightly due to the different driving forces. It seems that there occurs a jump in the
amplitude, indicated by the gray arrows in Fig. 5.3 (b), which contradicts the behavior
of the uncoupled driven system. The reason is still the instability of the solution due to
the coupling of the fluctuations. Therefore, this jump does not occur because a sufficient
strong detuning is needed, which implies a sufficiently large amplitude to activate the
oscillation of the second resonator. Plotting the real part of the eigenvalues shows similar
results as in Fig. 5.2.

Fig. 5.3.: Plot of the stable numerical solutions for two coupled oscillators. The first resonator
is driven parametrically by a force with amplitude µ1 = 2.5. The second resonator is
driven parametrically by a force with amplitude µ1 = 2.25. Further parameters are
Ïi = 0, �1 = �2 and “1 = “2. (a) Red and green solutions belong to the uncoupled
system. (b) Blue and orange solutions correspond to a finite coupling with ⁄ = 33

80 “1
and therefore ⁄i = ⁄

3“i

�i
�j

= 11
80 . In the area indicated by the gray arrows, the solution

pair with one zero solution but corresponding to finite coupling shows a gap.

5.1.3 Bifurcation E�ect for a Parametric Drive with Equal Driving
Strengths

After we did the consistency check of the zero-amplitude solution pairs and clarified the
reason for the occurring gaps as instabilities we focus now on the solution pairs, where
both solutions are finite. As a first indication we show both zero and nonzero solution
pairs in Fig. 5.4. Both for a single and two driven resonators. These solutions have a
lower amplitude compared to the uncoupled/zero amplitude solutions.

It was already found in [216] that for a sufficiently strong and equal drive, the coupled
system with two drives shows additional solutions in the form of a bifurcation. We will
extend these studies and investigate this behavior further. For this purpose, we first
consider the coupled system with equal driving forces applied to the two resonators.
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Fig. 5.4.: Plot of the stable numerical solutions for two coupled oscillators. The first resonator is
driven parametrically by a force with amplitude µ1 = 2.5. (a) The second resonator is
not affected by an external force. (b) The second resonator is driven parametrically by
a force with amplitude µ1 = 2.25. Further parameters are Ïi = 0, �1 = �2 and “1 = “2.
We consider a finite coupling with ⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 . Compared

to the latter chapter the nonzero solution pairs are the lower blue and yellow lines. The
bifurcation in (b) will be explained in the following.

We investigate the impact of the driving strength, the strength of the coupling, how
asymmetry in the system affects the amplitudes and if a similar effect occurs if only a
single resonator is driven. Since the interesting effects happen if both resonators oscillate
simultaneously, we will show only solutions where both amplitudes are finite in the
following. We start with the impact of the driving strength. The parameters for the

Fig. 5.5.: Effect of equal, increasing driving forces on the amplitudes of nonlinear coupled para-
metrically driven Duffing resonators. The other parameters are Ïi = 0, �1 = �2 and
“1 = “2,⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 . Plots of the nontrivial, stable solu-

tions. We consider equal forces acting on the two resonators while we increase the
strength from µ1 = µ2 = 2 to µ1 = µ2 = 4.

plots in Fig. 5.5 are Ïi = 0, �1 = �2 and “1 = “2. We consider a finite coupling for
which we set ⁄ = 33

80“1 and therefore ⁄i = ⁄

3“i

�i

�j
= 11

80 . We drive both resonators with
the same driving strength given by the parameters µ1 = µ2. The curves cross, i.e. the
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resonator oscillates with the same amplitude, and it exists only a single solution for the
coupled equations. They build additional branches in terms of a bifurcation. As the
force increases, the amplitudes increase because more energy is pumped into the system.
The arms of the bifurcation become more pronounced and the two new branches evolve
even more symmetric concerning the initial curve. Furthermore, the range of detuning
in which the nontrivial solution exists is extended with increasing force. The analysis
of the stability condition shows that the real solution does not become unstable but
disappears. To study the consequences of an increasing coupling strength ⁄, we fix the

Fig. 5.6.: Effect of the coupling strength on the amplitudes of nonlinear coupled parametrically
driven Duffing resonators. The other parameters are Ïi = 0, �1 = �2, “1 = “2 and
µ1 = µ2 = 3.5 . Plots of the nontrivial, stable solutions for different coupling strength.
Due to the scaling ⁄i = ⁄

3“i

�i
�j

, we define the coupling constant ⁄i always in terms of “i.

force of the two resonators at equal values µ1 = µ2 = 3.5. Due to the scaling ⁄i = ⁄

3“i

�i

�j
,

we define ⁄ always in terms of “i. In Fig. 5.6, we notice that increasing the coupling
strength has the inverse effect of increasing the driving force. The range of detuning
in which a real solution exists decreases. The additional arms become less symmetric
and pronounced until they finally regress completely. The amplitude of one resonator
remains almost constant while the other amplitude decreases significantly. For really
strong coupling, i.e. if the coupling parameter is larger than the Duffing nonlinearity,
we get a solution comparable with two independent oscillations, where the breakdown
cannot be seen due to the RWA. So far, we assumed a symmetric setup, i.e. equal Duffing
nonlinearities, damping coefficients, and driving forces. We still keep the latter two but
evaluate the influence of different Duffing nonlinearities. Note that this also affects the
scaling of the amplitudes. We consider the case where ⁄2 = 1.2 ⁄1 which corresponds to
“2 = 10/12 “1 ¥ 0.83 “1. In the first two plots of Fig. 5.7, we compared the symmetric
and asymmetric system at µi = 3.5. While the branching effect is well pronounced
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in the symmetric case, in the left plot, the additional arms disappear entirely in the
asymmetric case. Analyzing the stability conditions, we notice again that this is not due to
instability, but the solutions disappear completely. The curves drift away, and the detuning

Fig. 5.7.: Effect of different Duffing nonlinearities on the amplitude of nonlinear coupled para-
metrically driven Duffing resonators. We fixed Ïi = 0, �1 = �2 and “1 = “2. Plots of the
nontrivial, stable solutions. In the left plot and middle plot, we set µ1 = µ2 = 2.75. We
compare the effect for either equal nonlinearities on the left, and different nonlinearities
at the middle, where we set ⁄2 = 1.2 ⁄1 which corresponds to “2 = 10/12“1 ¥ 0.83“1.
We kept the different Duffing nonlinearities in the right plot but increased the driving
force to µ1 = µ2 = 4.

range for a finite solution slightly increases. Thus, the crossing point shifts to a larger
detuning. We already noticed this effect varying the coupling strength. Due to our scaling,
increasing the coupling strength has the same effect as a symmetric decrease of both
Duffing nonlinearities. With increasing force, shown in the right panel of Fig. 5.7, we can
reproduce the bifurcation, i.e. when the force is large enough to overcome the asymmetry
induced by different Duffing constants. The extra branches of each solution reappear,
and the curves cross, although at larger detuning than in the symmetric system. This
indicates that the two resonators need to be affected by a similar force to show the special
behavior.

One estimated reason for the bifurcation is the frequency change of the resonators due to
the interaction, i.e. if one resonator starts to oscillate in the predicted way, its frequency
is shifted at that moment when the second oscillator starts to move. To check the effect
of the coupling, we consider the case where only one of the two resonators is driven
parametrically while the second one is not affected by any external force, i.e. it oscillates
just due to the coupling. In Fig. 5.8, we show the solutions for two different forces acting
on the first resonator. Here, we also plotted the trivial solution, where the amplitude
of the second resonator is zero, and the corresponding (high) blue curve represents the
uncoupled solution of resonator one. The nontrivial solution pair does not show any
additional branches and does not cross, even for large detunings. We notice just the
well-known behavior, i.e. if the detuning is large enough, the amplitude of the first
resonator is sufficiently strong, such that the second resonator can oscillate then with a
stable amplitude. The amplitudes are close to each other, but less than the uncorrelated
solutions since the same total energy is distributed at two oscillators. Increasing the
force also raises the amplitude of the first resonator. Therefore, a stable oscillation of the
second resonator is obtained already at smaller detuning. The effective frequency also
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Fig. 5.8.: Stable solutions of two nonlinear coupled Duffing resonators while a parametric force
drives only one of them. We check two different driving strengths and compare the
trivial with the nontrivial solutions. The other parameters are Ïi = 0, �1 = �2 and
“1 = “2,⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 .

depends on the amplitude of the coupled resonator. Therefore, the amplitudes of both
resonators differ stronger than at smaller forces. However, this effect does not explain the
bifurcation.

5.1.4 Bifurcation E�ect for a Parametric Drive with Di�erent Driving
Strengths

So far, we figured out that the bifurcation, and even the crossing, is not simply caused by
the frequency shift due to the coupling and both resonators need to be driven parametri-
cally. Increasing the driving force causes a more pronounced and symmetric bifurcation.
An asymmetry in the Duffing nonlinearities can suppress the bifurcation entirely while the
crossing still occurs. Nevertheless, a sufficiently large force can overcome this effect. In
the following, we still drive both resonators but investigate the consequence of different
driving amplitudes µ1 ”= µ2. To give more insight, we show in Fig. 5.9, not only the stable
but also the unstable solutions. The bold curves represent the stable solutions while the
other curves correspond to the unstable ones. We still show only nontrivial solution pairs.
We fix the force driving the second resonator at µ2 = 3.5 while we sweep the amplitude of
the force proportional to µ1. More details are shown in the appendix, Section C.2, where
we give the plots with a stepsize of �µ1 = 0.05. In Fig. 5.9, we show the solution of four
different force combination. We obtain two different solution pairs for the amplitude. The
first one, denoted inner solution in the following, starting at zero detuning and the second,
denoted outer solution in the following, which appears around ”1 = 15. The inner solution
pair increases in amplitude and detuning range with increasing force. The curves drift
slightly away from each other. Hence, the crossing point also drifts to larger detuning
values, and the tails approach each other. The outer solutions show just minor changes.
The length almost does not change, but they move slightly to the left overall. In this way,
the inner solutions squeeze in between the outer ones, and at equal forces, they finally
connect. Verifying the unstable solutions shows that the gap is not just due to instability,
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Fig. 5.9.: Nontrivial solutions for nonlinear coupled, parametrically driven Duffing resonators for
different driving forces. Both stable (bold lines) and unstable solutions are shown. The
parameters are Ïi = 0, �1 = �2 and “1 = “2,⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 .

The driving force of the second resonator is fixed at µ2 = 3.5. We check four different
strength for the driving force of the first resonator.

but no solution exists. Regarding Fig. 5.10, we see that the bifurcation, i.e. the connected
branches, occurs if and only if the two driving forces are equal. A slight change of the
forces leads directly to disconnected arms, i.e. an imperfect bifurcation. Considering the
insets of Fig. 5.10, it is visible that if one force approaches from below towards the fixed
force, the inner solution squeezes between the outer. When the force exceeds the fixed
force, the inner branches detach in the region where the solutions overlap, and the new
outer solutions retreat.

At this point, we cannot explain the classical physics behind this behavior. However, it
seems that something exciting happens in this parameter regime. To investigate this
further, we will transform the nonlinear coupled resonators to the quantum regime and
consider the quadratures of the two resonators in the parameter regime obtained from
the classical approach. We have four quadratures, two for each resonator. Since we
cannot plot a four-dimensional surface, we will fix two quadratures of one resonator, using
the steady-state solutions we obtained in the classical case, and plot a two-dimensional
surface of only one resonator. For this purpose, we vary the detuning and extract the
steady-state solutions for one of the resonators in the classical regime. We can verify
our calculations, checking if the occurring surface has a minimum at the steady-state
solution pair of both resonators. Furthermore, we investigate how the surface evolves
with different parameters. Moreover, similar to the classical case, we will derive the
stability conditions by introducing quantum fluctuations. The occurring equation gives
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Fig. 5.10.: Closeup for solutions for nonlinear coupled, parametrically driven Duffing resonators
for different driving forces. Only nontrivial solutions are plotted while both stable
(bold lines) and unstable solutions are shown. The parameters are Ïi = 0, �1 = �2
and “1 = “2,⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 . The driving force of the second

resonator is fixed at µ2 = 3.5. We check three different strengths for the driving
force of the first resonator that is slightly below, equal and slightly above the second
resonator. The inset shows a zoom of the crossing area.

direct access to squeezing and stability information, allowing us to determine possible
entangled states. However, we have to extract the steady-state solutions for this approach,
i.e. the full solution defined by amplitude and phase. So far, we spoke about only one
solution pair for each visible pair of amplitude curves until now. To be precise, we obtain
four solution pairs with equal absolute values that differ in the phase. Consequently, we
study how the phase of the stable solution pairs behaves. For this purpose, we check two
cases, i.e. µ1 = 3.3 with µ2 = 3.5 and µ1 = µ2 = 3.5.

In Fig. 5.11, we plotted the occurring phases. Red and orange dots represent the phases
of the solutions for the first resonator, while blue and cyan dots correspond to the second
resonator. Lighter colors correspond to the inner branches, while darker colors correspond
to the outer branches. Both resonators have one solution with the positive and one
with the negative phase. The four solution pairs correspond, therefore, to all possible
combinations.
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Fig. 5.11.: Phase of the four nontrivial solutions for nonlinear coupled, parametrically driven
Duffing resonators for two different driving forces. The parameters are Ïi = 0, �1 = �2
and “1 = “2,⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 . The driving force of the second

resonator is fixed at µ2 = 3.5. We check two different strengths for the driving force of
the first resonator. Red and orange dots correspond two the first, and blue and cyan
dots to the second resonator.

In the detuning range, where both solutions behave almost like uncoupled resonators,
the phases are close to ±fi/2. The exact value ±fi/2 is reached in the limit of large
forces. Therefore, the discrepancy originates from the parametric forces used in the
numerical calculations are not very strong. When the interaction between the resonators
influences the behavior of the amplitude, the phase also starts to vary. However, the
difference between the positive and negative phases is always equal to fi, which will
become important in the following section.

5.2 Quantum Regime

This aim of this chapter is to derive the effective Hamiltonian of the quantum fluctuations.
For this purpose, we write the Hamiltonian of Eq. (5.2) in terms of the bosonic creation
and annihilation operators, i.e. â†

i
, âi for m = 1 via

qi æ q̂i =
Û

~
2Êi

1
âi + â†

i

2
, (5.18)

pi æ p̂i = ≠ i

Û
~Êi

2
1
âi ≠ â†

i

2
, (5.19)

whereby the operators fulfill the bosonic commutator relation

[âi, âj ] =[â†
i
, â†

j
] = 0 , (5.20)

[âi, â†
j
] =âiâ

†
j

≠ â†
j
âi = ”ij . (5.21)
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This leads to a lengthy expression, including quadratic and quartic terms in the bosonic
operators.

The Hamiltonian can be transformed into the rotating frame by the unitary transforma-
tion

Ĥ æ ÛĤÛ † + i~ ˙̂UÛ † , (5.22)

with the unitary operator

U(t) =eiÊdt

q2
i=1 â

†
i
âi . (5.23)

The detuning is still defined as ”Êi := Êd ≠ Êi. Neglecting the fast oscillating terms, we
obtain the Hamiltonian in the RWA

ĤRWA =
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â2

i eiÏi + (â†
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. (5.24)

From this expression we derive the Heisenberg equation of motion

˙̂ai =dâi

dt
= i[ĤRWA, âi] + ˆai

ˆt
= i[ĤRWAâi ≠ âiĤRWA] , (5.25)

and add (heuristically) the damping, i.e. ≠�iâi to obtain finally, with i, j œ {1, 2} but
i ”= j, the equation of motion
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(5.26)

A classical wave package describes the quantum dynamics of the oscillator. Its center
is characterized by classical physics, which we considered in the latter chapter, and the
fluctuations around this stable state of oscillation are of quantum nature. To investigate
this in more detail, we use the so-called semiclassical approximation, i.e. âi(t) = ci + ”âi.
Here ”âi are the quantum fluctuations. We insert these approximations in the equation of
motion and receive
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As a first step, we do a consistency check. If we study the stable solutions, neglecting the
fluctuation, we should receive an equation similar to the classical limit. We obtain
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Compared to the steady equation in the classical limit, given by Eq. (5.11), the only
difference is the renormalization of the detuning by the factor ≠3“i~2

4Ê
2
i

≠ ⁄̃~2
4ÊiÊj

. To investigate
the fluctuations, we consider the whole expression in Eq. (5.27) and keep terms only up
to the first order in the fluctuations, as we assume that the fluctuations are small. Similar
to the derivation in the classical limit, we can identify the steady-state equation, which is
zero, and obtain the equation of motion of the quantum fluctuations:

”̇âi = ≠ i
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In terms of the parameters
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we can write the equations of motion for the fluctuation operators in matrix form. Note
that Cij = Cji © C and Dij = Dji © D and, therefore,

Q
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1
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1

”ˆ̃a2

”ˆ̃a†
2

R

dddddb
, (5.34)

while the last term describes the damping. Like in the steady-state equation, the matrix
element Aij contains a shift in the detuning, but the structure and the matrix elements
are similar to the classical case. Therefore the steady-state solution that we derived in the
classical regime can also be used for the quantum regime equations, while we have to
keep in mind the renormalization of the detuning.

The elements Aji and Bij just renormalize the detuning and the parametric force, while C

and D contain information about a possible squeezing of the quadrature of the quantum
fluctuations. If these elements vanish, the quadratures of the fluctuations about the
stable-state would be equal [164, 217], i.e. no squeezing effect occurs. The quadratures
are determined by the real and imaginary parts, respectively. Hence, we consider how
the real and imaginary part of the matrix elements C and D of Eq. (5.34) evolve for
two different parameter sets. The elements depend on two multiplied amplitudes of the
resonator or its complex conjugated. The four possible solution pairs, that we derived in
the classical regime, show a phase difference between within a pair of zero or exactly fi.
The additional phase factors of the products either compensate or sum up to 2fi. Hence,
the phase does not affect the matrix elements. Since the four solution pairs differ only
in the phase and not in the amplitude, we need to analyze and evaluate other quantities
for only one solution pair. We fix the force of the second resonator to µ2 = 3.5. For the
first resonator, we consider the three different forces µ1 = 2.9, µ1 = 3.3 and µ1 = 3.5.
The other parameters are Ïi = 0, �1 = �2 and “1 = “2. We consider a finite coupling and
set ⁄̃ = 33

80“1 and therefore ⁄i = ⁄̃

3“i

�i

�j
= 11

80 , which are the parameters that we used in
the classical regime. In this way, we plug in the amplitudes of the classical steady-state
equation and determine the real and imaginary part of C and D which we show in Fig.
5.12. In all three setups, we find an interesting behavior of both matrix elements. While
the real part of element C vanishes, the imaginary part is finite. For the element D, both
real and imaginary parts are finite. This indicates that the quadratures of the fluctuations
are not equal, i.e. there is a squeezing effect. To prove this, we derive the effective
Hamiltonian of the quantum fluctuations. This Hamiltonian has in general the following
form:
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Fig. 5.12.: In the first row, we plotted again the nontrivial solution pairs for the coupled resonator,
where the bold lines correspond to the stable solutions. The second and third rows
show the real and imaginary part of the matrix elements Cij and Dij , respectively, for
the stable nontrivial solutions. We consider the evolution from a smaller force of the
first resonator towards equal forces, i.e. µ1 = 2.9, µ1 = 3.3 and µ1 = 3.5 for µ2 = 3.5.
The other parameters are Ïi = 0, �1 = �2 and “1 = “2. We consider a finite coupling
and set ⁄̃ = 33

80 “1 and therefore ⁄i = ⁄̃
3“i

�i
�j

= 11
80
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. (5.35)
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To find the exact coefficients, we determine the equation of motion from this exemplary
Hamiltonian and compare the result with Eq. (5.34). By comparison, we can identify the
coefficients

Êeff
1 =A12 = ≠~”Ê1 + 3“1~2

4Ê2
1
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1 + 2|c1|2

2
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, (5.36)
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The effective Hamiltonian for the fluctuation reads therefore
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È
. (5.42)

This part of the work is still in preparation. Using a Bogoliubov transformation, the
Hamiltonian of Eq. (5.42) can be diagonalized. Then, we can evaluate the quadratures
of the two resonators in the parameter regime obtained from the classical approach. As
already explained we will use the steady-state solutions of the classical regime to plot the
quadrature of one resonator depending on the detuning. Furthermore we have access
to non-classical quantities indicated by squeezed states. In this way, we will investigate
entanglement criteria for different parameter sets in the bifurcation regime.
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Summary and Outlook 6

Small nanomechanical oscillators can have atomic-scale dimensions and show, therefore,
already at small amplitudes nonlinear behavior of their vibrations, like parametric oscilla-
tion or bifurcation. The field of applications is huge since the excitation of flexural modes
paves the way for hybrid engineered systems because they can easily be coupled to other
degrees of freedom like light or atoms. Internal resonances like the 1:3 resonance lead to
non-trivial aspects, like the self-limitation of the amplitude. In this context, the Scheer
group of the University Konstanz and, in particular, F. Yang developed an experiment of
a vibrating membrane resonator under ultra-strong drive. Deriving the theory for this
experiment, we were able to show that the persistent response, which denotes a vibrating
state that has a nearly constant, high amplitude over a frequency range of more than 50%
of the eigenfrequency, is caused by a previously undescribed parametric coupling between
different flexural modes and their overtones. In Section 4.3.1, we demonstrated that the
dynamics of the fundamental (1,1) mode with its higher harmonics, where we limited
ourselves to the second, third, and fourth harmonics, can be modeled by an effective
septic force if the higher-order modes are in the harmonic regime. Under this point of
view, we derived in Section 4.3.2 a scaled expression of the amplitude that demonstrated
the flat response obtained in the experiment. Furthermore, we determined the maximum
amplitude and detuning. However, the overall smooth response showed special features
on the nanometer scale in terms of small steps and kinks. Evaluating the deflection profile,
the experimental group had identified these as a signature of nonlinear mode coupling.
In Section 4.4 we confirmed that two different nonlinear coupling mechanisms cause
these variations. In Section 4.4.1, we demonstrated an indirect parametric nonlinear
interaction, activated by the overtones of the fundamental mode (m = n). In detail, we
studied the coupling of the second overtone of the fundamental mode with the (2,2)
mode. In Section 4.4.2, we considered a direct parametric interaction with higher flexural
modes (m ”= n). The resonance is fractional, and we studied in detail the interaction of
the (1,1) mode with the (1,2) mode. A comparison to the experiment proved that both
coupling mechanisms could be associated with the features in the measurement.

Furthermore, parametric processes can produce two-photon coherent states. These states
are essential in quantum optics and quantum communication. Motivated by the large field
of applications and the significance of entangled and squeezed states for various domains,
we studied the nonlinear interaction of two parametrically driven Duffing resonators.
In Section 5.1.2, we analyzed the stability of the trivial solutions and obtained that the
coupling led to unstable regions even if the amplitude of one resonator is zero. Obtaining
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the steady-state solution of the amplitude, we ascertained a bifurcation if the driving
forces are equal, which we analyzed in Section 5.1.3. The larger the forces, the more
pronounced the bifurcation. If the coupling increases, this has the reverse effect of
an increasing driving force. If the Duffing nonlinearities of the two resonators differ,
the bifurcation can be suppressed while the amplitudes still cross. Increasing the force
overcomes this effect. If the forces are equal, the two branches are connected to the
initial curve before the bifurcation. If the forces differ slightly, the solution in some
detuning range vanishes and a gap appears in one of the two branches, i.e. only an
imperfect bifurcation appears, what we showed in Section 5.1.4. If we consider not
only the amplitude but also the phase of the possible solutions, we obtain four different
solution pairs with different combinations of a positive or negative phase value. The
relevant information is the constant phase difference of fi. To investigate the presence
of possibly squeezed states and apply other entanglement criteria, we studied in Section
5.2 the system in the quantum regime. Deriving the equation of motion for the quantum
fluctuations, we performed a first analysis of the matrix elements using the steady-state
solutions of the classical regime that gave rise to the presence of squeezed states. We
derived the effective Hamiltonian of the quantum fluctuations. Further steps will be the
diagonalization of this Hamiltonian using a Bogoliubov transformation. Then, we evaluate
the quadratures of the two resonators in the parameter regime obtained from the classical
approach. We will fix the quadratures of one resonator using the classical solutions
and study the two-dimensional surface of the other resonator for different values of the
detuning. In this way, we will investigate entanglement criteria for different parameter
sets in the bifurcation regime.
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Detailed Calculation of the

Perturbation Expansion

A

A.1 Perturbation Expansion of the Two-Particle Green’s
Function Fab(t, tÕ)

A.1.1 Zeroth Order

At zeroth order the application of Wick’s theorem leads to mixed terms of â and b̂ that
vanish since the particle number of each resonator is not conserved and there is no direct
interaction between the resonators. We end up with the multiplication of the bosonic
Keldysh Green’s function of each resonator,

e
TC

11
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†
tÕbtb

†
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22f(0)
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e
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1
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(t, tÕ) .

(A.1)

A.1.2 Second Order

The second order term is the two-dimensional integral over contour times written in Eq.
(A.2). Since mixed terms, i.e. terms with an odd number of operators â or b̂, become
zero the only nonzero contributions of the two multiplied interaction Hamiltonians are
given in Eq. (A.3). We separate the string of bosonic and fermionic operators and
summarize the different contributions in Eq. (A.4). In the next step we apply Wicks
theorem to decompose the strings of bosonic and fermionic operators separately. We
already neglected disconnected and Tadpole diagrams and end up with Eq. (A.5) Finally
we identify the Keldysh Green’s functions and receive the contour-time integral over
fermionic and bosonic unperturbed Keldysh Green’s functions in Eq. (A.6).

e
TC

1
âtâ
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A.1.3 Fourth Order

For the fourth order term we now get the four-dimensional integral over contour times,
shown in Eq. (A.8). The multiplication of the four interaction Hamiltonians can be
summarized and decomposed in the same way as before to obtain Eq. (A.10). In a first
step we apply Wick’s theorem only to the string of bosonic operators and end up with
Eq. (A.10). Next we apply Wick’s theorem to the string of fermionic operators. To short
the occurring expression we summarize the sum of two antisymmetric bosonic Green’s
functions as D̃(0)(ti, tj) = D(0)(ti, tj) + D(0)(tj , ti). We again neglect disconnected and
Tadpole diagrams and end up with the final expression of the perturbative expansion
upon fourth order in Eq. (A.10). To improve the readability we use the color code of
the Feynman diagrams exceptionally also for the equation. Blue and red corresponds to
the diagonal elements, i.e. the bosonic Green’s function D(0)

a and the fermionic Green’s
function Gaa in blue and the bosonic Green’s function D(0)

b and the fermionic Green’s
function Gbb in red. Green belongs to the offdiagonal fermionic Green’s functions, i.e.
Gab and Gba.
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†
tÕ b̂tb̂

†
tÕ

2f(4)
(A.7)

= (≠i)4

24

⁄

C

dt1

⁄

C

dt2

⁄

C

dt3

⁄

C

dt4
e
TC

1
ata

†
tÕbtb

†
tÕ

Ë
⁄(a + a†)d†d + ⁄(b + b†)d̃†d̃

È

t1

Ë
⁄(a + a†)d†d + ⁄(b + b†)d̃†d̃

È

t2

◊
Ë
⁄(a + a†)d†d + ⁄(b + b†)d̃†d̃

È

t3

Ë
⁄(a + a†)d†d + ⁄(b + b†)d̃†d̃

È

t4

4>

(A.8)

=⁄4

24

⁄

C

dt1

⁄

C

dt2

⁄

C

dt3

⁄

C

dt4
Ë

6
e
TC

1
ata

†
tÕbtb

†
tÕat1at2a†

t3a†
t4

2f e
TC

1
d†

t1dt1d†
t2dt2d†

t3dt3d†
t4dt4

2f

+ 6
e
TC

1
ata

†
tÕbtb

†
tÕbt1bt2b†

t3b†
t4

2f e
TC

1
d̃†

t1 d̃t1 d̃†
t2 d̃t2 d̃†

t3 d̃t3 d̃†
t4 d̃t4

2f

+ 24
e
TC

1
ata

†
tÕbtb

†
tÕat1a†

t2bt3b†
t4

2f e
TC

1
d†

t1dt1d†
t2dt2 d̃†

t3 d̃t3 d̃†
t4 d̃t4

2f È
(A.9)

=⁄4

24

⁄

C

dt1

⁄

C

dt2

⁄

C

dt3

⁄

C

dt4
Ë

D(0)
b (t, tÕ)D(0)

a (t, t3)D(0)
a (t1, tÕ)D(0)

a (t2, t4)
e
TC

1
d†

t1dt1d†
t2dt2d†

t3dt3d†
t4dt4

2f

+ D(0)
a (t, tÕ)D(0)

b (t, t3)D(0)
b (t1, tÕ)D(0)

b (t2, t4)
e
TC

1
d̃†

t1 d̃t1 d̃†
t2 d̃t2 d̃†

t3 d̃t3 d̃†
t4 d̃t4

2f

+
1
D(0)

a (t, tÕ)D(0)
a (t1, t2)D(0)

b (t, t4)D(0)
b (t3, tÕ)

+ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b (t, tÕ)D(0)

b (t3, t4)

+ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b (t, t4)D(0)

b (t3, tÕ)
2 e

TC

1
d†

t1dt1d†
t2dt2 d̃†

t3 d̃t3 d̃†
t4 d̃t4

2f È

(A.10)

A.1 Perturbation Expansion of the Two-Particle Green’s Function Fab(t, tÕ) 121



e
TC

1
atbta

†
tÕb

†
tÕ

2f
¥

e
TC

1
atatb

†
tÕb

†
tÕ

2f(0)
+

e
TC

1
atatb

†
tÕb

†
tÕ

2f(2)
+

e
TC

1
atatb

†
tÕb

†
tÕ

2f(4)

(A.11)

= ≠ D(0)
a (t, tÕ)D(0)

b
(t, tÕ)

+ i⁄2
⁄

C

dt1

⁄

C

dt2D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, tÕ)Gaa(t1, t2)Gaa(t2, t1)

+ i⁄2
⁄

C

dt1

⁄

C

dt2D(0)
a (t, tÕ)D(0)

b
(t, t2)D(0)

b
(t1, tÕ)Gbb(t1, t2)Gbb(t2, t1)

+ ⁄4
⁄

C

dt1

⁄

C

dt2

⁄

C

dt3

⁄

C

dt4
Ë

2D(0)
b

(t, tÕ)D(0)
a (t, t2)D(0)

a (t1, tÕ)D̃(0)
a (t3, t4)Gaa(t1, t3)Gaa(t3, t1)Gaa(t2, t4)Gaa(t4, t2)

≠ 2D(0)
b

(t, tÕ)D(0)
a (t, t2)D(0)

a (t1, tÕ)D̃(0)
a (t3, t4)Gaa(t1, t3)Gaa(t3, t4)Gaa(t2, t1)Gaa(t4, t2)

≠ 2D(0)
b

(t, tÕ)D(0)
a (t, t2)D(0)

a (t1, tÕ)D̃(0)
a (t3, t4)Gaa(t1, t3)Gaa(t3, t2)Gaa(t2, t4)Gaa(t4, t1)

≠ 2D(0)
b

(t, tÕ)D(0)
a (t, t2)D(0)

a (t1, tÕ)D̃(0)
a (t3, t4)Gaa(t1, t2)Gaa(t3, t1)Gaa(t2, t4)Gaa(t4, t3)

+ 2D(0)
a (t, tÕ)D(0)

b
(t, t2)D(0)

b
(t1, tÕ)D̃(0)

b
(t3, t4)Gbb(t1, t3)Gbb(t3, t1)Gbb(t2, t4)Gbb(t4, t2)

≠ 2D(0)
a (t, tÕ)D(0)

b
(t, t2)D(0)

b
(t1, tÕ)D̃(0)

b
(t3, t4)Gbb(t1, t3)Gbb(t3, t4)Gbb(t2, t1)Gbb(t4, t2)

≠ 2D(0)
a (t, tÕ)D(0)

b
(t, t2)D(0)

b
(t1, tÕ)D̃(0)

b
(t3, t4)Gbb(t1, t3)Gbb(t3, t2)Gbb(t2, t4)Gbb(t4, t1)

≠ 2D(0)
a (t, tÕ)D(0)

b
(t, t2)D(0)

b
(t1, tÕ)D̃(0)

b
(t3, t4)Gbb(t1, t2)Gbb(t3, t1)Gbb(t2, t4)Gbb(t4, t3)

≠ 2D(0)
a (t, tÕ)D̃(0)

a (t3, t4)D(0)
b

(t, t2)D(0)
b

(t1, tÕ)Gaa(t3, t4)Gab(t4, t2)Gba(t1, t3)Gbb(t2, t1)

≠ 2D(0)
a (t, tÕ)D̃(0)

a (t3, t4)D(0)
b

(t, t2)D(0)
b

(t1, tÕ)Gaa(t3, t4)Gab(t4, t1)Gbb(t1, t2)Gba(t2, t3)

+ 2D(0)
a (t, tÕ)D̃(0)

a (t3, t4)D(0)
b

(t, t2)D(0)
b

(t1, tÕ)Gab(t3, t1)Gab(t4, t2)Gba(t1, t3)Gba(t2, t4)

≠ 2D(0)
a (t, tÕ)D̃(0)

a (t3, t4)D(0)
b

(t, t2)D(0)
b

(t1, tÕ)Gab(t3, t1)Gab(t4, t2)Gba(t1, t4)Gba(t2, t3)

≠ 2D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, tÕ)D̃(0)
b

(t3, t4)Gaa(t1, t2)Gab(t2, t4)Gba(t3, t1)Gbb(t4, t3)

≠ 2D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, tÕ)D̃(0)
b

(t3, t4)Gab(t1, t3)Gaa(t2, t1)Gbb(t3, t4)Gba(t4, t2)

+ 2D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, tÕ)D̃(0)
b

(t3, t4)Gab(t1, t3)Gab(t2, t4)Gba(t3, t1)Gba(t4, t2)

≠ 2D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, tÕ)D̃(0)
b

(t3, t4)Gab(t1, t3)Gab(t2, t4)Gba(t3, t2)Gba(t4, t1)

+ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gaa(t1, t2)Gaa(t2, t1)Gbb(t3, t4)Gbb(t4, t3)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gaa(t1, t2)Gab(t2, t4)Gba(t3, t1)Gbb(t4, t3)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gaa(t1, t2)Gab(t2, t3)Gbb(t3, t4)Gba(t4, t1)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t3)Gaa(t2, t1)Gbb(t3, t4)Gba(t4, t2)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t3)Gab(t2, t4)Gba(t3, t2)Gba(t4, t1)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t4)Gaa(t2, t1)Gba(t3, t2)Gbb(t4, t3)

≠ D(0)
a (t, t2)D(0)

a (t1, tÕ)D(0)
b

(t, t4)D(0)
b

(t3, tÕ)Gab(t1, t4)Gab(t2, t3)Gba(t3, t1)Gba(t4, t2)

+ D(0)
a (t, t2)D(0)

a (t3, tÕ)D(0)
b

(t, t4)D(0)
b

(t1, tÕ)Gab(t3, t4)Gab(t2, t1)Gba(t1, t2)Gba(t4, t3)
È

(A.12)

122 Appendix A Detailed Calculation of the Perturbation Expansion



A.1.4 Perturbation Expansion of the Two-Particle Green’s Function
Faa(t, tÕ) and Fbb(t, tÕ)

The perturbation expansion of Faa(t, tÕ) and Fbb(t, tÕ) leads to similar results as Fab(t, tÕ).
As already explained in the main text, we finally consider the lesser component and there-
fore all terms containing the quantity D(0)

a,b
(t, tÕ) vanish. The non-vanishing contributions

are
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A.2 Feynman Diagrams

A more pleasant way to consider the perturbative expansion and to compare the different
terms is the representation in Feynman diagrams. They Feynman diagrams, that finally
contribute to the correlators have been shown in the main text. For completeness and
a better overview, we show in the appendix the Feynman diagrams upon second-order
contributions of the single-particle Green’s function and the contribution upon fourth
order of the two-particle Green’s function as written in Eq. (A.12). The legend for

Fig. A.1.: Legend of the Feynman diagrams
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the elements used in the Feynman diagrams is shown in Fig. (A.1). The wiggled lines
correspond to bosonic and the straight lines to fermionic Green’s functions. The color
indicates the matrix element of the corresponding Green’s function. Blue belongs to the
bosonic a and fermionic aa element, red to the bosonic b and fermionic bb element and
green to the offdiagonal elements, i.e. the fermionic ab and ba element.

A.2.1 Perturbative Expansion of the Zeroth Order

The zeroth order of the single-particle Green’s function, written in Eq. (2.80) and of the
two-particle Green’s function, which is the first line of Eq. (A.12) becomes in terms of
Feynman diagrams

Fig. A.2.: Feynman diagrams of the zeroth order perturbative expansion.
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A.2.2 Perturbative Expansion of the Second Order

The second order contribution of the single-particle Green’s function, written in Eq. (2.84)
and of the two-particle Green’s function, which is shown in the second and third line of
Eq. (A.12) becomes in terms of Feynman diagrams

Fig. A.3.: Feynman diagrams of the second order perturbative expansion.
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A.2.3 Perturbative Expansion of the Fourth Order of
=
TC

3
ata

†
tÕbtb

†
tÕ

4>

Regarding the fourth-order contributions of Eq. (A.12) the geometry of the Feynman
diagrams representing the first until fourth paragraph are equal. Only the "color", i.e. the
corresponding matrix element ij with i, j œ {a, b}, of the Green’s function changes. We
show the first and third paragraph as first and second line in Fig. (A.4). To obtain the
second and fourth paragraph red and blue color have to change. The last eight integral of
the last paragraph are also shown in Fig. (A.4)

Fig. A.4.: Feynman diagrams of the fourth order perturbative expansion of the two-particle

Green’s function
e

TC

1
ata

†
tÕbtb

†
tÕ

2f(4)
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A.2.4 Perturbative Expansion of the Fourth Order of
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The non-zero contributions written in Eq. (A.14) and Eq. (A.16) have in Feynman
diagrams the form shown in Fig. (A.5)

Fig. A.5.: Feynman diagrams nonzero contributions of the fourth order perturbative expan-
sion of the two-particle Green’s function

e
TC

1
atata

†
tÕa

†
tÕ

2f
, left blue diagrams, and

e
TC

1
btbtb

†
tÕb

†
tÕ

2f
, right red diagrams.

126 Appendix A Detailed Calculation of the Perturbation Expansion



RWA for Nonlinear Coupled

Resonators

B

B.1 RWA for the Fundamental (1,1) Mode Interacting with
Higher Harmonics

Regarding the interaction of the fundamental mode (1,1) with higher harmonics, or the
description of the (1,1) mode in an effective septic potential, the equation of motion con-
tains terms proportional to qn from n = 1 up to n = 7. Using the canonical transformation
of Eqs. (4.5) and (4.6) the RWA of these terms reads

e≠iÊdtqn

1 =e≠iÊdt
1
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1
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The three occuring terms become then

n =3 æ 3
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n =5 æ 5
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n =7 æ 35
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127



B.2 RWA for the Direct Nonlinear Interaction

B.2.1 Derivation for the RWA of Higher Order q1:

Besides the terms equivalent to those of the fundamental mode coupled to higher har-
monics we get in addition the the mixed terms for u1(t)

eiÊdtq2
1q2
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16
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Besides the terms similar to those of the fundamental mode coupled to higher harmonics
we get in addition also mixed terms for u2(t)
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Summarized all terms in the RWA transform
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B.3 RWA for Indirect Nonlinear Interaction

Canonical transformation and RWA for first resonator
The canonical transformation for q1 has contributions Ã u1eiÊdt and Ã u3e3iÊdt. Inserting
the canonical transformation we get
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with the cubic term

q3
1 =1

8
Ë 1

u3
1e3iÊdt + 3|u1|2u1eiÊdt + u3

3e9iÊdt + 3|u3|2u3e3iÊdt + c.c.
2

+3
1
u2

1u3e5iÊdt + u2
1uú

3e≠iÊdt + 2|u1|2u3e3iÊdt + 2|u1|2uú
3e≠3iÊdt

+(uú
1)2u3eiÊdt + (uú

1)2uú
3e≠5iÊdt

2

+3
1
u1u2

3e7iÊdt + uú
1u2

3e5iÊdt + 2u1|u3|2eiÊdt + 2uú
1|u3|2e≠iÊdt

+u1(uú
3)2e≠5iÊdt + uú

1(uú
3)2e≠7iÊdt

2 È
. (B.21)

Considering only terms rotating with Êd or 3Êd this expression approximates to
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The mixed cubic term reads
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For the order n = 1 we get for q̈1
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For the order n = 3 we get for q̈1
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Canonical transformation and RWA for second resonator

The canonical transformation for q2 leads to
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where the cubic term becomes
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Considering only terms rotating with 2Êd this expression approximates to
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For the order n = 2 we get for q̈2
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Detailed Figures for the

Nonlinear Coupled,

Parametrically Driven Duffing

Resonators

C

C.1 Solution Pairs Two Driven Resonators

Solving the coupled equations we obtain always pairs of solutions. We show exemplary,
for one set of parameters, which pairs, i.e. which branches belong together. We check
stable and unstable solutions, but only those, where both amplitude are finite. We get five
different solution pairs, that we color in red, green, cyan, blue and magenta. The lighter
color belongs to the amplitude z̄1 of the first resonator while the darker color belong to
the amplitude z̄2 of the second resonator.

Fig. C.1.: Solution pairs of the resonators. We have five different solution pairs, i.e. red, green,
cyan, blue and magenta. The lighter color belongs to the amplitude of the first resonator
z̄1, the darker color belongs to the amplitude of the second resonator z̄2

C.2 Evolution of the Bifurcation
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Fig. C.2.: Detailed evolution how the bifurcation is built. We fixed the parameters µ2 = 3.5,
�1 = �2, “1 = “2, ⁄ = 33

80 “1 and therefore ⁄i = ⁄
3“i

�i
�j

= 11
80 . Then we increased the

force of the first resonator with a step size of 0.05 until the bifurcation appear and
slightly above. Bold curves correspond to stable solutions while the other ones are
unstable.
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