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Abstract. In this work we investigate special aspects of positivity pre-
servers and especially diagonal positivity preservers, i.e., linear maps
T:R[z1,...,20] — R[z1,...,2,] such that Tz = t,x® for all o € NG
with to € R and Tp > 0 on R"™ for all p € R[z1,...,2z,] with p > 0
on R"™. We discuss representations of T, give characterizations of diago-
nal positivity preservers, and compare these to previous (partial) results
in the literature. On the side we get a characterization of linear maps
preserving moment sequences and a new proof of Schur’s product for-
mula. The tool of diagonal positivity preservers simplifies several other
existing proofs in the literature. We give a full characterization of gener-
ators A of diagonal positivity preservers, i.e., e’ is a diagonal positivity
preserver for all ¢ > 0. We give the connection of these generators to
infinitely divisible moment sequences.
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1. Introduction

Non-negative polynomials
Pos(K) :={p € Rlx1,...,x,]|p >0 on K}

with n € IN and K C R" belong to the most important structures in math-
ematics and are well-studied [3,37,42,43,49-51]. The dual problem is the
moment problem, i.e., the study of linear functionals L € Pos(K)’ [1,33,36,
37,49,50]. A linear functional

L:Rlzy,...,25) = R

is called a K-moment functional, if there exists a measure y on K C R"
closed such that

L) = [ £

holds for all f € R[zi,...,2,]. A sequence s = (8q)aeny is called a K-
moment sequence, if the Riesz functional Ls(z%) := s4 is a K-moment func-
tional.

The second logical step to study Pos(K) is to study all (linear) maps

T:Rlz,...,z,) — Rlzy, ..., 2z,
especially when K-positivity is preserved:
TPos(K) C Pos(K). (1)

Maps with (1) are called K-positivity preservers. R"™-positivity preservers
were studied e.g. in [12,20,21,23,40].

In [21] K-positivity preservers for all closed K C R™ are character-
ized for the first time. In the present manuscript we deal with diagonal R™-
positivity preservers:

Tx® =toz® for all a € INj and  TPos(R"™) C Pos(R"). (2)

They are characterized (Theorem 4.1 [12, Cor. 4.3]), they have a very special
structure, and hence they have properties general positivity preservers do not
possess. Despite their special structure, diagonal positivity preservers have
not been studied in more detail before. This is the main purpose of the current
work.

Positive (semi-)definite sequences, moment sequences, positive kernels,
and their infinitely divisibility and maps have been studied before, see e.g.
[4-8,14-17,26,27,29,44,46,55]. However, mostly the simpler univariate cases
have been studied. It is known for a long time that positive semi-definiteness
in the multivariate moment problem is necessary, but not sufficient [48].
Hence, little about the multivariate cases is known. We work here solely in
the general multivariate setting and explain the difference to previous works
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in the following sections when appropriate. The main difference between the
current work and previous works (cited above) is that here we use the con-
nection between K-moment sequences and K-positivitiy preservers [12], es-
pecially the diagonal operator case. This significantly simplifies arguments
and gives new results.

The detailed study here reveals the following and hence the manuscript
is structured as follows. In Section 2.1 we give the general notations, in Section
2.2 we discuss the additive convolution p * v, and in Section 2.3 we give the
multiplicative convolution p ® v of two measures. In Section 3 we give the
characterization of all linear maps

S:RNo — RNo

such that K-moment sequences are mapped to K-moment sequences. In Sec-
tion 4 we then start our main topic and discuss first properties and give
different representations of diagonal operators. In Section 5 we look at the
product of diagonal positivity preservers. By (2), the product of two diago-
nal positivity preservers is again a positivity preserver and corresponds to the
Hadamard product of moment sequences. With this argument we remove the
usage of the Theorem 2.1 for the Hadamard product of moment sequences
which has been used until now. This simplifies several arguments in e.g. [7,
Thm. 3.1 and 9.1] and [14, Sec. 2.3]. The argument with diagonal operators is
so strong that we prove the Theorem 2.1 with diagonal operators in Section 6.
In Section 7 we deal with infinitely divisible moment sequences with respect
to the Hadamard product. In Section 8 we then give a full characterization
of generators of diagonal positivity presevers. We give a different approach
to results from [55]. In Section 9 we summarize our findings.

2. Preliminaries

2.1. General Notation and Known Results

We use N := {1,2,3,...}, No = {0,1,2,...}, and ||z|}2 :== /22 + -+ 22
for all x = (xq,...,2,)7 € R™ with n € IN. x4 denotes the characteristic
function of a set A C R™. For two sets A, B C R" we define

A-B:= {(albl,...,anbn) | (al,...,an) € A, (bl,...,bn) S B} (3)

We denote by 6; ; the Kronecker delta, by 0, the Dirac measure sup-
ported at x € R™, by e; := (d;;)j—; € R" the i-th standard unit vector of
R"™, and by 1 := (1,...,1)T € R".

For multi-indices a = (aq,...,a,) € INj we set a!l := ai! - a,l,
laf == a1 + - + ap, ¥ = - xd, 0% = Ot - 99, and (20)* =
(101)* -+ - (2,0,)%". For a real sequence s = (54)acny We define the Riesz
functional L, as the linear functional

LSZR[.’L‘l,...,l‘n]—)R by Ls(gja) = Sq-
A symmetric matrix A € R"*" is called positive semi-definite A = 0 if

2T Az > 0 holds for all € R™. We have the following known results.
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Schur Product Theorem 2.1. ([47]) Let n € N and A = (a;;)}';—1, B =
(bij)itj=1 € R™™ be positive semi-definite matrices. Then the Hadamard
product is positive semi-definite, i.e., Ao B := (ai’jbm)?’j:l > 0.

For linear maps
T:Rlzy,...,z,] — Rlzy, ..., 2]

we have the following representation as differential operators.

Lemma 2.2. (folklore, see e.g. [40, Lem. 2.3]) Let n € IN. The following are
equivalent:

(i) T:Rlxy,...,zn] — Rlz1, ..., 2] is linear.
(ii) There exist unique qo € Rlz1,...,x,] such that T = Z Ga - 0.
aclNy

Remark 2.3. Besides Lemma 2.2 there is a second representation of linear
maps T', namely

T= U(-) p (4)

i€Ng

with linear ; : Rlz1,...,2,] — R and p; € Rlzq,...,2,] for all i € Ng. The
representation (4) follows from the Schwartz’ Kernel Theorem [54, Ch. 50],
since R[z1,...,x,] is nuclear [54, p. 526, Cor. 2]. Hence, by [54, eq. (50.18)],
we have for any nuclear space E and Fréchet space F' that

L(E,F) = E'®F

with the unique completion E'QF of E' ® F, since E and hence also E’ are
nuclear. In fact, a representation (4) can easily be written down as

Tf= > 1a(Tf)-2*  forall feRlz,..., 1z, (5)

aelNy

with I, (27%) 1= 0,5 for all a, 3 € NF. While (4) need not be well-defined for
all choices of [; and p;, the representation (5) is well-defined.

If in (4) I; are K-moment functionals and p; > 0 on K C R™ closed,
then T is a K-positivity preserver. However, not every K-positivity preserver
has a representation as (4). To see this, take K = R™ and T' = id the identity.
Since (21 — a)? with a € R are extreme rays of Pos(R"), they can not be
written as a conic linear combination of any other p € Pos(R™). Hence, in
(4) each (z1 — a)? with a € R must be contained in {p;}ien,. But since Ny
is countable and R is uncountable, this is a contradiction.

Therefore, in [12,20,21,23,40] and in the present work the representa-
tion in Lemma 2.2 is used and not the representation (4). o

Remark 2.4. In [21] we characterized K-positivity preserver by their poly-
nomial coefficients ¢,, @ € INj. But we did not give an example of such
an operator. With (4) we can give explicit examples. Let [; be K-moment
functionals and p; € Pos(K) for any closed K C R™ with i =1,...,k € IN.
Then
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k
> lipi
i—1

is a non-trivial example, i.e., not a multiple of the identity. o

2.2. The additive Convolution *

Definition 2.5. (sec e.g. [10, Sect. 3.9]) Let n € IN and let 4 and v be o-finite
measures on R". We define the additive convolution p * v by

()@= [ Xale+y) dute) doty)

— [ wa-p dvy) = [ v(a-2) duo).

We define
p =0, and ptFi=pxoooxp
—_——
k-times
for all k£ € IN.

With a : R* x R™ — R", (z,y) — x +y we have that Definition 2.5 can

be extended to (not necessarily o-finite) measures by
prvi=(uxv)oa t.

Definition 2.6. Let n,k € IN. We say that a measure p on R" is *-divisible by
k, if there exists a measure vy such that p = V;k . We say that p is infinitely
x-divisible, if y is #-divisible for all £ € IN.

Infinitely *-divisible probability measures are characterized through the
following form of their characteristic function.

Lévy—Khinchin Theorem 2.7. (additive version, see e.g. [46, Thm. 8.1] [31,
Cor. 15.8], or [32, Satz 16.17]) Let n € IN and let v be a probability measure.
Then the following are equivalent:

(i) w is infinitely x-divisible.
(i) There exists a vector b € R™, a symmetric matriz ¥ € R™*™ with ¥ = 0,
and a o-finite measure v on R™ with

v({0}) =0 and /]R min(||z|3,1) dv(z) < oo
such that
log/e“z dp(z) = ith — %tTEt + /em — 1 =itz X{|alla<1) (7) dv()
for the characteristic function of .

The measure v in (ii) is called Lévy measure. With the Theorem 2.2 we
previously fully characterized the generators of positivity preserving semi-
groups on R[z1,...,z,] in the constant coefficient case [20, Main Thm. 4.11]
and the non-constant coefficient case [21, Thm. 5.12].
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Theorem 2.8. (constant coefficient case [20, Main Thm. 4.11]) Let n € IN
and let a
A= > ﬁ L0% e R[[0y,. .., 0]
aeNg\{0}
Then the following are equivalent:
(i) A is a generator of a positivity preserving semi-group (e*4);>g.
(i) There evists a symmetric matriz ¥ = (0; ;)7 ;=1 € R™*", a vector b =

(b1,...,b,)T € R", and a o-finite measure v on R™ with

v({0}) =0 and |z¢| dv(z) < oo
]R"!L

for all o € Ny with |« > 2 such that

aei:bi—l—/ z; dv(zx) foralli=1,...,n,
lz]l2>1
Qejte; = Oij +/ ¢t dy(x) foralli,j=1,...,n
and
Qg = / x® dv(z) for all o € Ny with || > 3.

Note, that for an infinitely divisible measure p with Lévy measure v
we have that p possesses all moments if and only if V|| ,>1} possesses all
moments, see [46, Thm. 25.3].

Theorem 2.9. (non-constant coefficient case [21, Thm. 5.12]) Let n € N and
let
o o
acINg\{0}

with aq € Rlx1,. .., 20]<|q) for all a € Ng\{0}. The following are equivalent:

(i) A is the generator of a positivity preserving semi-group (e');>.

(ii) For everyy € R™ there exist a symmetric matriz ¥(y) = (0i;(y))} ;=1 €
R™ ", a vector b(y) = (b1(y),...,bn(y))T € R", and a o-finite measure
vy on R™ with

vy ({0}) =0 and /n |z%| dvy(z) < oo

for all & € N} with |a] > 2 such that

ae, (y) = bi(y) +/| . x; dyy(x) foralli=1,...,n,
x 2_1

e, ve, (Y) = 0i5(y) —|—/ 2474 dyy () foralli,j=1,...,n
and

aq(y) = / x dyy(z) for all & € N§ with |a] > 3.
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Theorem 2.9 states that for a generator of a positivity preserving semi-
group there exist Lévy triplets (b(y), X(y), v,) for every y € R”. This resem-
bles Feller processes which are multidimensional analogues of Lévy processes,
allowing the Lévy measure to depend on y € R™, see e.g. [15, Cor. 2.23].

We want to remind the reader of the so-called Bony—Brezis Theorem,
originally formulated by M. Nagumo in 1942 [39], attributed to J.-M. Bony
[11] and H. Brezis [13], and later also treated and extended in [18,45,56], see
e.g. [9,28,56,57] for reviews and further references. Theorem 2.8 [20, Main
Thm. 4.11] and Theorem 2.9 [21, Thm. 5.12] are special cases on the nuclear
LF-space R[z1,...,x,]. Previous results worked on Banach spaces.

2.3. The multiplicative Convolution ®

While the additive convolution of measures and hence (moment) sequences
is textbook knowledge [10, Sec. 3.9], the multiplicative convolution is lesser
known but known, see e.g. [17] for the one dimensional formulation. We give
here the general multivariate formulations.

Definition 2.10. Let n € IN and let
m:R"xR" = R", (z=(z1,...,2n), ¥y = (Y1,-- -, Yn)) = (T1Y1, -, TnYn)-

For measures p and v we define the multiplicative convolution u ® v by

pOv:=(uxv)yom

We define
p =6y and p®* =pe---opu
—_——
k-times
for all k£ € IN.

Alternatively, if ;1 and v are o-finite, then we can define p ® v by

(,U, © V)(A) = / XA(xlyla s 7xnyn) d,U,(I,Cl, B 7xn) dy(yla s 7yn)
R xR"

for all Borel sets A C R™. ® has the following (well-known /simple) properties.

Lemma 2.11. Letn € IN, let u, v, and w be measures on R™, let A be a Borel
set of R™, let u = (u1,...,upn), v = (V1,...,0,) € R™, and let a,b > 0 and
¢ > 0 be constants. Then the following hold:

(i) uOV=vopu.

(i) (ap+bv)Ow=a-pOw+b-rvOw.
(iii) (pOV)Ow=po (Vow).

(iv) (pOV)R") = u(R") - v(R").

(v) 8o © p = p(R") - do.

(vi) 61 © p = p.
(vi) (Bex © p)(A) = p(c™" - A).
(viti) 0y ® 6y = Oy@e With w O v 1= (U1V1, ..., UyUp).

Lemma 2.12. Let pu be a probability measure on (0,00)"™. Then the following
are equivalent:

(i) w is infinitely ©-divisible.

) Birkhauser



32 Page 8 of 29 P. J. di Dio, L. Langer IEOT

(ii) poln™ is infinitely %-divisible withInz = (Inx1, ..., Inzy,), z € (0,00)".

As a corollary of Lemma 2.12 we obtain a version of the Lévy-Khinchin
Theorem for infinitely ®-divisible measures on (0,00)™. Alternatively this
representation can be derived using Hunt’s theorem, see [30, §6.3] or [2, Thm.
5.5.1].

Lévy—Khinchin Theorem 2.13. (multiplicative version on (0,00)") Letn € IN
and p be a probability measure on (0,00)™. The following are equivalent:
(i) w is infinitely ©-divisible.
(ii) There exist a vector b € R™, a symmetric matriz ¥ € R™*"™ with ¥ = 0,
and a o-finite measure v on (0,00)™ with

v({1})=0 and / min(||Inz||3,1) dv(z) < oo
(0,00)™

withIn(zq, ..., 2,) = (In(z1),...,In(x,)) € R™ for allz € (0,00)™ such
that

. 1
log/ e gy (z) = i(b,t) — =tTSt
(0,00)" 2

+‘/(0 ) ei(t,lnx) -1-i- (t,lnx) ! X{Hlan2<1}(I) dl/(if)
for allt € (0,00)™.

With et #) — 27 (understood as a multivariate power) this represen-
tation is similar to the one used by Berg [4-6] and Tyan [55] to characterize
infinitely ®-divisible moment sequences. This theorem instead characterizes
probability measures, meaning the moments of these measures do not need
to exist. For the diagonal operator case one would want to use this Lévy-
Khinchin representation and the technique used in the proof of Theorem 2.8.
But this requires additional assumptions such that the coefficients of the
generator exist. With Theorem 8.3 these restrictions can be dropped.

3. Characterization of all linear Maps S : RN — RMo
preserving K-Moment Sequences

Linear maps preserving R"-moment sequences have been characterized before
[17]. A characterization of K-moment sequence preserving linear maps for
general closed K C R™ with n € IN was open so far. We use the results from
[21] to solve this general characterization.

Recall, that the set of sequences

RNo .= {s = (Sa)aeNy | sq € R for all a € ]Ng}
is a Fréchet space, when equipped with the family of semi-norms

|sla := [sal;

max
aeNg:|a|<d
i.e., it is metrizable, complete, and locally convex. Completeness in RNo is

simply the following. A sequences s() = (Sg))aE]Ng converges to a sequence
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s, ie., s = < if and only if s “2%% s, for all a € INZ. See [54, pp.
91-92, Exm. I11], since RNo = R[[zy,...,z,]].

The set of sequences RNo has a topological dual. It is the set of polyno-
mials Rz, ..., x,] equipped with the LF-topology, see [54, Ch. 22]. Note, any
LF-space is complete [54, Thm. 13.1] and hence the sequence of polynomials

pld) = Z Cg) -z,
aeINy || <d;
d; € Ny, converges to a polynomial p = ZaelNg:|a|§d Co » % in the LF-

topology, i.e., p) =% p. if and only if

supd; =d < oo and c(of) imoo, Co-
ieN
The duality between RNo and R[x1,. .., z,] can be expressed in a nat-
ural way by
<S,p> = Z Sala
a€Ny
and (s, -) : R[z1,...,z,] — R is the well-known Riesz functional L, = (s, -).

For more on topological vector spaces see e.g. [34,35,53,54].
Since every linear operator

T:Rlxy,...,25] — Rlz1,...,2y]

is given by Lemma 2.2 with unique ¢, € Rz1, ..., z,], we have that the dual
operator

T : RNo — RNo
defined by

(T*s,p) := (s,Tp)
for all s € RNo and p € R[zy, ..., x,] is given by

7=y ()l o, (6)
acINg

where M, is the shift operator given by
M,ss = (Sa+5)0561N8 and Maf+g = aMf + Mg
for all a € R and f,g € R[z1,...,2,]. The 9 on RN are defined in the

distributional sense as in [19], see e.g. [22] for more on distributions. Hence,
every linear operator S : R™No — RNo is given by
§= > (=nkl-omm, (7
a€Ny
with unique g, € R[x1,...,z,], since T** = T we have
S* Ry, .. xn] — Rz, ... @]

linear. Additionally, (Ss), = (Ss,z®) = (s, S*z*) with a € INj shows that
each coordinate of Ss is a finite linear combination of the coordinates s, of
s. We summarize that in the following.

Lemma 3.1. Let n € IN. Then the following are equivalent:

) Birkhauser
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(i) S:RNo — RNo s linear.
(ii) S = Zaemg(_l)‘al -0*M,, with unique qo € Rlz1,...,2,] for all o €
INTL

The coordinates (Ss)o of Ss are a finite linear combination of coordinates of
s.

With these remarks and [21, Thm. 4.5] we get the following charac-
terization of linear operators S : RNo — RNo which preserve K-moment
sequences.

Theorem 3.2. Let n € IN, let K C R™ be closed, and let S : RNo — RNo pe
linear, i.e.,
s= Y (-nelonn,
acNy
for some qo € Rlz1,...,2,]. Then the following are equivalent:

(i) The linear operator S preserves K-moment sequences.
(ii) For ally € K, (a!- qa(y))aeny s a (K —y)-moment sequence.

Proof. By

(Ss,p) = (s,5"p)
for all s € RNo and p € R[z1,...,x,], we have that S preserves K-moment
sequences if and only if S* : Rlxy,...,2z,] — R[z1,...,2,] preserves K-non-
negative polynomials. Linear maps Rlx1,...,2z,] — R[z1,...,z,] preserving
K-non-negative polynomials have been characterized by [21, Thm. 4.5], which
gives the equivalence to (ii). O

From the previous we deduce the following results. In Theorem 3.2 we
already proved the following.

Corollary 3.3. Let n € IN, K C R" be closed, and S : RNo — RNo be linear.
S preservers K-moment sequences iff S* : R[zy,...,zn] — Rlz1,...,24]
preserves K -positive polynomials.

Corollary 3.4. Let n € IN, let K C R" be closed, and let S : RNo — RNo |
s — Ss:= Mys be with ¢ € Rlz1,...,x,]. Then the following are equivalent:

(i) The operator S preserves K-moment sequences.
(i) q € Pos(K).

Proof. By Theorem 3.2, we have that .S preserves K-moment sequences if and
only if (a!-qa (y))acny With go = ¢ and g, = 0 otherwise is a (K —y)-moment
sequence for all y € K. Since (a! - ¢a(¥y))acny is represented by ¢(y) - do, we
have that (i) holds if and only if (ii) holds. O

4. Diagonal Operators T" : R[z1,...,x,| — R[z1,...,2,]

We now turn to our main topic: diagonal operators. In Tz% = t,z® for all
a € INg, the sequences t = (to)acny is called the diagonal sequence of T.
The following is known. For completeness, we give a proof similar to [12].

) Birkhauser
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Theorem 4.1. (12, Cor. 4.3]) Let n € N and let T : Rlxy,...,z,] — Rz,
r,] be a diagonal operator with diagonal sequence t = (to)aeny. Then
the following are equivalent:
(i) TPos(R™) C Pos(R™).
(ii) t is a moment sequence.

If 1 is a representing measure of t, then T fulfills

()@ = [ i) dutor.e ) )
for allp € Rlzq, ..., z,].

Proof. While (ii) = (i) is clear from (8), the reverse follows from L(p) :=
(Tp)(1) > 0 for all p € Pos(R™) and L(x®) = t, for all « € INj with
Haviland’s Theorem [24]. O

Remark 4.2. Diagonal operators T : Rz, ..., 2,] — R[z1,...,2,] can have
(at least) three representations:

a) Tz® = taTa,

b) T = Z %-xa~6a,and

c) T= Z %(xa)“

Any of the sequences (to)acNy, (Ca)acNy, O (da)acny determine 7' uniquely.
In (a) any real sequence (to)acny defines a diagonal operator T'. In (b) and
(c) only some sequences (Co)acny and (dq)aeny can appear. Additionally,
not every diagonal operator T' has a representation (c), see Example 4.5.

We switch between these representations, mostly between (a) and (b).
We therefore give here the formulas transforming one into the others:

R S
B« ﬁE]Nn
|
o = (—1)la—Al. (O‘> ot — @ {0‘} d
sz:a g) " ﬁ%;ﬁ! syt
« ﬂ —« !
i, — ﬁz};; o w; [ﬂ(v)“ _ /;Z(_l)m |Z!.m.cﬁ

These relations follow by direct computations, e.g. with the relations

209% = Y (~1)leAl. m (@0)?  and  (29)* = {g} 2P 0P,

BRa Ba

where [g} are the (unsigned) Stirling numbers of the first kind and {g} are

the Stirling numbers of the second kind, see e.g. [38]. o

It is clear that if (c)aeny has only finitely many non-zero entries, then
only finitely many entries in (t)aeny are zero. The reverse does not hold in
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general, i.e., finitely many entries in (to)aeny are non-zero but only finitely
many entries in (cq)aeny are zero.

Example 4.3. Define the evaluation operator
To: Rlz1,...,zn] — Rlz1, ... 2n], p— Top = p(0),

ie., Toz® = 04,02 for all @ € INj. Then Ty = Zae]Ng, Gkl A o

a!
Ezample 4.4. For the identity id : R[xq,...,2,] — R[z1,...,z,] defined by
idp::pwehaveidzlzzaemg63—’10-330‘-80“. o
Every diagonal operator T has a representation (a) and (b). But it does
not necessarily have a representation (c) as the next example shows.

Ezample 4.5. (Example 4.3 continued) The evaluation operator

—1)lal
/Ib:Z(l) L. 9

a!
aclNy

from Example 4.3 has no type (c) representation, since the sum

d, = Z(,l)\al . %i . [ﬂ

Bra

diverges for all a # 0. o

In Remark 4.2 we have seen that if t = (t,)aecwy is represented by iy,
then ¢ = (ca)acwy is represented by g := ps(- +1) and hence 1y = p(- —1),
see [12, p. 79]. A similar statement holds for the coefficients d, in the type
(¢) representation.

Proposition 4.6. Let n € N and let T : Rlz1,..., 2] — Rlz1,...,2,] be a
diagonal operator. Then the following holds:

(i) If there exists a representing measure p; on (0,00)™ of the diagonal
sequence t = (to)aeny with

dy = /(O,oo)” (Inx)® dpg(z) € (—o0,00)

for all o € N}, where Inx := (Inzy,...,Inz,), then
dy, o
T= Z ET-(J:@) .
aeNg

(ii) If there exists a representing measure pg on R™ of the (xd)%-coefficient
sequence d = (do)acny with

ta ::/ e dpg(z) € (—o00,00)

for all o € INy}, then
Tx® =t ,z”

for all oo € ING.
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Proof. (i): Looking at the diagonal values we obtain:

tg = / 2 dpy ()
(0,00)™
= [ )
(0,00)™

= ﬂ—a nz)® T
S D SRR

aclNy

ﬂo&
= Za.da

aclNy

al

for all 8 € INg. With Remark 4.2, it now follows that T'= 3" < y» do (1),
This trick only works on (0, 00)™ as the logarithm In z is not defined otherwise.

(ii): By Remark 4.2, the diagonal values of the operator corresponding
to d are

g B o _ (@.8) _
> = [ Y Tt duata) = [ ) =15

aENy aelNy

for all 3 € Np. Hence, Ta? = tga® for all 8 € INJ. O

5. The Product of Diagonal Positivity Preservers

The product of moment sequences has been investigated before. We already
mentioned the work [14], where the multidimensional case is treated. Other
works treat only the univariate case, which is easily solved by the Theorem
2.1. In the multidimensional case the Theorem 2.1 is not even applicable but
further technical approximations of the moment sequence are required. We
show here that the Theorem 2.1 is not necessary. We use only the diagonal
operators and show that with these the problem becomes trivial. We define
the following.

Definition 5.1. Let k,n € IN and let s = (sq)aeny and t = (ta)aeny € RNo
be real sequences. We define
sOt:= (Sa 'ta)aEINS’v 590 = (UaE]NS’a and s9F 1= s ORERNORES (Sﬁ)aelNS"
k-times
This is the Hadamard product of (moment) sequences. Theorem 4.1

immediately implies the following.

Theorem 5.2. Let n € N and let s,t € RNo be two moment sequences with
representing measures p and v. Then s ©t is a moment sequence with repre-
senting measure i © v, which fulfills supp p ® v = supp p - supp v.

Proof. Follows immediately from Definitions 2.10 and 5.1 and Theorem 4.1.
O
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We have the following easy consequence of the previous theorem. Recall,
that a moment sequence is called indeterminate, if it has more than one
representing measure.

Corollary 5.3. Let n € IN and let s,t € RNo be two moment sequences. If s
is indeterminate, then s ® t is indeterminate.

Remark 5.4. Theorem 5.2 not only states that the map
fR->R, z— a2

induces a moment sequence preserving map f. By induction, any map

d
flz) = Zak -k
k=0

with d € INg and ap, > 0 for all k = 0,...,d preserves moment sequences
entry-wise. If s is represented by p, then

d
f(®s) = Z‘”@ . gOk
k=0

is represented by the measure

d
f(op) = Zak YT
k=0

Under appropriate conditions on the coefficients ag, the limit d — co exists
for the sequence f(®s) and the (signed) measure f(®u). That f is entire is
sufficient. o

The following is a generalization of [7, Thm. 3.1 and 9.1] with much
shorter proofs. Only one direction from [7, Thm. 3.1] must be used. We did
not find a way to simplify the original proof in [7, Thm. 3.1] (yet).

Corollary 5.5. Let f: R — R. Then the following are equivalent:

(i) [ maps [—1,1]-moment sequences to [—1, 1]-moment sequence.

(ii) f is an absolutely monotonic entire function.
(iii) f is entire and f maps R-moment sequence to R-moment sequences.
(v) [ is entire and (f(27%)) is a moment sequence.

kelNg
(v) f maps [—1,1]"-moment sequences to [—1,1]"-moment sequences for a
fized n € IN.
(vi) f maps [—1,1]™-moment sequences to [—1,1]"-moment sequences for all
n € N.

(vii) f is entire and f maps R™-moment sequences to R™-moment sequences
for a fired n € IN.

(viii) f is entire and f maps R™-moment sequences to R™-moment sequences
for alln € IN.
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Proof. (i) = (ii): That is the “only if” direction in [7, Thm. 3.1]. (ii) = (i):
Let s be a [—1, 1]-moment sequence with representing measure p. Then f(®s)
is represented by

ke,
and
supp f(Op) = | J suppp® < J [~ -1,1]=[-1,1] (9)
kelNo keN

k-times, see (3)

by Theorem 5.2. That f(®u) represents f(®s), i.e., the limit d — oo in
Remark 5.4 exists, follows from (9) and

(fEm)R) = Y ar- (1™ )R) = Y ar- (u(R))* = f(u(R)) < oo. (10)
keNo keNo

(if) = (iii): Eq. (10) does not require supp 1 C [—1, 1] but holds for arbitrary
supp 1+ C R since f is entire. (iii) = (iv): Clear since (27%)ken, is a moment
sequence with representing measure d; /2. (iv) = (ii): The sequence (27%) e,
is a moment sequence with (unique) representing measure d;/o. Hence, by
Theorem 5.2 and Lemma 2.11 (viii) we have that (f(27%))xen, is represented
by the (possibly signed) measure

@52 1 Z ag - Og—x
kelNg
with
supp f(©d-1) € {27% [k € No} C [0,1]

FEmIR) < Y Jax] - (n(R)*

kelNg

and

Assume there exists a k € Ny such that a < 0. Since R[z] is dense in
C(]0,1],R), there exists a p € R[z] such that

|ax]
T 22 emo\ry |l

for all m € INg \ {k}. Then, with the Riesz functional Ly : Rlz] — R
defined by Ly(qs) (2™) = f(sm) for all m € INg, we have

p>0on0,1], p27F)=1, and p2™™)<

Lios(p Zal p(27") <ak + Z lam| - p(27™) < ag +%<0

lelNg meEWNo\{k}

ie., f(®s) is not a moment sequence. Hence, ax > 0 holds for all k& € INy.
(ii) = (v), ..., (viii): Follows with the same arguments from (ii) = (i) for
general n € IN from Theorem 5.2 and Lemma 2.11. (v) or (vi) = (i): For the
multi-moment sequence s = (s4)acny take the marginal moment sequence

st = (s(r.0,...0) ke, (vil) or (viil) = (iii): For the multi-moment sequence
5 = (5a)acny take the marginal moment sequence st = (5(k,0,...,0)) k€N, -
O
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We see that positivity preservers are a powerful tool, especially the
diagonal operators.

6. A Proof of Schur’s Theorem with Diagonal Positivity
Preservers

We have seen in the previous section that the Theorem 2.1 can be completely
removed from the proof about the Hadamard product of (moment) sequences
by employing diagonal operators. We now go even a step further. We show
that the Theorem 2.1 can easily be proved with diagonal operators, i.e., we
add to the existing list of proofs of the Theorem 2.1 a new proof. We need
the following homogeneous version of Theorem 4.1.

Proposition 6.1. Let n,d € Ny, let
P(n,2d) == {f € Rlzg,...,zn]=2a| f(x) >0 for all z € R"""}

be the set of all non-negative homogeneous polynomials of degree 2d in n
variables, let t = (ta)aeNy:|a|=24 be a real sequences, and let

T: R[l'm N ,{,Cn]zzd — R[{L‘U, ey xn}zgd

be linear with Tx® = tox® for all « € NI with |«| = 2d. Then the following
are equivalent:

(i) TP(n,2d) C P(n,2d).
(ii) L, € P(n,2d)*.

Proof. (i) = (ii): We have L;(p) = (T'p)(1) > 0 for all p € P(n,2d). (i) =
(i): Let y = (yo,---,¥n) € R"! and define the scaling

Sy : Rlzo, ..., Tpl=2d¢ — Rlzo, ..., Tn]=24, (Syp)(x) :=p(x ©Y)
with z ©® y := (zoyo, - - -, TnYn). Hence,
S,T =TS,
since, for fo(x) := z* with o € N} and |a| = 2d,
(TSyfa)(x) =y*  ta -2 = (ST fa)(x).
If p € Rlwo, ..., op|=2q with p > 0 on R"*!, then Syp > 0 on R""!. Hence,
(Tp)(y) = (5, Tp)(1) = (T'Syp)(1) = Li(Syp) = 0

for all p € P(n,2d), since L;(p) = (T'p)(1). Since y € R and p € P(n, 2d)
are arbitrary, TP (n, 2d) C P(n,2d). O

We see that it is not needed in the previous result that all L € P(n,2d)*
are moment functionals, i.e., that they are represented by measures.

The Theorem 2.1 has several proofs. By the classical result that P(n, 2)
are sums of squares [25], we get the following additional proof of the Theorem
2.1.
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Proof of the Theorem 2.1. We have that
La((comg + -+ + cnzn)?) := ¢! Ae

and
Lp((cozo+ -+ cprp)?) =" Be

hold for all ¢ = (cg,...,c,)T € R™ 1. Since P(n,2) are sums of squares
by [25] and the matrices A = (aa)acNg:|aj=2 a0d B = (ba)acNz:|aj=2 are
positive semi-definite, we have L4, Lp € P(n,2)*. Hence, T4 with diagonal
sequence A and Ty with diagonal sequence B are positivity preservers by
Proposition 6.1 (ii) = (i). Therefore, TaTp = Taop is a positivity preserver
and, by Proposition 6.1 (i) = (ii), we have Ao B > 0.

In summary, we see that the Theorem 2.1 is a simple consequence of
the fact that the composition of two diagonal positivity preservers is again a
diagonal positivity preserver.

7. Infinitely Divisible Measures with Respect to ®

In [20] we have seen the importance of infinitely divisible measures with
respect to the (additive) convolution x to study positivity preservers. We
therefore look at infinitely divisible measures with respect to the (multiplica-
tive) convolution ® to study diagonal positivity preservers. We define the
following.

Definition 7.1. Let n € IN and let u be a measure on R™. We call u divisible
by k € IN with respect to ®, if there exists a measure v on R"™ such that
= vO% We call p infinitely divisible with respect to ®, if u is divisible by
any k € IN.

We give some examples of infinitely divisible measures with respect to
the multiplicative convolution ©.

Ezample 7.2. (e with A = 20,) The operator €'+ with ¢ € R is given by

ol@ds gk _ otk k

for all k € Ny and \; := (etk)kelNo is a moment sequence represented by
iy = det. The measure p, is infinitely divisible with respect to ®, since

Pty © ity = Octi © Opto = Optr .otz = Optri+ts = fhiy 41,
by Lemma 2.11 (viii) for all ¢1,t5 € R. o

Ezample 7.3. (¢! with A = (8,)2) The operator e!(*%:)° with ¢ € [0, 00) is
given by
et(xa,,)zxk _ etkzxk

for all £ € INy. The sequence \; := (etk2)k€]N0 is a moment sequence repre-
sented by p; with

1 1
) = Xoey = v (- (m0)?) o
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for t € (0,00) and po = d;. For ¢t = £ this is the first explicit indeterminate

moment sequence A1 = (e2F") 1w, [52, pp. J.106-J.107, §56]. The measures
p¢ are infinitely divisible, since

oty O] Kty = Htg+to
for all t1,t € [0, 00). o
Ezample 7.4. Let n € IN and v be a measure on R™ with v(R™) < co. Then

v®*% is a measure on R™ by Lemma 2.11. For any ¢ € [0, 00), we have that
tk . V@k

e = Z A

keNg

is an infinitely divisible measure on R", since

e®t1l/ ® e®t2U O(t1+t2)v

=€

for all ¢1,t5 € [0,00). If all moments

Sq 1= /n x® dv(x)

of v with a € INjj exist, then

/ % d(EQtU)(I) — €t~sa
for all &« € INJ} and ¢ € [0, c0). o

Lévy measures v fulfill #({0}) = 0. The next two examples are devoted
to the cases of measures with v({0}) > 0. At first for the additive convolution
x and then for the multiplicative convolution ®.

Ezample 7.5. Let n € N and t € [0,00) (or all R). Since &g * 4 = p holds for
all measures p on R”, i.e., 3% = dy for all k € Ny, we have that

e*téo _ Z LIT(SE)FIC _ et . (50 and e*(t50+u) _ e*t§0 K et — et . et
keNg
for all t € R. For Lévy processes one therefore needs Lévy measures v to fulfill
v({0}) = 0 to ensure that the Lévy process remains a probability distribution,
ie., e*™(R™) =1 for all t € [0,00). If v({0}) # 0, then this induces a scaling
of the measure. That is not allowed in probability theory. But for moment
measures it is allowed, since the set of moment sequences is a cone. o

Ezample 7.6. Let n € N and ¢ € [0,00) (or all R). Since dp © p = u(R™) - dp
for all measures 1 on R™ by Lemma 2.11 (v), ¢ ® g = p holds by Lemma
2.11 (vi), and p®° = §; holds by Definition 5.1, we have that

tk
e@téo:5I+ZH.50:51+(&—1)~60

keIN
with moments

o el fora=0
/nx d(eQwO)(x)_{l for a # 0.
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Hence, we have e®@(#00+1) = ¢O0 & et with moments

/n z” d(ee(tao+u))(x) = D0t oxp </ a® d,u(x))

where 0, ¢ is the Kronecker delta. Hence, e@t0+1) i no probability measure
for ¢t = 0, but rescaling gives the probability measure

et Odotn) — ot ® eOdo+n) — (Odo—tdi+p)

Since the set of moment measures resp. sequences is a cone, scaling is allowed
and hence we can work with e®(*% 1) instead of e®(*%—191+1) j e in the Lévy
measures v we can allow v({0}) > 0. Additionally, e®(t%~t+1) requires the
signed measure tdy — tdy + 1, which enormously complicates things. o

In summary, Example 7.5 and Example 7.6 show that for the additive
and multiplicative convolution % and ® we can not only allow v({0}) > 0
for the Lévy measures v, but that this actually simplifies our treatment. One
has to pay special attention to v¥(R™) = oo, since dp © v = v(R"™) - §p holds
by Lemma 2.11 (v).

The reader will of course recognize the resemblance between this dis-
cussion about Lévy measures and (un)bounded operators. For a bounded
operator B on a Banach or a Hilbert space,

is well defined. For unbounded operators H its exponential e can also be
well-defined, but not via the Taylor sum. The same appears here with Lévy
measures v in the bounded (¢¥(R") < co) and unbounded (v¥(R") = o) case.

8. Diagonal Operators and their Generators
Recall the definitions

D:i=<T= Z Qo - 0% ’ ga € Rlz1,. .., 20]<|a, @ € N, ker T = {0}
acNy

and

)
I

Z G - O ‘ da € Rlz1,. .., 20]<|a, 0 € N
aclNy

from [21, Def. 1.1]. For diagonal operators we therefore define the following.

Definition 8.1. Let n € IN. We define subsets ©',0 C R][x101, . .., 2,0,]] by

o {T Rz, . xn] = Rz, ..o 2] Tx® =tox® With}

linear operator | t, > 0 for all &« € Ny

and
o A:Rlz1, ... 2] — Rz, ..., 2]
' linear operator

Azx® = a2 with
aq € R for all o« € Ny
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Furthermore, we define the set of diagonal positivity preservers with strictly
positive eigenvalues as

D = {T € @' | T is a positivity preserver}

and their generators as

’o._ /
a+.{AeD

et4 €©/+ for alltZO}.

Recall that (D, -) is a regular Fréchet Lie group with Fréchet Lie algebra
(0, -, +), see [21, Thm. 3.7]. For the definition of (regular) Fréchet Lie group
see [41, p. 63, Dfn. 1.1] or e.g. [21, Dfn. 2.10].

Theorem 8.2. (D', -) is a commutative reqular Fréchet Lie sub-group of (D, -)
with the Fréchet Lie sub-algebra (', -,+) of (0, -,+). The exponential map
Ak

exp: 0 — D, ArexpA:= Z X

keNg
is smooth, bijective, and fulfills

(exp A)z® = e%x®

for all A€, ie., Ax® = agx® for all « € NJ. Its inverse log : D' — 0’ is
smooth and explicitly given by

(logT)z® = Int, - z°
for all T € D', i.e., Tz* = tox® for all a € INY.
Proof. Tt is clear that ®" C © and 9’ C 0 are commutative and closed in the
Fréchet topology. Hence, 0’ C 0 is closed with respect to the Lie bracket. Since
every diagonal operator T resp. A is uniquely determined by their diagonal
sequence (to)acny Tesp. (Ga)acny and exp : R — (0,00) is smooth and

bijective with smooth inverse In : (0, 00) — R, we have that exp : 0" — @’ is
smooth with smooth explicit inverse log : ®" — 0'. O

We can now characterize the generators of diagonal positivity preservers.

Theorem 8.3. Let n € IN and let
_ Ca Lo go
A= Z o g
aclNy
be with co, € R for all « € INyy. Then the following are equivalent:
(i) Ae?,, ie., et is a diagonal positivity preserver for all t > 0.
(ii) There exist a constant co € R, a vector b = (by,...,b,)T € R", a real
symmetric positive semi-definite matriz ¥ = (0 ;)',—1, and a o-finite
measure v on R™ with

v({0}) =0 and /n |z| dv(z) < oo
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for all & € N}y with || > 2 such that

co €ER,
cei:bi—}—/ x; dv(x) foralli=1,...,n,
llzll2=1
Ceite; = 0ij +/ x4t dy(x) foralls,j=1,...,n,
and
Co = / z® dv(z) for all & € INjy with |a] > 3.

Proof. (i) = (ii): Since A is a generator of a positive semi-group in the non-
constant coefficient case, we can apply Theorem 2.9 “(i) = (ii)” with scaling
A=cy+A,ie., et =e9.eA With y = 1 we get c,y® = ¢, and the assertion
(ii) is then proved. (ii) = (i): For y € (R \ {0})™, it follows that

yoco =co € R,

Y“ice, = yibi +/ z; d(v © dy)(x) foralli=1,...,n,
[lzl[221

n

Y, =g+ [ 219 A ©8)(@) forallij= L.,
and

Yy a, = / z% d(v © 0y)(z) for all o € INj, |a] > 3.

Here, b(y) := (b1y1,---,bnyn)’ € R™ is a vector, X(y) == (y-y7) © X is a
positive semi-definite matrix as the Hadamard product of two positive semi-
definite matrices (Theorem 2.1) and v, := v ® 4, is a measure on R" with

il d(v © 0y)(@) = [yl x| dv(x) < oo
/lezzl |4 ©5)() |y‘/ || dv(z) <

llzll2>1

and
[l os,)@ =l [ o] dvla) < .
R R

Hence, A, is a generator of a positivity preserving semi-group.

If y; = 0 for some i = 1,...,n, then we find y®* € (R\ {0})" with
y*) — y as k — co. Since the set of constant coefficient generators is closed in
the Fréchet topology [20] and the polynomial coefficients of A are continuous,
we have that A,w — A, € 0’,. Hence, Theorem 2.9 is applicable again and
it follows .

_ Ca  Lago
A= Z o xr 3 € 0_;,_.
acINg

O

Since we characterized positivity preserving diagonal operators and their
generators, we can now apply these results to moment sequences. The follow-
ing was already defined by Tyan [55, Ch. 4].
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Definition 8.4. Let n € IN and ¢ = (fs)acny be a moment sequence with
to > 0 for all @ € INjj. The moment sequence ¢ is called infinitely divisible
with respect to © if 1 := (t5,)acwy is a moment sequence for all ¢ > 0.

Infinitely devisible moment sequences and diagonal operators are con-
nected through the following.

Lemma 8.5. Let n € IN and let t = (to)acny be a moment sequence with
to >0 for all o € INj. Let

A:Rlzy, ... 20 = Rz, ..., 2]
be the linear operator defined by
Ax® =Int, - z®
for all o € IN[y. Then the following are equivalent:

(i) The moment sequence t is infinitely divisible with respect to ©.
(i) Ae?, ie., e is a positivity preserver for all ¢ > 0.

Proof. (i) = (ii): Using the exponential map from Theorem 8.2, it follows
that
exp(cA)z® = efMlog® — 14>

for all & € INfj and ¢ > 0. Since t¢ is a moment sequence for all ¢ > 0 and
using Theorem 4.1, it follows that exp(cA) is a positivity preserver for all
c>0,ie., Aecd by Definition 8.1.

(ii) = (i): Similarly, since exp(cA) is a positivity preserver for all ¢ > 0,
using Theorem 4.1 gives a representing measure p. of t° for each ¢ > 0. Hence,
t¢ is a moment sequence for all ¢ > 0 and ¢ is infinitely divisible. 0

We can now use the connection between infinitely divisible moment se-
quences and diagonal positivity preservers to characterize infinitely divisible
moment sequences without the Lévi-Khinchin formula for ®-divisible mea-
sures.

Theorem 8.6. Let n € IN and let t = (ta)ae]Ng be a moment sequence. Then
the following are equivalent:

(i) The moment sequence t is infinitely divisible with respect to ©.

(ii) There exist a constant co € R, a vector b = (by,...,b,)T € R", a

real symmetric positive semi-definite matriz ¥ = (0;;)7';—1 = 0, and a
o-finite measure v on R™ with
v({0})=0 and / |z¢ dv(z) < oo
Rn
for all o € N} with |a] > 2 such that
to = €Ca+la
with
C,i=co+ Z?:l aibi + > i i=1 ;o 5+ %Z?:l ai(a; —oy,;  (11)
i#J
and
I, = f]Rn (+1)*—1-3" a;-a;- X{llzl.<1} dv(z) (12)
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for all o € INgy.

Proof. By Theorem 8.3 and Lemma 8.5, (i) is equivalent to have an operator
A €0, with
Az =1Int, - x°

for all @ € Ny, a constant ¢y € R, a vector b = (by, ...
symmetric positive semi-definite matrix ¥ = (0;;)7;_;
measure v on R™ with

v({0}) =0 and |z| dv(z) < oo

R”L

for all & € INJ} with || > 2 such that

A=Y

,bn)T € R™, a real
= 0, and a o-finite

acNy

with

co € R,

cei:bi—i—/ x; dv(z) foralli=1,...,n,

llzll2>1
Ceite; = Oij —|—/ 47T duy(x) foralli,j=1,...,n

and

Co = / x® dv(z) for all & € INjj with |a] > 3.

By Remark 4.2,

lnta:Z(ﬂ> 05—00+Zab+2azajam+ Zal a; — D)o,

BRa i,j=1
i#]

+§n;/ agri dv(z) + Y <g) /nxﬁ dv(2)

lzll>>1 ot
|B]>2

for all @ € INg. Defining C,, as in (11) and using the multi-binomial theorem

(x-i—]l)“:Z(ﬂ) 5—1—1—2049614— > ( )

B« B«
|8]=>2

inside the integral, it follows that
Int, =C, +/ ($ + ]l)a -1+ Zai - X (X{HCEHQZl}(‘T) — 1) dV(.’L‘)
" i=1

and replacing the characteristic funtion y with ||z|2 > 1 by [|z|l2 < 1 gives

:Ca+/ (I+]1)aflfzai‘zi'X{Hz|\2<1} dl/(l’)

i=1
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for all & € INj}. With I, defined as in (12), we arrive at
t = elnta — Catla

for all @ € IN{, i.e., the operator A with measure v is equivalent to (ii). O

For the special case n = 1, we get the following result, compare with
[55, Thm. 4.2]. Our approach is shorter than in [55, Thm. 4.2].

Corollary 8.7. Let t = (tr)kenw, C (0,00). Then the following are equivalent:
(i) t¢ is a moment sequence for all ¢ > 0.
(i) There exist constants a,b,c € R with a > 0 and a o-finite measure v on

R with
v({0}) =0 and /]R|9:l| dv(z) < oo

for alli € IN with i > 2 such that

1ntk:c+b-k+a~k2+/(:v+1)’“—1—k~fc-><<—1,1>(90) dv(z)
R

holds for all k € INg.

Proof. Set n =1 in Theorem 8.6, adjust cg, b, 0 in Theorem 8.6 to a, b, ¢ here,
and [, #* dv(z) < oo implies Jioz1 2] dv (). O

For the Stieltjes case, i.e., on (0,00), we get the following.

Corollary 8.8. Let t = (tx)ren, € RN\ {0}. Then the following are equiva-
lent:

(i) t" is a Stieltjes moment sequence for all r > 0.
(i) There exist a,b,c € R with a > 0 and a o-finite measure v on [0, 00)
with

v({0}) =0 and / 2| dv(z) < oo
0
for alli € IN with i > 2 such that

e}

lntk:c+b-k+a-k2+/ (x+1)k—1—k-x~X[011)(x) dv(z)
0

for all k € INg.

Proof. By including the restriction supp u C [0, 00) in the proof of [20, Main
Thm. 4.7], we find that in (i) ¢ is represented by a Stieltjes measure p, i.e.,
supported on [0, 00), which is infinitely divisible with respect to *. Since the
infinitely *-divisible representing measure is supported on [0,00), we have
that also its Lévy measure v is supported on [0, 00) in Corollary 8.7. O

Note, the Lévy measures v in Theorem 8.6, Corollary 8.7, and Corollary
8.8 are the Lévy measures with respect to the additive convolution * since
we used Theorem 2.8 resp. Theorem 2.9. Interestingly, going from Corollary
8.7 to Corollary 8.8 one restricts the Lévy measure v from R to [0,00) but
the contribution a - k? with @ > 0 remains. In Example 7.3 we have seen that
a - k% corresponds to

a-(x0,)? =a- (x23§ + x0y,),
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i.e., the log-normal distribution. In Example 7.2 we found that xd, corre-
sponds to d.t, t € R. In summary, while the Lévy measure v comes from the
additive convolution * in Theorem 2.8 for

(n=1) A=c+b-0,4+a-0>+...

the same Lévy measure appears in Theorem 8.6, Corollary 8.7, and Corollary
8.8 for

(n=1) A=c+(b+a) z0, +a 2202 +...

for the multiplicative convolution ®.

Both Berg [4-6] and Tyan [55] have studied these infinitely ©-divisible
moment sequences before. While Berg [6] was focused on Stieltjes moment
sequences giving Corollary 8.8, Tyan proved a more general case for all mul-
tivariate moment sequences giving Theorem 8.6. The proofs of [6, Thm. 2.4],
[55, Thm. 4.2], and [20, Main Thm. 4.11] all use measure semi-groups and
their generators. While Berg and Tyan use the techniques from Hunt’s theo-
rem [30] to prove a Lévy-Khinchin type formula on moment sequences, in [20]
we used the differential operator sum representation and the known Lévy-
Khinchin representation. This describes the coefficients of the semi-group
generating operator in the differential operator sum representation. These
coefficients are obtained in Theorem 2.9 and in Theorem 8.3. The coefficients
from Theorem 8.3 could also have been obtained by using Tyan’s result for
the diagonal values and then Remark 4.2 to convert the diagonal values to
the respective coefficients.

9. Summary

In this work we continue our studies about positivity preservers [20,21] and
we focus here on diagonal operators, since they possess properties the general
positivity preservers do not possess. At first we characterize in Theorem 3.2
all linear maps

S: RN — RNo
which preserve K-moment sequences and hence we generalize [17].

In Section 4 we start our investigation of diagonal operators by looking
at different types of representation of diagonal operators, i.e., we have the
three representations
(a) Tz =tqz®, (b)) T = Z % cx®-0% and (o) T = Z o (x0)“

acNy aclNy

and the sequences (to)aeny, (Ca)acng, and (dq)aeny transform into each
other by binomial coefficients and Stirling numbers, see Remark 4.2. Diagonal
operators always have a representation (a) and (b). In Example 4.5 we give
a diagonal positivity preserver which can not be represented by type (c).

In Section 5 we see that the Hadamard product

sOt=(Sqa- ta)ozE]Ng
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of two sequences s and t corresponds to the product ST of two diagonal oper-
ators and the multiplicative convolution p® v of their representing measures.
This observation simplifies several previous proofs, e.g. by removing the Schur
product arguments in [7] and [14]. In fact, the simplification provides us with
another proof of the Theorem 2.1 in Section 6.

In Section 7 we deal with ®-infinitely divisible measures. These results
are used in Section 8 to prove Theorem 8.3: the characterization of generators
A of diagonal positivity preservers, i.e., e/ is a diagonal positivity preserver
for all ¢ > 0. This characterization is used to give an alternative (and shorter)
approach to characterize infinitely divisible moment sequences [26,27,55] and
reveals the connection between infinitely divisible moment sequences and the
generators of diagonal positivity preservers.
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