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Zusammenfassung

Der Abtastsatz (engl. sampling theorem) besagt, dass eine bandbreitenbeschriankte Funktion
aus ihren Funktionswerten an diskreten Stellen vollstandig rekonstruiert werden kann, wenn der
Abstand zwischen diesen Stellen ausreichend klein ist. Damit ist dieser Satz die Grundlage der
Digitalisierung von kontinuierlichen Signalen. Das Ziel dieser Arbeit ist der Beweis von sechs
verschiedenen Varianten des Abtastsatzes. Diese unterscheiden sich in den Voraussetzungen,
aber auch in den Beweismethoden.

In Kapitel 1 wird eine kurze Einfiihrung in die Fragestellung des Abtastsatzes sowie seine
Geschichte und einige seiner Anwendungen gegeben. Danach wird die Struktur dieser Ar-
beit vorgestellt. Sie gliedert sich in Grundlagen (Kapitel 2), Fourieranalysis (Kapitel 3), den
Abtastsatz (Kapitel 4) und eine Zusammenfassung (Kapitel 5).

In den Grundlagen werden zunéchst die Notationen eingefiihrt. Danach folgt eine kurze Ein-
fiihrung in die Integrationstheorie von Lebesgue mit den wichtigsten Sétzen. Darauf aufbauend
werden die LP-Réume eingefithrt. Ein Spezialfall ist L2, da dieser die Struktur eines Hilbert-
raumes triagt. Deren Eigenschaften werden ebenfalls kurz vorgestellt. Schliefflich benotigen
wir noch lokalkonvexe Réume fiir die Schwartz-Funktionen. Aufserdem werden spéter ein paar
Resultate aus der Funktionentheorie verwendet, die sich ebenfalls in den Grundlagen finden.
Zum Schluss werden Distributionen eingefiihrt.

Kapitel 3 widmet sich der Fourieranalysis. Darunter verstehen wir die Theorie von Fouriertrans-
formation und Fourierreihen im Mehrdimensionalen. Die Fouriertransformation wird zunéchst
auf den Schwartzfunktionen definiert und dann auf L'- und L2-Funktionen iibertragen. An-
schliefsend werden die Eigenschaften der Fouriertransformation vorgestellt. Die temperierten
Distributionen werden als Elemente des Dualraumes der Schwartzfunktionen definiert. Damit
kann man die Fouriertransformation fiir temperierte Distributionen definieren.

Fiir Fourierreihen ist es zunéchst notwendig, periodische Funktionen einzufiithren. Periodische
Funktionen kann man als Funktionen auffassen, die auf dem Torus T™ := R"/Z" definiert sind.
Aus diesem Grund bezeichnen wir die Fourierreihen auch als Fouriertransformation auf dem
Torus. Die Fouriertransformation auf dem Torus bildet unendlich oft differenzierbare Funktio-
nen auf dem Torus auf Schwartzfunktionen auf dem Ganzzahlgitter Z™ ab. Diese erfiillen dhn-
liche Abklingeigenschaften wie die normalen Schwartzfunktionen, sind aber nur fiir ganzzahlige
Vektoren definiert. Damit ist deren Konvergenz immer gesichert. Fiir andere periodische Funk-
tionen ist aber oft nicht klar, ob deren Fourierreihe konvergiert und wenn ja, ob sie gegen die
urspriingliche Funktion konvergiert. Diese Fragen behandeln wir kurz in einem eigenen Ab-
schnitt. Eine Anwendung der Fourierreihen ist die Poisson’sche Summenformel. Anschliefend
wird die Fourierreihe auf periodische Distributionen iibertragen. Dabei werden periodische
Distributionen als Elemente des Dualraums der unendlich oft differenzierbaren Funktionen auf
dem Torus definiert. Damit ldsst sich die Fourierreihe einer periodischen Distribution mit Hilfe
der oben definierten Fouriertransformation auf dem Torus erklaren. Es wird gezeigt, dass die
Fouriertransformation auf dem Torus sowohl fiir die unendlich oft differenzierbaren periodis-
chen Funktionen als auch fiir die periodischen Distributionen ein Hom6éomorphismus in den
zugehorigen Schwartz-(Dual)-Raum ist.

In Kapitel 4 werden schliefslich verschiedene Versionen des Abtastsatzes bewiesen. Zunéchst
wird dafiir das Konzept der Bandbreitenbeschranktheit eingefithrt. Dann werden einige Zusam-
menhénge zwischen Bandbreitenbeschriankung und exponentiell beschranktem Wachstum fiir



komplexe Argumente gezeigt. Eine wichtige Rolle spielen hierbei die Sétze von Paley und
Wiener.

Der erste Beweis beruht auf der Vertauschbarkeit der Faktoren im halbdiskreten Faltungspro-
dukt. Die abzutastende Funktion muss dafiir W-bandbreitenbeschrankt und stetig sein und in
L2(R) liegen. Dann kann man die Funktion mit der Abtastreihe aus den Abtastwerten rekon-
struieren, wenn die Werte mit einer Frequenz von W /7 aufgenommen wurden. Die Abtastreihe
is absolut und gleichméfig konvergent.

Fiir den Beweis mit Hilfe der verallgemeinerten Parsevalgleichung muss die abzutastende Funk-
tion als Fourierriicktransformation einer L2([—W, W]")-Funktion geschrieben werden kénnen.
Dieser Beweis liefert eine Verallgemeinerung auf n Dimensionen. Die anderen Resultate sind
die selben wie im vorherigen Beweis.

Als néchstes wird mit Hilfe einer Schauderbasis der Abtastsatz fiir Funktionen bewiesen, die als
Riicktransformation einer LP([—W, W]")-Funktion fiir 1 < p < oo geschrieben werden konnen.
Zuséatzlich muss gefordert werden, dass die Reihe der Abtastwerte absolut konvergiert. Dann
konvergiert die Abtastreihe absolut und gleichméfig.

Der Satz von Paley und Wiener stellt, wie oben angedeutet, einen Zusammenhang zwischen
einer Funktion mit kompakten Tréger und Eigenschaften ihrer Fouriertransformierten wie Fort-
setzbarkeit zu einer ganzen Funktion und exponentiell beschrianktes Wachstum fiir komplexe
Argumente her. Es wird gezeigt, dass die Menge der um ganze Argumente verschobene sinc-
Funktionen eine Orthonormalbasis im Hilbertraum aller exponentiell beschrankten ganzen und
quadratintegrierbaren Funktionen bildet. Dann ist der Abtastsatz einfach die Entwicklung der
Funktion in dieser Basis. Dieser Hilbertraum kann mit dem Hilbertraum aus den ersten beiden
Beweisen identifiziert werden, sodass die Aussagen ebenfalls die selben sind.

Der Abtastsatz kann fiir ganze exponentiell beschriankte Funktionen mittels Pfadintegralen
bewiesen werden. Diese Voraussetzung ldsst auch nicht integrierbare Funktionen wie die
Sinus-Funktion zu. Damit geht allerdings einher, dass dass die Abtastfrequenz erhéht wer-
den muss, keine absolute Konvergenz mehr gegeben ist und gleichméfige Konvergenz nur noch
auf beschrankten Mengen gilt. Eine Verallgemeinerung auf n Dimensionen scheint moglich,
erfordert aber tiefergehende Theorien.

Schlieflich wird der Abtastsatz noch fiir Funktionen bewiesen, deren Fouriertransformierte nur
als Distribution mit kompaktem Trager gegeben ist. In diesem allgemeinen Fall ist ebenfalls
eine erhohte Abtastfrequenz erforderlich. Aufferdem muss die sinc-Funktion durch die Fouri-
ertransformierten einer glatten Variante der charakteristischen Funktion ersetzt werden, um
Konvergenz zu erhalten. Die Abtastreihe konvergiert gleichméfbig auf kompakten Teilmengen
von C" und der Beweis gilt fiir n Dimensionen.

In Kapitel 5 werden die Ergebnisse des Abtastsatzes noch einmal zusammengefasst. Auferdem
wird ein Ausblick auf weitere Fragestellungen gegeben, die in diesem Zusammenhang untersucht
werden konnten.

v



Abstract

The sampling theorem states that a band limited function can be fully reconstructed by its dis-
crete samples if they are close enough. Therefore, it is the basis for digitalization of continuous
signals. In this work, we prove six versions of the sampling theorem with different methods and
under different assumptions. First, we provide a basic overview over the basic theorems used
later on. Then we present the theory of Fourier transforms and Fourier series. We introduce
it for functions as well as for distributions. Based on this, we can introduce the concept of
band limited functions and distributions, which is crucial for the sampling theorem. Then we
prove the sampling theorem using the commutativity of semi-discrete convolution product, the
generalized Parseval formula, a Schauder basis, an orthogonal system, contour integration and,
finally, the Fourier series for distributions. Whenever possible, the sampling theorem is shown
in a multidimensional setting. The prerequisites are relaxed from band-limited L2-functions to
functions, having a distributional Fourier transform with compact support. As a consequence,
the absolute and uniform convergence of the sampling series weakens to uniform convergence
on compact sets and the sinc interpolation function has to be replaced.
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1 Introduction

Today, almost everything is digital - music, television, books. The change of our everyday life
due to the impact of the digital world can be compared to the industrial revolution |[Thi|]. The
word “digital” refers to the main feature of the digital world: Any kind of data, as sounds,
pictures or text, is represented by a sequence of the binary digits 0 and 1. But - apart from
quantum mechanics - real world is continuous. Music, for example, is a continuous variation
of air pressure over time, from the physical point of view. Thus, how can you represent music
by discrete numbers, which can be pressed into a CD or stored on a flash drive? At this point,
mathematics comes into play.

Abstracting from the physical details, we are concerned with the following questions: When
is it possible to totally represent a function by discrete values? How can one reconstruct the
original function if the samples are known? These questions have been answered for communi-
cation theory by Shannon [Sha49| for the western hemisphere and independently by Kotel'nikov
[Kot33] in soviet literature. For successful sampling and reconstruction, the function has to be
band limited and the sampling frequency must be at least twice the band width. The converse
was shown some years before by Nyquist. He showed that the number of independent pulse
samples that can be sent through a telegraph line is limited by the band with of the transmis-
sion system [Nyq28]. However, the topic showed up in mathematical literature even before.
Whittaker investigated the interpolation problem of finding a function passing through given
points [Whil5]. He found the sampling series and noted that the resulting function is band
limited. A rather complete history of the sampling theorem can be found in [Hig77].

Today, the sampling theorem is not only of interest in communication theory, but also for time-
varying systems, boundary value problems, splines or in optics and crystallography, analysis of
meteorological data or models of cardiac pacemakers, only to mention a few of the examples in
[Jer77, Section VII|. It can also be applied in quantum mechanics to reconstruct wave functions
[Ray97]. As a more real world application, the sampling theorem is used in computerized
tomography [Nat89|. Finally, the sampling frequency of audio files is often 44.1kHz. This
is slightly more than twice the 20kHz, humans can hear. We will find the reason for this
oversampling in the proofs for the more general versions of the sampling theorem. But first,
we introduce the structure of this work.

Chapter 2 provides the basic facts needed throughout the thesis. This includes, after introduc-
ing the symbols used, Lebesgue’s integration theory, LP-spaces, Hilbert spaces, locally convex
spaces, a few results of complex analysis and distributions.

Based on this, Fourier transform and Fourier series are established in Chapter 3. Starting
with Schwartz functions, the properties of the Fourier transform are stated and extended to
L' and L2, Then the Fourier transform is introduced for tempered distributions. For periodic
functions the Fourier transform is defined on the torus, which yields the Fourier series. A big
issue is the convergence of the Fourier series, which is only discussed shortly. One consequence
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of the expansion as Fourier series is Poisson’s summation formula, which is proved for Schwartz
functions. Finally, the concept of Fourier series is carried over to periodic distributions, which
will be needed for the distributional version of the sampling theorem.

In Chapter 4, the concept of band limited functions and distributions is introduced. This is the
basis for the six proofs of slightly different versions of the Nyquist-Shannon sampling theorem.
The first one makes use of the commutativity of the semi-discrete convolution product and is
valid for band-limited functions of L?(R). The next proof uses the generalized Parseval formula,
being valid for any function which can be written as inverse Fourier transform of a function of
L2([-W, W]™). This result is extended to functions of LP([—~W, W]) for 1 < p < o by means
of a Schauder basis in LP([—-W, W]). In the fourth proof it is shown that the set of shifted
sincyy functions forms a complete orthogonal set in the Hilbert space of all W-band limited
L2(R") functions. Then the sampling theorem is simply the expansion of any function in this
basis. Via contour integration in the complex plane it is possible to prove the sampling theorem
without using any Fourier transform. It only requires the function to be bounded on the real
line and growing at most exponentially for complex arguments. Finally, a sampling expansion
is given for functions of polynomial growth on the real line, whose Fourier transform can only
be given as a distribution with compact support.



2 Foundations

In this chapter the fundamentals for the Nyquist-Shannon sampling theorem are given. First,
the symbols and notations for classical derivation and integration are introduced. Then LP,
Hilbert and locally convex spaces are presented. We also give some results of complex analysis,
which are necessary for one of the proofs. Finally, the theory of distributions is presented.

2.1 Notations

Let R be the field of real numbers and C be the field of complex numbers. First, we want to
consider continuous and differentiable functions. Let K € {R,C} and let Q2 < K" be a domain

for some fixed n € N. For z € K" we write x = (z1,...,%,) when it is necessary to talk
about the components. For z € C" we define the real part Rez := (Rezj,...,Rez,) and the
imaginary part Im z := (Im z1,...,Im z,), hence z = Rez + iIm 2.

2.1 Definition. Let X be a topological space and f : X — K. Then the support of f is defined
as

supp(f) := {z € X : f(z) # 0},

where the bar denotes the topological closure.

For the case of multidimensional derivation a multi-index notation is introduced.

2.2 Definition. Let o, 3 € Nj and z,y € K". Then

(a) la] =20 i a+ Bi= (a1 + B, ., an + B).
(b) % :=[[iZy a5 = 27" - -afn

(c) vy := 22;1 TiY;

(d) 0% := az(:il "'aﬁizn

2.3 Definition. (a) C(Q) is the vector space of the continuous functions from €2 to K.
(b) C.(R2) is the set of all f e C(Q2) with compact support.

(c) C*¥(Q) is the vector space of k times differentiable functions f from Q to K, where the
kth derivative f*) is continuous. In symbols

CFQ) ={feC(Q):YaeN!: |o| <k= 0%feC(Q)}.
(d) The infinitely continuously differentiable functions are defined as

=) CH(Q) = {feC(Q): 0*f € C(Q) for all a e Nj}.

keN



2 Foundations

2.2 Lebesgue’s Integration Theory

For integration, we use Lebesgue’s theory. Since in this work we focus on the results of this
theory, only a short overview over the basics is given. Details can be found, for example, in
[Rud66]. While Riemann integration uses intervals of decreasing length to approximate the
integral, Lebesgue allows these sets to be more general, so called measurable. The crucial
properties are that the intersection of a countable family of measurable sets is measurable and
that the complement of every measurable set is measurable. The set of all measurable sets
is called o-algebra and often denoted by A. Since the idea of approximating the integral by
rectangles remains the same, one has to extend the idea of “length” to these sets. This is called
measure and it has the property that the measure of the union of pairwise disjoint measurable
sets is the sum over the measures of the single sets, called countable additivity. Further one has
to define measurable functions to avoid problems. A function is measurable if the preimage
of every measurable set is measurable (with respect to the associated o-algebras). The triple
(X, A, 1) with a set X, an associated o-algebra A and an associated measure p is called measure
space. Given a measure space, we can define integration of measurable functions.

2.4 Definition (Lebesgue integration). Let (X, .A, 1) be a measure space.

(a) f: X — [0,00) is called a simple function if its range consists only of finitely many points,
i.e. it has a representation

f(l') = Z CiXA;»
=1

with ¢; being the (distinct) values of f, A; := {z € X : f(x) = ¢;} and x4 being the
characteristic function of A.

(b) Let f be a measurable simple function. Then the integral is defined as
ffdu = > cip(Ay).
i=1
(c) Let f: X — [0,00] be a measurable function. Then the integral is defined as

deu 1= sup {jsd,u : s is a simple function with 0 < s < f} .

(d) Let f: X » R := R U {—, 00} be a measurable function. Then f can be separated into
f=fT—f with f* := max{0, f} and f~ := —min{0, f}, both being non-negative and
measurable. The integral is defined by

| an= [ 1= | 1an,

if at least one of the integrals is finite.

(e) A measurable function f is called integrable if the integral over |f| is finite. The set of
all integrable functions (with respect to a measure y) is called £ ().



2.2 Lebesgue’s Integration Theory

(f) Let f: X — C be an integrable function. Then f can be split into its real part u and its
imaginary part v, both being measurable and real-valued. The integral is defined as

ffm“=fmm+ifm%

Since u+ < |u] < |f], etc., all integrals are finite.

(g) Let A€ A and f be a measurable function. Then we define

L Jfdp = JfXAd#-

2.5 Remark. Note that measurable functions (but not simple functions) are allowed to have
the value oo, which allows to incorporate many special cases into the general theory. Summation
and multiplication of infinity is defined by a4+00 = c0+a = 0 if 0 < a < w0 and a-00 = 00-a = ©
if0 <a<oand0-00=00-0=0. The implications ac = bc = a=banda+c=b+c=a=>
only hold for ¢ # o (cf. [Rud73, 1.22, p. 18]).

2.6 Remark. It can be shown that for a measurable function f the integral § fdu is finite if
and only if {|f|du is finite.

From the definitions given above, it follows that the integral over any function over a set of
measure zero is zero. Therefore, it is possible to change the values of a function on a set of
measure zero without changing the value of the integral. This leads to the definition of almost
everywhere.

2.7 Definition. Let P be a statement for a point and A € A. Then P is said to hold almost
everywhere (a.e.) on A iff there is an N € A with u(N) = 0, N € A and P holds for all
x e A\N.

Note that the concept of a.e. depends on the measure. Usually, it is clear from the context,
which measure is meant.

The following important theorems of Lebesgue’s theory are also formulated in the general
setting. Later on, we will use the Lebesgue-measure A and the Borel-c-algebra, which is
generated by the open sets of R™. This implies that all continuous functions are measurable.

2.8 Theorem (monotone convergence). ([Rud66, 1.26, p. 21] ) Let (fn)nen be a sequence of
measurable functions from X to R with 0 < fi(z) < fa(z) < ... < 0 and define f(x) :=
lim, o fr(z) for almost every x € X. Then f is measurable and

lim fndp = J fdu = J lim fpdu.
2.9 Theorem (dominated convergence by Lebesgue). (/Rud66, 1.34, p.26] ) Let (fn)nen be
a sequence of complex measurable functions on X for which f(x) = limy, o fn(x) exists for

almost every x € X. If there is a function g € LY () with |fo(x)| < g(x) for all n € N and
almost every x € X, then f e L' (),

s 15— sldp =0 and i [ = [ sau= [ s o
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2.10 Theorem. ([Rud66, 1.38, p. 28]) Let (fn)nen be a sequence of complex measurable
functions defined a.e. on X with >, §|faldu < 00. Then the series f(z) = Y| fa(x)
converges for almost all v € X, f € LY(u) and

gffndu ~ [ fa- fi fudpt

2.11 Theorem. (/DR11, 13.43, p. 196]) Let U,V < R"™ be open and let ® : U — V be a
bijective, continuously differentiable function with continuously differentiable inverse ®~1 (a
diffeomorphism). A measurable function f:V — R™ is integrable on V = ®(U) if and only if
(fo®)|det ®'|: U — C is integrable on U. In this case

f Fy)dy =f | det @/(2)| (@ (2))da
() U
holds.

2.3 LP-spaces

Let (X, A, 1) be a measure space. This space is rather general and does not provide many
structure. Therefore, we want to introduce a norm and choose a subspace in order to obtain a
Banach space.

2.12 Definition. Let f : X — K be a measurable function. For 1 < p < o0 define

1/p
171, = ( | Iflpdu>

and LP(p) := {f: X — K: f measurable, | f|, < co}.

For p = o define g := |f| and

[ £l = esssup f :=inf ({r = 0: u(g~"((r,0])) = 0} u {oo}),
where esssup f is called the essential supremum of f (cf. |[Rud66, 3.7, p. 64]). Similarly,

L% (1) contains all measurable functions f with | f||,, < oo. If p is the Lebesgue measure and
X =: Q < K" is measurable, we write LP(€2).

2.13 Theorem. ([Rud66, 3.5, p. 62]) Let 1 < p,q < o0 with 1/p+1/g=1, f,g: X — [0, 0]

measurable. Then
1/p 1/q
fiee (fra)” ([0
(Holder’s inequality) and

(irvor) " ()" ()

(Minkowski’s inequality).

The importance of these inequalities becomes clear if one considers the function | f|: X — [0, o]
for f: X — K™. In this case the integrals convert to the norm defined above.

2.14 Remark. Using Minkowski’s inequality!, one can show that Il, fulfills the triangle

for 1 < p < 0 and the triangle inequality in K for p € {1, o0}
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inequality. From the properties of the integral® the homogeneity of the mapping ||-| p 1s easily
seen. But |||, defines only a seminorm on LP, because | f|, = 0 precisely if f(z) = 0 almost
everywhere. To overcome this problem, we define an equivalence relation by f ~ g iff |f — g|,, =
0.

2.15 Definition. Let £P(u) and the equivalence relation ~ be defined as above. Then we set

LP(p) := L2(W)/{f € LP(u) - |~ 0} = {[f]: [ e L2(n)},

i.e. LP(u) consists of the equivalence classes of £P(u). [f] denotes the equivalence class of f
with respect to ~.

2.16 Example. If we choose c N, A := P(N) the power set of N and p := £ to be the counting
measure. Then the space ¢P(N) := LP(xi) is the space of all sequences which converge in the

1 . .
P-norm |[(a;)ienl, = (X2 lail?) /P_ In this case there is no set of measure zero, except for the
empty set. Therefore, it is not necessary to consider equivalence classes.

Despite the fact that the elements of LP(u) in general are equivalence classes, we continue
calling them functions. But we have to keep in mind that these functions are only defined
almost everywhere and cannot be evaluated at a single point. Fortunately, we have the following
theorem:

2.17 Theorem. (/Rud66, 3.14, p. 68]) Let Q@ < K™ be open. For 1 < p < w0, C.(Q) is dense
in LP(Q).

Hence every LP-function (1 < p < o0) can be approximated by a sequence of continuous
functions with compact support.

Additionally, one can show the following:

2.18 Theorem. (/Rud66, 3.11, p. 66]) LP(Q) is a complete normed vector space, i.e. a Banach
space, for 1 < p < o0.

Therefore, for for 1 < p < oo LP(Q) can be considered as the completion of C.(2) with respect
to the norm || ,. This implies many the definitions introduced for continuous functions can be
extended to LP-functions. From now on, we will only consider the Lebesgue-measure and the
Borel-o-algebra if not stated otherwise. We use the symbol dz rather than du(z) to indicate
the integration variable.

2.4 Hilbert spaces

L? is a special LP-space, because it is a Hilbert space. In this section, we will present some of
the properties of Hilbert spaces.

2.19 Definition. Let H be a vector space over K and let (-,-) : H x H — K be an inner
product on H, i.e.

(i) (-,v) : H - K is linear for all v € H,

Zand the supremum for p = o0
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(i) (v,w) = (w,v) for all v,w € H, where the bar denotes complex conjugation,
(iii) (v,v) > 0 for all ve H\{0} and (v,v) = 0 only if v = 0.

If H is complete with respect to the norm |v| := 4/{(v,v) (v € H), then H is called Hilbert
space.

For the remaining section let H always denote a Hilbert space.

2.20 Examples. (i) C" is a Hilbert space if the inner product is defined as

n
<$, y>(cn = Z Y
i=1

for x = (x1,...,2n),y = (Y1,--.,yn) € C".
(ii) L2(R™) is a Hilbert space if the inner product is defined as

(W, V)1 2gn) = J u(z)v(z)dz  (u,ve L*(R™)).

n

(iii) Let K < C" compact with A\(K) > 0, where A\(K) is the Lebesgue-measure of K. Then
L?(K) with is a Hilbert space if the inner product is defined as

(1,0 ) = A(lK) fK w(@@)dz  (u,v e L2(K)).

Note that K € R" implies K € C".

The inner product enables us to establish the concept of orthogonality.
2.21 Definition. (i) x € H is orthogonal to y € H if and only if (x,y) = 0, in symbols
x Ly.

(ii) For sets F, F — H we say that E is orthogonal to F', in symbols E L F', if for each x € E
and y € F holds: = L y.

(iii) =t is the orthogonal complement of x defined by x+ := {y € H : (z,y) = 0}.
(iv) Let M < H be a subspace. Then M+ := {ye H : Yz e M : (x,y) = 0}.

(v) Let A be an index set, (uq)aca © H a sequence of vectors in a Hilbert space H. The
set {uq : € A} is called orthonormal if (uq,ug) = 0 for all o, f € A with a #  and
|ual = 1 for every a € A.

2.22 Lemma. ([Rud66, p. 84]) For any x € H and any orthonormal set {u, : « € A} < H,
the cardinality of {ac€ A : (x,uq) # 0} is at most countable.

2.23 Theorem (Bessel’s Inequality). ([Rud66, 4.16, p. 84]) If {uq : o € A} is any orthonormal

set in H then
>l ua)? < Jz)?
acA

forall z e H.
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2.24 Theorem. ([Rud66, 4.18, p. 85]) Let {uy : o € A} be an orthonormal set in H. The
following four statements are equivalent:

(a) {uq : € A} is a mazimal orthonormal set in H.
(b) The set S of all finite linear combinations of members of {uq : a € A} is dense in H.
(¢) For every x € H, we have |z| = .4 [z, ua)|?.

(d) If x,y € H, then

(w,y) = D) (2, ua) {y, ua). (2.1)

a€eA

This equation is known as Parseval’s identity.
2.25 Remark. Maximal orthogonal sets are also called complete orthogonal sets.

2.26 Lemma. (/Rud66, p. 85]) {uy : a« € A} € H is a mazimal orthonormal set if for every
x € H the property (x,uq) = 0 for every a € A implies x = 0.

The converse result is the Riesz-Fischer theorem.

2.27 Theorem (Riesz-Fischer). ([Hig77, p. 16]) If {us : € A} < H is a maximal orthonor-
mal set then (x,uqy) = (y,uq) for every a € A implies x =y for x,y € H.

2.5 Locally convex spaces

In some cases it is not possible to describe a topological vector space with a single norm or even
a single seminorm, but with a family of seminorms. Since all spaces of distributions we will
consider in this work are of this type, we will briefly introduce the concept of locally convex
spaces.

2.28 Definition. Let X be a vector space over K and T < P(X).

(a) T is called topology on X if J, X € T and if arbitrary unions and finite intersections of
elements of T are contained in 7. (X, 7)) is called topological space.

(b) O c X is called open if O e T.

(¢) U c X is called neighbourhood of = € X if there is O € T with z € O and O < U. The
set of all neighbourhoods of x € X is denoted U(z).

(d) For x € X asubset V(x) < U(x) is called local basis or neighbourhood basis of z if for all
UelU(x) thereis Ve V(z) with V c U.

2.29 Definition. Let X,Y be topological spaces and T : X — Y. Then f is continuous
at zg € X if for every neighbourhood V' of T'(zy) there is a neighbourhood W of zy with
TW)cV.

2.30 Definition. Let X be a vector space over K and P = {p) : A € A} be a family of
seminorms py : X — [0,00). Define B® (z,r) := {y € X : px(z —y) < r} for z € X, € A and
r > 0. The topology Tp generated by

Uy := {B(/\)(x,r) cxeX,r> O,AEA}



2 Foundations

is called the locally convex topology on X generated by P.

A topological space (X, T) is called locally convex if there exists a family of seminorms P whose
generated topology as defined above is the same, i.e. 7 = Tp. We denote a locally convex
space by (X, P).

2.31 Lemma. ([Denl12, 1.2, p.1]) Let (X, P) be a locally convex space. Let A be an index set
for the family of seminorms P. Then the set

U, = {ﬂ B(’\)(:n,'r) : L c A is finite,r > O}

AeL

s a local base for x € X.

2.32 Theorem. ([Den12, 1.11, p. 5]) Let X and 'Y be locally convex vector spaces and let X
and Y be sets of seminorms which induce the topology on X and Y, respectively. LetT : X —Y
be linear. Then the following statements are equivalent:

(i) T is continuous
(i) T is continuous at 0

(i1i) If ¢: Y — [0,0) is a continuous seminorm (not necessarily in' Y, then qoT : X — [0, 00)
1S a continuous Seminorm

() For every q € Y there is Z < X finite and M > 0 such that ¢(Tx) < M maxyecz p(x) for
each v € X.

2.33 Corollary. Let X be a locally convex vector space and let X be a set of seminorms which
induce the topology on X. Let T : X — K be linear. Then T is continuous if and only if there
is Z < X and M > 0 such that |Tx| < M maxpez p(z) holds for all z € X.

2.34 Definition. Let (X, X)), (Y,)) be locally convex vector spaces. Define
L(X,Y):={f: X - Y : f is linear and continuous}.

Furthermore, we define the dual space of X by X' := L(X,K).

For the dual space there are several frequently used topologies.

2.35 Definition. Let X be a topological vector space and X’ its dual space.

(a) A set B < X is called bounded, if there is A > 0 for every neighbourhood U of zero, such
that B < \U.

(b) The weak-*-topology on X’ is the smallest (coarsest) topology on X', such that the
mapping z': X' — K, f — f(z) is continuous for every z € X.

(c) The strong topology on X’ is defined as the locally convex topology generated by the

seminorms
ps(f) ==sup|f(z)] feX’
zeB
for every B < X such that for every f € X’ there holds sup,.p |f(z)| < o (cf. [Heu06,
p. 372]).

10
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The topologies can also be characterized by their convergence properties.

2.36 Lemma. ([Tre67, p. 197f]) Let X be a topological vector space and X' its dual space. A
sequence (fn)nen © X' converges to zero

(a) in the weak-%-topology, if and only if for each x € X the sequence (fn(x))neny < K con-
verges to zero,

(b) in the strong topology, if and only if the function sequence (fn)nen converges uniformly

on every bounded subset of X .

However, both convergence types coincide in some cases. We will only give the result necessary
for our proof.

2.37 Theorem. (/Tre67, Corollary 2, p. 358]) Let Q@ < R™ be open. In the strong dual space
of C* () every weakly converging sequence is strongly converging.

2.6 Complex Analysis

Since we will be dealing with functions with complex variables, we will briefly introduce the
most important concepts of complex analysis.

2.38 Definition. Let (2 ¢ C be open and f : Q2 — C. Then f is
(a) complex differentiable in zy € Q if and only if the limit
o)t L))
z—20 z— 20
exists,
(b) holomorphic in Q if and only if f is complex differentiable for every z € €,
(c) entire if Q = C and f is holomorphic on C.

This can be generalized to n dimensions:

2.39 Definition. Let €2 < C" be open and f : ) — C. Then f is

(a) holomorphic in € if and only if it is holomorphic in each variable separately, i.e. for all
(a1,...,an) € Q each of the functions

gi:Qi_)(Ca )\'_)f(alw"aaiflaai+)\7ai+17"'7an) (221,,7'L>
is holomorphic in some neighborhood of 0;
(b) entire if and only if it is holomorphic in Q = C™.

2.40 Lemma. ([Rud66, corollary, p.210]) Let Q < C be open, let f,g: Q — C be holomorphic
with f(z) = g(z) for all z in some set which has a limit point in Q. Then f(z) = g(z) for all
z €.

2.41 Lemma. (/Rud73, 7.21, p. 181]) If f : C" — C is entire and f(z) = 0 for all z € R,
then f(z) =0 for all z € C™.

11
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2.42 Definition. Let Q < C be open, let a € Q and let f: Q\{a} — C be holomorphic. Let a
be a pole of f of order k. Then f has the Laurent series expansion

f(z) = Z ci(z—a)' (2 \{a})

with coefficients ¢; € C. The coefficient c_; is called the residue of f at a, in symbols
c_1 =res(f;a).

2.43 Lemma. (/DR12, 9.9, p. 11}]) Let a € C, Q < C open and let f: Q\{a} — C be
holomorphic. Let a be a a pole of f of order (n+1). Then

res(f;a) = L & (z—a)" " f(2)

) dan
n! dz —a

2.44 Definition. Let < C be open, A <  without limit point in 2 and f: Q\A — C
holomorphic. If each point of A is a pole of f, then f is called meromorphic.

2.45 Definition and Theorem. ([Rud66, 13.13, p. 260]) Let Q < C be open, f: Q\A — C
be meromorphic.. If v is a closed path in Q\A, then

J f(z)dz = 271 Z res(f;a)ind,(z),

acA

where

ind, (2) = ;- L ~2 (z€C\RO))

1s the index of z with respect to .

2.46 Remark. The index ind,(2) is often called winding number, since it tells us the number
of times that v winds around z (cf. [Rud66, remark, p. 205]).

2.7 Distributions

The idea of distributions is to generalize functions in such a way that every distribution has
partial derivatives, which are also distributions. On the other hand, we want to maintain some
properties of the classical (continuous) functions. Therefore we request the following. First, we
want all continuous functions to be distributions. Second, all the established rules of calculus
may be applied to distributions too. Finally, the derivative of a classically differentiable function
should coincide with the derivative of the generalized function.

2.47 Definition. Let J # < R™ be open. We use the notation K € €2, to say that K is a
compact subset of €.

(a) The set CP(Q) = {f € C*(Q) : supp(f) € Q} is called the set of test functions. For
K € Q we define D () := {f € CF () : supp(f) < K}.

b) A sequence (¢)reny < CP(2) is defined to converge to zero iff
( 14 0 g

12
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(i) there is K € Q with supp(pg) < K for every k € N and

(ii) the sequence (0%¢y)ren converges uniformly, i.e. sup,cq [0%pi(z)] — 0 for i — oo
for every multi-index o € Njj .

(c) If CF(Q) is equipped with the topology belonging to the definition of convergence in the
previous statement, one obtains a complete locally convex topological vector space, which
is denoted by D(Q).

(d) For N € Ng and K €
@ — pn. k(@) := max{|0%p(z)| : v € K, € N, |a] < N}
defines a seminorm on Dy.

2.48 Definition. Let L : D(Q2) — K be linear and continuous with respect to the topology
defined above. Then L is called a distribution. We denote the set of all distributions by the
symbol D'(Q).

2.49 Theorem. ([Rud73, p. 141] ) A linear functional L : D(Q) — K is a distribution iff for
every K € Q) there are an N € Ny and a constant ¢ < o such that

[L| < ¢ pnx(p)
holds for every ¢ € D .

2.50 Example. Let z¢g € R". The Dirac distribution oy, is defined via
bz0: D(R") = C, ¢ ¢(z0).

The linearity is obvious and since |p(x0)| < po k (p) for every ¢ € D(R") and K € R", 0, is a
distribution according to Theorem 2.49.

2.51 Example (Dirac comb). For a > 0 we call the functional

II,: D(R") - C, @ > dar(e)
kezm

Dirac comb. Since all ¢ € D(R™) have compact support, the sum is always finite, hence 111, is
well-defined. Using the linearity of the Dirac delta we obtain that III, is also linear. Again,
we need not care about the convergence, because the sum is finite. Finally, we want to show
that II1, is a distribution. Let K € R™ and ¢ € D(R™). Then

2 5ak(30)

keZm

|H—Ia(90)‘ = < Z ‘5ak(90)“

kezm

Since |04, ()| < po,r (¢) for every xg € R™ according to the previous example, we obtain

(o) <pox() D, 1=Cpok(p)
keZ™naK

with C' being the finite cardinality of the set Z"™ n aK, where aK := {az : x € K}. According
to Theorem 2.49, 111, is a distribution.

13
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2.52 Example. Let Q < R™ be open, f € L{.(Q) := {f: @ — C measurable : YK € () :
flx € LY(K)}. Then

[/]: D@Q) = K, e L f(@)p(e)dz

defines a distribution.

Proof. Obviously [f] is a linear functional. Let K € 2 and ¢ € Dg. Then

()] = Ugf(w)so(w)dx

supp pC K UK f(z)p(z)dz

< ‘ ijmdx max {|p(z)| : 2 € K}

= CKPO,K(‘P)-

Note that cx < oo since f € Li (Q). By Theorem 2.49, [f] is a distribution. O

2.53 Definition. A distribution u € D’(Q) is called regular if there is a function f € L{ ()
with u = [f].
2.54 Definition. Let L € D'(f2) be a distribution.

(a) The number

ord(L) :=inf{N e Ny : VK € Q 3cxg > 0Vp € D(Q) : |Ly| < cxpn,k(p)}
is called the order of L. If there is no such infimum, L is said to be of infinite order and
ord(L) := oo.
(b) Let U < Q be open. L vanishes in U iff L(p) = 0 for every ¢ € D(U).
(¢) The support of L is defined as

supp(L) :=Q\ U U= ﬂ C

UEUL CECL
with U, := {U < Q : U open, L vanishes in U} and C, := {C' < Q : C closed, L vanishes in Q\C'}.

2.55 Example. (i) As can be seen in examples 2.50 and 2.52, any regular distribution as
well as the Dirac distribution has order 0.

(ii) Let Q@ < R™ be open, zy € 2 and ¢ € D(Q). Let C < Q be closed with zyp € C. Then
20 () = p(xg) = 0 for every p € D(Q\C). Hence

supp(dz,) < ﬂ C = {xo}.

CcQ2 closed
:EQEC

If xo ¢ supp(dz,) then 6(p) = 0 for every ¢ € D(Q2), hence J,, = 0, which is a contradic-
tion.

14
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(iii) Let f e C(R™). Let C < Q be closed. Then we obtain

[f1() = o f(@)p(z)de = f()p(x)dz =0

o\C

for all ¢ € D(Q\C) if and only if f = 0 a.e. on Q\C. This is equivalent to supp(f) < C.

Hence
supp([f]) = ()| C =supp(f).
Cc$2 closed
supp(f)=C
2.56 Definition. Let o € Njj be a multi-index and L € D’(2). The derivative 0L of L is
defined as

L:D(Q) > K, ¢ (°L)(p) := (~1)*IL(0").

2.57 Remark. Since locally integrable and differentiable functions can also be considered as
distributions, we may ask if the distribution generated by the classical derivative coincides with
the distributional derivative, i.e. 0%*[f] = [0”f] provided that the classical derivative exists.
The answer is given by integration by parts?, as we need to show

PUMLJ@NW@@Mw=Lw%M@M@M

for every ¢ € D(Q2). The boundary terms vanish, since ¢|,, = 0, because supp(¢) € Q is
compact and € is open.

2.58 Definition. Let f : K" > Q2 — K™ be a function and xz € K. We define

f = f—a) and iz f(=),
Let u € D'(K") be a distribution and z € K™. We define

=@ u(togp)  and U= @ — u((p)).

2.59 Definition (Convolution). (a) Let u,v : R — C be measurable. The convolution v
is given as
uxv:R" > C, x—

o | ute -y -

@ Je o T

(2m)n/2 Jg
if the integral exists for almost every x € R™.

(b) Let ue D'(R™),p € D(R™). Then the convolution u * ¢ is a function and defined as

uxp:R*" > C, z+— (QW)_”/Zu(ng\é).

(¢) Let u,v € D'(R™) with at least one of them having compact support. Then u*v € D'(R™)
is defined as the unique distribution w := (u * v) € D'(R™) (cf. [H683, 4.2.2, p. 101])
which fulfills

wxp=(uxv)xp=u=x(vxp) (peDR")).

3or the Divergence Theorem in the multidimensional case

15
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A pleasant property of convolution is that it commutes with translation and differentiation as
stated in the next theorem.

2.60 Theorem. (/Rud73, p. 156, p.160]) Let u,v,w € D'(R™), ¢, € D(R™). Then
(a) olus ) = (1) 5 9 = w % (72p) for every z € R,
(b) wxpeC® and 0%(u* ) = (%) * ¢ = u* (0%p) for every multi-index o € Njj,
() we (px) = (un ) v
(d) If at least one of u,v has compact support, then u v = v * u.
(e) If at least two of u,v,w have compact support, then (u*v)*w = u * (v * w).

(f) Let &g be the Dirac distribution and o € NI be a multi-index, then (21)"™20% = (0%5y) *
u. In particular, (2m)~"?u = §o * u.

2.61 Corollary. Let u € D'(R") be a distribution, xg € R™, d,, be the Dirac distribution and
a e NI a multi-index, then (0%0,,) *u = (21)~20%, u. In particular, §py % u = (210) "2 750u.

Proof. Let ¢ € D(R™). Then (04, * ¢) is a function by Theorem 2.60(b). For z € R", we have

((9%02y) = ) (x) = (2m)2(0%00 ) (128) = (2m) /20 (1u8) (o) = (2m) ~"20° @ (0 — @)
= (2m) 2% (x — wo) = (2m) "1 (070) (2).

Therefore, we get using (a), (b), (d) and (e) of Theorem 2.60
a d a € o -n o
(6%0p) % 1) # 0 D (un (0%009)) # @ L wn ((0%)3ug # ) = (2) 2w 5 740 () (2)
@ m) P 00 Y (@2m) A (1, 00) 5 g,

hence
(0%62,) % u = (2m) 215, 0.
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Fourier analysis is a crucial tool for several proofs of the sampling theorem. Therefore we given
an introduction into Fourier transform and Fourier series for both functions and distributions.
The idea of Fourier analysis is to decompose a function into a sum of periodic functions,
in particular sine and cosine. Of course, this is difficult to achieve for arbitrary functions.
Therefore, one has to substitute the sum by an integral. However, it is sufficient to consider a
series of trigonometric functions if the function is periodic.

3.1 Fourier transform

3.1.1 Schwartz functions and the Fourier transform

3.1 Definition. The set of all rapidly decreasing functions on R™ is called Schwartz space S
or S(R™). This can be formally written by introducing a family of seminorms .|, 5 defined by

10 = sup [070°p(x)|
zeR"

for ¢ € C°(R"™) and multi-indices o and B. Then we define

S(R"™) :={p e C*([R") : ||, 5 < o for all a, B € Ng}.

Obviously Ci°(R™) < S(R™).

3.2 Example. The function x — exp(—a|z|?) is a Schwartz function if a > 0.

Proof. Let a > 0.

(a) First consider 2! exp(—ax?) for some [ € N and 2 € R. Then

i (az?)"
L)

= 7 k!

for |x| — oo. With the laws for summing limits this result can be extended to polynomials
instead of the monomial z'.

! ! 1I/a!

I

a'z!
!

exp(ax?) !
e

—

! exp(—aa:Q)’ =
x

(b) Now let «, 8 € N&. Note that 0% exp(—al|z|?) = Pa(z)exp(—alz|?) for some polynomial
P,. Since 28 P, (z) exp(—alz|?) is continuous, it is bounded on every compact subset and
it remains to show that this function is bounded for |z| — 0o. The estimate  |27| < |z|I#l

= [l < Ty 2l = |

i=1"1

af| = ’1_[" s
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yields | Py (z)| < Pa(|z|) := Y5 5]z for the polynomial P, given as Py (z) := Y5 csa?.
Then we get

2 Po() exp(—alz|?)| < |2]"| Pa|(|2]) exp(—ala]*) — 0,

for |z| — oo by (a). Hence exp(—alz|?) € S(R™).

3.3 Remark. In Definition 3.1 one could equivalently use the family of seminorms

Pam ¢ = sup (1 + [z[*)™]0%(z)]

TeR™

for p € C*(R™), any multi-index o € Njj and m € N. This can be seen as follows: If we define
N :=|B| + 1if || is odd and N := |8] else, we obtain using again |z°| < |z|!

27 < Jal < (14 o)) < (1 o).

On the other hand, we have

(1+]e)" < (ZJE (]@)m%) (Z < > Na?) ) < emax{|a®N0-)| 1},

n=1

Hence B =0 or § = (2N,0,...) € Nj. For the estimate we used that without loss of generality
23 > 2? (i =1,...,n) and therefore Nz? > |z|?. In the last step we rated against the largest
term, which is 1 if |z1] < 1 or |22V if |z1] > 1.
3.4 Definition. Let f € S(R™). Then we call

FUIE) = Gy | expl= i) (@)da (31)

the Fourier transform of f. Recall that {x := > | &z

3.5 Example. Let a > 0. Then ¢ :  — exp(—alz|?) € S(R") by Example 3.2. Hence the
Fourier transform is given by

exp(—1ixz€) exp(—alz|?)dz

n 52 n 52
exp (— Z <ax +ix& — ) Z L )
R i=1

i=1

B (27r1)”/2 o (JED J eXp( 21 (\fﬂ% +i ;>2> da.

Using substitution (; := /ax; +1&;/2+4/a, the integral becomes

[ nexp< i(wm [)) do = [ e(—lc) 7

-
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Inserting this result into the equation above, we obtain
1 €]
F = - -

This is again a Gaussian function, but the width changes from 1/4/a to 24/a. For a = 1/2 the
function coincides with its Fourier transform.

3.6 Theorem. ([Rud73, 7.4(d), p. 168]) The Fourier transform is a continuous linear mapping
of S(R™) into S(R™).

Since |f(§) exp(—z€)| = |f(§)| the integral in the definition of the Fourier transform (3.1) is
well-defined for f € L!(R™). Therefore, one can extend Definition 3.4 as follows:

3.7 Definition. For f € L!(R") we define the Fourier transform of f as in Equation (3.1).
But this extension has one drawback. The Fourier transform of an integrable function is not
necessarily integrable. This can be seen in the following example.

3.8 Example. The Fourier transform of x[_q 4] € LY(R) is given by

—a,a

F (ot €) = o7 [, Mm@ expl=i06)ds = 5o [ exp(— i)
- e (ep(-109) —explia€) = 2L (expliag) - expl—106)

_ V/27asin(af)
T at

But ¢ — sin(a&)/a€ is not integrable.

3.1.2 Properties of the Fourier transform
3.9 Theorem (Properties of the Fourier transform). (/Rud?3, 7.2, p. 167]) Let f,g € LY(R"),
xz € R™, a € C, then the following properties hold

(o) Flaf +g]l=aF [f1+ Flgl,

(b) Frauf] =exp(—ix-)F [f] and F [exp(iz-)f] = = F [f].

(¢) For A >0 and h(z) := f(x/\) we have F [h] (§) = A" F [f] (AE).

~

(d) f[f] FIf] (¢f. [Graos, 2.2.11, p. 100] )

(e) FI(f=9)]=FIf1Flg]
(f) If f,g € S(R™), there holds F [fg] = F [f] = F [g] ([Rud?3, 7.8, p. 172]),
3.10 Definition. The mapping

FLSERY) > SRY), [ ( ~ G |, 1O exp(ixf)ds)

is called the inverse Fourier transform.

The right-hand side can also be applied to f € L!(R™). Therefore, we call the right hand side
the inverse Fourier transform of f.
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3.11 Theorem (inversion theorem). ([Rud73, 7.7, p. 170]) If g € S(R™), then

1

g<$) = (27‘(’)”/2 n

F (9] (§) exp(iz€)dg (3-2)

for every x € R™. Further, the Fourier transform is a continuous, linear, one-to-one mapping
of S(R™) onto S(R™), whose inverse is also continuous. Its period is four, that is F* = ids(mn)-

If we have g € LY(R™) and F [g] € LY(R™) then (3.2) holds for almost every x € R™.

3.12 Corollary. Let f € S(R?). Then F2[f] = f and F~'[f] = Ff] = F [ f]. The latter

remains true for every measurable function f: R™ — C, provided its Fourier transform or its
imwerse Fourier transform is finite everywhere.

~

Proof. Recall that f(z) = f(—x). Since f € S(R™), we can use the inversion theorem 3.11 to
get
1

@0 Jon F [f1(&) exp(—iz€)de = F [F [f]] (x) = F*[f] (x)

f(=z) =

for every x € R" by definition of the Fourier transform. The right-hand side is well-defined,
since the Fourier transform of a Schwartz function is again a Schwartz function by Theorem
3.6 and for Schwartz functions the Fourier transform exists.

By definition we have for x € R"

1 — 3.9(d)

PN = oy | S exp(=i-0)9)d = FIA () = FI@) "2 F[ ] @)

3.13 Theorem (Plancherel’s theorem). ([Rud73, 7.9, p. 172]) The Fourier transform can be
extended to a linear isometry of L2(R™) onto L%(R™).

We have seen that the Fourier transform can be applied to functions of L'(R™) and L?(R™).
Moreover, it can also be applied to functions of LP”(R™) with 1 < p < 2 as is shown in the next
theorem.

3.14 Theorem (Hausdorff-Young). ([Hig96, 2.17, p. 19]) If f € LP(R™) and 1 < p < 2, then

there is a constant C, depending only on p, such that

71y < ColFl,

where 1/p + 1/q = 1. In particular, F [ f] € LI(R™).

Since many common functions such as polynomials or trigonometric functions are not integrable
on R, we want to extend the Fourier transform to distributions.
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3.1 Fourier transform

3.1.3 Tempered distributions and the Fourier transform
3.15 Definition. A distribution u € D'(R"™) is called tempered if it has a continuous extension
to S(R™).

Equivalently, a continuous linear functional f : S(R"™) — C is called tempered distribution, i.e.
f is an element of the dual space S'(R™) of the Schwartz space. (cf. [Rud73, 7.11, p. 174])
(Continuity has to be checked in the sense of the topology induced by the family of seminorms.)

A useful characterization is given by Corollary 2.33.

3.16 Example. 111, is a tempered distribution for a € R. To show this, let ¢ € S(R™). Then
Mlap = > Sakp = Y, p(ak).
keZn kezZm

Since @ is a tempered distribution, we have according to remark 3.3

1

lp(ak)| < po,n(w)m

with n being the dimension of the vector space where ¢ is defined. Hence

pOn pO,n(‘P)
IR i DYDY i

kezZ™ keZm™ leNg keZ™
l—1<max; |k;|<l

The reordering in the last step is possible because the series converges absolutely if we show
that it is convergent. The inner sum describes the difference of two n-dimensional cubes with
side lengths 2/ + 1 and 2] — 1, hence there are (21 + 1)" — (2 — 1)" < é&l"~! elements of Z" in
this hollow cube and for each of it we have the estimate |k|? > [2. Hence we get

> p(ak)

kezn

~ a " 1

+1
IeN |al|"

where ¢ is the sum over all terms with |al| < 1. Therefore, 111, is well-defined. It inherits
the linearity from the Dirac distribution. Now it remains to show that III, is continuous.
According to Corollary 2.33 we choose N = 1 and M as the constant factor in the equation
above and get that I, is a tempered distribution.

3.17 Definition. For u € §'(R™) define the Fourier transform by
Flul (p) = u(F [¢])
for every ¢ € S(R™).

3.18 Theorem. ([Rud73, 7.15, p. 176]) The Fourier transform is a continuous, linear, one-to-
one mapping of S'(R™) onto S'(R™), of period 4, whose inverse is also continuous. Continuity
refers to the weak-+-topology induced by S(R™) on S'(R™).
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3 Fourier Analysis

3.19 Remark. If we consider functions as regular distributions then the Fourier transform
of the distribution coincides with the regular distribution generated by the Fourier transform
of the function whenever the Fourier transform of the function exists. To see this, we choose
feLYR") and ¢ € S(R"). Then

FUAe) = ERD - | f@F (@i = [ | faeen-iai
Tl | OF (1166 = 17 (A1)

3.20 Examples. Let us consider the Fourier transform of some non-L! functions. We obtain:

(i) Let 1:R™ — C,x — 1 be the constant function. Then F [[1]] = (27)™/24;.
(ii) Let g € R™. Then F [0g,] = [W exp(—ixo-)]. In particular for zyp = 0: F [dg] =
1
@]
(iii) Let sin, : R — C,z — sin(wz) for w € R. Then F [[sin,]] = —i4/7/2(0—0 — 0w)-
Proof. (i) For the Fourier transform of 1 : R" — C,z — 1 we have to consider the Fourier

transform of its corresponding regular distribution [1] : S(R") — C, ¢ — {5, 1p(z)dz.
Let ¢ € S(R™). Then we have

F U () =[(F [¢]) = J AF[p](€)de = (2m)"/?

= (2m)"(0)

e | expli097 (o] (€)ae

due to the inversion theorem 3.11. Using the Dirac distribution, we can write

F ([ = (2m)"25.

(ii) By definition, we have for p € S(R™)

1

F [020] (0) =0uy (F []) = F [ip] (o) = (2n)?

| exp(=img)ote)ae

— [(%1)”/2 exp(—1i 1‘0')} ().

(iii) Again we have to consider the corresponding regular distribution [sin,] to obtain the
Fourier transform. Let ¢ € S(R). Then we have

F [fsin]} () =sinJ(F ) = | sin()7 [¢] (g

(2m)V2 1

S ( j exp(iwé) F [] (€)de —

—\/ 500

due to the inversion theorem 3.11.

exp(i(—w)) F [¢] <§>d§)

Rn
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3.2 Fourier series

3.21 Lemma. ([/Gra08, 2.2.5, p. 106]) S(R") is dense in LP(R™) for 1 < p < 0.

3.22 Remark. The previous lemma is important, since it enables us to transfer many prop-
erties of the Fourier transform from Schwartz functions to LP-functions. Often, the properties
can be shown easily for Schwartz functions. Then, one can approximate any function of L”(R")
by a sequence of Schwartz functions and apply the property to the Schwartz functions. The
most difficult step is to show that the resulting sequence converges to the desired result.

3.2 Fourier series

The Fourier series is the discrete version of the Fourier transformation. It has been developed to
approximate periodic continuous functions by linear combinations of sine and cosine functions,
so called trigonometric polynomials.

3.2.1 Periodic functions

First, we have to define periodic functions in a multidimensional setting.

3.23 Definition. Let A := {\1,...,A\,} © K" be a set of n linearly independent vectors and
A > 0. A function f: K" — K is called

(i) A-periodic if f(x + >, 1 ki) = f(x) holds for every x € K" and k := (ki,..., k) € Z".

(ii) A-periodic if f is A-periodic with A = {\e; : i = 1,...,n}, where {e; : i =1,...,n} is an
orthogonal basis of K", i.e. when the periodicity along all axes is the same.

Although the definition of periodicity via the basis A seems to be more general, it is sufficient
to consider A-periodic or even 1-periodic functions, since they can be transformed into each
other via a linear variable transform.

3.24 Lemma. For each set of linearly independent vectors A := {A1,...,A\p} < K" there is an
invertible matriz A € K™*" such that for every A-periodic function f : K" — K the function
g: K* — K defined by f o A is 1-periodic®.

Proof. Let E :={e; : i = 1,...,n} be an orthogonal basis of K". Define A := (a;;);; € K™*"
by aij = (\i;€j)cn, Where (-, -)cn is the inner product of K" introduced in Example 2.20. Since
A is a basis, A has full rank and is therefore invertible and by definition we have Ae; = \;
(i=1,...,n). Let f: K" > K, z € K" and k € Z". Then, we get for g := fo A

9 (a: +2 k:e) = f <Ax + 2 k:iAe,) =f (Ax + 2, kA) P f(4x) = g(a),
hence g is 1-periodic. O

3.25 Remark. Many books, for example [Gra08| or [RT10], restrict themselves to the case of
1-periodic functions. Then, however, it is sometimes difficult to figure out where the period

2We do not distinguish between the matrix A and its corresponding linear mapping A: K® — K",z — Azx.
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3 Fourier Analysis

enters the formulae. To avoid this problem, the following theorems are formulated for A-periodic
functions. This case is still simple, as we can perform scalar operations. On the other hand it
enables us to keep track of the influence of the periodicity on the results. In most cases one
can switch from A-periodic to A-periodic by replacing A by A, 1/A by A~ and A" by det A,
where A € R™*™ is defined as above.

If f is A-periodic, we can identify the points z,y € K" if x — y € AZ", since the values of
f at both points are the same. This is an equivalence relation which leads to the following
definition.

3.26 Definition. Let A > 0. We define AT" := R"/A\Z" as the set of all equivalence classes
induced by A\Z™ with A\Z™ := {A\k : k € Z™}. AT" is called the n-torus of period \.

A function on AT is a function f on R" which satisfies f(z) = f(z + A\k) for every x € R and
k € Z™. Hence, CK(AT") := C*(R") n {f : R® — K : f is A-periodic} for k € Ng U {o0}.

The topology on C*(AT™) is induced by the seminorms

Pa: CF(AT") — [0,00), @+ sup [0%p(z)]
xeAT™

for a € Njj (cf. [Gra08, p. 162f]).

For the periodic analogue of L”(R™) we need another norm, since periodic functions are not
integrable. But because of periodicity all information about the function is contained in the
n-torus.

3.27 Definition. Let A > 0, 1 < p < 0. We define

1 1/p 1 1/p
=5 ([P ar) e = ( (- If(x)\pd:z) ax

Due to the periodicity one can replace the integral domain [—\/2, A/2]™ by any interval of the
form [a1, A+ a1] X ... X [an, A + ay] for any (ai,...,a,) € R™.

Defining £P(AT") := {f: R" — K f is A-periodic , || f||, , < o0} and switching over to equiva-
lence classes as in section 2.3, one obtains the normed vector space LP(AT").

3.28 Remark. Note that in the definition of |[-|, , we integrate over a finite interval. Hence
HlHM = 1 for every 1 < g < oo. Using Holder’s inequality, we get for 1 < g < oo with
1/p+1/g=1and feLP(\T")

17l

Hence LP(AT") < LY(AT™) for every 1 < p < o0. An important choice is p = 2, since LZ(AT")
is a Hilbert space.

11

a1 < Il [, < oo

Now trigonometric polynomials are introduced.
3.29 Definition. Let A > 0. A trigonometric polynomial on AT" is a function

P:R" K, z Y ae it (3.3)
keZ™

with {a}rezn = C being a sequence with {k € Z" : a;, # 0} having finite cardinality. The
number N := max{> " | |¢|: ¢ € Z", aq # 0} is called degree of P.
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3.2 Fourier series

3.30 Example. In the one-dimensional case (3.3) can be rewritten as

N
2w . 2
f:R->C, t—ay+ Z <an cos <)\nt> + by, sin (Ant>>

n=1

with N € N being the degree and aq,...,an,b1,...,by € C.

If and how one can represent a periodic function by a trigonometric polynomial is subject to
the Fourier series theory.

3.2.2 Fourier transform on the torus

The previously introduced Fourier transform can also be called euclidean Fourier transform,
since the functions are defined on the whole euclidean space R™. Now we will introduce the
Fourier transform on the torus. Similarly, we start with Schwartz functions and extend it via
duality to distributions.

3.31 Definition. The Schwartz space on the integers is defined as
S(Z") = {4,0: ZM — C: VM < 00 30,01 > 0k € Z" : |o(k)] < Cppr(1 + |1<;|2)*M/2} .
The topology on S(Z") is induced by the seminorms

Pm = S(Z") = [0,0), ¢ — ksuzp(l + [K[)™ 2 (k)|
(=4 n

for m € Ny.
3.32 Definition. The Fourier transform on the n-torus is given by
1 . 2m
Fr: CP(AT™) — S(Z"), f— (k - eli’mf(a:)dx> :
ATn

The number F [f](k) is called kth-Fourier coefficient of f for f e C*(AT"), k € Z™. In the
following, we will also use the notation f (k) := Fy [f](k) to keep the expressions handy.

3.33 Theorem (Properties of Fy). (/Gra08, 3.1.2, p. 164]) For ¢ € S(Z"), ,v1,12 €
C®(AT™), ke Z™, A € C we have

(1) Fpln + al(k) = Fp[a](k) + Fp [a](k)
(i) Fr[M] = AFp[¢]
(iii) Fr || = Fr[0], 7t |] = Fr T [v]
(w) Fp[0%Y)(k) = 2mik)*Fp [¥](k) for ke Z", o e Nj and i) € C*.
In order to show that the Fourier transform on the torus is a homeomorphism, we need the
following uniqueness assertion.

3.34 Theorem. (/Gra08, 3.1.13, p. 169]) Let f,g € LY(\T™) satisfy f(k) = g (k) for all
keZ”, then f =g a.e.
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3 Fourier Analysis

3.35 Theorem. (/RT10, 3.1.10, p. 301]) The Fourier transform Fr is bijective and continuous
with the continuous inverse given by

ﬁ?ﬂ@%emmwfo<w»Zé%Ww)
kezm

so that

FrloFr=idewpmny and  FpoFp' =idgzn .

Proof. Fy is injective: Let f,ge C®(AT™) with F[f] = Frlgl, i.e. Fp[fl(k) = Frlg](k) for
every k € Z™. Since continuous functions are integrable on compact sets we have f = g almost
everywhere by 3.34 and as f and ¢ are continuous we have f = g everywhere.

Fr is surjective: Let g € S(Z™). Define
fR">C, z~— Z e' 2;]“”
kezZn
Then, we have for a € Nj
| o a
C2r 27 27 |k
@l ¥ e Feami= ¥ () klawi< () Y G
kezn kezn A A kezm (1 T ’k‘ ) /

The sum on the right-hand side converges for M large enough. Therefore, p,(f) < o for every
a € Ny with p, being one of the seminorms inducing the topology on C°(AT") as introduced
in Definition 3.26. Furthermore, we have for [ € Z"

x+ )\[ Z e.Tw x-}-)\l)g(k,) _ Z ei%kzxeﬂwklg(k,) _ f(x),

keZ™ keZ™

hence f € C*(AT"). Then, we have for k € Z"

1 27r 1 .o
Frlflk) = +; e IXek Z ! Ddz = Z g(l)nf ol 20—k 40
A" Jxen lezn = AT e
= > 9o = g(k),
leZ™

where we used Theorem 2.10 to interchange summation and integration. This was possi-
ble, since for fi(z) := X (ke *g(l) we have |fi(z)] = |g(I)]. Since g € S(Z"™), the sum
SNz il = Yiezn 19D < Syegn Conr(1 + [112)™™/2 converges as we can choose M large
enough. Furthermore, we used the fact that for k € Z" the mappings x — e~ 1%k form an
orthonormal set in L%(AT") as will be shown in Lemma 4.15. Hence, f is a preimage of g under
the Fourier transform.

To show continuity, we want to apply Theorem 2.32. The topology on C*(AT") is given by
the seminorms

pa (@) := sup |[0%p(z)|
xe\T™
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3.2 Fourier series

for p € C*(A\T") and « € Njj, whereas the topology on S(Z") is given by the seminorms

PR () == sup (1 + [€*)?(€)]

e

for ¢ € S(Z") and k € No.
Let k € Ny and ¢ € C*(AT"). Then we have for £ =0 € Z"

(L+ €721 Fp [p)(O)] = A‘”f e X0 (2)da

AT™

<A J p(@)ldz < sup [o(a)]
AT xe\T"

=po ().

For 0 # £ € Z™ we get

Fr [0%¢]
(i2m&)e

2 k/2
(14 D21 Fo [0)©)] = (1 + [P - (| o 4 ) sup [0%p(a)

2m&)2e/k| ZEAT?

using property 3.33(iv). Let ig € {1,...,n} be the index with &, = max{|§| : 1 < i < n}.
Since £ # 0, we have &;, # 0. Choosing aliv) ¢ Ng by

4 b
Oégw) _ {Oa Z B Z'O (1 <i< n)
, 1 10
yields
L+ 1 . i &
(i0) - (ig) (ig)
(e I 1(%,&”2@ RGN =1 § eI e

n g? n+1 <1

271' 2n€2 2 (271-)271 =
]:1 m

For i € {1,...,n} define 4; := {{ € Z"\{0} : |&| = &;,1 < j < n} and Ap := {0}. Then
U?:o A; = 7Z". By use of all estimates one obtains

Eegn

’L

PE(Fr ) = sup (1 + |62 (€)= max {gup<1 FIER ()] 0 < i < n}
< max {pg (@)} U {N"PL (@) : 1 <i<n},

using the vectors o)) € NI as defined above. If we define Z := {p%} U {pZ 11 <i<n}and
M :=1, we can write the estimate above as

P¥(Frlg]) = maxp(e)  (pe C*(OT),
pe

with Z having n + 1 elements, hence being finite. By Theorem 2.32, F7. is continuous.
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3 Fourier Analysis

For the continuity of F ! we can use the same theorem. Again using property 3.33(iv) (applied
on the inverse transform) one obtains for a € Nij and z € AT", ¢ € S(Z")

o ——1 z)| = —1 ﬁ ¢ 2| = eiQngx 127’(’5 @
ol = |72 [ (5 o] = | 3 e e () v
omé || (1 + |¢[2)R/2

<2 5| MOTTpm

Eegn

lof |
avk/2 | [ 27 €]
<<§€11Zgw<§>\<l+ra> )(Q > e

The series converges if k£ is chosen large enough. The argument is similar to the one given in
Example 3.16. Hence, we have

P (Fr [0]) = sup |0°F [¥](@)] < Opi(¥)

for some constant C' > 0 and k € No, which shows the continuity of L O

It is also possible to define the Fourier series for classes of functions of lower regularity. But
in this case, the convergence of the Fourier series is a delicate problem. The definition of the
Fourier coefficients is the same as above, but the Fourier series has to be understood a priori
as a formal series.

3.36 Definition. Let A > 0 and f € LY(AT").
(i) The kth Fourier coefficient of f is given by

Fy =2 [ f@)exp <— i 2;%) dz (3.4)

for every k € Z"™.

(ii) The Fourier series of f at x € AT™ is

~ 27
2 f (k)exp 17kx (3.5)
kezZ™

with the partial sums

s () = ‘ S Fm)exp (12;71:5) .

k|<N

(cf. [Rud66, 4.26, p. 91|, [Gra08, 3.1.6, p.165)).

3.2.3 Convergence of the Fourier series

The following theorem shows that the Fourier series can be used to approximate any periodic
continuous function.
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3.2 Fourier series

3.37 Theorem. ([Gra08, 3.1.11, p. 168]) For any f € C(AT™) the arithmetic means of the
partial sums of the Fourier series

sy() = ), <1 — ]\‘7]:-1‘1> <1 _ ]\‘fkj-‘l> F () o 5k

kezm™
|ki|<N

converge uniformly to f.

Furthermore, we already know by Theorem 3.34 that the Fourier coefficients are uniquely
determined. The completeness of L%(AT") gives us the following result:

3.38 Theorem. ([Rud73, p. 92]) Every f € L2(AT™) is the L2-limit of the partial sums of its
Fourier series.

One can also obtain a similar convergence result for LP(AT") with 1 < p < oo:

3.39 Theorem. ([/Gra08, 3.5.7, p. 217]) Let 1 <p < o and f € LP(AT™). Then

Hf > f(k;)ei%”k'H ~0, N—

keZn P

|kil<N
3.40 Remark. Note, that index sets of the partial sums are “squares”, since any component k;
has to be smaller than the partial sum index N. This does not seem to make much difference.
However, for circular partial sums, i.e. the condition |k| < N, there is f € LP(AT™) such that
the circular partial sums do not converge in LP(AT") (1 < p # 2 < o). See Grafakos |Gra08,
p. 213] for details. One can also find functions in L' (AT™) whose Fourier series do not converge
in LY(AT™).

This shows that one must be very careful, when considering convergence of Fourier series. Even
more delicate is the question of pointwise convergence of the Fourier series. In general, this is
not even given for continuous functions. Many attempts have been made to extract conditions
on the functions to obtain pointwise convergence, see for example |Car66| and [Mar35]. The
conditions often try to control the oscillatory behaviour of the functions, which leads to the
concept of absolute continuity in the next section.

First, we want to state a theorem affirming pointwise convergence, if the function is sufficiently
neat.

3.41 Theorem. ([H683, 7.2.2. p. 179]) Let k > n and let f € C*(R™) be A-periodic. Then
the Fourier series (3.5) of f with the Fourier coefficients (3.4) converges uniformly to f.

3.2.4 Poisson’'s summation formula

3.42 Definition. A complex function f on R is called absolutely continuous if to every € > 0
there is a d > 0 such that

N N
D(Bi—ai) <4 implies ) |f(8) — flei) <,
i-1 =1

whenever ((ay, 8;))Y, is a sequence of disjoint intervals.
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3 Fourier Analysis

3.43 Theorem. (/Rud66, 8.17, p. 165]) If g € L}(R) and
f@ = g @er)
—0
then f is absolutely continuous and f'(x) = g(x) holds almost everywhere (with respect to the

Lebesgue measure on R ).

3.44 Theorem (Poisson’s summation formula). (/BSSS8S, p. 7]) Let f € LY(R) be absolutely
continuous with f' € LY(R), then f* := \/%ZEO:_OO fG-+Xk) e L) and

Z Flf ( >exp(12k7rt/)\) (t e R) (3.6)

k=—o0
for any A e R.

3.45 Theorem (Poisson’s summation formula for Schwartz functions). (/[Den89, p. 11, Lemma
2]) Let ¢ € S(R™), A € R. Then we have for every x € R™

D¢ (m+ 27;’“) <W> S Flp] (Ak) exp (i Mka) (3.7)

kezm keZm

and equivalently

S gl + k) = (*?T)n 3 Flel (2;”“> exp <127;kx> . (3.8)

Proof. Define
®:R" >R, z~— Z o(x + k).
kezZn

Since ¢ € S(R™), the convergence of this series can be obtained analogously to Example 3.16.

By definition, ® is A-periodic3. Since ® is at least n + 1 times differentiable, we can expand ®
into its Fourier series according to Theorem 3.41

A 2

O(x) = Z (1) exp <i)7\rl:v> ,
lezn

with the Fourier coefficients

d(l) = An J Do as—i-k:)\)exp(—l)\lx)dx
-

keZ"

w\y
w\y

To interchange summation and integration we Theorem 2.10, whose requirements will be shown
later on. Then

2T
)\n Z f o(z + kX) exp <— i Alx) dzx.

keZ” AA
5151

S0z + M) = Syezn (@ + Ak + D) "2 Y o(@+ Am) = O(x)
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3.2 Fourier series

The substitution v = x + kX leads to

2 2 2
o) =+ Z J u) exp <—1;lu> exp (i ;Am) du

keZ" A
2

— w\y

1 27
9 n/2 f s
/\n( ) )2 o () exp < iz~ l) dz

- w2 (5,

since {k + [—\/2,\/2] : k € Z""} = R™ and the intersections are sets of measure zero. In total,

we get Z ol + 5X) = ( ) Z Fly <27Tl> exp (12)\7rlx> .

keZm kezm

Since this result holds for every A € R”, we can substitute A by A := 27 /X and obtain

2<P<x+2;k>—( )Z]—" (M) exp (i Mez) .

keZm kezn

For the requirements of Theorem 2.10, we have to show that f := ¢(- + k\) exp (— i 27rl )
measurable and >, _7» S[_ A A |fn] < c0. Since ¢ and the exponential function are 1nﬁn1tely
272

differentiable, their product is also infinitely differentiable and in particular continuous. There-
fore, fi is measurable. For the convergence, we see, using the substitution u = x + kX as above

2 f[ 3 g |fr(2)| do = fRn lo(w)] |exp (—12;@ ‘ du = f lo(u)|du < o0,

because ¢ € S(R™). O

3.46 Lemma. Leta > 0. Then F [I,] = (v27r/a) "y, /.

Proof. Using Poisson’s summation formula (3.7) for z = 0, we obtain for ¢ € S(R")
27\" 5 27\"
FIL) ) = 1L (F L) = 3 Flel @) ™ (V) 5 etan) = (Y2 et
keZm™ keZr

with @ = 27/a. Hence, the Fourier transform of the Dirac comb is again a Dirac comb and for
a = +/27 it is a fixed point of the Fourier transform. ]

As the Hausdorff-Young inequality 3.14 generalizes Plancherel’s theorem 3.13, one can find a
generalization for the Poisson’s summation formula:

3.47 Theorem. ([Hig96, 2.18, p. 19]) Let f € LP(AT), 1 < p < 2. Then there is a constant
D) ,, depending only on X\ and p, such that

1/a 1/p
q Diyp 2)Pde
Flap = (I;Zmr [f](k)|> ([ iroras)

It seems to be unknown, whether there is an analogue for higher dimensions.

f’]f[f]qu)\,p

N
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3 Fourier Analysis

3.2.5 Periodic distributions

Now we can ask if there is also a Fourier series representation for periodic distributions. But
first we have to define what a periodic distributions is. There are two ways to achieve this,
similar to the definition of periodic functions in 3.23. Recall that 7, is the translation operator
with mu(p) = u(r_zp) for a distribution u € D'(R™).

The first one is the direct translation from functions to distributions.

3.48 Definition. Let A > 0. Then u € D'(R") is called A-periodic if Tyxu = u holds for every
keZ".

Alternatively, one can define periodic distributions as continuous linear functionals of the func-
tions on the torus.

3.49 Definition. An element of the dual space D'(AT™) = L(C*(AT"),C) of C*(AT") is
called a A-pertodic distribution.

3.50 Remark. Note that the previous definitions differ in the spaces used to define periodic
distributions. Although we used the same name in the two definitions, it is not clear if it is
always the same. For regular distributions it is indeed the same, as one can see in the example
below. But for general distributions it is not clear how to replicate the distribution to get from
D'(AT™) to D'(R™) or how to cut out one period to get back. In the following we will use the
latter definition.

3.51 Example. (|RT10, 3.1.25, p. 304|) Let ¢ € C*(AT™). Then

[Py : CP(AT") - C, p(x)y(z)dz
is a periodic distribution.

This definition is the same as for regular distributions in D’(R™). Therefore, we also use the
rectangular parentheses to denote the distribution induced by the function. If it is clear from
the context, we will omit the index AT™.

Given a distribution with compact support, we can construct a periodic distribution as follows:
3.52 Lemma. (c¢f. [Bre65, 3.12, p. 26]) Let W > 0 and v € D'(R™) with suppu <
(=A/2,\/2)". Then there is @ € D'(AT™) with @(p) = u(p) for all ¢ € {u € D(R™) : suppu <
[—)\/2,0/2]"} = D(R™) n C*(AT™).
Proof. Let 6 € D(R™) with § =1 on suppu and supp 6 < (—\/2,A/2)". Define

w: CP(A\T") > C, ¢ u(fypp)

with ¢, being the natural periodic continuation of ¢ on R". Then, the distribution @ is
well-defined, since 6o € D(R™) and for (vg)keny < CP(AT™) with ¢ — 0 (K — o) we have
u(fpr) — 0 for k — oo because (0pg)r < D(R™) and u € D'(R™).

Let ¢ € {u e D(R") : suppu < [—A/2,A/2]"}. Then, we have ¢ € C®(AT") by the natural
periodic continuation and ¢(x) = 6(z)¢(x) for x € supp u. Hence,

u(p) = u(fp) = u(p).
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3.2 Fourier series

Since u and @ coincide for functions which can be considered to be elements of D(R™) as well
as of C®(AT™), we can consider u to be in D'(AT") via 4.

3.2.6 Fourier series for periodic distributions

The Fourier series for periodic distributions is defined analogously to the Fourier transform for
distributions. However, one has to bear in mind that the domain and the image of the Fourier
transform on the torus are not the same.

3.53 Definition. Tempered distributions on the lattice are elements of the dual space of the
Schwartz space on the lattice S’(Z™) := L(S(Z"),C).

3.54 Remark. ([RT10, 3.1.7, p. 300]) Any tempered distributions u € §’(Z") is of the form

u(@) = Y F©OUE) (¥ eS@M),

ez
where f : Z™ — C grows at most polynomially, i.e. there are C' > 0, M < oo with
FO <CA+[EHM? (gez).
Hence, u is pointwise well-defined. This can be seen if we use the Schwartz function

1 =k

Op: 2" — C, — )
g < {0 €%k

which yields
u(dr) = Y k(&) = f(k).

ISYAL

Therefore, we write u(k) and mean u(dy) for k € Z™.

3.55 Definition. For a periodic distribution u € D'(AT™) the Fourier transform is given by
Fr: D'(NT") — S'(Z"),  Frlul(p) = u(Fr'[2]) (e SEm)).

3.56 Lemma. Let u € D'(AT"™) and k € Z". The kth Fourier coefficient can be expressed by

(k) = Fp[u] (k) = u <exp <—2;k:)> .

This yields the representation

Frlu]: C*AT") > C, @ > a(k)e(k).
keZm

Proof. For u e D/(AT") and k € Z™ we have, considering Remark 3.54,
Folulh) =u (Fet [6]) = u 2 3 K55 4(e) | = u (w7 E),
EeZn

where we have used (ﬁ =0_p. O
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3 Fourier Analysis

3.57 Theorem. The Fourier transform Fy for periodic distributions is a bijection and contin-
uous with the continuous inverse given by

Frl: 82" > DT, Fr'lul(e) = u(Fr[]),
so that

]'-T[Tl o f'ﬂ' = idD’(X]I‘") and JTT o .Fﬂ?l = idSl(Zn) .

Proof. Fr is an injection: Let u,v € D'(AT") with Fyp[u] = Fplv], ie. u(Fp'[@]) =
v(Fpt[@]) for all p € S(Z™). Since ¢ ~— @ is an automorphism and F; ' is a bijection from
S(Z™) to C*(AT™), we can identify each ¢ € S(Z™) with exactly one ¢ € C*(AT"). Hence, we
have u(y) = v(¢) for all ¢ € CP(ANT"), i.e. u = v in D'(AT").

Fr is a surjection: Let v e 8'(Z™). Define
u: C*(T") - C, v (]:T [@ZD .

As Fp is a bijection from C*®(AT") to S(Z"), there is for each 1) € C®(AT") exactly one
¢ = Fr ] € S(Z"). Therefore, u is well-defined. Furthermore, since v, F and inversion are
continuous, hence it is u. Therefore, u € D'(AT™). Then, we have for ¢ € S(Z") with r(p) := ¢

Fr[ul(p) = uw(Fr'orop) =v(FroroFrtor(p)) = v(Fro Frloror(p)) = v(p),
since 7o Fr () = Fp'or(p) by Theorem 3.33, 7or = id and FpoFp' = ids(zn) by Theorem
3.35.

Therefore, Fp is a bijection. Next, we show the two identities. Let u € D'(AT™). Then, we
have for p € C*(AT™)
FrtoFyplul(w) = u(Fporo Frtor(p)) = u(FpoFyrloror(p)) = uly)
as above. Hence,
]:'IFI o f']r = id’D'()\Tn)
and a similar calculation shows the other identity.

To show that F7, is continuous, it is sufficient to show that F7. is continuous at 0, since Fr is
linear. Let V' < §'(Z™) be a neighbourhood of 0. Then, there are ¢1,..., ¢, € S(Z") for some
k € N such that

{ueS"(Z") : |ulpi)| <1,1<i<k}cV.

Now define
W= {ueD'O\T") : [u(Fs' [Gi])] < 1,1 <i <k}

Since ¥; 1= Fp'[@] € C*(AT"), W is a neighbourhood of 0 in D'(AT"). Furthermore, we
have for we W

Fr [W1(e)| = lw(Fr ' [ED)] < 1,
hence F (W) < V. Hence, Fy is continuous by Definition 2.29.

Interchanging F and F L above yields the continuity of Fr L O
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3.2 Fourier series

3.58 Corollary. For u e D'(A\T"), we have the representation

u="Y ak) [ei%’f'] ,

keZm™

where [eiQka'] denotes the reqular distribution induced by the function x — ¢! ke i, D'(AT™).
Proof. Since .7:1?1 o Fp = idp/(yn), we have for ¢ € C*(AT")

ul(e) = Fit o Frup = Fr [u] (Fo[21) = Y, @ (k) Fr | (k).
kezn

where we have used Lemma 3.56 for the representation of Fj [u]. Furthermore, we have for
keZzZ™

Falpo) = [ e E e = [ o F s = [ 5] (o)
AT™ AT™
This yields

u(e) = Y alk) [ 5] ()

kez™

for every ¢ € C*(AT"™), which concludes the proof. O
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4 The Sampling Theorem

In his original publication [Sha49, p. 448|, Shannon makes use of the fact, that a compactly
supported function can be expanded as a Fourier series. Although he doesn’t take into account
the prerequisites for both Fourier transformation and Fourier series expansion, the idea can be
turned into a formally valid proof as is done in [Mar01, p. 52ff], [Nat89, p. 56| and [Den89,
p. 9, Beweis 1|. In the meantime, many other methods have been developed, of which we
will elaborate some. But first, we have to establish the general prerequisites for any kind of
sampling theorem - the concept of band limitation.

4.1 Band limited functions and distributions

4.1 Definition. Let W > 0.

(i) For 1 < p < o0 a function f e LP(R") n C(R") is called band limited with band-width W
or W-band limited for short if there is g € L'([-W, W]") such that f = F~1[g].

(i) uw € S'(R™) is called band limited with band-width W or W-band limited for short if
supp F [u] < [-W, W]".

(iii) An entire function f: C" — C is of at most ezponential type o = 0 if there is C' > 0 such
that |f(z)] < Cexp(o|Im z|) for every z € C".

(iv) B5(C™) (1 < p < o) is the class of all entire functions of at most exponential type o
whose restriction to R™ belongs to LP(R"™).

(v) The Paley-Wiener space PWy(C") is defined as
PWyy (C") := {f : C" — C entire,3JA > 0,N e Ny : Vz € C" : | f(2)] < A(14]z|)NeVIm=l},
Furthermore, for 1 < p < o0 we define
PWP,(C") := {f e PWw (C") : 3g € LP([-W, W]") : flzn = F " [g]}.

4.2 Lemma. For 1 < p < @ and o = 0, B5(C™) forms a vector space over C by pointwise
addition and scalar multiplication.

Proof. Since the space of all entire functions forms a vector space as well as L?(R") does, it
remains only to show that the sum of two elements of BY(C™) again is of at most exponential
type o. This can be verified using the triangular inequality. O

4.3 Lemma. (/BSS88, Eq. 2.2, p. 6]) Let f € BE(C). Then the following inequalities hold for
every h > 0:

o0 1/p
h
171, < sup (Vﬂ k;oo | (u— hk)lp> < (I +ho) | f, (4.1)
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4 The Sampling Theorem

(Nikol’skii’s inequality) and
H )

<a"[1l, (4.2)
P
(Bernstein’s inequality), where f() denote the rth (complex) derivative of f (r € Ny).

4.4 Theorem (Paley-Wiener for functions). ([Rud73, 7.22, p.181])
(a) If ¢ € D(R™) has its support in rB := {x € R" : |x| < r}, and if

f(z) = ! f § o(t)exp(—izt)dt (ze€C"), (4.3)

(2m)"/2 Jr
then f is entire and there are constants vy < o0 such that

1F(2)] < v (1 +|z]) Nel™m2l (2 e C", N e Ny). (4.4)

(b) Conversely, if an entire function f satisfies the conditions (4.4), then there exists ¢ €
D(R™), with support in rB such that (4.3) holds.

4.5 Theorem (Paley-Wiener for distributions). ( [Rud73, 7.23, p. 183])

(a) If ue D'(R™) has order N € Ny, its support is contained in rB := {x € R" : |x| < r} and
if
f(2) :== 2m) ™ ?u(exp(—iz)) (z€CM), (4.5)

then f is entire, the restriction of f to R™ is the Fourier transform of u and there is a
constant v < o0 such that

[f&)] <A@ +[hNelm=l (zeCm) (4.6)

(b) Conversely, if f is an entire function in C™ which satisfies (4.6) for some N € Ny and
some 7y, then there exists u € D'(R™) with support in rB, such that (4.5) holds.

4.6 Lemma. Let f € IP(R"™) n C(R™) be W-band limited. Then f € C*(R"™).

Proof. Let f e LP(R") n C(R™) be W-band limited. By definition, there is g € L1([-W, W]")
such that f = F~1[g]. [g] is a regular distribution with support contained in {x € R" : |z| <
v/nW}. [¢]] has order 0 as proved in Example 2.55, because it is a regular distribution. Define
f:C" - C by f(2) := (27)"92(exp(—2-)). Then, the Paley-Wiener Theorem 4.5 yields that
f is entire and that f restricted to R™ is the Fourier transform of [7]. Since § e L*([-W, W]"),
its Fourier transform exists. By Remark 3.19, we have F [[g]] = [F [7]] = [F '[g]]. Hence,
we infer f(z) = F~'[g] (z) = f(z) for z € R". Since f is entire, it is infinitely differentiable
for all x € R™. Therefore, f € C*(R"™). O

4.7 Lemma. ([Hig96, 6.3, p. 52]) Let 1 <p <2, 1/p+ 1/q =1 then PWE(C") < BZ(C").

Proof. Let f € PWP(C"). Then there is g € LP([—0,c]™) with

fG) =0 gl

[7‘7’0—]’”
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4.1 Band limited functions and distributions

for z € R™. Since f is entire, this holds also for z € C" due to the Identity Theorem 2.41. Using
LP([~0,0]") = L}([~0,0]"), we get

7] < @m) QJ[ o)~ < 2m) 2 gl 071,

hence f is of exponential type at most o. By the Hausdorff-Young Theorem 3.14, which is also
true for the inverse Fourier transform, we get f € LI(R™). Therefore, f € BZ(C"). O

For p = 2, we have equality as stated in the following lemma:

4.8 Lemma. Let o > 0. Then PW2(C") = B2(C").

Proof. We only have to show B2(C") c PW2(C"). Let f € B2(C"). Then f|g» € L?(R"). The
Hausdorff-Young Theorem 3.14 provides F [f] € L?(R"). The Paley-Wiener Theorem 4.5 shows
that F [f] is a distribution with support in 0B < [—0,0]™. Both Fourier transforms coincide
by Remark 3.19. Hence, we conclude f|gn = F~1[g] for some g € L*([—0, 0]"). Furthermore,
there holds |f(z)| < C(1 + |z])%!™ 2 by definition of B2(C"). Therefore, f € PW2(C"). O

4.9 Definition. For a > 0, the sinc,-function is defined as

sin(az)

0
sinc, : R > R,z — w P70 (4.7)
1, x=0
This definition can be extended to R™ by
n
sincg : R" > R,z = (x1,...,2p) — H sincg ().
k=1

4.10 Lemma. (i) sinc, € L2(R™) and sinc, is a-band limited,

(i1) sincy(km/a) = Oko for k € Z™ with dxy being Kronecker’s delta (00 = 1 if k = 0 and
oo =01ifk#0).

Proof. (i) First we consider n = 1. By definition
2 T/a 32 O qin2
pineaf = | ] T
R

o (ax)? w/a (az)?
For the expansion, we exploit the fact that (sin(z)/x)? is symmetric. Since sin?(z) < 1
for all z € R, we get the estimate

sin(ax)

axr

| m@?@<j LN— (4.8)
T/a ((I.Z‘) T/a (a:v) am
As sin?(z)/2? is continuous in [0, 7/a], it is bounded by some constant ¢ and we get the
estimate y )
T/ L3
J sin () < cm/a. (4.9)
0 (az)?
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4 The Sampling Theorem

Using Equations (4.9) and (4.8), we get [sinc,|3 < oo.

Now we have to consider the Fourier transform of sinc,. We already know by Example 3.8
that F [X[—a,a]] = (v2ma/m) sinc,. Since sinca, X[—q,q] € L?(R) and the Fourier transform
is a linear isometry on L%(R), we can use Corollary 3.12 and get

21a 2ma .
Kol = Al = 7 [\aal) (@) = 7 | X2 sincy | (0) = Y22 fine,] 0
for almost every x € R. Hence
T
F [si al = —/=— X[-a,a
[sinc, ] 5 Xl-adl

and therefore sinc, is a-band limited.

For n > 1, we get by an iterated application of Tonelli’s theorem

n
2
fineal3 = [ psincy()fde = | | ][ lsincto)? dor - do, < (Jsincal, ) < <o
R R Ri=1 ’

where |sinc,|,; is the norm of the one dimensional sinc, as evaluated above. Hence
sinc, € L%(R™). Similarly, the Fourier transform can be evaluated component-wise be-
cause the exponential term splits into factors, hence

O )nﬁxm,a](wi)=< ) e (410

2ma 2ma

for almost every x € R™. Therefore sinc, is a-band limited.

(ii) For n = 1, the statement sincq(k7m/a) = dgo is clear, since sinc,(0) = 1 by definition and
sincy (km/a) = sin(km)/km = 0 for every k € Z\{0}. For n > 1, we have for k € Z"

k L k; L
sinc, <;> = Z'ljsinca ( aw) = Eékio = 0k0-

4.2 Proof based on the commutativity of the semi-discrete
convolution product

This proof follows the idea mentioned in Butzer et al. [BSS88, p. 9f], which is also used in
[Mar01, p. 50| and in more detail in [Den89, p. 11, Beweis 2|.
4.11 Theorem. Let f € L%(R) be band limited with band width W. Then
0
km km
t) = — | si t— — 4.11
7(t) k_z_:wf<w>smcw< W) (4.11)

holds for every t € R and the series converges absolutely and uniformly.
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4.2 Proof based on the commutativity of the semi-discrete convolution product

Before we can prove this theorem, we first have to prove some auxiliary results.

4.12 Lemma. Let g € LY(R) n C(R) be 2W -band limited. Then

Proof. Let g € L}(R) n C(R) be 2W-band limited.

From Lemma 4.6, we know g € C*(R), in particular, there holds g(x S x)dz, where
g’ is the derivative of g and by Bernstein’s inequality (4.2) we also have g € LI(R). Hence

g is absolutely continuous by Theorem 3.43. Then Poisson’s summation formula (3.44) with
A =7/W leads to

o - 0 1
s Y a(5) = X FLD e - Fao - - [ s

k=—00 k=—

because F [g] (§) = 0 for [£| = 2W as g is 2W-band limited and the Inversion Theorem 3.11
holds. O

4.13 Lemma. Let 1 < p <o and 1/p+1/qg =1 and f1 € LP(R), fa € LY(R) both be band
limited with band width W. Then

(fr= f2)(t) = WW Z f1< )fg (t—l;g) (teR) (4.13)

and the series converges absolutely and uniformly for all real t € R.

Proof. We want to apply Lemma 4.12 to f; := fi() fa(t — ), t € R. Using Holder’s inequality,
we infer

7], = 180 L=l < 1Al 12t =, = 1Al 1], < e, (4.14)

hence f; € L'(R) for every ¢t € R. Next it is shown that f; is 21¥-band limited. Therefore, we
exploit the fact that multiplication converts to convolution after a Fourier transform as stated
in Theorem 3.9, hence

FA] = FUAO L= D) = FIA)« Ffalt =) = ~F 1] F [faf- = 1]
= F[fi] = F [fo]e '

Expanding the convolution into its definition, we obtain
- | Frl@F Rl € o e,

As f; and fy are both W-band limited, the integrand vanishes for x ¢ (=W, W) or & — = ¢
(=W, W). Putting this together, the right hand side vanishes for £ ¢ (—2W,2W), hence

supp F [f1(:) fa(t —-)] = [-2W,2W].
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4 The Sampling Theorem

The Inversion Theorem 3.11 holds, since f; € LY(R) and F [ ﬂ] € L'. Therefore, f; is 2W-band
limited and we can apply Lemma 4.12. We obtain

(150 = o= [ H@RG—a)te = ST Z fl( ().

Regarding the absolute convergence, we consider inequality (4.1) with h = 7/W for p = 1.

This yields
()5 (-0

(- E) (- -8)

(4.1)
< (L+m) [ fa(=)f20+ )l

Holder

s (L) A, [ f2l,-

Now it remains to show the uniform convergence of the series. To this end, we estimate
km
fi ( > f2 <t - W)
s
V2w % ;

fi < )X{|x>N7r/W} < ) ) ( l;;)‘
(4.1)

< (L+7) |z = fi(=2)X(aisnmwy (—2) f2(t + 2)|,

Holder
< (1+m) ||f1X{\a;|>N7r/W}Hp If2(t + )l

o0

Va2,

< sup

T
ueR vV 2nW k;w

o
2nW SN
0

as above but using the characteristic function to cut off the beginning of the series. Since the LP-
norm is invariant under translation, there holds || f2(t + )|, = | f2[,- Since Hle\xIZNW/W}”p
0 for N — oo, we have

s km
su t——|I<(1+7 -0 (N — ),
ey 3 ) (5) 2 (1= 55 )| < 0+ Ul Lo, 0 (6 =0
hence uniform convergence with respect to t € R. O

4.14 Corollary. In the situation of Lemma 4.13, we have

£ 0(5)ale5)- £ 4 5)a(5) wem

Proof. As the convolution is commutative, we can change substitute f; with fs and vice versa
without changing the left hand side. Therefore the right hand sides must coincide. O

Now we can proof the Sampling Theorem 4.11 for LQ(R)—functions.
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4.3 Proof based on the generalized Parseval formula

Proof. Since f € L?(R) is W-band limited and sincyy € L?(R) is also W-band limited (according
to Lemma 4.10), Corollary 4.14 can be used to obtain

5 (s (=) = S (oY (52 - 10

k=—00 k=—00

Recall that sincy (km/W) = 0. Lemma 4.13 yields the absolute and uniform convergence of
the series. O

4.3 Proof based on the generalized Parseval formula

In this section, we want to make use of Parseval’s identity (2.1) on LZ(AT™) (A > 0) to obtain
the sampling theorem. Therefore, we first show that the set {z — Xk ke Z"} forms
a complete orthogonal set in L*(AT™). Then we expand any f € L?*(AT") with respect to
this basis and find the sampling theorem. This idea can be found in [Mar0l, p. 55| and
[BSS88, p. 11]. The Hilbert space L2(AT") is defined in Example 2.20(iii), where we identify
AT™ = [—=N/2,\/2]™.

4.15 Lemma. Let A > 0. Then the set {x — Xk e Z"} forms a complete orthonormal
set in L2(AT™).

Proof. For k € Z™ define ¢y : \T" - C,z — e X5 Then o, € L2(\T™), since |¢p(x)| = 1 for
every x € AT". Next,

: f :
2 2

k n Pk 1 ].,
le HLQ()\T) A" ATn| ()| A Jypn

hence ¢y, is normalized. Furthermore, for k,1 € Z™ with k # [ we have

1 '—7" (k—=1)x f i—7T (ki—1;)x;
ks PULZ(OTRY = o A dx A Yridw
< izom) A" Jarn H [=2/2,)/2]
1 . .
_ H lTl'(klfll) o 7171'(]{)7;7[2‘) _
= —— e e =0,
e i27(k; — ;) [ ]
Li#k;

where the separation of the integrals is justified by Fubini’s theorem. In the case k; = [;, there
holds e X (i=kdei — 1 (x € AT™), hence the integral corresponding to index ¢ is 1. Since we
assumed k # [, there is at least one index i € {1,...,n} with I; # k;, hence the whole integral
vanishes. Now we have shown that {¢f : k € Z"} is an orthonormal set. It remains to show
that it is maximal.

Let f € L2(AT™). Then

1

3 | f@eT e = (k).

(f,or) =

where f(k:) denotes the kth Fourier coefficient introduced in Equation (3.4) in Definition 3.36.
Note that L2 (AT") < L! (AT™), which implies the existence of the integral. Using the uniqueness
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4 The Sampling Theorem

of the Fourier coefficients as stated in Theorem 3.34, it follows f = 0 a.e. if (f, k) = 0 for
every k € Z". Hence, the only vector being orthogonal to {¢y : k € Z™} is the null vector and
therefore the set is maximal. O

Let us state the sampling theorem again.
4.16 Theorem. Let W > 0, f € LX([=W,W]") and f € C®(R?) with f = F~! [f] Then

flay= > f (ﬁ;) sincyy (x+ ’;) (z e R"),

keZ™

the series converging absolutely and uniformly.

Proof. Let @), = €l sk e L2(2WT™) be defined as above for k € Z". Consider fp e L2(2W'T™)
defined as the 2W-periodic continuation of f. Then

. 1 R i - (L
<fp7 Sok> = (2W)” LW’EH fp(t)e katdt — f(t)e( )tdt

Ver\" T k Vvar\" Tk
- <2w> b <‘w> - <2W> / (‘w
Similarly, we obtain for z € R and 1, : 2WT" — C,t — e~ ' € L2(2WT"):

1 igp 2w
(Vas pr) = @y LWW e 1@ law Mt

Vem\" 1 i o
_(2W> (2m)/2 JRne X[—wwin (t)e” 2w Hde

V2T " i 27
= <2W> F e X -wwyr] (Wk)

= sincyy (%k + x) ,

noting that x_w,w € Ll(R") whose Fourier transform is given in Example 3.8 and using
the translation property in Theorem 3.9(b) of the Fourier transform. In the previous lemma,
we showed that {py : k € Z"} < L2(2WT") is a complete orthogonal set, hence we can apply
Parseval’s identity (Theorem 2.24) to fp and 1,

keZm™
V2T " T . i
= kén (25[/> f <_V[]j> sincyy (Wk + x) .

The left-hand side can be expanded as

<fpu¢x> = (2121[/)71 wa fp(ﬂd@(ﬂdt = <\2/5?>" (2771)"/2 N F)eiatdt

- (5 A e = () s
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4.4 Proof based on a Schauder basis

since supp( f ) < [-W,W]™. In total we get after cancelling and the index shift k¥ — —k

fa) =3 f (1;7;) sincyy (x - ’;;) |

kezm

To show the convergence properties, it is sufficient to consider the representation (4.15), since
the sampling theorem is obtained from it by equalities. By Theorem 2.24(c), we have

Z ’<sza<ﬁk>‘2 _ prH < o0, hence <<fp7(pk>>kezn e 227",
keZm

By the same argument, we have ({10, or))cpn € €2(Z") with
1

w ) o w o 2 _ f e—ixteixtdt: 1.
[ :cHL2(2WT) keZZ:nK = k)| W)™ Jawn

This implies << fp,cpk> (¢z,4pk>)kezn e (1(Z™) by Holder’s inequality. Therefore, we have

absolute convergence. Using again Holder’s inequality we obtain from (4.15)

(25 o= 35 7 () s (=37 ) | = (o) = 5 (i) W]

iiZ]:; |[E|<N
= |3 (o) Tmo| < X [(Fovon) W)
|k|=N |k|=N
| 1/2 1/2 1/2
DY ‘<fpa%0k:>’2 O e o] < | ) ‘<fp790k>’2 [92]l2 @wrny
|k[>N |k[>N k>N
1/2
= | 3 [

Ik|>N

for N € N and every x € R™. Since (<fp, gpk>)kezn € (?(Z"), the right hand side converges to

zero not depending on z, hence uniformly. O

4.4 Proof based on a Schauder basis

This proof is similar to the previous one, but valid for functions whose Fourier transform is

in LP([-W,W]") for 1 < p < 2 < 0. The case p = 2 is covered by the previous proof, since

LP([-W,W]") < L([-W,W]") for p > 2. The idea is provided in [GMHM98, Thm 3.3, p.

49].

4.17 Definition. Let (X, |-|y) be a Banach space over K. Then a sequence (z());cy, < X is

said to be a Schauder basis for X if for each x € X there is a sequence (¢;);en < K such that
-0, n— o

n
T — Z Cix;
i=1 X

We then write = Y | ¢;x; (cf. [You80, p. 1]).
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4 The Sampling Theorem

4.18 Lemma. The system (ei%k')kezn forms a Schauder basis in LP(ANT™) (1 < p < o) if it
1s ordered properly.

4.19 Remark. When n = 2, a possible ordering are 'rectangular’ partial sums where additional
terms are added to one of the sides of the rectangle filling out that side before moving on (stated
by Morten Nielsen, Aalborg University, Denmark in individual communication).

4.20 Remark. One should note that the convergence above is conditional, i.e. a permutation
of the basis elements may not converge as discussed after Theorem 3.41. It is still an open
question which orderings yield a Schauder base. However, we have that the exponentials are
complete in LP(AT"), i.e., every f € LP(AT™) can be approximated with arbitrary precision by
a linear combination of the exponentials ( a trigonometric polynomial, cf. [Gra08, 3.1.10, p.
168]). In Hilbert spaces both concepts agree, but in Banach spaces they may differ as can be
seen here.

4.21 Theorem. Let 1 < p <2, f e LP([-W,W]") and f = F~! [f] with Yy pn | £ (k) W)| <

. Then
f@ =Y f (@) sincy (x— ’;;T)

kezn

for x € R™, where the series converges absolutely and uniformly.

Proof. Since (eiz%k')kezn forms a Schauder basis in L?(2WT") by Lemma 4.18, there is a
sequence (cg)rezrn € C and an ordering o : Z" — N such that

A i 27 L.
f- 2 cpe' 2w H —0, N — o,

keZm p
o(k)<N

when we identify LP([=W, W]") with L?(2WT"). Now consider the regular distribution [f] e
D'(AT™). Then for p € C*(R"™), we have

by linearity of the integral and Holder’s inequality with 1/p + 1/¢ = 1. As the series converges
in the p-norm to f and ||QOX[_W7W]TLH < o due to the compact support, we have convergence
in the space of distributions with compact support.
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4.4 Proof based on a Schauder basis

To obtain the coefficients ¢y, for k € Z™, we calculate as follows
() =7 = eme |
w

= (ZW)_n/zf el whke Z cme! WA
AT

meZ™
27T —n/2 Cmf ik 1 mxdx
7£§;n AT™
(4_3) n/2 4
=" (2m)” / (2W)~ mgzln Cm, SINCY (_Wk — Wm)
= (2m)PEW) T Y cmbm = (2m) P (@W) T
meZ"™

For the interchange of sum and integral in the third equality, we need }; _,n |cx| < 00 using
2.10, which we required in the assumptions. Furthermore, we used the interpolation property
4.10(ii) of the sincy, function.

Now we can apply the inverse Fourier transform to f, regarded as an element of LP([—W, W]™).
By > tezn |ck| < 00, we can again interchange summation and integration by Theorem 2.10 and
obtain

f(Z) = (271')*71/2 lxzd Z f <k7T> W2/2 (ZW)H/QJn X[7W,W]"(x)elxz 1 kmdx

kezZ™
k
2 f( >Sincw<z—m7;>,
kezn

where we identified x[_ywn (multiplied with an appropriate constant factor) as the Fourier
transform of sincyy (see (4.10)).

The Hausdorfl-Young inequality 3.14 (for the inverse Fourier transform) yields H]: ~11g] ||OO <
Clgl, if g € LY(R™). Since f e LP([-W, W]") < L}(R"), we have uniform convergence by

f— Z J (kT /W)Tprjw sinew | < C f- Z ckeiszk'

o(k)<N o o(k)<N 1

< Cx-wwe |, f= > crel XF

p

where we again used Hélder’s inequality.

Absolute convergence is given by the estimate

kr\ k k
2| (7)o (=7 )| = Z e (7)<

keZm
since |sincyy (z)| < 1 for all z € R™ and the series converges by assumption. O
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4 The Sampling Theorem

4.5 Proof based on an orthogonal system

In this proof, we show that {sincyy (- — k)}xezn is a complete orthogonal system in the Hilbert
space BZ,(C™). Hence, the sampling theorem is nothing else than the expansion of f € B3, (C")
with respect to this basis. The proof follows [BSS88, p. 11| (|Den89, p. 13, Beweis 3]).

4.22 Lemma. B2(C") is a Hilbert space by virtue of the inner product
()e  BA(C") x BZ(C") > C,  (u,0) = | u(z)v(z)da.
Note that integration is only performed in R™.

Proof. First, we show that (-,-)_ is indeed an inner product. Let u,v € BZ(C"). By Hélder’s
inequality the inner product is well-defined: (u,v), < [ulp2(gn) [v]p2gn) < -

(a) (-,u), is linear for every u € BZ(C") because of the linearity of the integral.
(b) (u,v), = (v,u), holds by definition.

(c) For u € B2(C"), we have (u,u), = (W, u)r2@gny > 0 if u # 0 and from (u,u), =
(u, u)p2(gny = 0 it follows u(x) = 0 for almost every x € R", since (-, ) 2(gn) Is a scalar
product on L?(R™). As u is entire, in particular continuous, we have u(x) = 0 for all
x € R". By Lemma 2.41, we infer u(z) = 0 for all z € C™.

Hence (-,-), is a scalar product on BZ(C").

Now we have to show that B2(C") is complete with respect to the norm |u, 1= /(u,u), =
(u,u);2 = |uly2, where we write L? as abbreviation for L?(R").

Let (un)nen © B2(C™) be a Cauchy-Sequence, i.e.
Ve > 03ng e N:Vn,me Nn,m =ng: |fn — fml, <e.

We need to show that there is f € B2 with | f — f,[, — 0, n — o0. Using Plancherel’s theorem
3.13, we have

an - meo' = an - fm||L2 = ”]: [fn - fm]HL2 = H]: [fn] - f[fm]HL27

hence (F [fn])nen is a Cauchy sequence in L2(R™). Moreover, by the Lemma 4.8 each F [f,] has
its support in ¢B < [—o, ¢]™. Hence, we can also consider the sequence to be in L2(¢T™). Since

this is a Hilbert space, it is complete and therefore there is f € L?(¢T") with Hf — F [ fnl

L2(oTn)
0 for n — oo. O

4.23 Lemma. Let 0 > 0. The set {sg}rezn defined by sy := (O’/7T)n/2’7'k7r/g sinc, is a complete
orthogonal set in B2(C").

Proof. We can reduce this problem to Lemma 4.15. Let f,g € B2(C"). Then, using Parseval’s
identity 2.24, we have

(1,90 = (F:92@ny = (F U1 F 9D 2 @ny = 20)" (F [f15 F [9D)r2(20mm)
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4.5 Proof based on an orthogonal system

because F [f] is a function with supp F [f] < [—0,0]" due to Lemma 4.8. The same applies
to F [g]. Hence f,g are orthogonal in B2(C") if and only if F [f] and F [g] are orthogonal in
L2(20T"). Since

o\ "2 . 1 n/2 _j 2km,
‘F[sk] =F |:<7r> Tkr/o SIDCU] = <20_> € 20 X[—g,0]

we have |sgll, = 1 and (sg,s;), = 0 for k,l € Z", k # [, because {z — e BT ke 7"} is

orthonormal in L?(20T") by Lemma 4.15. Hence, the set {sj}rez» is orthonormal in B2(C").

To show completeness, let f € B2(C") and suppose (f, si) = 0 for every k € Z". Then

7i2ﬂ—k'

<f7 5k>0' = (2U)n/2 <F [‘f] € * >L2(20'T")

as above. As the set {z — e B ke Z"} is a complete orthogonal set in L?(20T™) by Lemma

4.15, we conclude F [f] = 0 in L?(20T") and also in L?(R"). Since the Fourier transform is an
isometry on L?(R"™) by Plancherel’s Theorem 3.13, this implies f = 0 in L2(R"™) and therefore
in B2(C").

[

4.24 Theorem. Let W > 0 and f € BE,(C"). Then
km km
= 27 ) si - R"
f() kgznf <W> sincyy <:L" W> (zeR"),

the series converging absolutely and uniformly.

Proof. By Lemma 4.23, the set {s; : k € Z"} is a complete orthogonal set in BZ,(C™). Hence,
we can expand f in terms of this basis. For k € Z", we deduce

_jkm.

(f,skw = (2W)n/2 <‘7: L] em >L2(2WT")

()" Gy |y, TV

e () - G ()

Hence

@)= 3 o ate) = 3 7 (7)o (o~ 57)

keZm™ kezm
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4 The Sampling Theorem

for almost every x € R™. An application of Holder’s inequality yields for x € R™ and N € N

Py
Q)
|
g
~
/T.
~—
2}
=
]
=
N
8
|
=3
SN—
I
[
—
/"\
N~—
w
=
]

s
N
8
|
=3
SN—

1/2
Z f ke ||7' sinc ||
W le'/W WLQ(Rn)
1/2

-G O

By Theorem 2.24(c), there holds Hinz(Rn) =Y ez | (Fy k) |2 = Xpepn | f(km/W)|?. Therefore,
the right hand side converges to zero independently of x € R™, hence uniformly. This uniform
convergence also implies convergence for all z € R™. Absolute convergence can be obtained
again by Holder’s inequality noting that f, s, € L2(R™). O

N

4.6 Proof based on contour integration

This prove does not rely on the Fourier transform but on the exponential growth condition.
This enables us to proof the sampling theorem also functions in L for 2 < p < oo. We follow
the idea of [Wun71, p. 114].

4.25 Lemma. Let r:= (k+ 1/2)7 for k € Ng. Then the inequality

‘sin (rei‘p)’ > %eﬂsm@l

holds for every ¢ € [0, 2m).

Proof. For ¢ € [0,27) and r > 0, we have

|sin (re'?) !2 = sin (re'?) sin (re'¥)
1
il

(e—2rsin<p + eQrsintp _ (ei2rcos<p + e—i?rcosgo))

—ircosp—rsing

|~

(eircos p—rsing e~ ir cos +rsin go) ircosp+rsin tp)

[§]

i

N =] = DN

= — (cosh(2rsin ) — cos(2r cos p)) .

The function f, : [0,27) — R, — |sin(rexp(ig))|® is symmetric, since cos and cosh are
symmetric and it is 7w-periodic, since

frlp+m) = % (cosh(2rsin(p + 7)) — cos(2r cos(p + 7))

= % (cosh(—2rsin ) — cos(—2rcos p)) = fr(p),
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4.6 Proof based on contour integration

where we again used the symmetry of cosh and cos. Symmetry and 7-periodicity also hold true
for exp(r|sin(y)])/3, because |sin(y)| is symmetric and m-periodic. Therefore, it is sufficient
to show the inequality for ¢ € [0,7/2]. On [0, 7/2] both sin and cos are one-to-one, hence one
can apply the variable substitution sin ¢ — x and cos ¢ — v/1 — 22. Now define

2rz

9

€

1
g:[0,1] - R, z+— 5 (cosh(2rm) —cos(2rv/1 — xz)) -
After a reordering of the terms, we get

g(x) = e*'* (1 - 1) f 1oz _ coS@rvl—ah)

4 2

Now we will check, where the exponential terms are smaller than 1/2. There is equality

11\ 90 1 9, 1. 1. (9-2\ 1. [9+2
-z - — iff —In(=—Z) —m (L=
(4 9>e 3¢ o TS M \9—4) 2 Mo —a) [

as one obtains by solving the quadratic equation in e*"*. Since for z = 1

1 1 5 40

2r 2r T

S S 4> —)=>—=>1,
¢ <4 9) e/ ¢ <36> 36

we know g(x) = 0 for > In(11/5)/2r due to the continuity of g and the boundedness of cos.

If we can show that h(z) := cos(2rv1—22) < 0 for < (11/5) /2r we are done. Therefore,
we look for the zeros of h. For z € [0, 1], the argument 2ry/1 — 2?2 is in the interval [0,2r] =
[0, (2k + 1)m], considering r = (k + 1/2)m for k € Z as required. Therefore, there are exactly

2k + 1 zeros to be found. The ansatz 2ry/1 — 27 = (I + 1/2)7 for | € Ny yields

= T((2k+ 1)2 — (1 + 1/2)%)1?
r
as solutions for the zeros of h, where 0 < [ < 2k. For = = 0, we have h(0) = cos((2k + 1)7) =
cos(m) = —1 < 0. Since h is continuous this is true for all x < min{z; : 0 <[ < 2k}. The least

ay is given for | = 2k with z; = (2k + 3/4)V%7/2r = \/3 /4w /2r.
We have In(11/5) < 1, since 11/5 < e and on the other hand 7+/3/4 > 2, hence

1. fe+2\ 1. 1 [3
2 <2< /o7 < minfa; : 0 <1< 2k}
2rn<c—4) or2 S gp\ g™ S minfa s 0 <7< 2k

Therefore, h(x) <0 for x < (11/9) /2r and thus g(z) = 0 for all = € [0,1]. Hence,
e2r\sin<p\
9

: Loy 2
|sm (re“")| >
Since the square root is monotonically increasing, the inequality is conserved and we obtain

the claimed result. O

4.26 Lemma. Let u: C — C be entire, z € C and w > 0. Define

u(¢)

o C\{ keZ}u{z}—»C, 0=
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4 The Sampling Theorem

Then the residues of f are

u(z)

sin(wz)

ves (f;2) =

w

and  res (f; lm) = WCOS(ZSETIC/:/)W —z)

provided z # km/w (k€ 7Z) and

res(f;Z:’”>:l/(k7T/W)

w cos(km)w

if z=km/w for some k € 7.

Proof. Let z # km/w for k € Z. Then sin(wz) # 0, hence f has a pole of order 1 at { = z.
With Lemma 2.43, we get
u(2)

sin(wz)’

res(f,z) =

At ¢ = km/w, sin(wz) has a single zero but (¢ — z) # 0, hence f has a pole of order 1. With
Lemma 2.43, we get

res (f ’W) _ (¢ (C—kw/w)’ /o) 1
a ((—2) sin(wC) |eoprp (kT/w—2)wcos(km)

using the rule of ’'Hopital.

In the case z = kn/w for some k € Z, the denominator of f has a root of order 2. Therefore,
we get with Lemma 2.43

res <f,z = ]m> = i(( - z)ZLO

w d¢ sin(w()(¢ — 2) (=2
() ¢ " sin(w() — (¢ — z) cos(w()w
(©) sin(w() (©) sinz(wg‘) L_Z
o d(Q) (VY cos(w() — wcos(w() + w?(¢ — 2) sin(w()
— weos(w() + () 2 sin(w() cos(w¢)w ’C—z
_ u'(2) _ o' (km/w)
cos(wz)  cos(km)

4.27 Lemma. For a € R"\Z", the series

Z sinc(am — k)

kez™

does not converge absolutely.
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4.6 Proof based on contour integration

Proof. Suppose the series converges absolutely. Then we can interchange the terms

' sin((c; — ki) sin(ai))|
Z|s1nc(oz7r—k7r)|=ZH| (i — k7) 7r| ZH’ 7r|ol—k‘)|

kezn keZm™ i=1 keZ™ 1=1

-y Y- ZHWHT?,{; H'Sm i (Z |a@—k|)

k1€Z ko€eZ kn€Zi=1 =1 keZ

where the separability of the product was used to interchange summation and multiplication
in the second line. In the third line terms with k£ and —k were summed provided k > |o;| to
resolve the modulus. All terms with k < oy are summarized in C;. Since

1 1 2k 2 2

- = pS
ko kta Kol E_alk k

1

the series diverges by the direct comparison test, because it dominates 2},  1/k, which di-
verges. ]

Now we can state and prove the sampling theorem.

4.28 Theorem. Let W > 0 and f : C — C be of at most exponential type W. Then
Z f ( ) sinc,, (v — km/w) (4.16)
keZ

forw > W. The series converges uniformly on bounded sets .

If f fulfills |f(2)| < (14 |z|) "L exp(W|Im z|), then (4.16) remains valid for w = W.
Proof. Define

. 1 f(©) . : = > el
F,:C—->C, z~— % § Wdc, with ), : [0, 271'] C, ©® e ¥

Cn

and 7, := (n + 1/2)7/w. Let z € C and z # k7 /w for all k € Z. By the Residue Theorem 2.45

PRI SR /R

k|<n (km)(km/w —z)  sin(wz)

holds with the residues calculated in Lemma 4.26, provided n is large enough such that C,
contains z.

On the other hand, we will show |F,,(z)| — 0 for n — c0. Consider

1 27 ip .
P f . f(?"'ne —ire'¥dy
271 )y sin(wrpe’?)(rpel?)

1 f” |f (rpe’?)]

< o . - -
21 Jo |sin((k 4+ 1/2)wel?)||1 — e~ 1¢z/ry,]

[Fn(2)| =

de
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4 The Sampling Theorem

The estimate of Lemma 4.25 and the exponential type inequality yield

[Fn(2)] <

1 (27 W|sin(p)|
f e dep.

2m Jo emlernlsingl) 1 _ o—iez /|
Since |1 — el¥z/r,| — 1 for n — o, there is an index ng € N such that |1 —e'¥z/r,| = 1/2 for
n = ng. In this case we have

27
|Fu(2)] < if yeW—wlrnlsinglqe, (4.17)
0

As |sin(yp)| is symmetric and m-periodic, we can replace the integral over [0, 7] by 4 times the
integral over [0, 7/2]. Additionally, using the estimate sin(¢) > 2¢/7 (¢ € [0, 27]), and noting
that due to w > W the exponent is negative, we get

/2
|F(2)] < mJ / o(W—w)rn2e¢/m _ (WG’Y) <e(wa)rn2@/ﬂ _ 1) ’
™ Jo —W)Tn

hence |Fy,(z)| — 0 for n — co. This implies

- f(km/w) B f(2)
0= I;Z wceos(km)(km/w —z)  sin(wz)

Solving for f(z) and using cos(km) = (—1)¥ as well as (—1)*sin(x) = sin(z — kr) yields

Z Zf kﬂ,g:/w (—1)Fsin(wz) = ) (f(T) sinc, (2 - T) : (4.18)

keZ

This result is true under the restriction z # k7/w. But since sinc, is entire! the whole right
hand side must be entire. Now we have two entire functions which coincide almost everywhere
on R, hence Lemma 2.40 yields (4.16) to hold for every z € C, especially for z € R, which was
to prove.

Let K < C" be bounded. Then there is n € N such that |z| < r, for every z € K. Hence
|1 —e'%z/ry| > 1/2 for n’ > 2n. This makes the estimate (4.17) independent of z, providing
the estimate

sup Z f ( > sinc,, (z - k:7r> = sup |sin(wz)Fy,(z)]
zeCn k=—n w xeCn
el (W—w)ra2/
< w)rn2p/m
(W —w)ry, (e 1)

which shows uniform convergence.

Absolute convergence cannot be guaranteed, since for example the constant function 1 is of at
most exponential type o for any ¢ > 0. For z € R and w > 0 the sampling series is

1= Z sinc(wx — k),
keZ

' This can be seen using the series expansion sinc,,(z) = 372 (—1)%(w2)?* /(1 + 2k)!.
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4.7 Proof based on Fourier series for distributions

which was shown not to converge absolutely for wz € R\nZ in Lemma 4.27.
If we have |f(z)] < (1 + |2|) 7! exp(W|Im z|), we get an additional factor in (4.17):

3y J‘QW e(wa)rn| sin |

do,
v

which leaves the foregoing estimates unchanged ((1 + 7y,) = 1) but in the case w = W we still

have
6y

F, < —
|Fn(2)] 1+,

,n — 0.

To show, that the condition w > W is necessary if f € L(R), we consider the following

4.29 Example. Let f: C — C,z — sin(mx). Then f|g € L*(R), since sin is bounded on the
real axis. Further we have

|sin(7rz)| _ % |eiTI'Z _ e—i7rz| < % (e—ﬂImz + ewImz) < eﬁ|1mz|.

Hence, f is of exponential type at most 7. But if we sample at the points kn/m = k € Z, we
have sin(km) = 0 for all sample points. Therefore we would obtain

f(2) =] f(k)siner (z — k) = 0 # sin(z)
keZ
if z¢ Z.
4.30 Remark. A generalization of this proof to n dimensions is not trivial, since one needs

a residue theorem for n dimensions. Griffiths [GH78, p. 467| provides this residue theory but
the required theory is beyond the scope of this work.

4.7 Proof based on Fourier series for distributions

We follow the idea of [GMHM98, p. 50|, but here we use periodic distributions defined on the
torus instead.

4.31 Lemma. Let K € C" be compact and M := {exp(iz-) € C*(R") : z € K}. Then M is
bounded in C*(R™).

Proof. Let V be a neighbourhood of 0. The seminorms inducing the locally convex topology
on C(R") are defined as po, N () : supjy < [0%¢(x)| for @ € Nj and N € N. Then there is a
finite index set I < N, r; > 0, V; € N and «a; € Njj for 7 € I, such that
U:={peC®R"):pa,n(p) = sup [0%p(x)| <ry,iel}cV.
lz|<N;

Since K is compact, there is Ny € N, such that |z| < Ny for every z € K. Define N := max{N; :
i€ Iu{0}}, t' := maxy |.|<n maxes |0 exp(izz)| and t := max{t'/r; : i € I}. Then, tr; > t'
and we have for each z € K and i € [

sup |0% exp(izz)| <t < rit.
|| <N;

Therefore, M < tU < tV. Hence, M is bounded. O
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4 The Sampling Theorem

4.32 Theorem. Let W > 0, f € PWy(C"), u := F 1[f], suppu n J[-W,W]* = &,
6 € D(R™) with supp(0) < [-W, W]™ and 0 =1 on an open subset containing suppu. Then

920 (%) ) 70 ()

kezn

with uniform convergence on compact subsets of C™.

Proof. By Paley-Wiener Thereom 4.5, there is u € D'(R™) with supp(u) < [-W, W]™ and

f(2) = (2n) " ?u(exp(—iz)) (z€CP). (4.19)

Lemma 3.52 yields the existence of is § € D(R™) with § = 1 on suppu and supp < (=W, W)"
such that 4 := Qu e D'(2WT") and u(p) = a(p) for ¢ € D'(R™).

Theorem 3.58 allows us to write @ as

~ = i 2% k-
U= Z a (k) [e ]QW’]T"
with
~ .o o . 2 n k
(0 = (W) a4 = 21 em)em) e R 20 (20 (A,

since § = 1 on suppu. Hence, for ¢ € D'(R™) we obtain

we) =10 = (o) % 1 (5) [, o)

kez™

Note that the regular distribution has still to be integrated over 2WT™. To make this distri-
bution an element of D'(R™), we can use again u(p) = fu(p), hence

(2m) " ulp) = (25) " uli) = (2m) " ulte) = ) Y £ (7 ) [0 )

kezn

keZZ]n ! <lm> qurn o WO (x) p(x)dx
P (lm) f ' WhY () p(w)dw

kezn
kZZf( ) [ %0] (o),

where the regular distribution is now integrated over R™ but still has compact support. Using
the result of Paley-Wiener (4.19), one obtains for z € C"

F(2) = @m) (e =) = @w) Y g (’”) [ e =oaas

kezm

-2 () (f) Fo(s-7)
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4.8 Further methods

To show uniform convergence on compact subsets, we exploit Theorem 2.37. Since the series

n " Pate) - @) X 7 (5[40 o

kezn

converges pointwise to u, we have uniform convergence on bounded sets of C*(R™) by Theorem
2.37. In Lemma 4.31 we showed that the set {exp(—iz:) € C®(R"™) : z € K} is bounded,
provided K < C" is compact. Hence, the sampling series converges uniformly to f on compact
subsets of C. O

4.33 Remark. If we could choose 6 = x[_w,w)», we would retrieve the simple sampling
theorem, since by (4.10), we have

5 n
(g;) F [X[—VV,W]”] = sincyy .

4.8 Further methods

One can find the sampling theorem as solution of a minimization problem, namely ’given the
sampling values of a function f, which functions s; minimize the difference between f and
2kj<n f(K)sp as sketched in [Mar01, p. 56] and [BSS88, p. 12|. In [Mar01, p. 57| another
method is presented, using the Hilbert transform

The distributional version can also be proved with the Fourier series for periodic distributions
in D'(R™) as done originally in [GMHM9S8|. Furthermore, there is the possibility to exploit
Poisson’s summation formula as in [Cam68, p. 628|.
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5 Conclusions and Outlook

We have seen several proofs of the Nyquist-Shannon-Sampling theorem. Each of them had
slightly different prerequisites concerning either the growth condition for complex arguments
or the function space of the Fourier transform. To conclude, we will summarize the requirements
and results of the different approaches.

We started with a one dimensional sampling theorem. The proof based on the semi-discrete
convolution product required the W-band limited sampling function to be continuous and in
L%(R). The sampling series reconstructs the function if samples are taken with frequency
W /m, which is called Nyquist frequency. Furthermore, the series is absolutely and uniformly
convergent.

The generalized Parseval formula required the sampling function to be the inverse Fourier
transform of an L2([—W, W]")-function. Therefore, it generalizes the sampling theorem to
n-dimensions. The prerequisites are basically the same, since Plancherel’s theorem asserts f
to be in L? if and only if F [f] is in L2. Thus, it is not astonishing, that sampling is possible
at the Nyquist frequency and the sampling series converges absolutely and uniformly, too.

The first step loosening the prerequisites builds on the concept of Schauder bases. Here, the
sampling function has to be the inverse Fourier transform of an LP([—W, W]")-function for
1 < p < 0. Additionally, we required the series of sampling values to converge absolutely.
The sampling theorem still provides sampling at Nyquist freqency and uniform convergence.
Absolute convergence is given as prerequisite.

As the Paley-Wiener theorems relate compact supports to the growth properties and entire
continuations of the corresponding Fourier transforms, it is also possible to characterize the
functions for the sampling theorem by their growth properties. We prove that 7 sincyy (k € Z™)
is an orthogonal system in the Hilbert space of all entire functions of exponential type at most
W, which belong to L?(R") when restricted to R™. Then, the sampling theorem is simply the
expansion of the sampling function with respect to this basis. It is shown that this Hilbert
space can be identified with the one in the first two proofs. Therefore, we obtain the same
results.

Following the idea of the growth properties, we can prove the sampling theorem for entire
functions of exponential type at most W. Therefor, we exploit the properties of contour
integration in the complex plane. This proof generalizes the sampling theorem to functions
which are not integrable over R, like the sine function or any constant function. However, this
generalization has to be paid with an increased sampling frequency and the loss of convergence
properties. The sampling series only reconstructs the function if we sample with w/7 > W /m
and absolute convergence is lost. Uniform convergence is only given for bounded subsets of C.
A generalization to n dimensions may be possible, but requires heavy theory.

Finally, we give a sampling theorem for entire functions, whose Fourier transform may only be
given by a distribution with compact support. This loss of regularity requires us to sample with
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5 Conclusions and Outlook

w/m > W /m. Furthermore, it forces us to substitute the sinc-function in the series by the Fourier
transform of a smooth version of the characteristic function in order to provide convergence of
the series. On compact subsets of C™ the convergence is uniform. This sampling theorem is
valid for n dimensions.

For use in applications, one can further investigate how the sampling frequency changes if the
support of the Fourier transform does not contain the origin. This is called single-sideband-
modulation. As in real world, signals can only be sampled over a finite time, one can also
consider these truncation errors. Furthermore, one always finds perturbances both on the signal
as well as the sampling device. Therefore, it can be investigated how time jitter influences the
reconstructed signal and how much one has to oversample to obtain the real signal back again.

Apart from the applications, it can be shown that the sampling theorem, Cauchy’s integral
formula and Poisson’s summation formula are equivalent in the sense that each of them can be
deduced by the other using elementary methods, see [BSS88, section 6.1, p. 45].
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