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1. Introduction

The existence of a global attractor, its finite-dimensionality, and possibly even the construction of
a finite-dimensional exponential attractor belong to prototypical results of the dynamical theory of
nonlinear evolutionary PDEs. These goals are often attained, as long as the system is well-posed and
dissipative. The literature being too extensive to quote, let us mention the basic monographs [1-5].
On the other hand, an explicit dimension estimate of the attractor is a different matter, requiring
additional tools from functional analysis, and considerably more demanding in view of the regularity
of the underlying solution semigroup.

Focusing to the incompressible Navier-Stokes equations as a model problem, one can say that in
2D, the problem of the attractor dimension is rather well understood. Reasonable upper estimates are
available for various domains, even unbounded ones, and the results are known to be sharp for the
torus, see recent paper [6] and the references therein. For the 3D case, weak solutions exist globally,
but the uniqueness remains a famous open problem even for the torus. One can still define (sort of)
an attractor, but nothing can be said about its dimension. Consequently, various regularizations of
the problem, more or less well-motivated physically, have been proposed, for which these problems
were then successfully addressed, cf. for example [7] for the so-called Euler-Bardina regularization.

In the present paper, we consider one such classical modification, going back to Ladyzhenskaya [8],
where additional gradient integrability is induced by a non-linear modification of the viscous stress
tensor via the r-Laplacian type term |Du|"~2 Du. Thus, one the one hand, the problem becomes well-
posed in 3D for values only slightly above the NSE-critical value r = 2. On the other hand, such
a highest order nonlinearity brings additional complications to the analysis, as in particular higher
regularity of weak solutions is difficult to obtain in dimensions other than two. Note that this so-called
Ladyzhenskaya model is well-motivated physically [9].
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The problem of the attractor dimension, and more generally, the structural complexity of the
dynamics, is presumable highly sensitive to the adopted boundary condition. Motivated by this, we
further generalize our setting to allow for a non-linear evolution on €2, which is driven by the nor-
mal stress force of the fluid, exerted across the boundary. Our result is new in particular by providing
an explicit (asymptotic) dimension estimate for 3D fully non-linear problem, while remaining in the
setting of weak solutions only.

Let us finally mention some related publications and results concerning our model, i.e. the
Ladyzhenskaya r-fluid. For basic existence and uniqueness theory of weak solutions under dynamic
boundary conditions, see recent paper [10], cf. also [11]. Existence of finite-dimensional exponential
attractors was recently established in a rather general setting, but without explicit dimension estimates
[12]. Concerning the Dirichlet boundary conditions, explicit dimension estimates in 3D setting were
previously obtained in [13], to which the current paper is a direct generalization. Improved dimen-
sion estimates, based on the volume contraction method, were also obtained in the 2D setting by [14],
and for suitably regularized problem again in 3D setting [15].

2. Formulation of the problem and the main result

We consider generalized Navier-Stokes equations with dynamic boundary condition on a bounded
domain Q C R?, Q € C%! and bounded time interval (0, T). We denote space-time domain by Q :=
(0, T) x Q,and by I" :== (0, T) x 0% the space-time boundary. We further denote unknown velocity
by v : Q — R3 and unknown pressure of the fluid by 7 : Q — R. The quantity § is called the extra
stress tensor and here it is assumed to be a function of the symmetric velocity gradient 2Dv = Vv +
(Vv)T. The external body force f : Q — R3 is independent of time.

An essential feature of our model is that we incorporate the so-called dynamic boundary condition,
so that the tangential velocity component is subject to a certain non-linear response s = s(v) on I'.
Our system thus reads

9v—divS+div(v®v)+Vr =f inQ, (1a)
divv=0 inQ (1b)
v.n=0 onT, (1c)
—(Sn); =as+ Bov onT, (1d)
v(0) =vy inQUIN. (le)

Concerning the constitutive functions § = S(Dv) and s = s(v), we assume polynomial growth in

terms of certain r and g > 2. More precisely: for all Dy, D, € ngﬁ

S(0) =0,
IS(D1) — S(D2)| < c1 (vi +v2 (ID1] + |D2)) ") IDy — Dyl )
(S(D1) — S(D2)) : (D1 — D3) > ¢ (vi + v2 (ID1] + |D2)" %) |Dy — D, .

Furthermore, it is assumed that § has a potential,

S(D) = 8p® (IDI?),
c3 (vi +v2|IDI"?) D> < @ (D) < ¢4 (vi +v2|DI""?) |D*.

Typical example is the so-called Ladyzhenskaya fluid

S(D) = viDv + v, |Dv|" > Dv (4)
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Regarding the boundary nonlinearity s, we require that for all v;, v, € R?

s(0) =0,
ls(vi) —s(n2)| < c5 |vi — w2l
5
(s(n) = $(v2) - (1 = v2) = 5 Iv1 = o, ®
sz ¢ (18l + v17), where /g + Y5 =
Here, we also impose the existence of a potential, i.e.
s(v) = 0,S(»). (6)

Without loss of generality, let S(0) = 0. It is obvious that S obeys upper and lower g-growth bounds,
in view of (5).

Our main result, stated somewhat informally, reads as follows.

Main Theorem: Let r > '2/5 and fe L%(§2). Then the system (la)-(1le) has a global attractor in
L*(Q) x L*(dR2). Moreover, its dimension can be explicitly estimated in terms of the data. |

See Theorem 4.1 below for a precise statement and proof. We note that the solutions are not
uniquely determined by initial conditions in L? only. Yet they immediately become more regular
(and hence unique), as follows from Theorems 3.2 and 3.3. This issue of initial nonuniqueness is
easily avoided in our setting of short trajectories.

As a by-product of the time regularity, we obtain that the attractor is bounded in W7, and the
solutions on attractor are 1/2-Holder continuous with values in L?. One can expect that additional,
i.e. spatial regularity is also available, so that the solutions would be in fact strong. We leave this
problem to the forthcoming paper.

3. Well-posedness and additional time regularity

We carry out our analysis with dynamical boundary condition which includes the time derivative of
the velocity v of the fluid weighted by the parameter 8. This set up demands a specific type function
spaces. First we introduce such function spaces and later we define the Gelfand triplet. We essentially
follow the functional set up used in [10, Section 3].

For Q a Lipschitz domain in RY ie Qe COL, B > 0and r € (0,00), we define V C C*(Q) x
Co1(3Q) as

V= {(v,g) e C®(Q) x C®13Q) :divv=0in, v-n=0, andv:gonBQ}.

With the help of V, we define

i,
V,:=V """, where |[(v,9)] v = Wlwirg) + IVl @) + I g”Lz(m) , (7)
l-la 2 2 2
H:=V ", where |(ng|} = VT2 + A ”gHLZ(aQ) ©)
Note that H is a Hilbert space with respect to the above norm and L"-norm on €2 will be denoted by

[I-ll. We also remark that if (v,g) € V,, then necessarily g = tr v. With some abuse of notation, V,
can thus be identified with its first component v.
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Theorem 3.1: Letvo € H, f € L’ (0, T; V), T> 0 be given, and let r > /5. Then there exists at least
one weak solution v to (1),

v e L0, T; H) N L' (0, T; Vy),
, )
dv el (0,T;V)).

The solution satisfies energy equality, and the initial condition v(0) = vg holds for the representative
v € C([0, T); H).

Proof: We only sketch the proof, referring to [10] for details. Take the scalar product of (1a) with an
arbitrary ¢ € V,, integrate the result over €2, and use integration by parts to obtain

/[8tv~¢+(8—v®v):V(o—ndivgo]dx+/
Q

[nI+v®v—S]n-godS=/f'q)dx. (10)
a0 Q

By utilizing the symmetry of S, (1c), (1d), and the properties of ¢ (divg = 0in 2, ¢ - n =0 0on 92),
we deduce the weak formulation

/atv-godx—i-ﬂ/ Btv~(od5+/ [SDV) —v®v]: Vo dx
Q aQ Q
+a/ s(v)~godS=/f~q)dx (11)
aQ Q

Formally, we set ¢ := vin (11), and use

/(v v): Vvdx = /Zv,vja,v]dx_ /Zv,a |v]| dx, (12)

i,j=1 i,j=1

1
= - (—/ divv |v|? dx—i—/ v.nlv)? dS) =0, (13)
2 Q I

where we have used (1b), (1¢). Thus we obtain,

</ [v|? dx—}—,Bf lv|? dS) /S(Dv) :Dvdx+a/ sw)-vdS={f,v)vy,. (14)
Zdt Q a0 mr

For the right hand side of (14), we obtain by utilizing Korn’s and Young’s inequalities,

v vlly, < o [flly, IVl < cae) |f| ’;; + 5—3 vl (e >0),

vy, < |If]

<) |f|

r/
v, T el + e lIvily .

Then by (2) and (5), we deduce,

I¥T: ||V||H + cq [v1 IIDYII3 + v2 IDVIF] + cse ¥l gy < c2(e) ||f|| v Telviy. (15)
We combine compactness and monotonicity arguments to obtain the existence of a solution as a limit
of a suitable approximate problem, e.g. the Galerkin scheme. Remark that r = !/ is the critical value
which ensures that the convective term belongs to the proper dual space. Hence in particular, any
weak solution is an admissible test function and the energy equality (14) holds. See [11] or [10]. W

Weak solutions are non-unique in general, unless additional regularity is assumed. In particular,
analogously to [13, Theorem 3.2], one proves:
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Theorem 3.2: Let u, v be weak solutions with u(0) = v(0), and furthermore, let v € L2r2713 (0, T; V).
Thenu = v.

Proof: Test the equation for w := u — v by w. Using the identity
f(u@u—v@v):Vw:/(u®w—w®v):Vw=/(w-Vv)-w (16)
Q Q Q
(in view of div(u @ u) = (V - w)u + (u - V)u) as well as (2), one obtains

1d 2 2 2 2
ST (||w||2 +B IIWIle(m)) + C2/;21 (Du, Dv) dx—l—oz/39 (s(u) — s(v)) wdS < /Q [w|* |Vv| dx,

(17)
where
I>(Du, Dv) := (1)1 + v, (|Du| + |Dv|)r72) |Dw|?>. (18)
By monotonicity we have
a/ (s(u) — s(v)) wdS > 0.
Q
This yields
Ld 2 2 *(Du, Dv) dx < 2|Vl d 19)
EE ||W||2 +IB ||WI|L2(3Q) + o ( u, V) X = o |W| | V| X. (

By Korn inequality (Lemma A.5 in the Appendix), we have
/Q I*(Du, Dv) dx > 1y /Q |Dw|* dx + v, /Q IDw|" dx > cvy (||w||€vl,2(g) - ||w||iz(m)) . (20

We further estimate, using (A19), cf. the Appendix,

2r—3 3

2 2 T
W™ Vvl dx < [IVYl Wl < s IVYIDwll, ™ Iwlls g, »
Q r—1 ()

& ~35 o
= v Wl gy + cavy 77 IV w3
Then with (20) we obtain,

d wl? + csvy [lwl? +¢s5 | I*(Du, Dv)dx

dt H 5V1 WL2(Q) 5 o >

3 3
T 2r— - 2 2
< C4Vq S ”v”‘z,\r;l?r(g) ||w||2 + ¢ ||w||L2(3Q) >

3
- 2 2
;\7]15’;(9) ||W||2 + CG ”w”LZ(L)Q) >

3
< vy 7 vl

_ 3 3
<o (vl TS )+ 1) Iwl. (21)

Finally we apply Gronwall’s lemma to deduce
W@l <Klwl3, 0<s<t<T (22)

In particular, we have uniqueness. [
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Now, we obtain additional time regularity of the solutions, together with an explicit estimate of
the relevant norms, cf. [13, Theorem 3.3]. Symbol < means an inequality up to some generic (i.e.
independent of the data) constant ¢; > 0.

Theorem 3.3: Letr > 12/5, f € L?(R2). Then the weak solution has additional time regularity

ve L®(,T; V,),
av € L* (7, T; L3 ().

Here v € (0, T) is arbitrary, and one can take T = 0 if v(0) € V.

Proof: Now let ¢ = 9;vin (11)

/ ER dx—i—,B/ ER dS+/ [S(Dv)]:VBtvdx—i—a/ s(v) - 9;vdS
Q I Q

aQ
= /f drv dx,
Q
||8tv||%{ +/ [S(Dv)] : 0;Dvdx + f (v-Vv)-ovdx + oe/ s(v) - 9;vdS
Q Q a0
= /f a[de.
Q
We estimate,
1
2 2 2
[0 v s < 1, 9y + 5 115 23)

Now by (6), we obtain,

/ s(v) - 0vdS = i </ S) dS) .
90 dt \Jsa

Then we obtain the following inequality,

1 2 d d 2 2 2
ot + < /Q QD) drt o ( /d s dS) < i, o + IFI3 @9

This can be more compactly written as

1 2 d 2 2 2
> loevlle + U= IIvII% VI3 + IF]5 (25)
where
U=U(t):=1+ f & (Dv) dx + / S(v)dS,
Q I
andhence U~ 1+ vy D]+ v2 DV} + IS 1150 » (26)

by (3) and Korn’s inequality (A.5). Now we distinguish two cases:
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caser € (12/5,3]. We claim

5r — 12

Wl () > a= m (27)

vl 2 < eollvils (3% e

Note that a> 0 as r > 12/5. Then for r < 3, the embedding W (Q) c L% (2) holds. We
obtain

(28)

Vil 2 < lIvll3 VI’ < co lIvIIS IIVIIW“(Q)

37r

Then we estimate the first term on the right hand side of (25) and obtain

2(5r—12) 10r 10 2(5r—12)

T 5r—6 57r—6 ~5r—6 T 5r—6 5r—6
Wl Ity < v ™ v [v2 g |

75106 Z(grféZ) 10
Sv, Tl T v DI+ v vl TR

_ 10 2(5r—12) 10 .
S, v, USs + vl

This yields
10 2(5r—12)

d
;U = aov, LT vl T U vl + I£15. (29)

Dividing by U'™#, where . =

2612 vields,

10 2(5r—12)

d
U <o, T I, T U+ v+ [f]- (30)

Then we apply Gronwall’s lemma to obtain the necessary bounds on U. It is worthwhile to note
that

[+ s ot = [ivis+ W U3 < i + sl

The above property holds true because U > 1 and for r < 3, we have Ssr__166 < 0.

case r > 3. Since ;=5 € (2,6), we use the interpolation Lemma A.4 to obtain,
=3 3
VIl 2 S vl vl - (31)
Again by Lemma A.6 we obtain,
r=2 r=2
Wz S 1917 Vs gy < et vy Wl - (32)
Then right hand side of (25) can be estimated as
2(r=2) 2r+4 2(r=2) . - 2r+4
vl ™ IVl gy < VIl [IDvII} + IvI5]
_% D ars
v vl " U2 +||V||2 (33)
This yields
d _ 2 2-2) 244 )
GgUScn, "l U+ i3 + |If]l5- (34)
2r+4

Take u = — 1. Then we consider two cases.
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If 22# > 1,ie pu > 0, we divide (34) by U*. Thus we obtain

d 1—u —% Lr_z) 4 2
U e, TV T U v+ ]

Similar to the previous case where r € (12/5, 3], we observe that

(v + 73] 7 < i + 13

Ifzrr#1 < 1,i.e. pu < 0, we obtain by (34),

U= eon, T v, T U+ vl + ;- (35)
Then in both cases, we invoke Gronwall’s lemma to obtain bounds on U. [ |

4. Dimension of the attractor

We follow the general scheme of method of trajectories presented in [16]. The main modification
here is that we explicitly keep track of all a priori estimates.

Lemma 4.1: There exists an absorbing, positively invariant set B C H such that

1
By = sup vl < c1 min {Kl—l Il [ 11,15 } , (36)
vel3
where s = min{r, q}, and k = min{v,, «}.
Proof: Asin Theorem 3.1, we obtain
d 2 2 r q
= IVl ca [y IDVI3 4+ v2 IDVI + & Wl ry | < e ], Il (37)

Then by dropping the term || Dv||}, we compute by Korn’s inequality in Lemma A.5,

d .
! IvliF + ekt IVIIE < s |[f ], vl where ) = minfvr, ). (38)

Thus % ||v||%{ < -y ||v||%{ if|vllg > C4Kf1 ||f”2 for some y > 0. Now we drop the term ||Dv||§ and
obtain,

d
S Il + e [v2 1D+ e vy | < o lf ], vl (39)

Then we use the following estimate for ||v|; > 1,
v |Dv|; 4+ & IIVIIEq(F) > csk ||vl;,  wheres = min{r,q}, and k; = min{v,,a}.

1
Thus we obtain % ||v||%{ < -y ||v||%{ if [v]l g > colc ! ||f||2]ﬁ for some y > 0. Hence the conclu-
sion follows. |

Lemma 4.2: There exists an absorbing, positively invariant B C B such that B is closed in H, and

5(5r—6)

ClzBé(Srill) > re (12/5) 3]: (40)

ve3 c12Bp, r> 3.
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Proof: Set
B = {V(ZT); v is a weak solution on [0,2T], and v(0) € l’;'] ,

and we take T' = By. Recalling (38) and taking U = v; ||Dv||% + v, | D]}

T T d
/ Ut dt < f [Hf”2 Vle+ 5 IIVI@} dt,
0 0 t

< By + TBy < 261 B3, (41)
By the mean value theorem of integrals, we obtain for t € (0, T) such that
U(t) < ¢;By. (42)

Assume r < 3. Integrating (30) over (7, 2T) yields

10 2(5r—12)

B 2T 2T
URQT) < vy 7B, 56 / U dt—i—/ [IvE + I 15] @t + v o,
T T

10 46r-9) s )
< cqvy 7By 4 osBy + c6Bg + 7By Hf”z

2

Here u = g::él). It is reasonable to assume that By > 1, and vy, v, < 1, hence the largest term is

Bg/ _term. The above estimate only gives an upper bound for ||Dv|,. But by adding ||v||, to both

sides we obtain an upper bound for |[v||y1-. Then the desired estimate for B, holds.
Then we compute for > 3. Integrating

2 2(r=2)

UQRT) < cv, 7B, 7

2T 2T 5
[ U(t)dt+/ [||v||§+|yf||2] dt + U(7),

2 40-D
- 2
=< cgv, 2r+4BO o4 Cng + c10Bg ||f||2 + c11Bo.

The largest term is the Bj-term. Hence the estimate follows. The closedness of B follows from the
compactness of the set of weak solutions, which is part of the existence theory. See the reference for
Theorem 3.1. |

4.1. Attractors and method of trajectories

Observe that by Theorems 3.2 and 3.3, the solution operator S(¢) : vo — v(t) is well-defined for v, €
B. It follows that

A=w®) =Js®B" (43)

>0t>7

is the so-called global attractor. Our ultimate goal is to estimate its fractal dimension, defined as

dfl (A) = lim sup —ln Nu(A#)

(44)
e—>0+ —lIne

where Ny (A, ¢) is the smallest number of e-balls in the space H that cover A. We employ the method
of trajectories. Since the argument is very similar to [13], we only briefly sketch the main points. We
refer to [16] for a more detailed description of the method; see also the introduction for other related
references.
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Let £ > 0 be fixed; the exact value will specified in (47) below. The space of trajectories is defined
as

By = {x € Hy; x is a weak solution on [0, £], x (0) € B}, (45)

with the underlying metric of H, = L?(0, ¢; H). Note however that any trajectory x has additional
regularity, cf. Theorem 3.1. In particular, we always work with the representative x € C([0,¢]; H),
so that the value x (t) is well-defined for any ¢ € [0, £]. The operators £ : B, — By, b: B — Bg and
e : By — B are defined via the conditions

L) =¢ <= x@ =v¥(0),
e(x) = x ),
b(vo) = x <= x(0) = .

Observethat S(¢) = eo band b o e = £, hence L isan equivalent (discrete) description of the dynam-
ics of S(t) on By = b(B). In particular, one has A, = b(A), A = e(Ay), where A; is the global
attractor for the dynamical system (L", BBp).

In view of the Lipschitz continuity of operators e, b (see for example [16, Lemma 2.1], [16,
Lemma 1.2])

dil(A) = df 5 (4p). (46)
Thus, it suffices to estimate the last quantity. This will be done using the so-called smoothing property,
see [16, Lemma 1.3]; see also [13, Theorem 4.1]. It remains to explicitly estimate the appropriate Lip-

schitz constants, which is done in the following lemma. Finally, the asymptotics of covering numbers
is investigated in the Appendix.

Lemma 4.3: Set

3 -1
0= |:v1 TBFT 4 1} ) (47)
Then forall x, ¥ € Ag
I1Lx — LY ll2,6vy) < Lillx — ¥llg, (48)
10:Lx — 0:LY M p20,v7) < L2 llx — ¥lly, » (49)
where
_1 1
L1 =1V 25_5, (50)
L=U+W+Q (51)
U= cvli(1+M,), (52)
_1 1 2
M, =v, *v;B,*, (53)
5;7162 566
B,° B °, e (12/5,3],
W= “ %2 2 re2/53] (54)

ciB,” B/, r> 3.
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Proof: Letu, vbe two weak solutions on [0, 2¢] such that u|[g¢] = X, ul[jo,e] = ¥, andsetw := u — v.
In view of (47), (21) is rewritten as

2r

d __3
py Wil + csv1 1wllfya ) + Cs/ I*(Du, Dv) dx < ¢ [vl "B A+ 1} lwilZ; -
Q

We replace norm of the second term of the left hand side with the equivalent norm |||y, . This yields,

d __3 2r
y Iwliz; + csvr lwll$, + cs / I*(Du,Dv) dx < ¢; [vl OB + 1] IwllZ; -
Q
Then by (47) we obtain,
d _
% Iwliz; + csvr w3, + cs / I*(Du, Dv) dx < c;¢7 " |[wlF; . (55)
Q

Neglecting the positive terms of the left hand side, we obtain from Gronwall’s Lemma
W@l < co W@l 0<s<t<2t (56)

where cg = exp((t — s)¢~') < exp(2¢7). In other words, the smallness of £ eliminates the (exponen-
tial) dependence of the Lipschitz constant of S(¢) on the viscosities.
Integrating (55) over (s,2¢), where s € (0, £) is fixed, one further derives

20 20 20
Cgulf [RZGEA dt+c8/ /Iz(Du,Dv) dxdt < ||w(s)||§{+C7z—1/ lw(®) 1% dt.
s s Q

s

By (56), we obtain fSM [lw(t) IIIZLI dt < 2c¢9l ||w(s) II%{. By substituting this back in the above inequality,
we obtain,

20 20
oy / Iw®II3, df + s / fg P(Du, Dv) dxdt < cro [w(s) I
S S

Integrating over s € (0, £) yields,

20 20 £
Evlf ||w(t)||%/2 dt—l—@/ /Iz(Du,Dv)dxdtS CU/ ||w(s)||%{ds.
s s Q 0

This proves (48). We also note here that

20 2 f ¢ 2
|:/ [ I?>(Du, Dv) dxdti| <L [/ ||w(s)||%_1 ds:| . (57)
s Q 0

To prove (49), (1) is used to get

20
||3tW||L2(e,zz;V;) = Supf (0w, @) dt,
v Je

20 2¢
= sup / / (S(Du) — S(Dv)) : Do dx dt—}—/ / WQu—vQ®v): Vodxdt
7 14 Q 4 Q

I L

20
+a/ / (s(uw) —s(v))w: pdSdt
¢ Jaq

I3
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where the supremum is taken over ¢ € L*(¢,2¢; V;) with [|¢| = 1. By Holder inequality
20 s
I < [ / IS(Du) — S(DV)||% dt}
¢
Then by (2), (18) we obtain

|S(Du) - S(DV)| < I(Du,Dv) (l)l + %] (|Du| + |Du|)r_2)l/2 ,

hence

/ l/'/
IS(Du) — S(DV)||, = /QIS(Du) — SDw)" dX} ,

IA

1
) r’ /r’
/ I” (Du, Dv) (v1 + v3 (IDu| + |Duly2) /2 dx] ’
Q

, l/ st S 1/ s
< / I*" (Du, Dv) dx} [/ (1)1 + v, (|Du| + |Du|)f—2) /2 dx:| .
Q Q

We choose s, s’ such that I/ +1/¢ = 1,7/s = 2 and r's' = ?"/,_,. Then we obtain

1/2 r 172/27
|S(Du) — S(Dv)||,» < [ / I?(Du, Dv) dxi| [ / (v1 + v2 (IDu| + |Dul)?) /-2 dx}
Q Q

M

Now we compute,

r 1/72/21'
M= vi/z [/ (1 + vl_lvz (|Du| + |Du|)r72) /-2 dx] ,
Q

172/27
1
< 6131)1/2 |:1 + vl_lvzf (|Du|r + |Du|r) dx:| ,
Q

< e (1+M,),

cf. (53). Note that the integral above cannot be bounded directly by B, in (40). But U in Lemma 4.2
is bounded by B,. Combining (50), (57)

L=<Ulx—-v¥lgy,-

Now we proceed to the estimate

2 20 Yy
bp) S/( /QIWI (lul + v)) Vo] dxdt < [/@ lwl (Jul + [vDI] df} .

Then we compute

1
7 ’ /r’
lwl (ul + VDIl = [/Q [wl™ (lul + [v)" dx} ,

< cis Iwily (2, + vl 22 )
r—2 r—2

We consider two cases
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(i) caser € (12/5,3]. Using (27), (40), we obtain
20 Y2
L < g [f lwii3 dt] sup [ lull 22 + vl 2 |,
¢ r— r—

te(t,20)

5r—12 6 20 5 Y2
< c1yB ¢ BT [ f 1wl dt] ,
Y4

=Wix = ¥lg,-

satisfying the first part of (54).
(ii) case r> 3. Using (32), (40), we obtain

20 Y2
L <ci6 [/ wli3 dt] sup [Ilullzir2 + IIVII%],
¢ r— r—

te(€,20)

r—2 2 20 5 1/2
< cisB, B! [/ ||w||2dt] ,
Y4

=Wlx = vlly, -

satistying the second part of (54). Finally, we estimate

with (5). This concludes the proof of the Lemma.

Now we formulate the main result.

Theorem 4.1: Let the stress tensor satisfy (2), (3) with r > 12/5. Then (1) has a global attractor A, and
its dimension can be estimated as

2(11r—6)
dff (A) < a9 <L‘1‘+£L1 ¥ L2> InLy, (58)

where L1, L, and £ are given in Lemma 4.3.

Proof: Follows exactly along the arguments of [13, Theorem 4.1], using the estimates of Lemma 4.3
above and Lemma A.3 below. [
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Appendices

Appendix 1. Coverings and fractal dimension

Now we present an elementary description of a class of Sobolev and Bochner spaces with fractional derivatives. These
formulations will be used to obtain covering numbers for compact embeddings. We follow a similar technique used in
[13, Section 7: Appendix], or [17, Secion 4]. Consider the following inhomogeneous Stokes problem,

ov—divDv+Vr =f, divyv=0 in Q,
v-n=0, —(DV)n+av = Bov on T, v(0) = v, in Q.

Then the above dynamical system defines the operator A which generates a strongly continuous analytic semigroup
on H with a compact resolvent with domain D(A) CC V, see [18, Theorem 1, p. 7]. We thus have linear (unbounded)
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operator A : D(A) — H satisfying,
@)y = (Au, @)y, YueDA),VepeV. (A2)

Moreover, from the same reference we have that A is surjective, and is also symmetric on its domain, i.e. for any
u,v € D(A) we have

(Au, vy = (u, Av)y . (A3)
Then by virtue of [19, Section 5, p. 168], we can define the domains fractional powers of the operator A. Then by
[20, Theorem 1.15.3, p. 114] for 0 < 6 < 1,

D(A?) C [LA(Q) x L*(3Q), H(Q) x L’(0Q)], — HY(Q) x L*(3%), (A4)

where H*(Q2) = W*2(Q), s € R. For more details on domains of fractional powers of matrix-valued operators, we refer
to [21] and references therein. Let wj, A; = 1,2, ... be the eigenfunctions and eigenvalues of the operator A respectively.

—divDw; = Ajw; inQ, (A5a)

div wi=0 ing, (A5b)

Dwjn + aw; = 1;Bw; ondS. (A5¢)

Note that we have taken 3;v = —A;v for 1; to be nonnegative. One can show that {wj}jen is a basis for V and H, it is

orthogonal in V and orthonormal in H. Moreover, we have lim;_, o A; = 400. See [11, Lemma 3.1]. We also have

1

G <x <G, (A6)

for dimension d = 3 by [18, Section 3.2], and Lemma A.7 for some positive constants C, C.Forb e R, one introduces
the space HY := HY(Q) x L2(3<Q) as

HY = HY(Q) x L*(0Q). (A7)
Let us define, H? := (H?(Q))’ x L*(32), with the duality given by the generalized scalar product in H. Further, we

define HY as a class of interpolation spaces in the sense that [HY1, Hb2], = H?, where b = (1 — a)b; + ab,. To relate
H to classical Sobolev spaces (product), observe that

|50 = @)l = 1ul3+ 8 gl 200 -
2
‘H = Za]z)\j’

j

2 2 2 2
= V13 g + B ller uls gy ~ lulZy ~ lull},  and

(Au,u)y = HAI/Zu

2 2
compute Au = Zajij = Zajkjwj,hence I Aulz = lully. .
j j

Similarly, an orthonormal basis for L(0, £) will be defined as

go() = 772, @u(t) = 272072 coskmrte™), k> 1. (A8)
One sets Lo = £72, uy = k*>m%£72. The space H*(0, £) is defined as

L
wmw=2@¢aﬁfmwma
P 0

The seminorm H?(0, £) will also be used,
2 2
161Fe 0,0 = D GH4Es
k£0
and the space H (0, £), in the definition of which ¢y (f)s are replaced by

() = 27207 2 sin(kneteY), k> 0.

Note that
i ~ K2,
1 (A9)
k()] 1Y) < et 2.
The dependence on ¢ has to be carefully traced down, since £ << 1 in the applications.
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Now we combine wj, ¢k to describe certain norms of fractional Bochner spaces. For u(x, t) : 2 x (0,£) — R3,
one sets

2 _ 24b,a
el e 0,000y = Z aj A5 Mo
ik

2 _ 2.b, a
Nl o 0,030y = Z ajAj o
k20

where aj = / v(x, t) - wj(x) gk (t) dxdt.
QxIQx(0,0)

As above, there is the introduction H (0, £; H?) using . in place of @g. It is straightforward to verify that

eell 20,560y = Netll o om0y = ”u“Hg(O,/é;H”) : (A10)
In the following Lemma from [13, Lemma 7.1], it is proven that the seminorm H 1(0, £) can be estimated in terms of
the time derivative. The value of b given in (A11) is obtained by (A20).

Lemma A.1: Letr > 2 and let b be given by

5r—6
b=2""2 jeb>1. (A1)
2r

Then

el g1 0,54y < €1 10ruell 120,67 -
Here 0, stands for the distributional derivative in Q x (0, £).

Then we obtain the following two Lemmas from [13, Lemma 7.2, Lemma 7.3] by devising similar computations.

Lemma A.2: Letr > 2, > 0 and C;,C, >> 1. Denote
M= {u: Il = Cu ldwlpopr < G-

There exists orthonormal projection P in L*(0, £; H) such that

dist (M, P(M)) < % (A12)
and
2(11r—6)
rank P < ¢ (c;1 +4C, ¥ c2> (A13)

Proof: The proof of this lemma follows similar argumentation as [13, Lemma 7.2]. By virtue of (A10) and Lemma A.1,
M can described by H°(0, ¢; H') and HO(0,¢; H?), where b = ¢"=9)/,.. Then the Fourier coefficients of u € M
satisfy
Y@<l Y @t < ad. (A14)
ik jk#0
Hence it is enough to take P as the projection to the span of

{w]-wk TAj < SC3Cf and py < SC4AJZ~’C§} .
First, we show that (A12) holds. First observe that, for u € M,

u= Zajkwj'wk» and Pu= Z Ak Wi Pk

ok {AJ§SC3C%, MkSSCU»jbC%]

Now we estimate

2 2
lu — Pull?, = > ay.

{)\j>8caC%, or /Lk>864k}’C§}
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We further estimate above two different cases separately,

lu— Pull? = Z afk, or [lu— Pull3 = Z afk.
{rj>8c3C2} iMk>SC4A}JC%]
Furthermore,
1 A
lu—Pulfy= > a]?kxj;, or llu—Pulf;= > akaj—”ukﬂ—’k,
{3j>863C2) / {m=seanic3)
combining both cases, we obtain
1
lu—Puly < ¢ (AL5)
Hence (A12). Now we recall (A6) and (A9), we estimate
b 4(b+3)
rankP < Y (1 + czzj/3) < (c‘l1 +0C,C, )
i =eci}
2(11r—6)
= ¢ (c‘f +eC, ¥ c2> , (A16)
|
Lemma A.3: The set M from Lemma A.2 can be covered by K balls of radii /5 in L*(0, ¢; H), where
2(11r—6)
InK < ¢ (c;‘ +eC, ¥ cz) InCy. (A17)

Remark A.1: The difference between the estimate obtained in [13, Lemma 7.2] and (A13) is due to the difference
between the lower and upper bounds of the eigenvalues in two cases. In the former, the authors had Aj~c jz/ 3, and in

our case we have le/ 2<) < Ejz/ 3. This difference is also evident in the estimate (A17).
Appendix 2.

Lemma A.4 ([22, Lemma I1.2.33, p. 66]): Let 2 be any open set afRd and let u € LP(2) N LI(Q) with 1 < p,q < oo.
Then for all r such that

1 6 1-6
- =—-—4+—, 0<6<1l,
rop q
we have u € L'(2), and
lall, < Nully Nully™ (A18)
Theorem A.2 ([22,p. 173]): Let 2 be a Lipschitz domain in R4 with compact boundary. Letp € [1,00] andq € [p, dlidp].
There exists a C > 0 such that
14/, —dy d_d
lellza) = Cliellpg ||</J||W'71,p(gg)> forall g € WP (Q). (A19)

Lemma A.5 ([23, Lemma 1.11, p. 63]): Let Q € C*! and q € (0,+00). Then there exists a positive constant C,
depending only on Q and g, such that for all v € W9(Q) which has the trace tr v € L*(3R2), the following inequality
hold,

Iwllwra < C(”Dv”Iﬂ(Q) + [t V||L2(3§z)) ,

Wl wia) < C(IDVIa@) + 1vl2@) -

Theorem A.3 ([20, p328]): Let Q be an arbitrary bounded domain, Q C R Let0 <t <s < ooandoo > q>49>1
Then, the following embedding holds true:

wHi(Q) ¢ Wh(Q), s— (A20)
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Lemma A.6: Let Q C R3? be a bounded domain. Then

2

12
lulls < co lull3 Nl yra gy (A21)
for any function u € WH3(Q).
Proof: By interpolation result (A19), we obtain
1o
lulls < e N3 Nl s gy - (A22)
Then by (A18), we obtain
11
lulls < llully llullg - (A23)
By combining above two inequalities, we obtain the result. |

Lemma A.7: Let the dimension of Q2 be d. Then the eigenvalues {A;} of the problem (A5) are bounded above by cjz/d where
c>0.
Proof: The asymptotic behavior of the eigenvalues A; as j — oo can be estimated using the Rayleigh quotient

_ fQ |Dul? dx—l—afm lu|?> dS
C folul? dx+ B fog lul? dS

R(u) (A24)

With this notion we have
Aj= _inf sup R(w), (A25)
MeX;(V) yeM\{0}
where X;(V) is the j-dimensional subspaces of the space V with divergence free condition and zero normal component.
Then we estimate

”u”%\/l,Z(Q)
R(w) < e V22 (A26)
llull3
Therefore
. ”u”%/vl,Z(Q)
Aj<c _inf SUp  ————— = Clkk, (A27)
MeXi(W) yepnfoy  lluell;

where space W with divergence free and zero boundary conditions, i.e. W C V. Now this upper-bound cji is related
to the following Stokes-eigenvalue problem

Au+Vmr = pru in £,
divu=0 in&,
u=0 ondf.

It is shown in [24] that uj ~ k4. Hence we have A< cjz/d. | |
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