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Abstract

Spins in a solid-state environment and photons are both promising physical systems regarding
the implementation of qubits. Whereas electron and nuclear spins act very well as localized qubits
that are able to store and process quantum information, photons are the primary candidates to
transmit quantum information between distant locations. Entanglement, on the other hand, is a
fundamental resource of quantum information processing enabling, e.g., secure communication
over long distances. The generation and manipulation of entanglement are thus fundamental steps
in order to leverage the benefits of quantum information processing. The aim of this dissertation
is therefore to theoretically investigate entangling mechanisms for various physical systems.

A functioning source of entangled photons is a basic hardware component required for quantum
communication. To this end, we study a system composed of semiconductor quantum wells inside a
microcavity, known as intersubband cavity system, in which the interaction of the electronic system
with the cavity field can reach the ultrastrong coupling regime. The ground state contains a finite
number of photons, and we find that these photons are entangled. The amount of entanglement
is quantified analytically, and maximal entanglement is found to be possible.

The technique of entanglement purification allows to restore maximal entanglement that has
decreased, e.g. due to decoherence. Purification requires quantum memory, a role for which
electron spins in electrically-defined quantum dots are well suited. However, existing purification
protocols are rather unpractical in this case. Here, the concept of asymmetric bilateral two-qubit
operations is introduced to purify spin entanglement by harnessing the typical interaction between
electrons in neighboring quantum dots. As it turns out, this concept can be applied to a variety of
qubit systems, e.g. superconducting qubits or spins in nitrogen-vacancy centers in diamond.

The latter example offers several possibilities to implement a qubit, of which the intrinsic nitro-
gen nuclear spin has proven its viability in many ways. We develop a scheme to deterministically
couple two nuclear spin qubits, in which the interaction is mediated by an optical cavity. It is
found that an entangling two-qubit gate, also required for universal quantum computation, can
be implemented with operation times below 100 nanoseconds, i.e. several orders of magnitude
faster compared to the decoherence time of the nuclear spin.

The verification of entanglement, which is required e.g. in entanglement-based quantum com-
munication to detect an eavesdropping attack, typically involves a measurement of qubit states.
Using the input-output formalism, we derive a fully quantum-mechanical model of an optical

readout scheme to measure the spin state of an electron in a self-assembled quantum dot.






Zusammenfassung

Spins in Festkorpersystemen wie auch Photonen sind beides vielversprechende physikalische
Systeme in Bezug auf die Umsetzung von Qubits. Elektronen- und Kernspins werden einerseits als
lokalisierte Qubits verwendet, die in der Lage sind, Quanteninformation zu speichern und zu ver-
arbeiten. Um Quanteninformation zwischen verschieden Orten zu tibertragen, kommen dagegen
hauptsédchlich Photonen zum Einsatz. Verschrankung an sich kann als grundlegende Resource
der Quanteninformationsverarbeitung angesehen werden, die z. B. sichere Kommunikation iiber
weite Distanzen ermoglicht. Die Erzeugung und Verarbeitung von Verschrankung sind daher
grundlegende Vorginge, um die Vorteile der Quanteninformationsverarbeitung auch tatsichlich
nutzen zu konnen. Eine theoretische Untersuchung von Verschrankungsmechanismen in Bezug
auf verschiedene physikalische Systeme ist daher das Ziel dieser Dissertation.

Eine funktionstiichtige Quelle verschriankter Photonen gehort zur Grundausstattung, um Quan-
tenkommunikation zu betreiben. Zu diesem Zweck wird ein System bestehend aus Halbleiter-
Quantentdpfen in einem Hohlraumresonator untersucht. Die Wechselwirkung zwischen dem
elektronischen System der Quantentdpfe und dem elektromagnetischen Feld im Inneren des
Hohlraumresonators kann dabei so stark sein, dass der Bereich der ultrastarken Wechselwirkung
erreicht wird. Der Grundzustand enthélt dann bereits eine endliche Anzahl Photonen und wird
gezeigt, dass diese verschrankt sind. Der Grad der Verschrankung wird analytisch quantitativ
bestimmt und es zeigt sich, dass maximale Verschrankung méglich ist.

Das Prinzip der Verschrankungsreinigung ermoglicht es, maximale Verschrankung wieder-
herzustellen, welche beispielsweise durch Dekohdrenz verringert wurde. Die Reinigung an sich
bendtigt einen Speicher fiir Quanteninformation, wofir sich Elektronenspins in elektrisch-defi-
nierten Quantenpunkten sehr gut eignen. Bestehende Protokolle zur Verschrankungsreinigung
sind fiir solche Systeme allerdings eher unbrauchbar. In dieser Arbeit wird dazu das Konzept
asymmetrischer bilateraler Zwei-Qubit Operationen eingefiihrt, um die Verschrankung zwischen
Spins reinigen zu kénnen. Dabei wird lediglich die typische Wechselwirkung zwischen Elektronen
in benachbarten Quantentopfen ausgenutzt. Wie sich hierbei herausstellt, kann das eingefiihrte
Konzept auch fiir weitere Qubit-Systeme verwendet werden, z. B. fiir supraleitende Qubits oder
Spins in Stickstoff-Fehlstellen-Zentren im Diamanten.

Das letztere Beispiel bietet sogar mehrere Moglichkeiten zur Umsetzung eines Qubits. Darunter
befindet sich auch der intrinsische Kernspin des Stickstoffatoms, der sich bereits in vielerlei Hin-

sicht bewahrt hat. In dieser Arbeit wird ein Mechanismus zur kontrollierbaren Kopplung zweier



ZUSAMMENFASSUNG

Kernspin-Qubits entwickelt, bei dem die Wechselwirkung durch einen optischen Hohlraumres-
onator vermittelt wird. Es wird gezeigt, dass ein verschrankendes Zwei-Qubit Gatter, welches
auch zum universellen Quantenrechnen benétigt wird, in unter 100 Nanosekunden ausgefiihrt
werden kann. Dies ist mehrere Groflenordnungen schneller als die Dekohérenzzeit des Kernspins.

Der Nachweis von Verschrankung wird beispielsweise dazu benétigt, um einen Lauschangriff
in Quantenkommunikationsprotokollen aufzudecken, die auf der Verwendung verschrankter
Zustande basieren. Dazu werden typischerweise Messungen von Qubit-Zustinden benétigt. Um
den Spinzustand eines Elektrons in einem selbstassemblierten Quantenpunkt zu messen, wird hier
ein quantenmechanisches Modell fiir einen optischen Auslesevorgang mit Hilfe des Input-Output

Formalismus entwickelt.
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Introduction

Entanglement is a fundamental feature of quantum mechanics that puzzled many of the founders
of the theory, including, among others, Albert Einstein and Erwin Schrédinger [1, 2]. Back then it
lead rather to a debate on nonlocality and realism within the theory of quantum mechanics itself,
while nowadays entanglement can be seen more as a powerful resource in the context of modern
technology that may enable perfectly secure communication and quantum computation [3, 4].

Everyday life is influenced more strongly than ever by information technology (IT), e.g. through
the use of e-mail, smartphones or social media. Therefore, the development of secure tools and
components that can guarantee the protection of information on the private, industrial, and
governmental level is a highly desirable aim for future IT security.! Whereas present-day en-
cryption methods, especially the RSA cryptosystem [5], rely on computational disadvantages
of classical computers and could, in principle, be broken with quantum computers, the field of
quantum cryptography provides a means for perfectly secure communication [3, 4]. In general,
cryptology describes the process of encrypting (cryptography) and decrypting (cryptanalysis)
secret information that is exchanged between two parties. This is a common procedure that is
apparently necessary if one thinks, e.g., of financial transactions. The crucial part in cryptographic
schemes is the security against any eavesdropping by undesired third parties to obtain the secret
information.

As already pointed out, quantum computers are capable of breaking classical encryption schemes.
However, quantum mechanics also provides completely secure methods of cryptography, which,
in principle, no eavesdropper is able to overcome [6, 7]. One of them is entanglement-based
quantum key distribution (QKD) to remotely generate a secret key for secure encryption if the
two parties share a maximally entangled two-qubit state [7]. Usually, an eavesdropper has to

perform some kind of measurement on a quantum system to gain information about its state.

IThe German Federal Office for Information Technology registers, e.g., five targeted eavesdropping attacks on the
Federal Office of Administration per day and the worldwide economic loss through cyber crime was estimated to
amount up to 575 billion dollars in the year 2013. The numbers are taken from a recently published booklet (March
2015) about the "Forschungsrahmenprogramm" Selbstbestimmt und sicher in der digitalen Welt of the German Federal
Ministry of Education and Research (http://www.bmbf.de/pub/Forschungsrahmenprogramm_IT_Sicherheit.pdf).



CHAPTER 1: INTRODUCTION

However, the quantum state is affected by the measurement, and especially, entanglement is lost.
Hence, two communicating parties can reveal the presence of an eavesdropping attack by its
unavoidable perturbation of a shared entangled two-qubit state. It is thus a fundamental law of
physics that provides security in entanglement-based QKD [7].

For the real-world application of QKD and other quantum communication protocols, the gen-
eration of long-distance entanglement is indispensable. For this purpose, one has to counteract
the unavoidable signal attenuation due to the interaction of the entangled particles with their
environment. Whereas in classical communication technology intermediate repeater stations
amplify and restore a signal that has been attenuated during the travel from sender to receiver,
a component known as quantum repeater enables the creation of long-range entanglement for
the purpose of long-distance quantum communication [8, 9]. The working principle of quantum
repeaters essentially requires the ability to establish entanglement between intermediate nodes
and subsequently increase the amount of entanglement using purification techniques [10, 11].

Another branch of quantum information processing is quantum computation [3, 4], a technology
inspired by the idea of Richard P. Feynman in 1982 who suggested the simulation of a quantum
system using an apparatus of quantum-mechanical nature itself instead of classical computers
[12]. The first universal quantum computer was described by David Deutsch in 1985 [13], and
attention increased further through the development of quantum algorithms that outperform their
classical counterparts, e.g. Grover’s algorithm to speedup the search in an unsorted database [14]
or Shor’s algorithm to efficiently find the prime factors of an integer [15]. The implementation
of an entangling quantum gate between two qubits is a fundamental requirement for universal
quantum computation [3, 16]. Any quantum circuit in the form of a unitary operation on a given
number of qubits can be constructed from arbitrary single-qubit operations and the entangling
two-qubit controlled-NoT gate, which is then said to be a universal set of quantum gates.

The requirements for a physical system to be of potential use for quantum computation and

communication have been summarized by D. P. DiVincenzo in Ref. 17. The first five criteria are:
(i). The system must be scalable and exhibit well characterized qubits.
(ii). The state of the qubits can be initialized to a simple fiducial state.
(iii). The decoherence times of the qubits are much longer than the gate operation time.
(iv). A universal set of quantum gates can be implemented.
(v). The capability to measure the qubits.

These criteria are sufficient for quantum computation. However, in order to be of possible use in

quantum communication, a physical system must fulfill the two extra requirements [17]:

(vi). An interface between stationary and flying qubits must be available.



(vii). Flying qubits can be faithfully transmitted between specified locations.

In this thesis, we concentrate on realizations for quantum information processing based on
solid-state systems [18-26]. Stationary qubits are thereby typically represented by electron or
nuclear spins, which show remarkable coherence properties. Additionally, solid-state systems bear
the potential of providing a scalable qubit architecture and some of the required technological
resources already exist from conventional electronics. Within this thesis, several different systems
are studied with respect to entanglement generation and manipulation, which are separately
described in the following chapters. We provide a detailed introduction into the topic and an
overview of the actual state of research at the beginning of each of these chapters.

In Chap. 2, we introduce and mathematically define the notion of bipartite entanglement
(Secs. 2.1 and 2.2). We describe how to quantify entanglement in terms of the von Neumann
entropy for pure states and the entanglement of formation for mixed states (Sec. 2.3), which is
required at a later stage to quantify the entanglement of two photons. The subsequent Chap. 3 shall
introduce some of the fundamental concepts of quantum information processing that strongly
motivate the work of this thesis. After defining the qubit as basic unit of quantum information in
Sec. 3.1, we describe the circuit model of quantum computation (Sec. 3.2) and afterwards work
step by step towards the quantum repeater protocol in more detail (Secs. 3.3 to 3.6).

Having the basic information at hand that generally motivates the work presented within this
thesis, we start with the description of a solid-state based source of entangled photons in Chap. 4.
Such a component is required since photons are typically used as a carrier for the transport of
quantum information [27]. We propose a scheme to generate entangled photons from the ground
state of the intersubband cavity system (Sec. 4.3), which already contains correlated photon pairs
if operated in the so-called ultrastrong coupling regime. In Sec. 4.4, we demonstrate how these
correlations lead to entanglement (Sec. 4.4.1) and quantify the amount of entanglement in order
to estimate the usability for quantum information processing (Sec. 4.4.2).

Chap. 5 deals with a method to restore entanglement, which is known as entanglement pu-
rification. It is an indispensable task in realistic scenarios due to the loss of quantum coherence,
e.g. through the interaction of quantum systems with their environment. The original task is
to develop a purification protocol specifically for electron spin qubits in lateral quantum dots
(Sec. 5.2), for which we derive an efficient solution by introducing the concept of asymmetric
bilateral operations (Sec. 5.3). However, it turns out that this concept can be applied to a variety
of spin-spin interaction types (Sec. 5.4).

We continue in Chap. 6 with another kind of spin that can be utilized as qubit, namely the
nitrogen nuclear spin of nitrogen-vacancy (NV) centers in diamond. We begin with a description
of the physical properties the NV center (Sec. 6.2) that is followed by a thorough overview of the
vast number of experimental and theoretical achievements with respect to quantum information
processing (Sec. 6.3). In Sec. 6.4, we then develop a mechanism to couple two distant nuclear spin

qubits and eventually implement a two-qubit quantum gate between them.
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The last project described in Chap. 7 is about work, which evolved during a research visit at
Stanford University. The measurement of a qubit state is a basic step in many quantum communi-
cation protocols and in the circuit model of quantum computation. Furthermore, the verification
of entanglement typically involves measurements, i.e. a spin readout in the case of spin qubits.
Electron spins in self-assembled quantum dots (Sec. 7.2) have also been considered for the real-
ization of qubits and we develop a quantum-mechanical description of a possible qubit readout
scheme in Sec. 7.3.

In the final chapter (Chap. 8), we conclude by summarizing our results and giving an outlook
based on the concepts developed within this thesis. All technical methods that are required at

some stage in this thesis can be found in the appendix (Appendices A to E).



Entanglement

2.1 Introduction

A quantum-mechanical phenomenon that does not have a classical analog is the appearance of
so-called entangled states [28]. Entanglement can arise in composite quantum systems and leads
to correlations between the subsystems that cannot be described by any classical formalism. The
first descriptions of entanglement were on the one hand given by A. Einstein, B. Podolsky, and
N. Rosen in their seminal work on the EPR paradox [1], and on the other hand by E. Schrédinger
[2] who also introduced the German word Verschrinkung to describe the phenomenon, from
which the denomination entanglement actually originated. Before giving a precise mathematical
definition of entanglement, we start with a basic example to point out the quantum correlations
mentioned before. Consider a quantum system composed of two subsystems, which are commonly
named system A and system B. Each subsystem is a quantum-mechanical two-level system with
states |0) and |1), respectively. Quantum mechanics allows the system to be in a superposition

state, e.g.

yo L _
|¥ )—\/E(IOD 110)), (2.1)

where we used the short-hand notation |ij) = |i), ® |j)s. If one of the two subsystems is measured,
it will be in state |0) or |1) with equal probability, and the other system will be projected into a
definite state. We therefore do not have any knowledge about the subsystems themselves. However,
the total system is in a pure state, i.e. one has maximal knowledge about the whole system.! This
circumstance has been recognized already by E. Schrodinger in 1935, when he wrote [2]: "So verfiigt
man vorlaufig (bis die Verschrankung durch eine wirkliche Beobachtung geldst wird) nur tiber
eine gemeinsame Beschreibung der beiden in jenem Gebiet von héherer Dimensionszahl. Das ist
der Grund, weshalb die Kenntnis der Einzelsysteme auf das Notdiirftigste, ja auf Null herabsinken
kann, wahrend die des Gesamtsystems dauernd maximal bleibt. Bestmégliche Kenntnis eines

Ganzen schliefit nicht bestmogliche Kenntnis seiner Teile ein — und darauf beruht doch der ganze

I This circumstance can also be quantified in terms of the von Neumann entropy, see Sec. 2.3.
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Spuk."?

The fact that a measurement on one of the subsystems instantaneously affects the other one, no
matter how far they are apart, was a puzzling feature of quantum theory at this time. So-called local
hidden variable theories (LHVTs) have therefore been introduced and considered as alternative
approaches to quantum mechanics in order to resolve this issue [29]. As the terminology already
suggests, these theories contain hidden and inaccessible variables that contain deterministic infor-
mation about future measurement outcomes. Especially, if the locations are space-like separated,
the obtained results should be independent. However, J. S. Bell could demonstrate in a seminal
article that the assumptions of a LHVT lead to constraints on the correlations of measurement
results, which are known as Bell inequality [29]. The important point is that the Bell inequality is
violated if the total system is described by specific entangled states, e.g. the state |¥~) in Eq. (2.1).
This circumstance provides a means to experimentally falsify the concept of local hidden variables.
The violation of a generalized version of Bell’s inequality, known as the CHSH inequality [28],
was demonstrated using entangled photon pairs [30, 31] and therefore, LHVTs could be ruled out
as alternative theories to quantum mechanics.

But entanglement does not need to be only a mysterious and counterintuitive feature of quantum
mechanics. Especially in the context of quantum information processing, entanglement can be
viewed as a resource that enables certain tasks. Among these are entanglement-based quantum
cryptography [7] and quantum teleportation [32], the latter being described in Sec. 3.4. In the
following, we concentrate on bipartite entanglement, which has been the most studied case in the
literature and is required in many parts of this thesis, specifically for two-level systems. It is an
ongoing challenge to characterize entanglement of mixed bipartite states in multidimensional
systems, not to mention entanglement of multipartite systems in general. An overview of these

topics can be found in Ref. 28.

2.2 Definition of Bipartite Entanglement

In this section, we give the definitions of bipartite entanglement for pure and mixed states. In
both cases, we consider a system that is composed of two quantum-mechanical subsystems. We
adapt the commonly used notation in quantum communication and refer to the two entities as
subsystem A and subsystem B, which stands for the two communicating parties Alice and Bob,
respectively. The states of subsystem A are described by vectors from a Hilbert space H,, with
dimension d,, whereas the Hilbert space H; with dimension dy contains the state vectors of
subsystem B. Following the quantum-mechanical formalism for composite systems, the Hilbert

space H of the composite system is given by the tensor product of the Hilbert spaces H, and Hp,

H =H, ® Hs. (2.2)

2An English translation can be found, e.g., in Ref. 28.
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If {|a;)a} is an orthonormal basis of the Hilbert space H,, and {|b;)s} of H, then a pure state that
describes the total system is a vector |/) from the product space H that is generally given by

dy dy
) = chij’aibj>, (2.3)

i=1 j=1

with some complex coefficients c;;, and we again used the abbreviated notation |a;b;) = [a;)s®|b;)s.
An entangled pure state can be defined in a simple way. If it is possible to find states [¢p), € H,
and |v) € Hj in such a way that the pure state |{/) € H, ® H; can be written as

V) =1¢).®1V)s, (2.4)

then |¢/) is called a product state or separable. Otherwise, the pure state |i/) is called entangled
[28].If |¢/) is a separable state, Alice and Bob have prepared their systems locally and independent
of each other in the states |@), and |v)g, respectively. This cannot be done to generate entangled
states, for which Alice’s and Bob’s system need to interact directly or via an ancillary system. A
useful tool to decide whether a pure state is entangled or not is the so-called Schmidt decomposition
[3]. For a given state |{/) € H, ® H, there exist orthonormal states |@;), in H, and orthonormal

states | ;)5 in Hy such that |/) can be decomposed as

R
|‘//>=Z)tk|akﬁk>, (2.5)
P

with some positive real numbers A, called the Schmidt coefficients that fulfill the relation Zle IZC =
1. The number R < min{d,, dy} is the so-called Schmidt rank of the state |{/). The numbers Ai are
the eigenvalues of the reduced density matrices of either subsystem A or B [3], which provides a
means to calculate the Schmidt rank R. According to the definition of entanglement given above,
a pure state is separable if and only if it has a Schmidt rank R = 1.

So far, only the definition of separability for pure states has been discussed. However, and this
is the more realistic scenario encountered in the laboratory, the bipartite system can be in a mixed

state due to a lack of information, described by a density matrix
p=>ail¢i) (il (2.6)
i

where the eigenstates of p are denoted as |¢;), and the real positive eigenvalues g; satisfy the
relation }}; q; = 1. The physical motivation for the definition of mixed-state entanglement
originates from the type of correlations that a mixed state can exhibit. For the preparation of p
one could imagine the following situation. Alice prepares a state p? with some probability p; and

communicates the information about what state she prepared to Bob over a classical channel.



CHAPTER 2: ENTANGLEMENT

Depending on which state Alice prepared, Bob will prepare his system in a specific state p7. In

doing so, the total system is prepared in the state
p=) pip}®ph, (2.7)

which is the most general state that can be prepared by Alice and Bob using only local operations
and classical communication (LOCC). The correlations that the state in Eq. (2.7) exhibits arise
from the probabilities p; and thus, they have a purely classical origin. Entanglement of mixed
states is therefore defined in the following way. A mixed state p of a bipartite system is separable
if and only if it can be written as a convex combination, i.e. with coefficients p; > 0 and }; p; = 1,
as given in Eq. (2.7). Otherwise, the mixed state p is said to be entangled [33]. The number of
convex weights p; in the case of a separable mixed state is constrained by the dimensions of the
Hilbert spaces H, and Hj to be maximally d2d? [28]. An entangled mixed state shows correlations
that cannot be produced only by LOCC, but the two subsystems need to interact in some way.
Formulated in a more mathematical terminology, this means that an operator describing the
unitary evolution of the composite system must act nonlocally, i.e. on states of both Hilbert spaces
‘H, and Hj to entangle an initially separable state.

Whether a pure bipartite state is separable or entangled can easily and with certainty be
answered using the Schmidt decomposition [Eq. (2.5)], as described before. However for mixed
bipartite states, this question is in general hard to answer and a general criteria for arbitrary
dimensions has not yet been developed [28]. As an example, we describe the so-called positive
partial transpose (PPT) criterion, also known as Peres-Horodecki criterion, to detect bipartite
entanglement of mixed states. A general density matrix of the composite system can be expressed

as

p=" > Pkt 114 1@ 1K)y (L1, (2.8)
ij ki
where {|i),} and {|k)s} are sets of orthonormal vectors in H, and Hj, respectively. The par-

tial transpose is defined as the transposition with respect to only one of the two subsystems,

e.g. subsystem A,
pr= D D Pkt DA (il @ k) (1] (29)

ij ki
A density matrix p is called PPT if the partial transpose is positive semidefinite, p™ > 0, i.e. it
has no negative eigenvalues. The PPT criterion ensures that if p is separable, then p™ > 0 or
equivalently p™ > 0 [34]. Thus, if one eigenvalue of the partial transpose is found to be negative,
one can deduce that the state is entangled. The PPT criterion is in general not sufficient for
separability, i.e. there exist entangled states that are PPT. However, in the special cases d, = 2

and dy = 2 or 3, PPT does imply that the state p is separable [35].
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2.3 Entanglement Measures

In the previous section, the concept of entanglement was described for pure and mixed states in
the bipartite case. A further interesting question, which is also relevant in Chap. 4 within this
thesis, is how much a state is entangled. The motivation to quantify entanglement also comes
from the distribution of so-called maximally entangled states in quantum communication [28],
e.g. in the quantum teleportation protocol (see Sec. 3.4). If the distributed states are not maximally
entangled, a faithful teleportation cannot be guaranteed. In the case of pure states, a convenient

entanglement measure is the entropy of either subsystem [36], called entropy of entanglement,

E([¢)) = S(pa) = S(ps). (2.10)

Here, S(p) = —Tr(plog, p) is the von Neumann entropy, and p, = Trs(|¢)(¢¥|) and py =
Tra(|/ ) (¥ |) are the reduced density matrices of subsystem A and B, respectively. In this sense,
one can relate the amount of entanglement to the missing information about the states of the
subsystems themselves. From the definition in Eq. (2.10) one can immediately see that if |¢/)
is a separable state, then the reduced density matrices describe pure states and hence, the von

Neumann entropy is zero. If the reduced density matrices are maximally mixed, i.e.

1
Pa = Ps = EH’ (2.11)

in case of two d-dimensional systems, then the total state is maximally entangled and the entropy
of entanglement is S(p,) = S(ps) = log, d. For two-level systems, or qubits (see Sec. 3.1), the
maximal amount of entanglement is E(|¢/)) = 1. An orthonormal basis of maximally entangled

two-qubit states is given by the so-called Bell states,

|<I>i>=iz(|00>i|11>), (2.12)
[¥%) = —— (J01) £ |10)). (2.13)

V2

that are required for many purposes in quantum communication, of which some are explained in
Chap. 3. Finally, it is worth mentioning that the amount of entanglement cannot be increased by
only local operations or by LOCC [28, 36].

Compared to the case of pure states, the quantification of entanglement for mixed states is not
as straightforward. Several measures have been proposed in the literature based on some basic
requirements that an entanglement measure should have. These are, e.g., that the entanglement
must be zero for separable states or that it cannot increase under any LOCC operation. A detailed
discussion would exceed the introduction given here, but can be found, e.g., in Ref. 28. We only

introduce a measure called entanglement of formation [36], for which an analytical solution in
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Figure 2.1 - Entanglement and concurrence. Entanglement of formation E;(p) as a function
of the concurrence C(p) [Eq. (2.17)]. Monotonicity suggests the use of the concurrence itself as a
suitable entanglement measure.

the case of two two-level systems has been found [37], and that is used later on in this thesis to
quantify the amount of entanglement between two photons. The entanglement of formation is
one of the so-called convex roof measures. A general mixed state p can be decomposed into pure
states [;), i.e.

p=2mw»wm (2.14)

with some convex weights p; > 0 that satisfy the relation }}; p; = 1. The decomposition in Eq. (2.14)
is not unique, and the entanglement of formation E;(p) of a bipartite mixed state p is defined as
the average entropy of entanglement E(|i/;)), minimized over all possible decompositions {p;, |1/;)}
[36],

Ex(p) = min ) piE(|91)). (2.15)

The definition of the entanglement of formation is justified by the circumstance that Alice and
Bob need to share E;(p) maximally-entangled states to create the state p without transferring any
quantum information between them [36]. It is generally a hard task to compute the entanglement
of formation for mixed states because the calculation involves the minimization over all possible
ensembles {p;, [{/;)}. However, in the case of two qubits, the convex roof in Eq. (2.15) can be
calculated analytically by means of the so-called concurrence [37]. Although it seems to be merely
a special case for which the entanglement of formation can be computed analytically, the study of
entanglement of two-qubit systems is fundamentally important in the application of quantum

information processing. The concurrence can be calculated explicitly from the density matrix p,

3This statement has to be understood in the asymptotic limit of Alice and Bob sharing n maximally-entangled states,
from which they can produce a larger number m of states p, and the ratio n/m approaches the entanglement of
formation Ex(p) in the limit of large n [36].

10
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and is given by the expression
C(p) = max{0,A; — Az — A3 — A4} (2.16)

Here, the A; are the eigenvalues of the Hermitian matrix R =, 4/ppy/p in decreasing order, and the
transformed density matrix is p = (o, ® 0y)p*(0y ® 0y), where p* denotes complex conjugation

of p in the basis {|0), |1)}. The entanglement of formation and the concurrence are related via the

1+\/1—C2(p))

2

expression [37]

Ex(p) = h( (2.17)

where h(x) = —xlog,(x) — (1 — x) log,(1 — x) denotes the binary entropy function. Since the
entanglement of formation E;(p) monotonically increases from 0 to 1 as a function of the con-
currence C(p) in the range from 0 to 1 (Fig. 2.1), the concurrence itself may be used as a suitable

entanglement measure [37].
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Quantum Information Processing

3.1 Quantum Bits

The fundamental unit of quantum information is the quantum bit, usually named qubit [3]. The
name stems from its classical counterpart, the bit, which is the basic unit of classical information
and can have one of two values, e.g. represented as 0 and 1. From a physical point of view, the
qubit is a quantum-mechanical two-level system. The states representing these two levels are
commonly named |0) and |1), which is also referred to as the computational basis. The crucial
difference between the bit and the qubit originates from a fundamental law of quantum mechanics,
namely the superposition principle. Whereas the classical bit is either in state 0 or in state 1,
the qubit can be in an arbitrary superposition state |¢/), which is a linear combination of the

computational basis states,

[¥)=al0)y+p|1), (3.1)

with some complex probability amplitudes a and . When the qubit is measured in the computa-
tional basis, it is only possible to tell with certain probabilities |a|? and |B|? if the measurement
outcome will be that the qubit was in state |0) or |1), respectively. Because the probabilities must
sum to one, we have |a|? + |$|* = 1. From a more mathematical point of view, the state of a qubit
is therefore a unit vector in a two-dimensional complex vector space. Since it is a unit vector,

Eq. (3.1) can also be rewritten in the following form,
0 ; 0
|¢>=cos(5)|0)+e’¢sin(§)|1> (3.2)

with two real numbers 6 (0 < 6 < n) and ¢ (0 < ¢ < 27).! The form in Eq. (3.2) allows for a
pictorial geometric representation of the qubit state. The numbers 6 and ¢ define points on a
three-dimensional unit sphere if they are interpreted as angles, as shown in Fig. 3.1. A point on the

surface of this sphere thus corresponds to a specific pure state of the qubit. The sphere of all qubit

Here, a global phase factor of €'Y is ignored. However, this factor has no physical effects and can therefore be
neglected.
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Figure 3.1 — Bloch sphere. The pure state |[/) of a qubit can be represented by a point on the
Bloch sphere, parametrized by the two angles 6 and ¢ [Eq. (3.2)]. The poles correspond to the
computational basis states |0) and |1). Other superposition states on the equator of the Bloch sphere
are indicated.

states is known as the Bloch sphere. The poles of the Bloch sphere are the computational basis states
|0) and |1), and every other point is a superposition of them. The states in the equatorial plane of
the Bloch sphere correspond to superposition states with equal probabilities |a|* = |]? = 1/2.
In reality, qubits always interact with their environment, which can cause changes in the actual
qubit state. If there is an energy difference between the computational basis states, unwanted
transitions from the state |0) to the state |1) might happen on a characteristic timescale T; due to
the influence of the environment. (Here, we assume the energy of |0) to be higher compared to
|1).) Furthermore, phase coherence is typically lost as well due to uncontrolled interaction with

the environment on a timescale T, that quantifies a decay of the form [0) + |1) — {|0), [1)}.

3.2 Elements of Quantum Computation

The manipulation and measurement of a number of qubits in a quantum computer can lead to an
immense enhancement of computational power compared to a classical machine for (so far) very
specific computational tasks. A first example to be mentioned is Grover’s search algorithm [3, 14].
In terms of computational steps, this algorithm provides a quadratic speedup in searching through
an unsorted database compared to the best possible classical search algorithm, which proves
that a quantum algorithm can outperform a classical one. Another example that even shows an
exponential speedup compared to all known classical algorithms, is Shor’s algorithm to efficiently

find the prime factors of large integer numbers [3, 15].? The problem size to factorize an integer

2The advantage of using a quantum algorithm to solve a specific task compared to classical computing is proven for
Grover’s algorithm. However, in case of Shor’s algorithm, there is currently no classical algorithm known that can

14
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Figure 3.2 — Circuit model of quantum computation. (a) A quantum computation is a unitary
operation U on a quantum register composed of m qubits that are initialized to the state [i/;). The
final state after the computation is given by |s) = U|¢s). (b) Circuit representation of a single-qubit
operation U. (c) Circuit representation of the cNoT gate. Control and target qubits are indicated.

N can be quantified by the number of bits required to represent N, which is n = [log, N1. The
number of operations scales ~ exp(cn'/3) with some constant ¢ for the fastest known classical
algorithm. In contrast, the required number of operations to implement Shor’s factoring algorithm
scales ~ n?. This circumstance received considerable attention since many of the encryption
schemes nowadays used in information technology, e.g. the RSA cryptosystem, directly rely on
the inability to efficiently factorize large numbers.

In the circuit model of quantum computation, a quantum computer can be thought of a collection
of m qubits, which represent a quantum register of size m. The quantum computation itself then
consists of quantum circuits, in which a specific sequence of quantum gates are applied to one or
more qubits (Fig. 3.2). Quantum mechanics requires all these gates to be unitary transformations.
Before the computation, the qubits need to be initialized to a certain state, which is the input to
the quantum circuit. Due to the superposition principle, a quantum computer can perform the
computation for exponentially many input states at once, since the available state space grows
exponentially with the number of qubits m. This is also referred to as quantum parallelism. After
the computational steps in form of unitary transformations have been applied, several qubits
may be subject to a measurement in order to obtain some desired result. In analogy to circuits
of classical computation, it can be shown that every quantum circuit on any number of qubits
can be constructed from a finite set of quantum gates, which is then said to be universal [3].
Especially, arbitrary single-qubit rotations together with the two-qubit controlled-NoT gate [see
Eq. (3.8) below] are sufficient [16]. In the following, we introduce a number of common single- and
two-qubit quantum gates, which are also fundamental building blocks of protocols for quantum

communication and are specifically required in some parts of this thesis.

factorize numbers with polynomial effort. The question of finding such an algorithm is related to one of the major
unsolved problems in mathematics and computer science, namely the P versus NP problem [3].

15
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Single-Qubit Gates

Often used single-qubit operations are given by the Pauli matrices,

0 1 0 —i 1 0
X =0y = , Y=o0,=1. , Z=o0,= . (3.3)
1 0 i 0 0 -1

Here, and for all further representations of single-qubit gates, the matrix representation is given
in the computational basis {|0), |1)}. Rotations of an angle ¢ about the x, y, or z axis on the Bloch

sphere can be generated by the Pauli matrices. The corresponding rotation operators are given by

. cos |+ —isin |+
— _I%Ux — ((lJ i (qa)
Re(p) = B (—i sin (2%) cos (%Z) ’ (34)
) cos|5) -—sin(%
= _I%Uy — ((p) ((p)
Ry((P) =e€ - (Sin (é) cos (%2) ) (35)
—i%dz _ e_i% 0
R.(p)=e = ( 0 e"(g)' (3.6)

A rotation about a general axis n = (ny, ny, n.), where n is a unit vector, can thus be generated
by the operator R, (¢) = exp(—ign - 0/2), where o denotes the vector of Pauli matrices. Other
useful gates that are required at some point within this thesis are the Hadamard gate H and the

phase gate S,

Two-Qubit Gates

A universal set of quantum gates is given by arbitrary single-qubit operations together with
the two-qubit controlled-NoT (cNOT) gate [16].* The cNOT gate has two input qubits, which are
commonly referred to as the control and target qubit. The action of cNoOT is to flip the state of
the target qubit if the control qubit is in state |1), i.e. |00) — [00), [01) — |01), [10) > |11), and

|11) - |10), or in matrix representation

(3.8)

Ucnor =

S O O =
S O = O
= o O O
S = O O

3Here and throughout this thesis, the nomenclature of quantum gates is adopted from Ref. 3.
4There are also finite universal sets of quantum gates involving only one two-qubit gate. See e.g. Ref. 3 for more
details.
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The matrix representation is given in the product basis {|00), |01}, |10), |11)}. Another controlled
two-qubit gate is the controlled-Z (cz) gate, in which the Pauli-Z gate [Eq. (3.3)] is applied to the

target qubit if the source qubit is set to |1). In matrix representation, the cz gate is given by

10 0 O
01 0 O
Uz = (3.9)
0 01 O
0 0 0 -1

The cz gate is also a universal two-qubit quantum gate since the cNOT gate can be constructed by

using only additional single-qubit operations,
Ucnor = H(Z)UCZH(Z)’ (3.10)

where the notation is chosen such that the Hadamard gates are applied to the second qubit, which
is in this case the target qubit. In Chap. 6, we demonstrate how to implement a cz gate between
two nuclear-spin qubits in diamond. Yet another important two-qubit gate is the swaPp operation

that interchanges the states of two qubits,

(3.11)

USWAP =

S O O =
S = O O
S O = O
- o O O

This gate, and arbitrary powers of it, are naturally generated by the typical interaction between
electron spins in lateral quantum dots, namely an isotropic exchange interaction of Heisenberg
type (see Chap. 5 for details). Universal quantum computation with spin qubits in quantum dots
is possible since the cNOT gate can be constructed by the root of the swap operation using the

gate sequence [18]

_iZ T T T T
UCNOT =e 2 R;z) (E) R;(,:l) (_E)R,SJZ) (E) UmRS) (—JT) UWRQZ) (—5) . (3.12)

where Uyswar denotes the so-calledv/swap gate that fulfills (U\/f)2 = Uswar»

SWAP SWAP

0 0

F(1—i) F(1+1i)

11+i) 1(1-1i)
0 0

Um = (3.13)

S O O =
- o o O

17



CHAPTER 3: QUANTUM INFORMATION PROCESSING

3.3 Quantum Networks

A quantum network is a connection of spatially separated quantum systems that are able to
exchange quantum information [38]. In such a network structure, the individual systems form the
network nodes, also called quantum nodes, and the interconnection is established via quantum
channels (Fig. 3.3). One of the fundamental motivations to establish a quantum network is the
possibility for perfectly secure communication, which itself has become a more and more valued
task especially over the last few years (see also Footnote 1 in Chap. 1). The field of quantum cryp-
tography [4] provides means to repel any eavesdropping attack by using quantum key distribution
(6, 7]. The physical implementation of quantum cryptography requires the communication parties
to be able to send, receive, and process quantum information that is stored in qubits. Furthermore,
the security of quantum communication can only be guaranteed if quantum information can be
processed and transmitted with high fidelity. Therefore, the successful operation of a quantum
network requires suitable nodes and channels. The task of a quantum node is to process and
store quantum information. Therefore, the quantum systems have to be controllable in a highly
accurate way and also need to exhibit a quantum memory with sufficiently long coherence times
[39]. On the other hand, these quantum systems have to be able to send and receive quantum
information, which requires a functioning interface to the quantum channel. The transport of
quantum information is accomplished by so-called flying qubits and is typically carried out with
optical photons [27, 38]. Thereby, the state of a qubit can, e.g., be encoded in the polarization degree
of freedom. Due to the weak interaction of photons with their environment, they can faithfully
carry quantum information over long distances, e.g. through free space or optical fibers. Thus,
the coherent mapping of quantum states from photons to matter, and vice versa, is a fundamental
procedure for interfacing the quantum nodes with the connecting channels.

However, even the best optical fibers are able to faithfully transmit photons only up to a certain
length scale without losing quantum coherence, which is typically on the order of 10 kilometers
[9]. Scattering and absorption within the fibers lead to decoherence of the quantum state of a
flying qubit and therefore, perfectly secure communication is not possible anymore. Whereas in
classical communication, the signal attenuation can be counteracted by intermediate network
nodes that consecutively amplify and restore the signal, such a repeater structure is not feasible for
quantum communication. The fundamental laws of quantum mechanics forbid to copy quantum
states, which is known as the no-cloning theorem [40]. Therefore, the production of many copies of
a single qubit in order to amplify the signal in a quantum channel is inherently not possible. One
way to overcome this limitation is provided by the concept of quantum teleportation, which is
described in the next section. Quantum teleportation offers the possibility to transmit qubit states
over arbitrary distances if the two communicating network nodes share a maximally entangled
state. Of course, the distribution of entanglement over such long distances also requires qubits, or

quantum information in general, to be transmitted over these distances. However, provided that
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quantum channel

quantum node

flying qubit

Figure 3.3 - Structure of a quantum network. Quantum networks consist of network nodes that
are connected via quantum channels. Quantum information can be exchanged between the nodes
using flying qubits. In this way, the nodes can be entangled, which is a fundamental requirement
for perfectly secure long-distance communication or distributed quantum computation.

one has access to a source of entangled particles, the concept of a quantum repeater has been
established that enables the entangling of distant quantum nodes [8, 9]. The working principle of
quantum repeaters will be described in Sec. 3.6.

Quantum networks also offer new opportunities in quantum computation through the distribu-
tion of long-distance entanglement between individual quantum processors. For example, if a
quantum computational task can be split into several subroutines, it can be efficiently implemented
nonlocally via distributed quantum computation [41]. Other purposes are, e.g., the facilitation
of large quantum registers from systems that cannot easily be scaled [42] or the simulation of
many-body quantum systems by generating effective interactions between the quantum nodes

via the quantum channels [38].

3.4 Quantum Teleportation and Entanglement Swapping

Although photons can serve as high-quality carriers of quantum information, the transmission
distance is still limited due to absorption and scattering, e.g. within optical fibers. However, the
quantum teleportation protocol [32] offers the possibility to transmit a quantum state between two
communicating parties faithfully over arbitrary distances, provided that Alice and Bob share a
maximally entangled state. Thus, the establishment of long-distance entanglement is a fundamental
building-block of a quantum network, for which a quantum-repeater architecture is indispensable
(see Sec. 3.6). In a slightly modified version of the original quantum teleportation protocol, one can
also teleport entanglement itself, which is known as entanglement swapping [43]. In the following,
we will describe the two mentioned quantum communication protocols.

For quantum teleportation, we consider the following situation. Alice possesses a qubit in an
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Figure 3.4 — Quantum teleportation and entanglement swapping. (a) Protocol for quantum
teleportation. Alice holds qubit 1 in the unknown state |¢$); and qubit 2, which itself is entangled
with qubit 3 at Bob’s site. Alice performs a Bell measurement on qubits 1 and 2, and sends the
measurement outcome via a classical channel to Bob. According to this information, Bob can apply
a specific unitary transformation U to his qubit to recreate the state |¢$); that is identical with
Alice’s initial state. (b) Protocol for entanglement swapping. Alice’s and Bob’s qubit, respectively,
are entangled with a qubit of a third party, here Carol. A Bell measurement of Carol on qubits 2 and
3 projects qubits 1 and 4 into one of the four Bell states, depending on the measurement outcome.

unknown quantum state |#) = a|0) + b|1) with |a|? + |b|> = 1, and she wants to transfer this
state to her communication partner Bob. But a faithful direct transmission of the physical qubit
is not possible due to a lossy quantum channel connecting both parties. However, if Alice and
Bob additionally share a maximally entangled Bell state |¥~), the nonlocal correlations help to
transfer the necessary information from Alice to Bob, without knowing anything about the state

|¢). The composite system of the three involved qubits is initially in the state

19123 = 1)1 1Y s (3.14)

where qubit 1 is in the unknown state and qubits 2 and 3 are maximally entangled [Fig. 3.4 (a)].
Qubits 1 and 2 are held by Alice, and qubit 3 belongs to Bob. So far, no correlations exist between
the unknown qubit 1 and qubit 3 at Bob’s site. However, by performing a joint measurement on
the composite system of qubits 1 and 2, Alice can effect Bob’s qubit, too. By rewriting the state
[1/)123 as a superposition of all four maximally entangled Bell states between qubits 1 and 2 in the

following form,
1
|¢>123 = §(|\P_>12 (—al0); —b|1)3) + |\P+>1z (=al0); +b]1)s)
+ |07 )1, (al0)s +b[1)3) + D), (al0)s—b1)s) ), (3.15)

one can see that a measurement in the Bell basis [Egs. (2.12) and (2.13)], referred to as Bell
measurement in the following, performed by Alice projects Bob’s qubit into one of the four
superposition states in Eq. (3.15), which are all unitary transformations of the initially unknown

state |¢), namely

|¢>123 = %( |\F_ >12 (- |¢>3)+|\P+ >12 (-0, |¢>3)+|q)_>12 (0x |¢>3)+|q)+ >12 (_io'y |¢7>3)) (3.16)
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Therefore, to fully recover the state |¢), Bob can apply the inverse operation of the respective
unitary transformation. To know which of the four transformations is the correct one, Alice has
to send her measurement result to Bob, which is done via a classical channel.”

If Alice and Bob each share an entangled state with a third party, here named Carol, it is possible
to create entanglement between Alice’s and Bob’s qubit without any direct interaction between
them. The corresponding quantum protocol is known as entanglement swapping [4, 43]. We
consider a situation where Alice and Bob each posses one qubit, and Carol has two qubits [Fig. 3.4
(b)]. Each of Carol’s qubits is in a maximally entangled state |¥~) with Alice’s and Bob’s qubit,
respectively, and the state |{/)1234 describing the total system of all four qubits is thus given by

the tensor product
[V 1234 = 1¥ )12 [ ¥ )34 (3.17)

Here, the notation is chosen such that Alice holds qubit 1, Bob qubit 4, and Carol qubits 2 and
3. At this stage, there exists no entanglement between qubits 1 and 4. However, as we will see
below, a joint measurement of Carol on qubits 2 and 3 can project qubits 1 and 4 into a maximally

entangled state. The four-qubit state in Eq. (3.17) can be regrouped into the following form,

|‘//>1234 = % (|\P+ >14 |\P+ >23 - |\F_ >14 |\P_ >23 - |(D+ >14 |q)+ >23 + |CD_ >14 |q)_ >23) > (3~18)

from which it is evident what happens in the case of Carol performing a Bell measurement. Qubits
1 and 4 will be projected into the same Bell state as Carol obtains from her joint measurement
and therefore, become maximally entangled although they never directly interacted with each
other. If the Bell measurement is imperfect or the input states are not maximally entangled, the
entanglement of the two-qubit state of qubits 1 and 4 after the measurement, however, will be
smaller than unity [9]. Entanglement swapping itself is a fundamental building block of quantum
repeaters to generate long-distance entanglement for quantum communication, which is described
in Sec. 3.6.

3.5 Entanglement Purification

It was already mentioned that realistic quantum channels are noisy entities, i.e. the transmission
of quantum states is not perfect. If the state to be sent is an entangled state, the amount of
entanglement decreases during transportation in a noisy quantum channel. Furthermore, sources
of entangled particles are also not perfect and produce two-particle states that have an overlap
with a maximally entangled state, which is usually smaller than unity. In the laboratory, one

generally deals with mixed states that are not maximally entangled. However, for the utilization

5Tt is worth mentioning that no superluminal information transfer can be achieved by quantum teleportation. The
necessity to convey the classical information about the measurement result through a classical channel guarantees
that special relativity theory is not violated. It can be shown that without any classical communication, teleportation
cannot transmit any information at all [3].
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in quantum communication, e.g. for the teleportation protocol, (near-)maximally entangled states
have to be available in order to guarantee secure communication. To overcome the problem of
noisy channels and imperfect sources, several techniques to increase the amount of entanglement
have been developed, one of them being entanglement purification [11, 44]. Different methods
for entanglement purification exist, e.g. filtering protocols, recurrence protocols, or hashing and
breeding protocols. Particularly with regard to the work described in Chap. 5, however, we restrict
our description of entanglement purification only to the case of recurrence protocols.
We define the fidelity F of general two-qubit quantum state p as the overlap relative with the
Bell state |¥7), i.e.
F=(Y|p|¥ ). (3.19)

Recurrence protocols work on two or more qubit pairs of low fidelity as input to create a single
qubit pair with higher fidelity as output using only local unitary operations, measurements, and
two-way communication of the measurement results via a classical channel. Having initially many
copies of the low-fidelity pairs and running the purification protocol iteratively on the output
pairs with higher fidelity, one can achieve fidelities arbitrarily close to F = 1 and thus, obtain a
maximally entangled state (Fig. 3.5). The original idea of entanglement purification goes back to
C. H. Bennett et al. [10], and will be referred to as the BBPssw protocol. Initially, the physical setup
is such that Alice and Bob have access to mixed two-qubit states p; of fidelity F = (¥7|p,|¥7) < 1
that can originate from a imperfect source or a noisy quantum channel. To apply the purification
protocol, the state p; first needs to be brought into the following form that is diagonal in the Bell

basis,
1-F

pr = Flo7) (0% |+ —

(v [+ 1wy e+l e ] ). 620

This can be achieved for an arbitrary two-qubit state by a so-called twirl operation [10, 36] that
retains the component of the rotationally invariant state |¥~), equalizes the components of the
other three Bell states, and removes all off-diagonal elements. Thereby Alice and Bob have to
implement a random bilateral rotation, i.e. they choose a random SU(2) rotation and apply it
locally to each of the qubits, respectively. As an interim result, a so-called Werner state Wg [33] is
created,

We = EW) (8 |+ o (1908 [+ oy (@t e y(a] ). G2

that can be brought into the Bell-diagonal form in Eq. (3.20) by performing the rotation R, (r)
on one of the two qubits to interchange the [¥~) and |®*) components. The BBPSsw protocol
requires two copies of the state pr as input and the next step is a bilateral cNoT operation [Fig. 3.5
(a)]. Therefore, Alice and Bob each perform a cNoT gate [Eq. (3.8)] between the two qubits they
hold, respectively, where the qubits of the first (second) pair serve as control (target) qubit and
the target qubit is flipped if the source qubit is in state |1). After this bilateral operation, both
target qubits are measured in the computational basis {|0),|1)} and the measurement results

are compared. If the outcomes of Alice’s and Bob’s measurement are the same, they keep the
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Figure 3.5 - Entanglement purification. (a) Circuit of the BBPssw protocol. Alice and Bob share
two copies of the state pr [Eq. (3.20)], and locally apply a cNoT gate. The target qubits (lower pair) are
measured in the computational basis (M) and the results are compared. Purification was successful,
i.e. the fidelity of the control qubits (upper pair) has increased, if equal measurement outcomes have
been obtained. (b) Iteration of the purification protocol on several input pairs. Purified pairs are
used as input for the next round. If purification is not successful, the qubits are discarded (indicated
by red crosses). The fidelity increases in each round of purification, F < F’ < F”. (c) Fidelity F’(F)
in Eq. (3.22) (blue). The purification steps from (b) are indicated. Further iteration can increase the
fidelity arbitrarily close to 1.

control qubits, otherwise the state is discarded. In the case of obtaining equal measurement results,
which is referred to as a successful purification round, the |¥~) and |®*) components are again

interchanged, and the fidelity F’ of the remaining source pair is given by [10]

F?+1(1-F)*

PO = oA

(3.22)

The fidelity F’(F) is plotted in Fig. 3.5 (c) and turns out to be larger than the initial fidelity F
provided that 1/2 < F < 1. Therefore, iterating the scheme can bring the fidelity arbitrarily
close to 1, resulting in a maximally entangled Bell state [Figs. 3.5 (b) and (c)]. Since the state
after one purification round is not a Werner state, the unilateral rotation R, () in the last step
to interchange the |¥~) and |®") components is necessary as a prerequisite for the twirl in the
subsequent round.

A very similar purification protocol that also makes use of the bilateral cNoT operation and
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works on general Bell-diagonal states has been developed by Deutsch et al. [11]. This so-called
DEJMPs protocol therefore does not need an intermediate twirl operation to come back to Werner

form. The protocol initially requires two Bell-diagonal input qubit pairs p of the form
p=A|D" Y (DT |+B|Y Y)Y |+ C|¥" )(¥"|+D|D )(D|. (3.23)

A purification round begins with Alice performing the single-qubit transformation

1 —i
U=(_i 1) (3.24)

to both of her qubits, and Bob applies the inverse of this operation, U™!. As in the BBPSsw protocol,
a bilateral cNoT and the measurement of the target pair follow, keeping the control qubits only if
the outcomes are equal. After a successful purification round, the state of the control qubits p’ is

given by [11]

A? + B? 2CD C? + D?
' = ONDT |+ — |V (P |+
7= (S ety @t SR 1 v s

e+ B 1) 62s)
where N = (A + B)? + (C + D). If the initial |®*) component A > 1/2, the states can be purified
to a pure |®") state by iterative application [11], but in a more efficient way compared to the
BBPSSW protocol.

Both protocols described above require a large amount of local resources to begin with, since
in every purification round the target pairs are certainly discarded and the purification is only
successful with a certain probability (see Chap. 5 for more details on this probability, e.g. in
Fig. 5.5). This need in memory capabilities can be transferred to temporal resources by a method
called entanglement pumping [45]. Instead of having initially many copies of elementary qubit
pairs produced by the source and using purified pairs of a previous round as input states in
the subsequent round, only a single qubit pair will be continuously purified with the aid of an
elementary pair from the source. For the purification step, either the BBPSsw or the DEJmMPs protocol
can be used. In this case, one only needs to store a single qubit pair as source state and uses a fresh
elementary qubit pair as target state in every purification round. But, in case a purification round
is not successful, the whole purification process must be started from the beginning and therefore,
the number of repetitions increases compared to the BBPSsw and DEJMPS protocols, in which the
purification steps can be implemented in parallel. Furthermore, in general no maximally entangled
states can be produced by entanglement pumping. However, the scheme can be improved if not
only elementary pairs are used for purification, but prepurified pairs with a larger fidelity. With
this nested entanglement pumping scheme [45] it is possible to generate maximally entangled

states, while the memory requirements remain moderate.
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3.6 Quantum Repeater

For the distribution of entanglement over arbitrary distances in a quantum communication
network the concept of a quantum repeater has been developed [8, 9]. Noisy quantum channels in
realistic network scenarios limit the distance over which quantum information can be faithfully
transmitted, e.g. by using photons as flying qubits. On the one hand, the number of trials to
send a photon between two quantum nodes without absorption increases exponentially with the
distance between the two nodes. And in addition, the fidelity of the transmitted state with respect
to the initially sent state decreases exponentially with this distance. The idea of classical repeater
stations that simply amplify the signal on the way from sender to receiver is not applicable for
quantum information since quantum states cannot be cloned [40]. The problem of fidelity loss
can be partially solved by using entanglement purification techniques that are described in the
previous section. However, entanglement purification requires a minimum initial fidelity Fy;n,
which for the BBPsSsw and the DEJMPS protocol is Fin = 1/2 in case all operations are perfect. If
the measurements and cNOT gates are erroneous, the minimum fidelity to operate purification
becomes larger than 1/2 [8]. Thus, if the channel length is too large, the fidelity of an entangled
qubit pair drops below the value Fy,,, such that entanglement purification cannot be applied to
create high-fidelity entangled qubit pairs. Nevertheless, maximally-entangled qubit pairs can be
created between nodes of arbitrary distance by a nested entanglement purification scheme, which
is a combination of entanglement purification and entanglement swapping, known as quantum
repeater [8, 9]. The distant entangled qubits can then be used to transfer quantum information
via teleportation.

We consider the scenario where entanglement should be established between two quantum
nodes A and B (Fig. 3.6). The idea is the following: The quantum channel connecting the two nodes
A and B is divided into smaller segments, between which entangled qubit pairs can be distributed
with some fidelity F; (top part in Fig. 3.6). A Bell measurement at site C; connects the two involved
qubit pairs through entanglement swapping and thus, eventually connects the qubits of nodes A
and B if this is performed at each intermediate node. However, the fidelity of a qubit pair that
emerged from entanglement swapping is reduced compared to the fidelity F; of the initial pairs if
F; < 1. The final fidelity Fy of the pair between A and B also decreases exponentially with the
number of intermediate nodes N and hence, might eventually become smaller than Fp,;,. Merely
inserting intermediate nodes and using entanglement swapping to connect them therefore does
not help in generating long-distance entanglement. However, intermediate purification steps of
only a fraction of the segments permits the establishment of high-fidelity entanglement between
nodes A and B. The number of segments that can be connected via entanglement swapping, and
still be purified afterwards, is called L. Typically, this number is much smaller than the total number
of segments N. By definition, the fidelity F; of a connected segment of length L has to be larger

than the minimum fidelity required for purification, F; > Fy,in. For simplicity, one can assume
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Figure 3.6 — Working principle of a quantum repeater. The channel between nodes A and
B is split into N segments by introducing intermediate nodes C; to Cny—_;. Entangled qubit pairs
can be distributed between the nodes with a fidelity F; (blue lines in top row). Bell measurements
(orange boxes) at intermediate nodes (except at Cr, Cp, ...) create entangled qubit pairs of distance
L with a smaller fidelity (indicated by dashed lines) through entanglement swapping. M additional
copies can be used to subsequently purify the pairs of length L, and create a single pair with fidelity
F[ > Fy. Iteration of this scheme creates a single entangled qubit pair between the distant nodes A
and B with fidelity Fx > F;.

that the whole channel is divided into N = L" segments, with n being an integer. Beginning
at node A, as a first step one connects L subsequent qubit pairs via entanglement swapping to
obtain entangled qubit pairs of fidelity F; between nodes A and Cy, Cy and Cyy, ..., and Cn_f
and B (see Fig. 3.6). In total, this yields N/L qubit pairs of distance L. The remaining qubit pairs
can now be purified with M additional copies (second step in Fig. 3.6) that were generated in
parallel, up to a fidelity F; > F;, which is also the condition that determines the number M. The
next level in the repeater scheme is simply a repetition of the first step on the new qubit pairs. In
doing so, one now obtains qubit pairs that are separated by L?, which can be purified afterwards.
Therefore, n iterations of this scheme will connect nodes A and B with a final fidelity larger than
F;. Subsequent purification steps can be applied to bring the fidelity close to unity. To create
a qubit pair that is separated by a longer distance, LM elementary qubit pairs are required in
every iteration round. The total number of elementary pairs is (LM)" = N'°8. M+1 [ 9], Thus,
the resources only grow polynomially with the length of the channel, i.e. the number of segments
N. Taking faulty operations into account that exhibit errors of 0.5 %, the required time to create

an entangled qubit pair on the global scale is estimated to be a few seconds [9].°

The exact value depends on various parameters, such as the probabilities for single-qubit and two-qubit gate errors,
measurement errors, the initial fidelity, the kind of loss within the optical fiber, and especially the purification
technique. A detailed discussion would exceed this introductory chapter, but can be found in Ref. 9.
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Entangled Photons in the Polariton Vacuum

4.1 Introduction

Many protocols for quantum communication require the transfer of quantum information that is
stored in qubits. E.g. in quantum key distribution [6], single qubits have to be sent from one partic-
ipant to the other to remotely generate a secret key for encrypted communication. Furthermore, as
described in Chap. 3, the distribution of entangled qubits is indispensable to assemble a large-scale
quantum network for secure communication eventually over global distances. Photons are the
primary physical candidate to take on the role of flying qubits [27], whose task is to faithfully
transmit quantum information over long distances. Therefore, highly functioning single- and
entangled-photon sources need to be developed. Other hardware components, such as controllable
stationary qubit registers including a quantum memory as well as interfaces between stationary
and flying qubits (see, e.g., [39, 47-52]), become more and more established, which makes the
development of a proper photon source a very timely task. The work presented in this chapter is
focused on the generation of entangled photon pairs.

A source of entangled photons must fulfill several basic requirements such that it can be utilized

for quantum information processing:

(i). The amount of entanglement has to be sufficiently large. The fidelity during transmission
will be decreased, but entanglement-based protocols for quantum information processing
require maximally entangled states (see, e.g., Secs. 3.4 and 3.6) and purification requires a

minimum fidelity to work (see Sec. 3.5).

(ii). The production of the photon pairs has to be deterministic, i.e. the release of the photons

can be triggered by some external control parameter.

(iii). The source has to be efficient, i.e. the probability for the emission of two entangled photons
should be large enough to keep the temporal resources in terms of photon production

moderate.

© Parts of this chapter have been published by the American Physical Society (APS) in Ref. 46:
A. Auer and G. Burkard, Entangled photons from the polariton vacuum in a switchable optical
cavity, Physical Review B 85, 235140 (2012).
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Various different approaches for the production of bipartite entangled-photon states have been
developed [53]. Perhaps the most prominent examples that were also put into practice are type-II
spontaneous parametric down-conversion [54] and the biexciton-recombination cascade in a
quantum dot (QD) [55], which are described in Sec. 4.2. However, existing proposals still exhibit
drawbacks regarding their practical use. For this reason, the question appears of relevant interest,
whether other physical systems might be suitable for entangled-photon production.

In particular, we study the intersubband cavity (ISC) system (Sec. 4.3), for which the emission
of correlated photon pairs was predicted theoretically [56]. The emission can be triggered by
modulating the light-matter interaction between microcavity photons and electronic intersubband
excitations in quantum wells (QWs). Intersubband transitions are mainly used in quantum well
infrared photodetectors [57] and quantum cascade lasers [58—61]. Embedded in a microcavity, it is
possible to reach a regime of ultrastrong light-matter coupling [62-65], in which the vacuum-field
Rabi frequency can be on the order of the intersubband transition frequency. In this regime,
the ground state of the system, i.e. a squeezed vacuum, already contains a nonzero number of
photons. Other systems that can reach the ultrastrong coupling regime are superconducting
circuits [66—-68], where the emission of quantum vacuum radiation was recently demonstrated
[69].

In our work, we analyze the ground state of the ISC system, i.e. the so-called polariton vacuum,
related to two-photon entanglement (Sec. 4.4). For this purpose, we use an explicit expression for
the polariton vacuum that is given in terms of photonic Fock states. After postselecting certain
photonic states and tracing out all electronic degrees of freedom, the photonic two-qubit system
will be in a mixed state. As an entanglement measure, we therefore use the concurrence to quantify
the mode entanglement between two photons and find that, in principle, maximally entangled

states can be generated, depending on the photon energies.

4.2 Sources of Entangled Photons

Photons are the standard medium to transfer quantum information due to their weak interaction
with the environment. Such flying qubits are especially used to distribute entanglement, e.g. in a
quantum communication network [38], and thus, need to be produced in a highly accurate way.
Various physical approaches for the generation of entangled photon pairs have been suggested
and to some extend also been implemented, see e.g. Ref. 53. In this section, we describe the two
main techniques, namely the generation with type-II parametric down-conversion in birefringent
crystals and the biexciton-recombination cascade in semiconductor QDs. It is worth mentioning
that the first experiments regarding the generation of entangled photon pairs utilized atomic
radiative decays, culminating in the milestone experiments that demonstrate the violation of Bell’s
inequality and thus, could rule out physical theories of local hidden variables [30, 31]. However,

these approaches have several drawbacks regarding their usability for quantum information
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Figure 4.1 - Spontaneous parametric down-conversion. Type-II parametric down-conversion
of a pump (p) photon into two photons in a nonlinear crystal. The two generated photons, denoted
as signal (s) and idler (i), have orthogonal polarization and are emitted along cones with different
symmetry axes for the horizontal (H) and vertical (V) polarization, respectively. Emission along the
intersection lines yields the polarization-entangled state in Eq. (4.3).

processing, like the collection efficiency of the photons is too low and the handling of single atoms
challenging, but it was neither intended to develop an applicable source of entangled photon pairs

in these experiments.

4.2.1 Type-ll Parametric Down-Conversion

Polarization-entangled photons can be generated by a nonlinear optical process in birefringent
crystals with y® optical nonlinearity, in which a pump (p) photon incident on the crystal is
converted into two photons, commonly named the signal (s) and the idler (i) photon (see Fig. 4.1).
This effect is known as parametric down-conversion (PDC). Two kinds of PDC exist that differ in
the polarizations of the two generated photons that can either be parallel (type-I) or orthogonal
(type-II). Whereas type-I PDC in a single crystal requires post-selection techniques to create
entanglement between the two photons, type-II PDC can directly generate entangled photons,
which is the scenario described here. Because of energy and momentum conservation in the

photon conversion process described above, the so-called phase matching conditions

wp = ws + Wi, (4.1)

k, = ks + ki, (4.2)

have to be fulfilled, where w; and k; (j = p,s,i) are the photon frequency and wave vector,
respectively. Due to the phase matching conditions, the signal and the idler photon are emitted
along cones which do not necessarily have a common axis [54]. As one can see from Fig. 4.1, the
cones intersect along two lines. If photon emission occurs in direction of the intersection lines,

one cannot distinguish to which cone each photon belongs to, although it is known that both
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photons have orthogonal polarizations. Thus, the two photons can be described by the entangled

state [54]
1

V2

Here, |V') and |H) denote the vertical and horizontal polarization states of the photons, respectively,

[9) = —= (IV) [ HDi + €™ TH)G [ V). (43)

and the relative phase a can be changed by additional birefringent crystals. Type-II PDC has
been used to demonstrate, e.g., the first verification of quantum teleportation [70]. A requirement
for the generation of exactly the two-photon state |i/) in Eq. (4.3) is that the photons need to be
indistinguishable except for the polarization degree of freedom. Therefore, the spatiotemporal
profile of the photon modes have to be the same. A drawback of PDC for entangled-photon
generation is the low conversion efficiency. More than 10'° pump photons are required to generate
a single photon pair [54], which is too low for practical application. This rate could be increased
by a factor of 10 using a modified setup of two lined up nonlinear crystals and type-I PDC [71].
Furthermore, the photon production is a random process, whereas on-demand generation is

needed in view of applicability.

4.2.2 Biexciton Decay Cascade

A semiconductor-based approach for the generation of polarization-entangled photon pairs is
provided by the radiative decay of the biexciton state in a QD and has been proposed in Ref. 55.
The biexciton consists of two bound electron-hole pairs that are created, e.g., by electrical pumping
of an electron from the valence band to the conduction band, thus creating a hole in the valence
band. Electron and hole reside in a bound state due to Coulomb interaction, which is called an
exciton. Angular momentum conservation determines the selection rules for the optical excitation
and hence, the spin of the exciton depends on the polarization of the exciting photon, which is
either 0% or o~ circularly polarized. In the biexciton state, the constituting electrons have opposite
spin projections due to the Pauli principle. The probability for the first recombination in the
biexciton is the same for both spin states and hence, a photon is emitted having o™ or ¢~ circular
polarization with equal probability (Fig. 4.2). However, the subsequently emitted photon from the
recombination of the remaining electron-hole pair definitely has orthogonal polarization, such
that both photons form the maximally entangled Bell state [¥*) [55],

¥ = = (o h o ), 4o ) [0 ) 49

V2

Here, the indices denote in which recombination process the photon is created. An advantage
of this scheme compared to the PDC approach described above is the on-demand production
of the photons that can be triggered by electrical pumping. However, for the generation of the
state in Eq. (4.4), the intermediate exciton level has to be degenerate for both spin states (Fig. 4.2).

Otherwise, the photon polarization can be determined by its energy. This which-path information
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Figure 4.2 — Biexciton-recombination cascade. (a) The biexciton state can decay to the ground
state via the intermediate exciton state by the emission of two photons. If the fine-structure splitting
(FSS) is larger than the exciton line widths, the frequency of the emitted photons in both recombi-
nation processes is different for horizontal (H) and vertical (V) polarization, respectively. Hence, an
energy measurement can disclose the which-path information, i.e. through which recombination
path the biexciton decayed to the ground state. The photons are therefore not entangled. (b) For
degenerate exciton levels, the which-path information is erased and the both polarizations, "
and o7, have the same frequency. (Note that in the degenerate case, the description in the circular
polarization basis is equivalent to linear polarization.)

destroys the polarization entanglement of the photons. The fine-structure splitting of the exciton
states, which can be on the order of 1 eV [72], is caused by an anisotropic electron-hole exchange
interaction and also depends on structural asymmetries of the QD (see e.g. Ref. 73). External
magnetic fields can be used to reduce and eventually cancel the fine-structure splitting, enabling
entanglement generation in form of the state |¥*) in Eq. (4.4) with a fidelity of 70 % [74]. In different
approaches, entangled photons from the biexciton cascade have been generated by erasing the
which-path information with spectral filtering [75] or canceling the fine-structure splitting with
electric fields [76]. The efficiency of such a semiconductor-based source can be several orders of

magnitude larger compared to PDC, creating up to 0.12 photon pairs per excitation pulse [77].

4.3 Intersubband Cavity System

4.3.1 Physical Structure

The intersubband cavity (ISC) system is formed by semiconductor quantum wells (QWs) that are
stacked inside a microcavity. The QWs are composed of layers of semiconducting materials with
different band gaps, such that a real-space energy structure as depicted in Fig. 4.3 (a) is created.
The potential well confines the electronic motion along the growth direction, which is here chosen
to be the z axis. In the lateral plane, electrons can freely move inside the semiconducting material.
This gives rise to a parabolic dispersion for the motion within the plane normal to the growth axis.

An electronic system that can effectively move in only two dimensions is named two-dimensional
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Figure 4.3 - Subband energy structure of a quantum well (QW) formed in a semiconductor
heterostructure. (a) In real space, along the growth direction (z) of the structure. The semicon-
ductors forming the QW are denoted as A and B. The QW contains a two-dimensional electron
gas (2DEG). Here, we study intersubband transitions between the first two subbands n = 1 and
n = 2 with transition energy fiw;,. (b) Same situation in k space, where k is the electronic in-plane
momentum perpendicular to the growth axis. The 2DEG populates states up to the Fermi energy
E;, with a corresponding wave vector k;. The energy dispersion of subband n is denoted as E,, k. E,
is the subband energy for zero in-plane momentum.

electron gas (2DEG). Due to the confinement potential, the electronic states in the conduction
band are quantized along the z axis, which leads to the formation of parabolic energy bands in
the reciprocal in-plane momentum space, the so-called subbands.! Electronic excitations within
the conduction band are thus named intersubband transitions. The transition energy does not
depend on the band gap of the semiconductor, and can be adjusted by the width and depth of the
QW.? For our considerations, we assume the 2DEG to only populate the first subband (n = 1),
such that the Fermi energy is below the energy of the second subband (n = 2) for zero in-plane
momentum [Fig. 4.3 (b)]. Typically, the energies of intersubband transitions are in the mid-infrared
regime [62] and the selection rules require the exciting radiation field to have transverse-magnetic
(TM) polarization (Fig. 4.4), since the dipole matrix element is proportional to the z component
of the electric field [57]. The excitation of an intersubband transition is a collective effect. All
electrons within the 2DEG take part in the interaction with the electromagnetic field, which
significantly increases the coupling strength and enables to reach a regime of ultrastrong light-
matter interaction. In this regime, the ground state of the ISC system exhibits particular properties

that are harnessed for photon generation and are described in the next section.

1 An equivalent energy structure exists for holes in the valence band of semiconductor A (Fig. 4.3), which is, however,
not relevant for the work presented here.

2For excitation of an intersubband transition with electromagnetic radiation, the transition energy wnm between
two subbands n and m can be assumed to be dispersionless, since the momentum of the exciting photon is small
compared to the in-plane momentum of an electron.
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Figure 4.4 — Intersubband cavity system. (a) A sequence of doped quantum wells (gray) inside
a microcavity of length L. (cavity mirrors in blue) forms the intersubband cavity system. The
light-matter interaction in such a system depends on the propagation angle 9 of the cavity photons.
The transverse-magnetic (TM) polarization is indicated by the electric and magnetic field vectors.
The electric field E lies in the plane of incidence and the magnetic field B is perpendicular to it,
and both are perpendicular to the photon wave vector k. (b) The plane of incidence to better
demonstrate the TM-polarization of the photons.

4.3.2 Model

The first theoretical description of the intersubband cavity system (ISC) has been given in Ref. 78
in the context of optical absorption. It was suggested that the interaction between intersubband
transitions in quantum wells and microcavity photons can reach the strong coupling regime
of cavity QED, forming so-called polariton states. The electromagnetic cavity field can create
a material excitation, which itself decays under the emission of a photon into the cavity mode.
This interplay inherently couples the dynamics of both the cavity field and the embedded emitter,
such that the fundamental excitations of the combined system are composed of a solid-state
excitation and a microcavity photon, which is the polariton. The intersubband cavity system was
further studied theoretically, see e.g. Ref. 56. It consists of ngy identical quantum wells embedded
inside a semiconductor microcavity (Fig. 4.4). The quantum wells are assumed to be negatively
charged with a 2DEG of density N, that populates the first subband (Fig. 4.3). We consider
the interaction of intersubband excitations between the two lowest subbands and photons of the
fundamental cavity mode. The full light-matter interaction Hamiltonian in the Coulomb gauge
describing the ISC has the form [56]

H= hoo(k) (aj(ak + %) + 3 hon ()b by
k k
+ Z ihQu (k) (af, +ax) (b — b7, ) + Z nD(k) (af, +a-x) (a’) + ax) - (4.5)
k k

@)
k

and transverse-magnetic (TM) polarization. Photon polarizations other than TM are excluded

The operator a, ° annihilates (creates) a cavity photon with in-plane wave vector k = (kx, k)
due to the selection rules for intersubband transitions [57]. Since the dipole moment is oriented
along the growth (z) direction, the exciting radiation must have a finite electric field component
in z direction. As shown in Fig. 4.4, the magnetic field for TM-polarized light is perpendicular

to the plane of incidence, whereas the electric field has a finite z-component if the total wave
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vector kot encloses a finite angle € with the normal to the cavity mirror. Our analysis also applies
to the case where the polarization is not purely TM, because only the TM-polarized part of the
radiation couples to intersubband transitions. The dispersion of the fundamental cavity mode
wc(k) is given by

we(k) = é k2 + k2, (4.6)
where c is the speed of light, ¢ is the dielectric constant of the material used as cavity spacer and
the quantization of k, depends on the boundary conditions of the electromagnetic field. In the
following, k = |K| is the length of the in-plane wave vector.

The operator bl(j) annihilates (creates) an electronic intersubband excitation. For the generation
of entangled photon pairs, the ISC has to be operated in the so-called ultrastrong coupling regime,
in which the vacuum-field Rabi splitting Qg (k) is of the order of the transition energy of the
emitter that is coupled to the cavity. The ultrastrong coupling regime can only be reached if the
electron density N,pg is sufficiently large, i.e. about 10'? cm™2, since the Rabi frequency scales
as Qp(k) o VN,pre [see Eq. (4.11) below]. For such high densities, the renormalization of the

intersubband energy due to Coulomb interaction between the electrons within the 2DEG,
D} (k) = @iy (1+8(K)), (4.7)

can in general not be neglected. The so-called depolarization shift §(k) [57] is found to be [79, 80]

N,pece?I(k)

a(k) - E()E(/lek

(4.8)
where e is the elementary charge, ¢, is the vacuum permittivity and w;; is the transition energy
between the subbands 1 and 2, which in the absence of Coulomb interaction determines the

absorption maximum. The function I(k) originates from the two-dimensional Coulomb integral,

I(k)=fdde’<ﬂ1(Z)(Pz(Z)<Pz(Z')<P1(Z’)e_k'H", (4.9)

where ¢ ;(z) are the z dependent parts of the (real) QW wave functions of subband 1 and 2,
respectively. By using proper matching conditions at the semiconductor interfaces [57], the wave
functions are obtained by solving the Schrodinger equation. The integral I(k) can then be solved
analytically. The depolarization shift itself describes the change in spatial charge distribution
within the 2DEG, i.e a plasmonic excitation, due to the excitation of an electron from subband 1
to subband 2, which accompanies a single-particle excitation. Hence, the operators bf) in Eq. (4.5)
are plasmonic operators describing collective electronic excitations. They can be obtained from a
Bogoliubov transformation of the single-particle operators I;l(j) [81] that describe the only bright,

i.e. optically active, intersubband excitation and that are given by the completely symmetric
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superposition [56, 82]

Now

- 1 (m)t (m)

by = ———— clmt tm) (4.10)
NowNapecA ’; ‘IZ;AF 2,q+k"1,q

(m)i

Here, A is the sample are, the operator c; q " creates an electron in subband i of QW m with in-

plane wave vector q, and k; is the Fermi wave vector. The operators b](:) fulfill Bose commutation
relations [by, blt,
excitations is much less than the number of electrons forming the 2DEG [56, 83].

] = &y 1 in the weak excitation regime, i.e. when the number of intersubband

The vacuum Rabi frequency Qg (k) for the intersubband cavity system is given by [56, 84]

sin? O(k), (4.11)

Ou(k) = 2N, oSl fiad1 (k)
a 2e0em* L w (k)

eff

where ngg,

is an effective number of embedded quantum wells since not all quantum wells are
equally coupled to the photon field, L& denotes an effective cavity thickness that depends on
the type of cavity mirrors, and fj; is the oscillator strength of the subband transition. For a deep
rectangular well as considered here, fi, ~ 1 [57]. Finally, 8(k) is the propagation angle of a cavity
photon, sin 6(k) = k /\/m. The dispersive coupling parameter D(k) arises from the squared
electromagnetic vector potential and can be approximated by D(k) =~ Q2(k)/@12, which is valid
for deep rectangular wells and exact for parabolic well potentials [56, 65]. As it has been predicted
in the primary work of C. Ciuti ef al. in Ref. 56, a regime of ultrastrong light-matter interaction
can be reached in the ISC system. The commonly applied rotating-wave approximation, in which
the antiresonant terms in the interaction Hamiltonian containing either two annihilation or two
creation operators can be neglected, is not valid anymore. From a perturbative perspective, the
contribution of the antiresonant terms scales as Qg (k)/@12(k). Due to the large dipole moment
of intersubband transitions and the collective coupling to all electrons in the 2DEG, the Rabi
frequency [Eq. (4.11)] can become a significant fraction of the transition frequency @;2(k) [62-
65]. Additionally, the contribution D(k) from the squared electromagnetic potential is also not
negligible. The contribution of the above mentioned terms has been verified experimentally [63]

and has to be incorporated as given in the Hamiltonian description above.

4.3.3 Polariton Vacuum

The Hamiltonian in Eq. (4.5) can be diagonalized with an extended Bogoliubov transformation

[85], also known as Hopfield transformation, where new bosonic operators
Pik = wi(K)a + x; (k)b + y;(k)a’, +z;(k)bT | (4.12)

are introduced that describe a quasiparticle of combined light-matter excitation, called intersub-

band cavity polariton [86]. Here, j indicates whether it belongs to the lower (j = LP) or upper
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Figure 4.5 — Polariton dispersions. Lower and upper polariton energy dispersions 7wy (k)

and fiwyp(k) as a function of the absolute value of the in-plane wave vector k. Here, ng‘fN = 50

GaAs/AlGaAs (¢ = 10.0, m* = 0.067 my) QWs are assumed to be located inside a cavity of length
L = 2 ym and doped with a two-dimensional electron gas density of N,ppe = 10'2 cm™2. The plot
shows the anticrossing region where the dotted lines are the bare cavity photon dispersion %o, (k)
and the constant intersubband transition energy w2 = 113meV [62]. The vacuum-field Rabi
splitting is 271Qy (kres). This plot takes into account the depolarization shift, @12(k) = wiz/1 + 5(k).

(j = UP) polariton branch and again, the wave vectors k are in-plane. The aim is to choose
the Hopfield coefficients wj(k), x;(k), y;(k) and z;(k) appropriately, such that the Hamiltonian

becomes diagonal in the basis of polariton Fock states,

H=Eg+ Z Z heoj (k)T i 1c (4.13)
je{LP,UP} k

Here, Eg denotes a constant ground state energy and w;(k) are the resulting lower and upper
polariton dispersion, shown in Fig. 4.5. The Hopfield coefficients can be determined by the bosonic

commutator relations
¥ .
[Pf,ﬁ’f’}'if] =0, (4.14)
I:pj’k’P_.]’;,k/] = 5j,j/5k,k'9 (415)

and furthermore, the following relation must hold [56],

[Pj,k,H] = hw;(k)pj k- (4.16)

Here, as well as for all further quantitative results, we assume GaAs/AlGaAs quantum wells,
which have been commonly used experimentally [62, 86—88]. The material-dependent parameters
are m* = 0.067my and ¢ = 10. The number of embedded quantum wells ngy, the length of
the microcavity L. and the subband level spacing @;2, which is determined by the quantum

well depth and thickness, can be adjusted during the manufacturing process. The density of
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Figure 4.6 — Hopfield coefficients and photon number. (a) Hopfield coefficients for the lower
polariton in the resonant case, i.e., for an in-plane wave vector kyes such that @12 (kres) = ¢ (Kres),
as a function of the ratio Qg (kyes)/@12(kres). (b) Photon number n(kees)[Eq. (4.19)] in the resonant
case, as a function of Qg (kyes)/@12 (kres)-

the two-dimensional electron gas can be varied experimentally. To obtain the results of Fig. 4.5,
we chose ngf‘fv = 50, Lgff = 2um, hwy; = 113meV and N,pe = 102 cm™ as one particular set
of experimentally reasonable values of the parameters mentioned above, on the basis of the
experimental work done in Ref. 62.

Compared to many other cavity QED systems that can be described by a Jaynes-Cummings-type
Hamiltonian where the rotating-wave approximation has been applied [89], the ground state of
the intersubband cavity system operated in the ultrastrong coupling regime is not the ordinary

vacuum |0) that contains no cavity photons and no intersubband excitations,
ai |0) = by [0) =0, (4.17)
but a state |G) that exhibits no intersubband cavity polaritons, i.e.
pix|G) =0, je{LPUP}. (4.18)

From Fig. 4.6 (a), we see that in the ordinary case Qg (k)/@12(k) < 1, the Hopfield coefficients
y;j(k) and z;(k) are negligibly small, such that the conditions in Eqs. (4.17) and (4.18) are actually
equal. The ground state |G) significantly differs from the vacuum state |0). The ISC system has
some peculiar properties in the ultrastrong coupling regime that were worked out in Ref. 56,

whereof the essential ones are that it contains a finite number of photons,
n(k) = (Glaga |G) = [y (k) + lyun (k) (4.19)
and photons with opposite in-plane wave vectors k and —k are correlated, i.e.

(Glaka_x |G) = —wi, (k)yie (k) — Wy, (k) yue (k). (4.20)
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Only if the light-matter interaction is so strong that the Rabi frequency Qy (k) becomes comparable
to the transition frequency @2 (k) of the emitter itself, the Hopfield coefficients y; (k) are reasonably
large, |y;(k)|* ~ 0.1, such that the polariton vacuum |G) exhibits the properties in Egs. (4.19) and
(4.20), and therefore significantly differs from the ordinary ground state |0). It is the antiresonant
terms in the light-matter interaction Hamiltonian [Eq. (4.5)] that cause the aforementioned
anomalous properties and their physical relevance has been verified experimentally [63].

The exact solution for the ground state |G) of the Hamiltonian H in Eq. (4.19) has been derived
in Ref. 90 for bulk exciton-polaritons and a detailed derivation for the ISC system can be found in
Ref. 91. The polariton vacuum |G) is given by independent photon and intersubband polarization

states, and can be written in the form

1 5%G(k)(a]{aikw]ibfk)w(k)(a;bjkwltaik)

1G) = e 10). (4.21)

The expansion coeflicients G(k) and F(k) are determined by Eq. (4.18) and are given by

_ @12(k) + wc(k) — wp(k) — wyp(k)
G = ) = e 0) = (k) — on(R)’ (422
L on(k)
F(k) = —i (k) G(k). (4.23)
The normalization constant N can be calculated to be
N = [ Vw0 + o) (4.21)
k

In Fig. 4.7, we plot the expansion coefficients G(k) and |F(k)|. One can see that |F(k)| is about

one order of magnitude larger than G(k) and
G(k) = |[F(k)|* < 1, (4.25)

which was checked for a wide range of experimentally acceptable values of the parameters
Nows Le, 012, and N,pge. Therefore, the polariton vacuum state |G) will be expanded in a Taylor
series to second order in the expansion coefficients. If the light-matter interaction is turned off,
ie. Qr(k) = 0, we obtain G(k) = F(k) = 0 and hence, the ground state is simply given by the

ordinary vacuum |0) as expected.

4.3.4 Photon Generation

The fundamental idea, from which the work of this chapter emerged, is that the correlations in
Eq. (4.20) might lead to entanglement of two photons propagating in opposite directions. These
photons are, however, virtual excitations, but it is conjectured [56, 92, 93] that they can be released

by a nonadiabatic switch-off (quench) of the vacuum Rabi frequency Qg (k). An experimental
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Figure 4.7 - Expansion coeflicients. Absolute values of the expansion coefficients G(k) and F(k)
as a function of the length k of the in-plane wave vector. Parameter values: ¢ = 10, m* = 0.067 my,
ngfv =50, Lgff = 2 i, fiws = 113 meV, Nyppe = 1012 ecm™. Here, the depolarization shift is taken
into account.

approach to this scenario is an ultrafast change of the 2DEG density N,pee [62, 87, 88]. One
mechanism to achieve a modulation of the parameter N, is a gate voltage that depletes the
QWs [87]. However, the rapidity is restricted by the capacitance of the electric gates. Another
implementation uses two asymmetrically coupled QWs, in which one QW can be charged by
electron tunneling and this process can happen on the picosecond time scale or faster [88]. A
promising idea to achieve an ultrafast modulation of the coupling strength is an all-optical control
scheme [62], in which electrons from the valence band are resonantly excited to the first subband
by a femtosecond laser pulse. In this manner, it could be demonstrated experimentally that the
coupling between the cavity photon field and intersubband transitions in the QWs can be switched
on in a time shorter than a cycle of light in the microcavity. Since then, further progress has been
made in the field of ultrafast switching of the light-matter interaction strength, experimentally
[94, 95] and theoretically [96]. In Refs. 92 and 93 the spectrum of the radiation emitted from the
cavity was derived in more detailed calculations, when a time-dependent coupling Qg(k, t) is
predominant in the system and it is predicted that the vacuum radiation rises above the black

body radiation.

4.4 Photon Entanglement

In Chap. 2, an entangled pure state |i/) describing two subsystems A and B was defined by the
impossibility of preparing it as a product state (/) = |§) ® |V)g, in which |§), and |v)y are states
solely of the subsystems A and B, respectively. Furthermore, a mixed state p is entangled if it
cannot be written as a convex combination p = }};_; pip} ® p? with coefficients 0 < p; < 1 and
2.i pi = 1, and again p} and p? describe the subsystems [cf. Eq. (2.7)]. Many protocols in quantum
information processing [7, 8, 32, 97] require the distribution of maximally entangled Bell states.

The reliability of a quantum communication protocol depends on the amount of entanglement of

39



CHAPTER 4: ENTANGLED PHOTONS IN THE POLARITON VACUUM

left photon right photon

© - ®

Figure 4.8 — Mode entanglement. Two photons with different frequencies (colors) leaving the
cavity in opposite directions. The two subsystems left (L) and right (R) are defined via the sign of
k. Since there is a difference in frequency, the photons have different in-plane wave vectors.

the distributed two-qubit state. Thus, for practical reasons it is important to quantify the amount of
entanglement. For pure bipartite states, the entanglement measure is the von Neumann entropy of
one of the subsystems [Eq. (2.10)] [36]. As will be discussed below (Sec. 4.4.2), we deal with mixed
two-photon states, where the entanglement can be quantified by the concurrence [Eq. (2.16)] [37].

4.4.1 Mode Entanglement

We first define the type of photon entanglement. Since the transverse-magnetic polarization of the
interacting photons is fixed by the selection rules for intersubband transitions [57], polarization
entanglement cannot be generated, as it is achieved with PDC or from the biexciton-recombination
cascade. But there exist anomalous correlations between two photons with opposite in-plane

momentum [Eq. (4.20)],

(Glaka_x |G) = _W:p (K)yre (k) — W;p(k)yUP (k). (4.26)

Our idea is to test the photonic states in |G) for mode or frequency entanglement [4]. In the
following, we limit the treatment to only one spatial direction, since the correlations in Eq. (4.26)
occur only for photons with exactly opposite in-plane wave vectors. This direction is chosen to
be the x direction. This is schematically shown in Fig. 4.8. Photons with a negative (positive) x
component of the wave vector belong to subsystem L (R). |G) itself is a vector from a Hilbert

space H, which is a tensor product
H=FF°", (4.27)

where ¢ and 7 denote the Fock spaces of the photons and intersubband excitations, respectively.
The situation depicted in Fig. 4.8 is described by vectors in a subspace H;x C H, which is itself a
tensor product of H; and H;, the Hilbert spaces of the subsystems L and R,

Hix = H, ® Hs. (4.28)
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Since |G) contains states from outside H;y, we project onto H;; with an appropriate projection
operator, which could be realized experimentally by a post-selective measurement.

The post-selection needs to fulfill the following requirements: First, we only allow for states in
which two photons with opposite in-plane wave vectors appear. In addition, the post-selection
is even more restrictive in terms of allowed modes. We only consider two different modes in
each subsystem L and R, respectively, that have the same absolute value of the in-plane wave
vector. Le. we choose k and ¢, with k # g, and consider the modes k = (k, 0) and —k = (—k, 0) and
accordingly q = (¢,0) and —q = (—q, 0), where all the wave vectors point along the x-direction.

Hence, the basis {|Kk);, |q).} and {|k)z, |q)r} of the two Hilbert spaces H; and H; are given by

k), =a’, 10),, (4.29)
lq), =a’10),. (4.30)
1K)y = aj [0),, (4.31)
|Q), = aj 10, (4.32)

where |0), denotes the photon vacuum. Since one chooses the modes k and —k, and accordingly
q and —q, via the post-selection, the photons effectively form a two-qubit system. Our goal is
to quantify the entanglement in exactly this two-qubit system. For all further calculations, the

polariton vacuum |G) is expanded to second order in the small expansion coefficient G(k),

1 i>GMk)(ala' +bib" V+F(k)(alb' +ba’
|G>:—€2k (kkkk) (kkkk)|0>
N

1

2
1+ %Z G(k) T, + %(Z G(k)fr]j) l 10)

= |G(2) > , (4.33)

~
=~

where N is a new normalization constant to preserve (G?|G®) = 1 and the operator 7: is

defined as

bt _Zi@lz(k) Tt

T_ 7 7 T
T =aa +bk ik QR(k)ak K

k -k

(4.34)

The two-photon states with opposite in-plane wave vectors, which fulfill the post-selection

requirements, are in linear order®

100, = 1K)y k), (4.35)

aia_
aja’ 10, =1q), 1)y (4.36)

and in second order also the following four-particle states containing two photons with opposite in-

3For the sake of convenience, we omitted the tensor product sign here, ie. |k); |k)z = | k), ® | k), and will only
use it explicitly to denote the tensor-product structure of the total Hilbert space H [Eq. (4.27)] in the following.
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plane wave vectors and two additional intersubband excitations have an equally large contribution

in |G®) as the linear order,

apa’ b bl 10) = K, [k @ bl bT 10),, (4.37)
aja’ bl b7, 10) =1q), [q), ®b)bT [0)s. (4.38)
aya’ (b’ bl10) = |q), k) ® b bl 10),, (4.39)
afa’ b bl 10) = 1K), [q), ® b7 bl 10),, (4.40)

which follows from Eq. (4.25). Here, the explicit expression of the tensor product [0) = [0), ® |0);
of the individual vacuum states for photons and intersubband excitations is used and k” can be an
arbitrary in-plane wave vector. We carry out the post-selection by projecting onto these states

with a projection operator Py,

N
|Yn) = N_PLR G® > ) (4.41)
LR

with Ni; being a necessary normalization constant since the operation is a projection. As an
intermediate result, we obtain the pure state |i/;;) in which all the two-photon states that fulfill

the conditions of the post-selection are extracted. This state is given by

|¢LR> = Nimpm |G(2)>

1
Nir

(669 110, 11+ G@) ), [a)e ) © (103 + 5 D GIBLB, 10 )
-

b0y,

+ F2(k) |k, [k ® b 6L 10), + F2(q) [q), |q), ® b b

+ F(k)F(q) |q), 1K) ® b7, b5 10), + F(K)F(q) [k} |q), ® bIgby 10), l (4.42)
and the normalization constant Ny is calculated to be
NE = (G0 + G(@)) (1+38) + (FIP + IF@P)’ - 2G* 0 I - 26 (@) F(@). (443)
In Eq. (4.43), we defined the sum S over all squared expansion coeflicients,

§= > GHK). (4.44)
-

The value of S depends on the number of available states, i.e. the wave vectors over which the sum
runs. The density of states increases with the sample area A and hence, the value of S depends on
A. The evaluation of the sum S, which is required below to quantify the photon entanglement, is

explicitly described in Appendix A.
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4.4.2 Measure of Entanglement

In Eq. (4.42), we extracted the part of the polariton vacuum, which contains all photonic states
that are allowed by the post-selection. But it is not a bare two-photon state and correlations
with intersubband excitations with respective in-plane momenta are still present. However, if we
consider to use the photons as an entanglement resource, we are only interested in the photonic
correlations and do not infer any information about the electronic states. In general, the photons
will therefore be in a mixed quantum state, which is described by a reduced density matrix p®
obtained from the pure state |/,z). We compute p“ by tracing out the electronic degrees of freedom,

i.e. the intersubband excitations, which yields

Z(k) 0 0 Y(k,q)
a_ 1 0 X(k,q) 0 0
p = Trb (|¢LR><¢LR |) - NLZR 0 0 X(k, q) 0 (4'45)
Y(k,q) 0 0 Z(q)

Here, the matrix representation is given in the product basis {(|k):, |q)1) ® (Ik)z, |q)=)} and the

following abbreviations have been introduced,

X(k,q) = |F(k)I*|F(g)I% (4.46)
Y(k,q) = G(k)G(q) [(1 + 25) —|F(k)I* - [F(q)I*], (4.47)
Z(k) = X(k, k) + Y(k, k), (4.48)

In the limit of large sample areas, i.e. A > 27¢®/(Z »%,) (see Appendix A for a definition of the

dimensionless integral 7'), one can take the limit S — oo to obtain

G'k) 0 0 G(k)G(q)
S—o0 1 0 0 0 0
aS2 , 4.49
FO+E@| o 00 o (449
G(k)G(g) 0 0  Gq)
which corresponds to the pure photon state
1
|¢a>: —(G(k)|k>L|k>R+G(q)|q>L|q>R) (4'50)

G*(k) + G*(q)

The state p?, which we derived from |G®), describes two photons that propagate with opposite
in-plane wave vectors in the microcavity and that can potentially be released by an appropriate
time-modulation of the Rabi frequency Qg (k). As explained above, the photons effectively form a

two-qubit system, for which the entanglement of formation can be calculated analytically from
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the density matrix using the concurrence C(p®) [37]. The relation between the concurrence and
the entanglement of formation can be found in Eq. (2.17) of Sec. 2.3. The concurrence itself is
given in Eq. (2.16),

C(p?) = max{0,A; — Ay — A5 — A4}, (4.51)

where the A; are the eigenvalues of the matrix R = /\/p?p*/p? in decreasing order. The matrix
p* is obtained by the transformation p¢ = (o, ® oy) (p*)* (o4 ® oy), where oy, is a Pauli matrix
[Eq. (3-3)] and (p*)* contains the complex conjugated matrix elements of p. For the photonic

state p® in Eq. (4.45), the parameters A; to A4 are found to be

= Ni (Vz0z@ + ¥(k.q). (4.52)
A= A;( 2(0)2(@) - Y(k.q). (4.53)
Asg = 12 X(k, q). (4.54)

LR
In connection with Eqgs. (4.46) — (4.48), we can calculate the concurrence and obtain

Clp) = Clka) = -

LR

(60I6(@ [1+ 35 = IFIIE = IF@F| = IFPIF@E).  (459)

which only depends on the absolute values k and g via the expansion coeflicients that are given
in Eqgs. (4.22) and (4.23),

_ (Z)IZ(k) + wc(k) - wLP(k) - wUP(k)
A S S S S (436)
Fo)l = 225 6. (4.57)

Qg(k)

We have investigated the role of Coulomb interactions for the concurrence that enter via the
depolarization shift in the renormalized intersubband transition frequency @i,(k) [Eq. (4.7)].
In doing so, we find that Coulomb corrections are on the order of 5 % or less for our choice of
parameters.* The further analysis of the concurrence C(k, q) is thus performed without Coulomb
corrections.

To show the dependance of the concurrence on k and g, we have to evaluate the sum S explicitly
(see Appendix A). Using a sample area A = (200 ym)?, we find S = 0.857. The result is presented in
Fig. 4.9, where C(k, g) is shown in a density plot as a function of the modes k and g. Additionally,
we show cuts through the density plot for fixed values of q to better illustrate the behavior of the

concurrence. One can observe two branches of high entanglement that appear for large values of

4For our choice of parameters, the depolarization shift §(k) [Eq. (4.8)] is less than 10 %. Expanding the concurrence
C(k, q) including Coulomb interactions to first order in (k) leads us to C(k,q) ~ C(k,q)(1 + §(k)a(k,q) +
d(q)a(q, k)) with |5(k)a(k, q) + 6(q)a(g, k)| < 0.05, where a(k, q) is an expansion coefficient.
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Figure 4.9 — Quantification of photon entanglement. (a) Concurrence C(k, q) as a function of
k and q for GaAs/AlGaAs quantum wells. (Parameter values: & = 10, m* = 0.067, né, = 50, L = 2
pm, iwr; = 113 meV, N,ppe = 1012 cm™2.) In (b), we plot C(k, q) for fixed values of q (given in the
respective legend) and for a large range of k from 0 to 3 X 10’ m™!, which corresponds to a photon
energy of 1.9 eV (450 THz, red). (c) Zoom in the range only up to k = 0.5 X 10’ m~! (320 meV, 80
THz, mid infrared).

k and/or g. Their appearance can be explained by the characteristics of the expansion coefficient
G(k) for large k. We find that G(k) tends to zero as k™% and |F(k)|? scales as k™2 for large in-plane
wave vectors. Hence, for the diagonal branch, i.e. for k ~ g, the terms that are proportional to
|F(k)|? and |F(q)|* in Eqgs. (4.43) and (4.55) can be neglected and we obtain

q

k,g—»o 2G(k)G k=
% (k)Glq) k= (4.58)

L CEYear)

Accordingly, photons are almost maximally entangled if their wave numbers are of the same
size. The other branch appears for G(k) ~ G(q), however when the modes are energetically far
from each other. We give a more precise analysis of the expression in Eq. (4.58) below, where
the limit of large sample areas is worked out. In Fig. 4.10, we present the concurrence for two
other values of wqy, namely fiw;; = 50 meV and 7w, = 150 meV. Qualitatively, the concurrence
C(k, q) shows the two characteristic branches of high entanglement that were mentioned before,
therefore maximally entangled photons are present for a wide range of intersubband transition
energies fiw,. The position of the side branch however shifts due to changes in the expansion
coefficient G(k).

The case of a large cavity, i.e. a large sample area A, is described by the limit S — oo (see

Appendix A). In this case, the concurrence is calculated to be

k) = 20H6@)

= G0+ @ (4.59)
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Figure 4.10 - Entanglement for different intersubband transition frequencies. Concurrence
C(k, q) for intersubband transition energies of (a) fiw;, = 50 meV and (b) %iw;; = 150 meV. [Color
scale and other parameters values are the same as in Fig. 4.9, besides L = 5 ym in (a).]

In this limit, the sample area A drops out so that the concurrence C(k, ¢) becomes independent of
A. We show the result in Fig. 4.11. The concurrence has always two maxima if g is kept constant.
The two maxima appear for G(k) = G(q), where the photons are maximally entangled since we
have C(k, g¢) = 1. One maximum appears for k # g, which is sharply peaked. If one realizes the
post-selection experimentally by choosing a certain finite k range, the entanglement will therefore
most likely be reduced. The other maximum appears for k = g, which seems to be an artifact of
the calculation since this specific point is excluded in the derivation before. The reason for the
exclusion is that the two-photon states are separable for k = g and hence, they are not entangled.
However, all the states with k = ¢ in the vicinity of this point are allowed by the post-selection.
Therefore, one can see from the broad shape of this second maximum that for a given q there
exists a wide range of corresponding modes k, for which the two photons are almost maximally
entangled. The only request for k and q is that the difference between them can be resolved
1

experimentally. In Fig. 4.11 (b), we show a magnification for wave vectors up to 0.5 X 10’ m~

to show the dependance of C(k, g) on k clearer around the first maximum, which is not visible
1

5

in the previous plot. In particular at the intersubband resonance, which is around 0.1 X 107 m™
the two maxima approach each other so that by selecting different modes around the resonance,
the entanglement of the photons can be made almost maximal. The photon energies are about

100-150 meV, which corresponds to the mid infrared.

4.5 Conclusions

An efficient and deterministic source of highly-entangled photons is needed in quantum informa-
tion processing [see (i).—(iii). in Sec. 4.1]. In this chapter, we examined a new scheme of entangled
photon production, based on the emission of quantum vacuum radiation from the intersubband
cavity system. The emission of photon pairs can be triggered by a nonadiabatic modulation of the

ground state of the system, enabling deterministic photon generation. The ground state consists
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Figure 4.11 — Photon entanglement in the limit of a large cavity. (a) Concurrence C(k, q)
in the case of large sample areas for GaAs/AlGaAs quantum wells. (Parameter values: ¢ = 10,
m* = 0.067, nfg, =50, L = 2 ym, hiwyy = 113 meV, Nypge = 10'2 ecm™2.) (b) Zoom in the range only
up tok =0.5% 10’ m™1.

of an infinite number of photonic and electronic states, and we propose a post-selective measure-
ment to reduce the photonic system to an effective two-qubit system. Thereby, the computational
basis is defined as two different in-plane wave vectors. We find an analytical expression for the
concurrence to quantify the so-called mode entanglement of the photons, which depends on
the absolute values of the chosen wave vectors. The concurrence, and thus the entanglement
of the post-selected photons, is nonzero. In the limiting case of large sample areas, there exists
a continuous set of mode pairs for which the concurrence is 1, i.e. the photons are maximally
entangled. Furthermore, it turns out that for photon energies around the intersubband resonance,
which is in the mid infrared of the electromagnetic spectrum, the photons are as well almost
maximally entangled, the concurrence being close to unity. This is fundamentally important for
the possible use in quantum information processing, e.g. to implement quantum teleportation. A
high degree of entanglement can also be reached if the modes chosen in the post-selection are
close to each other.

We also want to comment on the possibility of triggering the photon-pair emission by a
systematic quench of the light-matter interaction in the microcavity and give a rough estimate
on the efficiency of the source. The repetition rate for the photon production is limited by the
switching times, which have to be fast enough to perturb the system nonadiabatically. The
experiments today achieved switch-on times of the ultrastrong coupling regime of about 10 fs by
ultrashort laser pulses [62, 94, 95]. The switch-off process, which is the relevant operation related
to photon emission, has to be as fast as this timescale. This gives a rough estimate for a repetition
rate of 10'® — 10!* full cycles (switch-on and switch-off) per second. The probability to really
measure a desired two-photon state is given by the probability of a successful post-selection p(k, q),
which depends on the chosen modes and is given by the expectation value of the projector Py,
ie p(k,q) = (GO|PLIGP)Y = N /Nix. The probability is largest for wave vectors corresponding

to the resonance frequency of the intersubband transition and is on the order of 10~°. This value
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can be significantly increased if not only single modes are allowed by the post-selection, but
the photons can have energies within a predefined frequency range. However, the effect on the
entanglement still needs to be worked out for this case.

Further studies are also required to model noninstantaneous switch-off processes, presumably
using a time-dependent perturbation theory approach. Another open issue is the simultaneous
emission of black body radiation at finite temperature, an effect which is expected to be small com-
pared to the vacuum radiation [93], but which will to some extent reduce the average entanglement

of the emitted photons.
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Entanglement Purification with the

Exchange Interaction

5.1 Introduction

A fundamental resource for the implementation of large-scale quantum communication networks
[38] is the generation of long-distance entanglement between the network nodes. However, due to
imperfect sources and the inevitable interaction of the entangled particles with their environment
the degree of entanglement decreases. To overcome this issue, the concept of a quantum repeater
was established for the practical generation of long-distance entanglement [8, 9], as we describe
in Sec. 3.6. The centerpiece of such a device is entanglement purification [10, 11], for which a
quantum memory [39] is indispensable. The working principle of the quantum repeater is to divide
the distance between the network nodes into smaller segments, create entangled states between
them, and sequentially generate high-fidelity entanglement between the nodes through alternating
purification and entanglement-swapping steps (Fig. 3.6). Ideal candidates for the realization of
stationary qubits acting as quantum memory are spins in solid-state systems, like electron spins in
semiconductor quantum dots (QDs) [18] and nitrogen-vacancy centers in diamond [23] (see also
Chap. 6). Due to their long coherence times, their complete controllability by electrical or optical
means [19, 23, 99], and the possibility of interfacing them with photons [100], the considerable
potential of spins as quantum memory has been demonstrated. The main focus of this chapter
is devoted to electron-spin qubits that are coupled by an isotropic Heisenberg-type interaction,
which is the case, e.g., for spin qubits in lateral QDs [19] (Sec. 5.2). The idea of recurrence protocols
for entanglement purification is to use two or more imperfectly entangled qubit pairs to purify one
of them with respect to a maximally entangled state. Using existing recurrence protocols involving
symmetric local two-qubit operations, such as the BBPssw or the DEjMPs protocol (see Sec. 3.5),
turns out to be rather unpractical for spin qubits since an efficient implementation of the required
CNOT gates is challenging. Hence, we concentrate on an open problem in the development of

quantum repeaters based on spin qubits, which is the lack of an efficient scheme for entanglement

© Parts of this chapter have been published by the American Physical Society (APS) in Ref. 98:
A. Auer and G. Burkard, Entanglement purification with the exchange interaction, Physical Review
A 90, 022320 (2014).
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purification.

Pioneering experiments of entanglement purification have been performed using photonic
qubits [101-104]. Limitations of these schemes are the destructive measurements of the purified
pairs and the requirement for pure input states [44, 105], besides the impracticality of using
photons as quantum memory. The original BBPSsw protocol of C. H. Bennett et al. [10] based
on CcNOT gates has been implemented with atomic qubits, but only locally in the same optical
trap [106]. Previous theoretical proposals have demonstrated purification schemes for spin qubits,
e.g. by replacing the cNoOT in the bilateral operation by the gate sequence that uses two-qubit
gates directly generated from the interaction Hamiltonian [107], requiring additional single-qubit
operations. Other procedures use three input pairs [108-110] or specifically work for two-spin
singlet-triplet qubits [111]. The aim of our study is therefore to examine whether entanglement
purification is feasible for characteristic coupling types of spin qubits, however, without single-
qubit manipulation, which is too slow for the realization of a quantum repeater.

We present a simple purification protocol based solely on the one-time activation of a Heisen-
berg exchange interaction leading to the v/swap gate (Sec. 5.3). The exchange interaction is readily
available in many spin-based qubits systems, such as quantum dots [18]. Following the same ap-
proach, we also find a similar result for qubits coupled via a XY-type interaction, which happens to
be the interaction between superconducting qubits [112] as well as between optically coupled spin
qubits [113], or for qubits coupled via magnetic dipole-dipole interaction (Sec. 5.4). Our proposal
works with two input pairs of spin-1/2 qubits and only requires a single two-qubit interaction. In
comparison with existing protocols, we achieve an advantage by allowing for different two-qubit
manipulations locally in the bilateral operation. For a single purification step, the derived protocol
requires no extra single-spin operations, making it much faster and less susceptible to gate errors.
The only needed operation, the v/swap gate, has been implemented experimentally, with a gate
time below 0.2 ns [114] (see also [48]), making the implementation of our proposal within reach
of current technology. Furthermore, the required single-shot measurement of an electron spin

state has also been successfully performed [115, 116].

5.2 Spin Qubits in Lateral Quantum Dots

The spin of an electron is a two-level system and presents a natural platform to implement a
qubit. Single or few electrons can be trapped and confined in all three spatial dimensions utilizing
quantum dots (QDs). If the extent of the confinement is comparable to the de Broglie wavelength
of the electron (tens of nanometers in a typical semiconductor structure), the orbital energy
levels are quantized; thus, QDs are also named artificial atoms. Many types of QDs exist, with
variations, e.g., in size and material composition. In this section, we concentrate on the description
of electron spins in lateral QDs [19], which have been extensively studied in the context of

quantum information processing [18, 20, 24].
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Figure 5.1 — Spin qubits in lateral quantum dots. (a) Part of a quantum register composed of
two electrons (e) with spins S; and S;, confined in gate-defined quantum dots. The electrons stem
from a two-dimensional electron gas (2DEG) that is created in a semiconductor heterostructure
beneath the gates and that confines electrons in the drawing plane. (b) Typical interaction potential
V between two electrons in adjacent quantum dots (QDs) i and j [118] along one lateral direction
(here the x axis).

Lateral QDs are formed from a two-dimensional electron gas (2DEG), in which electrons are
confined in one spatial direction and still able to move in the remaining two. A 2DEG can be formed
in a semiconductor heterostructure, such as AlGaAs/GaAs, where due to a band-gap mismatch
of the two materials, the electrons are confined to the GaAs layer in this case. In the following,
we concentrate on AlGaAs/GaAs heterostructures, unless otherwise stated. Confinement in the
lateral direction, i.e. within the plane of the 2DEG, can be achieved by metallic surface gates
above the electron layer. The electric field of the electrodes generates an approximately parabolic
potential that localizes the electrons within 100 nm [117]. A schematic depiction is given in
Fig. 5.1. Capacitive coupling to a source and drain reservoir allows to change the charge state of
the QD. In this fashion, a lateral QD can be filled with exactly one electron that can be coherently
manipulated for quantum information purposes.

Various ideas emerged of how to encode a qubit in the spin state of one or several electrons
confined in electrically-defined QDs. In the original idea [18], also known as the Loss-DiVincenzo

proposal, the spin eigenstates of a single electron in a QD define the computational basis,

10)=11) = |ms = +), (5.1)
=10 = |ms =), (5.2)

also referred to as spin up (| 7)) and spin down (|])). Here, we denote the electron spin by S
and the S, eigenstates by |mgs = +1/2). The growth direction of the heterostructure defines the
spin quantization axis z, i.e. the direction normal to the 2DEG plane. Other proposals suggested

two-electron spin states [119, 120] and three-electron spin states [121] of multiple quantum dots
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as computational basis. And also the charge degree of freedom can be exploited as qubit [122].
Substantial progress has been made in the fields of multi-electron spin qubits and charge qubits;
however, we were interested in entanglement purification schemes for single spins and therefore
focus on single-spin qubits in the following. We present how individual spins can be initialized,
manipulated and measured, and how two qubits can be coupled.

An external magnetic field B is coupled to the electron spin according to the Zeeman Hamiltonian
H, = gupB -8, (5.3)

where g is the effective g-factor and pp is the Bohr magneton. The spin states | T) and || ) can be
split by a constant magnetic field component B, along the z axis by the Zeeman energy gugB,. Due
to the energy separation, the states | T) and | | ) acquire different phases during the time evolution
generated by Hy, corresponding to rotations on the Bloch sphere around the z axis (cf. Fig. 3.1).
Transitions between the two spin states can be driven by an ac magnetic field B, (t) = B, cos(wt)
perpendicular to the quantization axis, known as electron spin resonance (ESR). In the resonant
case, i.e. for gupB, = w, the probability of a spin flip oscillates in time between 0 and 1. The
probability is less than 1 in the case of nonresonant driving. Using ESR, coherent oscillations
between the states | T) and | | ) with a Rabi period of 108 ns have been reported, reaching a gate
fidelity of 73 % [123]. Although electric fields do not couple directly to the electron spin, they can
still be used to drive spin transitions. Due to spin-orbit interaction, an oscillating electric field
generated through the metallic gates creates an effective magnetic field that oscillates with the
same frequency, which in turn drives Rabi oscillations between the two spin states. This so-called
electric-dipole-induced spin resonance (EDSR) therefore allows spin rotations about the x axis of
the Bloch sphere by purely electrical means with Rabi periods of about 220 ns [124]. The fastest
gate time could be reached by utilizing yet another mechanism to create an effective magnetic
field from an electric field, i.e. by the application of a slanted magnetic field, achieving a spin-flip
time of 20 ns [125].

Because of the small magnetic moment associated with the electron spin, the information about
the spin state needs to be transferred to a different measurable quantity in order to read out the
qubit. One idea is to convert the information into a charge signal that depends on the spin state
of the electron. An example of such a spin-to-charge conversion process is the spin-dependent
tunneling of the QD electron into a proximate ancilla dot. The presence or absence of an electron
in the ancilla can be detected by a quantum point contact, because the electric field of the electron
changes its conductance [18, 126]. This technique enabled single-shot readout of the electron
spin state with average fidelities of up to 86 % [115, 116, 127]. Qubit initialization can work in
principle in the same fashion, i.e. the measurement projects the spin into a definite state, and has
been demonstrated for silicon-based spin qubits [128].

In order to perform quantum computation, two-qubit operations have to be implemented.
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Therefore, two such gate-controlled qubits must be coupled. If two QDs are so close to each
other that the electronic wave functions overlap, tunneling events between the two dots become
possible. This gives rise to an exchange interaction of the two electrons described by the Heisenberg

Hamiltonian [18, 118] .
H;j(t) = J(1)S; - S; = Z](t)o'i 0, (5.4)

where S; = 0;/2 is the spin operator of the electron in QD i and o; is the vector of Pauli matrices.
The spin state of the two electrons is either a spin singlet |S), or one of the spin triplet states |T,),

|To) and |T_), that are given by

|S>=\%<m>—m>)z|\r>, (5.5)
IT,) = 111), (5.:6)
|To>zé(|Tl>+|lT>)E|‘P+>, (5.7)
Ty = 11). (5.8)

The effective exchange coupling J(t) splits the spin triplets from the spin singlet due to a virtual
electron exchange between the two dots, which is only possible for the singlet state. Therefore,
the energy of the singlet state is lowered by the exchange interaction. One can also see this by
rewriting the Hamiltonian H;;(t) for the exchange interaction between the electrons in QD i and

Jj [Eq. (5.4)] in the form
Hij(t) = J (1) (21 - P‘{J*) ) (5.9)

where Py- = |¥7)(¥ 7| is the projector onto the singlet subspace. A quantitative description of the
exchange coupling J(t) has been derived in Ref. 118. The coupling can be controlled via the gate
voltages, thus effectively changing the tunnel barrier between the two dots. In this fashion, specific
two-qubit operations necessary for quantum information processing can be implemented. As we
describe below, arbitrary powers of the two-qubit swap gate [Eq. 3.11] are generated depending
on the strength and temporal shape of the exchange interaction J(t). The time evolution of the

two-electron spin state coupled via H;;(t) is given by'-?

Uij(a) — e—ifotdt'Hij(t') — e—ia/4 (]l " (eia _ 1) P\y—)
e 1% 0 0 0
| 0 elT cos (%) —ie'7 sin (ﬂ) 0
| o —iel% sin %) el sin <%2) 0 (5.10)
0 0 0 e 's

ITime-ordering in Eq. (5.10) is not necessary since [Hij(t),H;j(t')] = 0forall t and ¢'.
2Here, we set /i = 1.
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The matrix representation is in the product basis {|TT),|Tl),[lT),[ll)} and we set the initial
time ty = 0. We parametrize the time evolution by the so-called pulse area o = fot dt’ J(t’). Here,
we see that the temporal shape of the exchange coupling determines the two-qubit evolution.
Exchange interaction is commonly applied for some finite time ¢, which we will refer to as an
exchange pulse. If we, e.g., assume a constant exchange coupling J, the pulse area is simply given

by a = Jt. For an exchange pulse with a = 7, the swap operation is implemented,

Uij(”) = e_i%USWAP = e_i% , (5.11)

S O O =
S = O O
S O =k O
= o O O

up to an irrelevant global phase factor of exp(—in/4). If an exchange pulse with a pulse area of
a = /2 is applied, two spins can be entangled via Heisenberg exchange interaction, and the

corresponding quantum gate is the yswap gate [Eq. (3.13)],

1 0 0 0
x 2|0 fa-i) la+i) o
U.. (_) = e_l 8 U = e_l 8 2 2 . 512
Y2 awr 0 1(1+i) (-1 o0 12
0 0 0 1

which is a universal two-qubit gate [18]. In a register composed of several gate-controlled qubits,
an elementary quantum gate between spins in dots i and j, e.g., is implemented by turning on
the exchange interaction between these dots for a specific time and leaving all other couplings
turned off. Thereby, only the state of the intended qubit pair is changed. However, the cNOT
gate required for several quantum information protocols [3] is not directly generated by the
Heisenberg exchange interaction. As shown in Sec. 3.2, additional single-qubit rotations are

required to construct a CNOT gate between qubit i and j fromv/swap,

Uenor = ¢ RY (%) RY (—%) RY) (%) Uiz RY (=) Uygsgns RY (—g) . (5.13)
Since single-spin rotations on the order of 100 ns are much slower than exchange-based two-qubit
operations (see below), such an implementation is challenging. It is this fact, which motivates
the development of protocols that can be directly implemented by the Heisenberg exchange
interaction, such as the entanglement purification scheme derived in Sec. 5.3.

The coupling of two electron spins via Heisenberg exchange interaction has been successfully
demonstrated in AlGaAs/GaAs [48, 114, 129, 130] and Si/SiGe QDs [131]. In the seminal work of
Ref. 114, J. R. Petta et al. demonstrated electrical control of the exchange interaction between two
QDs and the implementation of a+y/swap gate within 180 ps. Further developments included the

demonstration of an exchange-based two-qubit coupling together with independent single-qubit
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operations by EDSR in a double QD system, thus obtaining all-electrical control of small spin-qubit
processor [48], and the pairwise control of exchange interaction for three spins in a triple QD
[130].

Finally, we want to comment on the relaxation and decoherence times for single-spin qubits in
electrically-defined QDs, which are limited by the coupling to environmental degrees of freedom.
The spin relaxation time T is dominated by spin-orbit interaction combined with phonon emission
[20, 24] and can reach values longer than 1 s [132]. The coherence of the spin state, on the other
hand, is mainly affected by the nuclear spin bath of the host material that comprises 10*-10°
nuclei. The field of all nuclear spins, known as the Overhauser field, fluctuates in time and thus,
can randomize the phase of the spin state. A dephasing time of 37 ns has been reported [133]. In
the same work, a decoherence time T, = 0.44 us could be achieved by using a spin echo, which is
suggested to be mainly influenced by hyperfine-mediated flip-flop processes with the nuclear-spin
bath.

5.3 Entanglement Purification with the Heisenberg Exchange

Interaction

As described in Sec. 3.5, the original BBpssw protocol for entanglement purification requires the
application of a bilateral cNoT gate. For spin qubits coupled via Heisenberg exchange interaction,
however, we saw that the implementation of cNOT is a rather challenging task. In this section, we
develop a method to purify entanglement directly using Heisenberg exchange interaction. The
protocol has a similar structure to the original recurrence protocols of Refs. 10 and 11, the crucial
difference being that the bilateral operation is asymmetric, meaning that different two-qubit gates

are applied on each communication side, respectively.

5.3.1 Generic Purification Protocol

We consider the scenario depicted in Fig. 5.2. Two parties, conveniently named Alice and Bob,
want to implement a certain task that explicitly requires to share a maximally entangled state.
This is a standard job in quantum communication networks where, e.g., the teleportation of an
unknown quantum state is based on the distribution of the maximally entangled Bell state |¥~)
[32, 38]. However, Alice and Bob only have access to two-qubit states p; that are initially not
maximally entangled, which can be caused by different physical effects. The source producing the
correlated qubits might be imperfect and as well the transmission of the qubits from the source to
Alice and Bob usually does not preserve coherence very well. The initial state p; can be a general

mixed two-qubit state with some initial fidelity F,

F=(¥|p|¥") (5.14)
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Figure 5.2 - Entanglement purification with Heisenberg exchange. Alice and Bob share two
imperfectly entangled spin-qubit pairs pr, Alice holds qubits 1 and 3, Bob has qubits 2 and 4. An
asymmetric bilateral operation is implemented if Alice and Bob locally apply different exchange
pulses generated by the respective exchange couplings J,(t) and Ji(?).

relative to the Bell state |¥7). For the purification protocol to be applicable, the state p; has to
be brought into the form pr of Eq. (3.20). First, Alice and Bob need to twirl the state p; [10, 36],
which yields a Werner state Wr [33],

We = P[0y (0 + o (100 (e o )@t o) (e ] ). )

The twirl operation does not change the |¥~) component, equalizes the components of the other
three Bell states, and averages out the off-diagonal elements, resulting in the rotationally symmetric
mixture Wr. Afterwards, one of the parties performs the rotation Ry (rr) of its qubit to interchange
the [¥7) and |®*) components and eventually obtain the state pF,
1-F _ _ - -
pr = IOty (@ [+ (o) ut |+ [y ) (v [ o yger ] ) 6a9)

For the purification of the initial state produced by the source and transmitted to Alice and
Bob, two copies of the state pr can be used. Hence, Alice and Bob each have two qubits at hand.
We label the qubits of Alice 1 and 3, Bob has qubits 2 and 4 (see Fig. 5.2). The four-qubit state p

describing the actual system is thus given by
p=p?@pd?, (5.17)

where pgj ) denotes the state of qubits i and j. Alice and Bob each continue by the application of

an exchange pulse between their respective qubits, which is described the unitary transformation
Ula, p) = Uss(a) ® Uza(f). (5.18)

Here, U;; describes the time evolution of qubits i and j coupled via Heisenberg exchange that is
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given in Eq. (5.10).% If we denote the exchange couplings in Alice’s and Bob’s spin register as J,(t)
and J5(t), then the pulse areas a and f are given by

o« = f IR (5.19)
0
p = fo (), (5.20)

where t,/5 are the lengths of the pulses. The crucial difference to other entanglement purification
protocols [107-111, 134] is that Alice and Bob are allowed to choose different pulse areas and thus,
apply different bilateral two-qubit operations. It is exactly this asymmetric bilateral operation
that makes entanglement purification via Heisenberg interaction feasible at all. The exchange

pulses transform the four-qubit state p like

p > Ula, f)pU(a. B)'. (5.21)

In analogy to the original publication (Ref. 10) where the effect of a bilateral cNoT was explicitly
given, we show how the unitary transformation U(a, §) acts on combinations of Bell states in
Appendix B. After this unitary transformation, the two parties continue like in the original BBPSsW
protocol. Although we do not use any conditional quantum operations here, we still denote qubits
1 and 2 as control qubits, and qubits 3 and 4 as target qubits, following the notation in Sec. 3.5 where
the cNvoT-based purification protocol was described. Alice and Bob measure the target qubits 3
and 4 in the computational basis {|T), || )} and compare the measurement results afterwards. This
is done by classical two-way communication. If Alice and Bob obtain equal measurement results,
i.e. either both spins are pointing up or both are pointing down, they will keep the control qubits.
Otherwise, the state is discarded. The quantum circuit for the purification protocol is shown
in Fig. 5.3. As we derive below, in case of keeping the control pair, the fidelity of precisely this
state can become larger than the initial fidelity F by the above transformation and measurement,
depending on the applied exchange pulses.

Mathematically, we describe a successful measurement by a projection # onto the subspace

spanned by the states in which the spins of qubits 3 and 4 point in the same direction,

P =T8T {TTI+11)sa (LL]) . (5.22)

Here, 1;; is the identity operation on the control qubits 1 and 2, and for a two-qubit state we
choose the notation |1T);; = |1); |T); with analogue expression for other combinations. Thus,

the normalized four-qubit state p” after a successful measurement can be obtained through the

3We can separate the time evolution of the four-particle system in Eq. (5.18) into the two-particle propagators U3 ()
and Uz4(f) because the Hamiltonians describing each exchange interaction commute, i.e. [H13(t), H24(¢")] = 0 for
all t and ¢, with H;;(t) given in Eq. (5.4).
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Figure 5.3 - Circuit diagram of the purification protocol. Alice and Bob start with two copies
of the state pr. Alice applies the unitary transformation Uss(«) to qubits 1 and 3, Bob Us4(f) to
qubits 2 and 4. Subsequent measurements (M) of the target qubits 3 and 4 follow. The state of the
control qubits after the transformation becomes p’(?). The fidelity of the control state is larger than
the initial fidelity for a successful purification round.

operation
’_ 1 .
P P U@ P pye) PP (5.23)

where the trace is taken over the four-qubit Hilbert space. Finally, the state p’(*?) of the control

qubits 1 and 2 is obtained by tracing out the target qubits,

p'%) = Tray (p'). (5.24)
The overlap F'(F, a, ) = (®*]p’(1?|®*) that equals the fidelity if the |¥~) and |®*) components
are interchanged again, is found to be

(4F —1)(4F +5)cosacos f — (4F —1)(8F + 1) sinasin f + 8F(4F + 1) + 5

F'(F,a,p) =
(F.ap) 6(4F — 1) cosa cos f — 2(4F — 1)? sina sin ff + 6(4F + 5)

B

(5.25)
which is the main result of this chapter. The fidelity F’(F, a, f) depends on the initial fidelity F
and on the applied exchange pulses via the pulse areas o and f. The state p’(*?) is diagonal in the

Bell basis, and for the sake of completeness, the remaining diagonal elements are

3(1 — 4F) sinasin B + (1 — 4F)? cosa cos f — 9

1,12 | =
(7] e7) = 2(1 —4F)?sina sin § + 6(1 — 4F) cos & cos § — 6(4F + 5)’ (5.26)
+1 .7(12) +\ _ 4(F_1)(2F+1)
(T pB ) = (1 — 4F)%sinasin B + 3(1 — 4F) cosa cos f§ — 3(4F + 5)’ (5.27)
) = Ho YAty 529)

1—4F)%sinasin ff + 3(1 — 4F) cosa cos f — 3(4F +5)

From Eq. (5.25), the effect of the asymmetric bilateral operation becomes apparent. For a symmetric
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Figure 5.4 — Fixed points of purification protocol. The minimum required initial fidelity F;,
(dashed lines) for the entanglement purification to work and the maximally attainable fidelity Fpax
(solid lines) when iteratively applying the purification protocol that generates the map in Eq. (5.25)
as a function of the pulse area « and for different pulse areas f.

bilateral operation, i.e. for ¢ = S, the relation F’(F, «,a) < F holds in the range 1/2 < F < 1.
Hence, no purification is possible if Alice and Bob apply the same exchange pulses to their qubit
pairs. This case has been studied before in Ref. 108 and explained by analyzing the time evolution
in the Bell-product basis. However, we want to point out that the requirement of equal operations
by Alice and Bob is a dispensable assumption, which prohibits purification if it is not discarded.
To show the feasibility of the derived protocol for entanglement purification, the three fixed
points of the map in Eq. (5.25) can be found analytically. Except for the case a = nx, f = mu,
and o — = 27k (n, m, k integers), where F’ = F, a constant fixed point is given by F. = 1/4. The
values of the two remaining (possibly complex) fixed points Fy, and Fn,y depend on « and f,
as illustrated in Fig. 5.4 within the physically relevant regime 1/2 < Fpin < Fpax < 1. While the
fixed points Fax and F, are attractive, Fp;, is repulsive. Thus, if the qubit pairs have an initial
fidelity F > Fun > 1/2, iterative application of the described scheme can purify them up to a
fidelity Fiax. If @ = —f, we find Fu,in = 1/2 and Fpax = 1, which are the same fixed points as
in the original BBPssw protocol. In this case, also the increase in fidelity is maximal, which is
investigated more carefully below. Furthermore, one can see from Fig. 5.4 that the robustness of
our scheme is largest in the case @ = —f8 = 7/2 since deviations from perfectly applied operations
have the least effect on the values of Fp,;, and Fpx. If Alice applies a rectangular pulse with an
exchange interaction of J, = 1 ueV [114], the deviation At from the optimal case must not exceed
100 ps to still achieve a maximum fidelity of 0.99, assuming Bob generates a perfect pulse. Such
accuracies can be obtained experimentally [114].

As we can see from Eqs. (5.26) — (5.28), the output state p’(!? generally does not have the
Bell-diagonal form of pr in Eq. (5.16) with equal components of the states |®7), |[¥*) and |¥7).
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A subsequent purification round, however, requires the input states to have the same structure
as pr. Therefore, between two purification rounds, another twirl operation needs to be applied
that creates the state pp from p’(?) with F’ given in Eq. (5.25). Since twirling requires a random
single-qubit rotation [10, 36], the purification scheme we develop here so far does not get rid of all
single-qubit operations. Nevertheless, a purification round still takes substantially less time than
the single-qubit gates that would be required for the realization of the standard cNoT sequence
[Eq. (5.13)]. On the other hand, the DEyMPS protocol works for general Bell-diagonal two-qubit
states and does not need the twirl. By replacing the bilateral cNoT in the DEjMPS protocol by the
asymmetric operation described above, we can also establish a working purification method, which
is demonstrated below. A deterministic single-qubit rotation between subsequent purification
rounds is still required. However, the total number of slow single-qubit rotations is significantly

reduced.

5.3.2 Optimal Purification Protocol

The minimal and maximal values of the fixed points Fnin = 1/2 and Fn,x = 1 are obtained in the
case a = —f. This implies that in principle maximally entangled states can be created using our
protocol if Alice and Bob perform mutually inverse operations. Practically, this could be achieved
in several ways. Alice and Bob could, e.g., use ferro- and antiferromagnetic exchange couplings
Ja(t) > 0and J5(t) < 0, or vice versa. If both parties operate with equal physical setups, the sign of
the exchange interaction could be changed using a magnetic field [118, 135]. In the case of equal
coupling types, one can use the fact that the propagator U;;(t) is 27 periodic (omitting overall
phases). Alice and Bob could choose exchange pulses with, e.g.,0 <« < 7 and f =27 —a > 0in
the case of ferromagnetic coupling to generate inverse operations as well. The fidelity is then
given by

1 3 — 12F?
F'(F,a,-a) = -

2 ¥ (F—1)(4F — 1) cos(2a) — F(4F + 7) — 7’ (5.29)

which is plotted in Fig. 5.5 for several values of « and compared to the result of the original
BBPSSW proposal. We also show the probability p(F, «) for a successful purification step, i.e. the

probability that Alice and Bob obtain equal measurement results,
1
p(F,a) = ﬁ(7 + F(4F +7) = (F = 1)(4F — 1) cos(2a1)). (5.30)

This probability is given by the expectation value of the projection operator # [Eq. (5.22)], which
is equal to the normalization of the density matrix p’ [Eq. (5.23)],

p(F,a) = (P) = Tr(PU(a, @) pU(a, @) ") = Te(PU (at, @) pU (at, ) TP), (5.31)

where we used P? = P and the cyclic property of the trace.

From Eq. (5.29), we can deduce that the maximal increase in fidelity in the relevant range
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Figure 5.5 — Fidelity increase and measurement probability. (a) Fidelity F’(F, a, —a) of the
control state after a purification step as a function of the initial fidelity F, shown for different
pulse areas & and compared to the original BBPssw protocol. (b) Probability p(F, ) for a successful
measurement with equal outcomes as a function of the initial fidelity F, also shown for different
pulse areas @ and compared to the probability in the original BBPSsw protocol.

1/2 < F < 1is given for @ = /2 + 27n (n integer). We refer to this case as the optimal purification

protocol and find for the increase in fidelity

16F2 + F+1

T T
F’ (F, — +2mn,—— + Zﬂm) =
2 2 8F2 +2F +8

(5.32)
where the integers n and m can be chosen independently by Alice and Bob. The optimal value

is therefore achieved if Alice applies av/swap gate to her qubits and Bob performs the inverse
1y

VsSwWAP gate, \/SWAP

The described protocol can be slightly improved in terms of resources needed to achieve a
specific fidelity. In analogy to the DEjMPs protocol, Alice can begin each purification step with the
local operations [Eq. (3.24)]

|O>0—>é(|0>—i|1>), |1)|—>é(|1)—i|0)), (5.33)

and Bob performs the inverse operation. The bilateral cNOT is replaced by the asymmetric operation
used in the optimal purification protocol. The protocol works for general Bell-diagonal states
and does not need the twirl in between subsequent purification steps. The gain in fidelity can be

slightly increased [Fig. 5.6 (a)] and thus, the number of purification steps is reduced [Fig. 5.6 (b)].

5.4 Entanglement Purification with other Interaction Types

For the initial situation of two input pairs pr, the concept of asymmetric bilateral two-qubit

operations enabled entanglement purification directly from the Heisenberg exchange interaction,

-1, . .
4The square of /SWAP ~ is also the SWAP operation and it can be understood as another root of swap.
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Figure 5.6 — Iteration of purification protocol. (a) Stepwise fidelity increase for an initial fidelity
F = 0.7 and (b) number (No.) of purification steps needed to achieve a fidelity F’ > 0.82 (above
threshold fidelity of hashing method introduced in [36]) starting from qubit pairs with a fidelity F.
Data is shown for the described optimal purification protocol (triangles) [Eq. (5.32)] that requires
twirling, and in a more efficient way for a version analogue to the DEjMPS protocol (dots) without
twirling, but instead requiring the single-qubit operation in Eq. (5.33).

which is not possible if Alice and Bob apply the same local operations [108]. In this section, we
demonstrate that this is also true for other qubit coupling types, such as the XY interaction or

magnetic dipole coupling. The calculations are performed in analogy to the previous section.

5.4.1 XY Interaction

The Hamiltonian describing XY-type interaction between two qubits i and j is given by

1
— y .y
Hi (1) = 27°(0) (0707 +0f0?). (5.34)
Compared to the Heisenberg Hamiltonian [Eq. (5.4)], only the x and y components of the spins
are coupled, and we denote the coupling constant by J*¥(¢). This kind of interaction appears, e.g.,
in all-optical cavity-coupled QD electron spins [113] or superconducting qubits [112]. For a pulse

area fOT dt’J*¥(t") = —n, the Hamiltonian Hl?‘jY(t) generates the iswAP gate,

1 0 0 0
—i(— XgXtgYq5Y 00 i O

Uiswar = Ui);'Y(_”) = e ”)(U’ %t U’) = o i o ol (5.35)
0 0 0 1

For purification, Alice and Bob follow the scheme described in Sec. 5.3, i.e. they start with two
qubit pairs p = pr ® pr and apply the XY interaction with pulse areas o and f to their respective
qubit pairs. After a subsequent measurement of the target qubits, Alice and Bob keep the control

pair if they obtain equal measurement results. As a result, the fidelity Fy, (F, a, ) of the source
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state can be increased depending on the pulse areas « and f. A formula for F;, (F, a, ) can be
found in Eq. (8) of Ref. 98. In the case a« = —f, i.e. when both parties apply mutually inverse
operations, the result coincides with Eq. (5.29),

F,(F,a,—a) = F'(F,a,—a), (5.36)
and the gain in fidelity is thus maximal for « = x/2. In the optimal case, the different qubit

interactions correspond to gates whose double application result in the iswap gate.

5.4.2 Magnetic Dipole-Dipole Interaction

The dipole-dipole coupling between two magnetic moments p; = yS; and p; = yS;, separated by

a distance r, is described by the Hamiltonian [136]

2

= (Si-8;-3(Si-e,) (S er)). (5.37)

Hig =
dd 4mr

Here e, is a unit vector pointing along the connecting line between the two identical magnetic
moments with gyromagnetic ratio y and y is the vacuum permeability. For example, the electron
spins of two nitrogen-vacancy centers in diamond (Chap. 6) that were close enough to each other
could be coupled via the interaction of the associated magnetic moments and entangled in this
way [137]. Without loss of generality, we can assume the connecting line to define the z axis and

thus, obtain
poy* Yy
Hyq = o3 (crl-xaf +o;0; - 20{‘0]‘7‘) , (5.38)

where we assume spin-1/2 systems that are magnetically coupled. The strength of the interaction
could in principle be varied by changing the distance r between the qubits, which might not be a
trivial task. However, as proof of principle of our developed concept and to demonstrate that it
works for a variety of Hamiltonians, we apply the asymmetric purification scheme developed
above as well to qubits coupled via Hyq. We define the pulse area as a = fot dt’poy?/(16r(t’)?)
and assume a time-dependent distance r(¢). The fidelity F} (F, a, f5) after one purification round
with initial fidelity F is calculated to be

, ) I(F,af)
FaalFra. p) = 6(4F — 1) cosa cos f — 2(4F — 1)2sina sin f + 6(4F + 5)° (5:39)
and the numerator I'(F, , f8) is given by the expression
I'(F,a,p) = (2F(4F + 1) — 1)(2cos(2(a + fB)) + cos(4(a + B)) + 2 cos(6(a + f)))
—2(F—1)(4F — 1) cos(4(ax — f)) + 4F(4F + 1) + 7. (5.40)
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We also find that the minimal and maximal values of the fixed points Fi, and Fy,ax, respectively

are obtained if Alice and Bob apply mutually inverse operations, since

’ a a 7
F), (F : _Z) - F'(F,a, -a), (5.41)

and therefore the discussion of Sec. 5.3.2 also applies for entanglement purification in case of
qubits coupled via magnetic dipole-dipole interaction, with the optimal purification achieved for

a pulse area of @ = /8.

5.5 Conclusions

An open problem in the development of quantum repeaters had been the lack of a scheme for
entanglement purification directly with the exchange interaction. For this purpose, we developed
the concept of asymmetric bilateral two-qubit operations for entanglement purification that, to the
best of our knowledge, has not been studied before in the literature. This concept can be applied
to a very broad range of solid-state spin qubits, e.g., electron spins in QDs, nitrogen-vacancy
centers in diamond, or superconducting qubits. Thus, the development of this concept could be a
significant step towards large-scale quantum communication.

By the use of asymmetric operations, we designed an entanglement purification protocol, in
which the bilateral two-qubit operation is directly generated from the one-time activation of a
Heisenberg-type spin-spin interaction. We have shown that an asymmetric unitary evolution of
Alice’s and Bob’s qubits, respectively, can lead to an increased fidelity of one of the shared qubit
pairs with respect to the Bell state |®) if the initial fidelity was larger than a given minimal value. In
the special case where Alice and Bob apply mutually inverse operations, the maximally obtainable
fidelity by iterative application of our protocol is F = 1; i.e., in principle maximally entangled
states can be generated. We found that the optimal case is when the two communicating parties
apply the VSWAP and the ySwaP | gates locally on their qubits. Since the coupling of electron
spins in gate-controlled QDs is well described by an exchange interaction of Heisenberg type,
the protocol is particularly suitable for spin qubits. In terms of operation times, the presented
protocol is much faster than protocols based on cNOT applied to spin qubits. The reason is that
single-qubit gates needed in constructing the cNOT need operation times on the order of 100
nanoseconds [124] whereas the y/swaP can be generated two orders of magnitude faster in about
0.2 nanoseconds [114]. Therefore, besides the smaller error-proneness due to the smaller number
of gate operations, a much faster iteration of the protocol is possible. Even higher iteration rates
would be achieved if the intermediate twirl operation could be implemented through the exchange
interaction, e.g. by exchange-controlled single-spin rotations with predicted gating times of about
1 nanosecond [138]. The feasibility of this idea should be the aim of further studies. At this stage,

we point out that fast single-qubit gates on the picosecond timescale have been demonstrated for
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charge qubits in gate-controlled QDs [139] and for spin qubits in self-assembled QDs [99, 140].
However, two-qubit gates have not yet been demonstrated for spin qubits in self-assembled QDs
and, moreover, charge qubits have coherence times in the range of nanoseconds and are therefore
not suitable as quantum memory.

In addition, we showed that our purification method of applying an asymmetric bilateral
operation works as well for qubits coupled via a XY-type or magnetic dipole-dipole interaction
and is therefore suitable for cavity-coupled spin qubits, superconducting qubits, and nitrogen-
vacancy centers in diamond. The interaction types investigated in our studies are special cases of
a general spin-spin interaction of the form Sl.T . T) - S}, with some coupling tensor (T) Therefore,
further investigation on entanglement purification from this general interaction Hamiltonian

needs to take place.
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Long-Range Two-Qubit Gate between

Nuclear Spins in Diamond

6.1 Introduction

Point defects in a crystalline solid-state environment offer several possibilities for the physical
implementation of a qubit including, e.g., spins of donor atoms in silicon [141-143] and defects
in silicon carbide [144, 145]. Among those crystal defects, the perhaps most prominent example
is the nitrogen-vacancy color center in diamond [20, 23, 25], which comprises a substitutional
nitrogen atom in the diamond lattice and a missing carbon atom at a neighboring site (Fig. 6.1).
Several seminal experiments could demonstrate its functionality as qubit and it has since then
evolved to be a major research branch of quantum information processing. Today, it is known
that the orbitals of the NV center are highly localized states. The ground state of the NV center
is an electronic spin-1 system, and it features an excited state manifold that can be optically
excited, in which the transition lies within the 5.5 €V band gap of diamond. Therefore, such defects
are sometimes seen as "trapped atoms" [23]. The electron spin can be initialized by optical spin
polarization, coherently manipulated, e.g., by microwave pulses, and read out with a high accuracy.
Furthermore, the electron spin shows coherence times of milliseconds at room temperature, which
made the NV center a highly promising candidate to be utilized as qubit in a quantum computer
or quantum network. An overview can be found in recent reviews [20, 21, 23]. The NV center
also finds application in various other fields, e.g., as single-photon source [146], highly sensitive
nanoscale sensor for magnetometry [147], or in bioimaging [148], to name only a few of them.
But it is not only the electron spin that can be useful for quantum information processing.
Nuclear spins weakly interact with their environment and are less susceptible to effects that
can destroy their quantum state. Hence, nuclear spins in diamond show even better coherence
properties than the NV electron spin and are likewise prospective candidates for the physical
realization of a qubit [49, 149-152]. There are three types of nuclear spins that play a role with

respect to quantum information processing. First of all, the NV center by definition comprises a
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Figure 6.1 - Atomic structure of the nitrogen-vacancy center. (a) Diamond lattice formed
by carbon (C) atoms. A point defect in the lattice of Cs,, symmetry is created by a substitutional
nitrogen (N) atom next to a vacancy (V) where an atom is missing in the lattice. (b) Spin quantization
axis (z axis) given by the connecting line between the nitrogen atom and the vacancy.

nitrogen atom that possesses a nuclear spin, which can either be a 1*N or °N isotope. Carbon is
mainly occurring as '2C isotope that has no nuclear spin. On the other hand, '*C has a nuclear
spin and can be coincidently located at proximate lattice sites since it appears with a small natural
abundance of 1.1 %. However, our work is focussed on the intrinsic nitrogen nuclear spins.

Being either used for quantum computation or as node in a quantum communication network
(see Chap. 3), it is indispensable to deterministically entangle two distant nuclear spin qubits. A
mechanism to implement an entangling two-qubit operation has to be available that is fast enough
compared to the timescale set by the nuclear-spin decoherence time, and couples nuclear spins
over long distances. The generation of entanglement between nuclear spins in diamond has been
studied before, including both experimental [47, 50, 153-155] and theoretical work [156-159].
Previous theoretical proposals addressing nuclear spin entanglement in diamond considered, e.g.,
an effective coupling between two N nuclear spins via magnetically coupled electron spins
[158]. Such a scheme limits the maximal distance between the two qubits to about 50 nm. In
a quantum repeater protocol specified for network nodes that possess two internal degrees of
freedom, like the NV center with its electron and nuclear spin, the entangling of two nuclear
spins was proposed by also utilizing prior electron entanglement [156, 157, 159]. Therefore, a
deterministic long-distance entangling scheme between nuclear spin qubits should have been
developed, and the results are presented in this chapter.

In our work, we develop a mechanism to deterministically implement a controlled quantum
gate between two distant nitrogen nuclear spin qubits in diamond, and thus, generate long-range
entanglement that can be used, e.g., in quantum networks (see Chap. 3 for details). The coupling
between the nuclear spins is achieved by virtual excitation of an optical cavity, to which both NV
centers are coupled. External laser photons incident on each NV center can be scattered into the

cavity mode by exciting electronic Raman-type transitions between the ground and excited state,
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and thereby mediating an effective interaction between the two NV centers. We find that the
scattering process depends on the nitrogen nuclear-spin state. The scattering can be completely
suppressed for a specific nuclear spin configuration by properly tuning the laser frequency, which
eventually leads to the implementation of a controlled-Z (cz) gate (Sec. 3.2). Quantitative analysis
of our proposed mechanism yields fast gate operation times below 100 nanoseconds, which is a
few orders of magnitude faster than the decoherence time of about a millisecond for the nitrogen
nuclear spin. Cavity-mediated coupling between NV electron spins has been studied before, see
Ref. 160.

This chapter is organized in the following way. First, in Sec. 6.2 we describe the physical system
to be studied, namely the NV color center in diamond including electronic structure and spin
properties, and the hyperfine interaction between the NV electron spin and the respective nuclear
spins. It follows a detailed overview about spin qubits in diamond in Sec. 6.3, where we try to
emphasize the usability of the NV center for quantum information processing. We describe major
achievements regarding single- and multi-qubit control for both, the electron and nuclear spins.
Sec. 6.4 is devoted to our own work, in which we describe the coupling of a NV center to an optical
cavity (Sec. 6.4.1), afterwards how the scattering of an external laser photon into the cavity mode
depends on the nitrogen nuclear-spin state (Sec. 6.4.2), and finally how to implement a universal
two-qubit gate (Sec. 6.4.3).

6.2 The Nitrogen-Vacancy Center

6.2.1 Properties of the Nitrogen-Vacancy Center

The nitrogen-vacancy (NV) color center is a paramagnetic point defect in the diamond lattice,
in which a substitutional nitrogen (N) atom is located adjacent to a vacancy where a carbon (C)
atom is missing (see Fig. 6.1). Such a defect often occurs naturally and can also be formed during
the diamond synthesis process [161] or be produced by ion implantation [162]. Depending on
the nitrogen isotope, the NV center can comprise either a '*N or >N nucleus, which affects the
hyperfine interaction. The connecting line between the nitrogen atom and the vacancy is called
the defect axis and it determines the spin quantization axis, which is defined to be the z direction.

The NV center can occur in a negative (NV~) or neutral (NV°) charge configuration. The
negatively charged system has been studied experimentally and theoretically in great detail,
and important milestones regarding its feasibility for quantum information processing could
be achieved that include, e.g., coherent qubit manipulation and two-qubit entanglement.! An
overview about the latest achievements can be found in recent reviews [20, 23, 163] and is partially
given in Chap. 6.3. The defect (in the negatively charge state) incorporates six electrons, of which

five are unpaired electrons occupying the dangling bonds of the nitrogen and the three carbon

1Our work only concentrates on the negatively charged configuration NV~, which we simply refer to as "NV center"
in the following.
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Figure 6.2 - Energy-level diagram of the NV center. Electronic states localized to the NV center
lie within the 5.5 eV band gap of diamond (not to scale). The transition energy between the ground
(*A;) and excited (°E) state is 1.945 eV, and both states are spin triplets. Optical transitions are spin
conserving, indicated by red arrows. Spin states mg = 0 and mg = *1 are separated by the zero-
field splitting Dy (Des) in the ground (excited) state. (No external magnetic field considered here;
excited-state fine structure omitted.) On the right, the relaxation process through an intersystem
crossing via the intermediate, metastable singlet states 'E and ' A is depicted, as will be described
in Sec. 6.2.2. Nonradiative decay from °E into the singlets is stronger for the ms = +1 sublevels,
allowing for optical spin polarization.

atoms. The additional sixth electron is captured from the lattice, possibly from nearby nitrogen
donors [164]. The symmetry of the diamond lattice is reduced due to the formation of the point
defect, which in this case has C;,, symmetry; i.e. the system is invariant under rotations about
the defect axis by multiples of 120°, and there exist three mirror planes spanned by the defect
axis and one of the three nearest-neighbor carbon atoms, respectively. The loss in translational
symmetry generates electronic states that are localized around the defect. These localized states
are energetically located within the diamond bandgap as schematically depicted in Fig. 6.2. A
strong optical zero-phonon line (ZPL) between ground and excited state can be observed that has a
transition energy of 1.945 eV (637 nm). 95 % of the optical emission goes into the phonon-assisted
sideband. Ab initio calculations show that around 70 % of the electron density in the ground
state is localized to the three C atoms [165]. In the excited states, the electron density is larger
at the nitrogen site, which causes the hyperfine interaction to be approximately 20 times larger
compared to the ground state. This fact is harnessed in our mechanism to couple two nuclear

spin qubits, as will be described below in Sec. 6.4.
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6.2.2 Electronic Structure and Spin Hamiltonian

A detailed understanding of the electronic structure of NV centers has been developed only
recently using a group-theoretical approach in combination with ab initio calculations [166, 167].
The electronic properties are determined by the six constituting electrons, and can be either
deduced from a six-electron [166] or two-hole [167] model. The electronic system has integer
spin due to the even number of electrons, and both the orbital ground and excited state are S = 1
spin triplets, which was also confirmed experimentally [168, 169].

The ground state is an orbital singlet and transforms according to the A; representation of the
Cs,, group. Since it is a spin triplet, it is denoted as >A,. The excited state transforms as E, which
is an orbital doublet. Hence, the excited state is *E. The NV center can be optically excited from
the ground state to the excited state with a transition energy of 1.945 eV (637 nm). The optical
transition is spin conserving and even preserves spin coherence [170, 171]. Furthermore, optical
excitation to the excited state can be harnessed to initialize the spin state of the NV center. Being in
the excited state *E, the system can relax back to ground state A, either by spontaneous emission
of a photon, or via a nonradiative and not spin-conserving intersystem crossing (ISC) through
the intermediate singlet states !A and 'E. The electronic structure including the radiative and
nonradiative decay channels are depicted in Fig. 6.2. Whereas the excited state has a short lifetime
of about 10 nanoseconds [172], relaxation via the ISC traps the electronic system in the singlet
states for about 300 ns [170]. Furthermore, the relaxation process via the ISC is spin selective
and favors the states with spin projection mg = +1 compared to the mg = 0 state. However, the
decay through the ISC does not conserve the spin state and ends up in the ground state *A; with
spin projection mg = 0 (see Fig. 6.2). On the other hand, the decay rates of the spin-conserving
radiative relaxation processes are the same for every spin state. In general, the NV center can be in
some mixed state of S, eigenstates. If the system is optically illuminated, every spin state is equally
excited. But the relaxation is an asymmetric process, due to the ISC, which opens an additional
decay channel for the mg = +1 components. Since the decay via the ISC ends in the mg = 0 state,
a net increase in mg = 0 population is achieved. Continuous optical pumping thus initializes
the electron spin to the mg = 0 state, a mechanism known as optical spin polarization that can
also be exploited to measure the electron spin state [173]. If the electron spin is in the mg = 0
state, optical pumping will lead to many subsequent relaxation events, resulting in a large signal
in case the fluorescence is measured. In contrast, if the spin state is either mg = 1 or mg = —1,
there exists the possibility that the system gets trapped in the long-lived singlet states, which in
turn reduces the measurement signal. A measurement of the contrast in fluorescence therefore
implements a measurement of the NV spin state. In Sec. 6.3, an overview about the NV center in
the context of quantum information processing will be given. The ability to optically initialize
and measure to electron spin state of a NV center, nowadays with very high accuracies, is one of
the main reasons to utilize the NV center for this purpose. In a majority of the undermentioned

works, optical spin polarization has been employed, even in the case of nuclear spins.
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One exceptional property of the NV center that distinguishes it from many other qubit proposals,
is the appearance of room-temperature spin coherence in the ground state spin triplet. Decoherence
times (T) up to 1.8 ms for NV centers formed with N isotopes [174] and 2 ms for 1°N isotopes
[175] at room temperature have been observed using spin-echo techniques. These values can
be significantly increased if the system is cooled down to cryogenic temperatures and T, can
reach up to 0.6 s at 77 K [176]. The relaxation time (T;) also depends crucially on the temperature
and ranges from milliseconds to minutes [177]. The main reason for a loss of spin coherence is
the interaction of the electron spin with other magnetic moments surrounding the defect. Such
additional magnetic moments can be either 13C isotopes [178, 179], or single nitrogen atoms also
embedded in the diamond lattice, so-called P1 centers [180]. The *C isotope has nuclear spin
I = 1/2 and exists with natural abundance of 1.1 %. '*C nuclear spins are weakly coupled to the
electron spin via hyperfine interaction. Uncontrolled interaction with the *C nuclear spin bath
can be suppressed by using isotopically ultrapure diamond samples, in which the appearance of
3C isotopes is strongly reduced. The presence of nearby electron spins, stemming from nitrogen
impurities, can have a significant effect on the electron spin coherence due to the electron’s
large magnetic moment. A spin bath comprised of several nitrogen atoms generates an additional
magnetic field, which is, however, not static and changes in time because of spin flips within the
bath. Application of an external magnetic field can counteract this effect. If the Zeeman energy
becomes larger than the magnetic coupling between the nitrogen spins, the dynamics within the

bath freezes out and fluctuations can be suppressed [180].

Ground-State Spin Hamiltonian

In the absence of a magnetic field, the mg = +1 spin sublevels are split from the ms = 0 sublevel
by a zero-field splitting that is present in the ground and the excited state. The physical origin
of the zero-field splittings are magnetically-induced spin-spin interactions [see also Eq. (5.37)]
among the electrons that are localized to the defect [166, 167]. In the presence of an external

magnetic field B, the ground state Hamiltonian of the NV center has the form
Hys = DysS2 + yeB - S, (6.1)

where S denotes the NV center spin, and spin-spin interactions are included via the zero-field
splitting of Dgs/27 = 2.88 GHz [25]. A static magnetic field applied along the defect axis, B =
Be,, further splits the mg = 1 and mg = —1 states by the Zeeman energy 2y.B. The electron
gyromagnetic ratio is y./27 = geptn/27 = 2.803 MHz/G, with an isotropic g-factor of the electron
spin of g = 2.0029 and small anisotropies are neglected. At the ground-state level anticrossing
(GSLAC), the ms = 0 and mg = —1 states become degenerate, which happens at a magnetic field
strength of about 1028 G (Fig. 6.3). At the same time, the mg = 1 state is split off by approximately

2Dgs, which creates a well-isolated two-level system. Therefore, the two spin sublevels mg = 0
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Figure 6.3 — Ground-state fine structure in a magnetic field. (a) Spin sublevels are split by
the ground-state zero-field splitting Dy and the Zeeman energy y.B. The ms = 0 and mg = -1
states are typically used to implement the qubit states |0) and |1). Transitions between the qubit
states can be driven by microwave (mw) pulses. (b) Magnetic-field dependence of ground-state spin
sublevels, originating from Hamiltonian Hg [Eq. (6.1)]. At = 1028 G, the ms = 0 and ms = —1 states
are degenerate. As will be discussed below, hyperfine interaction couples the mg = 0 and mg = —1
spin states, leading to a ground-state level anticrossing (GSLAC).

and mg = —1 can serve as the computational basis states |0) and |1). If a magnetic field strength
is chosen such that there is an energy difference between the mg = 0 and mg = —1 states, the
relative phase between the two qubit states changes over time. This corresponds to a rotation
about the z axis on the Bloch sphere [cf. Fig. 3.1]. Usually, the energy splitting is adjusted to
be in the microwave regime. An oscillating magnetic field of frequency w along the x axis,
B, (t) = B, cos(wt)ey, changes the population of these two states via the term y. B, cos(wt)Sy in
the Hamiltonian Hg [Eq. (6.1)]. If the frequency w is resonant to the transition frequency between
the ms = 0 and mg = —1 levels, the qubit sinusoidally changes between the states |0) and |1).
A rotation of the qubit state about the x axis on Bloch sphere can therefore be achieved by the

application of microwave pulses.

Excited-State Spin Hamiltonian

The 3E excited state has a more complex fine structure compared to the A, ground state because
the orbital doublet is, e.g., more susceptible to strain. Moreover, it shows a pronounced temperature
dependence due to phonon-induced orbital averaging [181, 182]. The two quasi-degenerate orbital
branches of the °E excited state are denoted as E, and E,. At low temperatures, spin-orbit coupling,
spin-spin interaction and local nonaxial strain, however, lift the degeneracy and create a sublevel
structure in the excited state [181, 183-185]. In the limit of low-strain, the excited-state spin
Hamiltonian is nearly diagonal in the eigenbasis of the spin-orbit Hamiltonian, in which the spin-
orbit coupling strength has a magnitude of 5.3 GHz [181, 186]. The eigenstates, thus, have mixed

orbital and spin character. In a typical sample, however, impurities in the diamond lattice produce
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Figure 6.4 - Excited-state level structure at room and low temperature. (a) Room-
temperature level spacing of the 3E excited orbital state at zero magnetic field. The ms = +1
spin states are separated from the mg = 0 state by the excited-state zero-field splitting Des. (b) At
low temperatures and strain fields larger than 10 GHz, the orbital doublet splits into two branches,
Ex and E,. Both manifolds consist of three spin sublevels with quantum numbers ms = +1, 0. (c)
Magnetic-field dependence of the room-temperature spin states. A magnetic field along the defect
axis splits the mg = +1 states by the Zeeman energy. The ms = 0 and mg = —1 spin states become
degenerate at around 507 G, giving rise to an excited-state level anticrossing (ESLAC) originating
from hyperfine interaction. (d) Low-temperature energy dependence of the E, orbital branch, where
spin-spin interaction according to Hes [Eq. (6.2)] mixes the spin sublevels.

strain fields of 10 GHz and more [23]. In this case, the E, and E, state split into well-separated
orbital branches, and each of them consists of three spin sublevels (Fig. 6.4). Spin-orbit coupling,
spin-spin interaction and strain fields can induce transitions between the two orbital branches,
which are energetically suppressed if the strain fields are large enough, i.e. above 10 GHz. In the
following, we restrict our considerations to the limit of large strain and include only one of the

two excited-state orbital branches in our description, namely E,. Spin-spin interaction within the

74



6.2 THE NITROGEN-VACANCY CENTER

lower branch is still present and the excited-state spin Hamiltonian He is given by [25, 166, 186]?
Hey = Do + 22 (s2-s2)- 22 (5.5, +5.50) + 1B -s. (6.2)
z 2 x y \/5

Spin-spin interaction gives rise to a zero-field splitting of Des/27 = 1.44 GHz, and to the transversal
couplings A /27 = 1.54 GHz and A;/2x = 0.154 GHz [186]. The gyromagnetic ratio yees) of the
excited state is slightly larger compared to the ground state due to a larger g-factor of g((fs) =2.15
[186].

Under ambient conditions, the excited state fine structure changes and only a single electron-
spin resonance around 1.4 GHz is measured [181, 184, 185] if no external magnetic field is applied
(Fig. 6.4). In a magnetic field, three fine structure levels are observed compared to six at low
temperature. This effect is ascribed to an orbital averaging due to lattice vibrations that interact
with the orbital degree of freedom, but not with the electron spin [182]. The room-temperature
Hamiltonian HX! of the excited state has the form [184, 185]

HRT = DeoS? + Ees (S2 - S2) + 7B - 8, (6.3)
where the parameter E.s/27 = 70 + 30 MHz has been related to strain. In Sec. 6.4, we develop a
mechanism to couple to NV-based qubits that requires very narrow line widths, which is only
possible at cryogenic temperatures. Therefore, we choose to work with the low-temperature

Hamiltonian given in Eq. (6.2).

6.2.3 Hyperfine Interaction

So far, only the fine structure of the energy levels has been described by considering electronic
spin interactions, comprising magnetically-induced spin-spin interactions and the interaction with
an external magnetic field B. In this section, we include the hyperfine interaction of the electron
spin with the intrinsic nitrogen nuclear spin (Fig. 6.5) that gives rise to additional level splittings,
the so-called hyperfine structure. We will not go into the details of hyperfine interactions with
randomly occurring proximate *C nuclear spins since we explicitly want to make use of properties
intrinsic to every NV center. Hence, we are able to derive a generic scheme to couple two nuclear
spin qubits in diamond that depends less on the local environment of the NV center.

Hyperfine interaction (hf) between an electron spin S and a nuclear spin I has the form [187]

—
Hy=ST-A -1, (6.4)

2 Although Refs. 25 and 166 have been published by the same authors, we found discrepancies in the expressions
given for Hes (Eq. (3) in [25] and Tab. 3 in [166], respectively). An inconsistency was also found by Bassett et al.
in Ref. 186 by independently deriving Hes. We use the expression given in 25 and 186, which is consistent with
measurement results also performed by Bassett et al. using time-dependent quantum tomography.
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Figure 6.5 — Possible hyperfine interactions. The NV electron spin (red arrow) interacts with
the intrinsic nitrogen nuclear spin (blue arrow) that is either (a) I = 1 for the *N isotope or (b)
I = 1/2 for the N isotope. (c) Additional hyperfine interaction can occur if a 1*C nuclear spin
(black arrow) is located close to the NV center.

where the hyperfine tensor a fully describes the interaction between the two spins including
Fermi contact interaction and magnetic dipole-dipole coupling. The Fermi contact interaction
is isotropic and present for orbitals that have a nonzero electron density at the position of the
nucleus. Anisotropy in the hyperfine tensor comes from the dipole-dipole coupling. For the NV
center, the hyperfine tensor describing the interaction with the intrinsic nuclear spin is diagonal

and anisotropic [25, 188, 189],

A, 0 0

—>

A=|l0 A, 0| (6.5)
0 0 A,

leading to a hyperfine-interaction Hamiltonian of the form
Ayl
Hig = AL Sxlx + ALSyly + AiS:L = 55 (Sl + S-L) + A\S:L. (6.6)

Here, the electron spin raising (+) and lowering (—) operators are defined as S; = Sy + iS5, and
analogue expressions hold for the nuclear spin. If it is energetically allowed, the terms proportional
to S;I_ and S_I; can induce flip-flop processes between the electron and nuclear spin. The flip-flop
terms induce significant effects only when spin states are nearly degenerate, whose magnetic
quantum numbers mg that differ by +1. This happens at the GSLAC around 1028 G (Fig. 6.3),
or at the excited-state level anticrossing around 507 G (ESLAC, Fig. 6.4). Ab initio studies of the
electronic structure showed that the electron density in the excited state is significantly larger at
the position of the nitrogen nucleus compared to the orbital ground state [165]. The hyperfine
coupling constants in the excited state are therefore about 20 times larger compared to the coupling
constants in ground state for both nitrogen isotopes, N and °N (see Tab. 6.1).

The total ground state Hamiltonian is obtained by adding nuclear-spin dependent interactions
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Figure 6.6 — Ground-state hyperfine structure of the NV center. (a) NV hyperfine structure
with "N nuclear spin (I = 1) according to Hgs [Eq. (6.7)]. Spin manifolds are split into three sublevels
with quantum numbers m; = +1,0. Only the mg = 0 and mg = —1 (blue shaded) are depicted,
mgs = 1 states are split off by a magnetic field. The nuclear electric quadrupole moment Q splits
the hyperfine level with m; = 0 from the m; = +1 levels. For mg = —1, hyperfine interaction
further splits the levels with quantum numbers m; = —1 and m; = 1 by 2A%". Hyperfine levels
|[ms,my) = |—-1,0) and | -1, +1) will be selected as computational basis |0) and |1). Transitions
between the qubit states can be driven by radio frequency (rf) pulses. (b) Analogue to (a) with °N
nuclear spin (I = 1/2) exhibiting no electric quadrupole moment. Spin manifolds are split into two
sublevels with quantum numbers m; = +1/2 (1) and m; = —-1/2 (}).

to the Hamiltonian in Eq. (6.1),>

A%
Hys = DygsS? + y.B - S + f (SeI_+S L)+ APS. I, + QI — yuB - L. (6.7)

A and A%’ denote the longitudinal and transversal hyperfine coupling constants, respectively.
Nuclear spins with I > 1/2 also exhibit an electric quadrupole moment Q, which is on the order
of a few MHz. Furthermore, the nuclear spin also couples to the external magnetic field and y;,
denotes the nuclear gyromagnetic ratio. For a magnetic field B along the defect axis, the nuclear
spin states with different quantum numbers mj are split by the nuclear Zeeman energy y,B. The
hyperfine structure of the ground state originating from Hamiltonian Hy in Eq. (6.7) is depicted
in Fig. 6.6. All relevant parameters values for '*N and N nuclear spins can be found in Tab. 6.1.

Hyperfine interaction in the NV center excited state has so far been mainly analyzed under

ambient conditions [184, 191]. The experimental observations fit well to a room-temperature

3In the following, Hgs and Hes denote the spin Hamiltonians including hyperfine interaction.
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Table 6.1 - Relevant nuclear-spin parameters for the NV center. (>N nuclear spin does not have
an electrical quadrupole moment.)

Parameter Description 4N BN
I Nuclear spin 1 1/2
Yn/27 Nuclear gyromagnetic ratio 0.308 kHz/G [190] —0.432 kHz/G [190]
A%/2r  Longitudinal hf coupling (gs) —2.2 MHz [150, 151, 188, 191] 3.0 MHz [184, 188]
A2 Longitudinal hf coupling (es) ~ 40 MHz [191] 61 MHz [184]
Agls/Zﬂ Transversal hf coupling (gs) —2.7 MHz [188] 3.65 MHz [188]
A2 Transversal hf coupling (es) ~ 40 MHz [191] 61 MHz [184]
Q/2rm Nuclear quadrupole coupling —5 MHz [150, 188, 191] -

Hamiltonian that has the same structure as Hs in Eq. (6.7),

X

AES
HRT = DeoS? + Ees (S2 - S2) + 7B - S + - (SeL +S_L) + APSL + QI — B L (6.8)

with excited-state hyperfine coupling constants A and A’. The measurements did not show
any anisotropy, which was found in ab initio calculations for >N nuclear spins [189]. For low
temperature, we model hyperfine interaction in the excited state using a diagonal and anisotropic

hyperfine tensor. By adding the nuclear-spin terms to Eq. (6.2), we obtain

A A s
Hes = DesS2 + = (S3 - 53) - \/—; (SxS2 + SxSx) +yEB - 8
AT 2
+ - (S+I-+S_1) + A°S. L, + QI — ynB - L. (6.9)

In further discussions, we use the room-temperature values for the hyperfine constants AS* and
AS’. The physical mechanism we exploit in the two-qubit gate scheme derived below only depends
on the difference between the ground- and excited-state hyperfine constants; qualitatively, it is

therefore rather insensitive to actual parameter values.

6.3 Spin Qubits in Diamond

6.3.1 Electron Spin Qubits

Not only the coherence times have to be long enough for a desired system to be of use in quantum
information processing. The ability to initialize, manipulate and readout the state of the qubit
with sufficiently high accuracy have to be demonstrated as well (see the criteria on p. 2).

Qubit initialization and readout can be achieved via optical spin polarization [173], which is
described in more detail in the Sec. 6.2.2. When the NV center is optically excited resonant to

the mgs = 0 transition, the fluorescence signal crucially depends on the electron spin state. If the
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system is in the mg = 0 state, a finite number of photons will be detected, whereas no signal
is expected for mg = +1. Hence, the presence or absence of fluorescence will give information
about the electron spin state. First studies of single defect centers have been performed in Ref. 192
and improved experimental work demonstrated projective single-shot readout with an average
fidelity of about 93 % [193]. Even better results for spin readout can be achieved by exploiting
coherent hyperfine interactions with nearby nuclear spins, as demonstrated using a '*C [194] or a
1N [191] nuclear spin as an ancilla. Initialization of the electron spin to the mg = 0 state was also
implemented using optical spin polarization with fidelities above 99 % at cryogenic temperature
[193, 195-197].

An external magnetic field B splits spin states with different quantum numbers mg by the
Zeeman energy according to the Hamiltonian H = y.B - S. Coherent rotations of the NV electron
spin state about the x axis on the Bloch sphere can be achieved using microwave radiation (see
Sec. 6.2.2) [195, 198]. Using this method, the implementation of a spin flip or Pauli-X gate [Eq. (3.3)],
also known as a 7 pulse, could be achieved with a gate time below 1 nanosecond [199] and with
gate fidelities reaching 99 % [154]. By a combination of two microwave pulses, a refined version
of the Deutsch-Josza quantum algorithm has been experimentally implemented [200]. Rotations
about the polar axis have been achieved using various methods, e.g. by utilizing the optical Stark
effect with fidelities of 89 % [201]. In a more recent experiment, qubit rotations in the equatorial
plane of the Bloch sphere were demonstrated by harnessing the excited state manifold [202]. In a
A configuration, coherent population trapping [203] can be exploited to all-optically control the
electron spin state. If the two transitions in the A configuration are excited by lasers with Rabi

frequencies Qg and Qy, respectively, a ground-state superposition |D) of the form

D) = ——— (Q |ms = 0) — Q| ms = +1)) (6.10)
Q2+ Q2

cannot be further excited by the optical means due to destructive interference between the two
transitions [23, 202]. The state |D) is therefore called dark state. If the system decays from the
excited state (see Fig. 6.2) into the dark state | D), it will be trapped in this superposition. A proper
adjustment of the Rabi frequencies Q, and Q; allows the preparation of any superposition of
the ms = 0 and mg = +1 spin states. Initialization of the spin state to arbitrary positions on the
Bloch sphere, readout in an arbitrary basis, and single-spin rotations about arbitrary axes could
be demonstrated using this technique [202]. Especially the ultrafast implementation of a Pauli-Z
gate [Eq. (3.3)] within 160 ps with a fidelity of 77 % [186]. The devices for optical manipulation
have smaller dimensions, which makes this scheme very promising for large-scale application.
Yet another approach enabled high-fidelity single qubits gates with fidelities around 98 % using
holonomic transformations [204], but with slower gate times of 160 ns when compared to the
all-optical realization mentioned above.

An open issue in the development of diamond-based quantum information processing is
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scalability. As explained in Sec. 3.2, qubits must be coupled to eventually perform universal
quantum computation. This means, individual NV centers have to interact with each other in
a highly controllable fashion. An ongoing challenge to develop coupling mechanisms between
two distant NV center spins, in which the interaction can be arbitrarily turned on and off, and is
strong enough to implement quantum gates much faster than the decoherence time. Some of the
proposed interaction mechanisms and proof-of-principles experiments are described below.

One of these ideas is to use the of magnetic dipolar coupling between two magnetic moments
[see e.g. Eq. (5.37)]. The generation of an entangled state between two electron spins and fidelities
of up to 82 % with respect to a maximally entangled state, has been reported for NV centers
separated by roughly 10-25 nm and coupled via magnetic dipole-dipole interaction [137, 153, 154].
A drawback of such a scheme is the random distribution of NV centers in naturally occurring
diamond or the lack of positioning accuracy for implanted NV centers, although there has been a
lot of progress related to nitrogen-ion implantation in diamond (see e.g. Refs. 205 and 206). The
locations of the defects have to be close enough to achieve large enough coupling strengths via
the dipolar coupling [cf. Eq. (5.37)]. The maximal displacement is set by the decoherence time T,
and amounts to roughly 30-50 nm [153, 154]. The interaction with proximate nitrogen atoms,
that do not form a NV defect, has also been observed [196, 207, 208]. However, there shouldn’t
be any unwanted and disturbing interactions with other defects or nuclear spins present in the
vicinity of the system of coupled NV centers. There is thus a piece of randomness left in this
scheme. On the other hand, entanglement purification can be directly achieved with magnetic
dipolar coupling as developed in Sec. 5.4.2, which plays a key role in quantum repeater protocols
8, 9, 156, 157].

Besides the aforementioned works addressing single- and two-qubit controllability, ground-
breaking results could also be achieved regarding the feasibility for quantum communication.
It was pointed out in Ref. 17 that a physical apparatus must have "The ability to interconnect
stationary and flying qubits ..." and "...faithfully to transmit flying qubits between specified
locations ..." [cf. criteria (vi.) and (vii.) on p. 2]. A first step towards diamond-based quantum
communication networks was the demonstration of entanglement between the NV center electron
spin and an optical photon [209]. The NV center is excited to a state that decays with equal proba-
bility to one of the ground states with spin projection mgs = +1 or mg = —1. This can be achieved
for an equal superposition of the spin states, because the optical transition is spin-conserving. Due
to the associated orbital angular momentum, the polarization of the emitted photon depends on
the spin state to which the system decayed, and is either o™ or o~ circular polarization. Therefore,

the NV center and the emitted photon reside in the entangled state [209]

1

V2

where |o*) denote the polarization state of the photon. Since the NV center level structure depends

(o) Ims = +1) +]0" ) Ims = -1)), (6.11)

1Y) =
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on parameters like strain, magnetic and electric fields, the energy of the emitted photon varies
from defect to defect. However, using dc Stark tuning [210], the emission lines between different
NV centers can be brought into resonance, rendering the emitted photons indistinguishable. In
doing so, two-photon quantum interference between photons that originate from dissimilar NV
centers could be observed [211, 212]. Going one step further, the combination of spin-photon
entanglement and two-photon interference offers the possibility for measurement-based long-
distance entanglement generation. In a modified experiment [51], two-photon interference on a
beam splitter and a subsequent photon measurement projected the spin qubits onto the maximally
entangled states |¥*) [Eq. (2.13)], where the sign depends on the specific measurement outcome.
The fidelity of the experimentally realized entangled state was around 70 %, and even more im-
pressing, the two entangled NV centers were separated by 3 m [51]. The quantum teleportation
protocol, described in Sec. 3.4, was implemented in a follow-up experiment [52]. An entangled
electron-spin state between distant NV centers was used to unconditionally teleport an arbitrary
state of a 1*N nuclear spin of one NV center onto the electron spin of another NV center, again
separated by 3 m. Thus, the demonstration of spin-photon entanglement, the heralded entangle-
ment generation between electron spins, and the teleportation of a qubit state make the NV center
a highly promising candidate for the realization stationary qubits in quantum communication
networks.

The electronic NV spin has also been part of several quantum register architectures that contain
one [197, 213] or more nuclear spin qubits [47, 154, 155, 214]. Harnessing hyperfine interaction,
the electron spin is thereby either utilized to initialize, manipulate and readout the nuclear spin
qubits as an ancilla spin, or is part of the quantum register itself. Furthermore, the NV spin was

used as ancilla to generate nuclear spin entanglement (see Sec. 6.3.2).

6.3.2 Nuclear Spin Qubits

Nuclear spins surrounding the NV center need to act not only as a source of decoherence. As
already mentioned in Sec. 6.3.1, hyperfine interaction with nuclear spins can, e.g., increase the
spin-readout fidelity [191, 194]. Another possibility is to directly utilize the nuclear spin as qubit
and define the computational basis as nuclear spin eigenstates. Since nuclear spins weakly interact
with their environment, coherence times can reach one second at room temperature [149]. These
remarkable coherence properties have strongly motivated the idea to use nuclear spins as high-
fidelity quantum memory [39], e.g. in quantum repeaters [156, 157].

Two types of nuclear spins influence the NV center in the diamond crystal, see Fig. 6.5. First,
there is a 1.1 % abundance of 1*C isotopes naturally occurring in diamond, which have nuclear
spin I = 1/2. However, their appearance in the lattice is random. If a *C spin is located in close
vicinity to the NV center, hyperfine interaction can be strong enough (about 100 MHz) to achieve
coherent coupling to the electron spin. The second type originates from the nitrogen atom that is

by definition intrinsic to every NV center. It usually occurs as *N isotope with nuclear spin I = 1,
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or as °N for implanted samples having nuclear spin I = 1/2.
In the following, we describe the progress made towards nuclear-spin based quantum informa-
tion processing in diamond for both types of nuclear spin qubits, which strongly motivates our

work on long-distance nuclear spin coupling.

Intrinsic Nitrogen Nuclear Spin Qubits

The electron spin of a NV center is coherently coupled to at least one nuclear spin, which belongs
to the intrinsic nitrogen atom forming the defect itself. The small gyromagnetic ratio of the
nitrogen nuclear spin makes it less susceptible to its magnetic environment. Hence, nitrogen
nuclear spins exhibit decoherence times T up to 1.3 ms at room temperature [49], which suggests
to use the nuclear spin itself as qubit, especially to store quantum information. Whereas the
>N isotope has nuclear spin I = 1/2 and naturally forms a qubit, in the case of the *N isotope
(I = 1), two of the three nuclear spin sublevels are chosen as computational basis. The nuclear spin
levels are split by the hyperfine interaction with the electron spin, and for the *N nucleus as well
by the nuclear quadrupole coupling as depicted in Fig. 6.6 (a). The longitudinal and transversal
hyperfine-coupling constants in the ground state are on the order of a few MHz for both nitrogen
isotopes. In the excited state, the interaction strength is approximately 20 times larger compared
to the ground states because the electron density is substantially larger close to the lattice site
of the nitrogen nucleus [165]. The literature values determined by experiments can be found in
Tab. 6.1.

Coherent control of a nuclear spin can be achieved by radio frequency (rf) pulses [150, 191].
Rabi frequencies of 25-30 kHz make the direct implementation of nuclear-spin rotations in such a
fashion rather slow and a 7 rotation takes about 30-40 ps [150, 151]. However, exploiting electron

spin dynamics during a strong off-resonant microwave driving pulse, a fast phase gate of the form

(; e;) 612)

can be implemented, where the phase A¢ = A8°t/2 depends on the longitudinal hyperfine coupling
A% and the pulse duration t [151]. In doing so, the implementation of a Pauli-Z gate takes
approximately 500 ns.

Because of the small magnetic moment of atomic nuclei, it is difficult to measure the nuclear
spin state directly. For this purpose, the interaction with the electron spin can be exploited once
more. At the ESLAC, the method of optical spin polarization can also be utilized to initialize the
nuclear-spin state. The mg = 0 and ms = —1 nuclear-spin states become degenerate near the
ESLAC and hyperfine-induced electron-nuclear-spin flip-flop processes start to become effective.
These processes can be harnessed to initialize the nuclear spin state, which we first describe for

the *N nuclear spin. Before nuclear spin initialization, the electron spin can be polarized to the
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mg = 0 state by optical spin polarization (see Sec. 6.3.1), independent of the nuclear spin state.
Subsequent optical pumping to the excited state is a nuclear-spin-conserving process. Hyperfine
interaction in the excited state can cause transitions between nearly-degenerate states, i.e. between
the states |0, 0) and | — 1, +1), and between the states |0, —1) and | — 1, 0).* The state |0, +1) will
not be affected by this scheme since the excited states with quantum number mg = 1 are more
than 1 GHz in energy away from the ESLAC, which is several orders of magnitude larger than the
transversal hyperfine coupling. Flipping the electron spin from |mg = 0) to |mg = —1) opens a
decay channel via the ISC that ends in the ms = 0 ground state, bringing the system into either
|0, +1) or |0, 0), respectively. Additional optical pumping cycles will further increase the fraction
of state |0, +1) and eventually polarize the 1*N nuclear spin to the state |[m; = +1). The first
experimental implementations of the described procedure have been reported in Refs. 150 and
191. In a different approach [152, 193], the *N nuclear spin was initialized by application of a
CNOT gate between electron and nuclear spin, followed by an optical electron-spin measurement
that also determines the nuclear spin. This method can also be used to measure the nuclear-spin
state in a single shot with readout fidelities reaching 92 % [152].

Compared to the two-step process required for the initialization of a *N nuclear spin, one
optical pumping cycle is sufficient to increase the fraction of the state |0, +1/2) in the case of a
>N nuclear-spin qubit [215]. Hyperfine-induced transitions from of this state are energetically
suppressed, whereas the state |0, —1/2) couples to the state | — 1, +1/2). This transition creates
some probability for the system to relax through the ISC to the ground state |0, +1/2), which
gradually polarizes the 1’N nuclear spin to |m; = +1/2) by repeated optical pumping.

That the *N nuclear spin is an excellent candidate to serve as quantum memory has been
demonstrated in Ref. 49. Using Landau-Zener transitions through the GSLAC, the eigenstates of
all Pauli matrices could be mapped from the electron spin to the nuclear spin within 120 ns using
magnetic field sweeps, thereby achieving an average storage fidelity of 88 %. The ability to store
the electron spin state coherently in the intrinsic nitrogen nuclear spin offers the possibility to
realize a quantum memory that comes along with every NV center. The coupled entity of electron
and N nuclear spin forms a small quantum register containing two qubits. Such a register could
be initialized, coherently manipulated, and read out afterwards in a single experiment [193], and
it was possible to implement Grover’s search algorithm [213].

There has also been previous work that is closely related to the topic of this chapter, i.e. the
coupling of distant nuclear spin qubits. This is a necessary requirement for a scalable quantum
computer or a large-scale quantum communication network where distant network nodes have
to be entangled. We described above that it is possible to swap the electron-spin state onto the
nuclear spin. One possibility to entangle two nuclear spins is thus to swap an entangled state

of two electron spins onto the two intrinsic nuclear spins intrinsic. The electron spins must be

4For the sake of clarity, we use the notation |mg, my) to denote the NV center hyperfine levels in this section, since
the electron spin and the nuclear spin have to be considered.
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entangled beforehand, e.g. by magnetic dipole-dipole interaction or by two-photon interference
on a beam splitter (see Sec. 6.3.1). Two >N nuclear spins, separated by 25 nm, could be entangled
exploiting the dipole interaction between two electron spins, with a transfer efficiency of almost
90 % [153, 154]. The entanglement of the electron spins could be stored in such a way for over 1
ms. However, the disadvantage of dipole-induced entanglement generation is still the limitation

on the maximal distance between the NV centers, which inhibits scalability.

Proximal Carbon Nuclear Spin Qubits

Whereas most of the °C isotopes in the diamond lattice serve as a nuclear spin bath and lead to
the decoherence of the electron spin, proximate '*C nuclei in the first and second coordination
cell around the defect coherently interact with the NV spin [178]. In this way, it is rather the
electron spin that serves as an ancilla system to initialize, manipulate, and readout the spin state
of the 1*C nuclear spin. The relaxation time T; of the 1*C nuclear spin state is about 2 s, and the
decoherence time could be increased to above 1 s at room temperature using a specific technique
to decouple the nuclear spin from its environment [149, 216]. The nuclear spin levels are mostly
split by the hyperfine interaction with the NV electron spin comparable to the case of a N
nuclear spin that is depicted in Fig. 6.6 (b). The interaction strength, and therefore the splitting,
depends on the distance between the NV center and the *C nucleus, and is typically on the
order of 10-150 MHz [150, 194, 217]. Hence, direct driving of nuclear spin transitions can also be
achieved using rf pulses. The speed of nuclear-spin Rabi oscillations is limited by the nuclear-spin
Rabi frequency of about 100 kHz and a & rotation takes several microseconds [150, 194, 217].
High-fidelity initialization and single-shot readout of the '*C nuclear spin state can be achieved
in the same fashion as for the nitrogen nucleus, i.e. by optical pumping at the ESLAC [215] or by
applying a cNOT gate between NV spin and nuclear spin [149, 216].

The system comprised of a NV center and proximal 13C nuclear spins naturally forms a small
quantum register containing two or more qubits [47, 155, 193, 194, 197]. In such a register, it is
possible to map an arbitrary electron-spin state to the 1*C the nuclear spin that acts as quantum
memory, by selectively driving electron spin transitions conditioned on the nuclear spin state
[197]. Exploiting the long nuclear-spin coherence time, the electron spin can be stored for several
microseconds and retrieved afterwards. Furthermore, it is also possible to initialize the coupled
electron-nuclear-spin system to a specific quantum state. Subsequent frequency-selective rf pulses
can entangle two 1*C nuclear spins and generate all four Bell states |®*) and |¥*) [Eqgs. (2.12) and
(2.13)] [47]. In addition, multipartite entanglement between two *C nuclear spins and an electron
spin was reported n Refs. 194 and 47. In a hybrid quantum register, in which additionally to the
two *C nuclear spins the intrinsic '*N nuclear spin was used as qubit, high-fidelity initialization of
the whole register with fidelities of 99 % and single-shot readout of a >C nuclear spin with 99.6 %
fidelity were achieved [214]. Together with high-fidelity quantum gates, such high accuracies

come close to the threshold values required for fault-tolerant quantum computation [3]. Finally, it
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is also worth mentioning that it was a hybrid ¥N-13C system, in which the first experimental
violation of Bell’s inequality with solid-state spins was demonstrated [50]. Besides the strong
coupling to nearby !*C nuclear spins, even the detection and manipulation of weakly coupled
(20-80 kHz) nuclei from the spin bath has been achieved, thereby increasing the number of qubits

in a local register to six nuclear spins [218].

6.4 Controlled Quantum Gate between Nuclear Spins

In this section, we give a detailed description of a method to effectively couple two distant nuclear
spin qubits. We use the method of quasi-degenerate perturbation theory in terms of Schrieffer-
Wolff transformations to derive an effective interaction between two nitrogen nuclear spins.

Supplemental information about Schrieffer-Wolff transformations can be found in Appendix C.

6.4.1 Model

The model considered here consists of two distinct NV centers that are both coupled to the same
mode of an optical cavity. In the end, the goal is couple both NV centers due to their mutual
interaction with the quantized cavity field. However, it is more instructive to start by describing
the coupling of a single NV center to an optical cavity. After developing the formalism to describe
this system, it will be straightforward to add the second NV center and afterwards derive an
effective interaction between them. A single NV center is described by the ground and excited
state Hamiltonians Hy [Eq. (6.7)] and Hes [Eq. (6.9)],

AP
Hys = DygiS? + y.B - S + f (S +S_I) + ASS.I, + QI — yuB - 1, (6.13)

A A
Hes = DesS2 + — (81 = 5}) = == (545: +5:5,) + B - S

V2
AeS
+ TL (Sl +S_I.) + A®S,I, + QI — y,B - 1, (6.14)

where we used the same electron gyromagnetic ratio for both orbitals. To use a single Hamiltonian
for the NV center, we introduce Pauli matrices 7; (i = x, y, z) that operate on the orbital degree of

freedom, i.e.

7, |es) = |es), (6.15)
Tz lgs) =—lgs). (6.16)

and |gs) (|es)) denotes the electronic orbital ground (excited) state. The resulting Hamiltonian of

a single NV center is given by

1 1 1
Hyy = ~ (1= 72)Hgs + 2(1+ 72) (Hes + Eg) = He + Hy + Hig + S Ee. (6.17)
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Here, E, = 1.945 €V denotes the transition energy between the *A; ground and °E excited state
(see Fig. 6.2). For later purposes, we subdivide the Hamiltonian Hyy into an electronic part (e), a

nuclear-spin dependent part (n), and a hyperfine-interaction part (hf) according to

1 1 1 A A
He = yeBS, + DS? — EArzsﬁ B+ (14 ) (71 (s2-s2)- \/—g (SxS2 +S.5¢) |, (6.18)
H, = —y.BI, + QI%, (6.19)
1
Hyg = DSz Lz + 5 An Sz Lz, (6.20)
with the following abbreviations
Dy + D,

D= % A = Dgs — Des, (6.21)

AP+ A
Dy = % Aps = A — A (6.22)

In deriving Eqgs. (6.18) — (6.20) we assumed that the field direction is parallel to the defect axis,
i.e. B = Be,, and the field strength is sufficiently far away from the GSLAC and ESLAC such that
the energy splitting of the electron-spin states is much larger than the transversal components of
the hyperfine tensors, i.e. A5 and A%. In this case, flip-flop processes between the electron and
nuclear spin are energetically suppressed and we therefore neglect the flip-flop terms S, I_ + S_I,
in the hyperfine interaction (secular approximation). The eigenstates of the Hamiltonian Heg
including the transversal hyperfine coupling are plotted in Fig. 6.7 For magnetic fields in the range
of 90 < B < 120 G, the eigenstates have well defined quantum number m;, which justifies the
secular approximation.

We now describe the coupling of a single NV center to an optical cavity. The physical situation
is depicted in Fig. 6.8. The quantized cavity field is described by bosonic operators a and a' that
annihilate or create a cavity photon of frequency w,, respectively. The NV center in the excited
state can emit a photon into the cavity mode when it relaxes to the ground state, and vice versa.
Such an interaction of a single bosonic mode with a two-level system is well described by the

FJaynes-Cummings Hamiltonian [89],
H.=w.a'a+ g (T+a + T_aT) . (6.23)

In the interaction part of the Hamiltonian H., the operators 7. = (7, + iry)/2 create transitions
between the orbital states, i.e. 7, |gs) = |es) and 7_ | es) = |gs), and the coupling strength g is
assumed to be real. The rotating-wave approximation in the Hamiltonian H, is valid since the
coupling strengths are far below the transition energy of almost 2 eV. The interaction of NV
centers with optical cavities was demonstrated experimentally using whispering gallery mode

cavities [219] or photonic crystal cavities [220], reaching coupling strengths of about 50 MHz.
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Figure 6.7 - Eigenstates of excited state Hamiltonian. Projection |(i/es|m;)|? of eigenstates
[Ves) of Hes [Eq. (6.14)] in energetically decreasing order from (a) to (i) for m; = +1 (solid), m; = 0
(dashed), and m; = —1 (dotted), as function of the magnetic field B. (a) - (c) correspond to hyperfine
levels of the mg = +1 state, (d) — (f) correspond to the hyperfine levels of ms = —1 that are utilized
for the proposed gate scheme below, and (g) - (i) analog for mg = 0. For 90 < B < 120 G, the
eigenstates are approximate nuclear-spin eigenstates with well defined quantum number m;j.

In addition to the optical cavity, we assume an external laser field is applied to the NV center
(see Fig. 6.8) that can also drive transitions between the ground and the excited state. The laser is
modeled by a classical radiation field of frequency «w; and the interaction with a two-level system

can be described by a time-dependent Hamiltonian [89],
H,(t) = Qe '@ lr, 4+ QFellir_ (6.24)

The complex Rabi frequency Q depends on the intensity and phase of the laser field. The laser
provides a controllable entity in our model that can trigger an effective interaction of two NV

centers, as shown below.
The total Hamiltonian H;(t) that describes the situation depicted in Fig. 6.8 comprises the NV
center, the cavity and the laser field, is thus given by

Hy(t) = Hyy + He + Hy (). (6.25)
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Figure 6.8 - NV center coupled to an optical cavity. A single NV center, placed inside an optical
cavity, is coupled to a cavity mode of frequency «,. The cavity field is schematically depicted in
blue. The NV center orbital transition is off-resonantly driven by an external laser of frequency w;.

A transformation into a frame rotating with the frequency of the laser field makes the Hamiltonian
H;(t) time-independent. The technical details of the transformation can be found in Appendix D.
We apply the transformation

H| = e Hy (t)e "9 — &, (6.26)

and choose & = w.(a’a + 7,/2). After the transformation, the time-independent Hamiltonian H|

has an analogue structure as the original Hamiltonian H; (¢) [Eq. 6.25] and can be written as®
H] = H, + H, + Hyr + H, + H, (6.27)
where the interaction with the external laser field is now given by the time-independent Hamiltonian
H =Qr, +Q'r_. (6.28)
The transformation into the rotating frame also changes the electronic Hamiltonian [Eq. (6.18)] to
Az

\é (SxS, + szsx)) ., (6.29)

where the transition energy E; is shifted by w; to the detuning § = E; — ;. In the Hamiltonian

1 1 1 A
H! = y.BS, + DS? - EATZSZ% + 0+ (14 1) (71 (5)2( - 55) _

H. [Eq. (6.23)], the transformation causes a shift of the cavity frequency w. to 8. = v, — w,, which

is the detuning of the laser frequency from the cavity mode,
H! =6.a'a+g (f+a + r_aT) . (6.30)

6.4.2 Nuclear-Spin Dependent Photon Scattering

Excluding the NV center, the external laser field and the optical cavity are independent objects that
do not interact with each other. However, the situation significantly changes if an absorber that

interacts with both fields is located inside the cavity. One can imagine, e.g., a scenario in which

5The constant term Eg/2 in Eq. (6.17) will be omitted from now on.
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a photon from the laser field® is absorbed by the NV center, which is thereby excited from the
ground to the excited state described by the Hamiltonian H, [Eq. (6.28)]. Due to the coupling to
the cavity via H! [Eq. (6.30)], the NV center itself can now emit a photon into the cavity mode. This
two-step process can also be seen as scattering of a laser photon into the cavity mode, however
mediated by an intermediate excitation of the NV center. As we demonstrate below, the rate of
such scattering process depends on the nitrogen nuclear-spin state.

We assume the laser frequency to be sufficiently detuned from any optical transition such
that the NV center is only excited virtually. Any real population of the excited state offers the
possibility of spontaneous decay, making the whole process incoherent. For the case of only
virtual excitation, one can use the technique of quasi-degenerate perturbation theory in the
framework of Schrieffer-Wolff (SW) transformations [221, 222] to effectively decouple the low-
and high-energy subspaces of the Hamiltonian H| in Eq. (6.27). Here, the high-energy subspace
is the orbital excited-state manifold. The effects of the coupling between the two subspaces is
incorporated in the structure of the transformed states. The Hamiltonian H| can be separated into

a block-diagonal part Hl(o) that only acts within the low- and high-energy subspace, respectively,

H” = H. + Hy + Hyt + 6.a'a, (6.31)
and an off-diagonal part V; that connects the two subspaces of the total Hilbert space,
Vi=Qn +Qr_+g (T+a + T_aT) , (6.32)

ie Hf = Hl(o) + Vi. For the SW transformation, we construct an anti-Hermitian operator S; that is
defined by the condition [S;, H. 1(0)] = Vi, and apply the unitary transformation of the Hamiltonian
HJ according to

. 1
H = e SH]eS ~ H” + S Vsil. (6.33)

keeping only the lowest-order contribution of the off-diagonal interaction part V; (see Appendix
C). The approximation made here is justified if the off-diagonal elements are small compared to
the energy gap between the low- and high-energy subspace. The transformed Hamiltonian H; is
block-diagonal and only acts within the low- and high-energy subspace, respectively.

For the time being, we neglect the contributions proportional to the transversal spin-spin
couplings A; and A, in Eq. (6.29). The physics behind the scattering process can be more il-
lustratively depicted in this case and do not change qualitatively. Furthermore, one can write
down the SW transformation explicitly. To eventually obtain quantitative results, the spin-spin

contributions will be included again. The anti-Hermitian operator S;, that is determined by the

6 Although we describe the laser as a classical radiation field, we use the term photon in the context of NV center
optical excitation.
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Figure 6.9 - NV center energy level diagram with involved frequencies. (a) Hyperfine levels
of the ms = —1 manifolds in the ground (|gs)) and excited (|es)) state (blue shading) for a N
nuclear spin. The energy difference between the m; = 0 states is Eg — A. The laser of frequency
w, is detuned from the m; = 0 optical transition by &,. The difference between the cavity and the
laser frequency is d.. Also indicated are the computational basis states |0) = [ms = —1, m; = 0) and
|1) = |ms = —1, m; = +1) in the ground state. (b) Equivalent level diagram for a >N nuclear spin.
Computational basis chosen as |0) = |mg = —1,m; = —1/2) and |1) = |mg = —1,m; = +1/2).

condition [S;, Hl(o)] =V, is calculated to be
S, = [Q (AS2 — AugSL —8) v + g (AS? — ApgS.L + 5.~ ) m] ~h.c. (6.34)

At this point, we can fully decouple the orbital ground and excited state by calculating H; in
Eq. (6.33). We are only interested in the low-energy dynamics of the system and therefore restrict
our considerations to the respective subspace of the total Hilbert space. The dimension of the
Hilbert space is further reduced by taking only the mg = —1 subspace into account and neglecting
the spin states with mg = 0 and mg = +1. This restriction is justified since a magnetic field is
chosen that separates the spin states with different quantum number mg well in energy. In doing
so, we can replace the spin operator S by its eigenvalue mg = —1 in the following. The effective

low-energy part of H acting on the orbital ground state with mg = —1 is given by

H® = - (A¥ +yuB) I + QI* + 8.a'a

(99 ((AnsLz = 8,)7" + (Anelz + 6 — 6,) ") a" + h.c.), (6.35)

N | =

+

where we define the laser detuning 6, = § — A from the m; = 0 orbital transition. An overview
about the involved energies is shown in Fig. 6.9. In Eq. (6.35) we omit all constant terms and
neglect small energy shifts proportional to g? (Lamb shift) and |Q|? (Stark shift).

On the basis of previous experimental work [49, 50, 151], in which the nitrogen nuclear spin
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has been utilized as qubit, we choose the computational basis as

|0)=|ms=—-1,m;=0), (6.36)
1) =|ms =-1,my = +1), (6.37)
and neglect the m; = —1 state from now on. We can use the spectral representation I, = |1)(1|

and the completeness relation 1 = |[1){1]| + |[0)¢0], and perform the inversion in Eq. (6.35) to obtain

~(gs) _ gs i1 1 0
H® = (0 - A® +y,B) |1)(1] + Sca’a — = | g© 1)(1 h.c.
8 = (Q - AF +yaB) 11)(1] + beaa 2(9 (5L_Ahf+5L_Ahf_5c)|>< la’ + c)
L oY [0)¢0|a’ +h.c (6.38)
295, T s~ A '

In this form, we see that the cavity excitation and disexcitation crucially depends on the laser
detuning §, and the nuclear-spin state of the nitrogen atom. The scattering into and out of the
cavity can especially be completely suppressed for one of the two nuclear-spin states, e.g., if the
laser frequency is chosen such that §, = ./2. In this case, a laser photon can only be scattered if
the nitrogen nuclear spin is in state m; = +1, i.e. in the qubit state |1). The effective Hamiltonian

describing this situation, also referred to as m; = +1-scattering, is
H® = (0 - AP +yaB) 1) (1] +8ea’a+ g |1)(1]a" + ()" 1) (1] a. (6.39)

For the process that a photon is scattered into the cavity or vice versa, we thus obtain an effective
coupling strength

A
g =go—2 (6.40)

A= (%)

The second possibility is to suppress the scattering mechanism if the NV nuclear spin is in the qubit
state |0). This can be achieved by adjusting the laser frequency to a detuning of §; = Aps + 5¢/2.
We find the same effective scattering rate g’ [Eq. (6.40)] for this case. However, we concentrate on
the first case in the following, where the detuning allows scattering only if the qubit is state |1).

The transversal spin-spin interaction terms proportional to A; and A; have so far not been
included in the derivation of the effective low-energy Hamiltonian Fll(gs). Quantitative predictions
regarding the developed scattering mechanism can only be made if these terms are taken into
account. We can perform the SW transformation in a similar fashion as described in above,
determining the anti-Hermitian matrix S; from the full Hamiltonian H] in Eq. (6.27). In doing
so, we have to assume sufficiently large detunings |5,| > |Q| and |6, — 8.| > g such that the
off-diagonal terms in V; are small compared to the energy gap between the low- and high-energy
subspace. We therefore assume an initially empty cavity that is maximally populated by one
photon, and only if the NV center is in the ground state. In the excited state, we need to include the

ms = 0 and mg = +1 spin states, giving a 10-dimensional Hilbert space. We consider the scenario
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Figure 6.10 — Laser detunings enabling scattering only from the state | 1). (a) Five solutions
of &, for which the matrix element for scattering of a laser photon from the m; = 0 state is zero,
as a function of §. (b) Effective coupling strength g = gQ f(J.) for the solutions §, shown in (a).
Solution 3 (solid line) is used for further calculations.

when scattering is only possible if the nuclear spin qubit is in state |1). Compared to the unique
solution for the laser detuning J; previously, we find five solutions such that the scattering matrix
element for the m; = 0 state is zero, shown in Fig. 6.10. For all solutions, the effective ground state

Hamiltonian in the case of m; = +1 scattering has the same form as given in Eq. (6.39),
HE = (0 - A% +yuB) 1) (1] + &a’a+ G| 1)(1]a" + (§)" 1) (1] a, (6.41)

however with a different effective coupling strength g = gQ f(.), where Ape/ (Af1f - (6:/2)%) is
replaced by a different detuning-dependent part f(J.). In the following derivation, we choose the
solution gives rise to the largest value of g (solution 3 in Fig. 6.10), and eventually minimizes the

two-qubit gate time in the following.

6.4.3 Controlled Quantum Gate

In this section, we derive the main result of this project, which is the coupling of two nitrogen
nuclear spins via an optical cavity and the fast implementation of a two-qubit quantum gate below
100 nanoseconds. Compared to the physical setting before, a second NV center (NV 2 in Fig. 6.11)
is placed inside the optical cavity and coupled to the same optical mode. An additional external
laser drives optical transitions in NV 2, which can lead to the scattering of laser photons into the

cavity by the mechanism described in Sec. 6.4.2. The total system is described by the Hamiltonian’

2
Hy(t) = wea'a + Z HY + i (teia+_a") + H (1), (6.42)

i=1

"For clarity, the notation is chosen in such a way that all operators and parameters that appeared before in the case
of a single NV center and are associated now to one of the two NV centers, are indicated by an index i.
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Figure 6.11 — Schematic setup to couple two nitrogen nuclear spins. Two NV centers (NV 1
and NV 2) are coupled to a common mode w, of an optical cavity. Photons from the external lasers of
frequency w; can be scattered into the cavity, as described in Sec. 6.4.2. This mechanism effectively
couples the two nitrogen nuclear spins intrinsic to each NV center, which can be harnessed to
implement a two-qubit quantum gate.

where Hb(f\? is the Hamiltonian of NV center i (i = 1, 2) [Eq. (6.17)], g; and 7. ; are the couplings to
the cavity and the optical transition operators of NV center i, respectively, and HL(i)(t) describes
the laser excites NV center i. To develop a formal description of the scattering processes of
the two lasers, we proceed in a similar way as in Secs. 6.4.1 and 6.4.2. At first, H,(¢) is made

time-independent by applying the transformation H; = exp(i&;t)Ha(t) exp(—i&yt) — & with

2
. Tz i
& =wL(a'a+Z—22’l). (6.43)
i=1

Afterwards, we eliminate the excited states of each NV center by applying the SW transformation
H, = exp(—S2)H, exp(S;). The anti-Hermitian matrix S = }; Sii) can be constructed from the
single-NV matrices S; that were derived above, including spin-spin interactions. In analogy to
Eq. (6.41), the effective ground state Hamiltonian for scattering only if both nuclear spins are in

state my = +1 is given by

2
H® = 8a’a+ )" (0= A + yuB) 1), (11 + 3§ 1), (112" + (§9) 11)i(1]a. (6.49)

i=1

The Hamiltonian ﬁégs) will be the basis for the derivation of an effective interaction between the
nitrogen nuclear spins of the NV centers. One can imagine, e.g., the situation where NV 1 scatters
a laser photon into the cavity, which can be subsequently scattered by NV 2 into exciting the laser
field. If we assume a sufficiently large detuning J, the cavity field is only virtually excited in the
intermediate step of the process described above. We demonstrate below that the exchange of a
virtual cavity photon creates a conditioned phase shift on the state of both nuclear spins because
such a process is only possible if both nuclear spins are in the m; = +1 state. To derive an effective
interaction between the two nuclear spin qubits, we again use the method of a SW transformation

and decouple the subspaces containing zero and one cavity photon in the Hamiltonian ﬁégs). We
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construct an anti-Hermitian matrix S,

=3,

2
i=1

(i)
[95 11);(1|a’ - h.c.] , (6.45)

that fulfills the condition [S, H2(0) ] = Va2, where

2
HY =dea’a+ ) (Q-AF +yB) 1) (11, (6.46)
i=1
2 . .
Vo= gP 11 1la" + (§9) 111, (6.47)
i=1

are the block-diagonal and oft-diagonal parts of ﬁégs), respectively. We then apply the unitary

transformation

— 1 . .
Her = e SH®eS ~ HY + 5 [.s] HY + Hip + 8ea’a. (6.48)

2
i=1
As it was the case for the first SW transformation, we only keep terms up to the lowest order in
the interaction Hamiltonian V;. In Eq. (6.48), the Hamiltonian H.g contains terms that only act
on a single nuclear spin i (He(;f) ), and a term that couples both nuclear spins (Hj,). The hyperfine
levels of each NV center are slightly shifted by [§(?|?/8. due to the interaction with the cavity
field,

g2

Sc

HSQ:(Q—AﬁS+YnB— )|1>i<1|- (6.49)

The more interesting part of Heg is the interaction term Hjy that effectively couples the two

nuclear-spin qubits. It can be written as
Hint = —g12 [11)(11], (6.50)

where |11) = |1)1]1); denotes the product state of both nuclear spin qubits being in the m; = +1

state. The effective two-qubit coupling constant gy, is given by

1g™M11g|

5. cos(¢p1 — ¢2), (6.51)

912 =2
where ¢; is the phase of the ith laser, Q; = |Q;]e'?. From Eq. (6.51), we see that the coupling
between both nuclear spins can be maximized by adjusting the phases ¢; to be equal or differ
by multiples of 7. The lasers offer the possibility to externally adjust the interaction between
the two qubits. The interaction can be switched on and off by turning the lasers on or off, and

therefore, the quantum gate can be implemented in a highly controllable manner. The value of g,
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Figure 6.12 - Effective two-qubit coupling strength. (a) Effective two-qubit coupling strength
g2 as a function of the cavity detuning &, for different values of the laser Rabi frequency Q; = Q, = Q
(see legend, valid for both figures) and ¢, /27 = g,/27 = 50 MHz. (b) Equivalent to the left plot, but
for g1 /27 = go/2m = 200 MHz. All calculations performed for B = 120 G.

is analyzed in Figs. 6.12 (a) and (b) for different adjustable parameters. For equivalent couplings
g1/27 = go/2m = 50 MHz and Q; = Q, = Q with |Q|/27 = 300 MHz, e.g., the effective two-qubit
coupling strength can reach 100 MHz and more [Fig. 6.12 (a)]. For larger values of g;, the detuning
d. must be chosen sufficiently large to ensure only virtual excitation of the cavity. This effectively
decreases the coupling strength gy, [Fig. 6.12 (b)].

We now analyze the time evolution U(t) of the two-qubit system composed of the two nuclear
spins, that is generated by the Hamiltonian Heg in Eq. (6.48). The single- and two-qubit parts in

H.g commute, i.e. [Hééf), Hin] = 0, and thus, the time evolution U (t) can be written in the form
U(t) = e = (U (t) ® Un(t)) Una(2). (6.52)

We see that the time evolution comprises two parts. U;(t) is a single-qubit rotation on nuclear spin
i generated by the Hamiltonian Hgf) and Uy, (t) describes a two-qubit operation that is generated
by the interaction Hamiltonian Hiy;. In Eq. (6.52), the time evolution of the cavity field has been
omitted, since the nuclear spin degree of freedom has been decoupled from the cavity field by
the second SW transformation and is not of interest in the following. Furthermore, we only
concentrate on the two-qubit interaction part Uj,(t), and disregard the phase shift on the qubit
state |1) for every individual qubit. If necessary, these single-qubit rotations can be undone after
the gate implementation and therefore do not affect the two-qubit gate. A fast single-qubit phase
gate on a N nuclear spin qubit has been demonstrated recently using off-resonant excitation
of the ground-state electronic spin transition between the mg = 0 and mg = —1 state [151]. The

evolution of the coupled nuclear spin system generated by the Hamiltonian Hj, [Eq. (6.50)] is

Upa(t) =100)¢00| + [01)(01| + [10) (10| + e~912¢ |11)(11]. (6.53)
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Figure 6.13 — Operation time of cz quantum gate. (a) Time 7., to generate a cz gate between
the two nuclear spin qubits as a function of §. for different values of the laser Rabi frequency
Q; = Q, = Q (see legend, valid for both figures) and g, /27 = g;/27 = 50 MHz. (b) Time 7, as a
function of the external magnetic field B along the defect axis, for ¢g,/27 = g;/27 = 50 MHz and
Oc/2m = 120 MHz.

During the laser driving, the nuclear spin system acquires a phase of g;»t conditioned on the
spin state of both nuclear spins. It is described in Sec. 3.2 that particular conditional two-qubit
gates are required to perform universal quantum computation [16]. Depending on the interaction
time, different two-qubit gates can be implemented by the derived mechanism. For t = 7.5 with

J12Tcs = —7/2, a controlled-phase (cs) gate is generated [cf. Eq. (3.7) for the nomenclature],

Ues = Upa(7es) = 100) (00| + [01) (01| +]10)(10]| +i|11)(11] = . (6.59)

S O O =
S O =k O
S = O O

[=EE =l -)

where the matrix representation is given in the basis {|00), |01}, |10), |11)}. If the interaction time

t = 7¢; With gy27c; = 7, the universal controlled-Z gate is generated [Eq. (3.9)],

1 0 0 O
0 1 0

Uez = Ua(7ez) = 100)(00] +[01)(01] +[10)(10] - [11)(11] = 0 0 1 , (655)
0 0 0 -1

which equivalent to the cNOT gate upon single-qubit rotations [see Eq. (3.10)]. In Figs. 6.13 (a), the
value of 7, is depicted for g; /27w = g»/27w = 50 MHz and for different coupling strengths Q;. Since
Tcz is inversely proportional to gi,, larger interaction strengths lead a to faster gate operation.
We find operation times for the cz gate that are well below 100 ns for a wide range of parameter
values, which is few orders of magnitude smaller than the nuclear spin decoherence time of about

1 ms [49]. Hence, the qubit coherence is well preserved during the gate implementation. Due to
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Figure 6.14 - Two-qubit coupling strength and gate operation time for >N nuclear spins.
(a) Effective two-qubit coupling strength g;, as a function of cavity detuning J. for different values
of the laser Rabi frequency Q; = Q; = Q (see legend, valid for both figures) and ¢, /27 = g5/27m = 50
MHz. (b) Time 7., to generate a cz gate between the two nuclear spins as a function of . for
different values of the laser Rabi frequency Q; = Q, = Q and ¢;/27 = g»/27 = 50 MHz.

the fast gate operation, the proposed scheme is rather insensitive to the exact coupling strengths
to the laser field and the cavity, but we need to assure large detunings |5, — d.| > g and |6;| > |Q|
for validity of the applied SW transformations. Fig. 6.13 (b) shows the dependence of 7., on the
magnetic field strength B along the defect axis, and one can see that the gate time decreases for

larger magnetic fields.

6.5 Conclusions

Nitrogen nuclear spins in diamond have proved to be highly promising candidates to physically
realize qubits. We have developed a theoretical proposal for the implementation of a controlled
quantum gate between two nitrogen nuclear-spin qubits intrinsic to NV centers in diamond.
Gate operation can be achieved within a 100 ns or less, which is well below the nuclear-spin
decoherence time T, ~ 1 ms [49]. The typical time 7 for a photon to escape the cavity must
be longer than the gate operation time 7.,. Therefore, the cavity loss rate k must not exceed
values of k = (g/8.)?/7 < 1/1e; ® 50 MHz if we assume a gate operation time 7., ~ 20 ns [see
Fig. 6.13 (a)] and (g/5.)? is the probability of the cavity mode being excited. Quality (Q) factors of
the optical cavity of 10°~107 are thus required [160]. Such values have been reached in high-Q
silica microsphere cavities [219] and progress towards photonic crystal cavities in bulk diamond
exceeding Q-factors of 10> has been recently reported [223].

In addition to the presented derivation for *N nuclear spins, an equivalent calculation for
N nuclear spins with I = 1/2 demonstrates the feasibility of the proposed scheme also for this
isotope. In this case, the computational basis is chosen as the nuclear-spin eigenstates |0) = |mg =
—1,m; = —1/2) and |1) = |mgs = —1,m; = +1/2) [Fig. 6.9 (b)]. The effective two-qubit coupling

strength g1, and the gate time 7., show qualitatively the same behavior as for the 1*N nuclear
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spin, and are depicted in Fig. 6.14. The case of different nitrogen isotopes has not been studied yet.
Therefore, the question whether a *N and a >N nuclear spin can be coupled via the developed
mechanism should be answered in further studies.

During the fast electronic excitation cycles, the nuclear spins are subject to a time-varying
hyperfine interaction. However, using a spin-fluctuator model, it has been shown that the nuclear
spin state will be unaffected and coherence can be preserved [224]. Together with elementary
and experimentally demonstrated single-qubit operations, the realization of a universal cz gate
makes the nitrogen nuclear spin vulnerable for quantum computation in addition to its remarkable

quality as quantum memory [49].
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Optical Readout of a Quantum-Dot Spin

7.1 Introduction

In this chapter, we describe work that originates from a research stay in the group of Prof.
Yoshihisa Yamamoto at Stanford University. Optically active, self-assembled quantum dots (QDs)
are further solid-state systems that bear the potential to realize qubits [22, 26]. The measurement
of a qubit state is a basic procedure in the context of quantum communication and also the
verification of entanglement typically involves measurements, i.e. a spin readout in the case
of spin qubits. Another crucial component in a quantum network is the interface between the
stationary qubits and the flying qubits that transmit quantum information. Whereas pioneering
experiments demonstrated entanglement between the spin of an electron in a self-assembled
QD and a photon [225, 226], and the teleportation of a photon superposition state onto a QD
electron-spin state [227], the readout of the electron spin state in a single shot has not been
achieved for most experiments [26]. A theoretical proposal by S. Puri et al. [228] describes the
single-shot readout of an electron spin in a self-assembled QD by a quantum nondemolition
measurement [229], thereby harnessing the interaction with an exciton-polariton in a nearby
quantum well. The aim of this work is to derive a fully quantum-mechanical description of the
system studied in Ref. 228 in order to characterize the optical readout process more carefully.
Therefore, this chapter has more the character of a technical report, in which we focus on the

applied theoretical methods.

7.2 Spin Qubits in Self-Assembled Quantum Dots

Self-assembled quantum dots (QDs) are naturally formed during the growth process of a specific
semiconductor heterostructure. Prominent examples are InGaAs dots in a GaAs matrix. Small
islands of InGaAs that contain about 10°> atoms are formed if grown on top of a GaAs layer due to
the mismatch in lattice constants of both materials, which have about 5 nm in height and 20 nm in

diameter. The dots can then be covered by further growing of GaAs layers. Due to a difference in
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the valence and conduction band edges between both materials, strong confinement of electrons
(and holes) is possible in all three dimensions with quantization energies of a few meV [26]. An
important feature is that the charge state of the QDs is controllable and hence, it can be occupied,
e.g., with a single electron in the conduction band or a single hole in the valence band. The lowest
conduction band level is an s-type orbital, such that the electron angular momentum is simply
determined by the electron spin. In the so-called Faraday geometry, a magnetic field is applied
along the growth axis, which also determines the quantization axis of the electron spin. Thus, the
computational basis is typically chosen by the two spin eigenstates |0) = |T) = |ms = +1/2) and
[1) = |1) = [ms = —1/2). The decoherence time T, of a single electron spin in a self-assembled
QD has been measured to be around 2.6 us [230] and relaxation times T; of more than 20 ms have
been reported [231]. Various ideas of qubit initialization, manipulation, and measurement have
been suggested and partially been implemented. An overview regarding these works can be found

in Refs. 22, 24, and 26, and the references therein.

7.3 Input-Output Formalism for Optical Spin Readout

7.3.1 Model

The system that has been studied in Ref. 228 shows similarities to the intersubband cavity system
studied in Chap. 4 and is schematically depicted in Fig. 7.1. However, we only consider a single
quantum well (QW) that is embedded inside a semiconductor microcavity, and the Fermi level of
the QW and the cavity resonance are chosen such that the cavity photons can excite interband
transition, i.e. electronic excitations from the valence band to the conduction band. The Coulomb-
bound pair of an excited electron and the hole that is left in the valence band is called an exciton,
which is a quasiparticle that can be usually considered as boson [232]. The QW excitons have
total angular momentum J = 1 and can be excited optically with circularly-polarized light, where
o* (07) polarization leads to the excitation of a QW exciton with J, = +1(—1). Inside the cavity,
the excitons can interact with the cavity photons. If the rate of coherent energy exchange between
the QW excitons and cavity photons is larger than the loss rates from the cavity, i.e. the system is
in the strong coupling regime of cavity QED, the interaction leads to the formation of combined
exciton-photon states, known as exciton-polaritons [232] (see also Chap. 4 for a different kind of
polariton).

Additionally to the QW, a singly-charged QD is also positioned inside the microcavity, but
so close to the QW that the wave function of the QD electron slightly penetrates the QW. If an
exciton is present in the QW, this eventually leads to a spin-dependent exchange interaction
between the QD electron and the electronic part of the exciton [cf. also Eq. (5.4)]. The principle
idea of the optical readout of the QD spin state is the following. The energy of an exciton-polariton
changes due to the exchange interaction of the exciton with the QD electron spin. However, the

sign of the exchange energy depends on the relative orientations of the QD electron spin and
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Figure 7.1 — Schematic setup of optical spin readout. Quantum-well (QW) excitons interact
with microcavity photons, which leads to the formation of exciton polaritons. A nearby singly-
charged quantum dot (QD) interacts with QW excitons via exchange interaction. An incoming
light field () is reflected from the top mirror of the microcavity. (Decay rates from the cavity
are yy(p) for top (bottom) mirror.) The reflected beam (a3™) acquires a phase shift that depends on
the spin state of a QD electron. Information about the QD spin state is obtained by the subsequent
measurement setup consisting of a 1/2 wave plate, a polarizing beam splitter (PBS), and the two
photon detectors D; and D;.

the spin of an excited electron in the QW that forms the exciton. As it is shown in the following,
the reflected part of an incoming light beam incident on the cavity acquires a different phase
shift, depending on whether the spin of the QD electron is state | T) or || ). With a measurement
setup shown in Fig. 7.1, the difference in phase shifts can be converted into a signal that gives
information about the spin state of the electron in the QD.

We model the physical situation using the so-called input-output formalism developed in
Refs. 233 and 234, in which the fields of the reflected light can be related to the incoming beam.
To describe the setup in Fig. 7.1, we use a Hamiltonian H consisting of three parts,

H = Hgys + Hpath + Hint, (7.1)
where Hgys describes the QW-cavity system, Hy,y, describes the external photonic modes as a
collection of harmonic oscillators that constitutes a heat bath, and the coupling of the cavity field
to the modes of the heat bath is given by Hj,;. The system Hamiltonian describes the interaction
of cavity photons and QW excitons (i = 1) [232],

Hgys = Z wcaz,aar + wexbl,bgf +ig (az,baf - b;,aaf) , (7.2)

o'=%+

The operator ag,) annihilates (creates) a cavity photon with frequency . and polarization ¢’
that can be either right-handed circular (¢’ = +) or left-handed circular (¢’ = —). The bosonic
operators bg;) describe the QW excitons of frequency wex with total angular momentum J = 1 and
angular momentum projection J, = +1 (¢’ = +) or J, = —1 (¢’ = —). The last term describes the

interaction between cavity photons and QW excitons with Rabi frequency g, where the rotating
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wave approximation is made. Furthermore, we only consider the interaction between photons and
excitons with zero in-plane momentum, because the cavity is assumed to be excited by a beam
perpendicular to the cavity mirrors. We also assume the cavity frequency to be resonant with the
exciton transition, i.e. w. = wex. Note that so far, the QD has been neglected in the description
for the sake of clarity, and will be added later. The extracavity bath modes are modeled by a

continuous set of harmonic oscillators [234],

Hbath = Z de v (a\t,aav,a + ﬁi,aﬂv,a) ) (7-3)

o=H/V_

where a, +(fy.) is the annihilation operator of a photon belonging to the top (bottom) bath
(see Fig. 7.1) with polarization o that can be either horizontal (H) or vertical (V). The reason
for choosing the basis of linear polarization here is that the cavity is assumed to be pumped
with horizontally-polarized light (see Sec. 7.3.2 below) and therefore, the following description is
more clear compared to using the circular-polarization basis. Thus, the index ¢ denotes linear
polarization and ¢’ is the index for circular polarization. The Hamiltonian for the interaction

between intracavity modes and external bath modes is assumed to be of the form [234]

. "t ¥b
Hin = 10_2}1/\/[ dv,/E (ai’aaa - aj,av,g) +,/§ (ﬁz’aaa - a};ﬁv,a) . (7.4)

For the coupling between the field modes of intra- and extracavity photons, we use real coupling
constants y; and y;, that could be different for the top and bottom mirror, and we applied the
Markov approximation, i.e. the coupling constants are assumed to be independent of the photon
frequency.

So far, we only considered a system comprised of a QW coupled to the cavity and the electron
spin of the singly-charged QD has to not been included. Since the energy for exciting an additional
electron-hole pair within the QD! is far from the cavity resonance, no direct interaction takes
place between the QD and the cavity [228]. If an exciton is present in the QW and the wave
functions of the exciton and the electron confined to the QD have finite overlap, the spins of both

are coupled via an exchange interaction Hamiltonian [228][cf. also Eq. (5.4)]

Hexe = — Z VechzSex,zbZ./ba’y (7.5)

o'=+

where Viy is the exchange integral, S, is the z component of the QD electron-spin operator, and

Sex. is the respective operator of the electron forming the exciton.? The exciton energy shifts

IThe optically excited states of a charged QD consisting of two electrons in the conduction band and a single hole in
the valence band are known as trions.
2A detailed derivation of the Hamiltonian Heye, including numerical calculations, can be found in the Supplemental
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proportional to the exchange interaction and the direction of the shift depends on the exciton

spin itself. On can incorporate this in the system Hamiltonian in the following form,
1 ;
Hgys = Z a)caz,a(,f + (wc - Eo*’Vexcsz) bl,bc,/ + lg(az,bgf - bz,agf), (7.6)
o’'=+

where we replaced the operator Sey , by its eigenvalue ¢’/2.
To describe the dynamics of the total system, one can work in the Heisenberg picture and

obtain the following stochastic differential equations for the intracavity-field operators ay(¢) and

av(t)a

Ye+ Vb

() = — (iwc +

) autt) + %(m(t) Fb-(D) —VRal () VAN, (7.7)
Yt +

au(t) = — (iwc +

i . )
) av() + \/—%(m(t) —b_() —VF@™ () —VRAND,  (78)
which are also known as quantum Langevin equations. A detailed derivation of Egs. (7.7) and (7.8)
as well as the definition of the input-field operators '™ (t) and S

H/V H/V
E.1. The quantum Langevin equations can be solved in frequency space, which yields

(t) can be found in Appendix

() ORI

@u(@) | _ oy [ VAR (@) + V1B (@) | (79
b (o) 0

b_(w) 0

where the matrix B(w) is defined in Egs. (E.24) and (E.25) of Appendix E.2, and the Fourier
transform of an operator O(t) is 5(0)) = (2m) /2 f_o:o dt exp(iwt)O(t).

The aim of the model is to describe the cavity output depending on the input field and also
incorporate the dynamics within the cavity. Therefore, one can define outgoing field modes
[Egs. (E.28) and (E.29) in Appendix E.3], which describe the reflected part of an incoming beam
by the so-called input-output relations,

) &)
a)|_ o lar)
(o) |7 | o | 710
4(0) (o)

where the unitary matrix specific for the problem described in this chapter is derived in Appendix
E.3 [Eq. (E.41)].

Material of Ref. 228 and shall not be the topic of this chapter.
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7.3.2 Phase Shift

It was noted in the introduction that light with different circular polarization experiences a
different phase shift when being reflected from the cavity, which is shown in this chapter. A
difference of phase shifts is an experimentally measurable quantity and the sign of this difference
crucially depends on the spin state of the QD electron, as is shown in the subsequent section.
As a converse argument, this means that by measuring the difference in phase shifts for both
circular polarizations one can obtain information about the spin state of the QD electron. The

output fields in the circular-polarization basis are given by

1
") =

) V2

= é [ (Ull(w)&i{l(a)) + U12(w)d\i/n(w) + U13(@)ﬁ~1i{n(a)) " U14(a)) ~\i,n(a)))

F i (U1 (0) @5 () + Uno ()@ () + Uns(0) Bir () + Una (@) B () ) ] (7.11)

( out(w)_'_laout(w))

Hence, if the system is excited by some horizontally-polarized input field only through the top
mirror, i.e. (@*(®)) # 0 and (& (w)) = (ﬁ~i (w)) = (ﬂ (w)) = 0, the expectation value of the

output field operators is

(@™ (w)) = — Ull(w T iUz (0)) (@ (w))

<|

1 29% + ( oV - wc) (%VeXC (S)F (0 - wc))
= ? 29 + ( Wy o, wc) (%Vexc S F(w- wc))
= re(ONE ), (7.12)

)

where the phase shift is now defined as the argument of the complex reflection coefficient

re(w) =yRe(w)e'() [235],

¢+ (w) = arg[ri(w)] = arg [\/_ (Ui1(w) F iUs (w ))] (7.13)

7.3.3 Phase Response

From the experimental setup depicted in Fig. 7.1, one can see that the reflected beam is first

subjected to a A/2 wave plate that rotates the polarizations by +45° into the diagonal polarization

basis, i.e.
~out 1 out out
ap (w)=$( (@) + & (@), (7.14)
() = = (€M (@) - 8" (). (715)

V2
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The photons with diagonal (D) and anti-diagonal (A) polarization are subsequently split by a
polarizing beam splitter (PBS), and separately detected by detectors D; and D,, respectively. The
difference in the measured intensities of both detectors yields information about the spin state of

the QD electron. The measured intensities are proportional to the mean number of impinging

photons, i.e.®
Ip, = f dw (ozgu”(w)&gut(w)>, (7.16)
Ip, = f do (@ (w)as" (). (7.17)

Using Egs. (7.10) and (7.13), it is straightforward to derive the measured intensity difference as a
function of the input field,

Ip, —Ip, =2 f doy/R (0)R_ (@) sin (¢-(©) - ¢+ () (@ (@)@ (@), (7.18)

where R, is the reflectivity of the cavity for the respective circular polarization. The input-output
formalism allows to specify different kinds of input fields via the expectation value (@' (w) @™ (w))
in Eq. (7.18), which can be, e.g., coherent states, number states, squeezed states, pulsed beams
with a defined pulse shape, or noise in the framework of continuum field operators [236].

In the following, we only investigate the case of cavity excitation by a single-mode laser beam

of frequency wi,, which can be described by the expectation value
(@™ () (@)) = End (@ — o). (7.19)

where [y, is the intensity of the input laser beam. The relative intensity difference on detectors Dy

and D,, called the phase response, is thus given by

% = 2/R, (0in)R_(@in) sin (¢—(in) — $+ (@in) ). (7.20)
which formally confirms the result obtained in Ref. 228. The phase response derived from the
input-output formalism described above is shown in Fig. 7.2 for different Rabi frequencies g. The
sign of the phase response very well depends on the spin state of the QD electron, being either
[T)or |l) [{S;) = £1/2, respectively, in Eq. (7.12)]. Qualitative differences compared to Ref. 228
originate from the inclusion of both polariton states that is implicitly done in Eq. (7.6), whereas

the upper polariton state has been neglected in Ref. 228. For Rabi frequencies g that are on the

3Note that in Egs. (7.16) and (7.17), the intensities are defined to equal the mean number of photons.
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Figure 7.2 — Phase response. Phase response [Eq. (7.20)] for the two QD spin configurations | T)
(ms = +1/2) and || ) (ms = —1/2) as a function of the laser detuning wi, — «w. for (a) g = 1 meV, (b)
g =3 meV, and (c) g = 5 meV. Other parameter values are adapted from Ref. 228, i.e. yy = yp = 0.5
meV, and Vey, = 8 peV.

order of the laser detuning, these states cannot be neglected and lead to significant changes in the

phase response.

7.4 Conclusions

An optical spin readout scheme has been proposed in Ref. 228 that harnesses the interaction with
exciton polaritons. The aim of the work presented in this chapter was to verify previously obtained
results on a more fundamental level. In doing so, we derive a quantum mechanical model to describe
the phase response of a reflected light beam that is incident on a semiconductor microcavity,
including the dynamics within the cavity. In comparison to Ref. 228, we find qualitative differences,
mainly due to the inclusion of the upper polariton states. The input-output formalism applied
here allows to calculate the cavity output depending on arbitrary input fields and e.g., offers the
possibility to develop a pulse shape that maximizes the phase response in a realistic measurement
scenario. Furthermore, the applied formalism allows to include frequency-dependent mirror decay
to model, in principle, non-Markovian dynamics, or to include the decoherence of the exciton

state as well.
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Conclusions and Outlook

In this final chapter, we briefly summarize the main results of this dissertation, where we investi-
gated some of the basic hardware components of quantum networks, and try to classify these
results in a more general context.

In Chap. 4, we studied the intersubband cavity system with respect to its usefulness as a
source of entangled photons. Since the photons that are contained in the polariton vacuum
are correlated in their momentum degree of freedom, we tested the photon states for mode
entanglement. The entanglement has been quantified analytically by using the concurrence
as a measure of entanglement and it is found that the ground state of the intersubband cavity
system contains maximally entangled photons. This is one of the prerequisites to be useful
as a source of entanglement in quantum information processing. If the polariton vacuum is
modulated nonadiabatically, the energy of the emitted photons is expected to be in the mid
and far infrared [93]. A method to transfer the entanglement onto photons with energies in
technologically relevant frequency domains, such as one of the telecom wavelengths, is necessary
for further entanglement distribution, since the absorption in optical fibers would otherwise be
too large. The verification of mode entanglement is an open question. One possibility would be to
transform mode entanglement into polarization entanglement, for which verification methods
exist [30, 31, 54, 71]. The development of a scheme to achieve such a transformation could be a
starting point of further studies. We already pointed out that a non-instantaneous switch-off of
the Rabi frequency and its effect on the entanglement has still to be modeled. Since a nonadiabatic
switch-off of the Rabi frequency was so far not realizable in experiments, the obtained results
could also motivate further research and new developments to eventually observe the predicted
radiation from the vacuum state in the first place.

By introducing the concept of asymmetric bilateral two-qubit operations in Chap. 5, we devel-
oped an entanglement purification protocol for a very broad range of solid-state qubits, e.g. electron
spins in quantum dots, NV centers in diamond, or superconducting qubits. Such a protocol is essen-
tial for the use of spin qubits as quantum memory, e.g. in quantum repeaters, and further increases

their potential for being used in practical quantum information processing. The necessity of inter-
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facing flying and stationary qubits in quantum repeaters can therefore stimulate further research
on spin-photon interfaces. In addition, we have investigated a new class of recurrence protocols
for entanglement purification, i.e. we considered asymmetric bilateral two-qubit operations. The
idea of asymmetric operations opens new possibilities to perform entanglement purification and,
to the best of our knowledge, has not been considered in the literature before. Since the studies
described in this dissertation are special cases of a more general tensorial interaction S - T) -S;
with some coupling tensor <T> we think that further research devoted to this class of operations
needs to take place. The applicability of an asymmetric operation might even be extended to
multipartite systems [45]. Regarding the experimental realization of entanglement purification
with spin qubits, there have been implementations of the required swap gate [48, 114] and the
pairwise coherent coupling of three spin qubits has also been demonstrated [130]. Scaling the
system to four qubits should therefore be within reach of current technology.

The third part that was also devoted to entanglement generation and qubit coupling dealt
with nitrogen nuclear spins in NV centers in diamond (Chap. 6). The abilities to entangle two
nuclear spin qubits and to implement a universal set of quantum gates are essential for quantum
communication and computation. In this dissertation, we developed a process to generate a
controlled two-qubit quantum gate that creates entanglement and can be used for universal
quantum computation. As a proof of principle, we demonstrate the feasibility under perfect
conditions. Subsequent studies are necessary to obtain values for achievable gate fidelities and
should include, e.g., photon loss from the cavity and qubit decoherence. However, we expect
high fidelities due to the very good isolation of nuclear spins from their environment, which
manifests itself in the very long decoherence times T,. Through the possibility of optical control
and therefore fast gate operation within 100 nanoseconds and less, we think we could advance the
field of practical, nuclear-spin based quantum information processing and also offer possibilities for
further interesting research in this direction. The complete understanding of the low-temperature
hyperfine structure in the excited-state manifold is an open issue. The potential of harnessing the
excited-state hyperfine structure to eventually couple two nuclear spin qubits, which is provided
by the developed scheme, should motivate a more careful experimental investigation of the *°E
orbital level structure.

The experimental implementation of the optical readout scheme described in Chap. 7 is an
ongoing challenge by the time of writing. It seems that additional decoherence channels might
play a significant role. This could be the unwanted tunneling of the QD electron into the QW and
the subsequent recombination with the hole in there. Furthermore, the effect of a surrounding
nuclear-spin bath has not been considered at all so far, although it is known that nuclear spins
mainly affect the decoherence time T, [24]. The model developed here using the input-output
formalism should therefore be extended and include the two decoherence mechanisms mentioned

above.
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Continuum Limit

When taking the sum over all two-dimensional in-plane wave vectors k in Eq. (4.44), the appearing
vectors depend on the boundary conditions. We choose periodic boundary conditions, and hence,

2

ke = Zny (ny=0,%1,...), (A1)
Ly
2

ky=—n, (ny=0,%1,...), (A.2)
Ly

where L, (y) is the cavity length in x(y)-direction and n(y) is an integer. Every discrete wave
vector k encloses a volume A in k-space,

A = Nk Ak, = = : (A.3)

Here, Ak (y) is the difference between two adjacent wave vectors in x(y)-direction, and A the
sample area. In the continuum limit, the k vectors lie close in reciprocal space and the sum can be
replaced by an integral,
1 1 A r A (w12)?
2 2 27 A2 2 12
= ==Y'A - == == (22 A4
S=) G =1, G(k)eAfde(k) zﬂfdkkG(k) zﬂ(c)f, (A4)
k k k=0

where we use polar coordinates to evaluate the integral and carry out the polar-angle integration.

In the last step, we make a substitution and introduce the dimensionless variable k := ck/w;; to
obtain the dimensionless integral 7,

I:fd/élécz(ilé). (A.5)

One can show that the expansion coefficient G(k) decreases like 1/k? for large k. Consequently,

the integrand has the asymptotics
k—oo 1
kG2 (k) "= i (A.6)
and hence, the integral converges. We evaluate 7 numerically using the same parameters as in
Sec.4.4.2 and find 7 = 4.1x107%






Bilateral Exchange Pulse

Table B.1 — Action of a bilateral exchange pulse U(a, ) on the four-qubit Bell-product basis
{127, [27), [¥7), [¥7)) ® (|197), [97), [¥7), [¥7))}, with [@TDT) = [DF)(15)|P7) 34, etc. A factor of
(1/4) exp[—i(a + B)/4] has been omitted for all transformed states.
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Schrieffer-Wolff Transformation

A method to effectively decouple energetically separated subspaces of a Hamiltonian H is given by
the so-called Schrieffer-Wolff transformation [221], originally introduced to relate the Anderson and
the Kondo model.! The two subspaces are denoted as A and B, and we can separate the Hamiltonian
H into a block-diagonal part Hy that only acts within each subspace A and B, respectively, and an
off-diagonal part V that connects the two subspaces,

H=H,+V. (C.1)

We assume that the two subspaces only weakly interact, i.e., the matrix elements (¢;|V|¢;) are
small compared to the energy separation between A and B. Here, {|{/;)} are eigenfunctions of
H, belonging to subspace A, and the {|¢;)} belong to subspace B. However, we only want to
consider the dynamics of the low-energy subspace A. One can construct a unitary transformation
U = exp(—S) with some anti-Hermitian operator S to obtain a new Hamiltonian H,

H=eSHe®, (C.2)

that contains no matrix elements (i/; |H |¢;) betweeen the two subspaces up to a desired order in
V. Using the Baker-Campbell-Hausdorff formula, the transformed Hamiltonian H is

—_ 21 1
H=eSHe’ = Z —[-S,H]x = H~-[S,H] + =[S, [S, H]] + . ..
£kl 2

1
:H0+V—[S,H0+V]+E[S,[S,H0+V]]+... (C.3)

with [-=S, H]x = [-S,[-S, H]x_1] and [-S, H]o = H. If the anti-Hermitian matrix S is constructed
in such a way that
holds, the leading order in the interaction V exactly cancels. We obtain the transformed Hamiltonian
~ 1 1 1 1
H=Hy—-[S,V]+ =[S, [S,Ho]] + =[S, [S,V]] +--- =Hy + =[V,S] + =[S, [S,V]] + ..., (C.5)

=V

in which we only keep the block-diagonal part and continue working with an effective Hamiltonian
Heff>

1
He = Hy + [V, 5], (C.6)

IEquivalent transformations can be applied to a variety of physical problems, see e.g. in Ref. 222.






Transformation into a Rotating Frame

In Sec. 6.4.1, the interaction of a two-level system with a classical radiation field is described by a
time-dependent Hamiltonian H(t) of the form

H(t) = Qe '@z, + Q@7 (D.1)

Here, the operators 7. describe transitions within the two-level system and o is the frequency of
the light field. A time-dependent unitary transformation U(t) = exp(i{t), where ¢ is an arbitrary
time-independent Hermitian operator, transforms a quantum state /) according to (/") = U (¢)|¢).
The time evolution of |¢/’) is

d ~ e,
GV =iguol = (1952

U@ +UmH®U() )Ilﬁ) H'(6)[y"), (D.2)

where we used the Schrodinger equation id/(dt)|) = H(t)|¢/). Thus, the transformed Hamiltonian
H'(t), which is in general still time-dependent, is given by

H'(t) = U®)H@)U () - &. (D.3)

The Hamiltonian in Eq. (D.1) becomes time-independent for & = wr, /2, which can be calculated,
e.g., by using the matrix representation of the Pauli operators,

o o elTt 0 )\ [0 ei@t) [e7iTt 0 1
e (M0 ) e lzflt:( e‘i‘i’t) (0 0 )( o e4t] =g o) = (D9

and respectively for the term e’“?7_. We also have to transform the cavity operators a and a'

(=)

in Sec. 6.4.1, because the unitary transformation in Eq. (6.26) contains a and a' themselves. The
annihilation operator a transforms as

(o8]

tar - z : E L i
glwa'at j—iwa far _ la)a at a n= —(za)t)" [aTa, a]n =e lwta, (DS)
n! R —

n=0 —(-1)"a

using the Baker-Campbell-Haussdorff formula, and [x, y], = [x, [x,y],-1] and [x,y]o = y. The
creation operator a' is transformed equivalently.






Quantum Langevin Equations

E.1 Derivation

Following the input-output formalism [233, 234], one can calculate the Heisenberg equations of
motion for the involved operators from the Hamiltonian H in Eq. (7.1),

dV,G = l[H, av,a] = _ivav,a +1’ z)/_tao-’ (El)
T

ﬁv,a = i[H, ﬁv,a] = _ivﬁv,a + &aa’ (EZ)
N 2x
iy = i[H, ay] = i[Hys. as] - f vy La, . - fdv LLY 3 (E.3)
2 7 2w
BO'/ =i[H,by] = i[Hsys, bs]. (E4)

Evaluation of the commutators [Hys, a, ] and [Hys, bo ], and using the relation al = (aL + ia:r,) N2
between linear and circular polarization, the Heisenberg equations of motion for the cavity-photon
and exciton operators are given by

Ay = —liweay + % (by +b) - f dv 4 /2)/—;0{‘,’}[ - f dv ;/_Zﬁv,ﬂ, (E.5)

. . i /
ay = —iwcay + \/_gi (by —b_) - f dv 2)/—;[0{1,’\, - f dv ;/_;ﬁv,v’ (E.6)

. 1

b, = —i (wc + 5Vexcsz) by — % (4 — iay), (E.7)

b ——i(a)—lV S)b —i(a + iay) (E.8)
- c 9 excOz | V- \/E H v)- :



APPENDIX E: QUANTUM LANGEVIN EQUATIONS

Egs. (E.1) and (E.2) can be formally solved as

ava(t) —e —iv(t— to) (tO [ Yt fdt/ —iv(t— t) ( /)’ (E9)
_ _—iv(t—ty) Yb 1 _—iv(t—t') ’
Pr.o(t) =e Bv.o(to) + 1lﬂfdt e ag(t'), (E.10)
ty

for ty < t. Here, the time dependence is explicitly written out. We can define input fields for the
limit g > —o0 like

. 1 .
ag(t) = tolim N dv e_”(t_t‘))av,g(to), (E.11)
——00 T
. 1 ~
s (f) = toll)moo N dve MUTRIB, o (1), (E.12)

i.e., for long times in the past. Inserting the formal solutions in Egs. (E.9) and (E.10) into Eq. (E.5)
yields

iy (t) = —ioeay(t) + % (b (t) + b_(t))

(o)

t
- ytali{n(t)—zy—;fdvfdt’e_iv(t_t,)aH(t')

(o8]

VB W%f d”f i’ e ay (1), (E.13)

in the limit ty — —co. The integration over v can be performed as well,

f dve =) = 278(t — '), (E.14)

to finally yield the quantum Langevin equations

an(®) = = (1we+ L2 0t + L (0u(0) + b-(0) ~ VR O —VRRAT@, (©19)

V2
() = = (joe+ F ) avlt) 4 2 (040 = b-(0) VRO VRA@, (©16

where we also used the relation f_too dt’a, (t')8(t — t') = a,(t)/2. The operators '™ (t) and SB(t)
define the initial state of the corresponding photon bath [234], which can be, e.g., a thermal state
and thus, the operators may be interpreted as noise, or it could also be a coherent state, which
would correspond to a classical driving field.
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E.2 SoLuTIONS

E.2 Solutions

We solve Egs. (E.7), (E.8), (E.15), and (E.16) in frequency space, where we use the Fourier transfor-
mation of an operator O(t),

o0

FT[O(#)] = O(w) = \/% f dt ' 0(t), (E.17)

FT[O(1)] = —iwO(w). (E.18)

The Fourier transformation of the Langevin equations [Egs. (E.15) and (E.16)] and the Heisenberg
equations of motion of the exciton operators [Eqs. (E.7) and (E.8)] yields a system of linear
equations,

—it0in(@) = = (i0c+ PP du(o) + % (b4 (@) + b-(0)) ~VREN@) ~ VAR (@)  (E19)
—iwdy(©) = - (joc+ T2 dy(0) + \/—-‘; (b4 (@) - b-(0)) ~VREN@) ~ VAN (@) (E-20)
—itoby () = =i (00 + 2 VexeS: ) B (@) - % (@a(©) - 1d4(0)). (E21)
—itoh (@) = =i (00 = 2 VexeS: ) By () - % (@n() + iy (@), (E.22)

or more compactly written in matrix form

() (VAN () +FpA ()

Ao) Z:EZ) = ‘/Wivn(w)g‘%ﬂ @), (E.23)
b_(w) 0

where the matrix A(w) is given by

: Yitip g9 g9
lAw -3 0 \/—5 \/_E
0 iA, — 120 2 -2
_ 2 2 2
A(a)) = g9 ﬁ l(A _ lV S ) 0 (E24)
N \/i w 7 VexcYz
-9 _9 i 1
Vi N 0 i (Aw + ZVEXCSZ)

Here, we introduced the abbreviation A, = @ — «,. The solutions for the cavity-photon operators
and the exciton operators in Fourier space are obtained by inverting the matrix A(w),

(o) Vi () +ToPi ()
+(w 0 , .
b_(w) 0

with B(w) = [A(w)]™!. The dynamics of the coupled QW-cavity system is thus specified by
including internal dynamics and additionally, possible optical input from external field modes.
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APPENDIX E: QUANTUM LANGEVIN EQUATIONS

E.3 Input-Output Relations

We are interested in the output from the cavity depending on a specific input field. For this
purpose, one can formally solve (E.1) and (E.2) for t; > t,

ty
ot = €Wy o (1) =y 2 f dt’ e ag (1), (E.26)
t
151
Brot) = B o (1) =y [ f de’ e ag (1), (E.27)
t

and in analogy define operators for the output field like

1 .
o) = Jim = [ aver e, ), (E.28)
T
1 .
B (1) = t}i_rgo Nors dve VU-tp, (1), (E.29)
T

Eventually, the goal of the calculation is to obtain a relation between the input and output fields,
i.e. given a certain input field, we want to be able to calculate the output from the cavity, which
could be a reflected or transmitted signal. We already know how the operators of the internal field
depend on the input operators, see Eq. (E.25). In the next step, one can relate both of them to the
output fields. Integrating Eqs. (E.9) and (E.10) over the frequency v yields in the limit ¢ty — —oo

[oe]

fdv ay.o () = a®(t) +

‘/éy_ta(,(t), (E.30)

‘/Ty_bag(t), (E.31)

1 in
=, £ dv oo (1) = F(1) +

and from Egs. (E.26), and (E.27), one obtains in the limit #; — oo

f dva,, , (t) = ad™'(t) - \/TY_taa(t), (E.32)

as(t). (E.33)

1 _ pin _@
E_ldvﬂv,au)— n) -V

The combination of these results gives the following relations between input, output, and cavity

fields,

a'(t) = ag(t) +yyas(t), (E.34)
Sy = R +ybac (D), (E.35)
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E.3 INPUT-OuUTPUT RELATIONS

that are also true for the Fourier transformed operators. Together with Eq. (E.25), we can finally

formulate the input-output relations,

G5 (@) = 37 () +Virdn(@) = @1(0) +y7 [Bu(@) (VAED (@) +yinfr(©))

+ Bia(w) ( Ytd\i,n(w) +\/%/3;\11n(w))] )

9" () = @M (w) + Vil (©) = @M (0) +VTi [Ba (0) (VAR (@) + V7P (w)

+By () (VRGP (@) + VTR (@)

+B13(0) (Vi@ (@) +Vinhy ()],

)
)
o (@) = B (@) +Viban() = B (©) +7b [Bia(0) (Vidr (@) +ipi(@))
)
B () = i (@) + by (©) = f(©) +yTb [Bar(0) (Vi@ (@) +Vini (o))

)

B2 () (Vd (@) + iy (@) ]

where the B;j(w) are the matrix elements of B(w), or in a more compact form

" (o) &)
&' @)| - [an)
jout (o) | = V(| fine) |
o (1) ()

with the unitary matrix U(w),

1+yBi(w)  yiBiz(w) VYieBii(w)  VyiybBiz(w)
Uw) = YtBa1(w) 1+yBa(®) VyiypBai(®)  yeypBoz(w)

VrihBii(0)  yipBi2(w) 1+ yBi(w)  ywBrz(w) |

VItBai1(©)  A¥iwBaz(®@)  ywBai(w) 1+ ypBax(w)
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