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Abstract

One aspect of this thesis is the exploration of data-driven model reduction techniques
for efficiently analyzing the dynamic behavior captured in temporal datasets generated
by reaction-diffusion partial differential equation systems. The first such technique is
the Dynamic Mode Decomposition, an equation-free method originally introduced by
Peter Schmid and Jörn Sesterhenn in 2008 ([23]). Building on this, a randomized
variant of Dynamic Mode Decomposition is employed to improve computational ef-
ficiency. However, both versions struggle in providing accurate reconstructions for
datasets that exhibit periodic behavior or spatio-temporal Turing instability. To ad-
dress this issue, we propose a piecewise approach that partitions the datasets and
applies Dynamic Mode Decomposition locally to each subset. The second technique is
Proper Orthogonal Decomposition, which is a well-established method for model order
reduction. To further reduce computational costs, Proper Orthogonal Decomposition
is combined with the Discrete Empirical Interpolation Method. Despite this, the re-
construction accuracy remains insufficient in some cases. Therefore, we introduce a
correction-based strategy to enhance the quality of the reduced model. Moreover, by
leveraging the specific structure of datasets that exhibit Turing instability, we improve
the computational effectiveness even further by extending the previous approaches in
an adaptive manner. Another key aspect of this thesis is parameter identification. The
proposed strategy relies on computing gradients of the cost functional using a sensi-
tivity approach. These gradients are then used within the projected Barzilai-Borwein
optimization method to identify optimal parameter values. Finally, we investigate a
specific reaction-diffusion system in which nonlinearities in the reaction kinetics arise
from a Hill function, commonly used to model cooperative effects in biochemical reac-
tions.
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1 Introduction

1 Introduction

The analysis of dynamical systems plays a central role in many scientific and engi-
neering disciplines. In particular, reaction-diffusion systems provide a mathematical
framework for modeling spatio-temporal phenomena in areas such as biology, chem-
istry and physics. These systems are often governed by semilinear parabolic partial
differential equations, whose high-dimensional discrete solution spaces and long simu-
lation times pose significant computational challenges.
To address this, model reduction techniques have become increasingly important. The
aim is to approximate the original, high-dimensional system with a significantly lower-
dimensional surrogate model that captures the dominant dynamics and greatly reduces
computational cost. In recent years, data-driven approaches have emerged as powerful
tools, as they rely solely on snapshot data – either from measurements or simulations
– without requiring detailed knowledge of the governing equations.

This thesis investigates two prominent model reduction techniques: Dynamic Mode
Decomposition and Proper Orthogonal Decomposition. Dynamic Mode Decomposi-
tion is a data-driven method that does not require explicit knowledge of the underlying
equations. It approximates the system’s dynamics using a best-fit linear operator de-
rived directly from the data. To improve efficiency for large datasets, we also consider
a randomized variant of Dynamic Mode Decomposition, which first projects the data
onto a lower-dimensional random subspace before applying the standard algorithm.
However, both Dynamic Mode Decomposition variants often struggle to accurately re-
construct systems exhibiting periodic behavior or spatio-temporal Turing instabilities.
To overcome this limitation, we propose a piecewise approach, in which the dataset is
partitioned into smaller segments and Dynamic Mode Decomposition is applied locally
to each segment.
The second method explored is Proper Orthogonal Decomposition, a technique closely
related to the Singular Value Decomposition. To efficiently handle nonlinearities, it
is combined with the Discrete Empirical Interpolation Method, which approximates
nonlinear terms using a small number of interpolation points.
Despite these improvements, the reduced-order models still exhibit insufficient accu-
racy in certain scenarios. For this reason, correction-based strategies are introduced
to enhance reconstruction quality. Furthermore, by leveraging the specific structure of
data exhibiting Turing patterns, we propose an adaptive extension to further improve
computational efficiency.

Another central component of this thesis is parameter identification. To this end, we
formulate an optimization problem that aims to minimize a suitable cost functional
subject to a reaction-diffusion equation as a constraint. The optimization is performed
with respect to both the state variable and the diffusion constant. The diffusion
constant appears in the cost functional as a penalty term and is further constrained
by a box-constraint. We employ a sensitivity-based approach to compute gradients
of the cost functional, which are then used within the projected Barzilai-Borwein
optimization algorithm.

The numerical implementation of the methods developed in this thesis is carried out
using both Matlab and Python. Matlab is primarily employed for finite difference
schemes as well as computations based on Dynamic Mode Decomposition and Proper

1



1 Introduction

Orthogonal Decomposition. The use of finite differences and Matlab ensures consis-
tency with related studies referenced in this thesis, which adopt the same numerical
approach. In contrast, finite element simulations and the projected Barzilai-Borwein
optimization are implemented in Python, using the open-source library FEniCS.

Finally, as a concrete application, we investigate a specific reaction-diffusion system
whose nonlinear reaction kinetics are described by a Hill function. We perform a de-
tailed analysis of the system’s behavior across various parameter settings and evaluate
the effectiveness of the proposed model order reduction techniques by applying both
Dynamic Mode Decomposition and Proper Orthogonal Decomposition.
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2 Preliminaries

2 Preliminaries

In this section, we introduce fundamental concepts from functional analysis that are
used throughout the remainder of the thesis. We follow the references [22] and [24].

Let Ω ⊂ RdΩ be a non-empty, bounded domain with Lipschitz-continuous boundary
Γ := ∂Ω, where dΩ ∈ N denotes the spatial dimension.

Definition 2.1 (Lp-spaces). For p ∈ [1,∞), the Lebesgue space Lp(Ω) is defined as
the set of all (equivalence classes of) measurable functions f : Ω → R such that∫

Ω

|f(x)|p dx <∞.

The space Lp(Ω) endowed with the norm

∥f∥Lp(Ω) :=

(∫
Ω

|f(x)|p dx
)1/p

is a Banach space. In particular, the space L2(Ω) with the associated inner product

⟨f, g⟩L2(Ω) :=

∫
Ω

f(x)g(x) dx (2.1)

is a Hilbert space. An equivalence class of a function is understood as the set of all
functions that are equal almost everywhere.

Let v: Ω → R be a real-valued function on Ω and Ω the closure of Ω.

Definition 2.2. The set

supp(v) := {x ∈ Ω | v(x) ̸= 0}

is called the support of v and Ck
0 (Ω), 0 ≤ k ≤ ∞, denotes the space of k-times

continuously differentiable functions v with compact support in Ω.

The case k = ∞ is of special interest. On the one hand, functions in C∞
0 (Ω) vanish on

the boundary Γ, which is advantageous for integration by parts. On the other hand,
functions in C∞

0 (Ω) are infinitely differentiable. Both properties are important for the
definition of Sobolev spaces.
Similarly, the space Ck(Ω) is defined as the set of all functions that are k-times con-
tinuously differentiable in Ω. We define C0(Ω) := C(Ω).
Let

α :=
[
α1 · · · αdΩ

]⊤ ∈ NdΩ
0

be a multi-index with order

|α| := α1 + . . .+ αdΩ .

Then Dαf(x) is a short notation for

Dαf(x) :=
∂|α|f

∂xα1
1 · · · ∂xαdΩ

dΩ

(x).

3



2 Preliminaries

Definition 2.3. The linear space of all continuous real-valued functions f : Ω̄ → R is
denoted by C(Ω̄) and the linear space Ck(Ω̄), k ∈ N, consists of all Ck(Ω) functions
that can be extended together with their partial derivatives up to order k continuously
to Ω̄. C(Ω̄) and Ck(Ω̄) endowed with the norms

∥f∥C(Ω̄) := max
x∈Ω̄

|f(x)|,

∥f∥Ck(Ω̄) :=
∑
|α|≤k

∥Dαf∥C(Ω̄)

are Banach spaces.

By setting

L1
loc(Ω) := {f : Ω → R | f is Lebesgue measurable on Ω,

∥f∥L1(K)<∞ for all compact K ⊂ Ω}

we can introduce the concept of weak derivatives.

Definition 2.4 (Weak derivative). Let f ∈ L1
loc(Ω) and α ∈ NdΩ

0 . A function
g ∈ L1

loc(Ω) is called weak derivative of f , written as g = Dαf , if∫
Ω

f(x)Dαφ(x) dx = (−1)|α|
∫
Ω

g(x)φ(x) dx for all φ ∈ C∞
0 (Ω).

This leads to the definition of Sobolev spaces.

Definition 2.5 (W k,p-spaces). For k ∈ N0 and 1 ≤ p ≤ ∞ we define the Sobolev space
W k,p(Ω) as the linear space of all Lp(Ω) functions f such that all weak derivatives Dαf
with |α|≤ k exist and are elements of Lp(Ω). W k,p(Ω) endowed with the norm

∥f∥Wk,p(Ω) :=

∑
|α|≤k

∥Dαf∥pLp(Ω)

1/p

is a Banach space. For p = 2, we write Hk(Ω) := W k,2(Ω).

In particular, we have

H1(Ω) = {f ∈ L2(Ω) |Dif ∈ L2(Ω) for i = 1, . . . , d}

endowed with the norm

∥f∥H1(Ω) =

(
∥f∥2L2(Ω)+

dΩ∑
i=1

∥Dif∥2L2(Ω)

)1/2

=

(∫
Ω

(|f(x)|2+
dΩ∑
i=1

|Dif(x)|2) dx

)1/2

=

(∫
Ω

(|f(x)|2+∥∇f(x)∥22) dx
)1/2

.
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2 Preliminaries

The space H1(Ω) is a Banach space. Introducing the inner product

⟨f, g⟩H1(Ω) :=

∫
Ω

f(x)g(x) dx+

∫
Ω

∇f(x) · ∇g(x) dx (2.2)

we obtain the Hilbert space (H1(Ω), ⟨·, ·⟩H1(Ω)). Notice that

∇f(x) · ∇g(x) :=
dΩ∑
i=1

∂f

∂xi
(x)

∂g

∂xi
(x) for f, g ∈ V.

Bochner spaces generalize Lebesgue spaces (cf. 2.1) by allowing the function values to
be elements of a Banach space. Let (X, ∥·∥X) be a real Banach space.

Definition 2.6 (Bochner spaces). The Bochner space Lp(0, T ;X), 1 ≤ p <∞, is the
linear space of (equivalence classes of) measurable functions f : [0, T ] → X such that∫ T

0

∥f(t)∥pX dt <∞.

The space Lp(0, T ;X) endowed with the norm

∥f∥Lp(0,T ;X) :=

(∫ T

0

∥f(t)∥pX dt

)1/p

.

is a Banach space. If X is a Hilbert space, the space L2(0, T ;X) is a Hilbert space too
and the standard inner product is given by

⟨f, g⟩L2(0,T ;X) :=

∫ T

0

⟨f(t), g(t)⟩X dt for f, g ∈ L2(0, T ;X).

For functions x 7→ f(t, x) f.a.a. t ∈ [0, T ], f ∈ L2(0, T ;L2(Ω)), we use the brief
notation f(t) = f(t, ·). ‘F.a.a.’ stands for ‘for almost all’.
In order to introduce the concept of weak solutions, we first define weak time deriva-
tives.

Definition 2.7 (Weak time derivative). Let f ∈ L2(0, T ;X). A function
g ∈ L2(0, T ;X) is called the weak derivative of f , written as g = ft, if∫ T

0

f(t)φ′(t) dt = −
∫ T

0

g(t)φ(t) dt for all φ ∈ C∞
0 (0, T ).

We consider the following setting.

Definition 2.8. Let H, V be separable Hilbert spaces with the continuous and dense
embedding V ↪→ H. We identify H with its dual space H ′. Then we have the
continuous and dense embeddings

V ↪→ H = H ′ ↪→ V ′.

The triple (V,H, V ′) is called a Gelfand triple. The space W (0, T ;V, V ′) is defined as
the space of all f ∈ L2(0, T ;V ) with weak time derivative ft ∈ L2(0, T ;V ′) and it is
equipped with the norm

∥f∥W (0,T ;V,V ′) :=
√

∥f∥2L2(0,T ;V )+∥ft∥2L2(0,T ;V ′). (2.3)
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2 Preliminaries

Theorem 2.1. Let V ↪→ H ↪→ V ′ be a Gelfand triple. Then the space

W (0, T ;V, V ′)

is a Hilbert space with the inner product

⟨·, ·⟩W (0,T ;V,V ′) := ⟨·, ·⟩L2(0,T ;V ) + ⟨·, ·⟩L2(0,T ;V ′).

Furthermore, the embedding

W (0, T ;V, V ′) ↪→ C([0, T ];H)

holds and is continuous. Moreover, the integration by parts formula∫ T

0

⟨ft(t), g(t)⟩V ′,V dt = (f(T ), g(T ))H − (f(0), g(0))H −
∫ T

0

⟨gt(t), f(t)⟩V ′,V dt

holds for all f, g ∈ W (0, T ;V, V ′), where the notation

⟨F, v⟩V ′,V = F (v) for F ∈ V ′, v ∈ V,

is used for the dual pairing.

Since W (0, T ;V, V ′) is continuously embedded into C([0, T ];H), f(0) and f(T ) are
meaningful in H for f ∈ W (0, T ;V, V ′). In addition, the formula

⟨ft(t), g⟩V ′,V =
d

dt
⟨f(t), g⟩H

holds for (f, g) ∈ W (0, T ;V, V ′) × V and almost all t ∈ [0, T ]. Analogously to
W (0, T ;V, V ′), we define the space W (0, T ;V,H) as

W (0, T ;V,H) := {f ∈ L2(0, T ;V ) | ft ∈ L2(0, T ;H)}.
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3 Dynamic Mode Decomposition

3 Dynamic Mode Decomposition

This section is based on the work of [8], [10] and [15].

Before introducing the (exact) Dynamic Mode Decomposition (DMD), we briefly re-
view the Singular Value Decomposition (SVD) – a fundamental technique in numerical
linear algebra and the basis for DMD. The SVD is used to compute low-rank approx-
imations of matrices and to determine the pseudoinverse of non-square matrices, en-
abling the computation of least-squares solutions for matrix equations. It is a matrix
decomposition into three matrices, a rotation matrix, followed by a scaling matrix, fol-
lowed by another rotation matrix and generalizes the eigendecomposition of a square
matrix to any n × (m + 1) matrix. Building on this matrix decomposition, we in-
troduce the DMD method. DMD extracts low-rank structures from high-dimensional
temporal datasets. More precisely, it reconstructs the best linear dynamical system
underlying the given dataset. Additionally, we introduce a randomized DMD version,
called randomized DMD (rDMD), which is computationally more efficient. Finally, we
compare the exact DMD method with rDMD using a straightforward example.

3.1 Singular Value Decomposition

Let X ∈ Rn×(m+1) be a matrix.

Theorem 3.1 (Singular Value Decomposition). There exist orthogonal matrices

U ∈ Rn×n,

V ∈ R(m+1)×(m+1)

and uniquely determined real numbers

σ1 ≥ . . . ≥ σr > σr+1 = . . . = σp = 0, r ≤ min{n,m+ 1} =: p,

such that

U⊤XV =



σ1
...

. . . . . . 0 . . .

σr
...

...
...

. . . 0 . . . . . . 0 . . .
...

...


=: Σ ∈ Rn×(m+1). (3.1)

In particular, we have X = UΣV ⊤.

Proof. See [8, Satz 4.27].

The values σi are called singular values. They correspond to the eigenvalues in the
eigendecomposition of a diagonalizable square matrix.
The integer r denotes the rank of X, written as rk(X), as shown in the next lemma.
Since the matrices involved in the SVD are often high-dimensional, it is advantageous
to reduce their size by truncation. To this end, a so-called truncation value – also

7



3 Dynamic Mode Decomposition

denoted by r – is chosen, and only the first r columns, the first r singular values and
the first r rows of the corresponding matrices in the SVD are considered. This results
in the reduced matrices U ∈ Rn×r, Σ ∈ Rr×r and V ∈ R(m+1)×r (see Figure 1).

n× (m+ 1) n× n n× (m+ 1) (m+ 1)× (m+ 1)

n× r

r × r r × (m+ 1)

Figure 1: Full SVD versus reduced SVD.

If r = rk(X), the decompostion is called the reduced SVD and yields an exact rep-
resentation of X. Otherwise, if r < rk(X), the reduced SVD is often referred to as
the truncated SVD and provides only an approximate representation of X. It results
in increased computational efficiency and reduces the memory requirements for fur-
ther calculations. Due to the non-ascending order of the singular values, the loss of
information resulting from SVD truncation is often small.
The columns of U and V are referred to as the left and right singular vectors, respec-
tively. We denote the i-th left singular vector by ui ∈ Rn and the i-th right singular
vector by vi ∈ Rm+1. The following lemma summarizes some important properties of
the SVD.

Lemma 3.1. Let X = UΣV ⊤ as in Theorem 3.1. Then:

(i) Xvi = σiui for i = 1, . . . , p,

(ii) X⊤ui = σivi for i = 1, . . . , p,

(iii) rk(X) = r,

(iv) ∥X∥2= σ1.

Proof. See [8, Lemma 4.29].

It follows directly from the representation X = UΣV ⊤ that the matrices XX⊤ and
ΣΣ⊤ are similar:

XX⊤ = (UΣV ⊤)(V Σ⊤U⊤) = UΣΣ⊤U⊤. (3.2)

Hence, XX⊤ and ΣΣ⊤ have the same eigenvalues, namely σ2
1 ≥ · · · ≥ σ2

r > 0 and 0
with multiplicity n− r. Multiplying both sides of (3.2) by U from the right yields:

XX⊤U = UΣΣ⊤.

Interpreting this equation column-wise, we obtain:

XX⊤ui = σ2
i ui for i = 1, . . . , r,

XX⊤ui = 0 · ui for i = r + 1, . . . , n.

8



3 Dynamic Mode Decomposition

Thus, the first r left singular vectors ui are eigenvectors of XX⊤ corresponding to the
nonzero eigenvalues σ2

i , while the remaining n − r left singular vectors ui correspond
to the eigenvalue 0. Similarly, the first r right singular vectors vi are eigenvectors of
X⊤X associated with the nonzero eigenvalues σ2

i , whereas the remaining m + 1 − r
right singular vectors vi correspond to the eigenvalue 0.

A generalization of the inverse of a square matrix to arbitrary n× (m+1) matrices is
the pseudoinverse. It can be determined via SVD.

Definition 3.1 (Pseudo inverse). Let X = UΣV ⊤ as in Theorem 3.1. Define X+ by

X+ := V Σ+U⊤ ∈ R(m+1)×n,

where

Σ+ :=



σ−1
1

...
. . . . . . 0 . . .

σ−1
r

...
...

...
. . . 0 . . . . . . 0 . . .

...
...


∈ R(m+1)×n.

X+ is called the pseudoinverse of X.

In Matlab, the pseudoinverse of a matrix X can be computed using the built-in
command pinv(X).

The Frobenius norm is a matrix norm derived from the Euclidean norm and is com-
monly used to measure the error in linear regression problems, particularly in least
squares regression. It is defined as

∥X∥F :=

√√√√ n∑
i=1

m+1∑
j=1

|Xij|2 (3.3)

for X ∈ Rn×(m+1). In the following lemma, we show that the Frobenius norm of X can
be expressed using the trace of X⊤X, denoted by tr(X⊤X). Additionally, we prove
its invariance under orthogonal transformations and provide an estimate relating it to
the spectral norm.

Lemma 3.2. Let X = UΣV ⊤ as in Theorem 3.1. Then:

(i) ∥X∥F=
√∑n

i=1

∑m+1
j=1 |Xij|2 =

√
tr(X⊤X),

(ii) ∥U⊤X∥F= ∥XV ∥F= ∥X∥F ,

(iii) ∥X∥F=
√∑r

i=1 σ
2
i and σ1 ≤ ∥X∥F≤

√
rσ1.

Proof.

9



3 Dynamic Mode Decomposition

(i) By definition

∥X∥2F=
n∑
i=1

m+1∑
j=1

XijXij =
m+1∑
j=1

n∑
i=1

X⊤
jiXij =

m+1∑
j=1

(X⊤X)jj = tr(X⊤X).

(ii) We have

∥U⊤X∥2F= tr(X⊤UU⊤X) = tr(X⊤X) = ∥X∥2F

and

∥XV ∥2F= tr((XV )⊤XV ) = tr(XV (XV )⊤) = tr(XX⊤) = tr(X⊤X) = ∥X∥2F .

(iii) Finally, we infer from (ii) that

∥X∥2F= ∥UΣV ⊤∥2F= ∥Σ∥2F= tr(Σ⊤Σ) =
r∑
i=1

σ2
i .

The last claim follows directly from the fact that σ1 is the largest singular value.

3.2 DMD Architecture

The initial setting for DMD is a (possibly nonlinear) dynamical system of the form

d

dt
x = f(t, x;µ), x(0) = x0, (3.4)

where f :R × Rn × Rp → Rn represents the dynamics, x(t) ∈ Rn is the state of the
dynamical system at time t and µ ∈ Rp contains parameters of the system. Typically,
x(t) is a high-dimensional vector (n ≫ 1) that arises from the total number of pixels
in a given frame of a video stream for instance.
In general, it is not possible to construct a solution to the well-posed initial value
problem (3.4). Therefore, numerical methods are used to approximate the solution.
This is where DMD comes into play. The DMD algorithm even works if the dynamics
f(t, x;µ) are unknown. Instead, snapshots x0, . . . , xm that represent measurements of
x(t) are sampled in regular time intervals ∆t, such that xk ≈ x(k∆t). This means
that measurements of the system alone are sufficient to approximate the dynamics of
the system and to predict future states.

The key assumption of DMD is that the dynamics of the system can be approximated
with sufficient accuracy by a time-invariant linear map, that is,

d

dt
x = Ax, x(0) = x0, (3.5)

with an unknown matrix A ∈ Rn×n. The linear dynamical system (3.5) has the well-
known unique solution

x(t) := exp(At)x0 for t ∈ R. (3.6)

10
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We suppose that A ∈ Rn×n is symmetric, i.e., A can be diagonalized by an orthogonal
matrix. More precisely, there exists an orthonormal basis ϕ̂1, . . . , ϕ̂n ∈ Rn consisting of
eigenvectors of A and corresponding eigenvalues ω1, . . . , ωn ∈ R such that the spectral
decomposition

A = Φ̂Ω̂Φ̂⊤

holds, where

Φ̂ :=
[
ϕ̂1 · · · ϕ̂n

]
∈ Rn×n,

Ω̂ := diag(ω1, . . . , ωn) ∈ Rn×n.

The matrix exponential exp(At) can thus be expressed as

exp(At) = Φ̂ exp(Ω̂t)Φ̂⊤. (3.7)

Moreover, the initial condition x0 can be represented as a linear combination of the
basis vectors

x0 =
n∑
k=1

b̂kϕ̂k, (3.8)

where the coefficients b̂1, . . . , b̂n ∈ R are chosen appropriately. By using (3.7) and (3.8),
we can rewrite the solution formula (3.6) as

x(t) = exp(At)x0

= Φ̂ exp(Ω̂t)Φ̂⊤
n∑
k=1

b̂kϕ̂k

=
n∑
k=1

b̂k
[
ϕ̂1 · · · ϕ̂n

]
exp(Ω̂t)

[
ϕ̂1 · · · ϕ̂n

]⊤
ϕ̂k

=
n∑
k=1

b̂k
[
ϕ̂1 · · · ϕ̂n

]
diag(exp(ω1t), . . . , exp(ωnt))ẽk

=
n∑
k=1

b̂k
[
ϕ̂1 · · · ϕ̂n

]
exp(ωkt)ẽk

=
n∑
k=1

ϕ̂k exp(ωkt)b̂k,

where ẽk denotes the k-th canonical basis vector in Rn. In terms of matrices, we can
express the solution (3.6) as

x(t) = Φ̂ exp(Ω̂t)b,

where the coefficient vector b ∈ Rn is defined as

b :=
[
b̂1 · · · b̂n

]⊤ ∈ Rn.

By setting

A := exp(A∆t) ∈ Rn×n.

11



3 Dynamic Mode Decomposition

and using

xk+1 ≈ x((k + 1)∆t)

= exp(A(k + 1)∆t)x0

= exp(Ak∆t) exp(A∆t)x0,

xk ≈ x(k∆t)

= exp(Ak∆t)x0

the time-discretization with time step size ∆t of the continuous system (3.5) is given
as

xk+1 = Axk.

Since A, assuming that A is symmetric, is orthogonally diagonalizable, there exists a
spectral decomposition

A = ΦΛΦ⊤,

where

Φ :=
[
ϕ1 · · · ϕn

]
∈ Rn×n,

Λ := diag(λ1, . . . , λn) ∈ Rn×n

are the matrices containing the orthonormal eigenvectors and eigenvalues of A, respec-
tively. We obtain the solution formula

xk+1 = Axk = Ak+1x0 = (ΦΛΦ⊤)k+1x0 = ΦΛk+1Φ⊤x0. (3.9)

We approximate the initial condition by

x0 ≈ x(0) = x0 =
n∑
k=1

bkϕk = Φb,

where

b :=
[
b1 · · · bn

]⊤ ∈ Rn

is the coordinate vector of x0 in the orthonormal basis ϕ1, . . . , ϕn. Using the orthogo-
nality of Φ, we can rewrite (3.9) as

xk+1 = ΦΛk+1b.

Finally, the goal of the DMD method is to construct A such that

∥xk+1 − Axk∥2

is minimized across all k = 0, . . . ,m− 1. This minimization problem can be rewritten
with

X :=
[
x0 · · · xm−1

]
∈ Rn×m, (3.10a)

Y :=
[
x1 · · · xm

]
∈ Rn×m, (3.10b)

12
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as

min
A∈Rn×n

∥Y − AX∥2F . (3.11)

The solution to (3.11) is given by the matrix

Y X+ ∈ Rn×n. (3.12)

Remark 3.1.

(i) We prove that (3.12) is the solution to (3.11).

Proof. Using matrix vectorization and the Kronecker product ⊗ (see [26]), we
obtain

Ā = argmin
A∈Rn×n

∥Y − AX∥2F ⇐⇒ Ā = argmin
A∈Rn×n

∥vec(Y )− vec(AX)∥22

⇐⇒ Ā = argmin
A∈Rn×n

∥vec(Y )− (X⊤ ⊗ In) vec(A)∥22

⇐⇒ vec(Ā) = argmin
a∈Rn2

∥vec(Y )− (X⊤ ⊗ In)a∥22,

The solution to this minimization problem is given by (X⊤ ⊗ In)
+ vec(Y ) ac-

cording to [8, Satz 2.28]. Since (X⊤ ⊗ In)
+ = ((X⊤)+ ⊗ I+n ) (cf. [17]) and using

some basic properties of the pseudoinverse, we have

vec(Ā) = (X⊤ ⊗ In)
+ vec(Y )

= ((X⊤)+ ⊗ I+n ) vec(Y )

= ((X+)⊤ ⊗ In) vec(Y )

= vec(Y X+).

Thus, Ā := Y X+ is the solution to (3.11).

(ii) Typically, the snapshots xk are high-dimensional such that the matrix X is
computationally expensive to calculate by the above product. Also the decom-
position of X is very costly. Instead, it is convenient to compute a low rank
approximation of X as demonstrated in Section 3.3.

3.3 DMD Algorithm

The following provides a step-by-step description of the DMD algorithm, followed by
a pseudocode summary.

1. Assemble the matrices X and Y as in (3.10a) and (3.10b).

2. Compute the truncated SVD of X:

X ≈ UΣV ⊤,

where U ∈ Rn×r, Σ ∈ Rr×r, V ∈ Rm×r and r ≤ rk(X).

13
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3. Define the matrix A by

A := Y V Σ−1U⊤ ≈ Y X+ ∈ Rn×n. (3.13)

It is worth noting that Σ−1 is well-defined, since Σ is a diagonal matrix with
only nonzero entries on the diagonal, as r is chosen to be smaller than rk(X).

As noted in Remark 3.1, computing A directly can be inefficient when n is large.
Instead, one considers the projected matrix Ã ∈ Rr×r, obtained by projecting A
onto the subspace spanned by the leading r left singular vectors of X:

Ã := U⊤AU = U⊤Y V Σ−1U⊤U = U⊤Y V Σ−1. (3.14)

Note that U⊤U = Ir, where Ir denotes the r × r identity matrix, since the
columns of U are pairwise orthonormal. This approach is also often referred to
as the projected DMD algorithm.

4. Determine the spectral decomposition of Ã, assuming Ã is symmetric:

ÃW = WΛ. (3.15)

Here, the matrix W contains the eigenvectors of Ã, given explicitly by

W :=
[
w1 · · · wr

]
∈ Rr×r,

while the diagonal matrix

Λ := diag(λ1, . . . , λr) ∈ Rr×r

contains the corresponding eigenvalues.

If Ã is not symmetric, the computed matrices W and Λ are not necessarily real.
We therefore proceed with complex-valued computations. At the end of the
computation, only the real part of the result is retained.

5. Compute the eigenvectors of A by

Φ :=
[
ϕ1 · · · ϕr

]
:= Y V Σ−1W ∈ Cn×r.

(3.16)

It is proven in [25, Theorem 1] that each pair (λk, ϕk), for k = 1, . . . , r, is indeed
an eigenpair of A, provided the SVD of X is computed exactly, i.e., if r ≥ rk(X).
Moreover, all nonzero eigenvalues of A are captured. Using (3.13), (3.16), (3.14)
and (3.15), we observe that

AΦ = Y V Σ−1U⊤Φ

= Y V Σ−1U⊤Y V Σ−1W

= Y V Σ−1ÃW

= Y V Σ−1WΛ

= ΦΛ.

14
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6. Determine the coefficient vector b by

b ≈ Φ+x0 ∈ Cr

and reconstruct the snapshots via

x̃k := ΦΛkb ∈ Cn for k = 0, . . . ,m. (3.17)

If the initial condition satisfies x0 = 0, then the coefficient vector b and, conse-
quently, all reconstructed snapshots x̃k vanish. In this case, it may be helpful to
set x̃0 := 0 and to initialize the algorithm using data matrices X, Y ∈ Rn×(m−1)

shifted by one time step. Accordingly, the vector b can be approximated by
b ≈ Φ+x1 and the reconstructed snapshots x̃k, k = 1, . . . ,m, can be computed
as in (3.17).

The pseudocode algorithm for the DMD method is given in Algorithm 1.

Algorithm 1 (Exact) DMD

1: INPUT Xin ∈ Rn×(m+1), r ∈ N
2: Assemble X, Y ∈ Rn×m as in (3.10a) and (3.10b), respectively
3: Compute the truncated SVD of X, X ≈ UΣV ⊤

4: Define Ã = U⊤Y V Σ−1 ∈ Rr×r

5: Determine the spectral decomposition of Ã, ÃW = WΛ
6: Compute the eigenvalues of A, Φ = Y V Σ−1W ∈ Cn×r

7: Determine the coefficient vector b ≈ Φ+x0 ∈ Cr

8: Reconstruct the snapshots via x̃k = ΦΛkb ∈ Cn, k = 0, . . . ,m
9: RETURN Re(Φ) ∈ Rn×r, Re(Λ) ∈ Rr×r, Re(

[
x̃0 · · · x̃m

]
) ∈ Rn×(m+1)

3.4 Randomized Dimensionality Reduction Approach

As the amount of data generated by experiments and simulations has increased, de-
terministic algorithms for extracting dominant coherent structures have become more
computationally expensive. Fortunately, many datasets exhibit low-rank structures,
which indicates that they contain a significant amount of redundant information.
Therefore, randomized numerical techniques have emerged as an efficient approach
for matrix decompositions. They generate a low-dimensional version of the original
data matrix, called a sketch. This sketch retains the critical features of the data while
significantly reducing the size, enabling an efficient computation of an approximate
low-rank factorization of the data matrix.

3.4.1 Randomized QB Decomposition

Given a data matrix X ∈ Rn×(m+1) and a target rank r ≪ min{n,m+ 1}, the goal is
to compute a near-optimal orthonormal basis Q ∈ Rn×r in the sense that

X ≈ QQ⊤X.

In order to achieve this, we first construct a random test matrix Ω ∈ R(m+1)×r drawn
from the normal Gaussian distribution and set

Y := XΩ ∈ Rn×r.
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3 Dynamic Mode Decomposition

The matrix Y can be decomposed into an orthogonal matrix Q̃ ∈ Rn×n and an upper
triangular matrix R̃ ∈ Rn×r by the QR decomposition (cf. [8, Satz 3.47]):

Y = Q̃R̃.

Since we have n > r, the matrix R̃ is of the form

R̃ =

[
R

0(n−r)×r

]
with R =


∗ ∗ · · · ∗

∗ · · · ∗
. . . ...

∗

 ∈ Rr×r.

Here, 0(n−r)×r denotes the zero matrix of size (n−r)×r. Hence, we obtain the desired
basis Q by the reduced QR decomposition of Y :

Y = QR,

where Q is the matrix consisting of the first r columns of Q̃.

The objective is to derive a smaller matrix B from the high-dimensional matrix X.
Therefore, we use Q to project X onto the low-dimensional space

B := Q⊤X ∈ Rr×(m+1).

As a result, the matrix X can be approximated via

X ≈ QB.

Oversampling is a technique employed to improve the quality of the sampled matrix Y
by slightly increasing the number of columns of Ω. Thus, we introduce an oversampling
parameter p and set l = r+ p. The test matrix Ω is hence a matrix of size (m+1)× l.

Another strategy used to improve the accuracy of Y is the so-called power iteration
scheme. Here, the matrix Y is calculated by

Y := ((XX⊤)qX)Ω,

where q is the number of iterations. Taking into account the SVD of X, X = UΣV ⊤,
the product (XX⊤)qX can be simplified to

(XX⊤)qX = UΣ2q+1V ⊤.

Compared to the standard approach, the power iteration scheme accelerates the growth
and decay of the singular values of X, respectively. More precisely, the dominant
singular values are amplified, while the smaller ones are suppressed. Since the small
singular values gain the noise in the data, and the dominant ones contain the essential
information, this technique increases the quality of Y . Even a small number of q is
sufficient for this purpose. However, this method requires more computational effort
than the standard approach, because the matrix X must be multiplied by its transpose
several times.

Before we present the pseudocode for the randomized QB decomposition with over-
sampling and power iteration scheme, we make two points.
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Remark 3.2.

(i) A straightforward execution of the power iteration method, as previously de-
scribed, can suffer from numerical instability because of round-off errors. To
counteract this, the sampling matrix Y is orthogonalized between each compu-
tational step, which helps to improve stability.

(ii) Recommended default values for the oversampling parameter are p = 10 and for
the power iteration count, q = 2 (cf. [10, Remark 3.2]).

The randomized QB decomposition is outlined in Algorithm 2.

Algorithm 2 Randomized QB decomposition (rQB)

1: INPUT X ∈ Rn×(m+1), r, p, q ∈ N
2: Compute l = r + p
3: Generate a random Gaussian matrix Ω ∈ R(m+1)×l

4: Compute the sampling matrix Y = XΩ ∈ Rn×l

5: for j = 1, . . . , q do
6: Compute the reduced QR decomposition of Y , Y = QR
7: Compute the reduced QR decomposition of X⊤Q, X⊤Q = ZR̃
8: Compute Y = XZ
9: end for

10: Compute the reduced QR decomposition of Y , Y = QR
11: Compute B = Q⊤X ∈ Rl×(m+1)

12: RETURN Q ∈ Rn×l, B ∈ Rl×(m+1)

3.4.2 Randomized DMD

To enhance the efficiency of the DMD algorithm, we combine it with the randomized
QB decomposition. First, the randomized QB decomposition is performed on the data
matrix Xin ∈ Rn×(m+1). This yields the approximation

Xin ≈ QB,

where Q ∈ Rn×l and

B :=
[
b0 · · · bm

]
∈ Rl×(m+1)

are the resulting matrices from Algorithm 2. It is worth noting that the size of B is
significantly smaller than that ofXin. We assume that the approximationsX ≈ QQ⊤X
and Y ≈ QQ⊤Y hold for the matrices

X :=
[
x0 · · · xm−1

]
,

Y :=
[
x1 · · · xm

]
,

respectively. Hence, we can approximate the best-fit matrix A by

A := (QQ⊤Y )(QQ⊤X)+ = (QB2)(QB1)
+ = QB2B

+
1 Q

+ ≈ Y X+

where B1 := Q⊤X and B2 := Q⊤Y . Introducing the low-dimensional matrix

AB := B2B
+
1 ∈ Rl×l,
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we obtain

A = QABQ
+. (3.18)

Next, using the rank r truncated SVD of B1, B1 ≈ UΣV ⊤, we define the projected
matrix ÃB via

ÃB := U⊤B2V Σ−1 = U⊤B2V Σ−1U⊤U ≈ U⊤ABU ∈ Rr×r.

The spectral decomposition of ÃB is then computed as

ÃBW = WΛ, (3.19)

assuming that ÃB is symmetric. We observe that the columns of Ŵ := B2V Σ−1W
approximate the eigenvectors of AB:

ABŴ = B2B
+
1 Ŵ

≈ B2V Σ−1U⊤B2V Σ−1W

= B2V Σ−1ÃBW

= B2V Σ−1WΛ

= ŴΛ

Multiplying (3.18) by QŴ and using (3.19), we obtain

AQŴ = QABQ
+QŴ

= QABŴ

≈ QŴΛ.

Hence, the approximated eigenvectors of A are given by QŴ and the corresponding
approximated eigenvalues are given by Λ.

Algorithm 3 summarizes the randomized DMD algorithm.

Algorithm 3 Randomized DMD (rDMD)

1: INPUT Xin ∈ Rn×(m+1), r, p, q ∈ N
2: Perform the randomized QB decomposition on Xin to obtain Q ∈ Rn×l and
B ∈ Rl×(m+1) according to Algorithm 2

3: Assemble B1 =
[
b0 · · · bm−1

]
∈ Rl×m and B2 =

[
b1 · · · bm

]
∈ Rl×m

4: Compute the rank r truncated SVD of B1, B1 ≈ UΣV ⊤

5: Define ÃB = U⊤B2V Σ−1 ∈ Rr×r

6: Determine the spectral decomposition of ÃB, ÃBW = WΛ
7: Approximate the eigenvalues of A, Φ ≈ QB2V Σ−1W ∈ Cn×r

8: Compute the coefficient vector b ≈ Φ+x0 ∈ Cr

9: Reconstruct the snapshots via x̃k = ΦΛkb ∈ Cn, k = 0, . . . ,m
10: RETURN Re(Φ) ∈ Rn×r, Re(Λ) ∈ Rr×r, Re(

[
x̃0 · · · x̃m

]
) ∈ Rn×(m+1)
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3.5 Example: Spatio-Temporal Cosine Pattern

As an example, we perform DMD and rDMD on a dataset generated from the spatio-
temporal cosine function

f(t, x) := cos(t+ x).

There are m + 1 := 1000 snapshots taken equidistant, where the first snapshot is
taken at t0 := 0 and the last one at T := 2π. Each snapshot consists of nx := 2000
equidistant points in the interval [0, 2π]. Accordingly, the snapshot matrix Xin is of
size 2000× 1000.

First, we take a look at the first 50 singular values of the data matrix (cf. Figure 2).

Figure 2: Decay of the first 50 singular values of the input matrix Xin.

Only the first two singular values are significantly larger than the others, which are
close to zero. This suggests that a rank truncation value of r := 2 is appropriate.

Next, we reconstruct the data matrix using the exact DMD algorithm and the ran-
domized DMD algorithm, where we set the oversampling parameter to p := 10 and
the number of power iterations to q := 2. The results are visualized in Figure 3.

Figure 3: Left: original data matrix Xin. Middle: reconstructed data matrix using
the DMD algorithm. Right: reconstructed data matrix using the rDMD
algorithm.

We observe that the DMD algorithm and the randomized DMD algorithm are able to
approximate the exact data very well. A measure for the quality of the reconstructed
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matrix Xrec is the relative Frobenius error defined as

E(Xrec, r) =
∥Xin −Xrec∥F

∥Xin∥F
, (3.20)

which clearly depends on the rank truncation value r. Table 1 shows that both al-
gorithms achieve a very low relative Frobenius error. The randomized DMD (rDMD)
algorithm is slightly faster than the exact DMD while maintaining a comparable level
of accuracy.

Table 1: Relative Frobenius error and running time of the DMD and rDMD algorithms.
The data is generated with a running time of 0.012 seconds.

DMD rDMD
E(Xrec, r) 2.195 · 10−13 3.143 · 10−13

Running time [s] 0.394 0.067

20



4 Piecewise DMD

4 Piecewise DMD

The foundation of this section relies on the work of [1], [2] and [7].

Although we have seen in Section 3.5 that the DMD/rDMD algorithm is able to
reconstruct the data very well, this is not the case for all types of data. There are
at least two classes of datasets, where the DMD/rDMD algorithm fails to provide a
good approximation. The first involves data that exhibit periodic behavior, while the
second includes data that describe spatio-temporal Turing instabilities.
We take a closer look at these two classes and introduce an enhanced DMD method
that addresses these shortcomings, the so-called piecewise DMD (pDMD) method. By
utilizing some error indicators, we demonstrate through several examples how this
method can effectively detect and correct the issues that arise with the DMD/rDMD
method from Section 3.

4.1 Reaction-Diffusion Systems

In order to illustrate the limitations of the DMD/rDMD method, it is first necessary
to create suitable datasets. We generate them by solving reaction-diffusion PDE (RD-
PDE) systems in one or two space dimensions for different parameter choices.
Let Ω ⊂ RdΩ , dΩ ∈ {1, 2}, be a non-empty and bounded domain with Lipschitz-
continuous boundary Γ := ∂Ω. For T > 0, we define

ΩT := (0, T ]× Ω,

ΓT := [0, T ]× Γ.

The RD-PDE systems are of the form

ut − µu∆u+ du(u, v) = 0, in ΩT ,

vt − µv∆v + dv(u, v) = 0, in ΩT ,

∇u · n = gu, on ΓT ,

∇v · n = gv, on ΓT ,

u(0) = u0, in Ω,

v(0) = v0, in Ω.

(4.1)

System (4.1) is also referred to as a semilinear initial-boundary value problem (IBVP).
Here, u and v are real-valued functions, u, v: ΩT → R. The diffusion constants are
denoted by µu, µv ∈ R>0 and the term ∆u is defined by the Laplace operator

∆u(t, x) :=

dΩ∑
j=1

∂2u

∂x2j
(t, x) for (t, x) ∈ ΩT , (4.2)

analogously ∆v. In the one-dimensional case, ∇u and ∇v denote the derivatives of u
and v, respectively, while in the two-dimensional case, they represent the spatial gra-
dients of u and v. Moreover, du, dv:R×R → R are given nonlinear functions and they
account for physical, chemical or biological processes (e.g., see [11] and [18] for appli-
cations in biomedicine). We suppose Neumann boundary conditions, where n denotes
the outward unit normal vector and gu, gv: ΓT → R are given boundary functions. The
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function value of u on the boundary is thus not fixed. Finally, u0, v0: Ω → R are given
initial functions.

For the discretization of (4.1), we employ the finite difference method (FDM). In a
first step, we apply the method of lines (MOL) to discretize in space only, which yields
a system of ODEs where time remains continuous. In a second step, we discretize
this ODE system in time, again using finite differences – specifically, the IMEX Eu-
ler method, in which the diffusion terms are treated implicitly, while the (nonlinear)
reaction terms are handled explicitly.

4.2 Limitations of DMD

In this section, we demonstrate how the DMD algorithms introduced in Section 3 fail
when applied to the two classes of datasets discussed above.
For the remainder of Section 4, we employ the rDMD algorithm with oversampling
parameter p := 0 and number of power iterations q := 2 to illustrate the limitations
of DMD and rDMD. While we could have also used the exact DMD algorithm for this
purpose, we opted for rDMD as it is generally faster and yields comparable results.
Furthermore, when referring to the rDMD method from now on, we often use the
term global. This terminology becomes clearer once we introduce the piecewise DMD
approach, which, in a certain sense, localizes the global rDMD method.

4.2.1 Limitations on Periodic Datasets

FitzHugh-Nagumo System: Limit Cycle
First, we consider the one-dimensional FitzHugh-Nagumo (FHN) system, which models
the activation and deactivation dynamics of a spiking neuron. The domain is given by
Ω := (0, 1) and the final time is T := 6. Moreover, we set

µu := 1.5 · 10−2,

µv := 0,

i.e., the function v does not diffuse. The nonlinear functions du and dv are defined as

du(u, v) := −u(u− 0.1)(1− u)

µu
+

v

µu
− c

µu
,

dv(u, v) := −bu+ γv − c,

where

b := 0.5,

γ := 2,

c := 0.05.

To get rid of the fractions in the nonlinearity du, we multiply the first equation of (4.1)
by µu, relabel du as

du(u, v) := −u(u− 0.1)(1− u) + v − c

and obtain

µuut − µ2
u∆u+ du(u, v) = 0.
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The boundary function for u is given by

gu(t, x) :=

{
−(5 · 104t3e−15t), if x = 0,

0, if x = 1
(4.3)

for t ∈ [0, T ]. It is not necessary to specify boundary conditions for v, as the vanishing
diffusion constant ensures that during discretization this has no effect. Furthermore,
we define the initial conditions by

u0 := 0 in Ω,

v0 := 0 in Ω,

corresponding to vanishing and spatially constant initial data.

The spatial discretization is performed with nx := 1024 equidistant interior points in
the interval Ω. Hence, the spatial step size is

∆x :=
1

nx + 1
.

The number of discrete problems to be solved is m := 6 · 103, yielding a time step size
of ∆t := T/m = 10−3. Thus, the time discretization is also performed on an equidistant
grid. Accordingly, the snapshot matrix Xin is of size 2048× 6001.

The application of the MOL leads to the following full order model (FOM) of ODEs,
where time remains continuous:

µuu̇− µ2
u(Au+ r) + du(u,v) = 0nx for t ∈ (0, T ],

v̇ + dv(u,v) = 0nx for t ∈ (0, T ],

u(0) = u0,

v(0) = v0.

(4.4)

Here, the vectors

u := u(t)

:=
[
u1(t) · · · unx(t)

]⊤
,

v := v(t)

:=
[
v1(t) · · · vnx(t)

]⊤
represent the spatially discretized solutions u and v, respectively, where

ui(t) ≈ u(t, xi),

vi(t) ≈ v(t, xi)

are the approximations of the continuous solutions at the spatial grid points xi. The
vector 0nx denotes the zero vector of size nx. Similarly, the initial conditions are given
by

u0 := u(0)

:=
[
u0(x1) · · · u0(xnx)

]⊤
,
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v0 := v(0)

:=
[
v0(x1) · · · v0(xnx)

]⊤
.

The matrix A ∈ Rnx×nx and the vector r ∈ Rnx are derived from the spatial discretiza-
tion of the Laplace operator and the boundary conditions, where the second-order
central difference quotient

∆u(t, xi) ≈
1

∆x2
(u(t, xi−1)− 2u(t, xi) + u(t, xi+1))

is used for i = 1, . . . , nx. It remains to specify how to handle the boundary terms
u(t, x0) and u(t, xnx+1). This is where the Neumann boundary conditions are applied.
We have

∇u · n = gu ⇐⇒

{
∂u
∂x
(t, x0) = −gu(t, x0),

∂u
∂x
(t, xnx+1) = gu(t, xnx+1),

since we are considering the outward unit normal vector. By applying a second-order
forward and backward difference quotient for the spatial derivative at the left and right
boundary, respectively, we obtain

−gu(t, x0) =
∂u

∂x
(t, x0)

≈ u(t, x2)− 4u(t, x1) + 3u(t, x0)

2∆x
,

gu(t, xnx+1) =
∂u

∂x
(t, xnx+1)

≈ u(t, xnx−1)− 4u(t, xnx) + 3u(t, xnx+1)

2∆x
.

Taking into account (4.3), we deduce

u(t, x0) ≈ −1

3
u(t, x2) +

4

3
u(t, x1)−

2

3
∆xgu(t, 0)

= −1

3
u(t, x2) +

4

3
u(t, x1) +

2

3
∆x(5 · 104t3e−15t),

u(t, xnx+1) ≈ −1

3
u(t, xnx−1) +

4

3
u(t, xnx) +

2

3
∆xgu(t, 1)

= −1

3
u(t, xnx−1) +

4

3
u(t, xnx).

Thus, the matrix A is of the form

A :=
1

∆x2


−2

3
2
3

1 −2 1
. . . . . . . . .

1 −2 1
2
3

−2
3

 ∈ Rnx×nx ,
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while the time-dependent vector r is given by

r := r(t)

:=
1

∆x2


2
3
∆x(50000t3e−15t)

0
...
0

 ∈ Rnx .

Finally, the two functions

du:Rnx × Rnx → Rnx ,

dv:Rnx × Rnx → Rnx

are defined analogously to du and dv in a component-wise manner.

To discretize the ODE system (4.4) in time, we employ the IMEX Euler method in
vector form. We begin by introducing an equidistant time grid

tk := k∆t for k = 0, . . . ,m

and approximate the time derivatives using the first-order backward difference quo-
tients

u̇(tk) ≈
uk − uk−1

∆t
,

v̇(tk) ≈
vk − vk−1

∆t

for k = 1, . . . ,m, where uk ≈ u(tk) and vk ≈ v(tk). If we further treat the diffusion
terms implicitly and the reaction terms explicitly, we obtain the system

µu
uk − uk−1

∆t
− µ2

u(Auk + rk) + du(u
k−1,vk−1) = 0nx , for k = 1, . . . ,m,

vk − vk−1

∆t
+ dv(u

k−1,vk−1) = 0nx , for k = 1, . . . ,m,

u0 = u0,

v0 = v0.

Rearranging leads to the fully discretized system(
µuInx −∆tµ2

uA
)
uk = µuu

k−1 −∆tdu(u
k−1,vk−1) + ∆tµ2

ur
k, for k = 1, . . . ,m,

vk = vk−1 −∆tdv(u
k−1,vk−1), for k = 1, . . . ,m,

u0 = u0,

v0 = v0.

In block form, this time-stepping scheme can be written as the linear system[
µuInx −∆tµ2

uA 0nx

0nx Inx

]
︸ ︷︷ ︸

=:A

[
uk

vk

]
︸ ︷︷ ︸

=:xk

=

[
µuu

k−1 −∆tdu(u
k−1,vk−1) + ∆tµ2

ur
k

vk−1 −∆tdv(u
k−1,vk−1)

]
︸ ︷︷ ︸

=:bk
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for k = 1, . . . ,m, with initial conditions[
u0

v0

]
=

[
u0

v0

]
.

To solve the fully discretized system efficiently, we make use of Matlab’s lu function,
which computes the LU decomposition of the system matrix A. This factorization
yields a lower triangular matrix L and an upper triangular matrix U such that A =
LU. The resulting triangular systems can then be solved efficiently via forward and
backward substitution. In the first step, we solve Lyk = bk for yk using forward
substitution, which exploits the lower triangular structure of L by progressing row by
row from top to bottom. In the second step, we solve Uxk = yk for xk via backward
substitution, proceeding from bottom to top due to the upper triangular form of U.
Since the structure of the system matrix A remains constant throughout all time steps,
the LU decomposition needs to be computed only once and can be reused for every
k = 1, . . . ,m. This not only reduces computational effort significantly but also takes
advantage of the matrix’s sparsity and block-diagonal structure.

The solution of this system provides the data for the snapshot matrix Xin, where
the k-th column is given by the concatenated state vector [uk, vk]⊤. Calculating the
rank of Xin with Matlab’s rank function yields a value of 51, which indicates a low
rank structure of the data matrix. It is worth noting that rank computes the number
of singular values that are larger than a certain threshold. By default, Matlab’s
threshold depends on the size and the norm of the matrix.

The singular values of Xin are depicted in Figure 4. These singular values are com-
puted using Matlab’s svd(Xin, ’econ’) function, which produces an economy-sized
decomposition of the matrix Xin. This means that the decomposition removes unnec-
essary rows or columns of zeros from the diagonal matrix of singular values, as well as
the corresponding left and right singular vectors, depending on the size of Xin, thereby
improving computational efficiency and reducing storage requirements without affect-
ing the accuracy of the decomposition. Since Xin has more columns than rows, this is
particularly efficient.

Figure 4: Singular values of the data matrix Xin.
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Next, we compute the relative Frobenius error (3.20) of the rDMD reconstructions
Xrec for different rank truncation values r = 1, . . . , 51. The results are shown in the
left panel of Figure 5. The maximum relative Frobenius error is reached for r = 43,
with a value of E(Xrec, 43) ≈ 1.366, whereas the minimum relative Frobenius error
occurs at r = 46, reaching a value of E(Xrec, 46) ≈ 0.941. Overall, we observe that
the relative Frobenius error is large for all rank truncation values, indicating that the
rDMD algorithm fails to provide a good approximation for this dataset.

Remark 4.1.

(i) Note that the DMD algorithm tends to achieve higher accuracy for coupled
systems when the datasets of all variables are concatenated into a single matrix
(cf. [2], [27]). The two approaches are referred to as coupled and uncoupled
DMD, respectively. In this thesis we only consider the coupled DMD approach.

(ii) Instead of using the full dataset

Xin ∈ R2048×6001,

obtained from the solution of the FHN system, we consider only the last 6 · 103
columns for both the rDMD and the (later introduced) pDMD analysis. After the
reconstruction, the initial condition is reattached to the reconstructed solution
(cf. Section 3.3).

As an additional measure to assess the reconstruction quality of the rDMD method,
we compare the temporal evolution of the snapshot matrix Xin and the reconstructed
matrix Xrec for a fixed rank r. Therefore, we introduce the spatial mean, defined as

⟨u(t)⟩ := 1

|Ω|

∫
Ω

u(t, x) dx (4.5a)

for the variable u and t ∈ [0, T ] in the one-dimensional case. Analogously, in the
two-dimensional case, it is given by

⟨u(t)⟩ := 1

|Ω|

∫
Ω

u(t, x1, x2) dx1dx2. (4.5b)

Here, |Ω| denotes the measure of the spatial domain Ω, which corresponds to the length
of the interval (0, 1) in the one-dimensional case and to the area of the rectangle

(0, Lx)× (0, Ly)

in the two-dimensional case (later), where Lx and Ly are given positive constants. For
the reconstructed matrix Xrec, the spatial mean of the variable u and v at time tk can
concretely determined as

⟨u(tk)⟩ :=
1

nx

nx∑
i=1

(Xrec)i,k,

⟨v(tk)⟩ :=
1

nx

2nx∑
i=nx+1

(Xrec)i,k,
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respectively. In Matlab, the spatial means over time of the reconstructed matrix Xrec

can be computed using the command mean(Xrec(1 : nx, :), 1) and mean(Xrec(nx+1 :
2 ∗ nx, :), 1), respectively.
The results are displayed in the middle and right panel of Figure 5. We observe that
the reconstruction of both u and v fails entirely to capture the periodic behavior and
the amplitude of the oscillations present in the snapshot matrix.

Figure 5: Left: relative Frobenius error of the rDMD reconstruction for r = 1, . . . , 51.
Middle/Right: spatial mean over time for u (middle) and v (right), where
the rDMD reconstruction is performed with r = 46.

The snapshot matrix Xin and the reconstructed matrix Xrec for r = 46 are shown
in Figure 6. The figure clearly illustrates that the rDMD method fails to accurately
capture the system’s dynamics.

Figure 6: Left: variable u (top) and v (bottom). Right: rDMD reconstruction of u
(top) and v (bottom) performed with a rank truncation parameter of r = 46.

Finally, the phase planes (⟨u⟩, ⟨v⟩) are visualized in Figure 7. The limit cycle cor-
responding to Xin is shown in the left panel, while the phase plane of the rDMD
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reconstruction appears in the right panel. Again, we observe that the rDMD recon-
struction fails to reproduce the characteristic periodic behavior of the original data.

Figure 7: Phase planes (⟨u⟩, ⟨v⟩). The rDMD reconstruction is performed with a rank
truncation parameter of r = 46.

λ-ω System: Spiral Waves
Next, we consider the λ-ω system. The two-dimensional spatial domain is defined as

Ω := (0, Lx1)× (0, Lx2)

:= (0, 130)× (0, 130),

and the final time is set to T := 50. Moreover, we set the diffusion constants as
µu := µv := 4. The nonlinear functions du and dv are defined by

du(u, v) := ρ(ω(u, v)v − λ(u, v)u),

dv(u, v) := ρ(−ω(u, v)u− λ(u, v)v),

where the parameters are given by

ρ := 10,

β := 1,

λ(u, v) := 1− (u2 + v2),

ω(u, v) := −β(u2 + v2).

The boundary functions are specified as

gu := 0 on ΓT ,

gv := 0 on ΓT ,

corresponding to homogeneous Neumann boundary conditions. Furthermore, we define
the initial functions by

u0(x1, x2) :=
1

10

(
x1 −

Lx1
2

)
in Ω,

v0(x1, x2) :=
1

10

(
−x2

2
+
Lx2
4

)
in Ω.
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The spatial discretization is performed using nx1 := 99 equidistant interior points in
x1-direction and nx2 := 99 equidistant interior points in x2-direction. Thus, the total
number of interior grid points is

n := nx1nx2 = 9801.

The corresponding spatial step sizes are given by

∆x1 :=
Lx1

nx1 + 1
,

∆x2 :=
Lx1

nx2 + 1
,

respectively. The temporal step size is ∆t := 10−3, which means that the number of
discrete problems to be solved is m := T/∆t = 5 · 104. To reduce computational costs,
we store only every κ-th snapshot with κ := 4. For ease of notation, the retained
snapshots are relabeled consecutively from 0 to mκ := m/κ. Accordingly, the snapshot
matrix Xin is of size

2n× (mκ + 1) = 19602× 12501.

Note that the spatial grid points are numbered in a natural ordering. This indexing is
illustrated in Figure 8 for the exemplary rectangular domain (0, 1)2 with nx1 = nx2 = 2.

(0, 0)

(0, 1)

(0, 2)

(0, 3)

(1, 0)

(1, 1)

(1, 2)

(1, 3)

(2, 0)

(2, 1)

(2, 2)

(2, 3)

(3, 0)

(3, 1)

(3, 2)

(3, 3)

x1

x2

0 1/3 2/3 1

0

1/3

2/3

1

Figure 8: Natural indexing of (0, 1)2 with nx1 = nx2 = 2.

The FOM resulting from the spatial semi-discretization using the MOL is given by

u̇− µuAu+ du(u,v) = 0n for t ∈ (0, T ],

v̇ − µvAv + dv(u,v) = 0n for t ∈ (0, T ],

u(0) = u0,

v(0) = v0.

(4.6)

Here, the vectors

u := u(t)
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:=
[
u11(t) · · · unx11

(t) · · · u1nx2
(t) · · · unx1nx2

(t)
]⊤
,

v := v(t)

:=
[
v11(t) · · · vnx11

(t) · · · v1nx2
(t) · · · vnx1nx2

(t)
]⊤

represent the spatial discretizations of u and v, respectively, where

uij(t) ≈ u(t, xi, xj),

vij(t) ≈ v(t, xi, xj).

The initial conditions are given by

u0 := u(0)

:=
[
u0(x1, x1) · · · u0(xnx1

, x1) · · · u0(x1, xnx2
) · · · u0(xnx1

, xnx2
)
]⊤
,

v0 := v(0)

:=
[
v0(x1, x1) · · · v0(xnx1

, x1) · · · v0(x1, xnx2
) · · · v0(xnx1

, xnx2
)
]⊤
.

Again, the matrix A ∈ Rn×n is derived from the discretization of the Laplace operator
combined with the boundary conditions. We use the second-order central difference
approximation

∆u(t, xi, xj) ≈
1

(∆x1)2
(u(t, xi−1, xj)− 2u(t, xi, xj) + u(t, xi+1, xj))

+
1

(∆x2)2
(u(t, xi, xj−1)− 2u(t, xi, xj) + u(t, xi, xj+1))

for i = 1, . . . , nx1 and j = 1, . . . , nx2 . What remains to be specified is how to handle
the function values at the boundary points. This is where the Neumann boundary
conditions come into play. They can be written as

∇u · n = 0 ⇐⇒



− ∂u

∂x1
(t, x0, xj) = 0 for j = 1, . . . , nx2 ,

∂u

∂x1
(t, xnx1+1, xj) = 0 for j = 1, . . . , nx2 ,

− ∂u

∂x2
(t, xi, x0) = 0 for i = 1, . . . , nx1 ,

∂u

∂x2
(t, xi, xnx2+1) = 0 for i = 1, . . . , nx1 ,

since we are considering the outward unit normal vector. By applying a second-order
forward difference quotient for the spatial derivative at the grid points (xi, x0) and
(x0, xj), and a second-order backward difference quotient at the grid points (xnx1+1, xj)
and (xi, xnx2+1), we obtain the approximations

0 =
∂u

∂x1
(t, x0, xj) ≈ u(t, x2, xj)− 4u(t, x1, xj) + 3u(t, x0, xj)

2∆x1
,

0 =
∂u

∂x1
(t, xnx1+1, xj) ≈

u(t, xnx1
, xj)− 4u(t, xnx1−1, xj) + 3u(t, xnx1+1, xj)

2∆x1
,

0 =
∂u

∂x2
(t, xi, x0) ≈ u(t, xi, x2)− 4u(t, xi, x1) + 3u(t, xi, x0)

2∆x2
,

0 =
∂u

∂x2
(t, xi, xnx2+1) ≈

u(t, xi, xnx2
)− 4u(t, xi, xnx2−1) + 3u(t, xi, xnx2+1)

2∆x2
.
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Rearranging leads to

u(t, x0, xj) ≈
4

3
u(t, x1, xj)−

1

3
u(t, x2, xj),

u(t, xnx1+1, xj) ≈
4

3
u(t, xnx1

, xj)−
1

3
u(t, xnx1−1, xj),

u(t, xi, x0) ≈
4

3
u(t, xi, x1)−

1

3
u(t, xi, x2),

u(t, xi, xnx2+1) ≈
4

3
u(t, xi, xnx2

)− 1

3
u(t, xi, xnx2−1).

By using the two matrices Tx1 and Tx2 , defined by

Tx1 :=
1

∆x21


−2

3
2
3

1 −2 1
. . . . . . . . .

1 −2 1
2
3

−2
3

 ∈ Rnx1×nx1 ,

Tx2 :=
1

∆x22


−2

3
2
3

1 −2 1
. . . . . . . . .

1 −2 1
2
3

−2
3

 ∈ Rnx2×nx2 ,

we can express the discrete Laplacian operator on a rectangular domain in Kronecker
form as

A = Inx2
⊗Tx1 +Tx2 ⊗ Inx1

∈ Rn×n. (4.7)

Finally, the two functions

du:Rn × Rn → Rn,

dv:Rn × Rn → Rn

are defined analogously to du and dv in a component-wise manner.

To discretize the ODE system (4.4) in time, we first use the IMEX Euler method in
vector form. Analogously to the FHN system, we obtain the fully discretized linear
system [

In −∆tµuA 0n
0n In −∆tµvA

] [
uk

vk

]
=

[
uk−1 −∆tdu(u

k−1,vk−1)
vk−1 −∆tdv(u

k−1,vk−1)

]
for k = 1, . . . ,m, with initial conditions[

u0

v0

]
=

[
u0

v0

]
.

Again, we can solve this system efficiently using the LU decomposition of the system
matrix.
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To accurately capture the pattern structure of the solution and to ensure stability
due to the presence of explicit components, a fine discretization is required in both
space and time. Thus, the IMEX Euler method in vector form can be too costly for
large dimensions (e.g., n ≥ 2500) and large number m of problems to be solved. A
significantly more efficient alternative for time discretization is to employ the IMEX
Euler method in matrix form. To apply this, the vectors u and v are reshaped into
matrices U and V:

U :=

 u11 · · · u1nx2... . . . ...
unx11

· · · unx1nx2

 ∈ Rnx1×nx2 ,

V :=

 v11 · · · v1nx2... . . . ...
vnx11

· · · vnx1nx2

 ∈ Rnx1×nx2 .

Thus, the vectors u and v represent the vectorizations of U and V, respectively, i.e.,

u = vec(U),

v = vec(V).

Together with (4.7), we obtain the identity

Au =
(
Inx2

⊗Tx1

)
vec(U) +

(
Tx2 ⊗ Inx1

)
vec(U)

= vec(Tx1UI
⊤
nx2

) + vec(Inx1
UT⊤

x2
)

= vec(Tx1U) + vec(UT⊤
x2
)

= vec(Tx1U+UT⊤
x2
)

and analogously

Av = vec(Tx1V +VT⊤
x2
).

This leads to the fully discrete system:

Uk −Uk−1

∆t
− µu(Tx1U

k +UkT⊤
x2
) + du(U

k−1,Vk−1) = 0nx1×nx2
for k = 1, . . . ,m,

Vk −Vk−1

∆t
− µv(Tx1V

k +VkT⊤
x2
) + dv(U

k−1,Vk−1) = 0nx1×nx2
for k = 1, . . . ,m,

with the initial conditions

U0 = U0,

V0 = V0.

Here, U0 and V0 are matrices representing the initial conditions, and du and dv are
again the component-wise representations of du and dv. Rewriting the above system
yields the so-called Sylvester equations :(

Inx1
−∆tµuTx1

)
Uk +Uk

(
−∆tµuT

⊤
x2

)
= Uk−1 −∆tdu(U

k−1,Vk−1),(
Inx1

−∆tµvTx1

)
Vk +Vk

(
−∆tµvT

⊤
x2

)
= Vk−1 −∆tdv(U

k−1,Vk−1).
(4.8)
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Thus, at each time step k, two Sylvester equations must be solved with coefficient
matrices (

Inx1
−∆tµuTx1

)
,
(
−∆tµuT

⊤
x2

)
,(

Inx1
−∆tµvTx1

)
,
(
−∆tµvT

⊤
x2

)
,

and right-hand sides

Uk−1 −∆tdu(U
k−1,Vk−1),

Vk−1 −∆tdv(U
k−1,Vk−1).

Compared to the IMEX Euler method in vector form, where the system matrices are
of size n× n, the Sylvester equation approach operates directly on matrices of signifi-
cantly smaller sizes. Although the n× n matrices are typically sparse and structured
– enabling the use of direct and iterative solvers – the Sylvester formulation benefits
from working with significantly smaller matrices. This not only reduces memory re-
quirements but also permits the use of highly efficient small size factorization methods.
In particular, since the matrices Tx1 and T⊤

x2
remain consistent across all time steps,

their factorizations are reusable, further improving the overall computational efficiency
of the scheme.

One of this small size factorization methods is based on an a-priori eigendecomposition
of T⊤

x1
and Tx2 . In the following we assume that Tx1 and T⊤

x2
are diagonalizable, i.e.,

their eigendecompositions

Tx1 = Qx1Λx1Q
−1
x1
,

T⊤
x2

= Qx2Λx2Q
−1
x2

can be determined. The matrices Qx1 and Qx2 are invertible and

Λx1 := diag(λx1,1, . . . , λx1,nx1
),

Λx2 := diag(λx2,1, . . . , λx2,nx2
)

are diagonal matrices with the eigenvalues λx1,i and λx2,j on the diagonal. Although
T⊤
x1

and Tx2 deviate from symmetry due to boundary modifications, their overall
structure remains sufficiently close to symmetric matrices, so that numerical stability
of the decompositions can be expected.
To solve the Sylvester equations (4.8) using the eigendecompositions of Tx1 and T⊤

x2
,

we first introduce a matrix L. The elements of L are defined as

Lij :=
1

(1−∆tµuλx1,i) + (−∆tµuλx2,j)

for i = 1, . . . , nx1 and j = 1, . . . , nx2 . Hence, at each time step k, we compute

Ûk := Q−1
x1

(
Uk−1 −∆tdu(U

k−1,Vk−1)
)
Qx2 ,

V̂k := Q−1
x1

(
Vk−1 −∆tdv(U

k−1,Vk−1)
)
Qx2

and obtain the iterates as

Uk = Qx1

(
L⊙ Ûk

)
Q−1
x2
,
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Vk = Qx1

(
L⊙ V̂k

)
Q−1
x2
.

In these expressions, ⊙ denotes the element-wise (Hadamard) product between two
matrices.

In Table 2, the running times of the IMEX Euler method in vector form and matrix
form are compared for solving the λ-ω system.

Table 2: Comparison of the running times for the IMEX Euler method in vector form
and matrix form when solving the λ-ω system.

IMEX Euler vector form IMEX Euler matrix form
Running time [s] 459.3 50.3

Table 2 clearly demonstrates the computational advantage of the matrix-based IMEX
Euler scheme. While the classical vector form approach requires a running time of
459.3 seconds, the matrix formulation completes in only 50.3 seconds. This significant
speed-up is mainly due to the use of small-size Sylvester solvers and the reuse of
eigendecompositions across all time steps.

Next, we evaluate the quality of the rDMD method with respect to the reference data
Xin, obtained via the IMEX Euler scheme in matrix form. Starting from simple step
profiles in u and v at t = 0, the solution develops into an Archimedean spiral wave. This
spiral forms a stationary center located at (x1c, x2c) := (65, 65) and begins to expand
outward. The spatio-temporal oscillations of the spiral continue until a characteristic
time t̄, at which point the spiral pattern has fully developed and occupies the entire
domain Ω (see Figure 9).

Figure 9: Variable u at the time points t = 0, 10, 20, 30, 40, 50.

For t ≥ t̄, the system enters a new time regime where it continues to oscillate. The
spatial means then evolve along a closed trajectory in the phase plane, indicating a
limit cycle (cf. Figure 12, left).
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In Figure 10 (left), we show the behavior of the relative Frobenius error E(Xrec, r)
for r = 1, . . . , 314, where 314 corresponds to the rank of Xin. Initially, the error
decreases and attains a minimum value of 2.644 · 10−3 at r = 136. However, for
r ⪆ 150, the error increases drastically due to the ill-conditioning of the matrix ÃB
in the rDMD algorithm. This highlights a key limitation of DMD: although one might
expect improved accuracy with increasing r, this is not the case here due to numerical
instability.
Figure 10 (middle and right) further illustrates how the rDMD reconstruction quality
declines for increasing ranks by comparing the spatial mean over time for u, where the
rDMD reconstruction is performed with r = 136 (middle) and r = 300 (right). For
r = 300, the relative Frobenius error reaches E(Xrec, 300) = 7.838. In both cases, the
two distinct time regimes [0, t̄] and (t̄, T ] with t̄ ≈ 25 observed in the reference data
are not accurately reproduced. Moreover, noticeable discrepancies appear in the wave
amplitudes, especially for r = 300.

Figure 10: Left: relative Frobenius error of the rDMD reconstruction for r =
1, . . . , 314. Middle/Right: spatial mean over time for u, where the rDMD
reconstruction is performed with r = 136 (middle) and r = 300 (right).

The variable u at the final time T is shown in Figure 11 (left). Reconstructions
obtained via rDMD for r = 136 and r = 300 are presented in the middle and right
panels, respectively.

Figure 11: Variable u at the final time T . Left: reference data. Middle: rDMD recon-
struction with r = 136. Right: rDMD reconstruction with r = 300.

The reconstruction at r = 136 aligns remarkably well with the reference data, although
its temporal evolution differs significantly (cf. Figure 10, middle). In contrast, the case
with r = 300 does not accurately capture the spiral wave structure.

Finally, we analyze the phase planes (⟨u⟩, ⟨v⟩) for both the reference data and the
rDMD reconstructions. As described earlier, the reference trajectory forms a clear
limit cycle, a feature that is not captured by either of the rDMD reconstructions (see
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Figure 12). These findings further emphasize the limitations of rDMD in capturing
the dynamic behavior present in the reference data.

Figure 12: Phase planes (⟨u⟩, ⟨v⟩). Left: reference data. Middle: rDMD reconstruction
with r = 136. Right: rDMD reconstruction with r = 300.

4.2.2 Limitations on a Dataset with Spatio-Temporal Turing Instability

DIB Morphochemical System
As a final example, we study the DIB morphochemical system – a model for metal
growth in electrodeposition. It captures phenomena occurring during the recharge pro-
cesses of batteries with metal electrodes and exhibits the so-called Turing instability.
This instability arises when a spatially homogeneous steady state becomes unstable
due to diffusion-driven mechanisms, leading to the spontaneous emergence of station-
ary spatial patterns like labyrinths, stripes or spots, dependending on the parameters
of the kinetics.
The simulation begins with a small (random) spatially distributed pertubation around
the homogeneous stationary point Pe := (ue, ve) – the equilibrium of the system in the
absence of diffusion. As the system evolves, two different time regimes emerge: first
comes the reactivity zone I1, where diffusion destabilizes the initial equilibrium. This
is followed by the stability zone I2, in which the system converges toward a stationary,
spatially structured inhomogeneous state – a Turing pattern. In other words, Turing
patterns are stationary solutions of RD-PDE systems.

We consider the DIB morphochemical system on the square domain

Ω := (0, Lx1)× (0, Lx2),

where Lx1 := 20 and Lx2 := 20. The final time is set to T := 40 and the diffusion
constants are chosen as µu := 1 and µv := 20. The reaction kinetics are governed by
the nonlinear terms

du(u, v) := −ρ
(
A1(1− v)u− A2u

3 −B(v − α)

)
, (4.9a)

dv(u, v) := −ρ
(
C(1 + k2u)(1− v) (1− γ(1− v))−Dv(1 + k3u)(1 + γv)

)
(4.9b)

with parameters

A1 A2 B C α ρ k2 k3 γ
10 1 66 3 0.5 25/4 2.5 1.5 0.2

37



4 Piecewise DMD

as well as

D :=
C(1− α)(1− γ + γα)

α(1 + γα)
. (4.9c)

Here, u models the morphology of the electrodeposit, while v describes its chemical
composition. Further insights into the electrochemical relevance of the parameters can
be found, for instance, in [16] and the references therein.
We suppose homogeneous Neumann boundary conditions for both components:

gu := 0 on Γ,

gv := 0 on Γ.

Finally, the initial functions are given by

u0(x1, x2) := ue + 10−5rand(x1, x2),
v0(x1, x2) := ve + 10−5rand(x1, x2),

where (ue, ve) := (0, α) is the homogeneous steady state and rand(x1, x2) indicates
Matlab’s rand function, which generates a random number uniformly distributed in
the interval [0, 1].

The spatial discretization is performed with nx1 := 102 equidistant interior points in
x1-direction and nx2 := 102 equidistant interior points in x2-direction. This results in
a total of

n := nx1nx2 = 104

spatial degrees of freedom (DOFS). The corresponding spatial step sizes are defined as

∆x1 :=
Lx1

nx1 + 1
,

∆x2 :=
Lx2

nx2 + 1
.

For the time integration, we employ a time step size of ∆t := 10−3, which yields
m := T/∆t = 4 · 104 discrete problems to be solved. Only every κ-th snapshot is stored
with κ := 4. The retained snapshots are relabeled consecutively from 0 to mκ := m/κ.
Consequently, the snapshot matrix Xin is of size

2n× (mκ + 1) = 2 · 104 × 10001.

The FOM for the DIB morphochemical system is again of the form (4.6). Employing
the IMEX Euler method in matrix form yields a snapshot matrix Xin of rank 303.
Hence, we apply the rDMD method for all target ranks r = 1, . . . , 303 and compute
the corresponding relative Frobenius errors E(Xrec, r). The corresponding error curve
is depicted in Figure 13 (left). For larger values of r, the relative Frobenius error
E(Xrec, r) drastically increases and blows up for r ≥ 43. So in contrast to what one
might expect, the error does not decrease with increasing r. This behavior is again
attributed to the ill-conditioning of the matrix ÃB in the rDMD algorithm. The
minimal error E(Xrec, r) = 1.022 · 10−1 is attained at r = 19.
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In Figure 13 (right), the spatial mean over time for u of the rDMD reconstruction
with r = 19 oscillates around that of the reference data. Moreover, the reference data
reveals two distinct time regimes, namely I1 := [0, t̄] and I2 := (t̄, T ], with a transition
at approximately t̄ ≈ 4. While this temporal structure is clearly visible in the reference
solution, the rDMD reconstruction fails to accurately reproduce it. In particular, the
reconstruction destabilizes the equilibrium earlier.

Figure 13: Left: relative Frobenius error E(Xrec, r) for r = 1, . . . , 303. Right: spatial
mean ⟨u⟩ for the reference data and the rDMD reconstruction with r = 19.

Figure 14 (left) shows the variables u and v at the final time T . The middle panels
display the corresponding rDMD reconstructions obtained with r = 19. We observe
that the characteristic Turing pattern is well reproduced. However, the reconstruction
does not accurately capture the amplitudes. This discrepancy becomes more evident in
the right panels, where the absolute errors between the reference data and the rDMD
reconstructions are illustrated.

Figure 14: Variables u (top) and v (bottom) at the final time T . Left: reference data.
Middle: rDMD reconstruction with r = 19. Right: absolute error between
the reference data and the rDMD reconstruction.
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To summarize, while the rDMD method successfully captures the Turing pattern struc-
ture, it once again fails in accurately approximating the reference data. In particular,
the relative Frobenius error consistently exceeds 10%.

4.3 Piecewise DMD Algorithm

Section 4.2 highlights that rDMD fails to reconstruct the dynamics of datasets ex-
hibiting peridoic behavior or Turing pattern formation. Moreover, increasing the rank
does not improve the reconstruction quality in terms of the relative Frobenius error.
To address these limitations, we propose a novel technique, the pDMD method, which
leverages a localized reconstruction strategy inspired by classical divide-and-conquer
techniques in numerical analysis.

The central idea of pDMD is to replace the global linear approximation over the full
time horizon [0, T ] with several local linear models. More precisely, the time domain
is partitioned into N ≥ 1 segments and a separate low-rank rDMD reconstruction is
performed on each subinterval. This allows the method to more effectively capture
regime shifts and transient phenomena that are typically missed by a single global fit.

Let Xin ∈ Rn×(m+1) denote the reference snapshot matrix. We begin by selecting an
initial number of segments Nin, which defines the initial partitioning of Xin. This seg-
ment count is then incremented in steps of size Ninc until either a target reconstruction
accuracy is achieved or a maximum number of segments Nmax is reached. To ensure
that each segment contains at least 10 snapshots, we define

Nmax := ⌊m+ 1

10
⌋.

Thus, for each value of N , we obtain a decomposition of the form

Xin :=
[
X1 · · · XN

]
,

where each segment Xi is given by

Xi :=
[
(Xin):,⌈(i−1)ν+1⌉ · · · (Xin):,⌈iν⌉

]
,

with ν := m+1
N

denoting the (possibly non-integer) segment width. Here, for example,
(Xin):,⌈(i−1)ν+1⌉ refers to the ⌈(i − 1)ν + 1⌉-th column of Xin. The rDMD method
(algorithm 3) with target rank ri := rk(Xi), oversampling parameter p := 0 and two
power iterations (q := 2) is then applied to each Xi. To ensure accurate reconstruction,
the target rank ri is iteratively decreased until the relative error condition

err(i) := max
(i−1)ν+1≤k≤iν

∥(Xi):,k − (X̃i):,k∥∞
∥(Xi):,k∥∞

≤ ε (4.10)

is satisfied for a given tolerance ε > 0. If this condition is not satisfied for all ri > 0
(i = 1, . . . , N) the current segmentation is considered unsuccessful and we increment
N before restarting the procedure. When all segments are successfully reconstructed,
the local approximations X̃i are concatenated to yield the full reconstruction XN

rec. For
analysis purposes, we also store the rank vector r :=

[
r1 · · · rN

]
and the maximum

target rank

r̃(N) := ∥r∥∞:= max
1≤i≤N

ri
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for each successful partition in N segments. Afterwards, if the N -th partition is
successful, the global relative Frobenius error Ep(XN

rec, r) is determined analogously
to (3.20) as

Ep(XN
rec, r) :=

∥Xin −XN
rec∥F

∥Xin∥F
.

This error clearly depends on the number of segments N and the rank vector r. For
N = 1, it reduces to the standard relative Frobenius error E(Xrec, r1). As an additional
error indicator, we compute the relative Frobenius error over time

ϵk(X
N
rec, r) :=

∥(Xin):,k − (XN
rec):,k∥2

∥(Xin):,k∥2
for k = 1, . . . ,m+ 1. (4.11)

Next, we evaluate whether the error Ep(XN
rec, r) is below a given threshold τ > 0. If this

condition is satisfied, the algorithm terminates. Otherwise, for convenience, we assign
Ep(XN

rec, r) the placeholder value −100 and increment the partition number N by Ninc.
This process is repeated until either the error Ep(XN

rec, r) falls below the threshold τ ,
or the maximum number of partitions Nmax is reached.

Remark 4.2. The choice of ri in each partition is crucial. By default, the full rank
rk(Xi) is used initially and then decremented until the error criterion is satisfied.
Alternatively, a fixed upper bound, such as ri = min{ν, 200}, can be employed to
reduce computational cost (see [2]). However, this alternative is not pursued further
in this work.

The pDMD algorithm is summarized in Algorithm 4.
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Algorithm 4 Piecewise Dynamic Mode Decomposition (pDMD)

1: INPUT Xin ∈ Rn×(m+1), ε, τ > 0, Nin, Ninc ∈ N
2: Set Nmax = ⌊m+1

10
⌋

3: for N = Nin : Ninc : Nmax do
4: Set ν = m+1

N

5: for i = 1 : 1 : N do
6: Assemble Xi = (Xin):,⌈(i−1)ν+1⌉:⌈iν⌉
7: Compute ri = rk(Xi)
8: Set err(i) = 1 and flagsucc = true
9: while err(i) > ε do

10: [X̃i,∼,∼] = rDMD(Xi, ri, 0, 2)
11: Compute err(i) = max

(i−1)ν+1≤k≤iν
∥(Xi):,k−(X̃i):,k∥∞/∥(Xi):,k∥∞

12: Update ri = ri − 1
13: if ri ≤ 0 then
14: flagsucc = false
15: Break
16: end if
17: end while
18: if flagsucc = false then
19: Break
20: end if
21: Assemble (XN

rec):,⌈(i−1)ν+1⌉:⌈iν⌉ = X̃i

22: end for
23: if flagsucc then
24: Set r =

[
r1 · · · rN

]
25: Determine r̃(N) = max

1≤i≤N
ri

26: Compute Ep(XN
rec, r) = ∥Xin−XN

rec∥F/∥Xin∥F
27: Compute ϵk(XN

rec, r) = ∥(Xin):,k−(XN
rec):,k∥2/∥(Xin):,k∥2 for k = 1, . . . ,m+ 1

28: if Ep(XN
rec, r) < τ then

29: Break
30: end if
31: else
32: Set Ep(XN

rec, r) = −100
33: end if
34: end for
35: RETURN XN

rec, Ep(XN
rec, r), ϵk(XN

rec, r), r̃(N), r

4.4 Numerical Results for pDMD

4.4.1 Results on Periodic Datasets

In this section, we apply the proposed pDMD method to the datasets introduced in
Section 4.2.1.

FitzHugh-Nagumo System: Limit Cycle
As a first example we consider the dataset Xin, generated by numerically solving
the FHN system. The pDMD algorithm is initialized with parameters Nin := 1 and
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Ninc := 1. The threshold values are set to ε := 10−1 and τ := 10−6.

In Figure 15 (left), we show the relative Frobenius error Ep(XN
rec, r) for those values

of N that satisfy the error condition (4.10) for all i = 1, . . . , N . The first successful
value of N is N = 14, which corresponds to an error of Ep(X14

rec, r) = 1.816 · 10−2.
Then, the error initially remains relatively high and fluctuates around 10−2, but begins
to decrease significantly once N exceeds 60. Finally, the termination criterion of the
pDMD algorithm is met for N = 94, where the relative Frobenius error is Ep(X94

rec, r) =
9.197 · 10−7. Although the error curve has a few spikes, the overall trend is clearly
decreasing. This indicates that increasing the number of partitions enables a more
accurate approximation of the system dynamics. We note that for N = 14, the
subdatasetsXi consist of 429 snapshots, while forN = 94, they consist of 64 snapshots.
The right panel of Figure 15 illustrates the relative Frobenius error over time ϵk(XN

rec, r)
for the two successful values of N that yield the maximum and the minimum error:
N = 14 and N = 94, respectively. For N = 14, the error exhibits significant fluctu-
ations and peaks. In contrast, for N = 94, the error is considerably lower and the
spikes are markedly reduced. This demonstrates the clear benefit of refined temporal
partitioning in improving reconstruction quality.

Figure 15: Left: relative Frobenius error Ep(XN
rec, r) for those values of N that satisfy

the error condition (4.10) for all i = 1, . . . , N until the algorithm terminates.
Right: relative Frobenius error over time ϵk(XN

rec, r) forN = 14 andN = 94.

Figure 16 (left, middle) shows a comparison of the spatial mean over time for u and v
based on the pDMD reconstruction with N = 94. The right panel illustrates the cor-
responding phase plane (⟨u⟩, ⟨v⟩). All three plots demonstrate that pDMD is capable
of accurately reproducing the periodic behavior of the FitzHugh-Nagumo system.
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Figure 16: Comparison between the reference data and the pDMD reconstruction with
N = 94. Left: spatial mean over time for u. Middle: spatial mean over
time for v. Right: phase plane (⟨u⟩, ⟨v⟩).

Next, Figure 17 illustrates the behavior of the ranks for various successful values of N .
The left panel shows the target ranks ri of each submatrix Xi in the N -partition, for
N = 14 and N = 94. We observe that both rank curves exhibit six peaks, correspond-
ing to the maxima and minima of the spatial mean curve over time. Furthermore,
we see that the ranks for N = 94 are, as expected, significantly lower than those for
N = 14.
In the right panel, the maximum target rank r̃(N) is plotted for each successful value
of N . We note that each r̃(N) is smaller than the rank of the original snapshot matrix
Xin, which is rk(Xin) = 51. Moreover, it is evident that from approximately N = 60
onward, the maximum target rank r̃(N) stabilizes at a relatively low level between
15 and 18. This underlines the computational advantage of pDMD, as it enables a
significant reduction in problem dimensionality.

Figure 17: Left: target ranks ri of each submatrix Xi in the N -partition for N = 14
and N = 94. Right: maximum target rank r̃(N) for each successful value
of N .

λ-ω System: Spiral Waves
As a second example, we apply the pDMD method to the λ-ω system dataset Xin.
Here, the pDMD algorithm is initialized with Nin := 1, Ninc := 1 and threshold values
ε := 10−2, τ := 10−6.

As before, we begin by analyzing the relative Frobenius errors. This time, the first
successful value of N is N = 3, yielding an error of Ep(X3

rec, r) = 6.327 · 10−5. We ob-
serve that the error initially decreases and then exhibits a slightly oscillatory behavior
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for 12 ≤ N ≤ 26, such that 1.6 · 10−5 ≤ Ep(XN
rec, r) ≤ 1.1 · 10−6 holds. For N = 27,

the error falls below the threshold τ with a value of Ep(X27
rec, r) = 7.718 · 10−7. It is

worth noting that the relative Frobenius error is for each N significantly lower than
the error obtained by the global rDMD method (cf. Figure 10, left). Again, we remark
that for N = 3, the subdatasets Xi consist of 4167 snapshots, while for N = 27, the
subdatasets contain 463 snapshots.
For N = 3 and N = 27, the right panel of Figure 18 shows the relative Frobenius
error over time ϵk(XN

rec, r). We can clearly distinguish two temporal regimes, [0, t̄] and
(t̄, T ], in the error behavior, particularly for N = 27, which we had already identified
in Section 4.2.1. In general, we also observe that the relative Frobenius error over time
is considerably larger for N = 3 than for N = 27.

Figure 18: Left: relative Frobenius error Ep(XN
rec, r) for those values of N that satisfy

the error condition (4.10) for all i = 1, . . . , N until the algorithm terminates.
Right: relative Frobenius error over time ϵk(XN

rec, r) for N = 3 and N = 27.

As for the FHN system, we observe in Figure 19 that the spatial means over time and
the phase plane (⟨u⟩, ⟨v⟩) of the reference data and the pDMD reconstruction with
N = 27 match perfectly.

Figure 19: Comparison between the reference data and the pDMD reconstruction with
N = 27. Left: spatial mean over time for u. Middle: spatial mean over
time for v. Right: phase plane (⟨u⟩, ⟨v⟩).

Finally, Figure 20 illustrates the behavior of the ranks for various successful values of
N . In the left panel, the ranks for N = 27 are, as expected, significantly lower than
those for N = 3.
The maximum target ranks r̃(N) are shown in the right panel and exhibit a decreasing
trend as N increases. We again observe that r̃(N) is consistently lower than the rank
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of the original snapshot matrix Xin (rk(Xin) = 314). In particular, the maximum
observed target rank r̃(N) is 140, occurring at N = 3.

Figure 20: Left: target ranks ri of each submatrix Xi in the N -partition for N = 3
and N = 27. Right: maximum target rank r̃(N) for each successful value
of N .

4.4.2 Results on a Dataset with Spatio-Temporal Turing Instability

DIB Morphochemical System
As a third and final example, we apply the pDMD method to the DIB morphochemical
system dataset Xin. We initialize the pDMD algorithm with Nin := 1, Ninc := 1 and
use the thresholds ε := 10−3, τ := 10−6.

The first successful value of N is N = 29, which yields an error of Ep(X8
rec, r) =

3.023·10−6. Afterwards, the error sinks for N = 31, but then rises again to a maximum
of 3.530 · 10−6 for N = 47. Finally, the error falls below the threshold τ for N = 48
(Ep(X48

rec, r) = 1.383 · 10−7). Thus, convergence is achieved after only four successful
partitioning steps. It is worth noting that for all successful values of N , the relative
Frobenius error is consistently small (cf. Figure 21, left) on the order of magnitude

1.383 · 10−7 ≤ Ep(XN
rec, r) ≤ 3.530 · 10−6.

In the right panel of Figure 21, we report the relative Frobenius error over time
ϵk(X

N
rec, r) for the two values of N at which the maximum and minimum errors occur,

namely N = 47 and N = 48. We observe that both error curves exhibit a similar be-
havior: the maximum error occurs at the beginning – corresponding to the reactivity
zone I1 – and then decreases almost uniformly over time.

46



4 Piecewise DMD

Figure 21: Left: relative Frobenius error Ep(XN
rec, r) for those values of N that satisfy

the error condition (4.10) for all i = 1, . . . , N until the algorithm terminates.
Right: relative Frobenius error over time ϵk(XN

rec, r) forN = 47 andN = 48.

In Figure 22, we once again observe excellent agreement between the spatial means
over time of the reference data and those of the pDMD reconstruction with N = 48,
as well as in the corresponding phase plane.

Figure 22: Comparison between the reference data and the pDMD reconstruction with
N = 48. Left: spatial mean over time for u. Middle: spatial mean over
time for v. Right: phase plane (⟨u⟩, ⟨v⟩).

Finally, we revisit the rank behavior. It is evident that the subdatasets corresponding
to the reactivity zone I1 require significantly higher ranks, whereas those associated
with the stability zone I2 can be approximated with substantially lower ranks.
The maximum target ranks r̃(N) are shown in the right panel of Figure 23 and, as
in previous examples, exhibit a decreasing trend with increasing N . Moreover, r̃(N)
consistently remains below the rank of the original snapshot matrix Xin (rk(Xin) =
303). The highest observed value is r̃(N) = 46, which occurs at N = 27.
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Figure 23: Left: target ranks ri of each submatrix Xi in the N -partition for N = 47
and N = 48. Right: maximum target rank r̃(N) for each successful value
of N .

We conclude that pDMD accurately reconstructs the dynamics of the FHN system,
the λ-ω system and the DIB morphochemical system. While the global rDMD method
struggles to reconstruct the temporal datasets from these systems – often due to ill-
conditioning for large target ranks – the pDMD method achieves accurate reconstruc-
tions by operating with significantly lower target ranks.
We observe, in particular, that as the number of successful segments N increases,
the relative Frobenius error Ep(XN

rec, r) decreases and remains considerably lower than
that of the global rDMD approach. The spatial means over time, the phase plane and
the full spatio-temporal behavior – including transitions between different temporal
regimes – are all captured very accurately by the pDMD method.
These findings highlight a key limitation of the global rDMD approach: its reliance on
a single linear approximation over the entire time horizon prevents it from capturing
the rich variety of dynamical regimes that may emerge, such as oscillatory behavior and
Turning pattern formation. In contrast, pDMD constructs local linear models within
suitably chosen data segments, thereby enabling a more accurate representation of
spatio-temporal dynamics.
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5 Adaptive POD-DEIMc

The main references for this section are [1] and [7].

After exploring DMD and its variants, we introduce additional model order reduction
(MOR) techniques, which – like DMD – are also strongly related to the SVD and aim
to reduce the computational costs of standard numerical methods. We begin by con-
sidering the (discrete) Proper Orthogonal Decomposition (POD). Building upon this
foundational method, we then introduce the Discrete Empirical Interpolation Method
(DEIM) to achieve the faster, albeit less accurate, POD-DEIM method. To address
the accuracy limitations, we propose stabilized variants: the corrected POD (PODc)
and the corrected POD-DEIM (POD-DEIMc). Both of these corrected methods sys-
tematically incorporate carefully derived correction terms to enhance their accuracy.
Finally, we present an adaptive approach for these methods to further enhance effi-
ciency and accuracy.
In contrast to Section 4, where only coupled approaches are used, we consider uncou-
pled approaches that do not stack the datasets for each variable into a single snapshot
matrix.

As an illustrative example for the following techniques, we again consider a two-
equation RD-PDE system as introduced in Section 4. Let

Ω := (0, Lx1)× (0, Lx2) ⊂ R2

denote a non-empty and bounded spatial domain with Lipschitz-continuous boundary
Γ := ∂Ω. We suppose the parameter choices Lx1 := 20 and Lx2 := 20. For a fixed final
time T := 100, we define

ΩT := (0, T ]× Ω,

ΓT := [0, T ]× Γ.

In contrast to the previous section, we restrict our attention to a system with ho-
mogeneous Neumann boundary conditions. All other aspects of the system remain
unchanged, so it is again of the form (4.1). Furthermore, we suppose that there exists
at least one spatially homogeneous equilibrium (cf. Section 4.2.2)

Pe := (ue, ve)

:= (0, α) ∈ R2,

i.e., we have

du(ue, ve) = 0,

dv(ue, ve) = 0.

The reaction terms are given by (4.9). Consequently, we are once again working with
the DIB morphochemical system. The diffusion constants, system parameters and
initial conditions are kept identical to those used in Section 4.2.2.

We spatially discretize the domain using nx1 := 102 and nx2 := 102 equidistant interior
points in the x1- and x2-direction, respectively. This results in a total of

n := nx1nx2 = 104
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interior grid points. The spatial step sizes are given by

∆x1 :=
Lx1

nx1 + 1
,

∆x2 :=
Lx2

nx2 + 1
.

As in (4.6), we derive the FOM for the DIB morphochemical system as

u̇− µuAu+ du(u,v) = 0n for t ∈ (0, T ],

v̇ − µvAv + dv(u,v) = 0n for t ∈ (0, T ],

u(0) = u0,

v(0) = v0.

(5.1)

For the temporal discretization, we first make use of the IMEX Euler method in vector
form introduced in Section 4.2.1. Given the equidistant time grid

tk := k∆t for k = 0, . . . ,m,

with step size ∆t := 10−3 and m := T/∆t = 105, the fully discretized system reads:

(In −∆tµuA)uk = uk−1 −∆tdu(u
k−1,vk−1) for k = 1, . . . ,m,

(In −∆tµuA)vk = vk−1 −∆tdv(u
k−1,vk−1) for k = 1, . . . ,m,

u0 = u0,

v0 = v0.

Next, since both the spatial dimension n and the number m of problems to be solved
are large, we introduce the IMEX Euler method in matrix form (cf. Section 4.2.1),
which is given by(

Inx1
−∆tµuTx1

)
Uk +Uk

(
−∆tµuT

⊤
x2

)
= Uk−1 −∆tdu(U

k−1,Vk−1),(
Inx1

−∆tµvTx1

)
Vk +Vk

(
−∆tµvT

⊤
x2

)
= Vk−1 −∆tdv(U

k−1,Vk−1)
(5.2a)

for k = 1, . . . ,m, together with the initial conditions

U0 = U0, (5.2b)
V0 = V0. (5.2c)

Moreover, to reduce storage requirements, we store only every κ-th snapshot, with
κ := 4. For ease of notation, we relabel the stored snapshots consecutively as
u0,u1, . . . ,umκ , where uk ≈ u(tκk), tκk := κk∆t and mκ := m/κ.

Table 3 highlights the computational advantage of the IMEX Euler method in matrix
form over its vector-based counterpart in terms of running time for solving the full-
order DIB morphochemical system.

Table 3: Comparison of the running times for the IMEX Euler method in vector form
versus matrix form for solving the DIB morphochemical system.

IMEX Euler vector form IMEX Euler matrix form
Running time [s] 983.01 230.5
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The numerical solutions for u and v at the final time T are shown in Figure 24 (top),
where a characteristic Turing pattern emerges. In the lower part of the figure, two
indicators are presented. On the left, we display the spatial mean over time for u
and v, as defined in (4.5b). On the right, we plot the increments inc(u)k and inc(v)k,
defined by

inc(u)k := ∥uk+1 − uk∥2 for k = 0, . . . ,mκ − 1,

inc(v)k := ∥vk+1 − vk∥2 for k = 0, . . . ,mκ − 1.

We observe that the behavior of u and v is very similar across all four plots. Therefore,
in the following discussion, we focus solely on u as a reference. Moreover, the two
indicators clearly reveal the existence of two distinct temporal regimes, I1 := [0, t̄] and
I2 := (t̄, T ], where

t̄ := 2.124 = κ∆t argmaxk∈{0,...,mκ−1} inc(u)k. (5.3)

In the first regime, referred to as the reactivity zone I1, the spatial mean increases
sharply over time and the increments are relatively large. In contrast, in the second
regime, the stability zone I2, both indicators gradually stabilize toward constant val-
ues. This behavior is consistent with the fact that a Turing pattern is an asymptotic
solution of (4.1), implying that the spatial mean converges to a constant value and
the temporal increments decay to zero.
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Figure 24: Top: variable u (left) and v (right) at the final time T . Bottom left: spatial
mean over time for u and v. Bottom right: increment over time for u and
v.

5.1 Model Order Reduction

To reduce the computational cost associated with solving the FOM, we employ the
(discrete) POD method as a model order reduction technique. The goal of the POD
method is to approximate the high-dimensional discretized system by projecting it
onto a significantly lower-dimensional subspace of dimension 1 ≤ r ≪ n. This is
achieved by identifying a set of orthonormal basis functions that optimally capture
the essential information contained in the snapshot data.
To clarify what is meant by ’information’ in this context, consider the snapshots
u0, . . . ,umκ ∈ Rn. The discrete POD problem then consists in finding an orthonormal
set ψ1, . . . , ψr ∈ Rn that minimizes the mean square error between the elements uk

and their r-th partial Fourier sum on average:

min
ψ1,...,ψr∈Rn

mκ∑
k=0

∥∥∥∥∥uk −
r∑
i=1

⟨uk, ψi⟩2ψi

∥∥∥∥∥
2

2

s.t. ⟨ψi, ψj⟩2 = δij, 1 ≤ i, j ≤ r, (5.4)

where ’s.t.’ stand for ’subject to’. An optimal solution to this problem is referred to
as a POD basis of rank r. It is well-known (see, e.g., [12]) that the solution to the
optimization problem (5.4) is given by the first r left singular vectors of the snapshot
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matrix

Su :=
[
u0 · · · umκ

]
∈ Rn×(mκ+1).

The choice of the reduced dimension r is a crucial aspect in the practical application of
POD, as there is no general a priori rule for selecting it. A commonly used criterion is
the energy ratio, which measures the proportion of the system’s total energy captured
by the first r POD modes. It is defined as the ratio of the modeled energy to the total
energy of the system:

E(r) :=
∑r

i=1 σ
2
i∑min{n,mκ+1}

i=1 σ2
i

∈ [0, 1].

Here, σ1, . . . , σmin{n,mκ+1} are the singular values of the snapshot matrix Su. This ratio
can also be determnined as

E(r) =
∑r

i=1 σ
2
i∑mκ

k=0∥uk∥22
.

Thus, the computation of the singular values σr+1, . . . , σmin{n,mκ+1} can be omitted, as
they are not required for evaluating the energy ratio. This is much more efficient since
the computation of each singular value is not necessary.

Nonetheless, we determine the singular values of the snapshot matrix Su using svd(Su,
’econ’) and plot the largest 1000 of them (see Figure 25). We observe a very slow
decay of the singular values, which is justified by the complex structure of the Turing
pattern. We suggest that the rank r can be chosen as r := 175, where the corresponding
singular values is σ175 = 4.273 · 10−4. In fact, the energy ratio E(r) is very close to 1
with respect to the snapshot matrix Su such that the previous choice of r is reasonable:

E(r) ≈ 0.99.

Figure 25: Largest 1000 singular values of the snapshot matrices Su, Sv, Sdu and Sdv .
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Remark 5.1. There are several approaches to compute the left singular vectors and
singular values of the snapshot matrix Su.
The most accurate and numerically stable method is to directly compute the SVD
of Su. However, this approach can be computationally expensive, especially for large
matrices.
A more efficient alternative is the so-called method of snapshots, which computes the
eigenpairs (λi, ϕi) of the matrix S⊤

u Su. The corresponding left singular vectors are
then obtained as

ψi =
1√
λi
Suϕi

and the singular values are given by σi =
√
λi for all i with λi > 0. The left singular

vectors and singular values corresponding to λi = 0 are mostly not of interest, as they
do not contribute to the system’s energy. This method is particularly suitable when
Su has significantly more rows than columns. Nevertheless, it is generally less accurate
and less stable than computing the full SVD.
A third approach is to compute the eigenpairs of the matrix SuS

⊤
u . This is advanta-

geous when Su has more columns than rows. In this case, the singular values are again
given by σi =

√
λi, and the corresponding eigenvectors are the left singular vectors.

Similar to the method of snapshots, this approach is computationally efficient, but it
may offer reduced numerical robustness in certain scenarios.

Let ψ1
u, . . . , ψ

r
u denote the rank-r POD basis associated with the snapshot matrix

Su, and similarly, let ψ1
v, . . . , ψ

r
v denote the rank-r POD basis corresponding to the

snapshot matrix

Sv :=
[
v0 · · · vmκ

]
∈ Rn×(mκ+1).

We collect the POD basis vectors in the matrices

Ψu :=
[
ψ1
u · · · ψru

]
∈ Rn×r,

Ψv :=
[
ψ1
v · · · ψrv

]
∈ Rn×r,

where each column corresponds to a POD basis vector for the variables u and v,
respectively. These matrices define the reduced-order POD approximations of the
state variables as

u(t) ≈ Ψuũr(t) ∈ Rn for t ∈ [0, T ],

v(t) ≈ Ψvṽr(t) ∈ Rn for t ∈ [0, T ],
(5.5)

where the unknown, reduced state trajectories

ũr: [0, T ] → Rr,

ṽr: [0, T ] → Rr

represent the time-dependent coefficients corresponding to the reduced subspaces. By
substituting the reduced-order approximations (5.5) into the FOM (5.1) and projecting
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onto the reduced subspaces via multiplication with the transposed POD basis matrices,
we obtain the so-called POD reduced order model (ROM)

˙̃ur − µuArũr + dru(ũr, ṽr) = 0r for t ∈ (0, T ],

˙̃vr − µvBrṽr + drv(ũr, ṽr) = 0r for t ∈ (0, T ],

ũr(0) = Ψ⊤
uu0,

ṽr(0) = Ψ⊤
vv0,

(5.6)

where we use the orthogonalities Ψ⊤
uΨu = Ir and Ψ⊤

vΨu = Ir. Here, Ar and Br denote
the reduced diffusion matrices, defined by

Ar := Ψ⊤
uAΨu ∈ Rr×r,

Br := Ψ⊤
vAΨv ∈ Rr×r.

The nonlinear kinetic terms are defined as

dru(ũr, ṽr) := Ψ⊤
udu(Ψuũr,Ψvṽr) ∈ Rr,

dru(ũr, ṽr) := Ψ⊤
vdv(Ψuũr,Ψvṽr) ∈ Rr.

(5.7)

Remark 5.2.

(i) It is important to note that the matrices Ar and Br are not necessarily in
Kronecker form due to the projection process. Moreover, they are small, dense
matrices of size r × r, in contrast to the large, sparse matrices A and B of size
n × n. Consequently, we apply the IMEX Euler method in vector form to the
reduced system (5.6), since a Sylvester-type formulation is no longer feasible.

(ii) To efficiently solve (5.6), several components can be precomputed during the
offline stage, i.e., before time integration begins. This includes the computation
of the snapshot matrices Su and Sv, the POD basis matrices Ψu and Ψv and
the projected diffusion matrices Ar and Br. By doing so, we avoid redundant
computations during the online stage, thereby significantly accelerating the time
integration process.

Finally, the fully discretized POD-ROM reads:

(Ir −∆tµuAr) ũ
k
r = ũk−1

r −∆tdru(ũ
k−1
r , ṽk−1

r ), for k = 1, . . . ,m,

(Ir −∆tµvBr) ṽ
k
r = ṽk−1

r −∆tdrv(ũ
k−1
r , ṽk−1

r ), for k = 1, . . . ,m,

ũ0
r = Ψ⊤

uu0,

ṽ0
r = Ψ⊤

vv0.

(5.8)

Unfortunately, system (5.8) still depends on the full dimension since the kinetics are
evaluated at vectors of dimension n, as can be seen in (5.7). Therefore, we introduce
the DEIM method, which interpolates the nonlinear functions using only l, 1 ≤ l ≪ n,
interpolation points. Thus, we need a DEIM basis of rank l. Let

Sdu :=
[
du(u

0,v0) · · · du(u
mκ ,vmκ)

]
∈ Rn×(mκ+1),

Sdv :=
[
dv(u

0,v0) · · · dv(u
mκ ,vmκ)

]
∈ Rn×(mκ+1)
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be the snapshot matrices of the kinetic terms. The DEIM basis is then obtained by
computing the POD basis of rank l of the snapshot matrices Sdu and Sdv . As rank-l
value, we choose the the maximum between the ranks of the snapshot matrices Sdu

and Sdv :

l := max{rk(Sdu), rk(Sdv)} = max{362, 343} = 362.

We denote the DEIM basis vectors as ϕ1
du
, . . . , ϕldu

and ϕ1
dv
, . . . , ϕldv

and collect them
in the matrices

Φdu :=
[
ϕ1
du

· · · ϕldu

]
∈ Rn×l,

Φdv :=
[
ϕ1
dv

· · · ϕldv

]
∈ Rn×l.

Additionally, we determine the singular values of the snapshot matrices Sdu and Sdv

(see Figure 25). The decay of the singular values is even a bit slower than that of the
snapshot matrices Su and Sv.

Next, we apply a pivoting strategy by performing QR decompositions with column
pivoting on the transposed DEIM basis matrices Φ⊤

du
and Φ⊤

dv
:

Φ⊤
du
Pdu = QduRdu ,

Φ⊤
dv
Pdv = QdvRdv .

From the resulting n × n permutation matrices Pdu , Pdv , we retain only the first l
columns, resulting in relabeled matrices of size n× l:

Pdu , Pdv ∈ Rn×l.

We call the columns of Pdu and Pdv DEIM points. In the offline stage, we compute
the matrices

P⊤
du
Ψu, P

⊤
dv
Ψu, P

⊤
du
Ψv, P

⊤
dv
Ψv ∈ Rl×r (5.9)

and the inverses

(P⊤
du
Φdu)

−1, (P⊤
dv
Φdv)

−1 ∈ Rl×l, (5.10)

where in practice, the inverses are computed using the pseudoinverse. Using these
inverses from (5.10), we then determine, still in the offline stage,

ΦD
du

:= Φdu(P
⊤
du
Φdu)

−1 ∈ Rn×l,

ΦD
dv

:= Φdv(P
⊤
dv
Φdv)

−1 ∈ Rn×l.

Hence, the DEIM approximations of the kinetics are given by

du(Ψuũr,Ψvṽr) ≈ ΦD
du
du(P

⊤
du
Ψuũr, P

⊤
du
Ψvṽr),

dv(Ψuũr,Ψvṽr) ≈ ΦD
dv
dv(P

⊤
dv
Ψuũr, P

⊤
dv
Ψvṽr).

(5.11)

Note that in (5.11), the kinetics are evaluated component-wise at the vectors of di-
mension l instead of n. This leads to a second ROM, known as the POD-DEIM-ROM:

˙̃ur − µuArũr +Ψ⊤
uΦ

D
du
du(P

⊤
du
Ψuũr, P

⊤
du
Ψvṽr) = 0r for t ∈ (0, T ],

˙̃vr − µvBrṽr +Ψ⊤
vΦ

D
dv
dv(P

⊤
dv
Ψuũr, P

⊤
dv
Ψvṽr) = 0r for t ∈ (0, T ],

ũr(0) = Ψ⊤
uu0,

ṽr(0) = Ψ⊤
vv0.

(5.12)
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It is worth remarking that Ψ⊤
uΦ

D
du

and Ψ⊤
vΦ

D
dv

can also be determined in the offline
stage. Discretizing (5.12) also in time yields

(Ir −∆tµuAr) ũ
k
r = ũk−1

r −∆tΨ⊤
uΦ

D
du
du(P

⊤
du
Ψuũ

k−1
r , P⊤

du
Ψvṽ

k−1
r ), for k = 1, . . . ,m,

(Ir −∆tµvBr) ṽ
k
r = ṽk−1

r −∆tΨ⊤
vΦ

D
dv
dv(P

⊤
dv
Ψuũ

k−1
r , P⊤

dv
Ψvṽ

k−1
r ), for k = 1, . . . ,m,

ũ0
r = Ψ⊤

uu0,

ṽ0
r = Ψ⊤

vv0.

For both methods, POD and POD-DEIM, we store only every κ-th snapshot. Again,
we relabel the stored snapshots consecutively as ũ0

r, . . . , ũ
mκ
r and denote the resulting

snapshot matrices for the variable u as UPOD and UPOD-DEIM, respectively.
The left panel of Figure 26 visualizes the relative Frobenius error (4.11) at the final
time for the POD and the POD-DEIM method for r = 1, . . . , 200:

ϵmκ(UPOD, r),

ϵmκ(UPOD-DEIM, r).

Note that, for the error calculations and the visualization of the reduced-order so-
lutions, the reduced-order solutions must be projected back onto the full space by
multiplying them from the left with the corresponding POD basis matrices. We first
observe that the POD errors are generally smaller, but still remain relatively high
overall. Contrary to the expected monotonic decay of the error with increasing r,
the error behavior for both methods is highly irregular and features several jumps of
varying orders of magnitude. For POD-DEIM, the situation is even more problematic
– for certain values of r, the reduced-order solutions yield only NaN values, indicating
numerical instabilities. Moreover, a consistent error decay cannot be observed.

Figure 26: Left: relative Frobenius error (4.11) of u at the final time T , where u is
reconstructed using POD and POD-DEIM for r = 1, . . . , 200. Middle: u at
the final time T , where u is reconstructed using POD with r = 175. Right:
spatial mean over time of u, where the POD reconstruction is performed
with r = 175.

The middle and right panels further emphasize the insufficient accuracy of the POD
method. In the middle panel, the reduced-order solution obtained by POD with r =
175 at final time T projected back onto the full space is depicted. The corresponding
relative Frobenius error at the final time is ϵmκ(UPOD, 175) ≈ 1.2397. The right panel
compares the spatial mean of this POD solution for r = 175 projected back onto the
full space with the spatial mean of the reference solution. In both cases, it becomes
evident that POD fails to approximate the reference solution (cf. Figure 24). Instead,
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the reduced-order solution converges to a different spatial pattern. To address this
issue and to ensure a more consistent and monotonic error behavior, we introduce a
stabilized version of POD called corrected POD, extend it to the corrected POD-DEIM
method and finally improve the efficiency by an adaptive approach.

5.2 Stabilization and Adaptivity

The idea of the PODc and the POD-DEIMc method is to add a correction term to
the ROM (5.6) that provides additional sufficient accurate infomration. Therefore,
consider a target rank R such that r < R ≪ n. We choose R := 200 to be somewhat
below the maximum rank of the snapshot matrices Su and Sv:

max{rk(Su), rk(Sv)} = max{341, 289}.

Let ũr, ṽr, ũR and ṽR denote the time-continuous reduced-order solutions to the
ROM (5.6) corresponding to reduced dimensions r and R, respectively. Furthermore,
let Ψr

u, Ψr
v, ΨR

u and ΨR
v denote the associated POD basis matrices. Inserting the four

POD reduced-order approximations

u ≈ Ψr
uũr,

v ≈ Ψr
vṽr,

u ≈ ΨR
u ũR,

v ≈ ΨR
v ṽR

(5.13)

into the FOM (5.1) and projecting onto the reduced subspaces spanned by Ψr
u and

Ψr
v, respectively, yields two reduced systems of dimension r. For the variable u, this

results in:

˙̃ur − µuArũr + dru(ũr, ṽr)−R(r) = 0r,

(Ψr
u)

⊤(ΨR
u
˙̃uR)− µu(Ψ

r
u)

⊤A(ΨR
u ũR) + (Ψr

u)
⊤du(Ψ

R
u ũR,Ψ

R
v ṽR)−R(R) = 0r

(5.14)

for t ∈ (0, T ], where R(·) denotes the residual that arises from the POD approximation.
These residuals satisfy

lim
r→∞

R(r) = 0,

lim
R→∞

R(R) = 0.

Next, we aim to approximate the term (Ψr
u)

⊤(ΨR
u
˙̃uR). For this purpose, we decompose

the matrix ΨR
u into its first r columns and the remaining (R− r) columns:

ΨR
u =

[
Ψr

u (ΨR
u ):,r+1:R

]
. (5.15)

Due to the orthonormality of the POD basis vectors, we have

(Ψr
u)

⊤Ψr
u = Ir,

(Ψr
u)

⊤(ΨR
u ):,r+1:R = 0r×(R−r).

(5.16)
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Using the approximations in (5.13), the orthonormality (ΨR
u )

⊤ΨR
u = IR, the decompo-

sition (5.15) and again the approximation (5.13), we obtain

(ũR)1:r ≈
(
(ΨR

u )
⊤u
)
1:r

= (Ψr
u)

⊤u

≈ ũr.

Hence, the reduced coefficient vector ũR ∈ RR can be approximately written as

ũR ≈
[

ũr
(ũR)r+1:R

]
.

This implies

ΨR
u ũR ≈ Ψr

uũr + (ΨR
u ):,r+1:R(ũR)r+1:R.

Taking the time derivative, projecting onto the subspace spanned by Ψr
u and us-

ing (5.16) yields

(Ψr
u)

⊤(ΨR
u
˙̃uR) ≈ (Ψr

u)
⊤ (Ψr

u
˙̃ur + (ΨR

u ):,r+1:R
˙̃uR−r

)
= Ir ˙̃ur + 0r×(R−r) ˙̃uR−r

= ˙̃ur.

(5.17)

From this point onward, we make use of (5.17) as an identity.

By using (5.17) and subtracting the second equtation of (5.14) from the first one, we
obtain

− µu(Ψ
r
u)

⊤A
(
Ψr

uũr −ΨR
u ũR

)
+ (Ψr

u)
⊤ (du(Ψ

r
uũr,Ψ

r
vṽr)− du(Ψ

R
u ũR,Ψ

R
v ṽR)

)
=R(r)−R(R)

=:R̃u.

Similarly, we can derive the equation for the variable v:

− µv(Ψ
r
v)

⊤A
(
Ψr

vṽr −ΨR
v ṽR

)
+ (Ψr

v)
⊤ (dv(Ψ

r
uũr,Ψ

r
vṽr)− dv(Ψ

R
u ũR,Ψ

R
v ṽR)

)
=:R̃v.

We add this two correction terms R̃u and R̃v to the right-hand side of the ROM (5.6)
and obtain the PODc-ROM

˙̃ur − µuArũr + dru(ũr, ṽr) = R̃u, for t ∈ (0, T ],

˙̃vr − µvBrṽr + drv(ũr, ṽr) = R̃v, for t ∈ (0, T ],

ũr(0) = (Ψr
u)

⊤u0,

ṽr(0) = (Ψr
v)

⊤v0.

This PODc-ROM can be simplified to

˙̃ur − µu(Ψ
r
u)

⊤AΨR
u ũR + (Ψr

u)
⊤du(Ψ

R
u ũR,Ψ

R
v ṽR) = 0r, for t ∈ (0, T ],

˙̃vr − µv(Ψ
r
v)

⊤AΨR
v ṽR + (Ψr

v)
⊤dv(Ψ

R
u ũR,Ψ

R
v ṽR) = 0r, for t ∈ (0, T ],

ũr(0) = (Ψr
u)

⊤u0,

ṽr(0) = (Ψr
v)

⊤v0,

(5.18)
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by cancelling out redundant terms. It is worth remarking that (5.18) represents an
r-dimensional system that leverages information from an R-dimensional system. The
fully discretized form of (5.18) reads:

ũkr = ũk−1
r +∆tµu(Ψ

r
u)

⊤AΨR
u ũ

k
R

−∆t(Ψr
u)

⊤du(Ψ
R
u ũ

k−1
R ,ΨR

v ṽ
k−1
R ), for k = 1, . . . ,m,

ṽkr = ṽk−1
r +∆tµv(Ψ

r
v)

⊤AΨR
v ṽ

k
R

−∆t(Ψr
v)

⊤dv(Ψ
R
u ũ

k−1
R ,ΨR

v ṽ
k−1
R ), for k = 1, . . . ,m,

ũ0
r = (Ψr

u)
⊤u0,

ṽ0
r = (Ψr

v)
⊤v0.

Remark 5.3.

(i) To derive the fully discretized version of the PODc-ROM (5.18), we employ the
IMEX Euler method, although the snapshots ũkR and ṽkR are already known for
k = 0, . . . ,m. Moreover, since we are solving for ũkr and ṽkr , no linear system
needs to be solved.

(ii) The terms

∆tµu(Ψ
r
u)

⊤AΨR
u ,

∆tµv(Ψ
r
v)

⊤AΨR
v

can be determined in the offline stage.

(iii) The larger the choice of R, the more information is incorporated into the reduced-
order model (5.18) and the more effective the resulting stabilization becomes. In
principle, one could choose R = n, but this is generally not convenient due to
memory and computational costs.

In the next step, we extend the introduced stabilization approach to the POD-DEIM
method. The corresponding POD-DEIMc-ROM is given by

˙̃ur − µu(Ψ
r
u)

⊤AΨR
u ũR + (Ψr

u)
⊤ΦD

du
du(P

⊤
du
ΨR

u ũR, P
⊤
du
ΨR

v ṽR) = 0r,

˙̃vr − µv(Ψ
r
v)

⊤AΨR
v ṽR + (Ψr

v)
⊤ΦD

dv
dv(P

⊤
dv
ΨR

u ũR, P
⊤
dv
ΨR

v ṽR) = 0r

for t ∈ (0, T ], with the initial conditions

ũr(0) = (Ψr
u)

⊤u0,

ṽr(0) = (Ψr
v)

⊤v0,

where ΦD
du

, ΦD
dv

, Pdu and Pdv are exactly the same matrices as in (5.9). Finally, the
fully discretized version of the POD-DEIMc-ROM reads

ũkr = ũk−1
r +∆tµu(Ψ

r
u)

⊤AΨR
u ũ

k
R

−∆t(Ψr
u)

⊤ΦD
du
du(P

⊤
du
ΨR

u ũ
k−1
R , P⊤

du
ΨR

v ṽ
k−1
R ) for k = 1, . . . ,m,

ṽkr = ṽk−1
r +∆tµv(Ψ

r
v)

⊤AΨR
v ṽ

k
R

−∆t(Ψr
v)

⊤ΦD
dv
dv(P

⊤
dv
ΨR

u ũ
k−1
R , P⊤

dv
ΨR

v ṽ
k−1
R ) for k = 1, . . . ,m,

ũ0
r = (Ψr

u)
⊤u0,

ṽ0
r = (Ψr

v)
⊤v0.

(5.19)
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In Figure 27 and 28, we visualize in the left panel the final-time Turing pattern obtained
using the PODc and the POD-DEIMc method, respectively. The right panels show the
spatial mean over time of the reduced-order solution projected back onto the full space
as well as the spatial mean over time of the full-order solution. For both methods, the
final-time Turing pattern seems to match the full-order solution well (cf. Figure 24).
The spatial mean over time of the reduced-order solution projected back onto the full
space is also in good agreement with the full-order solution for the PODc method.
However, for the POD-DEIMc method, the spatial mean over time in the stability
zone is slightly below that of the reference solution.

Figure 27: Left: reduced-order solution obtained by PODc with r = 175 at final time
T projected back onto the full space. Right: comparison of the spatial
mean over time of the PODc solution for r = 175 projected back onto the
full space with the spatial mean over time of the reference solution.

Figure 28: Left: reduced-order solution obtained by POD-DEIMc with r = 175, R =
200 and l = 362 at final time T projected back onto the full space. Right:
comparison of the spatial mean over time of the POD-DEIMc solution for
r = 175, R = 200 and l = 362 projected back onto the full space with the
spatial mean over time of the reference solution.

Moreover, in accordance with Figure 26 (left), the relative Frobenius error (4.11) at
the final time for the POD, PODc, POD-DEIM and POD-DEIMc method for r =
1, . . . , 200 is shown in Figure 29. We observe a monotonic error decay for the PODc
method: the error decreases rapidly at the beginning, but starting from r ⪆ 100,
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the decay stagnates on the order of magnitude around 10−5. Similarly, the POD-
DEIMc method exhibits improved behavior: the error decreases monotonically at the
beginning, reaching a minimum of 1.931·10−2 at r = 10. After that, the error increases
slightly again. However, there is no longer any evidence of completely irregular error
behavior. So there has clearly been a stabilization. In a final step, we present an
adaptive approach with which we can further reduce the error of both methods and
improve the computational efficiency.

Figure 29: Relative Frobenius error (4.11) of u at the final time T , where u is recon-
structed using the POD, PODc, POD-DEIM and POD-DEIMc method for
r = 1, . . . , 200.

The adaptive approach is based on the idea of splitting the time interval [0, T ] into two
distinct temporal regimes using t̄ (cf. (5.3)): the reactivity zone I1 and the stability
zone I2. The advantage of treating the time regimes separately lies in the expectation
that the number of basis vectors R required for the correction to capture the dynamics
within each individual regime is significantly smaller than the number of basis vectors
needed to accurately represent the dynamics over the entire time interval. In other
words we can adapt the number of POD basis vectors R in line with the qualitative
behavior of the dynamics. Hence, we get an speed-up for both, the offline and the
online stage. In particular, the computation of the POD solutions ũR and ṽR becomes
more efficient for both time intervals, as well as for the SVD computations, due to the
reduced size of the snapshot matrices.

Let us therefore split the snapshot matrices Su and Sv into two parts. The first part
contains the snapshots of the reactivity zone, taken at every second time step:

S(1)
u :=

[
u0 u2 · · · umt̄

]
,

S(1)
v :=

[
v0 v2 · · · vmt̄

]
,

(5.20)

where mt̄ := t̄/∆t is time step index corresponding to t̄. We choose every second time
step in the reactivity zone because it is a short time interval and this choice provides
a sufficient number of snapshots to accurately capture the dynamics. The second part
contains the snapshots of the stability zone, taken every fourth time step:

S(2)
u :=

[
umt̄ umt̄+4 · · · um

]
,

S(2)
v :=

[
vmt̄ vmt̄+4 · · · vm

]
.

(5.21)
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It is worth noting that the starting index of the matrices S(2)
u and S(2)

v coincides with
the final index of S(1)

u and S(1)
v (a justification is provided later). In the same way, we

split snapshot matrices of the kinetics Sdu and Sdv into two parts:

S
(1)
du

:=
[
du(u

0,v0) du(u
2,v2) · · · du(u

mt̄ ,vmt̄)
]
,

S
(1)
dv

:=
[
dv(u

0,v0) dv(u
2,v2) · · · dv(u

mt̄ ,vmt̄)
] (5.22)

and

S
(2)
du

:=
[
du(u

mt̄ ,vmt̄) du(u
mt̄+4,vmt̄+4) · · · du(u

m,vm)
]
,

S
(2)
dv

:=
[
dv(u

mt̄ ,vmt̄) dv(u
mt̄+4,vmt̄+4) · · · dv(u

m,vm)
]
.

(5.23)

We define the POD target rank values

R1 := 41,

R2 := 150

for the first and second time interval, respectively, slightly below the maximum rank
of the snapshot matrices S(i)

u and S(i)
v :

max{rk(S(1)
u ), rk(S(1)

v )} = max{56, 44},
max{rk(S(2)

u ), rk(S(2)
v )} = max{305, 260}.

It is worth emphasizing that R1, R2 ≪ 200 holds. The corresponding rank-Ri POD
bases are then denoted as Ψ

(i),Ri
u ,Ψ

(i),Ri
v for i = 1, 2. Using these bases, we compute

the reduced-order solutions

ũ
(1),0
R1

, . . . , ũ
(1),mt̄

R1
,

ṽ
(1),0
R1

, . . . , ṽ
(1),mt̄

R1

by solving (5.8) with r = R1 for k = 0, . . . ,mt̄. Similarly, for the second time interval,
the solutions

ũ
(2),mt̄

R2
, . . . , ũ

(2),m
R2

,

ṽ
(2),mt̄

R2
, . . . , ṽ

(2),m
R2

are obtained by solving (5.8) with r = R2 for k = mt̄, . . . ,m. To ensure continuity
between the two intervals, the initial conditions for the second time interval are de-
fined by projecting the final reduced-order solutions from the first interval onto the
corresponding second-interval bases:

ũ
(2),mt̄

R2
= (Ψ(2),R2

u )⊤Ψ(1),R1
u ũ

(1),mt̄

R1
,

ṽ
(2),mt̄

R2
= (Ψ(2),R2

v )⊤Ψ(1),R1
v ṽ

(1),mt̄

R1
.

This two-stage projection is essential: the solutions at mt̄ must first be lifted to the
full-order space and then projected onto the reduced basis of the second interval. Next,
we define the DEIM target ranks as

l1 := 60,
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l2 := 324,

based on the ranks

max{rk(S(1)
du

), rk(S
(1)
dv

)} = max{62, 59},
max{rk(S(2)

du
), rk(S

(2)
dv

)} = max{323, 308}.

The associated rank-li DEIM bases and interpolation points are denoted by Φ
(i)
du

, Φ(i)
dv

,
P

(i)
du

and P (i)
dv

for i = 1, 2. With these components, we then compute the reduced-order
solutions

ũ(1),0
r1

, . . . , ũ(1),mt̄
r1

,

ṽ(1),0
r1

, . . . , ṽ(1),mt̄
r1

by solving (5.19) with r = r1 and R = R1 for k = 0, . . . ,mt̄. For the second time
interval, the corresponding solutions

ũ(2),mt̄
r2

, . . . , ũ(2),m
r2

,

ṽ(2),mt̄
r2

, . . . , ṽ(2),m
r2

are obtained by solving the same system (5.19) with r = r2 and R = R2 for k =
mt̄, . . . ,m. The initial conditions for this stage are again computed via projection:

ũ(2),mt̄
r2

= (Ψ(2),r2
u )⊤Ψ(1),r1

u ũ(1),mt̄
r1

,

ṽ(2),mt̄
r2

= (Ψ(2),r2
v )⊤Ψ(1),r1

v ṽ(1),mt̄
r1

.

The complete adaptive POD-DEIMc algorithm is summarized in Algorithm 5.
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Algorithm 5 Adaptive POD-DEIMc
1: INPUT κ, m, ∆t, u0, v0, A, du, dv, µu, µv
2: Compute the snapshots u0, . . . ,um and v0, . . . ,vm

3: Store every κ-th snapshot and determine argmaxk∈{0,...,mκ−1} inc(u)k
4: Compute t̄ according to (5.3)
5: for i = 1, 2 do
6: if i = 1 then
7: Define the matrices S(1)

u and S(1)
v according to (5.20)

8: Define the matrices S(1)
du

and S(1)
dv

according to (5.22)
9: else

10: Define the matrices S(2)
u and S(2)

v according to (5.21)
11: Define the matrices S(2)

du
and S(2)

dv
according to (5.23)

12: end if
13: Fix the POD target rank Ri ≈ max{rk(S(i)

u ), rk(S
(i)
v )}

14: Compute the rank-Ri POD bases Ψ
(i),Ri
u and Ψ

(i),Ri
v from S

(i)
u and S(i)

v

15: if i = 1 then
16: Let ũ

(1),0
R1

= (Ψ
(1),R1
u )⊤u0, ṽ

(1),0
R1

= (Ψ
(1),R1
v )⊤v0

17: Compute ũ
(1),k
R1

, ṽ(1),k
R1

for k = 1, . . . ,mt̄ by solving (5.8) for r = R1

18: else
19: Let ũ

(2),mt̄

R2
= (Ψ

(2),R2
u )⊤Ψ

(1),R1
u ũ

(1),mt̄

R1
, ṽ(2),mt̄

R2
= (Ψ

(2),R2
v )⊤Ψ

(1),R1
v ṽ

(1),mt̄

R1

20: Compute ũ
(2),k
R2

, ṽ(2),k
R2

for k = mt̄ + 1, . . . ,m by solving (5.8) for r = R2

21: end if
22: Fix the DEIM target rank li ≈ max{rk(S(i)

du
), rk(S

(i)
dv
)}

23: Compute the rank-li DEIM bases Φ
(i)
du

, Φ(i)
dv

from S
(i)
du

and S(i)
dv

24: Compute the DEIM points P (i)
du

, P (i)
dv

from Φ
(i)
du

and Φ
(i)
dv

25: Fix ri ≤ Ri

26: if i = 1 then
27: Let ũ

(1),0
r1 = (Ψ

(1),r1
u )⊤u0, ṽ

(1),0
r1 = (Ψ

(1),r1
v )⊤v0

28: Compute ũ
(1),k
r1 , ṽ(1),k

r1 for k = 1, . . . ,mt̄ by solving (5.19) for r = r1 and
R = R1

29: else
30: Let ũ

(2),mt̄
r2 = (Ψ

(2),r2
u )⊤Ψ

(1),r1
u ũ

(1),mt̄
r1 , ṽ(2),mt̄

r2 = (Ψ
(2),r2
v )⊤Ψ

(1),r1
v ṽ

(1),mt̄
r1

31: Compute ũ
(2),k
r2 , ṽ(2),k

r2 for k = mt̄+1, . . . ,m by solving (5.19) for r = r2 and
R = R2

32: end if
33: end for
34: RETURN ũ

(1),0
r1 , . . . , ũ

(1),mt̄
r1 , ṽ

(1),0
r1 , . . . , ṽ

(1),mt̄
r1 , ũ

(2),mt̄
r2 , . . . , ũ

(2),m
r2 and

ṽ
(2),mt̄
r2 , . . . , ṽ

(2),m
r2

Remark 5.4.

(i) The adaptive POD, adaptive POD-DEIM and adaptive PODc method is derived
from Algorithm 5 by omitting the corresponding DEIM or correction steps.

(ii) In our implementation of the adaptive methods, we consistently use Ψ(1),10
u ũ

(1),mt̄
10

to compute the initial values, instead of Ψ(1),R1
u ũ

(1),mt̄

R1
or Ψ

(1),r1
u ũ

(1),mt̄
r1 , regard-

less of the specific values of R1 and r1. We follow the same approach for the
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variable v. This choice ensures that the initial conditions for the second time
interval remain sufficiently close to the full-order solution, thereby preserving
the accuracy of the simulation.

In Figure 30, the results of the adaptive methods are visualized. The final-time relative
Frobenius error (4.11) is shown for the reactivity zone I1 (r = 1, . . . , 41) in the left
panel and for the stability zone I2 (r = 1, . . . , 150) in the right panel. In both zones, the
POD and the POD-DEIM error behavior is completely unstable, showing no monotonic
error decay. The stabilized methods, however, present a different situation. Both the
PODc and the POD-DEIMc method in the reactivity zone I1 demonstrate an initial
monotonic error decay. While the error then slightly increases for r ≥ 5, it nonetheless
stabilizes on the order of magnitude around 10−3. Clearer differences between the two
methods emerge in the stability zone I2. While the POD-DEIMc method initially
exhibits a monotonic error decay before stagnating around 10−3 for r ⪆ 30, the PODc
method shows a consistently monotonic error decay, reaching an error on the order of
10−6 at r = 97. Hence, the adaptive methods show a significant improvement in error
behavior (cf. Figure 29).

Figure 30: Relative Frobenius error (4.11) of u at the final time T of the reactivity zone
I1 (left, r = 1, . . . , 41) and the stability zone I2 (right, r = 1, . . . , 150),
where u is reconstructed using the POD, POD-DEIM, PODc and POD-
DEIMc method.

Table 4 emphasizes that the adaptive approach significantly speeds up the offline phase,
primarily due to the faster calculation of the POD solutions ũR and ṽR. Specifically,
the cost for the entire time interval [0, T ] is 1729.2 seconds, compared to 11.8 seconds
for the reactivity zone I1 and 1237.7 seconds for the stability zone I2.

Table 4: Offline phase running times for the POD computation of ũR and ṽR over the
entire time interval [0, T ], the reactivity zone I1, and the stability zone I2.

R Running time [s]
[0, T ] 200 1729.2
I1 41 11.8
I2 150 1237.7
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6 Parameter Identification

This section is based on the work of [5], [13] and [24].

We propose a parameter identification approach within an optimization framework,
where the goal is to minimize an appropriate cost functional subject to a semilinear
parabolic PDE and a box constraint on the parameter.
After establishing the mathematical foundation, including assumptions ensuring the
existence and uniqueness of solutions, the projected Barzilai-Borwein (PBB) method is
introduced as an efficient technique for solving the resulting constrained optimization
problems. To determine the derivative of the cost functional, we employ a sensitivity
approach. As a concrete example, we consider a one-dimensional reaction-diffusion
equation as a representative example of a semilinear parabolic PDE constraint.
In contrast to the sections before, the finite element method (FEM) is used for the
spatial discretization.

Let Ω ⊂ RdΩ , with dΩ ∈ {1, 2}, be a non-empty, bounded domain with Lipschitz-
continuous boundary Γ := ∂Ω. Define V := H1(Ω), H := L2(Ω) and

HdΩ := H × · · · ×H︸ ︷︷ ︸
dΩ times

.

Note that HdΩ is a Hilbert space equipped with the inner product

⟨u, v⟩HdΩ :=

dΩ∑
i=1

⟨ui, vi⟩H , (6.1)

where u :=
[
u1 · · · udΩ

]T , v :=
[
v1 · · · vdΩ

]T ∈ HdΩ . For T > 0, define

ΩT := (0, T ]× Ω

and

ΓT := [0, T ]× Γ.

Moreover, the compact and convex set of admissible parameters is given as

Pad := [µ−, µ+]

:= {µ ∈ P |µ− ≤ µ ≤ µ+}

with P := R>0 and µ−, µ+ ∈ P. The objective is to minimize the cost functional

J :W (0, T ;V, V ′)× P → R,

where J(u, µ) is defined as

J(u, µ) :=
1

2

∫ T

0

∫
Ω

|u− ud|2 dx dt+
σ

2
|µ|2, (6.2)

subject to µ ∈ Pad and such that the real-valued function u: ΩT → R is the weak
solution to the state equation

ut(t, x)− µ∆u((t, x)) + d(t, x, u(t, x)) = 0 f.a.a. (t, x) ∈ ΩT . (6.3a)

67



6 Parameter Identification

The given function ud ∈ L2(ΩT ) represents the desired state that we aim to achieve.
The term σ/2|µ|2 is referred to as the regularization term, with σ ≥ 0 denoting the
corresponding regularization parameter. We emphasize that, in particular, setting
σ = 0 is permissible, since the set of admissible parameters Pad is compact in R.
Moreover, d: ΩT × R → R is a given nonlinear function.

Remark 6.1. We use the notation d(u) instead of d(·, ·, u(·, ·)), and d(t, u(t)) instead
of d(t, ·, u(t, ·)), if the context is clear.

We suppose homogeneous Neumann boundary conditions

∇u · n = 0 on ΓT . (6.3b)

Finally, u satisfies

u(0) = u0 in Ω (6.3c)

for a given initial function u0 ∈ H. The constraint of the optimization problem is thus
formulated by the semilinear parabolic IBVP defined in (6.3).

Definition 6.1 (cf. [24, Chapter 5]). A function u ∈ L2(0, T ;V )∩L∞(ΩT ) is called a
weak solution to the IBVP (6.3) if it satisfies the variational formulation

−
∫ T

0

∫
Ω

uφt dx dt+

∫ T

0

∫
Ω

µ∇u · ∇φ+ d(u)φdx dt =

∫
Ω

u0φ(0) dx (6.4)

for all φ ∈ W (0, T ;V,H) with φ(T ) = 0 in Ω.

Integration by parts of the first term in the variational formulation yields∫ T

0

∫
Ω

uφt dx dt =

∫
Ω

[uφ]T0 dx−
∫ T

0

⟨ut(t), φ(t)⟩V ′,V dt

=

∫
Ω

u(T )φ(T ) dx−
∫
Ω

u(0)φ(0) dx−
∫ T

0

⟨ut(t), φ(t)⟩V ′,V dt,

where ut stands for the distributional derivative of u with respect to t. Since φ(T ) = 0
and u(0) = u0 in Ω, we obtain∫ T

0

∫
Ω

uφt dx dt = −
∫
Ω

u0φ(0) dx−
∫ T

0

⟨ut(t), φ(t)⟩V ′,V dt. (6.5)

By inserting (6.5) into (6.4) and subtracting
∫
Ω
u0φ(0) dx from both sides, we have∫ T

0

⟨ut(t), φ(t)⟩V ′,V dt+

∫ T

0

∫
Ω

µ∇u · ∇φ+ d(u)φdx dt = 0. (6.6)

This leads to a second, more convenient definition of a weak solution.

Definition 6.2. A function u ∈ W (0, T ;V, V ′) ∩ L∞(ΩT ) is called a weak solution to
the IBVP (6.3) if it satisfies the variational formulation

d

dt
⟨u(t), φ⟩H + µ⟨∇u(t),∇φ⟩HdΩ + ⟨d(t, u(t)), φ⟩H = 0

⟨u(0), φ⟩H = ⟨u0, φ⟩H
(6.7)

for all φ ∈ V and almost all t ∈ (0, T ].
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The concept of a weak solution as defined in Definition 6.2 is more regular than
that in Definition 6.1, meaning that any solution satisfying Definition 6.2 also meets
the criteria of Definition 6.1. From this point on, we restrict our attention to weak
solutions as defined in Definition 6.2 and simply refer to them as weak solutions to the
IBVP (6.3).

To derive an existence and uniqueness statement for a weak solution, we need to make
some assumptions.

Assumption 6.1. The function d: ΩT × R → R satisfies the following properties:

• the mapping (t, x) 7→ d(t, x, u) is measurable f.a.a. (t, x) ∈ ΩT and any fixed
u ∈ R.

• the function u 7→ d(t, x, u) is monotonically increasing f.a.a. (t, x) ∈ ΩT .

• there is a constant K > 0 such that |d(t, x, 0)|≤ K holds f.a.a. (t, x) ∈ ΩT .

• the function u 7→ d(t, x, u) is locally Lipschitz-continuous f.a.a. (t, x) ∈ ΩT , i.e.,
for any M > 0 there is a constant L(M) > 0 such that all u1, u2 ∈ R with
|u1|, |u2|≤M satisfy

|d(t, x, u1)− d(t, x, u2)| ≤ L(M)|u1 − u2| f.a.a. (t, x) ∈ ΩT .

This assumption enables us to formulate the next statement.

Theorem 6.1 (cf. [24, Chapter 5]). Let Assumption 6.1 hold. Then the semilinear
parabolic IBVP (6.3) has a unique weak solution u ∈ W (0, T ;V, V ′)∩L∞(ΩT ) for any
µ ∈ Pad and any f ∈ Lr(ΩT ), u0 ∈ C(Ω) with r > d/2 + 1. The solution is continuous
on ΩT and there exists a constant c∞ > 0, indenpendent of d and u0, such that

∥u∥W (0,T ;V,V ′)+∥u∥C(ΩT )≤ c∞

(
∥d(0)∥Lr(ΩT )+∥u0∥C(Ω)

)
.

In the following, we suppose that Assumption 6.1 holds. Thus, for each µ ∈ Pad the
IBVP (6.3) has a unique weak solution u[µ] ∈ W (0, T ;V, V ′) by Theorem 6.1. This
allows for the definition of the solution operator

S:Pad → W (0, T ;V, V ′), S(µ) := u[µ].

Using this operator, the reduced cost functional is defined as

Ĵ :Pad → R, Ĵ(µ) := J(S(µ), µ),

which leads to the reduced problem

min
µ∈Pad

Ĵ(µ). (6.8)

In (6.8) the state variable u is eliminated.

Throughout the following, the reduced cost functional Ĵ is assumed to be continuously
differentiable.
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6.1 Projected Barzilai-Borwein Method

Gradient descent methods have long been used to address smooth unconstrained non-
linear optimization problems. The core concept is as follows: consider a continuously
differentiable function Ĵ :Rn → R with n ∈ N. The goal is to find a local minimizer
µ̄ ∈ Rn of Ĵ . Starting from an initial guess µ−1 ∈ Rn, gradient descent methods
iteratively update the current iterate µk by moving in the direction of the negative
gradient of Ĵ at µk

µk+1 := µk + αkd
k for k = −1, 0, 1, 2, . . . ,

where dk := −∇Ĵ(µk) and αk > 0 represents the step size. Although the iteration
index k conventionally starts at 0, we begin at k = −1 in this case to allow for the
use of two starting points in the following method. Furthermore, we remark that we
use the standard notation d for the descent direction, which also appeared earlier to
denote the nonlinearity in (6.3). In each case, the meaning should be clear from the
context. The classic steepest descent (SD) method sets

αk := argmin
α>0

Ĵ(µk + αdk). (6.9)

Note that (6.9) requires solving an optimization problem at each iteration. In prac-
tice, this can lead to high computational costs if Ĵ or ∇Ĵ are expensive to evaluate.
Furthermore, the rate of convergence of the SD method is only linear and it is severely
affected by problems that are badly conditioned. To address this issue, Barzilai and
Borwein (see [4]) introduced in 1988 a line search method that selects the step size
based on previously calculated evaluations of the gradient and the current iterates to
improve the convergence rate of the algorithm:

αBB1
k :=

s⊤k−1dk−1

d⊤k−1dk−1

for k = 0, 2, 4, . . . ,

αBB2
k :=

s⊤k−1sk−1

s⊤k−1dk−1

for k = 1, 3, 5, . . . ,

where

sk−1 := µk − µk−1,

dk−1 := ∇Ĵ(µk)−∇Ĵ(µk−1),

µ0 := ∇Ĵ(µ−1).

It is worth noting that, in the one-dimensional case, the step size reduces to

αBB
k =

sk−1

dk−1

=
µk − µk−1

∇Ĵ(µk)−∇Ĵ(µk−1)

and the update formula becomes

µk+1 = µk − αBB
k dk = µk − µk − µk−1

∇Ĵ(µk)−∇Ĵ(µk−1)
∇Ĵ(µk),

which is the secant and therefore a quasi-Newton method with locally superlinear
convergence properties. The advantage of the secant method or quasi-Newton methods
over the Newton method is that the hessian matrix does not need to be computed.
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Remark 6.2.

(i) According to the Cauchy-Schwarz inequality, we have

(s⊤k−1dk−1)
2 ≤ (s⊤k−1sk−1)(d

⊤
k−1dk−1).

Assuming s⊤k−1dk−1 > 0, we can divide both sides by (s⊤k−1dk−1)(d
⊤
k−1dk−1) to

obtain

αBB1
k =

s⊤k−1dk−1

d⊤k−1dk−1

≤
s⊤k−1sk−1

s⊤k−1dk−1

= αBB2
k .

Thus, the step size αBB1
k is referred to as the short BB step size and αBB2

k as the
long BB step size (see [14]).

(ii) The short BB step size αBB1
k minimizes

min
α>0

∥sk−1 − αdk−1∥22,

while the long BB step size αBB2
k minimizes

min
α>0

∥αsk−1 − dk−1∥22.

For more details, we refer to [4].

(iii) The BB method is only well-defined, if the denominator of αBB
k is not zero for

all k.

(iv) The BB method has been shown to exhibit superlinear convergence when applied
to the minimization of strongly convex quadratic functions in two-dimensional
settings. In the more general case of n-dimensional problems, the method ex-
hibits global convergence with a linear rate. Although the BB method does not
guarantee a strictly decreasing objective function value at iteration, numerous
computational experiments have demonstrated that it significantly outperforms
the SD method (cf. [14]).

Next, we extend the BB method to the case of the box-constrained optimization prob-
lems (6.8). The starting points µ−1 and µ0 are chosen such that they satisfy the box
constraints

µ−1 ∈ Pad,

µ0 := P(∇Ĵ(µ−1)) ∈ Pad,

where P :R → Pad denotes the projection operator onto the feasible set, defined by

P(µ) := max
{
µ−,min{µ+, µ}

}
.

The iterative process follows the rule

µk+1 = P(µk − αk∇Ĵ(µk)), k = 0, 1, 2, . . . ,
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where the derivative of the reduced cost function Ĵ at the point µk is denoted by
∇Ĵ(µk) and can be computed by the sensitivity approach introduced in the following
Section 6.2. Finally, the iteration process terminates when a maximum number of
iterations kmax := 200 is reached or when∣∣∣µk − P(µk − αk−1∇Ĵ(µk))

∣∣∣ < ε

is satisfied for a given tolerance ε := 10−8 > 0. Algorithm 6 provides an overview of
the PBB method.

Algorithm 6 Projected Barzilai-Borwein (PBB) gradient method

1: INPUT µ−1 ∈ Pad, ε > 0, kmax ∈ N, Ĵ , ∇Ĵ
2: Compute Ĵ(µ−1), ∇Ĵ(µ−1)
3: Set k = 0
4: Compute µk = P(∇Ĵ(µk−1)), Ĵ(µk), ∇Ĵ(µk)
5: Compute residual rk = |µk − P(µk −∇Ĵ(µk))|
6: while k < kmax and rk > ε do
7: Set sk−1 = µk − µk−1

8: Set dk−1 = ∇Ĵ(µk)−∇Ĵ(µk−1)
9: if k is even then

10: Set αk =
s⊤k−1dk−1

d⊤k−1dk−1

11: else
12: Set αk =

s⊤k−1sk−1

s⊤k−1dk−1

13: end if
14: Update µk+1 = P(µk − αk∇Ĵ(µk))
15: Compute Ĵ(µk+1), ∇Ĵ(µk+1)
16: Compute residual rk+1 = |µk+1 − P(µk+1 − αk∇Ĵ(µk+1))|
17: Update k = k + 1
18: end while
19: RETURN µk, Ĵ(µk) ∈ R, k ∈ N

The PBB method benefits from the efficiency of the BB step sizes while ensuring con-
straint satisfaction through projection. This approach has been successfully applied
in PDE-constrained optimization (see [3]) and machine learning problems, where it
demonstrates improved convergence properties compared to classical gradient meth-
ods.

6.2 Sensitivity Approach

To apply the sensitivity approach, the derivative of the reduced cost functional Ĵ needs
to be computed in µ ∈ Pad. For that purpose, we assume that the solution operator S
is continuously Fréchet differentiable and that the mapping u 7→ d(u) is continuously
differentiable as well. Under these assumptions, we evaluate the directional derivative
(or sensitivity) of Ĵ(µ) in any direction h ∈ R such that µ+τh ∈ Pad for all τ ∈ (0, τh],
for some τh > 0.

Remark 6.3.
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(i) Since S is continuously Fréchet differentiable and u 7→ d(u) is continuously
differentiable, we employ the first-order Taylor expansions

S(µ+ τh) = S(µ) + S ′(µ)τh+ O(τ) for τ → 0,

|µ+ τh|2 = |µ|2+2µτh+ O(τ) for τ → 0,

d(S(µ+ τh)) = d(S(µ)) + du(S(µ))S
′(µ)τh+ O(τ) for τ → 0,

where the first identity is understood in ΩT . Moreover, we denote the partial
derivative of d with respect to u by du (cf. Remark 6.1) and emphasize that
S ′(µ) and du(S(µ)) are linear mappings.

(ii) Since S(µ) ∈ W (0, T ;V, V ′) for µ ∈ Pad, the weak time derivative S(µ)t lies in
L2(0, T ;V ′) and the weak (spatial) derivative ∇S(µ) belongs to L2(0, T ;HdΩ).

Our first goal is to derive a way to compute the sensitivity S ′(µ)h. Let

ê:Pad → L2(0, T ;V ′)×H

be the function defined by

ê(µ)

:=e(S(µ), µ)

:=

[
e1(S(µ), µ)
e2(S(µ), µ)

]
:=

[
d
dt
⟨S(µ)(·), ·⟩H + µ⟨∇S(µ)(·),∇·⟩HdΩ + ⟨d(·, S(µ)(·)), ·⟩H

⟨S(µ)(0)− u0, ·⟩H

]
.

The variational formulation (6.2) can then be expressed as

0 = ê(µ) in L2(0, T ;V ′)×H.

Differentiating in any direction h ∈ R yields

0 = ê′(µ)h

= lim
τ→0

1

τ
(ê(µ+ τh)− ê(µ))

(6.10)

in L2(0, T ;V ′) × H. Considering (6.10) component-wise, we formally obtain for the
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first component

0 = lim
τ→0

1

τ

(
d

dt
⟨S(µ+ τh)(t), φ⟩H + (µ+ τh)⟨∇S(µ+ τh)(t),∇φ⟩HdΩ

+ ⟨d(t, S(µ+ τh)(t)), φ⟩H

− d

dt
⟨S(µ)(t), φ⟩H − µ⟨∇S(µ)(t),∇φ⟩HdΩ − ⟨d(t, S(µ)(t)), φ⟩H

)

= lim
τ→0

1

τ

(
d

dt
⟨(S(µ+ τh)− S(µ)) (t), φ⟩H + µ⟨∇ (S(µ+ τh)− S(µ)) (t),∇φ⟩HdΩ

+ τh⟨∇S(µ+ τh)(t),∇φ⟩HdΩ

+ ⟨d(t, S(µ+ τh)(t))− d(t, S(µ)(t)), φ⟩H

)

= lim
τ→0

1

τ

(
d

dt
⟨(S ′(µ)τh+ O(τ)(t)) (t), φ⟩H + µ⟨∇ (S ′(µ)τh+ O(τ)) (t),∇φ⟩HdΩ

+ τh⟨∇ (S(µ) + S ′(µ)τh+ O(τ)) (t),∇φ⟩HdΩ

+ ⟨du(S(µ))(t, (S ′(µ)τh) (t)) + O(τ)(t), φ⟩H

)

= lim
τ→0

1

τ

(
τ
d

dt

〈(
S ′(µ)h+

O(τ)

τ

)
(t), φ

〉
H

+ µτ

〈
∇
(
S ′(µ)h+

O(τ)

τ

)
(t),∇φ

〉
HdΩ

+ τh⟨∇S(µ)(t),∇φ⟩HdΩ + τ 2h

〈
∇
(
S ′(µ)h+

O(τ)

τ

)
(t),∇φ

〉
HdΩ

+ τ⟨du(S(µ))(t, (S ′(µ)h) (t)) +
O(τ)(t)

τ
, φ⟩H

)
=

d

dt
⟨(S ′(µ)h)(t), φ⟩H + µ⟨∇ (S ′(µ)h) (t),∇φ⟩HdΩ + h⟨∇S(µ)(t),∇φ⟩HdΩ

+ ⟨du(S(µ))(t, (S ′(µ)h) (t), φ⟩H ,

for almost all t ∈ (0, T ] and for all φ ∈ V . This equation is called the (weak) linearized
state equation. The second component yields

0 = lim
τ→0

1

τ

(
⟨S(µ+ τh)(0)− u0, φ⟩H − ⟨S(µ)(0)− u0, φ⟩H

)

= lim
τ→0

1

τ

(
⟨(S(µ+ τh)− S(µ)) (0), φ⟩H

)

= lim
τ→0

1

τ

(
⟨(S ′(µ)τh+ O(τ)) (0), φ⟩H

)

= lim
τ→0

1

τ

(
τ

〈(
S ′(µ)h+

O(τ)

τ

)
(0), φ

〉
H

)
= ⟨(S ′(µ)h) (0), φ⟩H

(6.11)
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for all φ ∈ H. Note that it is equivalent to require (6.11) for all φ ∈ V , since the
embedding V ↪→ H is continuous and dense. Therefore, every element of H can be
approximated by a sequence in V .
Equation (6.10) yields the weak formulation of an IBVP that allows us to compute
the sensitivity S ′(µ)h.

Based on this sensitivity S ′(µ)h, the sensitivity ∇Ĵ(µ)h can be determined. It satisfies

∇Ĵ(µ)h = lim
τ→0

1

τ

(
Ĵ(µ+ τh)− Ĵ(µ)

)

= lim
τ→0

1

2τ

(∫ T

0

∫
Ω

|S(µ+ τh)− ud|2 dx dt+ σ|µ+ τh|2

−
∫ T

0

∫
Ω

|S(µ)− ud|2 dx dt− σ|µ|2
)

= lim
τ→0

1

2τ

(∫ T

0

∫
Ω

|S(µ) + S ′(µ)τh+ O(τ)− ud|2−|S(µ)− ud|2 dx dt

)

+ lim
τ→0

σ

2τ

(
|µ|2+2µτh+ O(τ)− |µ|2

)

= lim
τ→0

1

2τ

(∫ T

0

∫
Ω

|S(µ)− ud|2+2(S(µ)− ud)(S
′(µ)τh+ O(τ))

+ |S ′(µ)τh+ O(τ)|2−|S(µ)− ud|2 dx dt

)

+ lim
τ→0

σ

2τ

(
2µτh+ O(τ)

)

= lim
τ→0

1

2τ

(∫ T

0

∫
Ω

2(S(µ)− ud)(S
′(µ)τh+ O(τ)) + |S ′(µ)τh+ O(τ)|2 dx dt

)
+ σµh

= lim
τ→0

1

2τ

(∫ T

0

∫
Ω

2τ(S(µ)− ud)

(
S ′(µ)h+

O(τ)

τ

)

+ τ 2|S ′(µ)h+
O(τ)

τ
|2 dx dt

)
+ σµh

=

∫ T

0

∫
Ω

(S(µ)− ud)S
′(µ)h dx dt+ σµh.

Hence, to determine the sensitivity ∇Ĵ(µ)h via the sensitivity approach, the following
steps are required:
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1. Compute uhµ[µ] := S ′(µ)h by solving the linearized state equation

0 =
d

dt
⟨uhµ[µ](t), φ⟩H + µ⟨∇uhµ[µ](t),∇φ⟩HdΩ + h⟨∇S(µ)(t),∇φ⟩HdΩ

+ ⟨du(S(µ))(t, uhµ[µ](t), φ⟩H ,
0 = ⟨uhµ[µ](0), φ⟩H

(6.12)

for all φ ∈ V and almost all t ∈ (0, T ].

2. Determine the sensitivity ∇Ĵ(µ)h by using the sensitivity uhµ[µ]

∇Ĵ(µ)h =

∫ T

0

∫
Ω

(S(µ)− ud)u
h
µ[µ] dx dt+ σµh. (6.13)

It is important to highlight that the goal is the computation of the derivative ∇Ĵ(µ),
which can be readily obtained for h = 1 in the above expressions. However, in the
case µ = µ+, choosing h = 1 is not admissible, as this would result in µ + τh /∈ Pad

for all τ > 0. Instead, the derivative is computed in the direction h = −1, yielding
the negative derivative. The desired value ∇Ĵ(µ) is then obtained by multiplying this
result by −1.
With this derivative of Ĵ at µ at our disposal, we can fully implement the PBB method
to address our optimization problem. The procedure can be summarized as follows:

1. Initialize Algorithm 6 with an initial guess µ−1 ∈ Pad.

2. Determine the weak solution of the state equation (6.3) in order to obtain S(µ−1).

3. Compute Ĵ(µ−1) and ∇Ĵ(µ−1) using the sensitivity approach given by (6.12)
and (6.13). Set k = 0.

4. Since k = 0, update the iterate as

µk = P(∇Ĵ(µk−1))

and determine the weak solution of the state equation (6.3) in order to obtain
S(µk).

5. Compute Ĵ(µk) and ∇Ĵ(µk) following (6.12) and (6.13).

6. Compute the residual

rk =
∣∣∣µk − P(µk −∇Ĵ(µk))

∣∣∣ .
7. If the stopping criterion rk ≤ ε is satisfied or a maximum number of iterations
kmax is reached, terminate the algorithm and return the iterate µk, the cost Ĵ(µk)
and the iteration counter k. Otherwise, compute the BB step size αk and update
the iterate as

µk+1 = P(µk − αk∇Ĵ(µk)).

8. Determine the weak solution of the state equation (6.3) in order to obtain
S(µk+1).
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9. Compute Ĵ(µk+1) and ∇Ĵ(µk+1) following (6.12) and (6.13).

10. Compute the residual

rk+1 =
∣∣∣µk+1 − P(µk+1 − αk∇Ĵ(µk+1))

∣∣∣ ,
update k = k + 1 and return to Step 7.

6.3 Example: Semilinear Reaction-Diffusion Equation

We consider the following IBVP

ut − µ∆u+ d(u) = 0 in ΩT ,

(∇u)n = 0 on ΓT ,

u(0) = u0 in Ω.

(6.14)

The domain is given by Ω := (0, 1), i.e., dΩ := 1, and the final time is set to T := 1.
Moreover, the nonlinear function d is defined as

d:R → R, d(u) := u3.

Its derivative is given by

du:R → R, du(u) := 3u2.

To remain consistent with the notation in Section 6.2, we denote the derivative as du
rather than d′, despite d being a function of u only. Furthermore, the initial condition
is

u0(x) := 0.1(x− 0.5)2 f.a.a. x ∈ Ω.

In contrast to the previous sections, we employ the FEM instead of the FDM for the
spatial discretization of (6.14). To this end, we triangulate the domain Ω into a finite
element (FE) mesh with nx := 1024 nodes. Let {φi}nx

i=1 ⊂ V be a set of piecewise
linear FE basis functions and define

V FE := span{φ1, . . . , φnx} ⊂ V.

More precisely, each basis function φi ∈ V FE is defined by

φi(xj) := δij for 1 ≤ i, j ≤ nx,

where xj denotes the j-th node of the mesh and δi,j is the Kronecker delta given by

δi,j :=

{
1, if i = j,

0, if i ̸= j.

In terms of the FE basis functions, the (spatially) discrete weak solution u of (6.7)
can be expressed as

uFE(t) :=
nx∑
i=1

ui(t)φi ∈ V FE f.a.a. t ∈ [0, T ],
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with time-dependent coefficients

ui: [0, T ] → R, 1 ≤ i ≤ nx.

Hence, the FE Galerkin scheme takes the form

d

dt
⟨uFE(t), φ⟩H + µ⟨∇uFE(t),∇φ⟩HdΩ + ⟨d(uFE(t)), φ⟩H = 0,

⟨uFE(0), φ⟩H = ⟨u0, φ⟩H

for all φ ∈ V FE and almost all t ∈ (0, T ].

Finally, the full discretization is obtained by applying the IMEX Euler method. To
this end, the time interval [0, T ] is partitioned using an equidistant temporal grid

tk := k∆t for k = 0, . . . ,m

with m := T/∆t. In particular, we choose ∆t := 10−3. Using the notation

uk :=
nx∑
i=1

ukiφi := uFE(tk) for k = 0, . . . ,m,

the fully discrete FE scheme takes the form〈
uk − uk−1

∆t
, φ

〉
H

+ µ⟨∇uk,∇φ⟩HdΩ + ⟨d(uk), φ⟩H = 0,

⟨u0, φ⟩H = ⟨u0, φ⟩H
(6.15)

for all φ ∈ V FE and k = 1, . . . ,m.

Let the mass matrix M ∈ Rnx×nx be defined by

Mij := ⟨φi, φj⟩H (6.16)

and the stiffness matrix S ∈ Rnx×nx (not to be confused with the solution operator S)
by

Sij := ⟨∇φi,∇φj⟩HdΩ . (6.17)

Furthermore, define the vectors corresponding to the initial condition and the nonlinear
term by

u0 :=

 ⟨u0, φ1⟩H
...

⟨u0, φnx⟩H

 ∈ Rnx ,

dk :=

 ⟨d(uk), φ1⟩H
...

⟨d(uk), φnx⟩H

 ∈ Rnx .

Testing (6.15) with the nx basis functions φi for i = 1, . . . , nx yields the linear system

(M +∆tµS) uk = Muk−1 −∆tdk−1 for k = 1, . . . ,m,

Mu0 = u0,
(6.18)
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where for each k = 0, . . . ,m, the coefficient vector uk is given by

uk :=
[
uk1 · · · uknx

]⊤
.

We solve the linear system (6.18) for the diffusion parameter µ∗ = 5.0 · 10−2 and take
the resulting solution as the FE approximation of the desired state, i.e., ud := S(µ∗).
This yields the approximation

ud(tk) ≈ uk for k = 0, . . . ,m.

Next, we define the compact and convex parameter set

Pad := [µ−, µ+]

:= [10−3, 10−1] ⊂ R>0.

The objective is to minimize the reduced cost functional

Ĵ(µ) :=
1

2

∫ T

0

∫
Ω

|S(µ)− ud|2 dx dt+
σ

2
|µ|2

subject to µ ∈ Pad and the constraint that S(µ) satisfies (6.14). Given µ ∈ Pad, the
corresponding state S(µ) is approximated at time tk by

S(µ)(tk) ≈ S(µ)k :=
nx∑
i=1

ckiφi := S(µ)FE(tk) :=
nx∑
i=1

ci(tk)φi

for some computed coefficients cki , with i = 1, . . . , nx and k = 0, . . . ,m. Furthermore,
define the coefficient vector at time step k as

ck :=
[
ck1 · · · cknx

]⊤ for k = 0, . . . ,m.

The linear system for the sensitivity uhµ[µ], which is required to compute the derivative
∇Ĵ(µ) via the sensitivity approach, can be derived analogously to (6.18) from (6.12).
We approximate the sensitivity at each time step tk by

uhµ[µ](tk) ≈ uhµ[µ]
k
:=

nx∑
i=1

ekiφi := uhµ[µ]
FE
(tk) :=

nx∑
i=1

ei(tk)φi

for k = 0, . . . ,m. This yields the fully discrete sensitivity system

(M +∆tµS) ek = Mek−1 −∆trk−1 −∆thSck for k = 1, . . . ,m,

Me0 = 0nx ,

where ek :=
[
ek1 · · · eknx

]⊤ for k = 0, . . . ,m and

rk :=

 ⟨du(S(µ)k+1)u1µ[µ]
k
, φ1⟩H

...
⟨du(S(µ)k+1)u1µ[µ]

k
, φnx⟩H

 ∈ Rnx
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for k = 0, . . . ,m− 1.

In addition, to apply the PBB method, both Ĵ(µ) and its derivative ∇Ĵ(µ) need to
be evaluated for any µ ∈ Pad. Therefore, it is necessary to determine the integrals∫ T

0

∫
Ω

|S(µ)− ud|2 dx dt,∫ T

0

∫
Ω

(S(µ)− ud)u
h
µ[µ] dx dt.

Using the previously introduced notation, we approximate the first integral at a fixed
time point by∫

Ω

|S(µ)− ud|2 dx ≈
∫
Ω

|S(µ)FE − ud
FE|2 dx

=

∫
Ω

(
nx∑
i=1

ciφi −
nx∑
j=1

ujφj

)(
nx∑
k=1

ckφk −
nx∑
l=1

ulφl

)
dx

=

∫
Ω

(
nx∑
i=1

(ci − ui)φi

)(
nx∑
j=1

(cj − uj)φj

)
dx

=
nx∑
i=1

nx∑
j=1

(ci − ui)(cj − uj)

∫
Ω

φiφj dx

=
nx∑
i=1

(ci − ui)
nx∑
j=1

(cj − uj)Mij

=
nx∑
i=1

(ci − ui)(M(c− u))i,:

= (c− u)⊤M(c− u),

where c :=
[
c1 · · · cnx

]⊤ and d :=
[
d1 · · · dnx

]⊤. Analogously, we obtain the
approximation ∫

Ω

(S(µ)− ud)u
h
µ[µ] dx ≈ (c− u)⊤Me,

where e :=
[
e1 · · · enx

]⊤. To approximate the time integrals, we apply the trape-
zoidal rule, resulting in∫ T

0

∫
Ω

|S(µ)− ud|2 dx dt ≈
∫ T

0

(c− u)⊤M(c− u) dt

≈ ∆t

2

m∑
i=1

(ci−1 − ui−1)⊤M(ci−1 − ui−1)

+ (ci − ui)⊤M(ci − ui)

and ∫ T

0

∫
Ω

(S(µ)− ud)u
h
µ[µ] dx dt ≈

∫ T

0

(c− u)⊤Me dt
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≈ ∆t

2

m∑
i=1

(ci−1 − ui−1)⊤Mei−1 + (ci − ui)⊤Mei.

With all required components in place, we now ready to apply the PBB method to
the given optimization problem. The algorithm is initialized with the initial guess
µ−1 := 9.0 · 10−2 ∈ Pad, chosen just below the upper bound µ+ of the admissible
parameter set Pad. It is worth noting that simulations are conducted for various initial
guesses within the interval Pad, consistently yielding similar results. Therefore, only
the simulation corresponding to a representative initial guess is presented here.
To analyze the performance of the PBB method, it is executed for a range of values
of the regularization parameter σ, specifically

σ = 0, 10−7, 10−5, 10−3, 10−2.

The corresponding results are summarized in Table 5, as well as in Figures 31, 32
and 33.

Table 5: Computed optimal parameter µ̄, corresponding objective value Ĵ(µ̄) and num-
ber of iterations kit required by the PBB method for various values of the
regularization parameter σ. The threshold for the PBB method is set to
ε = 10−8.

σ 0 10−7 10−5 10−3 10−2

µ̄ 5.0 · 10−2 4.998 · 10−2 4.801 · 10−2 1.770 · 10−2 2.851 · 10−3

Ĵ(µ̄) 0.0 · 100 1.254 · 10−10 1.567 · 10−8 2.571 · 10−6 8.753 · 10−6

kit 10 10 9 4 5

Table 5 offers several key observations. Most notably, the algorithm consistently con-
verges to the optimal parameter µ̄ within just a few iterations across all tested values
of σ. The highest number of iterations, namely 10, is required for the two smallest
values σ = 0 and σ = 10−7. These results highlight the high efficiency and robustness
of the PBB method in solving the considered optimization problem.
Moreover, for σ = 0, the algorithm yields an optimal solution of µ̄ = 5.0 · 10−2, which
exactly matches the target value µ∗. Consequently, the corresponding function value
at this point is Ĵ(µ̄) = 0. This result aligns with theoretical expectations, as for σ = 0,
the regularization term is absent, allowing the desired state to be attained precisely.
Additionally, as σ decreases, the optimum µ̄ exhibits a monotonic increase. This trend
can be explained by the role of the regularization term: for larger values of σ, higher
values of µ are more strongly penalized, leading to smaller optimal values. As a conse-
quence, the function value Ĵ(µ̄) at the optimal solution also decreases monotonically
with decreasing σ, since the influence of the regularization term diminishes and the
primary objective term becomes dominant.

Figure 31 further supports these observations. The top-left panel displays the desired
state ud, while the remaining subplots show the absolute error

|S(µ̄)− ud|
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for the optimal parameters µ̄ obtained by the PBB method for various values of σ.
For σ = 0, the desired state is reproduced almost exactly with an error on the order
of 10−11. As σ increases, the corresponding errors grow, illustrating the influence of
the regularization term. In fact, for σ = 10−2, the optimum value µ̄ is so small that
the corresponding solution S(µ̄) exhibits only slightly diffusion for larger values of t.

(a) ud (b) S(µ̄) for σ = 0

(c) S(µ̄) for σ = 10−7 (d) S(µ̄) for σ = 10−5

(e) S(µ̄) for σ = 10−3 (f) S(µ̄) for σ = 10−2

Figure 31: The top-left panel shows the desired state ud. The remaining subfigures
display the absolute error |S(µ̄)− ud| for the optimal values µ̄ obtained by
the PBB method for σ = 0, 10−7, 10−5, 10−3, 10−2.

The convergence behavior of the iterates µk is reported in Figure 32. As shown, the
sequence of iterates converges to the optimal value µ̄ within only a few iterations for
all tested values of σ. The initialization is fixed as µ−1 = 5.250 · 10−2, followed by
µ0 = P(∇Ĵ(µ−1)). Since the derivative ∇Ĵ(µ−1) consistently lies below the lower
bound µ− = 10−3, the projection operator maps to this lower bound, resulting in
the starting value µ0 = 10−3. Starting from k = 1, the iterates already lie in close
proximity to µ∗.
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(a) σ = 0 (b) σ = 10−7

(c) σ = 10−5 (d) σ = 10−3

(e) σ = 10−2

Figure 32: The subfigures show the history of the iterates µk during the PBB method
for σ = 0, 10−7, 10−5, 10−3, 10−2, along with the value µ∗.

Finally, Figure 33 does not introduce new information but instead highlights, in a
single plot, a comparative visualization of the evolution of the iterates for all considered
values of σ. As expected, for smaller values of σ, the iterates tend to converge more
closely to the target value µ∗, further confirming the theoretical predictions.

Figure 33: The figure shows the history of the iterates µk during the PBB method for
σ = 0, 10−7, 10−5, 10−3, 10−2, along with the value µ∗.
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7 Modeling of Gene Regulation via the Activating
Hill Function

For the biological foundation of this section, we refer to [19] and [20].

Here, we investigate another RD-PDE system in which the nonlinearity is in the so-
called activating Hill function. We begin by discretizing the system in space using the
FEM, followed by a temporal discretization based on a variant of the Theta method.
The numerical analysis focuses on exploring how different parameters influence the
system’s behavior. Finally, we revisit the methods introduced in Section 3 and Sec-
tion 5 by applying rDMD and POD to the second component of the system to evaluate
their performance in this new setting.

7.1 Mathematical Model Formulation

The so-called activating Hill function serves as a fundamental mathematical tool for
capturing cooperative binding behavior in biochemical systems. It plays a key role in
synthetically engineered gene networks, where it enables a realistic representation of
the production rate of a gene product (e.g., a protein), when the gene, that encodes
this product, is regulated by transcription factors (proteins that can bind to specific
DNA sequences and activate or inhibit promotors).

Mathematically, the activating Hill function is defined as

H(u1, u2, K,Hc, k5) := u1

(
k5 +

uHc
2

KHc + uHc
2

)
. (7.1)

The constant K indicates the concentration of u2 at which the function attains half
of its maximum value. This is called the Hill activation constant or half-saturation
constant. Moreover, the Hill coefficient Hc is a measure for the ultrasensitivity of the
system response (i.e., how steep is the response curve) and the leak coefficient k5 allows
a basal activity of the system, even if u2 = 0.

Based on this function, we introduce a mathematical model to describe the dose-
response relationship of u2. The model is given by a PDE system that captures the
temporal and spatial dynamics of three biologically relevant quantities. To formulate
the model precisely, the time-space cylinder ΩT is defined as

ΩT := (0, T ]× Ω

with domain Ω := (0, 1) and final time T := 2. Furthermore, we set

ΓT := [0, T ]× Γ,

where Γ := {0, 1}. Set V := H1(Ω), H := L2(Ω) and

HdΩ := H × · · · ×H︸ ︷︷ ︸
dΩ times

.
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Let HdΩ again be equipped with the inner product defined in (6.1). We seek for a
vector-valued function

u :=
[
u1 u2 u3

]⊤
: ΩT → R3

that satisfies the following IBVP:

(u1)t + du1(u) = 0 in ΩT ,

(u2)t − µu2∆u2 + du2(u) = 0 in ΩT ,

(u3)t + du3(u) = 0 in ΩT ,

(7.2a)

where the real-valued functions du1 , du2 , du3 :R3 → R are defined as

du1(u) := k1u1 − k2,

du2(u) := k3u2,

du3(u) := −k4H(u1, u2, K,Hc, k5) + k6u3.

The positive reaction constants k1, k2, k3, k4, k5, k6 are chosen as follows:

k1 k2 k3 k4 k5 k6
2.8 · 10−3 2.0 · 10−1 1.1 · 10−3 2.0 · 10−2 5.0 · 10−2 1.8 · 10−2

Moreover, the constant

µu2 ∈ {0, 3.6 · 10−2}

models the diffusion rate of u2. We define the parameter choices

K := 50,

Hc := 2.

Furthermore, homogeneous Neumann boundary conditions are applied on the entire
boundary ΓT :

∇u1 · n = 0 on ΓT ,

∇u2 · n = 0 on ΓT ,

∇u3 · n = 0 on ΓT .

(7.2b)

The initial functions are defined as

u1(0) := 5.0 in Ω,

u2(0, x) := 10−2 + a · exp
(
−(x− x0)

2

2σ2

)
f.a.a. x ∈ Ω,

u3(0) := 1.0 in Ω.

(7.2c)

The initial condition for u2 is chosen as a bell-shaped distribution modeled by a Gaus-
sian function. This input represents a locally increased concentration of the diffusing
concentration within the domain and serves as an initial stimulus to activate the sys-
tem. The Gaussian function is characterized by the parameters

b := 10−2,
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a := 2.0 · 10−1,

x0 := 5.0 · 10−1,

σ := 5.0 · 10−1.

Here, a models the amplitude of the Gaussian bell, i.e., the peak height above the
baseline b. The parameter x0 specifies the location of the peak within the interval Ω,
while standard deviation σ controls the width of the distribution and thus determines
the spatial extent of the initial signal. Moreover, the baseline b ensures a small,
biologically plausible background level of the concentration u2 throughout the domain.

Note that – due to its structure – (7.2) is a coupled PDE-ODE system. Only the
second equation is a PDE, while the first and third equations are ODEs, which are
defined for almost all x ∈ Ω.

7.2 Finite Element Discretization

First, for the spatial discretization, we triangulate the domain Ω into a FE mesh with
nx := 1024 nodes. We then introduce the FE product space

VFE := V FE × V FE × V FE,

where V FE denotes the FE space spanned by the standard piecewise linear basis func-
tions φi ∈ V for i = 1, . . . , nx. The associated 3nx basis functions of the product
space VFE are defined as

ϕ1 =

 φ1

0
0

 , . . . , ϕnx =

 φnx

0
0

 ,
ϕnx+1 =

 0
φ1

0

 , . . . , ϕ2nx =

 0
φnx

0

 ,
ϕ2nx+1 =

 0
0
φ1

 , . . . , ϕ3nx =

 0
0
φnx

 .
The semi-discrete system is obtained by applying the Galerkin projection to the con-
tinuous model (analogously to the derivation in Section 6), leading to the following
system of ODEs:

Mu̇1 + k1Mu1 − k2M1nx = 0nx ,

Mu̇2 + µu2Su2 + k3Mu2 = 0nx ,

Mu̇3 − k4k5Mu1 − k4rnl + k6Mu3 = 0nx .

(7.3)

Here, M and S denotes the mass and stiffness matrix, respectively (cf. (6.16) and
(6.17)). The vector of ones with nx entries is denoted by 1nx .

The term −k2M1nx in the first equation of (7.3) is the result of projecting the constant
function −k2 onto the FE space: the projection yields the corresponding FE function

−k2
nx∑
i=1

φi,
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which satisfies −k2
∑nx

i=1 φi(xi) = −k2 at every grid point xi. A direct consequence of
the property that the piecewise linear basis functions φi evaluate to 1 at node xi and
0 elsewhere. Testing with the j-th basis function φj results in

⟨−k2
nx∑
i=1

φi, φj⟩H = −k2
nx∑
i=1

⟨φi, φj⟩H ,

which corresponds precisely to the j-th component of the vector −k2M1nx .

The term rnl describes the nonlinear coupling

u1
uHc
2

KHc + uHc
2

induced by the Hill function (7.1). For j = 1, . . . , nx, it is given by

[rnl]j :=

〈
(
∑nx

i=1 u1,iφi) (
∑nx

l=1 u2,lφl)
Hc

KHc + (
∑nx

l=1 u2,lφl)
Hc

, φj

〉
H

.

To obtain the fully discretized system, we employ a variant of the Theta method.
Here, the nonlinear term is treated only explicitly, whereas the remaining parts of the
equation are handled either implicitly or explicitly, depending on the chosen value of
θ ∈ [0, 1].

7.3 Time Discretization Using the Theta Method

The one-step Theta method provides a unified framework for various integration
schemes by introducing a parameter θ ∈ [0, 1]. Consider an ODE of the form

d

dt
u = f(u), u(0) = u0.

The Theta method approximates the solution at equidistant time points tk := k∆t,
where k = 0, . . . ,m and m := T/∆t. It computes uk ≈ u(tk) by solving

uk − uk−1

∆t
= θf(uk) + (1− θ)f(uk−1).

Choosing θ = 0 yields the explicit Euler method, θ = 1 the implicit Euler method
and θ = 1/2 the Crank-Nicolson method. The explicit Euler method is the simplest
of the three methods, but it is only conditionally stable unless very small time steps
are used. In contrast, the implicit Euler method offers strong stability properties, but
suffers from only first-order accuracy. While the Crank-Nicolson method offers both
stability and second-order accuracy, it may exhibit oscillatory behavior in the presence
of strong nonlinearities and can require additional stabilization.

However, it is worth noting that the second-order accuracy of the Crank-Nicolson
method cannot be fully exploited for system (7.3) due to the explicit treatment of the
nonlinear term. As a result, only first-order accuracy O(∆t) is achieved. Therefore,
the implicit Euler method is the most reasonable choice.
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For system (7.3), the Theta method yields the following fully discretized formulation:

M
uk1 − uk−1

1

∆t
+ θk1Muk1 = −(1− θ)k1Muk−1

1 + k2M1nx ,

M
uk2 − uk−1

2

∆t
+ θ(µu2Su

k
2 + k3Muk2) = −(1− θ)(µu2Su

k−1
2 + k3Muk−1

2 ),

M
uk3 − uk−1

3

∆t
+ θ(−k4k5Muk1 + k6Muk3) = −(1− θ)(−k4k5Muk−1

1 + k6Muk−1
3 ) + k4r

k−1
nl .

As previously mentioned, the nonlinear term rnl is treated only explicitly, i.e., it is
only evaluated at the previous time step tk−1. This avoids the need for a nonlinear
solver but imposes restrictions on the maximum allowable time step size ∆t in order
to ensure stability.

Collecting all terms at time tk on the left-hand side results in a linear system of the
form:

Auk = bk−1, (7.4)

where A is the system matrix, uk =
[
uk1 uk2 uk3

]⊤ is the vector of unknowns at time
tk and bk−1 is the right-hand side vector containing the explicit contributions from the
previous time step tk−1. The matrix A has block structure

A :=

 ( 1
∆t

+ θk1
)
M 0nx×nx 0nx×nx

0nx×nx

(
1
∆t

+ θk3
)
M+ θµu2S 0nx×nx

−θk4k5M 0nx×nx

(
1
∆t

+ θk6
)
M

 .
For the right-hand side vector bk−1, we have

bk−1 :=

 (
1
∆t

− (1− θ)k1
)
Muk−1

1 + k2M1nx(
1
∆t

− (1− θ)k3
)
Muk−1

2 − (1− θ)µu2Su
k−1
2(

1
∆t

− (1− θ)k6
)
Muk−1

3 + (1− θ)k4k5Muk−1
1 + k4r

k−1
nl

 .
Solving system (7.4) yields the approximated solution components at the new time
step tk. The block structure of A and the sparsity of matrices M and S allow for
efficient numerical implementation.

To efficiently solve large sparse linear systems, we employ the scipy.sparse.linalg.
factorized function from the SciPy library. This function performs a one-time LU
factorization of the matrix A and returns a callable object that can quickly solve the
system for different right-hand sides bk−1. This is particularly advantageous because
the matrix A remains constant across all time steps. Unlike general solvers, which
analyze and factorize the system from scratch on each call, factorized allows pre-
processing of the matrix structure, substantially reducing computation time.

7.4 Numerical Results

In this section, we present a variety of numerical results regarding system (7.4).

Figure 34 shows the development of u1, u2 and u3 at five consecutive time points
t = 0, 0.5, 1, 1.5, 2 – from top to bottom. The results are depicted for two diffusion
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scenarios, µu2 = 0 and µu2 = 3.6 · 10−2. Over time, the concentration of u1 increases,
whereas that of u3 decreases. This behavior is expected given the model parameters
and reaction terms. Moreover, u1 and u3 show nearly identical trajectories for the two
different diffusion constants – differences are at most numerical and barely visible. In
contrast, u2 differs significantly between the following two cases: while for µu2 = 0
there is almost no change over time, for µu2 = 3.6 · 10−2, a clear diffusion of the initial
Gaussian bell is oberseved.
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Figure 34: Snapshots of u1 (left), u2 (middle) and u3 (right) at five consecutive time
points t = 0, 0.5, 1, 1.5, 2 for the two diffusion constants µu2 = 0 (blue) and
µu2 = 3.6 · 10−2 (red).

This observation is supported in detail by Figure 35. Here, we compare u2 in the
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diffusion-free scenario (µu2 = 0) at the initial time t = 0 and the final time t = T . The
initial Gaussian bell remains almost unchanged. Note that the previous simulations
are carried out for θ = 1.

Figure 35: Initial profile and profile at the final time T of u2 for µu2 = 0.

In Figure 36, the final-time profiles of u1, u2 and u3 for three different values of θ (θ =
0, 0.5, 1) and two diffusion constants (µu2 = 0, 3.6 · 10−2) are illustrated. The solutions
obtained from all three time-stepping methods are very similar in the diffusion-free
scenario, with differences on the order of magnitude 10−5. However, for µu2 = 3.6·10−2,
the explicit Euler method fails completely: only NaN values are returned, indicating
numerical instability. Consequently, no profiles are shown for θ = 0. In contrast, the
two implicit methods remain stable and yield consistent results.
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Figure 36: Profiles of u1, u2 and u3 at the final time T for θ = 0, 0.5, 1. Left: µu2 = 0.
Right: µu2 = 3.6 · 10−2.

Next, Figure 37 illustrates the influence of different constant initial values for u2. The
simulations are carried out using the implicit Euler method, where u2(0) = c with
c = 0, 10−2, 10−1, 100, 101, 102, 103.
Since the profiles of u1 at the final time T are identical for all tested initial values u2(0),
only the solution corresponding to u2(0) = 10−2 is shown for clarity. In contrast, the
profiles of u2 and u3 differ significantly in magnitude at the final time T , depending
on the chosen initial value u2(0).

92



7 Modeling of Gene Regulation via the Activating Hill Function

Figure 37: Profiles of u1, u2 and u3 at the final time T for varying constant initial
values of u2. Simulations are performed for θ = 1 and µu2 = 3.6 · 10−2.

We also perform simulations for different Hill coefficients Hc (e.g., Hc = 0, 1, 2, 3),
but observe no significant influence on the results. Therefore, these findings are not
presented here.

Finally, we establish a connection to Section 3 and Section 5. To this end, we consider
the snapshot matrix generated using the implicit Euler method for the parameter value
µu2 = 3.6 · 10−2 (cf. Figure 34, middle), which serves as the reference dataset. The
subdataset corresponding to u1, u2 and u3 are denoted by U1, U2 and U3 ∈ Rnx×(m+1),
respectively. First, we apply the rDMD method to the reference dataset U2. Then,
we solve the POD-ROM corresponding to (7.3) and use the resulting reduced-order
solution corresponding to u2 for evaluation.

Matlab’s rank function reports a numerical rank of 17 for the snapshot matrix
U2. The economy-sized SVD for all three subdatasets yields the left singular vectors
Ψ1,Ψ2,Ψ3 ∈ Rnx×(m+1) and the singular values (σ1)i, (σ2)i, (σ3)i (see Figure 38, left).
Based on the decay of the singular values (σ2)i, we select the target ranks r = 1, . . . , 21
for both rDMD and POD. A closer look at the POD basis (see Figure 38, right) further
supports this choice: the first 21 POD basis vectors capture the essential features of
the dataset. The remaining POD basis vectors exhibit fine-scale oscillations, indicating
that they primarily represent noise rather than meaningful structure.
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Figure 38: Left: singular values (σ2)i of the data matrix U2. Right: POD basis vectors
(Ψ2):,21, (Ψ2):,22 and (Ψ2):,23.

For rDMD, we use the parameters p := 0 and q := 2 and denote the reconstructed
matrix by Ũ rDMD

2 ∈ Rnx×(m+1). The rank-r POD-ROM corresponding to (7.3) is given
by

(Ψr
1)

⊤MΨr
1
˙̃u1 + k1(Ψ

r
1)

⊤MΨr
1ũ1 − k2(Ψ

r
1)

⊤M1nx = 0r,

(Ψr
2)

⊤MΨr
2
˙̃u2 + µu2(Ψ

r
2)

⊤SΨr
2ũ2 + k3(Ψ

r
2)

⊤MΨr
2ũ2 = 0r,

(Ψr
3)

⊤MΨr
3
˙̃u3 − k4k5(Ψ

r
3)

⊤MΨr
1ũ1 − k4(Ψ

r
3)

⊤r̃nl + k6(Ψ
r
3)

⊤MΨr
3ũ3 = 0r.

(7.5)

where Ψr
1,Ψ

r
2,Ψ

r
3 ∈ Rnx×r consist of the first r columns of Ψ1,Ψ2,Ψ3, respectively.

Here, the vector r̃nl is defined as

[̃rnl]j :=

〈
(
∑nx

i=1(Ψ
r
1ũ1)iφi) (

∑nx

l=1(Ψ
r
2ũ2)lφl)

Hc

KHc + (
∑nx

l=1(Ψ
r
2ũ2)lφl)

Hc
, φj

〉
H

.

We solve (7.5) by using the implicit Euler method. Then, the full-order solution
corresponding to u2 is obtained via

ŨPOD
2 := Ψr

2

[
ũ0
2 · · · ũm2

]
∈ Rnx×(m+1).

The reference data U2 is depicted in Figure 39 (left), whereas the relative Frobenius
errors (3.20) resulting from rDMD and POD are reported in the right panel of Figure 39
for r = 1, . . . , 21. We observe that both methods yield good approximations. Up to
r = 14, the error values decrease similarly for both methods. However, the error curve
corresponding to rDMD attains its minimum value of 1.213 · 10−10 at r = 14. After
this point, the curve rises again, reaching a value of 3.842 ·10−6 at r = 21. In contrast,
the POD error decreases monotonically, reaching a plateau for r ≥ 16 with an order
of magnitude of 10−12.
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Figure 39: Left: the reference data U2. Right: relative Frobenius errors (3.20) for
rDMD and POD for r = 1, . . . , 21. The rDMD method is applied with
parameters p = 0 and q = 2.

The quality of the reconstruction even for small target ranks r is illustrated in Fig-
ures 40. Shown are the POD reconstructions for r = 1, . . . , 3. While the reconstruction
for r = 1 does not yet provide a good approximation over the entire time interval [0, T ],
the reconstructions for r = 2, 3 already match the reference data very closely (cf. Fig-
ure 39, left).

Figure 40: The POD reconstructions for r = 1, . . . , 3.

The corresponding absolute errors of the POD reconstructions are shown in Figure 41,
confirming that the reconstructions for r = 2, 3 are already very accurate, deviating
from the reference data only on the order of 10−3.

Figure 41: Absolute errors of the POD reconstructions for r = 1, . . . , 3.
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8 Conclusion and Outlook

In this thesis, we demonstrated the effectiveness and accuracy of data-driven MOR
techniques for analyzing the dynamics of RD-PDE systems, particularly those exhibit-
ing periodic behavior and Turing instabilities.
To address the challenges posed by high-dimensional data and long simulation times,
we introduced a randomized DMD variant as well as a localized, piecewise applica-
tion of DMD. These adaptations significantly improved computational efficiency and
reconstruction quality in settings where the standard DMD approach failed.
Likewise, POD and POD-DEIM provided an effective framework for approximating
the dynamics of RD-PDE systems. Nevertheless, we identified scenarios in which the
standard POD and POD-DEIM approximations were insufficient in terms of accuracy.
In response, correction-based enhancements were developed and an adaptive strategy
was proposed to further exploit structural properties in the data. Both robustness and
convergence speed were significantly improved as a result.

Beyond MOR, we addressed the problem of parameter identification. An optimiza-
tion framework was developed to estimate diffusion parameters by minimizing a cost
functional subject to a RD-PDE constraint and a box constraints on the diffusion
parameter. To determine the necessary gradients of the cost functional, we employed
a sensitivity-based approach. These gradients were integrated into a PBB optimiza-
tion method. The method yields fast convergence within only a few iterations and
produced expected results across various regularization parameters.

The findings in this thesis suggest several promising directions for further investiga-
tion. One natural extension involves the treatment of more complex spatial domains
and boundary conditions. In addition, the pDMD approach could be enhanced by
incorporating adaptive segmentation strategies based on error indicators or dynamic
regime changes.
Similarly, combining reduced-order modeling with machine learning techniques could
open up new possibilities for surrogate modeling.
Lastly, extending the methodology to systems with time-dependent or spatially varying
coefficients, or introducing stochastic elements into the model, would further increase
its applicability to real-world scenarios – particularly in the modeling of biological or
chemical systems where uncertainties are inherent.
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