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Abstract

One aspect of this thesis is the exploration of data-driven model reduction techniques
for efficiently analyzing the dynamic behavior captured in temporal datasets generated
by reaction-diffusion partial differential equation systems. The first such technique is
the Dynamic Mode Decomposition, an equation-free method originally introduced by
Peter Schmid and Jérn Sesterhenn in 2008 ([23]). Building on this, a randomized
variant of Dynamic Mode Decomposition is employed to improve computational ef-
ficiency. However, both versions struggle in providing accurate reconstructions for
datasets that exhibit periodic behavior or spatio-temporal Turing instability. To ad-
dress this issue, we propose a piecewise approach that partitions the datasets and
applies Dynamic Mode Decomposition locally to each subset. The second technique is
Proper Orthogonal Decomposition, which is a well-established method for model order
reduction. To further reduce computational costs, Proper Orthogonal Decomposition
is combined with the Discrete Empirical Interpolation Method. Despite this, the re-
construction accuracy remains insufficient in some cases. Therefore, we introduce a
correction-based strategy to enhance the quality of the reduced model. Moreover, by
leveraging the specific structure of datasets that exhibit Turing instability, we improve
the computational effectiveness even further by extending the previous approaches in
an adaptive manner. Another key aspect of this thesis is parameter identification. The
proposed strategy relies on computing gradients of the cost functional using a sensi-
tivity approach. These gradients are then used within the projected Barzilai-Borwein
optimization method to identify optimal parameter values. Finally, we investigate a
specific reaction-diffusion system in which nonlinearities in the reaction kinetics arise
from a Hill function, commonly used to model cooperative effects in biochemical reac-
tions.
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1 Introduction

1 Introduction

The analysis of dynamical systems plays a central role in many scientific and engi-
neering disciplines. In particular, reaction-diffusion systems provide a mathematical
framework for modeling spatio-temporal phenomena in areas such as biology, chem-
istry and physics. These systems are often governed by semilinear parabolic partial
differential equations, whose high-dimensional discrete solution spaces and long simu-
lation times pose significant computational challenges.

To address this, model reduction techniques have become increasingly important. The
aim is to approximate the original, high-dimensional system with a significantly lower-
dimensional surrogate model that captures the dominant dynamics and greatly reduces
computational cost. In recent years, data-driven approaches have emerged as powerful
tools, as they rely solely on snapshot data — either from measurements or simulations
— without requiring detailed knowledge of the governing equations.

This thesis investigates two prominent model reduction techniques: Dynamic Mode
Decomposition and Proper Orthogonal Decomposition. Dynamic Mode Decomposi-
tion is a data-driven method that does not require explicit knowledge of the underlying
equations. It approximates the system’s dynamics using a best-fit linear operator de-
rived directly from the data. To improve efficiency for large datasets, we also consider
a randomized variant of Dynamic Mode Decomposition, which first projects the data
onto a lower-dimensional random subspace before applying the standard algorithm.
However, both Dynamic Mode Decomposition variants often struggle to accurately re-
construct systems exhibiting periodic behavior or spatio-temporal Turing instabilities.
To overcome this limitation, we propose a piecewise approach, in which the dataset is
partitioned into smaller segments and Dynamic Mode Decomposition is applied locally
to each segment.

The second method explored is Proper Orthogonal Decomposition, a technique closely
related to the Singular Value Decomposition. To efficiently handle nonlinearities, it
is combined with the Discrete Empirical Interpolation Method, which approximates
nonlinear terms using a small number of interpolation points.

Despite these improvements, the reduced-order models still exhibit insufficient accu-
racy in certain scenarios. For this reason, correction-based strategies are introduced
to enhance reconstruction quality. Furthermore, by leveraging the specific structure of
data exhibiting Turing patterns, we propose an adaptive extension to further improve
computational efficiency.

Another central component of this thesis is parameter identification. To this end, we
formulate an optimization problem that aims to minimize a suitable cost functional
subject to a reaction-diffusion equation as a constraint. The optimization is performed
with respect to both the state variable and the diffusion constant. The diffusion
constant appears in the cost functional as a penalty term and is further constrained
by a box-constraint. We employ a sensitivity-based approach to compute gradients
of the cost functional, which are then used within the projected Barzilai-Borwein
optimization algorithm.

The numerical implementation of the methods developed in this thesis is carried out
using both MATLAB and PYTHON. MATLAB is primarily employed for finite difference
schemes as well as computations based on Dynamic Mode Decomposition and Proper
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Orthogonal Decomposition. The use of finite differences and MATLAB ensures consis-
tency with related studies referenced in this thesis, which adopt the same numerical
approach. In contrast, finite element simulations and the projected Barzilai-Borwein
optimization are implemented in PYTHON, using the open-source library FENICS.

Finally, as a concrete application, we investigate a specific reaction-diffusion system
whose nonlinear reaction kinetics are described by a Hill function. We perform a de-
tailed analysis of the system’s behavior across various parameter settings and evaluate
the effectiveness of the proposed model order reduction techniques by applying both
Dynamic Mode Decomposition and Proper Orthogonal Decomposition.
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2 Preliminaries

In this section, we introduce fundamental concepts from functional analysis that are
used throughout the remainder of the thesis. We follow the references [22| and [24].

Let Q C R% be a non-empty, bounded domain with Lipschitz-continuous boundary
[':= 09, where dg € N denotes the spatial dimension.

Definition 2.1 (LP-spaces). For p € [1,00), the Lebesque space LP(S2) is defined as
the set of all (equivalence classes of) measurable functions f: — R such that

JALCIRERES

The space LP(2) endowed with the norm

1/p
T ( / )P dx)

is a Banach space. In particular, the space L?*(2) with the associated inner product

UF. 9 oy = / f(@)g(x) dz (2.1)

is a Hilbert space. An equivalence class of a function is understood as the set of all
functions that are equal almost everywhere.

Let v: Q — R be a real-valued function on Q and § the closure of €.

Definition 2.2. The set

supp(v) := {z € Q| v(z) # 0}

is called the support of v and C§(Q), 0 < k < oo, denotes the space of k-times
continuously differentiable functions v with compact support in 2.

The case k = oo is of special interest. On the one hand, functions in C§°(2) vanish on
the boundary I', which is advantageous for integration by parts. On the other hand,
functions in C§°(Q2) are infinitely differentiable. Both properties are important for the
definition of Sobolev spaces.

Similarly, the space C*(Q) is defined as the set of all functions that are k-times con-
tinuously differentiable in Q. We define C°(Q) := C(Q).

Let

o= [ ot 0y }T ENgQ
be a multi-index with order
la| == a1 + ...+ aq,.
Then D*f(x) is a short notation for

olel f

T o m Xdgy
Ox§t - 0z

D f(z) : ().
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Definition 2.3. The linear space of all continuous real-valued functions f:Q — R is
denoted by C(Q) and the linear space C*(Q2), k € N, consists of all C*(Q) functions
that can be extended together with their partial derivatives up to order k£ continuously
to Q. C(Q) and C*(Q) endowed with the norms

I fllew = Iilgg|f($)|,

Hchk(Q) = Z HDafHC(Q)

la|<k
are Banach spaces.
By setting
Il

loc

(Q):={f:Q — R| f is Lebesgue measurable on (2,
| fllr(x)< oo for all compact K C 2}

we can introduce the concept of weak derivatives.
Definition 2.4 (Weak derivative). Let f € LL.(Q) and a € NI A function
g € Li_(9Q) is called weak derivative of f, written as g = Df, if

/Qf(x)Do‘go(a:) dz = (—1)l /Qg(x)go(:c) dz  for all ¢ € C5°(Q).

This leads to the definition of Sobolev spaces.

Definition 2.5 (W*?-gpaces). For k € Ny and 1 < p < oo we define the Sobolev space
WkP(Q) as the linear space of all LP(Q) functions f such that all weak derivatives D® f
with |a|< k exist and are elements of LP(Q2). W"P(Q) endowed with the norm

1/p

[ llwis == | SSIDFIL

o<k
is a Banach space. For p = 2, we write H*(Q) := W*2(Q).
In particular, we have
HY(Q)={f € L*(Q)|D;f € L*(Q) fori=1,...,d}
endowed with the norm

do 1/2
| flla @) = (HfHZﬁ(Q)jL ZHDifH%%Q))

=1

do 1/2
( / (|f($)|2+Z|Dif($)l2)dﬂf>

([as@psivseig) i) "
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The space H'(€) is a Banach space. Introducing the inner product
(f.9)m@ /f da:—i—/Vf(x)-Vg(x) dx (2.2)
Q
we obtain the Hilbert space (H'(Q), (-, -)m1(n)). Notice that

VI Vo) =3 g o fg eV

Bochner spaces generalize Lebesgue spaces (cf. by allowing the function values to
be elements of a Banach space. Let (X, ||||x) be a real Banach space.

Definition 2.6 (Bochner spaces). The Bochner space LP(0,7;X), 1 < p < oo, is the
linear space of (equivalence classes of ) measurable functions f:[0,7] — X such that

T
lﬁwwma<w

The space LP(0,T; X) endowed with the norm

T 1/p
HNWW&?(AW@%M)-

is a Banach space. If X is a Hilbert space, the space L*(0,T; X) is a Hilbert space too
and the standard inner product is given by

T
<f7 g)LZ(O,T;X) = /0 <f(t)7g(t>>X dt for f)g € L2(07T7X)

For functions = +— f(t,z) fa.a. ¢t € [0,T], f € L*0,T;L*)), we use the brief
notation f(t) = f(t,-). ‘F.a.a.” stands for ‘for almost all’.

In order to introduce the concept of weak solutions, we first define weak time deriva-
tives.

Definition 2.7 (Weak time derivative). Let f € L*(0,T; X). A function
g € L*(0,T; X) is called the weak derivative of f, written as g = f;, if

/ f(@) /OTg(t)go(t) dt for all p € C5°(0,7).

We consider the following setting.

Definition 2.8. Let H,V be separable Hilbert spaces with the continuous and dense
embedding V' — H. We identify H with its dual space H'. Then we have the
continuous and dense embeddings

VesH=H <V

The triple (V, H, V") is called a Gelfand triple. The space W (0,T;V, V") is defined as
the space of all f € L?*(0,T;V) with weak time derivative f; € L?(0,T;V’) and it is
equipped with the norm

HfHW(O,T;V,V’ = \/Hf”LZ 0,T3V) +HftHL2 0,T;V")" (2'3>
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Theorem 2.1. Let V < H < V' be a Gelfand triple. Then the space
W (0, T;V, V')
is a Hilbert space with the inner product
(s dwomvvy = () ezomv) + ) 2ervy.-
Furthermore, the embedding
W(0,T;V, V") — C([0,T]; H)

holds and is continuous. Moreover, the integration by parts formula

/0<ft(t)vg(t)>V’,th:(f(T)vg(T))H_(f(0)79(0))H_/0 {ge(t), f(£))vr v di

holds for all f,g € W(0,T;V, V'), where the notation
(Foo)yvry =F(v) for FeV' veV,
is used for the dual pairing.

Since W(0,T;V,V") is continuously embedded into C([0,7]; H), f(0) and f(T') are
meaningful in H for f € W(0,7;V,V’). In addition, the formula

4
dt

holds for (f,g) € W(0,7;V,V’) x V and almost all ¢ € [0,7]. Analogously to
W(0,T;V, V'), we define the space W (0,T;V, H) as

<ft(t)ag>V’7V = <f(t)vg>H

W(0,T;V,H) .= {f € L*(0,T; V)| fr € L*(0, T; H)}.
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3 Dynamic Mode Decomposition
This section is based on the work of [§], [10] and [15].

Before introducing the (exact) Dynamic Mode Decomposition (DMD), we briefly re-
view the Singular Value Decomposition (SVD) — a fundamental technique in numerical
linear algebra and the basis for DMD. The SVD is used to compute low-rank approx-
imations of matrices and to determine the pseudoinverse of non-square matrices, en-
abling the computation of least-squares solutions for matrix equations. It is a matrix
decomposition into three matrices, a rotation matrix, followed by a scaling matrix, fol-
lowed by another rotation matrix and generalizes the eigendecomposition of a square
matrix to any n x (m + 1) matrix. Building on this matrix decomposition, we in-
troduce the DMD method. DMD extracts low-rank structures from high-dimensional
temporal datasets. More precisely, it reconstructs the best linear dynamical system
underlying the given dataset. Additionally, we introduce a randomized DMD version,
called randomized DMD (rDMD), which is computationally more efficient. Finally, we
compare the exact DMD method with rDMD using a straightforward example.

3.1 Singular Value Decomposition

Let X € R™*(m+1) e g matrix.

Theorem 3.1 (Singular Value Decomposition). There exist orthogonal matrices

U e R,
Ve R(m+1)><(m+1)

and uniquely determined real numbers

o1>...20,>0,41=...=0,=0, r<min{n,m+ 1} = p,
such that
. -
0
UTXV = I : —. % g RPX0nHD), (3.1)
0 A ()

In particular, we have X = UXV '.
Proof. See [8, Satz 4.27]. O

The values o; are called singular values. They correspond to the eigenvalues in the
eigendecomposition of a diagonalizable square matrix.

The integer r denotes the rank of X, written as rk(X), as shown in the next lemma.
Since the matrices involved in the SVD are often high-dimensional, it is advantageous
to reduce their size by truncation. To this end, a so-called truncation value — also
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denoted by r — is chosen, and only the first r columns, the first r singular values and
the first r rows of the corresponding matrices in the SVD are considered. This results
in the reduced matrices U € R™7 ¥ € R™" and V € RM+*DX" (see Figure [1).

rXr rx(m+1)

= nxr

nx (m+1) nxmn nx(m+1) (m+1)x (m+1)

Figure 1: Full SVD versus reduced SVD.

If r = rk(X), the decompostion is called the reduced SVD and yields an exact rep-
resentation of X. Otherwise, if r < rk(X), the reduced SVD is often referred to as
the truncated SVD and provides only an approximate representation of X. It results
in increased computational efficiency and reduces the memory requirements for fur-
ther calculations. Due to the non-ascending order of the singular values, the loss of
information resulting from SVD truncation is often small.

The columns of U and V' are referred to as the left and right singular vectors, respec-
tively. We denote the i-th left singular vector by u; € R™ and the ¢-th right singular
vector by v; € R™*L. The following lemma summarizes some important properties of
the SVD.

Lemma 3.1. Let X = USV " as in Theorem [B.1l Then:
(i) Xv;=o0u; fori=1,...,p,
(i) X u; =omw; fori=1,...,p,
(iil) rk(X) =r,
(iv) [|X][2= o1
Proof. See [8, Lemma 4.29]. O

It follows directly from the representation X = ULV T that the matrices XX and
YY" are similar:

XXT=WwzvhHvs'uh)=usx"U". (3.2)

Hence, XX " and XX have the same eigenvalues, namely 62 > --- > 02 > 0 and 0
with multiplicity n — r. Multiplying both sides of (3.2) by U from the right yields:

XX'U=Usx".
Interpreting this equation column-wise, we obtain:

XX Ty = otu; fori=1,...m

XX"u;=0-u; fori=r+1,...,n.
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Thus, the first r left singular vectors w; are eigenvectors of X X ' corresponding to the
nonzero eigenvalues o2, while the remaining n — r left singular vectors u; correspond
to the eigenvalue 0. Similarly, the first r right singular vectors v; are eigenvectors of
X TX associated with the nonzero eigenvalues o2, whereas the remaining m + 1 — r
right singular vectors v; correspond to the eigenvalue 0.

A generalization of the inverse of a square matrix to arbitrary n x (m + 1) matrices is
the pseudoinverse. It can be determined via SVD.

Definition 3.1 (Pseudo inverse). Let X = UXV " as in Theorem . Define X+ by
Xt :=VgtuT e RMx

where

. o, c R(m—&—l)xn'

X is called the pseudoinverse of X.

In MATLAB, the pseudoinverse of a matrix X can be computed using the built-in
command pinv(X).

The Frobenius norm is a matrix norm derived from the Euclidean norm and is com-
monly used to measure the error in linear regression problems, particularly in least
squares regression. It is defined as

1 X|[r = (3-3)

for X € R™ "+ In the following lemma, we show that the Frobenius norm of X can
be expressed using the trace of XX, denoted by tr(X'X). Additionally, we prove
its invariance under orthogonal transformations and provide an estimate relating it to
the spectral norm.

Lemma 3.2. Let X = UXV " as in Theorem 3.1l Then:
() 1X = /S0 S 1K 2 = V(X X,
(i) 1UTXlp= IXV]lr= | X]lF,

(iii) | X]lr= /> oy 07 and 01 < [|X[|p< /oy
Proof.
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(i) By definition

n m-+1 m+1 n m+1
IXNE=D 0> XXy = > XjXi;=> (XTX);; = tr(XTX).
i=1 j=1 j=1 i=1 j=1

(ii) We have
IUTX|= tr(XTUUTX) = te(X T X) = || X]|%
and

| XV]2=tr(XV)TXV) =tr(XV(XV)) = tr( XX T) = tr(XTX) = || X3

(iii) Finally, we infer from (ii) that
IXI2= 1UZVT 3= |Z)3= (D) = ) o}
i=1

The last claim follows directly from the fact that o is the largest singular value.

]

3.2 DMD Architecture

The initial setting for DMD is a (possibly nonlinear) dynamical system of the form

Co= (), 2(0) = m, (3.4)
t

where f:R x R" x R? — R" represents the dynamics, x(tf) € R" is the state of the
dynamical system at time ¢ and p € RP contains parameters of the system. Typically,
x(t) is a high-dimensional vector (n > 1) that arises from the total number of pixels
in a given frame of a video stream for instance.

In general, it is not possible to construct a solution to the well-posed initial value
problem . Therefore, numerical methods are used to approximate the solution.
This is where DMD comes into play. The DMD algorithm even works if the dynamics
f(t,x; p) are unknown. Instead, snapshots z°, ..., 2™ that represent measurements of
x(t) are sampled in regular time intervals At, such that z* ~ z(kAt). This means
that measurements of the system alone are sufficient to approximate the dynamics of
the system and to predict future states.

The key assumption of DMD is that the dynamics of the system can be approximated
with sufficient accuracy by a time-invariant linear map, that is,

d
Sr = Av, a(0) = wo, (3.5)

with an unknown matrix A € R™ ™. The linear dynamical system ({3.5)) has the well-
known unique solution

x(t) := exp(At)zy fort € R. (3.6)

10



3 Dynamic Mode Decomposition

We suppose that A € R"*" is symmetric, i.e., A can be diagonalized by an orthogonal

matrix. More precisely, there exists an orthonormal basis ¢1, cee gbn € R™ consisting of
eigenvectors of A and corresponding eigenvalues wy, ..., w, € R such that the spectral
decomposition

A=000"

holds, where
$ = [ b1 o by } e R™",
Q= diag(wy,...,w,) € R™"™
The matrix exponential exp(.At) can thus be expressed as
exp(At) = ® exp(Qt)D . (3.7)

Moreover, the initial condition zy can be represented as a linear combination of the
basis vectors

o = Zl;kqgk, (38)
k=1
where the coefficients 131, .. b € R are chosen appropriately. By using (3.7]) and (3.8§] .,

we can rewrite the solution formula as

x(t) = exp(At)xg

= CI) eXp Qt Z bk¢k

n
~ ~ T ~

“S b [ e b e @) [ b - b ]
1

k

3

= Zi)k [ &1 -+ 6, | diag(exp(wit),. .., exp(wnt))é

k=1

3

~

= b [ ¢ o by | explwit)ér

k=1

3

Qf;k GXP(wkt)l;k,

where €, denotes the k-th canonical basis vector in R”. In terms of matrices, we can
express the solution (3.6)) as

z(t) = O exp(Q)b,
where the coefficient vector b € R" is defined as

b= [ by - b, ] €R".

By setting
A = exp(AAtL) € R™™.

11
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and using

7"~ w((k + 1)At)
= exp(A(k + 1)At)zg
= exp(AkAL) exp(AAL)xg,
o* ~ x(kAt)
= exp(AkAt)z

the time-discretization with time step size At of the continuous system (3.5)) is given
as

2P = Ak

Since A, assuming that A is symmetric, is orthogonally diagonalizable, there exists a
spectral decomposition

A=DADT,
where

O:=[d1 -0 on ] ERV,
A = diag(A, ..., \,) € R™"

are the matrices containing the orthonormal eigenvectors and eigenvalues of A, respec-
tively. We obtain the solution formula

xkz—i—l — A.Cl?k — Ak’—i—l 0 _ (@A(I)T)kﬂxo — <I>Ak+1<I>T;EO. (39)

We approximate the initial condition by
"~ 2(0) = 29 = Zbkqﬁk = db,
k=1

where
.
bi=[b -+ b,] €R”

is the coordinate vector of z( in the orthonormal basis ¢4, ..., ¢,. Using the orthogo-
nality of ®, we can rewrite (3.9)) as

2P = AR,

Finally, the goal of the DMD method is to construct A such that

ka-i—l - Axk||2

is minimized across all £ =0, ..., m — 1. This minimization problem can be rewritten
with
X:=[a" - o™ ] e R, (3.10a)
Vio=[a' - 2™ ] eRV™, (3.10b)

12
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Y — AX 3.11
ain | I (3.11)

The solution to (3.11)) is given by the matrix

YXT e R, (3.12)

Remark 3.1.

(i) We prove that (3.12)) is the solution to (3.11)).

3.3

Proof. Using matrix vectorization and the Kronecker product @ (see [26]), we
obtain

A = argmin||Y — AX||% <= A = argmin|vec(Y) — vec(AX)||

AGRan AeRan
= A = argmin|vec(Y) — (X ® I,,) vec(A)||2
AeRnxn
<= vec(A) = argmin||vec(Y) — (X' ® I,,)al3,
acR"?

The solution to this minimization problem is given by (X' ® I,,)* vec(Y) ac-
cording to [8, Satz 2.28]. Since (X' @ I,)* = (X ")* @ I7) (cf. [17]) and using
some basic properties of the pseudoinverse, we have

vec(A) = (X @ I,)" vec(Y)
(X )®f+)VeC(Y)

(X)) @ I) vee(Y)
= vec(Y X ).

Thus, A := Y X7 is the solution to (3.11)). O

Typically, the snapshots z* are high-dimensional such that the matrix X is
computationally expensive to calculate by the above product. Also the decom-
position of X is very costly. Instead, it is convenient to compute a low rank
approximation of X as demonstrated in Section [3.3

DMD Algorithm

The following provides a step-by-step description of the DMD algorithm, followed by
a pseudocode summary.

1.

2.

Assemble the matrices X and Y as in (3.10a)) and (3.10b)).

Compute the truncated SVD of X:
X~ULV',

where U € R ¥ € R™" V € R™" and r < rk(X).

13



3 Dynamic Mode Decomposition

3. Define the matrix A by
A=YV WU ~rYXt e R, (3.13)
It is worth noting that ¥~! is well-defined, since ¥ is a diagonal matrix with

only nonzero entries on the diagonal, as r is chosen to be smaller than rk(X).

As noted in Remark 3.1 computing A directly can be inefficient when n is large.
Instead, one considers the projected matrix A € R™", obtained by projecting A
onto the subspace spanned by the leading r left singular vectors of X:

A=UTAU=UYVYS WU =U"YVEL (3.14)

Note that UTU = I,, where I, denotes the » x r identity matrix, since the
columns of U are pairwise orthonormal. This approach is also often referred to
as the projected DMD algorithm.

4. Determine the spectral decomposition of A, assuming Ais symmetric:
AW = WA. (3.15)
Here, the matrix W contains the eigenvectors of A, given explicitly by
W = [ wy e Wy ] e R™",
while the diagonal matrix
A = diag(Aq,...,\) € R

contains the corresponding eigenvalues.

If A is not symmetric, the computed matrices W and A are not necessarily real.
We therefore proceed with complex-valued computations. At the end of the
computation, only the real part of the result is retained.

5. Compute the eigenvectors of A by

d=[¢ - o]

3.16
=YVIIW e CvT. (3.16)

It is proven in |25, Theorem 1] that each pair (A, @), for k =1,...,r, is indeed
an eigenpair of A, provided the SVD of X is computed exactly, i.e., if r > rk(X).
Moreover, all nonzero eigenvalues of A are captured. Using (3.13]), (3.16)), (3.14)

and (3.15), we observe that

AP =YVElUT®
=YV lUyvesTtw
—YVS AW
=YVEIWA
= DA.

14



3 Dynamic Mode Decomposition

6. Determine the coefficient vector b by
b~ &gy e C"
and reconstruct the snapshots via
¥ = ®dA*H e C" for k=0,...,m. (3.17)

If the initial condition satisfies o = 0, then the coefficient vector b and, conse-
quently, all reconstructed snapshots Z* vanish. In this case, it may be helpful to
set #° := 0 and to initialize the algorithm using data matrices X,Y € R™»*(m—1)
shifted by one time step. Accordingly, the vector b can be approximated by
b~ ®Tx! and the reconstructed snapshots %, k = 1,...,m, can be computed
as in ((3.17)).

The pseudocode algorithm for the DMD method is given in Algorithm [T}

Algorithm 1 (Exact) DMD

INPUT X, € R*(m+1) e N

Assemble X, Y € R™™ as in and ([3.10D)), respectively

Compute the truncated SVD of X, X ~ UXV '

Define A= UTYVE~! € R™*"

Determine the spectral decomposition of A, AW = WA

Compute the eigenvalues of A, ® = YVI W € C**"

Determine the coefficient vector b ~ ®+x, € C”

Reconstruct the snapshots via #¥ = ®A*b € C*, k=0,...,m

RETURN Re(®) € R™", Re(A) € R™", Re([ ° --- @™ ]) € R™(m+D)

3.4 Randomized Dimensionality Reduction Approach

As the amount of data generated by experiments and simulations has increased, de-
terministic algorithms for extracting dominant coherent structures have become more
computationally expensive. Fortunately, many datasets exhibit low-rank structures,
which indicates that they contain a significant amount of redundant information.
Therefore, randomized numerical techniques have emerged as an efficient approach
for matrix decompositions. They generate a low-dimensional version of the original
data matrix, called a sketch. This sketch retains the critical features of the data while
significantly reducing the size, enabling an efficient computation of an approximate
low-rank factorization of the data matrix.

3.4.1 Randomized QB Decomposition

Given a data matrix X € R™(m+1) and a target rank r < min{n,m + 1}, the goal is
to compute a near-optimal orthonormal basis () € R™*" in the sense that

X ~QQ"X.

m—+1)xr

In order to achieve this, we first construct a random test matrix Q € R( drawn

from the normal Gaussian distribution and set

Y= XQeR™".

15



3 Dynamic Mode Decomposition

The matrix Y can be decomposed into an orthogonal matrix Q € R™" and an upper
triangular matrix R € R™" by the QR decomposition (cf. |8, Satz 3.47|):

Y = QR.

Since we have n > r, the matrix R is of the form

~ k ... %
R:[ o }mmR: T | er

O(nfr)x Lo

*

Here, 0(;,—r)x, denotes the zero matrix of size (n —r) x . Hence, we obtain the desired
basis () by the reduced QR decomposition of Y:

Y =QR,
where @ is the matrix consisting of the first r columns of Q.

The objective is to derive a smaller matrix B from the high-dimensional matrix X.
Therefore, we use ) to project X onto the low-dimensional space

B:=Q'X e R™*(m+1),
As a result, the matrix X can be approximated via

X ~ QB.

Oversampling is a technique employed to improve the quality of the sampled matrix Y
by slightly increasing the number of columns of €2. Thus, we introduce an oversampling
parameter p and set [ = r + p. The test matrix €2 is hence a matrix of size (m+1) x [.

Another strategy used to improve the accuracy of Y is the so-called power iteration
scheme. Here, the matrix Y is calculated by

Y= (XX 7)1X)Q,

where ¢ is the number of iterations. Taking into account the SVD of X, X = UXV T,
the product (XX ")?X can be simplified to

(XXT)1X = UyrattyT

Compared to the standard approach, the power iteration scheme accelerates the growth
and decay of the singular values of X, respectively. More precisely, the dominant
singular values are amplified, while the smaller ones are suppressed. Since the small
singular values gain the noise in the data, and the dominant ones contain the essential
information, this technique increases the quality of Y. Even a small number of ¢ is
sufficient for this purpose. However, this method requires more computational effort
than the standard approach, because the matrix X must be multiplied by its transpose
several times.

Before we present the pseudocode for the randomized QB decomposition with over-
sampling and power iteration scheme, we make two points.

16



3 Dynamic Mode Decomposition

Remark 3.2.

(i) A straightforward execution of the power iteration method, as previously de-
scribed, can suffer from numerical instability because of round-off errors. To
counteract this, the sampling matrix Y is orthogonalized between each compu-
tational step, which helps to improve stability.

(ii) Recommended default values for the oversampling parameter are p = 10 and for
the power iteration count, ¢ = 2 (cf. |10, Remark 3.2]).

The randomized QB decomposition is outlined in Algorithm

Algorithm 2 Randomized QB decomposition (rQB)

INPUT X € R+ - p geN

Compute l =r +p

Generate a random Gaussian matrix € R(m+1x

Compute the sampling matrix Y = XQ € R™*!

for j=1,...,q do
Compute the reduced QR decomposition of Y, Y = QR
Compute the reduced QR decomposition of XTQ, XTQ = ZR
Compute Y = X7

end for

Compute the reduced QR decomposition of Y, Y = QR

: Compute B = Q"X € Rix(m+1)

: RETURN Q € R™¥!, B ¢ Rx(m+1)

l

= o=

3.4.2 Randomized DMD

To enhance the efficiency of the DMD algorithm, we combine it with the randomized
QB decomposition. First, the randomized QB decomposition is performed on the data
matrix X;, € R™* ™+ This yields the approximation

Xin ~ QBa
where @ € R™! and
Bi=[by -+ by | € R

are the resulting matrices from Algorithm [2] It is worth noting that the size of B is
significantly smaller than that of Xj,. We assume that the approximations X ~ QQ "X
and Y ~ QQ"Y hold for the matrices

X::[xo xm_l},
Y::[xl xm},

respectively. Hence, we can approximate the best-fit matrix A by
A= (QQTY>(QQTX)+ = (QB)(QB1)" = QB Bf QT =YX
where B; := Q"X and B, := Q'Y. Introducing the low-dimensional matrix

Ap = ByBf € R,

17



3 Dynamic Mode Decomposition

we obtain
A=QAzQ". (3.18)

Next, using the rank r truncated SVD of By, By =~ U YV, we define the projected
matrix Ag via

Ap =U'BVE ' =UBVE'UTU m UT AU € R™".
The spectral decomposition of Ag is then computed as
AgW = WA, (3.19)

assuming that Ap is symmetric. We observe that the columns of W = BVYS'W
approximate the eigenvectors of Apg:
AW = ByBf W
~ BVET'UTBVE W
= BVY ' AW
= BVE WA
= WA

Multiplying (3.18) by QW and using (3.19), we obtain
AQW = QApQ+QW
= QAW
~ QWA.

Hence, the approximated eigenvectors of A are given by QW and the corresponding
approximated eigenvalues are given by A.

Algorithm [3] summarizes the randomized DMD algorithm.

Algorithm 3 Randomized DMD (rDMD)

1: INPUT X,, € R+t v p g e N
2: Perform the randomized QB decomposition on X, to obtain Q@ € R and
B € R»0+ according to Algorithm

3: Assemble By = [ by -+ by | ER*™and Bo=[b; -+ by | € RX™
4: Compute the rank r truncated SVD of By, B; ~ UXV T

5: Define Ag = UT B,VX ' € R

6: Determine the spectral decomposition of Ag, AgW = WA

7: Approximate the eigenvalues of A, ® ~ QB, VX 'W € C™*"

8: Compute the coefficient vector b ~ &z, € C”

9: Reconstruct the snapshots via 7% = ®PA*b € C*, k =0,...,m

10: RETURN Re(®) € R™", Re(A) € R™", Re([ 2° --- &™ ]) € R™(m+D)

18



3 Dynamic Mode Decomposition

3.5 Example: Spatio-Temporal Cosine Pattern

As an example, we perform DMD and rDMD on a dataset generated from the spatio-
temporal cosine function

f(t,z) = cos(t + x).

There are m + 1 := 1000 snapshots taken equidistant, where the first snapshot is
taken at ty := 0 and the last one at T := 27. Each snapshot consists of n, := 2000

equidistant points in the interval [0,27]. Accordingly, the snapshot matrix Xj, is of
size 2000 x 1000.

First, we take a look at the first 50 singular values of the data matrix (cf. Figure .

10°
i
100 L
10—5 L
10—10 L
10718 : ‘ ‘ ‘
10 20 30 40 50
Index 7

Figure 2: Decay of the first 50 singular values of the input matrix Xj,.

Only the first two singular values are significantly larger than the others, which are
close to zero. This suggests that a rank truncation value of r := 2 is appropriate.

Next, we reconstruct the data matrix using the exact DMD algorithm and the ran-
domized DMD algorithm, where we set the oversampling parameter to p := 10 and
the number of power iterations to ¢ := 2. The results are visualized in Figure

DATA DMD

rDMD

0.8 0.8

0.6 0.6

0.4 ; 0.4
1 0.2

1 0.2
0 0

-0.2 -0.2

04 0.4
06

0.8

-0.6
-0.8

Figure 3: Left: original data matrix Xj,. Middle: reconstructed data matrix using

the DMD algorithm. Right: reconstructed data matrix using the rDMD
algorithm.

We observe that the DMD algorithm and the randomized DMD algorithm are able to
approximate the exact data very well. A measure for the quality of the reconstructed
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3 Dynamic Mode Decomposition

matrix X,.. is the relative Frobenius error defined as

||Xin _XreCHF
5 Xreca = ?
o) = X

(3.20)

which clearly depends on the rank truncation value r. Table [l shows that both al-
gorithms achieve a very low relative Frobenius error. The randomized DMD (rDMD)
algorithm is slightly faster than the exact DMD while maintaining a comparable level
of accuracy.

Table 1: Relative Frobenius error and running time of the DMD and rDMD algorithms.
The data is generated with a running time of 0.012 seconds.

| | DMD | :DMD
E(Xree, 1) 2.195-1071% | 3.143 - 10713
Running time |[s] 0.394 0.067
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4 Piecewise DMD

4 Piecewise DMD

The foundation of this section relies on the work of [1], [2] and [7].

Although we have seen in Section that the DMD/rDMD algorithm is able to
reconstruct the data very well, this is not the case for all types of data. There are
at least two classes of datasets, where the DMD/rDMD algorithm fails to provide a
good approximation. The first involves data that exhibit periodic behavior, while the
second includes data that describe spatio-temporal Turing instabilities.

We take a closer look at these two classes and introduce an enhanced DMD method
that addresses these shortcomings, the so-called piecewise DMD (pDMD) method. By
utilizing some error indicators, we demonstrate through several examples how this
method can effectively detect and correct the issues that arise with the DMD /rDMD
method from Section 3]

4.1 Reaction-Diffusion Systems

In order to illustrate the limitations of the DMD /rDMD method, it is first necessary
to create suitable datasets. We generate them by solving reaction-diffusion PDE (RD-
PDE) systems in one or two space dimensions for different parameter choices.

Let Q C R%, dg € {1,2}, be a non-empty and bounded domain with Lipschitz-
continuous boundary I' := 9€). For T' > 0, we define

Qr = (0,7] x Q,
FT = [O,T] x I

The RD-PDE systems are of the form

up — pyAu + dy(u,v) =0, in Qp,
vy — ppAv + dy(u,v) =0, in Qrp,
Vu-n=g,, onlyp,

(4.1)
Vv-n=g,, onl7p,

u(0) = up, in Q,
v(0) = v, in .

System (|4.1)) is also referred to as a semilinear initial-boundary value problem (IBVP).
Here, u and v are real-valued functions, u,v: )y — R. The diffusion constants are
denoted by i, tt, € Rsg and the term Awu is defined by the Laplace operator

o 52y

Au(t,x) := ; o2 (t,z) for (t,z) € Qr, (4.2)
analogously Av. In the one-dimensional case, Vu and Vv denote the derivatives of u
and v, respectively, while in the two-dimensional case, they represent the spatial gra-
dients of u and v. Moreover, d,, d,: R xR — R are given nonlinear functions and they
account for physical, chemical or biological processes (e.g., see [11] and [18] for appli-
cations in biomedicine). We suppose Neumann boundary conditions, where n denotes
the outward unit normal vector and g, g,: 't — R are given boundary functions. The
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4 Piecewise DMD

function value of v on the boundary is thus not fixed. Finally, ug, vy: 2 — R are given
initial functions.

For the discretization of , we employ the finite difference method (FDM). In a
first step, we apply the method of lines (MOL) to discretize in space only, which yields
a system of ODEs where time remains continuous. In a second step, we discretize
this ODE system in time, again using finite differences — specifically, the IMEX Fu-
ler method, in which the diffusion terms are treated implicitly, while the (nonlinear)
reaction terms are handled explicitly.

4.2 Limitations of DMD

In this section, we demonstrate how the DMD algorithms introduced in Section [3] fail
when applied to the two classes of datasets discussed above.

For the remainder of Section [ we employ the rDMD algorithm with oversampling
parameter p := 0 and number of power iterations ¢ := 2 to illustrate the limitations
of DMD and rDMD. While we could have also used the exact DMD algorithm for this
purpose, we opted for rDMD as it is generally faster and yields comparable results.
Furthermore, when referring to the rtDMD method from now on, we often use the
term global. This terminology becomes clearer once we introduce the piecewise DMD
approach, which, in a certain sense, localizes the global rDMD method.

4.2.1 Limitations on Periodic Datasets

FitzHugh-Nagumo System: Limit Cycle

First, we consider the one-dimensional FitzHugh-Nagumo (FHN) system, which models
the activation and deactivation dynamics of a spiking neuron. The domain is given by
2:=(0,1) and the final time is 7" := 6. Moreover, we set

o = 1.5-1072,
o =0,
i.e., the function v does not diffuse. The nonlinear functions d, and d, are defined as

Cu(u—=01)1—u) v c

dy(u,v) = +— - —
[ [
dy(u,v) := —bu +yv — ¢,
where
b:= 0.5,
v =2,
c:= 0.05.

To get rid of the fractions in the nonlinearity d,,, we multiply the first equation of (4.1)
by p.,, relabel d, as

dy(u,v) == —u(u—0.1)(1 —u) +v—c
and obtain

futty — e Au 4 dy (u,v) = 0.
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4 Piecewise DMD

The boundary function for w is given by

— (51031, if x =0,
lts ) = {O ( e (43)
, ifxr=1

for t € [0,T]. It is not necessary to specify boundary conditions for v, as the vanishing
diffusion constant ensures that during discretization this has no effect. Furthermore,
we define the initial conditions by

up ;=0 in €,

vg ;=0 in €,
corresponding to vanishing and spatially constant initial data.
The spatial discretization is performed with n, := 1024 equidistant interior points in

the interval €. Hence, the spatial step size is

1

Az = )
ng +1

The number of discrete problems to be solved is m := 6 - 10?, yielding a time step size
of At :=T/m = 1073. Thus, the time discretization is also performed on an equidistant
grid. Accordingly, the snapshot matrix Xj, is of size 2048 x 6001.

The application of the MOL leads to the following full order model (FOM) of ODEs,
where time remains continuous:

p 1 — p2(Au+r) +dy(u,v) =0,, forte (0,T],
v+dy(u,v)=0,, forte(0,T], (4.4)
u(0) = uy,
v(0) = vo.

Here, the vectors

u = u(t)

= [ w(t) w,, () ],
v :=v(t)

=[vit) - v )]

are the approximations of the continuous solutions at the spatial grid points z;. The
vector 0, denotes the zero vector of size n,. Similarly, the initial conditions are given

by
ug = u(0)

= [ uop(z1) -+ ug(n,) }T7

23



4 Piecewise DMD

vy = v(0)

= [ vo(x1) -+ volzn,) ]T

The matrix A € R™*™ and the vector r € R™ are derived from the spatial discretiza-
tion of the Laplace operator and the boundary conditions, where the second-order
central difference quotient

Au(t, ;) ~ (u(t, wi—1) — 2u(t, =) + u(t, vi11))

Ax?
is used for ¢ = 1,...,n,. It remains to specify how to handle the boundary terms

u(t, zo) and u(t, x,,.1). This is where the Neumann boundary conditions are applied.
We have

%(t l’o) = _gu(ta xO)a

Vu-n =g, <
{%(ta xnz-‘rl) = gu(t7 -TnI-H),

since we are considering the outward unit normal vector. By applying a second-order
forward and backward difference quotient for the spatial derivative at the left and right
boundary, respectively, we obtain

ou
_gu(t7 ZE()) - %(ta I’O)

u(t, xy) — du(t, x1) + 3u(t, xq)
2Azx ’

~
~

ou
gu(t7 xnx+1) = %(t7 xnx+1)

w(t, xp,—1) — 4u(t, z,, ) + 3u(t, x,,+1)
2Ax ’

Q

Taking into account (4.3)), we deduce

1 4 2
u(t?:CO) ~ —§U(t,l’2) + _u<t7$1) - _Axgu(ta O)

3 3
1 4 2 4,3 —15t
= —g’d(t,.l‘g) + gu(t,xl) + gAZL‘(E) -10%t%e ™),
1 4 2
u(t, Tn,11) ~ —gu(t, Tpy1) + gu(t, Tn,) + §A$gu(tv 1)
1 4
= —gu(t, Tp,—1) + gu(t, Tn, )
Thus, the matrix A is of the form
-, -
3 3
. 1 -2 1
A = .. .. .. Rnl XNg
N T 3 ,
1 -2 1
2 _2
L 3 3
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while the time-dependent vector r is given by

r:=r(t)
2 Az(50000¢3 1)
1 0 .

Finally, the two functions

dy:R™ x R"™ — R",
d,:R"™ x R" — R"

are defined analogously to d, and d, in a component-wise manner.

To discretize the ODE system (4.4) in time, we employ the IMEX Euler method in
vector form. We begin by introducing an equidistant time grid

tr .= kAt for k=0,....m

and approximate the time derivatives using the first-order backward difference quo-
tients

u(ty) ~
v(ts) ~

for k = 1,...,m, where u® ~ u(t;) and v¥ ~ v(t). If we further treat the diffusion

terms implicitly and the reaction terms explicitly, we obtain the system

uk _ uk‘—l
MUT - ,Ui(Auk + rk) + du(uk—l,kal) =0,,, fork=1,...,m,
k _ k-1
T A; +d,(u* v =0,,, fork=1,...,m,
uo = Uy,
V0 = Vp.

Rearranging leads to the fully discretized system

(/Lu[nz — At,uiA) u” = p,u 7t — Atd, (W VEY 4+ Atet, fork=1,... m,

vP=vM - Atd, (uf ! vET), fork=1,...,m,
uU = Uy,
V0 = Vp.

In block form, this time-stepping scheme can be written as the linear system

A%

~" ~

xT

fruln, — AtpZA - 0, u® | [ peufTt = Atdy (u v + Al
On In, T vFl— Atd, (b VR

=:xk =:bk
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for k =1,...,m, with initial conditions
w ]l [ u
vOl T vy |

To solve the fully discretized system efficiently, we make use of MATLAB’s 1u function,
which computes the LU decomposition of the system matrix A. This factorization
yields a lower triangular matrix L and an upper triangular matrix U such that A =
LU. The resulting triangular systems can then be solved efficiently via forward and
backward substitution. In the first step, we solve Ly* = b* for y* using forward
substitution, which exploits the lower triangular structure of L by progressing row by
row from top to bottom. In the second step, we solve Ux* = y* for x* via backward
substitution, proceeding from bottom to top due to the upper triangular form of U.
Since the structure of the system matrix A remains constant throughout all time steps,
the LU decomposition needs to be computed only once and can be reused for every
k =1,...,m. This not only reduces computational effort significantly but also takes
advantage of the matrix’s sparsity and block-diagonal structure.

The solution of this system provides the data for the snapshot matrix Xj,, where
the k-th column is given by the concatenated state vector [u*, v¥]". Calculating the
rank of X;, with MATLAB’s rank function yields a value of 51, which indicates a low
rank structure of the data matrix. It is worth noting that rank computes the number
of singular values that are larger than a certain threshold. By default, MATLAB’s

threshold depends on the size and the norm of the matrix.

The singular values of Xj, are depicted in Figure [4 These singular values are com-
puted using MATLAB’s svd(X;,, ’econ’) function, which produces an economy-sized
decomposition of the matrix Xj;,. This means that the decomposition removes unnec-
essary rows or columns of zeros from the diagonal matrix of singular values, as well as
the corresponding left and right singular vectors, depending on the size of X;,, thereby
improving computational efficiency and reducing storage requirements without affect-
ing the accuracy of the decomposition. Since Xj, has more columns than rows, this is
particularly efficient.

10°
1004
10
1010 §
1071 ‘ ‘ ' ‘
500 1000 1500 2000
Index ¢

Figure 4: Singular values of the data matrix Xj,.
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Next, we compute the relative Frobenius error of the rDMD reconstructions
X,ec for different rank truncation values » = 1,...,51. The results are shown in the
left panel of Figure 5] The maximum relative Frobenius error is reached for r = 43,
with a value of &(Xiec,43) &~ 1.366, whereas the minimum relative Frobenius error
occurs at r = 46, reaching a value of &(Xyee,46) ~ 0.941. Overall, we observe that
the relative Frobenius error is large for all rank truncation values, indicating that the
rDMD algorithm fails to provide a good approximation for this dataset.

Remark 4.1.

(i) Note that the DMD algorithm tends to achieve higher accuracy for coupled
systems when the datasets of all variables are concatenated into a single matrix
(cf. |2], ]27]). The two approaches are referred to as coupled and uncoupled
DMD, respectively. In this thesis we only consider the coupled DMD approach.

(ii) Instead of using the full dataset

2048 x6001
X, €eR ,

obtained from the solution of the FHN system, we consider only the last 6 - 103
columns for both the rDMD and the (later introduced) pDMD analysis. After the
reconstruction, the initial condition is reattached to the reconstructed solution

(cf. Section [3.3)).

As an additional measure to assess the reconstruction quality of the rDMD method,
we compare the temporal evolution of the snapshot matrix Xj;, and the reconstructed
matrix X,.. for a fixed rank r. Therefore, we introduce the spatial mean, defined as

1
(u(t)) :== @/ﬂu(t,x) dx (4.5a)

for the variable v and t € [0,7] in the one-dimensional case. Analogously, in the
two-dimensional case, it is given by

1
(w0} = o /Q w(t, 21, 22) dzrdes. (4.5b)

Here, |€2| denotes the measure of the spatial domain 2, which corresponds to the length
of the interval (0, 1) in the one-dimensional case and to the area of the rectangle

(0, L) x (0, Ly)

in the two-dimensional case (later), where L, and L, are given positive constants. For
the reconstructed matrix X,.., the spatial mean of the variable v and v at time ¢; can
concretely determined as

(u(t)) = = (Kl

2n,
1 T
<U(tk)> = n_ Z (Xrec)i,ka
T i=ng+1

27
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respectively. In MATLAB, the spatial means over time of the reconstructed matrix X,
can be computed using the command mean (X;ec(1 : ng,:), 1) and mean (X ee(n,+1 :
2% ng,:), 1), respectively.

The results are displayed in the middle and right panel of Figure 5] We observe that
the reconstruction of both v and v fails entirely to capture the periodic behavior and
the amplitude of the oscillations present in the snapshot matrix.

£ 4 <u(t)> 02 <v(t)>

14 0.15
0.5

Data
0.1
12 rDMD

S}

11 0.05

e MM :

0 10 20 30 40 50 0 2 4 6 0 2 4 6
T t t

Figure 5: Left: relative Frobenius error of the rDMD reconstruction for r = 1,...,51.
Middle/Right: spatial mean over time for « (middle) and v (right), where
the rDMD reconstruction is performed with r = 46.

The snapshot matrix X;, and the reconstructed matrix X, for r = 46 are shown
in Figure [0l The figure clearly illustrates that the rDMD method fails to accurately
capture the system’s dynamics.

DATA U rDMD u

DATA vV rDMD v

Figure 6: Left: variable u (top) and v (bottom). Right: rDMD reconstruction of u
(top) and v (bottom) performed with a rank truncation parameter of r = 46.

Finally, the phase planes ((u), (v)) are visualized in Figure [7] The limit cycle cor-
responding to Xj, is shown in the left panel, while the phase plane of the rDMD
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reconstruction appears in the right panel. Again, we observe that the rDMD recon-
struction fails to reproduce the characteristic periodic behavior of the original data.

DATA rDMD
0.2 : : 0.015 — :
0.15
0.01
A A
< o1 =
\% \%
0.005
- /
0 : 0 : :
0.5 0 05 1 0 0.02 0.04 0.06
<u(t)> <u(t)>

Figure 7: Phase planes ((u), (v)). The rDMD reconstruction is performed with a rank
truncation parameter of r = 46.

A-w System: Spiral Waves
Next, we consider the \-w system. The two-dimensional spatial domain is defined as

Q= (07Lxl) X (O, LIL"2>
= (0,130) x (0,130),

and the final time is set to T' := 50. Moreover, we set the diffusion constants as
[y = by := 4. The nonlinear functions d, and d, are defined by

)
)

where the parameters are given by

p(w(u, v)v — Au, v)u),
p(—w(u, v)u — Au,v)v),

, U
dy(u,v

p = 10,
B=1,
Mu,v) =1 — (u® +v?),
w(u,v) == —B(u* + v?)
The boundary functions are specified as
gy =0 on I'p,
g :=0 on I'p,

corresponding to homogeneous Neumann boundary conditions. Furthermore, we define
the initial functions by

1 Lx .
UO(‘Ila x?) = <x1 - 1) m Q7

10 2

1 L, :
Uo(l'l, 1'2) = E (—% + TQ) in .
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4 Piecewise DMD

The spatial discretization is performed using n,, := 99 equidistant interior points in
x1-direction and n,, := 99 equidistant interior points in xo-direction. Thus, the total
number of interior grid points is

n = Ng Ny, = 9801.

The corresponding spatial step sizes are given by

L,
Ary = ——,
Ny, + 1
Ay = oL
2 Ny, + 1

respectively. The temporal step size is At := 1073, which means that the number of
discrete problems to be solved is m := T/at = 5 - 10*. To reduce computational costs,
we store only every k-th snapshot with k := 4. For ease of notation, the retained
snapshots are relabeled consecutively from 0 to m, := ™/x. Accordingly, the snapshot
matrix X, is of size

21 X (my, + 1) = 19602 x 12501.

Note that the spatial grid points are numbered in a natural ordering. This indexing is
illustrated in Figure|8|for the exemplary rectangular domain (0, 1)? with n,, = n,, = 2.

T2

(0,3) | (1,3) | (2,3) | (3,3)

0,2) | (1,2) | (2,2) | (3,2)
2/3

0,1 | 1,1 (2,1 3,1
1/3

0,0) | (1,0) | (2,0) | (3,0)

T
0 1/3 2/3 1

Figure 8: Natural indexing of (0, 1)? with n,, = n,, = 2.

The FOM resulting from the spatial semi-discretization using the MOL is given by

u— pyAu+dy(u,v) =0, forte (0,77,

V — yAv +dy(u,v) =0, forte (0,T], (4.6)
u(0) = uy '
v(0) = vy

Here, the vectors

u = u(t)
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4 Piecewise DMD

= [un(t) o w () W () W, ()]
v = v(t)
= [vil®) o Va1 (®) o Vi, () Vi, ()]

represent the spatial discretizations of u and v, respectively, where

w;;(t) = u(t, 7, ),

vii(t) = u(t, x;, ).

The initial conditions are given by

ug = u(0)
-
= [ uo(xy, 1) -+ uo(@n,,x1) - uo(®1, Tn,,) o U(Tny s Tny,) |
vy = v(0)
-
2=[U0($17$1) Uo(xnm,xl) UO(Il,xan) Uo(%wl,xnm)] .

Again, the matrix A € R"*" is derived from the discretization of the Laplace operator
combined with the boundary conditions. We use the second-order central difference
approximation
1
(A.Z’l)2
1

+

Au(t, x;, xj) ~ (u(t, zim1, x5) — 2u(t, x4, ;) + u(t, Ty, z5))

)’ (u(t, xi, xj—1) — 2ult, x;, ) + u(t, i, xj41))
fori=1,...,n, and j =1,...,n,,. What remains to be specified is how to handle
the function values at the boundary points. This is where the Neumann boundary
conditions come into play. They can be written as

ou
_8_(t>-’1‘30,$j)=0 for j=1,...,n4,,
T
ou .
a_xl(t’xn’cl""l’l‘j):0 fOl"jZl,.,,,nxz,
Vu-n=0<+= ou |
—%(tafﬂi,xo)ZO fori=1,...,ng,
2
0
a_;bz(taxiaxan—I—l) =0 fori=1,...,n4,
\

since we are considering the outward unit normal vector. By applying a second-order
forward difference quotient for the spatial derivative at the grid points (z;,x¢) and
(20, 7;), and a second-order backward difference quotient at the grid points (2, +1,7;)
and (4, Ty,, 1), We obtain the approximations

0= %(t, 70,2;) - u(t, xo, x;) — du(t, x1, z;) + 3u(t, xo, xj)’
8%1 2ALE1
0 %(t ) 5~ u(t, vp, ;) — du(t, v, —1,75) + 3ult, vn, 11,75)
axl ) nzl+17 J 2AI1 )
0= %(t, z;, xO) ~ U(t, X, 1'2) - 4u(t, X, xl) + 3U(t, Xi, SB())’
81‘2 QAQTQ
p By ) <l ) 430,010
8ZE2 T nw2+1 QAI’Q .
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4 Piecewise DMD

Rearranging leads to

1
u(t, xo, ;) ~ -u(t,x1,x;) — gU(t,l’Q,I‘j),

1
u(taxnzl+1axj) ~ u(t>$nzl7$]’) - gu(taxnzl—laxj)7

1
u(t, zi, xg) = —u(t, z;, 1) — gu(t, T, Xa),

Ol Col s Col ol i

1
U(t, Ti, xng;2+1) ~ U(t, Ty, xan) - gu(ta Ty, xnw*l)'

By using the two matrices T,, and T,,, defined by

2 2
3 3
1 1 2 1
Tm T — GR"HX”M’
LA 1 -2 1
PR
| 3 3
S /
-5 3
1 T 2 1
T, = — € RMz2 XMz
T A 1 -2 1
2 2
| 3 3

we can express the discrete Laplacian operator on a rectangular domain in Kronecker
form as

A=1

nz2

® Ty, + Ty, ® I, € R™™ (4.7)
Finally, the two functions

dy:R" x R* — R",
d,:R" x R" — R"

are defined analogously to d, and d, in a component-wise manner.

To discretize the ODE system (4.4) in time, we first use the IMEX Euler method in
vector form. Analogously to the FHN system, we obtain the fully discretized linear
System

I, — Atpu, A 0, u | [ Ut = Atdy (ub v
0, I, — Atu,A vE | T v = Atd, (uf Tt v
for k =1,...,m, with initial conditions

#]-[3)

Again, we can solve this system efficiently using the LU decomposition of the system
matrix.
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To accurately capture the pattern structure of the solution and to ensure stability
due to the presence of explicit components, a fine discretization is required in both
space and time. Thus, the IMEX Euler method in vector form can be too costly for
large dimensions (e.g., n > 2500) and large number m of problems to be solved. A
significantly more efficient alternative for time discretization is to employ the IMEX
Euler method in matrix form. To apply this, the vectors u and v are reshaped into
matrices U and V:

[ Ui -0 Uin,, |

U = c anlxnz27
L unmll e unmlnz2 i
[ Vit Ving, |

V = . € RMe1 XNy
L Vnzll e VnzanZ i

Thus, the vectors u and v represent the vectorizations of U and V|, respectively, i.e.,

u = vec(U),
v = vec(V).

Together with (4.7]), we obtain the identity

Au = (I,,, ® Ty,) vec(U) + (Ty, ® I, ) vec(U)
= vec(TxlUInTxQ) + vec(I,, UT,,)
= vec(T,, U) + vec(UT, )
= vec(T,,U+UT,))

and analogously
Av = vec(T,,V+VT)).

This leads to the fully discrete system:

Uk _ Uk—l
o (T UF 4 UML) £ du (UL VA = 0, for k=1,
Vk _ Vk—l
—x 1o (T, VE+ VFT] )+ d (UF 1, VY =0, sy, fork=1,...,m,

with the initial conditions

UO = U07

VO - Vo.

Here, Uy and V|, are matrices representing the initial conditions, and d,, and d, are

again the component-wise representations of d, and d,. Rewriting the above system
yields the so-called Sylvester equations:

(In,, — Atp,T,,) UF + U* (=Atp, T,,) = U — Atd, (UM, VE),

(Inzl - Atuva) Vk + Vk (—At,uUTIQ) = \/’ki1 — Atdv(Uk*17 Vk71>' (48)
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4 Piecewise DMD

Thus, at each time step k, two Sylvester equations must be solved with coefficient
matrices

(Inz1 — AtuuTxl) , (—AtuuT;) ,
(In,, — Atp,Ty,),  (—Atp,T,,),

and right-hand sides

Uk—l o Atdu<Uk_1,Vk_1),
VR - Atd, (U VAT,

Compared to the IMEX Euler method in vector form, where the system matrices are
of size n x n, the Sylvester equation approach operates directly on matrices of signifi-
cantly smaller sizes. Although the n x n matrices are typically sparse and structured
— enabling the use of direct and iterative solvers — the Sylvester formulation benefits
from working with significantly smaller matrices. This not only reduces memory re-
quirements but also permits the use of highly efficient small size factorization methods.
In particular, since the matrices T,, and T; remain consistent across all time steps,
their factorizations are reusable, further improving the overall computational efficiency
of the scheme.

One of this small size factorization methods is based on an a-priori eigendecomposition
of T, and T,,. In the following we assume that T,, and T, are diagonalizable, i.e.,
their eigendecompositions

— -1

T{L’1 - Qxlel xr1 )
T _ -1
T.’EQ - Q~T2A$2 T2

can be determined. The matrices Q,, and Q,, are invertible and

AIl = diag(A$171, ey )\x1,nxl)7
A, = diag( Mgy, o5 A )

) M2, Ny

are diagonal matrices with the eigenvalues A;, ; and A,, ; on the diagonal. Although
T; and T,, deviate from symmetry due to boundary modifications, their overall
structure remains sufficiently close to symmetric matrices, so that numerical stability
of the decompositions can be expected.

To solve the Sylvester equations using the eigendecompositions of T,, and T;,
we first introduce a matrix L. The elements of L are defined as

1
Li' =
T (L = At Ay ) + (At Aa, )

fori=1,...,n,;, and j =1,...,n,,. Hence, at each time step k, we compute

Uh = Q! (UM — Atd,(UF, VF)) Qu,,

1
VF = Q! (VA — Atd, (UM, VF)) Q,,

1

and obtain the iterates as

U* = Qm (L © Uk) ;21’
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= Q. (L ® \7’“) L

In these expressions, ® denotes the element-wise (Hadamard) product between two
matrices.

In Table |2 the running times of the IMEX Euler method in vector form and matrix
form are compared for solving the \-w system.

Table 2: Comparison of the running times for the IMEX Euler method in vector form
and matrix form when solving the \-w system.
‘ H IMEX Euler vector form ‘ IMEX Euler matrix form ‘
| Running time [s] | 459.3 | 50.3 |

Table [2] clearly demonstrates the computational advantage of the matrix-based IMEX
Euler scheme. While the classical vector form approach requires a running time of
459.3 seconds, the matrix formulation completes in only 50.3 seconds. This significant
speed-up is mainly due to the use of small-size Sylvester solvers and the reuse of
eigendecompositions across all time steps.

Next, we evaluate the quality of the rDMD method with respect to the reference data
Xin, obtained via the IMEX Euler scheme in matrix form. Starting from simple step
profiles in v and v at t = 0, the solution develops into an Archimedean spiral wave. This
spiral forms a stationary center located at (xy.,z2.) := (65,65) and begins to expand
outward. The spatio-temporal oscillations of the spiral continue until a characteristic
time ¢, at which point the spiral pattern has fully developed and occupies the entire

domain 2 (see Figure [J).
1 1
0.5 0.5
0 0
-0.5 -05
-1 -1

20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120
@

» A b © N & o

0.8
0.6
0.4
0.2

-0.2

| & o
d 04

0. 06

. 08

20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120
EN T T

Figure 9: Variable u at the time points t = 0, 10, 20, 30, 40, 50.

For t > t, the system enters a new time regime where it continues to oscillate. The
spatial means then evolve along a closed trajectory in the phase plane, indicating a
limit cycle (cf. Figure [12] left).
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In Figure |10] (left), we show the behavior of the relative Frobenius error &(Xiec, )
for r = 1,...,314, where 314 corresponds to the rank of Xj,. Initially, the error
decreases and attains a minimum value of 2.644 - 1073 at r = 136. However, for
r Z 150, the error increases drastically due to the ill-conditioning of the matrix Ap
in the rDMD algorithm. This highlights a key limitation of DMD: although one might
expect improved accuracy with increasing r, this is not the case here due to numerical
instability.

Figure (10| (middle and right) further illustrates how the rDMD reconstruction quality
declines for increasing ranks by comparing the spatial mean over time for u, where the
rDMD reconstruction is performed with » = 136 (middle) and r = 300 (right). For
r = 300, the relative Frobenius error reaches £(Xiec,300) = 7.838. In both cases, the
two distinct time regimes [0,¢] and (¢, 7] with ¢ ~ 25 observed in the reference data
are not accurately reproduced. Moreover, noticeable discrepancies appear in the wave
amplitudes, especially for r = 300.

& -5 <u(t)> <u(t)>
x10 u(t) 0.01 u(t)

Data
rDMD

1 Ml
I

10°

o

-0.005

- -0.01
0 100 200 300 0 10 20 30 40 50 0 10 20 30 40 50
T t t

Figure 10: Left: relative Frobenius error of the rDMD reconstruction for r =
1,...,314. Middle/Right: spatial mean over time for u, where the rDMD
reconstruction is performed with r = 136 (middle) and r = 300 (right).

The variable v at the final time 7' is shown in Figure (left). Reconstructions
obtained via rDMD for » = 136 and r = 300 are presented in the middle and right
panels, respectively.

DATA u rDMD u rDMD u

08 120
20

06 100
0.4 15
02

- 10
0 g
02 5
04
06 0
08 5

20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120
2 2 ay

Figure 11: Variable u at the final time 7T'. Left: reference data. Middle: rDMD recon-
struction with » = 136. Right: rDMD reconstruction with r» = 300.

The reconstruction at r = 136 aligns remarkably well with the reference data, although
its temporal evolution differs significantly (cf. Figure middle). In contrast, the case
with » = 300 does not accurately capture the spiral wave structure.

Finally, we analyze the phase planes ({u), (v)) for both the reference data and the
rDMD reconstructions. As described earlier, the reference trajectory forms a clear
limit cycle, a feature that is not captured by either of the rDMD reconstructions (see
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Figure . These findings further emphasize the limitations of rDMD in capturing
the dynamic behavior present in the reference data.

5 DATA rDMD
5 x10 0.01
0.005
A A
0 s o
\" \"
-0.005 /
5 -0.01
5 0 5 -0.01 0 0.01
<u(t)> x10° <u(t)>

Figure 12: Phase planes ({u), (v)). Left: reference data. Middle: rDMD reconstruction
with » = 136. Right: rDMD reconstruction with r» = 300.

4.2.2 Limitations on a Dataset with Spatio-Temporal Turing Instability

DIB Morphochemical System

As a final example, we study the DIB morphochemical system — a model for metal
growth in electrodeposition. It captures phenomena occurring during the recharge pro-
cesses of batteries with metal electrodes and exhibits the so-called Turing instability.
This instability arises when a spatially homogeneous steady state becomes unstable
due to diffusion-driven mechanisms, leading to the spontaneous emergence of station-
ary spatial patterns like labyrinths, stripes or spots, dependending on the parameters
of the kinetics.

The simulation begins with a small (random) spatially distributed pertubation around
the homogeneous stationary point P, := (u,, v.) — the equilibrium of the system in the
absence of diffusion. As the system evolves, two different time regimes emerge: first
comes the reactivity zone Z,, where diffusion destabilizes the initial equilibrium. This
is followed by the stability zone Z,, in which the system converges toward a stationary,
spatially structured inhomogeneous state — a Turing pattern. In other words, Turing
patterns are stationary solutions of RD-PDE systems.

We consider the DIB morphochemical system on the square domain
Q:=(0,L,,) x (0,L,,),

where L,, := 20 and L,, := 20. The final time is set to 7" := 40 and the diffusion
constants are chosen as p, := 1 and g, := 20. The reaction kinetics are governed by
the nonlinear terms

dy(u,v) == —p (A1(1 —v)u — Ayu® — B(v — a)), (4.9a)
dy(u,v) = —p(C’(l + kou)(1 —v) (1 —v(1 —v)) — Du(1 + ksu)(1 + fyv)) (4.9b)

with parameters
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as well as

C(1—a)(1 =7 +7a)

D =
a(l +~a)

: (4.9¢)

Here, u models the morphology of the electrodeposit, while v describes its chemical
composition. Further insights into the electrochemical relevance of the parameters can
be found, for instance, in [16] and the references therein.

We suppose homogeneous Neumann boundary conditions for both components:

gu:=0 onl,
gy =0 onlI.

Finally, the initial functions are given by

ug(z1, T2) 1= ue + 10 "rand(x1, 27),

vo(z1, 22) := v + 10 °rand(zy, T2),

where (ue,v.) := (0,«) is the homogeneous steady state and rand(z;,xs) indicates
MATLAB’s rand function, which generates a random number uniformly distributed in
the interval [0, 1].

The spatial discretization is performed with n,, := 10? equidistant interior points in
x1-direction and n,, := 10? equidistant interior points in x»-direction. This results in
a total of

4
n = Ny Ny, = 10

spatial degrees of freedom (DOFS). The corresponding spatial step sizes are defined as

Ly
A[L’l = >
Ng, +1
Agy = —2 |
Ny, + 1
For the time integration, we employ a time step size of At := 1073, which yields

m :=T/at = 4 - 10* discrete problems to be solved. Only every x-th snapshot is stored
with k := 4. The retained snapshots are relabeled consecutively from 0 to m, := ™/x.
Consequently, the snapshot matrix Xj, is of size

2n x (m, +1) = 2-10* x 10001.

The FOM for the DIB morphochemical system is again of the form . Employing
the IMEX Euler method in matrix form yields a snapshot matrix X, of rank 303.
Hence, we apply the rDMD method for all target ranks » = 1,...,303 and compute
the corresponding relative Frobenius errors £(Xiec, 7). The corresponding error curve
is depicted in Figure (left). For larger values of r, the relative Frobenius error
E(Xiee, ) drastically increases and blows up for 7 > 43. So in contrast to what one
might expect, the error does not decrease with increasing r. This behavior is again
attributed to the ill-conditioning of the matrix Az in the rDMD algorithm. The
minimal error £(Xee, ) = 1.022 - 107! is attained at r = 19.
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In Figure (right), the spatial mean over time for u of the rDMD reconstruction
with r = 19 oscillates around that of the reference data. Moreover, the reference data
reveals two distinct time regimes, namely Z; := [0, ] and Z, := (¢, T, with a transition
at approximately ¢ ~ 4. While this temporal structure is clearly visible in the reference
solution, the rDMD reconstruction fails to accurately reproduce it. In particular, the
reconstruction destabilizes the equilibrium earlier.

£ <u(t)>
10180 i . ‘ 03 : ( )
0251 /./\
02 e mwﬂv—“ </
101001 - ‘“’\,/\\
015} el
o1l DMD
1050 L
0.05F
0
10° : : -0.05 : : :
0 100 200 300 0 10 20 30 40
T t

Figure 13: Left: relative Frobenius error £(Xe.,7) for r = 1,...,303. Right: spatial
mean (u) for the reference data and the rDMD reconstruction with r = 19.

Figure (14 (left) shows the variables u and v at the final time 7. The middle panels
display the corresponding rDMD reconstructions obtained with » = 19. We observe
that the characteristic Turing pattern is well reproduced. However, the reconstruction
does not accurately capture the amplitudes. This discrepancy becomes more evident in
the right panels, where the absolute errors between the reference data and the rDMD
reconstructions are illustrated.

Absolute error u
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Figure 14: Variables u (top) and v (bottom) at the final time 7T". Left: reference data.
Middle: rDMD reconstruction with » = 19. Right: absolute error between
the reference data and the rDMD reconstruction.
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To summarize, while the rDMD method successfully captures the Turing pattern struc-
ture, it once again fails in accurately approximating the reference data. In particular,
the relative Frobenius error consistently exceeds 10%.

4.3 Piecewise DMD Algorithm

Section highlights that rDMD fails to reconstruct the dynamics of datasets ex-
hibiting peridoic behavior or Turing pattern formation. Moreover, increasing the rank
does not improve the reconstruction quality in terms of the relative Frobenius error.
To address these limitations, we propose a novel technique, the pDMD method, which
leverages a localized reconstruction strategy inspired by classical divide-and-conquer
techniques in numerical analysis.

The central idea of pDMD is to replace the global linear approximation over the full
time horizon [0, 7] with several local linear models. More precisely, the time domain
is partitioned into N > 1 segments and a separate low-rank rDMD reconstruction is
performed on each subinterval. This allows the method to more effectively capture
regime shifts and transient phenomena that are typically missed by a single global fit.

Let X, € R™(™+1) denote the reference snapshot matrix. We begin by selecting an
initial number of segments N;,, which defines the initial partitioning of X;,. This seg-
ment count is then incremented in steps of size Ny, until either a target reconstruction
accuracy is achieved or a maximum number of segments Ny, is reached. To ensure
that each segment contains at least 10 snapshots, we define

m—+ 1

Npax = .
Thus, for each value of N, we obtain a decomposition of the form
XinIZ[Xl XN};
where each segment X; is given by

X = [ (Xin)or-nprn = (Xin). i) } ’

with v := mT“ denoting the (possibly non-integer) segment width. Here, for example,
(Xin):r(i—1)v+17 refers to the [(i — 1)v + 1]-th column of Xj,. The rDMD method
(algorithm [3|) with target rank r; := rk(X;), oversampling parameter p := 0 and two
power iterations (g := 2) is then applied to each X;. To ensure accurate reconstruction,
the target rank r; is iteratively decreased until the relative error condition

e = max : ! <e 4.10
rr(Z) (i—Dr+1<k<iv ”(X'L>,kHoo ( )

is satisfied for a given tolerance ¢ > 0. If this condition is not satisfied for all r; > 0
(¢ =1,...,N) the current segmentation is considered unsuccessful and we increment
N before restarting the procedure. When all segments are successfully reconstructed,
the local approximations X; are concatenated to yield the full reconstruction XN . For
analysis purposes, we also store the rank vector r := [ re .- Ty } and the maximum
target rank

T(N) = ||r||oo:= 1%‘%%\7”
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for each successful partition in N segments. Afterwards, if the N-th partition is
successful, the global relative Frobenius error &£,(XX  r) is determined analogously

to (3.20) as

X5 = X2l

E(XN r) =
" [ Xinl[ 7

rec’

This error clearly depends on the number of segments N and the rank vector r. For
N =1, it reduces to the standard relative Frobenius error £(X,ec, 71). As an additional
error indicator, we compute the relative Frobenius error over time

(X )ee — (Xie):el2

Ek(X I‘) = ||(Xin):,k:||2

rec’

fork=1,... m+ 1. (4.11)

Next, we evaluate whether the error £,(XX., r) is below a given threshold 7 > 0. If this
condition is satisfied, the algorithm terminates. Otherwise, for convenience, we assign
E,(X.,r) the placeholder value —100 and increment the partition number N by Niy.

This process is repeated until either the error £,(X2.,r) falls below the threshold 7,
or the maximum number of partitions N, is reached.

Remark 4.2. The choice of r; in each partition is crucial. By default, the full rank
rk(X;) is used initially and then decremented until the error criterion is satisfied.
Alternatively, a fixed upper bound, such as r; = min{r, 200}, can be employed to
reduce computational cost (see [2]). However, this alternative is not pursued further
in this work.

The pDMD algorithm is summarized in Algorithm [4]
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Algorithm 4 Piecewise Dynamic Mode Decomposition (pDMD)

1: INPUT X,, € R o 7 >0, Nip, Nine € N
2: Set Npax = Lm——H

10
3: for N = Njn : Ninc . Nmax do
4: Set v = 2H

5 fort=1:1:N do

6: Assemble X; = (Xin):7[(i_1)y+1]:[iﬂ
7: Compute r; = rk(X;)

8 Set err(i) = 1 and flagsye. = true
9: while err(i) > ¢ do

10: [Xi, ~, ~] = 1DMD(X;, 74,0, 2)

11: Compute err(i) =  max  1(Xoe=(X)klloo/)(X,). koo
(i—1)v+1<k<iv
12: Update r; =r; — 1
13: if r; <0 then
14: flagsue. = false
15: Break
16: end if
17: end while
18: if flagsuc. = false then
19: Break
20: end if
21: Assemble (Xr]gc):,((i—l)u—i-l]:[iu] = XZ
22: end for
23: if flagsuc. then
24: Setr:[rl rN}
25: Determine 7(N) = max r;
1<i<N
26: Compute &,( XN e r) = X XJZCHF/uanF
27: Compute (XN 1) = 1(Xin)o k=X kllz/|| (Xin). 4o for b =1,...,m+1
28: if £,(X2.,r) <7 then
20: Break
30: end if
31: else
32: Set £,(XN ,r) =—100
33: end if
34: end for

35: RETURN X%

rec’

Ep(Xieo 1), (X

rec’?

r), 7(N), r

4.4 Numerical Results for pDMD
4.4.1 Results on Periodic Datasets

In this section, we apply the proposed pDMD method to the datasets introduced in
Section .21l

FitzHugh-Nagumo System: Limit Cycle
As a first example we consider the dataset Xj,, generated by numerically solving
the FHN system. The pDMD algorithm is initialized with parameters N;, := 1 and
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4 Piecewise DMD

Ny := 1. The threshold values are set to € := 10~" and 7 := 1076.

In Figure [15] (left), we show the relative Frobenius error &,(X2,,r) for those values
of N that satisfy the error condition for all « = 1,..., N. The first successful
value of N is N = 14, which corresponds to an error of &,(X! r) = 1.816 - 1072
Then, the error initially remains relatively high and fluctuates around 10~2, but begins
to decrease significantly once N exceeds 60. Finally, the termination criterion of the
pDMD algorithm is met for N = 94, where the relative Frobenius error is &,( X% r) =
9.197 - 10~7. Although the error curve has a few spikes, the overall trend is clearly
decreasing. This indicates that increasing the number of partitions enables a more
accurate approximation of the system dynamics. We note that for N = 14, the
subdatasets X; consist of 429 snapshots, while for N = 94, they consist of 64 snapshots.
The right panel of Figure|15|illustrates the relative Frobenius error over time e, (XY, r)
for the two successful values of N that yield the maximum and the minimum error:
N = 14 and N = 94, respectively. For N = 14, the error exhibits significant fluctu-
ations and peaks. In contrast, for N = 94, the error is considerably lower and the
spikes are markedly reduced. This demonstrates the clear benefit of refined temporal

partitioning in improving reconstruction quality.

&
10°
10-2 L
10
10+
10710
10 ‘ ‘ ‘ 10715 |
0 20 40 60 80 100 0 2 4 6
N t

Figure 15: Left: relative Frobenius error &,(X2.,r) for those values of N that satisfy
the error condition (4.10)) for all = 1, ..., N until the algorithm terminates.
Right: relative Frobenius error over time e (XY, r) for N = 14 and N = 94.

rec’

Figure (16| (left, middle) shows a comparison of the spatial mean over time for u and v
based on the pDMD reconstruction with N = 94. The right panel illustrates the cor-
responding phase plane ({u), (v)). All three plots demonstrate that pDMD is capable
of accurately reproducing the periodic behavior of the FitzHugh-Nagumo system.
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Figure 16: Comparison between the reference data and the pDMD reconstruction with
N = 94. Left: spatial mean over time for u. Middle: spatial mean over
time for v. Right: phase plane ((u), (v)).

Next, Figure [17]illustrates the behavior of the ranks for various successful values of N.
The left panel shows the target ranks r; of each submatrix X; in the N-partition, for
N =14 and N = 94. We observe that both rank curves exhibit six peaks, correspond-
ing to the maxima and minima of the spatial mean curve over time. Furthermore,
we see that the ranks for N = 94 are, as expected, significantly lower than those for
N = 14.

In the right panel, the maximum target rank 7(/N) is plotted for each successful value
of N. We note that each 7(N) is smaller than the rank of the original snapshot matrix
Xin, which is rk(X;,) = 51. Moreover, it is evident that from approximately N = 60
onward, the maximum target rank 7(N) stabilizes at a relatively low level between
15 and 18. This underlines the computational advantage of pDMD, as it enables a
significant reduction in problem dimensionality.

r={[ry,...,rn] Maximum target rank 7(IN)
30 ‘ T i 30 \ : . .
—e— N =14 o
25 —o— N =94/ | °
°
20 1 25 o
°
o
15 g
10 1 20t
5 s
0 : : : 15 : : :
0 20 40 60 80 100 0 20 40 60 80 100
#subsets N

Figure 17: Left: target ranks r; of each submatrix X; in the N-partition for N = 14
and N = 94. Right: maximum target rank 7(V) for each successful value
of N.

A-w System: Spiral Waves

As a second example, we apply the pDMD method to the A-w system dataset Xj,.
Here, the pDMD algorithm is initialized with Ny, := 1, Ny, := 1 and threshold values
g:=1072 7:= 1075,

As before, we begin by analyzing the relative Frobenius errors. This time, the first
successful value of N is N = 3, yielding an error of &,(X2,r) = 6.327 - 107°. We ob-
serve that the error initially decreases and then exhibits a slightly oscillatory behavior
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4 Piecewise DMD

for 12 < N < 26, such that 1.6 - 107° < £,(XY.,r) < 1.1-107% holds. For N = 27,

rec’

the error falls below the threshold 7 with a value of &,(X27 r) = 7.718 - 1077, It is
worth noting that the relative Frobenius error is for each N significantly lower than
the error obtained by the global rDMD method (cf. Figure[10] left). Again, we remark
that for N = 3, the subdatasets X; consist of 4167 snapshots, while for N = 27, the
subdatasets contain 463 snapshots.

For N = 3 and N = 27, the right panel of Figure shows the relative Frobenius
error over time e,(X2Y.,r). We can clearly distinguish two temporal regimes, [0, #] and
(t,T], in the error behavior, particularly for N = 27, which we had already identified
in Section[4.2.1] In general, we also observe that the relative Frobenius error over time

is considerably larger for N = 3 than for N = 27.

£
104 .
10
107t
1040
10t
: ‘ ° 1071° ‘ ‘ :
0 10 20 30 0 10 20 30 40 50
N t

Figure 18: Left: relative Frobenius error &,(X2.,r) for those values of N that satisfy
the error condition (4.10)) for all = 1, ..., N until the algorithm terminates.

Right: relative Frobenius error over time e (X2, r) for N = 3 and N = 27.

As for the FHN system, we observe in Figure [I9) that the spatial means over time and
the phase plane ((u), (v)) of the reference data and the pDMD reconstruction with
N = 27 match perfectly.

<105 <u(ty> %108 <v(t)> %105

t t ? <U?‘)> x10'55
Figure 19: Comparison between the reference data and the pDMD reconstruction with
N = 27. Left: spatial mean over time for w. Middle: spatial mean over
time for v. Right: phase plane ((u), (v)).

Finally, Figure [20] illustrates the behavior of the ranks for various successful values of
N. In the left panel, the ranks for N = 27 are, as expected, significantly lower than
those for N = 3.

The maximum target ranks 7(/V) are shown in the right panel and exhibit a decreasing
trend as N increases. We again observe that 7(/N) is consistently lower than the rank
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4 Piecewise DMD

of the original snapshot matrix Xj, (1k(Xi,) = 314). In particular, the maximum
observed target rank 7(N) is 140, occurring at N = 3.

r={[ry,...,rn] Maximum target rank 7(IN)
150 i i 140 © T :
—e— N =3
—w— N =27
120
100 |
100 | o
80 °
501 1 o
60
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0 : 40 299000,
0 10 20 30 0 10 20 30
#subsets N

Figure 20: Left: target ranks r; of each submatrix X; in the N-partition for N = 3

and N = 27. Right: maximum target rank 7(/N) for each successful value
of N.

4.4.2 Results on a Dataset with Spatio-Temporal Turing Instability

DIB Morphochemical System

As a third and final example, we apply the pDMD method to the DIB morphochemical
system dataset Xj,. We initialize the pDMD algorithm with Ny, := 1, Ny, := 1 and
use the thresholds € := 1073, 7 := 1076.

The first successful value of N is N = 29, which yields an error of &,(X%., r) =
3.023-107%. Afterwards, the error sinks for N = 31, but then rises again to a maximum
of 3.530 - 1079 for N = 47. Finally, the error falls below the threshold 7 for N = 48
(E,(X2 r) = 1.383-107"). Thus, convergence is achieved after only four successful
partitioning steps. It is worth noting that for all successful values of N, the relative
Frobenius error is consistently small (cf. Figure , left) on the order of magnitude
1.383- 1077 < &,(XY ;1) < 3.530-107°.

In the right panel of Figure |21 we report the relative Frobenius error over time
e (XN r) for the two values of N at which the maximum and minimum errors occur,
namely N = 47 and N = 48. We observe that both error curves exhibit a similar be-
havior: the maximum error occurs at the beginning — corresponding to the reactivity

zone Z; — and then decreases almost uniformly over time.
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Figure 21: Left: relative Frobenius error £,(X2., ) for those values of N that satisfy
the error condition (4.10)) for all s = 1, ..., N until the algorithm terminates.
Right: relative Frobenius error over time e (XY r) for N = 47 and N = 48.

In Figure we once again observe excellent agreement between the spatial means
over time of the reference data and those of the pDMD reconstruction with N = 48,
as well as in the corresponding phase plane.

<u(t)> <v(t)>
0.25 0.508 0.508

0.506 Data 0.506

0.504 0.504

<V(t )>

0.502 os02r 7 [T pDMD

-0.05 05 05
0 10 20 30 40 0 10 20 30 40 0 0.05 0.1 0.15 0.2

t t <u(t)>

Figure 22: Comparison between the reference data and the pDMD reconstruction with
N = 48. Left: spatial mean over time for u. Middle: spatial mean over
time for v. Right: phase plane ((u), (v)).

Finally, we revisit the rank behavior. It is evident that the subdatasets corresponding
to the reactivity zone Z; require significantly higher ranks, whereas those associated
with the stability zone Z, can be approximated with substantially lower ranks.

The maximum target ranks 7(N) are shown in the right panel of Figure 23| and, as
in previous examples, exhibit a decreasing trend with increasing N. Moreover, 7(N)
consistently remains below the rank of the original snapshot matrix Xj, (rk(Xj,) =
303). The highest observed value is #(N) = 46, which occurs at N = 27.
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Figure 23: Left: target ranks r; of each submatrix X; in the N-partition for N = 47
and N = 48. Right: maximum target rank 7(N) for each successful value
of N.

We conclude that pDMD accurately reconstructs the dynamics of the FHN system,
the A\-w system and the DIB morphochemical system. While the global rDMD method
struggles to reconstruct the temporal datasets from these systems — often due to ill-
conditioning for large target ranks — the pDMD method achieves accurate reconstruc-
tions by operating with significantly lower target ranks.

We observe, in particular, that as the number of successful segments N increases,
the relative Frobenius error £,(X[,r) decreases and remains considerably lower than
that of the global rDMD approach. The spatial means over time, the phase plane and
the full spatio-temporal behavior — including transitions between different temporal
regimes — are all captured very accurately by the pDMD method.

These findings highlight a key limitation of the global rDMD approach: its reliance on
a single linear approximation over the entire time horizon prevents it from capturing
the rich variety of dynamical regimes that may emerge, such as oscillatory behavior and
Turning pattern formation. In contrast, pDMD constructs local linear models within
suitably chosen data segments, thereby enabling a more accurate representation of
spatio-temporal dynamics.
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5 Adaptive POD-DEIMc

The main references for this section are |1] and [7].

After exploring DMD and its variants, we introduce additional model order reduction
(MOR) techniques, which — like DMD — are also strongly related to the SVD and aim
to reduce the computational costs of standard numerical methods. We begin by con-
sidering the (discrete) Proper Orthogonal Decomposition (POD). Building upon this
foundational method, we then introduce the Discrete Empirical Interpolation Method
(DEIM) to achieve the faster, albeit less accurate, POD-DEIM method. To address
the accuracy limitations, we propose stabilized variants: the corrected POD (PODc)
and the corrected POD-DEIM (POD-DEIMc). Both of these corrected methods sys-
tematically incorporate carefully derived correction terms to enhance their accuracy.
Finally, we present an adaptive approach for these methods to further enhance effi-
ciency and accuracy.

In contrast to Section [l where only coupled approaches are used, we consider uncou-
pled approaches that do not stack the datasets for each variable into a single snapshot
matrix.

As an illustrative example for the following techniques, we again consider a two-
equation RD-PDE system as introduced in Section [d] Let

Q:=(0,L,,) x (0, L,,) C R?

denote a non-empty and bounded spatial domain with Lipschitz-continuous boundary
[' := 00. We suppose the parameter choices L,, := 20 and L,, := 20. For a fixed final
time 1" := 100, we define

Q= (0,7] x 9,
FT = [O,T] x I

In contrast to the previous section, we restrict our attention to a system with ho-
mogeneous Neumann boundary conditions. All other aspects of the system remain
unchanged, so it is again of the form (4.1)). Furthermore, we suppose that there exists
at least one spatially homogeneous equilibrium (cf. Section
P. = (ue, ve)
= (0,a) € R?,

i.e., we have

The reaction terms are given by (4.9). Consequently, we are once again working with
the DIB morphochemical system. The diffusion constants, system parameters and
initial conditions are kept identical to those used in Section [4.2.2]

We spatially discretize the domain using n,, := 10 and n,, := 10? equidistant interior
points in the - and xo-direction, respectively. This results in a total of

4
n = Ny Ny, = 10
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5 Adaptive POD-DEIMc

interior grid points. The spatial step sizes are given by

L,
AV L
Ny, + 1

Ly
AIQ = 2
Ny, + 1

As in (4.6]), we derive the FOM for the DIB morphochemical system as

u — i, Au + dy(u,
vV — pyAv +dy(u,

V) for t € (0,77,
v)

u(0)

v(0)

0,
0, forte (0,7,
u
Vo

(5.1)

For the temporal discretization, we first make use of the IMEX Euler method in vector
form introduced in Section [4.2.1] Given the equidistant time grid

ty .= kAt fork=0,....m
with step size At := 1072 and m := T/At = 10°, the fully discretized system reads:
(I, — Atp,A)uf = vt — Atd, (u* 1, vFh) for k=1,...,m,
(I, — Atp, A)vF = v* ! — Atd, (0", v*) fork=1,...,m,

u’ = Uo,

V0 = Vp.

Next, since both the spatial dimension n and the number m of problems to be solved
are large, we introduce the IMEX Euler method in matrix form (cf. Section 4.2.1)),
which is given by

(Inm - At/’LuTrl) Uk + Uk (—At,lj,uT;;) = Uk_1 — Atdu<Uk—17 Vk_1>,

5.2a
(In,, — Atp,Ty)) VE+ VF (=Atp, T,) = V7' — Atd, (UM, VT (5:20)
for k =1,...,m, together with the initial conditions

U’ = U,, (5.2b)
V? =V, (5.2¢)
Moreover, to reduce storage requirements, we store only every x-th snapshot, with
k := 4. For ease of notation, we relabel the stored snapshots consecutively as

u’ ul, ... u™, where u* = u(ty), tor ;= kkAt and m, = /.

Table [3| highlights the computational advantage of the IMEX Euler method in matrix
form over its vector-based counterpart in terms of running time for solving the full-
order DIB morphochemical system.

Table 3: Comparison of the running times for the IMEX FEuler method in vector form
versus matrix form for solving the DIB morphochemical system.

’ H IMEX Euler vector form \ IMEX Euler matrix form ‘
| Running time [s] || 983.01 ‘ 230.5 |
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The numerical solutions for u and v at the final time 7" are shown in Figure [24] (top),
where a characteristic Turing pattern emerges. In the lower part of the figure, two
indicators are presented. On the left, we display the spatial mean over time for u
and v, as defined in (4.5D). On the right, we plot the increments inc(u) and inc(v)y,
defined by

inc(u) := 0" —u¥|y for k=0,...,m,—1,

inc(v)y := |[v*™ = v¥; fork=0,...,m, — 1.

We observe that the behavior of v and v is very similar across all four plots. Therefore,
in the following discussion, we focus solely on u as a reference. Moreover, the two
indicators clearly reveal the existence of two distinct temporal regimes, Z; := [0, ¢] and
T, := (t,T], where

t:= 2124 = kKAtargmaXyc g . -1y i0C(U) (5.3)

In the first regime, referred to as the reactivity zone Z;, the spatial mean increases
sharply over time and the increments are relatively large. In contrast, in the second
regime, the stability zone Z,, both indicators gradually stabilize toward constant val-
ues. This behavior is consistent with the fact that a Turing pattern is an asymptotic
solution of , implying that the spatial mean converges to a constant value and
the temporal increments decay to zero.
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Figure 24: Top: variable u (left) and v (right) at the final time T". Bottom left: spatial
mean over time for v and v. Bottom right: increment over time for u and
v.

5.1 Model Order Reduction

To reduce the computational cost associated with solving the FOM, we employ the
(discrete) POD method as a model order reduction technique. The goal of the POD
method is to approximate the high-dimensional discretized system by projecting it
onto a significantly lower-dimensional subspace of dimension 1 < r < n. This is
achieved by identifying a set of orthonormal basis functions that optimally capture
the essential information contained in the snapshot data.

To clarify what is meant by ’information’ in this context, consider the snapshots
u’,...,u™ € R". The discrete POD problem then consists in finding an orthonormal
set 1, ...,1%, € R™ that minimizes the mean square error between the elements u”
and their r-th partial Fourier sum on average:

2

My

min E
wl)"'vwv‘ €Rrn

T

u® — Z(lﬂc, Vi)2ti

=1

st (Wi, ¥y)e =0i5,1 < 4,5 <, (5.4)
2

where ’s.t.” stand for ’subject to’. An optimal solution to this problem is referred to
as a POD basis of rank r. It is well-known (see, e.g., [12]) that the solution to the
optimization problem ([5.4)) is given by the first r left singular vectors of the snapshot
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matrix

Su — |: uO R :| c Rnx(m,ﬁ-l).

The choice of the reduced dimension r is a crucial aspect in the practical application of
POD, as there is no general a priori rule for selecting it. A commonly used criterion is
the energy ratio, which measures the proportion of the system’s total energy captured
by the first » POD modes. It is defined as the ratio of the modeled energy to the total
energy of the system:

> i1 0}
E(r) = =1 € [0,1].
min{n,mg+1 )
Zz 1{ " } z
Here, 01, ..., Ominfn,m.+1} are the singular values of the snapshot matrix S,,. This ratio

can also be determnined as

22102
€)= s e

Thus, the computation of the singular values 0,1, ..., Omin{n,m.+1} can be omitted, as
they are not required for evaluating the energy ratio. This is much more efficient since
the computation of each singular value is not necessary.

Nonetheless, we determine the singular values of the snapshot matrix S, using svd (S,
’econ’) and plot the largest 1000 of them (see Figure . We observe a very slow
decay of the singular values, which is justified by the complex structure of the Turing
pattern. We suggest that the rank r can be chosen as r := 175, where the corresponding
singular values is o175 = 4.273 - 107%. In fact, the energy ratio £(r) is very close to 1
with respect to the snapshot matrix S, such that the previous choice of r is reasonable:

E(r) =~ 0.99.

10°
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Figure 25: Largest 1000 singular values of the snapshot matrices Sy, Sy, Sq, and Sq, -
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Remark 5.1. There are several approaches to compute the left singular vectors and
singular values of the snapshot matrix S,.

The most accurate and numerically stable method is to directly compute the SVD
of Sy. However, this approach can be computationally expensive, especially for large
matrices.

A more efficient alternative is the so-called method of snapshots, which computes the
eigenpairs (\;, ¢;) of the matrix S} S,. The corresponding left singular vectors are
then obtained as

1
Vi = \/)\—iSuqﬁl

and the singular values are given by o; = v/A; for all 4 with \; > 0. The left singular
vectors and singular values corresponding to A\; = 0 are mostly not of interest, as they
do not contribute to the system’s energy. This method is particularly suitable when
Su has significantly more rows than columns. Nevertheless, it is generally less accurate
and less stable than computing the full SVD.

A third approach is to compute the eigenpairs of the matrix S,S]. This is advanta-
geous when S, has more columns than rows. In this case, the singular values are again
given by o; = v/\;, and the corresponding eigenvectors are the left singular vectors.
Similar to the method of snapshots, this approach is computationally efficient, but it
may offer reduced numerical robustness in certain scenarios.

Let oL, ... 94" denote the rank-r POD basis associated with the snapshot matrix
Sy, and similarly, let ¢l ... 9" denote the rank-r POD basis corresponding to the
snapshot matrix

Sy = [ VAP VL } € R*(mst1),
We collect the POD basis vectors in the matrices

Uyi=[ 9y - P, ] e RV,
Uy = [ gy - W | RV,

where each column corresponds to a POD basis vector for the variables u and v,
respectively. These matrices define the reduced-order POD approximations of the
state variables as

u(t) = v,u,(t) e R" fort € [0,7T],

v(t) = U, v, (t) €R" fort € [0,T], (5.5)

where the unknown, reduced state trajectories

a,:[0,7] = R",
V,:[0,T] = R”

represent the time-dependent coefficients corresponding to the reduced subspaces. By
substituting the reduced-order approximations (5.5 into the FOM (5.1]) and projecting
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onto the reduced subspaces via multiplication with the transposed POD basis matrices,
we obtain the so-called POD reduced order model (ROM)

(5.6)

where we use the orthogonalities \IJI v, =1, and \IJI W, = I,. Here, A, and B, denote
the reduced diffusion matrices, defined by

A, =Vl AT, c R,
B, :=VUJAV, € R™".

The nonlinear kinetic terms are defined as
d’(d,,v,) = V]dy(V.a,, ¥,v,) € R, (5.7
d(a,,v,) := v!d,(¥,a,, ¥,v,) € R". '

Remark 5.2.

(i) It is important to note that the matrices A, and B, are not necessarily in
Kronecker form due to the projection process. Moreover, they are small, dense
matrices of size r X r, in contrast to the large, sparse matrices A and B of size
n X n. Consequently, we apply the IMEX Euler method in vector form to the
reduced system , since a Sylvester-type formulation is no longer feasible.

(ii) To efficiently solve , several components can be precomputed during the
offline stage, i.e., before time integration begins. This includes the computation
of the snapshot matrices S, and S, the POD basis matrices ¥, and ¥, and
the projected diffusion matrices A, and B,. By doing so, we avoid redundant
computations during the online stage, thereby significantly accelerating the time
integration process.

Finally, the fully discretized POD-ROM reads:

(I, — Atp,A)af = af — Ardr (@b vE ), fork=1,...,m,
(I, — Atp,B,) vF =1 — Ardl (@1, vF Y, fork=1,...,m,
0 _ ¢T (5.8)
r \I/qu,
V0 =0l v,.

Unfortunately, system ({5.8) still depends on the full dimension since the kinetics are
evaluated at vectors of dimension n, as can be seen in (5.7)). Therefore, we introduce
the DEIM method, which interpolates the nonlinear functions using only [, 1 <[ < n,
interpolation points. Thus, we need a DEIM basis of rank [. Let

Sd = [ du(uo,VO) . du(um“,Vm"‘) ] c Rnx(mkﬂrl)’

u

Sd = [ dv(uo’vo) dv(um“,vmﬂ) ] c Rnx(m;ﬁ-l)
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be the snapshot matrices of the kinetic terms. The DEIM basis is then obtained by
computing the POD basis of rank [ of the snapshot matrices Sq, and Sq,. As rank-/
value, we choose the the maximum between the ranks of the snapshot matrices Sq,

and Sgq,:
[ := max{rk(Sq, ), rk(Sa,)} = max{362, 343} = 362.
We denote the DEIM basis vectors as ¢ ,..., ¢4 and @§_,..., ¢4 and collect them
in the matrices
= [ ¢4, - dh, ] eR™
= [ ¢4, - ¢4, ] R

Additionally, we determine the singular values of the snapshot matrices Sq, and Sa,
(see Figure . The decay of the singular values is even a bit slower than that of the
snapshot matrices S, and S5 .

Next, we apply a pivoting strategy by performing QR decompositions with column
pivoting on the transposed DEIM basis matrices (IDdTu and <I>dTv:

P} Pa, = Qa, R,
®; Pa, = Qa, Ra,

From the resulting n X n permutation matrices Py, Pq,, we retain only the first [
columns, resulting in relabeled matrices of size n x I:

Pa,, Py, € R™.

We call the columns of Py, and Py, DEIM points. In the offline stage, we compute
the matrices

Pi VU, P{ VU, PV, Pl U, e R (5.9)
and the inverses
(P4, ®a,) 7", (Pq, ®q,) " € R, (5.10)

where in practice, the inverses are computed using the pseudoinverse. Using these
inverses from (|5.10]), we then determine, still in the offline stage,
Y 1= Pgq,(P] Pq,) " € R™,
DL = 0q,(Pf Pq,) " € R™
Hence, the DEIM approximations of the kinetics are given by
dy(Vyit,, Uy ¥,) ~ @5 du(Pyf Uy, Py ¥V, ), (5.11)
dy(Vut,, Uyv,) ~ ©F dy(Py Vuu,, P U,v,). '

Note that in (5.11)), the kinetics are evaluated component-wise at the vectors of di-
mension [ instead of n. This leads to a second ROM, known as the POD-DEIM-ROM:

U — (A + U 08 du(Py Vua,, P{ UV,) =0, for t € (0,77,
Ve — 1BV, + U 08 dy(Py Uyt Py U, V,) = for t € (0,7,
1,(0) = ¥, uy,
v,(0) = ! vo.

(5.12)
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It is worth remarking that ¥[®; and U] ®F can also be determined in the offline
stage. Discretizing ((5.12) also in time yields

(I, — Atp,A) GF = ol ™' — At D8 dy (P W ulf ' P O, vIY), fork=1,...,m,
(I, — Atp,B,) v =1 — AU D8 dy (P Ul Py U VEY), fork=1,...,m,
iy = Uy uy,
V0 = U vy.

For both methods, POD and POD-DEIM, we store only every x-th snapshot. Again,
we relabel the stored snapshots consecutively as 0’ ,"* and denote the resulting

Py

snapshot matrices for the variable u as Upop and Upop.pemv, respectively.
The left panel of Figure [26| visualizes the relative Frobenius error (4.11) at the final
time for the POD and the POD-DEIM method for » = 1,...,200:

S (UPOD> T)a

€m, (UPOD-DEIM> 7“)-

Note that, for the error calculations and the visualization of the reduced-order so-
lutions, the reduced-order solutions must be projected back onto the full space by
multiplying them from the left with the corresponding POD basis matrices. We first
observe that the POD errors are generally smaller, but still remain relatively high
overall. Contrary to the expected monotonic decay of the error with increasing r,
the error behavior for both methods is highly irregular and features several jumps of
varying orders of magnitude. For POD-DEIM, the situation is even more problematic
— for certain values of 7, the reduced-order solutions yield only NaN values, indicating
numerical instabilities. Moreover, a consistent error decay cannot be observed.

<u(t)>

Full model
oasH | PODr=175]

POD
=4 POD-DEIM

0 50 100 150 200 0 20 40 60 80 100
.

Figure 26: Left: relative Frobenius error (4.11]) of u at the final time T, where u is
reconstructed using POD and POD-DEIM for » = 1,...,200. Middle: u at
the final time T', where u is reconstructed using POD with r = 175. Right:
spatial mean over time of u, where the POD reconstruction is performed
with r = 175.

The middle and right panels further emphasize the insufficient accuracy of the POD
method. In the middle panel, the reduced-order solution obtained by POD with r =
175 at final time T projected back onto the full space is depicted. The corresponding
relative Frobenius error at the final time is €, (Upop, 175) ~ 1.2397. The right panel
compares the spatial mean of this POD solution for r = 175 projected back onto the
full space with the spatial mean of the reference solution. In both cases, it becomes
evident that POD fails to approximate the reference solution (cf. Figure . Instead,
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5 Adaptive POD-DEIMc

the reduced-order solution converges to a different spatial pattern. To address this
issue and to ensure a more consistent and monotonic error behavior, we introduce a
stabilized version of POD called corrected POD, extend it to the corrected POD-DEIM

method and finally improve the efficiency by an adaptive approach.

5.2 Stabilization and Adaptivity

The idea of the PODc and the POD-DEIMc¢ method is to add a correction term to
the ROM that provides additional sufficient accurate infomration. Therefore,
consider a target rank R such that r < R < n. We choose R := 200 to be somewhat
below the maximum rank of the snapshot matrices Sy and S, :

max{rk(Sy),rk(Sy)} = max{341,289}.

Let u,, v,, ug and vy denote the time-continuous reduced-order solutions to the
ROM corresponding to reduced dimensions r and R, respectively. Furthermore,
let I, OT WH and U denote the associated POD basis matrices. Inserting the four
POD reduced-order approximations

u~Vva,,
v Uv,,
(5.13)

~ R~
u~ VY ug,

~ By
v Y Ive

into the FOM (5.1)) and projecting onto the reduced subspaces spanned by ¥! and
U” | respectively, yields two reduced systems of dimension r. For the variable u, this

v?

results in:

i, — A, + dl (0, v,) — R(r)
() (Wiug) — () TA(Vfag) + (V) du(Vfag, UiVe) — R(R)

)

O (5.14)
0

for t € (0, 7], where R(-) denotes the residual that arises from the POD approximation.
These residuals satisfy

lim R(r)

T—00

lim R(R) =

R—

0,
0

Next, we aim to approximate the term (U7) 7 (U%4y). For this purpose, we decompose
the matrix U into its first 7 columns and the remaining (R — r) columns:

\Dﬁ = [ \Ijﬁ (\IIE)S,T-FLR ] . (515>
Due to the orthonormality of the POD basis vectors, we have
(\PL)T\P; =1,

(5.16)
(\DS)T(\IIE):,T—&-LR = Orx(Rfr) .
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5 Adaptive POD-DEIMc

Using the approximations in ((5.13)), the orthonormality (UX)T W% = I the decompo-
sition (5.15)) and again the approximation (5.13)), we obtain

RN\T
11) u)l:r
Tll

(v
= ()

Q

(Wr)1r

Q

Hence, the reduced coefficient vector iz € R® can be approximately written as
Up ~ ur
R (ﬁR)T+12R ’
This implies
R~ O R ~
Uptg ~ Via, + (V). rr1:r(UR)ry1:R

Taking the time derivative, projecting onto the subspace spanned by Vj and us-

ing (5.16) yields

(W) (Ugug) = (W) (i + (W), r1mtin )
= l,u, + O’I“X(R—’r‘)ﬁR—’l‘ (517)
=

From this point onward, we make use of (5.17)) as an identity.

By using (5.17) and subtracting the second equtation of ([5.14]) from the first one, we
obtain

— (V) TA (Vha, — Uag) + (U)) " (du(Vya,, ¥iv,) — du(Viag, U3ve))
=R(r) — R(R)
=Ru.
Similarly, we can derive the equation for the variable v:
— po(Uy) TA (W v, — UiVR) + (U5) T (dy (Yo, U v,) — dy(Uag, Uive))
=Ry.

We add this two correction terms Ry and R to the right-hand side of the ROM (15.6)
and obtain the PODc-ROM

i, — p, A0, +d) (7, v,) = Ry, for t € (0, 7],
v, — 1B, v, + d7 (11, V,) = Ry, for t € (0,7,
1,(0) = (¥y,) "uy,
v,(0) = (¥5) " vo.

This PODc-ROM can be simplified to

w, — (V) TAV g + (U]) T du(Uiag, Wve) =0, for ¢t € (0,7,

Ve — (VL) TAU g + (03) Ty (Wfiag, Wivg) = 0, for ¢ & (0,77, (5.18)
1, (0) = (¥7,) "y, '
v,(0) = (¥7) "vo,
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5 Adaptive POD-DEIMc

by cancelling out redundant terms. It is worth remarking that (5.18)) represents an
r-dimensional system that leverages information from an R-dimensional system. The
fully discretized form of ([5.18)) reads:
= ay o+ At (U7) AT Tag

— AU T d, (WEGRE UEGEY for k=1,...,m,
Ve =V At (U5) T ATV

— AU Td (VHak T WEGEYY for k=1,...,m,

ﬁg = (\Ijﬁ)Tu(b
V) = (05) "o
Remark 5.3.

(i) To derive the fully discretized version of the PODc-ROM , we employ the
IMEX Euler method, although the snapshots @ and v% are already known for
k = 0,...,m. Moreover, since we are solving for u* and v¥, no linear system
needs to be solved.

(ii) The terms
Aty (W) TAUE,
Atpu, (T7,) " AT
can be determined in the offline stage.

(iii) The larger the choice of R, the more information is incorporated into the reduced-
order model and the more effective the resulting stabilization becomes. In
principle, one could choose R = n, but this is generally not convenient due to
memory and computational costs.

In the next step, we extend the introduced stabilization approach to the POD-DEIM
method. The corresponding POD-DEIMc-ROM is given by

U, — (V) AV TaR + (1) 0F, du(Py, VTR, Py, UiVR) = 0,
Vi = (VL) TAU VR + (U7) " @F, dy (Py, Uitg, Py, UyVR) =0,
for ¢ € (0,77, with the initial conditions
,(0) = (¥7) ",
v (0) = (T}) "o,

where <I>dDu, <I>de, Py, and Py, are exactly the same matrices as in (5.9). Finally, the
fully discretized version of the POD-DEIMc-ROM reads

;=0 At (W) AV Tag
— AL TOF du(Py Olal !t Py UEVETY) for k=1,...,m,
=V At (1)) AUV

v
’ 5.19
— At(UL) T8 dy (P Vel Py U fork=1,...,m, (5.19)
ﬁ? = (W;)Tum
v, = () "vo.
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5 Adaptive POD-DEIMc

In Figure[27 and 28] we visualize in the left panel the final-time Turing pattern obtained
using the PODc and the POD-DEIMc method, respectively. The right panels show the
spatial mean over time of the reduced-order solution projected back onto the full space
as well as the spatial mean over time of the full-order solution. For both methods, the
final-time Turing pattern seems to match the full-order solution well (cf. Figure .
The spatial mean over time of the reduced-order solution projected back onto the full
space is also in good agreement with the full-order solution for the PODc method.
However, for the POD-DEIMc method, the spatial mean over time in the stability
zone is slightly below that of the reference solution.

PODc u <u(t)>

-‘ = 0.25 T T T -
\ L 02
Full model
0.5 oas5¢f [ PODc
| 0 01
05 0.05
r 4
[ .

0.05
5 10 15 0 20 40 60 80 100

Ty t

Figure 27: Left: reduced-order solution obtained by PODc with r = 175 at final time
T projected back onto the full space. Right: comparison of the spatial
mean over time of the PODc solution for » = 175 projected back onto the
full space with the spatial mean over time of the reference solution.

POD-DEIMc u <u(t)>

L~ 025 ‘ . ; ‘
1
\ 02} /=
Full model
0.5 o5 | POD-DEIMc
I. 0 0.1
05 0.05
r -1
[ ]
5

0 20 40 60 80 100
t

5 10 1
€

Figure 28: Left: reduced-order solution obtained by POD-DEIMc with r = 175, R =
200 and [ = 362 at final time T projected back onto the full space. Right:
comparison of the spatial mean over time of the POD-DEIMc solution for
r =175, R = 200 and [ = 362 projected back onto the full space with the
spatial mean over time of the reference solution.

Moreover, in accordance with Figure 26| (left), the relative Frobenius error at
the final time for the POD, PODc¢, POD-DEIM and POD-DEIMc¢ method for r =
1,...,200 is shown in Figure 29 We observe a monotonic error decay for the PODc
method: the error decreases rapidly at the beginning, but starting from r g 100,
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5 Adaptive POD-DEIMc

the decay stagnates on the order of magnitude around 107°. Similarly, the POD-
DEIMc method exhibits improved behavior: the error decreases monotonically at the
beginning, reaching a minimum of 1.931-1072 at r = 10. After that, the error increases
slightly again. However, there is no longer any evidence of completely irregular error
behavior. So there has clearly been a stabilization. In a final step, we present an
adaptive approach with which we can further reduce the error of both methods and
improve the computational efficiency.

] €m, 1IN [O T]

10 ‘
i ﬂﬂi‘ )
10'1
|
107 \"\.
—POD I

5| |=-—PODc e e e -

10 —— POD-DEIM
POD-DEIMc
107 ‘ ‘ ‘
0 50 100 150 200

r

Figure 29: Relative Frobenius error (4.11)) of u at the final time 7', where u is recon-
structed using the POD, PODc, POD-DEIM and POD-DEIMc method for
r=1,...,200.

The adaptive approach is based on the idea of splitting the time interval [0, 7] into two
distinct temporal regimes using ¢ (cf. ): the reactivity zone Z; and the stability
zone Z,. The advantage of treating the time regimes separately lies in the expectation
that the number of basis vectors R required for the correction to capture the dynamics
within each individual regime is significantly smaller than the number of basis vectors
needed to accurately represent the dynamics over the entire time interval. In other
words we can adapt the number of POD basis vectors R in line with the qualitative
behavior of the dynamics. Hence, we get an speed-up for both, the offline and the
online stage. In particular, the computation of the POD solutions tig and vz becomes
more efficient for both time intervals, as well as for the SVD computations, due to the
reduced size of the snapshot matrices.

Let us therefore split the snapshot matrices S, and Sy into two parts. The first part
contains the snapshots of the reactivity zone, taken at every second time step:

SPi=[u® w? - um ],

SV)::[VO vio.eo ovme ]

(5.20)

—

where mj := t/at is time step index corresponding to t. We choose every second time
step in the reactivity zone because it is a short time interval and this choice provides
a sufficient number of snapshots to accurately capture the dynamics. The second part
contains the snapshots of the stability zone, taken every fourth time step:

Suz) — |: um umf+4 oo™ :| ,

S = [ vme ymetd ooy

(5.21)
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5 Adaptive POD-DEIMc

It is worth noting that the starting index of the matrices SL(IQ) and S coincides with
the final index of S$” and S (a justification is provided later). In the same way, we
split snapshot matrices of the kinetics Sq, and Sg, into two parts:

S((jlu) = [ du(u’,v?) dy(u? v?) dy(u™, vmi) ], (522)
S((ilv) = [ dy(u’,v?) d,(u?v? d, (u™, vm) '
and
S = [ du(um v dy(wreh v ) e dy(amen) ],
5(2‘,) = [ dy (e, ) dy (et yme) dy (u™v™) (5.23)

We define the POD target rank values

Rl = 41,
Ry := 150

for the first and second time interval, respectively, slightly below the maximum rank
of the snapshot matrices SS9 and sS4

max{rk(S("), rk(S{M)} = max{56,44},
max{rk(S?), rk(S{*)} = max{305,260}.

It is worth emphasizing that R;, Ry < 200 holds. The corresponding rank-R; POD
bases are then denoted as \I/ff)’Ri, \I/g)’R" for : = 1,2. Using these bases, we compute

the reduced-order solutions

~(1),0 N(l)vmf
uRl 9000y Rl 9
”’(1)70 "'(1)7mf
VR, s VR,

by solving (5.8)) with r = Ry for k=0, ..

the solutions

11 (2),771{
llR2
<7 (z)vmf
VR2

are obtained by solving (b.8) with r =

.,mg. Similarly, for the second time interval,

~(2),m
,...711R2 ,

~(2)7m
71 VR,

Ry for k = myz, ..., m. To ensure continuity

between the two intervals, the initial conditions for the second time interval are de-
fined by projecting the final reduced-order solutions from the first interval onto the
corresponding second-interval bases:

i) = (W) T
ngmf _ (\I]EIQ),RQ )T\val)’Rl {/gl)vmf_

This two-stage projection is essential: the solutions at mjz must first be lifted to the
full-order space and then projected onto the reduced basis of the second interval. Next,
we define the DEIM target ranks as

lll

60,
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5 Adaptive POD-DEIMc

lg = 324,
based on the ranks

max{rk(Sy)), rk(S5))} = max{62, 59},
max{rk(Sy)), rk(S$))} = max{323,308}.

The associated rank-/; DEIM bases and interpolation points are denoted by <I>d , P Z),

Péi and Ptgv for i = 1,2. With these components, we then compute the reduced-order
solutions

a0 q(L)me

a,, a7

v(1).0 v()mz
r e Vi

by solving ((5.19) with » = r; and R = Ry for k = 0,...,m;. For the second time
interval, the corresponding solutions

2),mg 2
u$,2) .. ,u£2) ,
(2)7mt 7{}(2)77“

are obtained by solving the same system (5.19) with » = ro and R = R, for k =
mg, ..., m. The initial conditions for this stage are again computed via projection:

~ mg o\ T r mg

ug)a (— (\11512) 2) \11(1) 1u£1) t

v@me — (g@r) Ty g $ );m

T2 v

The complete adaptive POD-DEIMc algorithm is summarized in Algorithm [5]
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5 Adaptive POD-DEIMc

Algorithm 5 Adaptive POD-DEIMc

1: INPUT &k, m, At, ug, vy, A, dy, dv, fty,

2: Compute the snapshots u®,...,u™ and v°,... v
3: Store every r-th snapshot and determine argmaxycy ., 1y inc(u)y
4: Compute t according to

5. for 1 = 1,2 do

6: if © =1 then

7: Define the matrices S and SV according to

8

9

m

Define the matrices Sc(llu) and Sélv) according to (5.22))
: else
10: Define the matrices S& and % according to (5.21))
11: Define the matrices S((fu) and S((ii) according to (5.23))
12: end if ‘
13: Fix the POD target rank R; ~ max{rk( ) rk(S(l))}
14: Compute the rank-R; POD bases TR and v from SU and SY)
15: if 1 =1 then

16: Let afy)” = (W0 ) Tug, v = (0 ) Ty

17: Compute ﬁgl)’k, Vgl)’k for K =1,...,m7 by solving for r = Ry

18: else

19: Let ﬁgi) _ (\11(2) R2)T\I/(1) RlﬁS’%ll)ﬂTbt7 {,%2) Mg __ (lI;E]Q)7R2)T\IJE})7R1‘~,g1)7m£
20: Compute u%) . VR2 “for k=mz+1,...,m by solving for r = Ry
21: end if

22: Fix the DEIM target rank [; ~ max{rk( ) rk(S(z )}
23: Compute the rank-/; DEIM bases @d , <I> ’ from S((; and S(Z

24: Compute the DEIM points P( P from (I> Z) and (ID
25: Fix r; < R;
26: if © =1 then

27: Let a0 = (U™ Tug, v = (1) Ty,

28: Compute a\*, v'* for k = 1,...,m; by solving for r = r; and
R=HR

29: else

30: Let a2 ) _ (\11(2) TQ)T\I’( )T 2 (1) mi {,ﬁ%) Mg (\11(2) T2)T\I,( Jr1g (1)mt

31: Compute u(Q) F \7,«3 for k = mz+1,...,m by solving (5.19) for r = ry and
R == R2

32: end if

33: end for

3: RETURN 2@0 ol g0 glme g2 a2 and
G@ms ol

Remark 5.4.

(i) The adaptive POD, adaptive POD-DEIM and adaptive PODc method is derived
from Algorithm [5| by omitting the corresponding DEIM or correction steps.

(ii) In our implementation of the adaptive methods, we consistently use g ﬁglo)’mf
to compute the initial values, instead of Wi )’Rlﬁgf’mf or U™ esard-

less of the specific values of R; and r;. We follow the same approach for the
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5 Adaptive POD-DEIMc

variable v. This choice ensures that the initial conditions for the second time
interval remain sufficiently close to the full-order solution, thereby preserving
the accuracy of the simulation.

In Figure[30] the results of the adaptive methods are visualized. The final-time relative
Frobenius error is shown for the reactivity zone Z; (r = 1,...,41) in the left
panel and for the stability zone Z, (r = 1,...,150) in the right panel. In both zones, the
POD and the POD-DEIM error behavior is completely unstable, showing no monotonic
error decay. The stabilized methods, however, present a different situation. Both the
PODc and the POD-DEIMc method in the reactivity zone Z; demonstrate an initial
monotonic error decay. While the error then slightly increases for > 5, it nonetheless
stabilizes on the order of magnitude around 1073. Clearer differences between the two
methods emerge in the stability zone Z,. While the POD-DEIMc method initially
exhibits a monotonic error decay before stagnating around 10~ for r 2 30, the PODc
method shows a consistently monotonic error decay, reaching an error on the order of
1079 at r = 97. Hence, the adaptive methods show a significant improvement in error

behavior (cf. Figure 29).

€m,, in Il

10"

107"}
\\,
Daaan e
103 N
—POD d
5l --=-PODc ] 5| |--—-PODc -
10 ——POD-DEIM 10 ——POD-DEIM AR U
POD-DEIMc POD-DEIMc -
107 ‘ 107 ‘
0 10 20 30 40 0 50 100 150

T T

Figure 30: Relative Frobenius error of u at the final time T of the reactivity zone
Z, (left, r = 1,...,41) and the stability zone Z (right, r = 1,...,150),
where u is reconstructed using the POD, POD-DEIM, PODc and POD-
DEIMc method.

Table[d]emphasizes that the adaptive approach significantly speeds up the offline phase,
primarily due to the faster calculation of the POD solutions ug and vg. Specifically,
the cost for the entire time interval [0, 7] is 1729.2 seconds, compared to 11.8 seconds
for the reactivity zone Z; and 1237.7 seconds for the stability zone Zs.

Table 4: Offline phase running times for the POD computation of iy and v over the
entire time interval [0, T, the reactivity zone Z;, and the stability zone Zs.

| | R | Running time [s] |

0,77 || 200 1729.2
I, || 41 11.8
I, || 150 1237.7
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6 Parameter Identification
This section is based on the work of [5], [13] and [24].

We propose a parameter identification approach within an optimization framework,
where the goal is to minimize an appropriate cost functional subject to a semilinear
parabolic PDE and a box constraint on the parameter.

After establishing the mathematical foundation, including assumptions ensuring the
existence and uniqueness of solutions, the projected Barzilai-Borwein (PBB) method is
introduced as an efficient technique for solving the resulting constrained optimization
problems. To determine the derivative of the cost functional, we employ a sensitivity
approach. As a concrete example, we consider a one-dimensional reaction-diffusion
equation as a representative example of a semilinear parabolic PDE constraint.

In contrast to the sections before, the finite element method (FEM) is used for the
spatial discretization.

Let Q C R with dg € {1,2}, be a non-empty, bounded domain with Lipschitz-
continuous boundary T' := 9. Define V := H'(Q), H := L*(Q) and

H% :=Hx---x H.
—_—
dqo times
Note that H? is a Hilbert space equipped with the inner product

do

(u, v) gaq = Z<ui7vi>H7 (6.1)

=1

where v := [ Up v Udg }T, vi= [ V1ot Udg }Te H% _ For T > 0, define
Qpr:=(0,7] x Q

and
Lr:=[0,7] x I.

Moreover, the compact and convex set of admissible parameters is given as

Pad 1= [//J_’ M+]
={pePlp <p<pty

with P := Ry and pu—, u™ € P. The objective is to minimize the cost functional
JW(O,T;V,V') x P =R,

where J(u, pt) is defined as

17 o
J(u, p) == 5/ /Q|u—ud|2dxdt—l—§|u|2, (6.2)
0

subject to u € P,q and such that the real-valued function u:Qr — R is the weak
solution to the state equation

w(t, ) — pAu((t,x)) + d(t, z,u(t,x)) =0 faa. (t,z) € Q. (6.3a)
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The given function ug € L?(Qr) represents the desired state that we aim to achieve.
The term 7/2|u|? is referred to as the regularization term, with ¢ > 0 denoting the
corresponding regularization parameter. We emphasize that, in particular, setting

= 0 is permissible, since the set of admissible parameters P,q is compact in R.
Moreover, d: Qr x R — R is a given nonlinear function.

Remark 6.1. We use the notation d(u) instead of d(-,-, u(-,-)), and d(¢, u(t)) instead
of d(t,-,u(t,-)), if the context is clear.

We suppose homogeneous Neumann boundary conditions
Vu-n=0 on'r. (6.3b)
Finally, u satisfies
u(0) =up in (6.3¢)

for a given initial function uy € H. The constraint of the optimization problem is thus
formulated by the semilinear parabolic IBVP defined in ([6.3]).

Definition 6.1 (cf. |24, Chapter 5]). A function v € L*(0,T; V) N L>*(Qy) is called a
weak solution to the IBVP ((6.3)) if it satisfies the variational formulation

/ / wey du di + / / V- Vi + d(u)p da dt — / o (0) da (6.4)

for all ¢ € W(0,7;V, H) with (T) = 0 in .

Integration by parts of the first term in the variational formulation yields

/OT/Qusotd:cdt:/Q[uw}f d&?—/OT<ut(t),g0(t)>V,,th
= /Q uw(T)p(T) dz — /Q u(0)(0) da — /0 T(ut(t),gp(t»v/’vdt?

where u; stands for the distributional derivative of u with respect to ¢. Since p(7) = 0
and u(0) = up in €2, we obtain

/OT/Qu% dx dt = —/Quogo(O) dr — /OT<ut(t),go(t))V/,V dt. (6.5)

By inserting (6.5 into (6.4) and subtracting [, uoe(0) dz from both sides, we have

/0 <Ut(t)790(7f)>vgvdt+/0 /gquu-Vgo—l—d(u)god:vdt:O. (6.6)

This leads to a second, more convenient definition of a weak solution.

Definition 6.2. A function u € W(0,7;V, V') N L>(Qr) is called a weak solution to
the IBVP (6.3)) if it satisfies the variational formulation

d

(), )i + 1 (Vult), Vo) preg + (d(t, ul?)), 9)u =0

dt (6.7)

(u(0), o) rr = {uo, V)
for all ¢ € V and almost all ¢t € (0,7].
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The concept of a weak solution as defined in Definition [6.2] is more regular than
that in Definition [6.1) meaning that any solution satisfying Definition [6.2] also meets
the criteria of Definition [6.1} From this point on, we restrict our attention to weak
solutions as defined in Definition [6.2) and simply refer to them as weak solutions to the
IBVP (6.3).

To derive an existence and uniqueness statement for a weak solution, we need to make
some assumptions.

Assumption 6.1. The function d: Qr x R — R satisfies the following properties:

e the mapping (¢,z) — d(t,x,u) is measurable fa.a. (t,z) € Qr and any fixed
u € R.

e the function u — d(¢, z,u) is monotonically increasing f.a.a. (t,z) € Q.
e there is a constant K > 0 such that |d(¢,z,0)|< K holds f.a.a. (t,z) € Q.

e the function u +— d(t, x,u) is locally Lipschitz-continuous f.a.a. (¢,z) € Qr, i.e.,
for any M > 0 there is a constant L(M) > 0 such that all u;,us € R with
[uq], |ug| < M satisfy

|d(t,z,uq) — d(t, z,u9)| < L(M)|up — ug| faa. (t,x) € Qp.

This assumption enables us to formulate the next statement.

Theorem 6.1 (cf. |24, Chapter 5]). Let Assumption hold. Then the semilinear
parabolic IBVP ((6.3) has a unique weak solution v € W (0,T;V, V') N L*>*(Qr) for any

p € Pag and any f € L"(Qr), up € C(2) with r > d/2 + 1. The solution is continuous
on {27 and there exists a constant c,, > 0, indenpendent of d and ug, such that

lullwo v +Hiwlegn < o (14O @+ luslle ) -

In the following, we suppose that Assumption holds. Thus, for each u € P,q the

IBVP (6.3) has a unique weak solution u[u] € W(0,7;V,V') by Theorem (6.1} This
allows for the definition of the solution operator

S:Pag — W(0,T;V, V"), S(u) :=ulyl.
Using this operator, the reduced cost functional is defined as
J:Pag = R, S (1) = J(S(p), 1),
which leads to the reduced problem

min J (). (6.8)

#E?ad
In the state variable u is eliminated.

Throughout the following, the reduced cost functional J is assumed to be continuously
differentiable.
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6.1 Projected Barzilai-Borwein Method

Gradient descent methods have long been used to address smooth unconstrained non-
linear optimization problems. The core concept is as follows: consider a continuously
differentiable function J:R™ — R with n € N. The goal is to find a local minimizer
i € R™ of J. Starting from an initial guess p~!t € R, gradient descent methods
iteratively update the current iterate y* by moving in the direction of the negative
gradient of J at p*

P =k apdt for k=-1,0,1,2,.. .,

where d* := —V.J (u*) and a; > 0 represents the step size. Although the iteration
index k conventionally starts at 0, we begin at £ = —1 in this case to allow for the
use of two starting points in the following method. Furthermore, we remark that we
use the standard notation d for the descent direction, which also appeared earlier to
denote the nonlinearity in . In each case, the meaning should be clear from the
context. The classic steepest descent (SD) method sets

ay := arg II1>1B1 J(u* + ad). (6.9)

Note that ( . requires solving an optimization problem at each iteration. In prac-
tice, this can lead to high computational costs if J or V.J are expensive to evaluate.
Furthermore, the rate of convergence of the SD method is only linear and it is severely
affected by problems that are badly conditioned. To address this issue, Barzilai and
Borwein (see [|4]) introduced in 1988 a line search method that selects the step size
based on previously calculated evaluations of the gradient and the current iterates to
improve the convergence rate of the algorithm:

-
BBl . Sp_1dk—1

——— for k=0,2,4,...
ak d];r_ldk_l or )y Sy )

3; 15k—1
afm = —=——— fork=1,3,5,...,
sp_1dk1
where
spo1 =t —
diy == VI () = VI (u*),
=VJ(u™).

It is worth noting that, in the one-dimensional case, the step size reduces to

k k—1
oBB — Sk—1 we=p

T A V) = V()

and the update formula becomes

k
k1 _ kb _ (BBgk — b _ AN_MA V. (b,
[t p—ay W ) VA (")

which is the secant and therefore a quasi-Newton method with locally superlinear
convergence properties. The advantage of the secant method or quasi-Newton methods
over the Newton method is that the hessian matrix does not need to be computed.
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Remark 6.2.
(i) According to the Cauchy-Schwarz inequality, we have
(si_1dr1)? < (sp_ysp-1)(d_ydxn).

Assuming s;_,dx_1 > 0, we can divide both sides by (s;_;dx_1)(d{_,dr—1) to
obtain

T T
BBl — Sp_1dk—1 Sp—15k—1 /BB2
k — T = 7T - Yk
dk_ldk—l Sk_ldk—l

Thus, the step size aPB! is referred to as the short BB step size and apB? as the

long BB step size (see [14]).
(ii) The short BB step size a2®! minimizes
min|si_1 — ady 3,

while the long BB step size a2®? minimizes

. . 2
min|jasg—1 — dp-f3.

For more details, we refer to [4].

(iii) The BB method is only well-defined, if the denominator of af® is not zero for
all k.

(iv) The BB method has been shown to exhibit superlinear convergence when applied
to the minimization of strongly convex quadratic functions in two-dimensional
settings. In the more general case of n-dimensional problems, the method ex-
hibits global convergence with a linear rate. Although the BB method does not
guarantee a strictly decreasing objective function value at iteration, numerous
computational experiments have demonstrated that it significantly outperforms
the SD method (cf. [14]).

Next, we extend the BB method to the case of the box-constrained optimization prob-
lems (6.8). The starting points x~" and p° are chosen such that they satisfy the box
constraints

N_l S tPad7
W i=P(VJ () € Pa,

where P: R — P.q denotes the projection operator onto the feasible set, defined by
P(p) := max {p~, min{u*, pu}} .
The iterative process follows the rule

P =Pt — VI (uh), k=0,1,2,...,
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where the derivative of the reduced cost function J at the point u* is denoted by
vJ (p¥) and can be computed by the sensitivity approach introduced in the following
Section Finally, the iteration process terminates when a maximum number of
iterations kpax := 200 is reached or when

b =Pt~ akflvj(u’“))‘ <e

is satisfied for a given tolerance ¢ := 107® > 0. Algorithm [6] provides an overview of
the PBB method.

Algorithm 6 Projected Barzilai-Borwein (PBB) gradient method

1: INPUT p' € Pag, € > 0, kmax €N, J, V.J
2: Compute J(p~Y), V.J(u™)
3: Set k=10
& Compute it = P(V.J(4), J(ub), V()
5: Compute residual 7 = |u% — P(uF — V.J (%))
6: while k < k. and 7% > ¢ do
7: Set sp_; = puF — pF!
8: Set dj_1 = VJ(u¥) — VJ(ub)
9: if £ is even then
10: Set qy = A2
b d;——ldk—l
11: else o
12: Set oy, = S;I:F_idk—l
13: end if
14:  Update p"t! = P(uF — . VJ (1))
15:  Compute J(p*), V.J(uF)
16: Compute residual r#+1 = b1 — P(pb ! — VI (b))

17: Update k =k +1
18: end while R
19: RETURN p*, J(u*) e R, k € N

The PBB method benefits from the efficiency of the BB step sizes while ensuring con-
straint satisfaction through projection. This approach has been successfully applied
in PDE-constrained optimization (see [3]) and machine learning problems, where it
demonstrates improved convergence properties compared to classical gradient meth-
ods.

6.2 Sensitivity Approach

To apply the sensitivity approach, the derivative of the reduced cost functional J needs
to be computed in pu € P,y. For that purpose, we assume that the solution operator S
is continuously Fréchet differentiable and that the mapping u — d(u) is continuously
differentiable as well. Under these assumptions, we evaluate the directional derivative
(or sensitivity) of J(ut) in any direction h € R such that p+7h € Poq for all 7 € (0, 7],
for some 75, > 0.

Remark 6.3.
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(i) Since S is continuously Fréchet differentiable and u — d(u) is continuously
differentiable, we employ the first-order Taylor expansions

S(p+7h) =S(u) + S (w)Th+ o(r) for 7 — 0,
|+ Th|* = |pl*4-2uth + o(7) for 7 — 0,
d(S(p+7h)) = d(S(n) + du(S(w)S' () Th + o(7) for 7 =0,

where the first identity is understood in 2. Moreover, we denote the partial
derivative of d with respect to u by d, (cf. Remark and emphasize that
S’(u) and d,(S(p)) are linear mappings.

(ii) Since S(u) € W(0,T;V,V') for p € Paq, the weak time derivative S(u); lies in
L*(0,7T;V') and the weak (spatial) derivative V.S(u) belongs to L*(0,T; H).

Our first goal is to derive a way to compute the sensitivity S'(u)h. Let
é:Pag — L*(0,T;V') x H

be the function defined by

(1)
=e(S(u), 1)
_ { e1(S(u), 1) }
ea(S(1), 1)
(S()C) Vi + u{VS(p) (), Ve) gag +(d(-, S()(+)), ) mr

- [ i (
(S()(0) —uo, )
The variational formulation (6.2]) can then be expressed as
0=eé(u) in L*0,T;V') x H.
Differentiating in any direction h € R yields

o= 6.10
— i © (& 4+ 7h) — é(y) (010

=0 T

in L2(0,T;V’) x H. Considering ([6.10) component-wise, we formally obtain for the
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first component

=0 7 \ dt

+ <d<t’ S(,LL + Th) (t))7 90>H

= lim ! <E<S(u +7h) (), )n + (1 + Th)(VS(k+ Th)(t), Vo) faq

- %(5(/1)@)7 )y — (VS ()(1), Vep) raa — (d(t, S(p)(1)), 90>H)

— lim (%((S(u +7h) = S(1) @), Py + p{V (S(u+7h) = S(1)) (), Vo) frag

T—0 T

+ 7h(VS(uu+ Th)(t), V) yaq

+ (d(t, S(p+Th)(t)) — d(t, S(p)(t)), 90>H)

= lig > (%«s«mm +0(T)(0) (0 9hn + (Y (S (W)rh + () (1), Vie)

+7h{V (S() + 5" (w)7h + o(7) (1), V@) raa

+ (du(S()(E, (S (p)7h) () + o(7)(1), 90>H>

<t (rgp (s 52) 00), o (7 (54 52) 0.72),

F TS0 Ve + 70 (7 (S0 + 22 0, W>Hd9

T

T

T {du(S() (S ) (1)) + 200, m)

'—%«SWMW%wH+MVuﬂmm@%V@mQ+mvam@%vwmﬂ

+ {du (S, (S"(w)h) (1), ),

for almost all ¢t € (0, 7] and for all ¢ € V. This equation is called the (weak) linearized
state equation. The second component yields

0 = lim 1 (S(p+ 7h)(0) — ug, )y — (S()(0) — wy, 90>H>

T—=0 T

— tim = ( (S(u + 7h) — S(u)) (0), 90>H>

T—0 T

~lim & «S@ﬁh+o@ﬂ@%@H>

T—=0 T

—tin > ((5100n + 22) <o>,¢>H>

= ((S"(n)h) (0), ) u

(6.11)
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for all ¢ € H. Note that it is equivalent to require for all ¢ € V| since the
embedding V' — H is continuous and dense. Therefore, every element of H can be
approximated by a sequence in V.

Equation yields the weak formulation of an IBVP that allows us to compute
the sensitivity S’(u)h.

Based on this sensitivity S’(x)h, the sensitivity V.J(u)h can be determined. It satisfies

T—=0 T

VJ(p)h = lim = (j(u +7h) — j(,u))

:lim2—</ /\S (4 7h) — ugl* dx dt + o|pu + Th|?

T
- / / 15(u) —ud|2d:cdt—a|u|2)
0 Q
_ll_rf(l);(/ /\S )+ S () Th + o(T) — ug)*~1S(p) — ugl? dxdt)
0 2 2
+ lim o (Iu! +2uth + o(7) — |pf )

g L ( [ 1560 w2050 — (8 e+ 0(2)

= lim % </0 /92(8(/;) —ug)(S"(u)Th + o(7)) + |S" (1) Th + o(7)|* dx dt)

+ oph

_PE%_T</ /27 (S/() @)

+ 725" (p)h + @\2 dx dt) + oph
T

// ) — uq)S' (p)h dx dt + oph.

Hence, to determine the sensitivity v.J (u)h via the sensitivity approach, the following
steps are required:
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2.

6 Parameter Identification

Compute ul2[] := S'(p)h by solving the linearized state equation

0= S0 l(0), 2)a + (Tl (0), V) s + AT S () (1), V)

+ (du (S() (t, ul [1) (1), ), (6.12)
0 = (u[1)(0), )

for all ¢ € V and almost all ¢ € (0, 7.

Determine the sensitivity V.J (1) by using the sensitivity uZ (]

VJ(p)h = /0 /Q(S(/VL) — ug)uly ] dz dt + oph. (6.13)

It is important to highlight that the goal is the computation of the derivative V.J (1),
which can be readily obtained for A~ = 1 in the above expressions. However, in the
case 1 = put, choosing h = 1 is not admissible, as this would result in pu + 7h ¢ Puq

for all 7 > 0. Instead, the derivative is computed in the direction h = —1, yielding
the negative derivative. The desired value V.J(u) is then obtained by multiplying this
result by —1.

With this derivative of J at w1 at our disposal, we can fully implement the PBB method
to address our optimization problem. The procedure can be summarized as follows:

1.
2.
3.

Initialize Algorithm [6] with an initial guess ' € P,q.
Determine the weak solution of the state equation ([6.3]) in order to obtain S(p™1).

Compute J(x~') and V.J(u~') using the sensitivity approach given by (6.12)
and (6.13). Set k = 0.

Since k = 0, update the iterate as
)

and determine the weak solution of the state equation (6.3) in order to obtain
S(u*).

Compute J (%) and V.J(i*) following (6.12) and (6.13).

. Compute the residual

rk = )uk —P(u* - Vj(u'“))’ :

If the stopping criterion r* < ¢ is satisfied or a maximum number of iterations
Emax is reached, terminate the algorithm and return the iterate 1%, the cost J (u*)
and the iteration counter k. Otherwise, compute the BB step size «a and update
the iterate as

P =Pt — VI (1F).

Determine the weak solution of the state equation (6.3 in order to obtain
S(pkth.
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9. Compute J(pF1) and V.J(uF*) following (6.12) and (6.13).
10. Compute the residual
A= |t = P - akvj(uk“))( ,

update k£ = k + 1 and return to Step 7.

6.3 Example: Semilinear Reaction-Diffusion Equation
We consider the following IBVP

up — pAu~+d(u) =0 in Qp,
(Vu)n=0 on I'p, (6.14)
u(0) = up in €.

The domain is given by Q := (0, 1), i.e., dg := 1, and the final time is set to T" := 1.
Moreover, the nonlinear function d is defined as

d:R =R, d(u):=u’.
Its derivative is given by
dyR =R, d,(u) = 3u’.

To remain consistent with the notation in Section we denote the derivative as d,,
rather than d’, despite d being a function of u only. Furthermore, the initial condition
is

up(r) :=0.1(x — 0.5)* faa. z€Q.
In contrast to the previous sections, we employ the FEM instead of the FDM for the
spatial discretization of (6.14)). To this end, we triangulate the domain € into a finite

element (FE) mesh with n, := 1024 nodes. Let {y;}*; C V be a set of piecewise
linear FE basis functions and define

VFE = span{epy, ..., 00} C V.
More precisely, each basis function ¢; € V¥F is defined by
i(z;) == 0;; for 1 <i,j < mny,

where x; denotes the j-th node of the mesh and ¢; ; is the Kronecker delta given by

1, ifi=j,
5z',j = o .
0, ifi# .
In terms of the FE basis functions, the (spatially) discrete weak solution u of (/6.7)
can be expressed as

u" B (t) = Zui(t)goi c Ve faa. tc0,T),

i=1
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with time-dependent coefficients
u: [0, 7] = R, 1<i<n,.
Hence, the FE Galerkin scheme takes the form

d
@) @b+ (VU (), Vo) aa + (A (1)), ) = 0,

(W™(0), o) = (uo, o)
for all ¢ € VFE and almost all ¢ € (0, 7.

Finally, the full discretization is obtained by applying the IMEX Euler method. To
this end, the time interval [0, 7] is partitioned using an equidistant temporal grid

ty . =kAt fork=0,...,m

with m := T/at. In particular, we choose At := 1073. Using the notation
ub = Zufgpi =u"(ty) for k=0,...,m,
i=1
the fully discrete FE scheme takes the form

uF — k1
<—, ¢> (T, V) i+ (d(), ) = 0,
H

At (6.15)

(W, )i = (uo, o)
forall p € VF and k=1,...,m.

Let the mass matrix M € R"**™ be defined by

Mij := (@i, ) (6.16)

and the stiffness matrix S € R™*™= (not to be confused with the solution operator S)
by

Sij = (Vei, Vo) fao. (6.17)

Furthermore, define the vectors corresponding to the initial condition and the nonlinear
term by

(uo, 1) H
Up = : e R",
i (o, P, ) 1
[ (d(u"), p1)u
dr .= : € R".
| (d(ub), n, )

Testing (/6.15]) with the n, basis functions ¢; for i = 1,...  n, yields the linear system

(M + AtpS)u® = MuF~t — Atd*! fork=1,...,m,

6.18
Muo = Up, ( )
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where for each k = 0, ..., m, the coefficient vector u* is given by

We solve the linear system (6.18)) for the diffusion parameter p* = 5.0 - 1072 and take
the resulting solution as the FE approximation of the desired state, i.e., ug := S(u*).
This yields the approximation

ug(ty) ~uf fork=0,....m
Next, we define the compact and convex parameter set

Pag 1= [, 1]
=[1072,107" C Rsy.

The objective is to minimize the reduced cost functional

7 e 2 9,2
J(p) =5 [S(p) = ual”dz dt + 5 |u]
0 Q

subject to u € P,y and the constraint that S(u) satisfies (6.14). Given p € P,q, the
corresponding state S(yu) is approximated at time ¢ by

Ny

S(p)(tr) ~ Z o= S() ™ (t) =Y alty)

=1

for some computed coefficients ¢, with i = 1,...,n, and k = 0,...,m. Furthermore,
define the coefficient vector at time step k as

ck::[c’f ook }T for k=0,...,m

Ny

The linear system for the sensitivity uﬁ [11], which is required to compute the derivative

V.J (1) via the sensitivity approach, can be derived analogously to (6.18) from (6.12).
We approximate the sensitivity at each time step ¢, by

Ny

uplp] (t) ~ Z ho = ullu] () =Y eilty)p

i=1
for k =0,...,m. This yields the fully discrete sensitivity system
(M + AtuS) e = MeF~t — Atr"™t — AthScF for k=1,...,m,

Me® = 0,,,,

where ¢* := [ ef o ek ]T for k=0,...,m and
k
<du(5(/ﬁ>k+l)ui[ﬂ] JP1)H
r* = : e R"™

(du(S() )l (1", on, i
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for k=0,....,m—1.

In addition, to apply the PBB method, both J(;) and its derivative V.J (1) need to
be evaluated for any p € P,q. Therefore, it is necessary to determine the integrals

/ ) 1500 = waf .
// ) — uq)u []dasdt

Using the previously introduced notation, we approximate the first integral at a fixed
time point by

/|S ) — ugl? de/]S ug |? dx

= / (Z Cipi — Z%’%‘) (Zz Pk — Zzul%) dx
@\ i=1 j=1 k=1 1=1

-/ (Z( —uimi) (Z( —ujm-) da

=1 7j=1
_iz ')/SOz‘SOdeU
=1 j=1 Q

Ny

= Z — )M,

Jj=

—Z M(e = w);.

= (C - U,)TM(C - u)’

)_l

where ¢ := [ 1 - O, }T and 0 := [ 0; -+ 0y, ]T. Analogously, we obtain the
approximation

80 = uaull)do = (¢ = )M,

where ¢ := [ €1t Cp, ]T. To approximate the time integrals, we apply the trape-
zoidal rule, resulting in

T T
/ /|5(u)—ud|2dxdm/ (c — u)TM(c — u) dt
0 Q 0
At~ iy i—1\T i1 i1
~ i—1 _ 4 Mt —
2;@ u' ) ' M(c u')

+ (¢ —u) TM(¢" — u)

/OT/Q(S(M)—W) Mu] da di ~ /OT(c—u)TMedt

80
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At o=, , . o :
~ = Z(cz—l . uz—l)TMez—l + (CZ . uZ)TMeZ.

i=1

With all required components in place, we now ready to apply the PBB method to
the given optimization problem. The algorithm is initialized with the initial guess
pt = 9.0-10"% € P.q, chosen just below the upper bound u* of the admissible
parameter set P.q. It is worth noting that simulations are conducted for various initial
guesses within the interval P,q, consistently yielding similar results. Therefore, only
the simulation corresponding to a representative initial guess is presented here.

To analyze the performance of the PBB method, it is executed for a range of values
of the regularization parameter o, specifically

0c=0,10"7,10"2,1073,1072

The corresponding results are summarized in Table 5 as well as in Figures 31},
and 33

Table 5: Computed optimal parameter ji, corresponding objective value J (i) and num-
ber of iterations k; required by the PBB method for various values of the
regularization parameter o. The threshold for the PBB method is set to
e=10"8

o | o [ 107 [ 10° [ 10°* [ 10?* |

I 5.0-1072 | 4.998-1072 | 4.801-1072 | 1.770-1072 | 2.851 - 103

j(/l) 0.0-10° | 1.254-1071 | 1.567-1078 | 2.571-107% | 8.753-107°

Kt 10 10 9 4 5

Table |5| offers several key observations. Most notably, the algorithm consistently con-
verges to the optimal parameter z within just a few iterations across all tested values
of . The highest number of iterations, namely 10, is required for the two smallest
values 0 = 0 and 0 = 1077, These results highlight the high efficiency and robustness
of the PBB method in solving the considered optimization problem.

Moreover, for o = 0, the algorithm yields an optimal solution of ji = 5.0 - 1072, which
exactly matches the target value p*. Consequently, the corresponding function value
at this point is J (1) = 0. This result aligns with theoretical expectations, as for o = 0,
the regularization term is absent, allowing the desired state to be attained precisely.
Additionally, as o decreases, the optimum i exhibits a monotonic increase. This trend
can be explained by the role of the regularization term: for larger values of o, higher
values of p are more strongly penalized, leading to smaller optimal values. As a conse-
quence, the function value J (i) at the optimal solution also decreases monotonically
with decreasing o, since the influence of the regularization term diminishes and the
primary objective term becomes dominant.

Figure [31] further supports these observations. The top-left panel displays the desired
state ug, while the remaining subplots show the absolute error

S (1) — udl
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for the optimal parameters i1 obtained by the PBB method for various values of o.
For 0 = 0, the desired state is reproduced almost exactly with an error on the order
of 1071, As o increases, the corresponding errors grow, illustrating the influence of
the regularization term. In fact, for ¢ = 1072, the optimum value fi is so small that
the corresponding solution S(1) exhibits only slightly diffusion for larger values of t.

0.00015

0.00010

0.00005

(e) S(f) for o = 1073 (f) S(f) for o = 1072

Figure 31: The top-left panel shows the desired state ugy. The remaining subfigures
display the absolute error |S(fi) — ugq| for the optimal values i obtained by
the PBB method for o = 0,1077,107%,1073,1072.

The convergence behavior of the iterates u* is reported in Figure As shown, the
sequence of iterates converges to the optimal value g within only a few iterations for
all tested values of o. The initialization is fixed as ' = 5.250 - 1072, followed by
1 = P(VJ(pY)). Since the derivative V.J(~') consistently lies below the lower
bound p~ = 1073, the projection operator maps to this lower bound, resulting in
the starting value u® = 1073. Starting from k = 1, the iterates already lie in close
proximity to u*.
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Figure 32: The subfigures show the history of the iterates ;* during the PBB method
for 0 = 0,1077,1075,1073, 1072, along with the value j*.

Finally, Figure does not introduce new information but instead highlights, in a
single plot, a comparative visualization of the evolution of the iterates for all considered
values of 0. As expected, for smaller values of o, the iterates tend to converge more
closely to the target value p*, further confirming the theoretical predictions.
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Figure 33: The figure shows the history of the iterates u* during the PBB method for
o=0,10"7,107°,1073,1072, along with the value pu*.
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7 Modeling of Gene Regulation via the Activating
Hill Function

For the biological foundation of this section, we refer to [19] and [20].

Here, we investigate another RD-PDE system in which the nonlinearity is in the so-
called activating Hill function. We begin by discretizing the system in space using the
FEM, followed by a temporal discretization based on a variant of the Theta method.
The numerical analysis focuses on exploring how different parameters influence the
system’s behavior. Finally, we revisit the methods introduced in Section [3] and Sec-
tion 5| by applying rDMD and POD to the second component of the system to evaluate
their performance in this new setting.

7.1 Mathematical Model Formulation

The so-called activating Hill function serves as a fundamental mathematical tool for
capturing cooperative binding behavior in biochemical systems. It plays a key role in
synthetically engineered gene networks, where it enables a realistic representation of
the production rate of a gene product (e.g., a protein), when the gene, that encodes
this product, is regulated by transcription factors (proteins that can bind to specific
DNA sequences and activate or inhibit promotors).

Mathematically, the activating Hill function is defined as

H,

u
H(uy,ug, K, He ks) == uy | kg + ———— | . 7.1
(o 5 H ) = (b 4 ) r.)

The constant K indicates the concentration of us at which the function attains half
of its maximum value. This is called the Hill activation constant or half-saturation
constant. Moreover, the Hill coefficient H,. is a measure for the ultrasensitivity of the
system response (i.e., how steep is the response curve) and the leak coefficient k5 allows
a basal activity of the system, even if us = 0.

Based on this function, we introduce a mathematical model to describe the dose-
response relationship of uy. The model is given by a PDE system that captures the
temporal and spatial dynamics of three biologically relevant quantities. To formulate
the model precisely, the time-space cylinder Q)7 is defined as

Qr :=(0,T] x Q

with domain €2 := (0,1) and final time 7" := 2. Furthermore, we set
Ty :=[0,T] x T,

where I' := {0,1}. Set V := H(Q), H := L*(Q) and

H% .= Hx...x H.
e

dq times
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Let H% again be equipped with the inner product defined in (6.1). We seek for a
vector-valued function

u = [ U Uy U3 }TSQT%R?)
that satisfies the following IBVP:

(1) + dy, (u) =0 in Qp,
(Ug) — puy Atig + dyy (1) =0 in Qo (7.2a)
(u3) + dy,(u) =0 in Qp,

where the real-valued functions d,, , dy,, d.,: R* — R are defined as
ur (W) = ki — ko,

d
du2 (U) = k’gUQ,
dy,(u) = —kyH(uq, ug, K, He, ks) + keus.

The positive reaction constants ki, ko, k3, k4, ks, kg are chosen as follows:

ki | ke | ks | ke | ks | ke
28-1077[20-107"[1.1-107%[2.0-107% | 5.0-10% | 1.8-107

Moreover, the constant
sy, € {0,3.6-1072}
models the diffusion rate of u,. We define the parameter choices

K =50,
H..=2.

Furthermore, homogeneous Neumann boundary conditions are applied on the entire
boundary I'z:

Vui-n=0 on 'z,
Vus-n=0 onlyp, (7.2b)

Vus-n=0 on I'7.

The initial functions are defined as

u1(0) :== 5.0 in Q,
—2 (z — @)
ug(0,2) ;=107 4 a - exp oy faa. x e, (7.2¢)
o
uz(0) := 1.0 in Q.

The initial condition for us is chosen as a bell-shaped distribution modeled by a Gaus-
sian function. This input represents a locally increased concentration of the diffusing
concentration within the domain and serves as an initial stimulus to activate the sys-
tem. The Gaussian function is characterized by the parameters

b:=10"2,
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a:=20-10"",
zo:=5.0-1071,
o:=50-10"".

Here, a models the amplitude of the Gaussian bell, i.e., the peak height above the
baseline b. The parameter x( specifies the location of the peak within the interval 2,
while standard deviation o controls the width of the distribution and thus determines
the spatial extent of the initial signal. Moreover, the baseline b ensures a small,
biologically plausible background level of the concentration us throughout the domain.

Note that — due to its structure — (7.2)) is a coupled PDE-ODE system. Only the
second equation is a PDE, while the first and third equations are ODEs, which are
defined for almost all x € €.

7.2 Finite Element Discretization

First, for the spatial discretization, we triangulate the domain €2 into a FE mesh with
n, := 1024 nodes. We then introduce the FE product space

VFE — VFE % VFE % VFE

where VFE denotes the FE space spanned by the standard piecewise linear basis func-
tions ¢; € V for ¢ = 1,...,n,. The associated 3n, basis functions of the product
space V¥ are defined as

[ SOI ] [ Son:c |
¢1 = 0 ) ceey (bnz = 0 s
- 0 Z - Z
¢n1+1 = ¥1 ) < ¢2nz = Png )
= O - =~ -
- 0 Z - Z
¢2nx+1 - 0 ) SR ngngc - 0
| gpl a L (pnz n

The semi-discrete system is obtained by applying the Galerkin projection to the con-
tinuous model (analogously to the derivation in Section @, leading to the following
system of ODEs:

Mfll + k:lMul — kQMlnz = Onz,
Mle + MU2SUQ + k‘gMUQ = Onxa (73)
Mflg — k4l{75MU.1 — k4rn1 + kﬁMUg = Onz

Here, M and S denotes the mass and stiffness matrix, respectively (cf. (6.16) and
(6.17)). The vector of ones with n, entries is denoted by 1, .

The term —ksM1,,, in the first equation of ([7.3)) is the result of projecting the constant
function —ks onto the FE space: the projection yields the corresponding FE function

—ks i:%‘,
i=1

86



7 Modeling of Gene Regulation via the Activating Hill Function

which satisfies —ko Y .7, @i(x;) = —k2 at every grid point x;. A direct consequence of
the property that the piecewise linear basis functions ¢; evaluate to 1 at node x; and
0 elsewhere. Testing with the j-th basis function ¢; results in

(—F, Z Pi, i) = —ka Z@% ©i)H,
=1 =1

which corresponds precisely to the j-th component of the vector —ksM1,,, .

The term r,; describes the nonlinear coupling

induced by the Hill function (7.1). For j =1,...,n,, it is given by

[rnl] o <(Z?11 ul,%’%’) (Z?; u2,l%01)HC 7 C,Oj> '

j T Ny c
K+ (300 112,1901)H

To obtain the fully discretized system, we employ a variant of the Theta method.
Here, the nonlinear term is treated only explicitly, whereas the remaining parts of the
equation are handled either implicitly or explicitly, depending on the chosen value of
6 € [0, 1].

7.3 Time Discretization Using the Theta Method

The one-step Theta method provides a unified framework for various integration
schemes by introducing a parameter 6 € [0, 1]. Consider an ODE of the form

d
—u = f(u), u(0)=up.
Cu= ), u(0)=u
The Theta method approximates the solution at equidistant time points t; := kA€,
where k =0,...,m and m := T/a¢. It computes u* ~ u(t;,) by solving
k k—1

u® —u
At

Choosing # = 0 yields the explicit Euler method, 8 = 1 the implicit Euler method
and 6 = 1/2 the Crank-Nicolson method. The explicit Euler method is the simplest
of the three methods, but it is only conditionally stable unless very small time steps
are used. In contrast, the implicit Euler method offers strong stability properties, but
suffers from only first-order accuracy. While the Crank-Nicolson method offers both
stability and second-order accuracy, it may exhibit oscillatory behavior in the presence
of strong nonlinearities and can require additional stabilization.

= 0f (") + (1= 0)f(u").

However, it is worth noting that the second-order accuracy of the Crank-Nicolson
method cannot be fully exploited for system due to the explicit treatment of the
nonlinear term. As a result, only first-order accuracy O(At) is achieved. Therefore,
the implicit Euler method is the most reasonable choice.
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For system (|7.3]), the Theta method yields the following fully discretized formulation:

uk . ukfl
M—=—— F Ol Muy = —(1 = )My ™" + koML,
k. k—1
M2 A;lz + 01 Sub + ksMub) = —(1 = 0) (1, Sus " + kgMus "),
uf —ub !

+ O(—kgksMul 4 kgMub) = —(1 — 0)(—kgksMub ™ + kgMub™) 4 ket

As previously mentioned, the nonlinear term ry; is treated only explicitly, i.e., it is
only evaluated at the previous time step t;_;. This avoids the need for a nonlinear
solver but imposes restrictions on the maximum allowable time step size At in order
to ensure stability.

Collecting all terms at time ¢; on the left-hand side results in a linear system of the
form:

Au* = b (7.4)

where A is the system matrix, u* = [ uf uh b ]T is the vector of unknowns at time
tr, and b*~1 is the right-hand side vector containing the explicit contributions from the

previous time step t,_;. The matrix A has block structure

(& + ekl) M Onz XMNg Onzxnz
A= Ony 5y (25 + Oks) M + 0p1,,S Oy 3y
— Ok yksM On xne (a7 + Oke) M

For the right-hand side vector b*~!, we have

(2 — (1= 0)ky) Muy™" + kM1,
— 0)k3) Mus ™" — (1 — 0) pr, Sus ™

bt .= —(1
— 0)ke) Mu§ ™" + (1 — 0)kaksMuj ™" + kg

v
(x - (1

Solving system (7.4)) yields the approximated solution components at the new time
step tx. The block structure of A and the sparsity of matrices M and S allow for
efficient numerical implementation.

To efficiently solve large sparse linear systems, we employ the scipy.sparse.linalg.
factorized function from the SciPy library. This function performs a one-time LU
factorization of the matrix A and returns a callable object that can quickly solve the
system for different right-hand sides b*~!. This is particularly advantageous because
the matrix A remains constant across all time steps. Unlike general solvers, which
analyze and factorize the system from scratch on each call, factorized allows pre-
processing of the matrix structure, substantially reducing computation time.

7.4 Numerical Results

In this section, we present a variety of numerical results regarding system ((7.4]).

Figure shows the development of u;, us and wus at five consecutive time points
t =0,0.5,1,1.5,2 — from top to bottom. The results are depicted for two diffusion
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scenarios, ji,, = 0 and p,, = 3.6 - 1072, Over time, the concentration of u; increases,
whereas that of uz decreases. This behavior is expected given the model parameters
and reaction terms. Moreover, u; and ug show nearly identical trajectories for the two
different diffusion constants — differences are at most numerical and barely visible. In
contrast, uy differs significantly between the following two cases: while for p,, = 0
there is almost no change over time, for p,, = 3.6 - 1072, a clear diffusion of the initial
Gaussian bell is oberseved.
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Figure 34: Snapshots of u; (left), us (middle) and wug (right) at five consecutive time

points ¢t = 0,0.5,1,1.5,2 for the two diffusion constants i,

Py = 3.6 - 1072 (red).

=0 (blue) and

This observation is supported in detail by Figure [35 Here, we compare uy in the
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diffusion-free scenario (u,, = 0) at the initial time ¢ = 0 and the final time ¢t = T". The
initial Gaussian bell remains almost unchanged. Note that the previous simulations
are carried out for 6 = 1.

— w2(0)
—=- (1), dy, =0.0

0.0 0.2 04 0.6 0.8 10
space

Figure 35: Initial profile and profile at the final time 7" of uy for u,, = 0.

In Figure 7 the final-time profiles of u;, us and ug for three different values of 6 (6 =
0,0.5,1) and two diffusion constants (u,, = 0,3.6-1072) are illustrated. The solutions
obtained from all three time-stepping methods are very similar in the diffusion-free
scenario, with differences on the order of magnitude 10~°. However, for p,,, = 3.6:1072
the explicit Euler method fails completely: only NaN values are returned, indicating
numerical instability. Consequently, no profiles are shown for § = 0. In contrast, the
two implicit methods remain stable and yield consistent results.
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Figure 36: Profiles of u;, us and ug at the final time 7" for § = 0,0.5, 1. Left: g,
Right: g, = 3.6-1072

= 0.

Next, Figure |37]illustrates the influence of different constant initial values for us. The
simulations are carried out using the implicit Euler method, where us(0) = ¢ with
c=0,1072,10"1,10° 10', 102, 103.

Since the profiles of u; at the final time 7" are identical for all tested initial values u(0),
only the solution corresponding to uy(0) = 1072 is shown for clarity. In contrast, the
profiles of uy and ug differ significantly in magnitude at the final time 7', depending
on the chosen initial value u5(0).
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Figure 37: Profiles of uy, us and wus at the final time T for varying constant initial
values of uy. Simulations are performed for § = 1 and p,, = 3.6 - 1072

We also perform simulations for different Hill coefficients H. (e.g., H. = 0,1,2,3),
but observe no significant influence on the results. Therefore, these findings are not
presented here.

Finally, we establish a connection to Section [3|and Section 5} To this end, we consider
the snapshot matrix generated using the implicit Euler method for the parameter value
fuy, = 3.6 - 1072 (cf. Figure , middle), which serves as the reference dataset. The
subdataset corresponding to ui, us and ug are denoted by Uy, U, and Uy € R™=*(m+1),
respectively. First, we apply the rDMD method to the reference dataset U,. Then,
we solve the POD-ROM corresponding to ([7.3) and use the resulting reduced-order
solution corresponding to uy for evaluation.

MATLAB’s rank function reports a numerical rank of 17 for the snapshot matrix
Us. The economy-sized SVD for all three subdatasets yields the left singular vectors
Uy, Wy, Wy € R%*0"F1) and the singular values (oy);, (02)s, (03); (see Figure [38] left).
Based on the decay of the singular values (03);, we select the target ranks r = 1,...,21
for both rDMD and POD. A closer look at the POD basis (see Figure[38] right) further
supports this choice: the first 21 POD basis vectors capture the essential features of
the dataset. The remaining POD basis vectors exhibit fine-scale oscillations, indicating
that they primarily represent noise rather than meaningful structure.
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Figure 38: Left: singular values (09); of the data matrix Us. Right: POD basis vectors
(‘If2):,21, (\Dz):,zz and (‘If2):,23-

For rDMD, we use the parameters p := 0 and ¢ := 2 and denote the reconstructed
matrix by U3PMP ¢ R7=*(m+1)  The rank-r POD-ROM corresponding to (7.3)) is given
by
(U) "MWy + ey (U]) TMPTTy — k(7)) ™ML, =0,
(U5) "MWy + f, (V) TSWhT, + ks (U5) TMPS, = 0,, (7.5)
(U5) TMWGTs — kyks (U5) "MWy — kg (U5) T + k() T MULig = 0,

where U7, U5 U € R"*" consist of the first r columns of Wy, Wy, U3, respectively.
Here, the vector 1, is defined as

fl, = <(Z?i1(‘1“{f11)m) <Z?:1<w;ﬁz>m>fﬁ%> |

KHe 4 (30 (Usia)p) ™

We solve ([7.5) by using the implicit Euler method. Then, the full-order solution

corresponding to us is obtained via

U3OP :=w5[ 0 - up | € RexmHD),

The reference data U, is depicted in Figure [39| (left), whereas the relative Frobenius
€rrors resulting from rDMD and POD are reported in the right panel of Figure
for r =1,...,21. We observe that both methods yield good approximations. Up to
r = 14, the error values decrease similarly for both methods. However, the error curve
corresponding to tTDMD attains its minimum value of 1.213 - 1071% at r = 14. After
this point, the curve rises again, reaching a value of 3.842-107° at r = 21. In contrast,
the POD error decreases monotonically, reaching a plateau for » > 16 with an order
of magnitude of 10712,

94



7 Modeling of Gene Regulation via the Activating Hill Function
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Figure 39: Left: the reference data Us. Right: relative Frobenius errors (3.20]) for
rDMD and POD for r = 1,...,21. The rDMD method is applied with
parameters p = 0 and ¢ = 2.
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The quality of the reconstruction even for small target ranks r is illustrated in Fig-
ures[40] Shown are the POD reconstructions for r = 1, ...,3. While the reconstruction
for r = 1 does not yet provide a good approximation over the entire time interval [0, T,
the reconstructions for r = 2, 3 already match the reference data very closely (cf. Fig-

ure [39] left).
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Figure 40: The POD reconstructions for r =1,...,3.

The corresponding absolute errors of the POD reconstructions are shown in Figure
confirming that the reconstructions for r = 2,3 are already very accurate, deviating
from the reference data only on the order of 1073,
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Figure 41: Absolute errors of the POD reconstructions for r =1,...,3.
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8 Conclusion and Outlook

In this thesis, we demonstrated the effectiveness and accuracy of data-driven MOR
techniques for analyzing the dynamics of RD-PDE systems, particularly those exhibit-
ing periodic behavior and Turing instabilities.

To address the challenges posed by high-dimensional data and long simulation times,
we introduced a randomized DMD variant as well as a localized, piecewise applica-
tion of DMD. These adaptations significantly improved computational efficiency and
reconstruction quality in settings where the standard DMD approach failed.
Likewise, POD and POD-DEIM provided an effective framework for approximating
the dynamics of RD-PDE systems. Nevertheless, we identified scenarios in which the
standard POD and POD-DEIM approximations were insufficient in terms of accuracy.
In response, correction-based enhancements were developed and an adaptive strategy
was proposed to further exploit structural properties in the data. Both robustness and
convergence speed were significantly improved as a result.

Beyond MOR, we addressed the problem of parameter identification. An optimiza-
tion framework was developed to estimate diffusion parameters by minimizing a cost
functional subject to a RD-PDE constraint and a box constraints on the diffusion
parameter. To determine the necessary gradients of the cost functional, we employed
a sensitivity-based approach. These gradients were integrated into a PBB optimiza-
tion method. The method yields fast convergence within only a few iterations and
produced expected results across various regularization parameters.

The findings in this thesis suggest several promising directions for further investiga-
tion. One natural extension involves the treatment of more complex spatial domains
and boundary conditions. In addition, the pDMD approach could be enhanced by
incorporating adaptive segmentation strategies based on error indicators or dynamic
regime changes.

Similarly, combining reduced-order modeling with machine learning techniques could
open up new possibilities for surrogate modeling.

Lastly, extending the methodology to systems with time-dependent or spatially varying
coefficients, or introducing stochastic elements into the model, would further increase
its applicability to real-world scenarios — particularly in the modeling of biological or
chemical systems where uncertainties are inherent.
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