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Martingale transport with homogeneous stock
movements
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We study a variant of the martingale optimal transport problem in a multi-period setting to derive
robust price bounds on a financial derivative. On top of marginal and martingale constraints, we
introduce a time-homogeneity assumption, which restricts the variability of the forward-looking
transitions of the martingale across time. We provide a dual formulation in terms of superhedging
and discuss relaxations of the time-homogeneity assumption by adding market frictions. In financial
terms, the introduced time-homogeneity corresponds to a time-consistency condition for call prices,
given the state of the stock. The time homogeneity assumption leads to improved price bounds since
market data from many time points can be incorporated effectively. The approach is illustrated with

two numerical examples.
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1. Introduction

We consider a discrete stock process S, ...,Sr. The goal is
to find the fair price of a financial instrument f(Sy,...,S7)
depending on this stock. We follow the robust pricing idea
of martingale optimal transport (Beiglbock et al. 2013, Bei-
glbock and Juillet 2016), in that we determine the highest
and lowest possible price for this instrument under pric-
ing rules which are consistent with European call and put
prices observed on the market (which determine the risk-
neutral one-period marginal distributions of Si,...,S7) and
the assumption that the process Si, ..., S7 is a martingale. In
addition, this paper adds a notion of time-homogeneity for the
process Sy, ..., Sr, made precise in section 3. The reason we
introduce this assumption is twofold:

(1) While the martingale optimal transport approach
is very robust, for practical purposes the obtained
range of prices is often too wide, see Henry-
Labordere (2013), Liitkebohmert and Sester (2019),
Sester (2018).

(2) In martingale optimal transport, the transition proba-
bilities of the considered martingale models are almost
entirely decoupled. For instance the transition prob-
abilities from period 1 to 2, and 3 to 4, can be
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completely different. Hence market information which
restricts the possible transitions from period 1 to 2 has
practically no relevance when pricing an instrument
depending only on time points 3 and 4 (for a numerical
illustration, see section 5.1).

The notion of time-homogeneity of the stock process we
introduce mainly aims at putting the transition probabilities
between different periods in relation and thus improve on the
issue raised in point (2). This leads to a more narrow range of
possible prices to improve on point (1).

To introduce the notion of time-homogeneity we use, let
us recall homogeneous Markov models. Intuitively speak-
ing, a homogeneous Markov model (Si,...,Sr) satisfies the
following two properties:

(1) The conditional distribution of S, given (S,...
equals that of S, given S,.

(i1) The conditional distribution of S, given S, equals that
of Sy+1 given S;.

»S1)

While Markovian models in a martingale optimal trans-
port framework have been considered in Sester (2018), the
assumption is difficult to handle both regarding duality, and
numerics, since the set of Markovian models is not convex.

To achieve the goal set out in this paper however, only
the second property (ii) of homogeneous Markov models is
required, as this is the property which couples the transition
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probabilities across different time periods. We hence say that a
process is homogeneous if it only satisfies property (ii), made
precise in Definition 3.1. The intuition that every homoge-
neous Markov model is homogeneous also holds rigorously,
which is established in Remark 3.1 alongside other properties
and characterizations of homogeneity.

Three key features of incorporating homogeneity into
the martingale optimal transport setting are worth pointing
out: First, the homogeneous martingale optimal transport
problem is as numerically tractable as the martingale opti-
mal transport problem without time-homogeneity, in that
the discretized version reduces to a linear program and the
dual formulation is well suited for various approaches, see,
e.g. Eckstein and Kupper (2018), Guo and Obloj (2019),
Henry-Labordere (2013). Second, the dual formulation can be
interpreted in terms of trading strategies and superhedging.
And third, market frictions and relaxations of the introduced
time-homogeneity assumption can be incorporated naturally.

In the recent literature, different methods have been stud-
ied to improve on point (1) above and hence make the
martingale optimal transport approach more practicable. In
Liitkebohmert and Sester (2019), Sester (2018) the authors
study additional variance and Markovianity constraints on
the underlying stock process. In Guyon (2019) additional
information from options written on the stock’s volatility is
incorporated.

The rest of the paper is structured as follows: In section 2,
we give the relevant notation and recall basic facts about
martingale optimal transport. In section 3, the notion of time-
homogeneity is introduced and we state basic properties and
duality for the time-homogeneous version of the martingale
optimal transport problem. In section 4, extensions like mar-
ket frictions, relaxed assumptions and higher dimensional
markets are discussed. Section 5 gives two short numeri-
cal examples. All proofs are postponed to section 6. The
Appendix discusses the technical assumption (A) which is
made to obtain the main Theorem 3.1.

2. Notation and martingale optimal transport

S = (S1,...,57) denotes the value of a stock at time points
t=1,...,T, which model an equally spaced time-grid. For
simplicity, we assume no risk-free rate and no dividends.
We model the asset prices as the canonical process on R7,
ie. S;(w) = w; for w € RT. Here, R” is endowed with the
Borel o-algebra B(R”) and Euclidean norm | - |. We denote
by Ciin(RT) (resp. C,(RT)) the set of all continuous functions
f:RT — R such that |[f(-)|/(1 4| - |) is bounded (resp. f is
bounded) and by P(R”) the set of all probability measures Q
on B(RT).

Let iy, ..., ur € P(R) have finite first moments. The mea-
sures i1, . . ., 47 model the risk-neutral marginal distributions
of Si,...,S7 inferred from option prices, see Breeden and

Litzenberger (1978), Jackwerth and Rubinstein (1996). Fur-
ther, fix f € Cyin(RT), which defines the financial instrument
£(S) to be priced. For arbitrary Q € P(R”) and a sub-tuple
I=(t;,....ty) of (1,...,T) let Q; :=QoS; ", where S; :
R” — Rl is given by S/(®) = (..., w,,). Denote by

Q; := Qy the rth marginal of @, and

M, ....ur) = {Qe PR : Q =p,forr=1,...,T},
M@y, .. pr) = {Q e M(uy, ..., ur) :
EC[S,11]S1,....8]1 =S, forallr=1,...,T —1}.

We call IT(uy,...,ur) the set of all couplings between
Wiy, p and M(uy, ..., ur) the set of all martingale cou-
plings. The martingale optimal transport problem is to find
the lowest and highest possible price of the financial instru-
ment f(S) among models in M(uy, ..., ur): Without loss of
generality, we focus on the problem to find the highest price:

EC[f(S)].

sup (MOT)

QeM (p1,..nfar)

In contrast, the usual (multi-marginal) optimal transport prob-
lem is stated over all couplings

EQ[f(5)].

sup
QeI (a1,emmsftr)

(OT)

Both problems allow for a dual formulation, which can be
interpreted in terms of trading. For the (OT) problem, the dual
formulation reads

(OT-Dual)

.....

S h(S)Zf(S)

Here, hy,...,hr are trading strategies for a single time-
period, which corresponds to trading freely into European call
options. Indeed, one can restrict each 4, to be a linear com-
bination of European call options, i.e. /,(S;) = Zi\': LS —
k)t for different strike prices ki, ..., ky € R, see Beiglbock
et al. (2013). For the (1) problem, the martingale condition
corresponds to the assumption that one can additionally trade
dynamically in the underlying, leading to

T
inf h, du,.
" RT-1): ;/lé t Ay

..... hr€Clin(R), 91 €Ch(RY),.... 07— €Cp(
S S PSS (S 1=S)ZF (S)
(MOT-Dual)
Here, v,(S1,...,S;) is the (positive or negative) quantity of
the stock owned between times 7 and r + 1.

3. Homogeneous stock movements

The purpose of this section is the introduction and analysis
of the notion of time-homogeneity added to the martingale
optimal transport setting, which restricts the variability of the
forward-looking transitions of the martingales across time.
The formal condition is introduced in Definition 3.1 and illus-
trated in figure 1. Basic properties are stated in Remark 3.1,
and the duality for the time-homogeneous version of the mar-
tingale optimal transport problem is given in Theorem 3.1.
The duality stated in Theorem 3.1 is shortly discussed in



stock price
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Figure 1. Illustration of Definition 3.1(ii) and Remark 3.1(i). Homo-
geneity for (Sy,...,S7) states that the forward-looking option pric-
ing rules ps ¢ x(x) and p;; x(x) are independent of the time s or f.
For these pricing rules, we only condition on the information that
the stock is in state x. These option pricing rules correspond to actual
prices only when the considered models are Markovian. More gener-
ally they can be seen as average prices, averaged over possible paths
that lead to state x.

Remark 3.2 in terms of swap contracts. Remark 3.3 dis-
cusses the support of the marginals and its relation to the
time-homogeneity assumption.

We first recall the following: Any 7 € P(R?) can be dis-
integrated as m = m; ® K where m; is the first marginal of &
and K : R — P(R) is a (Borel measurable) stochastic kernel,
which is 7r1-a.s. unique. Second, for two measures 1, v there is
a unique Lebesgue decomposition = p"® 4+ 5", where
w”® < vand u$™ L v. Note that 1”2 and v have the
same null-sets.

The notation used in the following definition is fixed
throughout the paper.

DEFINITION 3.1 Let A = {(s,t,7) € {1,.... TP s <t,t+1
<T}.

(i) For u,v € P(R) we say that an event holds u A v-
almost surely, if it holds almost surely with respect
to 1”2, which is the absolutely continuous part of u
with respect to v given by Lebesgue’s decomposition
theorem.

(ii) We say that Q € P(R”) is homogeneous, if

Kosir = Kippe Qg A Qp-acs. for all (s,2,7) € A,
where K., denotes the stochastic kernel given by

Q(s,err) = Qs ® Ks,s+r'
(iii) We set

Prom(R") :={Q € P[R') :

Qs homogeneous},

1 This definition is consistent with the lattice minimum & A v of
the two measures u and v, see Aliprantis and Border (2006, Chap-
ter 10.10-10.11), which is given by . A v(A) := infpcaBorel #(B) +
v(A\B) for Borel sets A. One can verify that ;"2 is equivalent to
A v, see also Remark A.1.
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sir) =TI, o o5 1) N Phom,
sur) = M, .o i) N Phom.

Hhom(/lea e
Mhom(“l, s

REMARK 3.1 The proof of the following statements is given
in section 6.

(i) For Q € I (uy,...,ur) define the pricing rule

Prea() = /R (= K" Kogre (x,dy)
=EQ(Sy4. — k) T[S, = x].

Then Q is homogeneous if and only if p,.x = prr&
holds g A us-a.s. for all (s,z,7) € A and k € R.
(ii) Phom(RT) is not convex, but Myom(it1,...,unr) and
Muom(iL1, - .., ur) are convex and closed.
Let Pum(RT) be the set of measures Q € P(R”)
such that the canonical process (Si,...,S7) is a
homogeneous Markov chain under Q. It holds
conv(Pum(RT)) C Prom(RT), which is strict for

(iii)

T > 3.
@iv) It holds TIlpom(itys...,ur) #9 if and only if
(15 .., ur—1) dominates (2, . .., i7) in heterogene-

ity (see Shen et al. 2019, Definition 3.4.).% We state
a simplified definition of domination in heterogene-
ity for convenience: Let « := (1/T) Z,T=1 I, then
(W1, ..., ur—1) dominates (i, ..., 1) in heterogene-
ity if for all convex functions ¢ : R”~! — R it holds
[o@ui/de,. .., dur—y/de) de > [(dpa/dk, . ..,
durdi) de. We refer to the introduction of Shen et
al. (2019) and Chapter 9.7. of Torgersen (1991) for
more details regarding domination in heterogeneity.

(v) A condition for Myom (i1, ..., ur) # @ is unknown
to us at the moment, and appears difficult to obtain.
Notably, it is not the case that

(Mhom(ﬂlw . ,/LT) 7é Q)) < (Hhom(:ul, cee
FDANMprs ... pur) #9).

) I’LT)

To state duality, we make the following assumption:

$(A)$ For all (s,7) € {1,...,T)? there exists a finite Borel

measure 6% on R which is equivalent to x/**™ such that

8,1 s, .
49 and 9 are continuous and bounded.
dpu dus

This is satisfied in a large number of cases, for example
if all marginals py,...,u, are discrete, or if all marginals
have a continuous and strictly positive Lebesgue density. In
fact, the latter generalizes to the case where wy,...,ur all
have a continuous and strictly positive density with respect
to any reference measure 6. Then, one can define 6% by
d6*'/df := min{du,/d6,du;/d0} and finds that d6*' /du, and
d6*' /dug are continuous and bounded by 1. We further note
that properties (like continuity) of densities are always under-
stood in the sense that there exists a representative among the
almost sure equivalence class satisfying the property. For the
statement of the theorem, one such representative satisfying
this property is then fixed.

+ We thank Ruodu Wang for pointing this relation out to us.
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Even though Assumption (A) is quite general, there are
examples which do not satisfy it, see Example A.1. Necessity
of this assumption is hinted at in Remark A.1.

We now state the main result of the paper.

o ur € P(R) have finite first
sur) # 9

THEOREM 3.1 Let pq,..
moment, and f € Cyn(RT). Assume Myom(i1,. ..
and (A) holds. Then

max
QeMuom (K155 101)

T
:inf{Z/h,dM,:h,

=1 /R
e Cin(R), te{l,...,T},
9 € Cy(RY, te{l,...., T —1},
Gsax € Cp(R?), (5.1,7) € A,

(HMOT)

T T-1
such that  f(S) < D h(S)+ D> 9(St,. ... S)(Six1 — S)
t=1 t=1

>

(s,1,T)EA

dQS’t
O
s

dos
= osr 50 Sue) g s)) }

The proof of Theorem 3.1 is given in section 6.

REMARK 3.2 Compared to the usual martingale optimal trans-
port, the additional trading term arising from the homogeneity
condition in the dual formulation is the sum

d@s’t des,t

D0 8o S Ser) (89 = Zosr (S1, Ser) ——(S)) ) -
dug duy

(s,5,T)EA

Each individual summand can be interpreted as a swap con-
tract which, under the assumption of time-homogeneity, has
fair price O from today’s point of view. In Markovian models,
the terms can even be hedged dynamically, as the homo-
geneous pricing rules correspond to actual prices on the
market.

To Simp]ify’ Say 8s..c (S5 Ss40) = V(Sy) - (Ss+r — k)+ This
means, one buys V(S;) many call options at time s which
expire at time s+ r. Under homogeneity, see Remark 3.1
(1), conditioned on S; = x, the expected price from today’s
point of view of such a financial instrument is the same
when replacing time point s with some other time point ¢. If
two traders were to agree that such an instrument is equally
valuable for time points s and ¢, it has to be taken into con-
sideration how likely the events S; = x and S, = x are. The
fair weighting to take this into account is achieved by the
terms (d6*'/du)(Ss) and (d0*' /dju,)(S;). In Markovian mod-
els, when conditioning on the events S; = x or S; = x, these
instruments are not just equally valuable from today’s point
of view, but the actual prices on the market given these states
are the same as well.

REMARK 3.3 The assumption of homogeneity crucially
depends on the respective support of the marginals. Indeed,

if u, and u, have disjoint support, the condition

Kssir = Kipvr  dpg A py -acs.

is empty. For practical purposes, one might want to strengthen
the condition so that it is robust with respect to slight perturba-
tions of the marginal supports. For instance, if marginal 1, has
support {1,2} and u, has support {1 —¢,2 + ¢}, a strength-
ening of homogeneity might require K 4.(1) ~ K; 4. (1 —
&). While such a strengthening is intuitive and sensible for
discrete supports, it is more difficult to formalize in full gen-
erality. Nevertheless, such an approximate equality between
stochastic kernels appears related to concepts like nested dis-
tance (see for instance Backhoff-Veraguas et al. (2019) and
references therein).

4. Extensions

This section aims at discussing the following extensions and
variations of the approach:

(i) Non-equally spaced time-grids
(ii) Variations of the time-homogeneity assumption
(iii) Market frictions
(iv) Extension to several assets (high-dimensional market)

The first two points are specific to the setting at hand, while
the latter two points are reoccurring themes in robust pric-
ing. We hence go briefly over the latter two issues, while
referencing related work.

Non-equally spaced time-grids. The notion of time-
homogeneity introduced in section 3 makes sense when subse-
quent time steps are equally far apart, which is the case if there
exists a constant C such that time points ¢ and s are |t — 5| - C
many trading days apart. Available data on option prices is not
always equally spaced. The framework can account for this
by modeling the time steps as f; <t < --- <ty with#;, e N
(instead of r = 1,...,T), where |t; — t;| measures the number
of trading days between time points #; and #;. Then one can set

A={Gjtg) e{l,....NY ri<ji+T <N,j+7

SN, gy, — il = |tirg, — 41}

and Definition 3.1 (i) changes to K;; =K, for all
) = Uy, @ Ki,, etc. If for
the available option maturities the set A is not large enough,
or even empty, one can consider relaxing the equality con-
straint |ty — £ = [y, — G110 ||tigr, — 1i] — |t — ]| < C
for some constant C > 0. As one now couples transition prob-
abilities for time intervals of possibly different length, this can
be combined with weakening the notion of time-homogeneity,
see below.

(i,j, 7, 7;) € A, where now Qg

ity

Variations of the time-homogeneity assumption. A natural
stronger version of time-homogeneity is the extension from
one-period transitions to many-period transitions. For two-
period transitions for instance, Definition 3.1 can be extended



via the condition

Qs A Q;-a.s. for all

(s,t,11), (5,1, 70) € A with 1 < 15,

Ky (s+11.541) = Ki (o 1410

where @(S,s+rl,s+rz) = @s ® Ks,(s+rl,s+rz) and Ks,(err] s+m) -
R — P(IR?). With such an extension, all relevant properties
like the convexity of IThom (i1, - . ., 7) Temain unchanged.

Weakening the notion of time-homogeneity can be done in
various ways. First, note that

Ks,r = Kt,r Hs N py—a.s. < 6% ® Kv,r =0 ® Kl,r

with 6% as in condition (A) stated before Theorem 3.1. So
time-homogeneity can simply be stated as equalities of mea-
sures. A natural relaxation is to instead assume that the mea-
sures are close in a suitable distance D(-, -), like Wasserstein-
distance or relative entropy. The relaxation from homogeneity
to r-homogeneity takes the form

Relaxation

6% & Ks,r =6 & Kt,r D(Qs’r Q Ks,r» 6% Q Kt,r)

< Terrs

where 7y, > 0 for all (s,#,7) € A. If the mapping (i, v) —
D(p,v) is convex, the set of r-homogeneous couplings
between 1, ..., (7 remains convex.

Alternatively, one can directly penalize the distance
between 0 ® K;, and 6*' ® K, in the statement of the
optimization problem, which leads to

EQ[f ()]

QeM (1)

-2

(s,,T)EA

1 , ,
D™ @ K 1,0 @ K, ).

Istt

(Pen-HMOT)

For appropriately chosen D(-, -), this penalization corresponds
to the inclusion of transaction costs in the dual formulation,
which is discussed below.

Market frictions. The most flexible notion of market fric-
tions that can be incorporated in the framework is that of
transaction costs. Transaction costs result in more costly hedg-
ing strategies on the dual side, and in relaxed constraints for
the considered models @ on the primal side. Proportional
transaction costs correspond to an enlargement of the set of
feasible models, see e.g. Cheridito er al. (2017), Dolinsky
and Soner (2014), Guo and Obloj (2019). With superlinear
transaction costs on the other hand, the constraint is com-
pletely removed, and instead a penalization term is added to
the objective function, see e.g. Bank et al. (2016), Cheridito
etal. (2017).

An instance of such a penalized primal formulation result-
ing from superlinear transaction costs is the above defined
(Pen-HMOT) for appropriately chosen penalization term. If
D = G is the Gini index in (Pen-HMOT),  this corresponds to

+ For two measures v, i the Gini index G is defined as G(v, u) =
f(dv/du)zdu —1,if v < pand G(v, n) = o0, else. See also Mac-
cheroni et al. (2004).
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the use of quadratic transaction costs in the dual formulation,
which means the term

st s,

gs,t,r (Ss’ Ss+t) -5 (Ss) - gs,t,t (St’ St+1: ) - (St)
du du,

would incur transaction costs

st

do
4 Istt |gs,r,t (S5, Ss4v) |2 d_ (S5).
s

So it holds

COROLLARY 4.1 Under the assumptions of Theorem 3.1, it
holds

max  EC[f(S)] (G-Pen-HMOT)
QeM(p1yeoitr)
1
— Y —GO" ®K.r.0™ ®K,)
Vsit
(s,,T)EA 77

T
:inf{Z/h,dut:hteCnn(R), tre{l,...,T},
=1 /R

0, e CyRY, tefl,...., T —1},
Gsir € Cp(RY), (5,1,7) € A,

T
such thatf(S) < Z he(Sy)

t=1

T-1
+ Y DSt S) (St — 1)
1=

2

(s,t,T)EA

g
(gs,t,r (Ss, Ss+r) d_ (Ss)
s

dos!
— &8st (Sz’ Sl+r) . (St)

dpts
dest
S9) ) t-

The proof is sketched in section 6.3. In general, the
time-homogeneity assumption behaves quite similarly to the
martingale or marginal assumptions in terms of transaction
costs, and hence many different modeling approaches can be
applied.

In one respect, the notion of time-homogeneity is however
more restrictive: When including the assumption of time-
homogeneity, one has to take care with relaxing the assump-
tion of precisely knowing the marginal laws. The reason is
that Phom(R7) is not convex, and the optimization problem
only becomes feasible by adding constraints so that the result-
ing set of models Q is convex (this is achieved by specifying
marginal distributions, see Remark 3.1(ii)), which is crucial
for the tractability of the resulting optimization problem.

- 4 rs,t,r |g‘v,t,1 (SS7 S.H—r) |2

Extension to several assets. The martingale optimal trans-
port setting generalizes as follows to higher dimensions:
One specifies u,; of each stock S§;; for time points
t=1,...,T and dimensions i = 1,...,d individually. The
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dimensions are coupled through a joint martingale constraint
E[S;+]’i|S1, . ,Sl] = S,,,‘ where St = (S,!], . ,S[,d).';‘

In terms of homogeneity, one has two choices: First, one
can define the notion of homogeneity as in Definition 3.1 (ii)
for each dimension i = 1,...,d individually. This is straight-
forward and sensible, and the resulting optimization problem
remains convex. An alternative to take into consideration is
to specify homogeneity jointly across dimensions, similarly
to the martingale constraint. Then, Definition 3.1 is stated
for Q € P(RHT), and Q, € P(RY), etc. In this case how-
ever, convexity of the set of models becomes an issue. If only
the individual one-dimensional marginals of §,; are known,
the set of time-homogeneous multi-dimensional martingale
optimal transport measures will not be convex.i Hence, for
mathematical purposes, the first alternative is more suitable.

5. Examples

In this section, we present two short numerical examples that
showcase the potential of the introduced setting.

5.1. Discrete model

Consider a discrete model where u, is the uniform distri-
bution on the set {100 —#,100 — ¢+ 2,...,100 + ¢} for t =
1,...,9.§ So the support of the marginals is the same as in
a binomial model where the stock starts at 100 at time point
0 and can either go up or down by 1 each period. The finan-
cial instrument is a forward start option, f(S) = (S — Sg) ™.
First, we solve the model using just the data (i.e. marginal
distributions) from time points ¢ = 8, 9 (two time steps used).
Then, we gradually increase the information that is used, by
adding the marginal information from # = 7 (three time steps
used), = 6, etc. until all marginals p, ..., (o are included
(nine time steps used). The results are reported in figure 2. On
the left, we see that without the homogeneity assumption, the
bounds do not get sharper with inclusion of additional infor-
mation. With the added assumption of homogeneity however,
the bounds tighten drastically. As seen in figure 2, the bounds
only tighten once every second increment of additional infor-
mation. The reason for this is the support of the marginals:
Indeed, the only transition probability that actually matters
for pricing the financial instrument f is the one from t = 8
to t = 9. So the relevant kernel lives on the support of ug.
Hence only by adding marginal information ;, which shares

T See also Eckstein er al. (2019), Lim (2016). Some papers (Obt6j
and Siorpaes 2017, De March and Touzi 2019, Ghoussoub et
al. 2019) extend the MOT problem in a different way, where the
assumption is made that for each time point, the d-dimensional
marginal distribution is known. While it leads to an interesting math-
ematical problem, this assumption is less well justified from a finan-
cial viewpoint, as one can only infer each individual one-dimensional
marginal distribution from market data.

% Intuitively, the same reason as for Phon(RT) applies, see
Remark 3.1 (ii). If the complete marginals at a time point are not
fixed, taking the convex combinations of joint distributions no longer
corresponds to convex combinations of transition kernels.

§ So fort = O the setis {100}, fort = 1 the setis {99, 101}, forr = 2
the set is {98, 100, 102}, and so on.

support with ug, the bounds tighten, see also Remark 3.3.
While in this example the bounds merely tighten drastically,
there is no guarantee in general that including many time steps
coupled with the homogeneity assumption does not lead to
infeasibility.

5.2. Black—-Scholes model

Let T=3 and u,~X, for t=1, 2, 3, where X, =
Xoexp(o W, — (o2 /2)t) for o > 0 is a geometric Brownian
motion. Following Alfonsi et al. (2018), Sester (2018) we
consider the option f(Si,S,,83) := (S3 — ((S; + S2)/2)™.
Set Xo = 1, 0 = 0.25. The model price for the Black—Scholes
model Qs is given by

E®s[£(S)] ~ 0.111.

Compared to the previous example, where the (homogeneous)
martingale transport problem is a linear program, the cur-
rent example has to be solved approximately. Discretization
is non-trivial even with just the martingale condition, see
Alfonsi et al. (2018), Guo and Obloj (2019). Homogene-
ity, which crucially depends on the given marginals’ support,
adds difficulty for a discretization scheme. Hence, we instead
calculate this example using the dual formulation and the
penalization approach of Eckstein and Kupper (2018), i.e. we
approximate each trading strategy h,, %, and g,,. by a neural
network.| Without the homogeneity, this leads to

inf EQ[£(S)] ~ 0.059 and
QeM (1, pa2,143) [f( )]

sup  EQ[f(S)] ~ 0.139.]

QeM(p1,p42,43)

On the other hand, incorporating homogeneity improves the
bounds slightly but notably to

inf EQ[f(S)] ~ 0.064 and

QeMuom (11,142,43)

sup EQ[£(S)] ~ 0.135.

QeMuom (11,12,143)

While the strengths of the homogeneity assumption certainly
lie with cases where more time steps are involved, even in this
example the bounds are narrowed by around 11%.

Assuming homogeneity of the underlying process also
becomes more restrictive when the marginals ¢y, (o, 3 are
less homogeneously evolving. As an extreme case, if in the

| To approximate a trading strategy with d inputs, we use a net-
work structure with 5 layers, hidden dimension 64 -d and ReLu
activation function. For the penalization as in Eckstein and Kup-
per (2018), we use the product measure 6 = 1 X ua x u3 and
By (x) = 10000 max{0,x}. For training, we use batch size 8192,
learning rate 0.0001 (after the first 60000 iterations, learning rate
is decreased by a factor of 0.98 each 250 iterations for another 60
000 iterations), and the Adam optimizer with default parameters. The
reported values are primal values, as described at the start of section 4
in Eckstein and Kupper (2018).

|| In comparison, using the discretization scheme from Alfonsi
et al. (2018, Subsection 6.4.) with 100 samples for each
marginal, we get infQe At o us) EQ[f(S)] ~ 0.058 and

SUPQEM 1y p i) ELLF ($)] ~ 0.139.
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Figure 2. Discrete example from subsection 5.1 illustrated. Price bounds for a financial instrument f(S) = (Sg — Sg)T are depicted. For
both figures, time steps used indicates how many marginal distributions are known, i.e. how much market data is used. We see that for
the martingale optimal transport approach alone, using more data does not improve the obtained price bounds. Incorporating homogeneity

however leads to improved bounds when adding data.

above we instead set p3 ~ X4, then the interval of possible
prices for the MOT is [0.088,0.184] while for the homoge-
neous MOT one obtains [0.121,0.138], which is drastically
more narrow.

6. Proofs

6.1. Proof of Remark 3.1

Proof of (i): If Q is homogeneous, then by definition p; ;; =
Drri holds g A py-a.s.. The reverse follows since the func-
tion class {h(x) = (x — k)t : k € R} is measure determining,
see e.g. Beiglbock er al. (2013, Footnote 2).

Proof of (ii): First, we show that Ppom(R”) is not convex.
Consider T = 3 and the two homogeneous Markov chains
Qa =0.75 8(()’1,()) +0.25 8(1’0,1) and Qb =0.75 8(()’0,0) +0.25
8¢1,1,1)- Both Markov chains start in state 0 with probabil-
ity 0.75 and state 1 with probability 0.25. Chain a always
switches states and chain b always stays in the same state.
Obviously Q% Q" € Phom(R?). But Q := 0.5Q% + 0.5Q" ¢
Phom (R?). Indeed, at time 1 the Markov chain transitions from
state 0 to each state with equal probability. With the nota-
tion as in Definition 3.1, it holds K;2(0) = 0.58p + 0.56;.
However, at time 2 one gets K, 3(0) = 0.75 8y + 0.256;.

Next, we show that ITyon(41,..., 7)) 18 convex, which
implies that Myom (@1, ..., 1) is convex too. Let Q,Q’ e
Mhom (i1 - - > ), & € (0,1) and Q :=rQ" 4 (1 —V)Q".
Take (s,t,7) € A. We have to show K, = K, ;.. With
notation as in Definition 3.1, Q. +r) = Qs ® K s1-. Denote
by K¢ the stochastic kernel satisfying Qf . ) = us®

S,8+T
K¢, . (same for K? ). By the general formula

dQ?
dQ,

Kb

5,5+1°

dQs
Koty = h g Kivee + (1= 2)

and since all measures have the same marginals, it follows
Kope = AKS .+ (1 — MKP,, ., which yields the claim.

Finally, we show that ITpom, (i1, ..., 1) is closed, which
implies that Myom (41, - . ., ) is closed too.T Choose 6° :=
e A g, Let " € Tyom (1, . . ., i) with " X w. Forrme
Mpom (K15 ..., ur) we have to show 6% Q@ Ks1r = 0% ®
K i+r where w40y = i ® K;p4r as usual. We further use the
notation 71("[’[“) = u; ® K7, .. Then it holds for ¢ € Cp(R?)

| do>
/ @ do* ® Ks,x+r = / (p(x, )’) (.X) TC(s,5+7) (dx’ dy)

dus
® 1. o> =
= n]l>no]o / §0(.X, Y) d_ng (x) 77:(5!5.5_1—) (dx’ d)’)
= lim [ pdo™ @K,
- nli>rgo ¢ d@‘v’t ® KZH—T
= f @ o™ ® K,

where ... are the same steps as above but reversed for ¢
instead of s. The step (x) follows by weak convergence and
since the first marginals of 7" and 7 are fixed. This allows an
approximation of d6*'/du; by continuous and bounded func-
tions via Lusin’s theorem which coincides with d6*'/du, on
compacts with measure almost 1 under u,, and both 7 and "
have first marginal .

Proof of (iii): The inclusion is trivial: Indeed, if K : R —
P(R) is the transition kernel of the homogeneous Markov
chain, then with the notation as in Definition 3.1, it holds
K+ = K7, which is independent of s. (Hereby, K* is defined
as usual by Kt (x,A) = f K(y,A)K*(x,dy).)

That the inclusion is strict, consider the following exam-
ple: Let Q*:=0.5 8(0,0,1) + 0.5 8(1,1!0) and Qb =0.5680.1.1) +
0.58(1.00). Intuitively, Q“ stays constant after the first period,
and switches states after the second period, and Q” does

T We thank one of the reviewers for pointing this proof out to us.
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exactly the reverse. In particular, the corresponding pro-
cesses are not Markovian. It holds Q := 0.5Q¢ + 0.5Q" e
Phom (R?). However, straightforward calculation shows that Q
cannot be written as a convex combination of homogeneous
Markov chains, so Q & conv(Pum(R?)).

Proof of (iv): Define Iym (i1, ..., ur) := (g, ..., 1r)
ﬁpﬁm(RT).
In a first step we show that Ilpom(uty,...,ur) #0 if

and only if Iygm(uy,...,ur) # @. Indeed, by inclusion,
the ’if’ direction is clear. On the other hand, for Q €
Mhom (41, - - ., r) we can define Q™ e TTym(ieq, . .., ir) as
follows: We use the notation Q1) = i, ® K+ and show
the following statement inductively over t =2,...,T: There
exists a coupling Qu _____ n € Mmooy ) wrth Q N
HI®S®...® S, where S(x) = K +1(x) holds for 11y almost
allx € Rfor alls =1,...,t— 1. Fort = 2, this clearly holds.
Assume we have such a coupling for ¢, and we now construct

_____ ..s Mer1) With the same property. To
this end, we first note that foralls = 1,...,¢# — 1 we can find
Borel sets 21, 22,23 C R with Q;; U Q» UQ3 =R
and

P (1) = i (R),
/J,;,Sin(gz. ) — u,,sin(R),
i (Qus) = uf N (R).

Further, without loss of generality assume that (by changing
kernels on a null set)

e on 2, it holds K ;| = K;,4| by homogeneity,
e and on Q; U 2, itholds § = K 41.

The set 2, := U;ll 2,2 is a pu, null-set and Q3= rj;;ll Q3
is a iy null-set forall s = 1,...,7 — 1. Now, define S : R —

P(R) by
S L Ki1(x), xeQs,
500 = { S(x), else.
Then, S(x) = K s+1(x) holds py almost surely, since €23 is a

s null-set for s = 1,...,¢t — 1. Further, S(x) = K, ;+1(x) also
holds w, almost surely: If x & 23, then either x € Q,, which is
a u, null-set,orx € Q := U’_1 Q1. Andif x € 2, then there
exists some s € {1,...,1 — 1} such that K, ;41 (x) = K 44+1(x)
by homogene1ty, and hence K, t+1()€) H+1(x) S (x)

Mam (15 - - ,,U«z+1) with S(x) =
xeRforalls=1,...,t

To complete the proof, by Torgersen (1991, Theorem 9.7.3,
(ili) < (iv")) it follows that ITym (@1, ..., ur) #Z ¥ if and
only if (u1,..., ur—1) dominates (i, ..., ;ur) in heterogene-
ity.

Proof of (v): The simple counterexample to the stated
equivalence is @) =38y and p, = = %(5,1 + 80 + 61),
since there exists only one martingale coupling, which is
not homogeneous, and the coupling which always spreads its
mass equally to each point is a homogeneous coupling.

”H(x) for p, almost all

6.2. Proof of Theorem 3.1

Define ¢(f) as the infimum term in the statement of the
theorem for f € Cjin(RT). For w € P(RT), the convex con-
jugate ¢* is given by

v s ([rar-om).
f€Cin(RT)
We show ¢(f) = sup,cpgr [fdm — ¢*() using Bartl

et al. (2019, Theorem 2.2.) and calculate ¢*(;r) so that the
proposition follows.

Dual representation: To apply (Bartl et al 2019,
Theorem 2.2.), we show that ¢ (f) is real-valued on Cj;, (R7)
and condition (R1) stated within the Theorem holds, i.e.
for Cin(RT) 3£, 1 0 it holds ¢(f,) | #(0) for n — oo.
Regarding ¢ (f) € R, ¢(f) < oo is obvious. On the other
hand, ¢ (f) > —oo will follow by calculation of ¢*(x) and
the assumption that Mpom (i1, ..., 7)) iS non-empty, since
for 7 € Myom(it1, ..., pur) then 0 = ¢*() > [ fdm — o (f)
and since [fdm < oo (all marginals have first moments
and f € Gy (RT)), it holds ¢(f) > —oo. Regarding condition
(R1), note that ¢ (0) = 0 and ¢ (f) < ¢ot(f) Where ¢ is the
optimal transport functional

inf
hi,..., hr€Ciin (R):

VreRT: YT ()= () =

¢ot(f) =

Z |

Since ¢y, is continuous from above on Cii, (RT) (see Eckstein
et al. 2018, Proof of Theorem 1), ¢ is as well.

Computation of the convex conjugate: We show ¢* () =
0, if 1 € Muom(it1,...,ur), and ¢*(w) = oo, else. After
plugging in the definitions and exchanging suprema, one
obtains

T
/fdn—Z/h,du,,
=1 VR

¢*(w) = sup sup
he01.8se feCin(RT):
fST(hrsl?ngr\.r,r)

where T (hy, ¥, g5.2) € Cin(RT) is the term

T-1

T(hy 1. 8ore) = th(sa +Y (S

t=1 t=1

est
+ Z <grtr(Sva+r) ( )

(s,,T)EA Hs

S)(Si41 — 1)

dos!
— 1t (Ss, St+r) (St)

Hence the inner supremum is attained for f = T'(h, ¥, g5.1.1)-
It follows:

T

s = s Y [ nan - [ haw, @
hyeCiin(R) =1 R R
T—1
+ sup / Gr(x1, o, X) - (g1 — Xp)
9€Cy(R) \—] JRT
7(dxy, ..., dyr) (b)



dest
+  sup Z / <gvtr(xv’xv+r) (xs)
8sitt €Cp(R?) (s,1,T)EA RY

do®
— 8s.t, t(xt,xt-f-r) (xz)> (dxy,. .., dxr). (©)

By martingale optimal transport duality, we have: Term (a)
is zero if m;, = u, forallt = 1,..., T, and else infinity. Term
(b) is zero if the canonical process is a martingale under 7,
and else infinity. It only remains to show that term (c) is zero
if w is homogeneous, and else infinity. This is done already
under the assumption that 7, = pu, for all t =1,...,T. We
write 7 +r) = 7; @ K;,+.. Then one calculates for (s,7,7) €
A and 8str € Cb(]Rz)

de’ des
/ (gstr(xs, -xx+r) d (-xs) gstr(xts xt+r) (xt)>
RT

n(dxl,...,de)
5.t

do
= / gsrr(xwxﬁ-r) (XA)T[(A 3+T)(dxsa dxﬁ-r)

- / 8s, lf(xl’xH—‘r)
R2

= fz 8.1t (xx, x‘erT) A ® KS‘,A‘+T (de9 dstrr)
R

st

(xt) TC(t,41) (dxy, dxsy-)

- /2 8t (X, Xrgr) 0% ® K e (dxy, Ay )
R

= f gs,t,r des’t ® Ks,s—&-r - / gs,t,r des’t ® Kt,H—r
R2 R2

And hence, term (c) is zero if 0% @ Ky, = 0*' ® K, ;4 for
all (s,t,7) € A, and else infinity. So it is zero if and only
if K;;1r = K551 holds 6*'-a.s. for all (s,7,7) € A. This, by
choice of 0, corresponds to u; A u,-a.s. equality, and hence
term (c) is zero if and only if 7 is homogeneous. Il

6.3. Inclusion of transaction costs

We sketch the proof for the duality formula shown for (G-Pen-
HMOT) from section 4. The argument works the same as for
Theorem 3.1. The only difference is term (c), which for the
case of transaction costs reads

sup

Z / (gﬁlr(xwa-T) (x5)
8 €Ch(R?) (o e Y RT

8.t

(xt)

gxtr(xuxz-&-r)
st

2
— 47 |8 Kss Xspo)|"——
dus

(xs)> 7(dxy, ..., dxr). (©)

Similar to the proof of Theorem 3.1, using 7, =
1,..., T, this simplifies to

u; for t =

sup

St
/ gs,t,r des ® Ks,err
(s.1,T)EA 8 €Cp(R?) 2
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- /2 8s.t.t de” ® Ki,tJrr
R

2 s,t
- 4rs,t,r/ |85,x17dO™ @ K54
R2

and finally the terms inside the sum are the dual representation
for the Gini index G(0*' ® K 1,0 ® K;s4+.) as shown in
Maccheroni et al. (2004) (in Maccheroni et al. 2004 the space
L? instead of C, is used, but since continuous and bounded
functions are dense in L”, the above representation follows),
which yields the claim.
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Appendix. Discussion of Assumption (A4)

We shortly discuss Assumption (A). In particular, we showcase that
it is non-trivial (meaning there are cases where it is not satisfied)
in Example A.1, and in Remark A.1 we give indications that the
assumption might be necessary for duality.

ExaMpLE A.1 Let Q; ={qi1,9i2.9i3,...} fori =1, 2, 3 be three
disjoint, countable, dense subsets of [0, 1]. Let «; := Zj'il 2_"841.!].
for i=1, 2, 3 and pu;:= %(/q + Kk2), W2 = %(/Q + k3). Then

Assumption (A) is not satisfied for ;1 and wo. Indeed, the measure

/,Llf 2308 4 given by k2, and hence any measure §'% which has the

same null sets has to have support Q». Hence d9'2/du; is strictly
positive on Oy, but it is zero on Q1, and hence not continuous.

REMARK A.1 (i) By definition, the null sets that 8% should rep-

resent for Assumption (A) are given by both s} <45 nd

;,Lf: ”abs. However, another natural choice for 8% is the lattice

minimum p; A Wg, see Aliprantis and Border (2006, Chapter
10.10-10.11). The definition of the lattice minimum ; A g
is given by

we A ps(A) = inf g (B) + s (A\B)
BCABorel
which is equivalent to

. 5-abs ;,abs
A ps@) = inf g B) + N A\B)

for Borel sets A C R. Taking 0% = u; A wg, both pu; A s/
du, and ”&2‘;3 are bounded by 1.

(i) Part (i) shows that without the continuity part of Assumption

(A), the assumption would always be satisfied by choosing
05" = e A .
However, without the continuity condition, Theorem 3.1 does
in general not hold: Consider a case where all marginals are
equivalent to the Lebesgue measure. For any choice of 6%/,
one can pick representatives within the equivalence classes of
the relevant densities which are equal to 0 on a dense subset
of R. On this dense set, the term in the hedging inequality
arising from homogeneous trading, which is

des’
Z (gs,t,r (Ss, Ss+r)d7(ss)
(s.L.1)EA Hs

dex,t
—8s.t,t(St>Sr+7) T (Sz)) >
Mt

is equal to 0. Thus the problem ¢ (f) reduces to pure mar-
tingale optimal transport, since by continuity this dense set
determines the pointwise hedging term.

This showcases that one requires some smoothness condition
on the respective densities. The continuity condition as cur-
rently given in Assumption (A) is sufficient, but may not be
the weakest possible assumption in this respect.





