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A Dynamic Model for Measuring Individual and Situative
Influences on Social Behavior
Wilhelm F. Kempf, Kiel

1. INTRODUCTION

A basic concept in stochastic test theory is the item character-
istie curve fi(iv). Let Ev be an individual parameter represent-
ing e.g. the ability of an individual v in an achievement test
or the aggressiveness of the individual in an aggressivity test.
Then we introduce a randem variable ai such that a,i - 1 if
the individual v gives a positive ("correct', "aggressive') re-
sponse to item number i and ai = 0 if the irndividual's respon-
se is a negative ("incorrect'", "non-aggressive') one. fi(Ev)
is the probability that the individual v will respond positive-
ly to item i, and under the assumption of local stochastic inde-
pendency

g

(1.1 p[avI, avz,...,avg} = iglp[avi} for all g = 1,...,k

the probability distribution of an individual's responses to
k items is defined uniquely by

1-a

K a_. .
- ; vi | - vi
(1.2) pl(a, I} = iLI]fi(EV) Q) £,(6,0)

in which (avi) = (avl’ CRPTRRE avk) denotes the response vector
of the individual.

As regards the structural form of fi(iv) as a function of the
latent variable £, the literature contains several suggestions.
For a number of reasons which are clearly emphasized in the
papers by RASCH (1960, 1961) and ANDERSEN (1973a, 1973b), for
instance, the logistic test model
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EV

(1.3) fi(Ev) £, + 5, ’

in which o is the difficulty of the item, is the most attrac-
tive statistical model. According to a well known theorem by
NEYMAN & SCOTT (1948) the traditioral methods of parameter
estimation fail if the number of parameters to beestimated

does not tend towards a fixed numeral while the number of ob-
servations grows to infirity. From eq. (1.2), however, it fol-
lows, that each S that is added to the sample will cause the
intrdduction of an additional parameter. The only models in
which consistent estimators exist in such a situation are those
in which the individual parameters can be separated from the
structural parameters pertaining © the items by use of conditio~
nal tnference methods (cf. ANDERSEN, 1973a) and as ANDERSEN
(1972b) has shown, within the framcwork of stochastic test
theory » these are the models suggested by RASCH (1960, 1961)
only.

In many psycholcgical applications of stochastic test theory,
however, this framework turnes out to be too narrow. Many
psychological concepts such as learning or catharsis conflict
with the assumption of local stochastic independency and

KEMPF (1974), therefore, has suggested an extension of stocha-
stic test theory to what may be called dynamic test theory.

2. THE MODEL

The basic conception of dynamic test theory is to replace the
assumption of local stochastic independency by the concept of

local serial dependency

k
_ I
(2.1 p{(avi)} = i=1p{avi|5vi}
in which (avi) = (av1’av2""’avk) denotes the vector o the

individual's responses to k items and in which Svi stands for

the partial response vector (av1,av2,...,a The item

vi-1)"
characteristic curves fi(gv) are replaced by conditional Ztem

characteristic curves
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(2.2) fi_svi(iv) = play; = 11(a qha 5000085 ) = 53}

so that

2.3 plagls,d s £y . @) Vi - g g v
vil®vi ies ytov is Gy

On the basis of this formalism, KEMPF (1974) has proposed a
dynamic test model in which the conditional item characteristic
curves are assumed to depend on the number of positive responses
to the preceeding items

0 for i = 1
(2.4) T, = i1 .
j£1avj for i = 2,3,...,k ,

but not to depend on which of the preceding items were answered

positively:

e (5

(2.5 £, (€)=

for all partial response vectors Svi which are compatible with

the partial score Ty

The functions f.
ir

(E,) are defined by
iV

v
Bt Vr
(2.6) for, ) © o

in which wrvis 9 for all T, = O,...pi-1 and 1 =1,...,k .
Before we proceed to a discussion of the model, we note that

the Rasch-model is a special case of the dynamic model: (2.6)
reduces to (1.3) if wo = w1 = L. 0= wk-1 = 0. This suggests

that Ev ist a generalized ability parameter and that o is an
item difficulty parameter. Fig. 2.1 shows that the probability
(2.6) is a monotone Zncreasing function of the individual para-
meter £ and a monotone decreasing of the item parameter oy
(2.6) tends to O for o= and it tends to 1 for Ev + ®

as well as for 05 > Ve I1f Ev-vo, finally, (2.6) tends to wr/gi.
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Fig. 2.1.: The conditional item characteristic curve (2.6) as
a function of the latent trait variable £ and of the item
difficulty o; two different values of Y.
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Regardless of an individual's initial ability Ev' after r posi-
tive responses to the preceeding items, the individual's proba-
bility of sucess on item i will not be less than wr/ci.

Ve will be referred to as a transfer parameter. It describes

how an individual's prcbability of success is effected by his
prior responses. (2.6) is a linear increasing function of wr.

It tends to 1 if wr *0, and to Ev/(iv + oi) if wr-* 0. The trans-
fer wr is a learning effect, if it is an increasing function of

r (positive transfer); it is a reactive inhibition (such as
catharsis, for instance), if it is a decreasing function of r
(negative transfer), and it is a fluctuation that can be ex-
plained by cencurricung positive and negative transfer, if it

is a non-monotone function of r.

As for the simple model with wo = w1 = .. = wk-1 = 0, the model
is slightly overparametrized by gv""’gn’ CPRRERIPLM and wo""'wk-1
The parameters of the model are not determined uniquely by eq.
(2.6) and the model will still hold when the parameters are

multiplied by a positiﬁé constant c, and when an arbitrary con-

1
stant c, is added to the individual parameters Ev, and, at the

same time, is subtracted from the item- and transfer-parameters
o, and wr. The parameters, therefore, are measured on interval
scales only and we may look for a proper standardization such as

(z.7) MIN(wr) =0 forr = 0,...,k-1
and Kk
(2.8) Mo =1 ,

i=1

by which we introduce the same parametrization conditions that
are usual in the Rasch-model.

As KEMPF (1974) has shown, the dynamic test model (2.6) also
has the same mathematical properties as the Rasch-model. The

test scores a = I are minimal sufficient statistics

vo i=1 “vi
for the latent trait parameters Ev and the item difficulties o

can be estimated by use of the CML-method.

a
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3. SUFFICIENT STATISTICS

The test score a, is a sufficient statistic for estimating the
individual parametex-%,iﬁfthe conditional likelihood of the in-
dividual's response vector (avi)

p{(avi)}
.1 pla)la b= gz

Vo

does not depend on the individual parameter Ev.
Reformulating (2.6) as
y Vi, -y ) vi

€, v
v ) -
}= Vi 1 rV1

1-a_.

(3.2) p{avilrvi

and inserting (3.2) into (2.1) yields the unconditional likeli-
hood of the response vector

g 4vi 1-ay;
+ -
(3.3)  pl(a,)} = v ) Yr)
' Plidyy K
121(£V ")
3o 1 k 1-a,;
m ¢, +v) « I (6. -y )
r=0 Y T =1t Y Tvi
K
nm (& +o0.)
i=1 VY

The likelihood of the individual's test score a, is obtained
from (3.3) by summation of the probabilities p{(a;i)} of all

possible response vectors (a;i) which are compatible with the
k = =
score so that Ei=1 a2y
- *
(3.4) p{avo} = é p{(avi)}
(aT.)]a
vi Vo
#vo” k 1-a*,
ToE, + v ) ) T (o, -y ey Vi
- v T - i T
) =0 (avi)[avo i=1 vi
k
121 &y *o3)
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r*  is defined by r*. =i’} a* for i = 2,3,...,k and r*, = 0
vi vi i=1 “vi vi
for i=1,

The conditional likelihood of the response vector, finally, is
obtained from inserting the equations (3.3) and (3.4) into for-
mula (3.1): X

n (o, - ¢ )
} = i=1 1! Ty

1-a_.
vi

1 .
(oi T Ve ) v
1 vi

(3.5)  pl(a,y)la,,

L= [0

(aQi Iavo i

(3.5) is dependent on the item- and transfer-parameters o5 and
wr only and does not depend on the individual parameter Ev'

Consequently,aV is a sufficient estimator for Ev and any extra

o
information about which of the items were answered positively
is useless as a source of inference about Ev' However, it can
be used for inferring the item- and transfer-parameters inde-

1)

pendently from the individual parameters *if C <a <k .

4. CML-ESTIMATORS

Let us consider the responses of n individuals with O-<avo< k.
Then, the individual's responses can be arranged ina n x k
response matrix ((avi)) and the individual's scores can be arrang-
ed in a n-dimensional score vector (avo)' The conditional like-
lihood of the response matrix follows from inserting (3.5) into

n
(4.1) p{((avi))l(avo)} = YE1P{(avi)|avo} ,
which yields K i=1 n .
Toom oy - w)
(4.2)  pll(a,)) (s, )} = S1r=0 -
. P vi vo n k 1-a*,
I < T oy = vpey V2
v=1 (avi)laVo i=1 vi
1)If a =0 =
vo = 0.0or a =k, then p{(avi)|avo} = 1 and does not go-

vide any information about the parameters to be estimated.
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in which n is the number of individuals who responded nega-

ri
tively to item i after T, =T positive responses to the pre-
ceding items j = 1,2,...,i-1.

Now let Nk—s be the number of individuals who gave a total of s

negative responses to the k items so that a__ = k-s, and let

vo
1 form=0
Gm(k-s) = k-s k-s k-s m
I I I I vy,
.o P s s = form=1,2,...,s .
lJ1,_0 APLPIEEE In=in-1 t=1 Jt

Then, according to KEMPF & HAMPAPA (1974), the denominator in
(4.2) car be written as

*
avi)lavo

(4.3)

n=as
(U=
~~
Q
'
A=
*
N
[

v

L

k-1 S m

Nk—s

in which Ys_m(k) denotes the elementary symmetric function of
order s-m of thc parameters OqarresOype Inserting (4.3) into
(4.2) and differecntiating

(4.4) 1In(L) =

k i-1 k-1 s n
= I I n_..ln(o. -y _)- N _*In(Z & (k-s)Ye_,(K).(-1)7)
i=1 r=0 i i Pt iy kes T >

with respect to the item-parameters Ogr @ = 1,...,k and to the
transfer-parameters wB’ #= 0,...,k-1, finally, leads to the
necessary estimation equations aln(L)/au°l = 0 fora= 1,...,k

and aln(L)/SwB = 0 for B=0,...,k-1. The resulting CML-estimators

are

(4.5) P
r=0 % ¥r s-1 k &)
k-1 m=206m s)'Y s-m-1

(k) (-1"

‘s
! L 650e8) yg 001"
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for estimating the itemp-difficulties Oy and

ko ongy
(4.6) P Bi
i=p+1 957 ¥
: (k LA R (k-s]7 S-1"
k-1 I Ysen (IR VG O !
i 551 Ni-s S : n
i B (kes)e v (K1)

for estimating the transfer parameters ¢ﬂ .

(@)

Y<—m—1(k) denotes the elementary symmetric function of order

s-m-1 of the parameters ¢ N

12°94904.120g412 0 20 -

A FORTRAN-program for the numerical solution of the estimation
equations has been written by KEMPF & MACH (1974).
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