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ANALYTIC CONTINUATIONS OF log-exp-ANALYTIC GERMS

TOBIAS KAISER AND PATRICK SPEISSEGGER

ABSTRACT. We describe maximal, in a sense made precise, L-analytic continu-
ations of germs at +oo of unary functions definable in the o-minimal structure
Ran,exp on the Riemann surface L of the logarithm. As one application, we
give an upper bound on the logarithmic-exponential complexity of the com-
positional inverse of an infinitely increasing such germ, in terms of its own
logarithmic-exponential complexity and its level. As a second application, we
strengthen Wilkie’s theorem on definable complex analytic continuations of
germs belonging to the residue field R o1y of the valuation ring of all polyno-
mially bounded definable germs.

INTRODUCTION

The o-minimal structure Ry exp—see van den Dries and Miller [12] or van den
Dries, Macintyre, and Marker [10]—is one of the most important regarding applica-
tions because it defines all elementary functions (with the necessary restriction on
periodic ones such as sin or cos). Holomorphic functions definable in Ry, exp have
turned out to be crucial in applications to diophantine geometry; see, for instance,
Pila [7] and Peterzil and Starchenko [6].

It is known [10,12] that every function definable in the o-minimal structure
Ran,exp 18 piecewise analytic. This implies that, if f is the germ at +oo of a one-
variable function definable in R,y oxp, also called a log-exp-analytic germ here, there
is an open domain U C C and a complex analytic continuation f : U — C of f, or
an open domain 4 C L and an L-analytic continuation § : & — L, where L is the
Riemann surface of the logarithm (see Section 3 for details). Concerning complex
analytic continuations f : U — C of f, it is shown by Kaiser [3, Theorem C] that f
can be chosen to be definable. Wilkie [13, Theorem 1.11] characterizes those f for
which f extends definably on some right translate of a sector properly containing
a right half-plane of C; he then applies this continuation result to a diophantine
problem.

The aim of this paper is to describe L-analytic continuations f : 4 — L: we find
a maximal 4 (in a sense to be made precise) such that f is half-bounded; that is,
either f or 1/f is bounded (see the Continuation Corollary Theorem 1.2). We obtain
this statement from the more precise Continuation Theorem 7.3, which applies only
to infinitely increasing f, that is, those f for which lim,_, |, f(z) = +o0o holds.
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These L-analytic continuations of f depend on two integer-valued quantities
associated with f: the ezponential height eh(f) of f and the level level(f) of f. The
former measures the logarithmic-exponential complexity of f; roughly speaking, if f
is unbounded, then eh(expof) = eh(f)+1, while if f is bounded, then eh(expof) =
eh(f) (see Section 2 for details). The latter measures the exponential order of
growth of the germ f; we refer the reader to Marker and Miller [5] for details and
to Fact 4.1 to recall the main properties. The level extends to all log-exp-analytic
germs in an obvious manner; see Section 4 below.

Remark. We show in Section 2 that level(f) < eh(f) for all log-exp-analytic germs
f. The two are not equal in general: we have level(x +e¢~ %) =0 # 1 =ceh(z+e~ 7).

What we find in the Continuation Corollary is that, if f : f — L is a maximal,
half-bounded L-analytic continuation of f, then the size (in a sense to be made
precise) of 4 is determined by eh(f) and, conversely, that the size of 4 determines
an upper bound on eh(f). Moreover, if f is infinitely increasing, we also find that
f is injective and, in this case, level(f) determines the size of the image f(l); see
the Simplified Continuation Theorem 1.1. The Continuation Theorem 7.3 is more
technical, but it is the central result of this paper, as our applications actually rely
on these extra technicalities. Finally, we also describe, in the Complex Continuation
Corollary 7.6, the resulting maximal complex continuations of germs in .

We include two applications of the Continuation Theorem and its corollaries.
In Application 1.3, we give an upper bound on eh(f~!), in terms of eh(f) and
level(f), of an infinitely increasing log-exp-analytic germ f, where f~! denotes the
compositional inverse of f. In Application 1.5, we strengthen Wilkie’s theorem [13,
Theorem 1.11] on definable complex analytic continuations of germs belonging to
the residue field R0l of the valuation ring of all polynomially bounded log-exp-
analytic germs.

The main motivation for us to prove the Continuation Theorem, however, is to
show that all principal monomials of H, as defined toward the end of Section 2,
can be used in asymptotic expansions to obtain a quasianalytic Ilyashenko field
K extending the Ilyashenko field F constructed in Speissegger [9]. The details of
this application (which also relies on Application 1.3), its motivations, and the
construction of I are the subject of a forthcoming paper.

The paper is organized as follows: in Section 1, we introduce some of the ter-
minology needed and state the main results (except for the Continuation Theo-
rem 7.3). In Section 2, we give a description of the set H of all log-exp-analytic
germs and introduce the formal equivalent of convergent LE-series, in the spirit of
van den Dries, Macintyre, and Marker [11, Remark 6.31]. We introduce the notions
needed for the Continuation Theorem 7.3, in Sections 3, 4, and 5 and give its proof
in Sections 6 and 7. Applications 1.3 and 1.5 are discussed in Sections 8 and 9,
respectively.

1. STATEMENTS OF RESULTS AND SOME IDEAS

One of the main issues is that the language needed to state our results has to be
developed from scratch. To illustrate some of the notions involved, we now briefly
describe that of an n-domain, the type of domain in IL that the sets il above are
selected from, and we state the precise Continuation Corollary and a simplified ver-
sion of the Continuation Theorem that we call the Simplified Continuation Theorem
below; the full statement of the Continuation Theorem is deferred to Section 7.
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We denote by L := {(r,0) : >0, 0 € R} the Riemann surface of the logarithm
with its usual covering map 7 : L. — C \ {0} defined by 7(r,0) = re’®. We let
|(r,8)] :== r be the modulus and arg(r, ) := 0 be the argument of (r,6). We usually
write = (|x|,arg z) for an element of L, and we identify the positive real half-line
(0, +00) with the set {x € L : argz = 0}.

To define an n-domain, we first introduce real domains in Section 3 as the sets
of the form

Uy :={x € Hy(a): |argz| < h(|z|)},
where a > 0,
Hy(a) ={zel: |z| >a},

and h : (a,+00) — (0, +00) is continuous. Identifying I with the set (0, +00) x R,
a real domain il is definable in R,y oxp if and only if A is a log-exp-analytic germ.
Considering two real domains {5, and 5, equivalent if there exists an a > 0 such
that $, N HL(a) = Uy, N Hy(a), and calling the corresponding equivalence classes
of real domains germs at oo of real domains, we get a bijective map h — U :
H70 — G52 (L), where H>0 is the set of all positive log-exp-analytic germs and
G3%,.(L) denotes the set of all germs at oo of definable real domains. This bijection
satisfies by < hg if and only if H;,, C &, as germs at oo; in particular, any measure
of size on H>0, such as valuation or level, can be transferred to G55 (L).

To understand what measure of size on H>? is appropriate for our purposes, we
consider the analytic continuations on L of the elementary functions (Section 2):
scalar multiplication

m,(z) = rz
and the power function

pr(x) = 2",
for r > 0 and x > 0, as well as exp and log. It is easy to see that m, and p, have
definable, biholomorphic continuations m,., p, : L. — L, respectively, while exp has
a holomorphic continuation erp : L — L that is neither definable nor injective.
However, log has a definable, biholomorphic continuation log : Hy (1) — S1.(7/2),
where

Sp(a):={zeL: |argz| < a}

for a > 0. Indeed, one of our reasons for working with L-analytic rather than
complex analytic continuations is that the definable, biholomorphic restriction of
exp to Sp(m/2) has a larger domain than any definable, biholomorphic complex
continuation of exp in the right complex half-plane.

It is not hard to show (see Section 3) that each of these biholomorphic con-
tinuations maps definable real domains to definable real domains. But for any
[ e ”0 if g € H70 is such that &, = log(ly), then g is bounded, as i, is a
subset of Sy (7/2) (as germs at oo). This “big crunch” indicates that none of the
measures of size mentioned earlier are quite right to describe the behavior of log.
We show in Section 4 (especially Proposition 4.11) that there is a decreasing map
al : H>% — N U {—1}, called the angular level, such that the following hold for
feH>%and r > 0:

(i) If g € H~0 is such that 8, = m,.(4y), then al(g) = al(f).

(ii) If g € H>Y is such that 4, = p,.(L), then al(g) = al(f).
(iii) If g € H>0 is such that 8, = log(8ly), then al(g) = al(f) + 1.
(iv) If f < 1/log, then al(f) = level(f) + 1.
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This angular level is related to the usual level, as point (iv) indicates, but takes
into account the big crunch of log mentioned earlier.

Finally, not all f € H>% are as well behaved as the elementary ones above:
if to(x) == x 4+ a for a > 0 and x > 0, then ¢, has an injective, holomorphic
continuation t, : . — L that is periodic in argx; hence it is not definable and,
in general, maps definable real domains to domains that are neither definable nor
real. However, it is easy to see that, given f € H>?, there are g1, 9> € H° such
that al(f) = al(g1) = al(g2) and g, C t,(Lhy) C y,. This leads to our desired
definition: given a domain ${ C L and n € NU{—1}, we call & an 7-domain if there
exist g1, g2 € H”? such that al(g;) = al(g2) = 1 and

ugl guguqz

Every definable, real domain is an n-domain, for some appropriate 7, and the maps
m, and p,, as well as t,, map 7-domains to n-domains, while log maps n-domains
to (n + 1)-domains.

Denoting by H the set of all log-exp-analytic germs, we are now ready to state
the Simplified Continuation Theorem, which describes biholomorphic continuations
of all infinitely increasing log-exp-analytic germs in the spirit of those of the ele-
mentary germs described above. A map ¢ : 4 — L, with { C L, is called angle
positive if

sen(arg (1)) = sgu(arg )
for all x € 4L

Theorem 1.1 (Simplified Continuation). Let f € H be infinitely increasing,
and set 1 := max{0,eh(f)} and X :=level(f). Then there exist an (n — 1)-domain
oan (n — 1 — X)-domain B, and an angle-positive, biholomorphic continuation
f: 38— U of f that maps k-domains to (k — N\)-domains, for k >n— 1.

This theorem was what we wanted to prove originally, but we were unable to do
so without making the statement considerably more precise. Therefore, we defer
to the end of Section 4 to give an outline of the proof of the continuation theorems
(simplified or not), where enough additional terminology is available to do so.

For arbitrary germs in #, we have the following consequence of the Continuation
Theorem.

Corollary 1.2 (Continuation). Let f € H and n € N. Then eh(f) < n if and
only if there exist an (n — 1)-domain Y and a half-bounded, analytic continuation
f: U — K of f, where K is either C or L.

The left-to-right implication of this corollary is a straightforward consequence
of the Continuation Theorem (see Corollary 7.4). We obtain the right-to-left im-
plication of the Continuation Corollary by combining the Continuation Theorem
with a consequence of the Phragmén—Lindelof principle found in Ilyashenko and
Yakovenko [2, Lemma 24.37]; see Proposition 8.3.

We now give two applications of the Continuation Theorem and its corollary. The
first of these considers the following question: if f is infinitely increasing, and if
f~! denotes the compositional inverse of f, is there a bound on eh ( f ’1) described
in terms of eh(f)? (Note that this question with level in place of exponential
height has the natural answer level(f~!) = —level(f); see [5].) What we find (see
Corollary 8.11(1)) is the following more general statement.
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Application 1.3 (Application). Assume that f is infinitely increasing. Then

eh (g o fﬁl) < max{eh(g) + eh(f) — 2level(f),eh(f) — level(f)},
where g is any log-exp-analytic germ.

In Section 8, we also call a log-exp-analytic germ simple if eh(f) = level(f), and
we establish several consequences of Application 1.3 for such germs.

The second application concerns the definability of the analytic continuations
obtained in the Continuation Theorem and its corollary. Wilkie [13, Theorem 1.11]
obtains complex definable continuations for the germs contained in the subset R o1y
of H (see Section 9), in fact characterizing Rpo1y as the set of all f € #H that have
a definable, complex continuation f on some right translate of a sector properly
containing a right half-plane of C.

Building on the Continuation Theorem 7.3, we determine exactly which restric-
tions of our maximal L-analytic continuations are definable: we call a set & C L
angle bounded if the set {|argz|: = € &} is bounded.

Theorem 1.4 (Definability). Let f € H be infinitely increasing, and set n :=
max{0,eh(f)} and X := level(f). Let f: & — B be one of the biholomorphic
continuations of f obtained from the Simplified Continuation Theorem, and let
I C A be a definable domain. If f() is angle bounded, then fly is definable.

As a consequence, we obtain a similar (but not identical) characterization of
membership in R, that strengthens the complex continuation part of [13, The-
orem 1.11].

Application 1.5. Let f € H. Then f € Rpory if and only if there exist a (—1)-
domain L and a half-bounded, analytic continuation f : 4 — C of f such that, for
every angle-bounded, definable domain W' C iU, the restriction £y is definable.

We note that the continuations in Application 1.5 are complex-valued analytic
continuations on domains in L.

Finally, in the Complex Continuation Corollary 7.6, we give a description of
compler analytic continuations of the germs in A implied by the Continuation
Theorem and Corollary. For a > 0, we set

H(a) :={2€C: Rez >a}.
We denote by arg the standard branch of the argument on C\ (—o0,0] and, for
a € (0, 7], we set

S(a):={z€C: |argz| < a}.

The following special case of Corollary 7.6 is worth writing down, as it avoids all
L-related terminology introduced earlier.

Corollary 1.6. Let f € H be such that eh(f) < 0.

(1) There are a > 0 and a half-bounded complex analytic continuation f :
H(a) — C of f.

(2) Assume, in addition, that f € . Then
(a) |f(2)] = o0 as |z| = oo for z € H(a);
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(b) if f < 22, then f(H(a)) C C\ (-00,0], f : H(a) — f(H(a)) is
bitholomorphic and we have

sgn(argf(z)) = sgn(arg z) = sgn(Im z) = sgn(Im f(2))

for z € H(a);
(c) if eh(f) < 0, then, for every o > 0, there exists a b > a such that
f(H(a))NH(b) C S(a). O

Indeed, in our forthcoming paper generalizing the construction of Ilyashenko
algebras in [9], the only results we need from this paper are Corollary 1.6 and
Application 1.3.

2. A DESCRIPTION OF THE HARDY FIELD OF Rap exp

One of the main results of [10] is that every function definable in Ry exp S
piecewise given by Lan exp,log-terms. Working from this result, the goal of this
section is to describe the set H of all germs at +o0o of unary functions definable in
Ranexp in the spirit of the LE-series in [11].

We let C be the ring of all germs at +oco of continuous functions f: R — R (so
that H C C). A germ f € C is

small if xgrfoof(x) =0,
large if Igrfoo |f(x)] = oo,
and
infinitely increasing if hrf f(x) = 4o0.
Tr—r+00

To compare elements of C, we use the dominance relation < found in Aschenbrenner
and van den Dries [1, Section 1], defined by f < ¢ if and only if g(z) # 0 for all
sufficiently large 2 and lim,_, ; » f(2)/g(x) = 0 or, equivalently, f(z) = o(g(x)) as
x — +oo. Thus, f < g if and only if f(x) = O(g(z)) as x — 400, and we write
f=<gif and only if f < ¢g and g X f. Note that the relation =< is an equivalence
relation on C, and the corresponding equivalence classes are the Archimedean classes
of C; we denote by II- : C — C/~ the corresponding projection map.
For h € H, we set

h(+00) := xllffoo h(z) € RU{—o00, +o0},

and we denote by Z the set of all infinitely increasing germs in #, that is,
I:={feH: f(+o0)=+oc}.

Note that Z is a group under composition.

We start by defining the exponential height for germs defined by Lay cxp-terms.
To do so, we define the set & C H of Lan exp-germs and associated exponential
height eh : &€ — N U {—oc0} and exponential level el : € — N U {—oc0}. More
precisely, we fix n € NU {—oco} and define, by induction on n, the following sets,

e the set PM,, of pure exponential monomials of exponential height n,

e the set M,, O PM, of exponential monomials of exponential height at
most n,

e the set &£, D M,, of Ly cxp-germs of exponential height at most n,

o the set P&, C &, of pure L, oxp-germs of exponential height n, and its
subset PE° of all purely infinite L,y cxp-germs,
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such that the following hold:
(E1),, PM,, U{1} is a multiplicative subgroup of H,
PM,, =expoPE&, ifn>1,

the sets PM_ o, PMy, ..., PM,, are pairwise disjoint, and, for m € PM,,
and n > 0, there exists a nonzero v € N such that exp,(z”) > m >
exp,, (V) or exp,, (z¥) > 1/m > exp,, (z*/¥);

(E2),, M,, is a multiplicative subgroup of H and, for n > 0, we have M,,_1 C M,,,
and for m € M,, there are unique I = I(m) C {0,...,n} and m; =
mi(m) € PM; for i € I such that m = [[,.; m; (where we make the
convention that [[, .y m; = 1), and we have m =< 1 if and only if m = 1;

(E3),, &, is an R-subalgebra of H and, if n > 0, then &,_; C &, and for nonzero
f € &y, there exist a unique countable ordinal a, unique monomials mg €
M,,, and unique nonzero rg € R for § < a such that mg < m, for v <
B < a and the sum ) 5, rgmg(x) converges absolutely to f(z) on some
interval (a,+00), and such that f =< mo;

(E4),, PEX U {0} and PE, U {0} are R-vector subspaces of H, PE is closed
under multiplication, the sets PE_~, P&, ..., PE, are pairwise disjoint,
and, for large f € P&, and n > 0, there exists a nonzero v € N such that
expy(a”) > |f] = exp, (21/),

In the situation of (E3),,, we call the monomials mg the principal monomials of f;
write

M(f) ={mp: B<a},
and let
lm(f) :=mo
be the leading principal monomial of f.
For the definition of these sets, we distinguish three cases.

Casen = —c0. Weset PM_oo=M_ = {1}, PE€_=E_« :=Rand PEX, = (.
We leave the (easy) verification of (E1)_—(E4)_s to the reader.

Case n = 0. We define
PMgp = {xk : k € Z nonzero} ,

where 2 denotes the identity function on R, and we set My := PMg U {1}. Then
(E1)p and (E2), follow immediately, and we define

1
& = {p (—) : pis a convergent Laurent series} ;
x

then (E3)( also follows immediately, so we set

P&y :={f €& : 0€I(m) for every m € M(f)};
i.e., P&y consists of those elements of & with zero constant coefficient, and

PESC :={f € P& : every m € M(f) is large};

i.e.,, PESC consists of all polynomials in « with zero constant coefficient. (E4)q is
now straightforward as well.
Case n > 0. Assume that PM;, M;, &, and PE; have been defined with the
required properties for i = —00,0,...,n — 1. First, we define

PM,, :=expoPEX .
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Proof of (E1),,. (E1),, follows from (E4),,_1: we prove only the last assertion. Let
m € PM,, and let f € PEX | be such that m = expof. By (E4),_1, there exists a
nonzero v € N such that exp,,_; (") > |f| > exp,,_;(#'/?). If f(c0) = +oc, then it
follows that exp,,(z*) > m > exp,, (z'/*); if f(c0) = —oo, then exp, (z*) > 1/m >
exp,, (z'/"). O

Second, we set

M, = {Hmi : 1 CH{0,...,n} and m; € 73./\/11}.
icl
Proof of (E2),,. We first prove the uniqueness of I(m) and of m;(m) for i € I. Let
m; € PM; U {1} for i =0,...,n be such that m := [[]_,m; = 1. Since M,, and
each PM; U {1} are multiplicative subgroups of #, it suffices to show that m; = 1
for each i. Suppose, for a contradiction, that m; # 1 for some 4, and fix the largest
such ¢ € {0,...,n}. Since m; = m if i = 0, we must have ¢ > 0. By (E1);_; and
(E1);, there exists a nonzero v € N such that m’ := H;;E m; satisfies exp,_(z") >
max{m/, 1/m'} > exp,_;(z'/*), while exp,(z") > max{m;, 1/m;} > exp,;(z'/"). Tt
follows that m # 1, as desired. A similar argument also shows that m = 1 if and
only if m < 1. 0

Third, we define

gn = {p(m17"'7mk7M1a"'7Ml) : peR{Xla"'an}[Tla"'an]a
mi,...,my € M, are small and M, ..., M; € M,, are large},

where R{X7,..., X} denotes the set of convergent power series. Note that this
definition produces the & defined above in the case n = 0.

Remark 2.1. Let f = p(my,...,mg, My,...,M;) € &,. Since p is polynomial
in T1,...,T;, the infinite sum p(myq,...,my, My,..., M;) converges absolutely on
some interval (a, +00) (with a depending on f). Writing p = >, i e Prs X T
with X = (X1,...,X%) and T = (T1,...,T;), and writing m = (mq,...,mg) and
M = (M, ..., M), note that, for u € N¥ and v € N, the set

Ayo(m, M) = {(r,s) e NF*l o m"M* = m“M"}

is finite and Z(T’S)eAu’v(m’M) Prsm" M*® = pama, where A = A, ,(m, M), my =
m*M" € M,, and py € R depend only on A. On the other hand, the collection
A=A(m, M) = {Ay,(m, M) : (u,v) € N} is a partition of N*+! so the sum
Y acaPama is absolutely convergent on (a,+00). So we set

S(m, M) := | J{A € A(m, M) : pa # 0}
and
q:= Z pr,sXTTs-
(r,s)eS(m,M)

Since the support of ¢ is contained in the support of p, the series g belongs to
R{X}[T], and we have f = q(m,M). Replacing p by ¢ if necessary, we may
therefore assume that py # 0 if and only if A Nsupp(p) # 0 for all A € A. In
particular, for n € M,,, we may assume that n € M(f) if and only if n = m*M"
for some (u,v) € supp(p).
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Proof of (E3),,. Let f = p(my,...,mg, My,...,M;) € &,, and adopt the cor-
responding notations from Remark 2.1. Since ma # mp for any two distinct
A, B € A, we conclude from (E2),, that m4 % mp for any two distinct 4, B € A.
In other words, the relation < linearly orders the set {m4 : A € A and ps # 0}.

Since p is polynomial in 7" and mg,...,m; are small, this ordering is a reverse
well-ordering, so we let a be its reverse-order type and rewrite ), 4pama as
2 p<a PEMS:

Finally, we claim that f =< myg: to see this, it suffices to show that Zo<5<a pgmMg
= f — pomgy < myg. Note first that

Mo reNk seN!
since we can assume, by Remark 2.1, that mg is the maximal monomial in the
support of p, it follows that each mr%—(; is bounded, so that the convergence to

F2) s not only absolute but also uniform in x for sufficiently large x. Therefore,

mo(z)
> 0<p<a s mﬂ EI)) converges absolutely and uniformly to £&=L0mo(@) g4 Jat ¢ > 0;

mo ()

absolute and uniform convergence means that there exists a finite I C o\ {0} such

that
Img| _ €
> Ipsl <3
0 Imo| 2
<B<a, B¢I
as germs at +o0o0. On the other hand, since [ is finite and each mg/mg, for 8 > 0,

is small, we have
_| £
> Ips] i

Bel

f—pomo
mo

Hence < €, and since € > 0 was arbitrary, the claim and (E3),, follow. O

Fourth, we set
PEL:={f€&,: nel(m)for every m € M(f)}

and
PEX :={f € P&, : every m € M(f) is large} .

Proof of (E4),,. We verify that PES® is closed under multiplication, leaving the
other closure properties for the reader to check. Given f = p(m,M) and g =
q(m, M) in PEX®, we may assume, by Remark 2.1, that every monomial m®M?,
with (a, 8) € supp(p) Usupp(q), is large. In addition, we have n € I(m®M?) for
these monomials, so

meMP = m., 5 NaB

with m{, 5 € M,,—1 and na g € PM,, large, for (a, 3) € supp(p) Usupp(q). There-
fore, the product of any two such monomials is of the same nature; that is, ev-
ery principal monomial m of fg is of the form m = m'n, with m’ € M,,_; and
n € PM,, large, so fg € PEX.

Finally, if f € P&, is large, the estimate for |f| follows from the observation in
(E3),, that f < 1m(f) and the estimates in (E1),. O
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This finishes the inductive construction of the sets &,. We now set £ := |J&,,
M :=J,, My, and define eh : £ — NU {—o0} by

eh(f) :==min{k: fe&}.
We leave it to the reader to check that, for f € £, we have
eh(f) = max {eh(m): m e M(f)}.
Remark 2.2.

(1) The estimates in (E4),, imply that every f € PES° has level n, as defined
by Marker and Miller in [5]; in particular, level(m) = eh(m) for m € M.
Also, for f € &, since f =< 1m(f), the levels of f and of Im(f) are the same
if f is infinitely increasing. Thus, for infinitely increasing f € &£, we have

(2.1) level(f) = level(lm(f)) = eh(lm(f)) < eh(f).

(2) Let I > 1, let m € M;\ M;_1, and let k < I. If n € My, then mn €
M\ M_q; that is, I € I(mn). Thus, if f € &, then mf € PE;. It follows
that

(a) if g € P& and f € &, then fg € PE;
(b) ifge &\ &1 and [ € &, then fg € &\ 1.

(3) Let f € &, be nonzero. The proof of (E3),, shows that there are a nonzero
a € R and a small € € &, such that

f=alm(f)(1-e).

To see this, take a := po and € := —{=P2™0 ip the notation used there; this

€ belongs to &, because &, is an R—algoeb(}a containing M,,.

Lemma 2.3. Let f € &, be small.

(1) There exist k € N, G € R{Xy,..., Xk}, and small mg,...,my € M,, such
that G(0) =0 and f = G(mq,...,myg).
(2) Let T be a single indeterminate, and let P € R{T}. Then Po f € &,.

Proof.

(1) If n = 0, the proof is straightforward, so we assume that n > 0. Let x, A € N,
small mq,...,m,; € M, large My,..., My € M,,, and p € R{X}[T] be such that
f=plm, M), where X = (X1,...,Xx), T = (T1,...,T\), m = (mq,...,my), and
M = (M, ..., My). Changing p if necessary, we may assume that My,..., M, are
infinitely increasing. By Remark 2.1, we may assume that m*M"v € M(f) for every
(u,v) € supp(p). Since f is small, every monomial in M(f) is small, so m*M? is
small for every (u,v) € supp(p); in particular, (0,0) ¢ supp(p).

On the other hand, since p is polynomial in 7', there is a finite set B C supp(p)
and, for each (u,v) € B, there is a unit p(, ) € R{X} such that

p(X,T) = Z X T p(y0)(X).

(u,v)€B
For i = 1,...,|B|, we let X,.;; be a new indeterminate, and we fix a bijection
t:{1,...,|B|} — B and put k := k + | B|. Then the series
|B]

a(X1, o Xe) = Xepapuy (X1, -, Xi)

i=1



5213

belongs to R {X1, ..., X} } and satisfies ¢(0) = 0, the monomials m,.y; := (mM)"?)

are small for each i, and we have f = g(mq,...,my), as required.
Since the collection of convergent power series is closed under composition, part
(2) follows from part (1). O

Lemma 2.4. Letn >0, and let f € £,. Then f' € &,.

Proof. By induction on n; the case n = 0 follows from the fact that the set of
convergent Laurent series is closed under differentiation. So we assume that n > 0
and that the lemma holds for lower values of n. If f € PM,,, then f = exp(g) for
some g € PE |, so
f'=explg)- g =f9g}

in this case, f’ € &, by the inductive hypothesis and (E3),,. From this, the inductive
hypothesis and the product rule, the lemma follows easily if f € M,, and hence, by
the chain rule and the definition of &,,, for general f. O

Corollary 2.5. Fach &,, and hence &, is a differential subfield of H.

Proof. Let f € &, be nonzero; by Lemma 2.4, it suffices to show that 1/f € &,.
By Remark 2.2(3), there are a nonzero a € R and a small € € &, such that f =
alm(f)(1 —¢€). Tt follows from Lemma 2.3 that G oe € &,, where G(T) is the

geometric series; hence 1/f = alan(ef) belongs to &,, as claimed. O

Lemma 2.6. Let f € £. Then there are unique f; € PE;, for j = —00,0,...,eh(f),
such that fenry # 0 and

f=Ff-ctfot -+ foni)-
Moreover, if [ is infinitely increasing, then
level(f) = max {j = —00,0,...,eh(f): f; € I}.

Proof. If f € &, we let f_., be the constant term of f and set fy = f — f_ .
So we assume that f € &, with n > 0. Let k,I € N, small mq,...,mp € M,,
large My,...,M; € M,, and p € R{X}[T] be such that f = p(m, M), where
X = (Xl,...,Xk), T = (Tl,...7T'l), m = (ml,...,mk), and M = (Ml,...,Ml).
By Remark 2.1, we may assume that m*M"¥ € M(f) for every (u,v) € supp(p).
Thus, we have eh(m"M?®) < eh(f) for (r,s) € supp(p). So for v = —00,0,...,eh(f),
we set
S, = {(r,s) € supp(p) : eh(m"M?®) =v}
and
Pv = Z pr,sXTTS-
(r,s)€S,

Then each p, belongs to R{X} [T}, pen(s) # 0, and we have f = f 14+ fen(s),
where f, := p,(m, M) belongs to P&, for each v.

Finally, if f is infinitely increasing, then at least one of the f; is also infinitely
increasing, so it follows that lm(f) = lm(f;,) with jo = max{j: f; € Z}. O

For n > 0, we also consider the vector space
PEY .= {f € PE, : every m € M(f) is small}.

Arguing as in the proof of (E4),,, we see that P£E? is an R-algebra and, as R-vector
spaces, we have PE, = (PEX U{0}) @ PEY. Lemma 2.6 now gives the following.
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Corollary 2.7. We have
E=PPe, =Pé @ ((PEF U{O}) @ PEY)
neN

as R-vector spaces. 0

2.1. Behavior under composition. It follows from [5, part (5) of the first propo-
sition] and Remark 2.2(2) that for any f,g € Z, we have

(2.2) level(f o g) = level(f) + level(g).

A corresponding formula does not hold for the exponential height in general: take
g(x) = x + exp(—z) and f(x) = exp(z). Then eh(foyg) =1 # 2 = eh(f) +
eh(g). This example is a special case of the situation described in Proposition 2.8.
Nevertheless, there is a conditional summation formula for the exponential height;
see Corollary 2.11.

Proposition 2.8. Let f € &£ be large. Then expof = mg € &, where m €
Micver(f)+1 \ Miever(y) and g € Een(yy is bounded, and we have

eh(f) if level(f) <eh(f),
eh(f)+1 if level(f) = eh(f).

Moreover, if eh(f) = level(f), then expof € PEn(s)+1-

eh(expof) = {

Proof. Let f € € be large, let f_, € R, let f € PEY,
for i =0,...,eh(f), be such that

f=fo+ I+ 0+ + I+ i)

and let [ € PEX U {0},

SO
eh(f)
expof = (expof_o) - H (expofi®) - (expofy).
i=0
We define
m = expo (fooo 4+ 4 :ﬁ(f)>
and

g = expo (ffoo +f0++ fc?h(f)) .

Since f is large, we have f2° = 0 for ¢ > level(f), while Siwer(py # 0- 1t follows
that m € Mievei(f)4+1 \ Miever(s) by definition of M;. On the other hand, g =
Eo (f(()J + 4+ ffh(f)) € Een(f) by Lemma 2.3(2), where E is the Taylor expansion
of exp at f_. This proves the first statement.

Assume now that level(f) = eh(f). Then m € Mep(s)4+1 \ Men(y), while eh(g) <
eh(f). It follows from Remark 2.2(2a) that eh(expof) € PEp(s)41 in this case.

So we assume for the rest of the proof that level(f) < eh(f), so Sh(f) #0
and eh(expof) = eh(mg) < eh(f). If level(f) = eh(f) — 1, then eh(expof) >
level(expof) = eh(f) by inequality (2.1) and equation (2.2), so eh(expof) = eh(f)
in this subcase. So we also assume from now on that level(f) < eh(f) — 1, and we
further factorize g = g1g2, where

g1 i=expo (f—oo +fo et feoh(f)—l)
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and
g2 ‘= €xXp Offh(f)-
Note that eh(g;) < eh(f) by Lemma 2.3(2), while fS () # 0 implies that

e¢h

eh(g2) = eh(f). But eh(m) < eh(f) in this last subcase, so eh(expof) = eh(g) =
eh(g2) = eh(f) by Remark 2.2(2)(a). O

Lemma 2.9. Letn € N, and let g € PES be infinitely increasing.

(1) For nonzero k € Z, we have g& € PEX if k > 0, and g* € PEY if k < 0.
(2) If f € PES°, then fog e PEX.
(3) If f € P&y, then foge PE,.

Proof.

(1) Since PE and PEY are closed under multiplication, it suffices to show
that 1/g € PEY for g € PEX. Let g € PES; by Remark 2.2(3), we can write
g = alm(g)(1 — €), with a € R nonzero and € € &, small; in particular, every

principal monomial of € is small. Hence 1/g = Tﬁf{; i where G is the geometric

series. Since n € I(Im(g)) and Im(g) is large and since every principal monomial of
€ is small, it follows that 1/g € PEY. Parts (2) and (3) follow from part (1). O

Lemma 2.10. Letp,n € Nwithp > 1, let f € PM,, and let g € PE® be infinitely
increasing. Then fog e PMpiy,.

Proof. Let fo € PEY, be such that f = expofo; we proceed by induction on p.
If p = 1 then, by Lemma 2.9(2), foog € PEX, so fog € PMyy, by definition,
as required. So we assume that p > 1 and that the lemma holds for lower values
of p. By the inductive hypothesis and (E3),_1, we have m € M(fy) if and only
if moge M(fpog). It follows, also from the inductive hypothesis, that foog €
PEZ 14y, Hence fog € PMypi, by definition. O

We set PE® := [,y PET.

Corollary 2.11.
(1) Let f € &, and let g € PE™ be infinitely increasing. Then eh(f o g) =

eh(f) +eh(g), and if f € PEey(y), then fog € PEeh(f)+en(q)-
(2) &, C Epqr0log forn e N.

Proof. Part (1) is trivial if eh(f) = —oo, follows from Lemma 2.9(3) if eh(f) = 0,
and follows from the definition of eh(f) and Lemma 2.10 if eh(f) > 0. For part (2),
given f € &,, we have foexp € &,41 by part (1), so f = foexpolog € &, 410log. O

Proposition 2.12. Let f € H. Then f € € if and only if f is definable by some
Lan exp-term.

Proof. 1t is clear from the definition of £ that every f € & is definable by some
Lan,exp-term. For the converse, since £ is an R-subalgebra of H# and z,exp € &, it
suffices to show the following:

(i) Ifp e R{Xy,...,Xx}and fi,..., fr € £ are such that the point (f;(c0), ...,
fx(00)) lies in the domain of convergence of p, then p(f1,..., fr) € &.
(i) If f € €, then expof € £.
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For (i), after replacing p by its convergent Taylor series at the point (f1(c0), ...,
fr(00)) if necessary, we may assume that fi,...,fr are small. The claim now
follows from Lemma 2.3(2).

For (ii), we may assume by (i) that f is large; so (ii) follows from Proposition 2.8.

O

2.2. Closing under log. We obtain H from £ by composing with log on the right.
Lemma 2.13. Let f € &, be such that f > 0. Then logof € &,11 o log.

Proof. The conclusion is trivial if n = —oo0, so we assume that n > 0. By Re-
mark 2.2(2), there exist m € M, and g € &, such that ¢ < 1 and f = mg.
So logof = logom + logog, and logog belongs to &, C &,41 o log by Corol-
lary 2.11(2). On the other hand, if n = 0, then m = z* for some nonzero k € Z, so
logom € & olog. If n > 0, then by definition m = exp oh for some h € &,_1, so
logom = h € €,-1 C E,4+1 o log, which finishes the proof of the lemma. O

Proposition 2.14. We have H = |J,c € o logy; in particular, for large f € H,
there exist k,l,v € N such that level(f) =k —1 and

expy (") o log; > |f| > expy (¢'/") o log; .

Proof. Since £ C Eolog C £olog, C - -+, it follows from Lemma 2.13 and Proposi-
tion 2.12 that UkeN Eolog,, contains all functions of H that are defined by Lan exp,log-
terms. Equality between the two sets then follows from [10, Corollary 4.7]. The
estimates follow from (E4). O

In view of the previous proposition, for h € ‘H and k € N and f € £ such that
h = f olog,, we let

M(h) :={molog, : m € M(g)}
be the set of principal monomials of h, and we let
Im(h) :=1m(g) o log

be the leading monomial of h.

Lemma 2.15. Let g1,92 € &, and let ky,ko € N be such that kv < ky and gy o
log,, = g2 ology,. Then eh(gz) = eh(g1) + ka2 — k.

Proof. The hypothesis implies that g, o expy, ,, = g2, so the conclusion follows
from Corollary 2.11(1). O

Justified by Lemma 2.15, we extend eh uniquely to all of H as follows: given
f €™M, choose g € £ and k € N such that f = g olog,, and put

eh(f) :=eh(g) — k.

Corollary 2.16.

(1) Let f € H. Then eh(f oexp) =eh(f) + 1 and eh(f olog) =eh(f) — 1.
(2) Let f € H be infinitely increasing. Then

level(f) = eh(Im(f)) < eh(f).
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(3) For k € N, the set
Hep :={f €H: eh(f) <k}
s a differential subfield of H.

Proof.

(1) Let g € € and k € N be such that f = golog;,. Note that eh(folog) = eh(f)—1
by definition of eh. If £ > 0, the same is true for f o exp, whereas if £ = 0, then
f € &€ and eh(f oexp) = eh(f) + 1 by Corollary 2.11(1).

Part (2) follows from the definition of eh(f) and inequality (2.1).

For part (3), let £k € N and f € H<y. Let also 4,5 € N and g € & be such that
J =golog;. Then

f'= (g olog;) ! = g olog; € H<k
77 logy---log;_;  exp;---exp; J ="

so part (3) follows from Corollary 2.5. O

For each i € ZU {—o0}, we set
Hi:={fe€H: eh(f)=1i}U{0}.
By Corollary 2.11(1), each H; is an R-vector subspace of H, and we have H; NH,; =
{0} for i # j.

Corollary 2.17. As R-vector spaces, we have
H= B Ha O
neZU{—oo}
Finally, we set
&> =P (Per u{o})
neN
and
U= E>ology;
kEN
the germs in U are called purely infinite. This set U is an R-vector subspace of H
and, by Corollary 2.7 and Proposition 2.14, we have
H=U®®B,
where B is the R-vector subspace of all bounded germs of H. We set
L:=expold,
a multiplicative R-vector subspace of H>Y.

Proposition 2.18.

(1) L= UyenMolog,; that is, L is the set of principal monomials of H.

(2) We have h < 1m(h), for h € H; in particular, every Archimedean class of
H>0 contains exactly one representative from L.

(3) Every h € H is of the form p(m, M), where p € R{X}[Y], X = (Xy,...,
Xi), Y=M,...,Y)) for some k,l € N, m = (mq,...,my), and M =
(M, ..., M), with each m; € L being small and each M; € L large.
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Proof.
(1) By definition, we have
(2.3) expo€® = [[ (PMpi1U{1}) S M,
neN

s0 L = [Upen(expo&>) olog;, C [J,eny M olog,. On the other hand, we have
x = expolog € (expo€™) olog, while Lemma 2.10 implies that £ o exp C £,
S0 expoE® C expof™ o log. Since expo&E™ o log is a multiplicative group, it
follows from the equality in (2.3) that M C expof> olog. Therefore, we get
Uren M o log, € Ujen(expo€) ology,, which proves part (1).

(2) Let h € H, let g € £, and let k € N be such that h = golog;. Then g < lm(g)
by (E3), so h < Im(g) o log;, = lm(h). On the other hand, no two distinct germs
in M are in the same Archimedean class by (E2). Also, by Lemma 2.10, we have
M = Moexpolog C Molog C Molog, C -+, so it follows from part (1) that no
two distinct germs in £ are in the same Archimedean class.

(3) This follows from the definition of &, part (1), and Proposition 2.14. O

3. REAL DOMAINS

In this section, we introduce real domains and study the L-analytic continuations
of some elementary germs in H. We let Log : L. — C be the biholomorphic map

Logz :=log || 4+ i arg z,
and we let Exp : C — L be its inverse. Corresponding to this chart, we define
d(z,y) := |Logz — Log y|

and set B(z,s) :={y €L: d(z,y) < s} for x € L.
Here is a general observation about analytic continuations on L.

Lemma 3.1. Let U C C\ {0} be a domain, let f: U — C\ {0} be holomorphic,
and assume that 7=1(U) is simply connected. Then f lifts to a unique holomorphic
f:7 Y U) — L such that form =mof.

Proof. Note that exp(Log(7~(U))) = U and that V := Log(r~*(U)) is a simply
connected domain in C. By assumption, both foexp: V — C\{0} and 1/foexp :
V — C\ {0} are holomorphic, so by [8, Theorem 13.11], there exists a holomorphic
g : V. — C such that f oexp = expog. Now define § := Expog o Log; since
mo Exp = exp and exp o Log = m, it follows that fomr =mof. O

Examples 3.2. Particular examples of the previous lemma include the following:

(1) f e C(X)and U=D(a), where a > 0is such that Z(f):={z€C: f(z) =0}
C B(0,a) :={weC: |w| <a}and

D(a):={2€C: |z| >a}.
(2) For a € R, the injective map ¢, : D(Ja]) — C\ {0} is defined by t,(z) :=
z+a. Note that, in this case, the corresponding lifting extends to a biholo-

morphic map t, : L\ 77 (—a) — L\ 77 (a) with compositional inverse
£,
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(3) f € R{T} is nonzero, where T is a single indeterminate, and a > 0 is
sufficiently small such that f(z) # 0 for z € U := B(0,a) \ {0}. In this
situation, if f(0) = 0, then |f(z)] — 0 as |z| — 0, while if f(0) = a # 0,
then d(f(x),a) — 0 as |z| — 0.

(4) The map exp : C\ {0} — C\ {0}; we denote the corresponding analytic
continuation by exp : L — L\ {(1,0)}. Note that exp = Exp om.

However, we need more precise information on the kinds of simply connected
domains on which definable functions have analytic continuations. We set

H(a):={2€C: Rez>a}
for a € RU{—o0}, and
T
S.:{zE(C. |Imz|<§}.

We denote by log : H(0) — S the main branch of the logarithm on H(0), and by

arg : H(0) — (—%, %) the main branch of the argument; note that, for a > 1, we

have log H(a) C H(loga).

Definition 3.3. A set U C H(0) is a real domain if there exist a > 0 and a

continuous function f = fy arg : (@, +00) — (0, 5] such that
UND(a)={z€ D(a): |argz| < f(|z])}-
Note that, in this situation, U N D(a) is definable if fi g is definable.

Examples 3.4. The following are definable real domains:
(1) H(a) for a > 0;
(2) for 0 < a < T, the sector S(a) :={z € H(0): |argz| < a}.

A special class of definable real domains are the following.

Definition 3.5. A set U C H(0) is a standard domain if there exist a > 0 and a
continuous function f = fym : (a, +00) — (0, +00) such that

UNH(a)={z€ H(a): |Imz| < f(Rez)}.
Note that, in this situation, U N H(a) is definable if and only if fi 1, is definable.

For example, every sector S(a), for o < 7, is a definable standard domain, but
the half-planes H(a), for a > 0, are not standard domains.

Lemma 3.6. Let U C H(0). If U is a definable standard domain, then U is a
definable real domain. Moreover, if V C U is a definable real domain, then V is a
definable standard domain.

Proof. Assume there exist b > 0 and a definable g = fym @ (b, +00) — (0, +00)
such that

UNHb) ={z€ HD): |Imz| < g(Rez)}.
The functions pg, 0, : (b, +00) — (0, 4+00) defined by

pg(x) = /2% + g(x)?

and
04(z) := arctan(g(x)/x)
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are definable, and p, is infinitely increasing. So there exists ¢ > b such that
Pyl (c,400) 18 injective with compositional inverse p;l : (a,+00) — (¢, +00). There-
fore, we set

§g =040 P;l’
and we have U N H(a) = {z € H(a) : |argz| < &,(]z|)}. Increasing a if necessary,
we conclude that U N D(a) = {z € D(a) : |argz| < & (|2])}.
Moreover, let d > a, and let f : (d,+o0) — (0,7/2) be such that V :=
{z € D(a): |argz| < f(|z])} C U; then f < fyarg = &. Define 1y : (d, 4+00)
(0,400) by

ng(x) :=a - (cosof)(x).

Note that, for z € OU, we have Rez = |z| - (coso&,)(|z|); since U is a definable
standard domain, it follows that the function z — x - (cosof,)(z) is infinitely
increasing. Since cos| (g x/2) is decreasing and 7y is definable, it follows that 7y is
infinitely increasing as well. Increasing d if necessary, we may assume that ns is
strictly increasing with image (e, +00), for some e > 0, and we denote by 17;1 :
(e, +00) — (d, +00) its compositional inverse. Then

VAH(e) = {z € He): |Imz| < (n,?l : (sinof ° ngl)) (Rez)} ,
which shows that V is a standard domain. O

It is convenient to talk about germs of sets in H(0) at oco: for two subsets
A, B C H(0), we set A ~ B if and only if there exists an a > 0 such that AND(a) =
BN D(a). The corresponding equivalence classes of subsets of H(0) are called germs
of subsets of H(0) at co. We will not explicitly distinguish between subsets of H(0)
and their germs at co when the meaning is clear from context. In this sense, every
definable real domain U corresponds to a unique element f = fya.g € (0, 53,
where

O.7/2h = {nen: 0<n=Z},
and we write U = Uy in this sense; the standard domains correspond to
Heo :={f € (0,7/2]n : f = fuare for some standard U} .
The next corollary follows from Lemma 3.6.

Corollary 3.7. Hg is a cut in (0,7/2)3. O

The notion of real domain also makes sense on the Riemann surface L of the
logarithm: for a > 0, we set

Hy(a) = {(r,¢)€eL: r>a}.

Definition 3.8. Let 4 C L. We call U a real domain if there exist an ¢ > 0 and a
continuous function f = fy are @ (a, +00) — (0, +00] such that

U=ty = {z € Hi(a): |argz] < f(J2])}

Note that 4 is simply connected, and that 4 is definable if and only if fy is. We
call 4 angle bounded if fy is bounded.
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For example, for a > 0, the set Hy (a) is a definable real domain and, for a > 0,
the strip or sector

Sp(a) :={xelL: |argz| < o}
is a definable and angle-bounded real domain.

We call a real domain  C Sp(7/2) a standard domain if 7#({) C H(0) is a
standard domain.

Lemma 3.9. Let 4,0B C L be real domains, and let ¢ : B — L be holomorphic
and injective. Assume that & C B, o), and (V) are real domains. Then

fu < fm Zf and only Zf fap(il) < fgo(‘ﬂ)'
Proof. 1t is straightforward to see that Y C U if and only if fy < fy. Since ¢ is
injective, it follows that fy < fy iff 4 C U iff (L) C (V) iff fo) < for). O

Example 3.10. Note that Log(HL(1)) = H(0) and, for x € Sy(n/2), we have
Log(x) = log(n(z)). Thus we define log : Hy,(1) — Si(7/2) by
log(x) = (mls(r/2)) " (Log(x));

note that erplg, (r/2)= [og_l.
For real r > 0, we also define the power function p, : L. — L by

pr(s,0) = (s",10),
and the scalar multiplication m, : L — L by
m,.(s,0) := (rs,0).
Thus, if ¢ is any of log, p,, or m, we have ¢ : L. — L, while exp : Uy /o — L.

We also work near oo, in the following sense: two sets 2,8 C L are called
equivalent at oo if there exists an R > 0 such that AN HL(R) = YB N HL(R). The
corresponding equivalence classes are called the germs at oo of subsets of L. We
will not explicitly distinguish between subsets of L. and their germs at oo when the

meaning is clear from the context. In this sense, every definable real domain & C 1L
corresponds to a unique element f = fy € H>0 := H>° U {+o0}, where

HO={heH: h>0},

and we write 4 = {, in this sense.

Given germs i,0 at oo of domains in L, we write “p : 4 — U to mean that
 is a map defined on some domain in L whose germ at oo is 4l and taking values
in some domain in I whose germ at oo is 0.

3.1. Basic images. Our first goal is to understand images of definable real domains
under power functions log and erp.

Example 3.11. Let & C Hy (1) be a definable real domain. Then direct computa-
tion shows that log($l) is a definable standard domain.

Definition 3.12. Let 4,0 be germs at oo of domains in L, and let ¢ : & — Q.

(1) If ply is injective and (') is (the germ at oo of) a real domain, for every

real domain Y’ C 4, we say that ¢ maps real domains to real domains and
real

write ¢ : 4 — .
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(2)

(3)

If oy is injective and ¢(4') is a definable real domain, for every definable

real domain U’ C 4, we say that ¢ maps definable real domains to definable
dfr

real domains and write ¢ : 4 — 0.
If h € H>0 and ¢ : Uy, LN U, we denote by vy, : (0,h)yy — H>° the map
defined by

Vp(g) = fotsty)-

If, moreover, we have ¢ being an analytic continuation of f € H, we set
V= U,.

Examples 3.13. Let f € H~O.

(1)

(3.1)

For r» > 0, the maps m,. and p, are injective, and direct computation shows
that

er(f) = f omy/y
and
vp, (f) =mro fopym,

where mg : R — R and p; : [0,00) — [0, 00) are defined by ms(z) := sz

and pg(x) := 2® for s > 0. In particular, m, : L AT 1 and p L dfr, L;

moreover, p,. : Hy (1) LN Hy(1).

We define piog(f) := Vlog® +f2 and Oo4(f) := arctan(f/log). Then
Plog(f) € Z, and

Vlog(f) - alog(f) o (plog(f))il € Hst .

It follows that log : Hp (1) dfr, Si(m/2) with viog : H70 — Hg. Since

etp s, (x/2y= (loglm, 1)) " it follows that exp : Sp(r/2) <= Hy (1), that
both vipg and vexp, @ Hee — H>0 are injective, and that Vexp 1s the compo-
sitional inverse of vjg.

For a € R, an elementary calculation shows that, if f is bounded, then
real

to : Uy — Uy and t, @ Uy A, Uy, so vy, : H7O\Z — H>%\ Z; moreover,
we have Vt:l = v¢ ,. On the other hand, if f € Z, then ,(&) is not
a definable real domain—in fact, it is not even a real domain in general.
However, the same calculation as for bounded f shows that, for f € Z and
real € > 0, we have (as germs)

Upor . Cta(Lhy) € Upoy, .

The next lemma, together with the previous examples, can be used to describe v,
for every finite composition w of exp, log, and p, with r > 0—at least in principle.
As we do not need the details here, we leave it to the reader to explore this.

Lemma 3.14. Let g,h € H>O, let 4 be the germ at co of some domain in L, let

dfr

o8y 280, and let ¢ 2 0, 25 S Then o : 8y 25 $( and

l/wmp = Vd’ o VSD'

Proof. This is straightforward; we leave the details to the reader. O
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4. ANGULAR LEVEL

To describe the analytic continuation properties of germs in H, we need a rough
measure of the size of a real domain. We first recall the main properties of level.

Fact 4.1 ([5, the Proposition]). Let f,g € Z.

(1) level(exp) = 1, level(log) = —1 and, for real r > 0, level(p,) = 0.
(2) If f < g, then level(f) < level(g).

(3) level(f o g) = level(f) + level(g).

(4) level(fg) = level(f + g) = max{level(f),level(g)}.

(5) If uw € H is such that 0 < u(+00) < 400, then level(fu) = level(f).

We extend the level to all of H>0 as follows: we set

D:={1/f: feI},

and for n € Z, we let Z,, be the set of all f € Z of level n, and we set

D, :={1/f: feTl,}.
For f € D, we define the level of f to be the unique n € Z such that f € D,,.

Furthermore, we set H=! := H>%\ (ZUD) and level(f) := —oo for f € H=!. Note
that BAH"0 =H='UD

Proposition 4.2. Let f,g € H>°.

(1) If f,g € TUH=! and f < g, then level(f) < level(g).

(2) If f,g € DUH™ and f < g, then level(f) > level(g).

(3) If g € Z, then level(f o g) = level(f) + level(g).

(4) level(fg) < max{level(f),level(g)}; equality holds whenever level(f) #
level(g).

(5) If f,g € D and h is a nonzero R-linear combination of f and g, then
level(h) > max{level(f),level(g)}.

(6) If f,g € U and h is a nonzero R-linear combination of f and g, then
level(h) < max{level(f),level(g)}.

(7) If f < g, then level(f) = level(g).

Proof. Parts (1)—-(3) follow directly from Fact 4.1; we leave the details to the reader.
For part (4), we assume that f € Z and g € D; all other cases follow easily from
Fact 4.1. The desired inequality clearly holds if level(fg) = —o0, so we also assume
that level(fg) € Z. In this situation, if fg € Z, then the equality f = (fg)/g implies
that
max{level(f),level(g)} > level(f)
= max{level(fg),level(g)}

> level(fg),
while if fg € D, the equality 1/g = f/(fg) implies that
max{level(f),level(g)} > level(g)

= max{level(fg),level(f)}
> level(fg).
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Moreover, in the first case, if level(g) # level(f), then level(g) < level(f) and
level(fg) = max{level(f),level(g)}; a similar argument works in the second case,
and (4) is proved.

For (5) and (6), note that M(h) C M(f) U M(g).

For (7), note that f = (f/g) - g, and apply (4). O

Example 4.3. For an example where equality fails in Proposition 4.2(4), let n € N
be at least 2, and set f :=log/log,, € ZN (D -log) and g := 1/log € D. Since
Vlog > log,,, we have log > f > \/log, so level(f) = level(g) = —1, but level(fg) =

—n.

What we are looking for is a notion of angular level al : H>°% — Z that mirrors
some of the properties of level, but where composition in Proposition 4.2(3) is
replaced by the application of v, in the following sense: we want al(veg(f)) =
al(f)+1, al(vexp(f)) = al(f) — 1, and al(vp, (f)) = al(f). The level does not do this
since for any f € Z\ D -log, the germ 1o (f) has level —oo (because Oioq(f) ¢ D
in this case). However, the next two lemmas show that this is the only situation
where the level is not adequate.

Lemma 4.4. Let f,g € H>? and 0 < r < s be real numbers.

(1) If f < g, then 0 < v, (f) < Vm,(9), 0 < v (f) < 1p,(9), and viog(f) <

Vlog(g)'
(2) If f or g is strictly decreasing and sf > rg, then, for any t,u > 0, we have

Vpromy (9) < Vpoom, (f) and Vin,op,.(9) < Vim,op, (f)-

Proof. Part (1) follows from Example 3.13 and Lemma 3.9. For part (2), assume
that sf > rg, and let ¢,u > 0. Since py/, oMy > p1/s © M1y, it follows that

thop,,.(g) =rgopi/omyy < sf oOp1/romMmy < sf OP1/s OM1 /oy = Vmqus(f)
if f is strictly decreasing, while
thOp,,(g) =Tgop1/r oMy <TGOP1)s OMyyy < sf ©P1/s ©M1/y = Vm,ops (f)

if g is strictly decreasing; this proves the second inequality in (2). The proof of the
first inequality is similar. O

Remark 4.5. Part (2) of the previous lemma is false if f is increasing and g = f.

Lemma 4.6. Let f € D-log. Then there exists a u = wiog(f) € H such that u ~ 1
and

f
sl ~ 1 o explor ).
Proof. As f is fixed in this proof, we simply write p, 6, and p in place of piog(f),

bhog(f), and vieg(f), as in Example 3.13(2). From the definition of p and 6, and
since f/log € D, arctanxz = = + o(x) as  — 0 and 6 is bounded, we get

(4.1) p ~ log
and
(4.2) ~

log
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By (4.1), there exists a v € H such that v(4+00) = 1 and p = log-v. Composing on
the right with ¢ := p~! yields p; = (logow) - (v o %), so there exists u € H such
that u(4+00) =1 and p; - u = log oyp. Composing on the left with exp now gives

(4.3) exp(py - u) = .
We get from (4.2) and (4.3) that

V=90¢N1i°¢=ioexp(p1-u)a
og log

as required. O

The previous two lemmas imply that the level comes close to behaving like the
angular level we are looking for.

Corollary 4.7.

(1) For r > 0, the map v,, : H”° — H>Y is an increasing bijection with
inverse vy, ., and we have level (vp, (f)) = level f.

(2) The map vog : H™Y — Hy is an increasing bijection with inverse Vexp,
and we have

level (f/log) +1 i f €D-log,

—0 otherwise.

level (110g(f)) = {

Proof. Example 3.13, Proposition 4.2, and Lemmas 4.4 and 4.6. 0

The previous corollary suggests a definition of angular level, at least for f € D-log
of level at least 0; since then level(f/log) = level(f), we could take al(f) = level(f)
for such f (or, more appropriately, as we shall see below, as al(f) = level(f) + 1).
To figure out how to define angular level for the remaining f, we let k € Z and set

D>y :={f €D: level(f) > k}.

Note that, for k£ > 0, we have Dy, - log = Dy, while D_; C D_; - log contains +/log,
which is infinitely increasing. Indeed, we have

HZO =T\ (D_;1-log) U D_;-log U Dxy.
Since D_; - log is convex and D>¢ = D> - log, we get the following.

Lemma 4.8. We have (H=*UD)\ D>y C D_; - log. O

From Corollary 4.7, we obtain the following.

Corollary 4.9. We have
™
Viog (H7°\ (D1 - log)) = (07 §)H \D>o € Dy -log,
Viog (D,1 ' log) = DO;

and
Vlog(Dk) = Dk;Jr] fO'l“ k Z 0. O
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Definition 4.10. In view of the above, the angular level al : H>° — {—1,0,...}
is defined as

al(f) : = max {—1,level(vog(f))}

_ )1 if f€H>O\ (D51 -log),
~ level(mog(f)) if f € Ds_1 -log.

From Proposition 4.2 and Corollary 4.9, we obtain the following.

Proposition 4.11. The angular level is decreasing and, for f,g € H>°, we have
(1) al(og () = al(f) + 1;
(2) if f € D>_1 -log, then al(f) = max{0,level(f) + 1};
(3) ifal(f) > 1, then f € D and f has level at least 0;
(4) ifr,s >0, then al(f) = al(m, o f omy);
(5) forr >0, we have al(v, (f)) = al(f).

Proof. For part (1), since vio6(f) € H=' UD, we have from Corollary 4.7(2) that

al(V1og(f)) — 1 = level(Miog (110g(f))) — 1
= max{0, level(rog(f)) + 1} — 1
= max{—1,level(rog(f))}
=al(f).
Parts (2) and (3) follow similarly. For part (4), note that if f = g - log, then
(4.4) my. o fomg = (m,ogoms)- (logs+log),

which is greater than (m,./; 0 g 0 m;) - log and less than (my, o g o my) - log. Thus,
if g € Dy, then m,. /5 0 gomg and ma, o gom; belong to Dy and, since the latter is
an interval, part (4) follows in this case. If g ¢ D then, by equation (4.4), neither
is m,. o f omyg, so part (4) also follows in this case.

For part (5) and r > 0, note that v,, (log) = log, which implies that v, (D_; -
log) = D_; - log. O
Example 4.12.

(1) If f € H=!, then level(f) = —oco and f € D>; -log, so al(f) = 0. Thus,

if £ C L is a standard power domain, then lim, oo fitarg(z) = 5, s0
al (fil,arg) =0.
(2) If f € Z, then al(f) € {—1,0}; in particular, if f > log, then al(f) = —1.
(3) If f € D, then al(f) > 0; in particular, if f < é, then al(f) = level(f)+1.
Thus, al(1/exp;_;) =k, for k € N.
(4) For S:={z€C: Rez>0, |Imz| <}, we have fgim = 7 and fgarg ~
arctan(m/x). Since arctan(rw/z) ~ w/x < 1/logx as x — +oo, it follows
that level(fs arg) = 0 and, by the previous example, that al(fs arg) = 1.
The angular level provides us with a way to assign size to certain domains in L.
Definition 4.13. For k € Np{—1}, we set
H"e = {h e H>": al(h) =k};
in particular, H™ = H>0\ (D> _; -log) and H{"® = D_; -log. A domain 4 C L is
called a k-domain if there exist f, g € H;"® such that Uy C U C &l,.

It follows from Example 4.12(1) that every standard power domain is a 0-domain.
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4.1. Angular level for maps. Based on the notion of angular level, we can now
define a notion of angular level for maps on L.

Definition 4.14. Let A € Z, 4,°0 C L be domains, and let ¢ : & — 0. We say
that ¢ has angular level X if, for &k > X\ — 1 and every k-domain ' C §{, the image
o) is a (k — X)-domain.

Example 4.15. Tt follows from Example 3.13(1)—(3) and Proposition 4.11 that
m,, p, : L — L have angular level 0, for » > 0, that log : Hy (1) — S.(7/2) has
angular level —1, and that exp : Sp(w/2) — Hp(1) has angular level 1. Also, by
Example 3.13(4), the map t, : L — L has angular level 0 for a > 0; it is in order
to include maps like the latter (which are analytic continuations of definable maps)
that the notions of k-domain and angular level for such maps are defined in such
generality.

Finally, we can define the kind of analytic continuation property we are ulti-
mately interested in.

Definition 4.16. Let n € N and A € Z be such that A <.

(1) Let 4,0 C L, and let ¢ : 4 — B. We call ¢ an (1, \)-map if the following
hold:
(a) Yis an (n — 1)-domain, U is an (n — A — 1)-domain and ¢ is biholo-
morphic of angular level .
(b) For k > n—1 and every (k—A\)-domain U’ C 9, there exists a k-domain
" C U such that () C U,
(c) There exist h1,he € Z of level A such that

hi(lz]) < e(@)| < ha(|z])

for all sufficiently large = € U.
(2) Let f € Z. The function f is called (1, \)-extendable if there exists an
(n, A\)-map § : { — U that extends f. In this situation, we refer to f as an
(n, \)-extension of f.

Example 4.17. By Example 4.15, for » > 0, the maps m, and p, are (0,0)-
extendable, exp is (1, 1)-extendable, and log is (0, —1)-extendable.

Lemma 4.18. If f; € T is (n;, \;)-extendable fori = 1,2, then foo f1 is (n, A\1+A2)-
extendable, where n := max{ny,ns + A1 }.

Proof. Let f; : 4; — 0; be an (n;, A\;)-extension of f; for each i. If By C s,
then by definition fo o f1 is an (11, A1 + A2)-extension of fy o f1. So assume that
Uy ¢ o, and let ) be an (92 + Ay — 1)-domain such that f;(L;) € Uy (which
exists by part (1)(b) of Definition 4.16). Then, again by definition, fs o (f1 [y ) is
an (72 + A1, A1 + Ag)-extension of fo o fj. O

4.2. Brief outline of how we obtain extendability. Given f € Z, we set
n := max{0,eh(f)} and A :=level(f) < n; our goal (see the Continuation Theorem
7.3) is to show that f is (1, A)-extendable. To prove this, we may assume that f € £
by Proposition 2.14 and Lemma 4.18 because we already know that log is (0, —1)-
extendable. For f € &, we will proceed by induction on eh(f); in the inductive step,
we first obtain extendability for principle monomials, which is straightforward from
the inductive hypothesis and Lemma 4.18 because we already know that exp is
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(1,1)-extendable. Then we show that multiplying by a unit preserves the extension
property of the principle monomials, which requires us to track the additional
properties introduced in the next section.

5. CONTINUITY AND ANGULAR ORIENTATION PROPERTIES

A crucial step in proving the Continuation Theorem 7.3, involves simultaneously
establishing two “opposing” continuity properties for the analytic continuations of
units in € (which are D-Lipschitz; see Proposition 6.8) and of infinitely increasing
germs in £ (which are expansive, see Proposition 7.2).

The upshot of these additional properties is that (the analytic continuation of)
an infinitely increasing f € £ and the product of f with a unit u in £ are “almost
the same”; for instance, the analytic continuation of fu is still expansive. As a
result, establishing the extendability properties of f reduces to establishing those
of the leading monomial of f, which can be handled using the inductive hypothesis.

However, the distance d on L2 makes L into a multiplicative metric space, which
makes the corresponding definitions of continuity and differentiability unfamiliar to
work with. We will therefore often work in one of the following two charts.

5.1. The standard chart. We denote by 7y the injective restriction of 7 to Sy, (),
and we call 7 : Sp(7) — C\ (=00, 0] the standard chart on L. Recall that, for
h € H>Y, we have

h < ifand only if w5 (mo(Up)) = Up.

For k > 0 and U C C )\ (—o0,0], we call U a k-domain if and only if 5 *(U) is a
k-domain.

5.2. The Log-chart. Recall that Log : L. — C is the biholomorphic map
Logz :=log |x| + i arg x

with compositional inverse Exp : C — L, and that
d(z,y) := |Logz — Log y|

defines the corresponding distance function on IL, making (L, d) into a multiplicative
metric space. Given a domain 4 C L and a map ¢ : Y — L, we denote by
@ : Log(U) — C the holomorphic map

@ := LogopoExp.
If, in addition, ¢ is holomorphic, then the derivative ¢’ : sf — IL of ¢ in the sense
of the Log chart is given by
¢’ = Expo () oLog.
Note that Re% = log || o Exp and, if ¢ is holomorphic, that ¢ = (@)’
Remark 5.1. Let h € H>°.

(1) The set U := Log(4y) is (the germ of) a definable standard domain such
that h:= fymm = hoexp € H>Y; in particular, if V := Log(ly,/2), we have
fvim = (h/2) o exp = h/2.
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(2) If h is bounded, the derivative of h(z) approaches 0 as z — +o00, so we
have B (z,min{1, h(Re z)/3}) C Log(4l,) for all z € Log(l),/2) with a suffi-
ciently large real part. On the other hand, if & is infinitely increasing, then
B(z,1) C Log(iy) for all z € Log(i;,/2) with a sufficiently large real part.
Finally, for « € L and z = Log x, we have h(Re z) = h(|z|). Tt follows that

B (., min {1, h(je)/3}) C &,
for all sufficiently large x € 4y, 5.

Example 5.2. Let & C L be a domain, let ¢ : 4 — L, and let a > 0 be a real
constant. Recall that ¢ is a-Lipschitz if

(5.1) d(e(x), o(y)) <a-d(x,y)  forz,y el
Note that ¢ is a-Lipschitz if and only if |3(z) — ®(w)| < a-|z —w| for z,w € Log i,
that is, if and only if @ is a-Lipschitz.

We now define two continuity properties of holomorphic maps on L inspired by
the previous example, as well as an angular orientation property that will come in
handy later.

Definition 5.3. Let 4 C IL be a domain, and let ¢ : 4 — L.
(1) The map ¢ is D-Lipschitz if there exists p € D such that

d(p(x), 0(y)) < p(minflzl, [y]}) - d(z,y)  for z,y € L;

in this situation, we say more precisely that ¢ is p-Lipschitz.
(2) The map ¢ is expansive if there exists a real a > 0 such that

d(p(x),¢(y)) 2 a-d(z,y)  forz,y €k
in this situation, we say more precisely that ¢ is a-expansive.
(3) The map ¢ is angle positive if, for all x € 4, argx and arg ¢(z) have the
same sign. The map ¢ is angle negative if, for all x € 4, argx and arg p(x)
have opposite signs.

Remark 5.4. We shall use the following observations without explicit mention: in
the setting of the previous definition, the map ¢ is p-Lipschitz if and only if

[7(2) = @(w)| < (poexp)(min{Re z, Rew}) - |z — w|

for z,w € Log(8l). Since 1/p = —, it follows that ¢ is p-Lipschitz if and only if

1/ is.
Next, ¢ is a-expansive if and only if

[p(z) —2(w)| Z a-|z —wl
for z,w € Log(l). In particular, if ¢ is expansive, then ¢ is injective; the converse
does not hold, as erp is injective on Sp(7/2) but is not expansive there (note that
erp = exp).

Finally, ¢ is angle positive if and only if 1/ is angle negative, and in both cases
we have ¢((0,00)) C (0,00). Conversely, if 4l is a real domain, ¢ is continuous and
injective, and ¢((0,00)) C (0,00), then ¢ is either angle positive or angle negative
(because (0, 00) topologically separates £\ (0, 00)).

Example 5.5. (1) For r > 0, the maps m, and p, are expansive because m,

is translation by logr, while p, is multiplication by r. Moreover, erp is
expansive on Sy (m/2) N Hy(1), as the next lemma shows.
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(2) For r > 0, both m, and p, are angle positive, and both exp and log are
angle positive as well.

Lemma 5.6. The map exp is expansive on Sy(m/2) N Hy(1).
Proof. Since erp = exp, we work with exp on the set
S-o == Log (S(m/2) N Hy (1)) = {z €C: Rez>0,|Imz| < g} .

For z,w € C, we have

% — oW erw _ & (Z _ w)nfl
—er (=) =ev (1 22 ).
c—w < Z—w ) ¢ ( * 712::2 n! >
Let R > 0 be such that Y, R"~!/nl = 1/2; it follows that, if z,w € S5 with
|z —w| < R, we have

e* — eV - le*] 1

> —.
z—w |~ 2 2

On the other hand, set A :=1—e¢ %2 >0, and let B > 0 be the distance between
1 and the complement in C of the sector S(R/2). Write z = z + iy and w = u + v,
and assume that z,w € Sso with |z—w| > R. Then |z —u| > R/2 or |[y—v| > R/2;
in the former case, we get |e*~™ — 1| > A, so

e —e¥

A
> =5
z—w | R

in the latter case, since |y —v| < 7, it follows that e*~" belongs to the complement

in C of the sector S(R/2), so we get

e —ev B
>
~ R

in this case. This proves the lemma. O

Z—w

Three of these properties are preserved under composition.

Lemma 5.7. Let 8,0 C L be domains, and let ¢ : 4 — B and ¢ : Y — L.
(1) Let p,o € D. If p is p-Lipschitz and 1 is o-Lipschitz, then ¥ o ¢ is po-
Lipschitz.
(2) Let a,b > 0. If ¢ is a-expansive and v is b-expansive, then 1 o ¢ is ab-
expansive.
(3) If both ¢ and v are angle positive, then so is ¥ o p.

Proof. For distinct z,y € 4, we have

d(( o) (@), (op)(y) _ d(Woe)(x), (¥op)(y) dle(x),¢(y)

d(z,y) d(e(x), o(y))  d(wy)
so parts (1) and (2) follow. Part (3) is straightforward. O

Crucial for us is the following observation that “expansive trumps D-Lipschitz”
under multiplication.

Lemma 5.8. Let 34 C L be a domain at oo, and let p,v : 34 — 1L be such that ¢ is
expansive and Y is D-Lipschitz. Then there exists R > 0 such that @i is expansive
on 4N Hy(R).
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Proof. Let p € D and a > 0 be such that ¢ is a-expansive and ) is D-Lipschitz.
Let R > 0 be such that p(t) < a/2 for t > R. Then, for distinct z,y € 4N Hy(R),
we have

d(p(z), p(y)) _ |Log(pd(x)) — Log(py(y))|

o [Logp(z) — Logp(y)| — [Logd(x) — Logd(y)|
- d(z,y)
> a — p(min{|z|, |y[})
> 2
-2
as required. O

Definition 5.9. Let 4 C IL be a domain at co, and let ¢ : 4 — L be a map. We
call ¢ a unit at oo if d(¢(x),1) — 0 as |z| — oco.

Example 5.10. Let v € R{X} be such that u(0) = 1. Then, by Example 3.2(3),
u has an analytic continuation

w:m Y(B(0,a)) — L,
for some sufficiently small a > 0, such that uop_; : Hy(1/a) — L is a unit at co.

Finally, here is what happens when we combine all four properties.

Lemma 5.11. Let k > —1, let L C L be a k-domain, let 0 C 1L be a (—1)-domain,
and let ¢ : & — UV be continuous, surjective, expansive, and angle positive. Let
also 1 : b — L be a D-Lipschitz unit at oo such that (4 N (0,00)) C (0, 00).
Then there exists r > 0 such that

(1) ¢Ylunm, (r) is expansive and angle positive;
(2) forxz € 4N HL(r), we have

g ()| < | ars(ou)(2)| < 2| arg ().

Proof.

(1) Tt follows from Lemma 5.8 that, after replacing 4 with LN Hy (r) for some
r > 0 if necessary, the map ¢ is expansive; in particular, ¢ is injective. Moreover,
since v is a unit at oo, there exists A > 0 such that, for all z €  with |z]
sufficiently large, we have |argy(z)| < A. Since U = ¢(4) is a (—1)-domain, there
exist arbitrarily large « € 4 such that argz > 0 and arg ¢(x) > A; in particular,
arg(¢y(x)) > 0 for arbitrarily large € . On the other hand, since ¢ [g is
continuous and unbounded, there exist r,s > 0 such that ¢i((r,0)) = (s,00).
Since ¢7) is injective, it follows that ¢¢lynp, () is angle positive as well.

(2) Note that 9?2 is also a unit at co. Moreover, since 12 = 2, the map ¢? is
also D-Lipschitz. Therefore, applying part (1) with 2 in place of v, we get, for
sufficiently large « € 4 with argx > 0, that

0< arg(¢1p2(x)) =arg ¢(z) + 2arg Y (x);
that is,
(5.2) argp(z) > —arg ¢(z)/2
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for sufﬁcie&ly large € 4 with argz > 0. Similarly, since 1/1) is also a unit at co
and since 1/1) = —1), we obtain, from (5.2) with 1/1 in place of 1, that

(5.3) arg(z) < arg ¢(z)/2

for sufficiently large x € $1 with argz > 0. The two inequalities (5.2) and (5.3)
together prove part (2) for argax > 0; the case argaz < 0 follows by a symmetric
argument. O

6. UNITS IN £ ARE D-LIPSCHITZ

The aim of this section is to show—see Proposition 6.8—that units u € £ have
D-Lipschitz analytic continuations that are units at oo, provided that all large
principle monomials m of u are (u,pu)-extendable, where p = level(m). (This
last assumption will be obtained from our inductive hypothesis in the proof of
Proposition 7.2.)

The first step toward establishing Proposition 6.8 involves first describing the
complex-valued analytic continuations of small germs in &; see Proposition 6.4.

We define arg : C — (—m, 7] to be the standard argument in C \ (—o0c, 0] and
equal to 7 on (—o0, 0].

Remark 6.1. For z,w € H(0), we have
|arg(z + w)| < max{| arg z|, | arg w|}.

Lemma 6.2. Let u € R{Xy,..., X} be such that u(0) = 1. Then there exists a
B > 0 such that

|argu(z1,...,2;)| < B-max{|argz|,...,|argz|}
for sufficiently small z = (z1,...,z;) € CF.
Proof. Writing z; = z; + iy;, * = (21,...,2x), and y = (y1,...,Yx), and since u
has real coefficients, there are R, I € R{X,Y} such that u(z) = R(z,y) + iI(z,y).
Since the restriction of u to R* is real valued, we have I(X,0) = 0, so there are

I; e R{X,Y} such that I(X,Y) = Y1 ,(X,Y) + - + Y [.(X,Y). It follows that
there are Aq,..., Ay > 0 such that

[Tmu(z)| < Ay Tmzq| + -+ + Ag| Im 2|

for sufficiently small z € C*. On the other hand, for z € C, we have Imz =
|2| - sin(arg 2). Since u(0) = 1, it follows for sufficiently small z € C* that

[ Tm u(z)|

lu(2)]
< 2(A1|Imzy| + -+ -+ Ag| Im 2 )

< 2(Aq|sin(arg z1)| + - - - + Ag| sin(arg 2 )|).

| sin(arg u(z))| =

Since |sint| < |¢| for ¢t € R, the lemma follows. O

Remark 6.3. Let G € R{Xy,...,Xx} be such that G(0) = 0, let a > 0 be suffi-
ciently small, and let g be the complex-valued holomorphic map defined by G on
B(0,a)k. Then gomy, is a complex-valued holomorphic map on 7y, ! ((B(0,a)\ {0})%),
where 7 : L¥ — (C\ {0})* is defined by 7 (z1,...,7x) = (7(x1),...,7(zk)).
Moreover, there is a K > 0 such that

|(gomg)(z1,. .. 2p)| < Kmax{|z1],...,|zk|}
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for sufficiently small x4, ...,z € L: this follows because the assumption G(0) = 0
implies that there exist | €N, nonzero ay, ... €NF and Gy,...,GLeR{Xy,..., Xi}
such that G = X*1 Gy + -+ + X4G,.

Proposition 6.4. Let G € R{Xy,..., X} be such that G(0) =0, let k,n € N, let
mi,...,mg € My \ Mp_1 be large, and set s := G(1/mq,...,1/my). Assume that
each m; is (n,n)-extendable. Then
(1) if n = 0, there exist R,B > 0 and an analytic continuation s :  :=
HL(R) — C of s such that |s(z)| < B/|x| for x € HL(R);
(2) if n > 1, there exist an (n—1)-domain 4 C Hy (1), an analytic continuation
s: U — C of s and an e € T of level n such that |s(x)| < 1/e(|x|) for
x e

Remark 6.5. By Lemma 2.3, every small germ in P&, is of the form s, as in the
previous proposition.

Proof.

(1) Assume that n = 0; without loss of generality, we may assume that k = 1
and m; = py. So part (1) follows in this case from the previous remark.

(2) Assume that n > 1, and choose an (n — 1)-domain { C L and (n,n)-
extensions m; : 4 — Y, of m; for i = 1,...,k. Let e € Z be of level n such
that |m;(z)| > e(]z|) for all sufficiently large = € 4. By the previous remark, there
exists a K > 0 such that |(gom)(x1,...,2x)| < K max{|z1|,...,|zk|} for sufficiently
small x1, ...,z € L. Hences := (gom)(1/my,...,1/my) is an analytic continuation
of s on il such that |s(z)| < K/e(|z]) for sufficiently large x € &L O

Next, we fix € N and let u € &, be such that lim,_, . u(z) = 1; it follows
that logou belongs to &, and is small. Hence, by Lemma 2.6, there are small
Uy, Uy € PE,, for n =0,...,n, such that

u=1+ug+--+u,
and
logou =wvg +--- 4+ vy.
By Lemma 2.3, for each n, there are large mp1,...,Mpk, € My, \ My_1 and
Gn, H,, € R{X1,..., X}, } such that G,,(0) = H,,(0) = 0 and u,, = G, (1/mp 1, ...,
1/myk,) and v, = H,(1/mp1,...,1/muk,).
Below, we consider the assumption
(%), every large m € M,, \ M,_1 is (n,n)-extendable, for n =0,...,n.

Corollary 6.6. Assume that (%), holds. Then there exists an (n — 1)-domain {
and an analytic continuation u: L — 1L of u that is a unit at co.

Proof. By Proposition 6.4, for n = 0,...,n, there exist an (n — 1)-domain 4(,, and
an analytic continuation u,, : 4, — C of u,, such that |u,(2)| < 1/e,(]z]) < 1/|z],
where e, € 7 is of level n. Define u : 4, — C by

u(z) :=14+ug(z) +--- +uy(2);

then u(z) — 1 as |z| — oo in 4, so we define u:= 7, ' ou on U, N Hy,(a), for some
sufficiently large a > 0. 0

We now fix an analytic continuation u : {{ — L that is a unit at oo, as obtained
from Corollary 6.6. It remains to show that u is D-Lipschitz.
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Lemma 6.7. Assume that (%), holds. Then, for sufficiently small h € H;", there
exists a 0 € D such that

(6.1) d(u(z),u(y)) < o(|z]) - d(z,y)
for x € Uy, /5 and y € B (x,min {1, h(|x|)/3}).

Proof. We work in the Log chart and show that
(*) for sufficiently small h € H,", there exists a p € D such that [u(z +w) —
u(z)| < p(Rez) - Jw| for z € Log(Uy,/2) and w € B (2, min {1, h(|z[)/3});
taking o := p o log then finishes the proof of the lemma. We distinguish between
two cases.

Case 1. n = 0. Note that ’Hzllgl C Z, u =14 up, and logou = vy in this
case. By Proposition 6.4(1), there exist R, B > 0 and an analytic continuation
vp : H(R) — C of logow such that |vo(z)| < B/|x| for x € Hy(R). Since
u[r= vp o exp, it follows from the identity theorem for holomorphic functions that
= voExp on Log() N H(log R); in particular, we have

(6.2) () < —2

exp(Re z)
Now let h € H;™ be such that &, C U. Let also z € Log(tl,/2) with Rez >
1+ log R be sufﬁc1ently large that B(z,1) C Log(y) (see Remark 5.1(2)), and let
w € B(0,1). From the Taylor series of U at z, we get

for z € Log(Y) with Rez > log R.

(n)(

St n+1 )
u(z4+w) —u(z) =

:wz(

n=1 0

3

By the Cauchy estimates and (6.2), we have ’u( )(z )‘ < B so for |w| < 1/2,

exp(Re z—1)
we get
1z w) W) < ] - o = ] -
z —1u(z 7 ] ===
v =¥ exp(Rez — 1) exp(Rez)’

so we can take p(t) := ;ﬁft for sufficiently large t > 1 + log R.

Case 2. > 0. By Proposition 6.4(2), for n € {0,...,n}, there exist e,, € Z of level
n and, for sufficiently small h,, € H,"%, an analytic continuation v,, : &, — C
of v, such that |v,(x)| < 1/e,(|z|) for x € 4y, ; without loss of generality, we may
assume that Uy, = 4. Since u[gr= vgoexp + - --+v,0exp on R, the identity theorem

for holomorphic functions and Remark 6.1 imply that
u=vooExp+---+v,oExp
on Log(4) N H(r), for some sufficiently large r € R; it therefore suffices to prove
(*) with each n and w,, := v, o exp in place of 1 and wu.
Sowe fixn € {0,...,n} and a sufficiently small h € H:"® . The case n = 0 follows
from Case 1, so we assume that n > 0 and h is bounded From the assumptions,
we have

(63)  [Wa(2)] = |(va 0 Exp)(2)] < .

(en, o exp)(Re 2)
Set h := hoexp, and let z € Log(4,/2) be such that
B (z,h(Re2)/3) C Log(p),

for z € Log().
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which happens by Remark 5.1(2) as soon as Re z is sufficiently large, and let w €
B (0,h(Rez)/3). By the Cauchy estimates and (6.3), we get

il 3
(en o exp) (Rez - h(Rez)) - h(Rez)!
- il 3 _ )
~ (enpoexp) (Rez/2) - h(Rez)®

<

[CHRIS

From the Taylor series of it,, at z, we therefore get, for [w| < h(Re z)/6, that
6

[ (2 4+ w) = T (2)] < o - (en 0 exp) (Rez/2) - h(Re z)’

Now note that level(h) < n—2 by Proposition 4.11(2), so we have level (h) < n—1.
Since level(e,, o expomy /) = n + 1, it follows that we can take

6
p = — o log,
(en 0 €xpomy s) - h

which finishes the proof. O

Proposition 6.8. Assume that (x), holds. Then, for sufficiently small h € H;™,
the restriction of u to Uy is D-Lipschitz.

Proof. Let g € H;"% and ¢ € D be such that &, C &l and (6.1) holds with g in
place of h. Set h:= g/2 and v := u|y, , and set § := goexp and h:=hoexp = q/2.

Let x,y € 4. First, if arga = argy, then the horizontal segment [z,y] is
contained in Uy. If also |z| < |y|, say, we choose = = xg,...,x, = y in i} such
that argzg = -+ = argx, and d(v41,2;) < g(Jz;])/3 for i = 0,...,n — 1. Then
by (6.1), we have

d(v(z),v(y)) = | Logv(z) — Logv(y)|

n—1
< |Logo(zit1) — Logv(z;)]
=0

n—1
<Y al|ail) - |log i | — log ||
=0

< o(|z]) - [log || — log |y||
= o(|z|) - d(z,y)

in this case. Second, if |z| = |y|, then the vertical segment [z, y] is contained in 1.
Interpolating along this segment as in the first case, we obtain

d(v(x),0(y)) < o(|z]) - d(z,y)

in this case. In general, there are a vertical segment S; C i, and a horizontal
segment Sy C i, whose union joins x and y. Since the hypotenuse of a rectangular
triangle is at least as long as either of the other sides, we have

|[log x| —log |y|| + [arg z — argy| < 2d(z,y),
so by the above two cases, v is p-Lipschitz with p := 2. O
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7. INFINITELY INCREASING GERMS IN £ ARE EXPANSIVE AND ANGLE POSITIVE

We are almost ready to tackle Proposition 7.2. The next lemma details how
the combination of extendability, expansiveness, and angle positivity is preserved
under multiplication by a unit.

Lemma 7.1. Letn € N, and let f : s{ — B be an expansive, angle-positive (1,m)-
map. Let also u : L — 1L be a holomorphic, D-Lipschitz unit at oco. Then there
exists an r > 0 such that fulyqp, () is an expansive, angle-positive (n,n)-map.

Proof. By Lemma 5.11(1), fu is expansive and angle positive, so it remains for us
to show that fu is an (n,n)-map. The clauses below refer to Definition 4.16.

To establish clause (1)(a) for fu, we fix k > n—1 and a k-domain 4’ C $[. First,
we show that fu(8l') D £, for some h € H;™ : since f(Ul') is a (k —n)-domain, there
exists an hy € Hp"% such that U, C f(&l'); we may assume that cl(8h,,) C f(U).
Since f is biholomorphic, the preimage {4 := §~1(&ly, ) is a simply connected domain
such that U = §1(0Uy, ), where OA denotes the topological boundary of A. Since
f maps (0,00) into (0,00) and |f(z)| — oo as || — oo, it follows that "’ is a
simply connected domain containing all sufficiently large positive reals, is mirror
symmetric with respect to the real line (by the Schwartz reflection principle), and is
bounded in {argz > 0} by the image of the curve t — §~1(¢, h1(t)). Since fu is also
biholomorphic, maps (0, c0) onto (0, 00), and satisfies |fu(z)| — oo as || — oo, the
same argument gives the result that 0" := fu(”) is such a domain with boundary
curve

tfu (F1 (6 ha(1)) -

However, for sufficiently large x = §71(¢, h1(t)), we get from Lemma 5.11(2) and
2lju(x)| = [f(z)| =t > 3lju(x)] that

arg(fu(z)) = hi(t)/2 = h([fu(z)]),

where h :=mj 5 0 hy o m, belongs to Hzrlgn, by Proposition 4.11, with ¢ = § if by

is increasing and ¢ = 2 if hy is decreasing. Arguing similarly for sufficiently large
x = §71(t, —h1(t)), we conclude that 4, C fu('), as required.

Second, we show that fu(l') C £l for some h € H;™ : since j(&') is a (k — n)-
domain, there exists an hy € H;"% such that |argf(z)| < hi(|f(2)]) for 2 € W
Arguing as above, it follows from Lemma 5.11(2) that

| arg fu(z)| < 2k (c[fu(z)[)

for sufficiently large x € ', where ¢ = % if hy is decreasing, and ¢ = 2 if hy is

increasing. In particular, we have fu(') C 5, where h := msq o hy o m,; this h
belongs to Hi"® by Proposition 4.11, as required.

k—n
To establish clause (1)(b) for fu, we let h € Hzllgn and set hy :=my o0 homy .,
where ¢ = 1 if h is decreasing, and ¢ = 2 if h is increasing. Then hy € Hys

by Proposition 4.11 and, since f is an (1, 7)-map, there exists a k-domain ' C U
such that f(&') C Uy, . The argument of the previous paragraph now implies that
fu(U) C iUy, as required.

Finally, clause (1)(c) for fu follows from the corresponding clause for f because
u is a unit at co. (]
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Proposition 7.2. Letn >0, and let f € £,NT be of level X € {0,...,n}. Then f
has an expansive, angle-positive (n, A)-extension §: U — .

Proof. By induction on the pair (5,7 — A) > (0,0), ordered lexicographically.

If n = 0, then A = 0, and we distinguish between two cases: if f € My, then
f = p, for some r > 0, so f has an expansive, angle-positive (0, 0)-extension on L
by Examples 4.15 and 5.5; in particular, it follows that ()¢ holds. In general, we
have f = amu for some a € R, m € Mg, and u € & as a unit at +o0o. By the
earlier-mentioned examples and Lemmas 4.18 and 5.7, the function g := am has
an expansive, angle-positive (0, 0)-extension g : $f — 0. On the other hand, after
shrinking il if necessary, we get from Corollary 6.6 and Proposition 6.8 that u has
a holomorphic and D-Lipschitz extension u : {{ — L that is a unit at co. It follows
from Lemma 7.1 that gu is an expansive, angle-positive (0, 0)-extension of f.

Assume now that (9,7 — A) > (0,0), and that the proposition holds for lower
values of (n,n —A). If f € M,, then A =7 >0 and f = expog for some g € &,_1,
so f has an expansive, angle-positive (7,7)-extension on U by Examples 4.15 and
5.5, Lemmas 4.18 and 5.7, and the inductive hypothesis; in particular, it follows
that (), holds. In general, we have f = amu for some a € R, m € My, and u € &,
as a unit at +o0o. As before, the product g := am has an expansive, angle-positive
(1, A)-extension g : 4 — U, and by Corollary 6.6 and Proposition 6.8, the germ u
has a holomorphic and D-Lipschitz extension u : 4 — L that is a unit at co. It
follows from Corollary 5.8 that gu is expansive, so it remains for us to show that
gu is an angle-positive (7, \)-map.

If A = 5, it follows from Lemma 7.1 that gu is an angle-positive (n,n)-map,
so we assume from now on that A\ < 7. By Proposition 2.8, the function expof
also belongs to &, and, since it has level A + 1, the inductive hypothesis gives an
expansive, angle-positive (1, A + 1)-extension b : 84 — U’ of expof. It follows
from the identity theorem for holomorphic functions, Examples 4.15 and 5.5, and
Lemmas 4.18 and 5.7 that gu = log ol is an angle-positive (7, A)-map. O

Theorem 7.3 (Continuation). Let f € Z, and set

3= max{0, ch(f)}
and
A= level(f) <n.
Then f has an angle-positive (n, \)-extension f : 4 — B.

Proof. By Proposition 2.14, there exist £ € N and g € £, 4 such that f = golog,.
By Proposition 7.2, the germ ¢ has an expansive, angle-positive (n + k, A + k)-
extension g : ' — U'. By Examples 4.15 and 5.5 and Lemmas 4.18 and 5.7,
log;, has an angle-positive (0, —k)-extension log,, : 4 — {I”; in particular, we may
assume that U C {'. Hence, again by Lemmas 4.18 and 5.7, the map g o log;, :
L — U := g(U”) is an angle-positive (n, A)-extension of f. O

The following gives the left-to-right implication of the Continuation Corollary.

Corollary 7.4. Let f € H, and set n := max{0,eh(f)}. Then there exist an
(n — 1)-domain & and a half-bounded, analytic continuation §: 4 — L of f.

Proof. If f € Z, the conclusion follows from the Continuation Theorem, so we

assume from now on that f ¢ Z. Then there exists a ¢ € R such that ﬁ el
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By the Continuation Theorem, there is an (7, A)-extension g : Y — U, where
A= level ﬁ) Therefore, 1/g : 4 — L is a half-bounded, analytic continuation

of f — ¢; in particular, we are done if ¢ = 0. So assume also that ¢ # 0, and let
r > 0 be such that [1/g(z)| < |¢|/2 for x € 4N Hy(r). If ¢ > 0, we set o, := m,
while if ¢ < 0, we let o, be the restriction of w to {z € L : 0 < argz < 27}. Then
the map f: 4N Hy(r) — L defined by

is a half-bounded, analytic continuation of f. O

7.1. Complex continuation. For n > —1, we call a set U C C an n-domain if
there exists an 7-domain #{ C L such that U = w(4). For example, C\ (—o0,0]
as well as each half-plane H(a) is a 0-domain, for ¢ > 0, while it follows from
Example 4.12(4) that the strip S ={z € C: Rez >0, |Imz| < 7} is a 1-domain.

What can be said about complex analytic extensions is exemplified by the germs
exp and log: exp has a noninjective analytic extension exp on the 0-domain C\
(—00,0]. Its image is the (—1)-domain 7 (i), where U = exp(SL()); in particular,
the extension exp is half-bounded. The Continuation Theorem 7.3, also implies
that exp maps k-domains contained in C\ (—oc,0] to (k — 1)-domains, for k >
0; that is, it maps k-domains into (k — level(exp))-domains. Moreover, it maps
points with positive imaginary parts in S to points with positive imaginary parts.
Correspondingly, the analytic extension log of log to C\ ((—oo,0] U B(0,1)) maps
k-domains onto (k — level(log))-domains.

Remark 7.5. Because n-domains in L are connected and each of the lines {argx =
7} and {argx = —7} topologically separates L, a set U C C\ (—o0, 0] is an 7-domain
if and only if there is an n-domain & C Sy (7) such that U = mg (). Thus, if U C C
is an n-domain, then n > 0 implies that U C C\ (—o0,0], while U C C\ (—o0, 0]
implies that n > 0.

Corollary 7.6 (Complex Continuation). Let f € H, set n := max{1,eh(f)},
and set A :=level(f).

(1) There are an (n — 1)-domain U C C\ (—00,0] and a half-bounded complex
analytic continuation f : U — C of f.
(2) If f € Z, there are an (n—1)-domain U C C\(—00,0], an (n—A—1)-domain
V C C, and a complex analytic continuation £ :U — V of f such that
(a) |f(2)] = o0 as |z| = o0 for z € U;
(b) for every k-domain W C U, the image £(W) is a (k — \)-domain,
and if £(W) C C\ (—o0,0], then the restriction fly: W — f(W) is
biholomorphic and we have

sgn(argf(z)) = sgn(arg z) = sgn(Im z) = sgn(Imf(z))

for z e W; and
(¢) if f < pa2, then £(UN H(0)) CC\ (—o0,0].
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In each of these situations, if eh(f) <0, we can choose U such that H(a) C U for
some a > 0.

Proof. (1) Let f : 4 — L be an L-analytic continuation of f obtained from the
Continuation Corollary 1.2, and define U := m(4) and £ : U — C by

f(2) = 7(f(mg " (2)))-

(2) Let § : & — U be an L-analytic continuation of f obtained from the Simpli-
fied Continuation Theorem 1.1, and define U := (L), V := w(Y), and £ : U — V
by

£(2) := 7(f(mg ' (2)))-
Since § is biholomorphic, after replacing 4 with an (7 — 1)-domain U such that
cl(W) C 4 if necessary, the continuity of f~! on the closure of 4 implies that
preimages under f of compact sets are compact; in particular, |f(z)| — oo as |z| —
oo for z € 4, which implies (a). Second, (b) follows from the facts that f is
biholomorphic, maps k-domains to (k — \)-domains, and is angle positive, and from
Remark 7.5.

Third, assume that f < pa, so h:=py/f € Z. Let h: f' — U’ be an L-analytic
continuation of h obtained from the Simplified Continuation Theorem 1.1. Since
eh(h) < 0, we may assume that $f' = 4. Since b is angle positive, we have, for
z € U with argx > 0,

0 < argh(x) =2argx — argf(x).

Since f is also angle positive, it follows that 0 < argf(z) < 2argx for such z € il
Arguing similarly for x € 4 with argx < 0, we obtain

|arg f(z)| < 2|arg x| for x € 4;

in particular, we have f(&lN Sy (7/2)) C Sp(7), that is, £(U N H(0)) C C\ (—o0, 0],
which proves (c).

Finally, if eh(f) < 0, then 4 is a (—1)-domain; in particular,  is not angle
bounded, so that H(a) C U for some a > 0. O

8. UPPER BOUNDS ON EXPONENTIAL HEIGHT AND SIMPLE GERMS

In this section, we consider the following question: given germs f,g € Z, what
can be said about eh (f o g™!) in terms of ¢h(f) and eh(g)?

Example 8.1. Let f,g € Z be such that eh(f),eh(g) < 0 and g > f. Then
x> fog~tand \ := level(fog~!) < 0, but we do not know eh(fog~!). Nevertheless,
by the Continuation Theorem, there are a (0,level(f))-extension f : 4 — Uy of
f and a (0, level(g))-extension g : sy — Us; by the definition of the angular level
for maps, we may assume that o C ;. Hence fo g™! : Uy — U; is analytic
continuation of f o g=!. Note, however, that U, can be arbitrarily small, even if
level(f) = level(g); moreover, we do not know if fo g=! is an (1, \)-extension of

fog™! for some appropriate 7.

The goal of this section is to get a better result than in the previous example, at
least for certain germs in Z. To get a handle on compositional inversion, we note
the following uniqueness principle.
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Proposition 8.2. Let k > —1, let L C L be a k-domain, and let £ : 4 — C be a
bounded holomorphic function. Assume that there exists h € D of level k + 2 such
that

If(z)| = O(h(z)) as x — oo in R.
Then £ = 0.

Proof. Replacing 4 with a smaller k-domain if necessary, we may assume that
U = log; (V) for some (—1)-domain ¥ C L. Then, replacing & by U, f by
fology,,, and h by holog,  if necessary, we may assume that k = —1.

Next, let [ € N, let g € £ of level [ + 1 be such that h = g olog;, and let v € N
be nonzero such that |g| < 1/(exp;,; op1/,). Then

|l o exp; op,, o log; opa| < 1/(expops);

replacing 4 with the (—1)-domain py /5 (exp;(p1 ., (log;(41)))) and f with foexp; op, o
log; op2, we may assume that h = 1/(expops).

Now the restriction of f to m; ' (H(a)), for a sufficiently large a > 0, is bounded
and holomorphic and satisfies |f(z)| = o(exp(—nz)) as x — 400 in R for all n € N.
Therefore, f = 0 by [2, Lemma 24.37] and the identity theorem for holomorphic
functions. O

From Proposition 8.2 and the Continuation Theorem, we obtain the right-to-left
implication of the Continuation Corollary.

Proposition 8.3. Let f € H, let n € N, and assume that f has a half-bounded
analytic continuation § : 4 — K, where &4 C L is an (n — 1)-domain and K = C
or K=1L. Then eh(f) <n.

Proof. Replacing f with 1/f if necessary, we may assume that f is bounded; in
particular, every principle monomial of f is either a constant or small. Hence by
Lemma 2.6, there exist @ € R and fi, fo € D such that eh(f;) < n and every
m € M(f2) is small and satisfies eh(m) > 7, and such that f = a + f1 + fo. We
claim that fo = 0, which then proves the proposition.

To see the claim, by Corollary 2.16(3), the germ 1/f; € Z has exponential height
at most 7, so by the Continuation Theorem 1/f; is (n,level(fi))-extendable. So
after shrinking 4 if necessary, fi; has a bounded analytic continuation f; : & — L.
Therefore, fo has a bounded analytic continuation f5 : 4 — C defined by

£ . mof—a—mof; fK=L,
T li—a—moh if K = C;
on the other hand, since eh(m) > n + 1 for every principle monomial of fa, we

have level(f2) > n+ 1. Hence fo» = 0 by Proposition 8.2; in particular, fo = 0, as
claimed. 0

Recall from Corollary 2.16(3) that H<o = {f € H : eh(f) < 0} is a Hardy field.

Corollary 8.4. The Hardy field H<o is stable under composition; that is, given
fr9 € H<o such that g € T, we have fog e H<o.

Proof. Assume first that f € Z, and let k := level(f) and [ := level(g). By the
Continuation Theorem, f has a (0, k)-extension § : {f; — Uy and g has a (0,1)-
extension g : Us — Yo. Condition (b) of the definition of the (0,!)-map implies
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that there exists a (—1)-domain L} C $ly such that g(415) C 8. Hence fog : 8l —
L is a half-bounded analytic continuation of fog, so eh(fog) < 0 by Proposition 8.3
and Corollary 2.16(3).

If f ¢ Z, then there exists a ¢ € R such that ﬁ € 7, so the corollary follows
from the previous case and Corollary 2.16(3). O

Corollary 8.5. Let f € I, set n := max{eh(f),0}, and set X\ := level(f) < n.
Then

eh (f71) <n—X
in particular, f=% is (n — X\, —\)-extendable.

Remark 8.6. Note that the compositional inverse of an (7, A)-map is not a priori
an (n — A, —A)-map.

Proof. Let f: 4 — U be an (9, \)-extension of f. Since f is biholomorphic, the
germ f~! has an analytic continuation =1 : 0 — 4l; since U is an (n — X — 1)-
domain, it follows from Proposition 8.3 and Corollary 2.16(3) that eh ( f_l) <
n—A. O

Definition 8.7. We call f € H simple if level(f) = eh(f).

Example 8.8. If f € H is purely infinite then, by definition, we have eh(f) =
eh(lm(f)) = level(f); that is, f is simple.

Lemma 8.9. Let f € T be simple. Then f oexp and f olog are simple.
Proof. Corollary 2.16(1) and Fact 4.1(3). O

We denote by S the set of all simple f € 7 and set
So:={f€S: level(f) =0}.

Proposition 8.10. The set Sy is a compositional subgroup of L.

Proof. Let f,g € Sg. Then eh (f_l) > level (f_l) = 0 and, by Corollary 8.5, we
also have eh (f_l) <0,s0 f~! € Sy. Moreover, we have
0=level(fog) <eh(fog) <0

by Corollary 8.5, s0 fog € Sp. O
Corollary 8.11. Let f € H, let g € Z, set n := eh(f) > A := level(f), and set
k:=eh(g) > 1 :=level(g). Then

(1) eh (fog™) <max{n+k—20,k—1};

(2) if f,g€S andn >k, then fog t € S;

(3) ifgeS and k <0, then g~' € S.

Proof.
(1) By Proposition 2.8, the germ exp;_; og is simple; since

eh (fog_l) =eh (fog_1 OIng,l) + k-1
we may assume that ¢ is simple and show that

eh(fo g_l) < max{n—1,0}
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in this case. Since g is simple, the germ ¢ olog;. is simple by Lemma 8.9, and since

fogt=(folog)o(golog,) ",

we may even assume that k = [ = 0. But then ¢~' € Sy by Proposition 8.10, so
g~ 1is (0,0)-extendable, and we set 1’ := max{n,0}.

Next, assume that f is large. Since ' = max{n, 0}, we get from the Continuation
Theorem that f or —f is (1, \)-extendable; it follows from Lemma 4.18 that fog~*
or —fog~tis (n/,\)-extendable as well. Corollaries 8.5 and 2.5 now imply that
eh(fog™!) </, as required.

Finally, if f is bounded, there exists a ¢ € R such that # is large, so the
previous subcase and Corollary 2.5 also give the claimed conclusion in this subcase.

Part (2) follows from part (1), since level (f o gil) =n—k =n'in this case, and
part (3) follows from part (2) with f = p;. O

Example 8.12. In the setting of Example 8.1, assume in addition that f and g
are simple. Then we get from Corollary 8.11(1) that eh (f o gfl) < 0, so by the
Continuation Theorem, the germ fog~! is (0,level(f) — level(g))-extendable. This
holds irrespective of what level(g) actually is, which represents a big improvement
over the observation in Example 8.1.

9. DEFINABLE ANALYTIC CONTINUATIONS

In this section, we study the definability of the analytic continuations obtained
from the Continuation Theorem. We call a set & C L angle bounded if there exists
a K > 0 such that & C S (K).

Remark 9.1. If A, B C L are angle bounded, then the sets 2% and /B are angle
bounded.

Lemma 9.2. Letk € N, let P € R{Xy,..., Xy}, let r >0, and let P : By(r)*
C be a sum of P. Let tq,...,84 < By(r) be definable domains, and set $ :=
Uy X - x U, Then Py is definable if and only if each Y; is angle bounded.

O

Proof. This follows from the fact that P is periodic in each variable.
The next proposition implies the definability theorem.

Proposition 9.3. Let [ € Z, set n := max{0,eh(f)}, set A := level(f), and let
f: U — QB be an (n, \)-extension of f. Let also L' C 4 be a definable domain. If
F(U) is angle bounded, then §ly is definable.

Remark 9.4. The converse does not hold for f = exp, as erp is definable but has
an angle-unbounded image.

Proof. Note that the conclusion holds if f = log because log is definable. In general,
there are k € N and g € Eey(fy4r such that f = golog,. We claim that if the
proposition holds with g in place of f, then it holds for f.

To see the claim, assume that the proposition holds with ¢ in place of f, and let
g: U — Uy be an (eh(f) + k, A + k)-extension of g. Intersecting ' with Hy (R)
for some sufficiently large R > 0, we may assume that

U= log, (W) C Hi(1);
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in particular, log, [y and U are definable. Now, since f(4l') is angle bounded, we
have

g(U”) = g(log,, (W) = f(&1)
being angle bounded. So by hypothesis, the restriction g[y~ is definable, but then

flsw= (g o logy)lsw= (glu) o (logylsw)

is definable as well, which proves the claim.
By the claim, we may assume that f € £, and in this case, we prove, by induction
on n = eh(f), that

(%) if f(4U) is angle bounded, then &I’ is angle bounded and f|y is definable.

9.1. Case n=0. If f € My, then f = pi for some k € Z, which has the definable
(0,0)-extension p : L — L. The same goes for f = m, with a € R, which has
the definable (0,0)-extension m, : L — L. Hence m, o pj is a definable analytic
continuation of m, o pi, and both the image and the preimage under m, o pj, of any
angle-bounded domain are angle bounded.

On the other hand, if f is a unit at 400, then f =1+ g, with g € & small. By
Lemma 2.3(1), there is a P € R{T'} such that g(x) = P(1/x) for sufficiently large
x> 0. Let r > 0 be such that |P(z)| < 1/2 for |z| < r, and let P : By(r) — C be
the corresponding analytic continuation of P. Then

x = f(x) = 7r0_1(1 +P(1/z)): HL(1/r) — L

is an analytic continuation of f that has an image contained in Sy,(7/2), and, by
Lemma 9.2, the restriction of f to any definable, angle-bounded domain is definable.
In general, f = (mgopg)u for some nonzero a € R, k € Z, and u € &, such that u
is a unit at +o0o. Assume that f(&l') is angle bounded; since the analytic continuation
u of u has an image contained in Sp(7/2), and since (m, o py) (L) C F(U") /u(Ll'), it
follows that (mg o pg) (L) is angle bounded as well. So by the above, (m, o py)[w
is definable and 4’ is angle bounded, so u[y and hence fy are definable as well.

9.2. Case 1 > 0. Assume that (%) holds for g € &,_1 and that f({!') is angle
bounded. If f € M, then f = expog for some g € &,_1; let g : Uy — Uy be an
(n — 1, — 1)-extension of g. Since $4; is an (n — 2)-domain, we may assume that
" C 4y and since [f(z)] — oo uniformly in |z|, we may assume that f({') C Hy(1).
Then
g(8l') = log(F(&V)) C log(HL(1)) = Si.(7/2),

so Y’ is angle bounded and g [y is definable, by the inductive hypothesis, and
erplq(sry is definable. Hence f[y= erplg(ry oglw is definable as well, as claimed.

On the other hand, if f is a unit at +o00, then f =14 g with g € &, small. By
Lemma 2.3(1), there are k € N, small mq,...,my € M,, an (n—1)-domain &l;, and
a P e R{Xy,..., X} such that g(z) = P(my(x),..., mg(z)) for sufficiently large
x € Uy, where g : U4; — C and mq,..., my : Yy — L are analytic continuations of
g and my, ..., my, respectively, and P : B (r) — C is the corresponding analytic
continuation of P for some sufficiently small r > 0. Then

x> () =y L1+ P(my(z), ... ,my(x))) s Ho(1/r) — L
is an analytic continuation of f that has an image contained in Sy (7/2) and, by

Lemma 9.2 and the previous paragraph, if each m; (') is angle bounded, then f§|g
is definable as well.
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In general, f = (mgq o n)u for some nonzero a € R, n € M,, and u € &, such
that u is a unit at +0o0. Assume that f({l') is angle bounded; since the analytic
continuation u of w has an image contained in Sy (7w/2), and since (m, o n)(L’) C
fU) /u(Ll’), it follows that (m, on)(Ll') is angle bounded as well. So by the above,
(mg on)ly is definable and $1’ is angle bounded, so ufy is definable as well. O

As an application of this proposition, we obtain a variant of Wilkie’s theorem [13,
Theorem 1.11] on definable complex continuations: set

Hpoty :={f € H: |f| <py, for some n € N}
and
Rpoly := {f eEH: m,% € Hpoly for every m € M(f)} .
Then Hpoly is a convex subring of H with maximal ideal
Mpoty :=={f € H: |f| <p, for every n € N}.

Consequently, Rpoly is a subring of Hpely. Moreover, if P € R{T} and f € Rpoly
is small, then Po f € Rpoly; it follows that Ry is a field. Finally, it follows from
(E4) and Proposition 2.14 that

Hpoly = Rpoly & Empoly
as R-vector spaces; in particular, Ryoly is isomorphic to Hpoly/Mpoly. It follows

from Kuhlmann [4, Theorem 6.46] that Rpo1y is the same as the subfield with the
same name in Wilkie [13].

Remark 9.5. Let f € Rpoly. Then every m € M(f) has a comparability class equal
to or slower than that of the identity function. It follows that eh(f) < 0, so, by the
Continuation Corollary, there exist a (—1)-domain U; and a half-bounded, analytic
continuation f: 4 — L.

To characterize the germs in R o1y in terms of definable analytic continuations,
we need another lemma.

Lemma 9.6. Let f € T be such that eh(f) < 0. Then f maps angle-bounded
domains onto angle-bounded domains if and only if the comparability class of f is
equal to or slower than that of the identity map.

Proof. Assume first that the comparability class of f is equal to or slower than
that of the identity map. Then f < p, for some n € N, so p"% € 7. Since

eh (”"T“) = eh(f) < 0, there are a (—1)-domain { and angle-positive, analytic

continuations f,g : f — L of f and p"%, respectively. Thus, for x € U with
argx > 0, we have

0 <argg(z) = (n+1)arge — arg f(z),
that is, 0 < arg f(z) < (n + 1) argz, which proves one direction.

Conversely, assume that the comparability class of the identity map is strictly
slower than that of f, and fix an angle-positive, analytic continuation f : {{ — L

of f. Let n € N; then pi € 7, so there are a (—1)-domain 4, C 4l and an angle-

n

positive, analytic continuation g, : {,, — L of pi. Fix ¢ > 0, and let x € U, be
such that argx = ¢; then

0 < arggn(z) = argf(x) — nargx = arg f(x) — nc,
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so arg f(x) > me. Since n € N was arbitrary, this means that we can find z,, € U
for n € N, such that argz, = ¢ and arg f(z,,) — 400 as n — oo, which proves the
other direction. g

Proof of Application 1.5. First, assume that f € Rpoly. Then eh(f) < 0 so, by the
Continuation Corollary, there are a (—1)-domain 4l and a half-bounded, analytic
continuation f : 4 — L. Also, the comparability class of f is equal to or slower than
that of the identity function, so by Lemma 9.6, f maps angle-bounded domains onto
angle-bounded domains. Thus, if ' C { is an angle-bounded, definable domain,
then f(81') is angle bounded, so by Proposition 9.3, the restriction of f := wof to &'
is definable.

Conversely, assume that there exist a (—1)-domain il and a half-bounded, ana-
lytic continuation f : &l — C of f such that, for every angle-bounded, definable
domain ' C $, the restriction f[y is definable. Replacing f with f — ¢ for some
appropriate ¢ € R if necessary, we may assume that f is small or large; again re-
placing f by 1/f if necessary, we may assume that f is small; finally, replacing f
by —f if necessary, we may also assume that f > 0. Note that, in this case, f is
bounded.

Since f € Hpoly, there are small f1 € Rpoly and fa € Moy such that f = f14 fo;
we need to show that fo = 0. By the left-to-right implication, after shrinking $(
if necessary, there exists a bounded, analytic continuation f; : 4 — C of f; such
that, for every angle-bounded, definable domain ' C §{, the restriction fj [y is
definable. Therefore,

fg::f—fliu—>(c

is a bounded, analytic continuation of f5. Since i is a (—1)-domain, it follows
from Proposition 8.3 that eh(f2) < 0; so by the Continuation Corollary and after
shrinking 4 again if necessary, fo has a half-bounded, analytic continuation fo :
H— L.

Assume now, for a contradiction, that fo # 0. Then by definition, the compara-
bility class of the identity function is strictly slower than that of f5, and hence that
of 1/ f2. By Lemma 9.6, there is an angle-bounded domain $' C U such that fo(l')
is not angle bounded; in particular, (7 o f2) [¢ is not definable. But 7o fo = f5
by the identity theorem for holomorphic functions, so f5[s is not definable. This
contradicts the assumption that both f[s: and f;[y are definable. O
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