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Chapter 1

Introduction

The deflection of a plate, that is, an elastic material which has a comparatively small thickness,
is governed by a scalar valued partial differential equation, namely by the plate equation

ug(t, ©) + Au(t,z) = f(t, x). (1.1)

However, in order to model more complex physical or chemical phenomena, systems of partial
differential equations are needed.

In general, on one hand we are not only interested in describing a scalar value, as in this case
the deflection of the plate, but we are interested in the behaviour of a whole collection of dif-
ferent quantities, e.g. three dimensional coordinates in space or the concentration of a chemical
substance. On the other hand, for the correct description of these quantities, the modeling of
other mutually influencing factors is necessary.

For instance, flows in gases and liquids, i.e. three dimensional vector fields representing the
movement of matter at any place and any time, are described by the Navier-Stokes equations.
These streams are dependent on the prevailing pressure which itself is influenced by the streams.
In a car battery, chemical reactions take place, that is, one needs to describe concentrations of
substances while at the same time the resulting electric currents are of interest. All these quan-
tities influence each other and are each modeled by different equations which are coupled to
form a whole system of partial differential equations.

In the example of the plate equation, the temperature can influence the physical properties of the
plate, while at the same time the deflection of the plate and the resulting stresses and frictions
can change this very influence of temperature. When modeling a plate, such as a bridges
or parts of a car body, the equation (1.1) is no longer sufficient. The additional description
of the temperature leads to so-called thermoelastic plate equations. In its simplest form, the
thermoelastic plate is given by (see [Lag89])

ug(t, ) + A%u(t, z) + AO(t, z) = f(t, z),

Oi(t,x) — AO(t, x) — Aw(t,x) = g(t, ), (12)

a system of two partial differential equations, namely a coupled system of the plate equation
(1.1) and the heat equation. Here, u(t,z) describes the deflection of the plate at time ¢ at
location = and 6(t,x) is the current temperature (or the difference to a reference temperature

0).

Another way to obtain a system of partial differential equations is to couple two scalar valued
equations (or even systems) at a transmission interface, also called transmission layer. This leads
to so-called transmission problems. Here, different equations (or systems) govern the behaviour
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in different subregions of the geometry 2. At the transmission layers, i.e. at the transitions from
one section to another one, these equations are coupled via certain transmission conditions.
For example, a plate may have different physical properties in different areas of its geometry
due to the nature of the material. We ignore the small thickness of the plate at this point
and consider a two-dimensional geometry. While in one subdomain Qs C Q C R? the plate
is represented by the equation (1.1), in the rest Qq of the area the structurally damped plate
equation

u(t, ) + A%u(t, z) — pAuy(t,z) = f(t, z) (1.3)

with damping factor p > 0 might be a more appropriate description of the plate. Using trans-
mission conditions at the transmission interface I' as well as additional boundary conditions
imposed on I'y (cf. Fig. 1.1 below), such a plate with different properties also points to a system
of partial differential equations. This system simultaneously describes the deflections of two
different plates which influence each other. These examples illustrate the relevance of studying

O
Iy

Figure 1.1: Geometry Q2 of the plate, divided in two subdomains €1 and o, in which the plate
possesses different properties.

systems for applications in physics, chemistry or other sciences. But in fact, even scalar valued
equations such as the plate equations (1.1) and (1.3), lead to a system of partial differential
equations rather often when treated mathematically: a standard approach for the treatment of
evolution equations, i.e. time-dependent partial differential equations, is to read the equation as
an ordinary differential equation in time. This ordinary differential equation now takes values
in a function space X of functions in the space variable. For example, in this case, one would
read (1.3) in the form

ug(t) + A2u(t) — pAuy(t) = £(1). (1.4)

Now, u,us, uy and f are no longer scalar functions. Instead, for all t > 0, u(t), us(t), uyu(t) and
f(t) are elements of suitable function spaces.

In applications, these spaces are often L, Sobolev spaces of the corresponding differentiability
order. So, in this case we have u(t) € Hy(R™), u(t) € H2(R") as well as uy(t), f(t) € Ly(R")
for the full-space case {2 = R™. Writing (1.4) as a first order system in time

Uy — AU = Uy — <_0AQ pi) U= <2> (1.5)




with U = (u,us) ", we are able to use powerful tools, as for example the semigroup theory (e.g.
[Paz83], [EN00]), in order to treat the system (1.5) in the space X = H2(R™) x L,(R™). This will
in turn allow us to solve the original equation (1.3) and examine the properties of the solution.
Thus, the study of the plate equation can be traced back to the study of the properties of the
matrix differential operator of mixed order

0 1
A: X DDA — X, U+—><_A2 A)U

with an appropriate domain D(.A) C X. Hence, for the thermoelastic plate equation (1.2), this
approach even yields a 3 x 3 system of mixed order.

From a mathematical point of view, due to the theories available, systems (in general of mixed
order) often present a natural view even for scalar valued equations. Consequently, systems
of partial differential equations, usually complemented with boundary values and, in our case,
transmission conditions, play an important role in the analysis of partial differential equations
and are an elementary object of research.

The main part of this thesis deals with two fundamental questions regarding the above men-
tioned transmission problems which we will investigate on the basis of plate equations. Apart
from their relevance in applications, such systems also serve, as indicated above, as a useful
mathematical prototype for mixed-order systems.

The first question has its origin in the theory of parameter-elliptic boundary value problems, see
for example [ADN59], [AV64], [Ama90], [Ama93], [Ama95], [ADF9I7] and [DHPO03]. This theory
can be used to make statements about the solvability of non-linear problems by means of prop-
erties of the linear equation, more precisely by properties of the differential operators and the
boundary operators. Parameter-elliptic boundary value problems have the so-called property of
mazimal Ly-regularity. This makes it possible to solve non-linear equations by iterative methods
on the basis of the linearized equation. Usually, one has to impose smallness conditions on the
time horizon or on the initial data due to the use of fixed-point arguments.

In addition to the ability to handle non-linear problems, the maximal L,-regularity implies,
in particular, the analyticity of the corresponding semigroup, which is why parameter-elliptic
boundary value problems also have a smoothing property of the solution. Moreover, in bounded
domains, such semigroups are exponentially stable. The smoothing property also leads to solu-
tions for initial values with lower regularity than the equation actually requires. As time starts
to evolve, these solutions immediately have the required regularity.

Since the theory of parameter-elliptic boundary value problems can not be applied to the sys-
tems occurring in this work, we will use the approach via R-sectorial solution operators, being
equivalent to the property of maximal L,-regularity (see eg. [Wei01]).

Specifically, we consider the model problem for the coupling of two parabolic plate equations,
in this case the structurally damped plate equation

aful + B1A%u; — p1Aduy = fi in (0,00) x RY,
O2uy + BoA%uy — poAdyug = f»  in (0,00) x R™
with canonical transmission conditions

aﬁ_lul - 85_1162 =0 (17)

(1.6)
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on (0,00) x I' = (0,00) x R"! for j =1,...,4. Here, 3;,p; > 0 and f; € L,(R%) for i = 1,2 are
given.

The canonical transmission conditions (1.7) state that the composite function u = ygr» ua + xRy U1
belongs to the Sobolev space Hg (R™), i.e. the solution shall be smooth in the sense of the order
of the equation. If one reflects the equation in R” on the transmission layer I', one obtains
a boundary value problem in the half-space R’} with four boundary conditions satisfying the
so-called Shapiro-Lopatinskii condition (cf. [Wlo82] and [DHPO03]), which in turn allows us to
construct explicit solution operators using the partial Fourier transform. Moreover, we are able
to prove appropriate estimates for these solution operators.

As already mentioned, the well-known parameter-elliptic theory can not be applied directly to
such a system. This is due to both the mixed order structure of the system and the fact that the
functional analytic basis space is not the space L, but the product space Hg x L. In fact, even
more conditions have to be imposed within the basis space in order to obtain R-sectoriality. We
refer to [DD11] for such results.

Although the procedure of using partial Fourier transform and the Shapiro-Lopatinskii condition
is analogous to the known theory, the more complex structure of the basis space in combination
with the mixed-order structure does not allow a direct transfer of the results of the classical
parameter-elliptic theory to such systems.

Generally, the question of R-boundedness of solution operators for systems of boundary and
transmission value problems is a central research interest. In the case of parametric-elliptic
theory, using this machinery one can show maximal L,-regularity for a whole class of equations,
which, as mentioned before, forms a strong foundation for the study of non-linear equations.
Here, the parameter-ellipticity and the Shapiro-Lopatinskii condition together are equivalent to
the maximal regularity of the evolution equation.

Correspondingly large are the efforts to set up a similarly meaningful theory for systems. Works
in this direction are, for instance, [DF12], [DD11], [DK13] or [KS12], in which necessary and
sufficient conditions on the operators and underlying spaces in order to obtain (R-)sectoriality
are proven. Specific problems of transmission have also been investigated in the literature in this
context. For example, parabolic-elliptic systems appear in the analysis of lithium-ion batteries
(see [Segl3], [DS14]).

It would be desirable to have an accurate characterization of systems with matching boundary
and transmission conditions that possess the property of maximal L,-regularity. However, due
to the large variability of issues, this seems to be a potentially impossible undertaking. For that
reason, it is unavoidable at the present time to have prototypes, as in our case the structurally
damped plate equation with canonical transmission conditions, to check for R-sectoriality, and
eventually to identify various classes of problems that can be handled similarly. Among other
things, this thesis aims to contribute to this topic.

The second central question of this work deals with the properties of solutions of transmission
problems, in which equations with different characteristics are coupled.

Being the product of two Schrodinger equations, the plate equation in its simplest form (1.1)
does not show either a decay of energy or a smoothing property in the sense of analytic semi-
groups. In contrast, the thermoelastic plate (1.2) and the structurally damped plate (1.3) possess
both. For the thermoelastic plate with so-called free boundary conditions this has been shown




in [DS17]. For the structurally damped plate with Dirichlet-Neumann boundary conditions
(clamped boundary conditions) these results can be found in [CT89] or [DS15]. In fact, these
equations even have maximal L,-regularity, meaning that they have almost all the desirable
features.

If we now combine both equations, the question arises which of the positive properties of the
thermoelastic or structurally damped plate are transferred to the undamped plate and which
properties are lost. If the coupled problem is stable, then the question concerning the rate of
decay of energy for the whole system arises.

In this thesis, we investigate the properties of the coupling of the plate equation with the struc-
turally damped plate equation

Gful + A%y — pAdu; =0 in (0,00) x Qq, (1.8)
8?’&2 + A2’LL2 =0 in (0, OO) x Qg
with clamped boundary conditions
up=0,u1 =0 only (1.10)

and transmission conditions

up = ug,
dyuy = yua,
Aug = Aug,
—p0,0puy + 0, Auy = 3, Aus

(1.11)

on the transmission interface I'. In some sense, these transmission conditions are the natural
transmission conditions, as they yield the dissipativity of the whole system (1.8)-(1.11). All
energy decay is caused by the damping term pAdyu;.

Similar questions have already been extensively studied in the literature, since the question of
stability and of information transfer in the case of control problems for coupled materials is of
immense importance from an application point of view.

Not only for plate equations ([Hasl7], [RO04]), but also in thermo-elasticity theory (such as
[MnRNO7], [MnRR17]), in the coupling of wave and plate equations ([Her05], [Has16], [LL99],
[AG16], [AN10], [CL10]) or transmission problems of heat conduction and wave equations
([RT'74], [ZZ07]) the transfer of properties of equations with parabolic character (or equations
with dissipative effects) to equations with hyperbolic (or energy-conserving) character was in-
vestigated.

However, the question of the transfer of analyticity of one semigroup to the whole system is
a surprisingly rare topic in the literature. Apart from indirect results, as in [MnRR17], where
the solution of a transmission problem in thermo-elasticity has only polynomial and no expo-
nential decay, implying that the corresponding semigroup can not be analytic according to the
theorem of Gearhart-Priiss, one of the few positive results can be found in [SR11]. Here, two
thermoelastic plates have been coupled and the authors were able to show analyticity of the
semigroup. However, as both equations already have the smoothing property, this result seems




6 1. Introduction

less surprising.

As a part of control theory, transmission problems have also been studied extensively, see for
example [LW99], [LWO00] and [AV09]. Here questions of stabilization or the exact control of
the transmission problem using a control at the outer boundary arise, i.e. one deals with the
transmission of information from the outside boundary over various equations that are imposed
on different subdomains and are coupled via transmission conditions.

Below we present the structure of this thesis in detail, delimit the topics covered and give an
outlook on the main results:

In Chapter 2, we cover general properties of systems of partial differential equations.

In the first section, we investigate the necessity of a so-called parameter-ellipticity in the principal
symbol Ao(z,§) of the matrix operator A = A(z, D) for generating analytic Cp-semigroups in
a very general setting. This easy-to-use tool allows us to show the lack of analyticity, which
we use in Chapter 3 when we ask ourselves the question of transferring various properties of
parabolic-hyperbolic coupled transmission problems.

The main result Theorem 2.2 shows the necessity of this parameter-ellipticity for the validity of
the resolvent estimate

IMA = A) Iz <€

for some A € C. The two Corollaries 2.4 and 2.5 substantiate the result for generators of semi-
groups and analytic semigroups. The proof is based on similar arguments presented in [DF12],
[ADN59] and [Ama90].

In the second section, we present various perturbation results for sectorial and R-sectorial bound-
ary and transmission value problems, allowing for the study of equations with variable coeffi-
cients. Moreover, they pave the way for localization procedures. Especially in the parameter-
elliptic theory, one often deals with model problems with constant coefficients in the half-space
R or full-space R", providing important tools as (partial) Fourier transform. Here, such Theo-
rems are unavoidable in order to solve the practically relevant problems with variable coefficients
in domains.

Again, the situation is very general: we consider a model transmission problem of the form

A—Au=f inR" (1.12)
Byu =g on R™1 .

in certain product spaces of Sobolev space. Here, the operator A is of the form
A= 0
A= < 0 At)
where A~ and AT are matrix differential operators of mixed-order structure and different sizes.
The transmission conditions are given by

By B
B, = (78_ 78+) = : :
By VB




with v denoting the trace operator.

For such systems, we examine the transferability of sectoriality, see Proposition 2.16, and the
transferability of R-sectoriality, see Proposition 2.18, of the model problem to a modified prob-
lem with small perturbations. With that, we are able to consider the problem (1.12) with a
curved, sufficiently smooth transmission layer I', as the perturbations that occur during local-
ization are covered by the shown results.

If we set, for example, A~ = 0, with (1.12) one can also handle boundary value problems. Thus,
we are able to deal with systems of transmission-boundary value problems in smooth, bounded
domains.

The approach in this section is similar to [DHPO03], Section 7.3, but differs noticeably by the
choice of a product space of L, Sobolev spaces as the base space in contrast to a Banach space
valued L, space. Thus, our setting is much more versatile. This part is based on joint work
with Felix Hummel.

Chapter 3 deals with the transmission problem (1.6), (1.7) of two structurally damped plates
in the underlying space Hg x Ly for 1 < p < oo and is based on a corresponding work on the
Dirichlet-Neumann boundary value problem in [DS15]. The goal is to show R-sectoriality for
the transmission problem, paving the way for non-linear versions of the equation. However, we
will not explicitly deal with non-linear equations in this thesis. For this, we proceed analogously
to [DS15] and show that the methods used for the boundary value problems are also applicable
in order to treat the transmission problem. However, due to the fact that we now obtain four
conditions on the transmission interface instead of only two conditions on the boundary, the
procedure is even more technical.

Standardly, after reflecting one part of the equation to obtain a boundary value problem, we
use partial Fourier transform in order to explicitly construct solution operators. Furthermore,
we find suitable R-bounds for certain families of operators in the first selected basis space
Hg (R%) x Lp(R"), see Theorem 3.11. In this space, the problem is uniquely solvable and we
obtain some a-priori estimates (Corollary 3.12). Unfortunately, the solution operators are not
(R)-sectorial in this space. In particular, we do not get the desired property of maximal L,-
regularity. In order to fix this, further conditions need to be written in the underlying space. To
be precise, we need to impose all transmission conditions that are meaningful in the underlying
space to the basis space, see Theorem 3.16. This is analogous to the Dirichlet-Neumann bound-
ary value problem, for which the authors in [DS15] have shown R-sectoriality, if these boundary
conditions are already realized in the underlying space.

The R-sectoriality obtained in Theorem 3.16 finally leads to a solution of the evolution equation
with inhomogeneous data, see Theorem 3.18. With the help of the results from Chapter 2, we
can also solve transmission-boundary value problems in sufficiently smooth, bounded domains
(cf. Figure 1.1), see Theorem 3.19.

While the parabolic-parabolic coupled transmission problem allows an L, theoretical access, for
coupled systems such as (1.8) - (1.11), which we examine in Chapter 4, this is, in general, no
longer possible (see [DH18]). Here, the questions of stability, more precisely exponential stability
and the analyticity of the corresponding semigroup for the whole system, are at the center of
our attention. In this chapter, we will work in a suitable Hilbert space setting.

Using energy methods, the parameter-ellipticity of the structurally damped plate equation and
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the theory of interpolation extrapolation scales (see [Ama95]), we can prove an exponential de-
cay of energy under low geometric conditions (Theorem 4.20) for the system (1.8) - (1.11). In
particular, we do not need a geometric condition on the transmission layer I', which is often
assumed in the literature.

By contrast, due to the results in Chapter 2, the semigroup associated to the whole system now
lacks the property of analyticity. This is shown in Proposition 4.31. In addition, we illustrate
the lack of smoothing by using a numerical simulation for the one-dimensional transmission
problem, which suggests that the associated spectrum does not lie in a sector with opening
angle 9 > 3 of the complex plane, which is a necessary condition.

Both the statements about exponential stability and the absence of the analyticity of the semi-
group can be transferred to plate equations in which the damping is distributed via a C* function
p: Q — [0,00) over the domain, see Theorem 4.30 as well as Proposition 4.32.

In our case, we always consider a bounded domain € (see also Figure 1.1). In this situation,
the resolvent of the operators are compact which leads to statements about the regularity of the
solutions (as in Lemma 4.5) which we use frequently within the proofs. Nevertheless, results
like in [MNO1] and [MNO7] for the wave equation suggest that a certain decay behaviour of the
solution may also apply to unbounded domains, provided that the damping is active at infinity.
However, we will not deal with such problems at this point.

Parts of this chapter are based on a joint work with Prof. Dr. Robert Denk and were published
in [DK18].

In the Appendix, we briefly summarize some results on the topics Sobolev spaces, Fourier mul-
tipliers, R-sectoriality, maximal L,-regularity as well as boundary value problems for ordinary
differential equations. This serves mainly to increase the readability of the thesis.

Relevant literature is referenced in the appropriate places.




Chapter 2

Ellipticity and localization for
systems of transmission and
boundary value problems

This chapter deals with quite general questions concerning systems of transmission and bound-
ary value problems in the context of analytic semigroups and (R)-sectorial solution operators.
First, we give a necessary condition for the generation of an analytic semigroup, which will turn
out to be an easy tool in order to proof lack of analyticity for a semigroup, see Chapter 4.

In the second section we deal with perturbation results for (R )-sectorial transmission and bound-
ary value problems, allowing localization procedures in order to reduce systems in domains with
variable coefficients to model problems in the full- or half-space with constant coefficients, respec-
tively. For such model problems, tools like (partial) Fourier transform are available. With such
tools, partial differential equations can be handled by solving ordinary differential equations, see
Chapter 3.

2.1. On the necessity of an ellipticity condition for a resolvent
estimate

Let 2 C R™ be a domain with boundary 9{2. Note that 2 might be unbounded and that the
boundary 02 may consist of several connected components.

Let N € N and s1,...,sny > 0,%1,...,ty > 0. For 1 < p < oo, let X,,Y, be the Banach
spaces defined by

N N
X, =17, Y, =]]H""" @
j=1 j=1

where H () = W () denotes the classical Sobolev space of order s € Ny. In a canonical way, we
equip the spaces X, and Y}, with the norms ||U]||x, := Zjvzl ”uj”H;j(Q) for U = (u1,...,un)' €
Xp and || - ||y, defined analogously.

Using standard multi-index notation

ol =Y ai, e =T[€r, D= (-i0)™ -...- (<i0)™ (a €Ny, &R
=1 =1
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and f < o & (Vi € {1,...,n} : B < ;) for o, € Nj, we consider a quadratic matrix
differential operator A of the form
N
A=A(x,D) = <A(x,D)jk) (x € Q) (2.1)
k=1

where the entries are scalar valued differential operators of the form

Az, D)y = > dF@@)D* (z€Q).
oo <mjp,
Here, a{ﬁ: 2 — C are bounded, sufficiently smooth functions on £ and mj € NoU{—00} denotes
the order ord(A(x, D);i) of the scalar valued differential operator A(x, D);; for 1 < j,k < N,
where ord(0) := —o0.
We assume that the orders mj; satisfy the estimate

mj < S+t — s (1<j,kE<N),

which implies that A: Y, = X, is a bounded linear operator, i.e. A € L(Y),, X,).

As usual, if E, F are Banach spaces, we denote by L(F,F') the Banach space of all bounded
linear operators T': E — F equipped with the operator norm and we set L(E) := L(E, E). The
set Lis(E, F') defined by

Lis(E,F) :={T € L(E,F) : T is bijective and T~! € L(F,E)} C L(E, F)

is an open subset of L(E, F'). We write F — F provided that E is continuously embedded in F.

Let X be a Banach space and D(A) C X be a sub space such that X — X, and D(A) — Y.
In the following, we will assume that the norm on X is given by the norm of X, and that
A: X D D(A) — X is a well-defined, closed operator. In this case, D(A) equipped with the
graph norm [|U||p(4y := AU x, + |U]||x, is a Banach space.
We are interested in necessary conditions on A for resolvent estimates, connected with analytic
semigroups, to hold. In order to formulate such a result, we define the symbol A(z, §) of A(z, D)
by setting

N

A €)= (4. (r e R

G k=1
where

A, O = Y, af(@)E® (z€QEeR)

oo <mjp,

is the symbol of the differential operator A(x, D);i. We call Ay = Ag(x, D) the principal part
of A, given by
N

Ap = <A0(an)jk> (z € Q)

Jk=1
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with

Ik () Do o= 8. 4+t — 85 _
Ao(z, D) i = 2faj=my, @ (£)D% mg = i+ U =55, (z €Q)
0 else.

Hence, Ay is the differential operator matrix where every entry (7, k) consists of those terms of
A(z, D)1, that are exactly of order s+t —s;. The principal symbol Ag(z, §) of A(x, D) is defined
as the symbol of Ay(x, D) and we denote the principal symbol of the scalar valued differential
operator A(x, D) i by Ao(x,&)jk, i.e. Ao(z,§); k is defined as the symbol of Ag(x, D);y.

2.1 Example. Consider the operator matrix
A: H2(Q) x Ly(Q) D HYQ) x H*(Q) — H*(Q) x Ly(Q)

given by

A(D) := (AQajLA —1A> :

Here, we have s; = 2,89 = 0 and t; = t5 = 2. Therefore, the principal part Ag of A is given by
the operator matrix

Ao(D) = (AO2 —1A>

w00 = (1ge g2)-

Lyg:={z€C:argz=10}

with principal symbol

For 6 € [0,27), let

be the ray of angle 6 in the complex plane. For k > 0 we define
Lop:={z€Ly:|z| >k}

to be the ray of angle 6 in the complex plane, starting at xel.

By 2(U,C") we denote the CV-valued test functions on a set U C R”, that is we let 2(U, CY) =
C8°(U,CN) be the locally convex space of all infinitely often differentiable functions ¢: U — CV
with compact support in U.

Let 02 be of class C* with p := max{s; +¢; : j = 1,..., N} and assume that the coefficients
all € Loo(Q) satisfy aff € C;7(Q) for all 1 < j,k < N and |a| < mjy, where, as usual,

CFU) :={f e C*U) : Df € Loo(U) for all |a| < k}

is the space of bounded, k € Ny times differentiable functions f: U — C with bounded deriva-
tives. Then we have the following theorem:
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2.2 Theorem. Let X be a Banach space and D(A) C X be a sub space with X — X, and
D(A) — Y,. Assume that A: X D D(A) — X is a well-defined, closed operator of the form
(2.1), where X is equipped with the canonical norm on X,. Moreover, the resolvent set p(A) of
A satisfies Lg,, C p(A) for some k > 0 and 0 € [0,2m). Finally, assume that there exists some
w > 0 such that (w — A) € Lis (D(A), ] - ly,), X) -

If the resolvent estimate

IAA = A) Ly £C (A€ Lo (2.2)
holds true for some constant C' > 0, then we have
det(A — Ap(x,£)) #0 (2.3)
for all X € Ly, x € Q and £ € R™\ {0}.

Proof. Assume that the resolvent estimate (2.2) holds true.
Since (w — A) € Lis (D(A), ] - ly,), X) and recalling that X is equipped with the norm on X,
we can then estimate
10y, < Cllw = A = AT A = AUIx,
=COlw=A+A- «4)(/\ — A7 A - AU I,
= Ol ((w - )(/\ AT+ DA = AU x,
|

<c<“ 1) 10 - A0,
< S1+2) 10 - AU,
CI - AU,

for all A € Ly, with |[A| > |w| and all U € Y),. Using this estimate as well as
AT, < A=A Ll = AU x, < Cll(A = AUx,
for A € Ly, and U € Y),, we obtain the estimate
AlUx, + 1Ully, < CllA=AUllx, (A€ Loy, UEYp). (2.4)

In what follows, we will show that if there are Ao, 2o, £° such that det(\g — Ao (z0,£%)) = 0, then
(2.4) cannot hold true and in turn, the resolvent estimate (2.2) cannot hold true.

In order to do so, let us assume that there are A\g € Ly, 9 € Q and €0 ¢ R™\ {0} such that
det(Xg — Ao(z0,£°)) = 0. Choose a vector h = (hy,...,hy)" € CV\ {0} with

(Ao — Ao(z0,£%)h = 0.

We set alF = 0 if mji < sk + t — sj. For given € > 0 we fix a neighbourhood U = U(zg) of x
such that

a2} () = alf(@0)| < 5 (¢ € Ulwo) DY)
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holds for all 1 < j,k < N and a € Nj with |a| = s; + ¢, — s;. Here, we used the continuity of
the top order coeflicients alf in every entry (j, k) of the operator matrix .A.
Now we choose yp € U(z9) N and 6 > 0 such that the open ball

B(yo,6) == {y € R" : |y — yo| <}
with center yy and radius ¢ satisfies
B(yo,6) C Q2N U(xo).

Note that we can choose yg = z¢ if x¢ € €.
For U = (u1,...,un)" € 2(B(y0,0),C) C Y, and j = 1,..., N we can estimate

1A = Ao U5 55 > > () — alf(w0)) Douy

k=1 \a|_sk+tk Sj H:J(Q)
N
ik a
g E aly () D%uy,
k=1 |a|<sk+tk78]’ H;j Q)

IN

N N
3
5 ; HukHszHk(Q) + Cz ”ukHH;k*tk*l(Q)

S
< 5lUlly, + HUHYﬁC( U x,-

Here, we used interpolation theory in the last step. Hence, for all U € 2(B(yo,d),CY), the
estimate (2.4) reads
AU x, + U]y, < CIl(A = A)U|lx,
< C[[(A = Ao(20))U | x, + Cll(A = Ao(z0))U| x,
< ellUlly, + CllU|x, + ClI(A = Ao(z0))U||x,
for all A € Ly .. Choosing ¢ = %, this implies
AU, + 1Ty, < ClI(A = Ao(z0))U]lx, (25)

for all A € Ly, with [A| >2C and U € 2(B(yo,6),C").
For simplicity, set B := B(yo,d) and let ¢ € 2(B,CY) be a test function on B with ¢ > 0 and
¢ # 0. For all positive parameters 7 > 0 we define U, = (ul,...,ul)T € 2(B,C") by setting

ul () == go(:v)eiTg%th_(Sj’Ltj) (x € Q)

for j € {1,..., N}. We show estimates for the left- and right-hand side of (2.5) which will yield
a contradiction to this very estimate.
For all j € {1,..., N} we have, using equivalence of norms on finite dimensional spaces,

||uTHH J J(Q) >C Z HD u; HLP(Q)

|a|<sj+t;
=C > X <B> (D Pp) (D™ ) hyr=(st)
la|<sj+t; " BLa L,(Q)

> Cllellp, @l hi 1€ — O,
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where [ € {1,... N} satisfies £ # 0. Hence, it follows that
[Urlly, = v+ 01

for some constant v > 0 only depending on ¢ € Z(B,CV),h € CV \ {0} and &° € R™\ {0}.

Moreover, we clearly have that [[uz]| s, Q) = O(r7%) for j € {1,...,N} and hence, using ¢; > 0
P

it follows that

1Urlx, = (’)<T min{“""’tN}> =O(r ).

On the other hand, for j € {1,..., N} we calculate

[.Ao :Eo j = ZAO xo, D jk‘u

N
> ¥ Z( otk (D5 D

k=1 |a|=sp+tr—s; f<a

-y ¥ Z( >ajk 20) (DO Bp) 181 (£0)3 i€ = (suctt)

k=1|a|=sk+tp—s; B<a

=

I
Mz

Z ajo'ék(l_o)T\M(50)a906i7'§0-hk7_7(8k+tk)

1 \a|:sk+tk—sj

i

+ Z( >a]k 20) (D™~ B )7-BI(50)5€iT§0'hk7——(Sk+tk)>

B<a
= 7% e ™" [Ag (20, 0)h); + O(r ).

Let us first assume that A\g = 0, i.e. Ag(zg,&%)h = 0. From what we have just seen, we obtain
that Ag(2o)U- behaves like O(771) in this case. Consequently, using |U-|lx, = O(7~!), the
estimate

1A = Ao(20))Ur ||x, < [NIUr |, + O(r™1) = O(r7H)

for some fixed A € Ly, follows. Together with the fact that ||U |y, = v + O(r~!), this yields a
contradiction to (2.5) for 7 — oo.

In the case \g # 0, we set t := max{t1,...,tx} + 1> 2 and define A\, := 7'\g for 7 > 0. Then,
similar as above, we have

j —sj, it —
11 = Ao(@o)) Uil 55 gy < et = Aom ™5™ byl oy ) + O )
= vt — g )
= Pellled = 757 oy o + O

’A Hl — 7l t‘Hu ”H;J(Q) +O(7—71)

@ + (’)(7'_1)
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for j € {1,..., N}, where now we have used Ag(xo,&%)h = A\oh. For 7 — 0o, this implies
17 = Ao(z0))Ur I, < 1Tl x, + O,
again leading to a contradiction to (2.5). O

2.3 Remark. Similar results concerning the necessity of the so called parameter-ellipticity for
a-priori estimates for solutions of boundary value problems have been studied in the literature.
Probably the best known result for scalar boundary value problems can be found in [ADN59].
Another similar result can be found in [Ama90], dealing with systems of reaction-diffusion equa-
tions. For systems of mixed-order boundary value problems, we refer to [DF12] where the
necessity of parameter ellipticity for a-priori estimates in Sobolev spaces with negative order to
hold was proven.

Following the naming in the literature, we might refer to (2.3) as parameter-elliptic in the prin-
cipal part.

Both the authors in [ADN59] and [DF12] also prove the necessity of the so called complementing
or Shapiro-Lopatinskii condition, which is a condition on the boundary operators. In Chapter 3,
we will use this condition in order to show R-sectoriality for a certain transmission value prob-
lem, i.e. we will use the sufficiency of this condition in a concrete context. For now, we are
mostly interested in a criterion concerning non-analyticity of semigroups, which we will use in
Chapter 4. Hence, we will not deal with the question of necessity of the Shapiro-Lopatinskii
condition for (2.2) to hold.

The following two corollaries specify Theorem 2.2 to the setting of generators of Cip-semigroups.
In particular, we obtain a condition for the lack of analyticity of a semigroup.

2.4 Corollary. Let X be a Banach space and D(A) C X be a sub space with X — X, and
D(A) —Y,. Assume that A is of the form (2.1) and that A: X D D(A) — X is the generator
of a Co-semigroup on X equipped with the canonical norm on X,. Furthermore, we assume that
the resolvent set p(A) of A satisfies Ly, C p(A) for some k >0 and 0 € [0, 27).

If the resolvent estimate (2.2) holds true for some constant C > 0, then (2.3) holds for all
NE Lyy, x€Qand £ € R\ {0}.

Proof. By the theorem of Hille-Yosida in the general form (e.g. [Paz83], Corollary 3.8), A is a
closed operator and there exists some w > 0 with [w,00) C p(A). Hence, (w — A)~! € L(X).
Using D(A) — Y, we obtain
1Uly, = llw - A w = AUy,

< Cllw = A) 7w = AUl pay

=C (I Alw = A~ w = AU|Ix, + [U]lx,)

=C(|w-w+Aw-A) " w-AUx, +IU]x,)

< Ow) (Ilw - AUllx, +11UlLx,)
for all U € D(A) and hence (w— A)~' € L(X, (D(A), || - [Iv,))-
Since (w — A) € L((D(A), ] - |ly,), X), it follows that (w —A) € Lis (D(A), ]l - |ly,), X) . Now,

the assertion follows from Theorem 2.2. O
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In particular, taking 6 € [0, 5], we obtain the following result for generators of analytic semi-
groups:

2.5 Corollary. In the setting of Corollary 2.4, assume that A is the generator of an analytic
Co-semigroup on X equipped with the canonical norm on X,.

Then, there exists some k > 0 such that (2.3) holds for all A € {z € C\ {0} : Rez > 0, |z| > K},
€ Q and £ € R™\ {0}.

Proof. Using the well-known fact that an operator A: X D D(A) — X in a Banach space is
the generator of an analytic semigroup on X if and only if p(A) contains a shifted open sector
K+ 3y (where ¥y = {z € C\ {0} : |arg(z)| < ¥}) with ¢ > T and

INA=A) ) SC (A€ r+5y)
e.g. |Lun95|), this follows directly from Corollary 2.4.
(e.g. [Lun95)), this follows directly from Corollary 2.4 O

In the case of transmission problems, the domain is separated in two parts = Q; UT'U €y
where I' is the common interface of 2; and 2. As we see in the proof, we can apply Theorem
2.2 as well as Corollary 2.4 and Corollary 2.5 also in this situation: let Q1,...Qy be domains
such that for k,1 € {1,... N} either Qi = Q; or Q and ; are disjoint.

Now consider the spaces X, and Y}, defined by

N N
S S+t
Xp = I | Hp](Qj)7 Y, = | | Hy J(Qj)~
=1 =1

Instead of coeflicients az,k: ) — C we now consider coefficients
a*: . - C (1<jk<N).

Then, we can formulate the same results, namely Theorem 2.2, Corollary 2.4 and Corollary 2.5
with the spaces X, and Y, we have just introduced. In the proof we extend the test function

¢ € 2(B,CY) to the set Q := U;VZI Q;, i.e. we choose p € 2(B,CN) N 2(Q,CN).
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2.2. Perturbation theorems for sectorial and R-sectorial systems

The situation in this section is quite similar to the situation above. However, this time we include
transmission conditions and ask for permissible perturbations both for the operator as well as for
the transmission conditions in order to preserve properties like sectoriality and R-sectoriality.
We refer to the appendix, in particular to Section A.2 and Section A.3 and especially to the
references mentioned there, for a short review on this topic. However, for convenience reasons,
we will state definitions of sectoriality and R-sectoriality below.

Note that we only consider transmission conditions as boundary conditions can be constructed
by writing a boundary value problem as a transmission problem where the equation on one side
is a trivial equation.

As mentioned before, such perturbations theorems are the basis for localization procedures, al-
lowing us to transfer sectoriality and R-sectoriality of model problems to problems with variable
coefficients on domains, which yields generation results for semigroups, analyticity of the semi-
group and maximal L,-regularity, respectively. For the application of such localization methods
we also refer to [DS15], [DS17], [DHP03] and Chapter 3.

As promised, we remind on the definition of sectorial and R-sectorial operators:
2.6 Definition. Let X,Y be a Banach space.

a) A family 7 C L(X,Y) of operators is called R-bounded if there exists a constant C' > 0 such
that for allm e N, Ty,...T,, € T and z1, ...z, € X we have

m
Z e
k=1

where the Rademacher functions ry for k € N are given by

m

<C

Z Tk
Lp([0,1];Y)

k=1

Lp([0,1];X)

e [0,1] = {—1,1}, t — sign(sin(2"7t)).

b) Let A: X D D(A) — X be a closed operator. A is called (R)-sectorial if A has dense domain
and dense range, and if there exists an angle ¢ € (0,7) such that

p(A) D{N e C\{0}: |arg\| <7 — ¥} =1 X,y

and the set {A\(A—A)"1: N € X, y} C L(X) is (R)-bounded.
The angle of (R-)boundedness is defined as the infimum of all ¥ for which this holds.

Both sectoriality and R-sectoriality are desirable properties for operators as they imply analyt-
icity of the corresponding semigroup or even maximal L,-regularity. The aim of this section is
to prove conditions on perturbations such that (R)-sectorial operators keep this property under
those perturbations.

Let E be a Banach space of class H7 and N7, N~ € N. We consider quadratic matrices of
differential operators A* of the form
N=*

AE = A% (2, D) = <Ajtk(x, D)>j7k:1 (x € R}) (2.6)
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where the entries are differential operators of the form

Ajik(x,D) = Z at (x)D* (x € RY)

+
|Oé‘§mjk

and R} := {x € R" : z,, 2 0} denotes the positive and negative half space, respectively.
Here, ajck’ o Rt — L(E) are bounded, sufficiently smooth functions on the closure R} of R’
and mﬁ, € No U {—o0} denotes the order ord(Ajik(w, D)) of the E-valued differential operator
A;Ek(x,D) for 1 < j, k < N*, where ord(0) := —oc.

Now, let sic,..., sy+ = 0, t ...,tﬁi > 0. For 1 < p < o0, let Xpi,Ypi be the Banach spaces
defined by
+ N sf n 55 +ti
X+ =][H’ RLE HH 1 E). (2.7)
j=1

Here, H, (U, E) is the E-valued Bessel potential space, see Section A.1.

In a canonical way, we equip the spaces X;t and Ypi with the norms HUHX; = Z;V:il [|us|

for U= (u1,...,un+)" € X;F and || - ”YP:Q:, the latter being defined analogously.
We require the 3 to be zero if there exists a k € {1,..., N*} such that
ord(AjEk(x,D)) > 0,

i.e. in each row containing a differential operator (of order > 1) the corresponding component
in the space XpjE should be L,,.
Moreover, we assume that the orders mﬁ satisfy the estimate

mfk§3f+tf—s;t (lgj,k:SNi),

which implies that A*: Y;Ui — Xpi is a bounded linear operator, i.e. AT € L(Y;,i, X;E).

Let now N := N~ + NT and the operator matrix A of size N x N be defined as

A= 0
A= ( 0 A+) '
We want to consider the operator A in the basis space
Xp={u=(",u")=(ul,...,uy_uf,...,uf,) € € X, x X+

XR™ U +XR1uj € H7(R",E) for j = 1,...,max{N*,N+}}
for some r; € Ng with r; < mm{s] , ;r where we have set uj[ = 0if j > N*. As usual, 4
denotes the characteristic function on a set A C R", i.e. xa(z) =1if v € A and ya(x) =0 if
x e A
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Therefore, the additional conditions within the definition of X, are equivalent to the canonical
transmission conditions up to order r; — 1 given by
(00)*u; = (8,)*uf on R*

for j=1,...,max{N~,Nt}and k =0,...,r;—1. Note that these canonical transmission condi-
tions can be formulated in the same way on another geometry, for example in a bent half-space.
Changing the geometry does not affect the description of these conditions. This is due to the
ascending nature of the canonical transmission conditions. In contrast, a single transmission
condition as, for example, Gguj = 82u;r on R"! would change under change of the geometry
from a half-space to a bent half-space.

We impose M € N additional transmission conditions (in general of higher order) given by
1 x N* operator matrices
Bf =Bf(x,D),i=1,....M

on R% of the form

By = (B;;(z,D),..., B (z,D))
=| X b C D> by g@D7 | (2.8)
1BI<kz w| koo

BF

(Bf(z,D),..., B} (z,D))

- Z bi1p(@) Z sz+6 (2.9)

+
18I<kf; \ﬂl -

with sufficiently smooth functions biij g RE — L(E). Without loss of generality, we assume that

for all i € {1,... M} we have B; # 0 or B} # 0. Moreover, let the M x N operator matrix B,
be defined by

VB yBf
By = (yB~ ABY):= : S (2.10)
VB VB3

where ~ denotes the trace onto R"~! and let the M N x N operator matrix B be defined by

B; 0
_|%n 0
Bi=|", at (2.11)
0 %y
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Here, % = diag(B: T ,Bi .)is a N* x N* operator matrix.
We assume that the orders k;; € No U {—o0} of the operators Bi(x D) satisfy

kigs;t—l—t;t—l, izlv"'aMajzla"-aNiv

where again the order of an operator equals —oo if and only if the operator equals zero.
The operator A is considered as an operator

Ay,: X, DY, = Xp,u— Au
with domain
Yy i={u=(u",u") e (Y, xY," )NX,: Aue X,},

i.e. without the additional transmission conditions (of possible higher order) as well as an

operator
ABW: Xp D D(ABV) — Xp,u— Au

with full transmission conditions, i.e. with the smaller domain
D(Ag,)) :={u €Y, : Byu=0}.

We endow both, Y, and D(Ag, ), with the norm of ¥,~ x Y% which we denote by | - ||y,
It will also be convenient to consider the space

Mo ; {k o} M N T+t —max{k;,0}

S —max 8 —max
-T2 @) < T[] 1 "Ry, )
i=17=1 1=1j=1

Note that B: Y, — Z, from (2.11) is well-defined and continuous provided the coefficients biij 8
are sufficiently smooth.

The graph norm of A is given by
[ullpay := [lAullx, + [lullx, (2.12)

for u being an element of the maximal domain D(Amax) = {u € X, : Au € X,}.
Now we turn our attention to the boundary spaces from which the data on the transmission
interface R"~! will be chosen from. Define

a _ay:l:(Rn 1 HBLSIE 1/P(Rn 1 E)
i=1

where pf = = min;_ N:t{S + 75jE j;} and

M
. - =+ _
Y, = OY,(R") := 0Y, + oY, = [[ B P, B),
i=1
where B (U, E) denotes the E-valued Besov space, see Section A.1. The space 9Y), will be the
space for the data in the transmission problem, whereas aYpi are the spaces of data for the
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corresponding boundary value problems in R’}. In a natural way, we equip dY,, with the product
norm of the Besov spaces ngfl/p(R”_l, E) where p; == min{yu; , u }.
Introducing the M x M N operator matrix

r_ ry
Ir_ ry
where I'y = (y4 -+ v4)isalx N* matrix and v+ denotes the trace operator from R’} to R L,
the diagram
B'Y

RN

Zp

Yy

oY,

commutes.

2.7 Lemma. The space Y), is closed in Y,  x Y;‘. In particular, it is a Banach space. Moreover,
D(ABW) is closed in Y, provided that the coefficients of B, are pointwise multipliers in the
respective spaces (see Definition 2.9 and Remark 2.10 below).

Proof. Let y, = (y(”)’_,y(”)’+)n C Y}, be a sequence with y, — y € Y7 x Y;r as n — 0o. We
have to show that y € Vj,. As A € L(Y,, x Y, X7 x X,J), we have that Ay, — Ay € X, x X,I".
Moreover the mappings I';: X, — [[,2, L,(R""1, E) given by

— -
UJ ’]Rn—l - Uj |Rn—1
u=(u",ut) :
ri—1 _ ri—1
anj U] ’]Rn—l - anj U;_|Rn—1
are linear and bounded for j = 1,..., max{N~, N*}. Hence,

0= nh_)rgo Ay, =T nh_)rglo (Ayn) =T Ay

forall j =1,... max{N~,NT} ie. Aye X,.

In the same way, considering the mappings I';: Y, — lejzl L,(R""1 E), we see that y € X, and
consequently we have that y € Y),.

As D(Ap,) = ker B, and B, : Y, — 9Y}, is continuous, the closedness of D(Ag, ) in Y}, follows. [

2.8 Remark. Note that if Ag_ is closed (e.g. if the resolvent set p(Ag, ) of Ag, is not empty),
then there exists a constant C' > 0 such that

lully, < C (lullx, + 148, ulx,) -

In particular, the norms || -[|y, and the graph norm || [l45 = [|-[lx, +[[As, - [ x, are equivalent.
Indeed, since Ap, is closed, the space (D(Ag,),|| - [|45,) is a Banach space. Moreover, by the
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previous lemma, also (D(Ag, ), || - ||y,) is a Banach space (if the coefficients of B, are sufficiently
‘nice’). As we have the elementary embedding

id: (D(Ag,), || - ly,) = (D(A,): Il - | 45, )

the equivalence follows from the closed graph theorem.

For the correct smoothness assumptions on the coefficients of A and B;E we will need the notion
of pointwise multipliers:

2.9 Definition. Let @ C R™ be a domain. Given a normed space X of functions (or of
equivalence classes of functions) g: 2 — FE, we say that a locally integrable function f: Q —
L(F) is a pointwise multiplier on X, if

X=X, g fg

is well-defined and continuous. The space of pointwise multipliers on X will be denoted by
M(X). We endow this space with the operator (semi-)norm

I fllaexy :== sup || fgllx-
llgllx=1

2.10 Remark. Let 2 C R" be a domain.
(a) One can easily verify that M (L,(2, E)) = Lo (Q, L(E)) for 1 < p < oc.
(b) Clearly, W& (Q, L(E)) — M(W}(Q, E)) for k € Nand all 1 <p < cc.

(c) It holds that B, (2) < M(B,,(Q)) if s > np and 1 < p,q < oco. (see for example [RS96, p.
221/222, Section 4.6.4, Theorem 1])

(d) It holds that F, (€2) < M(F;,(Q)) if s >np, 1 <p <ooand 1 < g < oo. (see for example
[RS96, p. 221/222, Section 4.6.4, Theorem 1])

In the following, we consider the parameter dependent transmission problem with inhomogeneous
transmission data

A—Au=f inR"

2.13
Byu =g on R"! ( )
for A € C. Here, f € X, and g = (g1,...,9m) € 0Y), are given.

Given ¢ € (0, 7] we denote the open sector

Yp = {2 € C\ {0} : |arg(z)| < ¢}

We also denote by p]r;-t z for j =1,..., N* the projection on the j-th component of z € X, on
the positive and the negative half space, respectively.
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Often, we will work with the parameter dependent norms. On Y, we introduce the parameter
dependent norm component wise

+ + )/, E
[l e =M ece NG
P
which, for fixed A, is equivalent to || - || +,,+. In the same way we define
Hp] J

‘Hfim oF T Hfi” i + |/\| /t] HfiH

and || fllx, for f € Xp. Finally, on Zp the parameter dependent norm [[[A[|; is component wise
given by

. R t
Sl ezt = IS+ W5 i,

Another choice for the norm on 9Y), is given by

llgllay, = ,inf [I2llz, (g€ dYy)

heZyp
T'h=g

which, in fact, is equivalent to the natural norm on 9Y), for fixed A:

2.11 Lemma. Let A € C\ {0} be fized. Then, there exist constants c1,ca > 0 such that
cillgllay, < llgllav, < e2llgllay, (9 € Vo).

In particular, (Y, ||-l5y,) is a Banach space.

Proof. Let g € 9Y),. Since I': Z,, — 0Y), is continuous, it holds that
l9llay, = ITR[lay, < cllhllz, < callnllz,
for all h € Z), satisfying I'h = g. Now, taking the infimum over all such h yields the inequality
lgllav, < c2llglllay, -
For the other estimate, we choose an extension operator
B € L(Bly ' P(R"), HY (RL))

in order to construct a certain h € Z, satisfying I'h = g. This h consists only of components of
the form Fg; in the appropriate entry and zero for all the other entries. Then we obtain

lgllay, < Rl < llgoy,-

To be more precise, for i € {1,... M} we first determine whether p; < u or p; > p. In the
first case we define o := — and in the latter case we let o := 4. Now, let

J(i) = argmin;_;  yo s + 17 — kj;.

Let h = (hi) be defined by h;’j(i) = Eg; and all the other entries are set to zero. Then h € Z,
and the assertion follows. O
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The following theorem will be the basis for the treatment of boundary and transmission problems
in domains via localization. It basically states that if the solution operators for the equation
(2.13) satisfy certain a-priori estimates, the unique solvability is preserved under small pertur-
bations in the operators A and B,. Later we will see that also the a-priori estimates are stable
under those perturbations.

Let A*(z, D) be operator matrices be defined similarly as in (2.6) with coefficients a*,

Jk,a =

st ~
M(H," (R, E)) and the order of the differential operator Ajck(:c, D) shall be less or equal the
order mjik of the differential operat0~r Ajik(:n, D).
For j € {1,...,N*} we denote by .A;E the j-th row

Af = (Afi(@. D)., Ays (@, D)

of A%, B
Also, we require the j-th row of AT to equal zero, i.e.

Af = (A (@.D)...., A (@, D)) = (0., 0),

provided that sj[ #£0forall j =1,..., N*. This means that we will only consider perturbations

of the matrix differential operator A in the rows where the corresponding basic space is L.

Furthermore, let B;t be 1 x NT operator matrices be defined similarly as in (2.8) and (2.9) with
~ g gt

coefficients bf;ﬂ € M(H;J o (R, E)) foralli=1,...,M,j=1,..., N* and the order of

the differential operators B% (z, D) shall be less or equal the order kf][ of the differential operator

B;';(x, D). The operator matrices gfy and B are defined similarly to (2.10) and (2.11).

2.12 Theorem. Let p € (0,7] and X\g € R. Assume that for any X € Ao + Xy, f € X, and

g € 0Y), there exists a unique solution u € Y, of (2.13). Suppose that the solution u can be

written as

u=R\)f+S\)yg

with continuous operator R(\): X, — D(Ag,) and a linear operator S(\): 0Y, — Y, such that
S(A): OYF — YiF is continuous. Here, R(\)f satisfies (2.13) with g = 0 and S(\)g satisfies
(2.13) with f =0. We also assume that:

(i) There exists a constant C > 0 independent of A such that the solution operator R(Ao + A)
satisfies the estimates

+ + +
INCT D Do g R(Ag + M) fllz, < ClIfllx, (2.14)
for all A € By, |a| < sj-[ + tjt and f € Xp.

(ii) There exists a constant C > 0 independent of \ such that the following estimate for
S(Xo+A) holds true: for any A € £, with || large enough and for all j € {1,...,N*} we
have

sErtE—laN /tE ma .
H/\( Gt —lal)/t; D pr;-t S()\() + )\)gHLp <C hggm H‘hwzp (g c 6Yp) (2.15)

Th=g

where o € Nij with o] < sj-[ —l—tji.
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Then there exists € > 0 such that the following holds: If the coefficients of the perturbations A
and B, satisfy

~ +
| aijM o <e  al=my, (2.16)

» (RY,E))
and

||b + <e, |Bl=kf,i=1,...,M,j=1,...,N*, (2.17)

+ .+
s+t —k: 17
M(Hy 7 Y(RL,E))

then there exists a real number v > 0 such that for all A € v+3,, f € X, and g = (91,...,9Mm) €
0Y,, the problem

Mo+A—(A+ADu=f inR",

_ o (2.18)
(By+By)u=g onR

possesses a unique solution u = R(\g+ \)f + S\ + g € Y, with the solution operators

RO\ = (1 ~ RO\A+ S(A)EV)* R(\): X, = Y,

SO = (1 ~ ROVA+ S()\)EV) S(A): 8Y, — Y.

Here, R(\) solves (2.18) with g = 0 and S()\) solves (2.18) with f = 0.
Proof. Let f € X, and g = (g1,...,9m) € 0Y),. We write (2.18) in the form
Mo+ A —Au = f+ Au,
Byu =g — lg’lwu.
Using the solution operators R(Ag + A) and S(Ag + A) we obtain
w= RN+ N (f + Au) + S(Xo + N)(g — Byu),
ie.
(1 — R(Mo+ N)A+ S + A)B}) w=R(Mo+ N[+ S+ Ng.
We will show that (1 — R(Ag + A)A + S(A\g + )\)BNW): Y, — Y, is continuously invertible for
sufficiently large A using the Neumann series. To do so, we will consider the norm [[-[|;, on Y3,
which is equivalent to [ - ||y, for any fixed A.

First, we need to estimate HAuHX As before, we denote by Ai the j-th row of A% for j €
{1,..., N*}. Recall that .A;t = 0 only if s = 0. For such j we have

JENE=
A u e, <

P

(2.19)

< effully,
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for |A| large enough, where we have used the interpolation inequalities for the second summand.
Therefore, we obtain the estimate ‘H.Zumx < e|lully, and by (2.14) we have
P

(HR(AO + ) Au

<l
,,

<eC
x, = Clllly, (2.20)

for any ¢ > 0 and || large enough.
Considering the transmission operators, in the same way we get

=+t :I:
HBzJ J || s +ti ki

7= DRy
<C(H b DR
|Bl=k;

<

ﬁ) (2.21)

s+t
HP
+
< Clellufll spx +CE)uy L)
Hpj J

Further, for k:j; > 0 the estimate

—k
‘)\‘ +t )/ty HB” 7 HLp

+ + + +
< |7 R (anuﬂ =+ Clluf| )
HPZJ HpZ]

T (2.22)
< ‘)\‘(Sj +t;—ki;)/t; (EH’LL;tH ’%i] +C(€)\ufHLp>

+
<€||u H s +t

+ i +
s TN T |, + O |,
P

holds true. In the first step we used the multiplier property of the coefficients bi] 5 In the second
step, we used the 1nterpolat10n inequality again and the last estimate follows from [Gri85],
Theorem 1.4.3.3. In the case k:ij = 0 we directly obtain

s +
AR By < el AT R | (2.23)

1]]

due to the smallness of the coefficients. Combining (2.21) and (2.22) (or (2.23)) we get

+ 4 + Ty b+
155, <5<||u I s + WO g ||Lp>

» J
for |A| large enough. Consequently, from (2.15) with |a| < s;-t + tjc we obtain
~ + .+ + ~
lpr5 SO + NByull e+ NS prf SO + N)Byull,
Hp] J

<C jnf Whllg, <C||Buf], <<Clluly,

Ch=B~yu
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l.e.

s+ NByu| < eCllly, (2.24)
p
for |A| large enough. Altogether, (2.20) and (2.24) imply the estimate

[0+ 20+ 500+ VB < 2eClly,

For € > 0 small enough, this shows the unique solvability of (2.18) for all A € v + A\g + X, for
some v > 0 large enough with solution operators

RO = (1- ROVA+ S(A)Ev)*l ROV: X, = Y,,

S0 = (1-BOVA+ SONB,) S(): 9%, = ;.
OJ

The next theorem shows that the assumed estimates for the solution operators R(A) and S(\)
(see (2.14) and (2.15)) are stable under perturbation, i.e. R(\) and S(\) satisfy similar estimates
as well.

2.13 Theorem. Consider again the situation of Theorem 2.12.
Then R(Xo + A) and S(Xo + A) satisfy the estimates (2.14) and (2.15) as well, i.e. there exists
a constant C > 0 independent of A € v + X, such that

sTHtE o))/t Ha o
INCTH VS Do o RO + M flle, < Clifllx,  (F € Xp)
and

s.i +_ o + o = .
A+ oD Dot S(Xg + A)gllL, < C Jnf Ikl (9 € OYy)
Th=g
for all a € Nij with |of < sj-[ + tjt.
Proof. We observe that
R(\) = R(\) + R(\) — R()\)
R(\) = (1= 1= ROA+ SN)B,)(1 = R)A+ S(\)B,) 'R()

R(A) + (R(V)A = S(NB,)R(N)

and hence

R\ f = RO f + RO\NARN) f — S(\B,R(M £,

S(\)g = S(\)g + R(N)AS(\)g — S(\)B,S(\)g,

where the second equality can be seen as before.
For fixed A € v + X, we define the finite set of operators

~ iifa.ia ~
ﬂRMi:{W@“j”Wﬂ?meM+MJMS#+ﬁ}CL@&WW&%%)
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and
T(R,\) :=T(R,A\)~ U T(R,\)T.
The uniform bounds of these sets are denoted by

U(T(E, )\))i — ]_zlln?‘)fvi ||)\(sji+tji*|a‘)/tjiDa pr;t E()\O + )\)

=
\ae|§.sj +tj

HL((XP,||\-|||XP>,LP)

and
U(T (R, ) := max{U(T(R,\)) ", U(T(R,\)"}.

Similarly, we define T (R, \) and U(T(R,)\)). We will show that there is a constant C' > 0
independent of A such that N
U(T(R,N) <C

for all A € v+ X, with |A| large enough. For this, we use the representation of R()) from above.
R(Xo 4+ A) f: The estimate for this term is one of the assumptions (see (2.14)) of the theorem.

R(Xo + A)AR(Xo + A) f: From (2.19) in the proof of Theorem 2.12 and (2.14) we know that

H’R()\O + NAR(No + A)f‘

, SUT(R A))(H,ZR(AO n A)fH

Xp

< sCH)E(AO + )\)f‘

Yy
< eCUT(R, V)1 fllx,

for any € > 0.

S(Xo + )\)E,\,ﬁ()\o + A) f: Using (2.24), we get

‘HS()\O + NBR( + \) f‘

, <l

< U(T(R,N)If I,

Altogether we have shown that
UT(R,N) <UT(R,N) + e UT(R,N) + DUT(R, ).
Choosing ¢ > 0 small enough we obtain
U(T(R,N) <C

with a constant independent of A.
For S we proceed in the same way: let

~ + i—a + a ~
T(S,0)* :={w<5f eV D pr;-tS<Ao+A>:|ar<sjE+t;-t}cL((alz,H|-|HaY,,>,Lp)
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and
T(S,\) :=T(S,\)” U T(R,N™.
The uniform bounds of these sets are denoted by

UTS ) = max [AGT5 71D/ Dot G(xg 4+ )

j=1,...,Nt HL((QYM”'\”ayp)aLp)

and
UT(S, ) := max{U(T(S,\) ", U(T(S,\)*}.

Similarly, we define 7(S,\) and U(T(S,A)). We will show that there is a constant C' > 0
independent of A such that ~
U(T(S,N) <C

for all A € v+ X, with |A| large enough. For this, we use the representation of S(X) from above.
Note that (93, |||y, ) is a Banach space according to Lemma 2.11.

S (Ao + A) f: The estimate for this term is one of the assumptions (see (2.15)) of the theorem.

R(Xo 4+ A)AS (Ao + A)f: From (2.19) in the proof of Theorem 2.12 and (2.15) we know that

[[ROo + 24500 + 1)/

<UT(RN)|[AS00 + 11|

Yp Xp

< 5CH‘§(/\0+/\)f‘

YP
< eCUT(S, ) flx,

for any € > 0.

S(Xo + A)Ig’.yg(}\o + A) f: Using (2.24), we get

H’S(Ao +N)B,8(h + )\)f’

< e|[500 + 24|

.- U(T(S, D)1 fllx, -

Altogether we have shown that
UT(S,N) SUT(S,N) + e UT(S,\) + D UT(S,\).
Choosing € > 0 small enough we obtain
UT(S,\) <C
with a constant independent of A. O

Similarly, we are able to preserve R-boundedness for families of solution operators:

2.14 Proposition. We assume that the assumptions of Theorem 2.13 are satisfied. B
If the sets of operators Uycx, T (R, A) and U s, T(S, A) are R-bounded, then ¢, 5, T (R, A)

and U)\EV—I—ZW T(S,)\) are R-bounded as well.
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Proof. Again we use the representations

RONf = RO f + RONARN) f — S(NB, RN f,

S(\)g = S(\)g+ RN)AS(N)g — S(\)B,S(\)g.

Instead of considering the uniform bounds, we now take the R-bounds of these sets of operators.
Hence, we will show that there is a constant C' > 0 such that

R( U T@EN)<C

A€v+3,
We will do this by showing that

K
R(JT(ERN) <C
i=1
for any finite collection Aq,...,Ag € v+ 3, where C' does not depend on K € N and the choice
of Adi,..., \k.

R(Xo + A): The R-boundedness for the family of these operators is an assumption.
R(Ao + A)AR(Xo + A): From (2.19) in the proof of Theorem 2.12 and (2.14) we know that

K
R( UT(R./ZE, )\l)) < R( U T(R, )‘))RL(Xpa|||'H|xp)({"ZE(AO +A)i=1,...,K})

i=1 AET,
< eCR(J TR N)RL, 1) 00 1y, ) (RO + 4i) 6= 1, K)
AED,
K ~
<eCR( | TRN)R(|JT(R,N))
PYS i=1
for any € > 0.

S(Xo + )\)g,,ﬁ(kg 4+ A): Using (2.24), we get

K K
RIUTEBE ) < Ruw, iy, (U TSBy R TR )
i=1 AED, i=1
~ K ~
<R( U TEIBA(lilly, )@l n RO TRAD)
AEX, i=1

K
<eCR( |J TSR TR N)).

AES, i=1
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Altogether we have shown that

R(GT(R)\Z-)) <R(|J TRN)

i=1 AET,

+e (R( U 7@ ) +=r( U T(S,)\))) R(GT(R,Ai)).

AES, AES,

Choosing € > 0 small enough we obtain

K
R(JT(ER M) <C

i=1
with a constant independent of A; and K € N. Hence, it holds that

R( J T@EN)<C

AEv+3,

For S we proceed in the same way: We will show that there is a constant C' > 0 independent of
A such that B
R( |J TN <cC

Aev+X,

We will do this by showing that
K
R(UTG M) <C
i=1
for any finite collection Aq,...,Ag € v+ X, where C does not depend on K € N and the choice
of A\1,..., Ak. For this, we use the representation of S(\) from above.
S(Xo + A): The R-boundedness for the family of these operators is an assumption.

R(Xo + A)AS (Ao + A): From (2.19) in the proof of Theorem 2.12 and (2.15) we know that

K
R(UTRAS M) < R(J TR N)Ropx, iy ) {ASo +X0) i = 1. K})
i=1 AET,
<eCR(J TR )R, 1, ) 0 1, ) (S Qo+ X) i =1, K
AED,
K ~
<eCR( | TR,N)R(|JT(S, M)
AES, i=1

for any € > 0.
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S(Xo + A)B,S(Xo + A): Using (2.24), we get

K K
RUTSB,8,0)) < Ry gy, (U TSBy MR TS, 0)
i=1 PYS I i=1
~ K ~
<R( U TEIB ity ) @l n R TS, 2))
AEX, i=1
K ~
<eCR( | TSR TS, M),
AES, i=1
Altogether we have shown that
K ~
ROJTS. M) <R(|J T(S.N)
i=1 AES,
K ~
+e[R(U T@N)+R( U TS N) | R(UYTES M)
AEX, AED, i=1
Choosing € > 0 small enough we obtain
K ~
R(JTS M) <C
=1

with a constant independent of \; and K € N. Hence, it holds that
R( J TSN <C
AEV+3,

O]

2.15 Remark. Consider the situation of Theorem 2.12. Note that, since || - [y, and || - |4, are
equivalent by Remark 2.8, we also have constants C1,Cs > 0 such that

Cilully, = [(A+ Aullx, + [[ullx, < Caflully,
for all u € Y. Indeed, we have that

Mullx, < I(A+ A)ullx, + [ Aullx, < [(A+ Aullx, +ellully, +CE)lullx,

< [[(A+ Aullx, +eCllAullx, + C(e)||ulx,
where we used (2.19). Hence, for € small enough we obtain
T C
lully, < [lMullx, + llullx, < Zezll(A+ Aullx, + (1 + £ lullx,

Applying the same argument to (A + .Z) —A yields the continuity of the inverse imbedding.
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Now, we are able to show the stability of both sectoriality and R-sectoriality under suitable
perturbations, provided we impose an additional condition concerning the orders of the trans-
mission operators: we will assume that these orders are not less than the orders in the underlying
space Xff. This is in accordance with results as in [DD11], saying that boundary (or in this case
transmission) conditions have to be imposed in the underlying space provided these conditions
are meaningful in this space. Hence, our additional condition means that the transmission con-
ditions Bf are made up of conditions that cannot be imposed in the space X, already. Once
more, we refer to Chapter 3 where we will impose some of the transmission conditions in the
basis space.

2.16 Proposition. Assume that the assumptions of Theorem 2.13 are satisfied. Furthermore,
assume that for alli = 1,...,M and all j = 1,...,N* the inequality k:;'; > sf holds true if
+

k:ij # —00.

If the operator Ag, is sectorial in the sector with opening angle ¢ € (0,7], then the operator

v+ (A+ A)(BJFE)W, defined analogously to Ag., is sectorial in the same sector.

2.17 Remark. Note that if k:zjj[ = —oo for some i € {1,...,M} and j € {1,...,N*}, we have
B;'; = 0 and hence we have no perturbation Ef; Hence, all corresponding terms are equal to
zero and we do not have to impose k:f; > s;-t in this case, as can be seen in the proof.

Proof of Proposition 2.16. Assume that Ap, is sectorial in the sector with opening angle ¢ €
(0, 7]. In particular, Ag_ is a closed operator. By Remark 2.8 the norms || - ||y, and || - |45 are
equivalent on D(Ag, ).

First, we note that

(A + DR, + IEN) S, )
<O (I - A= DRV fx, + AR f]Lx,) (2.25)

I711x, +IARO ], )

IR flly, < C

<C

Again, we use the representation of fi()\) given by

R(\) = R(\) + ROV)AR(N) — S(\)B,R(N), (2.26)

see Theorem 2.13. N
As in (2.19), it holds that || Aul|x, < eCllully, + C(e)||lullx, for any u € Y},. Therefore, we get

AR + N fllx, < eCl[R(Ao + N flly, + C@)[R(o + N fllx,

Now, choosing |A| large enough (it might depend on €), using the sectoriality of R(\) and (2.25),
we obtain that

IR + NAR(o + NS l1x, < eC (IR0 + NS lly, + IMEQo + N fllx, )

N (2.27)
< <C (JAROo + Nfllx, + £, )
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with a constant C' > 0 independent of .
By (2.15) we have

IAS(Ao 4+ A)ByR(Ao + A)

In order to estimate the right hand side, we consider the summands separately. For large |A|, it
holds that

mBiR Ao+ A fH Si+ti_ki
4+ o~ o~
= 1B R(X +A)fHHS] cett TR BER 0 + V) £,
P
+5 (sErtF kD) tE )+ 5
<e (o R0+ MFI g + NS TS5 prf R0+ 0f| e ). (2:28)
HpJ J leJ

For the latter summand we have the estimate

P B ~ ~
|)\|(Sj +t5—k3;) /4 I prji R(Xo + /\)fHszj; < prji R(Xo+ N f]l ik
P

Hy

+AprE R0 + A f]| = (2.29)
Hp]

due to [Gri85] and ki > s . Together with (2.25) this yields

IAS(Ao + M)ByR(Ao + A fllx, < eCARM + N flx, +C|If x, (2.30)

for |A| large enough.
Altogether, from the representation (2.26) we deduce

IAR(No + A fllx, < eCIAR(No + N fllx, + Cllflx,

due to the sectoriality of R(\) and the estimates (2.27) and (2.30). Hence,

IAR(o + N fllx, < <= f]x,

with a constant C' > 0 independent of A. Now, choosing € > 0 small enough, the assertion
follows. m

2.18 Proposition. Assume that the assumptions of Proposition 2.14 are satisﬁed Furthermore,
assume that for all i = 1,...,M and all j = 1,...,NT the inequality ki > s holds true if
If the operator Ag, is R-sectorial in the sector with opening angle ¢ € (0, 7], the operator
v+ (A+ “Z)(B—H?)ﬂ,’ defined analogously to Ag., is R-sectorial in the same sector.

Proof. Let Ag, be R-sectorial in the sector ¥,. We show that

R{ARMN o+ A : A ev+3,}) < o
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by showing
RNRONo+N): N €ev+S,i=1,...,K})<C

with a constant C' > 0 independent of K € N and Aq,...,Ax € v + X,. Once more, we use the
representation (2.26) of R()).

Since Ap, is R-sectorial, the corresponding assertion holds for R(Ag + A).

First, analogously to (2.25) we have for any K € N and fixed Aq,...,Ax € v+ X, with || > 1

K

K K
I3nosl, < (Ia+ D3 nR0osl, +1 Znéu»fiuxp)
i=1 '

i=1

<o<|yzm X+ A+ AR M)fillx, —i—HZn)\R (M) fill,
e (2.31)

o zné@i)fiuxp)
=1

<O (1+RUNBO) KD | Zm%HX (fi € X,)

where we used the contraction principle of Kahane (see [DHP03], Lemma 3.5) in the last step.
Using this estimate, we get for any K € N and fixed Ai,..., g € v+ X, with |\;| large enough

R{NRMo + N)ARMNg + ) ti=1,...,K})
< R{ARM0 + )t A € SN Rex,) ({ARNg + Ap) ti = 1,...,K})
< eCRpx,v,) ({RMo+N):i=1,...,K})
+CE)Rx,) ({RMo+N) 1i=1,...,K})
<eC (1 +RIMRO) 1i=1,... ,K})) ,
where we used the interpolation inequality in the third step and the contraction principle in the
last step.

In order to treat the last term in (2.26), we observe that for any K € N and any fixed A1,...,\x €
v+ X, with |\;| large enough for all ¢ € {1,..., K'} we have

K
I Z S(Xo + /\i)gvé()‘i)fiuxp
i=1
K o~ ~
Z TZ'B,YR()\(] + )\z)fz

=1

K K
<eC (1 -+ ZTMié()\o + )\i)fiHXp + | Zﬁ'ﬁ()\o + )\i)fiHXp)

i=1 =1

< RL(@Y; gy, Xp) (A5 (R0 + ) 1 A € B })

Zp

K K
<eC (H Y orifilly, + D ridR o + )\Z-)fiHXp) (fi € X))
i=1 i=1
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thanks to (2.28), (2.29), (2.31) and the contraction principle. Hence, for any K € N and any
fixed A1,..., Ak € v+ X, with |\;| large enough for all ¢ € {1,..., K'} we deduce

R{NRMNo+N):i=1,...,K})
<O +2:C (1 + R{NRO0 + Ag) 1 = 1,...,K})> ,

ie.
~ C+2eC
AMRMX+X):i=1,..., K}) < ————,
R{NR(No +N) i 1) [ —2eC
with a constant C' > 0 independent of K € N and Aq,..., g € v + X, wherefore the assertion
follows for € > 0 small enough. O

2.19 Remark. The proofs above show that if we are only interested in perturbations of the
operator A or the transmission operator B, it suffices that the corresponding assumptions on
R(X) and S()) are satisfied, respectively.

Before ending this chapter with some remarks on localization procedures, we give an example
of a mixed-order boundary value system that fits in our setting.

2.20 Example. We consider the thermoelastic plate equation

u + A%u+ A0 = fi,
Ht—AO—Aut:fg

in R’} with free boundary conditions

Au—(1-B)Au+0=g,
Oy (Au+ (1 — B)A'u + 0) = go,
61/9 = g3

on R, Here, 3 € [0,1) is fixed and A’ = Z?;ll 0? stands for the Laplace-Beltrami operator
onI =R 1,

As indicated above, in order to treat boundary value problems, we let X = {0}? and A~ = 0.
Now, we let sf :2,33 :s; =0 and t] :t; :ti}f = 2 as well as

0 1 0 u
AT Y = X (u,v,0)" = AT (z,D)(u,v,0)" = | =A% 0 —-A v
0 A A 0

Here, we have defined X;’ and Y;f as before, see (2.7). Then, we have that s?ﬁ = 0 if there exists
a k € {1,2,3} such that ord(Ajk(m, D)) > 0 and moreover, the orders mjk of Ajk(x,D) satisfy
m;rk < s,jth;—s;r forall 1 <jk < 3.

The space X, is simply given by X, := X x X\ = {0}3 x X,f. For the boundary operators,
we write B, = 0 for i = 1,2,3 and

Bf Bf\(z,D) Bfy(z,D) Bf3(z,D) A-(1-pA" 0 1
B | = | By,(z,D) Bi(x,D) Bfi(z,D)| = |8, (A+1-p)A") 0 0
By B (z,D) Bf(x,D) Bf(x,D) 0 0 0,
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Note that the orders k;; of the operators B;;(x, D) satisfy k;’; < s;“ + t;." —1foralli,j=1,2,3.
Finally, the spaces Z, and JY), are given by

Zy= 10 < [T e

i=1j=1
= {0}° x (Hj(RY)® x Hy(RY) x Hy(RL)? x Hy(RY) x Hp(R}) x Hy(RY))
and
Y, =Y, +0Y," ={0}* + (B]%;l/p(R”—l) x BLVP (R x B;p—l/p(R"—l)) .

Theorem 1.4 in [DS17] states, amongst other things, that (2.14) and (2.15) are satisfied. In
fact, the authors already have shown their corresponding results in domains. However, they
are using the model problem and perform the localization procedure (via a bent half-space) by
hand. In particular, they show R-boundedness of the solution operators by hand. In contrast,
our abstract results directly allow the transfer of (R-)sectoriality from the model problem to the
problem in domain.

We finish this chapter with some remarks on how to use the results above in order to deal with
variable coefficients, bent half-spaces, domains and transmission-boundary value problems. As
all these things are pretty standard, we just give a short introduction and sketch the procedures
roughly. Among other literature, we refer to [DHPO03], Section 8, [DS17], Section 5 and [Frol6],
Chapter 4 for more details on these topics.

The general strategy is as follows:
Assume that the operator Ag, is (R)-sectorial for constant coefficients ajik and bi .5~ We are
interested in solving

(A —A(z,D))u = f in R", (2.32)
By(z,D)u=0onT =R""! (2.33)

. . . .+ +
with variable coefficients a Tk and b; - 5 N
For this, we assume that the limits at infinity lim|;| o a ~j§€ o(7) and lim) o bli] 5(z) exist. Then,

there exists R > 0 and an open covering (U;)E_| of the compact set B(0, R) := {x € R" : |x] < R}
such that the smallness conditions (2.16) and (2.17) are satisfied within U;,l = 1,...L and in
Up :=R"\ B(0, R).

Now, choose a partition of unity ()=, for (U;)&_,. Furthermore, let ()L, C C*°(R™) with
0 <1y <1, supp(¢y;) C U; and ¢; = 1 on supp(e;). Here, supp(f) denotes the support

supp(f) :={x € R*: f(x) # 0}

of a function f: R” — C.
For x; € U; let R(\, z;)f denote the solution to the problem

(A - A(th))u - f in an
By(x;,D)u=0o0nT =R""!
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where now A(xy, D)g, (4,0 i (R)-sectorial. In order to solve (2.32), we make the ansatz

L
RN f =Y @R\ z)if.
1=0

For [A| large enough, one can show that this is almost the resolvent for A(z, D)g_ (»,py- The
wrong terms usually have lower order and can often be handled by using interpolation theory,
as we have also seen in the proofs above. Moreover, the (R)-sectoriality carries over.

Hence, we are able to treat variable coefficients. If we are interested in solving

()\—.A)’U,:f,
Byu =0

with a bent transmission interface I' or in a bounded domain, one uses coordinate transform
and shows that the transformed operators fall in the same setting as the variable coefficients.
Note that in the case of a bounded domain we can drop the assumption on the existing limits
at infinity for the coefficients as the closure of a bounded domain is already compact. Note that
the space

X, = {u: (u”,ut) = (uy s uy, f,...,u}ﬁ € X, X X;r :
Xeru; + xgnu; € H'(R", E) for j € max{N~,N*}}

is invariant under change of coordinates. For example, let u: R} — C and v: R" — C be two,
sufficiently smooth functions that satisfy « = v on I' = R"~!. Then, d;u = 0,v on I' where 0,
denotes tangential derivatives. If now further d,u = 0, v holds true on I', we obtain Vu = Vv on
I. Tteratively, ascending transmission conditions of the form 9¥u = 0%v, k = 0,...r for r € Ng on
I' imply D = D%v on I for any || < r. Hence, the space X, does not change for transformed
functions © = u o ® for some coordinate transform ®. This means, that if we transform the
problem from the full-space case to a bent half-space or a domain, the underlying space does
not change in the sense that we can use the same description for the underlying space.

In contrast, for example the space

Xy i={u=(u,u")= (ul_,...,u]_v_,uf,...,uEJF) € X, XX;F:

- _ .+ 92— _ 52, + _ mn—1
uy =uf, Ojuy =0,uf onT' =R""'}

is not invariant under coordinate transform as the additional conditions change under the change
of coordinates, i.e. under the change of the unit normal vector. With our choice of the underlying
space X, we omit the problem of determining the correct model problem we have to investigate
in order to solve the originally given problem in a bent half-space or a domain.

Finally, we also want to sketch the procedure for the treatment of transmission-boundary value
problems or boundary value problems with different boundary operators on different connected
components of the boundary. In fact, we will illustrate the procedure using boundary value
problems in order to save time and notation.

Let © C R™ be a bounded domain with sufficiently smooth boundary I' = 9Q = I';UTI's such
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that I'; and I's are both open in the trace topology on I'. Let B% and Bg be boundary operators
such that

A=—Au=f inQ,
Bgu:() onI

are (R)-sectorial for i = 1,2. Now, we are interested in the problem

A=Au=f inQ,
B}/’LLZO on I'y,

B?/u =0 onls.

Let ¢1 € C*°(Q) with 0 < ¢1 < 1, 1 = 1 in a neighbourhood of T'; and supp(p1) NTy = ()

We set 9 := 1 — 1 and let ¢,19 € C°(Q) with ¢; = 1 on supp(¢;), supp(v1) NTs = () and
supp 11{2 NIy =0.
Let u() = R;(A\)if be the unique solution of
A=A =if, i,
B}/u(i) =0 on .

Once more, we make the ansatz
RA)f = o1Ri(NYrf + paRa (Mo f
and obtain that R()\) is almost the desired resolvent: it holds that
ARNf = (1 +TN)f

for some bounded operator T'(A) with norm less than 1 for |A| large enough, wherefore 1+ T'())
is invertible. Again, one can show that the (R)-sectoriality carries over. For a concrete example
for the biharmonic operator A? with clamped and free boundary conditions, we refer to the
upcoming paper [BDHT18].







Chapter 3

A transmission problem for
structurally damped plate equations
in Ly

In this chapter, we consider a transmission problem for a structurally damped plate equation. We
will solve the model problem and show that the solution operators for the stationary problem
are R-sectorial, which implies maximal Ly-regularity for the evolution equation. We refer to the
Appendix for the notion of maximal L,-regularity and R-sectorial operators. The localization
procedure, introduced in the previous chapter, yields corresponding results for domains with
sufficiently smooth boundary and transmission interface.

In [CR82] and [CT89], structural damping was studied in an abstract Hilbert space setting.
Here, the main assumption is that the damping operator B (such that the damping is given
by 0;B) is comparable to the positive definite, self-adjoint 'main operator’ &7, i.e., in the case
of a plate equation, comparable to the biharmonic operator A2. The authors proved that the
structural damping provides a smoothing effect in the sense of analytic semigroups.

The authors of [FL14] were able to show similar results in a Banach space setting, where now
the main operator &7 = B? is the square of a sectorial operator B and the structural damping
is given by 0;B.

For the plate equation, even in a non-linear case, where no semigroup is generated by the cor-
responding operator, the structural damping leads to exponential decay of the energy of the
system.

Finally, in [DS15] the authors showed (see also [Frol6]) that structural damping for the clamped
plate equation provides both nice properties, the exponential stability and the analyticity of the
associated semigroup. In fact, the operator is R-sectorial, i.e. the evolution equation possesses
the property of maximal L,-regularity. In this chapter, we will focus on this last result, gener-
alizing it to the situation of a transmission problem with canonical transmission conditions.
However, the method used here is standard and might work for other systems as well, e.g. a
coupled system of thermoelastic plates (as the thermoelastic part also yields R-bounded solution
operators, see [DR06], [DRS09] and [DS17]).

The model problem in the whole space with canonical transmission conditions reads as follows:

8t2uz + ﬁlAzuZ — pZAE)tuZ = f; in (0, OO) x Q;,1=1,2,

Oty — 3y =0 on (0,00) xI',j=1,...,4,
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where 3; and p; are strictly positive, real constants for ¢ = 1,2, {2 is the positive half-space
R =={z = (z1,...,2n) ER" : 2, > 0}

and € is the negative half-space R" = —R". The interface between (2; and Qs is denoted by
I' := 091 and 0, stands for the normal derivative with respect to the outer unit normal of ;.
We are interested in scalar valued solutions u;: (0,00) x €; — C. for i =1, 2.

The transmission conditions (3.2) state that the two plates are connected smoothly, i.e. if we
expect the solutions u;(t,-) to be in the Sobolev space Hg(Qi) for all ¢ > 0, the solution

(t ) ul(tv ) in RT—L
u(t, ) =
ug(t,-) in R”

in the whole space is an element of H(R™) for all ¢ > 0 as well (cf. Lemma A.5).

After studying the model problem where the equations act on the half-spaces and are connected
on the interface I', we are able to solve the transmission problem in a sufficiently smooth bounded
domain Q = Q; UQy UT with transmission interface I', where s lies in the interior of ;. This
is done using localization methods. Denoting the inner boundary I'e, the outer boundary I'y
and the interface between 27 and s as I', we consider the following transmission problem
complemented with generalized Dirichlet boundary conditions:

afui + BiA%u; — piAdu; = fi  in (0,00) x Q;,1=1,2,
Oty — ¥ uy =0, on (0,00)xT,j=1,...,4,

u; = gi, on (0,00) xTi=1,2,

Oy, ui = hi, on (0,00) xI';,i=1,2.

In general, we are mainly interested in clamped boundary conditions, i.e. g; = h; =0 for¢=1,2.
Both the model problem and the transmission problem in a bounded domain are complemented
with initial conditions . .
Uilt=0 = ¢; in Qi =1,2,
8tui’t:0 = 7,/)@ in Qi,i = 1, 2.

The structurally damped plate equation (without transmission) was studied by R. Denk and R.
Schnaubelt in [DS15] in a slightly simpler form. They proved maximal L,-regularity on bounded
time intervals in the whole space R™ as well as in the half-space R’} and in bounded domains
of class C*, where Dirichlet-Neumann boundary conditions were added. Here, zero boundary
conditions had to be taken into the basis space in order to achieve the R-boundedness of the
solution operators involved. We will follow their approach to show maximal L,-regularity for
the transmission problems.

For elements € R™ we write = (z1,...,2,) and 2’ = (21,...,2,—1). Furthermore, ¥, denotes
the open sector

Ny :={z € C\{0} : |arg(2)| < ¢}
in the complex plane for 0 < ¢ < 7. The Fourier transform .%#, defined for Schwartz functions

f e L(R"), is given by
1

(PN = gy [ ) e

and its inverse is denoted by .# 1.
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3.1. The model problem in the half-space

Throughout the whole chapter, let 1 < p < oco.
Let S1, B2, p1, p2 > 0 be real constants. We deal with the model problem for the transmission
problem for the structurally damped plate equation

Ofur + B1A*uy — p1Adpus = f1, (t,z) € (0,00) x R,
33’[@ =+ ﬁQAZUQ — pgAatUQ = fg, (t,ZE) € (0, OO) X RE,
81];_17“ - 65_1112 = 07 (tv .%') € (07 OO) X Faj = 17 s 747 (33)

ui|t:0 = ¢ia HAS QHZ = 1> 27

a1‘,“7,'|t:0 = djia HAS le = 1>27
where Q1 :=R", Oy :=R" and I := 9R? = R"1. To treat the system (3.3), we will write the
equations as first order systems and use reflection in order to handle the transmission conditions.
By doing so, the transmission problem can be read as a boundary value problem. First, let

vy = (uq, Otul)T and vy := (ug, 8tu2)T where a' is the transposed for some matrix a. Then we
obtain the first order systems

8t111 + Al(D)Ul = (]?1> y (t,x) S (0,00) X Rﬁ,
Opvg + Ag(D)vg = <J?2> , (t,z) € (0,00) x R™

with initial conditions v;|i—g = (¢1,%1)" and ve|i—g = (¢2,102)". Here we have set

Ai(D) = (ﬁz‘OAQ —_Pz‘1A>

for i = 1,2. We put D := —i(dy,...,0,)". The symbols of the differential operators A;(D)
(considered as operators in the whole space) are given by

(0 -1 o
Ail8) = <5i\§|4 p¢\£|2>’ =12

Since the outer unit normal of R"} is given by v = —e,, = —(0, ..., 1), the transmission conditions
can be written as

(=0) Hvy —wp) =0, j=1,...,4. (3.5)
For A € C we define A;(D,\) := Al + A;(D) and similarly A4;(&, \) := A + A;(§) for i = 1,2.
The corresponding stationary problem to (3.4) with inhomogeneous data reads
A1(D,N)yr =h1 in RY,
Asy(D, N = hy  in R, (3.6)
8j_1(y1 —Y2)=g; on R* 1 j=1,...,4.

v

Using the reflection 7,,: R — R, — (2, —x,,), we can write (3.6) as a system in R’} where the
transmission conditions (3.5) become boundary conditions for the so-obtained system. Hence,
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let y2 = 20 Tnyha = ho o T,y = (y1.42) .k = (h1,ho)" and g = (g1,...,g4)". Since
A (&, &) = Aa(E, —&,), we obtain the system

AD,N)y=h inR7,

L (37)
Y%B([D)y=g onR"
in R}. Here we have set
A -1 0 0 1 0 -1 0
- B1A% X — p1A 0 0 -0, 0 =0, O
A(D,N) = 0 0 \ 1 , B(D):= 87% 0 —6,% 0 (3.8)
0 0 BaA? X — paA -3 0 =93 0

and 7o denotes the trace on R”~!. The symbol A(£, \) of A(D, \) is given by

A -1 0 0
_ | Al Xple 0 0
0 0 Blelt A+ pafef
for £ € R™. For A = 0 we will write
0 -1 0 0
o _ [ BA* —pA 0 0
A(D) := A(D,0) = 0 0 0 1
0 0 BA? —prA

The problem (3.7) can be solved as follows: we show that there is a solution g’ of
A(D,\)j = ey h in R",

in the whole space R", where e, € L(H, (R’ ), H;(R")) is a global coretraction of the restriction
ry: Lp(R™) — Ly(RY) (or ry 2 Hy(R™) — H (R ), respectively) onto R} for all s € Ny (see e.g.
[Ama09], Section 4.4). We set ' := r.¢’ and write y = v’ + y”, wherefore y” has to solve the
boundary value problem

A(D, Ny =0 in R,
vB(D)y" =g —~B(D)y" onR".
Hence, we can split the task of solving (3.7) into two parts: the analysis of the operator A(D, \),

considered as an operator in the whole space, and the solution of a boundary value problem with
homogeneous right-hand side and inhomogeneous boundary conditions.
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3.1.1. The full-space problem

We start with some results for the full space problem
A(D,\)y = h in R™. (3.9)

The following results are direct consequences of the results in [DS15], Section 2, where the
authors considered the structurally damped plate equation in the full space case. We define

a(l) L L Ly 2_4 N\ Qigl (pzj: \/p?_4ﬁi)7 pz2 24517
L= pitnp; —ABi ) =47 _ S )
Tgi(piiu/‘lﬁi—m)v p; < 4pi,

26i
for i = 1,2. Hence, the angle +19; = +9;(5;, p;) of ag) is

01 1012 > 4627
+9; = 1 2 2
=+ arctan (E \/éﬂ) . pi < AB.

Note that agi) = éeimi for pg < 4p; and ozg? > 0 for p? > 4f3;. Moreover, we see that ¥; ~ §
as p; \( 0. Finally, we define ¥ := max{91,¥2}.

We are interested in invertibility, resolvent estimates and semigroup generation results for the
L,-realization of the operator A(D) or suitable shifts of the operator, respectively. We employ
the spaces

and
E? = E2 := (H2(R") x Lp(R"))” = H2(R") x L,(R") x H2(R") x L,(R™),
F?> =F; := (H,(R") x H§(R“))2 =~ H(R") x H2(R™) x Hj(R") x H2(R™).

As before, norms of the Lebesgue space L, and the Bessel potential spaces Hy for s € R are
denoted by || - ||z, and || - |, respectively. We consider the unbounded operators

Ayt EDD(Aip) = E, ur Ajpu:=A;(D)u

and
Ay E? D D(A)) = E? uws Ayu:= A(D)u,

where D(A;,) := F for i = 1,2 and D(4,) := F2. As usual, for A € C we denote with A the
scaled identity operator AI. Then, the following holds:

3.1 Proposition. a) Let i € {1,2}. Then for all X\ € ¥,_y,, the operator A+ A; ,: F — E is
invertible.

b) For all A € ¥,_y, the operator X\ + A,: F? — E? is invertible.




46 3. A transmission problem for structurally damped plate equations in L,

¢) The operators Ay p, Aayy and A, are not sectorial in E and E?, respectively.

Proof. Writing the block matrix A(£, A) in the form

A -1 0 0
| Al A+l 0 0 (AN 0
AGN = 0 A 1=\ o Ag(g,)\)>’
0 0 Bal€|* A+ pal€]?

we have det A(&, \) = det A1(&, A) det Az(€, \). The determinant of the matrix A;(&, \) is given
by

det A;(6,0) = X2 + Apilé? + ilgl* = B; (aD 3+ [¢2) (D2 + Ie?)

for i = 1,2. Therefore, the inverse matrix A(£,\)~! of A(E,\) exists for all A € X,y and is
given by

-1 _ Al(f,)\)_l 0
A&N 1‘( 0 A2<£,A)—1)

where of course

, o 1 A pilél* 1
A&V = G e < gl A)

for i = 1,2. Now we can proceed as in [DS15], Proposition 2.2. For the reader’s convenience, we
sketch the approach roughly. We define the matrix operator S1(D) := % ~151(£).Z by setting

si0= ("7 1)

and let Sa(D) := .Z (1 + |£2)S1(€).Z in order to obtain the isomorphisms
S1(D): Hy(R") x Ly(R"™) — Ly(R"™) x Ly(R™),
Sa(D): Hy(R™) x H}(R™) — Ly(R™) x Ly(R™).
Since for all fixed A € X;_y, each of the terms

1+ €2 A €2
@ L 1e2’ 0 ez YD e
ay’ + [¢] ay + (€] ay + [¢]

is bounded in £, using Mikhlin’s theorem (e.g. [Gra08], Theorem 5.2.7), one shows that M (D, \),
given by the matrix-valued multiplier symbol

_ (S 0 1 (S~ 0
e = (%59 g) 4e™ (MG 5)

A+ A +pal€®)  (14[¢12)? 0 0
det AL(EN) det AL (EN)
—B1l¢* A(+[E?) 0 0
Jet AL(EN) det AL(EN)
0 0 AHEB O tp2le>)  _(A+EH2 |0
det A (€N det A2 (€N
0 0 —Ba/¢|* A(1+E[?)

det A3(E,N) det A2(€,\)
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is a bounded linear operator on L,(R™)*. Part c) follows directly from [DS15], Proposition 2.2 b),
where the assertion was shown for A, and As,, using the fact that every L,-Fourier multiplier
is an Lo-function. ]

In the same way, we can state results similar to Theorem 2.3 and Proposition 2.4 in [DS15]:
3.2 Theorem. Leti € {1,2},e € (0,7 —9;),A\ € Br_y,_. and h = (hy,he)" € E. Set
y=(yy2) " = A+ Aip) " h.

Further, let k € {0,1,2}, € N? with |a| = k,y € N, and § € N§ with |§| = 2. Then there is a
constant C. > 0 such that

_& (DoD?
’ )\1 2 < Da y1> § CE (HAhlnLP(Rn) + ||h2||Lp(]Rn)) 5 (310)
Y2 /L, @m)
k
IN"2D% ||, ey < Ce (AR, ey + [[h2l 2, @ny) - (3.11)
Moreover, the operator families
_x (DD° 0 _
{Ma} [)\1 : ( 0 D°‘> Ai(D,\) 1} Y= zﬂ_ﬁi_a} (3.12)
in L(E, L,(R™; C?)),
_k (D*D% 0 2 f((A=2a)1 0
/\781 [)\1 2 < 0 Da> A;(D,\) 1 < 0 ik ANEXrp,—cp, (3.13)
in L(L,(R™;C?)) and
_ A)-1
X0} [(A —A)?75 (D™ 0) A4(D,N) ! ((A OA) m A€ zw_ﬂi_g} (3.14)

in L(L,(R™;C?), L,(R™)) are R-bounded.

3.3 Remark. Note that Theorem 3.2 yields similar estimates and R-bounded families for the
operator A(D,\). Let h = (hy,...,h4)T € E? and set y := (y1,...,y4)7 := (A + A,) " th. Then,
for example, (3.10) implies

DDy,

s | D < Co (I AR @ + hzllz, oy + 1Dl g + sl @)
DO Dyq < Ce 1L, (&™) 2|, (&m) 3|, (®&m) allz,®n))
D%y,

Lp(R™)

and by (3.12) the operator family

DD’ 0 0 0
0 D 0 0
0 0 D°D° 0
0 0 0 D

X0) [As ADN) T e, g,

is R-bounded in L(E2, L,(R";C*)).
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3.4 Proposition. For every \g > 0, the operators \g + A; ), are R-sectorial with R-angle ¥;.
Hence, \o + A, is R-sectorial with R-angle ¥.

Proof. The first assertion can be proved as in [DS15], Proposition 2.4. The second assertion is
now obvious. O

Proposition 3.4 allows us to solve the full-space evolution equations without transmission condi-
tions. For a sufficiently smooth function u: J x U — C, (¢t,z) — u(t,z) with U C R™ open and
J C R an interval, we denote by V*u, k € N all (mixed) k-th partial derivatives with respect to
x.

3.5 Theorem (cf. [DS15], Theorem 2.5).

(a) The operator —A, generates an analytic Co-semigroup on E2. Moreover, —A, even has
mazimal Lg-reqularity for any q € (1, 00).

(b) Let T > 0 be fizred and let fi,fo € Ly((0,T7); L,(R™) =: E. Furthermore, let ¢1,¢p2 €
W;l_Q/p(R") and 1, € Wg_Q/p(R”), where W, denotes the Sobolev-Slobodeckii space,
see Section A.1. Then, there exists a unique solution u = (ul,UQ)T with

u;i € H2((0,T); Ly(R™)) N Ly((0,T); Hy(R™)) =: Fn

of the system

Otuy + B1A*uy — p1 Adwuy = f1, (t,z) € (0,T) x R",
OPuy + B1A*ug — poAdyug = fo, (t,z) € (0,T) x R™, (3.15)
Uilt=0 = ¢i, x € R i=1,2,
Ouili—o = i, Tz €R™i=1,2.

Additionally, there exists a constant C = C(p,T) > 0 such that
HUHJ:D%R <C (H(fla f2)H€><€ + H(¢17 ¢2)HW:*2/P(RTL)2 + H(wla ¢2)HW572/1)(R71)2) :

(¢) Let f1,fo =0, ¢1,02 € HE(R") and 1,92 € Ly(R™). Then, there exists a unique solution
u = (u1,u2) of (3.15) with T = oo and

dtu, 0,V?u, Viu € C([e, 00); Ly(R™; C?))
for alle >0 and
du, Viu € O([0,00); Ly (R™; C?)).
If ¢1, 09 € Hﬁ(]R") and 1,9 € Hg(R”), we may choose € = 0.

Proof. This can be shown exactly as Theorem 2.5 in [DS15]. O
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3.1.2. Solution operators for the stationary boundary value problem

In order to study the parameter-dependent boundary value problem (3.7), we proceed as men-
tioned before section 3.1.1 and consider the problem with homogeneous right-hand side and
inhomogeneous boundary conditions, i.e. for A lying in a sector ¥, of the complex plane for
some ¢ € [0, 7), we consider the system

AD,N)y=0 inRY,

- . L (3.16)

XMy + (—1)y3) =g; on R j=1,... 4.
For now, we assume that the functions g; are Schwartz functions defined on R"~1. It is a standard
method to solve this problem by applying the partial Fourier transform .%#’ in 2’. This approach
leads to a system of ordinary differential equations, for which we will try to find stable solutions,
see [DHPO3], section 6. Defining w(x,) := w(&', zp, A) := (F'y) (&', xn, A) and

A ~1 0 0
' _ | AP =027 A+ o€ - 07) 0 0
A(g 7Dn7 >\) L 0 0 A 71 )
0 0 Ba(I8'1? = 02)* A+ p2(I€'? — 02)

the partial Fourier transform applied to (3.16) leads to the initial value problem

A€, Dy, Nw(zy) = 0, xn > 0, (3.17)
(=02~ w1 + (1) w3))(0) = (F'g;)(€)), j=1....4 (3.18)

By the definition of A(¢', Dy, A), (3.17) yields wy = Aw; and hence

Nowr + A1 ([€]? = 0p)wr + Bi(€]? — 07)% w1 = 0. (3.19)
Similarly, we obtain w4y = Aws and

Nz + Apo (|2 = 02 ws + Bo(|€)* — 02)2ws = 0. (3.20)

Solutions of these ordinary differential equations are obtained by calculating the roots of the
corresponding characteristic polynomials

Pi(1) = X+ Mpi(J€'FF = 7%) + Bi(l€')7 — %) (i =1,2).

We substitute o := (|¢/|?*—72) and consider the equation A2+ \p;a+ ;0% = 0. The roots of the lat-

ter equation are given by o4 = —Q%i <pi + w/p? — 4&) . Recall that ozg? = %ﬂz <pi + \/p? — 4&)
for ¢ = 1,2. Then, back substitution yields that the roots of the polynomials P; are given by

7O = +4/|¢2 + ozg)/\.

As mentioned before, we are interested in stable solutions of the initial value problem (3.17),
(3.18). Therefore, we have to ensure that ]arg(ai))\ﬂ < 7 holds. Since ¥ = max{d;,92}, we
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obtain |¢'|2 + agz))\ ¢ (—00,0) for all ¢ € R*! and all A € ¥,_y, wherefore roots of P; with
positive real part exist for such A. These roots are given by

(&) _ (Z 7|2
T A) + a
€ €+ oA (3.21)

) = €0 =\ Ig)2 + o
for i = 1,2. In the case p? = 4f3;, the root Tl(i) = TQ(i) of P; has multiplicity two. To simplify
notation, we will also write

TI = 7'1(1), Ty = 7'2(1), o1 1= 7'1(2), 02 1= 7'2(2)

if p? # 4; and we will write 7 := 7'1( ) and o = 71(2) if p? = 46 and p3 = 403, respectively.

In the following lemma, we will determine a basis of the space of stable solutions of (3.17). Note
that there are three different cases ¢ € {1,2,3} depending on the choices of p1, p2, 81 and fo.
In the first case ¢ = 1, we have p? # 43; for i = 1,2. In the second case ¢ = 2, we assume that
p? = 405; for i = 1,2. By symmetry, the last possibilities, where there are two different roots
with positive real part on the one side and one root with positive real part with multiplicity two
on the other side, can be reduced two the case ¢ = 3 where p? # 453; and p3 = 4.

Now, 71,72, 7 and o1, 09,0 represent those roots with positive real part, which will be used to
define w; and w3, respectively.

3.6 Lemma. Let j € {1,...,4}.
(i) Assume that p? # 48; for i = 1,2. Then the matriz

1 1 -1 -1
—T1 —T2 —01 —02
Sl(§/7)‘) =
: 2 2 2 2
Ty T T T
—T1 Ty T01p T03

is invertible for all & € R"! and all A € X,_y. In this case we define
ng) () = s1j€” " 4 s95€” x>0,

wéj)(xn) = sgje” T o sye” 72w, > 0.

(i) Assume that p? = 4B; for i = 1,2. Then the matriz

1 0 -1 0

, e 1 —0 1
528 A) = 2 271 —¢?2 20
-3 372 —63 302

is invertible for all € € R"™! and all A € ,_y. In this case we define

ng)(a:n) = s15€ " 4 sojape Y, x>0,

wy’ (Tn) = sgje " + sqjrpe ", x, > 0.
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(iii) Assume that p? # 481 and p3 = 432. Then the matriz

1 1 -1 0

-1 -1 —o 1
Ss(&' ) =
3(67 ) T12 7_22 _0.2 29
—Tf’ —723 —03 302

is invertible for all & € R"™ ! and all A € ¥,_y. In this case we define

ng)(xn) = sy5e T 4 sg5e” I x>0,

wy

Ty) = s3je” 7" + syjxpe” 7", xy > 0.
Here, sy is the (k,1)-th entry of the inverse matriz (S.(€',\))™1 of So(€', ) for c € {1,2,3}.

In all three cases we define w( D= Aw( D and wflj) = Awéj). Then, w\9) = (ng),wél) w:(,’]), (G ))
is a solution of (3.17) with mmal values

o () + (D)) =8y, 1=1,4 (3:22)

where &;; denotes the Kronecker delta. Hence, {w(l),w(2),w(3),w(4)} is a basis of all stable
solutions of (3.17).

Proof. Stable solutions of (3.19) are given by
wy(xy) = are” ™ 4 age” oz, >0

if 71 # 7o (i.e. p? #4p) or

wy(zy) = are” 7" 4+ agxpe” T, xy >0

if 1 =1 (i.e. p? = 4B1), where a1, ag € C are arbitrary. In the same way, we can represent the
stable solutions of (3.20) as

ws(xy) = bre” 71" 4 boe” 72"z, >0 and

ws(xy) = bre 7" + boxpe 7"z, >0

for by, ba € C, respectively. Calculating 8@‘1(109) + (—l)lwéj))(O) for I =1,...,4, we obtain the
matrix S.(¢/,\) for the corresponding ¢ € {1,2,3}. Then, w') = (wy () wé ),wéj), f))T defined
as in the proposition, where the coefficients are given by

(a1, a2,b1,02)" = (515, 525, 835, 845) 7 = (Se(€/,N))

is the unique stable solution of (3.17) satisfying (3.22) provided (S.(&’,\))~! exists. Therefore,
the proposition is proved if we show the invertibility of S.(¢’, A). For this purpose, let £’ € R~ !
and A € X, _y.

First, assume that p? # 4p; for i = 1,2. Let the diagonal matrix I € C*4 be defined as
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I :=diag(1,1,—1,—1) where diag(v) is the C"*" diagonal matrix with v € C" on the diagonal.
Then the matrix
1 1 1 1
—T1 —T2 01 02

Si(€,N) = S1(&, NI =

(—11)* (—m2)? of o3
(—n)? (—m)? o} o}

is a Vandermonde matrix, which is invertible if and only if —71, —72, 01, 02 are pairwise different.
Since 11 # T9,01 # 02 by assumption and moreover —7; # oy, for i,k € {1,2} as Rer; > 0 and
Reo; > 0, this is the case. Hence, S1(¢’, A) is invertible.

Now assume that p? = 483; holds for i = 1,2. By using Laplace’s formula, one sees that the
determinant of So(¢’, \) is given by

det So(&',\) = —71 — 4730 — 672%0°% — 470° — o
= —(r+o0)t
Consequently, det So(¢’, \) = 0 if and only if 7 = —o, which is never the case since Re 7, Re o > 0.

It follows that S2(&’, \) is invertible in this case as well.
Finally, let p? # 43, and p3 = 483;. Then we obtain

det S3(¢', ) = —(11 + )2 (11 — 72) (12 + 0)?

and as before we see that S3(&’, ) is invertible. O

3.7 Remark. Lemma 3.6 shows that the canonical transmission conditions satisfy the so-called
Shapiro-Lopatinskii condition (see [DHP03], [W1082]) for any pair of elliptic differential operators

AD(D) = 2 lal<4 al? D with scalar coefficients a%) € C for i = 1,2 of order 4. One says that
the canonical transmission conditions are completely elliptic.

= Z|a|§2m ag)Da with

€ C for i = 1,2 of order 2m € 2N, the canonical transmission conditions,

In fact, it can be shown that for any elliptic differential operators A® (D)
scalar coefficients a’
given by

(@) ulpn = (0,)" (k=0,...2m —1),

U‘Ri
satisfy the Shapiro-Lopatinskii condition. A proof for this assertion can be found in [Segl3],
Theorem 1.9.

We have shown that in all cases ¢ € {1,2,3} the matrix S.(¢’, \) is invertible and hence there is
a unique stable solution for the initial value problem (3.17), (3.22). The solutions are given by
Lemma 3.6, where the coefficients are the entries of the inverse matrix (S.(¢, \))~1. By [RC70],
the inverse matrix (S1(¢/, 1)) ™! of the matrix S; (¢, \), which is close to a Vandermonde matrix,

is given by
—T20102 T201+7T202—0102 o1to2—T2 —1
(r1—m2)(T1401) (11402 (r1—m2)(T1401) (11402 (t1—72)(11401) (11402 (11— Tz)(T1+01)(71+02)
T10102 0102—T102—=T101 TI—01—02
(11—72)(T2401) (12402 (11—72)(12401) (2402 (11—72)(12401) (2402 (11— Tz)(T2+01 (T2402)

T1T2—T102—T202

(o2—01)(o1+71)(01+72
T17201

o2—01)(01+71)(01+72
T101—T1T2+01T2

o2—01)(01+71)(01+T72

o2— o1+72)

)

)
—T17202

)

)

(02—01)(o2+71) (02472

(
(

o2—01)(02+71)(02+T72

)
)
)
)

)

)
—02+T1+T2

)

)

(
—T1—T2+401
(02—01)(o2+71)(02+72

)
(02—01 )(01+T1)(
(o02—01 )(02+71)(02+72)
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In the second case ¢ = 2 where 7 = 71 = 73 and ¢ = 01 = 02 we have that (S2(¢, \))~! equals

a3+370?2 _ 610 3(r—0) 2
T+o T+0o T+0o T+0o
1 To? 02 —2r0 7-20 1
2 | 7343072 _ 670 3(r—0o) 2
(T + 0) T+o T+0 T+o T+o

—7%0 2 —-270 271—0 1

In the case ¢ = 3 we finally obtain that (S3(¢&’,\))~! is given by

2

___ mo® _ (@2n—0g)c _ 207 _ 1
(71—7'2)27'14-0)2 (r1—72)(11+0)? (r1—m2)(11+0)? (r1—72)(11+0)?
IO o(oc—271) T1—20 1
(r1—72)(12+0)2 (r1—72)(12+0)2 T1—72)(T2+0)? (r1—72)(m2+0)2
_ n172(71(12420)+0(272+30)) _0'(2T12+2T2T1+3O'7'1+27'22+37'20') i +12m1+72—30 T14+7T2+20
(11+0)?(m2+0)? (r1+0)? (12 +0)? (r1+0)%(m2+0)? (11+0)%(m2+0)?
____ mmo T1(12-0) 720 _mtTm—0 I W
(T140)(12+0) (t14+0)(T2+0) (t114+0)(m2+0) (t14+0)(m2+0)

Later, we will write the solutions w) in a more concise form (see Lemma 3.9).

The basis {w@) : j = 1,... 4} now allows us to find solutions of the following boundary value
problems: let ¢: R} — C be a restriction of a Schwartz function on R", i.e. ¢ = (I)|Ri for some
¢ € S(R™). For j € {1,...,4} we consider the boundary value problem

A(D, ANy =0 in R,

10 G) Oy s et _ (3.23)
an (yl +( 1)y3 )(70)_51J¢(70) on R 7l_1"'-74--

Similar to Proposition 3.3 a) in [DS15] we have the following solution result for the boundary
value problem (3.23):

3.8 Proposition. Fori,j € {1,...,4} and A € ¥,_y we define the operator Ll(j)()\) by
(L (N (-, 20) = — /Ooo@’)—la;—lw?’(-,:cn + Y0, V(T D) (o yn) dyn, 2 > 0,
if i € {1,2} and
(LY (N)6)(-,2n) = — /0°°<g/)1a;swg>(.,xn + Y N (F D) yn) dyn, - 0 >0,

if i € {3,4}, respectively. Here, ¢: R} — C is the restriction of a Schwartz function on R™. We
define yt) == LY (N)0,6 + LY (N ¢ and 4§ := LY (N)0,¢ + LY (\)p. Then,

ygj)(-,xn) —(F )_1w§j)(-,xn,)\)(ﬂﬂqb)(',o), zp >0 (3.24)

holds fori € {1,3} and yU9) = (ygj), /\yg),yéj),)\yéj))T is a solution of (3.23).
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Proof. Let j € {1,...,4} and A € ¥;_y. First we show (3.24). Integration by parts yields

y o) = (LY N0 (- 20) + (LY (V) (- 20)
(F) "0 (-, 20+ Yoy N (T 000) (-, y) dn

o0

(Z) 10,0 (-, 2+ Yy N (FD) (-, Yn) digm

Nc\g

- - [(ﬂ’)_lng)(.’xn + Yn, A)(ﬁlgb)(vyn)]zo

+ [ (Z) 70,0 (i + Y N(F'S) (s yn) dyn

S
8

8

o (F) L0, (2 + Yy N (T D) (-, ) dym
=

)7t (s N (F19)(,0)
and hence (3.24) holds for ¢ = 1. The case ¢ = 3 is shown in the same way. To show that
A(D, \)yU) = 0, we use the obtained representation and calculate

)

B8 [(#) 0 (o MF9)(,0)] + (= p18) [(F) 7 A0l (e, N (F ') (-, 0)]

= (F)T 024 A (€2 = 02) + L€ — )WY (2, M) (F ') (-, 0)
= 0

by Lemma 3.6. The same calculation for ygj ) yields A(D, \)yY) = 0. The initial conditions can
be verified by plugging in the representation (3.24) and using Lemma 3.6 again. O

The aim of the subsequent considerations is to find technical estimates for the solutions w()
of (3.17), (3.22) which will lead to R-boundedness of certain operator families related to the

solution operators Li] ).

We collect some estimates for the roots Tj@ of the characteristic polynomials P; for ¢,j = 1,2
which we will use frequently in the following. Since we want to apply Lemma A.18 together with
Remark A.19, we consider holomorphic extensions ?}Z) = ?](Z) (2',\) of TJ@ = Tj@ (€', ) where &
is replaced by z in a small sector of the complex plane. Note that this is possible since TJ@ only

depends on |¢'| (and on A of course) whence Tj@ is symmetric in & for k=1,...,n — 1.
Let € > 0 such that 7 — 9 — 2¢ > g For 2/ € C" 1 we set Z := ,/z% +...+ 2271‘ Now we define
?1(7;)(2',)\) =1/Z2+ agf))\, ?Q(i)(z’,)\) =1/22 + a2

for (2/,)\) € (25/2)"_1 X Yr_g—2.. Then, as agi))\ € Yr_o, the root 7~']@ is well-defined and
holomorphic. By compactness, there exist some constants Cq,Cy > 0 such that

0< O <R NS Cr<oo, (£,A) € (Tepo)™ L X Srogge st |22+ A = 1.
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As r?}i)(z’, A) = ?J@ (rz',72X) for r > 0 we obtain

Ci(l P+ A2 < 70 N < G| P4 DY, (2A) € (Bep)" ™ X Ty (3.25)

Furthermore, since 6 := arg(?}i)) < T5E there exists a constant C' > 0 such that

Re ?](i) = ]7'3(1)| Reel? = \?j(z)] cos(d) > C|7~']@|

holds for all (2/,A) € (E./2)" ' X Xr_y_o. As |?j(z)| > Re ?]@, these estimates also imply

CL(l P+ A <GP+ T E NI < ol P+ AT (A € (S22)" 7 X pmgoa
(3.26)
for some constants 6’1, 6’2 > (0. Concerning points lying on the straight line between 7 and

J
ﬁ(k), we also obtain

CLl2"P + DY < [7(r 2/, D] < CollZP 4 ADY2, 0 (2 0) € (Bep2)" ™! X Srgoae (3:27)
(4) (k) (4)

where we have set 7(r, 2/, \) :=7," + (7} —7;) for r € [0,1] and k,l € {1,2} are arbitrary.

J J
. . . ~(1 ~(2 .
For convenience, we also write 7;,0; for the complex extensions TJ( ) and 72 for 7 = 1,2,

J
respectively.
3.9 Lemma (cf. [DS15], Lemma 3.2).

a) Assume that p? # 4By, i.e. 71 # T2. Fore > 0,k € N and | € Z, we define the function
fk,l: (25/2)n_1 X (0, OO) X Yp_9—9: — C by

f ( / )\) $ﬁ < T{ Té —T2X >
LIZ, Tn, = — e L I
’ " T — T (11 4+ 01)(m1 + 02) (1o 4+ 01)(12 + 02)

Then, the estimate

a2 2, )] < O + (A7
holds for all (2',zn,\) € (822)" 1 % (0,00) X Lr_y_oe.

b) Let wW,j =1,...,4 be the fundamental solutions from Lemma 3.6. Let e > 0,1 € {0,...,4}
and o € NF with |a| = 1. Then, for all v € N2, € N0 7' 2, > 0,\ € ¥p_y_o.,m € Ny and
¢ € R" ! the inequality

NN 9 N3 at o R (€ wa, N+ [T <0 i= 1,3

holds for k € {0,1}.

Proof. a) For z € ¥(;_. /o we define

—ZTn

(&

xk !

(Z+01 (Z+02)
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for any fixed x, > 0. Note that p3 = 483, i.e. ¢ = 01 = 09 is possible. For the derivative ¢’
of ¢ we obtain

k l-1_,—zx k+1 0 ,—zx k1, ,—zx k1 ,—zx
lay 2/~ re™%n T, zleT N x,z e Fn xpze

cro)tm) Gronto)  Gro)lctos)  (ronton)?

sO(Z)Z(

As before we set 7(r) := 7(r, 2/, \) := 11 (2, \) + r(m2(2/, \) — 11(2, A)) for r € [0,1]. By the
estimates (3.26), (3.27) and |(7(r)z,)*e" ("% | < C, we have

xlrﬂﬂ_(r)lfleff(r)xn

(7(r) + o1)(7(r) 4+ 02)

T(T)lfkfl (T(T)wn)kef‘r(r)xn

((r) 4+ o1)(7(r) + 02)

< C(|Zl|2 + |)\|)(l—k—1—2)/2

and in the same way we can estimate the remaining terms of ¢’(7(r)) and obtain
¢ (r(r)] < O] + AYH72,
Now the assertion follows from

/ (1) = p(72)
|fra(2 T, N)| = '7'1—72

[ el

First, assume that p? # 43, for r = 1, 2. Inverting the matrix S1(¢/,\) (see Lemma 3.6 and

(4)

the observations thereafter), we see that the solutions wy’’ can be written as

1
wg ) = (T1m20102) fo.—1,

w§2) = —(m17m201 + T17202) fo,—1 + (0102) fo.0,

w® = (01 + 09) fo.o + (T172) fo.-1,

4
w§ = foo-
By part a) and 0, fo, = — for+1 for all r € Z, we can estimate

x;n—l—lagn—&-k x?—&-lagn-i-k(

T1T20102) fo,—1

o) -
= [(11720102) fm+1,~ 1+an+kl

< C(|Z"2 + |>\D(an+k—m—1)/2

for 2/ € X5, where we have considered wgl) = wgl)(z’ ,Tn, \) as a function of 2’ instead of

&', just as we did before. Similarly, we obtain

xnm-ﬁ-lagn-‘rkng) < C(|Zl|2 + ’)\|)(an+k—m—j)/2. (328)
Slightly changing the definition of f;, we show this estimate for wé‘j ) in this case in the same
way.
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Now we assume that p? # 48, and p3 = 453s. In this case, the solutions ng )

as

can be written

wgl) = (0% fo_1,

w?) = 0?fo0 — (217m0) fo -1,

w§3) = =20 fo0 + (T172) fo,—1.
w§4) = fo,0-

The solutions w) are of the general form
w:(,,j) (xn) = aje” 7" + bjxne 7™, x>0

with coefficients a;,b; of the following form: let pg = pq(71,72,0) denote a polynomial in
three variables of total degree d, i.e. the polynomial py(z) := pyg(z, x, z) is of degree d. Then
one can write

pgl)j(’rl”rQ?U) pz(f?](’rh’r?ao—)

YT mreRmte YT it o)(mto)

for some polynomials péa), pglb) of total degree d. Note that the difference of the order in a;
and b; is ‘compensated’ by the additional x;, in the second term of the solution w:(,f ). as
|zne™ 7| = |o| Hozne 7| < Clo| 7t

Therefore, we obtain the estimate (3.28) also in this case, where 71 # 79 and o = 01 = 09.
Finally, the case p? = 4, for r = 1,2 can be treated in the same way as before. The solutions

)

ng have the form
ng) (xn) = aje” ™™ + bjxpe ™, x>0,
wéj) (xn) = cje” 7" + djxpe” 7", x, >0,
with coefficients
o) o) pime) (o)
T (r4e)3 T (40277 (r+0)p3 7 (T4 0)?

Hence, in all three cases the estimate (3.28) holds true.
We have

‘/\275 (Z/)a’ngrlagnJrsz(j)(zl, 2, )| < C(‘Z’P + ’)\’)(an+k7mfj+4fl+o/)/2
and together with || = [ this implies
’/\2_%(z/)o‘,x;”+13g"+kw§j)(z/,xn, A+ ’Z"2)(j_k+m_4)/2‘ <C.
By Lemma A.18 and Remark A.19, we get

i -1 o' m fo! j j—k+m—
NN 0 [ W) el o ) (¢ N+ [T | < ©

for i = 1,3 as desired.
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As a consequence, we obtain an R-boundedness result (cf. [DS15], Proposition 3.3 b)), where
we will use the following notation: For ¢ = 1,...,4, we set I(i) := (i + 1)mod2, that is
1(1)=0,1(2) = 1,1(3) = 0,1(4) =

3.10 Corollary. Let ¢ > 0,7 € N2,1 € {0,...,4} and o € N§ with |a| = I. Then, for all
i,j € {1,...,4} the family of operators

{ma’; [v—%DaLgﬁ(A)(A ~ANIO=D/2] L\ e zﬁ_ﬂ_g}
in L(L,(R7)) is well-defined and R-bounded. Here, A' = 93 + ...+ 02_, denotes the Laplacian
in the first n — 1 space variables.
Proof. For @y, yn > 0,A € Xy, & € R* ' and g/ € NI, Lemma 3.9 b) with m = 0 yields

C

N3 0 N3 (€) O DD (€ 4y, A+ €20 /2H<m

with a constant C' > 0 that does not depend on x,,, Y, A or &. By the Mikhlin multiplier theorem,
the operator families

{(F)7 08 W3 (€) oI Owd (e 2 + o, NN+ € D)TIO2) 27 x e By

for r = 1,3 are R-bounded in L(L,(R"!)) with R-bound less or equal C/(x, + y,) for all
Zn,Yn > 0. Since the integral operator

T = [ gy, (ge @)

is bounded in L,(Ry ), the assertion follows from [DHPO03], Proposition 4.12. O
This finally allows us to solve the inhomogeneous transmission problem (cf. (3.7))
AD,N)y=h inRY,
yi—ys=g1 onR"
—Opy1 — Oy = g2 on R™L, (3.29)
Onyr — Onys = g3 on R™1,
—Ohy1 —Ohys =94 on R™!

in R} with data
2
h=(hi,....hs)" €BL =E2, := (H2(R}) x Ly(R7))

and

9="(91,---,919)" €G:= HB4 =1/p(Rn-Y)
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such that the unique solution y belongs to the space
y=(y,...,y1) €F2 =F2 = (HAR") x H2(R?))*.
The corresponding L,-realization A, ; is given as the unbounded operator
Ay B2 D D(Aps) B2, uw A, ju:= A(D)u,

with domain

D(Ap4) = {v €FL :9B(D)v=0}.

Recall that ry: L,(R") — L,(R".) denotes the restriction of functions to the half-space and
e+ € L(H,(RY), Hy(R™)) is the global coretraction of 7. Moreover, let eg: Ly(R}) — L,(R™)
denote the trivial extension by zero to the whole space. As in [DS15], we will use the parameter-
dependent extension operator E) € L(By, B l/p(R” b, Hk(R” )) given by

(Bxd)(s20) = (F' D exp (<A + €)% ) F'6 (aa > 0).

(&1 for all k € Nand A € ¥,_y. Furthermore, it holds that (see [DS15],
(3.11) and [ADF97], Proposition 2.3)

Then, YoFE) = idBk—l/p
pPp
OnErxp = (-A— A2 Ex¢ (¢ € BLVP(R)). (3.30)

To shorten notation in the next theorem and thereafter, we introduce the symbols
As=AsN) = (A=A, A=A\ :=N-A"*
for A € C and s € R.

3.11 Theorem (cf. [DS15], Theorem 3.5).
For all X € S._y,h € E2 and g € G, there exists a unique solution y € F% of (3.29). The
solution can be written as

y = R(Aerh+T(N)Exg
with solution operators
R(\) = r(A+ A4p) " =T\ B(D)r (A + 4,) 7
T\ = TON, +TH(N),
LE”(A) 120 L) L%)
Ty = [ MO ALT) AT ALty

m() LL.;Q(A) LE%(A) —L%(A)
ALY, AL, 00 AL, 00 Al

(i=1,2).

Moreover, the solution operators have the following R-boundedness properties:
Let e > 0. Then, for all k € {0,1,2},|a| =k, |§| = 2 and v € N3 the families

{ma} [AP%DQ diag <D5, 1,D°, 1) RO diag (A_1, 1, A_y, 1)] A€ E,HH} (3.31)
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in L(LP(R™;C*), LP(R; CY)) and

{ma} [Al—’SDa diag (D5, 1,D°, 1) TN
(3.32)
x ding (A 53920 M 16)-21/2 M1 -12 Ao ) } A€ Eﬂ—ﬂ—a}

in L(Ly(R?; C*)) are R-bounded.

Proof. Let A € Xy, h € Ei and g € G. As described in the beginning of Section 3.1, we set
y :=ri (A + Ap)"terh € F2 and write y = y' + y”. Consequently, y” has to solve the problem

A(D7 A)y” = 0 in Ri’ (3 33)
YB(D)y" =g —vB(D)y’ onR" '

We define an extension § = (g1,...,94)' of g —vB(D)y' by § := Exg — B(D)y'. Due to the
remarks on the extension operator Fy above, it holds that g € H?:o Hﬁ_l(Rﬁ).

Corollary 3.10 states that we can extend the operators LEj ) (M), which were defined for restrictions
of Schwartz functions, to bounded operators LY (\) € L(HgH(l)_] (R7%), Hz‘ (R%)). Indeed, it

holds that /\’(ZLJFI(Z.)_J.)/2 € L(H;‘Jrl(i)*j (R%), Lp(R)) and hence we obtain

D LY N @ll, gy < N2V IN212DO LD AL ol iz,
/
' HA(4+I(i)fj)/2 HL(Hg+1(i)_j(Ri),Lp(R1)) ‘|¢|’Hg+l(i)_j(Ri)

< C‘|¢||H$+I(i)_j(ﬂ§1)

for all |a| < 4 with a constant only depending on A (and, of course, on p1, p2, 51 and [32).
Now, by Proposition 3.8, a solution y” of (3.33) is given by

y' =TNg=TYNog+TH(\)g
and

yi=y +y" =1 (A + ) erh+ T(\)(Exg — B(D)y')
=7 (Ap+ X erh+ T(A)(Exg — B(D)ry(Ap + A)leqh)
= R(Neirh+ T(\)Eyg € F2

is a solution of (3.29). Together with Lemma 3.6 and, again, Proposition 3.8, it follows that the
solution is unique in the space of tempered distributions .#’/(R") and therefore in Fi.

Let € > 0. In order to show the R-boundedness result for the operator family
{ma} [AP%DQ diag <D5, 1,D°, 1) RO\ diag (A_1,1,A_1,1)] : A € EHH} ,

we use the representation

RN\ =r (A +A) ™' —=TN)B(D)ry(A+ A,)~" (3.34)
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obtained in the first part of this theorem. Theorem 3.2 and Remark 3.3 state that the family

{ma} [Al’épa diag (D‘S, 1,D°, 1) A+ A,) " diag (A_1,1,A_q, 1)] A€ 2“95} (3.35)

is R-bounded in L(L,(R™;C*)) and therefore the statement is true for the first term in the

representation (3.34) of R(\).
For the second term in (3.34), we write

T(A)B( Jre(A+4,) 7

_ZT’) NOZ B(D)ry (A + Ap) !

z) /
ZT dlag(( 16)-3)/20 M 1)-2) 720 M 16)-1) /20 AL (z>/2>

2—1 / 2—1
Mawsayedn * 0 =y (z)+3)/2a31 .
o IV e P L ] INCR WO
(1(1/)+1)/2 Tii (] (/z)+l)/25 :
—A ()/28 0 Am)/za 0
Note that
Ao O
0 0 |/A2 0 0 0} _
G o AL (o 0 Ay 0>CZ(>\)
0 0
holds true for the matrix
/ — / 2—
A(1<z>+3)/283i 0 A0 0
aiony = | Auwropin "t O A0 0
' A O 0 —A g0t 0
((i)+1)/2%n “ (I(,1)+1)/25_T;
ERVOVELE 0 —Aj)20n 0

and consequently, we have

ALE2 D iag (DJ, 1,0, 1) T(\)B(D)ry (A + A,) " diag (A_1,1, A_q,1)

2
= AN F237 D diag (DJ, 1,D°, 1) TO()\) diag (A NN VTR VTR U >
2 2 2 2

=1
Nuwsopdn 0 “Nagagpdn O\ /A, 0
y _Af}uow)/ngb; 8 ~Mir >/2g B 8 | )
(I/(\Z’)H)/Zé;i 0 (A( )H)g“ 0 0 62
1i)/29n 1i)/29n

A, 0O 0 O .
X(o 0 Ay 0) (A+Ap)  diag (Aq1,1,A 1, 1)

(3.36)
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2
= SN2 ) x MP(A) x MP (). (3.37)
=1

From Theorem 3.2 we know that
A1
{ma} [(/\ — A3 (D> 0) A4(D,\)! ((A OA) ?)] A€ zmglg} (1=1,2)

is R-bounded in L(L,(R™; C?), L,(R™)). For the full operator A(D,)), this implies that

(D% 0 0 0 1
{)\781 [()\ —A)*2 < 0 0 Do 0) A(D,\) ! diag (A1,1A1,1)} tAE Eﬂ_g_g}
is R-bounded in L(L,(R";C*), L,(R"™; C?)). Hence, the operator family

{ma}Mi(A)@) A€ zw_ﬁ_g} : (3.38)

i.e. the third term in (3.37), is R-bounded in L(L,(R™;C*), L,(R™; C?)).
The (r, s)-th entry of the first term in (3.37) reads

Al_k/QDaMLES)()‘)A/( I(i)+s—4)/20 7= 1,

[)‘l_k/QMi(l)()\)} _ )\i_ZﬂDaLl(s)((j)\)A’( 1)+ 5—4)/2° r=2,
s | AERDOR LT (VAL pype a2 T =3

x* k/QDaL(i) ()\)A,(—I(i)+s—4)/2’ r=4

for s =1,...,4. By Corollary 3.10, it holds that
{ma’; [v—%Dang)(A)(A - A/)U—f@')—‘*)/ﬂ A€ zﬂ_ﬂ_a}

is R-bounded in L(Ly,(R?)), wherefore also the first term in (3.37) possesses the appropriate
R-boundedness, or, to be precise, it holds that the family of operators

{)\VazMi(l)()\) e zw_ﬁ_g} (3.39)

is R-bounded in L(L,(R;C*)).
The second term in (3.37) is given by

Mugiys3)/20n ) A 2 Ay z)+3>/25 A
MP0) =1y _AA< <>+2>/26‘2niAA—2 ﬁ/ (z>+2)/2g ﬁ 2
1620 N2 —Ap 00 A

Thus, we investigate the symbol of the operators

Alas ()20 A
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fori=1,2and j =1,...,4. Those symbols are given by
()\+ ‘5/’2)(4+I(i)7j)/2 (Z‘gn)iji

A+ 1817 + [6n[?)27H =072 (A4 [E1]2 + |60 |2) =02

As the second factor is smooth and positive homogeneous of degree 0, Lemma A.18 ¢) yields the
R-boundedness of

(i) 1971
A+ €2 + [&]2) AH-D/2

For the first factor, note that

{A%ﬁﬁ'l ngxezﬂﬁé}c;uLﬁR%y

A+16)—j J2-4, i=1,
BRI UIE
equals
o Lti—i_ 21, i=1,
22—, i=2
Thus, by Lemma A.20 the family of operators
()\ + ‘6/’2>(4+I(i)7j)/2
A+ €)% + [€n|?)2- =072

{X@}?* ﬁnAezpﬁf}cL@MRﬂ)

is also R-bounded and consequently, by using the Leibniz product rule and Lemma A.16, one
sees that the family

{AW@}M}”(A) e zn_ﬁ_g} , (3.40)

i.e. the second term in (3.37), is R-bounded in L(L,(R"; C?), L,(R"; C%)).

Finally, from (3.38), (3.39), (3.40), the Leibniz rule and Lemma A.16 it follows that (3.31) is
R-bounded in L(LP(R™; C*), LP(R"; C*)).

The corresponding result for the operator family (3.32) follows directly from Corollary 3.10. [

The R-boundedness of (3.31) and (3.32) implies some a-priori estimates for the unique solution
y of (3.29), which we state in the following corollary.

3.12 Corollary (cf. [DS15], Corollary 3.6). For any e > 0 and \g > 0, there exists a constant
C > 0 depending on € and Ao such that for all |of = k € {0,1,2}, and A € Ao+ Xr_y_ the
estimate

A2 Dy gy < c(nhnm + llglls + M gy + A5 e

4
2-14+1-1/p
T Vi 2 ||gz\L,,(Rn-1>)
=1

holds true for all h = (hi,...,hy)" € Ei and g = (91,...,92)" € G, where y is the unique
solution of (3.29).
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Proof. In the same way as Corollary 3.6 follows from Theorem 3.5 in [DS15], this statement
follows directly from Theorem 3.11 using

k— —_
AVl p,RY = k—1/p,p,R*—1 p ' el
IEXV Iy, p . < Cllolll—1, (v e WE/P(R)
with a constant C' > 0 independent of A\, where the |||-||| norms are given b
p ) g Yy

ll]

for U C R™, see Proposition 2.3 in [ADF97]. Note that " B,, = W;”, see Theorem A.2 d). [

spu = Illws @) + N2l 1, 0

3.1.3. R-sectoriality for the model problem

Similar as for the boundary value problem of a structurally damped plate equation, additional
conditions have to be imposed in the basis space in order to obtain sectoriality, as the following
result indicates:

3.13 Proposition (see [DS15], Proposition 3.4). For any \g > 0, the operator Ao+ A, 1 is not
sectorial in Ei and therefore, the operator is not the generator of a Cy-semigroup.

Proof. For any \g > 0, we can apply the results in [DD11], Section 3.2 to the boundary value
problem (Ao + A(D), B(D)). In the notion of [DD11], Section 3.2, we let

(81752753554) — (0723072))
(m17m27m3)m4) - (2703270))
(rlu 7"2,7'3,7”4) - (_27 _1707 1)

For A € (0,00) and h € E2, let yy € D(A, ) be the unique solution of A(D,\)yx = h (see
Theorem 3.11). Theorem 3.8 in [DD11] states that if there exists a constant C' > 0 independent
of A such that HAyAHEi < C, then we already have y; —y3 = 0 and 9,91 + Opy3 = 0 on R 1

Hence, the resolvent estimate cannot hold for h € Ei with Ay — hg # 0 or O,h1 4+ Onhs # 0 on
R,

The second statement follows directly from the theorem of Hille-Yosida (e.g. [Paz83], Theorem
3.1 or [ENOO], Theorem 3.8). Indeed, assume that —(\g + Ap ) is the generator of a Cp-
semigroup. Then, for w > 0 large enough, —(w+ Ao + Ap +) generates a bounded Cy-semigroup.
By the theorem of Hille-Yosida, this implies that w + Ao + A, + is sectorial which yields a
contradiction to the first part of this proposition. O

Having Proposition 3.13 in mind, it seems tempting to define
E =E2 = {h=(hi,ha, h3,h1)" € E2 : hy — h3 = d,(h1 + h3) =0 on R" '},
F§=F20:={y=(y1,92,y3,91) €EFLNEG: 92 —ys=0,(y2+ys) =0on R" '}
and consider the unbounded operator

Avp’(]i IE% D D(A}mo) — IE%
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given by A, U = A(D)U for U € D(A,) = {Y € F2: vB(D)Y = 0}.
However, unfortunately we are not able to show R-sectoriality of the operator A, in the space
E%. Hence, instead of using E% and IF%, we modify the spaces E%r and Fi as follows: let

n n 2
B3 = B2 = (H20(RY) x L(RY))”,

2
Fo =Fp o= ((H,(RY) N Hpo(RY)) x Hpo(R))

and
Apo: B2 D D(A,0) — E2

be defined by A, U = A(D)U for U € D(App) ={Y € F3: vB(D)Y = 0}. Obviously, it holds
that IE(Q] is a closed subspace of the Banach space IE(Q)

Of course, proving R-sectoriality for the operator A, in E3 is a weaker result and not optimal,
at least in the sense of Proposition 3.13. In order to obtain a precise statement, one would have
to show that the operator A4, is R-sectorial in E3 or that this is not the case. But coming from
the system of evolution equations (3.1), we are mainly interested in solutions of the resolvent
problem (3.29) with right-hand side h = (0, ho,0,h4)" € E3 for ho, hy € L,(R'}). Therefore, for
maximal L,-regularity of the evolution equation, proving R-sectoriality of A, o in E(Q) is sufficient.

We introduce the multiplication operator M,, given by

(Mpf) (@ 2n) = anf(2' 2n)  ((2),20) €RY)
for a function f: R} — C. Moreover, it will be convenient to consider the odd extension operator
es € L(EZ,E) defined by

f(z), if @, >0,
—f(2!,—xy,), ifxz, <O0.

(esf)(x) := {

Using similar methods as in [DS15], we are able to show that this statement in fact holds true.
In particular, we will use the following technical results.

3.14 Lemma (Lemma 4.1 and Remark 4.2 in [DS15]).
For every f € H;O(err), we have that M2 f € Ly(R"). Moreover, it holds that

DP2Fe M2 f = —Fesf
forall f € H570(Ri).

3.15 Lemma (Lemma 4.3 in [DS15]). Let ¢ € (0,7 —9) and b: (R" x X, _y_.) \ {0} — C be
infinitely smooth and homogeneous of degree 0 in (&, )\1/2). We set

bo(€, ) = —(A+ €' (€, ),

bi(€,N) == —2i(A + |€]*)/20,b(E, V),
b2(£a )‘) = b(&'a )\)
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for (6,)\) € (R* x X, _y_.)\ {0}. We then obtain

2
ry F (N Feof =3 ML= A2 F T (N Fe M2 f
=0

for all f € Hg,O(Ri) and
I+ 7 101, ) FeslLir,@ny <C - (1=0,1,2).
Moreover, the operator families
{X’@;\yhrﬁ_lbl(-, N)Fes: A€ iﬂ_g_é«} C L(L,(RY))
are R-bounded for every ~v € N(Q) andl=0,1,2.

Now, we finally obtain the desired R-sectoriality (recall Definition 2.6):

3.16 Theorem (cf [DS15], Theorem 4.4). For every A\g > 0, the operator Ao+ A, o is R-sectorial
in B with R-angle ¥ = max{d1,¥2}.

Proof. Note that 2(R7%)* = Hi:l Z(R") C EZ is dense and that it is sufficient to prove the
R-boundedness for h € Z(R')*.

Let h = (h1,ho,h3, ha)" € Z(R2)*, ¢ € (0,7 — ) and A € A\g + Er_y—_.. By Theorem 3.11, the
unique solution y = (y1,y2,¥3,%4) ' € FZ of the resolvent problem is given by

y = R(\)esh =ri (A + Ay) tesh — T(N)B(D)ry (A + Ap) tesh.
As h is a test function, so is e;sh and we calculate
1
)= 5
(2m)2
~

5 [ e e g e 6)
1 —iz'¢’ lznfn !
27r)n/ /§>0e HE e

(Zesh(a!, —xn))(E, n

1

) W)n g e en(e, g d(¢ )

&n<0

S A, ) d(E 1)

27T n/ <0
—1:(: —mnyn / /
G /y (E' ) (€', )
—(Fesh(x',20)) (€, &)
In the same way, we have
g, —xy) = F AN L Fesh(2, —x,) = =52, 2,)

for § = (A + A,)"Lesh. Here, we used the fact that A(¢',&,,\) = A(E', —&,, A). This shows that
y € E is odd and it holds that 7;(z,0) = 927;(z’,0) = 0 for all 2/ € R*! and i = 1, 3. Hence,

n
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we may assume that g3 = g3 = 0 in the proof of Theorem 3.11. Consequently, we obtain

y=rr(\+Ap) tesh — ZT’) N2 B(D)ry (A + Ap) tesh

=ri(A+Ap)” tesh

0 —LPm) o -0 1 0 -1 0
2 2 (4)
0 —AL;7(A) 0 =AL;7(A\) | g2—i| —0n 0 =0, O 1
"2 lo by o ooy [P @ 0 o oA en
0 =ML (N 0 —ALDM) —On 0 =0, 0
(3.41)
We can write the second term in (3.41) as
1
RS NE 3= @ 5—i
— o | 220 [P (=000 + L ) (=00)"]
o) =it
X T_,_gfl (617;{(-, )\)ﬁeshk + 637]{4_2(-, )\)ﬂeshlﬁg)
0 2
0 7 —1
— L 22 (B (=00 + L) (-0.)"]
A k=11i=1
X 7’4_971 (al,k(') )\)ﬁeshk + 637k+2(', )\)ﬂeshk_;,_g) , (3.42)

where @; j(£,\) denotes the (i, j)-th entry of the matrix A(&, A\)~1, see Proposition 3.1.
In order to show the assertion of the theorem, we have to find a R-bound for

{AR(Nesh : A€ Ao+ Xr_y—_c}
in the space L(Eg). From Proposition 3.4, we already know that
{rid A+ A4p) es A€ X+ 2w 2},

i.e. the first term in (3.41), is R-bounded in L(E3).

We can now restrict ourselves to the first term in (3.42), as the second term (with i replaced by
i+ 2) can be treated in the same way.

We write

LD\ (=00) i T (@ (- N F eshi + T3 ppa( \)-Feshirs)
= LY A, jo 1oy joir+ 7 ! (ﬁﬁn)”wx € PYRIRHD/2G, (N Feahy
+ (i) TN |20 2 o (. A)ﬁeshk+2>

=: Ll(j)()\) ;‘/271(1')/2%7’4-971 (92(])k( ) Feshy —i—gz(])k( /\)ﬁeshkﬂ) (3.43)




68 3. A transmission problem for structurally damped plate equations in L,

fori=1,2, k=1,2 and j = 2,4.

Let us first consider the case k = 2. Since

(@1,2,a34)(& ) = ( L . 1 )
Bi(aMA+1€2) (@A +[¢2) Ba(@PA+ |€12) (@A + |¢]2)

and
4—j+IG@)+1+j—i=5+101)—i=4
for j = 2,4 and i = 1, 2, we have that

902 (6A) = (i) (A [/ D/ (¢, )
and
915a(6:0) = ()T (0 + €790 (6, )

are homogeneous of degree 0 in (£,A1/2) for i = 1,2 and j = 2,4, wherefore these functions
satisfy the conditions for the Mikhlin multiplier theorem. Lemma A.18 thus implies that

{ma}uﬁ—lg(mg(., N Fes:he zﬁ_ﬁ_g} C L(Ly(R™)) (3.44)

0.,
is R-bounded for i = 1,2, j =2,4, m=1,3 and v € Ng.
From Corollary 3.10, we know that
{ma} [AQ*%DQLZ@')(A)(A - A')@*f(i)*‘*)/ﬂ e zﬁ_ﬁ_e}

is R-bounded in L(L,(R’)) and altogether, from (3.43) and (3.44) we obtain that the terms in
(3.42) for k = 2 are R-bounded in L(E2).

Finally, let k = 1. In this case, the power % — @ —k= j ( ) 1 of Aj/2 1(i)/2—1 does not fit

to Corollary 3.10. Instead, we will use the fact that hq, h3 € H O(R”) To be precise, we will
use the representation from Lemma 3.15 in (3.43). Note that
g8 (EN) = () A+ |20 25 4 (6,0
i) EPY IO + e
1
BrlafA + g2 @A+ 1)

®3)

and similarly g;"’; are both infinitely smooth homogeneous of degree 0 in (£, A\1/2). Therefore,
with Lemma 3.15 we write

i — 1
LEJ)()\) ;/271(2-)/271714'_9 1 <g’L(,_]), ( )\)J@ h +gz(])1( )\)J esh3>

2
Z (]) l/2+]/2 I(i)/2— 2M 74_1,_/ 1b( )( )\)yesMn_2h1
=0

. s )
T Z LY (AA, Jrvifr1(iy 22 MiT+ T 3 (- N).F e M 2hg, (3.45)
=0
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where we have set, suppressing the dependence on ¢ = 1,2 and j = 2,4,
b (6 0) 1= =+ [ )20 1 (€ M),
B (EN) = =20 + 1€2) 20,9 (€, ),
b (6, N) = g1 ()
for m = 1, 3. Furthermore, Lemma 3.15 also states that the families of operators

{ma}uﬂ*lb}m)(., N Fes: N e zﬁ_ﬁ_a} C L(Ly(RY)) (m=1,3) (3.46)

are R-bounded for every v € N(Q) and [ =0,1,2.
Combining (3.45) and (3.46), it is left to show that

{ NDALID ALy iy jaa ML A€ Ao + EM_E} C L(Ly(R™)) (3.47)

is R-bounded for |a] < 2,1 € {0,1,2}, ¢ € {1,2} and j € {2,4}. By Corollary 3.10, this is true
for I = 0. For | > 0, we proceed as in the proof of Proposition 3.8 and Corollary 3.10 and write

AQ_MVQD&LEJ)(A)Ag/ﬂj/zq(i)/%zMT%(':wn)
=—A<ﬁv%wwmeW9w@%m% (6 € F R gn)
with the symbol
m({’,wn oy ) = )\27|a|/2(§/)a/()\ n ‘5/’2)l/2+j/271(i)/272yéazzn+I(i)ng)(5/7xn F g A)

for 2, yn > 0, a = (', ) and ¢ € R"™1. Since !, < (2, +yn)! for 2, > 0, by Lemma 3.9 b) we
have that (zy, + yn)m(-, Ty, + yn, A) satisfies the Mikhlin condition. As in the proof of Corollary
3.10, we conclude the R-boundedness of (3.47). This finishes the proof. O

3.2. The evolution equation in R” and in bounded domains

In this section, we are finally able to solve the system of evolution equations (3.1)-(3.2) with
inhomogeneous transmission conditions, i.e.

aful + ,BZAZUZ — pZA(?tuZ =f;, inJxQ;,i=1,2,

i—1 i—1 . (3.48)
8,], ul—ai U2 = gj OHJXF,]:1,...,4

with initial conditions

Uilmo = ¢ in Qi = 1,2,
z|t 0 ¢’L . i ' (349)
Oruile=o = ¢ in Qi =1,2.

Here, J = (0,7T) is a finite time interval for some T € (0, c0). First, we will use the results from
Section 3.1 to solve the problem in the full-space case {21 = R}, {33 = R" and I' = R~ for
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n € N. Naturally, the data is taken from the spaces

fi € &+ = Lp(J; Ly(RY)),
gj €Gj = ng(jfl)/zfl/@p)({]; Lp(RnA» N Ly(J; Wélf(jfl)fl/p(Rnfb)’
¢i € Vi 1= W, THP(RY),

b € 2y = WEHP(RY)

fori=1,2 and j =1,2,3,4. As usual, W, denotes the Sobolev-Slobodeckii space, see Section
A.1. Furthermore, we assume that the compatibility conditions

n
+
n
+

gilimo =0 11 — 0 Mo for j=1,....4 ifp> 35 -3,

- - . . . (3.50)
Brgjlimo = & Napy — B M4y for j = 1,2 if p> 3

are satisfied on I' = R* 1,
We are looking for a unique solution u = (u1,us) " in the space F := Fy x F_ where

Fi = Hy(J; Lp(RY)) N Ly(J5 Hy (RL)).

3.17 Remark. In order to formulate the compatibility conditions (3.50), we have used Theorem
4.2 in [MS12] which states that

G; <> BUC(T; Wi G-D-3/p(n-1))
for j=1,...,4 and

G; <> BUC™ (7, W2~G=D-3/p(gr—1))
for j = 1,2, provided that p > 2.

In the following theorem, we solve the system (3.48), (3.49). We will not go into all of the
details of the proof, as our main interest was to show maximal regularity for the operator A,
in E3. This is the assertion in part a), which follows from Theorem 3.16. Part b) and c) are
then obtained in the same way as the analogous results in Theorem 3.5. The rest can be shown
similarly as in the proof of Theorem 4.5 and Theorem 4.6 in [DS15] (see also Theorem 3.24 in
[Frol6]) using Theorem 3.5. We will give a short outline of the proof of this last part of the
theorem.

3.18 Theorem (see also [DS15], Theorem 4.5, Theorem 4.6).

a) The operator —Ay, o generates an analytic Cy-semigroup on E% with mazimal Ly,-reqularity
on bounded time intervals for every q € (1,00).

b) Let p ¢ {3/2,3} and T € (0,00). Then, for all (f1,f2) € E+ X E—, (¢1,¢P2) € Vi X V-
and (1,192) € Z4 X Z_ satisfying the compatibility conditions (3.50), there exists a unique
solution u € F of (3.48), (3.49) with g = 0. Moreover, there exists a constant C = C(p,T) >
0 such that

lull 7 < C (1(f1, f2)lles xee + 1(@1, d2) |y xy_ || + (1, ¥2) |z x2_ ) -
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¢) Let T =00, f = 0,9 =0, (¢1,¢2) € Ho(R}) x Ho(R™) and (1h1,12) € Lp(R'}) x Ly(R™).
Then there exists a unique solution u of (3.48), (3.49) with

Ou, 8, V?u, Viu € O([g,00), Ly(R™) x Ly(R™))
for each € > 0 and
du, V2u € C([0,00), Ly(R™) x L,y(R™)).

If (¢1, ¢2) € (Hy(R)NHZ o(R%)) x (Hy(RM)NH? (R™)) and (Y1,12) € H (R ) x HZ o(R™),
we may choose € = 0.

d) Letp ¢ {3/2,3} and T € (0,00). Then, for all (f1, f2) € E+ X E—, (g1,-.-94) € G1 X ... x Gy,
(P1,02) € Yy x V_ and (Y1,v2) € Z4 X Z_ satisfying the compatibility conditions (3.50),
there exists a unique solution uw € F of (3.48), (3.49). Moreover, there exists a constant
C=C(p,T) >0 such that

4
lull 7 < C<H(f1, ) lerxes + D lgillg; + 11, o)l xy_ || + !(1#171/12)”2+x2—>-

J=1

Sketch of proof. As mentioned above, a) follows from 3.16 and b) and ¢) are consequences of a),
cf. Theorem 3.5.

Let (f17f2) S g—i— X 5—7 (917"‘94) S gl X ... X g47 (¢17¢2) S y—i— X y— and (¢17¢2) S Z+ X Z_
satisfy the compatibility conditions (3.50). We extend f, ¢; and 1; to R™ for i = 1,2 using the
extension operators e+ : H,(R"}) — H;(R"). Then, by Theorem 3.5, we obtain a solution

W = () € H2((0,T); Ly(R™) N Ly((0,T); HAR™M)? = F,

of the uncoupled problem

Ol + PO — pAdw = f1, (t,2) € (0,T) x R”,
OFuby + B1 AUy — paAdyuly = fo, (t,x) € (0,T) x R™, 1)
uili—o = ¢, z€R"i=1,2, ’
Opuili=o = i, € R"i=1,2.

Now, we define g = (g1,...,94)" by §; = g;j — ’yo((—l)j_lé)%_l(u’l — b)) for j =1,...,4. Note
that the g; satisfy the compatibility conditions (3.50) with ¢; = 0 and ¢; = 0 for i = 1,2.
Furthermore, it holds that [[g;llg, < C(llgjllg, + [lv/l| z2,) for j=1,...,4.

Hence, it is sufficient to consider the problem (3.48), (3.49) with f; = 0,¢; = 0,1; = 0fori = 1,2
and g; € G; for j =1, ..., 4 satisfying the compatibility conditions (3.50) with ¢; = 0 and ¢; =0
for i = 1,2. We may assume that the functions g; € G; are test functions for j =1,...,4.

In the following, we implicitly use reflection on the transmission interface I' = R"~!, in order to
use the representation of the solution for the stationary problem given by Theorem 3.11.

We denote the temporal Fourier transform by .%; and set ¢ := .%#;g. Having Theorem 3.11 in
mind, we define §(ir) := T(i7) Fi,g for A = it with 7 € R. Defining y := .%; ' and u; := y; as
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well as ug := y3, we have that d;u1 = yo and Orus = y4.
Now, as in the proof of Theorem 4.6 of [DS15] using the definition of 7'(\), one calculates

2
glir) = Z [T(l) (ir) diag (Al(fl(i)f3)/27A(fl(i)fQ)/Qa /(71(1)71)/271\,71@)/2) Fi
=1
x (~1) 7t <diag (A/(I(i)—i+5)/2>A/(I(i)—i+4)/2’ ,(I(i)—i+3)/2’A/—(I(i)—i+2)/2) Ei-ﬁ) (7)}
(3.52)

By [MS12], Lemma 3.1, the operator L = pu + 0; — A" in L,(R4; Ly(R"1)) with domain
H;O(R% L,(R"1H) N Ly(Ry; Hg(Rn_l)) admits bounded imaginary powers with power angle
not larger than /2 for any p > 0. Thus, formally we have to shift the equation, i.e. in fact we
are solving the system

(n+0)U(t) + A(D)U(2)
Y B(D)U(t)

)

0
g(t)

for U = (u1,Opuy,u2, Opus) . Rescaling the so obtained solution with appropriate estimates,
yields the assertion for the original evolution equation without shift.

Let F be defined by (Fog;)(t,2’,2y) = e‘x"Ll/zgj(t, ') for t € R, 2’ € R", 2, > 0 and
j=1,...,4. If we now write

LFyLg:
L'?RyL

—1 4- N 0492
F, diag <A,(I(i)—i+5)/27 A/(I(z')—i+4)/27 A,(I(z‘)—i+3)/27 A/—(I(i)—z‘+2)/2> Eutig = LEygs

L2 Fyg4

for A = p +1ir, we see that the norm in £ of these functions is bounded by C Z?:l gjllg; - For
this estimate, we use the continuity assertions of Lemma 3.5 in [DHPO07] for the operator Fy as
well as the fact that

Lga, g1 € (Ly(Ros Ly(R")), D(L))s_ 1, = (Ly(Ry: L(R™)), D(L'?))

2

N[
bS]

see Lemma 3.1 in [MS12]. Here, (-,-)g, denotes the real interpolation functor with parameter
6 € (0,1). From (3.32) in Theorem 3.11 and the Fourier multiplier theorem (Theorem 3.4 in
[WeiO1]), we obtain the estimate

4
107 ulle, Ryxe_®) + IV Ule, myxe_ @) < C Y ligjllg,-
j=1

As in the proof of Theorem 4.6 in [DS15], we conclude that u vanishes on (—o0,0) and the
assertion follows. O

Eventually, we will adapt Theorem 3.18 to the case of a bounded domain together with clamped
boundary conditions: let  C R™ be a bounded domain with boundary I'y := 02 and let 2o C Q2
be open such that Qs C Q holds true. We set I' := 9y and Q4 := Q\Qig Then, I' is the common
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interface between Q7 and Qs and 097 = 9QUT. All domains are assumed to be of class C*. We
refer to Figure 4.1 in Chapter 4 below.

We consider (3.48), (3.49) and add clamped boundary conditions
u; = 0yu; = 0 on I'y.
Similar to the definition of E(Q) and JF(Q) we introduce the spaces
ES) = H20 () x Ly(),
FY o= (HA(9:) N H2()) x H2o(%)

fori=1,2.
Then, the following result allows us formulate Theorem 3.18 for the bounded domain case:

3.19 Theorem (cf. [DS15], Theorem 5.1). There exists a A\g > 0 such that the operator \g +
Apo.0, given by

Apoa: B xEP 5 D(4,00) = EY x B, U — A(D)U
with domain

D(Ap00) = {Y = (y1, vz, 93, 0a) | € FY x FP 4002 (11 — y3) = 7002 (11 — y3) = O}

is R-sectorial of angle ¥ = max{¥1, Y2} in Eél) X EE)Q). Moreover, —A,0q generates an expo-
1)

nentially stable, analytic Cy-semigroup on E(() X E(()Q) with mazimal Lg-reqularity on (0,00) for

every q € (1,00).
Sketch of proof. Using the notation from Section 2.2, we introduce the spaces

X;F = Ho(RY) x Ly(RY),
XP _{(ulau27u17u2)€X 'XREUI+XRiuf€H2(Rn)}:X; XX;_a
ViE = (Hy(RY) N H o(RY)) x H2 ]R”)

as well as the operator matrix

A= (Alc()m Ag(()D)> ‘

The additional transmission conditions of order 2 and 3 are given by the transmission operators
Bi (81‘“ 0) for i = 1,2. Finally, we set

B <vl31 v&*)
T \nBy B3
and define the operator

Ag,: Xp D D(Ap,) = Xp, u— Au
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with domain D(Ag,) = {u € Y, : Byu = 0}.

From Theorem 3.16, we conclude that for Ay > 0 the operator A\; + Ap, is R-sectorial of angle
v in X,,.

As we are now in the situation of Section 2.2, we may apply Proposition 2.18 in order to show
R-sectoriality for small perturbations of A\; + Ag,. Note that in Section 2.2, we originally re-
quired Xf,t to be product spaces of Sobolev spaces. However, as one can see in the proofs, all
the results in Section 2.2 are still valid if we use closed subspaces of Sobolev spaces.

Hence, the assertion follows from Proposition 2.18, the remarks in the end of Section 2.2 on
localization and solving transmission-boundary value problems together with Theorem 4.4 in
[DS15] which states that the structurally damped plate equation with clamped boundary con-
ditions is R-sectorial as well. The fact that the associated semigroup is exponentially stable is
obtained in the same way as the corresponding assertion in Theorem 5.1 in [DS15]. That is,
we need to show that the spectrum of —A, o is contained in the open right half-plane of the
complex plane. We refer to Corollary 4.6 and Proposition 4.8 in the next chapter, where we
show a similar result for another transmission problem and which can be adapted easily. ]




Chapter 4

Transmission problems for coupled
systems of damped-undamped plate
equations in Lo

Having studied the properties of a certain parabolic-parabolic transmission problem in the previ-
ous chapter, we now turn our interest towards transmission problems of non-parabolic-parabolic
type. Here, we are not able to work in a L, space setting as we did in Chapter 3. It is known
that so-called quasi-hyperbolic equations of order larger than 1 may not be well-posed in L, (R")
for n > 1 (see e.g. [DH18]). In fact, the standard plate equation

Otu+ A*u =0

is not well-posed in the underlying space Wﬁ (R™) x L,(R™) for p # 2, even if n = 1, see Example
3.12 in [DH18].

Therefore, in contrast to parabolic-parabolic systems, maximal L,-regularity cannot be expected
when dealing with a transmission problem that contains a (quasi-)hyperbolic part. Hence, we
will work in an Lo Hilbert space setting.

The main question when studying non-parabolic-parabolic transmission problems is the question
on how much influence the parabolic and the non-parabolic part have on the system. While
parabolic equations usually provide a damping effect and possess a smoothing character, hyper-
bolic or other non-parabolic equations may have wave-like solutions which often tend to preserve
energy as well as the initial regularity. In applications, for example in engineering of bridges or
cars, it is desirable that the parabolic properties carry through in order to counteract vibrations
which may endanger the stability of the construction.

But also from a pure mathematical point of view, these problems lead to important questions
about properties of solutions in dependence of the transmission-, boundary- or boundary-control
conditions.

Therefore, plate equations with different types of dissipation, e.g. Kelvin-Voigt damping or
damping on the boundary, and transmission problems of such plates have attracted great at-
tention in the theory of partial differential equations. But of course, similar problems for plate
equations or in thermo-elasticity have been studied.

In the beginning of the previous chapter, we have already mentioned results on structural and
thermoelastic damping for plate equations. However, in Hilbert space theory, a lot more prob-
lems concerning partial damping of different structures and the accompanied decay of energy
have been studied and different results have been obtained. For example, not all the problems
lead to an exponential decay of energy but only to polynomial decay (e.g. [MnRR17]) or to
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logarithmic decay (e.g. [Hasl7] or [Hasl16]).

In this chapter, we will deal with a transmission problem coupling the standard plate equation
OPu+ A%u =0
with the structurally damped plate equation
OPu + A%u — pAdyu =0
with some damping coefficient p > 0. While the standard plate equation
OPu + A%u = (07 + AM)u = (0 +1iA)(0; — iA)u =0

is energy conservative and lacks a smoothing property in the sense of holomorphic semigroups,
the structurally damped plate equation is exponentially stable in bounded domains and the
associated operator of the first-order in time system is the generator of an analytic semigroup.
We will show that the transmission problem is exponentially stable, i.e. the damping of the
structurally damped plate equation is strong enough in order to stabilize the whole system. We
will need only few geometric conditions, in particular, we do not need a geometric condition on
the transmission interface.

In contrast, we show that the whole system is not the generator of an analytic semigroup. For
this result, we will use the general necessity condition for analyticity obtained in Chapter 2.

4.1. A transmission problem for plate equations with discontin-
uous structural damping

Let n < 4 and €2 C R™ be a bounded domain with boundary I'; := 92 and let Q5 C € be open
such that Qs C Q holds true. We set I' := 9Qy and Q7 := Q\ Qy. Then, I is the common
interface between Q; and Q9 and 99 = 9Q U T (cf. Figures 4.1, 4.2, 4.3). All domains are
assumed to be of class C%. The assumption n < 4 is due to technical reasons. However, the
physically most relevant cases n = 1 and n = 2 are included. Basically, there are three different
possible geometric situations, see Figure 4.1, 4.2, 4.3 below:

a) € is connected.

b) € is not connected but for each connected component C of €2; we have that C NIy # (), in
particular C' N I'; has positive Lebesgue measure.

c) ©y is not connected and there exists a connected component C of 1 such that C N Ty = 0.

We will also consider the situation, where 2y (or a connected component of 9, to be precise)
has a boundary I'y itself. In this case, we will impose clamped boundary conditions also on I's.
For the sake of readability, we postpone this situation to the end of this section.

Let v denote the outer unit normal on I'1. On I', v is the outer normal with respect to 9. As
before, 0, is the derivative in normal direction, i.e. d,u(z) = (v(z), Vu(z))gr» for a differentiable
function u:  — C and some point x € 9.
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0

Figure 4.1.: The set Q = Q; UT'U Q9 where 7 and 2 are connected (geometrical situation a)).

Figure 4.2.: The set 2 = Q7 UT' U Q9 where €)1 is not connected but each connected component
possesses a part of the boundary I'; (geometrical situation b)).

We consider a transmission problem for thin plates where the plate in 25 is undamped and the
material in ; is structurally damped. We are looking for solutions u;: €2; — C of the system

O*uy + A%up — pAdyu; =0 in (0,00) x Q, (4.1)
Oug + A%usy =0 in (0,00) x Q (4.2)

with clamped boundary conditions
up =0,u;1 =0 onljy. (4.3)

Here, p € R, is the damping factor. The transmission conditions on I' are given by

Uulp = u2, (44)
Oyur = Oyus, (4.5)
Aui = Aus, (4.6)
—p0, 0wy + 0, Auy = 9, Aus. (4.7)
The problem is completed by the initial conditions
ui(0,-) =u?d, Qui(0,-) =ul inQ, (4.8)

0

1

0 1

2, Ouz(0,-) =uy in Q.
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Figure 4.3.: The set 2 = 1 UT' U Qo where 27 is not connected and at least one component of
1 has no boundary but the transmission interface I' (geometrical situation c)).

Note that the system (4.1) - (4.2) can be written as as the single equation
OPu + A%u — pAGu =0

with a discontinuous coefficient p € Lo(£2) given by

~ p, X S Qla
plz) =
0, z € Q.

The energy of the system (4.1)-(4.9) is defined as

1 1
E(t) := 2/Q |0ur | 4 |Auy |* da + 2/Q |0pua|® + | Aug|? d. (4.10)
1 2

If (u1,u2) is a solution, integration by parts yields the estimate

LB(1) = Vom0, <0 (4.11)
Note that u; = 0,u1 = 0 on I'; implies dyuq = 9,9;u1 = 0 on I';. The estimate shows that the
energy of the transmission problem is decreasing in time and the dissipation is caused by the
damped part u.

Our main goal is to show that the damping in {2; is strong enough to achieve exponential
decrease of the energy, i.e. there exist constants C, x > 0 such that

E(t) < CE(0)e "

holds for all ¢ > 0.

4.1.1. Well-posedness

As indicated in the beginning of this chapter, we want to work in an Lo Hilbert space setting.
Therefore we will formulate the problem (4.1)-(4.9) as a first order system in time, that is in
the form

U — AU =0,
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in an appropriate complex Hilbert space H. The operator A acts in form of the matrix

0 0 1 0
0 0 0 1
—-A2 0 pA 0
0 —-A%2 0 0

To show well-posedness in the sense of Hadamard, we will use semigroup theory.

A(D) :=

In the following, H*(Q;) = W¥(Q;) denotes the standard Sobolev space of order k € Ng. The
space HE(€);) is the closure of C§°(£);) with respect to the Sobolev space norm || - | 25 (02, Which

is given by
1/2

lull gx o = | D 10%ullF

|l <k
Furthermore, H*(€;) = H5(€2;) denotes the Bessel potential space of order s € R endowed with
the norm || - [| s (,)-
We define
X = {(ul,ug) € HQ(Ql) X HZ(QQ) cup = Oyur =0 on I'y, up = ug, Opur = O,us on I‘}.

4.1 Lemma. The space X endowed with the norm

1/2
I, w2)lx = (18wl 0y + 180l 0p)) (m1,u2) € X

is a Hilbert space. Moreover, the norm ||-||x and the Sobolev space norm || - || g2(q) are equivalent
on X.

Proof. This follows as in [Has17], Proposition 3.1, in which the assertion was shown for the space
{(ul,u2) € H*(Q) x H*(Q2) : ut|r, = 0,u1|r = ua|r, dyur|r = 8,,u2|p}.

It is easily seen that X is a closed subspace thereof and hence the assertion follows. O

Let H:= X x H := X x La(21) X La(22). Then we define the operator A by

U1
V2
—A2’LL1 + pAvl
—A2UQ

AU =

for U = (uy,uz,v1,v2)". The operator acts on the domain D(A) defined by
D(A) := {(u1,us, v1,v2) € H : (v1,v2) € X, (—A%uy + pAvy, —A%uy) € H,
(4.6) and (4.7) are weakly satisfied},
where weakly satisfied means that
(—A2uy + pAv1, d1) 1y (00) — (A%u2, $2) 1y(00)
= —(Au1, Ad1) 1, (0,) — (Auz, Ad2) 1, (0,) — P{VVL, V1) Lo (0) (4.12)
holds for all ¢ = (¢1,¢2) € X.
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4.2 Remark. Later, in Lemma 4.5, we will see that the functions in D(A) are sufficiently
smooth and the transmission conditions even hold true in the sense of traces.

The following theorem states that the system (4.1)-(4.9) is well-posed:

4.3 Theorem. The operator A is the generator of a Cy-semigroup of contractions on the Hilbert
space H. Therefore, for all U’ € D(A) the Cauchy problem
U(t) — AU(t) = 0,

U(0) = U (4.13)

possesses a unique classical solution U € C1([0,00),H) with U(t) € D(A) for all t > 0.

Proof. We want to apply the theorem of Lumer-Phillips (e.g. [Paz83], Theorem 4.3). Therefore,
we have to show that A is dissipative, densely defined and there exists A\g > 0 such that the
range R(M\ol — A) equals H. For this purpose, let U = (u1,ug,v1,v2)" € D(A). The definition
of the domain D(A) and (4.12) yield
Re (AU, Uy
= Re ((Av1, Aur) p,(0,) + (Avz, Aug) 1, ()
+<—A2U1 + pAvy, U1>L2(Ql) + <—A2u2,U2>L2(92))
= Re ((Av1, Aur) p,(0,) + (Avz, Aug) 1, ()
—<AU1, AUl>L2(Q1) - <Au27 AUQ>L2(QQ) - p(Vvl, vv1>L2(Ql))
= =l Vil ) < 0.
Hence, A is dissipative.
In the second step we show that R(I — .A) = H. For this purpose, let F' = (f1, f2,91,92)' € H.
We have to find U = (uy,uz,v1,v2)" € D(A) satisfying
up —v1 = fi,
ug — v = fo,
v1 + Auy — pAvy = g,
vy + Auy = go.

Plugging in v; = u; — f; for © = 1,2 in the third and fourth equation yields

ur + A%uy — pAuy = g1 + f1 — pAfi,

) (4.14)
u + Aug = g2 + fo

as equalities in Lo(21) and Lo(£22), respectively. We define B: X x X — C by

B(u, ¢) = (u1, $1) 1o(01) + (Aut, Ad1) 1, 00) + P{VU1, V1) 15 (001)
+ (U2, $2) 1, (00) T (Auz, Ad2) 1,(02)

for u = (uy,u2), ¢ = (¢1,¢2) € X. Obviously, B is continuous and sesquilinear. Since

Re B(u,u) > |[(ur,u2)|[k  (u€ X),
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B is coercive on X. Obviously, the mapping A: X — C defined by
A(9) == (g1 + f1,01) Lo(r) + PV J1, VO1) Ly (1) + (92 + f2, D2) Lo(020)

for ¢ = (¢1,¢2) € X is linear and continuous. By the theorem of Lax-Milgram there exists
a unique u = (uj,u2) € X such that B(u,¢) = A(¢) holds for all ¢ € X. In particular, for
(@1, P2) € C§(21) x C§°(22) C X x X we obtain

u + A%uy — pAuy = g1 + fL — pAfi  in 2'(),
ug + A%uy = g + fo in 2'(Qa).
Since g1, f1, Af1 € La(21) and ga, fo € La(£22), we obtain (4.14). We define
U = (u1,u2,v1,v2) := (u1,u2,u1 — fr,uz — fa) € X x X.
Multiplying (4.14) with ¢ = (¢1, ¢2) € X and summing up leads to
0= (u1 4+ A%uy — pAvy — g1 — f1,$1) [o00) + (U2 + A%z — g2 — fo,$2) 15(0)

and hence, we have

(—A%uy + pAvL, 1) Ly (00) — (A%U2, $2) 15 (020)
= B(u, ) — A(¢) — (Au1, A1) 1,(0,) — (Auz, Ad2) 1,(0,) — PV, V1) 1y (01)-

Since B(u,¢) — A(¢) = 0, equation (4.12) follows and the transmission conditions are weakly
satisfied, due to the arbitrariness of ¢ € X. Altogether, we have shown that U € D(A) is the
unique solution of (I — A)U = F.
It remains to show that A is densely defined, which follows from R(I — A) = H, the reflexivity
of H and [Paz83], Theorem 4.6. O
4.4 Remark. The operator A is continuously invertible, i.e. 0 € p(A). This can be seen as in
the proof of the surjectivity of I — A in Theorem 4.3. In this case, we have to solve the problem
A%uy = g1 — pAfy,

2 1=91—pAfi (4.15)

Aug = go,

wherefore we now set B(u, ¢) = (u, ¢)x and

A(B) := (91, P1) Lo(1) + PAV f1, VI1) Lo(021) + (925 D2) Lo (022)

for u = (u1,u2),¢ = (¢1,d2) € X. Due to the Riesz Representation Theorem, there exists a
unique solution u = (u1,u2) € X satisfying B(u, ¢) = A(¢) for all ¢ € X. As g1 —pAf1 € La(21)
and g2 € L2(£22), we obtain (4.15) using test functions ¢ € C§°(21) x C§°(Q2). Multiplying this
equation by ¢ € X, we get
(—A%uy + pAvL, 1) [y 00) — (A%u2, $2) 15 (00)

= (—g1 + pAf1 — pAS1, 1) 1o(1) — (925 D2) Lo (02)

= (=91, 01) Lo(01) — (92: $2) Lo ()

= B(u,9) — A(@) — p{(Vv1, V1) 1,0,) — (Aur, Ad1) 1,0,) — (Auz, Ad2) 1,0,
where we used v; = — f1. Therefore, the transmission conditions are weakly satisfied and we

deduce that A: D(A) — H (precisely —A) is bijective. Since A is the generator of a Cp-
semigroup, A is closed and the continuity of A~': H — H follows.
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The following lemma states a higher regularity result for elements in the domain D(A). A
consequence is that the transmission conditions on the interface I' can be understood in the
sense of traces. Moreover, we obtain the compactness of the resolvent of A.

4.5 Lemma. [t holds that
D(A) ¢ H*(Q) x H*(Q) x X
and consequently

D(.A) = {(ul,UQ,Ul,UQ) eH: ('Ul,'UQ) (S X, (ul,uQ) S H4(Ql) X H4(Qg),
Auy = Aug, —pdyv1 + 0, Auy = 9, Aug on F}.

Here, the equalities on T' can be understood as equalities in the trace spaces H3/? (T") and Hl/Q(F),
respectively.

Proof. Let U € D(A) and AU =: F = (f1, f2,91,92) € H. It suffices to show u; € H*(;)
for ¢ = 1,2. Then, the traces up to order three exist in the corresponding Sobolev spaces of
fractional order and, using integration by parts, one sees that the transmission conditions are
satisfied in the sense of traces. By Remark 4.4, u = (u1,u2) € X is the unique solution of

(u, ) x = A(9) = (91, 01) Lo(21) + PV S1, V1) Lo0) + (92, D2) 10(00) (¢ = (P1,02) € X).
In order to show the assertion, we consider the transmission problem strongly, i.e. we consider
A*wy = g1 — pAfy, (4.16)
A’wy = go (4.17)
in Ly(€21) x La(22) with boundary conditions
wi; = O,w; =0on Iy (4.18)
and transmission conditions

w1, — Wy = O, ( )
a1/w1 - a1/w2 = 07 ( )
2wy — 02ws = 0, (4.21)
83?1}1 — 8311)2 = —payfl ( )
on I'. Note that thanks to the transmission conditions of order zero and one, the transmission
conditions of order three and four can be written again as
Awp — Awy = 0,
Oy Awy — 0y, Awe = —p0,, f1.

Let us define the operator B in the basis space La(2) associated to the strong transmission
problem with homogeneous transmission conditions: we set BW := A?W and

D(B) := HY(Q) N HZ(Q).
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Elliptic regularity (cf. [Tri78], Section 5.7.1, Theorem 1) states that 0 belongs to the resolvent
set of B.

We are now able to construct the strong solution of the transmission problem (4.16) - (4.22)
with inhomogeneous transmission conditions. By [Tri78], Section 4.7.1, p. 330, the mapping

‘%h = (h|89178l/h‘891783h|891783h|8§21)

is a retraction from H*(Q;) onto H?:o H*~1/277(99Qy). Ergo, there exists a function h € H*(Qy)
such that

Zh = (0,0,0, —x1p0y f1),

where yr is the characteristic function on I', i.e. xp(z) = 1 provided that € T and xr(z) =0
otherwise. Moreover, h depends continuously on the right-hand side. In particular, using trace
theorems we have

1Pl 71y < Clfillaz @) < CIEF (3
We define W := B~1G € H4(Q) N H3(Q), where
G = x1(g1 — pAfi — A%h) + x292 € L2(Q).

Of course, x; denotes the characteristic function on €2; for i = 1, 2.

We set w1 := Wlq, + h and wy := W|gq,). Then, w = (w1, wz) € H*(Q1) x H*(Qy) satisfies the
strong transmission problem (4.16) - (4.22).

On the other hand, for ¢ = (¢1, ¢2) € X we calculate

(w, p)x — M) = (Awy, Ad1) ,(0,) + (Awa, Ada) 1, (0)
- <gla ¢1>L2(Q1) - p<vf17 v¢1>L2(Q1) - <g27 ¢2>L2(92) - 07

using integration by parts and the fact, that w solves the transmission problem. Therefore,
(u1,us) = (w1, ws) € H*(Q1) x H*(22) and we have seen that the embedding

D(A) — HY () x HY () x X
is continuous. O

4.6 Corollary. The inverse operator A~ is a compact operator in the Hilbert space H.

Proof. This follows from Remark 4.4, Lemma 4.5, the closedness of X and the Rellich-Kondrachov
Theorem A.4. Indeed, it holds that A~! € L(H, H*(21) x H*(Q2) x X) and we have

H == D(A) — [(H* () x HY ()N X] x X
5 [(H*() x H* (1)) NX] x H=X x H="H,

where — means that the embedding is compact. O
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4.1.2. The spectrum of the first-order system

In this section we will show that the imaginary axis is a subset of the resolvent set of A. Together
with the Arendt-Batty-Lyubich-Phong Theorem (e.g. [AB88], Stability Theorem) this will yield
the strong stability of the semigroup generated by the operator A. Afterwards, we will continue
with a more detailed analysis of the resolvent in order to obtain exponential stability.

We begin with the following fact on eigenfunctions of the Laplace operator in bounded domains
with Dirichlet and Neumann boundary conditions.

4.7 Lemma. Let U C R™ be a domain with boundary of class C* and let A € C. If w € H3(U)
s a solution of
Aw+Aw=0 inU,

then w = 0 already.

Proof. Let w € HZ(U) be a solution of Aw + Aw = 0. Since w = d,w = 0 on U, by Lemma
A.5 we can extend w by zero to a function W € H?(R") satisfying AW + AW = 0. Applying

—

Fourier transform yields (—[£|? + M)W (&) = 0 for almost all ¢ € R™. Hence, W = 0 which in
turn implies W = 0 and therefore w = 0. O

4.8 Proposition. The imaginary axis is a subset of the resolvent set of A, i.e. iR C p(A).

Proof. We already know that 0 € p(.A). Moreover, since A~! is compact it is sufficient to show
that there is no point spectrum on the imaginary line. Let A € R\ {0} such that there exists
U = (u1,uz,v1,v9) " € D(A) satisfying (—i\ + A)U = 0, i.e.
—idlu; + v =0,
—idug +v9 =0,
—idvy — A%uq 4 pAvy =0,
—i)\Ug — A2UQ =0.
Hence, (u1,usy) satisfies the system
—A%uy +idpAuy + X2u; =0 in O, (4.23)
~A%uy +Nug =0 in Q (4.24)
with boundary conditions u; = d,u; = 0 on I'y and transmission conditions
up = u2,
dyur = al/u27
Aul = AUQ,
—iApd,ur + 0y Auy = 9, Aus

on the common interface I'.
We will show that (uj,u2) = 0. We multiply (4.23) and (4.24) with @y and ug, respectively.
Summing up and performing an integration by parts yields

—[[Aur|Z, ) — Ml VurlZ, @ + A lullZ, @ — 1Au2l7,0,) + AlluzllZ,q,) = O-
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Here we have used the boundary conditions as well as the transmission conditions on I'. Consid-
ering the imaginary part only, we get ||Vu1| 1,(q,) = 0. Hence, u; is constant on each connected
component of ;. Let C' be a connected component of ;. Then, u;|¢c satisfies

—A2u1]0 + i)\pA’ul’C + /\2u1](; =0,

i.e. A2u1|c = 0 on the component C. Since A # 0 we obtain u1|c = 0 on each component C' and
therefore u; = 0 in €21. Therefore, in this situations us satisfies the boundary value problem

—AQUQ + )\2UQ =0 in o,

(4.25)
uy = Oyts = Aug = 9,Aus =0 on I' = 9Qs.

We define w := —Aus + Aug. From the regularity of ue and the boundary values of us it follows
that w € H3(Q2) and w clearly satisfies Aw + Aw = 0. Lemma 4.7 implies w = 0 which reads
Aug — Aug = 0. Applying Lemma 4.7 again, we obtain us = 0. This shows (u1,u2) = 0 and
therefore iR N o, (A) = 0.

O

As mentioned in the introduction of this subsection we obtain the following corollary.

4.9 Corollary. The semigroup (T (t))i>0 generated by A in H is strongly stable, that is for any
initial U° € H we have
I TOU % =0 (t— o0).

4.1.3. A-priori estimates for the damped plate equation

For the proof of exponential stability of the coupled damped-undamped plate equation, we need
some a-priori estimates for the damped part. For this, we will apply the theory of interpolation-
extrapolation scales due to Amann (see [Ama95], Chapter V).

Throughout this section, let U € R™ be a bounded domain with boundary U of class C* and
let the operator A in H3(U) x La(U) be defined by

A: H3(U) x Ly(U) D D(A) :== (HU) N H(U)) x H}(U) — H{(U) x La(U),

Ao <_()A2 p1A> . (4.26)

It was shown in [CT89] that A generates an analytic Co-semigroup of contractions in H3(U) x
Ly(U). To extrapolate this result to spaces of negative regularity, we need to determine the
adjoint operator A’ considered in the dual spaces. In the following, (-,-) g/« g denotes the dual
pairing in a Banach space E.

We begin with a small observation on the biharmonic operator.

4.10 Remark. Under the above assumptions on U, the operator A2: HZ(U) — H~2(U) is an
isomorphism. In fact, we have the coercive estimate
<A2uvu>H—2(U)><H§(U) = ||AU”%2(U) > C||U”§{2(U) (ue Hg(U))-

Here the last inequality holds by elliptic regularity and invertibility of the Dirichlet Laplacian
Ap: H*(U) N H}(U) — Ly(U). Now an application of the Lax-Milgram theorem yields the
invertibility of A%: H2(U) — H~2(U).




86 4. Transmission problems for coupled systems of damped-undamped plate equations in Lo

4.11 Lemma. The adjoint operator A’ of A is given by
A H2(U) x Ly(U) D D(A") := Lo(U) x HX(U) — H2(U) x Ly(U),
/ e 0 _AQ
A= <1 )
Proof. Let E := H3(U) x Ly(U) and D := Ly(U) x H3(U) C E'. Then, E' = H2(U) x Ly(U)

and for all v = (v1,v2) € D and w = (u1,u2) € D(A) = (H*(U) N HZ(U)) x H(U), integration
by parts and the definition of distributional derivatives yield

v(Au) = (v1, ug) 1,1y + (v2, =A%) @) + (v2, pPAUL) 1, 1)
= (v1,U2) L) + (—Ava, Aur) @) + (pPAv2, u2) L,y (1)

= (=A%, u1) -2 20y + (01, 2) Ly(v) + (PA2, u2) Ly

with wy := —A2vy € H72(U) and ws := v1 + pAvy € La(U). Recall that (-,-)yrxy denotes the
dual pairing in a Banach space Y. Therefore, we set

~ 0 —A2
i=(7 )
with D(A) := D. With this definition, we have v(Au) = (Av)(u) for all u € D(A) and all v € D.

Moreover, for all v € D the mapping [u — v(Au)]: D(A) — C is continuous with respect to
| - |lz- Hence, we have A C A’.

Let u € D(A) and v € E’. Then
v(Au) = (Vi u2) g2y + (02, =A%) L) + (v2, PAU) L 0)- (4.27)

Now, let v € D(A’). Then, the mapping [u — v(Au)]: D(A) — C can be extended to a linear,
continuous mapping from E to C. In particular, considering

(2, A%u1) 0| = [0(A(ur, 0))] < Cll(ur, 0| = Cllurll g2y (w1 € HY(U) N HF(U)),

it holds that

o: HU)NHEU) = C, uy — p(uy) := (v, A2u1>L2(U) (4.28)
is continuous with respect to || - || z2(;). By Remark 4.10,
A?: HX(U) — H(U) (4.29)

is an isomorphism. Therefore, (4.28) and (4.29) imply that

[?71 — ((Az)_lﬁl) = (’Ug,a1>L2(Uﬂ : LQ(U) —C
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is continuous considered as a mapping from (Ly(U), || - || g-2(y) to C. Since Lo(U) € H™*(U)

is dense, there exists a unique continuous extension ¢ € (H —2(U ))/ = HOQ(U ) of this mapping.
Together with
(P.u1) 2y x -2y = (V2 U1) g2 () x H-2(U)
for 1 € Lo(U), we deduce vo = ¢ € H3(U).
The fact that vo € HZ(U) implies that the last term in (4.27),
{U2 = (v2, pAug) 1, 1) = <U27pAu2>Hg(U)><H—2(U)} . Hy(U) — C,

is continuous on Lo(U). Since (4.27) needs to be continuous, by setting u; = 0 it follows that
also the first term

[Ug = <U17u2>H—2(U)><Hg(U)} : Hg(U) — C

can be extended continuously to La(U), which means vy € La(U). N

We have shown that v € D(A’) implies vo € HZ(U) and v1 € Lo(U), i.e. v € D. Hence, we
obtain D = D(A’) and therefore A = A’. O
Recall that ¥4 = {z € C\ {0} : |arg(2)| < ¢} (see chapter 3).

4.12 Theorem. The operator A defined in (4.26) is the generator of an analytic, exponentially
stable Co-semigroup on HZ(U) x La(U) and we have the following a-priori estimates: there exist
constants C1,Ca > 0 such that for any X € p(A) D X9 \ {0}, the solution u = (u1,v1) € D(A)

of
A—=Au=F € HZU) x Ly(U)

satisfies the estimates
[ull sy xz2@y < CrllF [ a2y x Lo (4.30)
ull 20y x Loy < CollF || po@yx H-2(0)- (4.31)
Consequently, by interpolation we obtain the estimate
[ull g2ro @y oy < ClIF N mowyxm—2+0)

for 6 €[0,2]. In particular, for u = (u1,v1) € D(A) solving
0
A—Au =
o= = (5)

lull sy < Cillfll Loy, (4.32)
lwill g2y < Call flla—2(0 (4.33)

with f € La(U) the estimates

and consequently

urll grz+o iy < O fllgp-2+0ry (0 € [0,2])
hold true.
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Proof. By [CT89], A is the generator of an analytic, strongly continuous semigroup of contrac-
tions on HZ(U) x La(U). Therefore, we only need to show the estimates (4.32) and (4.33). The
first one follows for example from the analysis of the corresponding boundary value problem in
the half-space, see [DS15], Theorem 3.5 and Corollary 3.6. Nevertheless, since our approach for
the second estimate will work for the first one as well, we will state a proof for both estimates.
As mentioned above, we will use the theory of interpolation-extrapolation scales.

We define the following spaces: let A% := A’ be the adjoint operator of A and set

Eo := HZ(U) x Ly(U),

Ey == D(A) = (HYU) N H{(U)) x Hi(U),
E! = E) = H(U) x Ly(U),
E} .= D(AY).

Obviously, Ey is reflexive and Ey is dense in Ejy. Since A is the generator of an analytic Cy-
semigroup on Ey with domain Ej, in symbols A € H(E1, Ep), by [Ama95], p. 13, Proposition
1.2.3, the same holds true for A* on Eg with domain E%, ie. Afc H(E?, Eg)
Hence, we can define the interpolation-extrapolation scales {(Aq, Fq) : @ € R} and its dual scale
{(A%,E%) : o € R}. Then, Theorem 1.5.12 on page 282 of [Ama95] states that E, is reflexive
and we have

(E,) = E",, and (Ay) = A",
for all & € R. Moreover, by [Ama88|, Theorem 6.1 and [Ama95], Theorem 2.1.3 it holds that A,
and Aﬁ, are generators of analytic Cy-semigroups in E, with domain F,; and E Wlth domain
Egﬂ for all a € R, respectively. Again, we write A, € H(FEqu41, Es) and Al e 7—[( 1 Eu)
In particular, A_; is the generator of an analytic Cy-semigroup on F_; with domain Ey. By
[Ama95], Theorem 2.1.3 on page 289, A — A_; is an isomorphism from FEjy to E_; and we have

I = A=) Ml m0) < Ol = A) Mo ) < C

for all p € p(A) with a constant C’ independent of p. By Lemma 4.11, the space E_; equals
" # ! INY 2 / —2
By =(B) = (Bf) = (D(A) = (L2(U) x HY(W))' = La(U) x H(U).

Finally, we obtain the estimate

0
lutll 2oy < llullg, < C H (f)

=Clflle—=2w
E_4

The estimate (4.32) is obtained in the same way, using A instead of the extrapolated operator
A_4. Indeed, we have

= O fll Loy
Ey

0
luall oy < llulle, < CH (f>
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4.13 Corollary. There exists a constant C > 0 such that for any A € p(A), the solution
u = (uy,v1) € D(A) of (A\— A)u=F with F € H3(U) x Ly(U) satisfies the estimate

IDull g2y x Loy < CNF | 2y x 20y (@ € Ng, |af = 2)
holds true.
Proof. This follows immediately from the estimate (4.30) and the fact that
D*: HYU) x HX(U) — H*(U) x Lo(U)

is linear and continuous. O

4.1.4. Exponential stability

In what follows, we continue the analysis of the coupled system (4.1) - (4.2). We will estimate
the resolvent (A —i)\)~! on the imaginary axis for large |A|. We aim for uniform boundedness of
the resolvent for A € R, |A| > Ag for some A\g > 0. The Theorem of Priiss (see [Prii84], Corollary
4) implies exponential stability of the semigroup in this case.

We start with some useful identities. In order to reduce notation, we will use summation
convention, i.e. we write Ty := Z,ICVZI xyy for z,y € CV.
4.14 Proposition (Rellich’s identity). Let U C R™ be an open and bounded set with boundary
of class C* and let w € H*(U). Then the identity
2Re/ A*w(qVw) dr = —/ div(q)|Aw|? dz + 2Re/ AgrOkwAW dx
U U U
+4Re/ quV(akw)Awdx—i—/ (qv)|Aw|? dS
U U
+2Re / (qV0)d, (AT) — Awd, (qVD) dS
ou

holds true, where g € C%(U,R™) is a vector field and v denotes the outer unit normal on OU.
Proof. Define the vector field V € C1(U) by
V(z) == q(z)|Aw(z)|* + 2(q(z)VE(z)) VAw(z) — 2Aw(z)V (¢(z)Vw(x)) (xz € U).
Then
div V' = div(¢g|Aw|?) + 2div ((¢V@)VAw) — 2div(AwV (¢V@))
= div(q)|Aw|? + ¢ (;AwAT + Awd; AW)
+2 (A*w(gVw) + VAWV (qVw))
—2(A(¢Vw)Aw — VAwV (¢gVw))
= div(q)|Aw|* + ¢ (0 AwAW) + Awd; AW)
+ 2A%0 (VW) — 2 (AqiOW + 2V ¢V O + ¢;0;ATW) Aw.

Taking real parts, integrating over U and using the Divergence Theorem, the assertion follows.
O
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4.15 Remark. The identity above can be found in [Manl3], p. 238 in a more general way. To
be precise, it is claimed that the identity

ZRe/ A?w(qVW) dx = —/ div(q)]Aw|2dx+2/ AqrOrwAW dx
U U U
+4/ quV(akw)Awder/ (qv)|Aw|* dS
U ou
+ 2/ (¢Vw)0, (Aw) — Awd, (¢Vw) dS
oU

holds. However, there is no proof in this article and we are not able to show the latter version.
Despite, our version of Rellich’s identity is good enough for our purposes. We also refer to
[Mit93], Proposition 2.2 for a version for real valued functions.

We introduce the following vector field: for fixed x¢g € R™ we define g: 2 — R” by
q(z) ==z — . (4.34)

Recall that Q = Q; UQoUT was the whole domain in which the transmission problem (4.1)-(4.9)
is considered.
As an immediate consequence we obtain the following identity.

4.16 Corollary. Let U C R" be open and bounded with boundary of class C* and let w € H*(U).
Define ¢: R" — R™ as in (4.34). Then

2Re/ A*w(qVw) dr = (4 — n)||Aw||%2(U) +/ (qv)|Aw|? dS
U ou
+2 Re/ (¢Vw)0,Aw — Awd, (¢Vw) dS.
oU

The following lemma provides an identity which will be useful for the resolvent estimate of both
the damped and the undamped part of our transmission problem.

4.17 Lemma. Let U C R" be a bounded open set with boundary of class C*. Further, let
A€ RN\ {0}, z € Ly(U) and w € H*(U) be a solution of

—A?w 4 Nw = 2.
Then the identity
ol + (=l Ault e + [ (@)lae?as
= —2Re/ z(gVw) dx+)\2/ (qu)|w|*dS
U U

-2 Re/ (¢Vw)d,Aw — Awd, (¢Vw) dS
ou

holds true, where q is defined as in (4.34) for some o € R™ and again, v denotes the outer unit
normal on OU.
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Proof. Multiplying the equation with ¢V, integrating over U and taking real parts yields

— Re/ A*w(qVw) dx + N2 Re/ w(¢Vw) dx = Re/ z(qVw) dz.
U U U

Using integration by parts and div(q) = n, we obtain

Re/Uw(qu) de = Re/Uw (div(qw) — nw) dx

and therefore )
. n
Re/Uw(qu) dx = —§Hw||%2(U) + 3 /{3U(q1/)|w]2d5’.
Together with Corollary 4.16, the assertion follows. O

A proof of the next lemma can be found in the proof of Theorem 2.2 in [Man13], p. 239.

4.18 Lemma. Let U C R™ be open with boundary of class C3. Furthermore, let S C OU be a
nontrivial part of the boundary. Then, for w € H3(U) satisfying w = 0, w = 0 on S, we have

0, (qVw) = (qv)Aw
on S, where q is defined as above and v denotes the outer unit normal on OU.

The following a-priori estimate will be crucial for the proof of the exponential stability for the
transmission problem (4.1) - (4.9). Here, we will consider a resolvent problem with a specific
right hand side F' € H. This resolvent problem will appear in the proof of the exponential
stability later.

4.19 Proposition. Let wy; € H*(Q1) and go € La(Qs). Then, there exists \g > 0 and a constant
C > 0 (only depending on n, p and \g) such that for any solution U = (u1,us,v1,v2)" € X x X
with u; € H*(Y) fori=1,2 of

(=i + AU = (0,0,0,92)" =: F, (4.35)
satisfying
Aup = Aug,
. u1 2 . on T, (4.36)
—iApd,u1 + 0, Auy = 0, Ausg + iApd,wy

the estimate

1Tl < C (llg2ll o) + MO w1 o) (A € R Al > Xo)

holds true.
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Proof. Let A € R with [A\| > 1 and U = (uq,us,v1,v2) be a solution of (4.35) satisfying the
transmission conditions (4.36), i.e. U satisfies

—idug +v1 =0 in Qq, (4.37)
—A2%u; 4+ pAv; —ilv; =0 in O, (4.38)
—idug +v2 =0 in o, (439)
—A%uy — idvg = go in Qy (4.40)
with boundary conditions u1 = d,u; = 0 on I'y. Hence, (u1,us) is a solution of
—A%u; +iXpAug + Nuy =0, (4.41)
—A2UQ + /\QUQ = g2 (4.42)

in Q7 and Qo, respectively, satisfying the transmission conditions (4.36).
In order to show the assertion of the theorem, we need to establish an estimate of the form

1013 < N0 + Ce (1921300 + P11 1, 1)

for some £ = £(p) € (0, 1) independent of A.

With C' we denote generic constants which may change from time to time but which do not
depend on A\, U or F. By C. we denote generic constants only depending on some fixed € > 0.
We also use generic constants C(p) to emphasize the dependence on the damping factor p. In
the same way we emphasize the dependence on p for € and C..

Similar to the proof of the dissipativity of A in Theorem 4.3, we obtain

Re(F,U)y = Re(AU,U)y = —,0||Vv1||%2(91) — Re/ iApt10,w1 dS,
r
wherefore the trace theorem and Young’s inequality yield
IVUilZ,0) < C(0) (921l o) 10Nl + M Owr |l Ly ey llvi 1))
< e(p) (U1 + o113 ) ) + Cetor (19213 00) + PO 01120y
that is
190110y < 2N (101 + o1 l3rn0 ) + Con N2 (g2l + NP I801 12, 0)) -
Furthermore, it holds that
lutll o) < C (IVurllzy) + V2l o))

since z 1= xo,u1 + Xa,u2 € HE() and therefore |z]|1,q) < C||Vz|| L,y due to the Poincaré
inequality. Moreover, interpolation theory states

IVuall7, 0, < elluallfizo,) + CelluallZ,
2 2
< el|Ull5; + Celluzllz, )
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which leads us to
lus1(y) < CIVuLI, @) + N0 + Celluzl o)
< (A2 (101 + i B )
+ Cety N2 (192113 ) + P10 2,0 ) + Coi 0212, 0
= (o) (N0, + Nl s )

+ Cop A7 (||92||%2(92) + \)\!2\\3uw1||%2(r)> + Cepllu2ll?, a0

and hence, choosing (p) small enough,

By < (@)A2NTI, + Cegy (1202l ) + 100 Iy + o) - (443)
as well as
013y < <OV + Ceipy (921 00 + WPIO01 120y + 0al3 ) (449)

where we used v; = i\u; for j = 1,2.

We need to estimate ||Au1\|%2(91), ||Auz||%2(92) and HUQH%Q(QQ). To do so, we multiply (4.41) by

—u7 and (4.42) with —u3. Integration by parts and summing up yields
HAulH%Q(QI) + HAU2HZL2(92) + iAPHVulH%Q(QQ)

= \? <||U1H%2(Ql) + HU2H%2(QQ)> — (92, u2) 1, (020) + i)‘P/FUlauwl ds,

where we have used the transmission conditions (4.36) and u; = d,u; = 0 on I'y. By the trace
theorem we get, after taking real parts

1Au]17, 0, + 1AuzF,q, < AP (||u1”2Lg(Ql) + HU2||%2(92))

+ 11921 Lo () 112l Ly (00) + (Ml Loy 10vw1 ]| 1o 1y

< (P (Il 0, + ezl 0
+wmmmmwmﬂm+uwmmmﬂmmmﬂﬂ.

Plugging in (4.43) and (4.44), respectively, we thus obtain

A1l ) + 1802110
< (NI, + Cetp) (1921300) + NP 100113, 1) + ezl )
NP2l ) + IV + Cellga ), ) + IO I )

< eIV, + Cetpy (192130 + NPIB A2y 0y + IalEay)  (445)
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by Young’s inequality and |A| > 1.
It remains to show an appropriate estimate for \A]QHUQ||%2(QQ) = ||’U2H%2(92).
By (4.42) and Lemma 4.17 it holds that

nfvallf, ;) = nAPllu2llf, o,

=~ =) Al o)~ [ (@) Al dS ~2Re [ ga(qVim) da

2

+ A2 / (qv)|uzg|® dS — 2 Re / (qVug2)0, ATl — Augd, (qVuz) dS. (4.46)
r r

In the same way, we apply Lemma 4.17 in Q; with w = u; and z = —pAwv;. Here, u; fulfils
—A2u; + Mu; = —pAvy due to (4.37) and (4.38). Moreover, note that the orientation of the
normal vector v on I' is different; on the part I' of 92y it points inside €25 and on I' it points
inside €2;. We obtain

o1, = —(4 = )| Aull7, ) —/F (qv)|Auy|* dS
1

+ /(qy)|Au1|2 s + 2Re/ (¢Vur) pAvy dz
r Q

1

+>\2/ (qu)|u1|2dS—Az/(qu)|u1|2d5

I' r

~9Re / (gVu1)0y AT — Aurd, (qVaT)] dS
I

+2Re / [(qVu1)d, ATy — Auyd, (qVir)] dS. (4.47)
r

Recall the transmission conditions (4.36), i.e.
up = u2, Vup =Vua, Au; =Auy, 0J,Auy=0,Au; —ipd,(u1 + wy)

on I'. Hence we have
0, (qVu1) = 9,(qVus)

on I'. Indeed, in order to see this, we apply Lemma 4.18 to the function u; — uz|g,, where
uy € H3(Q) denotes a regular extension of uy to . Then we obtain

9u(qV(u1 — uzle,)) = (qv)A(ur —uzla,) =0

on I', which implies the assertion.
Using Lemma 4.18 again yields

up =0,Vuy =0,0,(¢Vur) = (qv)Aug
on I'y. Therefore, adding (4.46) and (4.47) we arrive at

n (01113, @) + 02l ) = =4 =) (18013, 0y + 1A ] 0 )
+2Re [i/\p/ (¢Vur)Auy d:v} —2Re/ (¢Vuz)ge dx
Ql QQ

+2Re [i/\p/(unl)ﬁy(m + wy) dS] +/ (qv)|Auq|? dS,
r Iy
(4.48)
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which implies
HU2||%2 Qo <C |)\|HU1||H1(91)||Au1||L2(Ql) + [V U2||L2(Q2)”92||L2(92)
(Q22)
+ |)\H\U1||2H1(r) + |)‘|H“lHHl(F)HauleLg(F) + ||U1H2H2(r1)]- (4.49)

The first term can be estimated by (4.43), [|Aui||r,,) < Ul and Young’s inequality. We
obtain

Alllurll @ lAull @) < < P l + Cepy (1921l a(022) + A Ovwil ))”UHH

< (U3 + Ceoy (192l 1ty + ANBvwn | Loqry)* (4.50)
For the second term in (4.49), observe that

IVuall7, ) < AUl Ly(u) 42l Ly + lunllEe
< Cel|Aus|[7, ) + elluzl,0,) + 1wt F20,) < CIUI,

which is obtained by using Greens formula, Cauchy-Schwarz, Young’s inequality and the trace
theorem. Therefore, we conclude for the second term in (4.49)

V2 Ly |92l ooy < ellUIR + Cellgall7, o)
The trace theorem, interpolation and (4.43) yields
Aty < CIN Nt a2,
< CI\[Jurll g onyllua | a2 0,)
< (DU + Cetry (192l ) + NNO01 1 1)) (4.51)
wherefore the third term in (4.49) is estimated. For the fourth term in (4.49) we write
Nlluallzr oy 100wl ey < ellunllzp ey + CeMPlOvwrllZ, r)-

As |A| > 1, this can be estimated by the right-hand side of (4.51). Altogether, we obtain

o2l 6y < 2OITIB+ oy (g2l + NPIB 0112, 1)) + CllunlBaryy (452)

What is left is to show an appropriate estimate for the boundary term ||u1 || g2(r). We introduce
a cut-off function x € C*°(2;),0 < x < 1, satisfying x = 1 in a neighbourhood of 'y and x = 0
in a neighbourhood of the transmission interface I'. Now, set

. T
21 = XU, Z9 = lAZl, zZ = (21,22) .

Then, since wu; is a solution of (4.41), z satisfies

(“iAt A)z = <??> ,
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where A is defined as in (4.26) and

f=(=A%)u — 2(VAY) - Vur — AxAuy — 2A(Vy - V)
— AxAuy — 2V - VAu; +idp ((Ax)uy + 2Vx - Vug) € La(q).

We also write
f = Bs(D,x)u1 +Xp (Ax)ur +2Vx - Vuy)

with a A-independent differential operator Bs(D, x) of order 3 with coefficients only consisting
of derivatives of the C*-function x. Hence, B3(D, x) € L(H*/?(Q), H~3/2(€)). From Theorem
4.12 and interpolation theory, we obtain

121l 52 (0y) < CH.}?”H*W?(Ql)
< C(p) (1 Ba(D X722y + Ml o))
< (o) (lhuall sz + Ml ) -

Finally, from (4.43) and (4.51) we deduce

/F A ds = [ 1and8 < Clalag,
1 Iy
<e(PIU3 + Ce(p) (||92H%2(92) + WQH@ule%Q(F)) . (4.53)

The assertion now follows from (4.44), (4.45), (4.52) and (4.53). O

Having established this a-priori estimate, we are now able to prove the exponential stability of
the semigroup generated by A. This is done via subtraction of the solution of the resolvent
problem associated to the damped plate equation in the whole domain 2. The difference of the
solution of the resolvent problem for 4 on the imaginary line and the solution of the resolvent
problem to the damped equation satisfies the problem we dealt with in the last proposition.

4.20 Theorem. There ezists a constant C = C(p) > 0 such that
1A+ A) " Hlzgy <C - (A e R\ {0} Al > Ao)

for some Ao > 0. Consequently, the Cy-semigroup (T (t))i>0 generated by A is exponentially
stable, i.e. there exist constants M > 0 and xk > 0 such that

ITOU° |l < Me ™| U]l (t > 0)
holds for all U° € .

Proof. Let A € R with |A| > 1 and let F' = (f1, f2,91,92) € H. Let U = (u1, ua,v1,v2) € D(A)
be the unique solution of
(-iIN+ AU =F,




4.1. A transmission problem for plate equations with discontinuous structural damping 97

i.e. U satisfies

—idu; + vy = f1 in Oy,
—A2U1 + pAv; —idvy = g1 in Qq,
—idug +v2 = fo in Qo,

*AZUQ — i)\v2 = g2 n QQ.

In order to show the assertion, we will subtract the solution W of a structurally damped plate
equation with clamped boundary conditions on the whole domain {2 from U. For this difference
we will be able to use the a-priori estimate from Proposition 4.19, whereas for W an appropriate
estimate is known.

Recall the definition of the operator A from (4.26) and define

W = (w,2) € D(A) = (HY(Q) N HF(Q)) x HF(Q)

by

W e (—id 4+ A)~! <X1f1 +X2f2> 7
X191 + X292

where Y; is the characteristic function on §; for i = 1,2. Since x1f1 + xafe € HZ(Q) and
X191 + X292 € L2(2) due to the definition of H, by Theorem 4.12, W is well-defined. In the
following, we denote the restrictions of the components of W by w; := w|q, and z; := z|q, for
1 = 1,2. Finally, we set

W = (wi,ws, 21, 22) € X x X.

Note that u; € H*(€2;) for i = 1,2. With this definitions, we obtain that the difference U — W
satisfies

(=i 4+ AU =W) =F — (—ix+ AW = (0,0,0,32) " (4.54)
with go = pAzy € La(2), subject to the transmission conditions

A(u1 — wl) = A(UQ — wg),
—iAp0y (U1 — w1) + 0L A(ur — wi) = Oy A(uz — wa) + iApd,wy.

Thanks to Proposition 4.19, we have
U =Wy < C (192l £y(00) + M Ovwr]| o) -
Corollary 4.13 states
19211 Lo (02) = PIIAZ2|| 1o (020) < ClIF |24,
wherefore it follows that

U = Wil < C|[Flln.
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Here, we have used the trace theorem and the fact that
(Alllwillzz@,) < ClIE |,

since A is the generator of a bounded, analytic Cyp-semigroup on HZ(2) x La(£2) by Theorem
4.12. Invoking Theorem 4.12 again, we deduce

Ul < U = Wl + Wl < Cl[Flln
with a constant C' = C(p) > 0. This proves the theorem. O

Finally, we want to comment on a geometry, where 2y (or a connected component of Qg, to be
precise) also has a boundary, called I'y. This generalizes the situation considered before as the
first situation corresponds to the new geometry with I's = (. In this case, the situation can be
described as follows: Let n < 4 and €2 C R™ be a bounded domain with boundary 02 = I'y NI’y
such that T'; and I'y are of class C*. Moreover, we assume that I'1 N Ty = 0. Let  be divided
in two open sets €1 and 9, i.e. Q = Q; UT'UQy such that the common interface I' is of class
C* again. We assume that Q; NT; =Ty, i.e. I'; C 08 for i = 1,2.

Figure 4.4.: The set Q = Q; UT' U Qo with additional boundary I's for €2s.

Now, we consider the same problem as above, where we have to add boundary conditions on
I's. As we did on I'1, we assume that the plate is clamped on I's, i.e. we assume the Dirichlet-
Neumann boundary conditions

uo = Oyus = 0 on 'y,

where v denotes the outer unit normal on I's with respect to (2s.

Obviously, defining the operator A and the spaces H, D(A) as before, but now setting

X = {(’U,l,UQ) € HQ(Ql) X H2(Q2) U = Oyl = 0 on Fj,j =1,2,
U1 = U9, Oyu1 = dyus on F}
leads to an appropriate system to describe the problem with additional boundary I's. The fact

that A: H O D(A) — H is the generator of a Cyp-semigroup is obtained exactly as in Theorem
4.3. In this case, exponential stability is obtained, provided a geometric condition is satisfied.
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4.21 Theorem. Assume that there exists some xg € R™ such that the region enclosed by I's is
star-shaped with respect to xgq, i.e.

qv <0

holds on I'y where ¢ = gz, : R™ — R" is given by gz, () == = — xp.
Then, there exists a constant C = C(p) > 0 such that

(=X + A gy <€ (A€ RN{0}, 1Al > Xo)

for some Ao > 0. Consequently, the Cy-semigroup (T (t))e>0 generated by A is exponentially
stable, i.e. there exist constants M > 0 and xk > 0 such that

1Tl < Me ™| U°|l3 (¢ >0)
holds for all U° € H.

The proof can be adapted step by step from the proof above. There are only two things, we
need to take care of. The first step, where we have to be a bit more careful, is when we adapt
Proposition 4.8 in order to show iR C p(A) and therefore, to show the strong stability of the
semigroup generated by .A. In the proof of Proposition 4.8 we arrive at (cf. (4.25))

—A2UQ + )\2u2 =0 in Qo,
uy = Oty = Aug = 9,Aus =0 on T,

Uy =0,ug =0 only
for some A € R\ {0}. In order to show uy = 0 we substitute Lemma 4.7 by the following:

4.22 Lemma. Let U C R™ be a domain with boundary OU = 1 U ys of class C* such that
1Nz = 0. Moreover, assume that the region enclosed by 7o is star-shaped with respect to some
xo € R", ©.e. qu < 0 on y2 where ¢ = ¢, 15 defined as above and v denotes the outer unit
normal.
Let A € R\ {0} be arbitrary. If w € HYU) N HZ(U) satisfies
~AN’w+Nw=0 inU,
(4.55)
Aw = d,Aw =0 on,
then w = 0 already.
Proof. We define the closed set V' C R” to be the region enclosed by 7o, i.e. we set
Vi={x €eR":3Jy € v s.t. © = pxo+ (1 — p)y for some u € [0,1]}.

Let w € H*(U) N HZ(U) be a solution of (4.55). Extend w to a function W € H*(O) by letting
W(z):=0 for x € R"\ (VUU). Here we have set O :=R"\ V. Then W satisfies

~AWH+ AW =0 inO,
W=90,W =0 on~vy =00.
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Applying Lemma 4.17, Lemma 4.18 and the fact that W = 9,W = 0 on ~, yields

W22, o) + (4= n) AW, 0 + / (qv)| AW 2 dS
Y2

= \? / (qu)|W]*dS — 2Re / (qVW)0,AW — AW, (¢VW) dS
72 Y2
= 2Re/ (qu)| AW |* dS
72
< 2/ (qv)| AW[2 dS.
72
Since qv < 0 on 72 we obtain |]WH%2(O) + HAWH%Q(O) = 0 and therefore W = 0. In particular,

it holds that w = W|y = 0. O

The second thing is that due to the boundary conditions on I'ys we now obtain

nllv2ll7,q) = nIAPllu2]1Z o)

=Bl [ @)AwPas - 2Re [ v
Turl's Qo

+ )2 / (qu)|ug|2 ds —2 Re/ (¢Vu2)0, Az — Aued, (¢Vuz) dS
T'ul'y I'ul's

=—(4- n)HAuQH%Z(QQ) — /(qu)]Au2|2dS — 2Re/ g2(qVuz) dx
r Q

2

+)\2/ (qy)\u2|2d5+/ (qu)]Au2|2dS
T'ul's Iy

instead of (4.46) in the proof of Proposition 4.19, where now

)\2/ (qy)\uQIZdS—i-/ (qu)|Aug|*dS < 0.
FQ 1_‘2

Using this remarks we obtain exponential stability also in the case with an additional boundary
I's, provided it satisfies the geometric condition.

4.23 Remark. Note that in the one-dimensional case, i.e. where n = 1, we obtain exponential
stability for the transmission problem where the damping is effective only on the right-hand
part (or, by symmetry, in the left-hand part) of the domain, which in this case is an interval.
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4.2. A plate equation with continuous partial damping

In this section we want to consider a plate equation where damping effects are continuously
distributed over the domain 2 C R™. Different to the situation in Section 4.1 we have no dis-
continuity at some interface I', wherefore we now consider canonical transmission conditions
everywhere, that means we are looking for a solution u € H*(f2) in contrast to the solution of
the above problem, which only had H*-regularity on the subdomains €; and Qs but not on the
whole domain 2. Provided that the damping is active in a neighbourhood of the outer boundary
I'y we can apply the same methods as above to show exponential stability of a similar problem.

The geometrical situation is similar as in the last part of Section 4.1 (cf. Fig. 4.4): Let n < 4
and © C R™ be > 2 boiunded domain with boundary 92 = I'y UT'5. Here, I'y and I's are of class
C* and satisfy T'1 NTy = 0. In the whole section we assume that there exists some zo € R” such
that

(x —zo)v(x) <0 (x €Ty), (4.56)

where v denotes the outer unit normal on I's. Hence, I's can be considered as the inner boundary
of the domain 2 and the region enclosed by I's is star-shaped.

In what follows, we will often work in small neighbourhoods of surfaces within a domain in
R™. Therefore, we introduce the following definition.

4.24 Definition. An open set U C R" is said to be a neighbourhood in a domain G C R™ of
some part v C OG if U = G NV for some open connected V' C R™ containing +y.

Let p € C*(€;R) be a non-negative function. Further, let pg > 0 be a constant and assume that
p > 2pg in a neighbourhood € of I'; in 2. Then, the boundary of €2 is of class C*.
We consider the problem
Otu+ Ay — div(pVou) =0 in (0,00) x Q (4.57)
with clamped boundary conditions
u=0,u=0 on I (4.58)
The problem is completed by the initial conditions
u(0,) =u’, 9u(0,:)=u! in Q. (4.59)

Since we are looking for H* solutions in €, on the interface I' separating ; where p > py and
Q9 where we only have p > 0, canonical transmission conditions

duy = duy, j=0,...,3 (4.60)
shall hold. This can also be written as
Uy = u2,
Oyur = yus,
Aug = Auo,
0,Au1 = 9, Aus
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on I'. In fact, u € H*(Q) is equivalent to the assumption that (4.60) holds on each embedded
C*-curve being contained in €.

Using the definitions of 1,9 and T" as well as (4.60) allows us to read the boundary value
problem (4.57) - (4.59) as an transmission problem with the artificial transmission interface I'.
In this setting we are able to adapt the steps in Section 4.1 to our new problem with the now
on the whole domain €2 variable damping coefficient p.

Let H := H3(Q) x L2(Q) and consider the operator A: H D D(A) — H given by

v
AU = <—A2u + div(pw)>

for U = (u,v)" € D(A) where the domain D(A) is defined by
D(A) := {(u,v) € H:v € H(Q),—A%u € Ly(Q)} .

By the invertibility of A%: Ly(€2) N (H*(Q) N HJ(Q)) — L2(Q) (e.g. [CL10], p. 29) we even
have

D(A) = (HY(Q) 0 HA(Q) x HY(Q).
The space H equipped with the scalar product
((u1,v1), (u2,v2))3 = (Aur, Aug) ) + (V1,02) 1) ((us,vi) € H, i =1,2)
is a Hilbert space.

4.25 Theorem. The operator A is the generator of a Cy-semigroup of contractions on the
Hilbert space H. Therefore, for all U° € D(A) the Cauchy problem

possesses a unique classical solution U € C1([0,00),H) with U(t) € D(A) for all t > 0.
Moreover, 0 € p(A) and A has compact resolvent. In particular, the spectrum o(A) of A is
discrete.

Proof. The proof is similar to the proof of Theorem 4.3. For the dissipativity we now obtain
Re(AU, Uy = — / p(2) | Vu()[2 dz < 0.
Q

The surjectivity of 1 — A can be shown by using the form B: H3(Q) x HZ(Q2) — C given by

B(u, ¢) = (u, ¢) o) + (Au, Ad) 1, 0) + (PVU, VO) 1, (0)-

In order to solve
(1-AU=F=(fg)" €H,
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that is

U—’U:f,

v+ A%y — div(pVo) = g,
which is equivalent to the problem
u+ A%y — div(pVu) = g + f — div(pV ) (4.61)
we define the linear functional A € HZ(Q) = H~2(Q) given by

A@) = {9+ [, 0120 + PV V) 10) (¢ € HF (D))

and apply the theorem of Lax-Milgram to the coercive form B. This yields a unique u € HZ()
satisfying B(u, $) = A(¢) for all ¢ € HZ(L2), in particular (4.61) holds in 2'(£2) and since the
right-hand side of (4.61) is in Ly(£2), we obtain A?u € Ls(Q2), which, as mentioned above, means
u € H4(Q). Now, let v :=u— f € HZ(Q).

In order to show 0 € p(A) we proceed similarly. Let F = (f,g)" € H. Then —AU = F is
equivalent to

—U = f>
A%y — div(pVv) = g.

Plugging in yields the equation
A%y = g — div(pVf) € Ly(Q)

which possesses a unique solution u € H*(Q) N HZ(2) since the biharmonic operator with
Dirichlet-Neumann conditions is invertible as mentioned above.

The compactness of the resolvent follows from the Rellich-Kondrachov embedding theorem (see
Theorem A.4). O]

Similar to Proposition 4.8 we want to state that the imaginary axis belongs to the resolvent set
of A. In order to use integration by parts and the trace theorem without problems, we need
further assumptions on the damping coefficient p in the case n € {2,3,4}: we will assume that
the parts of the domain with positive n-dimensional Lebesgue measure where no damping is
active, i.e. where p = 0, are of class C*. Due to the inner boundary I', this is not automatically
fulfilled. Without such an assumption the situation could be as in the following figure 4.5. The
non-smooth wedges generally cause problems when taking the trace of Sobolev functions. In
the one-dimensional case there are no non-smooth boundaries and hence there is no need for
additional assumptions on p for n = 1.

4.26 Proposition. Assume that the function p additionally satisfies the following assumption:
if Z C {x € Q: p(x) = 0} is a connected component of {x € Q : p(x) = 0} and has positive
n-dimensional Lebesgue measure N(Z) > 0, then 0Z is of class C*.

Then the imaginary azis is a subset of the resolvent set of A, i.e. iR C p(A).
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I'

Figure 4.5.: In the area enclosed by the dashed line it holds that p = 0. This area is non-smooth
and integration by parts or trace theorems cannot be applied in general.

Proof. This can be proved in the same way as Proposition 4.8 was proved combined with the
remarks we added in the end of Section 4.1 using Lemma 4.22:

Let A € R\ {0} and U = (u,v)" € D(A) solve (—i\ + A)U = 0. Then u € H*(Q) N HZ(Q)
satisfies

Ny — A%y + i div(pVu) = 0. (4.62)

Multiplying with @ and performing an integration by parts we obtain, after taking the imaginary
part,

- [ @) Vu@) dz =0
Q

and therefore Vu = 0 on the support S := supp(p) of p. Note that {z € S : p(z) = 0} has
Lebesgue measure zero since p is continuous. Hence, u is constant on S and from (4.62) we
deduce u = 0 on S. Lemma 4.22 implies u = 0 on 2\ S and therefore v = 0. Since v = i\u it
follows that U = 0. O

4.27 Remark. Note that the assumption on p in Proposition 4.26 is particularly fulfilled,
provided that p = 0 or p > 1 > 0 for some positive i in a neighbourhood of I'y within 2. In fact,
due to the C*-regularity of the damping coefficient p, the connected components Z C {x € Q :
p(x) = 0} with positive Lebesgue measure are of class C*, given that 9Z N Ty = (). However, of
course, this is not necessary.

4.28 Remark. Assume that the additional assumption on p in Proposition 4.26 does not hold
and consider the situation given in Figure 4.5. Let v denote the dashed line and Z be the area
enclosed by v and I's. In order to prove Proposition 4.26 in this case, we would have to show
the following: if u € H*(Z) satisfies \>u — A?u = 0 in Z with boundary conditions u = d,u = 0
on 07 as well as Au = 0,Au = 0 on v, then u = 0 already.

The following proposition shows the boundedness of the resolvent on the imaginary axis applied
to a right-hand side F' € H of the form F' = (0,g)" for some g € Lo(f2). This statement plays
the same role as Proposition 4.19 did before, where we had to consider an non-homogeneous
right hand side in the transmission condition of order three at some interface.
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4.29 Proposition. Assume that the function p additionally satisfies the following assumption:
if Z C {x € Q: p(x) =0} is a connected component of {x € Q : p(x) = 0} and has positive
n-dimensional Lebesque measure \(Z) > 0, then 0Z is of class C*.

Let g € Ly(S2). Then, there exists \g > 0 and a constant C' > 0 (only depending on n, p and Xo)
such that for the solution U = (u,v)" € D(A) of

(—iA+ AU = (0,9)" = F, (4.63)
the estimate
1Ulln < Cllgllia) (A€ R,IAI > Ao)

holds true.

Proof. Let A € R with [A\| > 1 and U = (u,v)’ € D(A) be the solution of (4.63). Then
Re(F,U)y = — [ p(z)|Vv(z)|? dz and hence

/Qp(w)\VU(:C)Ide <NUllgll o) < ellUIE + Cellgliz, e, (4.64)

or, since v = iAu,

| r@Vu@de < 372 (U1, + Cellol o) - (4.65)
In particular, in ©; where p > 2pg > 0 we obtain
196l 12, 00 < ()11 + Coton 913,00
and
IVl 2400y < A2 (200) 101 + Cogan 91340 ) -

respectively. Recall that € is a neighbourhood within ) of the outer boundary I';. Hence, we
get

luloy 3730y < N2 (G IU I + Co 91301 (4.66)

using Poincaré’s inequality.
Since U satisfies (4.63), u € H*(Q) satisfies the equation

Ny — A%y = g —ixdiv(pVu). (4.67)
Multiplying (4.67) with —u, integration by parts and taking real parts yields

AUl ) < Ngllza@llullzo) + Xllull?, g

(4.68)
<ellUN3 + CellglZ ) + 0117,
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due to Young’s inequality. In order to estimate ||v||%2 () We use Rellich’s identity 4.14. Since u
satisfies (4.67) and on I'y we have qv < 0 for ¢(z) = x — x9 we get

n”“”%z(g) = ”)\QHUH%Q(Q)

< /Fl(qu)\AuFdS—2Re/Q(g—i)\diV(qu))(un) do

< [ @l as + Ui+ ool o
T OV ol oy IVl ) + CelARIOY 2l 02V, ) + el A2,
as u = dyu = 0 on both I'; and I'y. Interpolation theory and (4.65) now imply
nllvlZ, ) = nXllull?, g
</ 1<qu>|Au|2ds+e||U||H + Celgli o
+ §|>\|2||UH%2( *IIAUHLQ +ellUlB, + Cellglz o) +ellAull, o

and hence
(n—3) Ivl2, 0 < / (V)| Auf2dS + (e + 1) 11, + Collgl2, 0,
1
that is

ol ) < / ()| Au?dS + (e + 1) 115, + C-llgl, - (4.69)
1

Eventually, we need an estimate for the term frl(qy)|Au|2 dS. This will be achieved similarly
to the proof of Proposition 4.19: First, for » > 0 we define

Uy := {z € Q: dist(x,T1) < 1},

where dist(y, A) := inf,c 4 |y — a| denotes the distance between a point y € R™ and a set A C R".
Consider the operator A given by

0 1
A:H DDA - H, U|—><_A2 poA>U
We introduce a cut-off function x € C*(Q), 0 < x < 1 satisfying x = 1 in U, 5 and x = 0 in

Q\UT, where 7 > 0 is chosen in such a way that U, C 4 holds true. We define 21 := yu, 22 = i\z;
and z := (21,22) . Then 21 € H*(Q) N H3(Q) satisfies

Mz — A%z +idpoAzr = x (g — iNdiv(pVu)) + Bs(D, x)u
+iXpo (Ax)u + 2VXxVu + xAu)
= X (g +1Adiv((p — po) V) + Bs(D, x)u
+idpo (AX)u+ 2VxVu) =: f
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for some third order, A-independent differential operator Bs(D, x) having C*-coefficients de-
pendent on y, ie. Bs(D,x): H¥?(Q) — H3?2(Q) is bounded. Moreover, it holds that
supp(Bs(D, x)u C U,. In terms of the operator A we have (—iA+A)z = (0, )T € HZ(Q) x L2(Q)
and, using Theorem 4.12, we obtain the estimate

||z1||z5/2<)<0(\|xg||H sy + AP [NV VU iy + 1100 = oAl )]

1B (D, Xl /2y + PRI ANl a2 + pauwwuzm(m).
(4.70)

We estimate the terms separately. Recall that p is continuously differentiable, i.e. |p| and |Vp|
both attain their maximum in €. Since U, C Qy, from (4.66) it follows that

AP (XY ul 0 + 23l ) + ARIVX Tl 0 ) < @IV, + Cet 9110
(4.71)

Furthermore,using the product rule for the Laplace operator, we see that

A = polx Al sysqqy < CARIXAUIE 5z
— CPRIAG) — (A — 29XVl s

< OV (It + 1A, ) + VXVl )

< e(po)IUN3; + CepoylallZ 0, (4.72)
where we used H'/2(Q) < H'(Q) and (4.71) in the last step. For the term Bsz(D,x)u, by
interpolation theory and (4.66) we have

1Bs(Dox)uly gy < Cllulen 20,
< ellulo, 32y + Cellula 7 oy

< e(Po)lUN3; + Cepo) 19117 50 (4.73)

From the trace theorem and (4.70)-(4.73) we get
/F (@)|A2dS < Cllz1lfs /2y < (o) 1T + Ceon) 1911250 (4.74)
1

Now the assertion of follows from combining (4.68), (4.69) and (4.74). O

With the same method as in Theorem 4.20 we can now prove the exponential stability for our
problem with variable coefficient p € C4(Q) satisfying p > 2po > 0 in a neighbourhood € of I'y
within €.

4.30 Theorem. Assume that the function p additionally satisfies the following assumption: if
Z C {x € Q: p(x) = 0} is a connected component of {x € Q : p(x) = 0} and has positive
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n-dimensional Lebesgue measure \(Z) > 0, then 0Z is of class C*. Then there exists a constant
C = C(p) > 0 such that

I(=iA+ A Lpy <C (A€ R\{0} A > Ao)

for some Ao > 0. Consequently, the Cy-semigroup (T (t))i>0 generated by A is exponentially
stable, i.e. there exist constants M > 0 and xk > 0 such that

1Tl < Me™™|[U]l32 (¢ > 0)
holds for all U° € H.

Proof. Let A € R with [A\| > 1 and F = (f,g)" € H. Let U = (u,v)" € D(A) be the unique
solution to (—i\ + A)U = F, i.e.

—idu+v=f
—idv — A%u + div(pVv) = g

in . Plugging in v = f +iA\u into the second equation, we see that u € H*(Q) N HZ(12) satisfies
N — A%y = g +iNf + div(pV ).

As before, consider the operator

0o 1
A:H DO D(A) = H, U'—>(_A2 pOA>U

and let W = (w,2)" € D(A) be the unique solution to (—i\ + A)W = F. Then, the difference
U — W satisfies

(—i>\+A)(U—W):F_< —idw + 2 >

—idz — A?w + div(pVz)
- 0
—\g+idz+ A%w — ppAz +div((pg — p)V2)
= (vt )
div((po — p)V2) )
With Proposition 4.29 it follows that
IU =Wl < Clldiv((po = p) V)l La(0) < Cllipllore Izl a2(0)-
Together with Corollary 4.13 as well as Theorem 4.12 we obtain
Ul < U =Wliw + Wl < Cl[Flln

which shows the assertion. O
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4.3. Lack of analyticity

Having seen that both problems in Section 4.1 and 4.2 possess exponentially stable solutions,
the question arises, whether the semigroups associated to these problems are analytic which
would immediately lead to a strong smoothing effect for the solutions. We will see that this is
not the case. First, we will show that the resolvents of the associated operators cannot decay
as 1/|\| for A € iR, already proving the lack of analyticity of the semigroups. After that, using
a numerical approach, we will try to locate the spectrum of the transmission problem discussed
in Section 4.1 in the complex plane. The numerical analysis of the 1-dimensional transmission
problem will suggest that not only the decay of the resolvent is not strong enough in order to
lead to an analytic semigroup but that there is no angle ¥ > 7 such that Xy C p(A) is satisfied.

Let us first consider the transmission problem from Section 4.1, i.e. we consider the opera-
tor A: H D D(A) = H, U — A(D)U, where

0 0 1 0
0 0 0 1
A(D) = ~A%2 0 pA 0
0 —-A%2 0 0

with some constant damping factor p > 0. The damping is effective only in €2;. The underlying
Hilbert space H was defined by H = X x H with

X = {(ul,ug) € Hz(Ql) X HQ(QQ) cu1 = Oyur =0 on 'y, ug = usg, Opur = O,us on F}
and H = Ly(€) x La(£22) and the domain D(A) of A turned out to be equal to the space

D(.A) = {(ul,UQ,Ul,Ug) eEH: (’1)1,’1}2) € X, (ul,uQ) S H4(Q1) X H4(QQ),
Auy = Aug, —pdyv1 + 0, Auy = 0,Aus on I‘},

see Lemma 4.5.

4.31 Proposition. Let the assumptions of Theorem 4.21 be satisfied. Then, the Cy-semigroup
generated by the operator A from Section 4.1 is not analytic.

Proof. Using notation from Chapter 2, Section 2.1, we have

4 4
Xo=[[HYU)), Ya=][H"U))

j=1 j=1
with

th =ty =1t =1t4 =2,
51 =82 =2,
s3 =354 =0,
Uy =Us =,
Uy =Uy = Qs.
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Hence, the principle symbol Ag of A is given by

0 0 1 0
A©O=| e o e o| €EETON.

0 —l¢* o0 o0

Also in terms of the notation from Section 2.1, we denote X = H.

From Theorem 4.3 and Proposition 4.8, it follows that all assumptions of Corollary 2.4 are
satisfied. Therefore, using Corollary 2.5 and the remarks thereafter, it follows that if A generates
an analytic Cp-semigroup on X = H, then det(A — Ap(§)) # 0 must hold true for all A € iR\ {0}
and £ € R™\ {0}. However, since

det(A — Ag(€)) = (A2 + €M (A2 + pAIE2 + 1619

this assumption is violated (for example, let Ao = ix? for any x > 0 and £° € R™\ {0} such that
1€9] = k) and the assertion follows. O

A similar result holds for the problem studied in Section 4.2. There, we considered the operator
A:H D D(A) — H given by

v
AU = <—A2u + div(qu))

for U = (u,v)" € D(A), where H = HZ(Q) x La(2) and the domain D(A) was defined by
D(A) := {(u,v) € H:v e HJ(Q), A% € Ly(V)} .
Similar to the situation above, higher regularity results showed that in fact
D(A) = (H*(©) N H}(Q)) x H(9).

The function p € C4(;R) was assumed to be non-negative, satisfying p > po for some pg > 0
in a neighbourhood €2y of I'y, the outer boundary of 2. Using the product rule, we see that the
operator A acts in form of the matrix differential operator

A(D) = 0 1 _ 0 1
A pA+VpV ) —A? PA + Zle(@p)al '
For this operator, given the assumptions we made in Section 4.2, we have the following result:

4.32 Proposition. Let the assumptions of Theorem /.30 be satisfied. Then, the C’o-semig@up
generated by the operator A from Section 4.2 is analytic if and only if p(z) > 0 for all x € Q).

Proof. First, assume that p(xg) = 0 for some zg € €. Using notation from Chapter 2, Section
2.1, we have

Xo = H*(Q) x Ly(Q), Yo = HY(Q) x H*(Q),
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ie. s1 =2,89 =0 and t; = to = 2. Hence, the principle symbol Ay of A is given by

B 0 1 — n
Ao(z,§) = (_‘§|4 —p(a:)|§]2> (x€Q, £ € R™\ {0}).

Calculating
det(X — Ao(0,€)) = X% + Ap(xo)[€]” + €] = N + |¢[*,

it follows from Corollary 2.5 that the semigroup generated by .4 is not analytic.

Now, assume that p > 0 on . Since p is, in particular, continuous and  is compact, we
can define p1 := min, g p(v) > 0, i.e. p(z) > p1 holds for all z € Q.
In order to show that A is the generator of an analytic Cy-semigroup, we write A as

0 1 0 0
A= (e 0) (0 s age) =80 E

In the following, we will show that B: H O D(B) := D(A) — H is the generator of an analytic
Cop-semigroup on the Hilbert space H = HZ() x Lo(2) and that £ is a admissible perturbation
(in terms of analytic semigroups) for the operator . The latter is easy to see: consider £ as an
operator, for example let

L:H D D(L):= Ly(Q) x HY(Q) D D(B) — H.

Then, using interpolation theory, for any € > 0 we can estimate

n

> (Dip)dyus

i=1

LU = < Ol Vuzllzy0) < ellBU|ln + CllU |

La(Q)

for all U = (uy,uz) € D(B) = D(A) with some C' > 0 independent of U. Theorem 2.1 in
Section 3.2 of [Paz83] states that if B is the generator of an analytic Cy-semigroup on H, so is
A=B+L.

We already know from Theorem 4.12 that the operator

Bu: H O D(By) = D(A) »H, U= (ur,up)’ = Bu(D)U = <—0A2 u1A> (ZD

is the generator of an analytic Cp-semigroup on H for any real number p > 0. Now, the assertion
that B is the generator of an analytic Cp-semigroup follows in the usual way using a partition
of unity and the perturbation result Proposition 2.16 together with the remarks at the end of
Chapter 2, Section 2.2. O

We have seen in Proposition 4.31 that the operator A from Section 4.1 is not analytic since
an appropriate resolvent estimate is not satisfied. However, the following numerical simulation
suggests that also the condition p(A) D ¥ /4. is violated for any € > 0.

We consider the one-dimensional resolvent problem for A, where the system of partial differential
equations in fact becomes a system of ordinary differential equations. Let Q = (—1,1) C R,
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9 = (0,1) and Q9 = (—1,0). The transmission interface is then given by I' = {0}. Note that Qg
has an additional boundary I's = {—1} which clearly satisfies the geometrical condition given in
(4.56). Now, after using reflection on I' = {0}, we obtain a boundary value problem for a system
of ordinary differential equations. The unique solvability of such a problem can be investigated
using the characteristic determinant, see Theorem A.32.

In terms of Theorem A.32, we obtain

0O 1 0 0 0 O OO 000 00 00O
0O 0 1 0| 0 O0OO 000 0l0O O0O0O
O 0 0 1| 0 00O 000 0|0 O0O0TO
X2 0 Ap 0/ O 0 0 O 000 O0l0OO0O0OTDU
F=FX= 00000100’3_10000000
0O 0 0 O 0 O1O0 01 0 0(0 0 O00O0
0O 0 0 O] 0 OO0 1 0 00O0l1 O0OO0OUO
0 0 0 0|=X 000 000 O0lO1O00
and
1 0 0O0|-10 0 O
0O 1 0o0]0 1 0 O
0O 0 1 0/0 0O —-10
A_O—/\p010001
0O 0 000 O 0 O
0O 0 O0O0]0 O 0 O
0O 0 000 O O O
0O 0 O0O0]0 O O O

We intend to plot the spectrum of the transmission problem for the resolvent of A. By Theorem
A.32, the boundary value problem

y'(t)=FNy(t), Ay(0)+By(l)=c (teR)
is uniquely solvable for ¢ € C8, if and only if the characteristic matrix
Cy := AY (0) + BY (1)

is invertible. Using MATLAB, we are looking for A € C such that this is not the case. Hence, we
plot the characteristic determinant (or, to be precise, the logarithm Indet Cy () of det Cy ()
due to the large values of the latter expression) in dependence of A € C, see Figure 4.6.
Plotting the roots of the characteristic determinant (i.e. the small holes one can see in Figure
4.6), we obtain Figure 4.7. As the roots seem to lie on a curve which increases superlinearly,
this picture indeed suggests that the condition p(A) D X, /2+¢ is violated for any € > 0.
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Figure 4.6.: Plot of the characteristic determinant for the 1-dimensional transmission problem.
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Figure 4.7.: Plot of the roots of the characteristic determinant for the 1-dimensional transmission
problem.







Appendix A

Appendix

For the readers convenience, in this appendix, we will state some definitions and results on
Sobolev spaces, Fourier multipliers, R-boundedness and maximal Lj-regularity. Moreover, we
state a result on boundary value problems for ordinary differential equations, which was used
to visualize spectrum of the damped-undamped plate equation in Chapter 4, Section 4.3.

A.1. Sobolev spaces

In this section we introduce Sobolev, Besov and Bessel potential spaces and cite embedding,
interpolation and trace theorems for these spaces. For details and proof in the scalar valued
case, see [AF03], [BL76], [Tri78] and [Tri83]. Many well known theorems can be generalized to
the vector valued case. We mention [Ama00] and [SSS12] for such generalizations. For some
results in the vector valued case, it is necessary that E is of class H7 which is equivalent to F
being an UMD space (see [Ama95]).

Many theorems in the following are stated for the full and half space case. But for sufficiently
smooth domains 2 C R" one obtains corresponding assertions with the help of retractions and
coretractions. Again, we mention [Ama00].

Let Q C R"™ be open, E be a C-Banach space and 1 < p < co. As usually, for real Banach spaces
we use the complexification (cf. [Ama95]).
As usual, we use multi-index notation, i.e. we define

9% = O A,

@ i=at ),
la| == a1+ ...+ ap,
for = (a1,...,0p) € N} and 2 = (21,...,2,) € R™.

2(Q, FE) = C3° (9, E) denotes the space of all E valued test functions.
7'(O0,E) = L(2(0,C), E)

denotes the space of E valued distributions on €. We define the space of E valued Schwartz
functions &/ (R", E) as the space of all smooth functions f € C*°(R", F) such that

sup [(1 4 |2[*)*20% f ()| < oo
z€R™

for all £ € Ny and o € Njj. Then, similarly as above, we let .#/(Q, E) denote the space of E
valued tempered distributions.
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For m € Ng we define the Sobolev space W,'(2, E) by
WL E) = {u € Ly(Q, E) : 0% € LP(Q, E), |a] <m}.

Here, 0% = 01" ...0%u is the distributional derivative of u € L,(£, E). Endowed with the

norm
1/p

lullwy = | D ll0%ullp ]
|| <m
W (82, E) is a Banach space.
BUC™(Q, E) is the closed subspace of W2(Q, E) of all functions u for which 0%u for all
|a| < 'm is bounded and uniformly continuous.
For 0 <0 <1 let

llu(@)—uy)|’ 1/p
(foQWanEd(%y)) , p<00
llw(x)—u@)lle
SUP=yet, Tyl

I, (u) =

P = 00.

Then
W (Q, B) = {u € Wy E) : [lullypro < oo}
is called Sobolev-Slobodeckii space with norm given by

lullyyeso = lullwge + max Top(9%w).

With BUC™(Q, E) ¢ BUC™(Q, E) we denote the space of all functions u € BUC™(Q, E)
such that 0%u with |a] = m is Holder continuous with exponent 6. Then

Wt (Q, E) = BUC™(Q, E) (A1)

holds. For m € Nand 0 <0 <1 let Wp_m+9(Q, E) be the space of all E valued distributions on
) that possess a representation of the form

u= Z 0%uq (A.2)

la|<m
with ug € WE(Q, E). W, (Q, E) is endowed with the norm

|’7~LHWp—m+9 = infm Hua||Wg7

o] <

where we take the infimum over all representations of u of the form (A.2). Using (A.1), one
defines BUC™™%9(Q, E) in the same way. All these spaces are Banach spaces as well.

Now we introduce vector valued Bessel potential and Besov spaces. We fix ¢ € Z(R") :=
Z(R™,C) with (&) =1 for |£] < 1, and ¥(§) = 0 for || > 2. Define

V(€)= ¥(27F) —p(27ML),  ¢eR”
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and ¥y (D) 1= .F 1. F for k € N, where .# denotes the Fourier transform on .#’(R", E). Then
the Besov space By ((R", E) for 1 < p,q < oo and s € R, defined by

By (R", E) := {ue L' (R E): ||ullspq < oo}

with

= 2Sk D n ) H ,
fullowa = || (2 Non Dl ),

is a Banach space. The spaces are independent of the choice of v); different choices of 1 lead to
the same spaces with equivalent norms.
For 1 < p < co and s € R the Bessel potential space Hy(R", E), defined by

Hy(R", E) :={u € S (R", E) : |ullus < oo}

with
lullay = 7711+ g2 7

Lp(R",E)’

is a Banach space.

A.1 Theorem (H = W, [SSS12], Remark 2.11). Let 1 < p < co. Then we have
HT(R",E) = W(R™E), meN,
if and only if E is of class HT .

In the following we write W := W(R", E), BS,, := B, (R", E) and BUC* := BUC*(R", E).
Furthermore, write . := .(R™, E) and %/ := %/(R™, E).

A.2 Theorem. Let 0 < 0 < 1. For sp, s1 € R satisfying so # s1 we define sg := (1 —6)sg + 0s;.
Then the following assertions hold.

a)
81 S0 /
S — BM1 — Bp,q2 — ., 81> s,

and

B;’qo = B;,fh’ 40 < qi-

b)

S S
Byt o= Bpogs 81> S0, 81 —n/p1 = so —n/po.

¢) Besov spaces are compatible with real interpolation:

(B;?qo’ B;,Im)@,q = B;,eq’ S0 7 S1-

d) For s € R\Z we have

s _ s
Wy =By
and for m € Z we have
o1 = W= B, p<oo.

Furthermore, By, # W, unless p=2 and E is a Hilbert space.
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e) Real interpolation spaces of Sobolev-Slobodeckii spaces are Besov spaces:

(W;O,ng)qu = B;?(p S0 7é 81, p < 0.

f) FormeZ
07"071 — BUC™ — BO";;’OO

holds.

g) Real interpolation spaces of BUC® are Besov spaces as well:

(BUC™,BUC™ )g 4= B3 .

A.3 Theorem (Trace theorem). Let 1 < p < co. Then there exists a continuous operator
tr € L(W"(R", E), B, P (R E))

satisfying tru = ulgn—1 for u € C(R™, E). For s > 1/p
tr € L(H3(R", E), B3, V/P(R"1, E))

holds true. The operator tr s called trace operator.

Now we assume that 0 C R" is a bounded domain with a smooth boundary. Then B, (€2, E)
is defined by means of the restriction R” — €. Let

rq € L(C(R™, E),C(Q, E))

denote the point wise restriction of continuous functions given by w +— u|g. The distributional
restriction rq € L(Z'(R", E), 2'(Q, E)) is given by

rou(¢) == u(¢), we 2'(R"E), ¢ 2(Q).

Set
B (2 E) :=roB; (R", E).

Similarly one defines H,; (2, E). Then the assertions from above still hold true when we replace
R” by Q and R"~! by 99, respectively.

A.4 Theorem (Rellich-Kondrachov). Let Ey and Ey be Banach spaces such that Ey is compactly
embedded in Ey. For s1 > sy and s1 —n/p1 > so — n/py we have that the embedding

Wol(Q, Ey) — W0 (8, Ep)
is well-defined and compact. If m € Ny and s € R such that s —n/p > m then the embedding
W;(Q7 El) — Cm(ﬁv EO)

s well-defined and compact.
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In the following, R} denotes the positive half space in R", i.e.
RY == {2z = (z1,...,2n) € R" : 2, > 0}.
Similarly, R := —R’}.

A.5 Lemma. Let 1 < p < o0,k € Nyu; € W]f(]RCLr) and up € Wlf(]R’i). Then the connected
function
z € R,

u(z) := w(®),
ug(z), z=€R?
satisfies u € W;“(R") if and only if
Nup =0 ug, 1=0,...,k—1,

holds on OR'} = R"~1. The same is true for Besov spaces B]’,f;s(R”) with 1 < p,q < oo and for
Bessel potential spaces H§+S(R”) with 0 < s < 1/p.

A proof can be found in [Ama09], Theorem 4.7.3.

A.2. Fourier multipliers and R-bounded operator families

For a detailed discussion of these topics we refer, for example, to [Wei01], [KW04] and [DHPO3].

A.6 Definition. Let 1 < p < co. A function m € Lo(R") is called Fourier multiplier in L,
if f+— Z 7 Im.Z f defines a bounded linear operator M € L(L,(R™)). Precisely: m is a Fourier
multiplier, if the mapping

M:.Z[R") = . (R"), p = F 'mFp
satisfies R(M) C L,(R™) and
HM(PHLP(R") <Clelr,mny (v € R"),

i.e. M can be uniquely extended to M € L(L,(R™)). In this case, we call m the symbol of the
operator M. We write op(m) := .Z "'m.% := M and symb(M) := m.

A.7 Remark. By Plancherel’s theorem, we have op(m) € L(L2(R™)) if and only if g — mg is
continuous in Lo(R™). This is equivalent to m € Loo(R™). Indeed: Suppose that m € Lo (R™).
Then we have [|mg||r,@wn) < M| Lo ®n)gllL®n)- On the other hand, if m ¢ Lo(R™), then
there exists a sequence (Aj)ren of measurable sets with 0 < A(Aj) < oo and (cx)ren C [0, 00)
with ¢ — oo for k — oo such that |m| > ¢ on Ag. For g := x4, € L2(R™) we obtain

Imgell o) = /R m(€)ar(© g = ENAK) = g3,z

i.e. op(m) is not bounded in Lo(R™). Here, x4, is the indicator function on Ay.

For n € N we denote with || the largest integer less or equal 7.
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A.8 Theorem (Mikhlin). Let 1 < p < oo and m: R"\ {0} — C be a function. If one of the
following conditions

(i) m e CLlzI¥Y R\ {0}) and
€17 D%me) < Cur (€ €R*\ {0}, 181 < | 5| +1),

(i) m € C™(R™\ {0}) and

P DPm(&)| < Cur (€ e R\ {0}, 8 € {0,1}")
holds with a constant Cyr > 0, then m is a L, Fourier multiplier satisfying

| op(m)|| (L, @) < c(n,p)Cm
and the constant c(n,p) does only depend on n and p.

A.9 Remark. a) Let m: R"\ {0} — C be homogeneous in £ of degree d € R, i.e.

m(p¢) = p'm(&) (£ € R™\{0},p > 0).

If m € C¥(R™\ {0}) for some k € N then 2°m is homogeneous in ¢ of degree d — |3] for all
|B] < k. To see this, let = (1,0,...,0) € Njj. Then we have

. om(p§+ her) —m(pf) .. &+ Ber) —m(€)
(O, m)(p€) = lim, 5 = lim p pp,;

= pdilaﬁm(g)‘
Now the assertion for arbitrary g follows iteratively.

b) Suppose that m € CLz1+1(R™\ {0}) is homogeneous of degree 0. Then m satisfies the Mikhlin
condtion. Part a) of this remark states that mg(€) := |¢|#/DSm(¢) is homogeneous of degree
0 for |3] < |5 ] + 1. This implies

ma(©) = s (15 )| < maxlmsl <0 (€ B\ (o)

In|=1

We now introduce the definition of R-boundedness and state some properties of R-bounded
operator families.

A.10 Definition. For n € N we define r,: [0,1] — {—1,1} by
rn(t) := signsin(2"wt) (t € [0,1]).

The functions r, (n € N) are called Rademacher functions.
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A.11 Remark. It is easy to verify that

/1 T (O)rm(t) dt = dpm (n,m € N),
0

where 0 denotes the Kronecker delta. Moreover, we have that

A{t €[0,1] 7, (8) = 21, ... 7y, (£) = 201}) = H)\ {t €[0,1] : 1y, (1) = 2})

7j=1

where A denotes the (here one-dimensional) Lebesgue measure. Hence, (1,)nen 1S a sequence
of independent, identically distributed, symmetric random variables on the probability space

([0, 1], B([0, 1]), A).

A.12 Definition. A familiy of bounded linear operators 7 C L(X,Y) is called R-bounded, if
there exists a constant C' > 0 and p € [1,00) such that for all N € N,T; € T and z; € X the

inequality
N N
Z riTjx; <C Z TiT;
j=1 j=1

Ly(01Y)
holds true. The smallest possible C' is called the R-bound of T and we write R(T) = C.

(A.3)
Ly([0,1],X)

In fact, the definition of R-boundedness is independent of p € [1, c0):

A.13 Theorem (Kahane’s inequality). Let 1 < p < oo. Then there exists a constant C, > 0
sucht that

N

< e

N

Cp Z T5T;

E :7“;583

is valid for each N € N and z; € X.

Lo(]0,1],X Ly([0,1],X) L»([0,1],X)

A.14 Corollary. If the condition (A.3) in Definition A.12 is satisfied for one p € [1,00), then
it is satisfied for all p € [1,00). The corresponding R-bounds satisfy

%RQ(T) < Ry (T) < C2Ro(T).

p

A.15 Remark. a) If T C L(X,Y) is R-bounded, then 7 is uniformly bounded with

sup || 7| Lx,yy < R(T).
TeT

This follows directly from Definition A.12 with N = 1.

b) If X and Y are Hilbert spaces, then 7 C L(X,Y) is R-bounded if and only if 7 is uni-
formly bounded. Indeed: In this case, L2([0,1], X) and L2([0,1],Y") are Hilbert spaces as
well. Moreover, (r,xn)nen C Lo2([0,1], X) and (r,Thnxn)neny € L2([0,1],Y) are orthogonal
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sequences. Now we assume that 7 is uniformly bounded, i.e. there exists a constant C7 such
that || T'||r(x,y) < C7 for all T' € T. We obtain

N 2
E rnThTy,
n=1

N N
= IraTnaall?, qogyy = D 1 Townlly
LQ([071]7Y) n=1 n=1

2

L»([0,1],X)

N
E T'nTn
n=1

A.16 Lemma. Let X,Y,Z be Banach spaces and T,S C L(X,Y) and U C L(Y,Z) be R-
bounded. Then

N
<CFY llaalk = CF
n=1

T+S={T+5:TeT,S5eS}

and
UT ={UT:UclU,TeT}

are also R-bounded with
R(T+S)<R(T)+R(S), RUT) < RU)R(T).

A.17 Lemma (Contraction principle of Kahane). Let 1 < p < co,N € N and z; € X for
j=1,...,N. Furthermore, let aj,b; € C with |a;| < |bj| for j=1,...,N. Then

N N
E CLjT‘j:Ej E bjT‘j.Tj
j=1 7=1

The following lemma gives a sufficient condition when a family of homogeneous symbols does
not only lead Fourier multipliers but also to an R-bounded family of operators.

<2
Ly([0,1],X)

Ly([0,1],X)

A.18 Lemma (see [Frol6], Lemma 2.7). Let w € (0,7 and v € N3. Further, let b: (R" x 3,,) \
{0} — C be infinitely often differentiable and positive homogeneous in (&, )\1/2) of degree 0, i.e.
b(ré,m2X) = b(E,\) for any r >0, £ € R™ and X\ € ¥,. Then, the following assertions hold true:

(a) For all X € ¥, we have that 8b(-, \) is a L, Fourier multiplier. Moreover, the mapping
Yo 2 A= F (-, \)F € L(L,(R™))
is infinitely often partially differentiable with
NF (- NF =F 1Ob(-,\)F.
(b) There exists a constant C = C(y,w,n,p,b) > 0 such that
HW@Z«%%(-?A)%\L(L,,mn)) <C
for all A € X,
(¢c) The family
{NOF (-, AT 1 A€ Sy, } C L(Ly(R™))
is R-bounded.
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A.19 Remark. The homogenity in Lemma A.18 can be replaced as follows:

Let m: (R" x %) \ {0} = C, (§,\) = m(&,\) be a symbol which has a bounded holomorphic
extension m: (34)" x Xy — C, (2,A) = m(z,A) with ¢ > 0 and w’ > w. By Cauchy’s integral
formula we have that

1

Rz A) = orik!

/ iz ) (A — )~V dy

for k € N. Here, v, . denotes the positively oriented circle with center A and radius § sin(e)|A|
with € = w’ — w. By assumtion, m(z, A) is bounded for s € ) .. Thus, we get that A*0¥m(z, \)
is bounded for all A € ¥, \ {0} and k € N. In the same way, we treat derivatives with respect to
z and obtain

INTOTENDEM(E,N)] < Cra (N € Xy, € R™\ {0}).
Hence, \79)m(-, \) satisfies the Mikhlin condition and Theorem 3.2 in [GW03] shows that
{NRFIm(,N)F 1 A€ E,} C L(Ly(RY))
is R-bounded.

Finally, we will also be using a similar result for a symbol where Lemma A.18 does not apply:

A.20 Lemma (see [Frol6], Lemma 2.10). Let n > 2,e € (0,7),s > 0 and

O+l Py
O+ IeP) P

for & = (&,&,) € R™ and X\ € X;_.. Then, the assertions of Lemma A.18 also hold for b. In
part (b) of Lemma A.18, the constant now depends on v,e,n,p and s.

b(&,A) =

A.3. Maximal L,-regularity

The purpose of this section is motivating the definition of maximal L, regularity and to show
the connection between maximal regularity and vector-valued Fourier multipliers. Maximal
regularity and vector-valued multipliers are closely connected to R-boundedness of a certain
operator family.

Let X be a (separable) Banach space. We consider the abstract Cauchy problem

Ou—Au=f, te(0,T),

o(0) — (A.4)

with a linear closed operator A: X D D(A) — X. If we assume f € L,((0,7),X), then we
would require v to satisfy

O € Lp((0,T7),X) and v € L,((0,T), D(A)).
ug is assumed to be an element of the trace space

I(A) ={zr=uf;=:ucE:= WI}((O,T),X) N L,y((0,T),D(A))},
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which is a Banach space endowed with the norm ||z (4) := inf{||u[|g : ult=0 = z}. This space
is an intermediate space of D(A) and X in the sense that

D(A) — I,(A) — X.

The space I,(A) coincides with the real interpolation space (X, D(A))1_1/pp- In the case of a
differential operator of order m € N we would set X := L,(R"), D(A) := W;*(R"). This leads

to the trace space (X, D(A))1_1/pp = (Lp(R™), W (R™))1_1/pp = B;Z_m/p(R") (provided that
p > 1), where B, (R") is the Besov space of order s € R. More details will be given in the
lecture on Interpolation of Banach spaces.

A.21 Definition. Let T' € (0,00],J := (0,7),1 < p < oo and A: D(A) — X be a closed linear
operator. Then A has mazimal L, regularity, if for all (f,ug) € Ly(J, X) x I,(A) =: F there
exists u solving (A.4) almost everywhere and if there exists a constant C' = C(J) > 0 such that
the estimate

10cull L, .x) + 1 Aull L, 7x) < CUfllL,x) + lluollz,a)) (A.5)
holds for all (f,up) € F. In this case we write A € MR,(J, X) or A€ MR,(X) if J = (0, 00).

A.22 Remark. The definition A.21 requires u to satisfy dyu € Ly(J, X). If J is finite or 0
belongs to the resolvent set of A, one can replace ||0sul 1, (s.x) With ||u||W;(J’X) in (A.5). In this
case, A has maximal regularity if and only if

(@—i—A

) E—TF
Yo
is an isomorphism of Banach spaces. Here, vy denotes the trace operator, i.e. vo(u) = u(0).

In the following we assume ug to be zero. This can always be done. The functions v and f will
be extended to the whole line t € R by zero. We will apply Fourier transform with respect to
time

(Fu)(r) = (2m) 12 /R =T (1) di.

Note that
[(F(Opu)](T) = iT(Fu)(T).

Hence, applying temporal Fourier transform .%;, we get
(it — A)(Fu)(7) = (Ff)(7).
For A having maximal regularity we need
ou = F; (it — A)TLFf € Ly((0,00), X).
In fact, one can show the following theorem:
A.23 Theorem. The operator A has maximal L, reqularity if and only if
F (it — AL

defines a continuous operator in Ly(R, X).
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A.4. Vector-valued Fourier multipliers

In order to prove maximal regularity for an operator A, it is crucial to find sufficient conditions
for m(7) := ir(ir — A)~! being a Fourier multiplier in L,(R, X). If X # C we cannot apply the
Mikhlin Multiplier Theorem A.8. Therefore, we need will need other criteria if X # C is a more
general Banach space.

To get such results, we first have to impose some restrictions (which are not that restrictive in
applications) on our Banach space X.

A.24 Definition. a) The Hilbert transform H: (R, X) — %' (R, X) is defined by

_ i€
¢l

b) The Banach space X is called of class HT if for some p € (1,00) we have H € L(L,(R, X)).

W = op(m)f with m(€) == = (¢ € R\ {0}).

A.25 Remark. a) If b) in Definition A.24 holds for one p € (1,00), then it holds for all
p € (1,00).

b) If X is a Hilbert space, then X is of class H7T, because m € Lo (R).
c) If X is of class HT then X is reflexive.

d) Assume that X is of class H7 and let (X, 1) be a o-finite measurable space, then L,(%, 1, X)
is of class HT for all p € (1, 00).

e) If (X, X1) is an interpolation pair such that Xy and X; are both spaces of class HT, then
the real and complex interpolation spaces [Xo, X1]p and (Ey, E1)g, are of class HT as well
for every 6 € (0,1) and all p € (1, 00).

A.26 Theorem (Weis 2001). Let p € (1,00). Assume that X is of class HT and let m €
C™(R™\ {0}, L(X)) with

R ({€0/m(e) : € e R"\ {0},8 € {0,1)"}) < ox.
Then m is a Fourier multiplier, i.e. op(m) € L(Ly(R™, X)).

Theorem A.26 provides a sufficient condition for m being a Fourier multiplier in L,(R", X) and
the corresponding operator is op(m) is bounded in L,(R™, X'). Roughly speaking we have that

R-bounded symbols lead to bounded operators.

This is not good enough: If we want to solve an evolution equation, it might be useful to use
Fourier transform in time and in space separately. This leads to iteration of Fourier transform
and hence we need a result of the type

R-bounded symbols lead to R-bounded operators.

For such results we need another geometric property of the Banach space X.
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A.27 Definition. A Banach space X has property («) if there exists a constant C' > 0 such
that for all N € N, oj; € C with |a;;| <1 and all 2;; € X we have

1,1 1,1
/ / dudeC’/ /
o Jo X o Jo

As before, r;,r; are the Rademacher functions.

A.28 Remark. a) If X = L,(X, 1) with a o-finite measure 1, then X has property (a). Closed
subspaces of L, (G, p) also have property («).

N
> rii)ry(w)aijmi

i.j=1

du dv.
X

N
> rilu)r(v)zg
ij=1

b) If X has property («) and p is a o-finite measure on G, then L,(G, p, X) has property (o).

A.29 Theorem. Let X,Y be Banach spaces of class HT with property (o). Assume that T C
L(X,Y) is R-bounded. Consider the set

M :={m e C"(R"\ {0}, L(X,Y)) : £*D*m(§) € T (£ € R"\ {0}, € {0,1}"}.
Then {op(m) : m € M} C L(L,(R", X), L,(R",Y")) is R-bounded with R-bound less or equal
CR(T) with some constant C' > 0 only depending on p,m, X andY. Again we have set op(m) :=
FImF.
A proof can be found in [KWO04]
A.30 Corollary. Let {my : A € A} be a family of matriz-valued functions
my € C™ (R™\ {0}, CV*N)

such that

€2 D%m(€)] < Co (€ € R\ {0}, € {0,1}", A € A).

Then {op(my) : A € A} C L(L,(R",CY)) is R-bounded with R-bound C - Cy, where C only
depends on p and N.

Proof. X = C" is of class HT and has property (). By assumtion,

[E2D"ma(€) : € € R™\ {0}, € {0,1}", A € A} € L(X)
is bounded and since X is a Hilbert space, this family of operators is also R-bounded. Now
choose T := {A € CV*N . |A| < Cp} in Theorem A.29. O
The following summarizes the connection between maximal L, regularity, vector-valued Fourier
multipliers and R-boundedness:

A.31 Theorem (Weis). Let 1 < p < oo, let X be a Banach space of class HT and let A be a
sectorial operator, i.e. A is closed, densely defined and it holds that

p(A) D Ch, [AA=A) Ypxy <M (AeCy)

for a constant M > 0. Here, C, := {z € C : Rez > 0} is the closed right half plane of the
complex plane C.
Then the following statements are equivalent:

(i) A has mazimal L, regqularity.
(i) The L(X)-valued function m(r) :=ir(ir — A)~! is a L, Fourier multiplier.
(iii) The set {\(A— A)~1 :Rez > 0} is R-bounded (i.e. A is R-sectorial).
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A.5. Boundary value problems for ordinary differential equations

We consider the boundary value problem

y(t)=F(®)yt) +h(t) (teR)

Ay(a) + By(b) = c. (A.6)

Here, a < b, F € C([a,b;C"*N), h € C([a,b];CN), A,B € CN*N and ¢ € CN. Let Y ¢
C1([a, b]; CN*N) be a fundamental system of the homogeneous system, i.e.
Y'(t)= Ft)Y(t) (t€R).

A.32 Theorem ([DR11]). The boundary value problem (A.6) is uniquely solvable for all h €
C(la,b); CN) and c € CV, if and only if the characteristic matrix

Cy := AY (a) + BY ()
1s tnvertible. This holds true if and only if the homogeneous boundary value problem
y'(t) = F(t)y(t), Ay(a)+ By(b) =0

only possesses the trivial solution y = 0.







Deutsche Zusammenfassung

Wihrend die Auslenkung einer Platte, sprich eines elastischen Materials, welches eine ver-
gleichsweise geringe Dicke aufweist, noch durch eine skalarwertige partielle Differentialgleichung,
namlich durch die Plattengleichung

ug(t, x) + APu(t,z) = f(t, z) (Z.1)

beschrieben werden kann, werden fiir die Modellierung komplexerer physikalischer oder che-
mischer Phidnomene Systeme von partiellen Differentialgleichungen bendétigt.

Im Allgemeinen soll einerseits nicht nur ein skalarer Wert, wie in diesem Beispiel die Auslen-
kung der Platte, eines Phinomens beschrieben werden, sondern gleich eine ganze Ansammlung
verschiedener Groflen, wie beispielsweise dreidimensionaler Koordinaten im Raum oder die Kon-
zentration einer chemischen Substanz; andererseits ist zu deren korrekten Beschreibung héaufig
auch die Modellierung weiterer, sich gegenseitig beeinflussender Grofien nétig.

So werden Stromungen in Gasen und Fliissigkeiten, das heiffit dreidimensionale Vektorfelder,
welche die Bewegung des Stoffes an jedem Ort und zu jeder Zeit darstellen, durch Navier-
Stokes-Gleichungen in Abhéngigkeit vom herrschenden Druck, welcher sich durch die Strémung
selbst dndert und diese im Gegenzug ebenso beeinflusst, beschrieben.

In einer Autobatterie finden chemische Reaktionen statt, d.h. es miissen Konzentrationen von
Stoffen beschrieben werden, wiahrend man gleichzeitig an den entstehenden elektrischen Stromen
interessiert ist. All diese Groflen beeinflussen sich gegenseitig und werden jeweils durch verschie-
dene Gleichungen modelliert, welche gekoppelt ein ganzes System von partiellen Differentialglei-
chungen formen.

Im Beispiel der Plattengleichung kann etwa die Temperatur Einfluss auf die physikalischen Ei-
genschaften der Platte haben, wihrend gleichzeitig die Auslenkung der Platte und dadurch
entstehende Spannungen und Reibungen wiederum die Temperatur d&ndern kénnen. Will man
diese Effekte bei der Modellierung einer Platte, wie beispielsweise einer Briicke oder Teilen
der Karosserie eines Automobils, beriicksichtigen, ist die Gleichung (Z.1) hierfiir nicht mehr
ausreichend. Die zusétzliche Beschreibung der Temperatur fithrt auf sogenannte thermoelasti-
sche Plattengleichungen. In ihrer einfachsten Form ist die thermoelastische Platte durch (siehe
[Lag89])

w(t, z) + Au(t,z) + AO(t, x) = f(t, ),

(Z2.2)
Oi(t,x) — AO(t, x) — Aw(t,x) = g(t, )

gegeben, einem System zweier partieller Differentialgleichungen, genauer gesagt einem gekoppel-
ten System der Plattengleichung (Z.1) sowie der Wirmeleitungsgleichung. Hier beschreibt u(t, x)
die Auslenkung der Platte zur Zeit ¢ am Ort z und (¢, z) die Temperatur (beziehungsweise die
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Differenz zu einer Referenztemperatur 6y).

Aber auch durch die Kopplung zweier skalarer Gleichungen (oder natiirlich auch von Syste-
men) an einer sogenannten Transmissionsschicht erhdlt man ein System partieller Differenti-
algleichungen, sogenannte Transmissionsprobleme. Hier treten in verschiedenen Teilbereichen
der Geometrie 2 jeweils verschiedene Gleichungen (bzw. Systeme) auf, welche an den Trans-
missionsschichten, d.h. an den Ubergiingen von einem Teilbereich zum Niichsten, iiber gewisse
Transmissionsbedingungen gekoppelt sind.

Eine Platte kann zum Beispiel materialbedingt an verschiedenen Stellen unterschiedliche physi-
kalische Eigenschaften besitzen. Wir vernachléssigen die geringe Dicke der Platte an dieser Stelle
und betrachten eine zweidimensionale Geometrie. Wéhrend in einem Teilgebiet Qy C Q C R?
die Platte beispielsweise durch die Gleichung (Z.1) beschrieben wird, kénnte im Rest €y des
Gebietes die strukturell gedimpfte Plattengleichung

ug(t, x) + Au(t, z) — pAuy(t, x) = f(t,z) (Z.3)

mit dem Dampfungsfaktor p > 0 eine passendere Beschreibung der Platte sein. Mithilfe von
Transmissionsbedingungen an der Transmissionsschicht I'" sowie zusétzlicher Randbedingungen
auf I'; (vgl. Abbildung Abb.1 unten) fiihrt eine solche Platte mit verschiedenen Eigenschaften
ebenfalls auf ein System partieller Differentialgleichungen, denn hier werden die Auslenkungen
zweier verschiedener Platten, welche sich gegenseitig beeinflussen, zeitgleich beschrieben.
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Abbildung Abb.1: Geometrie Q2 der Platte, aufgeteilt in zwei Teilgebiete Q01 und g, in welchen
die Platte unterschiedliche Figenschaften besitzt.

Diese Beispiele verdeutlichen die Relevanz des Studiums von Systemen fiir die Anwendung in
der Physik, der Chemie oder anderen Wissenschaften. Tatséchlich fithren jedoch bereits skala-
re Gleichungen, wie die Plattengleichungen (Z.1) und (Z.3), mathematisch gesehen hiufig auf
Systeme partieller Differentialgleichungen: Ein Standardansatz fiir die Behandlung von Evolu-
tionsgleichungen, d.h. zeitabhéngiger partieller Differentialgleichungen, ist es, die Gleichung als
gewoOhnliche Differentialgleichung in der Zeit zu lesen, welche nun Werte in einem Funktionen-
raum X im Ort annimmt. In diesem Falle wiirde man also (Z.3) in der Form

ue (t) + A%u(t) — pAuy(t) = (1) (Z.4)

lesen, wobei nun u, us, uy und f nicht mehr skalarwertige Funktionen, sondern fiir jedes t > 0
sind w(t), ut(t), ug(t) und f(t) Elemente passender Funktionenrdume.
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In der Anwendung sind diese héufig L,-Sobolevréume der entsprechenden Differenzierbarkeits-
ordnung, in diesem Falle also u(t) € H (), u(t) € H2() sowie uy(t), f(t) € Ly(€). Schreibt
man nun (Z.4) als System erster Ordnung in der Zeit

Uy(t) — AU(t) = Us(t) — <-Z? pi) U(t) = ( f?t)) (2.5)

mit U = (u,us) ", so erhilt man zum Beispiel mit der Halbgruppentheorie (siehe [Paz83], [EN00])
ein méchtiges Werkzeug an die Hand, um das System (Z.5) im Raum X = H2(R") x L,(R")
und damit wiederum die urspriingliche Gleichung (Z.3) auf Wohlgestelltheit und Eigenschaften
der Losung zu untersuchen. Damit wurde das Studium der Plattengleichung auf das Studium
der Eigenschaften des Matrixdifferentialoperators gemischter Ordnung

A: X DDA =X, U~ (_OAz i)U

mit geeignetem Definitionsbereich D(A) C X zuriickgefiihrt. Dieses Vorgehen liefert fiir die
thermoelastische Platte (Z.2) demnach sogar ein 3 x 3 System gemischter Ordnung.

Von einem mathematischen Standpunkt aus betrachtet bilden Systeme (i.A. von gemischter
Ordnung) aufgrund der zur Verfiigung stehenden Theorien also selbst bei skalaren Gleichungen
h#ufig eine natiirliche Sichtweise. Folgerichtig spielen Systeme partieller Differentialgleichungen
mit ihren Rand- und Transmissionsbedingungen eine wichtige Rolle in der Analysis und sind
elementarer Gegenstand der Forschung.

Der Hauptteil dieser Arbeit befasst sich mit zwei wesentlichen Fragestellungen im Bezug auf
die schon erwéhnten Transmissionsprobleme, welche anhand von Plattengleichungen untersucht
werden. Abgesehen von ihrer anwendungstechnischen Relevanz dienen solche Systeme auch, wie
oben angedeutet, als niitzlicher mathematischer Prototyp fiir Systeme gemischter Ordnung.

Die erste Frage hat ihren Ursprung in der Theorie parameter-elliptischer Randwertprobleme,
siehe beispielsweise [ADN59], [AV64], [Ama90], [Ama93|, [Ama95], [ADF97]| und [DHPO03]. Mit
dieser lassen sich tiber Eigenschaften der linearen Gleichung, genauer gesagt iiber Eigenschaften
des Differentialoperators sowie der Randoperatoren, Aussagen zur Losbarkeit von nichtlinea-
ren Problemen treffen. Parameter-elliptische Randwertprobleme besitzen die Eigenschaft der
sogenannten maximalen Ly,-Regularitit. Diese erlaubt es, nichtlineare Gleichungen durch Itera-
tionsverfahren anhand der linearisierten Gleichung zu 16sen, wofiir aufgrund der Anwendung von
Fixpunktargumenten haufig Kleinheitsbedingungen an den Zeithorizont oder die Anfangsdaten
gestellt werden miissen.

Neben der Moglichkeit, nichtlineare Probleme zu behandeln, impliziert die maximale L,-Regu-
laritat insbesondere die Holomorphie der zugehotrigen Halbgruppe, weshalb parameter-elliptische
Randwertprobleme auch eine Glattungseigenschaft der Losung besitzen und, in beschrinkten
Gebieten, exponentiell stabil sind. Durch die Glattungseigenschaft existieren auch zu Anfangs-
werten mit geringerer Regularitéit, als die Gleichung eigentlich fordert, Losungen, welche die
erforderliche Regularitét erhalten.

Da die Theorie parameter-elliptischer Randwertprobleme auf die in dieser Arbeit auftretenden
Systeme nicht angewendet werden kann, beschéftigen wir uns hier mit dem zur maximalen L,-
Regularitit dquivalenten Zugang iiber R-sektorielle Losungsoperatoren (siehe z.B. [Wei01]).
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Konkret betrachten wir das Modellproblem fiir die Kopplung zweier parabolischer Plattenglei-
chungen, in diesem Falle der strukturell gedampften Platte

8t2u1 + ,81A2u1 — plAatul = f1 n (0, OO) X Ri,

0 ) ) (Z.6)
8,5 ug + BoA“us — poAdius = fo  in (0, OO) x R™
mit kanonischen Transmissionsbedingungen
85*1u1 - 81{71112 =0 (Z.7)

auf (0,00) x I' = (0,00) x R*7! fiir j = 1,...,4. Hierbei seien B;,p; > 0 und f; € L,(R%}) fiir
1 = 1,2 gegeben.

Die kanonischen Transmissionsbedingungen (Z.7) bedeuten, dass die zusammengesetzte Funkti-
on u = xrn U2+ Xre U1 im Sobolevraum Hg(R”) liegen soll, d.h. dass die Losung insgesamt glatt
im Sinne der Ordnung der Gleichung sein soll. Spiegelt man die Gleichung in R” an der Trans-
missionsschicht I' auf die andere Seite, so erhélt man ein Randwertproblem im Halbraum R}
mit vier Randbedingungen, welche die sogenannte Shapiro-Lopatinskii-Bedingung (siehe bspw.
[W1082] und [DHPO03]) erfiillen. Dies wiederum erlaubt es explizite Losungsoperatoren mithilfe
der partiellen Fouriertransformation zu konstruieren sowie passende Abschéitzungen fiir diese zu
beweisen.

Wie bereits erwdhnt, ldsst sich die bekannte parameter-elliptische Theorie fiir ein solches Sys-
tem nicht direkt anwenden, was sowohl an der gemischten Ordnung des Systems liegt, als auch
an der Tatsache, dass der funktionalanalytische Grundraum nicht der Raum L,, sondern der
Produktraum Hz X Ly ist. In der Tat miissen sogar weitere Bedingungen in den Grundraum
geschrieben werden, um die R-Sektorialitidt zu erhalten (siche auch [DD11]).

Das Vorgehen iiber die partielle Fouriertransformation und die Shapiro-Lopatinskii-Bedingung
ist zwar analog zur bekannten Theorie, die komplexere Struktur des Grundraumes im Zusam-
menspiel mit den gemischten Ordnungen erlauben aber keine direkte Ubertragung der Ergebnisse
auf solche Systeme.

Allgemein ist die Frage nach der R-Beschrinktheit von Losungsoperatoren zu Systemen von
Rand- und Transmissionsproblemen ein zentrales Forschungsinteresse. Im Falle der parameter-
elliptischen Theorie kann mit dieser Maschinerie fiir eine ganze Klasse an Gleichungen maximale
L,-Regularitit gezeigt werden, was wie erwéhnt eine starke Grundlage zum Studium nicht-
linearer Gleichungen bildet. Hier sind die Parameter-Elliptizitit und die Shapiro-Lopatinskii-
Bedingung gemeinsam &dquivalent zur maximalen Regularitdt der Evolutionsgleichung.
Entsprechend grof§ sind die Bemiithungen, eine &hnlich aussagekriftige Theorie fiir Systeme
aufzustellen. Arbeiten in dieser Richtung sind u.a. [DF12], [DD11], [DK13] oder [KS12], in wel-
chen notwendige und hinreichende Bedingungen fiir (R-)Sektorialitéit an die Operatoren und die
zugrunde liegenden Rdume in verschiedenen Situationen bewiesen werden. Auch konkrete Trans-
missionsprobleme wurden in der Literatur in diesem Kontext untersucht. So treten beispielsweise
parabolisch-elliptische Systeme bei der Analyse von Lithium-Ionen Batterien auf (vgl. [Segl3],
[DS14]).

Wiinschenswert wére eine genaue Charakterisierung von Systemen mit passenden Rand- und
Transmissionsbedingungen, welche maximale L,-Regularitit besitzen. Dies scheint jedoch auf-
grund der groflen Variabilitéit an Fragestellungen ein vielleicht unmogliches Unterfangen zu sein,
weshalb es zum jetzigen Zeitpunkt unumgénglich ist, Prototypen, wie in unserem Falle die
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strukturell geddmpfte Platte mit kanonischen Transmissionsbedingungen, auf R-Sektorialitéit
zu lberpriifen und somit schliellich im Laufe der Zeit verschiedene Klassen von Problemen zu
identifizieren, welche gemeinsam behandelt werden kénnen. Hierzu soll diese Arbeit unter ande-
rem einen Beitrag leisten.

Die zweite zentrale Fragestellung dieser Arbeit beschiiftigt sich mit den Eigenschaften von
Losungen von Transmissionsproblemen, bei welchen Gleichungen mit unterschiedlicher Charak-
teristik gekoppelt werden.

Wihrend die Plattengleichung in ihrer einfachsten Form (Z.1) als Produkt zweier Schrodinger-
gleichungen weder einen Energieabfall noch eine Gliattungseigenschaft im Sinne analytischer
Halbgruppen aufweist, ist fiir die thermoelastische Platte (Z.2) und die strukturell geddmpfte
Platte (Z.3) beides erfiillt. Fiir die thermoelastische Platte mit sogenannten freien Randbe-
dingungen wurde dies in [DS17], fiir die strukturell geddmpfte Platte mit Dirichlet-Neumann
Randbedingungen (clamped Randbedingungen) in [CT89] oder auch [DS15] gezeigt. In der Tat
besitzen diese Gleichungen sogar maximale L,-Regularitit. Sie verfiigen also iiber nahezu alle
wiinschenswerten Eigenschaften.

Koppelt man nun beide Gleichungen, so stellt sich sogleich die Frage, welche der positiven Ei-
genschaften der thermoelastischen bzw. strukturell gedampften Platte sich auf die ungedédmpfte
Platte iibertragen und welche Eigenschaften hingegen verloren gehen. Falls das gekoppelte Pro-
blem stabil ist, so stellt sich auch die Frage nach der Abklingrate der Energie fiir das Gesamt-
system.

In dieser Arbeit untersuchen wir die Eigenschaften fiir die Kopplung der Platte mit der struk-
turell gedampften Platte

OFuy + A*up — pAdyu; =0 in (0,00) x O, (Z.8)
Ouy + A%uy =0 in (0,00) x Qo (Z.9)

mit clamped Randbedingungen
uy =0,u1 =0 aufly (Z.10)
und Transmissionsbedingungen

U = u2,
dyur = yua,
Auq = Aug,
—p0,0ru1 + Oy Aug = 9, Aus

(Z11)

auf der Transmissionsschicht I'. Diese Transmissionsbedingungen sind in gewisser Weise die
natirlichen Transmissionsbedingungen, denn vermoge dieser Bedingungen wird das Gesamtsys-
tem (Z.8)-(Z.11) dissipativ. Sdmtlicher Energieverlust wird hierbei durch den Dampfungsterm
pAdiuy verursacht.

Ahnliche Fragestellungen wurden bereits umfangreich in der Literatur untersucht, ist doch auch
aus Anwendungssicht gerade die Frage nach der Stabilitdt sowie der Informationsiibertragung
bei Kontrollproblemen fiir gekoppelte Materialien von immenser Bedeutung.




134 Deutsche Zusammenfassung

Nicht nur fiir Plattengleichungen ([Has17], [RO04]), auch in der Thermoelastizititslehre (etwa
[MnRNO7], [MnRR17]), bei der Kopplung von Wellen- und Plattengleichungen ([Her05], [Has16],
[LL99], [AG16], [AN10], [CL10]) oder anhand von Transmissionsproblemen von Wérmeleitungs-
und Wellengleichung ([RT74], [Z2Z07]) wurde die Ubertragung von Eigenschaften von Gleich-
ungen parabolischen Charakters (beziehungsweise Gleichungen mit dissipativen Effekten) auf
Gleichungen hyperbolischen (bzw. energiekonservierenden) Charakters untersucht.

Die Frage nach der Ubertragung von Analytizitit der einen Halbgruppe auf das Gesamtsystem
findet sich in der Literatur hingegen iiberraschend selten. Abgesehen von indirekten Resultaten,
wie beispielsweise in [MnRR17], wo die Losung eines thermoelastischen Transmissionsproblems
nur polynomielles und kein exponentielles Abklingen aufweist und damit die zugehorige Halb-
gruppe nach dem Satz von Gearhart-Priiss nicht analytisch sein kann, findet sich eines der
wenigen positiven Ergebnisse fiir die Kopplung zweier thermoelastischer Platten in [SR11]. Hier
besitzen jedoch beide Gleichungen bereits die Glattungseigenschaft, was dieses Resultat weniger
iiberraschend erscheinen lésst.

Im Rahmen der Kontrolltheorie wurden Transmissionsprobleme ebenfalls ausfiihrlich studiert,
siehe etwa [LW99], [LWO00] oder auch [AV09]. Hierbei stellen sich beispielsweise Fragen nach der
Stabilisierung oder der genauen Steuerung des Transmissionsproblems durch alleinige Kontrolle
am dufleren Rand, d.h. man beschéftigt sich mit der Informationsiibertragung von auflen iiber
verschiedentlich geartete Gleichungen im Gebiet hinweg.

Im Folgenden stellen wir die Gliederung dieser Arbeit detailliert vor, grenzen die behandelten
Themen ein und geben einen Ausblick auf die Hauptresultate der Arbeit:

In Kapitel 2 beschiiftigen wir uns mit allgemeinen Eigenschaften von Systemen partieller Dif-
ferentialgleichungen.

Im ersten Abschnitt untersuchen wir die Notwendigkeit einer sogenannten Parameter-Elliptizitdt
im Hauptsymbol Ay(x, &) des Matrixoperators A = A(x, D) fiir die Erzeugung holomorpher Cp-
Halbgruppen in einer sehr allgemeinen Situation. Dieses einfach handhabbare Werkzeug erlaubt
es, das Fehlen von Analytizitit zu zeigen, was wir in Kapitel 3 aufgreifen werden, wenn wir
uns die Frage nach der Ubertragung verschiedener Eigenschaften von parabolisch-hyperbolisch
gekoppelten Transmissionsproblemen stellen.

Das Hauptresultat in Theorem 2.2 zeigt die Notwendigkeit dieser Parameter-Elliptizitéit fiir die
Giiltigkeit der Resolventenabschitzung

IMNA = A) Iz < C

fiir gewisse A € C. Die beiden Korollare 2.4 und 2.5 konkretisieren das Ergebnis fiir die Erzeuger
von Halbgruppen und analytischen Halbgruppen. Der Beweis orientiert sich an dhnlichen Aus-
sagen in [DF12], [ADN59] oder auch [Ama90].

Im zweiten Abschnitt stellen wir verschiedene Storungsresultate fiir sektorielle und R-sektorielle
Transmissions- und Randwertsysteme vor, welche zum einen das Studium von Gleichungen
mit variablen Koeffizienten erlauben und zum anderen den Weg fiir Lokalisierungsprozeduren
eroffnen. Gerade in der parameter-elliptischen Theorie, in welcher man hiufig Modellprobleme
mit konstanten Koeffizienten im Halb- und Ganzraum betrachtet, womit man wichtige Hilfsmit-
tel wie die (partielle) Fouriertransformation zur Verfiigung hat, sind solche Sétze unumgénglich,
um die praktisch relevanten Probleme mit variablen Koeffizienten in unterschiedlichen Gebieten
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l6sen zu kénnen.
Auch hier ist die Situation sehr allgemein gehalten: Wir betrachten ein Modell-Transmissions-
problem der Form

A—Au=f inR"

Z.12
Byu =g auf R"! ( )

in gewissen Produktrdumen von Sobolevraumen. Hier ist der Operator A von der Form
A= 0
= )

wobei A~ und AT jeweils Matrixdifferentialoperatoren mit gemischten Ordnungen und unter-
schiedlicher Grofle sind. Die Transmissionsbedingungen sind durch

VB B

By = (yB~ ABT):= : :
By By

gegeben, wobei v den Spuroperator bezeichne.

Fiir solche Systeme untersuchen wir die Ubertragbarkeit von Sektorialitiit, siche Proposition
2.16, sowie die Ubertragbarkeit von R-Sektorialitiit, siehe Proposition 2.18, des Modellproblems
auf ein modifiziertes Problem mit kleinen Stérungen. Dies ermoglicht es, das Problem (Z.12)
auch mit einer gekriimmten, hinreichend glatten Transmissionsschicht I' zu betrachten, denn die
beim Lokalisieren auftretenden Stérungen der Operatoren sind durch die gezeigten Resultate
abgedeckt.

Setzt man zum Beispiel A~ = 0, so kann man mit (Z.12) auch Randwertprobleme behandeln
und insgesamt lassen sich somit Systeme von Transmissions-Randwertproblemen auf zum Bei-
spiel beschrankten, glatten Gebieten behandeln.

Das Vorgehen in diesem Abschnitt ist d&hnlich zu [DHPO03], Abschnitt 7.3, unterscheidet sich je-
doch durch die Wahl eines Produktraumes von L,-Sobolevraumen als Grundraum anstatt eines
Banachraumwertigen L,-Raumes deutlich. In Folge sind unsere Ergebnisse deutlich vielseitiger
anwendbar. Dieser Teil beruht auf gemeinsamer Arbeit mit Felix Hummel.

Kapitel 3 behandelt das Transmissionsproblem (Z.6), (Z.7) zweier strukturell geddmpfter Plat-
ten im Grundraum Hg x Ly fiir 1 < p < oo und ist an eine entsprechende Arbeit iiber das
Dirichlet-Neumann-Randwertproblem in [DS15] angelehnt. Ziel ist es, R-Sektorialitit fiir das
Transmissionsproblem zu zeigen und damit den Weg fiir nichtlineare Varianten des Transmis-
sionsproblems zu ebnen, auch wenn wir uns hier nicht explizit mit nichtlinearen Gleichungen
beschiftigen. Hierfiir gehen wir analog zu [DS15] vor und zeigen, dass die Methoden, mit welchen
man das Randwertproblem behandeln konnte, auch fiir das Transmissionsproblem zielfiithrend
sind. Da man nun jedoch vier Bedingungen auf der Transmissionsschicht anstatt zwei Bedin-
gungen auf dem Rand behandeln muss, ist der Vorgang technisch noch einmal aufwéndiger.

StandardmiBig fithrt uns der Weg, nach Spiegelung und Uberfithrung auf ein Randwertproblem,
iiber die partielle Fouriertransformation zur expliziten Konstruktion von L&sungsoperatoren
und geeigneten R-Schranken fiir gewisse Operatorfamilien, siche Theorem 3.11, im zunéchst
gewéhlten Grundraum Hg(Rff_) x L, (R ). Hier ist das Problem zwar eindeutig lésbar und man
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erhilt auch einige a-priori-Abschéitzungen (Korollar 3.12), doch die R-Sektorialitéit und damit
die maximale L,-Regularitét ist in diesem Grundraum nicht gegeben (Proposition 3.13). Um
diese zu erhalten, miissen weitere Bedingungen in den Grundraum geschrieben werden; konkret
miissen die im Grundraum existierenden Transmissionsbedingungen schon hier integriert wer-
den, siehe Theorem 3.16. Dies ist analog zum Dirichlet-Neumann-Randwertproblem, fiir welches
die Autoren in [DS15] R-Sektorialitéit zeigen konnten, falls eben diese Randbedingungen bereits
im Grundraum realisiert sind.

Theorem 3.16 erlaubt es uns schliefflich, das zeitabhéngige System mit inhomogenen Daten zu
16sen, siche Theorem 3.18. Mithilfe der Resultate aus Kapitel 2 lassen sich nun auch Transmissions-
Randwertprobleme in hinreichend glatten beschrinkten Gebieten (vgl. Abbildung Abb.1) 16sen,
siehe Theorem 3.19.

Wihrend das parabolisch-parabolisch gekoppelte Transmissionsproblem einen L,-theoretischen
Zugang erlaubt, ist dies fiir gekoppelte Systeme wie (Z.8)-(Z.11), welches wir in Kapitel 4
untersuchen, im Allgemeinen nicht mehr moglich (vgl. [DH18]). Hier stehen die Fragen nach
Stabilitdt, genauer exponentieller Stabilitdt, und der Analytizitdt der zugehorigen Halbgruppe
in einem geeigneten Hilbertraum fiir das Gesamtsystem im Zentrum der Aufmerksamkeit.
Mithilfe von Energiemethoden, der Parameter-Elliptizitit der strukturell gedampften Platte
sowie der Theorie von Interpolations-Extrapolationsskalen (siehe [Ama95]) kénnen wir fiir das
System (Z.8)-(Z.11) unter geringen geometrischen Bedingungen ein exponentielles Abklingen der
Energie beweisen (Theorem 4.20). Insbesondere benétigen wir keine geometrische Bedingung an
die Transmissionsschicht I', welche sonst haufig in der Literatur zu finden ist.

Die Analytizitéit ist fiir das Gesamtsystem nach den Ergebnissen aus Kapitel 2 hingegen nicht
mehr gegeben, siehe Proposition 4.31. Dariiber hinaus verdeutlichen wir das Fehlen der Gl&t-
tungseigenschaft mithilfe einer numerischen Simulation fiir das eindimensionale Transmissions-
problem, welche nahelegt, dass das zugehérige Spektrum nicht in einem Sektor mit Offnungswin-
kel ¥ > 7 der komplexen Ebene liegt, was eine notwendige Bedingung darstellt.

Sowohl die Aussagen iiber exponentielle Stabilitéit als auch die iiber das Fehlen der Analytizitit
iibertragen wir weiterhin auf Plattengleichungen, in welchen die Dampfung mithilfe einer C-
Funktion p: Q — [0, 00) iiber das Gebiet verteilt wird, siehe Theorem 4.30 und Proposition 4.32.
In unserem Falle betrachten wir stets ein beschrianktes Gebiet €2 (siehe auch Abbildung Abb.1).
Damit erhalten wir die Kompaktheit der Resolvente der Operatoren und somit Aussagen iiber
die Regularitéit der Losungen (wie in Lemma 4.5), welche wir in den Beweisen immer wieder
ausnutzen. Dennoch legen Ergebnisse wie in [MNO1] und [MNO7] fiir die Wellengleichung nahe,
dass auch fiir unbeschrinkte Gebiete ein gewisses Abklingverhalten der Losung gelten kann,
sofern die Démpfung im Unendlichen wirkt. Mit solchen Problemen werden wir uns an dieser
Stelle jedoch nicht befassen.

Teile dieses Kapitels basieren auf gemeinsamer Arbeit mit Prof. Dr. Robert Denk und wurden
in [DK18] veroffentlicht.

Im Anhang fassen wir einige Ergebnisse zu den Themen Sobolevraume, Fouriermultiplika-
toren, R-Sektorialitdt, maximale L,-Regularitit sowie Randwertprobleme gewoéhnlicher Dif-
ferentialgleichungen kurz zusammen. Dies dient hauptsédchlich der Lesbarkeit dieser Arbeit.
Auf entsprechende Literatur wird an den passenden Stellen verwiesen.
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