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Properties of magnetic vortices at elevated temperatures
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Thermal properties of steady-state magnetic vortices in soft materials are numerically evaluated

using the recently proposed Landau-Lifshitz-Bloch approach. Circular samples with permalloy-like

parameters are simulated. Relevant properties of the vortex core, as its radius, the magnetization

drop in its center, and the radius of this magnetization drop are extracted. The dependence of the

vortex core radius on temperature agrees well with the theoretical predictions, if only temperature-

dependent parameters are taken into account. A new effect is found, which we call magnetization

squeezing, resulting from the thermodynamic nature of the Landau-Lifshitz-Bloch approach. Our

results show, however, that this squeezing in vortices is a rather weak effect in permalloy. VC 2013
American Institute of Physics. [http://dx.doi.org/10.1063/1.4774411]

I. INTRODUCTION

Magnetic vortices are objects of rotational symmetry

composed of a small-sized core, where the magnetization is

pointing out of the film plane, surrounded by in-plane mag-

netization—see Fig. 1. They have been known already for a

long time, see, for example, Ref. 1, but only recently they

have attracted remarkable attention due to their potential

applications. First, they are stable objects that are suitable as

basic building blocks for memory storage applications.2 A

second application suggested recently is related to nanooscil-

lators working in the sub-gigahertz regime.3

Another subject attracting interest recently is the tem-

perature properties of magnetic nanostructures. This interest

is stimulated by the idea of heat assisted magnetic recording4

and all-optical magnetic recording.5 The influence of temper-

ature on the properties of a domain wall in materials with

large anisotropy has already been reported.6 However, to

effectively design devices, basing on vortices knowledge of

their temperature properties is necessary. As the bulk of

experiments on vortices takes place in soft samples—usually

this is permalloy(see, e.g., Refs. 2 and 3)—we focus our

attention on this material. Especially, we consider closely

center of the vortex—the vortex core. In this paper, we report

on its dependence and behavior in temperatures up to 99% of

the Curie temperature.

II. MODEL AND METHODS

We follow a temperature-dependent numerical micro-

magnetic approach, where the Landau-Lifshitz-Bloch (LLB)

equation is used.7 The LLB equation is an extension of the

well-known Landau-Lifshitz-Gilbert (LLG) equation of

motion,8 for a case of non-zero temperature, T � 0,

_M ¼� �c M�Heff þ �c ak
Ms

M2
ðM �HeffÞM

��c a?
Ms

M2
M� ðM�HeffÞ: (1)

Here �c is the gyromagnetic ratio, M is the magnetization,

Heff is the effective field (see Eq. (2)), ak and a? are, respec-

tively, longitudinal and transversal damping coefficients (see

Eq. (3)), Ms is the saturation magnetization (at T¼ 0) and

M ¼ jMj. The effective field has a similar form as in the

case of the LLG approach with an additional term that pre-

vents too large deviations of the magnetization magnitude

from its equilibrium magnetization, MeðTÞ,

Heff ¼ Hd þ
2A

l0M2
e

r2M� M2

M2
e

� 1

� �
M

2vk
; (2)

where Hd is the demagnetization field, A is exchange con-

stant, l0 is vacuum permeability, and vk is the longitudinal

susceptibility. We have ignored here anisotropy effects as

we focus our attention on permalloy (Py). Note that

Með0Þ ¼ Ms. The LLB longitudinal and transversal damping

coefficients are given by

ak ¼ a 2T=3TC; a? ¼ a ð1� T=3TCÞ; (3)

where a is the Gilbert damping constant (for T¼ 0) and TC is

the Curie temperature.9 Contrary to the zero-temperature

LLG equation, in the LLB approach, the material parameters

are actually temperature dependent functions MeðTÞ; AðTÞ,
and vkðTÞ. Another important feature of the LLB equation is

the non-constant magnetization magnitude, Mðr; tÞ, that can

vary in space and in time. This process is monitored by the

last term in Eq. (2). Thus, for small temperatures, where vk
is small M tends to MeðTÞ, while for larger temperatures,

where vk increases (diverging at TC) local differences

between M and MeðTÞ can be larger. This happens, for exam-

ple, inside a domain wall.6

Our code is an extension to the well-known simulation

package, OOMMF.10 In our implementation, we have followed

Ref. 11. One difference between our implementation and

that of Kazantseva et al.11 is omitting the thermal stochastic

field, because we are solely interested in steady state calcula-

tions, similarly as in our previous report.12

The sample we have modeled is a thin ferromagnetic

disk with radius r ¼ 100 nm and a thickness t ¼ 20 nm.a)Electronic mail: Kristof.Lebecki@uni-konstanz.de.
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Material parameters were chosen to mimic Py. The functions

MeðTÞ, A(T), and vkðTÞ have been obtained by rescaling the

temperature dependence as obtained from atomistic model-

ing for FePt, similarly to Refs. 12–14. See the Appendix for

the details. We have chosen Að0Þ ¼ 13� 10�12J=m;
Með0Þ ¼ 0:86� 106A=m, and a Curie temperature TC

¼ 870 K. We have neglected crystalline anisotropy effects.

The damping constant a is 0.5 and we used a cuboid discreti-

zation cells with size 0:78125 nm� 0:78125 nm� 1:25 nm

(the origin of the coordinate system was in the center of our

disk; see Fig. 1). The quality condition of performing reliable

simulations was always fulfilled, as the parameter Dmmax

introduced in Ref. 12 never exceeded the suggested limit of

0.5, being in our case always below 0.16.

Our object of interest was a ferromagnetic vortex in its

steady state. For the chosen sample size, this is exactly the

preferred state, for the whole considered temperature range

(see the phase diagram in the Ref. 15).

III. RESULTS AND DISCUSSION

The upper part of the Fig. 1 shows a top view of our

sample. The z-axis is a symmetry axis. The vortex core (VC)

is clearly visible as region of dominating out-of-plane mag-

netization (colored in blue). In cross sections (b) and (c), we

use the same color coding to show the z-component of the

magnetization. We present also separately a gray-scaled

color coding for the non-constant jMj value. Clearly, the

magnetization magnitude is smaller inside the VC and we

will call this effect “magnetization squeezing” in the follow-

ing. If one notes the different color scaling for both tempera-

tures, one can immediately recognize the dependence of this

squeezing on temperature. This effect is related to the longi-

tudinal susceptibility value but we will come to this point

later. One can also see the weak dependence of presented

phenomena on the z-position, more pronounced in the case

of magnetization squeezing. This effect, called barrel-shape

for the case of T¼ 0, was already found in the past and

tackled analytically16 and experimentally.17 Therefore, all

data presented in this paper were sampled once at the surface

of the disk (z¼ t/2) and once in its central plane (z¼ 0).

To evaluate quantitatively the features shown in Fig. 1,

we analyze the MðqÞ and MzðqÞ dependence, where q is the

radial distance from the VC axis, q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. Fig. 2

shows M and Mz for cross sections along x and for two

selected temperatures. There are a few theories that describe

VC shape at zero temperature (see, for example, Refs. 18

and 19 for an overview). For our purposes, we have chosen

the model of Feldtkeller, where the MzðqÞ profile is

described by a Gaussian function1

Mfit
z ðq; zÞ ¼ MminðzÞ exp � p2q2

8r2
zðzÞ

� �
: (4)

Feldtkeller analyzed a T¼ 0 case, thus in his theory the pre-

factor in front of the exp-function was simply MeðT ¼ 0Þ.

FIG. 2. Cross sections through the center of our sample containing the vor-

tex core. For every temperature top figures show the Mz component, while

bottom figures show the magnetization magnitude. We show separately

results for the central plane (z¼ 0) and for the sample surface (z¼ t/2), for

the two selected temperatures. Points show the results of our simulations

while lines are fitted with a Gaussian function.

FIG. 1. (a) Top view of a circular permalloy island containing a vortex.

Color coding depicts the out-of-plane magnetization component, Mz. (b) and

(c) Blow-up of xz-cross sections through the center of the sample. In both

cases, upper pictures have the same color coding as (a). Lower pictures pres-

ent the magnetization magnitude—white means a value close to equilibrium,

MeðTÞ, while black is accordingly rescaled to present the magnetization
squeezing effect: for T ¼ 300 K, black color represents 0:001 Me, while for

T ¼ 850 K, it represents 0:07 Me.
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This is not the case for our study: because of the squeezing

effect the peak magnetization value Mz in the center of the

vortex is actually not Me but a slightly smaller value that is

determined separately for every above mentioned z-plane,

which will be called MminðzÞ in the following. The parameter

rz from Eq. (4) is the peak radius. Feldtkeller found an ap-

proximate solution for rz which we will call after him

R0zðMs;AÞ, a function of the material parameters Ms and A
(see Eqs. (3.9)–(3.11) in Ref. 1). In our case, the material pa-

rameters depend on temperature, thus the function R0zðTÞ
will also depend on it. The parameter Mmin was determined

separately for every temperature considered by finding the

minimum of the magnetization magnitude among all the

cells in the given plane. The parameter rz was determined

by a two-dimensional (in xy-plane) fitting of our simulation

results with Eq. (4), separately for every z-plane (see Fig. 2

for results of this fitting procedure).

Fig. 2 suggests that the magnetization squeezing can

also be described by a Gaussian profile. For consistency, we

have fitted jMðqÞj results using an analogous function,

Mfit
totðq; zÞ ¼ Me �MminðzÞ exp � p2q2

8r2
totðzÞ

� �
; (5)

where again rtot is a fitting parameter and Mmin was deter-

mined earlier. In all cases, the fitting was good and the fitting

errors were smaller than the symbols representing the data in

Fig. 4.

Fig. 3 shows the squeezed magnetization, Mmin, for dif-

ferent simulated temperatures (points). The differences

between Mminðz ¼ 0Þ and Mminðz ¼ t=2Þ are so small that

they cannot be shown in this figure. (These differences can be

seen in Figs. 2 and 5, where vertical scale is fine.) For compar-

ison, we show the equilibrium magnetization MeðTÞ as well

(solid line). Our results do not deviate distinguishably from

this curve, contrary to earlier reports investigating domain

walls in FePt. The reason for this, we attribute to the different

material considered in Ref. 6: FePt has a very strong crystal-

line anisotropy, so that the magnetization inside the domain

wall is squeezed strongly by anisotropy interactions. Contrary

to that case, here we have a soft material with negligible ani-

sotropy. In our case, the squeezing is caused “only” by

exchange interactions but we will come back to this point

later.

Fig. 4 shows results of our fitting procedure for the peak

radii rtot and rz (points). As noted before, the theory for the

dependence rzðTÞ can be concluded from Ref. 1 when the

temperature dependence of the material parameters via func-

tions MeðTÞ and AðTÞ is taken into account. We show results

of this theory in Fig. 4 as solid line. R0zðTÞ and rzðTÞ match

quit well, indicating that the magnetization squeezing effect in

vortices in permalloy is weak and many properties of these

vortices can be simply described by Feldtkeller’s theory1

when temperature-dependent functions MeðTÞ and AðTÞ are

used. The magnetization-drop radius, rtot, has also a similar

temperature dependence. Contrary to rz, it is, however,

smaller than R0zðTÞ—an effect that can also be seen in Fig. 2.

This difference is again rather small. More pronounced is the

difference between rtotðz ¼ 0Þ and rtotðz ¼ t=2Þ—an effect

that was also shown in Fig. 1. We attribute this difference to

the influence of the demagnetization field.

As noted in Sec. II, the squeezing effect is controlled by

the last element in Eq. (2), thus by the parallel susceptibility,

vk. This dependence can be described with a simple theory.

In soft magnetic samples, the exchange interactions are the

dominating ones. Whether one considers the magnitude of

the effective field, say in the middle of the VC, or the total

energy (for the whole sample), for the samples evaluated

here appropriate values for the exchange interactions are at

least 6 times larger than for the dipolar interactions for all

temperatures considered here. If one neglects Hd and sets

Heff ¼ 0—the condition for the stationary state in the LLB

equation—one gets from Eq. (2)

2A

l0M2
e

r2M ¼ M2

M2
e

� 1

� �
M

2vk
: (6)

Assuming a Gaussian shape of the VC and considering only

the central axis of the vortex one obtains (if the VC points in

the þz direction)

r2Mð0; 0; zÞ ¼ 0; 0;
�p
2r2

z

MminðzÞ
� �

: (7)

FIG. 4. Solid line: VC radius as predicted by Feldtkeller’s theory.1 Points

(above the line): VC radius from our simulations. Points (below the line):

“squeezing” radius of the Gaussian drop of the magnetization magnitude.

The dashed line marks the Curie temperature.

FIG. 3. Magnetization squeezing as a function of temperature (points). For

comparison the equilibrium magnetization is plotted as solid line. The

dashed line marks the Curie temperature.
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On the z-axis, the effective field has only a z-component.

Combining both equations above yields

Me �MminðzÞ
Me

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2pA

l0M2
erzðzÞ2

vk

s
: (8)

As was shown before, rzðzÞ can with good approximation be

described by R0zðTÞ. For the sample of interest,

pA=l0M2
e R0z

2 is a slowly varying monotonic function of tem-

perature increasing roughly from 0.9 at T¼ 0 to 1.8 at

98%TC. Thus, the rhs of Eq. (8) is dominated by vk and its

strong temperature dependence. Up to 98%TC, the argument

of the square in Eq. (8) is larger than 0.9; thus it can be

approximated with a Taylor expansion leading to the final

result

Me �Mmin

Me

� pA

l0M2
e R0z2

vk: (9)

The normalized squeezing effect, ðMe �MminðzÞÞ=Me,

as found in our simulations is plotted with points in Fig. 5.

For comparison, the theoretical dependence from Eq. (9) is

shown as well (solid line). The line is drawn up to the men-

tioned limit of 98%TC. Actually, for the sample of interest,

the factor pA=l0M2
e R0z

2 is so close to one and is so slowly

changing with temperature (as compared to vkðTÞ) that the

whole dependence can be further approximated by taking

simply vk, presented as a dashed-dotted line in Fig. 5. The

weak temperature dependence of the factor pA=l0M2
e R0z

2 is

caused by two reasons: First, the input functions for our sim-

ulations, AðTÞ and MeðTÞ, were obtained in such a way20

that close to the Curie temperature AðTÞ is roughly propor-

tional to MeðTÞ2 (mean-field behavior). Second, the theory

for R0zðA;MeÞ actually uses A=M2
e rescaling—both for the

input as for the output1—thus, if this fraction is quasi-

constant then R0zðTÞ is quasi-constant as well.

Clearly, Eq. (9) underestimates the results of our simula-

tions. This can be explained by the fact that only exchange

interactions were included in our analysis. Dipolar interac-

tions cause an additional squeezing of the magnetization so

that their inclusion would probably improve the agreement

between theory and simulation data in Fig. 5. Another prop-

erty characteristic for the demagnetization field is its inho-

mogeneity inside the VC. Considering the z-axis, Hd is

smallest in the center of the sample increasing when the sur-

face is approached. The influence of the demagnetizing field

can be seen in Fig. 1, where the squeezing effect is larger

close to the sample surfaces. This is also the reason why

rtotðz ¼ t=2Þ is larger than rtotðz ¼ 0Þ and Mminðz ¼ t=2Þ is

smaller than Mminðz ¼ 0Þ (see Figs. 2 and 4).

IV. SUMMARY

Vortex core properties have been evaluated by numeri-

cal simulations for a full range of temperatures for a material

with permalloy-like properties. The LLB approach was used

to include thermal effects. The results are well described

with an appropriate theory, where we have used the approach

of Feldtkeller1 with material parameters which are related to

appropriate functions entering the LLB equation. A magnet-

ization squeezing effect, described already in the past, is

weakly present in the vortex core, unless very close to the

Curie temperature. We predict, however, stronger effects in

materials with easy in-plane anisotropy where the magnet-

ization squeezing in the VC would be additionally strength-

ened by anisotropy interactions. Evaluating squeezing in the

vortex core is a first important step toward dynamical

studies—like vortex core switching or oscillation.
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APPENDIX: TEMPERATURE-DEPENDENT MATERIAL
PARAMETERS

We rescaled material parameters for permalloy based on

a set of material parameters computed originally for iron

platinum—the equilibrium magnetization, MFePt
e ðTÞ, the

exchange constant, AFePtðTÞ, the longitudinal susceptibility,

vFePt
k ðTÞ, and the Curie temperature, TFePt

C . The material param-

eters for FePt were calculated by atomistic spin model simula-

tions. To obtain smooth temperature-dependent functions, these

results were fitted with rational functions. Details about this

procedure can be found in Ref. 20. Figures representing the at-

omistic results and the fitted functions can be found in Ref. 11.

The temperature-dependent material parameters for permalloy

were then obtained by a rescaling procedure

MeðTÞ ¼
M
ð0Þ
e

MFePt
e ð0Þ MFePt

e

TFePt
c

TC

T

� �
;

AðTÞ ¼ Að0Þ

AFePtð0Þ AFePt TFePt
c

TC

T

� �
;

vkðTÞ ¼
M
ð0Þ
e

MFePt
e ð0Þ vFePt

k
TFePt

c

TC

T

� �
:

FIG. 5. Normalized magnetization squeezing effect in the vortex center,

ðMe �MminÞ=Me, as a function of the temperature (points). Lines represent

approximated theory prediction. The dashed line marks the Curie tempera-

ture. Inset: logarithmic dependence close to the TC.
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Here, M
ð0Þ
e and Að0Þ are the assumed zero-temperature values

for permalloy, in our case, respectively, 0:86� 106A=m and

13� 10�12J=m.
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