r Y N VN

Universitit Konstanz

The viscous model of quantum hydrodynamics in
several dimensions

Li Chen
Michal Dreher

Konstanzer Schriften in Mathematik und Informatik
Nr. 213, Februar 2006

ISSN 1430-3558

Konstanze©Online-Publikations-Syste(fOPS)
URL: http://www.ub.uni-konstanz.de/kops/volltexte/2007/22
URN: http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-223

© Fachbereich Mathematik und Statistik

© Fachbereich Informatik und Informationswissenschaft
Universitdt Konstanz

Fach D 188, 78457 Konstanz, Germany

E-Mail: preprints@informatik.uni-konstanz.de

WWW: http://www.informatik.uni-konstanz.de/Schriften/


http://www.ub.uni-konstanz.de/kops/volltexte/2007/2233/
http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-22338

The Viscous Model of Quantum Hydrodynamics
in Several Dimensions

Li Chen* and Michael Dreherf

Abstract

We investigate the viscous model of quantum hydrodynamics in one and higher space
dimensions. Exploiting the entropy dissipation method, we prove the exponential stability of
the thermal equilibrium state in 1,2, and 3 dimensions, provided that the domain is a box.
Further, we show the local in time existence of a solution in the one dimensional case; and in
the case of higher dimensions under the assumption of periodic boundary conditions. Finally,
we discuss the semiclassical limit.

Keywords:quantum hydrodynamics; exponential decay; entropy dissipation method; local
existence of solutions; semiclassical limit.

AMS Mathematics Subject Classification: 35B40, 35Q35, 76 Y05

1 Introduction

The flow of charged particles in a semi-conductor can be simulated using different models. Typical
examples are the quantum energy transport models (QET), the quantum drift diffusion model
(QDD) or the quantum hydrodynamic model (QHD). Derivations of the quantum QET and QDD
models can be found in [4]. The quantum hydrodynamic models can be derived directly from
the Schrédinger—Poisson system by WKB wave functions [7]; or from the collision Wigner equa-
tion by the momentum method and closing the system with the quantum thermal equilibrium
distribution [5]; or by the entropy minimization method [9].

In this paper, we study the viscous QHD model, a model which is derived from the Wigner equation
with the Fokker—Planck collision operator:

o —divJ = vy An,

2 AN
8tJdiv<M)TVn+nVV+an< ﬁ)—VOAJ—J,
n 2 vn T

NMAV =n-C(2),
n(0,z) = n°(x), J(0,z) = J%x),

where (¢,z) € (0,00) x Q and € is a domain in R%.
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Our boundary conditions are either
Oyn(t,z) =0, (t,x) € (0,00) x IR,
J(t,x) =0, (tx) € (0,00) x 00, (2)
0, V(t,x) =0, (t,x) € (0,00) x 99,

where J, denotes the normal derivative, or we assume periodic boundary conditions, i.e.,

Q=T% isa d dimensional torus. (3)

Moreover, we suppose
inf n’ 4
infn (z) > 0, (4)

/Q (n°(2) — C(x)) de = 0, (5)

The last condition is necessary; the Poisson equation for V' would not be solvable otherwise.

The unknown functions in this system are the particle density n = n(t,z): [0,00) x @ — R, the
current density J = J(t,z): [0,00) x Q — R%, and the electrostatic potential V = V (¢, z): [0, 00) x
Q — R. The given function C = C(z): Q — R is the doping profile of background charges.

The scaled physical constants are a viscosity constant vy describing the strength of the collisions, a
temperature constant 7', the Planck constant €, the momentum relaxation time 7, and the Debye
length A. All these constants are assumed to be positive.

For quantum macroscopic models, some results on local or global existence or long time asymptotics
are known. For the QDD model, the existence of weak solutions was shown in [2, 3, 10]; and the
semiclassical limit and the long time behaviour were studied in [2, 3]. Concerning the QHD model
without viscous terms, the existence of smooth solutions and their long time asymptotics for small
initial data were investigated in [8, 13].

It seems that there are less mathematical results for the system (1). The authors are only aware
of [6], where the exponential stability of a constant steady state to (1) in a one-dimensional setting
with a certain boundary condition was proved, based on the entropy dissipation method [1]. Most
of the difficulties arise from the Bohm potential term

Bny = Y,
Vvn
which introduces a third order perturbation to a system which could otherwise be interpreted as
a parabolic system coupled to an elliptic equation. In this paper, we follow the approach of [6]
and generalize those results to domains of dimension two and three, see Theorem 2.1. Our key
ingredient is an estimate on a certain term containing the Bohm potential, Proposition A.1.

Additionally, we are able to prove the local in time existence of sufficiently smooth solutions to (1).
The proof relies on the observation that the third-order perturbation term has a good sign, which
makes standard energy estimates for parabolic systems possible after having introduced a fourth
order viscous regularization.

Physically spoken, the periodic boundary conditions are of restricted interest; however, they enable
us to prove the local in time existence of solutions in a one-dimensional setting with boundary
conditions (2) immediately, see Theorem 2.5.

In the course of proving the local existence results of the Theorems 2.4 and 2.5, we will obtain a
certain a priori estimate of the solution, from which we then will be investigating the semiclassical
limit € — 40, compare Theorem 2.7.



2 Main Results

Our notations are standard: IP denote the usual Lebesgue spaces, and H*(Q) := W¥(Q) are the
I?-based Sobolev spaces, for k& € Ny. The brackets (-,-) stand for the scalar product in R, and
J® Jis a d x d matrix with entry JiJ; at position (k,1).

We list our results:

Theorem 2.1 (Exponential stability). Let d = 1,2,3 and Q = H?Zl(aj,bj) be a box. Let the

triple (n, J,V') be a solution to (1) under the boundary conditions (2), and suppose that
ne H'((0,1%), H' () [ ((0,¢7), H(Q)),
J € H'Y((0,"), () () (0, ), H*(2)),
Ve H'((0,t%), H*(Q)).

We assume that C = C(z) = Cy > 0 in Q and

inf n(t,xz) > 0.
(t,z)€(0,t*)xQ

Define an energy as follows:

E(t) = /Q <522(v\/ﬁ)2 +T <n (m Cﬂ - 1) + Co> - ’\;(vv)2 + W) dz. (6)

0 2n

Let 11 denote the first positive eigenvalue of — /A on Q with Neumann boundary conditions, and

fix
0 := min 8Tvo 111G g
T 52 ’ /1,1)\2T + CO ’ T ’

Then this energy satisfies the inequality

BE(t) < —oE(t)

g2 A 2 |Vn|4 ANY
G Q( Vn)?dx + o4 S dz 71/0; Qn \Y - dz,

where the numbers c1 4 and ca 4 are given in the following table:

d | 1]2] 3
ciall 2] 35| 3
c2d || 37 | 21 | T43

Remark 2.2. Physically spoken, the four terms in the energy (6) are the quantum energy, the
thermodynamic entropy, the electric energy and the kinetic energy. We note that the energy of the
steady state (n, J, V) = (Cy,0,0) is zero, and that E can not become negative.

From the above differential inequality of the physical energy we then easily derive decay estimates:



Corollary 2.3. Assume that the solution mentioned in Theorem 2.1 exists up to t = co. Then
the function (n,J,VV') decays to the steady state (Cp,0,0) as follows:

% |V (Vo) - V&) ;(Q) < e 7' B(0), (™
7 |vat, ) - V& 22(9) < e"T'B(0), ®)
Vi) - V@[, < Cua(Z+ )OO
fuocl,d/t: HA (\/ﬁ(t, ) - \/CTJ) ;(Q) dt < E(0), (10)
2
% Jr(zt(’ti) (@) CEO "
A2 2 —ot
o5 IVV ()20 = e E(0), (12)

where Cp 4. is the norm of the embedding H'(2) C IP(Q), with 1 <p < oo ford=1,1<p < oo
ford=2, and 1 <p <6 ford=3.

Theorem 2.4 (Local existence and uniqueness on a torus). Let d be a positive integer and
Q =T? be a torus. Let b be the smallest integer greater than %d, and s > b be an integer. Suppose

n’e H*TY(Q), JPeHY(Q), CeH Q)

and (4), (5). Then the problem (1) has a solution (n,J, V'), local in a time interval [0,t*], with the
reqularity properties

ne H'((0,£%), H(Q)) [ L*((0,t%), H*T2()),

J e H'((0,£%), H1(Q)) () L2((0,£%), H* (),

Ve HY((0,¢%), HF2(Q) () P((0,£7), HH(Q)),
(n,Vn,J) € C([0,t] x Q).

(13)

The solution is unique and persists as long as n(t,-) and J(t,-) stay in L°(Q) and n remains
positive. The life span t* does not depend on the Sobolev regqularity s.

Having shown the local existence in the periodic case, we can take advantage from geometric
arguments and consider the case Q C R! effortlessly:

Theorem 2.5 (Local existence and uniqueness in one dimension). Let Q C R! be an open
and bounded interval. Suppose

n’ € H*(Q), J° e HY(Q), C e I*(Q)
and (4), (5). The initial functions are assumed to satisfy the compatibility conditions
o,n°(z) =0, J(x) =0, x € 0.
Then the problem (1) with the boundary conditions (2) has a local solution (n,J, V'), with
ne H'((0,t%), H(Q) [ (0, %), H*(Q)),
J € H'((0,£%), () () ((0,£), H*(2)),
Ve H'((0,t%), H*(Q) [ ((0,£%), H* (%)),
(n,Vn,J) € C([0,t*] x Q).



This solution is unique and persists as long as n(t,-) and J(t,-) stay in L>°(Q2) and n remains
positive.

Remark 2.6. The local in time existence in the one-dimensional case can also be proved for
solutions of higher reqularity provided that the usual compatibility conditions on the initial data are
satisfied.

Theorem 2.7 (Semiclassical limit). Let Q be either an open and bounded interval in R* or a
d-dimensional torus. Suppose that the given data (n°,J°,C) of (1) satisfy

n’e H''(Q), J°eH'(Q), CeH"YQ)

and (4), (5). Let (ne,J:,Ve), € > 0, denote the solutions to (1) with boundary conditions (2)
or (3), existing on a domain [0,t*] x Q.

As e tends to +0, a sub-sequence (ng, J., V) then converges to a limit (n,J, V),

(ne, Je, VV2) — (n, J,VV) in C([0,t7] x Q),
ne —n in 2((0,t%), H*"2(Q)),
Je—J in I2((0,t%), H*T1(Q)),
(ne, Jo) = (n, J) in L=((0,¢%), H*()),

which is a solution to the initial value problem

o —divJ = vy An,

Oy J — div (?) —TVn+nVV =y A J — g,

NMAV =n—C(x),

n(0,z) = n%(x), J(0,z) = J(z)
with boundary conditions (2) or (3), respectively. The reqularity of (n,J, V) is given by
A7) Q) (2 ((0,87), H (),
J € HY(0,£4), H 1 (@) () E2((0, ), (),
Ve H'((0,t), H™2(Q)) () L2((0, %), H*(Q)).

n e H'Y((0 )
(0 (

3 Exponential Stability

In this section, we prove Theorem 2.1, following an approach of [6]. Rewrite the energy from (6)
as follows:

— e 2 n A |J|2
E(t) = /Q ( 5 (Vv/n)>+T (n (ln o — 1) + Co> (VV) o dx
— B\ + Ey + Es + Eu.

We compute the time derivatives. In the sequel, the zeroes denote boundary integrals that vanish
due to the boundary conditions:

OB = £ / (/) (D) do — &2 / (A V) (D7) da

—O——/ atndx———/B (divJ 4+ vp An) dz



Next, we have
atEng/ntlnﬁdx:T/(lnn)(divJJrl/oAn) dz
Q CO Q
1 2
:0—T/7<Vn,J> dx—TVo/ [V dz
Qn Q n

8Tl/0
2

1
:—T/ —(Vn,J) doe — E;.
¢

yn
Further, we get

0:F3 = Az/(VV)(VVt)dx = )\2/ V(9,V;)do — )\2/ V(AV;) dz
Q o0 Q

=O—/Vntdx:—/V(divJ—l—z/oAn)dx
Q Q

= 0+/ (VV,J) dx+uo/ (VV,Vn) dx.
Q Q

Finally, the identity

o2y, (L _ b 2 (L2
Oy <2n [J] > =1 (n (J,ANJ) 2n2(An)|J| )+d1v(2n2J|J|
L2+t om0y — (vv, 0 e? (div(BJ) — Bdiv.J)
- — —(Vn,J) — — — (div — Bdiv
nr n ’ ’ 2

implies
OF / 1(J N J) 1 (An)|J* ) d +/ 1 J|J?dz g
= 1/ —_ —_— - -
b 0 a\n '’ mz " “ aq 2n? T F

1 2 2
+T/—<Vn,J> dx—/(VV,J) daz:—i BJd&'—i—E—/Bdidew.
an Q 2 Joa 2 Jo

The two boundary integrals vanish, due to J = 0 on 99Q2. Concerning the first integral, we can
deduce, after partial integration, that

Z/ Yonn—Lran dx:—Z/n \v/ S de
= Jo n t T T g2l —~Jo n '

Summing up, we then find
2

e 8TVQ
OF — _EVO/Q(A n)B(n) e~

_Vozl:/gn (v <‘ﬁ)>2 de — §E4.

For the third term, we bring the constance of the doping profile into play:

B+ Vo/ (VV,Vn) dx
Q

/Q<vv,w> dz :/ (VV,V(n - Cp)) dz

Q
= n— o — n— T = 1 n — Cp)? dz
—/é%)(a,,vx Co)d /Q<AV>< Co)dz = 0 A2/Q< Co)? da,
/<VV,Vn> dr = —Az/(AV)2 dz
Q Q

l-«
= —ap)? / (AV)?dx — 32 0 / (n — Cp)? du.
Q Q



One easily checks that x(lnz — 1) + 1 < (2 — 1)2, for > 0, which implies

Cil(n—Co)2 = n (ln Cﬁ - 1) + Co,

0
11—« 1—a)C
- AQO/Q(nOO)deg(AQ;)OEQ, 0<ap<l.

If p1 denotes the first positive eigenvalue of — A on  with Neumann boundary conditions, then

1
[VV][7, < o IAV3,, 9,V =0 on 9.
1
As a consequence,
—a\? / (AV)2dz < —aoXPuy |VV |3 = —aopu Bs.
Q

Exploiting Proposition A.1, we then find

8TZ/OE (]. - Cko)Co
LT

_Esyoclyd/(af) Az — 2uoczd/ "'4 Z/ ( ( )) dz,

where the numbers ¢; ¢ and ¢z 4 are as in the theorem.

2
O E < — E> — agp1 B3 — *E4

We choose oy = %, and obtain
8Tl/0 ‘Ll,lco 2
O E < — i — ————(Fy+ E3) — fE
S T u1A2T+Co( 2+ E3) 4

2

_%Voclyd/Q(A ﬂfdx—iuocw/ |V“|4 Z/ ( ( )) dz.

This completes the proof of Theorem 2.1.

Proof of Corollary 2.3. We directly have E(t) < exp(—ot)E(0), which gives us (7) and (12

mediately. Next, it is easy to check that
(y—1)2§y2(lny2—1)+1, O<y<OO,

which then yields

(Vrlt2) — /Co)? < n(t,z) (m ”(gox) - 1> +Co,

and (8) follows quickly, as well as (9). The remaining estimates are proved similarly.

4 Existence on the Torus

The purpose of this section is to prove Theorem 2.4.

) im-



To this end, we choose numbers v with 0 < v < 1, and consider a family of parabolic initial value
problems

8tn—divJ:1/oAn—fyA2n,

2 A
0tJ—div<J®J> —TVn+nVV+€2nV< ﬁ) :VOAJ_'YAQJ_gv

n vn (14)

NAV =n-C,(2),
n(0,z) = ng(x), J(0,z) = J,(Y)(x),

where (t,z) € R x 2. We assume that the functions C., ng, and JS belong to C*°(Q), satisfy the
compatibility condition

[ @) = ¢z = o
and converge to C, n®, J% in Sobolev norms as follows, for v tends to zero:

C, — Cin H*71(Q),

ng —n" in H71(Q),

0 0 s s
J, — J" in H*(Q).

The system (14) is a fourth order nonlinear parabolic system with third order lower terms. It is
standard to show that this problem has a unique solution

(ny, Jy, V4) € C([0, ) x ) x C*°([0,t,) x Q) x C*°([0,1,) x Q),

for some t,, > 0. The solution persists as long as n stays positive and (n., J5, V) remain bounded.
A proof will be sketched in Lemma B.2.

Our approach is as follows:

e shrink the interval [0,¢,) to guarantee some boundedness assumptions on (1., Jy, V5 );
e derive uniform in vy a priori estimates of the solutions (n., J,, V;);

e show that ¢, can not go to zero for v — 0;

e prove convergence of a sub-sequence of (n,, Jy, V), for v — 0;

e study the limit of that sub-sequence.

Fix a number §g by the conditions

0 0 —1
0<dp < minn (x), maxn (x) <9y .

In the following computations, we always assume that

do < ny(tz) < (561.

For a multi-index o € N, define

R (67 — (e} o [e%
Ny o = O Ny, Iy o =05 Jy, Viya =07V,.



Then we obtain

1
Oy — Vo N Ty + Y O Ty + ~Jya

: le% J’Y ® J’Y 2
= div d} o +TVny o — 05 (n,VV,) — 5 =07 (nyVB(n,)) .
¥

Multiplying this equation with J, ., integrating over ), performing partial integration, and taking
advantage from the periodic boundary conditions, we find

1 1
2011 allfz + %0 IV I alZe + 714 Tyalf + - 175 01172
Jy @ J.
= / Jy o div 0% (“8”) d:c—T/(div Ty o)y di
Q Q

Ty
2

—/ T2 (n,VV,) dx—%/ Jy.00% (n,VB(n,)) da.
Q Q

The integrals on the right-hand side are treated as follows:

/ J’y,oz dlvag (WY) dx = —Z/ (81“]"/70‘7[)8;4 (J’le’yk) dx,
Q N~ o Q n,

— T/ (div Jy,0)ny,a doz = fT/ (th%a — 19 ANy + 7&2 n%a) Ny, o d
Q Q
= =50 Inyallz = Tro [Vayally =Ty 1A 0y all

nyVB(n,) = VAnq, - = Za (ﬁm;;)Vn,y) ,
-

52

- —/ Jy,a08 (nyVB(ny)) dz
2 Ja
2

= 3 /(divJ%a)An%a — %Z/ 81 ’YOtk aa (W(({?kw> dx
Q k,l

=7 /Q(@tn%a — Vg Any g+ N2 Ny.a) ANy o AT Z/

|

g2 c2 ) c
— —fat IVrsalz = 0 A nyallz = 7 IV Anyallz, — ZZ/Qm dz.
k.l

Then it follows that

T 2 2 2
5825 ||n%a||L2 + T ||vn%oz||L2 + Ty ||An%0¢HL2 (15)

2 e? 2
+ Z’Y VAN,

52 2
+ =0 ”Vn'y,a”Lz + ‘L2

8

1 2 2 2 1 2
+§8t H'] ,aHL?"'VO ||VJ7,a||L2 +yl|AJ ,a||L2+;HJ ,a”Lz

:_Z/ (O c0) (JV;LJ )dx—/Jmaag (n,VV,) dz
Q

Y

_ f;/ﬂ(aﬂw,mﬁ <W) ¢

2

IS
= Il,a + IQ,a + ZIB,(J-




We define an energy:

T 2 52 2 1 2
E(t) = Z (2 [ny,allzz + r} [Vryalz + 5 [ y,allz2 ) - k=0, (16)
la|=k

k
50,...,k = Zgl. (17)
1=0
This energy is related to Sobolev space norms via
2
2
Il < =€,
C
Z ||n'y,aHi2 < ?gk—la k> 1,

lee| =k

1 1
Il <€ (74 %) o

The identity (15) then yields

2
3
ocit 0 (10190l + T80l + 0197,
|| =k

52
S Z (|Il,a| + |I2,a| + 4I3,a|> .

|a|=k

2 1 2
‘LZ + ; HJv,a”L‘z

Next we estimate the integrals I o, I2.q, I3, in terms of & . . The constants C in the following
computations may change from one line to another, and can depend on the order of differentiation
k = |al, the space dimension d and the lower bound dy of n°, but are independent of vg, 7, €, 7,
and \. Recall the embedding H®(Q2) C 7°(£2). We will make free use of the estimates

gl e < C UL e Mgl g + 1A e 1 fll o) B =0
I @D n < Cllell o) ull s s k=0, f(0) =0.

Then we can conclude that

‘Il,a‘ S Z ||8mt]’y,a,l||[; Hn;ljfy,ll] ,mHHm‘

lm

< CIIVIalls (15 o 1905 + 103 12 1 1751
< CIIVIalls (Il e 19505 + 15 e 151
<CIVIyallp (L+T7Y) &, jal)? (50,...,b +/ 50,...,b)

C
< DIVl + v (€6 + Eo) (14T Eo, ol

Concerning the second integral, we have
2,0l < 1 y,allzz (107 VYVl 10

< Clyallzz (Il e IVl gian + gl g IV V1)
< Clyallz IVallgares + I g 1Vl gzos)

C
< 2 ||J%a||L2 (”n'y - C’v”H\al—l + anHH\a\ [y — C’YHHY>—1>

10



C
< 2 ||J%a||L2 (anHH\a\ + ||C’Y||H\D<I*1 + ||n’Y||H\0¢\ (HnWHHbfl + HCWHHbfl))

C 2 2 2 2 2
< 55 (allds + I lar (241G s + gl ) + 1€ e+ )

,,,,,

C c
=33 (1 +T7 1+ 770, ||Hb L+ T728,,. b—l) &o,....lal T ’el HCvHina\—v

Concerning the last integral, we have

ekl (175 (0m) (0km) || 11
k,l

< 0Ty ekl 2 1100 ) Ok | g1
k,l

<C HVJ'y,a”LE (Hlnn'y”H\aHl an'y”Loo + HVlnn'yHLoo ”n’y”HlaHl)
<C HVJ%a”U) ||”’y||H\o<\+1 ||vn'yHLoo .

Fix a number 0y with 6, € (1/2,1) for even d and 04 € (2/3,1) for odd d. Then we have
1-6
197 [l < C llns [ [l 1"

by Lemma B.3. Together with |[n, ||, < d; "', we then get the estimate

|IS ol C|IVJ ,a||L2 an”H\ I+1 H”“/HHbJrl .

Now we distinguish two cases.

Case 1: b+ 1 < |a| + 2. Then we have the interpolation inequalities

s BEeE
7y [l o2 < Cllngllais” s ™"
la|+1—b

I3l gpraes < Cllnyllga" sl g G

which imply
9d+.9

Hn’yHHla I+1 ||n'v||Hb+1 < C”n'y”H\ I+2 Hn'yH

where we have set g = ‘O}I_T_% € (0,1). Altogether, we get
0t
ol < CIV Iyall s s i s 1557
1_
2 2 0a+
< CIVTall s (120 g + s ) ™ lins 5557

If we apply Young’s inequality with the exponents 2, 1%9 and % to the right-hand side, we deduce

11



that (putting k = |«|)

g2 N 2y =
Sl < 1Vl (s 18 e + )
x Cry TRt ||, | fare
/% 2w S
< S IVl (g (14 m i +limalip) ) x
% 01/0 1+261 04 ( ”n’Y”Hb)%-&-Q
Yo 2 e’vy 2 2
< g IVl + grre (18wl + il )

94+e

1—2 2(1-6y)
vy T (2 g2

Recalling that ¢ = o(k) = ;%;jb, we see that

€2V0

RAI(d) AR, |20 + Crp (1+2T7Y) & ..

k—1

[EREE}

0] 2
< 2 |Vl +
_2 bq
n Cy; 982(k+27b) ((1+ €2T71) 507__47b_1)1+ e

Case 2: b+1 > |a|+2. In this case, we have ||n, || ;jajx1 < |7y || go—1- Applying Young’s inequality
with the exponents 2, % and ﬁ to the estimate

|13 ol <C ||VJ’Y a||L2 H%HHM ||n7||Hb_1 )

we get

5y

d

2 Zd
£ 140 2 2 -1 5 9
el < Iyl (2 ol ) - O e s

A

1 4 _
§0||Vjv,a||§p +C (14T &,

2 1
+C (l/o zgl= 0d> ed <€2 ||n7||§{b71)179d

14
S IV Iralle +CO+ET) &

IN

1

O TR (14 2T7Y) Eo,pa) T
Having now the estimates in both cases, we choose the number M (d) sufficiently large. Then we

can conclude that
1
b+ 11l

2
at5k+Z<Tyo||vnw||L2 8u0||Anw||L2 OHW,

la|=Fk
C —1
< p (& o+ Eop) (L+T 1), i
C _ _ _ C
+ v (1 + Tt T Hc'y”i[b—l +T 250,..4,b—1> Eo,...k + 2 ||C’7sz71
+ CR,

12



where the remainder term R equals

1= 55 g
vo (14 62T 1) Eg s + v 70 204270) (1 4 £2771) 507,__,b_1)1+9<’€>
in case of k> b—1; and for k < b— 1 we have
o L
R=(1+eT) & vty e ((L+T71) & p2) "
For simplicity, we only discuss the case s = b. The other cases s > b run similarly. Summing up

for k =0,...,b, we find the energy estimate

.....

1 1 _
<C <(V0 + l/()T) (gg,“.,b + 50,_“7{)) + (1 + I/()) (1 + 2T 1)

11 1 ) 1
#5337+ 337 1O s + Fagabo..omt ) o

C o . ) L
+F||C,Y||Hb,1 +Cyy T (1 +°TY) &, pon) ™

_1+6g =0
O TR (14 2T &,y 1)
_ 3464 o
+Cry e (1 +2T7Y) Eo,pa1) 04 o

Observe that the right-hand side does not depend on +.
It exists a number ¢* > 0 such that & ., € C*([0,t*]) and &, »(t) < 2&...5(0) for 0 < ¢ < ¢*.

On the left-hand side, we have a term ||vj7”i1b' Shrinking the interval [0,¢*] if necessary, we can
arrange that t* <1 and

[div J’Y”L?((O,t*),H”*l) <1

By Lemma B.1, we can show that
72 (t2, ) — (15 ) || oo
< C(Q, o, v)|t — ] <||0‘liV Iyl r2 (o, m0-1) + H”Q/HHM)
<Clta—t|?, 0<tyta <t

where 0 < a < % Note that the right-hand side does not depend on v, 0 < v < 1. From this we

can find a lower bound of the time the solution 7., needs to touch the boundary of the interval
[6Ov 561]

We list the results obtained so far:

We have determined a number ¢* > 0 with the property that, for each v with 0 < v < 1, we have
a solution

(e, Iy, V) € C([0,87] x Q) x C™ ([0,t"] x ) x C* ([0,t"] x Q),
satisfying do < n(t,x) < 6,* for all (t,2) € [0,£*] x Q.

These functions satisfy the a priori estimates
||n’v||Loo((oyt*),Hb+1) <C,
150 22 0,60, 0 < ©
1A 1yl 22 0,00y, 10y < C
IV Tl 2 0,00y, 100y < C-

13



These constants C' may depend on T, vy, €, A, and §p, but not on ~.
Because the function C., belongs to H*~1({2), we have
INVAll e 0,00), 10 (52)) < €
From the differential equations, we then obtain the uniform in -y estimates on the time derivatives:

||atn’y||L°°((0,t*),Hb*4(Q)) + HatJ’Y||L°°((0,t*),Hb*4(Q)) <C

The embedding H**1(Q) C H®() is compact. Therefore, the Aubin Lemma [11] implies that a
sub-sequence (which we will not relabel) of (n.,), converges in the space C([0,¢*], H(2)) to a limit
function n. The sequence (n. ), is bounded in I*((0,t*), H**2(Q)). By interpolation, we get the
strong convergences

n, — n in C([0,*], H*T172(Q)), J >0,
n, — nin I*((0,t%), H***79(Q)), 6> 0.

And we have the weak convergences
ny, —nin Z((0,t%), H™2(Q)),  n, =" nin I°((0,t*), H*T1(Q)).

By a similar reasoning, we can show

J, —J in C([0,t*], H*=°(Q)), §>0,

J, —J in I2((0,t), H**179(Q)), 6> 0,
Jy—=J in I2((0,¢%), H"*1(Q)),

Jy =7 J in L>((0,¢%), H(4)).

Especially, we have the uniform convergences
(ny, Vi, Jy) — (0, Vin, J) in C(Q¥),

where we have put Q* = (0,¢*) x Q. In particular, n and J satisfy the initial conditions n(0,z) =
n%(z) and J(0,z) = JO(x).

The convergence of (n,), yields the convergence of (VV;),, too:
VV, — V in C([0,t*], H*T279%), §>0.
Finally, we show that (n, J, V) is a solution to (1). By the above reasoning, the identity
N AV(tx)=n(tz)—C(x), (t,x) € Q*,
is obvious.

Take a function ¢ € C§°(Q*). By the usual arguments, we find

// (—tny + 1vo(Vn, ) (V) +ny A% @) dedt = — // J Vpdazdt.

We send v to zero and find

// —pn+19(Vn)(Vy)) dedt = // JVpdexdt,

// (—pin+ p(—vyAn—divJ)) dedt = 0.

14



We conclude that the function n has distributional time derivative Oyn = vg A n + div J.

We study the terms of the J—equation:

div (W) — div <M> in I2((0,1%), I2(9),
ny n
TVn, — TVn in C(Q*),
nyVV, — nVV in C(Q*),
n,VB(ny) = nVB(n) in L2((0,¢%), L*(2),
ANdy,—J in I2((0,t*), I*(Q)).

Similarly as for n, we can compute the distributional time derivative of J, and we will see that
(n, J,V) solve (1).

To complete the proof of Theorem 2.4, we have to check the uniqueness of the solution: let
(nt, J1, V1) and (n?,J2,V?) be two solutions with regularity as in (13). Put

na =n' —n?, Ja = J' = J2, Va=VI-V2
Then we obtain the system

Oina — vy Ana = divJa,
1 2
OuJa = 5 Js + —Ja = TVna + %VAnA — Ry — Ry,

JI® JI R | i) (Vnd
Rjdiv( @; >nJVV]+QZaz<(m)(,n)), j=1,2,
1

n nJ
)\2 AVA = NA,

with vanishing initial values for na and Ja. Multiplying the second equation with Ja, integrating
over {2, and performing partial integration gives

1 1
SO 1allz + 0 IV Ialz + ~ [ all7
2
+T/nAdivJAdx—%/(AnA)divJAdx
Q Q

Z/JA(Rl—RQ)dJJ,
Q

1 1 T
SO ITal% + v a5 + — 1al3 + 50 Inalls + Too [Vnall}

82 2 62 2
+ S0 NVnal + S lAnall
:/JA(Rl — Ry)dz.
Q

Now it is standard to estimate

/ JA(Rl - RQ) dx
Q

X (IVIallz 198l 2 + 1all 2 (lnallz + 1VVall2) + VIl 2 Inall g -
We apply Young’s inequality and find

<c(|

V| e |

HL°°’|njHL°°’| VVjHLvo)X

T g? 1
30l + S0 Vnallfe + 500 19al3 < © (1allf + Inalfe)

An application of Gronwall’s lemma then yields na = 0, Jao = 0, which concludes the proof of
Theorem 2.4.
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5 Existence in One Dimension

In this section, we prove Theorem 2.5.

We consider (1) and its viscous regularization (14). Put = (0, L). Our goal is to follow the proof

of Theorem 2.4 with s = b = 1. Therefore, we choose the approximations C, n) and J9 from the
proof of Theorem 2.4 in such a way that

C, — C in I*(Q),

0 Q)

N, — n® in H?(
J9 — J%in H'(Q)

)
bl

subject to the boundary conditions

21C,(z) =0, x € 09, j>1,
8;n2(x) =0, x € 09, j>1,
»J9(x) =0, x €09, =0, j>2

Next, we extend these functions to the interval (—L, L) via

ng(—x) = ng(x),

Cy(—z) == Cy(x), JS(—x) = —Jf{)(x),

for € (0, L). Then we observe that C,, ng, and JS satisfy periodic boundary conditions on the

interval €' := (—L, L). We construe £’ as a torus, and have C,, ng, JS e C> ().

We obtain a fourth order nonlinear parabolic system with third order lower terms. It is standard
to show that this problem has a unique and smooth local in time solution (n., J,, V).

The function

(71 (2, ), Sy (8, ), V4 (1, 7)) = (14 (8, —2),

defined for (¢,z) € [0,t,] x &', is a solution, too. This is the step where we use d = 1. Then the
uniqueness of the solution implies

—J(t, —x), V,(t, —x)),

n’Y(ta 733) = n‘Y(t7l')7 ‘]’)’(tv 755) = 7‘]‘Y(t7x)7 V’Y(tv 71) = V’Y(t7x)v

for (t,z) € [0,ty] x . Following the proof of Theorem 2.4, we send 7 to zero, and have the
convergence of a sub-sequence of (n., J, V), to a solution (n, J, V') of the system (1) on [0, t*] x .
Clearly, the functions n and V' must be even, and J must be odd, which guarantees the boundary
conditions (2). The uniqueness can be shown in the same way as for Theorem 2.4. Now the proof
of Theorem 2.5 is complete.

6 Semiclassical Limit

Finally, we show Theorem 2.7.

We go back to the proof of Theorem 2.4. Integrating (18) over [0, ¢*] and choosing ¢* small enough,
we can arrange that the solutions (n. -, Je ~, Ve ) to (14) fulfil the a priori estimate

¢ 2
€ 2 o
sup &o,.. (1) +/ <TV0 ans,'yH?{b + 3 (AN R 5
te[o,t] t=0

< 2&,...5(0).

||we,w§{b) at
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The number t* only depends on the initial energy &,... »(0), a bound of ||C || -1, and the constants
Vo, A, T, €9, where g¢ is an upper bound of €, 0 < € < gy. The constant ¢* is independent of v and
¢ itself. This gives us the possibility to first send ~ to zero, and then €.

We start with the uniform in v and € estimates

2 2 2 2
e lleqo,eey.arey + & el o .00y, a0y + 12 lzoe 0,009, 1)
2 2 2
l1e 1200y, 1) € e (0 00y, 002y + 1tz go,00), 1001y < C-

We know that the limit (n., J., V) solves (1) and satisfies the corresponding inequality
2 2 2
Inellco,e, 0y + e’ mell 700 (0,64, Erv+1) T 19l o0 (0,64, 110
2 2 2
+ Inellz2((0,6), 41y + &? Inellz2((0,6), rrv+2) T (1 Jell 20,00, mro+1y < C-

Making use of n® € H'1(Q) and the maximal regularity property of the parabolic operator
0y — vp A\, we even get

1nell 2 0,4), 20y < €
Moreover, the functions n. are bounded from below, n.(t,z) > & > 0 for (¢,z) € [0,t*] x .

A careful analysis of the differential equations for n. and J; reveals the uniform in € bounds
[10eme | e (0,64, mro-2(02)) + 196 ell 2 (0,00, o -2(62)) < C-
We can apply Aubin’s Lemma (Corollary 4 in [11]), and find a converging sub-sequence
(ne,J.) — (n,J) in C([0,t*] x Q) and in C([0,t*], H*~°(Q)), 0> 0.
A direct consequence then is
VV. — VV in C([0,t*], H*(Q2)).
Additionally, we have the weak convergences

ne — n in I2((0,t%), H'*2(Q)), J. — J in I?((0,t%), H**1(Q)),
(ne, J.) =% (n,J) in L°((0,t*), H*(Q)).

Now fix Q* := (0,¢*) x Q and choose a test function ¢ € C§°(Q*). Then we have
// (—ptne —vop Ane — pdiv Je) dedt = 0.

Sending ¢ to +0 we get ny — vg An = divJ with distributional derivatives. This equation then

gives us
on € L*((0,t%), H*(2)).

Next, after choosing a R%-valued test function ¢ € C§°(Q*), we can write

J. ® J,
// (—LthE + = © Vo + (dive)Tn. + gonEVVg> dz dt

Ne

= //Q (—Z(A ©)(Vne) + % Z(algp)(al”aiﬂ +rgpAJ, — i%]E) dz dt.

1 €

Observing

2
|vn5||L2(Q*)a

|//Q Z(al(p) (8ln67)7/(vns) dz dt
1 £

17
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we can send ¢ to +0, and it follows that

1

We then deduce that (9, — v A)J = R with some R € I?((0,t*), H*(Q)) N L2°((0,t*), H*=1(Q)).
By a maximal regularity argument, we then have

dyJ € I2((0,t%), H*~1(Q)).

A An Estimate of the Bohm Potential

The main result of this section is the following estimate.

Proposition A.1. Let d = 1,2 or 3. Assume that the domain Q C R? is a bounded box, Q =

]_[;lzl(aj7 bj). We assume that a function n € H*(Q) satisfies the following conditions:

;relsf)n(m) >0, (19)
oun(z) =0, x € 0N (20)

Then we have the estimates from above

v4
Izldz
n

/QB(n)Andxgg/ﬂ(A\/WdHé/Q

in all dimensions, and the estimates from below

1 7 |Vn|*
— [ (AVR)?de 4+ — de :d=
9/9( V/n) T+ L, x 3,

/ B(n) Andx > (21)

1 1 |Vn|t
- A 2 — td=2.
3/9( V/n) dx—|—24 e dx d
In case of d =1, we have
1 |Vn|t
Bn)Andr=2 [ (Ayn)*dz+ —
[ B A /ﬂ( vade+ o | 0

Proof. The estimate from above is a direct consequence of Young’s inequality and

B(n) An=2(Avn)? + A\/? 2|Vy/n|%

The statement in case of d = 1 follows by partial integration.

We start the proof of (21) with some observations: Due to the embedding H?(Q) C C(Q) for
d < 3, the condition (19) is meaningful. Every function n from H?(Q) satisfying (19) and (20)
can be approximated by a sequence (n.,), of functions n, € H3(2) that satisfy d,n,(z) = 0 on
0Q and inf,cqny(z) > %inf,ﬂeg n(z). The both sides of (21) are continuous mappings from the
positive cone of H?(2) into R. Therefore, we can additionally assume that n € H3(1Q).

Moreover, we will need the following fact: if p € H3() with d,p = 0 on 9, then also 9,|Vp|? =0
on 0f2. This is the place where we need the assumption that €2 is a box.
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Put p(z) := n'/4(z). The assumptions (19) and (20) guarantee p € H3(Q) and 9,p = 0 on Q.
Then we have

B(n) An = . An=8(p*(Ap)*+3|Vp|* + 4p(Lp)|VD|?) .

The last term is the delicate one, since its sign is unknown.

To obtain the estimates from below, we perform partial integration repeatedly:

1
[ oaniwnPas = - [ Vot [ (567) 9pPas
Q Q Q
1
2

1
— = [1Vpltde+ 53 [ B@0n(@p)) do o
e gk 9

1
= —/ |Vp|*dz + 3 / p? A |Vp|?dx + / ((&,pz)|V}U|2 - p28V|Vp|2) do
) Q a0

z—/ \Vp\4dx+2/pz(ﬁkajp)de—Fl/ <Vp3,VAp> dx
Q 7 3 Ja
= 7/ \Vp\4dx+2/p2(8k8jp)2 dz
Q e
1 3 1 3
+ 2 [ (Oup’)(Ap)do — 2 [ (Ap°)(Ap)ds
3 Joq 3 Ja
:—/ \Vp\4dx+2/p2(8k8jp)2dx
Q e

+o—/p2<Ap>2dx—2/p<Ap>|Vp|2da:.
Q Q

The last integral is the same as on the left-hand side. Plugging the resulting expression into the
integral [ B(n) Andz, we then find

8

/ B(n) Andx = ,/ 42]?2(3j3kp)2 —p2(Ap)2 + 5|Vp|4 dz.
Q 3 Q gk

Using Young’s inequality 2|ab| < a® +b?, we get the estimate 437, (0;0kp)> — (Ap)* > 5(Ap)?
in case of d = 3, and, consequently,

8
/ B(n) Andx > §/ (P*(Lp)? + 15|Vp[*) da.
Q Q
Now we have
(Ap*)? = 4p*(Ap)® + 4|Vp|* + 8p(Ap)|Vpl* < 8p*(Ap)? + 8|Vpl,
which gives

1 14 -
/B(n)Andxz f/(ApZ)de—FiS/ |Vp|* dz
Q 9 Ja 9 Ja

_1 [ 19nf
9 144 Jo n3

/Q(A Vn)2dz + dz.

This proof works also for d = 2, and the constants can be improved a bit. O

19



B Some Technicalities

Let © = T¢ be a torus, and consider the problem

du—voAu+yANPu=f, (t,xz) € (0,T) x Q,
u(0,z) = uo(z), z€Q,
where vg > 0 and v > 0.

Lemma B.1. Any smooth solution to this initial value problem satisfies the estimate

[u(t) = w(t1)ll o ()

o 1
<O o, 10, Ttz — t1] (||fHL2((o,T),Hb—1(Q)) + llwoll o) +72 ||Uo||Hb+1(Q))

1

uniformly in v, where 0 < t; <t <T,0 < a < 3,

T — 0.

and the constant C' remains bounded for

Proof. Apply V to this equation, multiply with Vu, and integrate over §2:

1
gat ||Vu||iz(m + v Z/Q \Voul® dz + ~ HVAUHQLQ(Q) =— /Q fAudr
]

1(d 2 9 \92
< - — 2 .
<3 (Vo 112 + vo Ez /Q(al u) dﬂ?)

If V2 denotes the matrix of all second derivatives, then we obtain the estimates

d

2 2 2
IVullze (0,7),2(0)) < IVUollzzoy + 2w 1A 22 0.1, 22(0)) »

2 112 1 2 d 2
v u||L2((07T)7L2(Q)) < o Vuollz2 () + 22 12207y, 22(0)) -

The key information here is that the constants do neither depend on 7" nor on .

Apply A to the equation, multiply with A u, integrate over €2, perform partial integration, apply
Young’s inequality to the right—hand side, integrate over the time interval:

2 2 2 12
1A ull e 0,7y, 22 () + 20 IV AUl 0.1y, 22000 T VN2 Ul 20,1, 2000
2 1 2
< 1A uollzze) + 5 122 0., 1200 -
Finally, using the equation we get

2
||3tu||L2((o,T),L2(Q))
2 2 2
< 35 | A ullpzqomy, 2y + 3117 N U’HLZ((O)T))LZ(Q)) + 322 0,19, 12 (2))
< C(d) (VO IVuol 72y + 7 1A w0l T2 + Hin?((O,T),L?(Q))) :
The differential equation and the boundary condition do not change after differentiating the equa-

tion with respect to x. Therefore, we are allowed to replace I?(f)) everywhere by H™ () in the
above four estimates.
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Assume 0 < t; < to <T. Then we have
u(t2) = w(t)l| o () < Cllulte) = w(ts)l go-a o
11—« e
< Cllullz< 0,1y, 1002y 1ult2) = w(t) [ o-10)

to «
11—«
< Cllullz=<0,1), 709 </tt [0vull gro-1 () dt)

o 11—« a
< Clta = ta] 2 lull 1o 0,1y, 10 (02)) 1000l 22 0,7y, 01 02))

< C(Q 0,1, T)|ta — t1]? (”fH[P((O,T),Hb*l(Q)) + lluoll ooy +72 ||U0||Hb+1(n)) ~

Here, we have made use of the standard estimate

2 2 2
[l 7o ((0,7),22(02)) < 2 (HUOHB(Q) +T Hf||L2((o,T),L2(Q))) :

O
Next, we consider fourth-order parabolic systems with nonlocal nonlinear lower order terms
oY (t,x) +y A*Y(t,x) = F{Y}), (t,x) € (0,T) x Q, (22)
Y(va) = YO(x)v T € Q,

where  is a smooth d-dimensional manifold without boundary and F' comprises (local or nonlocal)
nonlinear terms of at most third order.

Lemma B.2. Assume that Yy € C*(R), and that F is defined for functions Y € C(Q) taking
values in a tubular neighbourhood of the graph of Yy, and satisfies estimates

IEAY Dllar < CrpllY )WY gres 1Y ), 20,
IE{Y}) = FEZDN 2 < Cro (Y[l e + 1Y 1zs + [Vl e + 11211 aa) Y = Z] 5

with some continuous and increasing functions Cr,.

Then there is a constant Ty, > 0 such that (22) has a unique solution Y € C*([0,Ty] x ).

Proof. Consider first the linear case
oY (t,x) +yA*Y(t,x) = G(t,z),  Y(0,z) = Yo(x). (23)
Multiplying (23) with Y and integrating the resulting equation over [0, 7] x Q we quickly get
1Y I3 oy, < 2 (1¥0ll320) + TGN 017,227 (24)
Y172 01y, 2202y < 2 (T 1Yol 72 ) + T° ”GH%"((O,T),U(Q))) : (25)
Applying A to (23), multiplying with AY and integrating over €2, we see
%at 1AY I+ (122 Y]]y, = /Q(A G)AY)dr < |22y, + % IGII7:
2 21|12 2 1 2
IAY 2 07y, 220y + 7 (|12 Y||Lz((O)T))Lz(Q)) < AYollzz ) + 5 1G22 0,1, 202)) - (26)
We interpolate (26) with (24) and with (25), and conclude that

2 2 2
1Y 1200 0,7y, 12 (02 T 1Y 22 (00,7), 12 (52)) < Co (||Y0||H2(Q) + T2 ||G||L2((07T)7L2(Q))) )
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with Cy = Cy(7,Q,Tp), 0 < T < Ty, which can be lifted to

2 2
1Y 200 0,7y, 1 02y + 1Y W22 (0,7, 11042 (02

< O (M1 keaey + T2 160 5 )

For b being the smallest integer greater than d/2, we choose k = max(b—1,2) and find an estimate
for Y in the spaces I>°((0,T) x Q) and L ((0,7T), H3>(Q)).

Now let us be given the composition operator F. For a moment we assume F to be defined
everywhere. Now it is standard to construct an iteration scheme of Picard-Lindelof type, to
exploit the above estimates of solutions to (23), and to show that this iteration scheme converges
in I2((0,T.), H3(Q)) to a solution Y provided that 7T, is chosen small enough. The maximal
regularity of the system (23) as expressed in (26) then shows Y € C*([0, 7] x Q). We can also
obtain an estimate of 9,Y in L°((0,Ty) x ).

Next, let us be given the composition operator F', defined in a tubular neighbourhood of the graph
of Yy. We can extend F outside this neighbourhood and then follow the above proof. The estimate
on 9;Y guarantees that the found solution indeed solves the problem (22) provided that the time
interval is short. O

For completeness, we give a proof of an interpolation estimate exploited in the proof of Theorem 2.4.

Lemma B.3. Let d € Ny and b be the smallest integer greater than %d, and € be a bounded
domain in R? with smooth boundary or a bounded d-dimensional manifold. Put

d\ !
Gdz(b+1—2> —I—HZH—I—{

with k > 0 and 84 < 1. Then the following interpolation inequality holds:

. d even,
2 d odd

IR0 N

0 1-6
[Vl oo o) < C llull oo l1ull o @) -

Proof. Let 7 > 1 be huge. We have H*t1(Q) = FQZ’;I(Q) and I'(Q) = F,(Q) as well as the
complex interpolation
1 6 1-96

[F;1112’F52212]0 = F;:-,Q’ Sy = 051 + (1 — 9)527 17* = 271 P2

provided that 1 < p;,p2 < oo and 0 < # < 1. Details on the Triebel-Lizorkin spaces F}; , can be
found in [12]. In our case, s, = 0481 + (1 — 04)s2 = (b+ 1)04 and 1/p. = 04/2+ (1 — 0y)/r. It
is easy to check that (b+ 1)y — 1 > df4/2, hence s. — 1 > d/p, for large r, which gives us the
embedding F;*, € C'(Q). Since Q is bounded, we also have L' (Q) C L*(Q), which completes the

proof. 0
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