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Abstract

In 1888 Hilbert managed to prove that the set Pn,2d of positive semidefinite
(PSD) forms and the set Σn,2d of sum of square (SOS) forms in n variables of
degree 2d coincide if and only if n = 2 or d = 1 or (n, 2d) = (3, 4) holds (see
[16]). Further, the set Cn,2d of convex forms is contained in the set of PSD forms,
since convex forms have a global minimum at the origin, where they vanish. For
this reason, Parillo asked in 2007, whether every convex form is SOS. Two years
later, Blekherman managed to show that this is not the case, if the number n of
variables is sufficiently large (see [3]). However, no explicit example of a convex
but not SOS form is known until today. Due to Hilbert’s characterization of PSD
and SOS forms, the smallest n, 2d, where one could expect convex forms that are
not SOS are (n, 2d) = (3, 6) or (n, 2d) = (4, 4). In this thesis, we follow the proof
of El Khadir in [12] from 2019, where he managed to show that for (n, 2d) = (4, 4)
indeed every convex quarternary quartic is SOS. The key steps of his proof are
the socalled Generalized Cauchy–Schwarz Inequalities for convex forms as well as a
characterization of the SOS cone Σ4,4 inside the PSD cone P4,4, which is based on
Blekherman’s work in [4]. Further, we see that for (n, 2d) = (3, 6) the same result
holds as well, if a conjecture formulated in [4] turns out to be true. This conjecture
is related to the Cayley–Bacharach relations from [11].
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1. Introduction

In 1888, Hilbert proved that the sets Pn,2d of positive semidefinite (PSD)
real forms, i.e. homogeneous polynomials that are globally nonnegative, and
Σn,2d of real forms that can be written as a finite sum of squares (SOS)
of real forms coincide if and only if n = 2, d = 1 or (n, 2d) = (3, 4) (see
[16]). This now famous theorem was inspired by Minkowski’s defense of his
doctoral dissertation in 1885 at the University of Königsberg. At that time,
Minkowski conjectured that there are cases in which polynomials exist that
are PSD but not SOS. While Hilbert was an official opponent in the defence,
he later said that Minkowski indeed convinced him about that statement,
which led him to his proof in 1888.

In 2007, Parrilo was interested in the relation between the set Cn,2d of
convex forms in n variables of degree 2d and the sets Pn,2d and Σn,2d. Since
it can easily be seen that every convex form is PSD, Parillo asked whether
every convex form is SOS. This is interesting from an optimizational point
of view. To see this, consider for example the following problem, which is
formulated in a non–homogeneous setting. Finding the unconstrained global
minimum of a polynomial p is NP-hard (see [27]). If we know that the
polynomial p is convex, every local minimum is a global minimum. Hence, a
global minimum of a convex polynomial can be found by using even simple
descent methods (see e.g. [5] or [35]). Those methods rely completely on the
convexity of p and ignore its algebraic properties as a polynomial. On the
other hand, we could also minimize p using SOS relaxations as in [26]. In
[12] it can be seen that if every convex polynomial is SOS, we could find the
global minimum of p by using semidefinite programming, for which efficient
implementations are available (see e.g. [6]). In contrary to general descent
methods, semidefinite programming highly relies on the algebraic structure
of a given problem. In general, SOS relaxations have applications in many
different areas of mathematics such as control theory, quantum computation,
polynomial games or combinatorial optimization, as remarked in [2]. For
this reason, it is interesting to know whether every convex polynomial or
- in the homogeneous setting - every convex form is SOS. Furthermore, it
is interesting from a pure mathematical point of view to see how Hilbert’s
characterization of SOS and PSD forms extends if we consider the additional
property of convexity.

In 2009, Blekherman showed by using volume arguments that for a large
number n of variables, there must be forms of degree as low as 4 which are
convex but not SOS. However, no explicit example is known until today.

Due to Hilbert’s characterization in 1888, the simplest cases, where convex
forms that are not SOS could possibly exist, are for (n, 2d) = (4, 4) or
(n, 2d) = (3, 6). In this thesis, we follow the proof of El Khadir, who showed
in 2019 that at least in the first case when (n, 2d) = (4, 4) of quarternary
quartics, every convex form is SOS, i.e. C4,4 ⊆ Σ4,4. Further, in the latter
case the inclusion holds as well, if a conjecture of Blekherman (2012) related
to the Cayley–Bacharach relation holds.

Therefore, in Section 2 we formulate again the problem discussed in this
thesis but in a more formal way. This involves, for example, the definition of
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a directional derivative, since we want to characterize convexity of a polyno-
mial not only via the standard inequality on convex combinations but also
by using its Hessian.

Afterwards, we introduce in Section 3 some important concepts from Al-
gebra, Functional Analysis and Convex Geometry. First of all, in Section 3.1,
we see two proofs of the inclusion Cn,2d ⊆ Pn,2d. While the first one involves
just some basic ideas of optimization, the second one uses the Euler identity
which gives a relation between a polynomial and its gradient. Further, we
give some examples of SOS polynomials that are not convex, showing that
Σn,2d �⊆ Cn,2d. As our own contribution, we present a MATLAB program
which can be used to verify that some arbitrary form is not convex. Using
this code, we confirm that the famous Motzkin and Robinson forms are not
convex.

Further, in Section 3.2, we introduce tensors and give some of their equiv-
alent characterizations. We also prove that there is a bijection between the
set Hn,k of homogenous polynomials in n variables of degree k and the set

Sk(Rn) of real, symmetric tensors on Rn of order k. This allows us to as-
sociate a form p ∈ Hn,k with a tensor Tp ∈ Sk(Rn). From this bijection we
can further define a biform Qp : Rn × Rn → R corresponding to p ∈ Hn,k.
The objects Tp and Qp will be essential throughout the work.

Another important idea will be using the Hilbert space structure of Hn,2d.
Therefore, we introduce in Section 3.3 some basic concepts of Functional
Analysis involving the dual space and the Riesz Representation Theorem.
This allows us to associate linear functionals on Hn,2d with elements of Hn,2d

itself.
In Section 3.4, we cover some notions of Convex Geometry, involving,

for example, closed convex cones and their extreme points, directions and
rays. We further introduce the dual C∗ of a cone C. Together with the
Hilbert space theory of the previous section, this allows us to get a convenient
representation of the dual C∗

n,2d, which plays an important role in following
section.

Section 4 deals with statements and proofs of two Generalized Cauchy–
Schwarz Inequalities on the set Cn,2d of convex forms. Among the form
p ∈ Cn,2d itself, those inequalities involve the biform Qp from section 3.2
and some degree dependent constants Ad, Bd > 0. The proof of the in-
equalities uses several simplifications and some techniques from Functional
Analysis. We further investigate the optimal constants A∗

d and B∗
d of the

inequalities. This leads to some optimization problems, for which we can
obtain informations about the values of A∗

d and B∗
d by using both the pri-

mal and dual formulation of those problems. It turns out that although the
exact value of the constants B∗

d are known for all d, the value A∗
d is only

known for d = 1, 2, 3, 4.
In Section 5, we aim to characterize the SOS cone Σn,2d inside the PSD

cone Pn,2d. This follows the techniques of Blekherman from 2012. The
essential tool in his paper was the Cayley–Bacharach relation, which we
therefore want to study in more detail. For this reason, we introduce in
Section 5.1 some basic notions from Algebraic Geometry, including e.g. the
projective space as well as affine and projective varieties. We further see
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one of the first versions of the Cayley–Bacharach relation due to Chasles,
who published it in 1865.

In Section 5.2 we see a more general version of the Cayley–Bacharach
relation published in 1996 by Eisenbud, Green and Harris. We further see
how Blekherman uses that version for his purposes. To this end, we have to
introduce some further concepts of Algebraic Geometry including vanishing
ideals and the Hilbert function of a projective variety.

Afterwards, we see in Section 5.3 how Blekherman obtains a characteri-
zation of the extreme rays of the dual cones Σ∗

4,4 and Σ∗
3,6 by invoking his

version of the Cayley–Bacharach relation. Therefore, we use some of the
results of Blekherman without proof, while we want to focus on further sim-
plifications of the structure of the extreme rays. This is continued in Section
5.4, where we use techniques from optimization involving the Karush Kuhn
Tucker (KKT) conditions to obtain a representation of the extreme rays as
in El Khadir’s paper. This way, we get a certificate on the PSD forms in
P4,4 and P3,6 to be SOS.

Finally, we combine in Section 6 the results of Sections 4 and 5 to prove
our main result that C4,4 ⊆ Σ4,4 holds. By taking an arbitrary convex form
in C4,4, we want to show that it is SOS by using the characterization of
the SOS cone Σ4,4 inside the PSD cone P4,4 from Section 5. Therefore,
we have to show that two certain inequalities coming from the structure of
extreme rays in Σ4,4 hold. It turns out that those inequalities can indeed
be deduced from the Generalized Cauchy–Schwarz Inequalities from Section
4. At that point, it is important to know that the optimal constants of the
Generalized Cauchy–Schwarz Inequalities for d = 2 are indeed A∗

d = B∗
d = 1.

If a conjecture of Blekherman holds, the same techniques can be applied to
show that C3,6 ⊆ Σ3,6 holds as well. The necessity of that conjecture to hold
comes from the fact that for d = 3 the optimal constant B∗

d is strictly larger
than 1, i.e. B∗

3 > 1.
In Section 7 we give a collection of possible directions of future work

related to the topics covered in this thesis. In particular, we see how the
main result can be extended to the case of ternary sextics, if a conjecture
formulated by Blekherman turns out to be true.

2. Problem Formulation

In this section, we formally describe the problem that will be discussed
throughout the thesis. Therefore, we introduce homogeneous polynomi-
als (forms) and formalize the notions of positivity, convexity and sum-of-
squares. The convexity of a homogeneous polynomial is stated in terms of
its Hessian. For this reason, we also give the definition of the directional
derivative of a function and introduce some notations including the gradient
and Hessian of a multivariate function. Finally, at the end of this section
one can find a formulation of the underlying problem of this thesis.

Convention 2.1. We will always write N = {1, 2, 3, . . .} for the strictly
positive and N0 = N ∪ {0} for the nonnegative integers.

Throughout the thesis, we write K[x] = K[x1, . . . ,xn] for the polynomial
ring over K in n ∈ N variables, where K ∈ {R,C}. Note that we usually
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only work with real polynomials, i.e. K = R. We also write xα := xα1
1 · · ·xαn

n

and |α| := α1 + . . . + αn for α ∈ Nn
0 . Further, we denote by x� or A� the

transpose of a vector x ∈ Rn or matrix A ∈ Rn×m (n,m ∈ N), respectively.
Definition 2.2. For n, k ∈ N,

Hn,k :=



p ∈ R[x] : p =

�

α∈Nn
0 ,|α|=k

pαx
α for some pα ∈ R





is the set of all homogeneous real polynomials (forms) in n variables of
degree k.

Further,

Pn,k := {p ∈ Hn,k : p ≥ 0 on Rn}
is the set of all nonnegative homogeneous polynomials in n variables of
degree k. A polynomial p ∈ Pn,k is called PSD, which stands for positive
semidefinite. Note that a PSD form has always even degree, i.e. Pn,k �= ∅
if and only if k = 2d for some d ∈ N.

In this case,

Σn,2d :=



p ∈ Hn,2d : p =

m�

j=1

σ2
j for some σj ∈ Hn,d and m ∈ N0





is the set of all homogeneous polynomials in n variables of degree k = 2d
which can be represented as sum-of-squares. Therefore, a polynomial
p ∈ Σn,k is called SOS.

Convention 2.3. Throughout this work, we will always have n, k, d ∈ N.
Furthermore, a function f : Rn → R will be called multivariate and a

function f : Rn → Rm, where m ∈ N will be called multidimensional.

Remark 2.4. The set Hn,k is an R-vector space (with the usual addition

and scalar multiplication) of dimension
�
d+n−1
n−1

�
[21, Lecture 06]. Note that

0 ∈ Hn,k as it is the form with all coefficients being zero.

We are also interested in convex polynomials. Therefore, consider the
following classical definition of convexity of a function f : Rn → R.
Definition 2.5. A multivariate function f : Rn → R is said to be convex
if the following holds

∀x, y ∈ Rn ∀λ ∈ [0, 1] : f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

A polynomial p ∈ R[x] is convex if and only if the polynomial function
Rn → R, x �→ p(x) is convex.

Convention 2.6. In this work, we do not distinguish between a polynomial
p ∈ R[x] and its polynomial function p : Rn → R, x �→ p(x). It should always
be clear from the context which of the two notions is meant.

However, as in [12], we will work with another equivalent characterization
of convexity of a polynomial, which involves the Hessian matrix. For this
purpose, we need the definition of a directional derivative as in [9, Section
11]. The directional derivative will again be used in Section 3.3, when we
investigate the Hilbert space structure of the vector space Hn,2d.
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Definition 2.7. Let x, u ∈ Rn, f : Rn → R. If the differential quotient

∂uf(x) = lim
h→0

f(x+ hu)− f(x)

h
.

exists, it is called the directional derivative of f at x in the direction u.
Moreover, we write ∂xif(x) := ∂eif(x) for the partial derivative of f

at x with respect to xi, where ei := (δi1, . . . , δin)
� ∈ Rn is the i-th unit

vector.
The function f is called partially differentiable, if all the partial deriva-

tives of f exists at every x ∈ Rn. In this case, we define the gradi-

ent of f at x ∈ Rn as ∇f(x) = (∂x1f(x), . . . , ∂xnf(x))
� ∈ Rn, where

∇ = (∂x1, . . . , ∂xn)
� is a differential operator.

The partial derivative can also be extended for multidimensional func-
tions.

Definition 2.8. Let f : Rn → Rm be a multidimensional function, m ∈ N.
Let fi : Rn → R (i = 1, . . . ,m) be such that f(x) = (f1(x), . . . , fm(x))�

(x ∈ Rn). Then we say that f is partially differentiable, if all fi are.
Further, in this case we define the Jacobian of f at x ∈ Rn as

f �(x) = ((∂xjfi) (x))i=1,...,m;j=1,...,n ∈ Rm×n.

Remark 2.9. From [9, Bemerkung 11.7], we know that the i-th partial
derivative of a multivariate function f(x1, . . . ,xn) is just the same as dif-
ferentiating with respect to the i-th variable xi. In particular, the partial
derivative of a polynomial has its usual algebraic form. More precisely, if�n

i=1 x
αi
i ∈ R[x] is a monomial, we have

∂xj

�
n�

i=1

xαi
i

�
=

���
i=1,i�=j x

αi
i

�
· αjx

αj−1
j ,αj > 0

0 , else
.

In fact, there is an easy formula for the directional derivative of a par-
tially differentiable function and hence in particular for polynomials. The
following proposition will again be used in Section 3.3.

Proposition 2.10. Let f : Rn → R be a partially differentiable function
and let u, x ∈ Rn be arbitrary. Then

∂uf(x) = u�∇f(x) =
n�

i=1

ui∂xif(x). (1)

Proof. [9, Section 11] �
Remark 2.11. Proposition 2.10 yields that ∂up =

�n
i=1 ui∂xip ∈ R[x] is

again a polynomial for all p ∈ R[x] and u ∈ Rn. In particular, we can
interpret the directional derivative ∂u as differential operator R[x] → R[x].

We know that we can differentiate a polynomial p ∈ R[x] with respect to
any variable an arbitrary number of times. In the following, we define the
gradient, Hessian and Laplacian only for polynomials, since this allows us
to avoid the definition of being differentiable multiple times for an arbitrary
multidimensional function. Moreover, we only deal with polynomials in this
work.
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Definition 2.12. For p(x) ∈ R[x], ∇p(x) = (∂x1, . . . , ∂xn)
�p(x) ∈ (R[x])n

is the gradient of p. Further,

∇2p(x) := ∇∇�p(x) = (∂xi∂xjp(x))i,j=1,...,n ∈ (R[x])n×n

is the Hessian and Δp(x) :=
�n

i=1 ∂x
2
i p(x) ∈ R[x] the Laplacian of p.

Example 2.13. Consider the following quarternary quarty

p = p(w,x,y, z) = w4 + x2y2 + y2z2 + x2z2 − 4xyzw ∈ H4,4

Then the gradient of p is given by

∇p =




4w3 − 4xyz
2xy2 + 2xz2 − 4wyz
2x2y + 2yz2 − 4wxz
2y2z+ 2x2z− 4wxy


 .

Further, the Hessian of p is given by

∇2p =




12w2 −4yz −4xz −4xy
−4yz 2y2 + 2z2 4xy − 4wz 4xz− 4wy
−4xz 4xy − 4wz 2x2 + 2y2 4yz− 4wx
−4xy 4xz− 4wy 4yz− 4wx 2y2 + 2x2


 .

Note that the Laplacian of p is the trace of the Hessian of p, which is in this
case

Δp = 12w2 + 2y2 + 2z2 + 2x2 + 2y2 + 2y2 + 2x2

= 12w2 + 4x2 + 4y2 + 4z2.

We can also interpret the polynomial function of p as multidimensional func-
tion p : Rn → Rm, where n = 4 is the number of variables andm = 1. In this
case, the Jacobian of p is just the transpose of the gradient, i.e. p� = (∇p)�.

Consider the following standard notation from Linear Algebra.

Notation 2.14. For A ∈ Rn×n, we write A � 0 and A � 0 if the matrix A
is positive definite or positive semidefinite, respectively.

Now, we have the following result which gives an equivalent characteriza-
tion of the classical convexity of polynomial.

Proposition 2.15. Let p ∈ R[x]. Then p is convex if and only if the
Hessian ∇2p(x) is positive semidefinite at every point, i.e. ∇2p(x) � 0 for
any x ∈ Rn.

Proof. Follows directly from [34, Satz 6.4] since polynomials are twice dif-
ferentiable in the sense of [9, Section 11.3]. �

This motivates the following definition.

Definition 2.16. The set of all convex homogeneous polynomials in n
variables of degree k is defined as

Cn,k =
�
p ∈ Hn,k : ∇2p(x) � 0 for all x ∈ Rn

�
.
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Example 2.17. (a) It holds p(x) =
�n

i=1 x
d
i ∈ Cn,2d. This can be seen

very easily since the Hessian of p is given by

∇2p(x) =




x2d−2
1 0 · · · · · · 0

0 x2d−2
2 0 · · · 0

...
. . .

. . .
. . .

...

0 · · · 0 x2d−2
n−1 0

0 · · · · · · 0 x2d−2
n




.

Hence, the Hessian ∇2p(x) at some x ∈ Rn is a diagonal matrix with
nonnegative entries, which is clearly positive semidefinite.

(b) More examples of convex forms can be found e.g. in [2]. There the
authors define - in addition to convexity and being SOS - the property
of being SOS-convex (see [2, Def. 2.4]). Further, they investigate the
relation between those three properties.

Now we come to the actual problem that will be investigated throughout
this thesis. It is clear that every polynomial which can be represented as
sum-of-squares (SOS) is also nonnegative, i.e. Σn,k ⊆ Pn,k for all n, k =
2d ∈ N. The 17th Hilbert problem, which was one of 23 famous problems
formulated by David Hilbert, is about whether the converse is also true.
The question is, can every nonnegative real polynomial of fixed number n
of variables and fixed degree k = 2d be represented as a (finite) number of
squares of polynomials? The degree is supposed to be even since the square
of a polynomial of course has even degree. Indeed, the following theorem
gives a full characterization of the cases in which Pn,2d = Σn,2d holds. It
was first proven in [16].

Theorem 2.18 (Hilbert (1888)). We have Pn,2d = Σn,2d if and only if at
least one of the following holds

(a) n = 2,
(b) 2d = 2,
(c) (n, 2d) = (3, 4).

Although Theorem 2.18 gives a full characterization of whether the iden-
tity Pn,2d = Σn,2d holds, it took almost eighty years until the first example
of a PSD polynomial that is not SOS was discovered by Motzkin in 1967.

Remark 2.19. The following forms are some of the first and best known
examples of polynomials that are PSD but not SOS (for proofs and references
to the original papers see e.g. [22, Lecture 23] and [25, Section 1.2]).

(a) Motzkin form:

z6 + x4y2 + x2y4 − 3x2y2z2 ∈ P3,6\Σ3,6.

(b) Robinson form:

x6 + y6 + z6 − (x4y2 + x4z2 + y4x2 + y4z2 + z4x2 + z4y2)

+3x2y2z2 ∈ P3,6\Σ3,6.

(c) Robinson form II:

w4 + x2y2 + y2z2 + x2z2 − 4xyzw ∈ P4,4\Σ4,4.
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Hence, for (n, 2d) ∈ N≥3 × N≥4 with (n, 2d) �= (3, 4), one can think of the
following picture

Hn,2d

Pn,2d

Robinson
x x

Motzkin
x

Σn,2d

One can now ask if and how the characterization of Hilbert changes if we
consider also the set of convex polynomials. Hence, we fix some n, k = 2d ∈
N and we want to investigate how the set of convex forms Cn,2d is connected
to the set Pn,2d of PSD forms and the set Σn,2d of SOS forms. We are also
interested in a similar characterization as Hilbert’s one for convex forms.

3. Preliminaries

The goal of this section is to introduce some concepts that will help us to
investigate the problem formulated in Section 2. In Section 3.1, we see our
first result about the problem described in Section 2, which is that every
convex polynomial is already PSD. Afterwards, we introduce in Section 3.2
the concept of tensors and show an important relation between homogeneous
polynomials and symmetric tensors. In Section 3.3, we introduce some ba-
sic concepts of Functional Analysis that allow us to deduce that Hn,k is a
Hilbert space and therefore has some special properties involving its dual.
Further, in Section 3.4 we introduce some notions from Convex Geometry
to understand the conic structure of the sets Pn,2d,Σn,2d and Cn,2d.

3.1. Euler’s Identity and Positivity of Convex Forms. It can be seen
that every convex polynomial is already nonnegative, i.e. Cn,k ⊆ Pn,k.

The proof of the following proposition is an alternative way to the proof
in [12], which we will see later in Corollary 3.4.

Proposition 3.1. If k > 1, we have Cn,k ⊆ Pn,k.

Proof. Let p ∈ Cn,k be arbitrary. Obviously, we have p(0) = 0. Hence, it
would suffice to show that p has a global minimum at the origin.
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Assume for a contradiction that there exists a x ∈ Rn\{0} such that
p(x) < p(0) = 0. Let λ ∈ [0, 1] be arbitrary. Then by convexity of p

p(λx+ (1− λ)0) ≤ λp(x) + (1− λ)p(0) = λp(x).

On the other hand, since p is homogeneous of degree k, we know that p(λx) =
λkp(x). This yields λkp(x) ≤ λp(x). This is a contradiction for λ ∈ (0, 1)
(and k > 1), since p(x) < 0. Hence, p has a global minimum at the origin
and is therefore nonnegative. �

The same result can also be seen differently using Euler’s identity as in
[12, Section 2]. Therefore, consider the following theorem, which is also
stated without proof in [12, Section 2].

Theorem 3.2 (Euler’s Identity). For p ∈ Hn,k, it holds kp(x) = x�∇p(x).

Proof. Let p(x) =
�

α∈Nn
0 ,|α|=k

pαx
α ∈ Hn,k be arbitrary. For j ∈ {1, . . . , n},

we have

(∇p(x))j =
�

α∈Nn
0 ,|α|=k,αj>0

αjpαx
βα , where (βα)� =

�
α� − 1, � = j

α�, else
.

Hence:

x�∇p(x) =

n�

j=1

xj


 �

α∈Nn
0 ,|α|=k,αj>0

αjpαx
βα




=

n�

j=1


 �

α∈Nn
0 ,|α|=k,αj>0

αjpαx
α




= |α|
�

α∈Nn
0 ,|α|=k

pαx
α = kp(x).

�
Corollary 3.3. For p ∈ Hn,k, we have k(k − 1)p(x) = x�∇2p(x)x.

Proof. Let p ∈ Hn,k be arbitrary. By Euler’s identity, we know that kp(x) =

x�∇p(x). Now let j ∈ {1, . . . , n} be arbitrary and differentiate both sides
with respect to the j-th component. This shows

k∇jp(x) = ∇jp(x) +

n�

i=1

xi

�
∇2p(x)

�
ij

⇐⇒ (k − 1)∇jp(x) =
n�

i=1

xi

�
∇2p(x)

�
ij

Multiplying both sides with xj and summing over j = 1, . . . , n shows
n�

j=1

(k − 1)∇jp(x)xj =
n�

j=1

n�

i=1

xi

�
∇2p(x)

�
ij
xj

⇐⇒ (k − 1)x�∇p(x) = x�∇2p(x)x

Euler’s identity⇐⇒ k(k − 1)p(x) = x�∇2p(x)x.
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�
From this Corollary, we can deduce that Cn,k ⊆ Pn,k.

Corollary 3.4. Every convex form is also nonnegative, i.e. Cn,k ⊆ Pn,k.

Proof. By Corollary 3.3 we know that for every form p ∈ Hn,k, it holds

k(k−1)p(x) = x�∇2p(x)x. If p is in addition convex, i.e. p ∈ Cn,k, then the
right hand side evaluated at any x ∈ Rn is nonnegative, since the Hessian
∇2p(x) is positive semidefinite. This shows k(k− 1)p(x) ≥ 0 for any x ∈ Rn

and hence that p is nonnegative. �
On the other hand, not every PSD form is convex. In the following, an

easy example is given, showing that not even every SOS form is convex.

Example 3.5. (a) First, consider the easiest case where the number n of
variables is two and consider p(x,y) = x2y2. Then we have

∇p(x,y) =

�
2xy2

2x2y

�
,∇2p(x,y) =

�
2y2 4xy
4xy 2x2

�
.

In particular, it holds

∇2p(1, 1) =

�
2 4
4 2

�
=⇒ det(∇2p(1, 1)) = 4− 16 = −12 < 0,

which shows that ∇2p(1, 1) is not positive semidefinite. Hence, p is not
convex.

(b) A similar result can be seen for arbitrary even degree 2d ∈ N>2 by
considering the form p(x,y) = x2d−2y2. Here we have

∇p(x,y) =

�
(2d− 2)x2d−3y2

2x2d−2y

�
,

∇2p(x,y) =

�
(2d− 2)(2d− 3)x2d−4y2 2(2d− 2)x2d−3y

2(2d− 2)x2d−3y 2x2d−2

�
.

This yields

∇2p(1, 1) =

�
(2d− 2)(2d− 3) 2(2d− 2)

2(2d− 2) 2

�

and hence det(∇2p(1, 1)) = 2(2d − 2)(2d − 3) − (2(2d − 2))2 < 0. For
this reason, we have Σn,2d �⊆ Cn,2d and in particular Pn,2d �⊆ Cn,2d.

From Example 3.5, one can extract a general scheme on how to prove
that a form p ∈ Hn,k is not convex. If p is not convex, there has to be
some x ∈ Rn such that the Hessian ∇2p(x) of p at x is not positive semidefi-
nite. Equivalently, the Hessian ∇2p(x) has at least one negative eigenvalue.
Hence, if p is not convex, evaluating the Hessian at random points and deter-
mining its eigenvalues will eventually give a point x ∈ Rn where the Hessian
is not positive semidefinite. This idea is implemented in Code 3.6, where we
use that MATLAB command rand( ) to create a random point x ∈ [0, 1]n.
Note that rand( ) generates points from the uniform distribution, which is
important since other probability distributions might accumulate at some
portion of [0, 1]n. If p is a form which is not convex, evaluating the Hessian
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at uniformly distributed random points in [0, 1]n and determining its eigen-
values will eventually give a point x ∈ Rn where the Hessian is not positive
semidefinite. Note that focusing on the unit hypercube is sufficient because
of the homogeneity of p.

Code 3.6.

1 f unc t i on [ t e s t , x , e igenVal , i t e r ]=

Convex i tyNecess i tyTest (p , var , maxiter )

2 %%

3 % CONVEXITY NECESSITY TEST

4 % This MATLAB func t i on g i v e s a nece s sa ry cond i t i on f o r

5 % the input polynomial p to be convex . The polynomial

6 % p i s convex i f and only i f i t s Hess ian i s p o s i t i v e

7 % sem id e f i n i t e at every po int . Therefore , we can try

8 % and determine i t s Hess ian at random po in t s . This

9 % w i l l be done up to maxiter t imes . I f b e f o r e the

10 % number maxiter o f i t e r a t i o n s i s reached a counter−
11 % example i s found where the Hess ian i s not p o s i t i v e

12 % semide f i n i t e , then we know that the polynomial i s

13 % not p o s i t i v e s em i d e f i n i t e . However , t h i s j u s t g i v e s

14 % a nece s sa ry cond i t i on . Of course , i t could be that

15 % the maximum number o f i t e r a t i o n s i s reached without

16 % f i nd i n g a counterexample , but the r e might s t i l l

17 % ex i s t po ints , where the polynomial i s not p o s i t i v e

18 % sem id e f i n i t e .

19 %% Input

20 % p polynomial as symbol ic f unc t i on

21 % var vec to r o f v a r i a v l e s in p

22 % maxiter maximum number o f i t e r a t i o n s

23 %% Output

24 % te s t boolean . This w i l l be FALSE, i f p f a i l s

25 % the te s t , which means that p can not be

26 % convex . Otherwise TRUE and we do not

27 % know whether p i s convex or not

28 % x I f t e s t==f a l s e : vec to r x at which the

29 % Hess ian i s not psd

30 % e l s e : ze ro vec to r

31 % e ig enva l I f t e s t==f a l s e : vec to r o f e i g enva lu e s

32 % of the Hess ian at x

33 % e l s e : ze ro vec to r

34

35 numbVar=length ( var ) ; % Get the number o f v a r i a b l e s

36 t e s t=true ;

37 i t e r =0;

38 whi le i t e r<maxiter && t e s t

39 x=rand (1 ,numbVar) ; % Create random vecto r
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40 i t e r=i t e r +1;

41 % Gives the Hess ian matrix o f p as symbol ic

f unc t i on

42 hess=hes s i an (p , var ) ;

43 % Evaluate the Hess ian at the random vecto r x

44 hessEval=subs ( hess , var , x ) ;

45 % Convert the eva luated Hess ian to double

46 hessEval=double ( hessEval ) ;

47 % Get the e i g enva lu e s o f the Hess ian at x

48 e igenVal=e i g ( hessEval ) ;

49 % Sort the e i g enva lu e s in ascending order

50 e igenVal=so r t ( e igenVal ) ;

51 % Since the e i g enva lu e s are sorted , i t s u f f i c e s to

52 % check whether the sma l l e s t one i s negat ive

53 i f e igenVal (1 )<0

54 t e s t=f a l s e ;

55 end

56 end

57 i f i t e r==maxiter && t e s t

58 x=ze ro s (numbVar , 1 ) ;

59 e igenVal=ze ro s (numbVar , 1 ) ;

60 end

Now, Code 3.6 can be used to test some well known forms on convexity.

Example 3.7. In Remark 2.19, we have seen some famous homogeneous
polynomials which are known to be PSD but not SOS. Those forms are
recalled in the following.

(a) Motzkin form:

z6 + x4y2 + x2y4 − 3x2y2z2 ∈ P3,6\Σ3,6.

(b) Robinson form I:

x6 + y6 + z6 − (x4y2 + x4z2 + y4x2 + y4z2 + z4x2 + z4y2)

+3x2y2z2 ∈ P3,6\Σ3,6.

(c) Robinson form II:

w4 + x2y2 + y2z2 + x2z2 − 4xyzw ∈ P4,4\Σ4,4.

The following code exploits Code 3.6 to verify that the forms in (a)–(c)
are not convex.

Code 3.8.

1 c l o s e a l l ; c l e a r a l l ; c l c ;

2 % polynomial = 1 ;

3 % polynomial = 2 ;

4 polynomial = 3 ;

5 i f polynomial==1
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6 syms x y z ;

7 motzkin=zˆ6+xˆ4∗yˆ2+xˆ2∗yˆ4−3∗xˆ2∗yˆ2∗ z ˆ2 ;
8 var=[x , y , z ] ;

9 [ t e s t , x , e i genva l , i t e r ]=Convexi tyNecess i tyTest (

motzkin , var , 2 0 ) ;

10 e l s e i f polynomial==2

11 syms x y z ;

12 rob inson=xˆ6+yˆ6+zˆ6−(xˆ4∗yˆ2+xˆ4∗ zˆ2+yˆ4∗xˆ2+yˆ4∗
zˆ2+zˆ4∗xˆ2+zˆ4∗yˆ2)+3∗xˆ2∗yˆ2∗ z ˆ2 ;

13 var=[x , y , z ] ;

14 [ t e s t , x , e i genva l , i t e r ]=Convexi tyNecess i tyTest (

robinson , var , 2 0 ) ;

15 e l s e i f polynomial==3

16 syms w x y z ;

17 rob inson=wˆ4+xˆ2∗yˆ2+yˆ2∗ zˆ2+xˆ2∗ zˆ2−4∗x∗y∗z∗w;

18 var=[w, x , y , z ] ;

19 [ t e s t , x , e i genva l , i t e r ]=Convexi tyNecess i tyTest (

robinson , var , 2 0 ) ;

20 end

In the following, for each form p ∈ Hn,k in Example 3.7 we give a point
x ∈ Rn, where the Hessian ∇2p(x) is not positive semidefinite together with
eigenvalues of the Hessian ∇2p(x) and the number of random points tested
in Code 3.6 until that particular point is found.

Form p point x ∈ Rn eigenvalues # points
of ∇2p(x) tested

(a) [0.8147, 0.9058, 0.1270] -3.3569 1
-1.0443

16.2957

(b) [0.9134, 0.6324, 0.0975] -2.3374 1
0.1958

18.1808

(c) [0.2785, 0.5469, 0.9575, 0.9649] -2.0291 1
-0.6403

3.2654

8.9224

Remark 3.9. When using code 3.6 to verify that some form p ∈ Hn,k is not
convex, a few remarks should be made. First of all, this is a numerical proof
and not a formal mathematical one. Since we are using some computer-based
algorithm, numerical inaccuracies may occur. This could be a problem, when
we obtain a point x ∈ Rn in which the negative eigenvalues of the Hessian
∇2p(x) are close to zero. Due to possible rounding errors, we should then
not blindly trust the result. However, in Example 3.7, there is always at
least one eigenvalue which is significantly smaller than zero. This is why in
that case, numerical inaccurancies do not cause any problem.
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It should also be noted that we could, of course, also use Code 3.6 to
try and verify that a non-homogeneous polynomial is convex. However, we
should not assume that it works as well as in the homogeneous case. Indeed,
in Example 3.7, we always found a point x, where the Hessian ∇2p(x) has a
negative eigenvalue after one iteration. The reason is that in Code 3.6, we
take random points on the n-dimensional interval [0, 1]n ⊆ Rn. This works
well for forms since by homogeneity, their values on [0, 1]n already determine
the form’s values on the whole space Rn. However, for a non-homogeneous
polynomial p this is not true, and even if p was convex on [0, 1]n, this would
not allow to make a conclusion about the convexity on the whole space Rn.

It is therefore reasonable to ask, whether convexity is invariant under
homogenization. It turns out that this is not the case. To see this, consider
e.g. p(x) = x2− 4x+1 and its homogenization (see [7, Chapter 8, Prop. 7])

ph(x,y) = x2 − 4xy + y2 = (x− y)2 − 2xy.

Since p��(x) = 2 > 0, clearly p is convex. However, ph is not convex since it
is not even nonnegative, e.g. ph(1, 1) = −2 < 0. By [29, Prop. 4.4], we know
that a polynomial p of degree d is convex if and only if the d-th root of its
homogenization ph is convex as well (under the assumption that ph(e1) > 0,
where e1 is the unit vector with 1 at the new variable).

Remark 3.10. As in Remark 2.19 we have the following picture of the set
of PSD forms and the set of convex forms inside the vector space Hn,2d of
forms in n variables of degree 2d ((n, 2d) ∈ N≥3 ×N≥4 and (n, 2d) �= (3, 4))

Hn,2d

Pn,2d

Robinson
x x

Motzkin
x

Σn,2d

x
x2d−2y2

Cn,2d
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Whereas we were able to prove that Cn,2d ⊆ Pn,2d holds even in multiple
ways, it is much harder to investigate whether Cn,2d ⊆ Σn,2d holds, i.e.
whether every convex polynomial is already SOS.

3.2. Tensors. The goal of this subsection is to find a way of describing a
homogeneous polynomial p uniquely by a tensor Tp and then to associate
a binomial form Qp to p via using the tensor Tp. To do so, we first have
to introduce tensors and investigate their structure. The biform Qp will be
used in Section 4 to formulate generalized Cauchy–Schwarz inequalities for
convex forms.

In the following, let K ∈ {R,C} be arbitrary. We introduce tensors as
elements of the outer product of finitely many finite dimensional K-vector
spaces. For more details consider e.g. [13, Section 6.4].

Definition 3.11. The outer product Kn1 ⊗ · · ·⊗Knk of the vector spaces
Knj , where nj ∈ N (j = 1, . . . , k), is defined as

Kn1 ⊗ · · ·⊗Knk

:=
��

xj1···jk
�
j1=1,...,n1;...;jk=1,...,nk

: xj1···jk ∈ K for all j1, . . . , jk

�
.

If all nj are equal, i.e. nj = n ∈ N for j = 1, . . . , k, we call T k := T k(Kn) :=
Kn⊗ · · ·⊗Kn the set of all n-dimensional (real or complex) tensors of order
k.

Remark 3.12. Note that in Definition 3.11 we define tensors not as gener-
ally as in [13, Section 6.4] but actually just contravariant tensors. However,
this suffices for our purposes.

Example 3.13. (a) For k = 1, the set T 1(Kn) is just the set of (real or
complex) vectors, i.e. T 1(Kn) = Kn.

(b) For k = 2, the set T 2(Kn) is just the set of (real or complex) n × n
matrices, i.e. T 2(Kn) = Kn×n.

Next, we define what it means for a tensor to be symmetric.

Definition 3.14. We define Sn as the set of all permutations of {1, . . . , n},
i.e. the set of all bijections π : {1, . . . , n} → {1, . . . , n}.

Definition 3.15. A tensor T =
�
T j1···jk

�
j1,...,jk=1,...,n

∈ T k(Kn) is called

symmetric, if for every permutation π ∈ Sk , we have

T j1···jk = T jπ(1)···jπ(k)

for all j1, . . . , jk ∈ {1, . . . , n}. The set of all (n-dimensional) symmetric
tensors (of order k) is denoted by Sk := Sk(Kn).

The outer product can also be defined for finitely many vectors xj ∈
Knj , j = 1, . . . , k.

Definition 3.16. Let xj ∈ Knj , nj ∈ N (j = 1, . . . , k). The outer product

of x1, . . . , xk is defined as

x1 ⊗ · · ·⊗ xk = (x1j1 · · ·xkjk)j1=1,...,n1;...;jk=1,...,nk
∈ Kn1 ⊗ · · ·⊗Knk .
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Remark 3.17. (a) For k = 2, the outer product x ⊗ y of two vectors x ∈
Kn, y ∈ Km (m ∈ N) can be thought of as the real or complex n × m
matrix x · y� ∈ Kn×m.

(b) Obviously, the outer product is not commutative. Consider for example
k = 2 and the outer product of the two unit vectors x = e1 ∈ Rm,
y = e2 ∈ Rm, where n,m ≥ 2. Then e1⊗ e2 has a one at (1, 2) and zeros
elsewhere, whereas e2 ⊗ e1 has a one at (2, 1) and zeros elsewhere:

e1 ⊗ e2 =




0 1 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 · · · · · · · · · 0




�=




0 0 0 · · · 0
1 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 · · · · · · · · · 0




= e2 ⊗ e1

(c) The outer product is linear, i.e. for x, y, z ∈ Kn, we have x⊗ (y + z) =
x⊗ y+x⊗ z and (x+ y)⊗ z = x⊗ z+ y⊗ z. This follows trivially from
the definition of the outer product.

There is also the symmetric outer product of finitely many vectors.

Definition 3.18. Let xj ∈ Knj , nj ∈ N (j = 1, . . . , k). The symmetric

outer product of x1, . . . , xk is defined as

x1 � · · ·� xk =
1

k!

�

π∈Sk

xπ(1) ⊗ · · ·⊗ xπ(k).

Example 3.19. Let n = 2 and take x = (0, 1)�, y = (1, 2)� ∈ R2. Then we
have

x� y =
1

2
(x⊗ y + y ⊗ x) =

1

2

��
0 0
1 2

�
+

�
0 1
0 2

��
=

�
0 1/2
1/2 2

�
.

Remark 3.20. (a) From the definition of the symmetric outer product, it
is clear that it is commutative, i.e. for all x, y ∈ Kn, we have x�y = y�x.

(b) For x1, . . . , xk ∈ Kn, we have x1 ⊗ · · ·⊗ xk ∈ T k and x1 � · · ·� xk ∈ Sk.
(c) The outer product of a vector x ∈ Kn with itself is the same as the

symmetric outer product, i.e. x⊗ x = x� x.
(d) For x ∈ Kn and k ∈ N>0 we write xk := x� · · ·� x� �� �

k×

.

Our next goal is to see that the set T k = T k(Kn) of tensors (of order k)
can equivalently be defined as the set of multilinear functions f : (Kn)k → K
as in [20, Section 3.1].

Definition 3.21. A function f : (Kn)k → K is called multilinear if it is
linear in every component, i.e. for all i ∈ {1, . . . , k}, x1, . . . , xk, yi ∈ Kn and
λ, µ ∈ K, we have

f
�
x1, . . . , xi−1,λxi + µyi, xi+1, . . . , xk

�

=λf
�
x1, . . . , xi−1, xi, xi+1, . . . , xk

�
+ µf

�
x1, . . . , xi−1, yi, xi+1, . . . , xk

�
.
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Further, f is called symmetric, if it is invariant under permutations of its
arguments, i.e. for all x1, . . . , xk ∈ Kn and all permutations π ∈ Sk, it holds

f
�
x1, . . . , xk

�
= f

�
xπ(1), . . . , xπ(k)

�
.

Definition 3.22. For a tensor T =
�
T j1,...,jk

�
j1,...,jk=1,...,n

∈ T k(K) of order

k, we define the associated function

fT : (Kn)k → K, (x1, . . . , xk) �→
�

j1,...,jk=1,...,n

T j1···jkx1j1 · · ·xkjk . (2)

Example 3.23. For k = 2, we know that a tensor T ∈ T 2(K) is just a (real
or complex) n× n matrix, i.e. T ∈ Kn×n. Hence, we have in this case

fT : Kn ×Kn → K, (x, y) �→ x�Ty.

Proposition 3.24. The mapping

T k(K) →
�
f : (Kn)k → K : f multilinear

�
, f �→ fT

is welldefined and bijective. Further, T is symmetric if and only if fT is
symmetric.

Proof. Let T =
�
T j1,...,jk

�
j1,...,jk=1,...,n

∈ T k be an arbitrary tensor and con-

sider the associated function fT : (Kn)k → K as in (2). We want to show
that fT is multilinear. Therefore, let i ∈ {1, . . . , k}, x1, . . . , xk ∈ Kn, yi ∈ Kn

and λ, µ ∈ K be arbitrary. Then

fT

�
x1, . . . , xi−1,λxi + µyi, xi+1, . . . , xk

�

=
�

j1,...,jk=1,...,n

T j1,...,jkx1j1 · · ·xi−1
ji−1

�
λxiji + µyiji

�
xi+1
ji+1

· · ·xkjk

= λ ·


 �

j1,...,jk=1,...,n

T j1,...,jkx1j1 · · ·xkjk




+ µ ·


 �

j1,...,jk=1,...,n

T j1,...,jkx1j1 · · ·xi−1
ji−1

yijix
i+1
ji+1

· · ·xkjk




=λfT

�
x1, . . . , xk

�
+ µfT

�
x1, . . . , xi−1, yi, xi+1, . . . , xk

�
.

This shows that fT is multilinear. On the other hand, let f : (Kn)k → K be
an arbitrary multilinear mapping. We show that there is a tensor T ∈ T k

such that f = fT .
Let ei ∈ Kn be the i-th unit vector. For j1, . . . , jk ∈ {1, . . . , k} arbitrary,

define

T j1···jk = f
�
ej1 , . . . , ejk

�
.

Then T =
�
T j1···jk

�
j1,...,jk=1,...,n

∈ T k(K) is a tensor of order k.

To show: f = fT .
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Let xi ∈ Kn (i = 1, . . . , k) be arbitrary. Then the multilinearity property
yields

f
�
x1, . . . , xk

�
= f

�
n�

i=1

x1i e
i, . . . ,

n�

i=1

xki e
i

�

=

n�

j1=1

· · ·
n�

jk=1

x1j1 · · ·xkjkf
�
ej1 , . . . , ejk

�

=
�

j1,...,jk=1,...,n

T j1,...,jkx1j1 · · ·xkjk = fT

�
x1, . . . , xk

�
.

Further, since T j1···jk = fT
�
ej1 , . . . , ejk

�
, T is the unique tensor with the

property f = fT . This shows the first part of the claim. The second part
follows easily from the definition of fT . Therefore, let x1, . . . , xk ∈ Kn and
π ∈ Sk be arbitrary. Then

fT

�
xπ(1), . . . , xπ(k)

�
=

�

j1,...,jk=1,...,n

T j1···jkxπ(1)j1
· · ·xπ(k)jk

.

Since T is symmetric and x
π(1)
j1

· · ·xπ(k)jk
= x1jπ−1(1)

· · ·xkjπ−1(k)
, we can rewrite

this as

fT

�
xπ(1), . . . , xπ(k)

�

=
�

j1,...,jk=1,...,n

T
jπ−1(1)···jπ−1(k)x1jπ−1(1)

· · ·xkjπ−1(k)

=
�

jπ−1(1),...,jπ−1(k)=1,...,n

T
jπ−1(1)···jπ−1(k)x1jπ−1(1)

· · ·xkjπ−1(k)

=f(x1, . . . , xk),

Hence, fT is symmetric. On the other hand, if fT is symmetric, we have by
definition of fT for all j1, . . . , jk ∈ {1, . . . , n}

T j1···jk = fT
�
ej1 , . . . , ejk

�
= fT

�
ejπ(1) , . . . , ejπ(k)

�
= T jπ(1)···jπ(k) ,

i.e. T is symmetric. This shows the claim. �

In addition, we have another equivalent characterization of tensors in
Proposition 3.26, which is stated without proof in [12, Section 2.3]. There-
fore, consider the following definition.

Definition 3.25. A function

� : Kn ⊗ · · ·⊗Kn → K, x1 ⊗ · · ·⊗ xk �→ �(x1 ⊗ · · ·⊗ xk),

is said to be linear in the outer product if for all x1, . . . , xk, y1, . . . , yk ∈ Kn

�
��

x1 ⊗ · · ·⊗ xk
�
+

�
y1 ⊗ · · ·⊗ yk

��

= �
��

xj1···jk + yj1,...,jk
�
j1,...,jk=1,...,n

�

= �
�
x1 ⊗ · · ·⊗ xk

�
+ �

�
y1 ⊗ · · ·⊗ yk

�
.
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Note that it also holds x1 � · · · � xk ∈ Kn ⊗ · · · ⊗ Kn for all x1, . . . , xk ∈
Rn. Hence, the term �

�
x1 � · · ·� xk

�
is well defined. For this reason, we

say that � is linear in the symmetric outer product if for all x1, . . . , xk,
y1, . . . , yk ∈ Kn

�
��

x1 � · · ·� xk
�
+

�
y1 � · · ·� yk

��

=�
�
x1 � · · ·� xk

�
+ �

�
y1 � · · ·� yk

�
.

Proposition 3.26. The mapping T �→ fT (T ∈ T k(Kn)) gives a bijection
between the set T k of tensors of order k and the set of functions

� : Kn ⊗ · · ·⊗Kn → K, x1 ⊗ · · ·⊗ xk �→ �(x1 ⊗ · · ·⊗ xk),

that are linear in the outer product. Further, if T ∈ Sk is symmetric, fT is
linear in the symmetric outer product.

Proof. It is clear that for any tensor T ∈ T k, the associated function fT
defined in (2) is linear in the components of x1 ⊗ · · ·⊗ xk (x1, . . . , xk ∈ Rn)
and hence linear in the outer product.

On the other hand, let � : Kn ⊗ · · · ⊗ Kn → K be linear in the outer
product. But then � must already be of the form

� : Kn ⊗ · · ·⊗Kn → K,

x1 ⊗ · · ·⊗ xk �→ �(x1 ⊗ · · ·⊗ xk) =
�

j1,...,jk=1,...,n

�j1,...,jkx1j1 · · ·xkjk ,

where �j1,...jk = �(ej1⊗ · · ·⊗ejk) and ej is the j-th unit vector. This uniquely
defines a tensor T� = (�j1,...,jk)j1,...,jk=1,...,n ∈ T k such that fT�

(x1, . . . , xk) =

�(x1 ⊗ · · ·⊗ xk) for all x1, . . . xk ∈ Kn.
For the second part of the claim let T =

�
T j1,...,jk

�
j1,...,jk=1,...,n

∈ Sk be

symmetric. Then we have

fT (x
1, . . . , xk)

=
�

j1,...,jk=1,...,n

T j1···jkx1j1 · · ·xkjk

=
�

j1,...,jk=1,...,n


 1

k!

�

π∈Sk

T jπ(1)···jπ(k)


x1j1 · · ·xkjk

T∈Sk

=
�

j1,...,jk=1,...,n

T j1···jk


 1

k!

�

π∈Sk

x1jπ(1)
· · ·xkjπ(k)




=
�

j1,...,jk=1,...,n

T j1···jk
�
x1 � · · ·� xk

�
,

which shows the claim. �

Note that we can write an arbitrary quadratic form p(x) ∈ Hn,2 always

as p(x) = x�Apx for some symmetric matrix Ap ∈ Rn×n, i.e. Ap ∈ S2(Rn).
This can indeed be generalized to forms of arbitrary degree.
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Hence, our next goal is to show that there is a one-to-one correspondence
between the set Hn,k of homogeneous, real polynomials of degree k and the

set Sk(Rn) of symmetric, real tensors. This is stated without a formal proof
in [12, Section 2.4]. Before stating that theorem, we need the definition of
the generalized binomial coefficient.

Definition 3.27. For � ∈ N and α = (α1, . . . ,α�) ∈ {1, . . . , n}� such that��
i=1 αi = n, we define the generalized binomial coefficient

�
n

α

�
:=

�
n

α1, . . . ,α�

�
:=

n!

α1! · · ·α�!
.

Remark 3.28. For � = 2 and α1,α2 ∈ {1, . . . , n} such that α1 +α2 = n we
have α2 = n − α1 and hence

�
n

α1,α2

�
=

�
n
α1

�
=

�
n
α2

�
is the regular binomial

coefficient.

Theorem 3.29. There is a linear bijection ϕ : Hn,k → Sk(Rn), p �→ Tp

between the set Hn,k of homogeneous, real polynomials in n variables of

degree k and the set Sk(Rn) of symmetric, real tensors of order k.

Proof. The tensor Tp corresponding to a form p ∈ Hn,k is defined in (3)–(5)
of this proof via the coefficients of p.

Let p =
�

α∈Nn
0 ,|α|=k

pαx
α ∈ Hn,k be an arbitrary real form. By writing

each monomial of degree k as the product of k single variables, the form p
can equivalently be written as

p =
�

j1,...,jk=1,...,n

�pj1···jkxj1 · · ·xjk (3)

for some �pj1···jk ∈ R, j1, . . . , jk ∈ {1, . . . , n}. We want to choose the ’new’
coefficients �pj1,...,jk such that they are invariant under permutation of indices.
Therefore, let α ∈ Nn

0 s.t. |α| = k be arbitrary. We want to count the number
of possible choices of indices j1, . . . , jk ∈ {1, . . . , n} such that xj1 · · ·xjk =
xα. There are exactly

�
k

α1

��
k − α1

α2

�
· · ·

�
k − α1 − · · ·− αn−1

αn

�

=
k!

α1! · · ·αn!
=

�
k

α1, . . . ,αn

�
=

�
k

α

�

different choices j1, . . . , jk ∈ {1, . . . , n} such that for each i ∈ {1, . . . , n}, it
holds αi = #{� ∈ {1, . . . , k} : j� = i}, which means precisely xj1 · · ·xjk =
xα. Hence, we can define

�pj1···jk =

�
k

α1, . . . ,αn

�−1

pα =

�
k

α

�−1

pα (4)

for j1, . . . , jk ∈ {1, . . . , k} arbitrary, where α ∈ Nn
0 is again given by αi =

#{� ∈ {1, . . . , k} : j� = i} for all i ∈ {1, . . . , n}.
The coefficients �pj1···jk are now invariant under permutations of the indices

j1, . . . , jk ∈ {1, . . . , n}. To see this, let π ∈ Sk and j1, . . . , jk ∈ {1, . . . , n} be
arbitrary. Choose α ∈ Nn

0 such that for each i ∈ {1, . . . , n}, we have

αi = #{� ∈ {1, . . . , k} : j� = i}.
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Since π : {1, . . . , k} → {1, . . . , k} is a bijection, this is the same as writing
αi = #{π(�) ∈ {1, . . . , k} : jπ(�) = i}. Again, since π is bijective, this is just
the same as counting the number of � ∈ {1, . . . , k} such that jπ(�) = i, i.e.

αi = #{� ∈ {1, . . . , k} : jπ(�) = i}.
This shows

�pj1···jk =

�
k

α

�−1

pα = �pjπ(1)···jπ(k)

Further, note that the coefficients �pj1,...,jk are uniquely determined by (3)
and the property of being invariant under permutations of indices since for
α ∈ Nn

0 , |α| = k we must have

pα =
�

j1,...,jk∈{1,...,n}:xj1
···xjk

=xα

�pj1,...,jk .

We conclude that

ϕ : Hn,k → Sk(Rn), p �→ Tp =
�
�pj1···jk

�n,...,n
j1=1,...,jk=1

(5)

is welldefined. Further, by the choice of the components �pj1,...,jk in (4) as
coefficients of the polynomial p in (3), we know that ϕ is linear.

On the other hand, consider the mapping

ψ : Sk(Rn) → Hn,k,

S =
�
Sj1···jk�n,...,n

j1=1,...,jk=1
�→ pS(x) =

�

j1,...,jk=1,...,n

Sj1,...,jkxj1 · · ·xjk

Clearly, it holds ψ(S) = pS(x) ∈ Hn,k for all S ∈ Sk(Rn) and hence the
mapping is welldefined. From (3) and the definition of ϕ and ψ, we also
know that ψ(ϕ(p)) = p for all p ∈ Hn,k, i.e. ψ = ϕ−1.

For S ∈ Sk(Rn), we know by the symmetry of S that the components of
S are coefficients of ψ(S) ∈ Hn,k as in (3) that are invariant under permu-
tations. As before, coefficients of a form with those properties are unique,
which yields that ϕ(ψ(S)) = S. Hence, we can deduce that ϕ is bijective,
as desired. �
Remark 3.30. Analogously as in Theorem 3.29 one can see that there is
a bijection between complex forms in n variables of degree k and the set
Sk(Cn) of symmetric, complex tensors of order k. However, Theorem 3.29
is stated in a real setting since we are interested in investigating the sets
Pn,2d,Σn,2d and Cn,2d of real forms.

The one-to-one correspondence from Theorem 3.29 allows us to introduce
a biform associated to a polynomial p ∈ Hn,k. This biform will be used in
the formulation of generalized Cauchy–Schwarz inequalities in Section 4.

Definition 3.31. Let k = 2d ∈ N be even. For p ∈ Hn,k we call the tensor

Tp(Rn) ∈ Sk as in Theorem 3.29 the (symmetric) tensor associated to p.
Further, we define the biform Qp associated to p as

Qp : Rn × Rn → R, (x, y) �→ Qp(x, y) = fTp ( x, . . . , x� �� �
d×

, y, . . . , y� �� �
d×

)
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For simplicity, we write

Qp(x,y) = fTp(x, . . . ,x,y, . . . ,y).

Example 3.32. Consider again a quadratic form p ∈ Hn,2 and let Ap ∈
Rn×n = T 2(Rn) be such that p(x) = x�Apx. In this case, the tensor Tp

associated to p is given by Tp : Rn × Rn → R, Tp(x
1, x2) = (x1)�Apx

2.
Hence, this coincides with the biform associated to p, which is given by
Qp : Rn × Rn → R, Qp(x, y) = x�Apy.

Remark 3.33. Let T ∈ T k(Rn) be a tensor. Of course, we can also define

fT : (Cn)k → C, (x1, . . . , xk) �→
�

j1,...,jk=1,...,n

T j1···jkx1j1 · · ·xkjk

for complex vectors. As before, it can be seen that fT is multilinear. If
T is in addition symmetric, i.e. T ∈ Sk(Rn), we have Qp(z, z̄) ∈ R for all
z ∈ Cn. This follows directly from the linearity of fT in every component.
The quantity Qp(z, z̄) will come up again in the generalized Cauchy–Schwarz
inequalities in Theorem 4.3.

The next goal is to show that the following polarization identity formu-
lated in [12, Section 2.4] holds. It is indeed an easy corollary of what we
have seen so far.

Theorem 3.34 (Polarization Identity). Let p ∈ Hn,k be arbitrary and

Tp ∈ Sk(Rn) be the associated symmetric tensor. Consider the associated

multilinear functional fTp : (Rn)k → R. Then we have

∀x ∈ Rn : p(x) = fTp(x, . . . , x), (6)

which can be written as p(x) = fTp(x, . . . ,x).

Proof. This follows directly from the definition of the associated tensor Tp

in (5), the definition of the associated functional fTp in (2) and the repre-

sentation (3) of the form p via the coefficients �pj1,...,jk . Indeed, we have

fTp(x, . . . , x)
(5)&(2)
=

�

j1,...,jk=1,...,n

�pj1,...,jkxj1 · · ·xjk
(3)
= p(x).

�

Corollary 3.35. Let p =
�

α∈Nn
0 ,|α|=k

pαx
α ∈ Hn,k be arbitrary. In the situa-

tion of Theorem 3.34, we have

∀α ∈ Nn
0 , |α| = k : pα =

�
k

α

�
fTp

�
e1, . . . , e1� �� �

α1×

, . . . , en, . . . , en� �� �
αn×

�
,

where ei ∈ Rn is the i-th unit vector.

Proof. Let α ∈ Nn
0 , |α| = k be arbitrary. Let j1, . . . , jk ∈ {1, . . . , n} be

arbitrary such that for each i ∈ {1, . . . , n}, we have αi = #{� ∈ N : j� = i}.
Note that this choice of j� is not unique!
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By definition of the multilinear mapping fTp in (2) we know that

fTp

�
e1, . . . , e1� �� �

α1×

, . . . , en, . . . , en� �� �
αn×

�
= T 1···1···n···n

p
(5)
= �p1···1···n···n,

where at T 1···1···n···n
p and �p1···1···n···n we have αi-times the index i (i = 1, . . . , n).

Since Tp is symmetric, this is equal to �pj1···jk . Hence, we can deduce by
(4) that

fTp

�
e1, . . . , e1, . . . , en, . . . , en

�
= �pj1···jk (4)

=

�
k

α

�−1

pα.

Rearranging shows the claim. �
Remark 3.36. As already mentioned in Remark 3.30, the results of Theo-
rem 3.34 and Corollary 3.35 can also be stated for complex forms. However,
for our purposes it suffices to work in the real setting.

Convention 3.37. For simplicity, from now on we no longer distinguish
between a tensor T and its associated function fT .

3.3. Hilbert Space Representations of Linear Functionals on Hn,2d.
The goal of this section is to show that Hn,2d can be equipped with an inner
product �·, ·� called the Fischer inner product, such that (Hn,2d, �·, ·�) is a
Hilbert space. In addition, we find a representation of the (algebraic) dual
of Hn,2d as differential operators.

We start with recalling some basic definition of Functional Analysis. For
more details, check e.g. [10, chapters 11–19].

Convention 3.38. For the rest of this work, let K ∈ {R,C} be arbitrary.
Furthermore, write z̄ for the complex conjugate of a complex number z ∈ C.

Definition 3.39. Let V be a K-vector space. An inner product on V is
a mapping (·, ·) : V × V → K such that the following holds :

(1) ∀u, v, w ∈ V ∀λ, µ ∈ K : (λu+ µv,w) = λ(u,w) + µ(v, w) (linear),
(2) If K = R: ∀u, v ∈ V : (u, v) = (v, u) (symmetric),

If K = C: ∀u, v ∈ V : (u, v) = (v, u) (hermitian),
(3) ∀v ∈ V : (v, v) ≥ 0 ∧ ((v, v) = 0 ⇐⇒ v = 0) (positive-definite).

A norm on V is a mapping �·� : V → R≥0, which fulfills the following

(1) ∀v ∈ V ∀λ ∈ K : �λv� = |λ| · �v� (positive homogeneous),

(2) ∀u, v ∈ V : �u+ v� ≤ �u�+ �v� (triangle inequality),
(3) ∀v ∈ V : �v� = 0 ⇐⇒ v = 0 (positive definite).

Example 3.40. (a) If V = Kn and Q ∈ Rn×n is positive definite, an inner
product on V is given by

(·, ·)Q : V × V → K, (x, y)Q = x̄�Qy.

(b) For Q = In the identity matrix, we obtain the Euclidean inner product
denoted by (·, ·)2 = (·, ·)In .

(c) More general, every finite dimensional K-vector space V (n = dimK V )
has an inner product. Therefore, take a basis B = {b1, . . . , bn} of V and
define (·, ·) : V × V → K via (bi, bj) = δij for all i, j ∈ {1, . . . , n}. Note
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that an inner product on V is uniquely defined by its values on a basis
of V .

Remark 3.41. Let (V, (·, ·)) be a K-vector space equipped with an inner
product (·, ·) : V ×V → K. Then we can define a norm on V called the norm
generated or induced by the inner product via

�·� : V → R, �v� =
�
(v, v).

As the next step, it can be seen how an inner product on Hn,2d can be
defined.

Definition 3.42. The Fischer inner product on Hn,2d is defined via

�·, ·� : Hn,2d ×Hn,2d → R, �p, q� = p(∂x1, . . . , ∂xn)q, (7)

where p(∂x1, . . . , ∂xn) is the differential operator obtained from p by re-
placing all variables xi with the partial derivatives ∂xi (i = 1, . . . , n). The
expression p(∂x1, . . . , ∂xn) · q is then defined as the differential operator
p(∂x1, . . . , ∂xn) applied to q.

Remark 3.43. (a) Let α,β ∈ Nn
0 be arbitrary such that |α| = |β|. Then

we have

∂x1 · · · ∂x1� �� �
α1×

· · · ∂xn · · · ∂xn� �� �
αn×

xβ =∂xα1
1 · · · ∂xαn

n xβ

=

�
0, if α �= β

α1! · · ·αn!, else
.

(8)

(b) Using (8), the Fischer inner product �p, q� of two forms p, q ∈ Hn,2d may
also be expressed in terms of the coefficients of p and q. Therefore, we
write p =

�
α∈Nn

0 ,|α|=2d

pαx
α, q =

�
α∈Nn

0 ,|α|=2d

qαx
α, where pα, qα ∈ R. Then

we have

�p, q� =
�

α∈Nn
0 ,|α|=2d

pα∂x1
α1 · · · ∂xn

αn


 �

β∈Nn
0 ,|β|=2d

qβx
β




(8)
=

�

α∈Nn
0 ,|α|=2d

α1! · · ·αn!pαqα (9)

= (2d)!
�

α∈Nn
0 ,|α|=2d

�
2d

α

�−1

pαqα.

Remark 3.44. Using the expression of the Fischer inner product in (9), it
can easily be seen that it is indeed an inner product. Linearity can be de-
duced by using (λ1p1+λ2p2)α = λ1(p1)α+λ2(p2)α for all λ1,λ2 ∈ R, p1, p2 ∈
Hn,2d and α ∈ Nn

0 , |α| = 2d. The symmetry follows since (8) is symmetric in
the coefficients pα, qα of p and q. Further, it is positive definite since p2α ≥ 0
for all α and �p, p� = 0 if and only if p2α = 0 for all α, which is equivalent to
p = 0.

Hence, we also have a norm on Hn,2d induced by �·, ·�. Next, we recall
the concept of completeness of a normed vector space.
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Definition 3.45. Let (V, �·�) be a normed K-vector space, (vn)n∈N ⊆ V a
sequence. Then (vn)n∈N ⊆ V is called a Cauchy sequence if

∀ε > 0 ∃N ∈ N ∀n,m ≥ N : �vn − vm� < ε.

The sequence (vn)n∈N ⊆ V converges to some v ∈ V if

∀ε > 0 ∃N ∈ N ∀n ≥ N : �vn − v� < ε.

Further, (V, �·�) is said to be complete if every Cauchy sequence in V
converges to some limit in V . In this case, (V, �·�) is called a Banach
space.

If (V, (·, ·)) is a vector space with inner product such that V together with
the induced norm is complete, it is called a Hilbert space.

It is a standard result of functional analysis that all finite dimensional
normed vector spaces over K are complete. This can for example be seen by
studying the norms on finite dimensional vector spaces.

Definition 3.46. Let �·�1 , �·�2 be two norms on a K-vector space V. Then
the norms �·�1 , �·�2 are said to be equivalent if the following holds:

∃m,M > 0 ∀v ∈ V : m �v�1 ≤ �v�2 ≤ M �v�1 .

Remark 3.47. From [10, Bemerkung 13.6] we know that equivalent norms
induce the same topology.

Theorem 3.48. Let V be a finite dimensional K-vector space. Then all
norms on V are equivalent.

Proof. [10, Satz 13.12]. �

As a consequence, all normed finite dimensional K-vector spaces are com-
plete.

Corollary 3.49. Let V be an arbitrary finite dimensional K-vector space
with norm �·�. Then (V, �·�) is complete.

Proof. From Theorem 3.48, we know that all norms on V are equivalent.
Hence, Remark 3.47 yields that V has a unique topology induced by a
norm. Since (Kn, �·�2) is a Banach space (see [10, Beispiel 12.4]) and V
is isomorphic to Kn, this shows that V is complete as well. �

Since every finite dimensional K-vector space has an inner product and
hence an induced norm, we now know that every finite dimensional K-vector
space is complete.

Corollary 3.50. The set Hn,2d of forms in n variables and of degree 2d
equipped with the Fischer inner product �·, ·� is a Hilbert space.

Proof. This follows directly from Corollary 3.49 since Hn,2d is finite dimen-
sional. �

Definition 3.51. Let V be a finite dimensional K-vector space. Then we
call the unique topology induced by a norm on V the Euclidean topology.
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Our next goal is to express linear functionals on Hn,2d via differential op-
erators. The key ingredient to do so is the Riesz Representation Theorem
for Hilbert spaces. Before we state the theorem, the definition of the (alge-
braic) dual of a vector space V is recalled. In our setting it suffices to study
finite dimensional vector spaces, which is why we do not need to distinguish
between the algebraic and topologic dual.

Definition 3.52. Let V be a (finite dimensional) K-vector space. Then the
(algebraic) dual V ∨ of V is defined as

V ∨ = {ϕ : V → K : ϕ is linear}.
If V is in addition equipped with a norm �·�V : V → R≥0, we define the
operator norm (see [10, Def. 13.2]) on V ∨ as

�·�V ∨ : V ∨ → R≥0, ���V ∨ = sup
x∈V \{0}

|�(x)|
�x�V

= sup
x∈V \{0},�x�V =1

|�(x)| .

Remark 3.53. If V is a K-vector space, so is the dual V ∨, where addition
and scalar multiplication are defined in a canonical way.

Theorem 3.54 (Riesz Representation Theorem). Let H be a finite dimen-
sional K-Hilbert space with inner product (·, ·) : H ×H → K and � ∈ H∨ a
linear functional. Then there exist an h� ∈ H such that

∀x ∈ H : �(x) = (x, h�). (10)

Moreover, the mapping IRiesz : H
∨ → H, � �→ h� is a bijective isometry and

conjugated linear, i.e.

∀�1, �2 ∈ H∨ ∀λ1,λ2 ∈ K : IRiesz(λ1�1 + λ2�2) = λ1IRiesz(�1) + λ2IRiesz(�2),

∀� ∈ H∨ : ���H∨ = �IRiesz(�)�H .

Proof. [10, Satz 12.24]. �
The Riesz Representation Theorem yields in particular the following.

Corollary 3.55. If V is a finite dimensional K-vector space, then so is
the dual V ∨ and the dimensions coincide. In other words, in the finite
dimensional case a vector space and its dual are isomorphic.

Corollary 3.56. Let � ∈ H∨
n,2d be an arbitrary linear functional on Hn,2d.

Then there exists a p� ∈ Hn,2d such that

∀q ∈ Hn,2d : �(q) = p�(∂x1, . . . , ∂xn)q.

Further, the mapping H∨
n,2d → Hn,2d, � �→ p� is one-to-one.

Proof. This follows directly from Theorem 3.54 using the symmetry of the
Fischer inner product. �

An important class of linear functionals on Hn,2d are tensor evaluations,
which are studied in the following lemma.

Lemma 3.57. Let x1, . . . , x2d ∈ Rn be arbitrary and consider the linear
functional � ∈ H∨

n,2d given by

� : Hn,2d → R, p �→ �(p) = Tp(x
1, . . . , x2d).
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Further, let q ∈ Hn,2d be as in the Riesz Representation Theorem 3.54 such
that

∀p ∈ Hn,2d : �(p) = �q, p� = q(∂x1, . . . ∂xn)p. (11)

Then

q(∂x1, . . . , ∂xn) =
1

(2d)!
∂x1 · · · ∂x2d . (12)

Proof. Note that in (12), ∂xi is the partial derivative with respect to the
variable xi, whereas ∂xi is the directional derivative with respect to xi (i =
1, . . . , 2d) (see Definition 2.7). Further, Theorem 3.29 tells us that � is indeed
linear, i.e. � ∈ H∨

n,k.

In the following, we show that q as in (12) fulfills (11). The claim follows
then by the uniqueness in the Riesz Representation Theorem. Therefore, let
p ∈ Hn,2d be arbitrary and write

p =
�

α∈Nn
0 ,|α|=2d

pαx
α =

�

j1,...,j2d=1,...,n

�pj1···j2dxj1 · · ·xj2d ,

where the coefficients �pj1···j2d ∈ R are defined as in (4). The multilinear map

Tp = (�pj1···j2d)n,...,nj1=1,...,j2d=1 : (R
n)2d → R

evaluated at x1, . . . , x2d is given by

Tp(x
1, . . . , x2d) =

�

j1,...,j2d=1,...,n

�pj1···j2dx1j1 · · ·x2dj2d . (13)

On the other hand, q(∂x1, . . . , ∂x2d) as in the claim applied to p leads to

q(∂x1, . . . , ∂x2d)p

=

n,...,n�

j1=1,...,j2d=1

q(∂x1, . . . , ∂x2d)�pj1···j2dxj1 · · ·xj2d (14)

=

n,...,n�

j1=1,...,j2d=1

1

(2d)!
∂x1 · · · ∂x2d�pj1···j2dxj1 · · ·xj2d .

Hence, it suffices to evaluate expressions of the form

q(∂x1, . . . , ∂xj2d)xj1 · · ·x2d,

where j1, . . . , j2d ∈ {1, . . . , n}. Using the formula (1) for the directional
derivative of a polynomial in Proposition 2.10 reveals

q(∂x1, . . . , ∂x2d)xj1 · · ·x2d =
1

(2d)!
∂x1 · · · ∂x2dxj1 · · ·xj2d

(1)
=

1

(2d)!
∂x1 · · · ∂x2d−1

n�

i=1

x2di ∂xi (xj1 · · ·xj2d)

=
1

(2d)!

�

i1=1,...,i2d=1

x1i1 · · ·x2di2d (∂xi1 · · · ∂xi2d) (xj1 · · ·xj2d) .
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The expression (∂xi1 · · · ∂xi2d) (xj1 · · ·xj2d) is nonzero if and only if for some
permutation σ ∈ S2d, we have (iσ(1), . . . , iσ(2d)) = (j1, . . . , j2d). In this case,
(∂xi1 · · · ∂xi2d) (xj1 · · ·xj2d) = 1. We deduce

q(∂x1, . . . , ∂x2d)xj1 · · ·x2d =
1

(2d)!

�

σ∈S2d

x1jσ(1)
· · ·x2djσ(2d)

. (15)

Using (15) in (14) shows

q(∂x1, . . . , ∂x2d)p
(14)
=

n,...,n�

j1=1,...,j2d=1

q(∂x1, . . . , ∂x2d)�pj1···j2dxj1 · · ·x2d

(15)
=

n,...,n�

j1=1,...,j2d=1


�pj1···j2d 1

(2d)!

�

σ∈S2d

x1jσ(1)
· · ·x2djσ(2d)




=
1

(2d)!

�

σ∈S2d

n,...,n�

j1=1,...,j2d=1

�pj1···j2dx1jσ(1)
· · ·x2djσ(2d)

.

The coefficients �pj1···j2d are invariant under permutations of the indices,
which means in particular �pj1···j2d = �pjσ(1)···jσ(2d) for all σ ∈ S2d. Hence,
we have

q(∂x1, . . . , ∂x2d)p =
1

(2d)!

�

σ∈S2d

n,...,n�

j1=1,...,j2d=1

�pjσ(1)···jσ(2d)x1jσ(1)
· · ·x2djσ(2d)

=
1

(2d)!

�

σ∈S2d

n,...,n�

jσ(1)=1,...,jσ(2d)=1

�pjσ(1)···jσ(2d)x1jσ(1)
· · ·x2djσ(2d)

=
1

(2d)!
(2d)!

n,...,n�

j1=1,...,j2d=1

�pj1···j2dx1j1 · · ·x2dj2d

(13)
= Tp(x

1, . . . , x2d) = �(p).

The claim follows by the uniqueness in the Riesz Representation Theorem
(Theorem 3.54). �
Remark 3.58. Lemma 3.57 can also be formulated in an analogous way
for complex vectors z1, . . . , z2d ∈ Cn, where we consider linear mappings
� : Hn,2d → C. Note that if z = x + iy ∈ Cn is complex, we have for the
directional derivative of a polynomial p

∂zp
(1)
= ∇p · z = ∇p · x+ i∇p · y = ∂xp+ i∂yp

and hence ∂z = ∂x + i∂y.

There are some special tensor evaluations, which are of particular interest.

Example 3.59. (a) Point evaluations: Let x ∈ Rn be arbitrary and con-
sider the point evaluation at x given by evx : Hn,2d → R, p �→ p(x).
Clearly, evx ∈ H∨

n,2d is linear. Further, by polarization identity (6) we

know that for all p ∈ Hn,2d, we have evx(p) = p(x) = Tp(x, . . . , x).
Hence, by using Lemma 3.57, we deduce that the linear operator asso-
ciated to evx is 1

(2d)!∂
2d
x .



30

(b) Complex point evaluations: As mentioned in Remark 3.58, it can be
deduced analogously as in (a) that if z = x + iy ∈ Cn is complex with
x, y ∈ Rn, the evaluation at z, evz corresponds to 1

(2d)!∂
2d
z . Since ∂z =

∂x + i∂y, this can be written as 1
(2d)!∂

2d
z = 1

(2d)! (∂x + i∂y)
2d.

(c) Evaluations of bivariate form Qp: Let x, y ∈ Rn be arbitrary and con-

sider the mapping

evx,y : Hn,2d → R, p �→ Qp(x, y).

We know by Theorem 3.29 that this is linear, i.e. evx,y ∈ H∨
n,2d. Further,

since evx,y(p) = Qp(x, y) = Tp(x, . . . , x� �� �
d×

, y, . . . , y� �� �
d×

), Lemma 3.57 tells us

that the operator associated with evx,y is given by 1
(2d)!∂

d
x∂

d
y .

(d) Complex evaluations of bivariate form Qp: As in (c) consider the linear

functional

evz,z̄ : Hn,2d → R, p �→ Qp(z, z̄).

Note that by definition of Qp(·, ·) and the multilinearity of Tp, we have
Qp(z, z̄) ∈ R for all p ∈ Hn,2d, i.e. evz,z̄ ∈ H∨

n,2d. Analogously as in (c),

the differential operator corresponding to evz,z̄ is 1
(2d)!∂

d
z∂

d
z̄ . Now write

z = x+ iy, where x, y ∈ Rn. Since ∂z = ∂x+ i∂y, ∂z̄ = ∂x− i∂y (compare

(b)), the operator corresponding to evz,z̄ is 1
(2d)!(∂

2
x + ∂2

y)
d.

The following two examples will play a role in Section 4.2.
(e) Combining (a) and (c), we know that the differential operator corre-

sponding to LA ∈ H∨
n,2d, A > 0 defined as

LA : Hn,2d → R,LA(p) = A(p(e1) + p(e2))− 2Qp(e
1, e2)

is given by

LA =
1

(2d)!

�
A

�
∂x2d + ∂y2d

�
− 2∂xd∂yd

�
.

(f) Consider the differential operator LB ∈ H∨
n,2d given by

LB : Hn,2d → R,LB(p) = BQp(e
1 + ie2, e1 − ie2)− Re(p(e1 + ie2)).

Analogously as in (d), �B can be written as a differential operator as

LB =
1

(2d)!

�
B

�
∂x2 + ∂y2

�d − Re
�
(∂x+ i∂y)2d

��
.

3.4. Convex Cones and their Duals. For studying the sets Cn,2d of con-
vex and Σn,2d of SOS forms, it is important to understand their structure
as convex cones. Therefore, in this section we first introduce some basic
definitions including convex cones as well as convex and conical hulls of sets
of points. Those definitions among further details can for example be found
in [8, Section 2]. Afterwards, we see an important result that goes back
to [31], which helps us to write convex cones as conical hull of some of its
points. This will be used in Section 5. We further introduce the duals of
convex cones, which will help us in Section 4 to obtain constants for some
generalized Cauchy–Schwarz inequalities.
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Convention 3.60. In this section, V is always a finite dimensional R-vector
space.

Definition 3.61. A subset C ⊆ V is convex if it is closed under convex
combinations, i.e.

∀x, y ∈ C ∀λ ∈ [0, 1] : λx+ (1− λ)y ∈ C.

Definition 3.62. A subset C ⊆ V of V is a cone in V , if it is closed under
the multiplication with nonnegative scalars, i.e. for all c ∈ C and all α ≥ 0,
we have αc ∈ C.

Remark 3.63. A cone C ⊆ V in V is convex if and only if for all c, d ∈ C
and α,β ≥ 0, it holds αc+ βd ∈ C.

Definition 3.64. A (convex) cone C ⊆ V is closed if it is closed with
respect to the Euclidean topology (see Definition 3.51).

Remark 3.65. We know that the Euclidean topology on Hn,2d is the topol-
ogy generated by any norm on Hn,2d. Hence, topological properties like
being closed can always be verified by using the norm generated by the
Fischer inner product.

Definition 3.66. The convex hull of a subset S ⊆ V of V is given by

conv(S) =

�
n�

i=1

λix
i : n ∈ N,λi ≥ 0, xi ∈ S (i = 1, . . . , n),

n�

i=1

λi = 1

�
.

Equivalently (see e.g. [31, Cor. 2.3.1]), the convex hull of S can be defined
as the smallest convex set containing S, i.e.

conv(S) =
�

C⊇S convex

C.

Further, the conical hull of S is

cone(S) =

�
n�

i=1

λix
i : n ∈ N,λi ≥ 0, xi ∈ S (i = 1, . . . , n)

�

Equivalently (see e.g. [31, Cor. 2.6.1]), the conical hull of S can be defined
as the smallest convex cone containing S, i.e.

cone(S) =
�

C⊇S convex cone

C.

Remark 3.67. From Definition 3.66 it is clear that the convex hull of a
set S is always contained in the conical hull of S, i.e. conv(S) ⊆ cone(S).
However, the conical hull is in general strictly larger than the convex hull.
Consider for example the convex and conical hull of two points x, y in R2:
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convex hull conic hull (truncated)

o o

x x

y y

Remark 3.68. In [29, Lemma 3.7 and Theorem 3.10] Reznick shows that
the sets Pn,2d,Σn,2d and Cn,2d are all closed convex cones in the finite di-
mensional R-vector space Hn,2d.

Next, we introduce the notions of extreme points, directions and rays of
convex cones. Those are all defined in a more general sense for convex sets
instead of just convex cones. For more details, the reader is referred to [8,
Section 2.6, 2.8.1] and [31, Section 18].

Definition 3.69. Let C ⊆ V be a convex set. A point x ∈ C is an extreme
point of C if it cannot be written as a strict convex combination of two
distinct points in C, i.e.

∀y, z ∈ C ∀λ ∈ (0, 1) : x = λy + (1− λ)z =⇒ x = y = z.

Proposition 3.70. Let C ⊆ V be a convex cone. Then the only extreme
point of C is the origin.

Proof. This is trivial since we can write every 0 �= x ∈ C as a strict convex
combination x = 1

2y+
1
2z, where y := 1

2x, z := 3
2x ∈ C since C is a cone. �

Since extreme points are not of much use in a convex cone, one starts to
look at half lines emaninating from the origin that again may not be written
as strict convex combination of two other half lines. This leads to extreme
rays as in [31, Section 18] or [8, Section 2.8.1].

Definition 3.71. Let C ⊆ V be a convex set. A ray of C is a subset R ⊆ C
of the form R = {µδR : µ ≥ 0}, where δR ∈ V \{o}. A ray R of C is an
extreme ray if it cannot be written as a strict convex combination of two
other rays, i.e.

∀δ1, δ2 ∈ V \{o} ∀λ ∈ (0, 1) :

R = λ{µδ1 : µ ≥ 0}+ (1− λ){µδ2 : µ ≥ 0}
=⇒ R = {µδ1 : µ ≥ 0} = {µδ2 : µ ≥ 0}

Instead of a whole ray, it can be useful to only consider the directions of
a cone C. In that context, a direction being extreme leads to conical com-
binations instead of convex combinations since directions are geometrically
invariant under scaling with positive scalars.
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Definition 3.72. Let C ⊆ V be a convex set. A vector δ ∈ V \{o} is a
direction of C if Rδ = {µδ : µ ≥ 0} ⊆ C. If δ is a direction of C and R a
ray of C such that R = Rδ, we say that δ spans R.

A direction δ of C is an extreme direction if it cannot be written as
strict conical combination of elements in C, i.e.

∀δ1, δ2 ∈ C\{o} ∀µ1, µ2 ≥ 0 : δ = µ1δ1 + µ2δ2 =⇒ δ1, δ2 ∈ {µδ : µ ≥ 0}.
Remark 3.73. A direction δ ∈ C\{o} of a convex set C is extreme if and
only if the whole ray Rδ spanned by δ is extreme.

Example 3.74. Consider the following convex cone C in R2, where

• the origin o is the only extreme point of C,
• R1,R2,R3 are rays of C spanned by δ1, δ2, δ3, respectively,
• R1,R3 are extreme rays and δ1, δ3 extreme directions, respectively,
• R2 is not extreme since it can be written as convex combination of
R1 and R3,

• δ2 is not extreme since it can be written as conical combination of
δ1 and δ3.

R1

R2

R3

δ1

δ2

δ3o

C (truncated)

Further, we have the following canonical representation of convex sets as
convex hull of some of their points that can be found in [31, Theorem 18.5].

Theorem 3.75. Let C ⊆ V be a closed convex set containing no lines (i.e.
subspaces of V of dimension 1). Let E ⊆ C be the set of all extreme points
and extreme directions of C.

Then C = conv(E) is the convex hull of E.
Proof. [31, Theorem 18.5]. �

For convex cones, we have the following corollary, which will be used in
Section 5 to characterize the cone of convex polynomials Cn,2d inside the
SOS cone Σn,2d for (n, 2d) = (4, 4).

Corollary 3.76. Let C ⊆ V be a closed convex cone. Then C is the convex
hull of its extreme directions.
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Proof. This follows directly from Theorem 3.75 since convex cones have no
extreme points beyond the origin by Proposition 3.70. �
Remark 3.77. From what we know, we can also deduce that a closed
convex cone C is the convex hull of its extreme rays or the conical hull of
its extreme directions with a fixed length, i.e.

C = conv{δ ∈ C\{o} : δ is an extreme direction}
= conv{δ ∈ R : R ⊆ C is an extreme ray}
= cone {δ ∈ C\{o} : δ is an extreme direction, �δ� = c} ,

where c > 0 is arbitrary.

Next, we introduce the dual of convex cones, which will be important in
Section 4 for optimization purposes when we try to obtain optimal constants
in the generalized Cauchy–Schwarz inequalities from Theorem 4.3.

Definition 3.78. Let C ⊆ V be a cone in V . Then its dual cone C∗ ⊆ V ∨

is defined as

C∗ = {� ∈ V ∨ | ∀c ∈ C : �(c) ≥ 0}. (16)

Remark 3.79. Let V be equipped with an inner product (·, ·) : V ×V → R
and C ⊆ V a cone. Using the Riesz Representation Theorem 3.54 it can
easily be seen that as in [5, Equation (2.19)] or [8, Equation (304)] the dual
C∗ can equivalently be defined as

C∗ = {v ∈ V | ∀u ∈ C : (u, v) ≥ 0}.
In Proposition 3.80 and 3.82, some well known result in the theory of dual

cones are collected without proof. For more details the reader is referred to
[5, Chapter 2].

Proposition 3.80. Let V be a finite dimensional R-vector space, C ⊆ V
a cone. Then C∗ is a closed and convex cone in V ∨ with respect to the
Euclidean topology, as V ∨ is finite dimensional by Corollary 3.55.

Hence, it makes sense to define the bidual of a cone.

Definition 3.81. Let V be a finite dimensional R-vector space and C ⊆ V
a cone. Then we define the bidual cone C∗∗ ⊆ V ∨ as

C∗∗ = {v ∈ V | ∀� ∈ C∗ : �(v) ≥ 0}. (17)

Proposition 3.82. Let V be a finite dimensional R-vector space, C ⊆ V a
cone. Then C∗∗ ⊆ V is the closure of the convex hull of C. Hence, if C is
closed and convex, then C∗∗ = C.

We already know that the conical hull cone(S) of a set S is always convex.
Further, by Proposition 3.82, we know cone(S)∗∗ = cone(S) holds, whenever
cone(S) is closed. For this reason, consider the following criterion on cone(S)
to be closed.

Proposition 3.83. Let S ⊆ V be a nonempty, compact (i.e. closed and
bounded) subset of V not containing the origin. Then the conical hull
cone(S) of S is closed.

Proof. [18, Proposition 1.4.7] �
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In Remark 3.68, we have already seen that Pn,2d,Σn,2d and Cn,2d are all
closed convex cones in Hn,2d (see e.g. [29, Thm. 3.10]). Hence, we have
in particular C∗∗

n,2d = Cn,2d. Using this fact, we can get in Lemma 3.84 a
convenient representation of the dual C∗

n,2d, which is stated without proof

in [12, Section 2.6].

Lemma 3.84. Let n, d ∈ N be arbitrary. Then it holds

C∗
n,2d = cone ({�xy : x, y ∈ Rn})

where the linear function �xy ∈ H∨
n,2d, x, y ∈ Rn is defined via

�xy : Hn,2d → R, p �→ �xy(p) = y�∇2p(x)y.

Proof. First, let x, y ∈ Rn be arbitrary and take �x, �y ∈ Rn such that it holds
x = �x�2 �x, y = �y�2 �y. For p ∈ Hn,2d arbitrary, we have

�xy(p) = y�∇2p(x)y = �y�22 �x�2d−2
2 �y�∇2p (�x) �y = �y�22 �x�2d−2

2� �� �
≥0

��x�y(p).

This shows

cone ({�xy : x, y ∈ Rn}) = cone ({�xy : x, y ∈ Rn, �x�2 = �y�2 = 1}) .
Hence, it follows from Proposition 3.83 that cone ({�xy : x, y ∈ Rn}) is a
closed and convex cone.

For this reason, it suffices to show that cone ({�xy : x, y ∈ Rn})∗ = Cn,2d.
The claim then follows by taking the dual and applying Proposition 3.82.
Indeed, we have

cone ({�xy : x, y ∈ Rn})∗

=

�
p ∈ Hn,2d | ∀m ∈ N ∀mi=1λi ≥ 0, xi, yi ∈ Rn :

m�

i=1

λi�xiyi(p) ≥ 0

�

= {p ∈ Hn,2d | ∀x, y ∈ Rn : �xy(p) ≥ 0}
=Cn,2d,

where the last step follows by Definition 2.16 of Cn,2d. �

In Section 3.3 we have seen that the elements of H∨
n,2d can be interpreted

as differential operators. Therefore, it is reasonable to look for a represen-
tation of C∗

n,2d in terms of differential operators. To do so, consider the

following result from [29, Cor. 2.10].

Proposition 3.85. For p ∈ Hn,2d and x, y ∈ Rn arbitrary, we have

y�∇2p(x)y = �xy(p) =
1

(2d− 2)!
·
��

n�

i=1

xixi

�2d−2 � n�

i=1

yixi

�2

, p

�
.

(18)

Proof. [29, Cor. 2.10]. �

Remark 3.86. Note that the factor on the right hand side of (18) differs
from the one in [29] since the author there uses a ’scaled’ Fischer inner
product (see e.g [29, Prop. 2.9]). However, since in Lemma 3.84, we are
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taking the conical hull of the linear functionals �xy, a positive scalar does
not change the hull.

Using Proposition 3.85, we can get a useful representations of C∗
n,2d and

in particular C∗
2,2d which are stated without proof in [12, Section 2.6].

Corollary 3.87. For n, d ∈ N, it holds

C∗
n,2d = cone

�
∂2d−2
x ∂2

y : x, y ∈ Rn
�
.

Proof. This follows from Lemma 3.84 using the formula in (18), since for
x, y ∈ Rn and p ∈ Hn,2d, we have

��
n�

i=1

xixi

�2d−2 � n�

i=1

yixi

�2

, p

�

=



�

n�

i=1

xi∂xi

�2d−2

·
�

n�

i=1

yi∂xi

�2

 p

Now write p =
�

i1,...,i2d=1,...,n
�pi1,...,i2dxi1 · · ·xi2d , where the coefficients

�pj1,...,j2d ∈ R are the coefficients from the associated tensor Tp as in Theorem
3.29. Using (13) from the proof of Lemma 3.57, we can deduce that



�

n�

i=1

xi∂xi

�2d−2

·
�

n�

i=1

yi∂xi

�2

 p

=
�

j1,...,j2d=1,...,n


 xj1 · · ·xj2d−2

yj2d−1
yj2d

∂xj1 · · · ∂xj2d

�

i1,...,i2d=1,...,n

�pi1,...,i2dxi1 · · ·xi2d

� �� �
=�pj1,...,j2d




This yields
��

n�

i=1

xixi

�2d−2 � n�

i=1

yixi

�2

, p

�

=
�

j1,...,j2d=1,...,n

�pj1,...,j2dxj1 · · ·xj2d−2
yj2d−1

yj2d
(13)
= Tp (x, . . . , x� �� �

(2d−2)×

, y, y ) .

Finally, using Lemma 3.57, we obtain
��

n�

i=1

xixi

�2d−2 � n�

i=1

yixi

�2

, p

�
= Tp (x, . . . , x� �� �

(2d−2)×

, y, y ) =
1

(2d)!
∂2d−2
x ∂2

yp,

which shows the claim. �
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Corollary 3.88. For d ∈ N, it holds

C∗
2,2d =cone

�
∂2d−2
x ∂2

y : x, y ∈ R2
�

=

�
m�

i=1

(αi∂x+ βi∂y)
2(γi∂x+ δiy)

2d−2 : αi,βi, γi, δi ∈ R

�
(19)

Proof. This follows directly from Corollary 3.87 using the definition of the
conical hull and formula (1) for the directional derivative of a polynomial.

�

4. Generalized Cauchy–Schwarz Inequalities

The Cauchy–Schwarz Inequality is usually stated in terms of inner prod-
ucts or equivalently by using positive definite matrices as in Theorem 4.1. In
Theorem 4.2, there is another, more general version of the Cauchy–Schwarz
Inequality, which is stated in terms of positive semidefinite matrices.

Further, in Section 4.1 we state at first in Theorem 4.3 a third version
of the Cauchy–Schwarz Inequality, which is formulated for convex forms. It
turns out that Theorem 4.2 is a special case of Theorem 4.3, which justifies
that we call Theorem 4.3 the Generalized Cauchy–Schwarz Inequalities.

Theorem 4.1 (Cauchy–Schwarz Inequality I). Let V be a K-vector space
with inner product (·, ·), K ∈ {R,C}. For x, y ∈ V arbitrary it holds

|(x, y)| ≤ �x� · �y� .
Proof. [9, Satz 5.49]. �

In fact, we can also state Theorem 4.1 in a more general sense in terms of
positive semidefinite matrices, which is stated without proof in [12, Section
3].

Theorem 4.2 (Cauchy–Schwarz Inequalities II). Let Q ∈ Rn×n be positive
semidefinite. Then

∀x, y ∈ Rn : x�Qy ≤
�
x�Qx · y�Qy. (20)

Further, if x, y is a pair of complex conjugated vectors, the inequality re-
verses, i.e.

∀z ∈ Cn : z�Qz̄ ≥
�
z�Qz · z̄�Qz̄. (21)

Proof. First, let x, y ∈ Rn be arbitrary. Since Q is positive semidefinite
there is a Cholesky decomposition Q = L�L, where L ∈ Rn×n (see [32, Satz
4.30]). Hence, using the regular Cauchy–Schwarz Inequality from Theorem
4.1 shows

(x�Qy)2 = ((Lx)� · (Ly))2 = (Lx,Ly)22 ≤ �Lx�22 �Ly�22
= (Lx)�Lx(Ly)�Ly = x�Qxy�Qy.

Taking the root on both sides shows (20).
Now, let z ∈ Cn be arbitrary. Write z = x + iy, where x, y ∈ Rn. We

have

z�Qz̄ = (x+ iy)�Q(x− iy) = x�Qx+ y�Qy. (22)
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Now take a look at the right hand side of (21). First, one can see that�
z�Qz · z̄�Qz̄ =

��z�Qz
��. Further, it holds

z�Qz = (x+ iy)�Q(x+ iy) = x�Qx− y�Qy� �� �
=Re(z�Qz)

+i · 2x�Qy� �� �
=Im(z�Qz)

.

This leads to

z�Qz · z̄�Qz̄ =
���z�Qz

���
2
= Re(z�Qz)2 + Im(z�Qz)2

= (x�Qx− y�Qy)2 + 4(x�Qy)2

= (x�Qx)2 − 2x�Qxy�Qy + (y�Qy)2 + 4(x�Qy)2

(20)

≤ (x�Qx)2 − 2x�Qxy�Qy + (y�Qy)2 + 4x�Qxy�Qy

= (x�Qx+ y�Qy)2

(22)
= (z�Qz̄)2.

Again, taking the root on both sides shows (21). �
Theorem 4.2 should be kept in mind, while studying the Generalized

Cauchy–Schwarz Inequalities in the following section.

4.1. Formulation and Proof of the Generalized Cauchy–Schwarz
Inequalities. The goal of this section is to prove the following theorem.

Theorem 4.3 (Generalized Cauchy–Schwarz Inequalities). Let p ∈ Cn,2d be
an arbitrary convex form in n variables of degree 2d and Qp : Rn ×Rn → R
the associated biform. Then there are constants Ad, Bd > 0 that depend only
on the degree 2d such that the following holds

∀x, y ∈ Rn : Qp(x, y) ≤ Ad ·
�

p(x) · p(y). (23)

Further, in the complex case, we have

∀z ∈ Cn : |p(z)| ≤ Bd ·Qp(z, z̄). (24)

At first, we want to check that Theorem 4.3 is indeed a generalization of
Theorem 4.2. Therefore, consider the following proposition.

Proposition 4.4. Let Q ∈ Rn×n be symmetric and consider the correspond-
ing quadratic form pQ(x) = x�Qx ∈ Hn,2. Then Q is positive semidefinite
if and only if pQ is convex, i.e. pQ ∈ Cn,2.

Proof. This is trivial, since by the symmetry of Q we have for the gradient
∇pQ(x) = 2Qx and hence for the Hessian ∇2pQ(x) = 2Q. Hence, pQ being
convex coincides with Q being positive semidefinite. �
Remark 4.5. Note that the tensor associated to pQ defined as in Proposi-

tion 4.4 is given by TpQ : Rn × Rn → R, TpQ(x
1, x2) = (x1)�Qx2 (see The-

orem 3.29). Hence, the biform associated to pQ is given by QpQ(x, y) =

x�Qy (x, y ∈ Rn). For this reason, by using Proposition 4.4 it is clear that
Theorem 4.2 is just a special case of Theorem 4.3 where 2d = 2, p = pQ and
the constants Ad, Bd are equal to 1. In Proposition 4.12 and 4.29 of Section
4.2 we will see that the smallest possible constants A1, B1 in Theorem 4.3
can indeed be chosen to be 1.
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Our goal is now to prove the Generalized Cauchy–Schwarz Inequalities.
Therefore, we first linearize inequalities (23) and (24) and then show that
it suffices to consider the inequalities in just two variables, i.e. for bivariate
convex forms.

For the first step, consider the following lemma, whose proof can be found
in [12, Section 3.1].

Lemma 4.6. Let p ∈ Cn,2d be an arbitrary convex form in n variables
of degree 2d and Qp : Rn × Rn → R the associated biform. Further, let
Ad, Bd > 0 be arbitrary. Then p satisfies (23) with constant Ad > 0 if and
only if

∀x, y ∈ Rn : 2Qp(x, y) ≤ Ad(p(x) + p(y)). (25)

Further, in the complex case p satisfies (24) with constant Bd > 0 if and
only if

∀z ∈ Cn : Re(p(z)) ≤ BdQp(z, z̄). (26)

Proof. We have to show that (23) is equivalent to (25) and (24) is equivalent
to (26), respectively.

(i) Claim: (23) ⇐⇒ (25).
”=⇒”: Assume that (23) holds. Let x, y ∈ Rn be arbitrary. By

Young’s inequality (see e.g. [9, Satz 10.2]) we know that
√
ab ≤ a+b

2
for a, b ∈ R≥0. This shows

2Qp(x, y)
(23)

≤ 2Ad

�
p(x)p(y)

p(x),p(y)≥0

≤ 2Ad

�
p(x) + p(y)

2

�

= Ad(p(x) + p(y)),

as desired.
”⇐=”: Assume that (25) holds and let x, y ∈ Rn be arbitrary. If

Qp(x, y) is lower than or equal to zero, it is clear that (23) holds. If
p(y) is zero, then we obtain from (25) for an arbitrary ε > 0

2εQp(x, y) = 2Qp(ε
1/dx, y) ≤ Ad

�
p
�
ε
1/dx

�
+ p(y)����

=0

�
deg(p)=2d

= Adε
2(p(x)).

Dividing both sides by ε > 0 shows

2Qp(x, y) ≤ Adεp(x).

Since ε > 0 was arbitrary, it can be deduced that Qp(x, y) ≤ 0 and
therefore that (23) holds. An analogous observation can be made if
p(x) was zero. Hence, using p ∈ Pn,2d we can without loss of generality
assume that p(x), p(y) > 0 and Qp(x, y) > 0.

By (25) we know that for all λ ∈ R≥0, it holds

2Qp(x,λ
1/dy)

(25)

≤ Ad(p(x) + p(λ
1/dy))

⇔ 2λQp(x, y) ≤ Ad(p(x) + λ2p(y))

⇔ f(λ) : = Ad(p(x) + λ2p(y))− 2λQp(x, y) is nonnegative on [0,∞).
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Clearly, f(λ) = Adp(y)λ
2−2Qp(x, y)λ+Adp(x) is a univariate polyno-

mial of degree 2. Hence, it has two possibly complex conjugated roots
λ1,λ2 ∈ C. Further, we know that λ1,2 can be computed via

λ1,2 =
Qp(x, y)

Adp(y)� �� �
>0

±
� �

Qp(x, y)

Adp(y)

�2

− p(x)

p(y)� �� �
=:δ

�1/2

.

If the discriminant δ was greater than zero, f(λ) would have two dis-

tinct real roots and since δ <
�
Qp(x,y)
Adp(y)

�2
in particular two changes of

sign on R≥0. This would contradict the fact that f(λ) is nonnegative
on [0,∞). Hence, we must have δ ≤ 0. Rearranging then shows that
(23) holds.

(ii) Claim: (24) ⇐⇒ (26).
”=⇒”: This is trivial since for α ∈ C arbitrary, it always holds

Re(α) ≤
�

Re(α)2 + Im(α)2 = |α| .
Hence, if (24) holds, then we have in particular for all z ∈ C

Re(p(z)) ≤ |p(z)|
(24)

≤ BdQp(z, z̄),

which is (26).
”⇐=”: Assume that (26) holds and let z ∈ Cn be arbitrary. We know

that we can write p(z) = |p(z)| · eiϕ, where ϕ = arg(p(z)) ∈ [0,π).
We now want to choose a point �z = eiψz where ψ is chosen such

that |p(z)| = p(�z) and hence in particular |p(z)| = Re(p(�z)).
This leads to ψ = − ϕ

2d = −arg(p(z))
2d . Now we have

p(�z) = p
�
e−i ϕ

2d z
�

p∈Hn,2d
=

1

eiϕ
· p (z) = |p(z)| .

Hence, we have in particular Re(p(�z)) = Re(|p(z)|) = |p(z)|. Further,

one can see that eiψ = cosψ − i sinψ = cos(−ψ) + i sin(−ψ) = e−iψ.
This shows

Qp

�
�z, �̄z

�
= Qp

�
eiψz, eiψ z̄

�
= Qp

�
eiψz, e−iψ z̄

�

=
�
eiψ

�d �
e−iψ

�d
Qp(z, z̄) = Qp(z, z̄).

For this reason, using (26) for �z leads to

|p(z)| = Re(p(�z))
(26)

≤ Bd

�
Qp

�
�z, �̄z

�
= Bd

�
Qp(z, z̄),

which is (24).

�
Hence, to prove Theorem 4.3, it suffices to prove the two conditions (25)

and (26) from Lemma 4.6. We call those conditions linearized, since both
sides of the inequalities in (25) and (26) are linear in p. Recall that the
mappingHn,k → Sk(Rn), p �→ Tp is linear by Theorem 3.29 and so is p �→ Qp.

The next step is to show that it suffices to show the Generalized Cauchy–
Schwarz Inequalities in just two variables. A sketch of the proof of the



41

following lemma can be found in [12, Section 3.1], while details are added
in the following.

Lemma 4.7. Let Ad, Bd > 0 be arbitrary. Then condition (25) holds for all
convex p ∈ Cn,2d and all n ∈ N with constant Ad > 0 if and only if for all
bivariate, convex q ∈ C2,2d it holds

2Qq

�
e1, e2

�
≤ Ad

�
q
�
e1
�
+ q

�
e2
��

. (27)

Further, condition (26) holds for all convex p ∈ Cn,2d and all n ∈ N with
constant Bd > 0 if and only if for all bivariate, convex q ∈ C2,2d, it holds

Re
�
q
�
e1 + ie2

��
≤ BdQq

�
e1 + ie2, e1 − ie2

�
. (28)

Proof. Obviously, the conditions (27) and (28) are just special cases of (25)
and (26), respectively, where the number n of variables is two. Hence, if
(25) or (26) hold for all n ∈ N, it is clear that (27) or (28) hold as well,
respectively. In the following, we show that the converse is true as well.

(i) Assume that (27) holds for all bivariate, convex forms. Let n ∈ N and
p ∈ Cn,2d be arbitrary.

To show: (25) holds with constant Ad > 0.
Let x, y ∈ Rn be arbitrary. Define a bivariate form q ∈ R[α,β] as

q(α,β) := p(αx+βy). Clearly, q evaluated at the unit vectors leads to
q(e1) = p(x), q(e2) = p(y).

Claim: It also holds Qp(x, y) = Qq(e
1, e2).

On the one hand, we have

Qp(x, y) = Tp(x, . . . , x, y, . . . , y)

= Tp

�
n�

i=1

xie
i, . . . ,

n�

i=1

xie
i,

n�

i=1

yie
i, . . . ,

n�

i=1

yie
i

� �� �
2d×

�

=
�

i1,...,i2d=1,...,n

xi1 · · ·xidyid+1
· · · yi2d · Tp(e

i1 , . . . , ei2d)

=
�

i1,...,i2d=1,...,n

xi1 · · ·xidyid+1
· · · yi2d · �pi1,...,i2d ,

where the last step follows by using Corollary 3.35 and formula (4)
for the permutation-invariant coefficients �pi1,...,i2d of p. One the other
hand, it holds

Qq(e
1, e2) = Tq

�
e1, . . . , e1� �� �

d×

, e2, . . . , e2� �� �
d×

� Cor. 3.35
=

�
2d

d

�−1

q(d,d),

where q(d,d) is the coefficient of q that belongs to αdβd. By definition
of q, we have

q(α,β) = p(αx+ βy) =
�

i1,...,i2d=1,...,n

�pi1,...,i2d(αxi1 + βyi1) · · · (αxi2d + βyi2d).
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This leads to

q(d,d) =
�

i1,...,i2d=1,...,n


�pi1,...,i2d ·

�

S⊆{1,...,2d},|S|=d


�

s∈S
xis

�

r∈{1,...,2d}\S
yir




 .

Let S ⊆ {1, . . . , 2d}, |S| = d be arbitrary and write S = {s1, . . . , sd},
{r1, . . . , rd} = {1, . . . , 2d}\S. Define a permutation πS ∈ S2d via
πS(1) = s1, . . . ,πS(d) = sd,πS(d + 1) = r1, . . . ,πS(2d) = rd. Using
this, we obtain

q(d,d) =
�

i1,...,i2d=1,...,n


 �

S⊆{1,...,2d},|S|=d

�pi1,...,i2d ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)


 .

Since the coefficients �pi1,...,i2d are invariant under permutations of in-
dices, we further have

q(d,d) =
�

i1,...,i2d=1,...,n


 �

S⊆{1,...,2d},|S|=d

�piπS(1),...,iπS(2d) ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)




=
�

S⊆{1,...,2d},|S|=d


 �

i1,...,i2d=1,...,n

�piπS(1),...,iπS(2d) ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)




Finally, for S ⊆ {1, . . . , 2d}, |S| = d arbitrary, we have

�

i1,...,i2d=1,...,n

�piπS(1),...,iπS(2d) ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)

=

n�

i1=1

· · ·
n�

i2d=1

�piπS(1),...,iπS(2d) ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)

=
n�

iπS(1)=1

· · ·
n�

iπS(2d)=1

�piπS(1),...,iπS(2d) ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)

=

n,...,n�

iπS(1)=1,...,iπS(2d)=1

�piπS(1),...,iπS(2d) ·
d�

k=1

xiπS(k)

2d�

�=d+1

yiπS(�)
.

Note that the last term is independent of the choice of S. Hence, since
there are

�
2d
d

�
possible choices of S ⊆ {1, . . . , 2d} such that |S| = d, we

obtain after relabeling the indices

q(d,d) =

�
2d

d

�
·


 �

i1,...,i2d=1,...,n

�pi1,...,i2d ·
d�

k=1

xik

2d�

�=d+1

yi�




and therefore

Qq(e
1, e2) =

�
2d

d

�−1

q(d,d)

=
�

i1,...,i2d=1,...,n

�pi1,...,i2d · xi1 · · ·xidyid+1
· · · yi2d = Qp(x, y),
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as desired.

We have now shown that p(x), p(y) and Qp(x, y) only depend on p
through its 2-dimensional restriction q. Further, q is convex since for
all (α1,β1), (α2,β2) ∈ R2 and λ ∈ [0, 1], it holds

q(λ(α1,β1) + (1− λ)(α2,β2)) = p([λα1 + (1− λ)α2]x+ [λβ1 + (1− λ)β2]y)

= p(λ[α1x+ β1y] + (1− λ)[α2x+ β2y])

≤ λp(α1x+ β1y) + (1− λ)p(α2x+ β2y)

= λq(α1,β1) + (1− λ)q(α2,β2).

This shows q ∈ C2,2d. Hence, using (27) yields

2Qp(x, y) = 2Qq(e
1, e2)

(27)

≤ Ad(q(e
1) + q(e2)) = Ad(p(x) + p(y)),

which shows that (25) holds with constant Ad > 0, as desired.
(ii) Assume that (28) holds for all bivariate, convex forms. Let n ∈ N and

p ∈ Cn,2d be arbitrary.
To show: (26) holds with constant Bd > 0.
Let z ∈ Cn be arbitrary and write z = x + iy, where x, y ∈ Rn. As

in (i), define q ∈ R[α,β] via q(α,β) = p(αx + βy). Further, one can
define the complex polynomial �q(γ, δ) ∈ C[γ, δ] via

�q(γ, δ) = p(γz + δz̄).

Note that in Remark 3.30 we have seen that complex forms are in
bijection to complex, symmetric tensors. Therefore, it makes sense to
use the quantity Q�q(e1, e2). Since �q(e1) = p(z) and �q(e2) = p(z̄) one
can see analogously as in (i) that

Qp(z, z̄) = Q�q(e
1, e2).

Further, note that �q(e1) = q(e1 + ie2) and �q(e2) = q(e1 − ie2). Hence,
again as in (i), one can see that

Qq(e
1 + ie2, e1 − ie2) = Q�q(e

1, e2).

This yields Qp(z, z̄) = Qq(e
1 + ie2, e1 − ie2). Hence, (26) follows also

directly from (28) as

Re(p(z)) = Re(q(e1 + ie2))
(26)

≤ BdQq(e
1 + ie2, e1 − ie2) = Qp(z, z̄).

�

Hence, to prove Theorem 4.3, it suffices to prove the two conditions (27)
and (28) on bivariate, complex forms. To do so, let us first state and prove
a lemma, which can be found in [12, Lemma 3.7].

Lemma 4.8. Let C ⊆ Hn,2d be a closed cone and � ∈ C∗ such that

∀p ∈ C : �(p) = 0 =⇒ p = 0.

Then the closed unit ball C� = {p ∈ C : �(p) ≤ 1} ⊆ Hn,2d defined by � is
compact.
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Proof. We show compactness inHn,2d with respect to the topology generated
by the norm �·� induced by the Fischer inner product. It is trivial that C�

is closed since it is the intersection of the closed cone C with the closed
half-space {p ∈ Hn,2d : �(p) ≤ 1}. Since in the finite dimensional case being
compact coincides with being bounded and closed and since Hn,2d is finite
dimensional, it suffices to show that C� is bounded.

Assume that C� is not bounded, i.e. there exists a sequence
�
q(k)

�
k∈N ⊆ C�

such that limk→∞
��q(k)

�� = ∞. Without loss of generality, we can assume

q(k) �= 0 for all k. Since C is a cone, it further holds

�
q(k)

�q(k)�

�

k∈N
⊆ C. Since

C is closed, there is a converging subsequence of

�
q(k)

�q(k)�

�

k∈N
with limit

qlim ∈ C. For simplicity, we denote the subsequence again by

�
q(k)

�q(k)�

�

k∈N
.

Since q(k) ∈ C� for all k ∈ N, we know that �
�
q(k)

�
≤ 1 for all k. Further,

� is nonnegative on C. This shows

0 ≤ �

�
q(k)��q(k)

��

�
=

1��q(k)
���(q

(k)) ≤ 1��q(k)
�� −→ 0 (k → ∞),

since
��q(k)

�� → ∞ (k → ∞). We also know that � is continuous since on a
finite dimensional vector space, every linear functional is continuous. This

shows that �(qlim) = limk→∞ �

�
q(k)

�q(k)�

�
= 0. Therefore, the assumption on

� tells us directly that qlim = 0. But on the other hand, by the continuity of
the norm we have

�qlim� = lim
k→∞

�����
q(k)��q(k)

��

����� = 1,

which is a contradiction. Hence, C� must be bounded and therefore compact.
�

Using Lemma 4.8, we can now prove the Generalized Cauchy–Schwarz
Inequalities (Theorem 4.3). A sketch of the proof can be found in [12,
Section 3.1] while details are added in the following.

Proof of Theorem 4.3. From Lemma 4.6 and Lemma 4.7, we know that to
prove Theorem 4.3, it suffices to prove that the two conditions (27) and (28)
hold for some constants Ad, Bd > 0. To do so, we use Lemma 4.8. We
already know that C2,2d ⊆ H2,2d is a closed cone. To show (27) and (28), we
define linear functionals on C2,2d in a suitable way such that we can apply
Lemma 4.8.

(i) We show that there is a constant Ad > 0 such that (27) holds for all
bivariate, convex q ∈ C2,2d, i.e.

∀q ∈ C2,2d : 2Qq(e
1, e2) ≤ Ad(q(e

1) + q(e2)).

For this purpose, define

� : H2,2d → R, �(q) = q(e1) + q(e2).
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Clearly, � is linear in q, which means � ∈ H∨
2,2d. We show that it also

satisfies the assumptions of Lemma 4.8.
First of all, it is clear that � ∈ C∗

2,2d since convex functions are in

particular nonnegative. Now assume that �(q) = 0 for some q ∈ C2,2d.

To show: q = 0.
Since �(q) = 0 and q(e1), q(e2) ≥ 0, we know that q(e1) = q(e2) = 0

and hence by homogeneity that q(λe1) = q(λe2) = 0 for all λ ∈ R.

Now let x =

�
a
b

�
∈ R2 be arbitrary. Then

0 ≤ q

�
a
b

�
= q

�
ae1 + be2

�

= q
�
|a| sgn(a)e1 + |b| sgn(b)e2

�

= q

�
(|a|+ |b|) ·

� |a|
|a|+ |b| sgn(a)e

1 +
|b|

|a|+ |b| sgn(b)e
2

��

= (|a|+ |b|)2d · q
� |a|
|a|+ |b| sgn(a)e

1 +
|b|

|a|+ |b| sgn(b)e
2

�
.

Hence, using convexity of q yields

0 ≤ q

�
a
b

�
≤ (|a|+ |b|)2d ·

� |a|
|a|+ |b|q

�
sgn(a)e1

�
+

|b|
|a|+ |b|q

�
sgn(b)e2

��

= (|a|+ |b|)2d · 0 = 0,

which means q = 0. For this reason, � fulfills the assumption of Lemma
4.8, which tells us that

L := {q ∈ C2,2d : q(e1) + q(e2) ≤ 1}

is a compact subset of H2,2d. Hence, λ := supq∈L �q� > 0 is finite
as supremum of a linear functional on a compact set, where �·� is
again the norm induced by the Fischer inner product. Further, µ :=

supq∈H2,2d\{0}
Qq(e1,e2)

�q� > 0 is finite as it is bounded from above by the

operator norm of the linear functional q �→ Qq(e
1, e2) on the finite

dimensional vector space H2,2d (see [10, Chapter 13]). Note that µ

is positive, since we can take for example q(x,y) = xdyd, where by
Corollary 3.35 we know that

Qq

�
e1, e2

�
= Tq

�
e1, . . . , e1, e2, . . . , e2

�
= q(d,d)

�
2d

d

�−1

=

�
2d

d

�−1

> 0.

This yields µ ≥ Qq(e1,e2)
�q� > 0.

To show: (27) holds for all q ∈ C2,2d with constant Ad := λ · µ > 0.
Let q ∈ C2,2d be arbitrary. Without loss of generality, we assume

that q �= 0, otherwise the claim is trivial. As above, one can see that
either q(e1) or q(e2) must be strictly positive. This shows �(q) > 0.
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Further, since q
�(q) ∈ L, we know by the definition of λ, µ that

λ ≥
����

q

�(q)

���� and µ ≥ Qq(e
1, e2)

�q�
⇐⇒ �q� ≤ λ�(q) and Qq(e

1, e2) ≤ µ �q�

Finally, we conclude that

Qq(e
1, e2) ≤ λµ�(q) = Ad

�
q(e1) + q(e2)

�
,

which means that (27) holds.
(ii) We show that there is a constant Bd > 0 such that (27) holds for all

bivariate, convex q ∈ C2,2d, i.e.

∀q ∈ C2,2d : Re(q(e1 + ie2)) ≤ BdQq(e
1 + ie2, e1 − ie2).

For this purpose, define

s : H2,2d → R, s(q) = Qq(z, z̄), where z = e1 + ie2.

Clearly, s is linear in q, which means that s ∈ H∨
2,2d. We show that it

also satisfies the assumptions of Lemma 4.8.
Therefore, consider the following identity, which is proven in [12,

Appendix A]:

∀p ∈ Hn,2d ∀z = x+ iy ∈ Cn :

Qp(z, z̄) =
4d(d+ 1)

π

�
2d

d

�−1 ˆ ˆ

α2+β2≤1
p(αx+ βy)dα dβ.

(29)

Identity (29) means that Qp(z, z̄) is proportional to the average of p
on the ellipse {αx+βy : α,β ∈ R,α2+β2 ≤ 1}. For n = 2, this means
that s(q) ≥ 0 for all q ∈ P2,2d and hence in particular s ≥ 0 on C2,2d.
Further, let s(q) = 0 for some q ∈ C2,2d.

To show: q = 0.
Again, using identity (29) for n = 2 and z = e1+ ie2 shows that the

average of q on {αe1 + βe2 : α,β ∈ R,α2 + β2 ≤ 1} is zero. Note that

{αe1 + βe2 : α,β ∈ R,α2 + β2 ≤ 1} = {(α,β)� ∈ R2 :
���(α,β)�

���
2
≤ 1}

is the unit disk in R2. Since q is in particular nonnegative, this yields
q = 0 on the unit disk. By homogeneity, this means that q must be
zero.

As in (i), using Lemma 4.8, we know that

S = {q ∈ C2,2d : Qq(e
1 + ie2, e1 − ie2) ≤ 1}

is compact. Define ξ = supq∈S �q� > 0, which is finite as in (i). Fur-

ther, let ζ = supq∈H2,2d

Re(q(e1+ie2))
�q� > 0, which is also finite as in (i).

To show: (28) holds for all q ∈ C2,2d with constant Bd := ξζ > 0.
Let q ∈ C2,2d be arbitrary. Without loss of generality, assume that

q �= 0, otherwise the claim is trivial. As before, using (29) shows that
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s(q) > 0. This means q
s(q) ∈ S and hence ξ ≥ �q�

s(q) . Further, it is clear

that ζ ≥ Re(q(e1+ie2))
�q� . Hence, it can be deduced

Re(q(e1 + ie2)) ≤ ζ �q� ≤ ζξs(q) = Bds(q),

which shows that (28) holds.

�

4.2. Value of the Optimal Constants of the Generalized Cauchy–
Schwarz Inequalities. For the purpose of this thesis, it is crucial to know
the value of the optimal constants A∗

d, B
∗
d > 0 in the Generalized Cauchy–

Schwarz Inequalities in Theorem 4.3, i.e. the smallest possible constants
Ad, Bd > 0 such that (23) and (24) hold, respectively. This is formalized in
the following definition.

Definition 4.9. For d ∈ N, the optimal constants A∗
d, B

∗
d > 0 of the

inequalities (23) and (24), which only depend on the degree 2d are defined
as

A∗
d = inf

A>0
A s.t. ∀n ∈ N ∀p ∈ Cn,2d ∀x, y ∈ Rn : Qp(x, y) ≤ A

�
p(x)p(y)

B∗
d = inf

B>0
B s.t. ∀n ∈ N ∀p ∈ Cn,2d ∀z ∈ Cn : |p(z)| ≤ BQp(z, z̄).

It turns out that it is rather easy to obtain a general lower bound for A∗
d

and B∗
d . This is stated without a formal proof in [12, Section 3].

Proposition 4.10. For all d ∈ N, we have A∗
d, B

∗
d ≥ 1.

Proof. Let n ∈ N arbitrary and consider the homogeneous polynomial
p(x) = x2d

1 ∈ Hn,2d. The Hessian of p has only one nonzero entry and it is
given by

∇2p(x) =




2d(2d− 1)x2d−2
1 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0




Since 2d(2d−1)x2d−2
1 = 2d(2d−1)(x21)

d−1 ≥ 0 for all x = (x1, . . . , xn)
� ∈ Rn,

∇2p(x) is clearly positive semidefinite for all x ∈ Rn. Hence p(x) ∈ Cn,2d.
Further, the tensor associated to p is given by

Tp : (Rn)2d → R, Tp(x
1, . . . , x2d) = x11 · · ·x2d1 ,

which yields that for x = (x1, . . . , xn)
�, y = (y1, . . . , yn)

� ∈ Rn, we have
Qp(x, y) = (x1)

d · (y1)d. Now, taking x = y = e1 ∈ Rn, z = e1 ∈ Cn as the
first unit vector shows

A∗
d = A∗

d ·
�
p(x)p(y)� �� �

=1

(23)

≥ Qp(x, y) = 1

and B∗
d = B∗

d ·Qp(z, z̄)� �� �
=1

(24)

≥ |p(z)| = 1,

and hence A∗
d, B

∗
d ≥ 1. �
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Remark 4.11. (a) The infima in Definition 4.9 are actually minima, since
A∗

d, B
∗
d are bounded from below by 1 and we minimize over a closed set

since the inequalities in the conditions are not strict.
(b) In Section 4.1 we have seen that A∗

d, B
∗
d can equivalently be computed

via the optimal constants of the inequalities (27) and (28) in Lemma
4.7. Hence, we have

A∗
d = inf

A>0
A s.t. ∀q ∈ C2,2d : 2Qq(e

1, e2) ≤ A
�
q(e1) + q(e2)

�
(30)

B∗
d = inf

B>0
B s.t. ∀q ∈ C2,2d : Re(q(e1 + ie2)) (31)

≤BQq(e
1 + ie2, e1 − ie2).

Of course, Proposition 4.10 can analogously be proven using (30) and
(31). On the other hand, it is hard to obtain upper bounds on A∗

d, B
∗
d

this way. Therefore, we use a dual approach, where we rewrite (30) and
(31) using the linear functionals

LA : H2,2d → R, �A(q) = A(q(e1) + q(e2))− 2Qq(e
1, e2)

LB : H2,2d → R, �B(q) = BQq(e
1 + ie2, e1 − ie2)− Re(q(e1 + ie2)).

By definition of the dual cone C∗
2,2d, we can rewrite (30) and (31) as

A∗
d = inf

A>0
A s.t. LA ∈ C∗

2,2d (32)

B∗
d = inf

B>0
B s.t. LB ∈ C∗

2,2d. (33)

In Example 3.59(e) and 3.59(f), we have already seen that LA,LB can
be written as differential operators in the form

LA =
1

(2d)!

�
A

�
∂x2d + ∂y2d

�
− 2∂xd∂yd

�

LB =
1

(2d)!

�
B

�
∂x2 + ∂y2

�d − Re
�
(∂x+ i∂y)2d

��
.

Since the factor 1
(2d)! > 0 plays no role in verifying whether LA,LB ∈

C∗
2,2d, we reduce (32)-(33) to

A∗
d = inf

A>0
A s.t. �A = A

�
∂x2d + ∂y2d

�
− 2∂xd∂yd ∈ C∗

2,2d (34)

B∗
d = inf

B>0
B s.t. �B = B

�
∂x2 + ∂y2

�d − Re
�
(∂x+ i∂y)2d

�
∈ C∗

2,2d

(35)

Further, recalling Corollary 3.88, we know that

C∗
2,2d =

�
m�

i=1

(αi∂x+ βi∂y)
2(γi∂x+ δi∂y)

2d−2 : αi,βi, γi, δi ∈ R

�
.

Hence, to show that �A ∈ C∗
2,2d for some A > 0, we need to find such a

representation of �A. An analogous statement can be made for B.
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4.2.1. Values of A∗
d. Using the dual approach (34) and (35) in Remark 4.11,

one can see the following.

Proposition 4.12. It holds A∗
1 = A∗

2 = A∗
3 = 1.

Proof. We already know by Proposition 4.10 that A∗
1, A

∗
2, A

∗
3 ≥ 1. Now the

claim follows since for d = 1, 2, 3, �1 has a representation as in Corollary
3.88:

d = 1 : �1
(34)
= ∂x2 + ∂y2 − 2∂x∂y = (∂x− ∂y)2 ∈ C∗

2,2

d = 2 : �1
(34)
= ∂x4 + ∂y4 − 2∂x2∂y2 = (∂x− ∂y)2 (∂x+ ∂y)2 ∈ C∗

2,4

d = 3 : �1
(34)
= ∂x6 + ∂y6 − 2∂x3∂y3

=
1

2
(∂x− ∂y)2

�
∂x4 + ∂y4 + (∂x+ ∂y)2

�
∈ C∗

2,6.

�

The exact value of A∗
d is not known in general for all d ∈ N. However,

in [12, Appendix B] it is proven that A∗
d > 1 for all even d ∈ N>2. For

the proof we define similar as in Proposition 4.10 a polynomial pd ∈ C2,2d

in a clever way such that pd(e
1) = pd(e

2) = 1 but Qpd

�
e1, e2

�
> 1. Since

2Qpd(e
1, e2)� �� �

>1

≤ A∗
d (pd(e

1) + pd(e
2))� �� �

=2

by (30), this then allows us to deduce

that A∗
d > 1. The polynomial pd is the linear combination of two other

polynomials s and q. Those polynomials are chosen such that the Hessian
∇2s(x, y) is positive definite everywhere except for x = ±y, where it is only
positive semidefinite. The Hessian ∇2q(x, y) on the other hand is precisely
positive definite for x = ±y. This allows us to take a linear combination,
more precisely a conical combination of s and q such that the resulting
function is convex.

Proposition 4.13. Let d ∈ N>2 be even and consider the bivariate form
s(x,y) := 1

2

�
(x+ y)2d + (x− y)2d

�
∈ Hn,2d. Then s(x,y) ∈ C2,2d is convex

and the Hessian ∇2s(x, y) ((x, y)� ∈ R2) is positive definite everywhere
except for x = ±y, where it is only positive semidefinite. Further, it holds
s(e1) = s(e2) = Qs(e

1, e2) = 1.

Proof. It is clear that (x + y)2d, (x − y)2d ∈ H2,2d are convex since their
Hessians are given by

2d(2d− 1) ·
�

(x+ y)2d−2 (x+ y)2d−2

(x+ y)2d−2 (x+ y)2d−2

�

and 2d(2d− 1) ·
�

(x− y)2d−2 −(x− y)2d−2

−(x− y)2d−2 (x− y)2d−2

�
,

which are clearly positive semidefinite for all (x, y)� ∈ R2.
Hence, s(x,y) = 1

2

�
(x+ y)2d + (x− y)2d

�
is convex as as a convex com-

bination of convex functions. More precisely, for (x, y)� ∈ R2 arbitrary, we
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have

∇2s(x, y)

=
1

2
2d(2d− 1)

�
(x+ y)2d−2 + (x− y)2d−2 (x+ y)2d−2 − (x− y)2d−2

(x+ y)2d−2 − (x− y)2d−2 (x+ y)2d−2 + (x− y)2d−2

�

and hence

det(∇2s(x, y)) =
1

2
2d(2d− 1) · 4(x+ y)2d−2(x− y)2d−2

�
> 0, if y �= ±x

= 0, if y ∈ {±x} .

This means that the Hessian of s is positive definite everywhere except
for x = ±y, where it is only positive semidefinite. Moreover, note that
s(e1) = s(e2) = 1. Further, by Corollary 3.35 we know that

Qs(e
1, e2) = Ts(e

1, . . . , e1, e2, . . . , e2) = s(d,d)

�
2d

d

�−1

,

s(d,d) =
1

2

��
2d

d

�
+

�
2d

d

�
(−1)d

�
d even
=

�
2d

d

�

and hence Qs(e
1, e2) = 1 whenever d is even. �

For the second proposition consider the following notation.

Notation 4.14. Write (±1,±1) or (±1,∓1) for any of the two elements in
the set {(1, 1), (−1,−1)} or {(1,−1), (−1, 1)}, respectively.

Proposition 4.15. Let d ∈ N be even and consider the bivariate form

q(x,y) =
d−1�
k=1

x2ky2d−2k ∈ H2,2d. If d > 7/2, the Hessian ∇2q(x, y) is positive

definite whenever x = ±y ∈ R\{0}. Further, it holds q
�
e1
�
= q

�
e2
�
= 0

and Qq

�
e1, e2

�
> 0.

Proof. We have for the gradient

∇q(x,y) =




d−1�
k=1

2kx2k−1y2d−2k

d−1�
k=1

(2d− 2k)x2ky2d−2k−1




and further for the Hessian

∇2q(x,y)

=




d−1�
k=1

2k(2k − 1)x2k−2y2d−2k
d−1�
k=1

2k(2d− 2k)x2k−1y2d−2k−1

d−1�
k=1

2k(2d− 2k)x2k−1y2d−2k−1
d−1�
k=1

(2d− 2k)(2d− 2k − 1)x2ky2d−2k−2


 .
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It is clear that
�
∇2q(±1,±1)

�
1,1

,
�
∇2q(±1,±1)

�
2,2

≥ 0 and
�
∇2q(±1,∓1)

�
1,1

,�
∇2q(±1,∓1)

�
2,2

> 0 hold, since every summand is strictly positive. Fur-

ther, we have for the determinant

det
�
∇2q(±1,±1)

�
= det

�
∇2q(±1,∓1)

�

=

��������

d−1�
k=1

2k(2k − 1) ±
�

d−1�
k=1

2k(2d− 2k)

�

±
�

d−1�
k=1

2k(2d− 2k)

�
d−1�
k=1

(2d− 2k)(2d− 2k − 1)

��������

=

��������

d−1�
k=1

2k(2k − 1) ±
�

d−1�
k=1

2k(2d− 2k)

�

±
�

d−1�
k=1

2k(2d− 2k)

�
d−1�
k=1

2k(2k − 1)

��������

=

������
4 (d−1)d(2d−1)

6 − 2 (d−1)d
2 ±

�
4d (d−1)d

2 − 4 (d−1)d(2d−1)
6

�

±
�
4d (d−1)d

2 − 4 (d−1)d(2d−1)
6

�
4 (d−1)d(2d−1)

6 − 2 (d−1)d
2

������

=
d(d− 1)

3

����
4d− 5 ±(2d+ 2)

±(2d+ 2) 4d− 5

����
=d(d− 1)(2d− 7)(2d− 1).

This shows that det
�
∇2q(±1,±1)

�
> 0 if d > 7/2. Hence, it holds∇2q(±1,±1),

∇2q(±1,∓1) � 0 for d > 7/2. By homogeneity, this allows us to deduce that
∇2q(x, y) is strictly positive definite whenever x = ±y ∈ R\{0}.

Moreover, it is clear that q(e1) = q(e2) = 0 holds and again by using
Corollary 3.35, one can see that

Qq(e
1, e2) = q(d,d)

�
2d

d

�−1

= 1 ·
�
2d

d

�−1

> 0,

where q(d,d) = 1 since d is even. �

In the following proposition, we show how the two bivariate forms s(x,y)
and q(x,y) can be combined in a clever way to obtain a form pd that has
the desired properties to show that A∗

d > 1 whenever d ∈ N>2 is even. A
sketch of the proof can be found in [12, Appendix B].

Proposition 4.16. Let d ∈ N>2 be even and let s, q ∈ H2,2d be defined as in
the Propositions 4.13 and 4.15. Then there is a constant αd > 0 such that
the bivariate form pd(x,y) := s(x,y) + αdq(x,y) is convex, i.e. pd ∈ C2,2d.
Further, in this case it holds that pd

�
e1
�
= pd

�
e2
�
= 1 and Qpd

�
e1, e2

�
> 1.

Proof. By homogeneity, it suffices to show that there is an αd > 0 such
that the Hessian of pd := s + αdq is positive semidefinite on the circle
C := {(x, y)� ∈ R2 : x2 + y2 = 2} of radius

√
2. Since by Proposition 4.15

q(x,y) is positive definite on the set X := {(±1,±1)�, (±1,∓1)�} ⊆ R2 for
all even d ∈ N>2, we can take an open subset U ⊆ C of C, which contains
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X, such that q is positive definite on U . This allows to define

αd : = inf
v∈R2,�v�2=1,(x,y)�∈C\U

v�∇2s(x, y)v

|v�∇2q(x, y)v|

= min
v∈R2,�v�2=1,(x,y)�∈C\U

v�∇2s(x, y)v

|v�∇2q(x, y)v| .

The minimum exists, since we minimize over a compact set. Further, by
Proposition 4.13 we know that the numerator is always strictly positive.
Again, since we minimize over a compact set, this allows us to deduce that
αd > 0.

Remains to show that pd is convex. To do so, let v ∈ R2 such that �v�2 = 1

and (x, y)� ∈ C be arbitrary. If (x, y)� ∈ C\U , we know by construction of
αd that

v�∇2pd(x, y)v = v�∇2s(x, y)v� �� �
>0

+αdv
�∇2q(x, y)v� �� �

∈{±v�∇2s(x,y)v}

≥ 0.

On the other hand, if (x, y)� ∈ U , it is clear by the choice of U that we have
v�∇2q(x, y)v > 0. Further, since s is convex by Proposition 4.13 we know
that v�∇2s(x, y)v ≥ 0.

This shows that the Hessian ∇2pd(x,y) is positive semidefinite on C. By
homogeneity it must also be globally positive semidefinite and hence pd is
convex.

For the second part of the claim, we know by Proposition 4.13 and 4.15
that s(e1) = s(e2) = 1, q(e1) = q(e2) = 0 and Qs(e

1, e2) = 1, Qq(e
1, e2) > 0.

Since pd = s+ αdq and αd > 0, this yields

pd(e
1) = s(e1) + αdq(e

1) = 1 + 0 = 1
analogously

= pd(e
2),

Qpd(e
1, e2) = Qs(e

1 + e2) + αdQq(e
1, e2) = 1 + αd����

>0

�
2d

d

�−1

> 1.

�

Using Proposition 4.16, we obtain the following.

Lemma 4.17. For all even d ∈ N>2, it holds A∗
d > 1.

Proof. Note that without loss of generality, it suffices to consider n = 2, since
the optimal constant A∗

d does not depend on the number n of variables.
For pd ∈ C2,2d as in Proposition 4.16 it holds pd(e

1) = pd(e
2) = 1 and

Qpd(e
1, e2) > 1. Hence, using 2Qpd(e

1, e2)� �� �
>2

(30)

≤ A∗
d (pd(e

1) + pd(e
2))� �� �

=2

= 2A∗
d,

it can be deduced that A∗
d > 1 must hold. �

Remark 4.18. In [12, Section 3.2.1] the author presented an exact value
of A∗

4 > 1 where he used the SDP (semidefinite programming) structure of
the minimization problem (34) in dual and (30) in primal form, respectively.
More precisely, he showed by solving the dual problem (34) exactly, that A∗

4
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is given by

1

70
ω

1/3 +
128

15
ω

−1/3 +
11

35
, where ω := 14336 + i

14336
√
3

9
.

In addition, he was able to numerically approximate some constants A∗
d for

d > 4. In [12, Table 1], he presented the following values

d 1 2 3 4 5 6 7 8
A∗

d 1.000 1.000 1.000 1.011 1.000 1.061 1.000 1.048

Conjecture 4.19. In [12, Section 3.2.1], the author conjectured that A∗
d = 1

whenever d is odd. However, although in Proposition 4.12 we are able to
prove that A∗

1 = A∗
3 = 1, no further results are known that cover any odd

d ≥ 5.

4.2.2. Values of B∗
d. Whereas we know the exact value of A∗

d only for d =
1, 2, 3 and d = 4 by Remark 4.18, we see in this section that there is a

general formula for B∗
d . More precisely, we prove that B∗

d =
(2(d−1)

d−1 )
d . This

can be done by showing that
(2(d−1)

d−1 )
d is at the same time a lower and upper

bound for B∗
d .

Step 1: Show that B∗
d is bounded from above by

(2(d−1)
d−1 )
d , i.e.

B∗
d ≤

�2(d−1)
d−1

�

d
.

To show this, we use a dual approach, where we consider the dual problem

given in (35). Therefore, it suffices to show that for Bd =
(2(d−1)

d−1 )
d , it holds

�Bd
= Bd(∂x

2 + ∂y2)d − Re
�
(∂x+ i∂y)2d

�
∈ C∗

2,2d. For this purpose, we
use the representation of C∗

2,2d as in Corollary 3.88.
First, we need some identity involving the trigonometric functions sin, cos.

Proposition 4.20. For all ϕ ∈ R, it holds
�2(d−1)

d−1

�

d
− cos(2dϕ) =

4d

2d

d−1�

k=0

sin2
�
ϕ− kπ

2d

�
cos2d−2

�
kπ

2d
− ϕ

�
.

Proof. [12, Appendix C]. �

Now we can prove that �Bd
∈ C∗

2,2d for Bd =
(2(d−1)

d−1 )
d .

Proposition 4.21. For all x, y ∈ R, it holds
�2(d−1)

d−1

�

d

�
x2 + y2

�d − Re
�
(x+ iy)2d

�
=

4d

2d

d−1�

k=0

(−skx+ cky)
2(ckx+ sky)

2d−2,

(36)

where ck = cos
�
kπ
2d

�
, sk = sin

�
kπ
2d

�
(k = 0, . . . , d − 1). In particular, it

follows from Corollary 3.88 that �Bd
∈ C∗

2,2d for Bd =
(2(d−1)

d−1 )
d and hence

B∗
d ≤ (2(d−1)

d−1 )
d .
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Proof. Let d ∈ N and x, y ∈ R be arbitrary. Since equation (36) is homoge-
neous in (x, y)� ∈ R2 on both sides, it suffices to show that equality holds
on the unit sphere. Hence, we can without loss of generality assume that��(x, y)�

��
2
= 1. This allows to write (x, y)� = (cosϕ, sinϕ)� for some ϕ ∈ R

in polar coordinates. For this reason, one can see that
�2(d−1)

d−1

�

d

�
x2 + y2

�d − Re
�
(x+ iy)2d

�

=

�2(d−1)
d−1

�

d

�
cos2 ϕ+ sin2 ϕ� �� �

=1

�d − Re
�
( cosϕ+ i sinϕ� �� �

=eiϕ

)2d
�

=

�2(d−1)
d−1

�

d
− Re

�
ei2dϕ

�

=

�2(d−1)
d−1

�

d
− cos (2dϕ)

Prop.4.20 =
4d

2d

d−1�

k=0

sin2
�
ϕ− kπ

2d

�
cos2d−2

�
kπ

2d
− ϕ

�

Using

sin2
�
ϕ− kπ

2d

�
=

�
sinϕ����
=y

cos

�
kπ

2d

�
− cosϕ� �� �

=x

sin

�
kπ

2d

� �2

=

�
−

�
sin

�
kπ

2d

��
x+

�
cos

�
kπ

2d

��
y

�2

and

cos2d−2

�
kπ

2d
− ϕ

�
=

�
cos

�
kπ

2d

�
cosϕ� �� �
=x

+sin

�
kπ

2d

�
sinϕ����
=y

�2d−2

=

��
cos

�
kπ

2d

��
x+

�
sin

�
kπ

2d

��
y

�2d−2

,

yields that (36) holds. Hence, the representation of C∗
2,2d in Corollary 3.88

yields that for Bd =
(2(d−1)

d−1 )
d , it holds

�Bd
=

�2(d−1)
d−1

�

d
(∂x2 + ∂y2)d − Re

�
(∂x+ i∂y)2d

�

(36)
=

4d

2d

d−1�

k=0

(−sk∂x+ ck∂y)
2(ck∂x+ sk∂y)

2d−2 ∈ C∗
2,2d.

For this reason, it follows from the definition of B∗
d as in the dual problem

(35) that B∗
d ≤ (2(d−1)

d−1 )
d . �

Step 2: Show that B∗
d is bounded from below by

(2(d−1)
d−1 )
d , i.e.

B∗
d ≥

�2(d−1)
d−1

�

d
.
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For this purpose, we find for each d ∈ N some bivariate convex polynomial
pd ∈ C2,2d such that in the inequality (28) from Lemma 4.7, equality holds

for Bd =
(2(d−1)

d−1 )
d , i.e.

Re(pd(z)) =

�2(d−1)
d−1

�

d
Qpd(z, z̄), (37)

where z = e1 + ie2 ∈ C2.

Definition 4.22. For a complex polynomial p ∈ C[x] of degree k in n
variables such that p =

�
α∈Nn

0 ,|α|≤k pαx
α, we define the real part of f as

Re(p)(x) =
1

2


 �

α∈Nn
0 ,|α|≤k

fαx
α +

�

α∈Nn
0 ,|α|≤k

fαx
α


 =

�

α∈Nn
0 ,|α|≤k

Re(pα)x
α.

This defines a function Re : C[x] → R[x]. In particular, if p is homogeneous
of degree k, we have Re(p) ∈ Hn,k.

Remark 4.23. Let p ∈ C[x] be arbitrary. Note that it does not hold
Re(p)(x) = Re(p(x)) as functions, where x ∈ Cn. To see so, consider for
example p(x,y) = (x+ iy)2d ∈ C[x,y]. Then we have

Re(p)(x,y) =
1

2

�
(x+ iy)2d + (x− iy)2d

�
=

d�

k=0

�
2d

2k

�
x2d−2k(iy)2k.

Hence, it holds for x = (1, i)� ∈ C2

Re(p)(1, i) = 22d−1 �= 0 = Re(0) = Re(p(1, i)).

For proving B∗
d ≥ (2(d−1)

d−1 )
d , we need the following lemma, which gives the

Hessian and Laplacian in polar coordinates. It can be found in [12, Lemma
3.11].

Lemma 4.24. Let p ∈ Hn,k be a form with an expression in polar coordi-

nates as p(x, y) = rkq(ϕ), where (x, y)� = r(cosϕ, sinϕ) ∈ R2 and q(ϕ) is
a polynomial expression in cosϕ, sinϕ. Then the Hessian and Laplacian of
p evaluated at (x, y)� are given by

∇2p(x, y) = rk−2
�
k(k − 1)q(ϕ)Err + (k − 1)q�(ϕ)Erϕ + (kq(ϕ) + q��(ϕ))Eϕϕ

�

Δp(x, y) = rk−2
�
k2q(ϕ) + q��(ϕ)

�
,

where er =

�
cosϕ
sinϕ

�
, eϕ =

�
− sinϕ
cosϕ

�
∈ R2 and

Err = ere
�
r =

�
cos2 ϕ cosϕ sinϕ

cosϕ sinϕ sin2 ϕ

�
,

Erϕ = ere
�
ϕ + eϕe

�
r =

�
−2 sinϕ cosϕ cos2 ϕ− sin2 ϕ
cos2 ϕ− sin2 ϕ 2 sinϕ cosϕ

�
,

Eϕϕ = eϕe
�
ϕ =

�
sin2 ϕ − sinϕ cosϕ

− sinϕ cosϕ cos2 ϕ

�
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Proof. We follow the proof in [12, Appendix D]. However, there is an error
in the formulation of the corresponding lemma [12, Lemma 3.11]. More
precisely, the last term of the Hessian ∇2p(x, y) in Lemma 4.24 has to be
(kq(ϕ) + q��(ϕ))Eϕϕ instead of (k + q��(ϕ))Eϕϕ as stated in [12, Lemma
3.11]. For this reason, we follow the proof in [12, Appendix D] as long as it
is correct.

As in [12, Appendix D], the Hessian operator in polar coordinates is given
by

∇2 =
∂2

∂r2
Err +

∂

∂r

�
1

r

∂

∂ϕ

�
Erϕ +

�
1

r

∂

∂r
+

1

r2
∂2

∂ϕ2

�
Eϕϕ. (38)

The next step is where the error in [12] occurred. Applying the Hessian as
above to a twice differentiable function p(x, y) = rkq(ϕ), where (x, y)� =
r(cosϕ, sinϕ) ∈ R2 and q(ϕ) is a polynomial expression in cosϕ, sinϕ leads
to

∇2rkq(ϕ)
(38)
= k(k − 1)rk−2q(ϕ)Err +

∂

∂r

�
1

r
rkq�(ϕ)

�
Erϕ

+

�
1

r
krk−1q(ϕ) +

1

r2
rkq��(ϕ)

�
Eϕϕ.

This yields

∇2rkq(ϕ)

=k(k − 1)rk−2q(ϕ)Err + (k − 1)rk−2q�(ϕ)Erϕ + rk−2(kq(ϕ) + q��(ϕ))Eϕϕ

=rk−2
�
k(k − 1)q(ϕ)Err + (k − 1)q�(ϕ)Erϕ + (kq(ϕ) + q��(ϕ))Eϕϕ

�
,

as stated in Lemma 4.24. The rest of the proof can now again be done
as in [12, Appendix D]. The Laplacian Δp(x, y) is the trace of the matrix
∇2p(x, y). Since the trace of Err and Eϕϕ is one and the trace of Erϕ is
zero, we conclude

Δp(x, y) =rk−2
�
k(k − 1)q(ϕ) tr(Err)� �� �

=1

+(k − 1)q�(ϕ) tr(Erϕ)� �� �
=0

+ (kq(ϕ) + q��(ϕ)) tr(Eϕϕ)� �� �
=1

�
.

This yields

Δp(x, y) =rk−2
�
k(k − 1)q(ϕ) + (kq(ϕ) + q��(ϕ))

�

=rk−2
�
k2q(ϕ) + q��(ϕ)

�
,

as desired. �
In the following proposition, one can find the polynomial pd ∈ H2,2d, for

which equality (37) holds. Before showing this, we prove at first that pd is
indeed convex. The proof is done independently of the work in [12] because
of the error mentioned at the beginning of the proof of Lemma 4.24.

Proposition 4.25. Let pd ∈ H2,2d be defined as

pd(x,y) = Re
�
(x+ iy)2d

�
+ (2d− 1)

�
x2 + y2

�d
. (39)
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Then pd is convex.

Proof. For the proof, we write the form pd in polar coordinates. Therefore,
let (x, y)� ∈ R2 be arbitrary. One can write (x, y)� = r(cosϕ, sinϕ)�,
where r =

��(x, y)�
��
2
∈ R≥0,ϕ = arg((x, y)�) ∈ R. For p ∈ H2,2d arbitrary,

this leads to p(x, y) = r2dq(ϕ), where, q(ϕ) is a polynomial expression in
cosϕ, sinϕ. In particular, q : R → R,ϕ �→ q(ϕ) is differentiable infinitely
many times. In our case, we have

pd(x, y) = pd(r,ϕ) = r2d
�
Re((cosϕ+ i sinϕ)2d) + 2d− 1

�

= r2d
�
Re

�
ei2dϕ

�
+ 2d− 1

�
.

(40)

We can now apply Lemma 4.24 two times. First, for k = 2d and q(ϕ) = 1,
one can see that

∇2
�
(2d− 1)r2d

�
= (2d− 1)∇2r2d

=(2d− 1)r2d−2 (2d · (2d− 1) · 1 · Err + 0 + 2d · 1Eϕϕ)

=r2d−22d(2d− 1)((2d− 1)Err + Eϕϕ).

(41)

Further, using Lemma 4.24 for k = 2d and q(ϕ) = ei2dϕ reveals that

∇2
�
r2dei2dϕ

�

=r2d−2
�
2d(2d− 1)ei2dϕErr + (2d− 1)2diei2dϕErϕ

+
�
2dei2dϕ − (2d)2ei2dϕ

�
Eϕϕ

�

=r2d−22d(2d− 1)ei2dϕ(Err + iErϕ − Eϕϕ).

(42)

Summing both terms and taking the real part leads to the Hessian of pd.
Before we do so, let us make some observations, that help us in taking the
real part

ei2dϕ − e−i2dϕ = cos(2dϕ) + i sin(2dϕ)− (cos(−2dϕ) + i sin(−2dϕ))

= cos(2dϕ) + i sin(2dϕ)− (cos(2dϕ)− i sin(2dϕ)) = 2i sin(2dϕ)

and analogously

ei2dϕ + e−i2dϕ = cos(2dϕ) + i sin(2dϕ) + cos(−2dϕ) + i sin(−2dϕ)

= cos(2dϕ) + i sin(2dϕ) + cos(2dϕ)− i sin(2dϕ) = 2 cos(2dϕ).

This shows

Re
�
ei2dϕ(Err + iErϕ − Eϕϕ)

�

=
1

2

�
ei2dϕ(Err + iErϕ − Eϕϕ) + ei2dϕ(Err + iErϕ − Eϕϕ)

�

=
1

2

��
ei2dϕ + e−i2dϕ

�
(Err − Eϕϕ) + i

�
ei2dϕ − e−i2dϕ

�
Erϕ

�

=
1

2
(2 cos(2dϕ)(Err − Eϕϕ) + i2i sin(2dϕ)Erϕ)

= cos(2dϕ)(Err − Eϕϕ)− sin(2dϕ)Erϕ.

(43)
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For the Hessian ∇2pd(r,ϕ) we obtain from (40), (41) and (42)

∇2pd(r,ϕ)

=Re
�
∇2

�
r2dei2dϕ

�
+∇2

�
(2d− 1)r2d

��

=Re
�
r2d−22d(2d− 1)ei2dϕ(Err + iErϕ − Eϕϕ)

+r2d−22d(2d− 1)((2d− 1)Err + Eϕϕ)
�

=r2d−22d(2d− 1) ·
�
Re

�
ei2dϕ(Err + iErϕ − Eϕϕ)

�
+ (2d− 1)Err + Eϕϕ

�
.

Using (43) this can further be simplified to

∇2pd(r,ϕ)

=r2d−22d(2d− 1) · [cos(2dϕ)(Err − Eϕϕ)− sin(2dϕ)Erϕ

+(2d− 1)Err + Eϕϕ] .

Define

Arϕ := [cos(2dϕ)(Err − Eϕϕ)− sin(2dϕ)Erϕ + (2d− 1)Err + Eϕϕ]

= [(cos(2dϕ) + (2d− 1))Err − sin(2dϕ)Erϕ + (1− cos(2dϕ))Eϕϕ] .

Then we have ∇2pd(r,ϕ) = r2d−22d(2d−1) ·Arϕ. Since r
2d−22d(2d−1) ≥ 0

is nonnegative, for pd being convex it suffices to show that Arϕ � 0 for all
(r,ϕ) ∈ R≥0 × R.

First, take a look at the entries on the diagonal of Arϕ. Using the formulas
for Err, Erϕ and Eϕϕ in Lemma 4.24, we obtain

(Arϕ)1,1

=(cos(2dϕ) + (2d− 1)) cos2 ϕ+ 2 sin(2dϕ) sinϕ cosϕ+ (1− cos(2dϕ)) sin2 ϕ

=cos(2dϕ) (cos2ϕ− sin2 ϕ)� �� �
=cos(2ϕ)

+sin(2dϕ) 2 sinϕ cosϕ� �� �
=sin(2ϕ)

+(2d− 1) cos2 ϕ� �� �
1−sin2 ϕ

+sin2 ϕ

=cos(2dϕ) cos(2ϕ) + sin(2dϕ) sin(2ϕ)� �� �
=cos(2dϕ−2ϕ)

+(2d− 1)− (2d− 2) sin2 ϕ

=2d− 1 + cos(2dϕ− 2ϕ)− (2d− 2) sin2 ϕ� �� �
≥−(2d−1)

≥ 0.

Analogously, one can see that

(Arϕ)2,2

=(cos(2dϕ) + (2d− 1)) sin2 ϕ− 2 sin(2dϕ) sinϕ cosϕ+ (1− cos(2dϕ)) cos2 ϕ

=cos(2dϕ) (sin2 ϕ− cos2 ϕ)� �� �
=− cos(2ϕ)

− sin(2dϕ) 2 sinϕ cosϕ� �� �
=sin(2ϕ)

+(2d− 1) sin2 ϕ� �� �
1−cos2 ϕ

+cos2 ϕ

=− cos(2dϕ) cos(2ϕ)− sin(2dϕ) sin(2ϕ)� �� �
=− cos(2dϕ−2ϕ)

+(2d− 1)− (2d− 2) cos2 ϕ

=2d− 1− cos(2dϕ− 2ϕ)− (2d− 2) cos2 ϕ� �� �
≥−(2d−1)

≥ 0.
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Further:

(Arϕ)1,2 = (Arϕ)2,1

=(cos(2dϕ) + (2d− 1)) cosϕ sinϕ− sin(2dϕ)(cos2ϕ− sin2 ϕ)

− (1− cos(2dϕ)) sinϕ cosϕ

=2 cos(2dϕ) sinϕ cosϕ� �� �
=cos(2dϕ) sin(2ϕ)

+(2d− 2) cosϕ sinϕ� �� �
=(d−1) sin(2ϕ)

− sin(2dϕ) (cos2ϕ− sin2 ϕ)� �� �
cos(2ϕ)

=cos(2dϕ) sin(2ϕ)− sin(2dϕ) cos(2ϕ)� �� �
=sin(2ϕ−2dϕ)

+(d− 1) sin(2ϕ)

=− sin(2dϕ− 2ϕ) + (d− 1) sin(2ϕ).

Hence, we have for the determinant

det(Arϕ) = (Arϕ)11(Arϕ)22 − (Arϕ)21(Arϕ)12

= ([2d− 1 + cos(2dϕ− 2ϕ)]− (2d− 2) sin2 ϕ)

· ([2d− 1− cos(2dϕ− 2ϕ)]− (2d− 2) cos2 ϕ)

− (− sin(2dϕ− 2ϕ) + (d− 1) sin(2ϕ))2

=(2d− 1)2 − cos2(2dϕ− 2ϕ)− ((2d− 1) + cos(2dϕ− 2ϕ))(2d− 2) cos2 ϕ

− ((2d− 1)− cos(2dϕ− 2ϕ))(2d− 2) sin2 ϕ+ (2d− 2)2 sin2 ϕ cos2 ϕ

− sin2(2dϕ− 2ϕ) + 2(d− 1) sin(2dϕ− 2ϕ) sin(2ϕ)− (d− 1)2 sin2(2ϕ).

Rearranging the terms leads to

det(Arϕ)

=(2d− 1)2− cos2(2dϕ− 2ϕ)− sin2(2dϕ− 2ϕ)� �� �
=−1

− (2d− 1)(2d− 2) (cos2 ϕ+ sin2 ϕ)� �� �
=1

+ (2d− 2) cos(2dϕ− 2ϕ) (sin2 ϕ− cos2 ϕ)� �� �
− cos(2ϕ)

+2(d− 1) sin(2dϕ− 2ϕ) sin(2ϕ)

� �� �
=−(2d−2) cos(2dϕ)

+(2d− 2)2 sin2 ϕ cos2 ϕ− (d− 1)2 sin2(2ϕ)� �� �
=(d−1)2((2 sinϕ cosϕ)2−sin2(2ϕ))=0

=(2d− 1)2 − 1− (2d− 1)(2d− 2)− (2d− 2) cos(2dϕ)

=2d− 2−(2d− 2) cos(2dϕ)� �� �
≥−(2d−2)

≥ 0.

Finally, since (Arϕ)1,1, (Arϕ)2,2 ≥ 0 and det(Arϕ) ≥ 0, we know that Arϕ � 0
and hence the Hessian ∇2pd(r,ϕ) is positive semidefinite. Therefore, pd is
convex. �

For proving identity (37), we also need the Laplacian of pd.
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Remark 4.26. We use without proof that Δ
�
(x+ iy)2d

�
= 0. This follows

from the standard result of Functional Analysis that the Laplacian of a
holomorphic function is zero, see e.g. [10, Section 5].

Proposition 4.27. Let pd ∈ C2,2d be defined as in Proposition 4.25. Then
the Laplacian of pd in polar coordinates is given by

Δdpd = ΔdRe((x+ iy)2d) +Δd(2d− 1)r2d = (2d− 1)22d(d!)2.

Proof. Let (x, y)� = r(cosϕ, sinϕ)� ∈ R2 be arbitrary. Using (40) and the
definition of pd in Proposition (4.28), we know

pd = Re((x+ iy)2d) + r2d(2d− 1).

Further, Remark 4.26 tells us that Δ
�
(x+ iy)2d

�
= 0. This yields that

ΔRe(((x+ iy)2d) = 0 and hence by induction ΔkRe(((x+ iy)2d) = 0 for all
k ∈ N. On the other hand, by Lemma 4.24, we know

Δ(2d− 1)r2d = (2d− 1)Δr2d = (2d− 1)r2d−2(2d)2 = (2d− 1)22d2r2(d−1).

Inductively, this shows

Δd(2d− 1)r2d = (2d− 1)Δdr2d = (2d− 1)
�
22d2Δd−1r2(d−1)

�

= (2d− 1)
�
22+2(d(d− 1))2Δd−2r2(d−2)

�

= (2d− 1)22d(d!)2.

This shows Δdpd = ΔdRe((x+ iy)2d)+Δd(2d−1)r2d = (2d−1)22d(d!)2. �

Proposition 4.28. Let pd ∈ C2,2d be defined as in Proposition 4.25. Fur-

ther, take z :=

�
1
i

�
= e1 + ie2 ∈ C2 . Then equality (37) holds, i.e.

Re(pd(z)) =

�2(d−1)
d−1

�

d
Qpd(z, z̄).

In particular, we have B∗
d ≥ (2(d−1)

d−1 )
d .

Proof. For showing that (37) holds at z = (1, i)�, we have to compute pd(z)
and Qpd(z, z̄). recall that pd = Re((x + iy)2d) + (2d − 1)(x2 + y2)d. As in
Remark 4.23 we see that

pd(1, i) = Re((x+ iy)2d)(1, i) + (2d− 1)(x2 + y2)d(1, i)� �� �
=0

=
1

2

�
(x+ iy)2d + (x− iy)2d

�
(1, i) = 22d−1

Now we have to compute Qpd(z, z̄). Using the differential operator repre-
sentation of p �→ Qp(z, z̄) in Example 3.59(d), we know that

Qpd(z, z̄) =
1

(2d)!

�
∂2
e1 + ∂2

e2
�
pd =

1

(2d)!
(∂2x+ ∂2y)pd =

1

(2d)!
Δdpd.
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In Proposition 4.27, we have seen that Δdpd = (2d− 1)22d(d!)2. This yields

Qpd(z, z̄) =
1

(2d)!
(2d− 1)22d(d!)2

=
1

2d

1

(2d− 2)!
22dd2((d− 1)!)2

= 22d−1d

�
2d− 2

d− 1

�−1

= 22d−1d

�
2(d− 1)

d− 1

�−1

=⇒ Re(pd(z)) = Re(pd(1, i)) = 22d−1 =

�2(d−1)
d−1

�

d
Qpd(z, z̄),

which shows that equality (37) holds. Therefore, inequality (28) of Lemma
4.7 holds with equality for the form pd ∈ C2,2d as in the claim and constant

Bd =
(2(d−1)

d−1 )
d . This yields that B∗

d ≥ (2(d−1)
d−1 )
d . �

Combining Propositions 4.28 and 4.21, we obtain the following.

Proposition 4.29. Let d ∈ N be arbitrary. The optimal constant B∗
d > 0 of

the Generalized Cauchy–Schwarz Inequalities (24) is given by B∗
d =

(2(d−1)
d−1 )
d .

Proof. This is clear now, since by Proposition 4.21,
(2(d−1)

d−1 )
d is an upper

bound for B∗
d and by Proposition 4.28 a lower bound for B∗

d . �

Remark 4.30. For d ∈ N, the value cd := 1
d+1 ·

�
2d
d

�
= B∗

d+1 is known as

the d-th Catalan Number (see [17]). For d ∈ N≥3, the number c∗d−2 is for
example the number triangulations of a convex polygon with d sides. For
d = 5 for example, there are c3 = 1

4 ·
�
6
3

�
= 5 possible triangulations of a

regular pentagon, as one can see in the following picture

5. Characterization of the SOS Cone Σn,2d inside the PSD Cone
Pn,2d

In this section, we are interested in characterizing the SOS cone Σn,2d

inside the PSD cone Pn,2d for the cases (n, 2d) ∈ {(4, 4), (3, 6)}. As in [12,
Section 4], this characterization uses the structure of extreme rays of Σ∗

n,2d

(further details can be found in [4]). The essential tool for doing so is the
Cayley–Bacharach relation, which is studied in detail in the Sections 5.1
and 5.2. For further informations about the Cayley–Bacharach relation, the
reader is referred to [11]. From there we proceed as in [4] to obtain in Section
5.3 a characterization of the extreme rays of Σ∗

n,2d that separate Σn,2d from
Pn,2d. The structure of those extreme rays is further analyzed in Section 5.4
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by using techniques from optimization including the Karush Kuhn Tucker
(KKT) conditions.

In Section 6 we will use this characterization to prove that every convex
quarternary quartic is indeed SOS. The same holds for ternary sextics, if a
conjecture formulated in [4] turns out to be true.

5.1. The Projective Space and Chasles’ Version of the Cayley
Bacharach Theorem. The goal of this section is to get familiar with the
Cayley–Bacharach relation by seeing one of its first versions introduced by
Chasles in 1865.

Suppose you have a set of points {p1, . . . , ps} (s ∈ N) in a vector space V
and a curve C that passes through all but one point. One could then ask
under which assumptions, the curve also needs to pass through the remaining
point. In the following, one can see an illustration of this problem on the
plane where the nine points p1, . . . , p9 come from the intersection of six lines.
A formal answer to this problem can be found in Theorem 5.20.

C

p1

p9
p8

p2
p3

p4 p5
p6

p7

Before we can state Theorem 5.20, we need some definitions from Alge-
braic Geometry including the projective space as well as affine and projective
varieties. For more details the reader is referred to e.g. [7, Chapter 1., Chap-
ter 8.]. We further introduce the notion of transversal intersection, which is
a concept of Differential Geometry and can e.g. be found in [15, Chapter 2,
§5].

Recall that by Convention 3.38, we have K ∈ {R,C}.

Definition 5.1. Let V be a vector space over K. Define an equivalence
relation on V via

x ∼ y :⇔ ∃λ ∈ K\{o} : x = λy.

The (real or complex) projective space P(V ) is defined as the quotient
space of V with respect ∼, i.e. P(V ) = V/∼. If V = Kn+1 for some n ∈ N,
PnK := P(Kn+1) is called the projective space of dimension n over
K. In this case, we denote the elements of the equivalence classes, i.e.
the elements of PnK as (x) = (x0 : · · · : xn), where x = (x0, . . . , xn)

� ∈
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Kn+1\{o}. We call y ∈ Kn+1\{o} homogeneous coordinates of (x) if
y ∼ x.

Next, we define (algebraic) varieties, which are basically zero sets of poly-
nomials. Note that a homogeneous polynomial p ∈ Hn,k has a zero at some
point x ∈ Kn if and only if it vanishes on the whole line {λx : λ ∈ K} ⊆ Kn,
i.e. at every homogeneous coordinate of the projective point (x) ∈ Pn−1K.
Hence, it makes sense to distinguish between affine and projective varieties,
where projective varieties are generated by homogeneous polynomials.

Definition 5.2. A subset V ⊆ Kn is an affine variety, if it is the zero set
of a finite number of polynomials, i.e. there are p1, . . . , pm ∈ R[x] (m ∈ N)
such that

V = V (p1, . . . , pm) := VK(p1, . . . , pm)

:= {x ∈ Kn | ∀i = 1, . . . ,m : pi(x) = 0}.
Analogously, a subset V h ⊆ Pn−1K is a projective variety if it is the zero
set of a finite set of forms, i.e. there are p1, . . . , pm ∈ �

k∈NHn,k (m ∈ N)
such that

V h = V h(p1, . . . , pm) := V h
K (p1, . . . , pm)

:= {(x) ∈ Pn−1K | ∀i = 1, . . . ,m : pi(x) = 0}.

Remark 5.3. A finite set Γ = {γ1, . . . , γd} ⊆ Pn−1K containing d projective
points is always a projective variety. More precisely, it can be generated by
a single form with degree at most d [28, Proposition 1.2]. We will use this
result in the proof of Lemma 5.27.

We have particular interest in some special kinds of varieties, which are
defined in the following (see [14, Chapter 1] and [7, Chapter 8, §2]).
Definition 5.4. An affine variety generated by a single polynomial in two
variables is called an affine plane curve. Analogously, a projective variety
generated by a single form in three variables is called a projective plane
curve.

In general, an affine or projective variety generated by a single polynomial
in n (affine case) or n + 1 (projective case) variables is called an affine or
projective hypersurface.

Further, we need the notion of the degree of a hypersurface.

Definition 5.5. If H is a (affine or projective) hypersurface (or curve)
generated by the polynomial p ∈ R[x] of degree d, we say that V is a
hypersurface (or curve) of degree d.

Starting with a variety V , we can also define the set of polynomials van-
ishing on it. Therefore, we recall the definition of an ideal.

Definition 5.6. A subset I ⊆ K[x] is called an ideal, if the following holds

(1) 0 ∈ I,
(2) ∀f, g ∈ I : f + g ∈ I,
(3) ∀f ∈ I ∀h ∈ K[x] : hf ∈ I.

In this case, we also write I �K[x].
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It can easily be seen that the polynomials vanishing on a (affine or pro-
jective) variety form an ideal. This leads to the following definition.

Definition 5.7. Let n ∈ N and V ⊆ Kn be an affine variety. Then the
vanishing ideal of V is the set of all polynomials vanishing on V , i.e.

I(V ) = {p ∈ K[x] | ∀v ∈ V : p(v) = 0}.

If V h ⊆ Pn−1K is a projective variety, the vanishing ideal of V h is the set
of polynomials vanishing on all homogeneous coordinates of elements of V h,
i.e.

I(V h) =
�
p ∈ K[x] | ∀(v) ∈ V h, v ∈ Kn : p(v) = 0

�
.

We are not only interested in the zero set of a polynomial, but also in the
intersection of two or more polynomials or - equivalently - the intersection of
hypersurfaces. More precisely, we want to distinguish between transversal
and nontransversal intersections. It should be mentioned that transversal
intersection is a wellknown notion in Differential Geometry, which is usually
stated in terms of manifolds as in [15, Chapter 2, §5]. However, it can also be
defined for hypersurfaces as they can be interpreted as submanifolds in the
Euclidean space Kn (see [24, Chapter 4]). To get an intuition of transversal
and nontransversal intersections, consider the following examples.

Example 5.8. (a) Curves in R2:

(b) Surfaces in R3:
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When we take a look at the examples above, we can get an intuitive idea
on how to define transversal intersections. Two hypersurfaces X1, X2 ⊆ Kn

intersect transversally in a common point z ∈ Rn if their tangents at z span
the whole Kn. Therefore, we need the notion of tangent spaces of an affine
curve or hypersurface.

The following definition can be found in [7, Chapter 9, §6].
Definition 5.9. Let V ⊆ Kn be an affine variety, p ∈ K[x] a polynomial
and z = (z1, . . . , zn)

� ∈ Kn a point. Then the linear part of p at z is
defined as

dz(p) = (∂x1p)(z)(x1 − z1) + . . .+ (∂xnp)(z)(xn − zn) ∈ K[x].

Note that deg(dz(p)) ≤ 1.
Further, the tangent space of V at z is the variety

Tz(V ) = V ({dz(p) : p ∈ I(V )}).
Remark 5.10. Note that in the following, we are mainly interested in the
case where V is a hypersurface, i.e. V = V (p) for some polynomial p ∈ K[x].
From the Hilbert Nullstellensatz (see [7, Chapter 4, §2, Theorem 2]) we
know that for an arbitrary ideal I � K[x] it holds

I(V (I)) =
√
I,

where
√
I = {p ∈ K[x] | ∃m ∈ N : pm ∈ I} is the radical of I (see [7,

Chapter 4, §2]). Further, if I = �p� is generated by a single polynomial
and p has a factorization of the form p = cpα1

1 · · · pαr
r in distinct irreducible

factors pi ∈ K[x], where c �= 0 and αi ∈ N>0 (i = 1, . . . , r), it holds by [7,
Chapter 4, §2, Proposition 9] that

√
I = �p1, . . . , pr�.

Moreover, note that if we define pred = p1 · · · pr, then V (p) = V (pred).
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This means in particular that if p is already irreducible, the tangent space
of V = V (p) at z is determined by

Tz(V (p)) = V (dz(p)),

i.e. the variety of the linear part of p at z.

Remark 5.11. There is another thing, which has to be considered when we
want to define transversal intersections. Therefore, consider the following
intersection in R2:

From an intuitive standpoint, the intersection is nontransversal. However,
since for p(x,y) = x3 − y2 we have ∂xp(x,y) = 3x2, ∂yp(x,y) = −2y and
hence, for z = (0, 0)� it holds dz(p) = 0. This means that the tangent space
of V (p) at z is already the whole R2, i.e. Tz(V (p)) = R2.

Hence, it does not suffice to say that two hypersurfaces V (p), V (q) inter-
sect transversally at z if their corresponding tangent spaces span the whole
space. Instead, we have to say in addition that the partial derivatives must
not all vanish at z, which leads to the following definition of nonsingular
points.

Definition 5.12. Let V = V (p) ⊆ Kn be an affine hypersurface generated
by p such that p is, as in Remark 5.10, without loss of generality the product
of single, distinct, irreducible factors, i.e. p = p1 · · · pr, where pi ∈ K[x] are
irreducible. Let z ∈ Cn be arbitrary. Then we call z a singular point of V
if all partial derivatives of p vanish at z, i.e. (∂xip)(z) = 0 (i = 1, . . . , n).
Otherwise, z is called a nonsingular point of V .

Remark 5.13. Note that the general definition of a singular point of a
variety V can be found in [7, Chapter 9] and involves the dimension of a
variety. However, since for our purposes it suffices to define singular points
only for hypersurfaces, we use the results of [7, Chapter 9, §6, Example 4]
to give in Definition 5.12 an equivalent characterization of singular points of
hypersurfaces. This allows us to avoid the formal definition of the dimension
of a variety.

Now we can finally define the transversal intersection of two (affine) hy-
persurfaces as in [15, Chapter 2].

Definition 5.14. Let X1, X2 ⊆ Kn be two affine hypersurfaces and let
z ∈ X1 ∩ X2 be such that z is a nonsingular point of both X1 and X2.
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Then we say that X1 and X2 intersect transversally at z ∈ Kn if their
corresponding tangent spaces span the whole Kn, i.e.

Tz(X1) + Tz(X2) = Kn.

Example 5.15. In the following, we take again a look at the curves given
in Example 5.8(a).

• Consider p1 = y − x2, p2 = y − x ∈ R[x,y]. We want to show that
X1 = V (p1), X2 = V (p2) ⊆ R2 intersect transversally at the point
z = (0, 0)� ∈ R2. First of all, it can easily be seen that both p1 and
p2 are irreducible over R[x,y]. Further, z is a nonsingular point of
both X1 and X2 since (∂yp1)(z) = 1 = (∂yp2)(z). Hence, we know
by Remark 5.10 that

I(V (p1)) = �p1�, I(V (p2)) = �p2�.
Further, since (∂xp1)(z) = 0, (∂yp2)(z) = −1, we have

dz(p1) = y, dz(p2) = −x+ y.

and hence Tz(X1) = spanR((0, 1)
�), Tz(Xz) = spanR((1, 1)

�). This
shows that Tz(X1) + Tz(Xz) = R2, which means that X1 and X2

intersect transversally at z, as desired.
• Now consider p1 = y − x2, p2 = y ∈ R[x,y]. As above, we know
that z = (0, 0)� is a nonsingular point of both X1 = V (p1) and
X2 = V (p2). Further, one can see that dz(p1) = y = dz(p2). For
this reason, the tangent spaces at z, coincide, more precisely

Tz(X1) = Tz(X2) = spanR((0, 1)
�).

This shows that the intersection of X1 and X2 at z is not transversal.

An analogous observation can be made for the hypersurfaces in Example
5.8(b).

Remark 5.16. Let p ∈ K[x] be an arbitrary polynomial. If z ∈ Kn is a
nonsingular point of p, the tangent space Tz(V (p)) has dimension n − 1 as
a K-vector space (see [7, Chapter 9, §6, Example 4]). In particular, this
means for n = 2 that two affine curves V (p1), V (p2) ⊆ Kn (p1, p2 ∈ K[x,y])
intersect transversally at z ∈ K2 if and only if z is a nonsingular point of
both V (p1) and V (p2) and p1 and p2 have distinct tangent directions at z.
This is precisely the definition of transversal curves given in [33, Chapter
A.3] or [23, Chapter 7].

The projective case can be traced back to the affine case using dehomog-
enization as in [33, Chapter A.2].

Definition 5.17. Let X = V h(p) ⊆ Pn−1K be a projective hypersurface
such that p ∈ K[x] is without loss of generality the product of its single,
disctinct, irreducible factors p = p1 · · · pr. Let k ∈ {1, . . . , n} be arbitrary.
Then we call

�p = p(x1, . . . ,xk−1, 1,xk+1, . . . ,xn) ∈ K[x1, . . . ,xk−1,xk+1, . . . ,xn]

the dehomogenization of p with respect to the k-th variable and �X =
V (�p) ⊆ Kn the affine part of X with respect to xk.
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Further, if z ∈ Kn such that zk �= 0, we call

�z =

�
z1
zk

, . . . ,
zk−1

zk
,
zk+1

zk
, . . . ,

zn
zk

�
∈ Kn−1

the (n− 1)-dimensional projection of z with respect to zk.

Now we can define the transversal intersection of projective hypersurfaces
as in [33, Chapter A.2].

Definition 5.18. Let X1, X2 ⊆ Pn−1K be projective hypersurfaces, γ ∈
X1∩X2 and z ∈ Kn\{0} homogeneous coordinates of γ. Let zk �= 0 for some

k ∈ {1, . . . , n}. Further, let �X1, �X2 ⊆ Kn−1 be the affine part of X1, X2,
respectively with respect to xk and �z ∈ Kn−1 the (n−1)-dimensional projec-

tion of z with respect to zk. Continue this process if necessary until �X1, �X2

are generated by nonhomogeneous polynomials. Then we say that X1, X2

intersect transversally at γ if the affine hypersurfaces �X1, �X2 intersect
transversally at �z.
Example 5.19. Consider the following examples of intersections of projec-
tive hypersurfaces in n = 3 variables:

• On the left hand side, we have p1(x,y, z) = z2+2zy−x2, p2(x,y, z) =
x ∈ R[x,y, z]. Clearly, the projective hypersurfaces V h(p1), V

h(p2)
intersect at γ = (0 : 1 : 0) ∈ P2R. Take z = (0, 1, 0)� ∈ R3. Deho-
mogenization with respect to y leads to

�p1(x, z) = z2 + 2z− x2, �p2(x, z) = x ∈ R[x, z],

which are both irreducible over R[x, z] and intersect at �z = (0, 0)� ∈
R2. Further, we have

(∂x�p1) (�z) = 0, (∂z�p1) (�z) = 2,

(∂x�p2) (�z) = 1, (∂z�p2) (�z) = 0

and hence d�z (�p1) = 2z, d�z (�p2) = x. This shows that

T�z (V (�p1)) = spanR((0, 1)
�), T�z (V (�p2)) = spanR((1, 0)

�),



69

which yields that the intersection is transversal.
• On the right hand side, we consider p1(x,y, z) = z2 + 2zy − x2,
p2(x,y, z) = z ∈ R[x,y, z], which also intersect at γ = (0 : 1 : 0) ∈
P2R. Dehomogenization with respect to y leads to

�p1(x,y, z) = z2 + 2z− x2, �p2(x,y, z) = z ∈ R[x, z].

Further, for �z = (0, 0)� ∈ R2 we have for the linear parts d�z (�p1) = 2z
and d�z (�p2) = z. For this reason, the tangent spaces at �z coincide
and we have in particular

T�z (V (�p1)) = spanR((0, 1)
�) = T�z (V (�p2)) ,

showing that the intersection is nontransversal.

Finally, we can formally state the version of the Cayley–Bacharach The-
orem, which covers the example illustrated at the beginning of the section.
This version goes back to the French Mathematician Chasles and was pub-
lished in 1865. A proof can be found in [11, Theorem (CB3)].

Theorem 5.20 (Chasles). Let X1, X2 ⊆ P2C be cubic plane curves, i.e.
curves generated by forms of degree 3 meeting transversally in 9 points
γ1, . . . , γ9 ∈ P2C. If p ∈ H3,3 is a cubic form vanishing on γ1, . . . , γ8, it
must also vanish on γ9.

5.2. A more general Version of the Cayley–Bacharach Theorem.
For our purposes, we need a stronger version of the Cayley–Bacharach The-
orem, which can also be found in [11]. Before we state it, we formalize and
generalize the idea of Theorem 5.20 that given a set Γ ⊆ PnC of projective
points, vanishing on a subset of Γ can already be sufficient for a form of
certain degree k to vanish on the whole set Γ. The following definition is
taken from [11].

Definition 5.21. Let s ∈ N and Γ = {γ1, . . . , γs} ⊆ Pn−1C be a finite
set of projective points. Fix a degree k. Then the failure of Γ to im-
pose independent conditions on forms of degree k is the quantity s − r,
where 0 ≤ r ≤ s is the least number such that there are r distinct points
γi1 , . . . , γir , i1, . . . , ir ∈ {1, . . . , s} such that every form p ∈ Hn,k that van-
ishes on γi1 , . . . , γir already vanishes on the whole set Γ.

Example 5.22. Consider for example n = 3 and k = 1, i.e. the set of
ternary linear forms and a set of s = 3 projective points Γ = {γ1, γ2, γ3}
given by the homogeneous coordinates z1 = (1, 1, 0)�, z2 = (1, 0, 1)�, z3 =
(2, 1, 1) ∈ C3, respectively. Let p = p1x + p2y + p3z ∈ H3,1 be arbitrary,
where p1, p2, p3 ∈ R. Clearly, if p vanishes on two of the points, say γ1, γ2

it also vanishes on any linear combination αz1 + βz2 (α,β ∈ R) of the
homogeneous coordinates. In our case, we have z3 = z1 + z2. Hence, if p
vanishes on γ1 and γ2, it must also vanish on γ3. This shows that the failure
of Γ to impose independent conditions on forms of degree k = 1 is at least
1=3-2. Clearly it can also not be bigger. For example, x−y ∈ H3,1 vanishes
only on γ1 and neither on γ2, nor on γ3. A similar observation can be made
for the other two points. Hence, the failure is exactly 1.
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It will later be important to know an equivalent characterization of the
failure in terms of linear independency of point evaluations. Further, there
is also a nice characterization in terms of the Hilbert function. Before we can
state this equivalence of characterizations, we need some more definitions,
which can be found in [28, Lecture 7].

Definition 5.23. Let I � K[x] be an ideal. Then

Id := I ∩ {p ∈ K[x] : deg(p) = d} = {p ∈ I : deg(p) = d}
is the d-th homogeneous part of I.

Definition 5.24. Let n ∈ N and V ⊆ Pn−1K be a projective variety.
The homogeneous coordinate ring of V is the quotient ring S(V ) =
K[x]/I(V ). Further, let Id(V ) := (I(V ))d be the d-th homogeneous
part of the vanishing ideal on V . Then we define the quotient space
Sd(V ) = {p ∈ K[x] : deg(p) = k}/Id(V ).

Remark 5.25. We write {p ∈ K[x] : deg(p) = d} and not Hn,d since Hn,d

was only the set of real forms in n variables of degree d, whereas the forms
in the first set might have complex coefficients.

Note that Sd(V ) is a subspace of S(V ) for all d and S(V ) =
�

d∈N Sd(V ).
Further, we can define the following.

Definition 5.26. Let V ⊆ Pn−1K a projective variety. The Hilbert func-
tion of V is defined as

hV : N → N, hV (d) = dimK(Sd(V )).

Now, there is the following equivalence, which is stated and proven in [28,
Lemma 8.7].

Lemma 5.27. Let Γ = {γ1, . . . , γs} ⊆ Pn−1K be a set of s ∈ N projective
points with homogeneous coordinates z1, . . . , zs ∈ Cn. Then the following
are equivalent:

(i) The Hilbert function satisfies hΓ(d) = s.
(ii) The failure of Γ to impose independent conditions on forms of degree

d is 0.
(iii) The set of point evaluations {evzi : i = 1, . . . , s} is a linearly indepen-

dent subset of the vector space of all linear functionals of the form

{p ∈ K[x] : deg(p) = d} −→ K.

Proof. First, note that by Remark 5.3, Γ is indeed a projective variety.
Further, (ii) is equivalent to

∀i ∈ {1, . . . , s} ∃p ∈ K[x], deg(p) = k :
�
∀j ∈ {1, . . . , s}\{i} : p

�
zj

�
= 0

�
∧ p

�
zi
�
�= 0,

(44)

i.e. for each point γi ∈ Γ, there is a form vanishing at all points of Γ except
γi. We can now prove the equivalence. Therefore, consider the mapping

ϕ : {p ∈ K[x] : deg(p) = d} → Ks,ϕ(p) = (p(z1), . . . , p(zs))�.
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Clearly, we have Id(Γ) = Ker(ϕ) and hence for the dimension of the image
of ϕ

dimK Im(ϕ) = dimK{p ∈ K[x] : deg(p) = d}− dimKer(ϕ)

= dimK{p ∈ K[x] : deg(p) = d}− dim Id(Γ)

= dimK ({p ∈ K[x] : deg(p) = d} / Id(Γ)) = hΓ(d).

For this reason, we know ”(i) =⇒ (ii)”, since (i) is equivalent to saying
that ϕ is surjective. In particular, for all j ∈ {1, . . . , s} there is a pj ∈ {p ∈
K[x] : deg(p) = d} such ϕ(pj) = ej .

Further, this also shows that ”(i) =⇒ (iii)”. Therefore, let λi ∈ C be

arbitrary such that
s�

i=1
λievzi = 0. In particular, if we choose pj as above,

we have 0 =
s�

i=1
λievzi(pj) = λj for all j ∈ {1, . . . , s}, showing the linear

independency of the point evaluations.

”(ii) =⇒ (i)”: If (ii) holds, we know by (44) that for each j ∈ {1, . . . , s},
there are qj ∈ {p ∈ K[x] : deg(p) = d} and λj ∈ C\{0} such that ϕ(qj) =

λje
j . By homogeneity, this means ϕ

�
λ
−1/d
j qj

�
= ej , which shows that

ej ∈ Im(ϕ) for all j and hence the surjectivity of ϕ.

”(iii) =⇒ (i)”: We prove this by contraposition. Assume that ϕ is not
surjective. Hence, Im(ϕ) is contained in a subspace of Ks of codimension
1, i.e. a hyperplane H in Ks. From Linear Algebra, we know that this
hyperplane can be written as

H =

�
z ∈ Kn :

s�

i=1

λizi = 0

�

for some λ = (λ1, . . . ,λs) ∈ Ks\{o}. Since Im(ϕ) ⊆ H, we know in particu-
lar

∀p ∈ {p ∈ K[x] : deg(p) = d} :

s�

i=1

λi (ϕ(p))i� �� �
=p(zi)

=

s�

i=1

λievzi(p) = 0,

which shows that {evzi : i = 1, . . . , s} is linearly dependent. Hence, we
obtain the claim. �

Now, consider the following version of the Cayley–Bacharach Theorem.

Theorem 5.28. Let X1, . . . , Xn ⊆ PnK be hypersurfaces of degree d1, . . . , dn
respectively, meeting transversally in Γ = X1 ∩ · · · ∩ Xn ⊆ PnK. Let Γ =
Γ�∪̇Γ�� be the distinct union of two sets Γ�,Γ�� ⊆ PnK. Set r = (

�n
i=1 di) −

n − 1. If 0 ≤ k ≤ r is a nonnegative integer, then the dimension of the
family F ⊆ {p ∈ K[x] : deg(p) = k} of forms of degree k in n+ 1 variables
vanishing on Γ� is equal to the failure of Γ�� to impose independent conditions
on forms of ’complementary’ degree r − k.

Proof. [11, Theorem CB6]. �
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For our purposes, we need a special case of Theorem 5.20, which is stated
without proof in [4, Lemma 2.9]. This will be the key tool in characterizing
the SOS cone Σn,2d inside the PSD cone Pn,2d for (n, 2d) ∈ {(4, 4), (3, 6)} in
Section 5.3.

Lemma 5.29. Let (n, d) ∈ {(4, 2), (3, 3)} and p1, . . . , pn−1 ∈ Hn,d be forms
intersecting transversally in s = dn−1 projective points γ1, . . . , γs ∈ Pn−1C.
Further, let zi ∈ Cn\{0} be homogeneous coordinates of the γi.

Then there is a up to scaling unique linear relation on the values of any
form p ∈ Hn,d on zi, i.e. there are ai ∈ C\{0} such that

∀p ∈ Hn,d :

s�

i=1

aip(z
i) = 0. (45)

Proof. In this proof, we want to apply Theorem 5.28. For this reason, let
Xi = {(z) ∈ Pn−1C : pi(z) = 0} be the hypersurface of degree d defined by
pi (i = 1, . . . , n−1). In the sense of Theorem 5.28 define Γ = {γ1, . . . , γs} =

Γ� ∪̇ Γ��, where Γ� = ∅ and Γ�� = Γ. Further, we have r =
��n−1

i=1 d
�
− (n−

1)− 1 = (n− 1)(d− 1)− 1.
Now let k = 0. Clearly, the dimension of the family F ⊆ Hn,k of forms

of degree k = 0 vanishing on Γ� = ∅ is 1, since it is the set of all constants.
Further, note that since (n, d) ∈ {(4, 2), (3, 3)}, we have

r = (n− 1)(d− 1)− 1 =

�
3 · 1− 1 = 2 = d, if (n, d) = (4, 2)

2 · 2− 1 = 3 = d, if (n, d) = (3, 3)
.

This shows r− k = r− 0 = r = d and Theorem 5.20 tells us that the failure
of Γ�� = Γ to impose independent conditions on forms of (complementary)
degree d is 1 as well. Hence, Lemma 5.27 tells us that the family of point
evaluations {evzi : i ∈ {1, . . . , s}} is linearly dependent, i.e. there are ai ∈ C
not all ai = 0 such that

∀p ∈ Hn,d :
s�

i=1

aip(z
i) = 0. (46)

This is almost the claim. It remains to show that the ai can also be chosen
such that they are all nonzero. To do so, apply again Theorem 5.20 but
this time on Γ� = {γj},Γ�� = Γ\{γj}, where j ∈ {1, . . . , s} is arbitrary.
Clearly, the dimension of the family of forms of degree k = 0 vanishing on
Γ� = {γj} is 0. Hence, the failure of Γ�� to impose independent conditions
on forms p ∈ Hn,d is 0 as well. This time, Lemma 5.27 shows that the set
{evzi : i ∈ {1, . . . , s}\{j}} is linearly independent. In particular, we must
have aj �= 0, since otherwise

�s
i=1,i�=j aievzi = 0 would be a nontrivial linear

combination. Since j ∈ {1, . . . , s} was arbitrary, we obtain aj ∈ C\{0} for
all j.

The linear combination is also unique up to scaling since otherwise, we
could find a linear combination

�s
i=1 �aievzi = 0 (�ai ∈ C) where some �aj = 0.

This shows the claim. �
Convention 5.30. From now on, we call the coefficients ai ∈ C\{0} of (45)
the Cayley–Bacharach coefficients and property (45) itself the Cayley–
Bacharach relation.
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5.3. Structure of Extreme Rays in Σ∗
4,4 and Σ∗

3,6. This section follows

[4, Section 4]. Therefore, results from [4, Section 2-3] are used without proof.
However, at the beginning of this section, for our purposes crucial results
from [4, Section 2-3] are recalled. On this basis, we gain some knowledge
about the structure of extreme rays of the closed convex cones Σ∗

4,4 and Σ∗
3,6.

This is the key in understanding what separates the SOS cone Σn,2d from
the non SOS forms inside Pn,2d ((n, d) ∈ {(4, 2), (3, 3)}).

Convention 5.31. In this section, we always consider (n, d) ∈ {(4, 2), (3, 3)},
i.e. Hn,2d is either the set of quarternary quartics or the set of ternary sex-
tics.

For a linear functional � ∈ H∨
n,2d, we can define a quadratic form Q� on

Hn,d as follows.

Definition 5.32. Let � ∈ H∨
n,2d. We define a quadratic form Q� on Hn,d

via

Q� : Hn,d → R, Q�(q) = �(q2).

Further, the kernel of Q� is denoted by W� := KerQ�. The quadratic form
is said to be positive semidefinite if Q�(q) ≥ 0 for all q ∈ Hn,d.

Now, the setting we are working on in this section is specified:
Let � ∈ Σ∗

n,2d span an extreme ray of the closed convex cone Σ∗
n,2d such

that � �= evz for all z ∈ Rn, i.e. � does not correspond to a point evaluation.
By [4, Section 2], there are p1, . . . , pn ∈ W� ⊆ Hn,d that do not have common
zeros real or complex, i.e.

V h
C (p1, . . . , pn) = ∅.

Further, by [4, Theorem 2.8] there are q1, . . . , qn−1 ∈ spanR{p1, . . . , pn} ⊆
W� that intersect transversally in s = dn−1 possibly complex projective
points, i.e.

V h
C (q1, . . . , qn−1) = Γ = {γ1, . . . , γs} ⊆ Pn−1C.

Further, the qi can be assumed to be linearly independent. Let zi ∈ Cn\{0}
be homogeneous coordinates of the γi (i = 1, . . . , s). By the Cayley–
Bacharach relation from Lemma 5.29, there are ai ∈ C\{0} that are up
to scaling uniquely determined such that

∀q ∈ Hn,d :

s�

i=1

aip(z
i) =

s�

i=1

aievzi(p) = 0.

Definition 5.33. For a set S ⊆ K[x], we write �S� ⊆ K[x] for the ideal
generated by S (see [7, Chapter 2, §4]). For k ∈ N, we define �S�k = {p ∈
�S� : deg(p) = k} as the k-th homogeneous part of �S�.

By [4, Theorem 2.7], we know that dimRW� = n. Further, the n-
dimensional space W� defines the linear functional � uniquely as linear func-
tional vanishing on �W��2d. In particular, since q1, . . . , qn−1 ∈ W� are in
the kernel of �, the functional � has to vanish on �q1, . . . , qn−1�2d ⊆ �W��2d.
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Further, it is stated in [4, Section 2] that since the qi intersect transversally,
� can be written in the form

� =

s�

i=1

αievzi (47)

for some αi ∈ C.

Goal: The first aim of this section is to understand, where the coefficients
αi in (47) come from and what properties they have. Second, we want
to choose the homogeneous coordinates zi in such a way that as many as
possible of them are real. Later it can be seen that the SOS cone Σn,2d can
be separated from the non SOS forms in Pn,2d precisely by extreme rays of
Σ∗
n,2d of the form (47).

Therefore, start by choosing a form qn ∈ W� ⊆ Hn,d such that {q1, . . . , qn}
forms a basis of W�. The following observation is stated without proof in [4,
Section 4].

Proposition 5.34. The values qn(z
i)(i = 1, . . . , s) are up to scaling in-

dependent of the choice of qn ∈ W�. Further, it holds qn(z
i) �= 0 for all

i = 1, . . . , s.

Proof. Let �qn ∈ W� be a second form such that {q1, . . . , qn−1, �qn} is also a
basis of W�. Then there must be λj ∈ R (j = 1, . . . , n),λn �= 0 such that

�qn =
�n

j=1 λjqj . Since Γ = V h(q1, . . . , qn−1) and the zi are homogeneous
coordinates of the elements in Γ, we know

�qn(zi) =
n�

j=1

λj qj(z
i)� �� �

=0 for j �=n

= qn(z
j) (i = 1, . . . , s), (48)

which shows the first part of the claim. For the second part, assume that
qn(z

i) = 0 for some i ∈ {1, . . . , s}. Recall that V h(p1, . . . , pn) = ∅ and
qj ∈ spanR{p1, . . . , pn} for j = 1, . . . , n − 1. Hence, there must be some
j ∈ {1, . . . , n − 1} such that pj(z

i) �= 0. Now take �qn = qn + pj . But then

it holds λ qn(z
i)� �� �

=0

= 0 �= pj(z
i) = qn(z

i) + pj(z
i) = �qn(zi) for all λ ∈ R\{0},

which contradicts (48). This shows the claim. �
The following lemma describes how the coefficients αi ∈ C from (47) arise

from the coefficients ai of the Cayley–Bacharach relation (45) and the values
qn(z

i). The lemma is stated and proven in [4, Lemma 4.1].

Lemma 5.35. Up to scaling, it holds αi =
ai

qn(zi)
for i = 1, . . . , s. Hence,

the extreme ray � is given by � =
n�

i=1

ai
qn(zi)

evzi.

Proof. Since � is defined as a linear combination of point evaluations at zeros
of q1, . . . , qn−1, it follows �(pqj) = �(p) · �(qj) = 0 for j = 1, . . . , n− 1 and
all p ∈ Hn,d. Further, αi ∈ C defined as in the claim yields

�(pqn) =
s�

i=1

αievzi(pqn) =
s�

i=1

ai
qn(zi)

p(zi)qn(z
i) =

s�

i=1

aip(z
i) = 0
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by the Cayley–Bacharach relation (45). Further, {q1, . . . , qn} forms a basis
of W�. Hence, we obtain the claim as � is the up to scaling unique linear
functional which vanishes on �W��2d = �q1, . . . , qn�2d. �

Next, we are going to investigate the number of complex points in Γ. Since
the polynomials q1, . . . , qn−1 are real and intersect in Γ ⊆ Pn−1C, Γ must
be closed under complex conjugation, i.e. if (z) = (z1 : · · · : zn) ∈ Γ, z =
(z1, . . . , zn)

� ∈ Cn, so (z̄) ∈ Γ. In particular, the homogeneous coordinates
of γi (i = 1, . . . , s) can be chosen such that they are closed under complex
conjugation. Hence, we can do the following.

Convention 5.36. Denote by ri the elements of zi that can be chosen
to be real homogeneous coordinates. For simplicity, we denote the purely
complex zi again by zi. Hence, the homogeneous coordinates of the elements
in Γ = V h

C (q1, . . . , qn−1) can without loss of generality be chosen as

r1, . . . , rk ∈ Rn, z1, . . . , zm, z̄1, . . . , z̄m ∈ Cn s.t. zj �= z̄j (j = 1, . . . ,m).

In particular, this means s = k + 2m.

Goal: We now determine the number m of complex conjugated pairs
(zi, z̄i) (i = 1, . . . ,m).

Convention 5.37. By (47) we know that with the zi as in Convention 5.36,
� is of the form

� =
k�

i=1

βievri +

m�

i=1

(αievzi + γievz̄i) ,

where βi,αj , γj ∈ C\{0} for all i = 1, . . . , k, j = 1, . . . ,m. Since �(p) ∈ R for
all p ∈ Hn,2d, it can without loss of generality be assumed that βi ∈ R (i =
1, . . . , k) and γj = ᾱj (j = 1, . . . ,m). Further, βi,αj �= 0 for all i, j. More
precisely � can be written as

� =
k�

i=1

βievri +
m�

i=1

(αievzi + ᾱievz̄i) . (49)

The following lemma is stated and proven in [4, Lemma 4.2].

Lemma 5.38. Suppose that the quadratic form Q� is positive semidefinite.
Define the evaluation map

ER : Hn,d → Rs = Rk+2m,

ER(p) =
�
p
�
r1

�
, . . . , p

�
rk

�
,Re p

�
z1

�
, Im p

�
z1

�
, . . . ,Re p (zm) , Im p (zm)

�

and let c := dimRER(Hn,d) = rk(ER), where rk(ER) is the rank of the linear
map ER. Then it holds c ≤ k +m.

Proof. For q ∈ Hn,d, it holds

Q�(q) = �(q2) =
k�

i=1

βiq
2(ri) +

m�

i=1

�
αiq

2(zi) + ᾱiq
2(z̄i)

�
.
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Further, let �Q� : Rs → R be the quadratic form on Rs = Rk+2m given by

�Q�(x) =
k�

i=1

βix
2
i +

m�

i=1

�
αi

�
x2i−1 +

√
−1 x2i

�2
+ ᾱi

�
x2i−1 −

√
−1 x2i

�2�
.

for x = (x1, . . . , xs)
� ∈ Rs. Clearly, it holds Q� = �Q� ◦ER. Note that ER is

welldefined since for all i = 1, . . . ,m and x = (x1, . . . , xs)
� ∈ Rs, we have

αi

�
x2i−1 +

√
−1 x2i

�2
+ ᾱi

�
x2i−1 −

√
−1 x2i

�2

= Re(αi) ·
�
x22i−1 + 2

√
−1 x2i−1x2i − x22i + x22i−1 − 2

√
−1 x2i−1x2i − x22i

�

+ Im(αi) ·
�
x22i−1 + 2

√
−1 x2i−1x2i − x22i −

�
x22i−1 − 2

√
−1 x2i−1x2i − x22i

��

=2Re(αi)x
2
2i−1 + 4 Im(αi)x2i−1x2i − 2Re(αi)x

2
2i

=
�
x2i−1 x2i

�
·
�

2Re(αi) −2 Im(αi)
−2 Im(αi) −2Re(αi)

�
·
�

x2i−1

x2i

�
∈ R.

Further, the 2× 2 matrix Ti :=

�
2Re(αi) −2 Im(αi)
−2 Im(αi) −2Re(αi)

�
∈ R2×2 has the

characteristic polynomial

(2Re(αi)− λ)(−2Re(αi)− λ)− 4 Im(αi)
2

=λ2 − 4Re(αi)
2 − 4 Im(αi)

2 = λ2 − 4 |αi|2

Since αi �= 0, the matrix Ti has exactly one positive and one negative eigen-
value. For this reason, it holds

�Q�(x) = x�A �Q�
x (x ∈ Rs),

where

A �Q�
=

�
diag(β1, . . . ,βk) 0k×2m

02m×k diag (T1, . . . , Tm) ∈ Rs×s

�

has at least m negative eigenvalues. Equivalently, �Q� is strictly negative on a
subspace U ⊆ Rs with dimR(U) ≥ m. Since Q� on the other hand is positive

semidefinite and Q� = �Q� ◦ER, it can be deduced that c = dimRER(Hn,d) ≤
codimR(U) ≤ k +m, which shows the claim. �

The following proposition is stated and proven independent of [4].

Proposition 5.39. Let Q� be positive semidefinite and ER be defined as in
Lemma 5.38. Then c = dimRER(Hn,d) is the maximum number of points

s1, . . . , sc ∈ S := {r1, . . . , rk, z1, . . . , zm, z̄1, . . . , z̄m} such that the point eval-
uations evsi : Hn,d → C are C-linearly independent.

Proof. Let N = N(n, d) =
�
n−1+d
n−1

�
(see Remark 2.4) be the dimension of

the R-vector space Hn,d and F = {f1, . . . , fN} ⊆ Hn,d be a basis of Hn,d

(e.g. the basis of monomials). Consider

E :=




ER(f1)
...

ER(fN )


 ∈ RN×s = RN×(k+2m).
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By definition of c, we know that c = rk(E). Note that rk(E) is the same if
we interpret E as a complex N × s matrix. For z ∈ Cn, define

evz(F) :=




evz(f1)
...

evz(fN )


 ∈ RN.

Hence, using the definition of ER, E can be rewritten as

E = (evr1(F), . . . , evrk(F),Re (evz1(F)) , Im (evz1(F)) ,

. . . ,Re (evzm(F)) , Im (evzm(F))) .

From Linear Algebra, we know that c = rk(E) is also the dimension of the
column space of E as R- or C-vector space, since E is a real matrix. Hence,
it is in particular the dimension of the set of all C-linear combinations of
the functionals

evr1 , . . . , evrk ,Re (evz1) , Im (evz1) , . . . ,Re (evzm) , Im (evzm) .

as a subspace of {ϕ : Hn,d → C | ϕ linear}. Since evzj = Re(evzj )+i Im(evzj )
(j = 1, . . . ,m), this is the C-vector space

spanC {evr1 , . . . , evrk , evz1 , evz̄1 , . . . , evzm , evz̄m}
Hence, the claim follows. �

As a consequence, we have the following corollary as in [4, Corollary 4.4],
which is there stated without proof.

Corollary 5.40. Suppose that � ∈ H∨
n,2d is an extreme ray of Σ∗

n,2d that
does not correspond to a point evaluation and let q1, . . . , qn−1 be forms in
the kernel W� of Q� that intersect transversally in s = dn−1 points Γ =
{γ1, . . . , γs}. Let ri ∈ R\{0}, zj ∈ C\{0}, zj �= z̄j (i = 1, . . . , k, j = 1, . . . ,m)
be homogeneous coordinates of the elements of Γ as in Convention 5.36.
Then the set Γ includes at most 1 complex conjugated pair, i.e. m ≤ 1.

Proof. Note that since � is nonnegative on Σn,2d, it follows instantly that the
quadratic form Q� is positive semidefinite as Q�(p) = �(p2) for all p ∈ Hn,d.
By the Cayley–Bacharach relation of Lemma 5.29, we know that

k�

i=1

βievri +

n�

i=1

(αievzi + ᾱievz̄i) = 0 on Hn,d,

where the coefficients βi ∈ R\{0},αj ∈ C\{0} (i = 1, . . . , k, j = 1, . . . ,m)
are uniquely determined up to scaling. For this reason, the maximum num-
ber of C-linearly independent functions evri , evzj , evz̄j : Hn,d → C must
be s − 1 = k + 2m − 1. Further, by Proposition 5.39 we know that
this is c = dimRER(Hn,d), where ER is defined as in Lemma 5.38, i.e.
c = s− 1 = k+2m− 1. In addition, Lemma 5.38 tells that c ≤ k+m. This
shows m ≤ 1. �

This allows to prove the two main theorems [4, Theorem 1.1, Theorem
1.2] of Blekherman, which are stated in the following.
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Theorem 5.41. Suppose that p ∈ P3,6 is not SOS, i.e. p �∈ Σ3,6. Then there
exist two real cubics q1, q2 ∈ H3,3 intersecting in 9 = 32 (possibly complex)
projective points γ1, . . . , γ9 ∈ P2C such that the values of p on γi certify
that p is not SOS. More precisely, let z1, . . . , z9 ∈ C3\{0} be homogenous
coordinates of the γi such that they are closed under complex conjugation.
Then there exists a real linear functional � : H3,6 → R given by

�(f) =

9�

i=1

αif(z
i) (f ∈ H3,6)

for some αi ∈ C\{0} such that �(Σ3,6) ≥ 0 but �(p) < 0. Furthermore,
there is at most one complex conjugated pair (zi, z̄i) in the homogeneous
coordinates.

Theorem 5.42. Suppose that p ∈ P4,4 is not SOS, i.e. p �∈ Σ4,4. Then there
exist three real quadrics q1, q2, q3 ∈ H4,2 intersecting in 8 = 23 (possibly
complex) projective points γ1, . . . , γ8 ∈ P3C such that the values of p on
γi certify that p is not SOS. More precisely, let z1, . . . , z8 ∈ C4\{0} be
homogenous coordinates of the γi such that they are closed under complex
conjugation. Then there exists a real linear functional � : H4,4 → R given by

�(f) =

8�

i=1

αif(z
i) (f ∈ H4,4)

for some αi ∈ C\{0} such that �(Σ4,4) ≥ 0 but �(p) < 0. Furthermore,
there is at most one complex conjugated pair (zi, z̄i) in the homogeneous
coordinates.

The following proof can be found in [4, Section 5].

Proof of Theorem 5.41 and 5.42. As remarked in Convention 5.31, we have
(n, d) ∈ {(4, 2), (3, 3)}. Let p ∈ Pn,2d\Σn,2d be arbitrary. By Proposi-
tion 3.80 we know that Σ∗

n,2d is a closed convex cone. Hence, by Theo-
rem 3.75 we know that Σ∗

n,2d is the convex hull of its extreme directions.
Since Σ∗∗

n,2d = Σn,2d by Proposition 3.82 and Remark 3.68, there must be

an extreme direction � ∈ Σ∗
n,2d such that �(p) < 0. Since �(p) < 0 but p is

nonnegative, � ∈ H∨
n,2d spans an extreme ray of Σ∗

n,2d that does not corre-
spond to point evaluation. By Lemma 5.35, � is of the desired form and by
Corollary 5.40 we know that there is at most one complex conjugated pair
in the zi. This shows the claim. �

We close this subsection by giving the following conjecture, which can be
found in [4, Conjecture 7.3].

Conjecture 5.43. Let (n, d) ∈ {(4, 2), (3, 3)}, W ⊆ Hn,d an n-dimensional

subspace such that V h
C (W ) = ∅. Further, assume that any collection of forms

q1, . . . , qn−1 ∈ W intersecting transversally in s points γ1, . . . , γs ∈ Pn−1C
has at most one pair complex conjugated projective zeros. Then there exist
q1, . . . , qn−1 ∈ W intersecting transversally in only real points.

Remark 5.44. In our setting, Conjecture 5.43 means that an extreme direc-
tion � ∈ Σ∗

n,2d as in the Theorems 5.41 and 5.42, which does not correspond
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to a point evaluation, can always be written in the form � =
�s

i=1 αievzi ,
where s = dn−1 and αi ∈ R\{0}, zi ∈ Rn\{0} are all real.

5.4. Sum of Squares Certificates for elements of P4,4 and P3,6. From
the Theorems 5.41 and 5.42 and Convention 5.37, we know that the SOS
cone Σn,2d ((n, d) ∈ {(4, 2), (3, 3)}) can be separated from the non SOS forms
inside the cone Pn,2d by extreme rays that are either of the form

� =
s�

i=1

αievri (50)

with real ri ∈ Rn\{0} and αi ∈ R\{0} or of the form

� = αevz + ᾱevz̄ +
s�

i=3

αievri , (51)

where s = dn−1, ri ∈ Rn\{0}, z ∈ Cn\{0}, z �= z̄ and αi ∈ R\{0},α ∈ C\{0}.
Further, by Lemma 5.35 we know that the coeffiecient αi and α depend from
the coefficients ai ∈ R\{0} and a ∈ C\{0} of the Cayley–Bacharach relation
(45). This relation can be written as

a1evr1 + . . .+ asevrs = 0 on Hn,d

in the case of (50) or

aevz + āevz̄ + a3evr3 + . . .+ asevrs = 0 on Hn,d

in the case of (51), respectively.

Convention 5.45. After scaling the ri and z if necessary and using homo-
geneity of the forms in Hn,d, we can without loss of generality assume that
the Cayley–Bacharach coefficients ai ∈ R\{0} and a ∈ C\{0} have norm 1.
In particular, it holds αi ∈ {−1, 1} if αi is real. Further, we can even assume
that a = ā = 1 since those are the coefficients of complex point evaluations.

The goal is now to further specify the choice of coefficients αi of (50) and
(51). Therefore, consider the following result without proof, which can be
deduced from [4, Theorem 6.1, Theorem 7.1].

Theorem 5.46. Let (n, d) ∈ {(4, 2), (3, 3)} and � ∈ Σ∗
n,2d span an ex-

treme ray that does not correspond to a point evaluation, Q� : Hn,d → R
its quadratic form with kernel W� ⊆ Hn,d of dimension n. Further, let
q1, . . . , qn−1 ∈ Hn,d be forms intersecting transversally in Γ = {γ1, . . . , γs} =

V h(q1, . . . , qn−1) ⊆ Pn−1C, where s = dn−1. Let zi be homogeneous coordi-
nates of the γi that are closed under complex conjugation, ai ∈ C\{0} the
Cayley–Bacharach coefficients as in (45) such that a1evz1 + . . .+ asevzs = 0
on Hn,d. Then one of the following two cases must occur:

Case 1: All zi are real, i.e. zi ∈ Rn and � is of the form (50) where the
coefficients αi ∈ R\{0} satisfy

s�

i=1

1

αi
= 0

with a single negative αi, without loss of generality α1 < 0 and αi > 0
for i > 1.
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Case 2: The zi contain exactly one complex conjugated pair, without loss of
generality z̄1 = z2 and � is of the form (51) where the coefficients αi

and α satisfy αi > 0 for i = 3, . . . , s and

1

α
+

1

ᾱ
+

s�

i=3

1

αi
= 0.

Moreover, any linear functional � ∈ H∨
n,2d of the form (50) or (51) with

coefficients as in Case 1 or Case 2 is an extreme direction of Σ∗
n,2d.

In [12, Section 4], the author develops a certificate on a PSD form p ∈
Pn,2d to be SOS ((n, d) ∈ {(4, 2), (3, 3)}). If p ∈ Pn,2d was not SOS, the
Theorems 5.41 and 5.42 tell us that there would be an � ∈ Σ∗

n,2d that spans

an extreme ray such that �(Σn,2d) ≥ 0 but �(p) < 0. Further, Theorem 5.46
tells us precisely how such an extreme ray has to look like. For this reason,
in order to deduce that p is SOS, it suffices to show �(p) ≥ 0 for all extreme
rays as in Theorem 5.46.

Remark 5.47. Consider for example the first case of extreme rays as in
Case 1 of Theorem 5.46. We would have to show that

s�

i=1

αip(z
i) ≥ 0

for all αi ∈ R, zi ∈ Rn such that α1 < 0,αi > 0 (i = 1, . . . , s), s = dn−1 and�s
i=1

1
αi

= 0. This is equivalent to

min

�
s�

i=1

αip(z
i) : α1 < 0,αi > 0 (i = 1, . . . , s),

s�

i=1

1

αi
= 0, zi ∈ Rn

�
≥ 0.

A similar observation can be made for extreme rays as in Case 2 of The-
orem 5.46. In order to solve such a minimization problem, the common
tool of Karush Kuhn Tucker (KKT) conditions (see [34, Satz 16.26]) from
optimization can be used.

We start with the following definition, which can be found in [35, Section
10].

Definition 5.48. Let m, p ∈ N and J : Rn → R, e : Rn → Rm, g : Rn → Rp

be such that e and g are twice (partially) differentiable and consider the
minimization problem

min J(x) s.t. e(x) = 0, g(x) ≤ 0, x ∈ Rn. (52)

A point x∗ ∈ Rn is called admissible point for (52) if e(x∗) = 0 and
g(x∗) ≤ 0. The set of active indices at x∗ is the set A = {j ∈ {1, . . . , p} :
gj(x

∗) = 0}. The point x∗ is called local minimum of (52) if there is some
ε > 0 such that J(x∗) < J(x) for all admissible x ∈ Bε(x

∗), where Bε(x
∗)

is the ball at x∗ with radius ε with respect to the Euclidean norm. Further,
we say that x∗ is a regular point for (52) if the set of vectors ∇ei(x

∗)
(i = 1, . . . ,m) and ∇gj(x

∗) (j ∈ A) is linearly independent.

The following theorem is a very important tool in nonlinear optimization.
It gives first order necessary optimality conditions - the KKT conditions -
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for a minimization problem of the form (52). It can be found in [34, Satz
16.26] or [35, Satz 10.18].

Theorem 5.49 (Karush Kuhn Tucker). Let n,m, p ∈ N and J : Rn → R,
e : Rn → Rm, g : Rn → Rp be such that e and g are twice (partially) differ-
entiable and consider the minimization problem (52). If x∗ ∈ Rn is a local
minimum and a regular point of (52) then there are λ∗ ∈ Rm and µ∗ ∈ Rp

such that µ∗ ≥ 0 and

∇J(x∗) + e�(x∗)�λ∗ + g�(x∗)�µ∗ = 0, (53)

(µ∗)�g(x∗) = 0. (54)

Proof. [35, Satz 10.18]. �

Using the KKT conditions (53)-(54), the following two optimization prob-
lems can be solved. They will later help us in verifying that a given p ∈ Cn,2d

satisfies �(p) ≥ 0 for all extreme directions � ∈ Σn,2d. A proof of the following
lemma can be found in [12, Appendix E].

Lemma 5.50. Let x1, . . . , xk ≥ 0 be arbitrary. Then it holds

min

�
k�

i=1

αixi : αi > 0,

k�

i=1

1

αi
= 1

�
=

�
k�

i=1

√
xi

�2

. (55)

Further, for z ∈ Cn arbitrary, we have

max

�
αz + ᾱz̄ : α ∈ C\{0}, 1

α
+

1

ᾱ
= 1

�
= 2 (|z|+Re(z)) (56)

Proof. Without loss of generality, we can assume that at least one xi is
nonzero, otherwise the claim is trivial. Problem (55) can be rewritten in the
standard form (52) as

min J(α) =

k�

i=1

αixi s.t. e(α) =

�
k�

i=1

1

αi

�
− 1 = 0

g(α) =




α1
...
αk


 > 0.

(57)

Assume that α∗ ∈ Rn is a local minimum and a regular point of (57). Note
that we can use the Karush Kuhn Tucker conditions although we have a
strict inequality, since an admissible α ∈ Rk must necessarily be nonzero
in every component. Otherwise e(α) was not welldefined. Further, every
admissible α ∈ Rn is already a regular point for (57). Hence, Theorem 5.49
yields that there are λ∗ ∈ R and µ∗ ∈ Rk such that

∇J(α∗) + e�(α∗)�λ∗ + g�(α∗)�µ∗ = 0

(µ∗)�g(α∗) = 0
(58)
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for some λ∗ ∈ R and µ∗ ∈ Rk, µ∗ ≥ 0. In our case, we have

∇J(α) =




x1
...
xk


 ∈ Rk, e�(α)� =




− 1
α2
1

...
− 1

α2
k


 ∈ Rk, g�(α)� = Ik ∈ Rk×k

for α ∈ Rn. Hence, (58) can be rewritten as

xi −
1

(α∗
i )

2λ
∗ + µ∗

i = 0 (i = 1, . . . , k)

k�

i=1

µ∗
iα

∗
i = 0.

(59)

Since g(α∗) = α∗ > 0 and µ∗ ≥ 0, it follows from the second line of (59)
that µ∗ = 0. For this reason, (59) can be reduced to

xi −
1

(α∗
i )

2
λ∗ = 0 (i = 1, . . . , k). (60)

Multiplying each equation of (60) by α∗
i and summing them together shows

k�

i=1

α∗
i xi −

�
k�

i=1

1

α∗
i

�

� �� �
=1

λ∗ = 0

⇐⇒ λ∗ =
k�

i=1

α∗
i xi > 0. (61)

Further, we can deduce from (60) that 1
α∗
i
=

�
xi
λ∗

�1/2
for all i = 1, . . . , k.

Inserting this into e(α∗) =
��k

i=1
1
α∗
i

�
− 1 = 0 shows

1 =

k�

i=1

� xi
λ∗

�1/2
=

1√
λ∗

k�

i=1

√
xi

and hence λ∗ =
��k

i=1

√
xi

�2
. Therefore, equation (61) yields

J(α∗) =
n�

i=1

α∗
i xi = λ∗ =

�
k�

i=1

√
xi

�2

,

as desired. On the other hand, this minimum can actually be obtained if we
take

α∗
i =





��k
i=1

√
xi

�
· x−

1
2

i , if xi �= 0

0, else
(i = 1, . . . , k).

This shows (55).

For the second part, let α ∈ C such that 1
α + 1

ᾱ = 1 be arbitrary. Let

ϕ ∈ R be such that α = |α| eiϕ = |α| (cosϕ + i sinϕ). Then it holds ᾱ =
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|α| (cosϕ− i sinϕ) and hence

1

α
+

1

ᾱ
=

1

|α| ·
�

1

cosϕ+ i sinϕ
+

1

cosϕ− i sinϕ

�
=

1

|α| · 2 cosϕ.

This shows that 1
α + 1

ᾱ = 1 if and only if |α| = 2 cosϕ, i.e. α is of the form

α = 2 cos(ϕ)eiϕ for some ϕ ∈ R such that cos(ϕ) > 0. This yields

max

�
αz + ᾱz̄� �� �
=2Re(αz)

: α ∈ C\{0}, 1
α
+

1

ᾱ
= 1

�

= max
ϕ∈R,cosϕ>0

2Re
�
2 cos(ϕ)eiϕz

�
.

Further, writing z = |z| eiϑ for some ϑ ∈ R leads to

max
ϕ∈R,cosϕ>0

2Re
�
2 cos(ϕ)eiϕz

�

= max
ϕ∈R,cosϕ>0

4 |z|Re
�
cos(ϕ)ei(ϕ+ϑ)

�

=4 |z| · max
ϕ∈R,cosϕ>0

cos(ϕ) · cos(ϕ+ ϑ).

Note that cosx · cos y = 1
2 (cos(x− y) + cos(x+ y)) for x, y ∈ R. Using this

formula for x = ϕ+ ϑ, y = ϕ leads to

4 |z| · max
ϕ∈R,cosϕ>0

cos(ϕ) · cos(ϕ+ ϑ)

=2 |z| · max
ϕ∈R,cosϕ>0

(cos(ϑ) + cos(2ϕ+ ϑ))

=2 |z| · (cos(ϑ) + 1)

=2(|z| cos(ϑ) + |z|)
=2(|z|+Re(z)),

as desired. �

Finally, the following theorem can be proven, which can be found [12,
Theorem 4.2].

Theorem 5.51. A nonnegative quarternary quartic p ∈ P4,4 is SOS if and
only if both of the following two conditions hold:

(1.) For every r1, . . . , r8 ∈ R4\{0} and every a2, . . . , a8 ∈ {−1, 1} such that

r1(r1)� =
�8

i=2 air
i(ri)�, it holds

p(r1) ≤
�

8�

i=2

�
p(ri)

�2

. (62)

(2.) For every r3, . . . , r8 ∈ R4\{0} and z ∈ C4\{0}, such that z̄ �= z and

every a3, . . . , a8 ∈ {−1, 1} such that zz� + z̄z̄� =
�8

i=3 air
i(ri)�, it

holds

2 (|p(z)|+Re(p(z))) ≤
�

8�

i=3

�
p(ri)

�2

. (63)
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Proof. By Theorem 5.42 we know that a form p ∈ P4,4 is SOS if for every

� ∈ Σ∗
4,4 of the form � =

�8
i=1 αievzi , where αi ∈ C\{0} and zi ∈ C4\{0}, it

holds

�(p) =
8�

i=1

αip(z
i) ≥ 0. (64)

Since Σ∗
4,4 is a closed convex cone by Proposition 3.80, we know by Theorem

3.75 that Σ∗
4,4 is the convex hull of its extreme directions. Hence, p ∈ Σ4,4

is SOS if and only if (64) holds for all extreme directions � ∈ Σ∗
4,4.

Further, the points zi in (64) must satisfy the Cayley–Bacharach relation�8
i=1 aievzi = 0 on Hn,d = H4,2 for some ai ∈ C\{0}. We want to rewrite

the linear relation of point evaluations as linear relation on the symmetric
n× n matrices zi(zi)� (i = 1, . . . , 8) as in the claim. Clearly, it holds

8�

i=1

aievzi = a1evz1 + . . .+ asevzs = 0 on Hn,d = H4,2

⇐⇒ ∀q ∈ Hn,d : a1q(z
1) + . . .+ a8q(z

8) = 0

(∗)⇐⇒ ∀i, j = 1, . . . , 4 : a1z
1
i z

1
j + . . .+ a8z

8
i z

8
j = 0

⇐⇒ a1z
1(z1)� + . . .+ a8z

8(z8)� = 0,

where (∗) follows since {xixj : i, j = 1, . . . , 4} forms a basis of H4,2.
In addition, as in Convention 5.45, we can assume that either all zi are

real and it holds ai ∈ {−1, 1} for all i = 1, . . . , 8 or they contain exactly
one pair of complex conjugated vectors. In the second case, we can without
loss of generality assume that z̄1 = z2 �= z1, zi ∈ R4 for i = 3, . . . , 8 and
a1 = a2 = 1, ai ∈ {−1, 1} (i = 3, . . . , 8). This yields that we have one of the
following two cases:

Case 1: It holds zi =: ri ∈ R4\{0} for all i = 2, . . . , 8 and
�8

i=1 air
i(ri)� = 0

for some ai ∈ {−1, 1} (i = 1, . . . , 8). After dividing by a1 and

rerranging, this can be written as r1(r1)� =
�8

i=2 �airi(ri)� where
�ai ∈ {−1, 1} (i = 1, . . . , 8).

Case 2: It holds z1 =: z, z2 = z̄ �= z ∈ C4\{0}, zi =: ri ∈ R4\{0} for

i = 3, . . . , 8 and zz� + z̄z̄� +
�8

i=3 air
i(ri)� = 0 for some ai ∈

{−1, 1} (i = 3, . . . , 8). After dividing by −1 and rearranging, this

can be written as zz� + z̄z̄� =
�8

i=3 �airi(ri)�, where �ai ∈ {−1, 1}
(i = 3, . . . , 8).

For simplicity, we denote the ’new’ Cayley–Bacharach coefficients �ai ∈
{−1, 1} again by ai.

Further, Theorem 5.46 tells us that in Case 1 and Case 2 as above, the co-
efficients αi ∈ C\{0}, that together with the points zi determine an extreme
ray � as in (64), must satisfy the following

Case 1: All αi are nonzero reals, i.e. αi ∈ R\{0} (i = 1, . . . , 8) and satisfy

8�

i=1

1

αi
= 0.
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Further, it holds α1 < 0 and αi > 0 for i = 2, . . . , 8. After scaling
the coefficients αi ∈ R\{0}, we can without loss of generality assume
that

8�

i=2

1

αi
= − 1

α1
= 1. (65)

In particular, this means α1 = −1.
Case 2: It holds α1 =: α,α2 = ᾱ ∈ C\{0} and αi ∈ R\{0} (i = 3, . . . , 8)

such that

1

α
+

1

ᾱ
+

8�

i=3

1

αi
= 0.

Again, after scaling the coefficients αi ∈ R\{0} and α ∈ C\{0}, we
can without loss of generality assume that

8�

i=3

1

αi
= −

�
1

α
+

1

ᾱ

�
= 1. (66)

Hence, it can be deduced that (64) holds for all extreme � ∈ Σ∗
4,4 if and

only if the following two conditions hold

(1.) For all r1, . . . , r8 ∈ R4\{0}, a2, . . . , a8 ∈ {−1, 1} and α2, . . . ,α8 ∈ R\{0}
such that r1(r1)� =

�8
i=2 air

i(ri)� and
�8

i=2
1
αi

= 1, it holds

p(r1) ≤
8�

i=2

αip(r
i).

(2.) For all z ∈ C4\{0}, z �= z̄, r3, . . . , r8 ∈ R4\{0}, a3, . . . , a8 ∈ {−1, 1} and

α ∈ C\{0},α3, . . . ,α8 ∈ R\{0} such that zz� + z̄z̄� =
�8

i=3 air
i(ri)�

and
�8

i=3
1
αi

= −
�
1
α + 1

ᾱ

�
= 1, it holds

− (αp(z) + ᾱp(z̄)) ≤
8�

i=3

αip(r
i).

Writing those conditions as optimization problems shows that p ∈ P4,4 is
SOS if and only if both of the following two conditions hold.

(I) For all r1, . . . , r8 ∈ R4\{0}, a2, . . . , a8 ∈ {−1, 1} such that r1(r1)� =�8
i=2 air

i(ri)�, it holds

p(r1) ≤ min

�
8�

i=2

αip(r
i) : αi > 0,

8�

i=2

1

αi
= 1

�
.

(II) For all z ∈ C4\{0}, z̄ �= z, r3, . . . , r8 ∈ R4\{0}, a3, . . . , a8 ∈ {−1, 1}
such that zz� + z̄z̄� =

�8
i=3 air

i(ri)�, it holds

max

�
(−α)p(z) + (−ᾱ)p(z̄) :

1

−α
+

1

−ᾱ
= 1

�

≤min

�
8�

i=3

αip(r
i) : αi > 0,

8�

i=3

1

αi
= 1

�
.
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Finally, by Lemma 5.50, we know the exact value of each of the optimiza-
tion problems. Therefore, the two conditions (I) and (II) can be rewritten
as follows.

(I) For all r1, . . . , r8 ∈ R4\{0} and a2, . . . , a8 ∈ {−1, 1} such that

r1(r1)� =
�8

i=2 air
i(ri)�, it holds

p(r1) ≤ min

�
8�

i=2

αip(r
i) : αi > 0,

8�

i=2

1

αi
= 1

�
=

�
8�

i=2

�
p(ri)

�2

.

(II) For all z ∈ C4\{0}, z̄ �= z, r3, . . . , r8 ∈ R4\{0} and a3, . . . , a8 ∈
{−1, 1} such that zz� + z̄z̄� =

�8
i=3 air

i(ri)�, it holds

2 (|p(z)|+Re(p(z))) = max

�
(−α)p(z) + (−ᾱ)p(z̄) :

1

−α
+

1

−ᾱ
= 1

�

≤min

�
8�

i=3

αip(r
i) : αi > 0,

8�

i=3

1

αi
= 1

�
=

�
8�

i=3

�
p(ri)

�2

.

This shows the claim.

�

Remark 5.52. If Conjecture 5.43 turns out to be true, it would suffice to
consider Case 1 of Theorem 5.46. This would mean that for p ∈ P4,4 to be
SOS, it would suffice to show that property (1.) of Theorem 5.51 holds.

In the following, one can see how Theorem 5.51 can be used to show that
a certain PSD form p ∈ P4,4 is not SOS.

Example 5.53. As mentioned in Remark 2.19, the following quarternary
quartic, which goes back to Robinson, is known to be PSD but not SOS:

p(x,y, z,w) = w4 + x2y2 + y2z2 + x2z2 − 4xyzw ∈ P4,4\Σ4,4.

Assuming the nonnegativity of p, one can use the certificate from Theo-
rem 5.51 to show that p is not SOS. Therefore, take the following points
r2, . . . , r8 ∈ R4:

r2 = e1, r3 = e2, r4 = e3

r5 =
�
1 1 1 1

��
, r6 =

�
1 1 −1 −1

��
,

r7 =
�
1 −1 1 −1

��
, r8 =

�
1 −1 −1 1

��
.

It can easily be seen that p(r2) = . . . = p(r8) = 0. Further, for r1 = e4 it
holds p(r1) = 1 > 0. We also have the following linear relation between the
points r1, . . . , r8

4r1(r1)� =− 4 ·
�
r2(r2)� + r3(r3)� + r4(r4)�

�

+ r5(r5)� + r6(r6)� + r7(r7)� + r8(r8)�.
(67)

Note that the points r1, . . . , r8 are indeed common zeros of the three real
quadratic forms {xy − zw,xz − yw,xw − yz} ⊆ H4,2, see [30, Section 1].
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In Theorem 5.51, we want the coefficients of the linear relation in (67) to be
in {−1, 1} therefore, define

�ri :=
�
2ri, i = 1, . . . , 4

ri, i = 5, . . . , 8
.

Equation (67) then yields

�r1(�r1)� =
4�

i=2

(−1) · �ri(�ri)� +
8�

i=5

�ri(�ri)�.

Further, since p(�r1) = p(2e1) = 16 > 0 =
��8

i=2

�
p(�ri)

�2
it can be deduced

from Theorem 5.51 that p is not SOS.

6. Convex Quarternary Quartics are SOS

In this section, we prove our main result, which is that every convex
quarternary quartic is already SOS, i.e. C4,4 ⊆ Σ4,4. This can be shown
based on the previous results from Section 4 and 5. Precisely, we follow
the proof in [12, Section 5], which uses the Generalized Cauchy–Schwarz
Inequalities from Theorem 4.3 to show that any convex quarternary quartic
p ∈ C4,4 satisfies the conditions from Theorem 5.51, which then yields that p
is SOS. Therefore, it is crucial to know that the optimal constants A∗

2, B
∗
2 > 0

from the Generalized Cauchy–Schwarz Inequalities (23) and (24) are both
equal to 1.

Theorem 6.1. Every convex quarternary quartic is a SOS, i.e. C4,4 ⊆ Σ4,4.

Proof. Let p ∈ C4,4 be arbitrary. By Theorem 4.3, we know that p satisfies
the following Generalized Cauchy–Schwarz Inequalities

∀x, y ∈ R4 : Qp(x, y) ≤ A2

�
p(x)p(y) (68)

∀z ∈ C4 : |p(z)| ≤ B2Qp(z, z̄) (69)

for some A2, B2 > 0, where Qp is the biform assiciated to p. Further, by
Proposition 4.12 and 4.29, we know that the optimal constants A∗

d, B
∗
d > 0

from (68) and (69) for d = 2 are both equal to 1. This yields

∀x, y ∈ R4 : Qp(x, y) ≤
�
p(x)p(y) (70)

∀z ∈ C4 : |p(z)| ≤ Qp(z, z̄). (71)

To deduce that p is SOS, it suffices to show that p fulfills the two conditions
from Theorem 5.51.

(1.) Let r1, . . . , r8 ∈ R4\{0} and a2, . . . , a8 ∈ {−1, 1} be arbitrary such that

r1(r1)� =
�8

i=2 air
i(ri)�.

To show: p(r1) ≤
�

8�
i=2

�
p(ri)

�2

.

Note that the matrix product of a vector x ∈ Rn with its transpose is
the same as the symmetric outer product of x viewed as a tensor with
itself, i.e. xx� = x�x = x2. Hence, using those notations from Section
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3.2, we have (r1)2 =
�8

i=2 ai(r
i)2. Squaring both sides, i.e. taking again

the symmetric outer product of each side with itself yields

(r1)4 =
�

i,j=2,...,8

aiaj(r
i)2(rj)2, (72)

where we used the commutativity of the symmetric outer product.
Moreover, write p =

�
j1,...,j4=1,...,4

�pj1···j4xj1 · · ·xj4 with coefficients cho-

sen as in the proof of Theorem 3.29. Note that by definition of the
quadratic form Qp via the tensor Tp associated to p, it holds as in (5)
that

Qp(x, y) =
�

j1,...,j4=1,...,4

�pj1···j4xj1xj2yj3yj4

=
�

j1,...,j4=1,...,4

�pj1···j4(x2y2)j1···j4 ,
(73)

where the last step follows as in the proof of Proposition 3.26. For this
reason, it holds

p(r1) =
�

j1,...,j4=1,...,4

�pj1···j4((r1)4)j1···j4

(72)
=

�

i,j=2,...,8

aiaj
�

j1,...,j4=1,...,4

�pj1···j4((ri)2(rj)2)j1···j4

(73)
=

�

i,j=2,...,8

aiajQp(r
i, rj)� �� �

∈{±Qp(ri,rj)}

.

(74)

It remains to show:

∀x, y ∈ R4 : |Qp(x, y)| ≤
�

p(x)p(y). (75)

Note that this is a priori not clear, since the Generalized Cauchy–
Schwarz Inequality (68) is stated without an absolute value on the left
hand side.

Recall that by Example 3.59(c), we know that Qp(x, y) =
1

(2d)!∂
d
x∂

d
yp.

Further, Corollary 3.87 tells us that C∗
n,2d =

�
∂2d−2
x ∂2

y : x, y ∈ Rn
�
for

all n, d. For (n, 2d) = (4, 4), i.e. d = 2, this means in particular that
the mapping

Hn,2d → R, q �→ Qq(x, y)

belongs to C∗
4,4 for all x, y ∈ R4. Since p ∈ C4,4 is convex, this yields

Qp(x, y) ≥ 0 for all x, y ∈ R4 and hence

|Qp(x, y)| = Qp(x, y)
(70)

≤
�
p(x)p(y),
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which is (75). Finally, one can see that

p(r1)
(74)
=

8�

i,j=2

aiajQp(r
i, rj) ≤

�

i,j=2,...,8

|aiaj |� �� �
=1

��Qp(r
i, rj)

��

(75)

≤
�

i,j=2,...,8

�
p(ri)p(rj) =

�
8�

i=2

�
p(ri)

�2

.

Hence, Condition (1.) from Theorem 5.51 holds.
(2.) Let r3, . . . , r8 ∈ R4\{0}, z ∈ C4\{0} be such that z̄ �= z and a3, . . . , a8 ∈

{−1, 1} be arbitrary such that zz�+ z̄z̄� =
�8

i=3 air
i(ri)� holds. As in

(1.), using the tensor notation and taking the symmetric outer product
of each side with itself, shows

z4 + 2z2z̄2 + z̄4 =
�

i,j=3,...,8

aiaj(r
i)2(rj)2. (76)

Similarly to (1.), we obtain

p(z) + 2Qp(z, z̄) + p(z̄) =
�

j1,...,j4=1,...,4

�pj1···j4
�
z4 + 2z2z̄2 + z̄4

�j1···j4

(76)
=

�

i,j=3,...,8

aiaj
�

j1,...,j4=1,...,4

�pj1···j4
��

ri
�2 �

rj
�2�j1···j4

(73)
=

�

i,j=3,...,8

aiajQp

�
ri, rj

�
.

(77)

Further, note that p(z) + p(z̄) = 2Re(p(z)). Finally, again using the
Generalized Cauchy–Schwarz Inequalities yields

2 (|p(z)|+Re(p(z)))
(71)

≤ 2 (Qp(z, z̄) + Re(p(z)))

= p(z) + 2Qp(z, z̄) + p(z̄)

(77)
=

�

i,j=3,...,8

aiajQp

�
ri, rj

�
.

≤
�

i,j=3,...,8

��Qp

�
ri, rj

���

(75)

≤
�

i,j=3,...,8

�
p(ri)p(rj) =

�
8�

i=3

�
p(ri)

�2

.

Hence, condition (2.) from Theorem 5.51 holds as well, which shows
that p is indeed SOS. Therefore, we have shown that C4,4 ⊆ Σ4,4.

�



90

7. Further Extensions and Outlook

In this section, we want to first give some remarks on a possible extension
of the result presented in Section 6 to the case of ternary sextics and then
an outlook on possible future research directions.

7.1. Possible Extension to the Case of Ternary Sextics. In an analo-
gous manner as in Theorem 5.51, one can get a certificate for a nonnegative
ternary sextic p ∈ P3,6 to be SOS. This is stated without proof as the proof
is completely analogous to the one of Theorem 5.51. It can also be found in
[12, Theorem 6.1].

Theorem 7.1. A nonnegative ternary sextic p ∈ P3,6 is SOS if and only if
both of the following two conditions hold:

(1.) For every r1, . . . , r9 ∈ R4\{0} and every a2, . . . , a9 ∈ {−1, 1} such that

(r1)3 =
�9

i=2 ai(r
i)3, it holds

p(r1) ≤
�

9�

i=2

�
p(ri)

�2

. (78)

(2.) For every r3, . . . , r9 ∈ R4\{0} and z ∈ C4\{0}, such that z̄ �= z and

every a3, . . . , a9 ∈ {−1, 1} such that z3 + z̄3 =
�9

i=3 ai(r
i)3, it holds

2 (|p(z)|+Re(p(z))) ≤
�

9�

i=3

�
p(ri)

�2

. (79)

We could now try to follow the steps in the proof of Theorem 6.1 to show
that every convex ternary sextic is SOS as well, i.e. to show that C3,6 ⊆ Σ3,6

holds. Therefore, we would take an arbitrary convex ternary sextic p ∈ C3,6

and we would have to show that it satisfies both conditions of Theorem
7.1. As we remember, it was crucial to know in the proof of Theorem 6.1
that the Generalized Cauchy–Schwarz Inequalities for convex quarternary
quartics hold with optimal constants A∗

2 = B∗
2 = 1.

For the case of ternary sextics we know on the one hand by Proposition
4.12 that A∗

3 = 1 holds as well. Hence, we could proceed as in the proof of
Theorem 6.1 to show that ternary sextics fulfill condition (78). The only
part, which would be different, is to show that an arbitrary p ∈ C3,6 fulfills

∀x, y ∈ R3 : |Qp(x, y)| ≤
�
p(x)p(y),

This corresponds to (75) in the proof for quarternary quartics.
For ternary sextics, this can be seen as follows. If |Qp(x, y)| = Qp(x, y),

the inequality follows from the first Generalized Cauchy–Schwarz Inequality.
Further, if |Qp(x, y)| = −Qp(x, y), we have

|Qp(x, y)| = −Qp(x, y)
d odd
= Qp(−x, y) ≤

�
p(−x)p(y)

deg(p)=2d
=

�
(−1)2dp(x)p(y) =

�
p(x)p(y),

as desired. This way it can be seen that an arbitrary ternary sextic fulfills
the first condition (78) of Theorem 7.1.
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But on the other hand, by Proposition 4.29 we know that the second

optimal constant B∗
3 =

(2·22 )
3 = 2 > 1 of the Generalized Cauchy Schwarz

inequalities is strictly larger than one. For this reason, we would fail in
showing that (79) holds for an arbitrary p ∈ C3,6, if we proceed as in the
proof of Theorem 6.1.

However, if Conjecture 5.43 turns out to be true, we could conclude as in
Remark 5.52 that it would suffice for a convex form p ∈ C3,6 to be SOS if
it fulfills property (78) of Theorem 7.1. Hence, if Conjecture 5.43 was true,
we could conclude that every convex ternary sextic is SOS, i.e. C3,6 ⊆ Σ3,6.

7.2. Outlook. We want to close this thesis by giving in the following some
ideas on possible future work related on the topics discussed in this thesis:

• Determine the coefficients A∗
d > 0 of the first Generalized Cauchy–

Schwarz Inequality (23). Therefore, consider for example Conjecture
4.19, which states that A∗

d = 1 for all odd d ∈ N. One could for
example start by searching an upper bound on A∗

d similar as in the
proof of the optimal constants B∗

d in Section 4.2.2.
• It could also be interesting to go more into Semidefinite Program-
ming (SDP) as this is used in [12, Section 2.3.1] to calculate the
exact value of A∗

4 as mentioned in Remark 4.18.
• As already mentioned in the previous Section, one could try to prove
Conjecture 5.43 in order to extend the Result from Section 6 to the
case of ternary sextics.

• Note that it was crucial for proving our Main Theorem in Section 6
to understand what separates the SOS cone Σ4,4 from the non SOS
forms inside the PSD cone P4,4. This is based on the results of [4].
Hence, for a possible extension of our results beyond quarternary
quartics or ternary sextics, it could be very important, to also get a
general description of what separates Σn,2d from Pn,2d.
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