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Abstract

In 1888 Hilbert managed to prove that the set P, 24 of positive semidefinite
(PSD) forms and the set X,, 24 of sum of square (SOS) forms in n variables of
degree 2d coincide if and only if n = 2 or d = 1 or (n,2d) = (3,4) holds (see
[16]). Further, the set Cj, 24 of convex forms is contained in the set of PSD forms,
since convex forms have a global minimum at the origin, where they vanish. For
this reason, Parillo asked in 2007, whether every convex form is SOS. Two years
later, Blekherman managed to show that this is not the case, if the number n of
variables is sufficiently large (see [3]). However, no explicit example of a convex
but not SOS form is known until today. Due to Hilbert’s characterization of PSD
and SOS forms, the smallest n,2d, where one could expect convex forms that are
not SOS are (n,2d) = (3,6) or (n,2d) = (4,4). In this thesis, we follow the proof
of El Khadir in [12] from 2019, where he managed to show that for (n,2d) = (4,4)
indeed every convex quarternary quartic is SOS. The key steps of his proof are
the socalled Generalized Cauchy—Schwarz Inequalities for convex forms as well as a
characterization of the SOS cone ¥4 4 inside the PSD cone P, 4, which is based on
Blekherman’s work in [4]. Further, we see that for (n,2d) = (3,6) the same result
holds as well, if a conjecture formulated in [4] turns out to be true. This conjecture
is related to the Cayley-Bacharach relations from [11].

CONTENTS
1. Introduction 2
2. Problem Formulation 4
3. Preliminaries 9
3.1. Euler’s Identity and Positivity of Convex Forms 9
3.2. Tensors 16
3.3. Hilbert Space Representations of Linear Functionals on H,, 24 24
3.4. Convex Cones and their Duals 30
4. Generalized Cauchy—Schwarz Inequalities 37
4.1. Formulation and Proof of the Generalized Cauchy—Schwarz
Inequalities 38
4.2. Value of the Optimal Constants of the Generalized
Cauchy—Schwarz Inequalities 47
5. Characterization of the SOS Cone 3, 54 inside the PSD Cone
Pn,Zd 61
5.1. The Projective Space and Chasles’ Version of the Cayley
Bacharach Theorem 62
5.2. A more general Version of the Cayley—Bacharach Theorem 69
5.3.  Structure of Extreme Rays in X} , and X3 ¢ 73
5.4. Sum of Squares Certificates for elements of Py 4 and P3¢ 79
6. Convex Quarternary Quartics are SOS 87
7. Further Extensions and Outlook 90
7.1. Possible Extension to the Case of Ternary Sextics 90
7.2. Outlook 91
References 91

Index 93



1. INTRODUCTION

In 1888, Hilbert proved that the sets P, o of positive semidefinite (PSD)
real forms, i.e. homogeneous polynomials that are globally nonnegative, and
Y24 of real forms that can be written as a finite sum of squares (SOS)
of real forms coincide if and only if n = 2,d = 1 or (n,2d) = (3,4) (see
[16]). This now famous theorem was inspired by Minkowski’s defense of his
doctoral dissertation in 1885 at the University of Konigsberg. At that time,
Minkowski conjectured that there are cases in which polynomials exist that
are PSD but not SOS. While Hilbert was an official opponent in the defence,
he later said that Minkowski indeed convinced him about that statement,
which led him to his proof in 1888.

In 2007, Parrilo was interested in the relation between the set C), 2q of
convex forms in n variables of degree 2d and the sets P, o4 and X, o4. Since
it can easily be seen that every convex form is PSD, Parillo asked whether
every convex form is SOS. This is interesting from an optimizational point
of view. To see this, consider for example the following problem, which is
formulated in a non—homogeneous setting. Finding the unconstrained global
minimum of a polynomial p is NP-hard (see [27]). If we know that the
polynomial p is convex, every local minimum is a global minimum. Hence, a
global minimum of a convex polynomial can be found by using even simple
descent methods (see e.g. [5] or [35]). Those methods rely completely on the
convexity of p and ignore its algebraic properties as a polynomial. On the
other hand, we could also minimize p using SOS relaxations as in [26]. In
[12] it can be seen that if every convex polynomial is SOS, we could find the
global minimum of p by using semidefinite programming, for which efficient
implementations are available (see e.g. [6]). In contrary to general descent
methods, semidefinite programming highly relies on the algebraic structure
of a given problem. In general, SOS relaxations have applications in many
different areas of mathematics such as control theory, quantum computation,
polynomial games or combinatorial optimization, as remarked in [2]. For
this reason, it is interesting to know whether every convex polynomial or
- in the homogeneous setting - every convex form is SOS. Furthermore, it
is interesting from a pure mathematical point of view to see how Hilbert’s
characterization of SOS and PSD forms extends if we consider the additional
property of convexity.

In 2009, Blekherman showed by using volume arguments that for a large
number n of variables, there must be forms of degree as low as 4 which are
convex but not SOS. However, no explicit example is known until today.

Due to Hilbert’s characterization in 1888, the simplest cases, where convex
forms that are not SOS could possibly exist, are for (n,2d) = (4,4) or
(n,2d) = (3,6). In this thesis, we follow the proof of El Khadir, who showed
in 2019 that at least in the first case when (n,2d) = (4,4) of quarternary
quartics, every convex form is SOS, i.e. C44 C Y44. Further, in the latter
case the inclusion holds as well, if a conjecture of Blekherman (2012) related
to the Cayley—Bacharach relation holds.

Therefore, in Section 2 we formulate again the problem discussed in this
thesis but in a more formal way. This involves, for example, the definition of
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a directional derivative, since we want to characterize convexity of a polyno-
mial not only via the standard inequality on convex combinations but also
by using its Hessian.

Afterwards, we introduce in Section 3 some important concepts from Al-
gebra, Functional Analysis and Convex Geometry. First of all, in Section 3.1,
we see two proofs of the inclusion C), og C P, 24. While the first one involves
just some basic ideas of optimization, the second one uses the Fuler identity
which gives a relation between a polynomial and its gradient. Further, we
give some examples of SOS polynomials that are not convex, showing that
Yn2d € Cpo24- As our own contribution, we present a MATLAB program
which can be used to verify that some arbitrary form is not convex. Using
this code, we confirm that the famous Motzkin and Robinson forms are not
convex.

Further, in Section 3.2, we introduce tensors and give some of their equiv-
alent characterizations. We also prove that there is a bijection between the
set H,, , of homogenous polynomials in n variables of degree k and the set
Sk(R™) of real, symmetric tensors on R™ of order k. This allows us to as-
sociate a form p € H,, ; with a tensor T), € S¥(R™). From this bijection we
can further define a biform @,: R" x R"™ — R corresponding to p € H, .
The objects T}, and @, will be essential throughout the work.

Another important idea will be using the Hilbert space structure of H,, 2.
Therefore, we introduce in Section 3.3 some basic concepts of Functional
Analysis involving the dual space and the Riesz Representation Theorem.
This allows us to associate linear functionals on H,, 94 with elements of H,, 24
itself.

In Section 3.4, we cover some notions of Convex Geometry, involving,
for example, closed convex cones and their extreme points, directions and
rays. We further introduce the dual C* of a cone C. Together with the
Hilbert space theory of the previous section, this allows us to get a convenient
representation of the dual C7 ,,, which plays an important role in following
section. 7

Section 4 deals with statements and proofs of two Generalized Cauchy—
Schwarz Inequalities on the set C), 24 of convex forms. Among the form
p € O 24 itself, those inequalities involve the biform @, from section 3.2
and some degree dependent constants Ay, By > 0. The proof of the in-
equalities uses several simplifications and some techniques from Functional
Analysis. We further investigate the optimal constants A} and B} of the
inequalities. This leads to some optimization problems, for which we can
obtain informations about the values of A} and B} by using both the pri-
mal and dual formulation of those problems. It turns out that although the
exact value of the constants B are known for all d, the value A} is only
known for d = 1,2, 3, 4.

In Section 5, we aim to characterize the SOS cone ,, o¢ inside the PSD
cone P, 94. This follows the techniques of Blekherman from 2012. The
essential tool in his paper was the Cayley—Bacharach relation, which we
therefore want to study in more detail. For this reason, we introduce in
Section 5.1 some basic notions from Algebraic Geometry, including e.g. the
projective space as well as affine and projective varieties. We further see
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one of the first versions of the Cayley—Bacharach relation due to Chasles,
who published it in 1865.

In Section 5.2 we see a more general version of the Cayley—Bacharach
relation published in 1996 by Eisenbud, Green and Harris. We further see
how Blekherman uses that version for his purposes. To this end, we have to
introduce some further concepts of Algebraic Geometry including vanishing
ideals and the Hilbert function of a projective variety.

Afterwards, we see in Section 5.3 how Blekherman obtains a characteri-
zation of the extreme rays of the dual cones Xj , and X34 by invoking his
version of the Cayley—Bacharach relation. Therefore, we use some of the
results of Blekherman without proof, while we want to focus on further sim-
plifications of the structure of the extreme rays. This is continued in Section
5.4, where we use techniques from optimization involving the Karush Kuhn
Tucker (KKT) conditions to obtain a representation of the extreme rays as
in El Khadir’s paper. This way, we get a certificate on the PSD forms in
P, 4 and P36 to be SOS.

Finally, we combine in Section 6 the results of Sections 4 and 5 to prove
our main result that Cy 4 C ¥4 4 holds. By taking an arbitrary convex form
in Cy4, we want to show that it is SOS by using the characterization of
the SOS cone Y44 inside the PSD cone P, 4 from Section 5. Therefore,
we have to show that two certain inequalities coming from the structure of
extreme rays in 344 hold. It turns out that those inequalities can indeed
be deduced from the Generalized Cauchy—Schwarz Inequalities from Section
4. At that point, it is important to know that the optimal constants of the
Generalized Cauchy-Schwarz Inequalities for d = 2 are indeed A}, = B} = 1.
If a conjecture of Blekherman holds, the same techniques can be applied to
show that ('3 6 C X3 6 holds as well. The necessity of that conjecture to hold
comes from the fact that for d = 3 the optimal constant B} is strictly larger
than 1, i.e. B3 > 1.

In Section 7 we give a collection of possible directions of future work
related to the topics covered in this thesis. In particular, we see how the
main result can be extended to the case of ternary sextics, if a conjecture
formulated by Blekherman turns out to be true.

2. PROBLEM FORMULATION

In this section, we formally describe the problem that will be discussed
throughout the thesis. Therefore, we introduce homogeneous polynomi-
als (forms) and formalize the notions of positivity, convexity and sum-of-
squares. The convexity of a homogeneous polynomial is stated in terms of
its Hessian. For this reason, we also give the definition of the directional
derivative of a function and introduce some notations including the gradient
and Hessian of a multivariate function. Finally, at the end of this section
one can find a formulation of the underlying problem of this thesis.

Convention 2.1. We will always write N = {1,2,3,...} for the strictly
positive and Nog = NU {0} for the nonnegative integers.

Throughout the thesis, we write K[x] = K[x1,...,X,] for the polynomial
ring over K in n € N variables, where K € {R,C}. Note that we usually
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only work with real polynomials, i.e. K = R. We also write x® := x{* - - - x%n

and |a| := a1 + ... + a, for a € NP. Further, we denote by =" or AT the
transpose of a vector z € R™ or matrix A € R"*" (n,m € N), respectively.

Definition 2.2. For n,k € N,

H,p=<{peRx|:p= Z Pax” for some p, € R
a€eNg,|al=k
is the set of all homogeneous real polynomials (forms) in n variables of
degree k.
Further,

P.r={p€H,,:p>0onR"}

is the set of all nonnegative homogeneous polynomials in n variables of
degree k. A polynomial p € P, is called PSD, which stands for positive
semidefinite. Note that a PSD form has always even degree, i.e. P, # 0
if and only if k = 2d for some d € N.

In this case,

m
Ypod = PE€EHpoq:p= 20]2- for some o; € Hy, 4 and m € Ny
j=1
is the set of all homogeneous polynomials in n variables of degree k = 2d

which can be represented as sum-of-squares. Therefore, a polynomial
p € Xy k is called SOS.

Convention 2.3. Throughout this work, we will always have n, k,d € N.
Furthermore, a function f : R® — R will be called multivariate and a
function f: R™ — R, where m € N will be called multidimensional.

Remark 2.4. The set H, is an R-vector space (with the usual addition

and scalar multiplication) of dimension (d:ffl) [21, Lecture 06]. Note that

0 € H,, as it is the form with all coefficients being zero.
We are also interested in convex polynomials. Therefore, consider the
following classical definition of convexity of a function f: R” — R.

Definition 2.5. A multivariate function f: R™ — R is said to be convex
if the following holds

Vo,y €ER"VAE€[0,1]:  fOa+ (1 —Ny) < Af(z) + (1 — N f(y).

A polynomial p € R[x] is convex if and only if the polynomial function
R"™ — R,z + p(x) is convex.

Convention 2.6. In this work, we do not distinguish between a polynomial
p € R[x] and its polynomial function p: R” — R,z + p(zx). It should always
be clear from the context which of the two notions is meant.

However, as in [12], we will work with another equivalent characterization
of convexity of a polynomial, which involves the Hessian matrix. For this
purpose, we need the definition of a directional derivative as in [9, Section
11]. The directional derivative will again be used in Section 3.3, when we
investigate the Hilbert space structure of the vector space H,, 24.
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Definition 2.7. Let z,u € R", f: R™ — R. If the differential quotient

flz+hu) — f(x)
N .
exists, it is called the directional derivative of f at x in the direction wu.

Moreover, we write 0x; f(z) := 0, f(z) for the partial derivative of f
at = with respect to x;, where ¢; := (d;1,... ,5m)T € R™ is the i-th unit
vector.

The function f is called partially differentiable, if all the partial deriva-
tives of f exists at every x € R™. In this case, we define the gradi-
ent of f at © € R as Vf(z) = (0x1f(z),...,0x.f(2))" € R", where
V = (0x1,...,0x,)" is a differential operator.

0uf0) = iy

The partial derivative can also be extended for multidimensional func-
tions.

Definition 2.8. Let f: R™ — R™ be a multidimensional function, m € N.
Let fi: R® — R (i = 1,...,m) be such that f(z) = (fi(z),..., fm(2))"
(x € R™). Then we say that f is partially differentiable, if all f; are.
Further, in this case we define the Jacobian of f at x € R" as

(@) = (O%3F) ()i i € R

Remark 2.9. From [9, Bemerkung 11.7], we know that the i-th partial
derivative of a multivariate function f(xi,...,x;,) is just the same as dif-
ferentiating with respect to the i-th variable x;. In particular, the partial
derivative of a polynomial has its usual algebraic form. More precisely, if
[Ti-, x" € R[x] is a monomial, we have

n o a;j—1
_ | |.7 oxM) L asxs yai >0
8Xj (l |X?z> _ {g i=1,i#£5 i ) X, Q; )
=1

,else

In fact, there is an easy formula for the directional derivative of a par-
tially differentiable function and hence in particular for polynomials. The
following proposition will again be used in Section 3.3.

Proposition 2.10. Let f : R® — R be a partially differentiable function
and let u,x € R™ be arbitrary. Then

Ouf(z) =u' Vf(z) = widxif(x). (1)
i=1

Proof. ]9, Section 11] O

Remark 2.11. Proposition 2.10 yields that d,p = Y ;" ; u;0x;p € R[x] is
again a polynomial for all p € R[x|] and v € R". In particular, we can
interpret the directional derivative 9, as differential operator R[x] — R[x].

We know that we can differentiate a polynomial p € R[x] with respect to
any variable an arbitrary number of times. In the following, we define the
gradient, Hessian and Laplacian only for polynomials, since this allows us
to avoid the definition of being differentiable multiple times for an arbitrary
multidimensional function. Moreover, we only deal with polynomials in this
work.
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Definition 2.12. For p(x) € R[x], Vp(x) = (9x1,...,0%,)  p(x) € (R[x])"
is the gradient of p. Further,

V2p(x) 1= VV ' p(x) = (9%:0%;p(x) )i j=1....n € (R[x])""
is the Hessian and Ap(x) := Y I, 9x7p(x) € R[x] the Laplacian of p.
Example 2.13. Consider the following quarternary quarty
p=p(w,x,y,2z) = wh +x%y? + y22% + x?2% — dxyzw € Hyy

Then the gradient of p is given by

4w3 — dxyz
2xy? + 2xz? — dwyz
2x%y + 2yz? — dwxz
2y?z + 2x%z — dwxy

Vp =

Further, the Hessian of p is given by

12w? —4yz —4xz —4xy

—dyz 2y’ +22° 4dxy — 4wz 4xz — 4wy
—4dxz 4xy — 4wz 2x% 42y dyz —4wx
—4xy 4xz — 4wy 4dyz —4wx  2y? + 2x?

V2p =

Note that the Laplacian of p is the trace of the Hessian of p, which is in this
case

Ap = 12w? + 2y? + 222 + 2x? + 2y? + 2y? + 2x°
= 12w? 4 4x? + 4y? + 422

We can also interpret the polynomial function of p as multidimensional func-
tion p : R™ — R™, where n = 4 is the number of variables and m = 1. In this
case, the Jacobian of p is just the transpose of the gradient, i.e. p’ = (Vp) .

Consider the following standard notation from Linear Algebra.

Notation 2.14. For A € R™" we write A = 0 and A > 0 if the matrix A
is positive definite or positive semidefinite, respectively.

Now, we have the following result which gives an equivalent characteriza-
tion of the classical convexity of polynomial.

Proposition 2.15. Let p € R[x]|. Then p is convex if and only if the
Hessian V*p(z) is positive semidefinite at every point, i.e. Vp(x) = 0 for
any r € R".

Proof. Follows directly from [34, Satz 6.4] since polynomials are twice dif-
ferentiable in the sense of [9, Section 11.3]. O

This motivates the following definition.

Definition 2.16. The set of all convex homogeneous polynomials in n
variables of degree k is defined as

Cni = {p € Hyp: V2p(z) = 0 for all x € R"} .
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Example 2.17. (a) It holds p(x) = Y7 x¢ € Cpo4. This can be seen
very easily since the Hessian of p is given by

X%dﬂ 0 cee 0
0 x2 0 .. 0
v2p(X) = : . . . :
0 o0 x2 20
0 cee e 0 x2d—=2

Hence, the Hessian V2p(x) at some x € R” is a diagonal matrix with
nonnegative entries, which is clearly positive semidefinite.

(b) More examples of convex forms can be found e.g. in [2]. There the
authors define - in addition to convexity and being SOS - the property
of being SOS-convex (see [2, Def. 2.4]). Further, they investigate the
relation between those three properties.

Now we come to the actual problem that will be investigated throughout
this thesis. It is clear that every polynomial which can be represented as
sum-of-squares (SOS) is also nonnegative, i.e. ¥, C P, for all n,k =
2d € N. The 17th Hilbert problem, which was one of 23 famous problems
formulated by David Hilbert, is about whether the converse is also true.
The question is, can every nonnegative real polynomial of fixed number n
of variables and fixed degree k = 2d be represented as a (finite) number of
squares of polynomials? The degree is supposed to be even since the square
of a polynomial of course has even degree. Indeed, the following theorem
gives a full characterization of the cases in which P, 25 = X, 2¢ holds. It
was first proven in [16].

Theorem 2.18 (Hilbert (1888)). We have P, 24 = ¥, 24 if and only if at
least one of the following holds

(b) 2d =2,
(c) (n,2d) = (3,4).

Although Theorem 2.18 gives a full characterization of whether the iden-
tity P24 = Xp 24 holds, it took almost eighty years until the first example
of a PSD polynomial that is not SOS was discovered by Motzkin in 1967.

Remark 2.19. The following forms are some of the first and best known
examples of polynomials that are PSD but not SOS (for proofs and references
to the original papers see e.g. [22, Lecture 23] and [25, Section 1.2]).

(a) Motzkin form:
2% + xy? + x?y* — 3x%y?z® ¢ P36\X356.
(b) Robinson form:
X6 4y 428 = (xy? 4+ x122 + yix® + yiz? + 21x2 + 2ly?)
+3x%y?z* € P36\Z36.
(c) Robinson form II:

wt + x%y? + y?2? + x%2? — dxyzw € Py s\¥44.
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Hence, for (n,2d) € N>3 x N>y with (n,2d) # (3,4), one can think of the
following picture

Robinson
b'd b'd

One can now ask if and how the characterization of Hilbert changes if we
consider also the set of convex polynomials. Hence, we fix some n, k = 2d €
N and we want to investigate how the set of convex forms C), o4 is connected
to the set P, o4 of PSD forms and the set 3, og of SOS forms. We are also
interested in a similar characterization as Hilbert’s one for convex forms.

3. PRELIMINARIES

The goal of this section is to introduce some concepts that will help us to
investigate the problem formulated in Section 2. In Section 3.1, we see our
first result about the problem described in Section 2, which is that every
convex polynomial is already PSD. Afterwards, we introduce in Section 3.2
the concept of tensors and show an important relation between homogeneous
polynomials and symmetric tensors. In Section 3.3, we introduce some ba-
sic concepts of Functional Analysis that allow us to deduce that H,, ; is a
Hilbert space and therefore has some special properties involving its dual.
Further, in Section 3.4 we introduce some notions from Convex Geometry
to understand the conic structure of the sets P, 24, Xy, 24 and Cy, 24.

3.1. Euler’s Identity and Positivity of Convex Forms. It can be seen
that every convex polynomial is already nonnegative, i.e. Cp, 1, C Py, 1.

The proof of the following proposition is an alternative way to the proof
in [12], which we will see later in Corollary 3.4.

Proposition 3.1. If k > 1, we have Cy 1, C P, 1.

Proof. Let p € Cy, j, be arbitrary. Obviously, we have p(0) = 0. Hence, it
would suffice to show that p has a global minimum at the origin.
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Assume for a contradiction that there exists a x € R™\{0} such that
p(z) < p(0) =0. Let A € [0,1] be arbitrary. Then by convexity of p
p(Az + (1= X2)0) < Ap(z) + (1 = A)p(0) = Ap().
On the other hand, since p is homogeneous of degree k, we know that p(Az) =
Nep(z). This yields A¥p(z) < Ap(x). This is a contradiction for A € (0, 1)
(and k£ > 1), since p(x) < 0. Hence, p has a global minimum at the origin
and is therefore nonnegative. U

The same result can also be seen differently using Euler’s identity as in
[12, Section 2]. Therefore, consider the following theorem, which is also
stated without proof in [12, Section 2].

Theorem 3.2 (Euler’s Identity). For p € H,x, it holds kp(x) = x"Vp(x).

Proof. Let p(x) = Y. Dax® € Hyy be arbitrary. For j € {1,...,n},
a€eNY |al=k
we have

(Vpx); = > apex’, where wa)g:{

aeNg |al=k,a;>0

ap—1, £=j
Qy, else

Hence:

n
x| Vp(x) = ij Z ajpax’
j=1

a€NY,a|=k,a;>0

n
5 (D SR
=1

Jj= aeNY |a|=k,a;>0
= |a| Z PaX® = kp(x).
a€eNY |a|=k
U
Corollary 3.3. For p € H,, i, we have k(k — 1)p(x) = x" V2p(x)x.

Proof. Let p € Hy j, be arbitrary. By Euler’s identity, we know that kp(x) =
x'Vp(x). Now let j € {1,...,n} be arbitrary and differentiate both sides
with respect to the j-th component. This shows

kVp(x) = V;p(x) + Z Xi (VZP(X))U‘
=1

) — (2
— (k - 1)v]p(X) - Z;XZ (V p(x))ij
Multiplying both sides with x; and summing over j = 1,...,n shows
Z(k - 1)Vp(x)x; = Z in (VQp(x))Z.j X;j
j=1 j=1i=1
= (k—1)x'Vp(x) = x' Vp(x)x

Euler’s identity
<~

k(k—1)p(x) = x' Vp(x)x.
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From this Corollary, we can deduce that C,  C P, .
Corollary 3.4. Every convex form is also nonnegative, i.e. Cy 1, C Py .

Proof. By Corollary 3.3 we know that for every form p € H, ;, it holds
k(k—1)p(x) = x' V2p(x)x. If p is in addition convex, i.e. p € C, 1, then the
right hand side evaluated at any x € R™ is nonnegative, since the Hessian
V2p(x) is positive semidefinite. This shows k(k —1)p(z) > 0 for any z € R"
and hence that p is nonnegative. O

On the other hand, not every PSD form is convex. In the following, an
easy example is given, showing that not even every SOS form is convex.

Example 3.5. (a) First, consider the easiest case where the number n of

variables is two and consider p(x,y) = x?y2. Then we have

_ [ 2xy® 2 _ 2y 4xy
VP(X7y) - ( 2X2y ) 7v p(X,y) - < 4xy 2X2 .

In particular, it holds

V2p(1,1) = ( Z ;1 > — det(V?p(1,1)) =4—-16 = —-12 < 0,

which shows that V?p(1,1) is not positive semidefinite. Hence, p is not
convex.
similar result can be seen for arbitrary even degree € Nso by
b) A simil 1 b f bi d 2d € Nao b
considering the form p(x,y) = x?2y2. Here we have
2d — 2 ><2Cl’3y2
Vp(x,y) = < ( 2X2)de )
9 [ (2d—2)(2d — 3)x¥1y? 2(2d — 2)x?1 3y
\Y p(X>Y) - ( 2(2d _ 2)X2d73y 2X2d72 :

This yields

(2d —2)(2d - 3) 2(2d —2)
Vip(L,1) = ( 2(2d — 2) 2 >

and hence det(V2p(1,1)) = 2(2d — 2)(2d — 3) — (2(2d — 2))? < 0. For
this reason, we have 3, og € C), 24 and in particular P, 29 € Cj, 24

From Example 3.5, one can extract a general scheme on how to prove
that a form p € H, j is not convex. If p is not convex, there has to be
some z € R™ such that the Hessian V2p(x) of p at x is not positive semidefi-
nite. Equivalently, the Hessian V?p(x) has at least one negative eigenvalue.
Hence, if p is not convex, evaluating the Hessian at random points and deter-
mining its eigenvalues will eventually give a point x € R™ where the Hessian
is not positive semidefinite. This idea is implemented in Code 3.6, where we
use that MATLAB command rand( ) to create a random point z € [0, 1]".
Note that rand( ) generates points from the uniform distribution, which is
important since other probability distributions might accumulate at some
portion of [0,1]™. If p is a form which is not convex, evaluating the Hessian
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at uniformly distributed random points in [0, 1] and determining its eigen-
values will eventually give a point x € R”™ where the Hessian is not positive
semidefinite. Note that focusing on the unit hypercube is sufficient because
of the homogeneity of p.

Code 3.6.

function [test, x, eigenVal, iter]|=
ConvexityNecessityTest (p, var, maxiter)

VAL

% CONVEXITY NECESSITY TEST

% This MATLAB function gives a necessary condition for

% the input polynomial p to be convex. The polynomial

% p is convex if and only if its Hessian is positive

% semidefinite at every point. Therefore, we can try

% and determine its Hessian at random points. This

% will be done up to maxiter times. If before the

% number maxiter of iterations is reached a counter—

% example is found where the Hessian is not positive

% semidefinite , then we know that the polynomial is

% not positive semidefinite. However, this just gives

% a mnecessary condition. Of course, it could be that

% the maximum number of iterations is reached without

% finding a counterexample, but there might still

% exist points, where the polynomial is not positive

% semidefinite .

%% Input

% p polynomial as symbolic function

% var vector of variavles in p

% maxiter maximum number of iterations

%% Output

% test boolean. This will be FALSE, if p fails
% the test, which means that p can not be
% convex. Otherwise TRUE and we do not

% know whether p is convex or not

% x If test=false: vector x at which the
% Hessian is not psd

% else: zero vector

% eigenval If test=—=false: vector of eigenvalues
% of the Hessian at x

% else: zero vector

numbVar=length (var); % Get the number of variables
test=true;
iter =0;
while iter <maxiter && test
x=rand (1 ,numbVar); % Create random vector
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iter=iter +1;
% Gives the Hessian matrix of p as symbolic
function
hess=hessian (p,var);
% Evaluate the Hessian at the random vector x
hessEval=subs (hess ,var,x);
% Convert the evaluated Hessian to double
hessEval=double (hessEval);
% Get the eigenvalues of the Hessian at x
eigenVal=eig (hessEval) ;
% Sort the eigenvalues in ascending order
eigenVal=sort (eigenVal);
% Since the eigenvalues are sorted, it suffices to
% check whether the smallest one is negative
if eigenVal(1)<0
test=false
end
end
if iter=—maxiter && test
x=zeros (numbVar,1) ;
eigenVal=zeros (numbVar,1) ;
end

Now, Code 3.6 can be used to test some well known forms on convexity.

Example 3.7. In Remark 2.19, we have seen some famous homogeneous
polynomials which are known to be PSD but not SOS. Those forms are
recalled in the following.

(a) Motzkin form:
2% + xy? + x’y* — 3x%y?z® P36\X¥356.
(b) Robinson form I:
X0+ y0 425 — (xly? + x'22 + yix? + yi2? 4 2x? + 2ly?)
+3x%y%2% € P36\Z36.
(¢) Robinson form II:
wt + x%y? + y?2® + x%2% — dxyzw € Py s \244.

The following code exploits Code 3.6 to verify that the forms in (a)—(c)
are not convex.

Code 3.8.

close all; clear all; clc;
% polynomial = 1;

% polynomial = 2;
polynomial = 3;

if polynomial==
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syms X y z;
motzkin=z"64+x"4xy 2+4+x" 2%y 4—3xx" 2%y 2%z " 2;
var=[x,y,z];
[test ,x,eigenval ,iter|=ConvexityNecessityTest (
motzkin , var ,20) ;
elseif polynomial==2
syms X y z;
robinson=x"6+y " 6+z"6—(x" 4%y 2+x"4xz 24y 4dxx"2+y " 4x
22472 " 4xx 2472 4%y " 2)+3%x " 2xy 2%z " 2;
var=[x,y,z];
[test ,x,eigenval ,iter]=ConvexityNecessityTest (
robinson ,var ,20) ;
elseif polynomial==3
Ssyms w X y z;
robinson=w"44x"2xy 24y 2%z 24X " 2%z 2 —4kXxy*Z*W;
var=[w,x,y,z];
[test ,x,eigenval ,iter]=ConvexityNecessityTest (
robinson ,var,20) ;
end

In the following, for each form p € H, ; in Example 3.7 we give a point
x € R", where the Hessian V?p(z) is not positive semidefinite together with
eigenvalues of the Hessian V2p(x) and the number of random points tested
in Code 3.6 until that particular point is found.

Form p | point z € R™ eigenvalues | # points
of V2p(z) | tested

(a) [0.8147, 0.9058, 0.1270] -3.3569 | 1
-1.0443
16.2957

(b) [0.9134, 0.6324, 0.0975] -2.3374 | 1
0.1958
18.1808

(c) [0.2785, 0.5469, 0.9575, 0.9649] -2.0291 | 1
-0.6403
3.2654
8.9224

Remark 3.9. When using code 3.6 to verify that some form p € H,, j, is not
convex, a few remarks should be made. First of all, this is a numerical proof
and not a formal mathematical one. Since we are using some computer-based
algorithm, numerical inaccuracies may occur. This could be a problem, when
we obtain a point x € R™ in which the negative eigenvalues of the Hessian
V2p(x) are close to zero. Due to possible rounding errors, we should then
not blindly trust the result. However, in Example 3.7, there is always at
least one eigenvalue which is significantly smaller than zero. This is why in
that case, numerical inaccurancies do not cause any problem.
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It should also be noted that we could, of course, also use Code 3.6 to
try and verify that a non-homogeneous polynomial is convex. However, we
should not assume that it works as well as in the homogeneous case. Indeed,
in Example 3.7, we always found a point x, where the Hessian V2p(z) has a
negative eigenvalue after one iteration. The reason is that in Code 3.6, we
take random points on the n-dimensional interval [0, 1] C R™. This works
well for forms since by homogeneity, their values on [0, 1]" already determine
the form’s values on the whole space R™. However, for a non-homogeneous
polynomial p this is not true, and even if p was convex on [0, 1]”, this would
not allow to make a conclusion about the convexity on the whole space R".

It is therefore reasonable to ask, whether convexity is invariant under
homogenization. It turns out that this is not the case. To see this, consider
e.g. p(x) = x? —4x + 1 and its homogenization (see [7, Chapter 8, Prop. 7))

p'(x,y) =x* —dxy +y> = (x —y)® — 2xy.

Since p(x) = 2 > 0, clearly p is convex. However, p/ is not convex since it
is not even nonnegative, e.g. p"(1,1) = —2 < 0. By [29, Prop. 4.4], we know
that a polynomial p of degree d is convex if and only if the d-th root of its
homogenization p” is convex as well (under the assumption that p"(e') > 0,
where e! is the unit vector with 1 at the new variable).

Remark 3.10. As in Remark 2.19 we have the following picture of the set
of PSD forms and the set of convex forms inside the vector space H,, 54 of
forms in n variables of degree 2d ((n,2d) € N>3 x N>4 and (n,2d) # (3,4))

Robinson
b'e b'e
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Whereas we were able to prove that C), 2q C P, 24 holds even in multiple
ways, it is much harder to investigate whether C), 24 C ¥, 24 holds, i.e.
whether every convex polynomial is already SOS.

3.2. Tensors. The goal of this subsection is to find a way of describing a
homogeneous polynomial p uniquely by a tensor 7, and then to associate
a binomial form @, to p via using the tensor 7,,. To do so, we first have
to introduce tensors and investigate their structure. The biform @, will be
used in Section 4 to formulate generalized Cauchy—Schwarz inequalities for
convex forms.

In the following, let K € {R,C} be arbitrary. We introduce tensors as
elements of the outer product of finitely many finite dimensional K-vector
spaces. For more details consider e.g. [13, Section 6.4].

Definition 3.11. The outer product K™ ® - - - ® K™ of the vector spaces
K", where n; € N (j =1,...,k), is defined as

K"®-. @ K"
. {(wjlmjk)j1:1,...,n1;...;jk:L..-,nk pal € K forall ju, ... ’jk} .

If all n; are equal, i.e. nj =n € Nfor j =1,...,k, we call TF := TF(K") :=
K'"®---®K" the set of all n-dimensional (real or complex) tensors of order
k.

Remark 3.12. Note that in Definition 3.11 we define tensors not as gener-
ally as in [13, Section 6.4] but actually just contravariant tensors. However,
this suffices for our purposes.

Example 3.13. (a) For k = 1, the set T!(K") is just the set of (real or
complex) vectors, i.e. T1(K") = K".
(b) For k = 2, the set T?(K") is just the set of (real or complex) n x n
matrices, i.e. T?(K") = K"*",
Next, we define what it means for a tensor to be symmetric.

Definition 3.14. We define S, as the set of all permutations of {1,...,n},
i.e. the set of all bijections 7: {1,...,n} — {1,...,n}.

Definition 3.15. A tensor T' = (le"'jk)jl je=lom € TF(K") is called

symmetric, if for every permutation m € Sy , we have
T Ik — TIn(1) " In(k)

for all j1,...,jkr € {1,...,n}. The set of all (n-dimensional) symmetric
tensors (of order k) is denoted by S* := S¥(K").

The outer product can also be defined for finitely many vectors z/ €
K, j=1,... k.

Definition 3.16. Let 27 € K",n; e N(j=1,...,k). The outer product
of z',..., 2% is defined as

1 k n n
€L )j1:17---7n1§-~-§jk:17---7nk eK"®--- @ K"™.

1 k_ . e
TR _(le Jk
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Remark 3.17. (a) For k = 2, the outer product  ® y of two vectors z €
K" y € K™ (m € N) can be thought of as the real or complex n x m
matrix z -y € K™™,

(b) Obviously, the outer product is not commutative. Consider for example
k = 2 and the outer product of the two unit vectors z = e! € R™,
y = e? € R™ where n,m > 2. Then e! ®e? has a one at (1,2) and zeros
elsewhere, whereas e? ® e! has a one at (2,1) and zeros elsewhere:

0 1 O 0 o 0 0 --- 0
0 O 0 0 1 0 0O --- 0

61®€2: 0O O o --- 0 7& 0O 0 O --- 0 :€2®61
0 0 0 0

(c) The outer product is linear, i.e. for z,y,z € K", we have z ® (y + 2) =
ry+r®zand (r4+y)®2z=x®z+y® z. This follows trivially from
the definition of the outer product.

There is also the symmetric outer product of finitely many vectors.

Definition 3.18. Let 2/ € K% ,n; € N (j = 1,...,k). The symmetric

outer product of z!, ..., 2" is defined as
1
1o, .. E_ — (1) ... n(k)
r © Gz = 7l Z x (%9 KRz .
TESE

Example 3.19. Let n = 2 and take z = (0,1)T,y = (1,2) " € R2. Then we
have

e-jieererea=(19)+(31) (3 1)

Remark 3.20. (a) From the definition of the symmetric outer product, it
is clear that it is commutative, i.e. for all x,y € K", we have xOy = yO=x.
(b) Forz!,...,2* € K", we have 2! ® ---®@ 2% € T¥ and 2! © - - - © 2% € SF.
(c) The outer product of a vector x € K" with itself is the same as the
symmetric outer product, i.e. t @ =z O T.
(d) For z € K" and k € Ny we write 2% := 20 --- © x.
—_——

kx

Our next goal is to see that the set 7% = T*(K") of tensors (of order k)
can equivalently be defined as the set of multilinear functions f: (K™)* — K
as in [20, Section 3.1].

Definition 3.21. A function f: (K")¥ — K is called multilinear if it is
linear in every component, i.e. for all i € {1,...,k},z',..., 2% 3" € K” and
A, u € K, we have

f<a:1, oot a4 oyt 2t ,xk>

_ 1 i—1 i i+l k 1 i—1 i i+l k
—)\f(as,...,ar ,x',x ,...,x)—}—uf(x,...,x Y, T ,...,x).
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Further, f is called symmetric, if it is invariant under permutations of its
arguments, i.e. for all 2!, ..., z¥ € K and all permutations 7 € Sy, it holds

f(ml, .. .,xk> = f(:c”(l), . .,xﬂ(k)) .

Definition 3.22. For a tensor T' = (le’“"jk)
k, we define the associated function

€ T*(K) of order

J1yeJk=1,...,n

fro RS K (2. df) e Y0 Tk gk o (2)
jl7"'7jk:17"'7n
Example 3.23. For k = 2, we know that a tensor T' € T?(K) is just a (real
or complex) n X n matrix, i.e. T € K"*". Hence, we have in this case
fr: K" x K" = K, (z,y) — 2 Ty.
Proposition 3.24. The mapping
TH(K) — {f KMYW -K: f multilinear} = fr

1s welldefined and bijective. Further, T is symmetric if and only if fr is
symmetric.

Proof. Let T = (le“"’j’ﬂ)j1 inetlm € T* be an arbitrary tensor and con-

sider the associated function fr: (K")* — K as in (2). We want to show
that fr is multilinear. Therefore, let i € {1,... k},z1,..., 2, € K" y" € K"
and A, p € K be arbitrary. Then

fr (:cl, O L VL N VL L ,xk)

_ Groedigl il (g Py it Lk
- Z T Ly Ljiy ()\xﬁ + M?/ﬁ) sz‘+1 T3y,

Jis-njk=1,...,n

— . EER [ S
= A Z T T Ty
jl?"':jk:17"'7n
. LR L S LT T s S
+u Z T Ly xji—1yjz‘wj¢+1 L jie

jl)'“:jkzlw“vn
_ 1 k 1 i—1 ¢ i+l k
—)\fT(J:,...,x)+ufT<x7...,x TN ,...,:E).

This shows that fr is multilinear. On the other hand, let f: (K")* — K be
an arbitrary multilinear mapping. We show that there is a tensor T € T*
such that f = fr.

Let ¢/ € K" be the i-th unit vector. For ji,...,j, € {1,...,k} arbitrary,
define

T = f (el ).

Then T = (le”'jk)j1 je=lm € T*(K) is a tensor of order k.

To show: f = fr.
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Let 2° € K® (i = 1,...,k) be arbitrary. Then the multilinearity property
yields

n n
1 k 1 ki
f<$,...,:n):f E :L“Z»e,...,g x;e
i=1 i=1
n n
7§ E Lok J1 Jk
= T Ty, (e yee,€ )

a=l =1

Z TR | ko_ 1 k
— T]l ]kle...xjk_fT<{E7...7ﬂf>-

Jis-njk=1,...,n

Further, since 771" = fp (ejl, . ,ejk), T is the unique tensor with the
property f = fr. This shows the first part of the claim. The second part
follows easily from the definition of fr. Therefore, let z!, ..., zF € K" and
m € S be arbitrary. Then

fr (xm), . 7x7r<k>> D D R

jla"'vjk:zlz"'vn

M, m® _ g

. . . T :
Since T'is symmetric and ;" - -~z = demty " Tipm1gy W CAI rewrite
this as
fr (x”(1)7 e ,x”(k)>
_ Ir=1(1)" Tn—=1(k) ;1 ook
Z T erlu) xjrl(k)
JiseJk=1,...n
_ Jn=1(1)" " Tr=1(k) o1 coogh
Z T meflu) mefl(k)

jwfl(1)7~-~’j.,r71(k):1:~~7n
:f(xlv s 7xk)7

Hence, fr is symmetric. On the other hand, if fr is symmetric, we have by
definition of fr for all ji,...,jx € {1,...,n}

Titdk — fr (€j1’ o ’ejk) = fr (ejr(n’ o 7ejw(k)) — Tjﬂu)..‘jﬂ(k),
i.e. T'is symmetric. This shows the claim. O

In addition, we have another equivalent characterization of tensors in
Proposition 3.26, which is stated without proof in [12, Section 2.3]. There-
fore, consider the following definition.

Definition 3.25. A function
(K'® oK' -5 Kot e @2 =l e @),

is said to be linear in the outer product if for all z!,..., 2%, 4!, ..., y¥ € K*

g((xl(@...@xk) + (y1®---®yk>)
= 0 (e gty )

g(xl(g;...@xk)_|_£(y1®...®yk>'
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Note that it also holds 2! ® -+ - © zF e K" ® --- @ K" for all z!,...,zF €
R™. Hence, the term ¢ (ml ORERXO) :ck) is well defined. For this reason, we
say that ¢ is linear in the symmetric outer product if for all z!,..., ¥,

y17”‘,yk€Kn
e((xl@--.@mk)+(y1@...®yk))
:€<w1®~--®wk>—i—ﬁ(yl@...@yk).

Proposition 3.26. The mapping T — fr (T € T*(K")) gives a bijection
between the set T* of tensors of order k and the set of functions

L K'®--- K" = K, x1®--~®xkr—>€(1‘1®~-®mk),

that are linear in the outer product. Further, if T € S* is symmetric, fr is
linear in the symmetric outer product.

Proof. It is clear that for any tensor 7' € T*, the associated function fr
defined in (2) is linear in the components of z' ®@ --- @ z* (z!,...,2F € R")
and hence linear in the outer product.

On the other hand, let £: K" ® --- ® K" — K be linear in the outer
product. But then ¢ must already be of the form

L:K'® - K" = K,

x1®~~®xkr—>f(x1®---®xk): Z fjl""’jk:c}l"ﬂ??k,

TV TS T
where 71k = {(e/' @ --®¢e*) and €/ is the j-th unit vector. This uniquely
defines a tensor Ty = (H/19k); 5 n € Tk such that fr,(x!,... k) =
((2'®---@aF) for all 2!, ...2F € K.

For the second part of the claim let T = (le’“"jk)jl ieetl.m € Sk be
symmetric. Then we have
1 k
fr(x ... z%)
_ g1 Jk ol Lk
- Z T Tj, Ljy
jl:"'mjk:lv"»n
= Z 1 Z Tiny=dntky | g1 ...k
- k! ! Jk
Jiyendk=1,...;n TESE
Tesk g 1 1 k
€5 Jiede | Lk
- Z r Kl Z Liry " Lirry
JiseJk=1,...n mES
_ Z I gk (ml oo xk’> ,
jl:"'mjk:lv"»n
which shows the claim. O

Note that we can write an arbitrary quadratic form p(x) € H,, o always
as p(x) = x " Apx for some symmetric matrix A, € R™" ie. A4, € S?(R").
This can indeed be generalized to forms of arbitrary degree.
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Hence, our next goal is to show that there is a one-to-one correspondence
between the set H,, ;, of homogeneous, real polynomials of degree k and the
set S¥(R™) of symmetric, real tensors. This is stated without a formal proof
n [12, Section 2.4]. Before stating that theorem, we need the definition of
the generalized binomial coefficient.

Definition 3.27. For £ € N and o = (a1,...,a4) € {1,...,n}¢ such that
Zle a; = n, we define the generalized binomial coefficient

o a1, ...,0p aq!- oyl

Remark 3.28. For / =2 and aq, a2 € {1,...,n} such that a1 + as = n we
have as = n — a1 and hence (Oq"aQ) = (C:Ll) = (;2) is the regular binomial
coefficient.

Theorem 3.29. There is a linear bijection ¢: Hyj — SER™),p = T,
between the set H,j of homogeneous, real polynomials in n wvariables of
degree k and the set S¥(R™) of symmetric, real tensors of order k.

Proof. The tensor T, corresponding to a form p € H,, . is defined in (3)—(5)
of this proof via the coefficients of p.

Let p = Y. DPax™ € Hyy be an arbitrary real form. By writing
aeNY |al=k
each monomial of degree k as the product of k single variables, the form p
can equivalently be written as

p= Z PR X (3)
F1redk =1,
for some p/t" 7% € R, j1,...,5k € {1,...,n}. We want to choose the new’
coefficients p?1+Jk such that they are invariant under permutation of indices.
Therefore, let & € Njj s.t. |a| = k be arbitrary. We want to count the number
of possible choices of indices ji,...,jr € {1,...,n} such that x;, ---x;, =
x%. There are exactly

k k—Oél k—al—---—an_l

() (07770
K B k [k
Carlap! (al,...,an) N (a>

different choices ji,...,jr € {1,...,n} such that for each i € {1,...,n}, it
holds o; = #{¢ € {1,...,k} : jo = i}, which means precisely x;, ---x;j, =
x%. Hence, we can define

() ()

for ji,...,7k € {1,...,k} arbitrary, where a € N is again given by a; =
#{le{l,... )k} jy=i} foralli e {1,...,n}.

The coefficients p* ¢ are now invariant under permutations of the indices
Jis--yJk €{1,...,n}. To see this, let m € Sy and j1,...,j, € {1,...,n} be
arbitrary. Choose o € Njj such that for each i € {1,...,n}, we have

ai:#{ﬁe{l,...,k}:jg:i}.
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Since 7: {1,...,k} — {1,...,k} is a bijection, this is the same as writing
i = #{m(l) € {1,...,k} : jr) =i} Again, since 7 is bijective, this is just
the same as counting the number of £ € {1,...,k} such that j ) =1, i.e.

o =#{Le{l,... k}: jrp =1}
This shows

-1
j;jl”‘jk _ <k> Do = ﬁjw(l)"'jﬂ(k)
o

Further, note that the coefficients p7tJ% are uniquely determined by (3)
and the property of being invariant under permutations of indices since for
a € Nj, |a| = k we must have

o = > e,

Tk €41, n}ixgy o, =X
We conclude that
k RPN 7 JORN )
¢o: Hyp — S"(R"),pr> T, = (571 ]k)j1:1,...,jk:1 (5)
is welldefined. Further, by the choice of the components p/t»J% in (4) as
coefficients of the polynomial p in (3), we know that ¢ is linear.
On the other hand, consider the mapping

¢Z Sk(Rn) — Hn,ka
§ = (sl Sps() = Y i,

J1=1,ejk=1
J1reerji =1,

Clearly, it holds ¥(S) = ps(x) € H, for all S € S¥(R") and hence the
mapping is welldefined. From (3) and the definition of ¢ and v, we also
know that 1 (p(p)) = p for all p € H,, 1, i.e. v = ¢~ L.

For S € S¥(R"), we know by the symmetry of S that the components of
S are coefficients of ¢(S) € Hy, j, as in (3) that are invariant under permu-
tations. As before, coefficients of a form with those properties are unique,
which yields that p(¥(S)) = S. Hence, we can deduce that ¢ is bijective,
as desired. O

Remark 3.30. Analogously as in Theorem 3.29 one can see that there is
a bijection between complex forms in n variables of degree k and the set
Sk(C™) of symmetric, complex tensors of order k. However, Theorem 3.29
is stated in a real setting since we are interested in investigating the sets
Py, 24, X0 24 and C), 94 of real forms.

The one-to-one correspondence from Theorem 3.29 allows us to introduce
a biform associated to a polynomial p € H,, ;. This biform will be used in
the formulation of generalized Cauchy—Schwarz inequalities in Section 4.

Definition 3.31. Let k = 2d € N be even. For p € H,, ;, we call the tensor
T,(R") € S* as in Theorem 3.29 the (symmetric) tensor associated to p.
Further, we define the biform @, associated to p as

Qp: R" xR" = R, (z,y) = Qp(z,y) = fr, (z,...,2,9,...,y )
dx dx
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For simplicity, we write

Qp(xvy) = pr(Xa"'7X7y7"‘7y)'

Example 3.32. Consider again a quadratic form p € Hy,2 and let A, €
R™ " = T2(R") be such that p(x) = x" Ayx. In this case, the tensor T}
associated to p is given by T}, : R" x R" — R, T,(z!,2%) = (2!)T 4,22
Hence, this coincides with the biform associated to p, which is given by
Qp:R" xR" - R, Qp(x,y) =2 Ayy.

Remark 3.33. Let T € T*(R") be a tensor. Of course, we can also define

fr: (CH* > C, (..., 2% — Z le"'j’“:le-l . xé“k
Jiyenjk=1,...,n

for complex vectors. As before, it can be seen that fr is multilinear. If
T is in addition symmetric, i.e. T € S¥(R™), we have Q,(z,2) € R for all
z € C™. This follows directly from the linearity of fr in every component.

The quantity Q,(z, Z) will come up again in the generalized Cauchy—Schwarz
inequalities in Theorem 4.3.

The next goal is to show that the following polarization identity formu-
lated in [12, Section 2.4] holds. It is indeed an easy corollary of what we
have seen so far.

Theorem 3.34 (Polarization Identity). Let p € H,} be arbitrary and
T, € Sk(R™) be the associated symmetric tensor. Consider the associated
multilinear functional fr,: (R")* — R. Then we have

Ve e R" :p(x) = fr,(z,...,2), (6)
which can be written as p(x) = fr,(x,...,x).

Proof. This follows directly from the definition of the associated tensor 7},
in (5), the definition of the associated functional fr, in (2) and the repre-
sentation (3) of the form p via the coefficients p/t++7%. Indeed, we have

5)&(2 : : 3
Jo. (... ) (5)&(2) S e, @) ().

Ji,nJk=1,...,n

O

Corollary 3.35. Let p = > paXx® € Hy i be arbitrary. In the situa-
aENY |a|=k
tion of Theorem 3.34, we have

k
Va6N8,|a|:k:pa:< )pr(el,...,el,...,e",...,e”),
« — —

a1 X On X
where et € R™ is the i-th unit vector.

Proof. Let o € N{J,|a| = k be arbitrary. Let ji,...,5x € {1,...,n} be
arbitrary such that for each i € {1,...,n}, we have a; = #{¢ € N: j, = i}.
Note that this choice of jy is not unique!
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By definition of the multilinear mapping fr, in (2) we know that

1 1 n n Lolenen GO ~elinem
pr(e,...,e,...,e,...,e ):Tp =D ,
—_———
a1 X Qan X
where at Tpl”'l“'"“'” and p 17" we have a;-times the indexi (i = 1,...,n).

Since T, is symmetric, this is equal to 1k Hence, we can deduce by
(4) that

I E\ !
pr(el,...,el,...,e”,...,e"):pﬂ"']’“@<) Pa-

(07

Rearranging shows the claim. O

Remark 3.36. As already mentioned in Remark 3.30, the results of Theo-
rem 3.34 and Corollary 3.35 can also be stated for complex forms. However,
for our purposes it suffices to work in the real setting.

Convention 3.37. For simplicity, from now on we no longer distinguish
between a tensor T' and its associated function fr.

3.3. Hilbert Space Representations of Linear Functionals on H, 4.
The goal of this section is to show that H,, 24 can be equipped with an inner
product (-,-) called the Fischer inner product, such that (Hy 24, (-,-)) is a
Hilbert space. In addition, we find a representation of the (algebraic) dual
of Hy, o4 as differential operators.

We start with recalling some basic definition of Functional Analysis. For
more details, check e.g. [10, chapters 11-19).

Convention 3.38. For the rest of this work, let K € {R,C} be arbitrary.
Furthermore, write z for the complex conjugate of a complex number z € C.

Definition 3.39. Let V be a K-vector space. An inner product on V is
a mapping (-,-): V x V — K such that the following holds :

(1) Yu,v,w e VVA\pe K: (Au+ pv,w) = Au,w) + p(v,w) (linear),
(2) K= R: Yu,veV:(uv)=(v,u) (symmetric),

fK=C: Vu,veV:(u,v) = (v,u) (hermitian),
3) VoeV:(v,v) >0A((v,v) =0<=v=0) (positive-definite).

A norm on V is a mapping ||-|| : V' — R>q, which fulfills the following

(1) Yo e VYA e K: || M| = |A] - |Jv] (positive homogeneous),
(2) Yu,v € V: |lu+ v < ||lul| + ||v] (triangle inequality),
B) VeV |v|=0<=v=0 (positive definite).

Example 3.40. (a) If V = K" and @ € R™™"™ is positive definite, an inner
product on V is given by

(,): VxV =K (z,y)g = ' Qy.
(b) For @ = I, the identity matrix, we obtain the Euclidean inner product
denoted by (‘7 ‘)2 = (’7 ‘)In'
(c) More general, every finite dimensional K-vector space V' (n = dimg V)

has an inner product. Therefore, take a basis B = {bt,...,b"} of V and
define (-,-): V. xV — K via (b',0) = 0;; for all 4,5 € {1,...,n}. Note
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that an inner product on V is uniquely defined by its values on a basis
of V.

Remark 3.41. Let (V,(-,-)) be a K-vector space equipped with an inner
product (-,-): V' xV — K. Then we can define a norm on V called the norm
generated or induced by the inner product via

=V = R, flof| = v/ (v, ).

As the next step, it can be seen how an inner product on H, >4 can be
defined.

Definition 3.42. The Fischer inner product on H, 54 is defined via
()1 Hp2a X Hp2a — R, (p,q) = p(0x1, . ..,0%,)q, (7)

where p(0x1,...,0x,) is the differential operator obtained from p by re-
placing all variables x; with the partial derivatives 0x; (i = 1,...,n). The
expression p(0xi,...,0x%,) - q is then defined as the differential operator
p(0x1,...,0%,) applied to q.

Remark 3.43. (a) Let o, 8 € Njj be arbitrary such that || = |3]|. Then
we have

Oxy -+ Oxy - 0%y - - 0%y XP =0x{* - - .axgnxﬂ

{0, if o # ®

ar!---ay!, else

(b) Using (8), the Fischer inner product (p, ¢) of two forms p, q € Hy, 24 may
also be expressed in terms of the coefficients of p and ¢q. Therefore, we

write p = > PaX®, q = > GaX*, where pqy, go € R. Then
€Ny Ja|=2d a€eNY Ja|=2d
we have

gy = D padx® 0%, | Y gpx”

a€NG, |a|=2d BENG,|B|=2d
(®)
= Z arl - ap!Pada (9)
a€Ny |a|=2d
2d\
=@d)! > <a> Pada-
€Ny |al=2d

Remark 3.44. Using the expression of the Fischer inner product in (9), it
can easily be seen that it is indeed an inner product. Linearity can be de-
duced by using (A1p1+A2p2)a = A (P1)a+A2(p2)a for all A, Ao € R, p1,p2 €
H,, 24 and o € N, || = 2d. The symmetry follows since (8) is symmetric in
the coefficients pq, ¢o of p and ¢. Further, it is positive definite since p2 > 0

for all a and {p,p) = 0 if and only if p2 = 0 for all «, which is equivalent to
p=0.

Hence, we also have a norm on H,, 94 induced by (-,-). Next, we recall
the concept of completeness of a normed vector space.
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Definition 3.45. Let (V,||-||) be a normed K-vector space, (v,)neny €V a
sequence. Then (v, )peny C V is called a Cauchy sequence if

Ve >03IN eNVn,m>N: v, —vp| <e.
The sequence (v, )neny € V converges to some v € V if
Ve>03IN eNVn>N: |v, —v] <e.

Further, (V,||-||) is said to be complete if every Cauchy sequence in V'
converges to some limit in V. In this case, (V,]||) is called a Banach
space.

If (V, (-,-)) is a vector space with inner product such that V' together with
the induced norm is complete, it is called a Hilbert space.

It is a standard result of functional analysis that all finite dimensional
normed vector spaces over K are complete. This can for example be seen by
studying the norms on finite dimensional vector spaces.

Definition 3.46. Let |||, , |||, be two norms on a K-vector space V. Then
the norms ||-||, |||, are said to be equivalent if the following holds:

Im, M >0V eV mvll, < vlly < Ml .

Remark 3.47. From [10, Bemerkung 13.6] we know that equivalent norms
induce the same topology.

Theorem 3.48. Let V be a finite dimensional K-vector space. Then all
norms on V are equivalent.

Proof. [10, Satz 13.12]. O

As a consequence, all normed finite dimensional K-vector spaces are com-
plete.

Corollary 3.49. Let V' be an arbitrary finite dimensional K-vector space
with norm ||-||. Then (V,|-]|) is complete.

Proof. From Theorem 3.48, we know that all norms on V are equivalent.
Hence, Remark 3.47 yields that V' has a unique topology induced by a
norm. Since (K", ||-||;) is a Banach space (see [10, Beispiel 12.4]) and V'
is isomorphic to K™, this shows that V' is complete as well. O

Since every finite dimensional K-vector space has an inner product and
hence an induced norm, we now know that every finite dimensional K-vector
space is complete.

Corollary 3.50. The set Hy2q of forms in n variables and of degree 2d
equipped with the Fischer inner product (-,-) is a Hilbert space.

Proof. This follows directly from Corollary 3.49 since H,, o4 is finite dimen-
sional. 0

Definition 3.51. Let V be a finite dimensional K-vector space. Then we
call the unique topology induced by a norm on V the Euclidean topology.
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Our next goal is to express linear functionals on H,, o4 via differential op-
erators. The key ingredient to do so is the Riesz Representation Theorem
for Hilbert spaces. Before we state the theorem, the definition of the (alge-
braic) dual of a vector space V' is recalled. In our setting it suffices to study
finite dimensional vector spaces, which is why we do not need to distinguish
between the algebraic and topologic dual.

Definition 3.52. Let V be a (finite dimensional) K-vector space. Then the
(algebraic) dual V'V of V is defined as

VY ={p: V= K: g is linear}.

If V' is in addition equipped with a norm ||-[|;; : V' — R>q, we define the
operator norm (see [10, Def. 13.2]) on V'V as

Vx
v VY = Roos v = sup g ).
cev\(oy 12l zev\foy, el =1

Remark 3.53. If V is a K-vector space, so is the dual V'V, where addition
and scalar multiplication are defined in a canonical way.

Theorem 3.54 (Riesz Representation Theorem). Let H be a finite dimen-
sional K-Hilbert space with inner product (-,-): H x H - K and { € H" a
linear functional. Then there exist an hy € H such that

Ve € H : l(x) = (x, hy). (10)

Moreover, the mapping Iries,: HY — H,{ v+ hy is a bijective isometry and
conjugated linear, i.e.

Ve, by € HY VA1, X2 € K TRiesz (A1l + A2l2) = A TRiesz(€1) + M2 IRiess (£2),
vee H' o [l v = Riesz () -
Proof. [10, Satz 12.24]. O
The Riesz Representation Theorem yields in particular the following.

Corollary 3.55. If V is a finite dimensional K-vector space, then so is
the dual VV and the dimensions coincide. In other words, in the finite
dimensional case a vector space and its dual are isomorphic.

Corollary 3.56. Let { € HY,, be an arbitrary linear functional on Hy, o4.
Then there exists a py € Hy, 24 such that

Vg € Hy 24 : £(q) = pe(0%1,...,0%y)q.
Further, the mapping H;L/zd — Hy, 24,0 — pg 1s one-to-one.

Proof. This follows directly from Theorem 3.54 using the symmetry of the
Fischer inner product. (]

An important class of linear functionals on H,, o4 are tensor evaluations,
which are studied in the following lemma.

Lemma 3.57. Let z',...,2%% € R™ be arbitrary and consider the linear
functional £ € H) ., given by

(: Hpog— R,p—L(p) = Tp(xl,...,de).
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Further, let q € Hy, 24 be as in the Riesz Representation Theorem 5.54 such
that

Vp € Hy a4 : L(p) = (¢, p) = q(0x1, . ..0xy)p. (11)

Then
1

q(0x1,...,0%,) = (Td)'ﬁml -+ Op2d. (12)

Proof. Note that in (12), 0x; is the partial derivative with respect to the
variable x;, whereas 0, is the directional derivative with respect to z° (i =
1,...,2d) (see Definition 2.7). Further, Theorem 3.29 tells us that ¢ is indeed
linear, i.e. £ € H,.

In the following, we show that ¢ as in (12) fulfills (11). The claim follows
then by the uniqueness in the Riesz Representation Theorem. Therefore, let
p € H,, 24 be arbitrary and write

o a 17 J2d < . .
b= § PaX" = § 7 X1 Kjags
a€eNp |al=2d J1yej2da=1,...,m

where the coefficients p/172¢ € R are defined as in (4). The multilinear map

o NPy, . 2d
T, = (7" ]Qd);a:l?n:hd:l' (R")™ — R
evaluated at z', ..., 2%¢ is given by
2d j1-jad .1 2d
Tp(x',...,a*) = > prigl a2 (13)

jl:"'7j2d:17~~~9n

On the other hand, ¢(0x1,...,0x24) as in the claim applied to p leads to

Q(axlv o )8X2d)p

..., T
= D a(0x1,. 0% X, - Xy, (14)
=1, j2a=1
n,...,n 1
= Z Wazl a 'aﬁdﬁlmhdxﬁ T Xog-

J1=1,...,j2¢=1

Hence, it suffices to evaluate expressions of the form
q(0x1,...,0%,,)Xj, -+ - Xad,
where ji,...,j2¢ € {1,...,n}. Using the formula (1) for the directional
derivative of a polynomial in Proposition 2.10 reveals
q(0x1,...,0%2q)Xj, -+ Xog = (2161)!8271 ERNoETS SHERED &
o 1

= Waml S ; 2290%; (Xj, - - Xjy,)

1 d
=75 Z 56}1 e '33?20! (8Xi1 o 'axizd) (le e 'Xj2d) :
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The expression (0x;, - - - 0%y, ) (X, - - - Xj,,) is nonzero if and only if for some

permutation o € Sag, we have (ig(1), .- -,ix24)) = (j1,---,J2a)- In this case,
(0%, -+ - 0%y, (X5, -+ Xj,,) = 1. We deduce
2d
Q(axh ce )8x2d)xj1 T Xad = 2d | ZS: Jo1) m]a(Zd) (15)
0€52d

Using (15) in (14) shows

Nyeeny

(14) e
q(0x1,...,0%2q)p = Z q(0x1,...,0%q) P’ "72x, - - - Xoq
j1:17"'7.j2d:1
N,y
LR SR (R R
2d ' JG‘(I) Jo(2d)
J1=1,....52q4=1 o€S2q

> S e,
2d | ]o‘(l) .70(2d)

0€8S2q j1=1,...,524=1

The coefficients p7'"/2¢ are invariant under permutations of the indices,
which means in particular p’t"J2¢ = ple)"Jo2d) for all o € Syy. Hence,
we have

(1) Jo 1 2d
q(0x1, ..., 0%2q)p = 2d B Z Z o) COL; e

0€S82q J1=1,...,J24=1
MNy...y,

o) Jo(2d) oL ... .2d
le Z Z ]37 xjo'(l) ‘TJ«(zd)

0€824 Jo(1)=Ls--Jo(2a)=1

Ny...y

i1-jod .1 2d
(2d)! Z PRl g2

J1=1,...,j2q4=1

1
- 2d)!

(13)
= T,(z',...,2*%) = L(p).

The claim follows by the uniqueness in the Riesz Representation Theorem
(Theorem 3.54). O

Remark 3.58. Lemma 3.57 can also be formulated in an analogous way
for complex vectors z!,...,2%¢ € C", where we consider linear mappings
0: Hyoq — C. Note that if 2 = x + 1y € C" is complex, we have for the

directional derivative of a polynomial p

8Zp(i)Vp 2=Vp-x+iVp -y = 0zp+ i0yp

and hence 0, = 9, + idy.
There are some special tensor evaluations, which are of particular interest.

Example 3.59. (a) Point evaluations: Let x € R™ be arbitrary and con-
sider the point evaluation at x given by evy,: Hp29 — R,p — p(x).
Clearly, ev, € HY n.2d 18 linear. Further, by polarlzatlon identity (6) we
know that for all p € H, 94, we have ev,(p) = p(z) = Tp(z,...,x).
Hence, by using Lemma 3.57, we deduce that the linear operator asso-
ciated to evy is @@%d.
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(b) Complex point evaluations: As mentioned in Remark 3.58, it can be
deduced analogously as in (a) that if z = x + iy € C™ is complex with

x,y € R", the evaluation at z, ev, corresponds to ﬁaﬁd. Since 9, =

Oy + 10y, this can be written as @é@d = ﬁ (02 + iﬁy)Qd.
(c) Evaluations of bivariate form @,: Let x,y € R"™ be arbitrary and con-

sider the mapping

EVey: Hn,Qd - R,p— Qp(x,y).
We know by Theorem 3.29 that this is linear, i.e. ev, , € HT\L/’M. Further,
since evyy(p) = Qp(z,y) = Tp(z,...,z,y,...,y), Lemma 3.57 tells us
—_——— ——
dx dx
that the operator associated with ev, , is given by @8583.
(d) Complex evaluations of bivariate form @,: As in (c) consider the linear
functional

€V z: Hn,Qd - R,p— Qp(zv 2)'

Note that by definition of @, (-, -) and the multilinearity of T},, we have
Qp(2,2) €R for all p € Hy 4, i-e. evyz € HY ;. Analogously as in (c),

the differential operator corresponding to ev, z is ﬁﬁg@g. Now write

z = x+1iy, where z,y € R™. Since 0, = 0, +10y, 0; = 0, —i0, (compare
(b)), the operator corresponding to ev, z is ﬁ(@g + 3§)d.

The following two examples will play a role in Section 4.2.
(e) Combining (a) and (c), we know that the differential operator corre-
sponding to L4 € HT\L/’M, A > 0 defined as

La: Hpog — R, La(p) = Alp(e") + p(e?)) — 2Qp(e’, €%)
is given by
1

£a= G (A (8x2d n 8y2d> - 2axdayd) :

f) Consider the differential operator L € HY,, given by
n,2d
Lp: Hyoq — R, Lp(p) = BQy(e! +ie* e' —ie?) — Re(p(e! + ie?)).

Analogously as in (d), £ can be written as a differential operator as

Lp= (21d)' (B (0x* + 8y2)d —Re ((8){ + iay)Qd)) .

3.4. Convex Cones and their Duals. For studying the sets C,, 24 of con-
vex and X, o4 of SOS forms, it is important to understand their structure
as convex cones. Therefore, in this section we first introduce some basic
definitions including convex cones as well as convex and conical hulls of sets
of points. Those definitions among further details can for example be found
in [8, Section 2]. Afterwards, we see an important result that goes back
to [31], which helps us to write convex cones as conical hull of some of its
points. This will be used in Section 5. We further introduce the duals of
convex cones, which will help us in Section 4 to obtain constants for some
generalized Cauchy—Schwarz inequalities.
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Convention 3.60. In this section, V is always a finite dimensional R-vector
space.

Definition 3.61. A subset C' C V is convex if it is closed under convex
combinations, i.e.

Ve,yec CVA€[0,1]: Xz+(1—-NyeC.

Definition 3.62. A subset C' C V of V is a cone in V, if it is closed under
the multiplication with nonnegative scalars, i.e. for all ¢ € C' and all o > 0,
we have ac € C.

Remark 3.63. A cone C C V in V is convex if and only if for all ¢,d € C
and a, 8 > 0, it holds ac + 8d € C.

Definition 3.64. A (convex) cone C' C V is closed if it is closed with
respect to the Euclidean topology (see Definition 3.51).

Remark 3.65. We know that the Euclidean topology on H), 54 is the topol-
ogy generated by any norm on H,24. Hence, topological properties like
being closed can always be verified by using the norm generated by the
Fischer inner product.

Definition 3.66. The convex hull of a subset S C V of V is given by

COHV(S):{Z)\iﬂﬂi:neNv\iZO;%iGS(iZI,...,n),Z)\izl}_
i=1

i=1

Equivalently (see e.g. [31, Cor. 2.3.1]), the convex hull of S can be defined
as the smallest convex set containing S, i.e.

conv(S) = ﬂ C.

CDS convex

Further, the conical hull of S is

cone(S) = {Z)\ixi:nEN,)\i >0,z; €8 (i= 1,...,n)}

=1

Equivalently (see e.g. [31, Cor. 2.6.1]), the conical hull of S can be defined
as the smallest convex cone containing S, i.e.

cone(S) = m C.

CDS convex cone

Remark 3.67. From Definition 3.66 it is clear that the convex hull of a
set S is always contained in the conical hull of S, i.e. conv(S) C cone(S).
However, the conical hull is in general strictly larger than the convex hull.
Consider for example the convex and conical hull of two points z,y in R?:
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x x
Y Y

X X

convex hull conic hull (truncated)

Remark 3.68. In [29, Lemma 3.7 and Theorem 3.10] Reznick shows that
the sets P, 24, %24 and Cy, 94 are all closed convex cones in the finite di-
mensional R-vector space H,, 24.

Next, we introduce the notions of extreme points, directions and rays of
convex cones. Those are all defined in a more general sense for convex sets
instead of just convex cones. For more details, the reader is referred to [8,
Section 2.6, 2.8.1] and [31, Section 18].

Definition 3.69. Let C' C V be a convex set. A point z € C' is an extreme
point of C if it cannot be written as a strict convex combination of two
distinct points in C, i.e.

Vy,z€e CVA€(0,1): 2= y+(1—-XN)z = z=y ==z
Proposition 3.70. Let C C V be a convex cone. Then the only extreme
point of C' is the origin.

Proof. This is trivial since we can write every 0 # x € C' as a strict convex

combination x = %y—k %z, where y := %a:, z = %:c € (' since C'is a cone. [

Since extreme points are not of much use in a convex cone, one starts to
look at half lines emaninating from the origin that again may not be written
as strict convex combination of two other half lines. This leads to extreme
rays as in [31, Section 18] or [8, Section 2.8.1].

Definition 3.71. Let C C V be a convex set. A ray of C is a subset R C C
of the form R = {udr : p > 0}, where ég € V\{o}. A ray R of C is an
extreme ray if it cannot be written as a strict convex combination of two
other rays, i.e.

V61,02 € V\{o} VA € (0,1) :
R = Mpby: p=0f+ (1= AN){pd2: p >0}
= R ={pd:pu>0}={uds:pn>0}

Instead of a whole ray, it can be useful to only consider the directions of
a cone C'. In that context, a direction being extreme leads to conical com-
binations instead of convex combinations since directions are geometrically
invariant under scaling with positive scalars.
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Definition 3.72. Let C C V be a convex set. A vector 6 € V\{o} is a
direction of C' if Rs = {ud : p >0} C C. If § is a direction of C and R a
ray of C' such that R = Rs, we say that § spans R.

A direction § of C' is an extreme direction if it cannot be written as
strict conical combination of elements in C, i.e.

Vd1,090 € C\{O} Yy, pe >0 0= #151 —I—,u252 = 01,09 € {ué > 0}.

Remark 3.73. A direction 6 € C\{o} of a convex set C' is extreme if and
only if the whole ray Rs spanned by § is extreme.

Example 3.74. Consider the following convex cone C in R?, where

e the origin o is the only extreme point of C,
® R1,R2,R3 are rays of C spanned by d1, do, I3, respectively,
e Ri,R3 are extreme rays and 01, 03 extreme directions, respectively,
e Ry is not extreme since it can be written as convex combination of
R1 and Rg,
e {, iIs not extreme since it can be written as conical combination of
(51 and 53.
C' (truncated)
R
(51 R2
62
y d3 Rs3

>

Further, we have the following canonical representation of convex sets as
convex hull of some of their points that can be found in [31, Theorem 18.5].

Theorem 3.75. Let C C V be a closed convex set containing no lines (i.e.
subspaces of V' of dimension 1). Let £ C C be the set of all extreme points
and extreme directions of C'.

Then C = conv(E) is the convex hull of £.
Proof. [31, Theorem 18.5]. O

For convex cones, we have the following corollary, which will be used in
Section 5 to characterize the cone of convex polynomials C), o4 inside the
SOS cone ¥, oq for (n,2d) = (4,4).

Corollary 3.76. Let C' C V be a closed convex cone. Then C is the convex
hull of its extreme directions.
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Proof. This follows directly from Theorem 3.75 since convex cones have no
extreme points beyond the origin by Proposition 3.70. U

Remark 3.77. From what we know, we can also deduce that a closed
convex cone C' is the convex hull of its extreme rays or the conical hull of
its extreme directions with a fixed length, i.e.

C = conv{d € C\{o} : ¢ is an extreme direction}
= conv{d € R : R C C is an extreme ray}
= cone {0 € C'\{o} : § is an extreme direction, ||d]| = ¢},
where ¢ > 0 is arbitrary.

Next, we introduce the dual of convex cones, which will be important in
Section 4 for optimization purposes when we try to obtain optimal constants
in the generalized Cauchy—Schwarz inequalities from Theorem 4.3.

Definition 3.78. Let C C V be a cone in V. Then its dual cone C* C V'V
is defined as

C*={{eVY|VeeC:lc)>0}. (16)

Remark 3.79. Let V' be equipped with an inner product (-,-): VxV — R
and C C V a cone. Using the Riesz Representation Theorem 3.54 it can
easily be seen that as in [5, Equation (2.19)] or [8, Equation (304)] the dual
C* can equivalently be defined as

C*={veV|VuelC: (uv) >0}

In Proposition 3.80 and 3.82, some well known result in the theory of dual
cones are collected without proof. For more details the reader is referred to
[5, Chapter 2].

Proposition 3.80. Let V be a finite dimensional R-vector space, C C V
a cone. Then C* is a closed and convex cone in V'V with respect to the
Euclidean topology, as V'V is finite dimensional by Corollary 3.55.

Hence, it makes sense to define the bidual of a cone.

Definition 3.81. Let V be a finite dimensional R-vector space and C C V
a cone. Then we define the bidual cone C** C V'V as

C*={veV|YeC :L(v)>0} (17)

Proposition 3.82. Let V be a finite dimensional R-vector space, C CV a
cone. Then C** C V is the closure of the convex hull of C. Hence, if C is
closed and convezx, then C** = C.

We already know that the conical hull cone(S) of a set S is always convex.
Further, by Proposition 3.82, we know cone(S5)** = cone(S) holds, whenever
cone(S) is closed. For this reason, consider the following criterion on cone(S)
to be closed.

Proposition 3.83. Let S C V be a nonempty, compact (i.e. closed and
bounded) subset of V' not containing the origin. Then the conical hull

cone(S) of S is closed.
Proof. [18, Proposition 1.4.7] O



35

In Remark 3.68, we have already seen that P, o4, %, 24 and C), o4 are all
closed convex cones in H, 94 (see e.g. [29, Thm. 3.10]). Hence, we have
in particular C’**Qd = C,24- Using this fact, we can get in Lemma 3.84 a
convenient representation of the dual C’:Qd, which is stated without proof
in [12, Section 2.6].

Lemma 3.84. Let n,d € N be arbitrary. Then it holds
Choa = cone ({lyy : v,y € R"})
where the linear function £y, € Hx,zdv x,y € R™ is defined via
Exy: Hn,2d — ]R,p = Exy(p) = yTV2p(x)y.

Proof. First, let x,y € R™ be arbitrary and take z,y € R™ such that it holds
z = |z|,,y = ||yll, y. For p € H, 24 arbitrary, we have

2 2d—2 ~ 2d—2
Coy(p) =y V2p(2)y = |3 1213257 V2 (@) § = yl3 12157 taz(p).
N—————
>0
This shows
cone ({fay : 2,y € B"}) = cone ({fay : 2,y € B, [lz], = lyll, = 1}).

Hence, it follows from Proposition 3.83 that cone ({{yy : z,y € R"}) is a
closed and convex cone.

For this reason, it suffices to show that cone ({{z, : x,y € R"})* = C), 24.
The claim then follows by taking the dual and applying Proposition 3.82.
Indeed, we have

cone ({lyy : x,y € R"})*

m
= { pE ngd ’ Ym € N V?ll)\i > O,xi,yi e R™: Z/\zgxzyz(p) > 0}
i=1
={p € Hypoq | Vx,y € R" : £(p) > 0}
=Un,2d,
where the last step follows by Definition 2.16 of C), 4. (]
In Section 3.3 we have seen that the elements of HT\I/’2 4 can be interpreted
as differential operators. Therefore, it is reasonable to look for a represen-

tation of C 5, in terms of differential operators. To do so, consider the
following result from [29, Cor. 2.10].

Proposition 3.85. For p € Hy, 24 and x,y € R" arbitrary, we have

2-2 , o, 2
Yy V2p(z)y = luy(p) = (2d Bl <<Zx Xz) (;y1x1> ,p>.

(18)
Proof. [29, Cor. 2.10]. O

Remark 3.86. Note that the factor on the right hand side of (18) differs
from the one in [29] since the author there uses a ’scaled’ Fischer inner
product (see e.g [29, Prop. 2.9]). However, since in Lemma 3.84, we are
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taking the conical hull of the linear functionals ¢,,, a positive scalar does
not change the hull.

Using Proposition 3.85, we can get a useful representations of C} ,,; and
in particular Cy ,,; which are stated without proof in [12, Section 2.6].

Corollary 3.87. Forn,d € N, it holds
C*

n

24 = cone {8%‘17285 VRS ]R"} .

Proof. This follows from Lemma 3.84 using the formula in (18), since for
z,y € R" and p € H,, 24, we have

(B (E) )

n 2d—2 n 2
= (Z SUz'aXz‘) : (Z yiaxi> p
i=1 i=1

Now write p = prlret2dx, X, where the coeflicients
11 12d
11,e02d=1,...,n

p/1d2d € R are the coefficients from the associated tensor T}, as in Theorem
3.29. Using (13) from the proof of Lemma 3.57, we can deduce that

n 2d-2 ;. 2
(Z xz.axi> . (z yiaxz-) o
=1 i=1

= E : Lj1 " Tjag_oYjsa—1Yjza

J1y-5J2d=1,...m

. Sy 2d . .. s
aX]l aX]Qd E : p Xiy XKigg

Ul,eyi2d=1,...m

This yields

n 2d-2 ; 2
< (Z $1X1'> (Z yixi> ap>
i=1 i=1
(13)

15-572d o . ) ) PR it
= E P’ Xj e y y Iy (z,...,2,9,9).
J1 J2d—2JJ2d—177J2d p ? y My d
. — ——
J17"'7]2d_ 7"'7” (2d—2)><

Finally, using Lemma 3.57, we obtain

n 2d—2 n 2
1 2d—2 o2
<<;xlxl> (;yzer) 7p> :Tp(x7"'7x7y7y) = Waz aypv

(2d—2) x

which shows the claim. O
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Corollary 3.88. Ford € N, it holds
C3 94 = cone {agd—Qag (XY € RQ}

= {Z(aiﬁx + Bi0y)* (vi0x + 6iy)*" 7+ i, By iy 6 € R} (19)
i=1
Proof. This follows directly from Corollary 3.87 using the definition of the

conical hull and formula (1) for the directional derivative of a polynomial.
O

4. GENERALIZED CAUCHY—-SCHWARZ INEQUALITIES

The Cauchy—Schwarz Inequality is usually stated in terms of inner prod-
ucts or equivalently by using positive definite matrices as in Theorem 4.1. In
Theorem 4.2, there is another, more general version of the Cauchy—Schwarz
Inequality, which is stated in terms of positive semidefinite matrices.

Further, in Section 4.1 we state at first in Theorem 4.3 a third version
of the Cauchy—Schwarz Inequality, which is formulated for convex forms. It
turns out that Theorem 4.2 is a special case of Theorem 4.3, which justifies
that we call Theorem 4.3 the Generalized Cauchy—Schwarz Inequalities.

Theorem 4.1 (Cauchy—Schwarz Inequality I). Let V' be a K-vector space
with inner product (-,-), K € {R,C}. For z,y € V arbitrary it holds

| y)| < lll - Nyl
Proof. 9, Satz 5.49]. O

In fact, we can also state Theorem 4.1 in a more general sense in terms of
positive semidefinite matrices, which is stated without proof in [12, Section
3.

Theorem 4.2 (Cauchy—Schwarz Inequalities II). Let Q € R™™ be positive
semidefinite. Then

Vo, y €R" 2" Qy < VaTQu-yTQy. (20)

Further, if x,y is a pair of complex conjugated vectors, the inequality re-

verses, i.e.
V2eC':2'Qz>V2TQz-2TQx. (21)

Proof. First, let x,y € R™ be arbitrary. Since @ is positive semidefinite
there is a Cholesky decomposition @ = LT L, where L € R™ " (see [32, Satz
4.30]). Hence, using the regular Cauchy—Schwarz Inequality from Theorem
4.1 shows
(2'Qy)* = (La)" - (Ly))* = (Lz, Ly) < || La|3 | Lyl)3
= (La)" La(Ly) Ly = =" Quy " Qy.
Taking the root on both sides shows (20).

Now, let z € C" be arbitrary. Write z = x + iy, where z,y € R™". We
have

2'Qz=(z+iy) Qz —iy) = 2" Qz +y' Qy. (22)
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Now take a look at the right hand side of (21). First, one can see that
V2'Qz- 2" Qz = |27 Qz|. Further, it holds
2'Qz=(z+iy) Qz+iy) =2 ' Qr—y Qy+i- 22'Qy .
—_—— ———
=Re(2TQz) =Im(zTQz)
This leads to
21Qz-2'Qz = ‘zTQz = Re(z' Q2)? + Im(2"Qz)?
= (z'Qz —y'Qy)* +4(z"Qy)?

= (z'Qx)? — 22" Quy " Qy + (v Qy)* + 4(z ' Qy)*
(QSO) (z'Qx)? — 22" Quy' Qy+ (y' Qy)* + 42" Qzy ' Qy

= (z'Qz +y'Qy)’
(2:2) (ZTQ2)2-
Again, taking the root on both sides shows (21). O

‘ 2

Theorem 4.2 should be kept in mind, while studying the Generalized
Cauchy—Schwarz Inequalities in the following section.

4.1. Formulation and Proof of the Generalized Cauchy—Schwarz
Inequalities. The goal of this section is to prove the following theorem.

Theorem 4.3 (Generalized Cauchy—Schwarz Inequalities). Let p € Cy, 24 be
an arbitrary convex form in n variables of degree 2d and @Qp: R" x R" — R
the associated biform. Then there are constants Ag, Bq > 0 that depend only
on the degree 2d such that the following holds

Va,y € R": Qp(z,y) < Ag- V/p(z) - p(y). (23)
Further, in the complex case, we have
Vz e C": |p(2)| < Bg- Qp(z,2). (24)

At first, we want to check that Theorem 4.3 is indeed a generalization of
Theorem 4.2. Therefore, consider the following proposition.

Proposition 4.4. Let Q) € R™™™ be symmetric and consider the correspond-
ing quadratic form pg(x) = X' Qx € H, 2. Then @ is positive semidefinite
if and only if pg is convez, i.e. pg € Cp 2.

Proof. This is trivial, since by the symmetry of () we have for the gradient
Vpo(x) = 2Qx and hence for the Hessian V2pg(x) = 2Q. Hence, pg being
convex coincides with ) being positive semidefinite. O

Remark 4.5. Note that the tensor associated to pg defined as in Proposi-
tion 4.4 is given by T,,: R" x R" — R, T, (z!,2?) = (2')TQa? (see The-
orem 3.29). Hence, the biform associated to pg is given by Qp,(z,y) =
' Qy (x,y € R"). For this reason, by using Proposition 4.4 it is clear that
Theorem 4.2 is just a special case of Theorem 4.3 where 2d = 2,p = pg and
the constants Ag, By are equal to 1. In Proposition 4.12 and 4.29 of Section
4.2 we will see that the smallest possible constants A, B; in Theorem 4.3
can indeed be chosen to be 1.
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Our goal is now to prove the Generalized Cauchy—Schwarz Inequalities.
Therefore, we first linearize inequalities (23) and (24) and then show that
it suffices to consider the inequalities in just two variables, i.e. for bivariate
convex forms.

For the first step, consider the following lemma, whose proof can be found
in [12, Section 3.1].

Lemma 4.6. Let p € Cy2q be an arbitrary convex form in n variables
of degree 2d and @Qp: R" x R" — R the associated biform. Further, let
Ag, Bg > 0 be arbitrary. Then p satisfies (23) with constant Ag > 0 if and

only if
Va,y € R": 2Qp(x,y) < Ad(p(z) + p(y))- (25)
Further, in the complex case p satisfies (24) with constant By > 0 if and
only if
Vz € C": Re(p(z)) < BaQp(z,2). (26)

Proof. We have to show that (23) is equivalent to (25) and (24) is equivalent
to (26), respectively.
(i) Claim: (23) < (25).
=" Assume that (23) holds. Let z,y € R™ be arbitrary. By
Young’s inequality (see e.g. [9, Satz 10.2]) we know that vab < “T‘"b
for a,b € R>g. This shows

20, (2,y) (2§3) 2 A /p @0 (o) :v(ac)vpg(y)z0 244 (W>
= Aa(p(z) +p(y)),

as desired.

7«<=": Assume that (25) holds and let z,y € R™ be arbitrary. If
Qp(z,y) is lower than or equal to zero, it is clear that (23) holds. If
p(y) is zero, then we obtain from (25) for an arbitrary € > 0

2:Qy(2,9) = 2Qp(eV2,y) < Ag (p (1) +ply) ) BT Aa? (o)),
Iy

Dividing both sides by € > 0 shows
2Qp(z,y) < Agep().

Since € > 0 was arbitrary, it can be deduced that Q,(z,y) < 0 and
therefore that (23) holds. An analogous observation can be made if
p(x) was zero. Hence, using p € P, o4 we can without loss of generality
assume that p(z),p(y) > 0 and Q,(x,y) > 0.

By (25) we know that for all A € R>g, it holds



40

(i)

Clearly, f(\) = Aap(y)A? —2Qp(z, y) A+ Agp(x) is a univariate polyno-
mial of degree 2. Hence, it has two possibly complex conjugated roots
A1, A2 € C. Further, we know that A2 can be computed via

ey [ (D) p@))”
M2 ) < < Aap(y) ) p(y) ) '
S——r ~~

>0 =:0

If the discriminant § was greater than zero, f(A) would have two dis-

2
tinct real roots and since § < (%) in particular two changes of

sign on R>(. This would contradict the fact that f(\) is nonnegative
on [0,00). Hence, we must have § < 0. Rearranging then shows that
(23) holds.
Claim: (24) <= (26).

=" This is trivial since for a € C arbitrary, it always holds

) < V/Re(a)? +Im(a)? = |af .
Hence, if (24) holds, then we have in particular for all z € C

(24)
Re(p(2)) < [p(2)| < BaQp(z, 2),

which is (26).

7<=": Assume that (26) holds and let z € C" be arbitrary. We know
that we can write p(z) = |p(2)| - €¥, where ¢ = arg(p(z)) € [0, 7).

We now want to choose a point Z = ¥z where v is chosen such
that |p(z)] = p(Z) and hence in particular [p(z)| = Re(p(2)).

This leads to ¢ = —35 = —%. Now we have
% peHn,zd 1
p() =p (e7H2) T2 o p(2) = Ip(2)].
Hence, we have in particular Re(p(z)) = Re(|p(z)]) = | (2)]. Further

one can see that e = cost) — isineg = cos(—1p) + isin(—1)) =
This shows

Qp (Z, ?) =Qp (eiwz,ewé) = ( )
= (&%)’ ( ) Qu(2) = Q= 2).

For this reason, using (26) for z leads to

[p(2)] = Re(p < Bay/Qp (2,Z) = Bay/ Qp(2, 2),

which is (24).
(]

Hence, to prove Theorem 4.3, it suffices to prove the two conditions (25)
and (26) from Lemma 4.6. We call those conditions linearized, since both
sides of the inequalities in (25) and (26) are linear in p. Recall that the
mapping H,, x — S¥(R™), p — T, is linear by Theorem 3.29 and so is p — Q,.

The next step is to show that it suffices to show the Generalized Cauchy—
Schwarz Inequalities in just two variables. A sketch of the proof of the



41

following lemma can be found in [12, Section 3.1], while details are added
in the following.

Lemma 4.7. Let Ay, By > 0 be arbitrary. Then condition (25) holds for all
convex p € Cy 94 and all n € N with constant Ag > 0 if and only if for all
bivariate, conver q € Cy 24 it holds

20, (.¢) < Aa(a () + (). (27)

Further, condition (26) holds for all convex p € Cy 24 and all n € N with
constant Bq > 0 if and only if for all bivariate, conver q € C o4, it holds

Re (q (e' +ie®)) < BaQq (e +ie?,e! —ie?) . (28)

Proof. Obviously, the conditions (27) and (28) are just special cases of (25)
and (26), respectively, where the number n of variables is two. Hence, if
(25) or (26) hold for all n € N, it is clear that (27) or (28) hold as well,
respectively. In the following, we show that the converse is true as well.

(i) Assume that (27) holds for all bivariate, convex forms. Let n € N and

p € Cp2q be arbitrary.

To show: (25) holds with constant Az > 0.

Let z,y € R™ be arbitrary. Define a bivariate form ¢ € Ra, 5] as
q(a, B) := p(ax + By). Clearly, q evaluated at the unit vectors leads to
q(e') = p(x), q(e?) = p(y).

Claim: It also holds Q,(7,y) = Qq(e!, ?).

On the one hand, we have

Qp($7y) :Tp(xa"'vxayw-'ay)

n n n n
=1, g xie,...,g acie,g yie,...7§ yie
=1 =1 =1 =1
2dx
_ . . ) i1 24
= g Tiy T Yig o Yisg - Ip(e™, ..., e")

1,0 ing=1,...n

— e . e Del2d
= § Liy LigYiqgia Yigg P 7777,

i1,ering=1,...n

where the last step follows by using Corollary 3.35 and formula (4)
for the permutation-invariant coefficients p**»-*2¢ of p. One the other
hand, it holds

Cor. 3.35 (2d\
Qqe',e®) =T, (e, ....et e, ...e2) 7= <d) Ad.d)»

where g(4 ) is the coefficient of ¢ that belongs to a?B?. By definition
of ¢, we have

q(a, /8) = p(aa: + By) = Z ﬁhm’im (O‘xil + BYiy) (O‘xizd + ByiQd)'

’il,...,igd:l,...,n



42

This leads to

Yay= Y prtd > 1 |
i1 yeensing=1,...m SC{1,...,2d},|S|=d |s€S  re{l,..,2d}\S
Let S C {1,...,2d},|S| = d be arbitrary and write S = {s1,...,s4},
{ri,...,ra} = {1,...,2d}\S. Define a permutation mg € Syq via
ms(1) = s1,...,m5(d) = sg,ms(d+ 1) = r1,...,mg(2d) = rq. Using
this, we obtain

d 2d
_ /\117 -1
qd.d) = Z Z H g (k) H Yirso
i1,..824=1,....,n \SC{1,...,2d},|S|=d k=1 {=d+1

Since the coefficients p'*»'2¢ are invariant under permutations of in-
dices, we further have

ddd) = Z Z prrsringCa . Hxlﬂsm H Yirsw

i1yeyizg=1,..n \ SC{1,....2d},|S|=d t=d+1

— Nrg(1)trg(2d

o Z Z p s S( i Hxlﬂ's(k‘ H ylﬂs(é)
Sg{l,,2d},\5|:d il,...,igdil,..., (=d+1

Finally, for S C {1,...,2d},|S| = d arbitrary, we have

mg(1)rtrg(2d) .
>, b s Hxlwsw H Ying @)

115824 =150 10 l=d+1
n
— mg(1l)rlrg(2d) .
Z P s Hxlwsac) H Yirg (o)
i1=1 ng 1 (=d+1
n d
= > - Z pres WS(M'H g (k) H Yirgo)
7rs(1)— Ing(2d)=1 =1 l=d+1
Ty d
— Z pﬂ'S(1>7 17\'S<2d) Hml‘ns(k) H ylﬂs(f
iﬂ's(1>:11"'7i7\'s(2d> 1 (=d+1

Note that the last term is independent of the choice of S. Hence, since
there are (Qdd) possible choices of S C {1,...,2d} such that |S| = d, we
obtain after relabeling the indices

d
([ 5 i

i1,eyl2d=1,...,m k=1 (=d+1

and therefore
2d\
Qqle',e?) = <d> 4(d,d)

— Z ﬁu..,md S Tgy e xidyid+l . yi2d — Qp($7 y)’

11,.024=1,...,n
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as desired.

We have now shown that p(z), p(y) and Qp(z,y) only depend on p
through its 2-dimensional restriction ¢. Further, ¢ is convex since for
all (a1, 1), (a2, 2) € R? and A € [0, 1], it holds

q(A(ar, 1) + (1 = N)(az, f2)) = p((Aar + (1 = Nag]z + [AB1 + (1 — A)fa]y)

= p(Aarz + Bry] + (1 — A)[azz + B2y])
< Ap(arx + Bry) + (1 — N)p(aex + Bay)
= Ag(a1, B1) + (1 = N)gq(az, B2).

This shows g € Cy 24. Hence, using (27) yields

20, (2. y) = 2Qu(e', ) < Auale)) + a(e?)) = Aalp(e) + p(v)),

which shows that (25) holds with constant A4 > 0, as desired.
Assume that (28) holds for all bivariate, convex forms. Let n € N and
p € Cp2q be arbitrary.

To show: (26) holds with constant By > 0.

Let z € C™ be arbitrary and write z = = + iy, where z,y € R™. As
in (i), define ¢ € Rla, f] via q(«a, 8) = p(ax + py). Further, one can
define the complex polynomial g(v,d) € C[y, d] via

q(7,0) = p(yz + 6%).
Note that in Remark 3.30 we have seen that complex forms are in
bijection to complex, symmetric tensors. Therefore, it makes sense to
use the quantity Qg(e',e?). Since g(e') = p(z) and g(e®) = p(2) one
can see analogously as in (i) that

Qp(z,2) = Qg(e', ?).
Further, note that g(e!) = g(e! + ie?) and g(e?) = q(e* — ie?). Hence,
again as in (i), one can see that

Qq(e! +ie? et —ie?) = Qg(e, €?).

This yields Qp(z,2) = Qq(e! +ie?, et —ie?). Hence, (26) follows also
directly from (28) as

Re(p(2)) = Re(gq(e! +ie?)) (2§6) ByQg(e! +ie? et —ie?) = Qp(z, 2).

O

Hence, to prove Theorem 4.3, it suffices to prove the two conditions (27)

and

(28) on bivariate, complex forms. To do so, let us first state and prove

a lemma, which can be found in [12, Lemma 3.7].

Lemma 4.8. Let C C H,, 94 be a closed cone and { € C* such that

VpeC:4(p)=0 = p=0.

Then the closed unit ball Cy = {p € C : l(p) < 1} C Hy, 2q defined by ¢ is
compact.
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Proof. We show compactness in H,, o4 with respect to the topology generated
by the norm ||-|| induced by the Fischer inner product. It is trivial that C;
is closed since it is the intersection of the closed cone C with the closed
half-space {p € Hy, 24 : ¢(p) < 1}. Since in the finite dimensional case being
compact coincides with being bounded and closed and since H,, o4 is finite
dimensional, it suffices to show that Cy is bounded.

Assume that Cy is not bounded, i.e. there exists a sequence (q(”f))kGN cCy

such that limp_, oo Hq(k)H = oo. Without loss of generality, we can assume

(k) .
) C C. Since
keN

q™) # 0 for all k. Since C'is a cone, it further holds <” ]

. . . (k)
C' is closed, there is a converging subsequence of <| 4

1) e

k
gim € C. For simplicity, we denote the subsequence again by (HZE’“;H) .
keN

Since ¢®) € €y for all k € N, we know that ¢ (q(k)) < 1 for all k. Further,
¢ is nonnegative on C. This shows

q® 1 ) 1
0</ = 0 (g™ < — 0 (k — o0),
Hq Ny lla®|

since Hq(k)H — 00 (k — 00). We also know that ¢ is continuous since on a
finite dimensional vector space, every linear functional is continuous. This
o)
la]
¢ tells us directly that ¢, = 0. But on the other hand, by the continuity of

the norm we have

shows that £(qim) = limg_o0 £ > = (0. Therefore, the assumption on

gyl = Yim

H H

which is a contradiction. Hence, Cy must be bounded and therefore compact.
O

Using Lemma 4.8, we can now prove the Generalized Cauchy—Schwarz
Inequalities (Theorem 4.3). A sketch of the proof can be found in [12,
Section 3.1 while details are added in the following.

Proof of Theorem 4.3. From Lemma 4.6 and Lemma 4.7, we know that to
prove Theorem 4.3, it suffices to prove that the two conditions (27) and (28)
hold for some constants Ay, By > 0. To do so, we use Lemma 4.8. We
already know that Cs 2q C Ha o4 is a closed cone. To show (27) and (28), we
define linear functionals on Cj 94 in a suitable way such that we can apply
Lemma 4.8.

(i) We show that there is a constant A; > 0 such that (27) holds for all
bivariate, convex q € C5 o4, i.e.

Vg € Cona:  2Qq(e',e?) < Ag(qle) + q(e?)).
For this purpose, define

0: Hyog — R, £(q) = gqle') + q(e?).



45

Clearly, ¢ is linear in ¢, which means ¢ € H,/,,. We show that it also
satisfies the assumptions of Lemma, 4.8. 7

First of all, it is clear that ¢ € C;Qd since convex functions are in
particular nonnegative. Now assume that ¢(q) = 0 for some ¢ € C5 94.

To show: ¢ = 0.
Since #(q) = 0 and g(e'), g(e?) > 0, we know that g(e!) = g(e?) =0
and hence by homogeneity that g(Ae') = g(Ae?) = 0 for all A € R.

Now let = = < Z ) € R? be arbitrary. Then

O§Q< b > = (e’ +be?)
= g (|al sgn(a)e! + [b] sgn(b)e?)

= ((al+ ) (2 smniet + B s )
|

= (ja] + [B)* - g ( - ! " Sgn<b>e2) |

lal
la| + 0]

sgn(a)e! +

Hence, using convexity of ¢ yields

o<a( g )=l (o Gm@e) + B (mne))

= (|al + [o)** -0 =0,

which means ¢ = 0. For this reason, ¢ fulfills the assumption of Lemma
4.8, which tells us that

L:={qe C2,2d : q(el) + q(eQ) <1}

is a compact subset of Hyog4. Hence, A := sup,y [lg|| > 0 is finite
as supremum of a linear functional on a compact set, where |-|| is
again the norm induced by the Fischer inner product. Further, p :=

1.2
SUDPge Hy 00\ {0} % > 0 is finite as it is bounded from above by the

operator norm of the linear functional ¢ — Q,(e!,e?) on the finite
dimensional vector space Hjgaq4 (see [10, Chapter 13]). Note that p

is positive, since we can take for example ¢(x,y) = x%y?, where by
Corollary 3.35 we know that

20\ " 24\

1.2
This yields pu > % > 0.
To show: (27) holds for all ¢ € C 94 with constant Ag :== A - > 0.
Let ¢ € Cy94 be arbitrary. Without loss of generality, we assume
that ¢ # 0, otherwise the claim is trivial. As above, one can see that
either g(e') or g(e?) must be strictly positive. This shows £(gq) > 0.
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Further, since ﬁ € L, we know by the definition of A, u that

1 2
)\ L d QQ(676)
ZH@@)H T

< |lg|l < A(q) and Qq(e',e®) < pu|q||

Finally, we conclude that

Qqle',e?) < Mul(q) = Aa (qle") +q(€?))

which means that (27) holds.
We show that there is a constant By > 0 such that (27) holds for all
bivariate, convex g € C3 o4, i.e.

Vg € Cooq: Re(ge! +ie?)) < ByQq(e' +ie? et —ie?).
For this purpose, define
s: Hyoq — R, 5(q) = Qq(2,2), where z = el + ie?.

Clearly, s is linear in ¢, which means that s € Hg/ 9g- We show that it
also satisfies the assumptions of Lemma 4.8.

Therefore, consider the following identity, which is proven in [12,
Appendix Al:

Vp€ Hpog Vz=a+1iy e C":
o 49d+1) (2d\ (29)
SRRSO R v
a2+p2<1

™

Identity (29) means that Qp(z,Z) is proportional to the average of p
on the ellipse {ax + By : a, B € R,a?+ % < 1}. For n = 2, this means
that s(g) > 0 for all ¢ € P2 94 and hence in particular s > 0 on Cy oq.
Further, let s(¢) = 0 for some ¢ € Cy 4.

To show: ¢ = 0.

Again, using identity (29) for n = 2 and z = e! + ie? shows that the
average of ¢ on {ae! + Be?: o, € R,a? + 32 < 1} is zero. Note that

{ae' + B a0, BER, >+ B2 <1} = {(a, 8)T € R?: H(a,ﬁ)THQ <1}

is the unit disk in R?. Since ¢ is in particular nonnegative, this yields
q = 0 on the unit disk. By homogeneity, this means that ¢ must be
zZero.

As in (i), using Lemma 4.8, we know that

S={qeCyn4: Qq(€1 +ie?, el —ie?) <1}

is compact. Define { = sup,cg|/q|| > 0, which is finite as in (i). Fur-

Re(q(e!+ie?)

ther, let ¢ = supgep, ,, T ) > 0, which is also finite as in (i).

To show: (28) holds for all ¢ € C 94 with constant By := £¢ > 0.
Let ¢ € Cy94 be arbitrary. Without loss of generality, assume that
q # 0, otherwise the claim is trivial. As before, using (29) shows that
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s(q) > 0. This means %q) € S and hence £ > %. Further, it is clear

that ¢ > Re(g(e’ +ie?)) Hence, it can be deduced

llall
Re(q(e' +i€”)) < (|lqll < ¢€s(q) = Bas(q),
which shows that (28) holds.
O

4.2. Value of the Optimal Constants of the Generalized Cauchy—
Schwarz Inequalities. For the purpose of this thesis, it is crucial to know
the value of the optimal constants A%, B} > 0 in the Generalized Cauchy—
Schwarz Inequalities in Theorem 4.3, i.e. the smallest possible constants
Ag, Bg > 0 such that (23) and (24) hold, respectively. This is formalized in
the following definition.

Definition 4.9. For d € N, the optimal constants A}, B} > 0 of the
inequalities (23) and (24), which only depend on the degree 2d are defined
as

Al = jgfo A st. VneNVpeCyaq Vo, y e R": Qp(z,y) < Av/p(x)p(y)

B = JianO B st. YneNVpe CpaqVzeC": |p(2)] < BQp(z,2).
>

It turns out that it is rather easy to obtain a general lower bound for A7
and B. This is stated without a formal proof in [12, Section 3].

Proposition 4.10. For all d € N, we have A}, B} > 1.

Proof. Let n € N arbitrary and consider the homogeneous polynomial
p(x) = x%d € H,, 24. The Hessian of p has only one nonzero entry and it is
given by

2d(2d — 1)x?4=2 0 ... 0
Vp(x) = . A
0 O --- 0

Since 2d(2d—1)x2"% = 2d(2d—1)(23)4* > Ofor all & = (x1,...,2,)" € R",
V2p(z) is clearly positive semidefinite for all z € R™. Hence p(x) € Cp, 24.
Further, the tensor associated to p is given by

T,: (RN 5 R Tz, ... 220) = ot 22,

which yields that for z = (z1,...,2,) ",y = (Y1,...,yn) " € R™, we have
Qp(w,y) = (z1)?- (y1)?. Now, taking z = y = e} € R",z = ¢! € C" as the
first unit vector shows
(23)
Ag=Aq- vp(@)p(y) > Qp(z,y) =1
=1
» . (24)
and Bj =By -Qp(z,2) > |p(z)] =1,
—_——

=1
and hence A%, B} > 1. O
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Remark 4.11. (a) The infima in Definition 4.9 are actually minima, since
A%, B are bounded from below by 1 and we minimize over a closed set
since the inequalities in the conditions are not strict.

(b) In Section 4.1 we have seen that A}, B} can equivalently be computed
via the optimal constants of the inequalities (27) and (28) in Lemma
4.7. Hence, we have

A= }11;% A st. Vge Cyoq: 2Qq(€17 62) <A (q(el) + Q(GQ)) (30)
Bj=inf B st. ¥g€Copa:  Re(gle +ic?) (31)
>

<BQ,(e' +ie? et —ie?).

Of course, Proposition 4.10 can analogously be proven using (30) and
(31). On the other hand, it is hard to obtain upper bounds on A}, B}
this way. Therefore, we use a dual approach, where we rewrite (30) and
(31) using the linear functionals

La: Hyog — R, la(q) = A(g(e') + q(e?)) — 2Q,(e', €*)
Lp: Hysqg — R, (p(q) = BQg(e' +ie?, e' —ie?) — Re(q(e' +ie?)).

By definition of the dual cone C3 ,;, we can rewrite (30) and (31) as

A% = inf A st. : P
a = inf st La €059 (32)
B; = inf B s.t. S od-

a = fnf st. Lp €059 (33)

In Example 3.59(e) and 3.59(f), we have already seen that L4, Lp can
be written as differential operators in the form

La= (;d)! (A (ax2d n ay2d> - 2axdayd)
Lp= (21d)' (B (8}(2 + 8y2)d —Re ((8){ + i@y)2d)) .

Since the factor (22)! > 0 plays no role in verifying whether £4,Lp €

C3 54> We reduce (32)-(33) to

Ay =inf A st. la=A (8X2d + 8y2d> —20x%9y? € C5 o, (34)
A>0 ’
Bj=inf B st. (5=B(0x*+0y")" — Re ((0x+i0y)™") € Oy
(35)
Further, recalling Corollary 3.88, we know that
C;,Qd = {Z(alax + Blay)2(718X + 5Z‘8y)2d72 PO, ﬁia Yis 52 € R} .
i=1

Hence, to show that £4 € C3,, for some A > 0, we need to find such a
representation of £4. An analogous statement can be made for B.
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4.2.1. Values of A};. Using the dual approach (34) and (35) in Remark 4.11,
one can see the following.

Proposition 4.12. It holds A] = A5 = A3 = 1.

Proof. We already know by Proposition 4.10 that A}, A5, A5 > 1. Now the
claim follows since for d = 1,2,3, ¢1 has a representation as in Corollary
3.88:

d=1:0"% 9x2 + 9y? — 20xdy = (9x — dy)? € C3.
d=2:10 ) oxt + Oyt — 20x%0y? = (0x — y)? (0x + dy)* € C34
d=3:0 Y x5 + ay® — 20x30y?

1
— 5 (0x— oy)? (ax4 oyt (Ox + 8y)2) € C.
0

The exact value of A} is not known in general for all d € N. However,
in [12, Appendix B] it is proven that A} > 1 for all even d € Ns,. For
the proof we define similar as in Proposition 4.10 a polynomial pg € C3 24
in a clever way such that pg(e') = pa(e*) = 1 but Qp, (e',e?) > 1. Since
2Qp, (', e*) < A% (pale') + pa(e?)) by (30), this then allows us to deduce

—_———

>1 =2

that A% > 1. The polynomial pg is the linear combination of two other
polynomials s and ¢q. Those polynomials are chosen such that the Hessian
V2s(z,y) is positive definite everywhere except for x = +y, where it is only
positive semidefinite. The Hessian V2¢(z,y) on the other hand is precisely
positive definite for x = +y. This allows us to take a linear combination,
more precisely a conical combination of s and ¢ such that the resulting
function is convex.

Proposition 4.13. Let d € Nso be even and consider the bivariate form
s(x,y) =3 (x+y)?+ (x —y)*)) € Hy24. Then s(x,y) € Ca,24 is convex
and the Hessian V2s(z,y) ((z,y)" € R?) is positive definite everywhere
except for x = ty, where it is only positive semidefinite. Further, it holds

s(el) = s(e?) = Qs(el, e?) = 1.

Proof. Tt is clear that (x +y)%%, (x — y)?! € Ha 4 are convex since their
Hessians are given by

YR )
ad(2d — 1) _ _
( ) ( (X+y)2d 2 (X—G—y)2d 2
L ey ()
and  2d(2d —1) ( C(x—y)2 (x—y)2-2 )
which are clearly positive semidefinite for all (z,y)" € R2,

Hence, s(x,y) = 1 ((x +y)?! + (x — y)?9) is convex as as a convex com-
bination of convex functions. More precisely, for (z,y)" € R? arbitrary, we
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have

V2s(z,y)

_1 (w 4 y)2d72 4 (w _ y)2d72 (x 4 y)2d72 _ (3;‘ _ y)2d72
—§2d(2d -1) ( (2 4+ 0202 — (2 — )22 (3 4 )22 4 (3 — )22 )

and hence
1
det(V?s(2,y)) = 52d(2d — 1) - 4(w + )" (w — y)**

>0, ify#=+x
=0, ifye{fz}’

This means that the Hessian of s is positive definite everywhere except
for x = 4y, where it is only positive semidefinite. Moreover, note that
s(e!) = s(e?) = 1. Further, by Corollary 3.35 we know that

12 1 12 2 2d\ ™!
Qs(e’,e”) =Ts(e,...,e ,e%,...,e%) = 84,0 B )

1 2d 2d deven (2d
=3 ((7)+ (D)) = (2)
and hence Q,(e!,e?) = 1 whenever d is even. O

For the second proposition consider the following notation.

Notation 4.14. Write (£1,+1) or (£1, F1) for any of the two elements in
the set {(1,1),(—1,—1)} or {(1,—-1),(—1,1)}, respectively.

Proposition 4.15. Let d € N be even and consider the bivariate form
d—1

q(x,y) = > x?ky2d=2% ¢ Hyoq. Ifd > 7/2, the Hessian V2q(z,y) is positive
k=1

definite whenever © = +y € R\{0}. Further, it holds q (61) =q (62) =0
and Qq (el,ez) > 0.

Proof. We have for the gradient

Va(x,y) = | 5=

and further for the Hessian

VZ(x,y)
d—-1 d—1
E 2%(2/(; _ 1)X2k—2y2d—2k Z 2k(2d _ Qk)XQk—lde—zk—l
k=1 k

e

d—1 d
3 2k(2d — 2k)x2k—Ly2d=2k=1 N~ (24 — 2k)(2d — 2k — 1)x2ky2d—2k=2
k=1 k=1
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It is clear that (VZq(+1,£1)), |, (V?q(£1,£1)),, > 0and (V?q(£1,F1)), ;.
(V2q(=£1, :Fl))2 o, > 0 hold, since every summand is strictly positive. Fur-
ther, we have for the determinant

det (V2q(£1,£1)) = det (V2q(£1, F1))

d—1 d—1
S 2k(2k — 1) <z2um—2m>
— kdill B
- (Z 2k(2d — 2k)> Z (2d — 2k)(2d — 2k — 1)
k=1 k=1

S ok(2k — 1) (2 (2d — 2k:)>

e (Clz_jl 2k(2d — 2k)> i k(2k — 1)

d—1)d(2d—1 d—1)d (d-1)d  ,(d—1)d(2d—1)
gU=DdRdY) g + (4050 - gd=beed))

- d—1)d d—1)d(2d—1 d—1)d(2d—1 d—1)d
+ (4050 _ 4U0dEED) et e

_d(d—l)' 4d — 5 i(2d+2)'
3 +(2d+2) 4d—-5

=d(d — 1)(2d — 7)(2d — 1).

This shows that det (VQq(:Izl, :I:l)) > 0if d > 7/2. Hence, it holds V2¢(%1, £1),
V2q(£1,F1) = 0 for d > 7/2. By homogeneity, this allows us to deduce that
V2q(z,y) is strictly positive definite whenever z = +y € R\{0}.

Moreover, it is clear that g(e!) = g(e?) = 0 holds and again by using
Corollary 3.35, one can see that

2d\ ! 2d\ !
) =uaan(y) =1 (3) >0

where q(4,4) = 1 since d is even. U

In the following proposition, we show how the two bivariate forms s(x,y)
and ¢(x,y) can be combined in a clever way to obtain a form py that has
the desired properties to show that A > 1 whenever d € N.3 is even. A
sketch of the proof can be found in [12, Appendix B].

Proposition 4.16. Let d € Nxg be even and let s,q € Ha 24 be defined as in
the Propositions 4.13 and 4.15. Then there is a constant ag > 0 such that
the bivariate form pq(x,y) := s(x,y) + aqq(x,y) is convez, i.e. pg € Ca 4.
Further, in this case it holds that pgq (el) = Dq (62) =1 and Qp, (el, 62) > 1.

Proof. By homogeneity, it suffices to show that there is an ag > 0 such
that the Hessian of py := s 4+ agq is positive semidefinite on the circle
C:={(z,y)" € R?: 22 + y? = 2} of radius v/2. Since by Proposition 4.15
q(x,y) is positive definite on the set X := {(+1,£1)T, (£1,F1)"} C R? for
all even d € Nyo, we can take an open subset U C C of C, which contains
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X, such that ¢ is positive definite on U. This allows to define
o v V2s(z,y)v
veR?, vl =1,z Tec\U [vT V3q(x, y)v|
, v V2s(z,y)v
min TTY0 o N
veR? loll,=1,(ey) Tec\U v V2q(2,y)0|

Qg =

The minimum exists, since we minimize over a compact set. Further, by
Proposition 4.13 we know that the numerator is always strictly positive.
Again, since we minimize over a compact set, this allows us to deduce that
ag > 0.

Remains to show that pg is convex. To do so, let v € R? such that ||[v]|, = 1
and (z,y)" € C be arbitrary. If (z,y)" € C\U, we know by construction of
g that

o V2pa, v = v Vs, y)v + age” Vq(a, y)o > 0.

>0 e{tvTV2s(z,y)v}

On the other hand, if (z,y)" € U, it is clear by the choice of U that we have
v'V2q(z,y)v > 0. Further, since s is convex by Proposition 4.13 we know
that v V2s(z,y)v > 0.

This shows that the Hessian V2p4(x,y) is positive semidefinite on C. By
homogeneity it must also be globally positive semidefinite and hence pg is
convex.

For the second part of the claim, we know by Proposition 4.13 and 4.15
that s(e!) = s(e?) = 1,q(e!) = q(e?) = 0 and Qs(el, e?) = 1,Qq(el, e?) > 0.
Since pg = s + agq and ag > 0, this yields

analogously

pd(el) = s(el) + adq(el) =1+0=1 = pd(ez),

2d\
de(el,eZ) = Qs(e1 + 62) + aqu(el,eQ) =14+ ay ( ) > 1.
>0

Using Proposition 4.16, we obtain the following.
Lemma 4.17. For all even d € N+, it holds A > 1.

Proof. Note that without loss of generality, it suffices to consider n = 2, since
the optimal constant A} does not depend on the number n of variables.
For pg € C94 as in Proposition 4.16 it holds ps(e') = pa(e*) = 1 and

(30)
Qp,(e!,e?) > 1. Hence, using 2Qp,(e',e?) < A% (pa(e') + pa(e?)) = 2A4%,
—_———

=2

>2
it can be deduced that A% > 1 must hold. O

Remark 4.18. In [12, Section 3.2.1] the author presented an exact value
of A} > 1 where he used the SDP (semidefinite programming) structure of
the minimization problem (34) in dual and (30) in primal form, respectively.
More precisely, he showed by solving the dual problem (34) exactly, that Aj}



53

is given by

128 14336[
w’? + V24— wh = 14336
70 15 +3 35" o !
In addition, he was able to numerically approximate some constants A for

d > 4. In [12, Table 1], he presented the following values

d 1 2 3 4 ) 6 7 8
A% 1 1.000 | 1.000 | 1.000 | 1.011 | 1.000 | 1.061 | 1.000 | 1.048

Conjecture 4.19. In [12, Section 3.2.1], the author conjectured that A} =1
whenever d is odd. However, although in Proposition 4.12 we are able to
prove that A7 = A5 = 1, no further results are known that cover any odd
d>5.

4.2.2. Values of B). Whereas we know the exact value of A} only for d =
1,2,3 and d = 4 by Remark 4.18, we see in this section that there is a

2(d—1)
general formula for Bj. More precisely, we prove that B} = %. This
&)

d

can be done by showing that is at the same time a lower and upper

bound for B}.
(2(d—1))
Step 1: Show that B is bounded from above by -5+~ i.e.
2(d—1
(")
d

To show this, we use a dual approach, where we consider the dual problem
2(d—1)
given in (35). Therefore, it suffices to show that for B; = w, it holds

(g, = Ba(0x* + 0y*)? — Re ((0x +idy)*?) € C},,. For this purpose, we
use the representation of C3,; as in Corollary 3.88.
First, we need some identity involving the trigonometric functions sin, cos.

Bj

IN

Proposition 4.20. For all ¢ € R, it holds

(2(67_11)) 44 2 2d—2 km
T—COS (2dyp) = dZsm <gp—2d> <2d gp)
Proof. [12, Appendix C]. O

Now we can prove that (g, € C3,, for By = -3

Proposition 4.21. For all z,y € R, it holds

(Q(d—l)) J 4d d—1
d; (952 + 92) —Re ((33 + iy)Qd) % Z —SLT + Cky) (cxz + Sky)Zd 2
k=0
(36)
where ¢ = cos (gd) s = sin (gg) (k =0,...,d —1). In particular, it

2(d—1)
follows from Corollary 3.88 that {p, € C3,; for By = (dff) and hence

BZ S (2(;%711)) .
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Proof. Let d € N and z,y € R be arbitrary. Since equation (36) is homoge-
neous in (z, y)T € R? on both sides, it suffices to show that equality holds
on the unit sphere. Hence, we can without loss of generality assume that
H(m, y)TH2 = 1. This allows to write (z,y)" = (cos,sing) ' for some ¢ € R
in polar coordinates. For this reason, one can see that

(2(d—1))

S (@ 4 ) - Re (@ +in)™)

(2(d—1))
:%(Cos o +sin® o) _Re((cos‘p+isjn¢)2d)

—— —— —
-1 —el¥
2(d—1)

:( d; ) ~ Re (6i2dso>

(2(d—1))
= dc_ll — cos (2dyp)

gd L km km
Prop.4.20 — — in2 _ M 2d=2 (M7
54 E sin < 2d)cos <2d go)

Using
sin? < — k:7r> = (sinnpcos <k:7r> —cosgosm( > >2
2d ~—~— 2d
=y
-(- smm)H(mS( D))
2d
and

(3052‘1_2 k—ﬁ — = | cos ko COs © + sin sin o
2d  7) 7 24 ) 2L g/

=T

(o= (50)) 2+ (s <’§Z)>y>% i

yields that (36) holds. Hence, the representation of C3,; in Corollary 3.88

(Q(d—l))
yields that for By = ~—4*—= it holds
(2(d—1))
lg, = 12 (0x 4 0y?)! — Re ((ax + iay)zd)
4d d—1
(36) i (—sp0x + ckay)Q(ckax + s;ﬁy)Qd*2 € C’izd.
k=0
For this reason, it follows from the definition of B} as in the dual problem
. Q(d:l))
(35) that B < Lizt), 0

2(d—1)
Step 2: Show that B} is bounded from below by %, ie.

(2(d—1))

B*> d—l
=4
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For this purpose, we find for each d € N some bivariate convex polynomial

pd € Ca24 such that in the inequality (28) from Lemma 4.7, equality holds
2(d—1)
for By = %, ie.
2(d—1
(i)

Re(pa(2) = 5

where z = el 4 ie? € C2.

@pa(2,2), (37)

Definition 4.22. For a complex polynomial p € C[x]| of degree k in n
variables such that p =) 0N Jal<k pax®, we define the real part of f as

Re(p)(x) = 5 Z fax® + Z fax®| = Z Re(pa)x®.

aeNy o<k aeNg,|a|<k aeNy |al<k

This defines a function Re: C[x] — R[x]. In particular, if p is homogeneous
of degree k, we have Re(p) € H,, .

Remark 4.23. Let p € C[x] be arbitrary. Note that it does not hold
Re(p)(x) = Re(p(x)) as functions, where z € C". To see so, consider for
example p(x,y) = (x + iy)?? € C[x,y]. Then we have

d
Relp)x.y) = 3 (6 i)+ (= i) = 3 (1) iy
k=0

Hence, it holds for z = (1,7)" € C?
Re(p)(1,4) = 2%'~" # 0 = Re(0) = Re(p(1,7)).

2(d—1)
For proving B} > ( o ), we need the following lemma, which gives the

Hessian and Laplacian in polar coordinates. It can be found in [12, Lemma
3.11].

Lemma 4.24. Let p € Hy}, be a form with an expression in polar coordi-
nates as p(x,y) = r°q(p), where (z,y)" = r(cos @,sin ) € R? and ¢(p) is
a polynomial expression in cos ¢,sinp. Then the Hessian and Laplacian of
p evaluated at (x,y)" are given by

Vip(z,y) = r* 72 (k(k — 1)q(0) Err + (k — 1)¢'(0) Erp + (kq(9) + ¢"(9)) Epy)
Ap(z,y) =172 (Kq(p) + ¢" (),

where e, = < Z?ﬁg > y€p = < _czlsngf > e R? and

2 .
T cos?p  cospsing
E.. =ee, = < )

r €os p sin ¢ sin? o

—2sin ¢ cos cos? o — sin?
Ew:eTe;—f—e(peT— ( peosy v ¥ >,

"7\ cos?p—sin?p  2sinpcosyp

. T _ sin? ¢ —sin p cos ¢
Egpp = epe, = . 2
—sinpcos g cos”
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Proof. We follow the proof in [12, Appendix D]. However, there is an error
in the formulation of the corresponding lemma [12, Lemma 3.11]. More
precisely, the last term of the Hessian V2p(x,y) in Lemma 4.24 has to be
(kq(¢) + ¢"(p))Eyy instead of (k + ¢"(p))Ey, as stated in [12, Lemma
3.11]. For this reason, we follow the proof in [12, Appendix D] as long as it
is correct.

As in [12, Appendix D], the Hessian operator in polar coordinates is given
by

0? o (10 10 1 02
Ve ——FE,+— (- |E S+ == | Eup 38
or? TT+87’ <7‘8g0> re T (T8T+T2 8¢2> e (38)
The next step is where the error in [12] occurred. Applying the Hessian as
above to a twice differentiable function p(z,y) = r*q(p), where (z,y)" =

r(cos p,sin ) € R? and q(i) is a polynomial expression in cos ¢, sin ¢ leads
to

38 _ 0 (1
virtale) Qe - 0 a0 + g (15440 By

This yields
VArtq(p)
=k(k = 1)r*2q(9) Ery + (k — 1)r* 24 () Erp + 2 (ka(9) + ¢"(9)) By
=72 (k(k = 1)a(¢) Err + (k = 1)d (9) Erg + (ka() + ¢"(9)) Ey)
as stated in Lemma 4.24. The rest of the proof can now again be done
as in [12, Appendix D]. The Laplacian Ap(z,y) is the trace of the matrix

V2p(z,y). Since the trace of E,, and E,, is one and the trace of E,, is
zero, we conclude

Ap(x,y) =r* 2 (k(k — 1)q(p) tr(Ep) +(k — 1)q () tr(Ery)

This yields
Ap(x,y) =r*% (k(k — 1)q(e) + (kq(e) + ¢"(¢)))
=r* 2 (Kq(¢) + " (¢)) ,
as desired. O

In the following proposition, one can find the polynomial p; € Hj o4, for
which equality (37) holds. Before showing this, we prove at first that py is
indeed convex. The proof is done independently of the work in [12] because
of the error mentioned at the beginning of the proof of Lemma 4.24.

Proposition 4.25. Let pg € Ho 24 be defined as

pa(x,y) = Re ((x + iy)2d) +(2d—1) (x2 + yZ)d. (39)
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Then pq is conver.

Proof. For the proof, we write the form pg in polar coordinates. Therefore,
let (x,7)" € R? be arbitrary. One can write (x,7)' = r(cosg,sing)’,
where r = ||(z, y)TH2 € R>q, ¢ = arg((w,y) ") € R. For p € Hy o4 arbitrary,
this leads to p(z,y) = r?4q(p), where, q(p) is a polynomial expression in
cos g, sinp. In particular, ¢: R — R, p — ¢(¢) is differentiable infinitely
many times. In our case, we have

pa(z,y) = pa(r, o) = r* (Re((COS @ +isinp)*) 4 2d — 1)

= 12 (Re (¢207) 424~ 1)

We can now apply Lemma 4.24 two times. First, for k = 2d and ¢(¢) = 1,
one can see that

V2 <(2d - 1)r2d) = (2d — 1)V
—(2d—1)r**2(2d- (2d —1)-1- Epp + 0+ 2d - 1E,,) (41)
=r?4722d(2d — 1)((2d — 1) Eyy + Ey).

(40)

Further, using Lemma 4.24 for k = 2d and q(¢) = €% reveals that
v2 <r2d€i2d<p)

:T2d_2 <2d(2d o 1)€i2d80ETT + (2d — 1)2di€i2d¢Eﬂ0 (42)
i2d 12d
+ <2d6 29 — (2d)%e” @) Esoso)
:TQd_22d(2d — 1)6i2d<'0 (Err + iErcp - ESO‘P)‘

Summing both terms and taking the real part leads to the Hessian of py.
Before we do so, let us make some observations, that help us in taking the
real part

e2de _ 1249 — cog(2dp) + isin(2dyp) — (cos(—2dp) + i sin(—2d))
= cos(2dp) + isin(2dy) — (cos(2dyp) — isin(2dp)) = 2isin(2dp)
and analogously
249 1 e=124% — cos(2dp) + isin(2dy) + cos(—2d) + i sin(—2dyp)
= cos(2dyp) + isin(2dy) + cos(2dyp) — isin(2dp) = 2 cos(2dy).
This shows
Re (€22 (Epy + iByy — Byy) )

(6126&0 Em» + ’LENP E‘P‘P) + ei2dy (Err + iEmp - E(p(p))
((612d<p + e—z?dcp) (Err N E<p<p) 44 (€i2dtp o e—i2dtp) Emp) (43)

(2cos(2dp)(Er — Eypyp) + i2isin(2dp) Eyy)

_1!
2
_1
2
e
2
= cos(2dp) (Err — Epy) — sin(2dp) Eyy,
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For the Hessian V2py(r, ¢) we obtain from (40), (41) and (42)
vzpd(rv 90)
=Re <V2 (ereﬂd‘P) + V2 ((2d - 1)r2d>)
—Re [ﬂsz(zd — 1)e(Ey, + iEyy, — By)
1r2294(2d — 1)((2d — 1) Epy + EW)]
=r24-29(2d — 1) - [Re (eiQd“O(ETT + By, — Ew)) +(2d —1) B + By .
Using (43) this can further be simplified to
v2pd(r7 SO)
=r247224(2d — 1) - [cos(2dp) (B — Ep) — sin(2dg) Er,,
+(2d = 1)E,, + E,,] .
Define
A,y i=[cos(2dp)(Ery — Epyp) — sin(2dp)Eyy, + (2d — 1)Ey + Eyp]
=[(cos(2dy) + (2d — 1)) E,, — sin(2dp) Er + (1 — cos(2dy)) Eyy) -

Then we have V2py(r, ¢) = r?222d(2d — 1) - Ay, Since r24722d(2d —1) > 0
is nonnegative, for pg being convex it suffices to show that A,, = 0 for all
(T’,(p) c RZO x R.

First, take a look at the entries on the diagonal of A,,. Using the formulas
for E,., E,, and E,, in Lemma 4.24, we obtain

(Argo)l,l
=(cos(2dp) 4 (2d — 1)) cos® ¢ + 2sin(2dyp) sin ¢ cos ¢ + (1 — cos(2dyp)) sin?
= cos(2dyp) (cos®p — sin? @) + sin(2dyp) 2 sin p cos p +(2d — 1) cos? ¢ +sin? ¢
—_— ~——

=cos(2¢) =sin(2¢p) 1—sin? ¢
= cos(2dp) cos(2p) + sin(2dy) sin(2p) +(2d — 1) — (2d — 2) sin®

=cos(2dp—2¢p)
=2d — 1+ cos(2dyp — 2p) — (2d — 2) sin ¢ > 0.

>_(2d—1)

Analogously, one can see that
(Aw)2,2
—=(cos(2dp) 4 (2d — 1)) sin? ¢ — 2sin(2dyp) sin ¢ cos p + (1 — cos(2dyp)) cos? ¢
= cos(2dp) (sin? p — cos? @) — sin(2d) 2sin p cos p +(2d — 1) sin® ¢ + cos? ¢
—_— ——

=—cos(2¢) =sin(2¢p) 1—cos2 ¢
= — cos(2d) cos(2¢) — sin(2dy) sin(2¢) +(2d — 1) — (2d — 2) cos® ¢

=— cos(2dp—2¢p)
=2d — 1 — cos(2dp — 2p) — (2d — 2) cos? ¢ > 0.

> (2d—1)
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Further:

(Arg)i,2 = (Arg)21
—(cos(2dp) + (2d — 1)) cos @ sin ¢ — sin(2dy)(cos*p — sin? p)
— (1 — cos(2dy)) sin ¢ cos ¢
=2 cos(2dyp) sin @ cos @ + (2d — 2) cos @ sin ¢ — sin(2dy) (cos*p — sin? )
—cos(2dy) sin(2¢) —(d—1) sin(2¢) cos(2¢)
= cos(2dyp) sin(2¢) — sin(2dp) cos(2¢) +(d — 1) sin(2¢p)
=sin(2p—2dyp)
= —sin(2dy — 2¢) + (d — 1) sin(2¢).

Hence, we have for the determinant

det(Arp) = (Arp)11(Arg)2z — (Arp)21(Arp)12
= ([2d — 1+ cos(2dyp — 2¢)] — (2d — 2) sin” )
([2d — 1 — cos(2dy — 2¢)] — (2d — 2) cos® @)
— (—sin(2dp — 2¢) + (d — 1) sin(2¢p))?
=(2d — 1)? — cos?(2dy — 2p) — ((2d — 1) + cos(2dp — 2¢))(2d — 2) cos®
—((2d — 1) — cos(2dp — 2¢))(2d — 2) sin”  + (2d — 2)*sin? pcos® o
—sin?(2dyp — 2¢) + 2(d — 1) sin(2dyp — 2¢) sin(2¢) — (d — 1) sin’(2¢p).
Rearranging the terms leads to
det(Ary)
=(2d — 1)? — cos?(2dy — 2¢) — sin?(2dyp — 2¢)

=1
—(2d — 1)(2d — 2) (cos? ¢ + sin® @)
=1
+ (2d — 2) cos(2dyp — 2¢) (sin ¢ — cos® ) +2(d — 1) sin(2dp — 2¢) sin(2¢p)

— cos(2¢)

:—(Qd—;)rcos(Qdcp)
+(2d — 2)%sin? p cos® p — (d — 1)?sin’(2¢p)
=(d—1)2((2sin ¢ cos ¢)2—sin?(2p))=0
=(2d — 1) =1 — (2d — 1)(2d — 2) — (2d — 2) cos(2dp)
=2d — 2 —(2d — 2) cos(2dyp) > 0.

-~

=2—(2d-2)

Finally, since (A;4)1,1, (Arp)2,2 > 0 and det(A,,) > 0, we know that A, = 0

and hence the Hessian V?py(r, ) is positive semidefinite. Therefore, py is
convex. 0O

For proving identity (37), we also need the Laplacian of py.
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Remark 4.26. We use without proof that A ((x + iy)Qd) = 0. This follows
from the standard result of Functional Analysis that the Laplacian of a
holomorphic function is zero, see e.g. [10, Section 5].

Proposition 4.27. Let pg € C3 24 be defined as in Proposition 4.25. Then
the Laplacian of pg in polar coordinates is given by

Alpy = ARe((z + iy)?) + A%(2d — 1)r? = (2d — 1)2%4(d!)2.

Proof. Let (z,y)" = r(cosp,sinp) " € R? be arbitrary. Using (40) and the
definition of pg in Proposition (4.28), we know

pa = Re((z + z'y)Qd) + r2d(2d —1).

Further, Remark 4.26 tells us that A ((z +iy)?*?) = 0. This yields that
ARe(((z + iy)??) = 0 and hence by induction A*Re(((z + iy)??) = 0 for all
k € N. On the other hand, by Lemma 4.24, we know

A2d — 1)r* = (2d — 1)Ar? = (2d — 1)r**7%(2d)* = (2d — 1)22d*r*7).
Inductively, this shows

Ad2d — 1)r% = (2d — 1) A% = (2d — 1) (22d2Ad71T2(d—1)>

(24— 1) (2243 (d(d — 1))2AT2202)

= (2d — 1)2%(d!)2.
This shows A%p; = ARe((x +iy)??) + Ad(2d — 1)r* = (2d — 1)2%4(d))?2. O
Proposition 4.28. Let pg € Cy 24 be defined as in Proposition 4.25. Fur-
ther, take z ;== ( 1 ) =e! +ie? € C? . Then equality (37) holds, i.e.

(Z(d—l))
Re(pal(2)) = 2= Qpa(2,2).
@)

In particular, we have B} >

Proof. For showing that (37) holds at z = (1,7) ", we have to compute py(2)
and Qp,(z, Z). recall that p; = Re((x + iy)??) + (2d — 1)(x? + y*)%. As in
Remark 4.23 we see that

pa(1,7) = Re((x +iy)**)(1,4) + (2d — 1)(x* + y*)*(L, )
=0

=5 (G iy + (= iy P4 (1,0) = 22071

Now we have to compute @p,(2,Z). Using the differential operator repre-
sentation of p — Qp(z, 2) in Example 3.59(d), we know that

_ 1 1 1
de(zvz) = W (331 + 832) Pa = @(32X+ aQY)Pd = Mﬁdpd-
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In Proposition 4.27, we have seen that A%, = (2d — 1)22¢(d!)2. This yields

Qpa(2:2) = ——(2d — 1)224(d1)?

(2d)!
= 21d(2d1_2)!22dd2((d —1))?
_ 224—1d<2;3_—12> o 22d—1d<2(j_—11)> o
(Z(d—l))
= Re(pa(2)) = Re(pa(1,1)) = 227" = =220, (2,2),

which shows that equality (37) holds. Therefore, inequality (28) of Lemma

4.7 holds with equality for the form pg € C5 24 as in the claim and constant
2(d—1) 2(d—1)
By = %. This yields that B} > (df“ll) O

Combining Propositions 4.28 and 4.21, we obtain the following.

Proposition 4.29. Let d € N be arbitrary. The optimal constant B > 0 of

. N o i} (Q(d:l))
the Generalized Cauchy-Schwarz Inequalities (24) is given by Bj = ~—71=.

2(d—1)
Proof. This is clear now, since by Proposition 4.21, ( d; ) is an upper

bound for B} and by Proposition 4.28 a lower bound for B}. O

Remark 4.30. For d € N, the value ¢4 := ﬁ . (Qj) = B}, is known as
the d-th Catalan Number (see [17]). For d € N>3, the number ¢_, is for
example the number triangulations of a convex polygon with d sides. For
d = 5 for example, there are c3 = i . (g) = 5 possible triangulations of a

regular pentagon, as one can see in the following picture

5. CHARACTERIZATION OF THE SOS CONE X, 94 INSIDE THE PSD CONE
Pn 2d

In this section, we are interested in characterizing the SOS cone X, 24
inside the PSD cone P, o4 for the cases (n,2d) € {(4,4),(3,6)}. As in [12,
Section 4], this characterization uses the structure of extreme rays of 2 2d
(further details can be found in [4]). The essential tool for doing so is the
Cayley—Bacharach relation, which is studied in detail in the Sections 5.1
and 5.2. For further informations about the Cayley—Bacharach relation, the
reader is referred to [11]. From there we proceed as in [4] to obtain in Section
5.3 a characterization of the extreme rays of ¥}, 0q that separate X, o4 from
P, 54. The structure of those extreme rays is further analyzed in Section 5.4
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by using techniques from optimization including the Karush Kuhn Tucker
(KKT) conditions.

In Section 6 we will use this characterization to prove that every convex
quarternary quartic is indeed SOS. The same holds for ternary sextics, if a
conjecture formulated in [4] turns out to be true.

5.1. The Projective Space and Chasles’ Version of the Cayley
Bacharach Theorem. The goal of this section is to get familiar with the
Cayley—Bacharach relation by seeing one of its first versions introduced by
Chasles in 1865.

Suppose you have a set of points {p1,...,ps} (s € N) in a vector space V
and a curve C' that passes through all but one point. One could then ask
under which assumptions, the curve also needs to pass through the remaining
point. In the following, one can see an illustration of this problem on the
plane where the nine points p1, ..., pg come from the intersection of six lines.
A formal answer to this problem can be found in Theorem 5.20.

CA\ \ S —
Pl\—/pz bs

b4 p5\/
b
—

—
p7\ p 8\ pg\\

Before we can state Theorem 5.20, we need some definitions from Alge-
braic Geometry including the projective space as well as affine and projective
varieties. For more details the reader is referred to e.g. [7, Chapter 1., Chap-
ter 8.]. We further introduce the notion of transversal intersection, which is
a concept of Differential Geometry and can e.g. be found in [15, Chapter 2,
§5).

Recall that by Convention 3.38, we have K € {R, C}.

Definition 5.1. Let V be a vector space over K. Define an equivalence
relation on V via

x~y:=3IXeK\{o}:z=N\y.

The (real or complex) projective space P(V) is defined as the quotient
space of V with respect ~, i.e. P(V) = V/~. If V = K"*! for some n € N,
P"K := P(K"*1) is called the projective space of dimension n over
K. In this case, we denote the elements of the equivalence classes, i.e.
the elements of P"K as (z) = (z¢ : --- : x,), where = (2¢,...,2,)" €
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K"\ {o}. We call y € K"*!\{o} homogeneous coordinates of (z) if
Y~ T

Next, we define (algebraic) varieties, which are basically zero sets of poly-
nomials. Note that a homogeneous polynomial p € H,,  has a zero at some
point = € K™ if and only if it vanishes on the whole line {\z : A € K} C K",
i.e. at every homogeneous coordinate of the projective point (z) € P" K.
Hence, it makes sense to distinguish between affine and projective varieties,
where projective varieties are generated by homogeneous polynomials.

Definition 5.2. A subset V' C K" is an affine variety, if it is the zero set
of a finite number of polynomials, i.e. there are py,...,p, € Rix] (m € N)
such that

V:V(pl,...,pm) = VK(pla---apm)
={rxeK"|Vi=1,...,m: pi(x) =0}.

Analogously, a subset V* C P*~ K is a projective variety if it is the zero
set of a finite set of forms, i.e. there are p1,...,pm € Upeny Hnkx (m € N)
such that

Vh = Vh(plv cee 7pm) = V]Ig(pla o 7pm)
={(z) eP" 'K |Vi=1,...,m: pi(z) =0}

Remark 5.3. A finiteset I' = {~!,...,7?} C P""'K containing d projective
points is always a projective variety. More precisely, it can be generated by
a single form with degree at most d [28, Proposition 1.2]. We will use this
result in the proof of Lemma 5.27.

We have particular interest in some special kinds of varieties, which are
defined in the following (see [14, Chapter 1] and [7, Chapter 8, §2]).

Definition 5.4. An affine variety generated by a single polynomial in two
variables is called an affine plane curve. Analogously, a projective variety
generated by a single form in three variables is called a projective plane
curve.

In general, an affine or projective variety generated by a single polynomial
in n (affine case) or n + 1 (projective case) variables is called an affine or
projective hypersurface.

Further, we need the notion of the degree of a hypersurface.

Definition 5.5. If H is a (affine or projective) hypersurface (or curve)
generated by the polynomial p € R[x] of degree d, we say that V is a
hypersurface (or curve) of degree d.

Starting with a variety V', we can also define the set of polynomials van-
ishing on it. Therefore, we recall the definition of an ideal.

Definition 5.6. A subset I C K[x] is called an ideal, if the following holds
(1) 0 e,
(2) Vfigel: f+gel,
(3) VfelIVheK[x]: hf el

In this case, we also write I < K[x].
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It can easily be seen that the polynomials vanishing on a (affine or pro-
jective) variety form an ideal. This leads to the following definition.

Definition 5.7. Let n € N and V' C K" be an affine variety. Then the
vanishing ideal of V is the set of all polynomials vanishing on V| i.e.

I(V)={peK[x] | Vv eV :p(v) =0}

If Vh C P"~'K is a projective variety, the vanishing ideal of V" is the set
of polynomials vanishing on all homogeneous coordinates of elements of V*,
ie.

I(Vh) = {p eKx] |V(v) e Vv e K" : p(v) = 0}.

We are not only interested in the zero set of a polynomial, but also in the
intersection of two or more polynomials or - equivalently - the intersection of
hypersurfaces. More precisely, we want to distinguish between transversal
and nontransversal intersections. It should be mentioned that transversal
intersection is a wellknown notion in Differential Geometry, which is usually
stated in terms of manifolds as in [15, Chapter 2, §5]. However, it can also be
defined for hypersurfaces as they can be interpreted as submanifolds in the
Euclidean space K™ (see [24, Chapter 4]). To get an intuition of transversal
and nontransversal intersections, consider the following examples.

Example 5.8. (a) Curves in R%:

transversal nontransversal
A A
/
y—x =0 (green) y =0 (green)
y-x2=0 (blue) y—x2=0 (blue)

(b) Surfaces in R3:
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transversal

nontransversal

y+z =0 (green) y+z=0 (green)
x=y+z=0 (blue) y—x2+z=0 (blue)

When we take a look at the examples above, we can get an intuitive idea
on how to define transversal intersections. Two hypersurfaces X1, Xo C K"
intersect transversally in a common point z € R" if their tangents at z span
the whole K™. Therefore, we need the notion of tangent spaces of an affine
curve or hypersurface.

The following definition can be found in [7, Chapter 9, §6].

Definition 5.9. Let V' C K" be an affine variety, p € K[x| a polynomial
and z = (z1,...,2,)| € K" a point. Then the linear part of p at z is
defined as

d=(p) = (9x1p)(2)(x1 = 21) + ... + (9%p) (2) (Xn — 2n) € K[x].

Note that deg(d.(p)) < 1.
Further, the tangent space of V' at z is the variety

T.(V) = V({d.(p) : p € I(V)}).

Remark 5.10. Note that in the following, we are mainly interested in the
case where V' is a hypersurface, i.e. V' = V(p) for some polynomial p € K[x].
From the Hilbert Nullstellensatz (see [7, Chapter 4, §2, Theorem 2|) we
know that for an arbitrary ideal I < K[x] it holds

I(V(D) = VI,

where vI = {p € K[x] | Im € N : p™ € I} is the radical of T (see [7,
Chapter 4, §2]). Further, if I = (p) is generated by a single polynomial
and p has a factorization of the form p = ¢p{* - - p®" in distinct irreducible
factors p; € K[x], where ¢ # 0 and «o; € N5g (¢ = 1,...,r), it holds by [7,
Chapter 4, §2, Proposition 9] that

\/j = <p1a . 7p7‘>'

Moreover, note that if we define pyeq = p1 - - pr, then V(p) = V(preq)-
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This means in particular that if p is already irreducible, the tangent space
of V.=V(p) at z is determined by
T.(V(p)) = V(d=(p)),

i.e. the variety of the linear part of p at z.

Remark 5.11. There is another thing, which has to be considered when we
want to define transversal intersections. Therefore, consider the following
intersection in R?:

nontransversal

4 y =0 (green)
x®—y2 =0 (blue)

From an intuitive standpoint, the intersection is nontransversal. However,
since for p(x,y) = x> — y? we have 9xp(x,y) = 3x2, dyp(x,y) = —2y and
hence, for z = (0,0) " it holds d,(p) = 0. This means that the tangent space
of V(p) at z is already the whole R?, i.e. T,(V(p)) = R%

Hence, it does not suffice to say that two hypersurfaces V' (p), V(q) inter-
sect transversally at z if their corresponding tangent spaces span the whole
space. Instead, we have to say in addition that the partial derivatives must
not all vanish at z, which leads to the following definition of nonsingular
points.

Definition 5.12. Let V = V(p) C K" be an affine hypersurface generated
by p such that p is, as in Remark 5.10, without loss of generality the product
of single, distinct, irreducible factors, i.e. p = p; - - p,, where p; € K[x]| are
irreducible. Let z € C™ be arbitrary. Then we call z a singular point of V'
if all partial derivatives of p vanish at z, i.e. (Ox;p)(2) =0 (i = 1,...,n).
Otherwise, z is called a nonsingular point of V.

Remark 5.13. Note that the general definition of a singular point of a
variety V' can be found in [7, Chapter 9] and involves the dimension of a
variety. However, since for our purposes it suffices to define singular points
only for hypersurfaces, we use the results of [7, Chapter 9, §6, Example 4]
to give in Definition 5.12 an equivalent characterization of singular points of
hypersurfaces. This allows us to avoid the formal definition of the dimension
of a variety.

Now we can finally define the transversal intersection of two (affine) hy-
persurfaces as in [15, Chapter 2].

Definition 5.14. Let X;, Xo C K™ be two affine hypersurfaces and let
z € X1 N Xy be such that z is a nonsingular point of both X; and Xs.
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Then we say that X; and Xs intersect transversally at z € K" if their
corresponding tangent spaces span the whole K", i.e.

Tz(Xl) + TZ(XQ) = K"

Example 5.15. In the following, we take again a look at the curves given
in Example 5.8(a).
e Consider p; =y —x%,ps =y — x € R[x,y]. We want to show that
X1 = V(p1), X2 = V(p2) C R? intersect transversally at the point
z = (0,0)" € R2. First of all, it can easily be seen that both p; and
po are irreducible over R[x,y|. Further, z is a nonsingular point of
both X; and X3 since (Jypi1)(z) = 1 = (dyp2)(z). Hence, we know
by Remark 5.10 that

I(V(p1)) = (p1),  1(V(p2)) = (p2)-

Further, since (0xp1)(z) = 0, (Qyp2)(z) = —1, we have

d.(p1) =y, d.(p2) = —x+Yy.

and hence T, (X;) = spang((0,1)"), T.(X,) = spang((1,1)"). This
shows that T,(X1) + T.(X,) = R?, which means that X; and X»
intersect transversally at z, as desired.

e Now consider p; = y — x%,po = y € R[x,y]. As above, we know
that z = (0,0)" is a nonsingular point of both X; = V(p;) and
Xy = V(p2). Further, one can see that d,(p1) =y = d.(p2). For
this reason, the tangent spaces at z, coincide, more precisely

T.(X1) = T.(X2) = spang((0,1)").
This shows that the intersection of X7 and X5 at z is not transversal.

An analogous observation can be made for the hypersurfaces in Example
5.8(b).

Remark 5.16. Let p € K[x] be an arbitrary polynomial. If z € K" is a
nonsingular point of p, the tangent space T,(V(p)) has dimension n — 1 as
a K-vector space (see [7, Chapter 9, §6, Example 4]). In particular, this
means for n = 2 that two affine curves V(p1), V(p2) C K" (p1,p2 € K[x,y])
intersect transversally at z € K? if and only if z is a nonsingular point of
both V(p1) and V(p2) and p; and py have distinct tangent directions at z.
This is precisely the definition of transversal curves given in [33, Chapter
A.3] or [23, Chapter T7].

The projective case can be traced back to the affine case using dehomog-
enization as in [33, Chapter A.2].

Definition 5.17. Let X = V"(p) C P" 'K be a projective hypersurface
such that p € K[x] is without loss of generality the product of its single,
disctinct, irreducible factors p = py---p,. Let k € {1,...,n} be arbitrary.
Then we call

ﬁ:p(xb sy Xp—1, 17Xk’+17 cee 7Xn) € K[Xla ey X1, X415 - 7Xn]

the dehomogenization of p with respect to the k-th variable and X =
V (p) € K" the affine part of X with respect to x.
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Further, if z € K™ such that z; # 0, we call
~ 21 Zk—1 2k+1 z _
- (2 B0 B e
Zk Zk Zk Zk
the (n — 1)-dimensional projection of z with respect to z.

Now we can define the transversal intersection of projective hypersurfaces
as in [33, Chapter A.2].

Definition 5.18. Let X, X, C P""'K be projective hypersurfaces, v €
X1NXs and z € K™\{0} homogeneous coordinates of v. Let zj # 0 for some
k € {1,...,n}. Further, let X1, Xy C K" 1 be the affine part of Xi, X,
respectively with respect to x;, and Z € K"~! the (n— 1)-dimensional projec-
tion of z with respect to zx. Continue this process if necessary until )?1, )?2
are generated by nonhomogeneous polynomials. Then we say that X7, X
intersect transversally at - if the affine hypersurfaces X1, Xo intersect
transversally at z.

Example 5.19. Consider the following examples of intersections of projec-
tive hypersurfaces in n = 3 variables:

transversal nontransversal

p1 = 2% +2zy - x* (blue) p1 = 2% +2zy —x* (blue)
p2 = x (green) p2 =z (green)

e On the left hand side, we have p1(x,y, z) = 22422y —x2, p2(X,y,2) =
x € R[x,y,z]. Clearly, the projective hypersurfaces V"(p;), V" (p2)
intersect at v = (0 : 1 : 0) € P?2R. Take z = (0,1,0)" € R3. Deho-
mogenization with respect to y leads to

51(X’Z) = Z2 + 2z — X2, ﬁQ(X,Z) =Xc R[X,Z],

which are both irreducible over R[x, z] and intersect at Z = (0,0)" €
R2. Further, we have

(0xp1) (2) =0, (9zp1) (%) = 2,
(0xp2) (2) =1, (0zp2) (2) =0
and hence dz (p1) = 2z, d3 (p2) = x. This shows that
T2 (V (31)) = spang (0, 1)), T= (V' (7)) = spang((1,0)),
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which yields that the intersection is transversal.

e On the right hand side, we consider p;(x,y,z) = z2 + 2zy — x?,
p2(x,y,z) = z € R[x,y, z|, which also intersect at v = (0:1:0) €
P?R. Dehomogenization with respect to y leads to

ﬁl(XaY7Z) = Z2 + 2z — X27 52(X7Y7Z) =zc R[X’ Z]'

Further, for Z = (0,0) " € R? we have for the linear parts dz (p;) = 2z
and dz (p2) = z. For this reason, the tangent spaces at z coincide
and we have in particular

T: (V (p1)) = spang((0,1)7) = T= (V (2)) ,
showing that the intersection is nontransversal.

Finally, we can formally state the version of the Cayley—Bacharach The-
orem, which covers the example illustrated at the beginning of the section.
This version goes back to the French Mathematician Chasles and was pub-
lished in 1865. A proof can be found in [11, Theorem (CB3)].

Theorem 5.20 (Chasles). Let X1, Xs C P2C be cubic plane curves, i.e.
curves generated by forms of degree 3 meeting transversally in 9 points

v, ...,7Y € P2C. If p € Hss is a cubic form vanishing on v*,...,~8, it
must also vanish on 7.

5.2. A more general Version of the Cayley—Bacharach Theorem.
For our purposes, we need a stronger version of the Cayley—Bacharach The-
orem, which can also be found in [11]. Before we state it, we formalize and
generalize the idea of Theorem 5.20 that given a set I' C P"C of projective
points, vanishing on a subset of I' can already be sufficient for a form of
certain degree k to vanish on the whole set I'. The following definition is
taken from [11].

Definition 5.21. Let s € Nand I' = {v,...,7s} € P*""!C be a finite
set of projective points. Fix a degree k. Then the failure of I" to im-
pose independent conditions on forms of degree k is the quantity s — 7,
where 0 < r < s is the least number such that there are r distinct points
Ay iy, iy € {1, ..., s} such that every form p € H, j that van-
ishes on 7%, ...,~" already vanishes on the whole set I

Example 5.22. Consider for example n = 3 and k = 1, i.e. the set of
ternary linear forms and a set of s = 3 projective points I' = {v,~2,73}
given by the homogeneous coordinates z! = (1,1,0)7,2% = (1,0,1)7,2% =
(2,1,1) € C3, respectively. Let p = p1x + poy + p3z € Hj3 1 be arbitrary,
where p1,p2,p3 € R. Clearly, if p vanishes on two of the points, say !, v2
it also vanishes on any linear combination az! + Bz? (a,8 € R) of the
homogeneous coordinates. In our case, we have 23 = 2! + 22. Hence, if p
vanishes on ' and 2, it must also vanish on 73. This shows that the failure
of I' to impose independent conditions on forms of degree k = 1 is at least
1=3-2. Clearly it can also not be bigger. For example, x —y € Hj 1 vanishes
only on v! and neither on 42, nor on 3. A similar observation can be made
for the other two points. Hence, the failure is exactly 1.
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It will later be important to know an equivalent characterization of the
failure in terms of linear independency of point evaluations. Further, there
is also a nice characterization in terms of the Hilbert function. Before we can
state this equivalence of characterizations, we need some more definitions,
which can be found in [28, Lecture 7].

Definition 5.23. Let I < K[x] be an ideal. Then
Ig:=10{p e K[x]:deg(p) =d} ={p € I:deg(p) =d}
is the d-th homogeneous part of I.

Definition 5.24. Let n € N and V C P" 'K be a projective variety.
The homogeneous coordinate ring of V' is the quotient ring S(V) =
K[x]/I(V). Further, let I4(V) := (I(V))q be the d-th homogeneous
part of the vanishing ideal on V. Then we define the quotient space
Sa(V) = {p € K[x] : deg(p) = k}/La(V).

Remark 5.25. We write {p € K[x]| : deg(p) = d} and not H,, 4 since H,, 4
was only the set of real forms in n variables of degree d, whereas the forms
in the first set might have complex coefficients.

Note that Sq(V') is a subspace of S(V') for all d and S(V') = @ ;cp Sa(V).
Further, we can define the following.

Definition 5.26. Let V C P" 'K a projective variety. The Hilbert func-
tion of V' is defined as

hv: N — N, hv(d) = dlmK(Sd(V))

Now, there is the following equivalence, which is stated and proven in [28,
Lemma 8.7].

Lemma 5.27. Let I' = {4},... 4%} C P""'K be a set of s € N projective
points with homogeneous coordinates z',...,z° € C". Then the following
are equivalent:

(i) The Hilbert function satisfies hr(d) = s.
(ii) The failure of ' to impose independent conditions on forms of degree
d is 0.
(i1i) The set of point evaluations {ev, :i=1,...,s} is a linearly indepen-
dent subset of the vector space of all linear functionals of the form

{p € K[x] : deg(p) = d} — K.

Proof. First, note that by Remark 5.3, I'" is indeed a projective variety.
Further, (ii) is equivalent to

Vie{l,...,s} dp € K[x],deg(p) =k :
[Vj e{l,...,s}\{i} :p(zj) :0} A p(zi) #0,

Le. for each point 4" € T, there is a form vanishing at all points of I" except
~*. We can now prove the equivalence. Therefore, consider the mapping

o: {p € K[x] : deg(p) = d} = K*, o(p) = (p(z"),...,p(z")) "

(44)
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Clearly, we have I;(I') = Ker(¢) and hence for the dimension of the image
of
dimg Im(p) = dimg{p € K[x] : deg(p)
= dimg{p € K[x] : deg(p) = } dim I4(T")
= dimg ({p € K[x] : deg(p) = d} / 1a(I')) = hr(d).

For this reason, we know ”(i) = (ii)”, since (i) is equivalent to saying
that ¢ is surjective. In particular, for all j € {1,...,s} thereisa p; € {p €

K[x] : deg(p) = d} such ¢(p;) = ¢’.
Further, this also shows that ”(i) = (iii)”. Therefore, let \; € C be
S

arbitrary such that ) Ajev,: = 0. In particular, if we choose p; as above,
=1

we have 0 = Z iev,i(pj) = Aj for all j € {1,...,s}, showing the linear

independency of the point evaluations.

7(ii) == (i)”: If (ii) holds, we know by (44) that for each j € {1,...,s},
there are ¢; € {p € K[x] : deg(p) = d} and \; € C\{0} such that p(q;) =
)\jej . By homogeneity, this means ¢ ()\j_l/ dqj> = ¢/, which shows that
el € Im(yp) for all j and hence the surjectivity of .

7(ili) = (i)”: We prove this by contraposition. Assume that ¢ is not
surjective. Hence, Im(p) is contained in a subspace of K* of codimension
1, i.e. a hyperplane H in K% From Linear Algebra, we know that this
hyperplane can be written as

H:{ZGKn:i)\Z‘Zi:O}

i=1

for some A = (A1, ..., As) € K*\{o}. Since Im(yp) C H, we know in particu-
lar

Vp € {p € K[x] : deg(p Z/\ Z—Z)\evzz ) =0,
=p(z ')
which shows that {ev,: : i = 1,...,s} is linearly dependent. Hence, we
obtain the claim. O

Now, consider the following version of the Cayley—Bacharach Theorem.

Theorem 5.28. Let X1,..., X, C P"K be hypersurfaces of degree dy, ... ,d,
respectively, meeting transversally in I' = X7 N---N X, CP"K. Let ' =
I'OI be the distinct union of two sets I",I" C P"K. Set r = (3.1, d;) —
n—1. If0 < k < r is a nonnegative integer, then the dimension of the
family F C {p € K[x] : deg(p) = k} of forms of degree k in n + 1 variables
vanishing on I is equal to the failure of I to impose independent conditions
on forms of ‘complementary’ degree r — k.

Proof. [11, Theorem CB6]. O
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For our purposes, we need a special case of Theorem 5.20, which is stated
without proof in [4, Lemma 2.9]. This will be the key tool in characterizing
the SOS cone ¥, o4 inside the PSD cone P, o4 for (n,2d) € {(4,4),(3,6)} in
Section 5.3.

Lemma 5.29. Let (n,d) € {(4,2),(3,3)} and p1,...,pn—1 € Hpq be forms
intersecting transversally in s = d"~' projective points v',...,v* € P"71C.
Further, let 2zt € C"\{0} be homogeneous coordinates of the ~*.

Then there is a up to scaling unique linear relation on the values of any
form p € Hpq on 2%, i.c. there are a; € C\{0} such that

Vp e Hyq: Zaip(zi) =0. (45)
i=1

Proof. In this proof, we want to apply Theorem 5.28. For this reason, let
X; = {(z) € P""IC : p;i(z) = 0} be the hypersurface of degree d defined by
p; (i=1,...,n—1). In the sense of Theorem 5.28 define I' = {4}, ... 7} =

I UT”, where I" = () and I'” = I". Further, we have r = (Z?z_ll d) —(n—
)—1=mn-1)(d-1)-1.
Now let £ = 0. Clearly, the dimension of the family & C H,,; of forms

of degree k = 0 vanishing on IV = () is 1, since it is the set of all constants.
Further, note that since (n,d) € {(4,2), (3,3)}, we have

o f3ai-1=2=d, if(n,d)=(4,2)
r=(n—-1)(d—1) 1—{2,2_1:3:d, if (n,d) = (3,3)

This shows r — k = r — 0 = r = d and Theorem 5.20 tells us that the failure
of I =T to impose independent conditions on forms of (complementary)
degree d is 1 as well. Hence, Lemma 5.27 tells us that the family of point
evaluations {ev,: : i € {1,...,s}} is linearly dependent, i.e. there are a; € C
not all a; = 0 such that

Vpe Hyq: Zaip(zi) =0. (46)
i=1

This is almost the claim. It remains to show that the a; can also be chosen
such that they are all nonzero. To do so, apply again Theorem 5.20 but
this time on IV = {4/},T" = T'\{y?}, where j € {1,...,s} is arbitrary.
Clearly, the dimension of the family of forms of degree k = 0 vanishing on
I = {47} is 0. Hence, the failure of I'” to impose independent conditions
on forms p € H,, 4 is 0 as well. This time, Lemma 5.27 shows that the set
{ev,i :i € {1,...,s}\{j}} is linearly independent. In particular, we must
have a; # 0, since otherwise Zf:lﬂ‘ 2; aievzi = 0 would be a nontrivial linear
combination. Since j € {1,...,s} was arbitrary, we obtain a; € C\{0} for
all j.

The linear combination is also unique up to scaling since otherwise, we
could find a linear combination )7 ; @;ev,: = 0 (a; € C) where some a; = 0.
This shows the claim. O

Convention 5.30. From now on, we call the coefficients a; € C\{0} of (45)
the Cayley—Bacharach coefficients and property (45) itself the Cayley—
Bacharach relation.
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5.3. Structure of Extreme Rays in ¥j, and ¥3. This section follows
[4, Section 4]. Therefore, results from [4, Section 2-3] are used without proof.
However, at the beginning of this section, for our purposes crucial results
from [4, Section 2-3] are recalled. On this basis, we gain some knowledge
about the structure of extreme rays of the closed convex cones Xj 4 and X3 ¢.
This is the key in understanding what separates the SOS cone ¥, o4 from
the non SOS forms inside P, 24 ((n,d) € {(4,2),(3,3)}).

Convention 5.31. In this section, we always consider (n, d) € {(4,2),(3,3)},
i.e. H, 94 is either the set of quarternary quartics or the set of ternary sex-
tics.

For a linear functional ¢ € H){ 9¢» We can define a quadratic form )y on
H, 4 as follows.

Definition 5.32. Let ¢ € HT\L/,Qd' We define a quadratic form Q; on H,, 4
via

Qe: Hua — R,Qu(q) = €(q%).

Further, the kernel of ), is denoted by W, := Ker Q. The quadratic form
is said to be positive semidefinite if Q¢(q) > 0 for all ¢ € H,, 4.

Now, the setting we are working on in this section is specified:

Let £ € E:‘L’M span an extreme ray of the closed convex cone Z:L,2d such
that ¢ # ev, for all z € R™, i.e. £ does not correspond to a point evaluation.
By [4, Section 2], there are p1,...,p, € Wy C H,, 4 that do not have common
zeros real or complex, i.e.

Vél(pl,...,pn) = (.

Further, by [4, Theorem 2.8] there are qi,...,qn—1 € spang{pi,...,pn} C
W, that intersect transversally in s = d"~!' possibly complex projective
points, i.e.

Ve(ar,- - qn1) =T ={y",... .y} CP"'C.

Further, the ¢; can be assumed to be linearly independent. Let z* € C™\{0}
be homogeneous coordinates of the +* (i = 1,...,s). By the Cayley—
Bacharach relation from Lemma 5.29, there are a; € C\{0} that are up
to scaling uniquely determined such that

S S
Vge Hyq: Zaip(zz) = Zaievzi (p) =0.
i=1 =1

Definition 5.33. For a set S C K[x], we write (S) C K[x] for the ideal
generated by S (see [7, Chapter 2, §4]). For k € N, we define (S), = {p €
(S) : deg(p) = k} as the k-th homogeneous part of (S).

By [4, Theorem 2.7], we know that dimg W, = n. Further, the n-
dimensional space Wy defines the linear functional ¢ uniquely as linear func-
tional vanishing on (Wy)94. In particular, since q1,...,¢,—1 € W are in
the kernel of ¢, the functional ¢ has to vanish on (qi,...,qn—1)2d C (Wy)2q.
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Further, it is stated in [4, Section 2] that since the g; intersect transversally,
£ can be written in the form

0= ajev, (47)
=1

for some «; € C.

Goal: The first aim of this section is to understand, where the coefficients
a; in (47) come from and what properties they have. Second, we want
to choose the homogeneous coordinates z° in such a way that as many as
possible of them are real. Later it can be seen that the SOS cone X, 54 can
be separated from the non SOS forms in P, o4 precisely by extreme rays of
3}, 9q of the form (47).

Therefore, start by choosing a form g, € W, C H,, 4 such that {q1,...,¢n}
forms a basis of Wy. The following observation is stated without proof in [4,
Section 4].

Proposition 5.34. The values g,(2")(i = 1,...,8) are up to scaling in-
dependent of the choice of q, € Wy. Further, it holds gn(2*) # 0 for all
1=1,...,s.

Proof. Let g, € Wy be a second form such that {q1,...,¢.—1,¢n} is also a
basis of W;. Then there must be \; € R (j = 1,...,n),\, # 0 such that
Gn = E?:l Ajgj. Since T'= V(qy,...,¢s—1) and the z* are homogeneous
coordinates of the elements in I', we know

Gn(2') = ;/\j (') =am(@)  (i=1,....9), (48)
=0 for j#n

which shows the first part of the claim. For the second part, assume that
qn(2") = 0 for some i € {1,...,s}. Recall that V"(p1,...,p,) = 0 and
q; € spang{pi,...,pn} for j = 1,...,n — 1. Hence, there must be some
j €{1,...,n — 1} such that p;(z") # 0. Now take ¢, = q,, + pj. But then
it holds A g, (2%) = 0 # pj(2°) = gu(2") + p;(2") = Gu(z?) for all X € R\{0},
=0
which contradicts (48). This shows the claim. O
The following lemma describes how the coefficients a; € C from (47) arise
from the coefficients a; of the Cayley-Bacharach relation (45) and the values
¢n(2%). The lemma is stated and proven in [4, Lemma 4.1].

Lemma 5.35. Up to scaling, it holds o; = % fori=1,...,s. Hence,
n

the extreme ray € is given by £ = %evzi.
i=1""

Proof. Since /¢ is defined as a linear combination of point evaluations at zeros
of qi,...,qn-1, it follows ¢(pq;) = £(p) - £(¢;) = 0 for j =1,...,n—1 and
all p € H, 4. Further, a; € C defined as in the claim yields

S

Upgn) = Y aievai(pan) = Y —1p(z)gu(z) = Y aip(z') = 0
i=1 =1

i=1 an(2")
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by the Cayley—Bacharach relation (45). Further, {qi,...,q¢,} forms a basis
of Wy. Hence, we obtain the claim as £ is the up to scaling unique linear
functional which vanishes on (Wy)og = (q1, .- ., Gn)24- O

Next, we are going to investigate the number of complex points in I'. Since
the polynomials qi,...,¢,_1 are real and intersect in I' C P*~!C, T' must
be closed under complex conjugation, i.e. if (z) = (27 :---:2,) €T, 2z =
(21,...,2n)" € C", s0 (2) € T. In particular, the homogeneous coordinates
of 4* (i =1,...,s) can be chosen such that they are closed under complex
conjugation. Hence, we can do the following.

Convention 5.36. Denote by r; the elements of z* that can be chosen
to be real homogeneous coordinates. For simplicity, we denote the purely
complex z' again by 2. Hence, the homogeneous coordinates of the elements
inl'= Vél(ql, ..., qn—1) can without loss of generality be chosen as

rlorkeRr, 2 2mEL L EMeCt st A (j=1,...,m).

In particular, this means s = k + 2m.

Goal: We now determine the number m of complex conjugated pairs
(z5,2") (i=1,...,m).

Convention 5.37. By (47) we know that with the 2 as in Convention 5.36,
¢ is of the form

k m
= Z ,BieVTi + Z (aievzi + ’yievgi) ,
i=1 =1

where f;, aj,7; € C\{0} foralli =1,...,k,j=1,...,m. Since {(p) € R for
all p € Hy, 24, it can without loss of generality be assumed that 5; € R (i =
1,...,k)and v; = @; (j = 1,...,m). Further, 8;,; # 0 for all 4,j. More
precisely £ can be written as

k m
{= Z Biev,i + Z (jev,i + aevsi) . (49)
=1 =1

The following lemma is stated and proven in [4, Lemma 4.2].

Lemma 5.38. Suppose that the quadratic form Qg is positive semidefinite.
Define the evaluation map

Eg: Hy 4 — R® = RFF2™
Er(p) = (p (rl) N ) (Tk) ,Rep (zl) ,Imp (21) ,...,Rep(z™) ,Imp(zm)>

and let ¢ := dimg Er(H,, q) = rk(Er), where tk(ER) is the rank of the linear
map Er. Then it holds ¢ < k + m.

Proof. For q € Hy, 4, it holds

k m
Qulg) = U(a*) =Y Bid*(r") + > (g’ (') + @i (7)) .
=1

i=1



76

Further, let @g: R* — R be the quadratic form on R® = R¥+2™ given by
~ a - 2 2
Qu(z) = Zﬁzxf + Z (Oéi (z2i-1 4+ V=1 22)" + & (2201 — V-1 2;) ) .

i=1 i=1

for = (x1,...,25)" € R, Clearly, it holds Q, = @g o Fgr. Note that Ep is
welldefined since for all i = 1,...,m and = = (x1,...,2,)' € R®, we have

2 _ 2
o (z2i—1 + V=1 22;)" + @ (x2im1 — V-1 22;)
= Re(ai) . (‘/L‘%i—l + 2\/ —1 X2;—-1T9; — .’E%Z + 33%1-_1 — 2\/ -1 T2;—1X92; — x%z)
+ Im(ai) . (x%i—l + 2V —1 x9;_119; — x%l — (l’%i_l — 2V —1 x9;_129; — x%z))

=2 Re(ay)23;_ 1 + 4Tm(oy)ze; 179 — 2 Re(a;)x3,

“Ceaw) (00 S ) (5 ) e®

2Re(a;)  —2Im(ey)

Further, the 2 x 2 matrix T; := < —2Im(e;) —2Re(a)

> € R?*2 has the
characteristic polynomial
(2Re(;) — N)(—2Re(a;) — \) — 4Tm(ay;)?
=22 — 4Re(;)? — 4Tm(a;)? = A2 — 4 |y

Since «; # 0, the matrix T; has exactly one positive and one negative eigen-
value. For this reason, it holds

Qu(z) = xTA@x (x € R%),
where

A~ — dlag(ﬁlv?ﬁk) Ok><2m
Q O & diag (Th, ..., Tyn) € RE**

has at least m negative eigenvalues. Equivalently, @g is strictly negative on a
subspace U C R*® with dimg (U) > m. Since @y on the other hand is positive
semidefinite and @y = @goER, it can be deduced that ¢ = dimg Er(H,, q) <
codimg (U) < k + m, which shows the claim. O

The following proposition is stated and proven independent of [4].

Proposition 5.39. Let Q; be positive semidefinite and Er be defined as in
Lemma 5.38. Then ¢ = dimg Er(H, q) is the mazimum number of points
shoo,sceS={rt k2l 2, 21, 2 ) such that the point eval-
uations evg : H, g — C are C-linearly independent.

Proof. Let N = N(n,d) = (";iid) (see Remark 2.4) be the dimension of
the R-vector space Hy, 4 and F = {f1,...,fn} € H, 4 be a basis of Hy 4
(e.g. the basis of monomials). Consider

Er(f1)

£ .= : e RVxs — RNx(k+2m)'

Er(fN)
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By definition of ¢, we know that ¢ = rk(€). Note that rk(€) is the same if
we interpret £ as a complex N x s matrix. For z € C", define

eVz(fl)
ev,(F) = : e RN

ev.(fn)

Hence, using the definition of Eg, £ can be rewritten as

E=(ev,1(F),...,ev,u(F),Re(ev,1(F)),Im (ev,1(F)),
..., Re(evym(F)),Im (evm(F))).

From Linear Algebra, we know that ¢ = rk(&) is also the dimension of the
column space of £ as R- or C-vector space, since £ is a real matrix. Hence,
it is in particular the dimension of the set of all C-linear combinations of
the functionals

ev,1,...,ev,k, Re(ev,1),Im(ev,1),...,Re(evym),Im (evym) .

as a subspace of {¢: H, 4 — C | ¢ linear}. Since ev,; = Re(ev_;)+iIm(ev_;)
(j =1,...,m), this is the C-vector space

spang {ev,1,...,eV,k,ev,1,evs, ..., eV,ym, evym}
Hence, the claim follows. O

As a consequence, we have the following corollary as in [4, Corollary 4.4],
which is there stated without proof.

Corollary 5.40. Suppose that £ € HX,M is an extreme ray of E;Qd that
does not correspond to a point evaluation and let qi1,...,qn—1 be forms in
the kernel Wy of Q, that intersect transversally in s = d"~' points T =
{’71,...,’)/5}. Letr; ER\{O},Z]' S C\{O},Zj #Zj (Z =1,...,k, 5= 1,...,m)
be homogeneous coordinates of the elements of I' as in Convention 5.36.
Then the set I' includes at most 1 complex conjugated pair, i.e. m < 1.

Proof. Note that since £ is nonnegative on X, 54, it follows instantly that the
quadratic form Q is positive semidefinite as Q(p) = £(p?) for all p € H,, 4.
By the Cayley—Bacharach relation of Lemma 5.29, we know that

k n
Z Biev,i + Z (aev,i + ajevsz) =0 on Hy 4,
i=1 i=1
where the coefficients ; € R\{0},a; € C\{0} (¢ = 1,...,k,j =1,...,m)
are uniquely determined up to scaling. For this reason, the maximum num-
ber of C-linearly independent functions ev,:,ev,;,evs: H, 4 — C must
be s —1 = k 4+ 2m — 1. Further, by Proposition 5.39 we know that
this is ¢ = dimgr Eg(H,,q), where Eg is defined as in Lemma 5.38, i.e.
c=s—1=k+2m —1. In addition, Lemma 5.38 tells that ¢ < k 4+ m. This
shows m < 1. O

This allows to prove the two main theorems [4, Theorem 1.1, Theorem
1.2] of Blekherman, which are stated in the following.
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Theorem 5.41. Suppose that p € P3¢ is not SOS, i.e. p & ¥36. Then there
exist two real cubzcs q1, q2 € Hjz 3 wntersecting in 9 = 32 (possibly complem)
projective points y',...,77 € }P’Q(C such that the values of p on ' certify
that p is not SOS. More precisely, let z',..., 2% € C3\{0} be homogenous
coordinates of the v such that they are closed under complex conjugation.
Then there exists a real linear functional £: H3 s — R given by

9
=Y aif(z') (f € Hsp)
=1

for some a; € C\{0} such that {(¥36) > 0 but ¢(p) < 0. Furthermore,
there is at most one complex conjugated pair (z;,z;) in the homogeneous
coordinates.

Theorem 5.42. Suppose that p € Py 4 is not SOS, i.e. p & ¥4.4. Then there
exist three real quadrics ql,qg,qg € H472 intersecting in 8 = 23 (possibly
complex) projective points v',...,4® € P3C such that the values of p on
v certify that p is not SOS. More precisely, let 2l 28 e Ch0} be
homogenous coordinates of the v* such that they are closed under complex
conjugation. Then there exists a real linear functional £: Hy4 — R given by

€)=Y aif(z) (f € Hu

for some a; € C\{0} such that {(X44) > 0 but ¢(p) < 0. Furthermore,
there is at most one complex conjugated pair (z;,Z;) in the homogeneous
coordinates.

The following proof can be found in [4, Section 5].

Proof of Theorem 5.41 and 5.42. As remarked in Convention 5.31, we have
(n,d) € {(4,2),(3,3)}. Let p € P,24\Xn24 be arbitrary. By Proposi-
tion 3.80 we know that X% n2d 18 @ closed convex cone. Hence, by Theo-
rem 3.75 we know that ¥* n.2d 18 the convex hull of its extreme directions.
Since Efl*zd = Yy 24 by Proposmon 3.82 and Remark 3.68, there must be
an extreme direction ¢ € ¥ ,; such that ¢(p) < 0. Since £(p) < 0 but p is
nonnegative, £ € H' n,2d SPans an extreme ray of ¥ n.2d that does not corre-
spond to point evaluatlon By Lemma 5.35, ¢ is of the desired form and by
Corollary 5.40 we know that there is at most one complex conjugated pair
in the z’. This shows the claim. (]

We close this subsection by giving the following conjecture, which can be
found in [4, Conjecture 7.3].

Conjecture 5.43. Let (n,d) € {(4,2),(3,3)}, W C H,, 4 an n-dimensional
subspace such that Vé‘(W) = (). Further, assume that any collection of forms
Q... qn—1 € W intersecting transversally in s points 7',...,~* € P*~IC
has at most one pair complex conjugated projective zeros. Then there exist
q1,---,qn—1 € W intersecting transversally in only real points.

Remark 5.44. In our setting, Conjecture 5.43 means that an extreme direc-
tion ¢ € X* n,2d S in the Theorems 5.41 and 5.42, which does not correspond
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to a point evaluation, can always be written in the form ¢ = 7 | aev.,i,
where s = d"~! and «o; € R\{0}, z* € R"\{0} are all real.

5.4. Sum of Squares Certificates for elements of P, 4, and P;¢. From
the Theorems 5.41 and 5.42 and Convention 5.37, we know that the SOS
cone ¥y, 24 ((n,d) € {(4,2),(3,3)}) can be separated from the non SOS forms
inside the cone P, 24 by extreme rays that are either of the form

{= Z A€V, (50)
i=1
with real 7* € R™\{0} and o; € R\{0} or of the form

S
{ = aev, + aevs + Z eV, i, (51)
i=3
where s = d"~ 1,7t € R"\{0}, 2 € C"\{0}, 2 # z and o; € R\{0}, a € C\{0}.
Further, by Lemma 5.35 we know that the coeffiecient «; and a depend from
the coefficients a; € R\{0} and a € C\{0} of the Cayley—Bacharach relation
(45). This relation can be written as

aievy + ... +ageves =0 on Hy, g
in the case of (50) or
aev, + aevz +azev,s + ... +asevys =0 on Hy g4
in the case of (51), respectively.

Convention 5.45. After scaling the 7 and z if necessary and using homo-
geneity of the forms in H,, 4, we can without loss of generality assume that
the Cayley—Bacharach coefficients a; € R\{0} and a € C\{0} have norm 1.
In particular, it holds «; € {—1, 1} if a; is real. Further, we can even assume
that a = a = 1 since those are the coefficients of complex point evaluations.

The goal is now to further specify the choice of coefficients «; of (50) and
(51). Therefore, consider the following result without proof, which can be
deduced from [4, Theorem 6.1, Theorem 7.1].

Theorem 5.46. Let (n,d) € {(4,2),(3,3)} and £ € X} ,; span an ex-
treme ray that does mot correspond to a point evaluation, Q: H,q — R
its quadratic form with kernel W, C H, 4 of dimension n. Further, let
Qs - qn—1 € Hy 4 be forms intersecting transversally in T = {y',... ,v*} =
VM1, ... qu_1) CP"IC, where s = d"'. Let 2* be homogeneous coordi-
nates of the ~y; that are closed under complex conjugation, a; € C\{0} the
Cayley—Bacharach coefficients as in (45) such that ajev,y + ...+ asev,s =0

on H, q. Then one of the following two cases must occur:
Case 1: All ' are real, i.e. 2 € R™ and £ is of the form (50) where the
coefficients a; € R\{0} satisfy
°. 1
> =0
i=1 "
with a single negative o, without loss of generality oy < 0 and a;; > 0
fori>1.
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Case 2: The %' contain exactly one complex conjugated pair, without loss of
generality zt = 22 and { is of the form (51) where the coefficients
and o satisfy a; >0 fori=3,...,s and

1 1 1
4= — =0.
a+a+§ai

Moreover, any linear functional ¢ € H,',, of the form (50) or (51) with
coefficients as in Case 1 or Case 2 is an extreme direction of X7 ;.

In [12, Section 4], the author develops a certificate on a PSD form p €
P24 to be SOS ((n,d) € {(4,2),(3,3)}). If p € P, 24 was not SOS, the
Theorems 5.41 and 5.42 tell us that there would be an £ € Z;‘%Qd that spans
an extreme ray such that ¢(%,, 24) > 0 but £(p) < 0. Further, Theorem 5.46
tells us precisely how such an extreme ray has to look like. For this reason,
in order to deduce that p is SOS, it suffices to show ¢(p) > 0 for all extreme
rays as in Theorem 5.46.

Remark 5.47. Consider for example the first case of extreme rays as in
Case 1 of Theorem 5.46. We would have to show that

S
Z aip(z') >0
i1

for all o; € R, 2 € R™ such that oy < 0,05 >0 (i =1,...,s),s =d" ! and
S L =0. This is equivalent to

i=1 oy
S S 1
min ap(z): a1 <0, >0(i=1,...,s), —=0,2"eR", >0.
(o (RS |

A similar observation can be made for extreme rays as in Case 2 of The-
orem 5.46. In order to solve such a minimization problem, the common
tool of Karush Kuhn Tucker (KKT) conditions (see [34, Satz 16.26]) from
optimization can be used.

We start with the following definition, which can be found in [35, Section
10].

Definition 5.48. Let m,p € Nand J: R" - R,e: R* - R™, g: R" — R?
be such that e and g are twice (partially) differentiable and consider the
minimization problem

minJ(z) s.t. e(x) =0, g(x) <0, x € R"™. (52)

A point z* € R" is called admissible point for (52) if e(z*) = 0 and
g(x*) < 0. The set of active indices at 2* is the set A = {j € {1,...,p}:
gj(z*) = 0}. The point z* is called local minimum of (52) if there is some
e > 0 such that J(z*) < J(z) for all admissible x € B.(z*), where B.(x*)
is the ball at * with radius € with respect to the Euclidean norm. Further,
we say that z* is a regular point for (52) if the set of vectors Ve;(x*)
(t=1,...,m) and Vg;(z*) (j € A) is linearly independent.

The following theorem is a very important tool in nonlinear optimization.
It gives first order necessary optimality conditions - the KKT conditions -
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for a minimization problem of the form (52). It can be found in [34, Satz
16.26] or [35, Satz 10.18).

Theorem 5.49 (Karush Kuhn Tucker). Let n,m,p € N and J: R" — R,
e: R" —» R™ g: R™ — RP be such that e and g are twice (partially) differ-
entiable and consider the minimization problem (52). If x* € R™ is a local
minimum and a regular point of (52) then there are \* € R™ and p* € RP
such that p* > 0 and

VJ(x*) + e (@)X 4 ¢/ (%) T pu* =0, (53)
(1) g(z*) =0 (54)
Proof. [35, Satz 10.18]. O

Using the KKT conditions (53)-(54), the following two optimization prob-
lems can be solved. They will later help us in verifying that a given p € C,, 24
satisfies £(p) > 0 for all extreme directions ¢ € ¥,, 24. A proof of the following
lemma can be found in [12, Appendix E].

Lemma 5.50. Let x1,...,x, > 0 be arbitrary. Then it holds

k k k
min{Zaiwi Doy > O,Z& = 1} = (Z\/E)
i=1 i=1 " i=1

Further, for z € C" arbitrary, we have

2
. (55)

max{az—l—o‘cé:ae(C\{O},cly—i—olé :1} =2(|z| + Re(2)) (56)

Proof. Without loss of generality, we can assume that at least one z; is
nonzero, otherwise the claim is trivial. Problem (55) can be rewritten in the
standard form (52) as

k Foq
min J(a) = Zaimi st.  ela) = (Z &> —1=
i=1 !

i=1

o (57)
gla)=1 + | >0

g

Assume that o € R" is a local minimum and a regular point of (57). Note
that we can use the Karush Kuhn Tucker conditions although we have a
strict inequality, since an admissible & € R¥ must necessarily be nonzero
in every component. Otherwise e(a) was not welldefined. Further, every
admissible a € R™ is already a regular point for (57). Hence, Theorem 5.49
yields that there are \* € R and p* € R¥ such that

VJ(OZ*)—FGI(CV*)T)\* +g/(a*)TM* -0

8
(1) gl =0 .
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for some \* € R and p* € R¥, u* > 0. In our case, we have
1

X1 a?
V@)= : | eRk ) = : eRF ¢(a)" =1, e RF*k
T _a%

for @ € R™. Hence, (58) can be rewritten as
1

* 2
(o)
k
> uia =0.
=1

Since g(a*) = a* > 0 and p* > 0, it follows from the second line of (59)
that p* = 0. For this reason, (59) can be reduced to

(ir)?” 0 (i=1,... k) (60)

Ndpi=0  (i=1,...k)

T; —

(59)

Ty —

Multiplying each equation of (60) by a; and summing them together shows

k k 1
;afxi— (Za*> A =0

=1 1

=1

k
= A = Zaf:ci > 0. (61)
i=1
Further, we can deduce from (60) that o% = (%)1/2 for all s = 1,...,k.
Inserting this into e(a*) = <Zf:1 %) — 1 =0 shows

1=

=y () s Ly s
- A _\/Fizl "

2
and hence \* = (Zle \/:E> . Therefore, equation (61) yields

n k 2
J(a*)zZaf@zA*z(Z@) ,
i=1 i=1

as desired. On the other hand, this minimum can actually be obtained if we
take

k N e
¥ _ (Zzzl\/E) x, *, ifa; #0 (i=1,...,k).

0, else

This shows (55).

For the second part, let a € C such that é + é = 1 be arbitrary. Let
¢ € R be such that a = |a|e®? = |a| (cos ¢ + isinp). Then it holds & =
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|| (cos ¢ — isin ) and hence
1 1 1 1 1 1
S S= — + — = — - 2cos .
a a |al \cosp+ising  cosp—ising ||

This shows that é + é = 1 if and only if |a] = 2cosp, i.e. a is of the form
a = 2cos(p)e'? for some ¢ € R such that cos(¢) > 0. This yields

1 1
max{az+&2:a€@\{0},+_:1}
\W—-’( ) a @

=2Re(az

= 2Re (2 ).
weerggg{@>0 e( cos(yp)e z)

Further, writing z = |z| " for some 9 € R leads to

2Re (2 ip
saeRr,I(lzng¢>o e( cos(p)e 2)

= max 4]z|Re <cos(<p)ei(“"+’9)>
pER,cos >0

=4 |z - . ).
o] - maxc cos(ip) - cos(y + )

Note that cosz - cosy = 3 (cos(z — y) + cos(x +y)) for z,y € R. Using this
formula for x = ¢ + 9,y = ¢ leads to

4]z]- max  cos(p) - cos(p + )
@p€ER,cos >0

=21z - 9 2 9
] %RI???@()(COS( ) + cos(2p + 1))

=2|z| - (cos(¥) + 1)
=2(|z| cos(9) + |2])
=2(|z| + Re(2)),
as desired. O

Finally, the following theorem can be proven, which can be found [12,
Theorem 4.2].

Theorem 5.51. A nonnegative quarternary quartic p € Py4 is SOS if and
only if both of the following two conditions hold:

(1.) For every rt,... ,r8 € R\{0} and every as,...,as € {—1,1} such that
rl(rl)T = Z?:z airi(ri)T, it holds

8
p(rt) < (Z \/M”))
=2

(2.) For every r3,...,r® € R}\{0} and z € C*\{0}, such that z # z and
every as,...,as € {—1,1} such that zz' + 22" = Z§:3 a;rt(r) T, it

holds
8
2(Ip(2)| + Re(p(2))) < (Z \/p(r")>
=3

2
. (62)

2
. (63)
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Proof. By Theorem 5.42 we know that a form p € Py 4 is SOS if for every

¢ € ¥ 4 of the form £ = S8 | ajev,i, where o; € C\{0} and 2% € C*\{0}, it
holds

8
= Zaip(zi) > 0. (64)
i=1

Since ¥} 4 is a closed convex cone by Proposition 3.80, we know by Theorem
3.75 that ¥} 4 is the convex hull of its extreme directions. Hence, p € 244
is SOS if and only if (64) holds for all extreme directions £ € X7 ;.

Further, the points z° in (64) must satisfy the Cayley-Bacharach relation
% Laev, = 0on Hy,g = Hyy for some a; € C\{0}. We want to rewrite
the linear relation of point evaluations as linear relation on the symmetric
n x n matrices z*(2)" (i =1,...,8) as in the claim. Clearly, it holds

8
Z i€V, = a1eV,1 + ...+ agevys =0 on Hyg= Hyo
i=1
= Vg€ Hpg: arq(z') +...+ agq(zs) =0

—
*
~

— Vij=1,...,4: alzz +. —i—agz =0
— alzl(zl)T+...+agz (28 ) =0,
where (x) follows since {x;x; : 4,5 = 1,...,4} forms a basis of Hy .

In addition, as in Convention 5.45, we can assume that either all z* are
real and it holds a; € {—1,1} for all ¢ = 1,...,8 or they contain exactly
one pair of complex conjugated vectors. In the second case, we can without
loss of generality assume that z' = 22 # 2!, 2/ € R* for i = 3,...,8 and
ap =az=1,a; € {—1,1} (i =3,...,8). This yields that we have one of the
following two cases:

Case 1: Tt holds 2% =: r* € R}\{0} foralli =2,...,8 and 35, a;r*(r)T =0
for some a; € {-1,1} (i = 1,...,8). After dividing by a; and
rerranging, this can be written as r'(r1)T = Y%, @ (1)) T where
Qi€ {-11} (i=1,..8)

Case 2: It holds 2! =: 2,22 = 2 ;é z € (C4\{0} 2t = rt ¢ RN{0} for
i =3,....,8 and zz" + 22" + Z wi(r)T = 0 for some a; €
{-1,1} (z = 3,...,8). After d1v1d1ng by —1 and rearranging, this
can be written as zzT + 2z = Z§:3 ar'(r') ", where @; € {—1,1}
(i=3,...,8).

For simplicity, we denote the 'mew’ Cayley—Bacharach coefficients a; €
{-1,1} again by a;.

Further, Theorem 5.46 tells us that in Case 1 and Case 2 as above, the co-
efficients a; € C\{0}, that together with the points z* determine an extreme
ray ¢ as in (64), must satisfy the following

Case 1: All a; are nonzero reals, i.e. o € R\{0} (i = 1,...,8) and satisfy
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Further, it holds o < 0 and «; > 0 for 7 = 2,...,8. After scaling
the coefficients o; € R\{0}, we can without loss of generality assume

that
8
1 1
Y —=——=1 (65)
— aq
=2
In particular, this means oy = —1.
Case 2: It holds oy =: @, = @ € C\{0} and o; € R\{0} (@ = 3,...,8)
such that
8
1 1 1

Again, after scaling the coefficients o; € R\{0} and o € C\{0}, we
can without loss of generality assume that

8
1 1 1
Z:—<+>=1. (66)
— a
=3
Hence, it can be deduced that (64) holds for all extreme ¢ € X} ; if and
only if the following two conditions hold
(1.) Forallr! ... 7% € R4\{0} ag,...,ag € {-1 1} and ag,...,as € R\{0}
such that 71(r1)T = 3% ari(r)) T and 35, o =Lt holds

iyt
8
)= el

(2.) For all z € CH\{0},2 # z,7%,...,r8 € R4\{0} as,...,as € {—1,1} and
a € C\{0},as,...,a8 € R\{O} such that 2z 4+ 227 = 35 sag(r)) T
and 3% . = =- (l + 1) =1, it holds

«

— (ap(z) + ap(z <Za1p

Writing those conditions as optimization problems shows that p € P44 is
SOS if and only if both of the following two conditions hold.

(I) For all r1,... 78 € R"\{0},as,...,as € {—1,1} such that r'(r!)T =
>, a;r'(r) T, it holds
¥, air(r)T, it hold

8 8
, 1
1 . (Y - o —
r)gmln{ézalp(r).al>0, Ezai —1}.
1= 1=

(IT) For all z € CN\{0},2z # z,73,...,r® € RN\{0},as,...,as € {-1,1}
such that 2z + 22T = Z§:3 a;r*(r")T, it holds
1 1

max {(—a)p(z) + (—a)p(z) : — + == 1}

—Q

8 8
, 1
§min{§ a;p(r') : a; > 0, E w:l}.
i=3 i=3 "



86

Finally, by Lemma 5.50, we know the exact value of each of the optimiza-
tion problems. Therefore, the two conditions (I) and (II) can be rewritten
as follows.

(I) For all r!,...,r8 € R*\{0} and as,...,as € {—1,1} such that
rieh)T = Y8, ar(r?) T it holds

8 8 2
r1) < min {Z aip(r') : a; > 0, Z = } = (Z M)
= =2

(II) For all z € (C4\{O} 7& ,...,7"8 € RN\{0} and ag,...,as €
{—1,1} such that zz" + zz" ZZ sa;7(r)) T it holds

2 (|p(2)] + Re(p(2))) = max { (~a)p(z) + (~a)p(2) : — + —— = 1}

8 ‘ 8 4 8 2
<min {Z a;p(r') : a; > O,Z o= 1} = (Z p(ri)> .
P ; ;

This shows the claim.
O

Remark 5.52. If Conjecture 5.43 turns out to be true, it would suffice to
consider Case 1 of Theorem 5.46. This would mean that for p € P44 to be
SOS, it would suffice to show that property (1.) of Theorem 5.51 holds.

In the following, one can see how Theorem 5.51 can be used to show that
a certain PSD form p € P, 4 is not SOS.

Example 5.53. As mentioned in Remark 2.19, the following quarternary
quartic, which goes back to Robinson, is known to be PSD but not SOS:

p(x,y,z,w) = w' +x°y* + y’2° + x’2° — dxyzw € Py4\Sy4.

Assuming the nonnegativity of p, one can use the certificate from Theo-
rem 5.51 to show that p is not SOS. Therefore, take the following points
r2,...,r8 € R%:

e
P11 1 1), S=(1 1 -1 —1)"

PT=(1 -1 1 -1)" »¥=(1 -1 -1 1)’
It can easily be seen that p(r?) = ... = p(r®) = 0. Further, for r! = e? it

holds p(r!) =1 > 0. We also have the following linear relation between the

points 71, ..., 78

1, INT _ ~T2T2T T3T3T T‘4T4T
(oY) = =4 (126H)T +0") T + 00T o
+ 0T 50T 77T 480 T

Note that the points r!,...,r8 are indeed common zeros of the three real
quadratic forms {xy — zw,xz — yw,xw — yz} C Hy o, see [30, Section 1].
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In Theorem 5.51, we want the coefficients of the linear relation in (67) to be
in {—1,1} therefore, define

i 27&', ¢:1,...,4.
P, i=5,...,8
Equation (67) then yields
4 8
PENT =Y (-0 FE T T
=2 i=5
2
Further, since p(7') = p(2¢e!) = 16 > 0 = (Z?:Q \/p(?i)) it can be deduced
from Theorem 5.51 that p is not SOS.

6. CONVEX QUARTERNARY QUARTICS ARE SOS

In this section, we prove our main result, which is that every convex
quarternary quartic is already SOS, i.e. Cy4 C ¥44. This can be shown
based on the previous results from Section 4 and 5. Precisely, we follow
the proof in [12, Section 5], which uses the Generalized Cauchy—Schwarz
Inequalities from Theorem 4.3 to show that any convex quarternary quartic
p € Cy 4 satisfies the conditions from Theorem 5.51, which then yields that p
is SOS. Therefore, it is crucial to know that the optimal constants A3, B5 > 0
from the Generalized Cauchy—Schwarz Inequalities (23) and (24) are both
equal to 1.

Theorem 6.1. Every convex quarternary quartic is a SOS, i.e. Cy4 C Xy 4.

Proof. Let p € Cy 4 be arbitrary. By Theorem 4.3, we know that p satisfies
the following Generalized Cauchy—Schwarz Inequalities

Va,y € R': Qp(x,y) < A2y/p(2)p(y) (68)
VzeC*: Ip(2)] < B2@yp(2, 2) (69)
for some Ag, Bo > 0, where @), is the biform assiciated to p. Further, by

Proposition 4.12 and 4.29, we know that the optimal constants A%, B} > 0
from (68) and (69) for d = 2 are both equal to 1. This yields

va,y € RY: Qp(x,y) < v/p(@)p(y) (70)

V2eC  p(2) < Qulz2). (71)

To deduce that p is SOS, it suffices to show that p fulfills the two conditions
from Theorem 5.51.

(1.) Let rt,...,r® € RN\{0} and ag,...,as € {—1,1} be arbitrary such that

AT = S art()T 2

8

To show: p(rh) < <Z \/p(ri)> )

i=2

Note that the matrix pr(z)duct of a vector x € R™ with its transpose is

the same as the symmetric outer product of x viewed as a tensor with
itself, i.e. zz| = 2 ®x = 2%. Hence, using those notations from Section
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3.2, we have (r1)? = 2?22 a;(r*)%. Squaring both sides, i.e. taking again
the symmetric outer product of each side with itself yields

(rDt= ) aa () ()2, (72)

0.5=2,...,8

where we used the commutativity of the symmetric outer product.

Moreover, write p = > PrMxg, - - x5, with coefficients cho-
J1yenja=1,..,4

sen as in the proof of Theorem 3.29. Note that by definition of the

quadratic form @, via the tensor T}, associated to p, it holds as in (5)

that

@pl,y) = Z ﬁhmﬂxh L2 Y55 Yia
J1,eJa=1,...,.4
= Z 137'1---j4(x2y2)j1...j47

J1yesja=1,..,4

(73)

where the last step follows as in the proof of Proposition 3.26. For this
reason, it holds

It remains to show:

Va,y € R 1 [Qp(z,y)] < Vp(x)p(y). (75)

Note that this is a priori not clear, since the Generalized Cauchy—
Schwarz Inequality (68) is stated without an absolute value on the left
hand side.

Recall that by Example 3.59(c), we know that Q,(z,y) = @Og@j’p.
Further, Corollary 3.87 tells us that C7 ,, = {8%‘1/*285 tT,Y € R”} for
all n,d. For (n,2d) = (4,4), i.e. d = 2, this means in particular that

the mapping
Hn,?d — Ra qr— Qq(% y)

belongs to Cj, for all z,y € R*. Since p € Cyy4 is convex, this yields
Qp(z,y) > 0 for all z,y € R* and hence

(70)

1Qp(7,y)| = Qp(x,y) < Vp(x)p(y),
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which is (75). Finally, one can see that

8
Py 2 D aia;Qp(r' ) < Y |aiaj| Q17|

Z’]:2 ?.] 2’ 78 o
g 7"Z 7"] ( E \/ 7“’ )
1,j=2,...,8

Hence, Condition (1.) from Theorem 5.51 holds.

(2.) Let73,...,7% € R*\{0}, 2 € C*\{0} be such that z # z and as, . ..,as €
{—1,1} be arbitrary such that zz" +2z" = Z?:g a;r*(r") T holds. Asin
(1.), using the tensor notation and taking the symmetric outer product
of each side with itself, shows

A 4227247 = Z aia;(r')?(r’)?. (76)

Similarly to (1.), we obtain

) +2Qp(52) +p(5) = 3 (4 22252 4 )

PR T

(76) Z asa; Z i (( Z) ( )2>Jl Ja

,j=3,...,8 Jisensja=1,...,4
(73) i j
= g a;a;Qp (7“ ,7“]) .
4,j=3,...,8

(77)

Further, note that p(z) + p(zZ) = 2Re(p(z)). Finally, again using the
Generalized Cauchy—Schwarz Inequalities yields

71)

2(Ip(2)] + Re(p(2))) (S 2(Qp(2,2) + Re(p(2)))

i,j=3,....8
< |Qp (ri,rj)]
4,j=3,...,8
(75) 8 ?
< p(ri)p(rd) = (Z p(”)) :
0,j=3,...,8 i=3

Hence, condition (2.) from Theorem 5.51 holds as well, which shows
that p is indeed SOS. Therefore, we have shown that Cy 4 C ¥y 4.

O
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7. FURTHER EXTENSIONS AND OUTLOOK

In this section, we want to first give some remarks on a possible extension
of the result presented in Section 6 to the case of ternary sextics and then
an outlook on possible future research directions.

7.1. Possible Extension to the Case of Ternary Sextics. In an analo-
gous manner as in Theorem 5.51, one can get a certificate for a nonnegative
ternary sextic p € P3¢ to be SOS. This is stated without proof as the proof
is completely analogous to the one of Theorem 5.51. It can also be found in
[12, Theorem 6.1].

Theorem 7.1. A nonnegative ternary sextic p € P3¢ is SOS if and only if
both of the following two conditions hold:

(1.) For every rt,...,r9 € R\{0} and every as,...,a9 € {—1,1} such that
(r')? = Z? Qaz( 93, it holds

9 2
< (Z \/pw)) : (78)
=2

(2.) For every r3,...,r € R1\{0} and 2 € C\{0}, such that z # z and
every az, . .., a9 € {—1,1} such that z° + 23 = 37_ 5 a;(r")?, it holds

2 (Ip(2)| + Re(p (Z\/ ) (79)

We could now try to follow the steps in the proof of Theorem 6.1 to show
that every convex ternary sextic is SOS as well, i.e. to show that C36 C Y356
holds. Therefore, we would take an arbitrary convex ternary sextic p € C3¢
and we would have to show that it satisfies both conditions of Theorem
7.1. As we remember, it was crucial to know in the proof of Theorem 6.1
that the Generalized Cauchy—Schwarz Inequalities for convex quarternary
quartics hold with optimal constants A5 = B3 = 1.

For the case of ternary sextics we know on the one hand by Proposition
4.12 that A5 = 1 holds as well. Hence, we could proceed as in the proof of
Theorem 6.1 to show that ternary sextics fulfill condition (78). The only
part, which would be different, is to show that an arbitrary p € Cs¢ fulfills

Va,y € R® ¢ |Qp(z,y)| < Vp(x)p(y),

This corresponds to (75) in the proof for quarternary quartics.

For ternary sextics, this can be seen as follows. If |Q,(z,y)| = Qp(x,y),
the inequality follows from the first Generalized Cauchy—Schwarz Inequality.
Further, if |Qp(z,y)| = —Qp(z,y), we have

1Qp(z,y)| = —Qp(x y Qp( y) < Vp(=z)p(y)

deg(p)=2d / )24 \/7

as desired. This way it can be seen that an arbltrary ternary sextic fulfills
the first condition (78) of Theorem 7.1.

)dodd
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But on the other hand, by Proposition 4.29 we know that the second

272
optimal constant B3 = % = 2 > 1 of the Generalized Cauchy Schwarz

inequalities is strictly larger than one. For this reason, we would fail in
showing that (79) holds for an arbitrary p € Csg, if we proceed as in the
proof of Theorem 6.1.

However, if Conjecture 5.43 turns out to be true, we could conclude as in
Remark 5.52 that it would suffice for a convex form p € U3¢ to be SOS if
it fulfills property (78) of Theorem 7.1. Hence, if Conjecture 5.43 was true,
we could conclude that every convex ternary sextic is SOS, i.e. C36 C 3.

7.2. Outlook. We want to close this thesis by giving in the following some
ideas on possible future work related on the topics discussed in this thesis:

e Determine the coefficients A} > 0 of the first Generalized Cauchy—
Schwarz Inequality (23). Therefore, consider for example Conjecture
4.19, which states that A% = 1 for all odd d € N. One could for
example start by searching an upper bound on A} similar as in the
proof of the optimal constants B in Section 4.2.2.

e It could also be interesting to go more into Semidefinite Program-
ming (SDP) as this is used in [12, Section 2.3.1] to calculate the
exact value of A} as mentioned in Remark 4.18.

e As already mentioned in the previous Section, one could try to prove
Conjecture 5.43 in order to extend the Result from Section 6 to the
case of ternary sextics.

e Note that it was crucial for proving our Main Theorem in Section 6
to understand what separates the SOS cone ¥4 4 from the non SOS
forms inside the PSD cone Py 4. This is based on the results of [4].
Hence, for a possible extension of our results beyond quarternary
quartics or ternary sextics, it could be very important, to also get a
general description of what separates X, o4 from P, 24.
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