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Femtosecond Frequency Combs with Few-kHz Passive
Stability over an Ultrabroadband Spectral Range

Sarah R. Hutter, Ali Seer, Tilman Konig, Robert Herda, Daniel Hertzsch, Hannes Kempf,

Rafal Wilk, and Alfred Leitenstorfer*

Femtosecond frequency combs are among the most precise measurement
tools in existence. They have applications ranging from high-precision
spectroscopy and metrology to time-domain quantum physics. Maximizing
the passive stability of these instruments is essential to achieve their full
potential in fundamental science and high-tech industry. However, the noise
mechanisms across the entire operating space of these devices have not been
fully characterized. Here the noise properties of fiber-based frequency combs
are studied as a function of intracavity dispersion, pump power, and repetition
rate. Distinct minima are discovered in this parameter space where the
free-running linewidth of the carrier-envelope offset (CEO) frequency fcro
drops below 1 kHz. The individual comb lines are analyzed spread over a wide
spectral range producing a complete understanding of the particular
contributions to the phase noise and their interplay. Exploiting these findings,
combs featuring sharp teeth at specific frequency positions and over the
entire spectrum from f., to 300 THz are demonstrated. The ultrabroadband
stability offered by these compact systems provides a new level of quality for
front-end measurement tasks in both time and frequency domains.

1. Introduction

Optical frequency combs (OFCs)!?] based on mode-locked lasers
consist of a spectrum of equidistant lines, so-called comb teeth,
separated by the repetition rate f, of the cavity. The entire comb is
shifted from the origin by the carrier-envelope offset frequency
fero- Consequently, the spectral position of every tooth is defined
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by its mode number n and two charac-
teristic radio frequencies (RF): v, = fogo
+ nf,.31 Since both f, and f.;, may be
determined precisely by electronic count-
ing, OFCs provide a unique link be-
tween the RF and optical domains.[®] To-
day, such systems are typically based on
optical fiber technology!”®! offering fa-
vorable compactness, stability, and low
power consumption.[*10]

The phase noise properties of fre-
quency combs determine their perfor-
mance in various applications!”®1112]
such as optical atomic clocks!!® and
ultraprecision spectroscopy.'*'*! Thus,
OFCs with extremely narrow linewidths
are in high demand. Theoretical stud-
ies discussing the noise in mode-locked
lasers!'®18] predict that minimizing the
cavity dispersion reduces the phase noise
of f,, the so-called timing jitter. This
finding has been verified by several
groups.l"2!l However, previous studies
have analyzed the impact of cavity dispersion on one specific fre-
quency region within a comb, respectively. In contrast, we quan-
tify and model the noise performance of several spectral parts of
the comb which are distributed over an ultrabroadband range.
Our results are fully consistent with the elastic tape picturel?223]
which allows us to apply our insights to tailor-design various ul-
traprecise oscillators optimized for specific measurement tasks
in the time and frequency domains. We advance free-running
fiber combs into the regime of sub-kHz linewidths and achieve
few-kHz performance over the entire range from the CEO fre-
quency to the shortwave end of optical emission.

2. Results and Discussion

2.1. Experimental Setup

Our experiment is sketched in Figure 1. A femtosecond Er:fiber
oscillator based on additive-pulse mode-locking[?*-%%1 is the core.
It consists of a nonlinear amplifying loop mirror (NALM)27-29
with a short free-space part. This compact design allows rep-
etition rates up to 250 MHz. Adjustable polarization optics
(PO) in the linear section of the laser enable sensitive align-
ment of the non-reciprocal phase bias. This off-resonant mod-
elocking scheme does not add any significant dispersion.
Polarization-maintaining optical fibers minimize environmental
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Figure 1. Schematic overview of mode-locked Er:fiber system and setup
for ultrabroadband characterization of phase noise. The gain medium of
the oscillator is composed of two different Er-doped fibers (EDF1, EDF2).
PO: polarization optics; WDM: wavelength division multiplexer; M: mir-
ror. The pulse train passes a femtosecond Er:fiber amplifier (fs:EDFA) and
asilicon (Si) prism sequence. Subsequently, a highly nonlinear fiber (HNF)
generates a supercontinuum, enabling f-2f interferometry. Frequencies of
single-line optical references and their subharmonics are listed in the bot-
tom right corner.

disturbances. Two different erbium-doped fibers form the gain
medium: the second-order dispersion f§, of EDF1 is normal with
+49 200 fs> m~! whereas EDF2 exhibits anomalous dispersion
(8, = —22100 fs?> m™'). By adjusting the ratio between both EDFs
without changing the length of the gain section, we may vary the
intracavity dispersion f, ,, while all other laser parameters stay
identical.

The oscillator is followed by a single-pass Er:fiber amplifier
(fs:EDFA)%) boosting the output pulses to several nJ. Subse-
quently, a highly nonlinear fiber (HNF)!*! generates a supercon-
tinuum spanning from 135 to 370 THz, that efficiently supports
f-2f interferometry.[“°] Beating the second harmonic (SHG) of the
nth comb line with the (2n)th mode provides the carrier-envelope
offset frequency f.zo:

fevo = 2v, — vy, 1)

The beat note is recorded with a RF spectrum analyzer and its
full width at half maximum (FWHM) is investigated.

2.2. CEO and Optical Linewidths: Influence of Cavity Dispersion
and Pump Power

We investigate the performance of a 200-MHz comb by system-
atically changing its intracavity dispersion in nine steps between
—3000 fs? and +2000 fs?. The CEO linewidth 5, of four typi-
cal examples is presented in Figure 2 as a function of the pump
power P. Interestingly, the normally dispersive oscillators (green
dots: B, o, = +1100 fs?; red diamonds: g, ,, = +1300 f5) exhibit
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Figure 2. CEO linewidth versus pump power P of four oscillators differing
in cavity dispersion only Bacay = —830 fs? (black squares), —130fs? (blue
triangles), +1100 fs? (green circles), and +1300 fs? (red diamonds). Each
data point represents the average value of 10 measurements. Error bars
are not shown as standard deviations are smaller than marker size. The
inset highlights the frequency spectrum of the CEO beat at f§, .,, = +1100
fs2 and P = 505 mW (18.9 ms sweep time, 50 kHz measurement span,
200 Hz resolution bandwidth, 30 Hz video bandwidth). All data depicted
here were taken in stable single-pulse operation of the laser cavity.

distinct minima while the linewidth of those with anomalous
cavity dispersion changes monotonously (black squares: 8, ., =
—830 fs%; blue triangles: g, ., = —130 fs?). The most extreme
case occurs at +1100 fs? (green) where &z, drops to 700 Hz
(FWHM) at P = 505 mW (see inset in Figure 2). According to
our knowledge, this is the smallest free-running CEO linewidth
ever recorded for a fiber laser. Until now, sub-kHz passive perfor-
mance was reached only with a monolithic solid-state laser.3!]

To draw maximum benefits from the observation above, we
develop a profound understanding of the phenomenon. To this
end, a broadband analysis of the frequency noise Av(f) of the
oscillator with g, .,, = +1100 fs* is carried out. We investigate
Av(f) of fopo via f-2f interferometry. Three selected comb lines in
the optical range between 141 and 282 THz are characterized by
beating them with narrowband external references (lower right
in Figure 1). The recorded time traces (400 ms observation time)
are analyzed with a Takeda algorithm(3?! and the frequency noise
spectral density S,,(f) is computed. Figure 3a illustrates S, (f)
for fopo (green), 141 THz (orange), 193 THz (cyan), and 282 THz
(black) at P = 505 mW. The frequency noise of fp, is essentially
white, pointing at a quantum process dominated by amplified
spontaneous emission (ASE).[1®33] In contrast, the noise spectra
of the optical lines are more complex. We analyze the additional
contributions based on the spectrum recorded at 282 THz (black
graph in Figure 3b). A low-pass characteristic is found at kHz
frequencies, which originates from intensity fluctuations of the
pump.3*]

The noise spectral density is given by

Sa.(0)
Saulf) = —2—— (2)
1+ (f/f3d3)
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Figure 3. Broadband frequency noise analysis of oscillator with §, ., = +
1100 fs? at P= 505 mW. a) Frequency noise spectral density at fogo (green)
and for comb lines at 141 THz (2120 nm, orange), 193 THz (1550 nm,
cyan), and 282 THz (1060 nm, black). b) Spectral characteristics of quan-
tum (gray), environmental (purple dashed), and pump noise (blue) con-
tributing to the total (red) noise spectral density of the mode at 282 THz.
c) Noise level between 4 and 5 kHz (gray marker in (a)) of the individual
comb teeth (dots with color coding as in (a)). All three contributions are
significant in this band. Gray, blue and purple dashed parabolas: quantum,
pump, and environmental noise with fixed points at 193 THz, 19 THz, and
0 THz, respectively. Red graph: sum of all components.

where f,,; is the 3 dB roll-off frequency of the oscillator re-
sponse determined by the characteristic timescales for gain and
losses.3] For frequencies below 1 kHz, a component decreas-
ing with 1/f emerges. We attribute this feature to environmental
noise such as acoustic or thermal disturbances, affecting mostly
the cavity length.3*3¢] By fitting the sum (red) of a flat spectrum
for the quantum contribution (gray), a low-pass characteristics
with f; ;5 = 16 kHz for the pump noise (blue) and a 1/fcomponent
due to environmental influences (purple dashed), we recover the
total noise spectrum at 282 THz (black).

Next, we study the spectral dependence of the individual com-
ponents. Qualitative access to the phase noise correlations be-
tween the longitudinal modes is provided by the elastic tape
picture.l?22] This model visualizes the comb teeth on a rubber
band stretching and contracting due to fluctuations in f, while
translating sideways upon changing f.,. For each noise com-
ponent, a fixed point vy, is not affected by this breathing mo-
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tion. Away from v, the noise level increases quadratically.*”) For
ASE-induced phase fluctuations, v, .., coincides with the opti-
cal carrier frequency v,.3*3] The dots in Figure 3c are color-coded
according to Figure 3a and represent the average value of the fre-
quency noise in the RF band between 4 and 5 kHz (see vertical
gray bar in (a) and (b)). As the phase noise is quantum-limited at
fero (green dot), we can directly determine the level of quantum
noise as a function of optical frequency. The resulting parabola
with a minimum at vj, .., = 193 THz is plotted in gray. Extract-
ing the level of pump noise at the optical comb lines from the
fitted low-pass characteristics and adapting a parabolic function
(blue) reveals that the fixed point of the pump noise v, ,,,,,, Te-
sides at 19 THz. Environmental noise leading to fluctuations of
the cavity length features a fixed point at 0 THz. This fact deter-
mines the minimum of the purple-dashed parabola and the value
extracted from the 1/f fit at 282 THz (purple dashed line in Fig-
ure 3b) the curvature. The sum of all three contributions (red)
is in excellent agreement with our measurement. We emphasize
that any comb teeth below 80 THz are quantum-limited in this
configuration.

2.3. Pump-Induced Phase Noise

The location of vg, ,,,, determines which comb lines are not
broadened by pump noise. The ability to precisely select this spec-
tral band will establish a new generation of tailor-designed OFCs
with ultralow noise. Toward this goal, we first investigate the de-
pendence of vg, ., on P. The results of an analysis analogous
to Figure 3 are depicted as green circles in Figure 4a. Interest-
ingly, V4, pump varies over a range of 300 THz while the oscilla-
tor maintains stable one-pulse operation. Note that the negative
fixed-point frequencies for P < 500 mW correspond to a corre-
lated movement of all comb lines without one being locked into
position. In theory, the fixed point is given by>*3°]

dp/dP
— 2
Vﬁx,pump =V r df;/dp (3)

Here, v, and ¢ are the carrier frequency and phase (in radian).
First, we discuss the denominator of Equation (3). Variations in
pump power influence the repetition rate in three ways:[3>3]

df, 5 do, y dA? 1 dg
== = — ==t == 4
ap = I | P gp o, 4P Q, dP “

—— N

spec.shift self—steep. res.gain

The first term in Equation (4) considers the spectral shift of
the center frequency w,. Since this contribution scales with g, .
df,/dP becomes large far away from zero dispersion and Equa-
tion (3) may be simplified as vy, ,,, ~ v.. The second term in-
dicates a pump-induced change in f, due to self-steepening. It
depends on the peak intensity A? and the total nonlinearity y =
1.5 KW-! determined by the fiber length in the resonator. Ad-
ditionally, a change in P varies the gain g. This resonant gain
contribution is inversely proportional to the width of the optical
gain spectrum Q, = 3 THz X 2x. The derivative dg/dP may be
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Figure 4. Impact of pump stability on frequency comb parameters versus
pump power. a) Fixed points deduced from noise spectral analysis (green
circles), by pump modulation (green dots) and modeling (blue line). b)
Pump-induced changes of repetition rate (green dots). The model (red) in-
cludes contributions from spectral shifts (orange), resonant gain (black),
and self-steepening effects (cyan). c) Sensitivity of CEO frequency to pump
power fluctuations. a—c): Error bars are not shown as standard deviations
are smaller than marker size. d) Green dots: pump power gradient of car-
rier phase extracted from data in (b) and (c). Error bars are obtained via
propagation of uncertainties. Brown line: theory.

approximated*! as f,%7 /(f,452 P) where we adopt a reaction band-
width f7". of the Er:gain section of 1.6 kHz.[**] Altogether, we may
calculate the pump-induced change in repetition rate df,/dP by
analyzing the output spectrum and power of the oscillator. Fig-
ure 4b displays the pump power dependence of the individual
contributions to Equation (4) and their sum (red).

We directly measure df,/dP by slightly modulating P with a
square wave and recording f, with a high-resolution frequency
counter (1 ms gate time). The results (green dots in Figure 4b)
are represented excellently by the model based on Equation (4).
Next, we monitor f.p, with the same method (Figure 4c). From
this analysis, we understand that the distinct minimum of CEO
linewidth (Figure 2) emerges because f., is inert against pump
power fluctuations (horizontal gray line) at P = 500 mW (verti-
cal gray line). Generally, a pump-induced change in f.;, results
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from variations of both the repetition rate f, and the carrier phase
[35.,39]
@:

dfcro _ &%
ap  f. dp

de
— 5
+ho )
By inverting this equation and adopting the experimental
values for df,/dP and df-;,/dP (Figure 4b,c), we obtain dp/dP
(numerator in Equation (3)). The results and computed phase
changes of a soliton with respect to pump fluctuations!*!

dp _ y dA?
P~ 4z dp ©)

are depicted as green dots and brown line in Figure 4d. We
now calculate v, ,,, as a function of P based on Equations (3),
(4), and (6) (blue line in Figure 4a). Alternatively, the fixed point
may be determined by inserting the data for df,/dP and de/dP
gained through pump power modulation (Figure 4b,d) into Equa-
tion (3). The consistency of this straightforward approach (green
dots) with noise spectral analysis (green circles) and our model
(blue) is impressively evidenced by Figure 4a.

2.4. Designing Ultraprecise Frequency Combs

Having understood the effects determining vy, ,,.,,, We may now
select its location. Since this spectral region features the comb
lines which are not broadened by pump noise, it should coincide
with the frequency range targeted by the future application of the
OFC. To design an oscillator optimized for subsequent genera-
tion of, e.g., an ultrastable dispersive wave covering frequencies
between 200 and 350 THz,*"! v;, .., should be located in the
center of this band, i.e., significantly above v, = 193 THz. To this
end, an increase in pump power has to result in an acceleration
of the pulse envelope (df,/dP > 0), as dg/dP is always positive
(see Equations (3) and (6)). Therefore, a spectral blue shift has to
occur in case of anomalous intracavity dispersion. Additionally,
this mechanism must be strong enough to compensate for the
two other contributions in Equation (4) which are always nega-
tive.

The output spectra of an 83-MHz oscillator (B, ,, = —1300 fs?,
y = 4.1 kW) are color-coded versus pump power in Figure 5a.
For P < 210 mW, increasing the pump power shifts the pulse to-
ward higher center frequencies. Figure 5b illustrates df,/dP due
to this spectral shift (orange line), the resonant gain (black) and
self-steepening (cyan) according to Equation (4). The sum of all
contributions (red) is positive for 140 mW < P < 170 mW (high-
lighted by dashed line and red area). We now insert these the-
oretical values and the calculated phase changes (Equation (6))
in Equation (3) to compute v, ., as a function of P. Figure 5c
demonstrates that our model (red) coincides excellently with ex-
perimental data obtained from noise spectral analysis (yellow di-
amonds). We emphasize that v, ,,,, is above v, for 140 mW < P
< 170 mW and may be varied between —150 and 400 THz during
stable single-pulse operation.

Tailoring vy, ., is essential for designing ultralow-noise
OFCs. Moreover, we achieve sharp teeth in a broad spectral range
by minimizing the curvature of the quadratic increase in phase
noise away from the fixed points. Generally, the frequency noise
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Figure 5. Characteristics of an 83-MHz oscillator versus pump power. a)
Color-coded output spectra. b) Calculated changes of the repetition rate.
Yellow line: spectral shift, cyan: self-steepening, black: resonant gain, red:
sum. c) Fixed-point frequencies extracted from noise spectral analysis (yel-
low diamonds) and modeling (red).

spectral density S,,(f) of a comb tooth at frequency v is given
by:371

Saulf) = £2[SE v = v + S0

+ S{);mp )(V - Vﬁx,pump)z] (7)

Developing oscillators close to zero dispersion featuring
high circulating powers and spectrally broad pulses keeps
ASE-induced fluctuations of the repetition rate S&,™ to a
minimum.?* The influence of environmental noise is reduced
by shielding the cavity. When both contributions are minimized

as in our case, pump-induced fluctuations of the repetition rate

Sy dominate. Their noise spectral density may be expressed
asi34]
af \’ 1
= () — .
' AP ) 1+ (f /fian)

Sginy denotes the relative intensity noise of the pump laser
which is minimized by state-of-the-art diodes operated at high
currents.’7#0 A low-loss cavity with highly efficient fiber com-
ponents keeps P moderate. Thus, key for low-noise operation is
to minimize df, /dP (Equation (4)). Therefore, we aim at compen-
sating the impacts of resonant gain and self-steepening by adjust-
ing the effect of spectral shift via the cavity dispersion. Measur-
ing df, /dP together with the output spectrum determines whether
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Figure 6. Tailor-designed ultralow-noise 40-MHz oscillators. Linewidths
of comb with vg, oump = 265 THz (1128 nm, magenta squares) and of
comb with Vg pump = 138 THz (2167 nm, blue diamonds) versus fre-
quency. Data points represent the average of 10 individual measurements,
each taken for 123 ms. Error bars indicate standard deviations. Purple and
blue dotted lines represent the linewidths calculated from the model, re-
spectively.

B, oy needs to be increased or decreased. This fine-tuning is done
by slightly adjusting the fiber lengths. From Equation (8), the
flattest curvature of the quadratic increase in pump-induced fre-
quency noise is gained by minimizing df,/dP. At the same time,
the precise value of df,/dP sets the position of vy, ., (Equa-
tion (3)) and the region with narrowest linewidths.

Iterating in this way, we design two ultralow-noise 40-MHz
oscillators optimized for specific examples of tasks in precision
metrology. The first comb with 8, ., = +2800 fs* and y = 10.9
kW' features v, ,,,, = 138 THz at P = 38 mW. Owing to its
fixed point in the short-wavelength mid infrared, it is perfectly
suited, e.g., for applications of ultrafast spectroscopy in this spec-
tral band where minute amplitude or phase changes due to ex-
citation of a sample are to be determined. For P = 38 mW, we
measure df,/dP = —0.14 Hz mW~'. Such low values of df,/dP
and P are promising ultranarrow linewidths over a wide range.
The spectral purity of the single-line references used so far is in-
sufficient for characterizing this comb. Therefore, we now har-
ness the stability of a high-finesse ultralow expansion cavity with
a linewidth <1.5 Hz (1s measurement time).[*!] The reference
frequencies available are summarized at the bottom right in Fig-
ure 1. The FWHM of the corresponding beat signals and the CEO
linewidth are depicted as blue diamonds in Figure 6. Note that
this OFC features teeth with linewidths below 3 kHz in an ultra-
broadband range covering more than 300 THz with an absolute
minimum of 600 Hz at 153 THz.

The second oscillator (8, ,, = +3100 fs? and y = 11.3 kW)
is tailor-designed for applications in time-domain quantum
physics. With v; ., = 265 THz and df;,/dP = +0.15 Hz mW~!
at P = 30 mW, it features sub-kHz linewidths between 200 THz
and 300 THz (purple squares and dotted line in Figure 6). Hence,
this frequency comb is ideal for the generation of a broadband
dispersive wave centered around 250 THz.[**) These ultrastable
few-femtosecond pulses allow very sensitive time-domain sam-
pling of the electric field of mid-infrared states of light and their
quantum fluctuations.[*?*3] Note that the passive frequency sta-
bility of both systems is below 107! over a measurement time
of 123 ms and in the entire optical range covered. To the best of
our knowledge, such broadband frequency stability has not been
demonstrated previously with any kind of OFC.

Finally, we compare these results with our model including
quantum and pump noise. In case of a low-pass characteristics,
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the linewidth may be extracted from the frequency noise spectral
density by34

6, = w1/ Say, (OVfsap ©)

First, we calculate the pump-induced fluctuations of the repe-
tition rate S),," based on Equation (8) and df,/dP obtained from
pump-power modulation. Analyzing the noise spectra of the five
comb lines according to Figure 3b,c yields S%," = 6 x 107> Hz
and f;;; = 1.4 kHz for both combs. From these inputs, Equa-
tions (7) and (9) provide the linewidth as a function of the op-
tical frequency v. The results are depicted as blue and magenta
dotted lines in Figure 6, respectively, and pleasantly agree with

experiment.

3. Summary and Outlook

The discovery of distinct minima in CEO linewidth at specific
pump powers of mode-locked Er:fiber oscillators has motivated
us to systematically analyze the frequency noise of f.z, and vari-
ous optical comb lines. By varying the intracavity dispersion and
repetition rate together with quantitative modeling we produced
a complete understanding of the noise performance of femtosec-
ond frequency combs: Owing to extremely low levels of quan-
tum noise, our systems are limited by pump noise. At a par-
ticular pumping level, the influence of pump fluctuations on
fero vanishes, resulting in a quantum-limited linewidth below
1 kHz. We demonstrate that the fixed-point frequency related to
pump noise settles to 0 THz at this setpoint. The exact location
Oof Vi pump 1S tunable via pump power and may be determined
by analyzing the spectral noise of at least three comb lines. All
findings are matched precisely by a model depending on the dis-
persion f, ,, and nonlinearity y of the cavity plus variations of
the output spectrum and pulse energy with pump power. Based
on these insights, we demonstrate a straightforward way to de-
termine Vg, .., by simply recording the repetition rate and fz,
upon pump power modulation.

To obtain ultranarrow comb teeth over a broad spectral range,
the curvature of the quadratic increase in frequency noise away
from v, ., has to be minimized. Our quantitative understand-
ing enables us to select all parameters such that extremely nar-
row linewidths emerge simultaneously for one specific pump
power. We emphasize that our strategies are applicable to all types
of femtosecond frequency combs. Nevertheless, note that taking
full advantage of them ideally requires fine tuning of the cavity
dispersion over a significant range. The availability of this option
may be limited in some types of oscillators that are modelocked,
e.g., by resonant means like saturable absorber mirrors. For the
case of mode-locked fiber lasers, our insights have allowed us to
set the free-running linewidths to the sub-kHz range in a spe-
cific frequency band while keeping it below 3 kHz in the entire
spectrum from f.;, all the way up to 300 THz. Naturally, such a
level of passive noise performance is highly attractive for future
advances in precision spectroscopy!"***] and metrology.>! While
active stabilization may further reduce the linewidth, it requires
additional resources and might even enhance the noise at fre-
quencies beyond the locking bandwidth. Consequently, oscilla-
tors featuring exquisite free-running stability are mandatory for

Laser Photonics Rev. 2023, 17, 2200907 2200907 (6 of 7)
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challenging time-domain applications where modulation is often
carried out at radio frequencies. In the near future, they will pave
the way, e.g., for strongly enhanced performance in time-domain
studies of vacuum fluctuations and squeezed states of terahertz
and mid-infrared fields with electro-optic sampling.[#24343]
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