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Abstract
We provide the first “frequentist” method to estimate the parameters of multivariate 
stochastic volatility models with latent factor structures to capture the time-varying 
variance–covariance of financial returns. These models alleviate the standard curse 
of dimensionality, allowing the number of parameters to increase only linearly with 
the number of series. Although theoretically very appealing, they have only found 
limited practical application due to huge computational burdens. Our estimation 
method is simple in implementation as it consists of two steps: first, we estimate 
the loadings and the unconditional variances by maximum likelihood, and then, we 
use the efficient method of moments to estimate the parameters of the stochastic 
volatility structure with the generalised autoregressive conditional heteroskedastic-
ity (GARCH) auxiliary models. In a comprehensive Monte Carlo study, we show the 
good performance of our method to estimate the parameters of interest accurately. 
The simulation study and an application to the daily returns on 148 stocks in the 
cross-sectional dimension provide sound evidence on the computational feasibility 
of the method proposed and its application.
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1  Introduction

Modelling and forecasting the multivariate volatility of financial returns is crucial for 
risk and portfolio management. Most investors hold large, but finite, baskets of finan-
cial assets whose risks are time-varying and correlated in time. Dynamic approaches to 
capture, within a multivariate framework, the unobserved time-varying variation and 
correlation of the financial returns include the multivariate GARCH models and the 
multivariate stochastic volatility (MSV) models. While the GARCH specifications are 
relatively restrictive as they treat the (co-) variance as conditionally deterministic, sto-
chastic volatility models are more flexible as they allow for the variances and the cor-
relations to be stochastic. However, the MSV models are difficult to estimate since the 
(co-) variances are latent. Moreover, due to the curse of dimensionality, since the num-
ber of parameters increases at least quadratically in the dimension of the return vector, 
MSV models have found so far only limited application.

A solution to the curse of dimensionality of MSV is to impose a factor struc-
ture on the vector of underlying returns, where the factors and idiosyncratic errors 
follow independent autoregressive stochastic volatility (ARSV) processes. This 
is known as the multivariate factor stochastic volatility (MFSV) model and has 
been introduced by Harvey et al. (1994) (further developed by Pitt and Shephard 
(1999b)). The factor representation substantially improves the feasibility of the 
MSV model in practice by significantly reducing the number of parameters that 
now increases only linearly with the number of series. However, MFSV still suf-
fers from practical ineffectiveness, even under an exact factor structure, given that 
the computational burden is enhanced by the latency of the factors and of the idi-
osyncratic errors, additionally to the one of the variances.

In this paper, we propose a simple method to estimate the parameters of MFSV 
model of Harvey et al. (1994) that allows it to be easily applied in practice, even to very 
large, but finite dimensions and at decent computational costs. It consists of two steps: 
in the first step, we estimate the parameters describing the factor structure, i.e. the load-
ings and the unconditional variances of the factors and of the idiosyncratic errors, by 
applying the maximum likelihood (ML) to a static factor representation and by using 
the parameter convergence results of Anderson and Rubin (1956) and Bai and Li (2012) 
derived for exact factor models with fixed dimension and arbitrary dynamics. In the 
second step, we apply the efficient method of moments (EMM) of Bansal et al. (1994) 
and Gallant and Tauchen (1996) to estimate the ARSV parameters by implementing 
simple univariate GARCH auxiliary models to each of the extracted static factors and 
idiosyncratic disturbances from the first step.

This sequential estimation procedure, which has already been successfully 
applied by Sentana et  al. (2008), Aielli et  al. (2023), Calzolari and Halbleib 
(2018) and Calzolari et  al. (2021) in other contexts, is computationally feasi-
ble and simple in terms of implementation and running time regardless of the 
dimension of the return vectors. To the best of our knowledge, it is also the first 
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frequentist procedure to estimate MFSV models with exact factor structure, as 
all existing ones are exclusively Bayesian. Unlike the Bayesian approaches, this 
paper focuses solely on estimating MFSV models with fixed parameters while for 
filtration and forecasting of the latent variables of the model we resort to methods 
already available in the literature. We show that our method can be straightfor-
wardly applied to larger finite dimensions (as well as to more factors) compared 
to the existing literature without imposing any constraints on the parameters and 
at very low computational costs.

The existing Bayesian procedures, which simultaneously estimate the parameters 
and filter the latent variables of MFSV, build on the Markov chain Monte Carlo 
(MCMC) method as first proposed by Pitt and Shephard (1999b). Although theoreti-
cally appealing, this method becomes cumbersome when increasing the dimension 
of the return vector, as it samples from the entire posterior distribution of the model 
at each iteration. Chib et al. (2006) partially fix this problem and show that condi-
tionally on the factor loadings and the factors, the problem reduces to sampling from 
univariate ARSV processes, which significantly decreases the computational burden 
of the sampling algorithm and allows for efficient sampling from the posterior distri-
bution also for higher-dimensional vectors of returns. Thus, Han (2005) and Nardari 
and Scruggs (2007) apply the sampling algorithm of Chib et al. (2006) to vectors of 
around 30 returns and 3 factors and to vectors of 10 returns and 5 factors, respec-
tively. Kastner et al. (2017) improves further the efficiency of the MCMC algorithm 
proposed by Chib et al. (2006), making it computationally faster, but it still remains 
burdensome in terms of memory requirements, as it involves storing draws from a 
very high-dimensional joint density function of all parameters and of all latent vari-
ables at each time observation. Thus, the procedure of Kastner et al. (2017) becomes 
computationally costly for large vector dimensions, many factors and many observa-
tions. For this reason, the algorithm is applied to only up to 26 series. The authors 
do not exploit the potential gains from parallelising their algorithm, since it becomes 
computationally more intensive in terms of memory requirements. Kastner (2019) 
makes use of the Bayesian shrinkage to constrain the dimension of the loading 
parameters in order to apply the procedure to larger dimensions, such as 300 returns.

The multivariate factor stochastic volatility model treated in this paper or in the 
Bayesian papers mentioned above is a more “traditional” one that models the time-
varying variance–covariance matrix of the financial returns specific to portfolios of 
finite number of assets. The asymptotic results we use in the first estimation step are, 
thus, for finite number of underlying series N, when the length of time series T tends 
to infinity. This is in contrast to a more “modern” literature on factor (volatility) 
models, where both N and T tend to infinity and, thus, motivate the introduction of 
“approximate” factor models discussed at length most recently by Barigozzi (2023). 
This literature is very general as it also allows for weakly (cross-) correlated idi-
osyncratic disturbances (Barigozzi and Hallin 2016, 2017, 2020); however, the way 
it deals with the volatility specification is structurally different from the approach 
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we deal with in this paper: we work with latent and not approximated volatilities 
and the factors and the idiosyncratic errors exhibit no autocorrelation, and thus no 
conditional mean functions, as they inherit the no autocorrelation behaviour of daily 
financial returns. However, Barigozzi (2023) addresses some serious challenges in 
using ML estimation when N is fixed in what regards (1) the inference of the load-
ings being computationally challenging and (2) the factors being not consistently 
estimated. While our first step auxiliary estimation solves the first problem, for the 
implementation of our proposed second step, one requires consistent estimates of 
the parameters in the first step and not of the factors.

We show both in our simulation exercise and in the empirical application that the 
frequentist sequential method we propose in this paper can estimate the parameters 
of the MFSV model for very large dimensions of the return vector within minimal 
computational time and with no memory constraints, especially when parallelising 
the equation-by-equation estimation of the second step of the procedure. In the sim-
ulation exercise, we show that, even without parallelisation, we can obtain accurate 
estimates for vectors of returns of dimension 10 and 2 factors in less than 13 s if 
feeding starting values close to the true parameter values and in less than 82 s if the 
starting values are random. Moreover, we identify the optimal number of simula-
tions in the EMM estimation according to the length of the series and recommend 
a simple way to choose the starting values that increases the efficiency of the esti-
mates with less computational costs.

In the empirical application, we provide further evidence on the feasibility and 
speed of our procedure when estimating MFSV for a vector of 148 stock returns and 
up to 3 factors. Here, we show that, as expected, the computational advantage of 
our method becomes more pronounced once we use multiple CPU cores to run the 
second step of the estimation in parallel. With parallelisation enabled, the compu-
tational advantage in the real data application increases by a factor larger than 200. 
While in simulations our method converges in seconds, in the empirical application 
it may take only up to a few minutes. By implementing some standard particle filter-
ing approaches, we show that the MFSV model outperforms the static model and 
a comparable factor multivariate GARCH (MGARCH) model when predicting the 
variance–covariance of future returns one-step and multi-step ahead.

The remainder of this paper is structured as follows. Section  2 formally intro-
duces the MFSV model. In Sect. 3, we present the estimation method proposed in 
this paper. Section  4 presents the results from a comprehensive simulation study, 
and in Sect. 5, we present the results from applying our procedure to real data. Sec-
tion 6 concludes.

2 � Multivariate factor stochastic volatility model

Harvey et al. (1994) and Pitt and Shephard (1999b) introduce the factor structure in 
the context of MSV modelling to capture the common dynamics and the conditional 
heteroskedasticity of a vector of financial returns of finite dimension as well as to 
reduce the curse of dimensionality of standard MSV models. This specific type of 
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model is defined for yt , a vector1 of finite number of return series observed at time t, 
namely N, such that2

where f t is a vector of k × 1 latent factors, f t = (ft,1,… , ft,k)
� independent of each 

other, B is of dimension N × k and contains the factor loadings with k ≤ N and 
rank (B) = k , and �t = (�t,1,… , �t,N)

� is a N × 1 vector of idiosyncratic components 
that are orthogonal to the factors and orthogonal to each other. Thus, the model 
presented in Eq. (2.1) is an exact factor model (Watson and Engle 1983; Cham-
berlain and Rothschild 1983). The model further specifies that each factor and 
idiosyncratic error follows a univariate ARSV process. For this, we define here 
xt ≡ (ft,1,… , ft,k, �t,1,… , �t,N)

� be the vector of dimension k + N of all factors and 
idiosyncratic disturbances at time t. Thus, the MFSV model assumes that:

where �t,m and ut,m are independent of each other and |𝜑m| < 1 that assures covari-
ance stationarity of the process in (2.3) for all m = 1,… , k + N . The unconditional 
variances of each of the factors, �2

j
≡ � [fj,t] with j = 1,… , k and of the idiosyncratic 

errors, �2
k+i

≡ � [�i,t] , with i = 1,… ,N can be computed from Eqs. (2.2) and (2.3) as 
follows:

for each m = 1,… , k + N.
To ease the notation, we define for each m = 1,… , k + N , ht,m ≡ ln (�2

t,m
) and 

ht ≡ (ht,1,… , ht,k+N)
� be the vector of log variances of the factors and of the idi-

osyncratic errors, respectively. Thus, f t and �t in Eq. (2.1) follow a conditional joint 
normal distribution as follows:

(2.1)yt = Bf t + �t

(2.2)xt,m =

√
�2
t,mut,m ut,m

i.i.d
∼ N(0, 1)

(2.3)ln(�2
t,m
) = �m + �m[ln(�

2
t−1,m

) − �m] + ��,m�t,m �t,m
i.i.d
∼ N(0, 1),

(2.4)�2
m
= exp

[
�m +

�2
�,m

2(1 − �2
m
)

]

(2.5)
(
f t
�t

)
|ht ∼ N

[(
0k×1

0N×1

)
,

(
Σ1,t 0k×N
0N×k Σ2,t

)]
,

1  Throughout the paper, we use uppercase characters to denote matrices, bold face lowercase characters 
to denote vectors and plain lowercase characters to denote scalars. The only exceptions are: N that indi-
cates cross-sectional dimension, T that indicates the time dimension and H H that is the multiple of the 
sample length specific to the simulation-based estimation.
2  Similar to, e.g. Harvey et al. (1994), Yu and Meyer (2006) and Kastner et al. (2017), we restrict the 
conditional and unconditional mean of the return vector to zero. However, one could easily add a vector 
of intercepts in Eq. (2.1) to account for nonzero means of the returns or one could demean the series, 
which we do in the empirical application.
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where Σ1,t is the diagonal covariance matrix of the k factors with the elements 
�2
t,1
,… , �2

t,k
 on the diagonal and Σ2,t is the diagonal covariance matrix of the idi-

osyncratic errors with the elements �2
t,k+1

,… , �2
t,k+N

 on the diagonal. The conditional 
covariance matrix of the return series at time t can be written as follows:

For the identification of the parameters of the MFSV model, we choose to restrict 
B such that bjj = 1 and bij = 0∀j > i, j = 1,… , k and i = 1,… ,N , i.e. B is lower 
triangular, that fixes the rotation indeterminacy (for the same type of identifications 
see Pitt and Shephard 1999b; Han 2005; Chib et al. 2006; Nardari and Scruggs 2007 
among others). Aguilar and West (2000) refer to these set of assumptions as hierar-
chical structural constraints.3 In this context, it is realistic to let N, the dimension of 
the portfolio, to be given (usually chosen by the investor) and, thus, fixed. Thus, the 
loading parameters left for estimation are bij with j = 1,… , k and i = j + 1,… ,N 
and the MFSV model has a total of Nk − k(k + 1)∕2 + 3(k + N) parameters. This 
number of parameters makes the MFSV model parsimonious, as it increases lin-
early in the number of return series N rather than quadratically, as is the case of 
the MGARCH and general MSV models. However, the estimation of the parameters 
of the MFSV is difficult since the factors (ft,1,… , ft,k)

� , the errors (�t,1,… , �t,N)
� and 

their stochastic variances (�2
t,1
,… �2

t,k+N
) are latent.

The MFSV model specified above can be extended to account for leverage effects 
in various ways: see Scharth and Li (2022). One practical way for which our esti-
mation procedure below can easily be adapted to is the one of Ishihara and Omori 
(2017) that allows that ut,m and �t,m , for m = 1,… , k + N are (lagged-) correlated 
with a different correlation coefficient. Thus, one would have further k + N corre-
lation parameters to estimate. For the estimation, one would replace the GARCH 
structure of the second estimation step we propose below with a threshold GARCH 
or exponential GARCH structure. Although very interesting per se, we leave the fre-
quentist estimation of such asymmetric MFSV models for future research.

3 � Estimation

In what follows, we present our simple frequentist approach to estimate the param-
eters of the MFSV model based on two steps.4 For this reason, we rewrite the vector 
of the model parameters that need to be estimated as � =

(
��
1
,��

2

)� , where

(2.6)� [yt|ht] = BΣ1,tB
� + Σ2,t.

3  Sentana and Fiorentini (2001) show that assuming heteroskedasticity for the factors, one may relax one 
of these restrictions. However, given that our estimation strategy presented in the next section relies on 
estimating a static factor model, we need both restrictions on the factor loadings matrix, paired with the 
restrictions that Σ1,t and Σ2,t are diagonal (also implying that their unconditional counterparts, � [f

t
] , and 

� [�
t
] are diagonal) in order to achieve full identification in the static factor model (Bai and Li 2012; Cox 

2017; Williams 2020).
4  Ruiz (1994) and Harvey et al. (1994) propose a “frequentist” QML solution to estimate univariate and 
multivariate SV, however, without the latent factor structure.
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is estimated in the first step (to be described in Sect. 3.1) and

is estimated in the second step (to be described in Sect. 3.2).5

3.1 � Estimation of the factor model parameters by ML

This section provides the estimates of �1 . For this, we define a static factor model as 
follows:

with the same assumptions and restrictions on B∗, gt,Σ
∗
1
,Σ∗

2
 as in the MFSV model 

presented in Sect. 2, which ensure the full identification of the parameters (see also 
Williams 2020). Denote the parameter vector of this static factor model by:

 i.e. �1 gives the factor loadings, the unconditional variances of the factors and the 
unconditional variances of the idiosyncratic errors of the static factor model defined 
in Eqs. (3.3)–(3.5). One should note that, as in the true model, N is fixed. Bai and Li 
(2012) show that, in the exact factor model case, for T → ∞ , the (Q)ML estimator of 
�1 from a static factor model, namely �̂1,

i.e. the static factor ML estimators converge to their true parameter counterparts in 
the dynamic factor model. This result holds if N is fixed, the factors are independent 
of the error terms, the factor variances are bounded away from zero and the distribu-
tion of (f �

t
, ��

t
)� has finite second and fourth moments, as well as finite and summa-

ble fourth-order cumulants (Anderson and Rubin 1956; Bai and Li 2012; Anderson 
2003), which are the cases for our factor structure. This result simplifies our estima-
tion procedure drastically, especially when applied to vectors of returns and factors 
of large dimensions.

However, as shown by Bien and Tibshirani (2011) and Bai and Li (2012), the 
log-likelihood of the static factor model is multi-modal. Thus, classical numerical 

(3.1)�1 =
(
b21,… , bN1, b32,… , bN2,… bNk, �

2
1
,… , �2

k+N

)�

(3.2)�2 =
(
�1,… ,�k+N , ��,1,… , ��,k+N

)�

(3.3)yt = B∗gt + et,

(3.4)gt
i.i.d
∼ N

(
0k×1,Σ

∗
1

)
,

(3.5)et
i.i.d
∼ N

(
0N×1,Σ

∗
2

)
,

(3.6)�1 = (b∗
21
,… , b∗

Nk
, �2

1
,… , �2

k+N
)�,

(3.7)�̂1

p
⟶ �1,

5  Note that �2 does not contain the ARSV constants (�1,… ,�
k+N )

� , since we can identify them from the 
unconditional variances of the ARSV processes described by Eq. (2.4).
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optimisation methods are infeasible for higher-dimensional return vectors yt as they 
are likely to get stuck at local optima. In this paper, we use the expectation maxi-
misation (EM) algorithm proposed by Bai and Li (2012) to estimate the parameters 
of the static factor model combined with a modified version of the gradient descent 
algorithm of Bien and Tibshirani (2011), which considerably reduces the compu-
tational time (see also Bai and Liao 2016 and Daniele et al. 2020 for a successful 
implementation of this combination to estimate other types of factor models). We 
choose the initial values within this first step estimation by the principal component 
analysis (PCA). A detailed description of the estimation procedure at this step is 
presented in Appendix A.

After obtaining B̂∗ , Σ̂∗
1
 and Σ̂∗

2
 , we make use of the asymptotic results of Ander-

son and Rubin (1956) and Bai and Li (2012) and take them as consistent estimates 
B, Σ1 and Σ2 , i.e. of �1 , by simply setting: �̂1 = �̂1.

3.2 � Estimation of ARSV parameters by EMM

Based on the consistent estimates of B̂∗ , Σ̂∗
1
 and Σ̂∗

2
 obtained in the first step 

described in Sect.  3.1, we extract the static factors by the projection formula of 
Thomson (1954), Lawley and Maxwell (1962)6:

where ȳ is the mean of the return series over the whole sample. Define:

and let x̂t = (ĝt,1,… , ĝt,k, êt,1,… , êt,N)
�.

At this second step, we estimate the elements of �2 by applying the EMM 
approach of Bansal et al. (1994) and Gallant and Tauchen (1996). Given the inde-
pendence among and between the factors and the idiosyncratic errors of the fac-
tor structure defined in Sect.  2, the EMM approach can be simplified by estimat-
ing the parameters of the ARSV models equation-by-equation by applying the 
appropriate univariate auxiliary model to each component of x̂t . We choose here 
to apply GARCH(1,1) as the auxiliary model, as it has already been successfully 
implemented for the EMM estimation of univariate ARSV models by Calzolari et al. 
(2004) and Monfardini (1998), among others.7

(3.8)
ĝt =

(
�Σ∗
1

−1
+�B∗

��Σ∗
2

−1
�B∗

)−1
�B∗

��Σ∗
2

−1

���������������������������������������������
Π∗

(yt − ȳ),

(3.9)êt = yt −
�B∗ĝt,

6  One should notice that in this second step of the estimation one does not need the factors to be consist-
ently estimated, which in the factor literature requires that N goes to infinity (Barigozzi 2023), but only 
the estimates of the parameters.
7  As an alternative to GARCH, we also implement the autoregressive moving average model with 
autoregressive and moving average order both equal to one (ARMA(1,1) model) fitted to the log 
squared transformation of the elements of x̂

t
 (Monfardini 1998). However, due to the “flatness” in the 

ARMA(1,1) likelihood for at least one of the elements of x̂
t
 , we were not able to get reliable estimates 
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In Appendix B, we provide the detailed description of the steps taken to 
undergo the EMM estimation of �2 . For this, we define below the structure of the 
GARCH(1,1) that we apply to each of the series composing x̂t as follows:

where m = 1,… , k, k + 1,… , k + N , �t,1,… , �t,m are independent white noise 
processes, 𝛼1,m > 0 , 𝛼2,m > 0 and 𝛼1,m + 𝛼2,m < 1 ∀m and 𝜎̂2

m
 is the estimate of m-

th unconditional variance contained in �1 and estimated in the first step. Here, we 
follow Sentana and Fiorentini (2001) and Sentana et  al. (2008) and identify the 
GARCH constant through a consistent estimator of the unconditional variance of 
the respective process. We define �2 = (�1,1,… , �1,k+N , �2,1,… , , �2,k+N)

� contain-
ing all parameters for the k + N univariate GARCH(1,1) models described above 
that are estimated equation-by-equation by means of quasi-maximum likelihood 
(QML). To speed up the estimation at this step, we can parallelise the estimation of 
�2 =

(
�1,… ,�k+N , ��,1,… , ��,k+N

)� in k + N EMM estimation algorithms for each 
of the parameter pairs �2,m = (�m, ��,m)

� with m = 1,… , k + N to which corresponds 
the auxiliary parameter vector �2,m = (�1,m, �2,m)

� . The EMM estimation provides 
consistent estimators of �2 under very general conditions that are fulfilled by our 
model specification.

Below we provide a short compact version of the two-step estimation algorithm 
we propose in this paper:

(3.10)x̂t,m =𝛿t,m𝜉t,m,

(3.11)𝛿2
t,m

=(1 − 𝛼1,m − 𝛼2,m)𝜎̂
2
m
+ 𝛼1,mx̂

2
t−1,m

+ 𝛼2,m𝛿
2
t−1,m

,

and standard errors of the MFSV parameters based on this choice of the auxiliary model. The results are, 
however, available from the authors upon request.

Footnote 7 (Continued)
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3.3 � Standard errors

Both parts of the estimation procedure we present above involve the estimation of 
an auxiliary model: i.e. in the first part, the static factor model, in the second part, 
univariate GARCH models on the extracted static factors from the first part. While 
the estimates of the auxiliary model of the first part �̂1 are taken to be the final corre-
sponding estimates (of loadings and unconditional variances) of the “true” dynamic 
model, the auxiliary estimates of the second part �̂2 help at computing the EMM 
estimates of �2 . In order to compute the standard errors of the estimators of the 
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MFSV parameters, we implement the asymptotic variance–covariance matrix of the 
EMM estimator given by (Gouriéroux et al. 1993):

where H denotes the number of the simulated series in the EMM, �I(�̂) the Fisher 
information matrix of the auxiliary model and Q

(
ỹt(�̂), �̂

)
 is obtained by stack-

ing vertically together the auxiliary score vectors Q(y
t
;�̂1) and Q(x̂t;�̂2) , i.e. 

Q(yt;�̂1, �̂2) = (Q(yt;�̂1)
�,Q(x̂t;�̂2)

�)� , where Q(yt;�̂1) are obtained by com-
puting the first derivative of the log-likelihood of the static factor model with 
respect to �1 at �̂1 . The closed-form expression of this score vector is presented 
in Appendix C. Q(x̂t;�̂2) stacks together the k + N GARCH(1,1) scores vectors: 
Q(x̂

t
;�̂2) = (Q1(x̂1;�̂2,m)

�,… ,Q
k+N(x̂k+N ;�̂2,k+N)

�)� defined in Appendix B.8 We 

define �̂ = (�̂
�

1
, �̂

�

2
)�.

In Eq. (3.12), the Fisher information matrix of the auxiliary model, �I(�̂) , is not avail-
able in exact complete form, as it would be if we could estimate all parameters simul-
taneously, in which case the complete outer product and/or Hessian matrix would be 
available. Our approach estimates the parameters � in two steps. Here, we follow Calzo-
lari et al. (2021) and replace it with a consistent simulation-based estimator: the sample 
variance–covariance matrix of 1000 independently simulated score vectors of the over-
all auxiliary model. These score vectors are computed after the last iteration upon con-
vergence. As all components of the auxiliary model score vector are available in closed 
form, the simulation-based estimation of the Fisher information matrix and of the whole 
variance–covariance matrix W(H) in Eq. (3.12) are computationally very fast.

As one may see from Eq. (3.12), W(H) decreases with H. As there is no rule on 
how to choose H, in our empirical application we follow the main stream of the 
literature and choose H in such a way that the precision of the estimates improves, 
but not at very high computational costs (usually H is set to 10). However, in our 
simulation exercise, we find also an optimal choice of H adapted to the number of 
observations available for the empirical study, T.

In order to get the standard errors of the constant terms of the ARSV processes 
𝜇̂1,… , 𝜇̂k+N that are computed from the estimates of first step estimation, we use 
the delta method as described below. From the unconditional variances specified in 
Sect. 2, for each m = 1,… , k + N we get:

and denote �m = (�2
m
,�m, ��,m)

� . The derivative of �m with respect to the parameter 
vector �m evaluated at 𝜎̂2

m
, 𝜑̂m, 𝜎̂

2
𝜂,m is given by:

(3.12)W(H) =
(
1 +

1

H

)[𝜕Q
(
ỹt(�̂), �̂

)�
𝜕�

�I(�̂)−1
𝜕Q

(
ỹt(�̂), �̂

)

𝜕��

]−1

,

(3.13)�m = ln (�2
m
) −

�2
�,m

2(1 − �2
m
)

8  Note that Q(y
t
;�̂1, �̂2) does not contain x̂

t
 , since it is a function of y

t
 and �̂1
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The variance of 𝜇̂m is then given by:

where � [�̂m] is extracted correspondingly from W(H) defined above.

4 � Monte Carlo simulation

This section provides results on the statistical properties of the estimates obtained 
with the procedure described in the previous section for various choices of T, N 
and k that are empirically relevant. We use N = {10, 20, 30, 100} simulated return 
series,9 k = {1, 2, 3} simulated factors to generate T = {1000, 4000, 10000} observa-
tions. We choose the parameter values similarly to Kastner et al. (2017):

where Δ depends on the cross section dimension N and ensures that the fourth ele-
ment in the third column of B differs from the last element in that column.10 The 
dots indicate an evenly spaced grid between the first and the last value. Therefore, 
we choose the elements of the first column of B such that they are evenly spaced 
between the values 0.9 and 0.1; the elements of the second column are chosen such 
that they are evenly spaced between 0.2 and 0.8; the elements of the third column 
are chosen to be evenly spaced between 0.1 and 0.7. For the simulation cases with 
k < 3 , we choose the first k columns of B and the first k + N values from each of the 
parameter vectors � , � and �� . For all simulations, we have R = 1000 replications.

(3.14)
𝜕𝜇m

𝜕�m
=

(
1

𝜎̂2
m

, −
𝜑̂m𝜎̂

2
𝜂,m

(1 − 𝜑̂2
m
)2

, −
𝜎̂𝜂,m

(1 − 𝜑̂2
m
)

)�

.

(3.15)� [𝜇̂m] =
𝜕𝜇m

𝜕��
m

� [�̂m]
𝜕𝜇m

𝜕�m
,

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0.9 1 0

⋮ 0.2 1

⋮ 0.4 + Δ

⋮

0.7

0.1

⋮ ⋮ ⋮

0.1 0.8 0.4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(�1,… ,�N)
� = (0.9,… , 0.99)�,

(�N+1,�N+2,�N+3)
� = (0.99, 0.95, 0.91)�,

(�1,… ,�N)
� = (−2,… ,−1.1)�,

(�N+1,�N+2,�N+3)
� = (0, 0, 0)�,

(��,1, ��,2, ��,3)
� = (0.2, 0.3, 0.4)�,

(��,4,… , ��,3+N)
� = (0.6,… , 0.15)�,

9  Following the request of one of the anonymous reviewers, we also undergo a small simulation exercise 
for N = 148 , which is the dimension of the series we consider in the empirical application presented in 
the next section. Given that the results follow the same pattern we present below and are basically equal 
to the ones of N = 100 , we refrain from including them in the paper. They can be obtained from the 
authors upon request.
10  Readers interested in replicating the Monte Carlo setting should note that we set Δ to 
Δ = (0.7 − 0.1)∕(N − 4) . Thus, for example, for N = 10 , Δ = 0.1 and for N = 100 , Δ = 0.00625.
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For the step size of the gradient descent method of Bien and Tibshirani (2011), 
we use the adaptive moments algorithm with d = 0.005.11

4.1 � Choose starting values and H

We compare two strategies for selecting the starting values for the parameters of 
the EMM procedure of the second step. The first strategy is to provide user-speci-
fied starting values, where we choose them to be 20% smaller than the true ARSV 
autoregressive parameters and 20% larger than the ARSV standard deviation param-
eters. The second strategy is to obtain starting values from the QML approach of 
Ruiz (1994) applied to the extracted static factors and residuals, i.e. we apply the 
Kalman filter to their log squared transformations. This second strategy is especially 
appealing for empirical applications, where the choice of good starting values is not 
straightforward.

Next, we analyse the effect that H, the number of simulation paths in the EMM, 
has on the estimation results. We first set H = 10 as in most applications presented 
in the literature (for instance, among many other, by Calzolari et al. (2021)). How-
ever, we find that, for small T, increasing H to 100 improves the performance of our 
procedure, whereas, for large T, the improvement in the performance is negligible 
while the computational time increases drastically.12 To balance this behaviour, we 
follow the idea of Monfardini (1998) and choose, besides fixing it to the value of 10, 
H as a function of the sample size, T. Specifically, we set H such that H ⋅ T = 105 , 
i.e. H = 105∕T  . This is mainly motivated by the reduction in the number of outliers 
of the EMM estimation procedure, as described below.

4.2 � Loss function

We summarise the results of the simulation study by means of the mean squared 
error (MSE) of the estimated parameters �̂

r
 over the r = 1,… ,R MC replications. 

We compute the MSE of �̂ by

i.e. the average squared deviation of the estimated values from the true values, where 
dim� = Nk − k(k + 1)∕2 + 3 ∗ (k + N) . Analogous MSE values are also computed 
for subsets of � , (e.g. the factor loadings, the SV parameters, etc.). We also report 
results on the ratio between the empirical standard deviations and the asymptotic 
standard errors of the estimated parameters.

(4.1)MSE(�̂) =
1

(dim�)R

R∑
r=1

dim�∑
i=1

(
𝜃̂r
i
− 𝜃i

)2
,

11  The estimation in this section is conducted on the bwHPC Cluster with multiple jobs, each using 40 
CPU cores (two Octa-core Intel Xeon E5-2670 Sandy Bridge Processors with 2.6GHz) in parallel over 
the MC replications (and not over the second step of the estimation).
12  We do not report the results for H = 100 . They are available from the authors upon request.
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4.3 � Simulation results

Appendices E and F report simulation results for the whole vector of the MFSV 
parameters, i.e. �̂ as well as for sub-vectors of it, i.e. for the factor loadings, the 
unconditional variances and the ARSV parameters, respectively.13 In Appendix 
E, we focus on presenting the results on the ratio between the MC standard devi-
ation of the estimated parameters and their asymptotic standard errors, computed 
as described in Sect. 3, averaged over the components of the corresponding (sub)-
vectors. Tables E.1 and E.3 present results for fixed H = 10 and Tables E.2 and E.4 
report results for H = 105∕T  . As expected, increasing H in the EMM estimation 
procedure reduces the asymptotic variance of the estimated parameters. For H = 10 
and large T, the average ratio between the empirical standard deviation of the esti-
mated parameter values over the Monte Carlo replications and the estimated asymp-
totic standard errors is close to 1, regardless of the choice of the starting values. For 
lower values of T, however, the ratio is smaller than 1 in most cases, indicating that 
the asymptotic standard errors are too large compared to the Monte Carlo standard 
deviation. In these cases, the QML-based starting values improve the ratio towards 
1. Here again by setting H = 105∕T  , also for smaller values of T, the ratios become 
close to 1.

Appendix F provides detailed numerical results for the MSE of the estimated 
parameters for the two choices of H and the starting values. From the tables, one 
may see that, as expected, the MSEs of the parameters estimated in the first step are 
unaffected by the choice of the EMM starting values of H. However, for the quality 
of ARSV parameters estimated in the second part of our procedure, both the choice 
of H and of the starting values are important and exhibit complementary effects for 
larger Ts. Thus, for T larger than 1000, the procedure provides ARSV estimates with 
small MSE, also when fixing H = 10 , by choosing the QML starting values.

Generally, the MSE of the parameter vector �̂ decreases when T increases and 
increases when k increases. These effects are particularly pronounced for smaller 
values of N and reduce when N increases. Similar results are obtained by Calzo-
lari et al. (2021) that show that the burden of adding a new factor to the estimation 
reduces when the underlying number of returns increases, as it provides more infor-
mation on their commonalities than when increasing T.

By looking in detail at each set of parameters, one may see that increasing N has 
a stronger positive effect on the quality of the ARSV estimates than on the quality of 
the loading and the unconditional variance estimates. While the quality of the load-
ing estimates is mainly improved by increasing T, the quality of the unconditional 
factor variances also improves by increasing the number of factors. As the constant 
parameters are identified from the unconditional variance of the error term and the 
AR and the standard deviation parameters, it inherits their MSE pattern, especially 
in what regards the dependence on k and N.

Figure  1 plots the MSE values for H = 105∕T  and the QML starting values 
against the number of observations T for different number of return series N. The 

13  In Appendix D, we provide a short discussion on the occurrence of outliers in the second step of the 
estimation.
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numerical values for this case are detailed in Table F.4 in Appendix F. The figure 
summarises the MSE results averaged over all parameters. In a nutshell: increasing 
T significantly reduces the MSE, while increasing k has a detrimental effect on the 
MSE, especially when T are small and if the portfolio contains only a few assets. 
Although N is finite, increasing the dimension of the underlying return vectors, thus 
increasing the dimensionality of the portfolio by adding further assets, also makes 
the estimation of the parameter more precise, as it provides more information on the 
commonality in their (co-)variance dynamics.

These effects become even more visible when considering the average MSE for 
each parameter as displayed in the heat-maps of Appendix G. The unconditional 
variances of the factors and the loading parameters seem to benefit mostly from 
increasing T, while the MSE of all estimates reduces when N increases, but increases 
when k increases.

4.4 � Ordering and computational efficiency

Due to the identifying assumptions of the MFSV, the ordering of the returns in the 
vector yt matters since the first series only loads on the first factor, the second series 
only loads on the first two factors, and so on. While the factor loadings matrix, the 
unconditional variance–covariance matrix of the factors and the constant parameter 
of the factor ARSV models change by changing the order, the other set of param-
eters should not change and this is confirmed in a small Monte Carlo simulation 

Fig. 1   MSE of �̂ : H = 105∕T  and QML starting values for EMM
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study, where we invert the original ordering of the vector of returns. The results, 
which are computed with H = 105∕T  and the QML starting values, can be obtained 
from the authors upon request.

One very important advantage of our method is its computational efficiency. Fig-
ures 2 and 3 plot the computational time per replication for H = 10 and H = 105∕T  , 
respectively, against T for different numbers of factors and return series, however, 
by implementing the QML starting values for the EMM estimation. The upper 
panel shows the average computational time over the Monte Carlo replications for 
N = 100 return series for 1, 2 and 3 factors, while the lower panel depicts smaller 
dimensions, i.e. N = 10, 20, 30.

From the two graphs, one may see that the computational time increases linearly 
in T. Moreover, surprisingly the computational time for H = 105∕T ≥ 10 is maxi-
mally twice the time needed for H = 10 . For instance, for T = 4000 (i.e. H = 25 ), 
there are almost no differences in the computational time between the two choices 
of H. Therefore, one can conclude that adapting the choice of H to T is optimal for 
any empirical application as it increases the efficiency of the estimates, reduces the 
number of outliers and is computationally feasible.

In order to present results on the computational time of our procedure, we focus 
here on the simulation design of Kastner et  al. (2017) and choose N = 10 , k = 2 
and T = 1000 as well as their choice of parameters. Our procedure estimates the 
parameters of the MFSV model under this setting on average in 13  s when using 
the QML starting values and setting H = 10 . Setting H = 105∕T  and with poorer 

Fig. 2   Average time per Monte Carlo replication: H = 10
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starting values, our procedure takes, on average, 82 s (roughly 1.37 min). Therefore, 
we can conclude that our procedure is very effective and computationally feasible 
in estimating the parameters of MFSV even for very large vectors of returns as also 
illustrated in the empirical application presented below.

5 � Empirical application

In this section, we apply our proposed algorithm to a vector of N = 148 log-returns 
of large-cap stocks from the S &P500 from 5 January 1981 till 31 December 2018 
( T = 9584 observations), ordered by market cap.1415 We demean and standardise the 
returns, i.e. for each series subtract its mean and divide by its respective empiri-
cal standard deviation, in order to facilitate the estimation. Since we have close to 
T = 10000 observations, we use the adaptive choice of H = 105∕T  and set; thus, 
H = 10.

Fig. 3   Average time per Monte Carlo replication: H = 105∕T

14  We provide a list of the ticker symbols and company names ordered by the market capitalisation of the 
stocks in Table H.1 in Appendix H.
15  We also implement the procedure on the 26 exchange rate series of Kastner et al. (2017). However, 
the results both for estimation and forecasting do not drastically differ from the results for the stocks. 
Therefore, we omit them from this paper and can be obtained from the authors upon request.
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As our procedure only regards the estimation of the MFSV model for a pre-spec-
ified number of factors, we apply the tests of Onatski (2010) and Ahn and Horen-
stein (2013) to find the number of dynamic factors in our dataset. Both tests find 
k = 1 number of factors. Figure I.1 in Appendix I shows the number of principal 
components of the data set we use in this empirical application. The principal com-
ponents plots we present are in line with applying the procedure presented in Forni 
et al. (2000) to identify the number of factors for a static factor model. The cut-off 
between the first and the rest of the principal components is pretty clear, which con-
firms the results of the tests of Onatski (2010) and Ahn and Horenstein (2013). That 
is why we present below the empirical results for estimating the MFSV model with 
k = 1 factors, and in Appendix J we discuss the results from estimating the model for 
k = 2 and k = 3.

Figures K.1 to K.3 in Appendix K display the estimated parameters of the ARSV 
for the idiosyncratic error term series. While the estimates of the constant param-
eter seem to vary less among the 148 idiosyncratic disturbances, the estimates of 
the AR parameter and of the noise standard deviation display much more variation. 
Most of the idiosyncratic disturbances have a very persistent stochastic volatility, 
with the AR parameter being close to 1, while others display less persistency in 
their dynamic variation, with the AR parameter being around 0.8. Also, the standard 
deviation of their SVs varies largely among the series from values close to 0 to val-
ues larger than 0.3. This mirrors the large heterogeneity in the dynamics of the 148 
returns considered in the study.

The AR parameter in the SV structure of the factor is estimated to be around 
0.9752, while the constant and the standard deviation are estimated to be −1.5866 
and 0.1863, respectively. All parameters of the factor SV are statistically significant 
at 5% significance level.

Below we discuss the computational time needed for our estimation procedure 
to estimate the parameters of the MFSV model with 1 factor on the vector of 148 
daily returns. When disabling that, the estimation of the second step runs in paral-
lel; the run time is roughly 3,5 h. Parallelising the second step on 40 CPU cores, 
the run time reduces to approximately 10 min. Because we have no comparison of 
our estimation time to any other purely estimation algorithm in the literature, we 
can only present here the running time of the Bayesian procedure of Kastner et al. 
(2017), which is roughly 59 h. Although it does not make the object of this paper 
per se, in order to make the comparison complete, we also present some prelim-
inary results from filtering the latent variables based on our parameter estimates. 
For this, we implement the auxiliary multiple particle filter of Mücher (2023) that 
aims at solving the curse of dimensionality problem of the bootstrap particle fil-
ter method of (Gordon et al. 1993)16 with 10240 particles per series (i.e. a total of 

16  It is the multiple particle filter of Djuric et al. (2007), which Mücher (2023) adapts by incorporating 
the auxiliary particle filtering principle of Pitt and Shephard (1999a) in order to get some further com-
putational benefits, i.e. by adding a resampling step prior to the propagation of new particles. Like this, 
Mücher (2023) obtains a better approximation of the filtering density with the same number of particles, 
avoiding thus the problem of the hugely dimensionality increase in the number of filters when the dimen-
sionality of the latent series increases (Bengtsson et  al. 2008). For further details about the filter, see 
Djuric et al. (2007) and Mücher (2023).
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1525760 particles), which makes the whole procedure, i.e. the estimation based on 
the approach of this paper and the filtering roughly three times faster than the Bayes-
ian method of Kastner et al. (2017).17

Below we present some results from comparing the forecasting performance of 
the MFSV model based on the parameter estimates we propose in this paper and 
two alternatives: the static factor model and the multivariate factor GARCH model 
of Harvey et al. (1992) on which we apply the EM estimation procedure of Audrino 
et  al. (2016). We apply the filter and obtain the forecasts for the MFSV based on 
the procedure developed by Mücher (2023).18 Table 1 presents the Frobenius norm 
results for 1-step ahead forecasts and for overlapping and non-overlapping 5- and 
10-step ahead forecasts during the period 24 April 2006 to 31 December 2018 as 
well as during the financial crisis period from 2 July 2017 to 31 December 2018. 
As the table displays, the MFSV performs better than the alternatives providing the 
smallest loss function, except for the crisis period and 10-step ahead forecasts, for 
which, however, it enters the model confidence set (MCS) of Hansen et al. (2011). 
The fact that in the crisis period, almost all models enter MCS is due to the very few 
number of observations on which the evaluation is done. However, in this case the 
Diebold Mariano test brings more detailed evidence in favour or MFSV.

Table 1   Average Frobenius norm

Bold numbers denote the smallest loss. ∗∗∗ , ∗∗ and ∗ denote a rejection of the H0 of the Diebold Mariano 
test of equal forecasting performance (to the MFSV) at the 1% , 5% and the 10% level, respectively. † 
denotes models that are in the 90% MCS

No overlap Overlap

MFSV GARCH STATIC MFSV GARCH STATIC

Stocks: All out of sample period
h = 1 570 612† 572 535 596 708∗∗∗ 570 612† 572 535† 596 708∗∗∗

h = 5 2451 838† 2483 594 2539 731∗∗∗ 2646 462† 2673 934∗∗ 2750 414∗∗∗

h = 10 4856 792† 4961 555 5042 880∗∗∗ 5056 568† 5146 730∗∗ 5220 099∗∗∗

Stocks: Crisis period
h = 1 1481 198† 1491 908† 1515 923∗

†
1481 198† 1491 908† 1515 923∗

†

h = 5 5657 122† 5839 256† 5745 258† 6443 947† 6617 673∗∗
†

6457 270†

h = 10 9865 148† 10461 373† 9594 818† 12118 313† 12619 199∗
†

11894 710†

Exchange rates: All out of sample period
h = 1 8 276† 8 393† 8 960∗∗∗ 8 276† 8 393† 8 960∗∗∗

h = 5 37 936† 39 380† 41 037∗∗∗ 40 972† 41 575† 44 004∗∗∗

h = 10 73 091† 78 732† 78 547∗∗∗ 80 456† 83 044† 85 921∗∗∗

17  We use the factorstochvol package provided by the authors for the estimation and, as suggested by 
them, we use the deep interweaving code. After 20000 burn-in periods, we use 200000 draws from the 
posterior distribution. The authors use 50000 burn-in and 500000 sampling periods in their paper. Our 
choice of the burn-in and sampling periods is due to RAM and runtime limitations on our computational 
device.
18  We demean and standardise the returns of the rolling window prior to the estimation for each candi-
date model. The forecasts based on the standardised data are then rescaled using the empirical standard 
deviation of the respective rolling window.
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Additionally to our stock dataset and as a robustness check, we also do the esti-
mation and the forecasting exercise with the exchange rate dataset used by Kastner 
et  al. (2017) of 26 daily series (from 2 April 2005 to 6 August 2015 resulting in 
2649 observations, with the forecasting window from 3 January 2012 to 6 August 
2015). The crisis forecasting exercise is done only for the stocks, as they were more 
affected by the crisis than the exchange rates. The results are also presented in 
Table 1 and confirm the results of the stocks: the MFSV outperforms the alternatives 
for all choices of h and forecasting window.

6 � Conclusion

This paper proposes a two-step procedure to estimate multivariate factor stochastic 
volatility models with exact factor structure and stochastic volatility dynamics for 
both the factors and the idiosyncratic disturbances as introduced by Harvey et  al. 
(1994) and Pitt and Shephard (1999b). In the first step, we use the convergence 
results of Bai and Li (2012) to estimate the factor loadings and the variances of 
the idiosyncratic errors and of the factors by means of ML applied to a static factor 
model. In the second step, we estimate the parameters of the stochastic volatility of 
the factors and of the idiosyncratic errors equation-by-equation by using the EMM 
procedure of Bansal et al. (1994) and Gallant and Tauchen (1996) and the univariate 
GARCH as auxiliary models.

Our procedure is the first in the literature to implement “frequentist” techniques 
to estimate such a model. Due to the two-step procedure and the equation-by-equa-
tion estimation in the second step, the procedure we propose is computationally very 
fast and can easily be applied to very large dimensions of vectors of returns and 
number of factors. The computational efficiency can be further increased by choos-
ing appropriate starting values and parallelising the EMM estimation in the second 
step.

In a comprehensive simulation exercise, we show that our estimation provides 
accurate estimates of the parameters as well as how to choose the optimal number of 
simulations in the EMM procedure in order to increase the efficiency of the estima-
tion at minimal computational costs. In the empirical application to a large vector of 
148 returns, we provide further evidence of the efficacy of our method. While in the 
simulation exercise we can estimate the model for a vector of 100 returns in a matter 
of seconds, in the empirical application the estimation converges in about 10 min. 
We also provide a forecasting evidence in favour of the model we estimate.
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