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Branch and bound algorithms for
rate-distortion optimized media streaming

Martin Röder, Jean Cardinal, Raouf Hamzaoui

Abstract— We consider the problem of rate-
distortion optimized streaming of packetized mul-
timedia data over a single quality of service network
using feedback and retransmissions. For a single
data unit, we prove that the problem is NP-hard
and provide efficient branch and bound algorithms
that are much faster than the previously best solu-
tion based on dynamic programming. For a group
of interdependent data units, we show how to com-
pute optimal solutions with branch and bound al-
gorithms. The branch and bound algorithms for a
group of data units are much slower than the cur-
rent state of the art, a heuristic technique known
as sensitivity adaptation. However, in many real-
world situations, they provide a significantly better
rate-distortion performance.

Keywords— Streaming media, computational com-
plexity, branch and bound algorithms.

I. Introduction

A streaming media system allows the receiver to
play back a compressed media bitstream continu-
ously, while parts of it are still being received [1].
Chou and Miao [2] introduced a general framework
for optimizing the rate-distortion performance of
a streaming media system over a packet erasure
channel. This framework enables a precise math-
ematical formulation of the problem of how and
when to optimally transmit a group of interdepen-
dent data units before a delivery deadline. In a
sender-driven scenario, each data unit can be sent
to a client at a finite number of transmission op-
portunities. If the data unit is received before the
delivery deadline, the client sends an acknowledg-
ment packet to the server, which need not retrans-
mit the data unit. Chou and Miao [2] showed
that rate-distortion optimal transmission policies
can be obtained by minimizing a Lagrangian. They
first provided a dynamic programming algorithm
to compute an optimal policy when a single data
unit has to be transmitted. For the transmission
of a group of interdependent data units, they pro-
posed a heuristic iterative descent method, which
uses the above dynamic programming algorithm
to optimize for one data unit at a time, keep-
ing the policies for the other units fixed. Data
unit dependencies were modeled with a directed
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acyclic graph, which makes the system suitable to
a wide range of source coders, including the new
JVT video standard H.264/AVC [3]. The frame-
work of Chou and Miao was adapted for a wire-
less channel [4], extended to include multiple ar-
rival deadlines [5], and multiple streaming servers
[6]. Chakareski and Girod [7] proposed a modifica-
tion to the feedback sending mechanism. Instead of
sending a separate acknowledgment packet for each
received data unit, the receiver periodically sends
a single feedback packet that informs the server on
which data units were received when the acknowl-
edgment packet was sent. Using an additive dis-
tortion model as an approximation to the distor-
tion model of [2], Chakareski, Apostolopoulos, and
Girod [8] provided a fast method for the computa-
tion of a transmission strategy for a group of data
units. The simplified model allows a very efficient
optimization at the cost of quality loss. The frame-
work of Chou and Miao was also successfully used
for networks that offer multiple qualities of service
(QoS) [9].

In this paper, we focus on sender-driven trans-
mission from a single server over a single-QoS net-
work [2], but we also explain how the results can be
extended to the receiver-driven case. We first show
the NP-hardness of optimal rate-distortion stream-
ing for a single data unit (Section III-A). In Section
III-B, we provide a branch and bound algorithm
to minimize the Lagrangian for a single data unit.
Our algorithm is in practice much faster than the
dynamic programming approach of Chou and Miao
[2]. Moreover, in contrast to Chou and Miao who
find only solutions whose error-cost points are on
the lower convex hull of the admissible points, we
provide another branch and bound algorithm that
can compute optimal solutions that are unreach-
able with the Lagrange method. In Section IV, we
show that for a policy of a group of data units to be
optimal, the policy of each data unit must also be
optimal. We exploit this result to give branch and
bound algorithms for computing optimal policies
for a group of data units. Section V explains how
our branch and bound algorithms can be used with
receiver-driven transmission. Section VI presents
experimental results.
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II. Terminology

In this section, we recall the terminology, no-
tation, and assumptions needed to describe rate-
distortion optimized media streaming in the con-
text of sender-driven transmission over a single-QoS
network [2]. A multimedia source (e.g., audio, im-
age, video) is encoded and packetized into a finite
set of data units. The interdependency between
the data units is given by a directed acyclic graph
(V, E), where the set of vertices V is the set of data
units and the set of edges E ⊂ V × V is given by
(l′, l) ∈ E if l′ must be decoded so that l can also
be decoded. For (l′, l) ∈ E, we write l′ ≺ l and say
that l′ is an ancestor of l. We also use the notation
l′ ¹ l if l′ ≺ l or l′ = l. We denote by Bl > 0 the
size of data unit l, D0 ≥ 0 the distortion if no data
unit is decoded, and ∆Dl ≥ 0 the amount by which
the distortion is decreased if data unit l is decoded
compared to the distortion if only the ancestors of
l are decoded. We assume that if the set C ⊂ V of
data units is decoded, then D0 −

∑
l∈C ∆Dl is the

resulting distortion. A channel packet containing
a data unit and sent at time s can be either lost
with probability εF , independent of s, or received
at time s′, where the forward trip time FTT = s′−s
is a random variable with probability density func-
tion pF . Similarly, when a packet is sent from the
client to the server through the feedback channel,
it is either lost with probability εB or received af-
ter a backward trip time BTT , which is a random
variable with probability density function pB . We
assume that each packet sent is lost or delayed in-
dependently of all other packets. We also define the
round trip time RTT as the sum FTT +BTT . For
convenience, by setting FTT = +∞ when a data
unit is lost, one can extend the random variable
FTT to make it include packet loss [2]. In this sit-
uation, the cumulative distribution function of the
extended random variable, FTT is

P{FTT ≤ τ} =
∫ τ

0

(1− εF )pF (t)dt.

The same extension can be done for BTT , yielding
an extended random variable, BTT . Finally, RTT
will denote the sum FTT + BTT .

In a sender-driven context, a data unit can
be sent to the receiver at time opportunities
s0, . . . , sN−1 with s0 < . . . < sN−1 < sDTS , where
sDTS is a delivery deadline. A transmission policy
π = (π(0), π(1), . . . , π(N − 1)) ∈ {0, 1}N of length
len(π) = N is used to describe the transmission of
a data unit. Here π(i) = 0 means that the data
unit should not be sent at opportunity si, whereas
π(i) = 1 means that the data unit should be sent
at opportunity si if no acknowledgment packet was
received from the feedback channel before si, and
that the data unit should not be sent at this oppor-
tunity otherwise.

We define an error ε(π) for policy π as the prob-
ability that the data unit does not reach its desti-
nation before time sDTS , that is,

ε(π) =
∏

i:π(i)=1

P{FTT > sDTS − si}. (1)

We also define a cost ρ(π) for policy π as the ex-
pected number of data unit transmissions. One can
show (see Appendix 1 in [10]) that

ρ(π) =
∑

i:π(i)=1


 ∏

j<i:π(j)=1

P{RTT > si − sj}

 .

(2)
The first problem discussed in this paper is the

computation of rate-distortion optimal policies for
the transmission of a data unit. We say that a
policy π∗ is optimal if there exists no policy π
such that ε(π) ≤ ε(π∗) and ρ(π) < ρ(π∗). Note
that a policy π∗ is optimal if and only if there
exists ε > 0 such that π∗ minimizes ρ(π) subject
to the constraint ε(π) ≤ ε. Chou and Miao [2]
claim that computing the set of optimal policies
is infeasible and propose to determine instead only
optimal policies π for which the cost-error points
(ρ(π), ε(π)) are on the lower convex hull [11] of the
set {(ρ(π), ε(π)), π ∈ {0, 1}N}. We call these poli-
cies convex hull policies. A policy π∗ is a convex
hull policy if and only if there exists λ ≥ 0 such
that π∗ minimizes the Lagrangian

Jλ(π) = ε(π) + λρ(π). (3)

For a given λ, brute force minimization of the La-
grangian requires O(N22N ) time. Chou and Miao
[2] reduce the complexity of the minimization prob-
lem to O(N2N ) with dynamic programming.

We also consider the problem of rate-distortion
optimal transmission of a group of interdependent
data units. The transmission policies for the group
of data units is described by a policy vector ~π =
(π1, . . . , πL), where πi, i ∈ {1, . . . , L} is the trans-
mission policy for the ith data unit of the group.
The expected transmission cost (the expected rate)
for ~π is

R(~π) =
L∑

l=1

Blρ(πl). (4)

By assuming independence of the transmission pro-
cesses, the expected distortion for ~π is

D(~π) = D0 −
L∑

l=1

∆Dl

∏

l′¹l

(1− ε(πl′)). (5)

A policy vector ~π∗ is optimal if there exists
no policy vector ~π such that D(~π) ≤ D(~π∗)
and R(~π) < R(~π∗). Here also Chou and
Miao [2] propose to compute only optimal pol-
icy vectors ~π for which the rate-distortion points
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(R(~π), D(~π)) are on the lower convex hull of the
set {(R(~π), D(~π)), ~π ∈ ({0, 1}N )L}. We call these
policy vectors convex hull policy vectors. A policy
vector ~π∗ is a convex hull policy vector if and only
if there exists λ ≥ 0 such that ~π∗ minimizes the
Lagrangian

Jλ(~π) = D(~π) + λR(~π). (6)

To minimize Jλ for a given λ, Chou and Miao [2]
apply a heuristic iterative descent algorithm, which
they call sensitivity adaptation (SA). The idea is
to minimize Jλ(π1, . . . , πL) one policy at a time,
keeping the other policies fixed. Starting from an
initial policy vector ~π(0) = (π(0)

1 , . . . , π
(0)
L ), where

π
(0)
1 = · · · = π

(0)
L = (1, . . . , 1), a sequence of pol-

icy vectors ~π(k) = (π(k)
1 , . . . , π

(k)
L ), k = 1, 2, . . . , is

constructed as follows. Select lk ∈ {1, . . . , L}. For
i 6= lk, set π

(k)
i = π

(k−1)
i and for i = lk, let

π
(k)
i = arg min

πi

Jλ(π(k)
1 , . . . , π

(k)
i−1, πi, π

(k)
i+1, . . . , π

(k)
L )

= arg min
πi

S
(k)
i ε(πi) + λBiρ(πi), (7)

where

S
(k)
i =

∑

l′,i¹l′
∆Dl′

∏

l′′≺l′
(1− ε(π(k)

l′′ )).

Since the sequence Jλ(~π(k)) is nonincreasing and
bounded below by zero, it converges to a local min-
imum. When the previous dynamic programming
algorithm is used to solve (7), the time complexity
of the SA algorithm is O(nN2N ), where n is the
number of iterations needed for convergence.

III. Single data unit

A. NP-hardness

We show that finding the best transmission pol-
icy for a single data unit is NP-hard by using a
reduction from the knapsack problem [12]. We first
formally define the problem Policy.

Definition 1 (Policy) An instance of problem
Policy consists of a positive integer N , N + 1
real numbers s0 ≤ s1 ≤ . . . ≤ sN−1 ≤ sDTS ,
two real random variables FTT and RTT with
FTT ≤ RTT , and a real number ε∗ ∈ [0, 1]. An op-
timal solution of the problem is a policy π ∈ {0, 1}N

satisfying ε(π) ≤ ε∗ and minimizing the cost ρ(π).
For simplicity, and without loss of generality, we

assume in Definition 1 that FTT = FTT and
RTT = RTT , that is, the loss probabilities εF

and εB are equal to zero. Note that although we
included the random variables in the definition,
the problem is essentially combinatorial: the fi-
nite set of probabilities P{FTT > sDTS − si} and
P{RTT > si− sj} is the only information we need
about FTT and RTT .

Lemma 1: If a given instance of problem Policy
has an optimal solution π∗ 6= (0, . . . , 0), then there
exists an optimal solution π for the same instance
with π(0) = 1.

Proof: Suppose that π∗(0) = 0. Let π be a
policy identical to π∗, except that π(0) = 1, and
the first element of π∗ equal to one is set to zero
in π. Let k be the index of this element. We have
ρ(π) ≤ ρ(π∗), since the probability P{RTT > si −
sk} is replaced by the probability P{RTT > si −
s0}, which is never greater. We also have ε(π) ≤
ε(π∗), because P{FTT > sDTS − s0} ≤ P{FTT >
sDTS − sk}. Hence π is optimal too.

Definition 2 (Knapsack) An instance of prob-
lem Knapsack consists of a positive integer m,
positive real values wi and vi, i = 1, . . . ,m, and
a nonnegative real number B. An optimal solution
of Knapsack is a set S ⊆ {1, 2, . . . , m} satisfying∑

i∈S wi ≥ B and minimizing
∑

i∈S vi.
Theorem 1: Policy is NP-hard .

Proof: We prove the result by constructing
a polynomial transformation from Knapsack into
Policy. Without loss of generality, we consider a
restricted version of Knapsack with the following
additional assumptions: the values vi and wi are
decreasing with respect to i, and vi ∈ [0, 1] for all i.
It is not difficult to show that Knapsack remains
NP-hard under these restrictions [12], [13].

Let (m, {vi}, {wi}, B) be such an instance of
Knapsack. The corresponding instance of Pol-
icy is defined by N = m + 1, s0 = −δ for some
value δ > 1, si = i

N , i = 1, 2, . . . , N − 1, sDTS = 1,
two random variables FTT and RTT whose cu-
mulative distribution functions P{FTT ≤ x} and
P{RTT ≤ x} satisfy

P{FTT ≤ 1− i

N
} = 1− 2−wi , (8)

P{FTT ≤ δ + 1} = 1− µ, (9)
P{RTT ≤ δ} = 0, (10)

P{RTT ≤ δ +
i

N
} = 1− vi (11)

for i = 1, 2, . . . , N − 1 and some value µ such
that 0 < µ < min{2−w1 , vN−1, 2B}. The values
P{FTT ≤ x} and P{RTT ≤ x} that are not de-
fined above can be chosen by any kind of contin-
uous nondecreasing interpolation between the de-
fined values. We also let their limits as x tends to
infinity and to zero be equal to one and zero, re-
spectively. This is illustrated in Fig. 1. One can
show that the two cumulative distribution func-
tions defined in this way are well-behaved nonde-
creasing functions taking values in [0, 1]. In par-
ticular, since the wi are sorted in decreasing order,
the values of P{FTT ≤ x} from (8) are increas-
ing with x. Since µ is chosen so that µ ≤ 2−w1

this is true with respect to (9), too. The cumula-
tive distribution function P{RTT ≤ x} satisfying
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δ + 1 xδ +
i

N

1

N
1 −

i

N
δ

1 − 2−wN−1

0

1 − 2−wi

1 − vi

1 − µ

1

Fig. 1. Illustration of the distributions used in the proof.
The top curve is P{FTT ≤ x}, and the bottom curve is
P{RTT ≤ x}.

(10)-(11) is also increasing if the vi are sorted in
decreasing order. Next, we must check that given
these two cumulative distribution functions, there
exist two random variables FTT and RTT such
that FTT ≤ RTT . From the stochastic order rela-
tion ([14], Theorem A, p. 6), a sufficient condition
is P{FTT ≤ x} ≥ P{RTT ≤ x}. This can be
ensured by setting:

P{FTT ≤ δ + 1} ≥ P{RTT ≤ δ +
i

N
},

P{FTT ≤ δ + 1} ≥ P{RTT ≤ δ +
N − 1

N
},

1− µ ≥ 1− vN−1,

µ ≤ vN−1,

which is guaranteed by the choice of µ. Finally, we
set ε∗ = µ

2B , which belongs to [0, 1].
Now we show that this instance of Policy is

equivalent to the original instance of Knapsack.
Let π 6= (0, . . . , 0) be an optimal solution for Pol-
icy. Using Lemma 1, we can assume that π(0) = 1.
From (9), we get

ε(π) = µ
∏

i>0:π(i)=1

(
1− P{FTT ≤ 1− i

N
}
)

.

So ε(π) ≤ ε∗ is equivalent to the inequalities

µ
∏

i>0:π(i)=1

2−wi ≤ µ

2B

∑

i>0:π(i)=1

wi ≥ B. (12)

Moreover, from (10)-(11), we have

P{RTT > si − sj} =
{

vi if j = 0
1 otherwise.

Thus

ρ(π) =
∑

i:π(i)=1


 ∏

j<i:π(j)=1

P{RTT > si − sj}



= 1 +
∑

i>0:π(i)=1

vi. (13)

Because of (12) and (13), π will yield an opti-
mal solution S of Knapsack simply by letting
S = {i > 0 : π(i) = 1}. Conversely, an optimal
solution S of Knapsack yields an optimal solution
π for Policy. Hence Policy is at least as hard as
Knapsack.

B. Branch and bound algorithms

In this section, we propose a class of branch and
bound algorithms to compute convex hull and op-
timal policies. The algorithms exploit the following
important bounds.

Suppose that a policy π of length N begins
with prefix π′. That is, π′(i) = π(i) for i =
0, . . . , len(π′) − 1 and len(π′) ≤ N . Since ε(π) is
smallest if we transmit as often as possible, a lower
bound for ε(π) is

εmin(π′)=ε((π′(0), . . . , π′(len(π′)− 1), 1, . . . , 1︸ ︷︷ ︸
N−len(π′)

)).

On the other hand, ρ(π) is smallest if we do not
transmit at all, thus a lower bound for ρ(π) is

ρmin(π′)=ρ((π′(0), . . . , π′(len(π′)− 1), 0, . . . , 0︸ ︷︷ ︸
N−len(π′)

)).

A combination of εmin(π′) and ρmin(π′) gives a
lower bound for the expected Lagrangian Jλ(π) of
a policy π with prefix π′ as Jλ,min(π′) = εmin(π′) +
λρmin(π′).

B.1 Convex hull policies

We first propose a branch and bound algorithm
to compute a convex hull policy for a fixed Lagrange
multiplier λ. A policy prefix of size n is recursively
extended to policy prefixes of size n+1. The recur-
sive calls are stopped as soon as the lower bound
Jλ,min exceeds Jλ(π), where π is the currently best
transmission policy, or the size of a policy prefix
reaches N . In the latter case, π is updated with
the policy prefix of size N .

More precisely, we initialize a policy π with an
approximation of the optimal policy. This could be
the solution of a previous optimization with similar
parameters, or an arbitrary policy, e.g. (0, . . . , 0).
The recursive part of the algorithm starts with an
empty policy prefix π′. A single recursion on a pol-
icy prefix π′ is as follows. We determine all possible
policy prefixes π′k whose length is the length of π′

increased by 1. There are only two such policy pre-
fixes (one can append either 0 or 1 to π′). Let π′0
be π′ with 0 appended, and π′1 be π′ with 1 ap-
pended. We then calculate Jλ,min(π′k) for k = 0, 1.
If Jλ,min(π′k) > Jλ(π), we know that no policy
with prefix π′k can be better than π. Otherwise,
if len(π′k) = N , we found a better policy than π;
so we set π = π′k. If len(π′k) < N , the described
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recursion is done again on π′k. If the recursion has
to be done on both π′0 and π′1, it should be done in
increasing Jλ,min(π′k) order. When the algorithm
ends, π will be the optimal policy. We denote this
algorithm by LBB. A pseudo-code of LBB is given
in [10], Appendix 2.

It is straightforward to update the error bound
εmin at each recursive step in constant time, but for
the cost bound ρmin, the time complexity of an up-
date is linear in N . The worst-case complexity of
the algorithm is therefore O(N2N ), since the num-
ber of recursive calls is bounded by O(2N ). How-
ever, in practice, the pruning allows a substantial
speed-up.

We now give a branch and bound algorithm to
compute all convex hull policies in a single run. The
main task will be to test if the cost-error point of
a policy with a given prefix may belong to Γ, the
lower convex hull of the points already checked, and
to update Γ with insertions and deletions. For sim-
plicity, we will identify a policy with the cost-error
point associated to it.

We assume that Γ is sorted in nondecreasing cost
and nonincreasing error order. This can be easily
done, e.g., with a binary search tree. We denote the
ith policy in Γ by Γ(i); thus ρ(Γ(i)) ≤ ρ(Γ(i + 1))
and ε(Γ(i)) ≥ ε(Γ(i + 1)), i = 0, . . . , |Γ| − 2. Then,
we define a function CHTest(Γ,π′) that tests if a
policy with prefix π′ can belong to the lower convex
hull Γ. The test consists of the following steps.
1. Try to find k ∈ {0, . . . , |Γ| − 2} such that
ρ(Γ(k)) < ρmin(π′) ≤ ρ(Γ(k + 1)).
2. If no such k exists, set CHTest(Γ,π′) = “yes”.
3. If such a k exists, set CHTest(Γ,π′) to “no”
if (ρmin(π′), εmin(π′)) is above the line joining the
points Γ(k) and Γ(k + 1), and set it to “yes”, oth-
erwise.
To insert a new policy into Γ, we define a proce-
dure CHInsert(Γ,π). We assume that CHTest(Γ,π)
= “yes” at the time we call CHInsert(Γ,π). The
procedure first inserts π into Γ and then convexi-
fies Γ by ensuring that the lines joining neighboring
points have an increasing slope. This can be done
by checking if the left neighbor of the inserted point
is above the line joining the left neighbor of the left
neighbor of the inserted point to the inserted point.
If it is, the left neighbor of the inserted point is re-
moved and the check is repeated. The same check
is done on the right neighbors of the inserted point.

Figure 2 illustrates CHTest and CHInsert on
an example. Suppose that Γ currently consists
of Γ(0), . . . , Γ(5) and that we want to test if a
policy with prefix π′1 can belong to the lower
convex hull. CHTest(Γ,π′1) equals “no”, because
(ρmin(π′1), εmin(π′1)) is above the line joining Γ(2)
and Γ(3). Since all policies with prefix π′1 are in
the shaded area, none of them is in the lower con-
vex hull. Suppose we want to insert π2 into Γ.

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

ε

Γ(4)

Γ(2)

Γ(0)

Γ(3)

0

1

Γ(5)

ρ

Γ(1)

π2

min min’ ’1 1(ρ     (π ),ε     (π ))

Fig. 2. Example of convex hull test and insertion

CHInsert(Γ,π2) removes Γ(2) and Γ(3) from Γ, be-
cause they are above the lines connecting Γ(1) and
π2 and π2 and Γ(4), respectively.

The branch and bound method to compute all
convex hull policies is similar to the branch and
bound method for the Lagrange optimization. We
initialize Γ with Γ = {(0, . . . , 0), (1, . . . , 1)}. We
then start the recursive part of the algorithm with
prefix π′ = (). In each single recursion, we deter-
mine π′k, k = 0, 1 as in the Lagrange optimization.
For each π′k, we then determine CHTest(Γ,π′k), and
if it equals “yes”, we either insert π′k into Γ with
CHInsert(Γ,π′k) if len(π′k) = N , or we do the recur-
sion again on π′k if len(π′k) < N .

When the algorithm stops, Γ is the set of convex
hull policies with length N . A pseudo-code of the
algorithm is given in [10], Appendix 3. Note that by
exploiting Lemma 1, the algorithm can be acceler-
ated by initializing π′ with (1). In this case, Γ may
not contain all convex hull policies, but all points
(ρ(π), ε(π)) such that π is a convex hull policy are
found.

B.2 Optimal policies

The branch and bound approach to compute a
convex hull policy for a fixed Lagrange multiplier
can also be adapted to find an optimal policy for
a given maximum cost ρmax. In each recursion, we
discard all policies with prefix π′ if εmin(π′) > ε(π)
or ρmin(π′) > ρmax or len(π′) = N , εmin(π′) = ε(π),
and ρmin(π′) > ρ(π). Here π denotes the current
best policy. We denote this algorithm by CBB. A
pseudo-code of CBB is given in [10], Appendix 4.

The branch and bound algorithm to compute
all convex hull policies can be adapted to find
all optimal policies. We now use a test func-
tion OPTest(Π,π′) that checks if policies with
prefix π′ can be optimal among the set Π =
{Π(0), . . . , Π(|Π| − 1)} of all current optimal poli-
cies. Here we assume that Π is sorted in nonde-
creasing cost and nonincreasing error order. The
test is done as follows.
1. Try to find k ∈ {0, . . . , |Π| − 2} such that
ρ(Π(k)) < ρmin(π′) ≤ ρ(Π(k + 1)).
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2. If no such k exists, ρmin(π′) is either smaller or
equal than all ρ(Π(k)), or larger than all ρ(Π(k)).
If it is smaller or equal, set OPTest(Π,π′)=“yes”. If
it is larger, set it to “yes” if εmin(π′) < ε(Π(|Π|−1))
and to “no” otherwise.
3. If such a k exists, set OPTest(Π,π′) to “yes” if
εmin(π′) < ε(Π(k)) and set it to “no”, otherwise.

To insert a new policy π into the current
set of optimal policies Π, we use a proce-
dure OPInsert(Π,π). Here we also assume that
OPTest(Π,π)= “yes” when calling OPInsert(Π,π).
The procedure tries to find the smallest k ∈
{0, . . . , |Π| − 1} such that ρ(π) ≤ ρ(Π(k)). If no
such k exists, it sets k = |Π|. If k = 0, π is inserted
at the beginning of Π, if k = |Π|, π is inserted
at the end of Π, otherwise π is inserted between
Π(k − 1) and Π(k). Note that after the insertion,
we have π = Π(k). Finally, all Π(i) with i > k and
ε(Π(i)) ≥ ε(π) are removed from Π.

The algorithm for computing all optimal policies
starts by initializing Π with {(0, . . . , 0), (1, . . . , 1)}
and π′ with (). A pseudo-code of the algorithm
is given in [10], Appendix 5. Again, by exploiting
Lemma 1, the algorithm can be accelerated by ini-
tializing π′ with (1).

In the computation of both Γ and Π, the worst-
case complexity of a single insertion in the set Γ
(resp. Π) is linear in the size of the set. We can nev-
ertheless prove a worst-case complexity of O(N2N )
in the two cases by remarking that no more than
2N points can be removed from Γ (resp. Π) in
a single run of the algorithm, and that the com-
plexity of a deletion is O(log |Γ|) = O(N) (resp.
O(log |Π|) = O(N)). This is a worst-case complex-
ity if we assume that the policies are stored in a bal-
anced binary tree. Again, in practice, the pruning
procedures CHTest and OPTest should yield sub-
stantial acceleration ratios.

IV. Group of data units

We study in this section the complexity of rate-
distortion optimized streaming for a group of in-
terdependent data units. Since the rate-distortion
optimization problem is NP-hard for a single data
unit, it is also NP-hard for a group of data units.
We now provide two important results that give re-
lationships between optimal (resp. convex hull) pol-
icy vectors and optimal (resp. convex hull) policies.

Lemma 2: If ~π∗ = (π∗1 , . . . , π∗L) is an optimal pol-
icy vector, then all policies π∗1 , . . . , π∗L are optimal.

Proof: We prove the result by contradiction.
Let ~π = (π1, . . . , πL) be a policy vector with at
least one non-optimal policy. Let, without loss
of generality, πL be a non-optimal policy, that is,
there exists a policy π′ such that ε(π′) ≤ ε(πL)
and ρ(π′) < ρ(πL). Let ~π′ = (π′1, . . . , π

′
L) with

π′i = πi, i = 1, . . . , L− 1 and π′L = π′. Then

D(~π) ≥ D0 −
L∑

l=1

∆Dl

∏

l′¹l

(1− ε(π′l′)) = D(~π′)

and

R(~π) >

L∑

l=1

Blρ(π′l) = R(~π′).

Thus, ~π cannot be optimal.
We have a similar result for convex hull policy

vectors.
Lemma 3: If ~π∗ = (π∗1 , . . . , π∗L) is a convex hull

policy vector that minimizes the Lagrangian Jλ for
a λ > 0, then all policies π∗1 , . . . , π∗L are convex hull
policies.

Proof: We prove the result by contradiction.
Assume that ~π = (π1, . . . , πL) is a convex hull pol-
icy vector that minimizes Jλ for a λ > 0. Suppose
that at least one policy in ~π is not a convex hull pol-
icy. Let, without loss of generality, πL be one such
policy, that is, for each λ′ ≥ 0, there exists a pol-
icy π′ such that Jλ′(π′) < Jλ′(πL). Let Al(~π) =∏

l′¹l(1 − ε(πl′)) and A′l(~π) =
∏

l′≺l(1 − ε(πl′)).
Then for all λ > 0

Jλ(~π) = D(~π) + λR(~π)

= D0 +
L∑

l=1

[−∆DlAl(~π) + λBlρ(πl)]

= D0 +
L−1∑

l=1

[−∆DlAl(~π) + λBlρ(πl)]

−∆DLA′L(~π) + ∆DLε(πL)A′L(~π)
+λBLρ(πL).

If ∆DL > 0 and ε(πl′) < 1 for all l′ ≺ L, then with
λ′ = λBL

∆DLA′
L
(~π) and π′ such that Jλ′(π′) < Jλ′(πL),

we have

Jλ(~π) = D0 +
L−1∑

l=1

[−∆DlAl(~π) + λBlρ(πl)]

−∆DLA′L(~π) + ∆DLJλ′(πL)A′L(~π)

> D0 +
L−1∑

l=1

[−∆DlAl(~π) + λBlρ(πl)]

−∆DLA′L(~π) + ∆DLJλ′(π′)A′L(~π)
= Jλ(~π′),

where ~π′ = (π1, . . . , πL−1, π
′).

If ∆DL = 0 or if there exists l′ ≺ L with ε(πl′) =
1, then

Jλ(~π) = D0 +
L−1∑

l=1

[−∆DlAl(~π) + λBlρ(πl)]

+λBLρ(πL).
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Since the convex hull policy π′ = (0, . . . , 0) is the
only policy whose cost is zero, and since πL is not
a convex hull policy, we have ρ(πL) > 0. Thus,

Jλ(~π) > D0 +
L−1∑

l=1

[−∆DlAl(~π) + λBlρ(πl)]

= Jλ(~π′),

where ~π′ = (π1, . . . , πL−1, π
′). So also in this case

we have a contradiction to our initial assumption.

Note that the convex hull policy π = (1, . . . , 1)
gives a convex hull policy vector (π, . . . , π) that
minimizes Jλ for λ = 0.

Lemma 2 (resp. Lemma 3) allows us to break
the problem of finding optimal policy vectors (resp.
convex hull policy vectors) for a group of data units
into two parts. First, use the branch and bound al-
gorithm of Section III-B.2 (resp. Section III-B.1) to
compute the set Π (resp. Γ) of all optimal (resp.
convex hull) policies for a single data unit. Then
use another branch and bound algorithm, which is
similar to the first one, except that instead of hav-
ing the choice between two branches at each step,
we have to choose the next policy among the set Π
(resp. Γ). We can derive lower bounds for pruning
the recursion tree as in the single policy case.

As in the single data unit case, if we know
that policy vector ~π begins with prefix ~π′ =
(π′1, . . . , π

′
len(~π′)), π′i = πi for i = 1, . . . , len(~π′),

len(~π′) ≤ L, we can give bounds for D(~π) and R(~π).
Let 0 = (0, . . . , 0) and 1 = (1, . . . , 1). As D(~π) is
smallest if we transmit with the smallest error for
each data unit, a lower bound for D(~π) is

Dmin(~π′)=D(π′1, . . . , π
′
len(~π′), 1, . . . ,1︸ ︷︷ ︸

L−len(~π′)

) (14)

since 1 is a policy with the lowest error. On the
other hand, R(~π) is smallest if we transmit with
the lowest cost for each data unit. Thus, a lower
bound for R(~π) is

Rmin(~π′) = R(π′1, . . . , π
′
len(~π′), 0, . . . ,0︸ ︷︷ ︸

L−len(~π′)

) (15)

since 0 is the policy with the lowest cost. Hence, a
lower bound for Jλ(~π) is

Jλ,min(~π′) = Dmin(~π′) + λRmin(~π′). (16)

Pseudo-codes for the above branch and bound al-
gorithms are given in [10], Appendix 6, 7, 8, 9. We
denote the branch and bound algorithm for com-
puting an optimal policy vector for a given rate
constraint by CBBG ([10], Appendix 8).

The same kind of complexity analysis as in the
single data unit case can be done, with the dif-
ference that the number of branches at a node is

not equal to two anymore, but to |Π| (resp. |Γ|)
for the optimal policy vectors (resp. convex hull
policy vectors). The worst-case complexity of the
branch and bound algorithms for policy vectors is
then O(N2N + L2|Π|L) (resp. O(N2N + L2|Γ|L)).

V. Receiver-driven transmission

In the receiver-driven context [2], we have N time
opportunities r0, . . . , rN−1 at which the receiver can
transmit a request packet to the sender. A request
policy τ = (τ(0), . . . , τ(N −1)) ∈ {0, 1}N for a data
unit can be described as follows. If τ(i) = 0, then
the receiver should not send a request packet to
the sender at opportunity ri. If τ(i) = 1, then the
receiver should send a request packet to the sender
at opportunity ri if the data unit was not received,
and it should not send a request packet otherwise.
We define an error ε′(τ) for request policy τ as the
probability that no data unit reaches the receiver
before a delivery deadline rDTS , that is

ε′(τ) =
∏

i:τ(i)=1

P{RTT > rDTS − ri}. (17)

We now have RTT instead of FTT since we have to
include the transmission of the request packet to the
sender. We also define a cost ρ′(τ) for request policy
τ as the expected number of data unit transmissions
from the sender to the receiver, that is

ρ′(τ) =
∑

i:τ(i)=1


 ∏

j<i:τ(j)=1

P{RTT > ri − rj}

 (1−εB).

(18)
The sum is the same as the cost in the case of
sender-driven operation, but on each request, the
sender sends only with a probability of (1− εB) be-
cause the request packet is lost with probability εB .
Now all above branch and bound algorithms can be
used by replacing transmission policies π with re-
quest policies τ , error ε(π) with ε′(τ), and cost ρ(π)
with ρ′(τ).

VI. Experimental results

In this section, we provide experimental results to
illustrate the improvements allowed by our branch
and bound algorithms. As in [2], the probability
density function of FTT was modeled as a shifted
Gamma distribution with rightward shift κF and
parameters nF and αF [2], that is, for t ≥ κF ,

pF (t) =
αF

Γ(nF )
(αF (t− κF ))nF−1e−αF (t−κF ),

where Γ is the gamma function. Similarly, the prob-
ability density function of BTT was modeled as the
shifted Gamma distribution

pB(t) =
αB

Γ(nB)
(αB(t− κB))nB−1e−αB(t−κB),
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where κB is the rightward shift, and nB and αB are
parameters.

A. Single data unit

We compare the branch and bound algorithm
LBB of Section III-B.1 to the dynamic program-
ming approach of [2] for computing a policy that
minimizes the Lagrangian (3) for a fixed λ. We use
the number of visited nodes in the decision process
tree as the performance measure. This is a reason-
able choice since both algorithms require a similar
number of operations per node, with the difference
that in the branch and bound algorithm, one more
comparison is made to decide if the current branch
should be pruned.

In practice, however, we seek the best policy for
a given maximum cost, not for a given Lagrange
multiplier. With the approach of [2], one must then
combine the dynamic programming algorithm with
the bisection method to find a convex hull solution
for this given cost. A straightforward way to speed
up this approach is to replace dynamic program-
ming with our branch and bound technique. How-
ever, even with this improvement, this approach
has two drawbacks. First, several iterations might
be needed until a solution is found. Second, one
cannot guarantee that the solution is optimal for
the given cost since only convex hull solutions can
be found. A better and faster approach is to use
the branch and bound algorithm CBB of Section
III-B.2. Figure 3 compares the complexity of re-
spectively the dynamic programming approach of
[2], algorithm LBB, and algorithm CBB. In the lat-
ter algorithm, the cost constraint was taken as the
one corresponding to the solution of the first two al-
gorithms. We provide results for two different La-
grange multipliers. The channel parameters were
chosen as in [2]. Figure 4 shows the results for an-
other set of channel parameters.

While dynamic programming must visit all
2N+1−1 nodes, the number of visited nodes is much
smaller for the two branch and bound algorithms.
Note also how algorithm CBB was faster than al-
gorithm LBB.

B. Group of data units

We now compare the quality of the solutions
found by the SA algorithm to the ones computed
with the branch and bound algorithm for a set
of data units and a given rate constraint (Algo-
rithm CBBG in Section IV). We provide exam-
ples, two for MPEG1 and two for H.264, that show
that the SA algorithm can perform poorly. As in
[2], the stopping criterion for the SA algorithm is
Jλ(~π(k−1)) = Jλ(~π(k)), and the single policies are
changed in round-robin style (lk = ((k−1)mod L)+
1). The distortion values D0 and ∆Di, i =
1, . . . , L, were computed as follows. Let Xi, i =

 1
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Fig. 3. Number of visited nodes as a function of the number
of transmission opportunities for the dynamic programming
algorithm and the branch and bound algorithms LBB and
CBB. Results are shown for two Lagrange multipliers (λ =
0.01 and 0.5) and channel parameters εF = εB = 0.2, κF =
κB = 25 ms , nF = nB = 2, 1/αF = 1/αB = 12.5. The
time interval between two opportunities is 50 ms.
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Fig. 4. Number of visited nodes as a function of the number
of transmission opportunities for the dynamic programming
algorithm and the branch and bound algorithms LBB and
CBB. Results are shown for two Lagrange multipliers (λ =
0.01 and 0.5) and channel parameters εF = εB = 0.01, κF =
κB = 25 ms , nF = nB = 8, 1/αF = 1/αB = 12.5. The
time interval between two opportunities is 50 ms.

1, . . . , L denote the block in the luminance compo-
nent of the original video sequence corresponding
to packet i, Yi, i = 1, . . . , L denote the block in the
luminance component of the decoded sequence cor-
responding to packet i, G denote a block of constant
grey value 128. Then D0 = 1

L

∑L
i=1 MSE(Xi, G)

and ∆Di = 1
L (MSE(Xi, G) −MSE(Xi, Yi)), where

MSE is the mean-square-error.
We first encoded the Foreman video sequence

in CIF size according to the Video-CD standard
(MPEG1, 1150 kilobits per second with a frame
rate of 25 frames per second) and computed pol-
icy vectors for a group of ten frames (frame 13 to
frame 22). The frame sequence was IBBPBBPBBP,
where I-frames are independent, P-frames depend
on the last P- or I-frame, and B-frames depend
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Fig. 5. Dependency graph of an H.264 group of frames.
For simplicity, only the transitive reduction of the graph is
shown. The boxes bounded by a dashed line indicate the
frames with the frame numbers in playback order and the
frame types in parentheses. The boxes bounded by a full line
indicate the packets with the packet number in transmission
order.

on the last and next P- or I-frame. The frame
sizes (in bits) were (B1, . . . , B10)=(211048, 30252,
24996, 178508, 20820, 20292, 81988, 26820, 15164,
77676) and we assumed that each frame was
transmitted in one packet. The distortions were
(D0,∆D1, . . . , ∆D10) =(5658.78, 560.59, 560.32,
562.07, 566.23, 567.47, 567.13, 567.41, 566.15,
566.30, 565.98). Finally, the number of transmis-
sion opportunities was N = 8, and the channel
parameters were as in Fig. 3. For simplicity, we
specify policies as sets of send actions. Thus, a pol-
icy π is now seen as a subset of {1, . . . , N} where i
is in the subset if π(i) = 1.

The SA solution for Lagrange multiplier λ =
0.0115 was ({1}, ∅, {1}, {1,6}, {1}, {1}, {1,6}, {1},
{1,6}, {1}), yielding an expected rate of 756,566
bits and an expected MSE of 2421.35. The branch
and bound algorithm was able to find a much better
solution. Indeed, for rate constraint 756,566 bits,
it found the solution ({1,5}, {1}, {1}, {1,5}, {1,5},
{1,4,7}, {1,5}, ∅, ∅, ∅), whose expected rate and
MSE are 756,560 bits and 2289.82, respectively.

For λ = 0.012 and the same channel parameters,
the SA solution was (∅, ∅, ∅, {1}, {1}, {1}, {1},
{1}, ∅, {1}, ∅), yielding an expected rate of 341,768
bits and an expected MSE of 5658.78. For this rate
constraint, the branch and bound algorithm found
solution ({1,4,6}, ∅, ∅, ∅, ∅, ∅, ∅, ∅, ∅, ∅), whose ex-
pected rate and MSE were 341,181 bits and 5102.68,
respectively.

Note that for λ = 0.012, the SA solution trans-
mits B- and P- frames without sending the I-frame
they depend on, which is not a reasonable strategy.

We encoded the same group of ten frames with
the H.264 reference encoder [15], version 9.3, at 384

kilobits per second with a frame rate of 30 frames
per second using the main profile of H.264. Each
frame was partitioned into slices such that each
slice fits in a single packet with a maximum size
of 1500 bytes. The encoder generated 17 packets
whose dependency graph is shown in Fig. 5. The
packet sizes (in bytes) were (B1, . . . , B17)=(1382,
1398, 1390, 1396, 1023, 1402, 1271, 774, 547, 1394,
664, 344, 341, 1402, 600, 232, 302). The distor-
tions were (D0,∆D1, . . . , ∆D17)=(4042.92, 97.35,
133.11, 62.06, 71.78, 34.91, 297.09, 106.05, 399.10,
400.27, 330.35, 73.56, 404.24, 404.03, 356.14, 46.99,
403.06, 403.28). The number of transmission op-
portunities was N = 5, the channel parameters
were as in Fig. 3.

The SA solution for Lagrange multiplier λ = 0.44
was ({1,4}, {1,4}, {1,4}, {1,4}, {1,4}, {1,4}, {1,4},
∅, ∅, {1,4}, {1,4}, {1}, {1}, {1}, {1}, {1}, {1}),
yielding an expected rate of 18923 bytes and an ex-
pected MSE of 2103.76. For the rate constraint of
18923 bytes, the branch and bound algorithm found
the solution ({1,4}, {1,4}, {1,4}, {1,4}, {1,4,5},
{1,4}, {1,4}, {1,4}, {1,4}, {1,4}, {1,4}, {1,4}, {1,4},
∅, ∅, ∅, ∅), whose expected rate and MSE were
18854 bytes and 1923.71, respectively.

For λ = 0.49 and the same channel parameters,
the SA solution was ({1}, {1}, {1}, ∅, ∅, ∅, ∅, ∅,
∅, {1,4}, {1,4}, {1}, {1}, ∅, ∅, ∅, ∅), yielding an
expected rate of 7710 bytes and an expected MSE
of 3808.91. For the rate constraint of 7710 bytes,
the branch and bound algorithm found the solution
({1}, {1,4}, {1}, {1}, ∅, {1}, ∅, ∅, ∅, ∅, ∅, ∅, ∅, ∅,
∅, ∅, ∅) with an expected rate of 7509 bytes and an
expected MSE of 3614.07.

Note how for λ = 0.49 the SA solution transmits
packets without transmitting packets they depend
on (e.g., packet 10 depends on packet 6 which is not
sent).

VII. Conclusion

This work has three important contributions.
First, it showed that the problem of rate-distortion
optimized streaming of packetized multimedia in
the sender-driven transmission over a single QoS
network using retransmissions with feedback is NP-
hard. This justifies the use of fast heuristic tech-
niques such as the SA algorithm. Second, it gives
a branch and bound algorithm for minimizing the
Lagrangian for a single data unit. Our algorithm
is much faster than the dynamic programming ap-
proach of [2]. Thus, it can be used to speed up the
SA algorithm. Finally, the work introduces branch
and bound algorithms for computing optimal poli-
cies for a group of interdependent data units. These
algorithms are too time-consuming for online appli-
cations, but they can be used as an alternative to
the SA algorithm in offline applications or to eval-
uate the quality of suboptimal solutions.
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