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SIMPLIFICATION OF POLYLINE BUNDLES OF GRAPHS AND TREES∗

Yannick Bosch,† Peter Schäfer,† Joachim Spoerhase,‡ Sabine Storandt,† and Johannes Zink §

Abstract. Polyline simplification is a well-studied optimization problem, in which a given
polyline shall be replaced by a polyline with fewer vertices which still represents the shape
of the original polyline faithfully. In this paper, we propose and study a generalization of
the polyline simplification problem. Instead of a single polyline, we are given a set of ℓ
polylines possibly sharing some line segments and vertices. We call such a set a polyline
bundle. The task is to simplify each polyline L of a given polyline bundle by keeping a subset
of its vertices such that (i) the Hausdorff or Fréchet distance between L and its simplified
counterpart does not exceed a given distance threshold δ, (ii) a shared vertex is either kept or
discarded in all polylines of the polyline bundle (we refer to this requirement as consistency)
and (iii) the number of kept vertices in the polyline bundle is minimized. To justify this
definition, we argue that consistency is crucial to get meaningful and aesthetically pleasing
outputs.

Regarding the computational complexity of polyline bundle simplification, we prove
that this problem is NP-hard to approximate within a factor of n1/3−ε for any ε > 0, where
n is the number of vertices in the polyline bundle. This inapproximability even applies to
planar inputs and also to instances with only ℓ = 2 polylines. However, we identify the
sensitivity of the solution to the choice of the distance threshold δ as a reason for this strong
inapproximability. In particular, we prove that if we employ the Fréchet distance and allow δ
to be exceeded by a factor of 2 in the solution, then we can find a simplified polyline bundle
with no more than O(log(ℓ + n)) · OPT vertices in polytime, providing us with an efficient
bi-criteria approximation. In addition, we show that the polyline simplification problem is
solvable in polytime in case the polylines form a rooted tree. We further present a greedy
heuristic that decomposes general bundles into tree bundles, which then can be simplified
individually and optimally. In our experimental study, we compare the performance of the
bi-criteria approximation algorithm and the tree bundle decomposition algorithm on public
transit networks and movement trajectories. We show that in case the polylines form grid-
like structures, the bi-criteria approximation algorithm outputs smaller simplifications, but
the tree bundle decomposition algorithm scales better and produces superior results on
polyline bundles derived from paths in embedded road networks.
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1 Introduction

Visualization of geographical information is a task of high practical relevance, e.g., for the
creation of online maps. Such maps are most helpful if the information is neatly displayed
and can be grasped quickly and unambiguously. This often means that the full data needs
to be filtered and abstracted. Many important elements in maps like borders, streets,
rivers, or trajectories are displayed as polylines (also known as polygonal chains), which
is a continuous sequence of line segments whose endpoints are called vertices. For such
a polyline, a simplification is supposed to be as sparse as possible and as close to the
original as necessary. Polyline simplification has many further applications, including data
compression, trajectory clustering and analysis, as well as noise reduction in GPS-based
movement sequences [37, 30, 5].

1.1 Simplifying a Single Polyline

A simplified polyline is usually constructed by a subset of vertices of the original polyline
such that the distance to the original polyline does not exceed a specifiable value according
to a given distance measure, e.g., the Fréchet distance or the Hausdorff distance. The first
such algorithm, which is still of high practical importance, was proposed by Ramer [33] and
by Douglas and Peucker [16]. Hershberger and Snoeyink [26] proposed an implementation
of this algorithm that runs in O(n log n) time, where n is the number of vertices in the
polyline. It is a heuristic algorithm as it does not guarantee optimality (or something close
to it) in terms of retained vertices. An optimal algorithm in this sense was first proposed
in 1988 by Imai and Iri [27] for the Hausdorff distance. Its cubic runtime was shortly
after improved to O(n2 log n) time by Melkman and O’Rourke [29], before in 1996, it was
improved another time by Chan and Chin [13] to O(n2) time. For the Fréchet distance, the
optimal solution can be determined in O(n3) time as described by Godau [22]. Recently,
this runtime has been improved to O(n2 log n) [34] exploiting techniques introduced by
Melkman and O’Rourke [29] and Guibas et al. [23].

We remark that all of these algorithms consider the distance locally (or segment-
wise). This is, the distance between each line segment of the simplification and its corre-
sponding subpolyline of the input polyline does not exceed the given threshold. We adhere
to this widespread approach. Intuitively and from an application point of view, it makes
sense to map a point p of the input polyline only to a point of a segment of the simplification
“spanning over” p with respect to the input polyline as this ensures some degree of locality.

However, the general unrestricted approach has also received attention in the litera-
ture. Here, the Hausdorff or Fréchet distance between the input polyline and the simplifica-
tion as a whole polyline is considered. For the (undirected) Hausdorff distance, this problem
becomes NP-hard [36] and for the Fréchet distance, there is an O(n3) time algorithm [6].
The problem variant where in addition the requirement is dropped that all vertices of the
simplification must be vertices of the input polyline, is called a weak simplification. Agarwal
et al. [1] showed that an optimal simplification under the local Fréchet distance with dis-
tance threshold δ, as computable using the algorithm by Imai and Iri, has no more vertices
than an optimal weak simplification with distance threshold δ/4; see also Section 1.3. We
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Figure 1: Example of a polyline bundle with three polylines (indicated by different colors)
before and after consistent simplification.

Figure 2: A polyline bundle (left) with six polylines, which are indicated by color, that are
simplified independently (middle) and consistently (right). In the independently simplified
polyline bundle, the individual polylines are inconsistent in which vertices they keep. This
gives an unclearer picture with increased complexity (15 vs. 17 vs. 12 segments).

note that computing the Fréchet distance between two polylines can be solved in polynomial
time [3], but may become NP-hard when considering additional properties like allowing to
take shortcuts, which replace outliers in one of the polylines [10].

1.2 From a Single Polyline to a Polyline Bundle

On a map, there are usually multiple polylines to display. Such polylines may share vertices
and line segments between vertices sectionwise. We call them a polyline bundle. For an
illustration, see Figure 1. A good example is a schematic map of a public transport network
where bus and metro lines are the polylines and these share some of the stations and legs.
Other examples are trajectories of cars that are on the same roads for a while and then
their paths may split and re-join, or the visualization of a flow network, where elementary
flows may share edges and may separate or merge at vertices.

One might consider simplifying the polylines of a bundle independently. This has
some drawbacks, though. On the one hand, the total complexity tends to increase when
the shared parts are simplified in different ways; see Figure 2. On the other hand, it
might suggest a misleading picture when we remove common segments and vertices of some
polylines, but not of all. The viewer might get the wrong impression that the one route
has taken some street or passed through some area and the other has not, while in reality
both took the same route in this place. Thus, we require that a vertex in a simplification
of a polyline bundle is either kept in all polylines containing it or discarded in all polylines.
We call such a simplification consistent. Note that in Figure 1, the given polyline bundle is
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simplified consistently. The objective is to minimize the total number of retained vertices.

1.3 Related Work

Agarwal et al. [1] describe an O(n log n) time approximation algorithm for (classical) poly-
line simplification under the Fréchet distance. It is an approximation algorithm in the sense
that the output simplification for distance threshold δ has at most as many vertices as
an optimal solution with distance threshold δ/2. We later also relate the size of our ap-
proximate solution respecting a distance threshold of δ for a polyline bundle to an optimal
solution with distance threshold δ/2.

A bi-criteria approximation is a generalization of a (classical) approximation where
it is allowed to violate a certain constraint by a given factor. In particular, an algorithm
is called a bi-criteria (α, β)-approximation algorithm if it runs in polynomial time and
produces a solution of value at most α ·OPT, where OPT is the value of an optimal solution,
while relaxing a constraint of the problem by a factor of β. There are two bi-criteria
(α, β)-approximation algorithms for a weak simplification under the global Fréchet distance
known, where α is the approximation factor for the number of retained vertices and β is the
approximation factor for an allowed distance threshold violation: a (1, 8)-approximation
in O(n log n) time [1] and, for any ε > 0, a (2, 1+ε)-approximation in O(n2 log n log log n)
time [35].

There is a multitude of polyline simplification problem variants for single polylines
which involve additional constraints. One important variant is the computation of the small-
est possible simplification of a single polyline which avoids self-intersection [15]. Another
practically relevant variant is the consideration of topological constraints. For example, if
the polyline represents a country border, important cities within the country should remain
on the same side of the polyline after simplification. It was proven that those problem
variants are hard to approximate within a factor of n1/5−ε [18]. Hence, in practice, they are
typically tackled with heuristic approaches [18, 21].

Note that the only allowed inputs to those problem variants are either a single
polyline without self-intersections or a set of polylines without self-intersections and without
common vertices or segments (except for common start and end points). In contrast, we
explicitly allow non-planar inputs and polyline bundles in which vertices and segments may
be shared among multiple polylines. We also remark that the known results on hardness of
approximation of these problems heavily rely on the constraint that feasible solutions are
still non-intersecting. Since we do not require this, we have to resort to different techniques.

The so called chain pair simplification problem asks for the simplifications of two
given polylines such that, for a given k ∈ N and δ > 0, each simplified chain contains at
most k segments, and the Fréchet distance between them is at most δ [4]. The problem arises
in protein structure alignment or map matching tasks and was studied from a theoretical
and practical perspective [38, 19, 20]. While the basic idea to preserve resemblance between
polylines after simplification is similar to the motivation behind our problem of polyline
bundle simplification, chain pair simplification only ever considers two polylines and does
not put further restrictions on the simplification of shared parts.
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The (k, λ)-center (-median) clustering problem for polylines1 has been introduced
by Driemel, Krivošija, and Sohler in 2016 [17]. Given a set L of polylines (|L| > k), the
problem asks for a set C of k polylines with λ vertices each, such that the maximum (the
sum) of the Fréchet distances between each polyline L ∈ L and the polyline in C being
closest to L is minimized. For polylines in two dimensions, there exists a 3-approximation
for the (k, λ)-center clustering problem, but, even if k = 1, it is NP-hard to approximate
within any factor smaller than 2.25 and W [1]-hard in the number of polylines [7, 8]. For
polylines in d dimensions, there exists a randomized bi-criteria approximation algorithm for
the (k, λ)-median clustering problem [9]. It approximates the solution in both, the Fréchet
distance (1 + ε) and, for the polylines in C, the number of vertices (2λ − 2). The running
time of the algorithm is exponential in d, λ, 1/ε, and a parameter for the failure probability.
Cheng and Huang [14] improve this result by not increasing the number of vertices (i.e.,
theirs is not a bi-criteria approximation algorithm). Also, they provide an approximation
algorithm for the following generalized polyline simplification problem. Given a number
λ ∈ N and a set L of d-dimensional polylines with an individual distance threshold δi per
polyline Li ∈ L, the task is to find a simplified polyline S with λ vertices such that, for
each Li ∈ L, the Fréchet distance between Li and S is at most δi. As a corollary, they
obtain a bi-criteria approximation algorithm that approximates, for a single d-dimensional
polyline, an optimal solution in both, the Fréchet distance (1+ε) and the number of vertices
(1+α) for fixed ε, α > 0. Although these papers consider multiple polylines, there are quite
some differences to polyline bundles. Most notably, their polylines do not explicitly share
vertices and segments. Also, in the simplification step, we do not aim for fewer polylines
and, consequently, a weak simplification. Instead, for every original polyline, there is a
specific simplified polyline whose vertices are a subset of the original polyline.

Analyzing bundles of (potentially overlapping and intersecting) movement trajecto-
ries is an important means to study group behavior and to generate maps. For example,
the RoadRunner approach [25] infers high-precision maps from GPS trajectories. Buchin,
Kilgus, and Kölzsch [11] proposed an approach that computes a concise graph that repre-
sents all trajectories in a given set sufficiently well. However, these and similar methods
do not produce valid simplifications of each input polyline, but allow to discard outliers or
to let a polyline be represented by a completely disjoint polyline, which is quite different
from our setting of polyline bundles. For more related work on map construction, which
also uses the Fréchet distance, see the book by Ahmed, Karagiorgou, Pfoser, and Wenk [2].

1.4 Contribution

After giving some basic definitions on polylines and distance measures in Section 2, we
introduce the problem of polyline bundle simplification in Section 2.4. Roughly speaking,
we are given ℓ polylines on an underlying set P of n points that represent the vertices as
well as an error bound δ and we seek to find a subset P ⋆ of P such that, for each polyline L,
the local Hausdorff or Fréchet distance between L and the simplified version of L where the
vertices in P \ P ⋆ have been removed is at most δ, and |P ⋆| is minimized.

1In literature, the term (k, ℓ)-center (-median) clustering is used. As we use ℓ already for the number of
polylines in a polyline bundle, we use λ here instead to avoid confusion.
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While the optimal simplification of a single polyline can be computed in polynomial
time, we show in Section 3 that polyline bundle simplification is NP-hard to approximate
within a factor of n1/3−ε for any ε > 0. This result applies already to bundles of two
polylines, hence excluding an FPT-algorithm depending on parameter ℓ. We extend this
hardness of approximation bound also to the case of planar instances where the polyline
segments can only intersect in their endpoints.

On the positive side, we show in Section 4 that this strong inapproximability can
be overcome when relaxing the error bound δ slightly. In particular, we design an efficient
bi-criteria approximation algorithm. Here, we allow the simplified polylines in our solution
to have a Fréchet distance of 2δ instead of only δ to the original polylines. We can then
approximate the optimal solution for the original choice of δ within a factor logarithmic in
the input size. As the choice of δ for real-world problems often is made in a rather ad-hoc
fashion and uncertainties with respect to the precision of the input polylines have to be
factored in as well, we deem our bi-criteria approximation to be of high practical relevance.

We show in Section 5 that, while the number of polylines in the bundle is not
suitable to obtain an FPT-algorithm, the problem of polyline bundle simplification is fixed-
parameter tractable in the number of vertices that are shared among the polylines.

We then study in Section 6 the special case of polyline bundle simplification where
the polylines form a rooted tree and show that the resulting optimization problem can be
solved optimally in polynomial time. Similar to the Imai–Iri algorithm [27] for simplification
of a single polyline, our algorithm precomputes the possible set of shortcuts for the given
distance threshold and thereupon transforms the given geometric problem into a graph
problem. But while in the Imai–Iri algorithm a simple search for the minimum link-path in
the shortcut graph suffices, we need a more intricate dynamic programming approach (DP)
to deal with the tree structure. Furthermore, we devise a greedy heuristic that decomposes
a polyline bundle into tree bundles, which then can be simplified to optimally with our DP.

In the experimental evaluation in Section 7, we use the bi-criteria approximation
algorithm as well as the tree decomposition based approach to simplify polyline bundles
that model movement data or public transit maps.

2 Preliminaries

Here, we give the basic definitions and notations for polylines, polyline bundles, the problem
of finding a simplifications and the employed distance measures. Note that we define poly-
line(s) (bundles) as objects embedded in the plane since we only consider the 2-dimensional
setting. However, one may generalize these definitions to an arbitrary number of dimensions.

2.1 Polylines

A polyline is a series of line segments that are defined by a sequence of points L =
(p1, p2, . . . , pn) in R2, which we call vertices. Sometime a polyline is also called polygo-
nal chain, polygonal path, piecewise linear curve or linestring. By n, we denote the length
of a polyline, i.e., the number of vertices. The continuous curve induced by these vertices
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is denoted as cL : [1, n] → R2 with cL : x 7→ (⌊x⌋ + 1 − x)p⌊x⌋ + (x − ⌊x⌋)p⌈x⌉. The polyline
simplification problem is defined as follows.

Definition 1 (Polyline Simplification). Given a polyline L = (p1, p2, . . . , pn) and a distance
threshold parameter δ, the objective is to obtain a minimum size subsequence S of L such
that

• p1, pn ∈ S, and

• dX(L, S) ≤ δ, where dX is a distance measure for determining the distance between
two polylines.

We refer to S as a simplification of the original or input polyline L. Note that all
vertices of S are also vertices of L.

2.2 Distance measures

Next, we introduce two classical candidates for a distance measure dX used for polyline
simplification. These are the Hausdorff and the Fréchet distance in their local and their
global variant.

Definition 2 (Global Hausdorff Distance). Given two polylines L1 = (p1, p2, . . . , pn) and
L2 = (q1, q2, . . . , qm), the global (undirected) Hausdorff distance dH(L1, L2) is defined as

dH(L1, L2) := max
{

sup
p∈cL1

inf
q∈cL2

d(p, q), sup
q∈cL2

inf
p∈cL1

d(p, q)
}

,

where sup is the supremum, inf is the infimum and d(p, q) is the Euclidean distance between
the points p and q.

An often raised criticism concerning the use of the Hausdorff distance is that it does
not reflect the similarity of the courses of two polylines. In contrast, the Fréchet distance
measures the maximum distance between two polylines while traversing them in parallel
and is therefore often regarded as the better suited measurement for polyline similarity.

Definition 3 (Global Fréchet Distance). Given two polylines L1 = (p1, p2, . . . , pn) and
L2 = (q1, q2, . . . , qm), the global Fréchet distance dF(L1, L2) is defined as

dF(L1, L2) := inf
α,β

max
t∈[0,1]

d(cL1(α(t)) − cL2(β(t))) ,

where α : [0, 1] → [1, n] and β : [0, 1] → [1, m] are continuous and non-decreasing functions
with α(0) = β(0) = 1, α(1) = n, β(1) = m.

Traditionally, in the context of polyline simplification, the local Hausdorff and local
Fréchet distance is used, which only measures the Hausdorff or Fréchet distance between
each line segment of the simplification and its corresponding subpolyline in the original
polyline.
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Definition 4 (Local Hausdorff and Fréchet Distance). Given a polyline L = (p1, p2, . . . , pn)
and a simplification S = (p1 = ps1 , ps2 , . . . , ps|S| = pn) of L, the local (undirected) Hausdorff
distance dlH(S, L) is defined as

dlH(S, L) := max
i∈1,...|S|−1

dH((psi , psi+1), L[psi , psi+1 ]) ,

and the local Fréchet distance dlF(S, L) is defined as

dlF(S, L) := max
i∈1,...|S|−1

dF((psi , psi+1), L[psi , psi+1 ]) ,

where (psi , psi+1) is the polyline of length two (i.e., the line segment) from psi to psi+1 and
L[psi , psi+1 ] is the (sub)polyline obtained by taking the substring of L from psi to psi+1.

Observe that the Hausdorff distance is a lower bound for the Fréchet distance.
Later, when considering the Fréchet distance, we may say that the distance threshold δ
is respected or exceeded already in the Hausdorff distance since not exceeding δ for the
Hausdorff distance is a necessary condition to not exceed δ for the Fréchet distance.

When using a local distance measure, we can tell for each pair of vertices pi, pj

(for 1 ≤ i < j ≤ n) in the original polyline independently whether a simplification may
contain the line segment (pi, pj) or not by only computing the distance between the line
segment (pi, pj) and its corresponding subpolyline. When considering such a pair (pi, pj) as
a line segment for a simplification, we call it a shortcut or shortcut segment. If the distance
between a shortcut and its corresponding subpolyline does not exceed the distance thresh-
old δ, we call it a valid shortcut. Note that trivially (pi, pi+1) is always a valid shortcut. If,
in a simplification, (pi, pj) is a line segments, then the vertices pi+1, . . . , pj−1 do not occur in
this simplification. Hence, we say these vertices are skipped by the shortcut (pi, pj). Since
we only consider local distance measures here, we sometimes drop the word local.

2.3 Polyline Simplification Algorithms

The framework of the algorithm by Imai and Iri [27] from 1988 is the base for many polyline
simplification algorithms. As we also use this algorithm (or descendant algorithms) here,
let us briefly sketch its principle.

Given a polyline L with n vertices p1, . . . , pn and a distance threshold parameter δ,
the polyline simplification algorithm by Imai and Iri proceeds in two phases. In the first
phase, the shortcut graph is constructed. This graph has a node for each vertex of L
and it has an edge between two nodes if and only if there is a valid shortcut between the
corresponding two vertices of L. For the Hausdorff and the Fréchet distance it can be
checked in O(n) time [3, 22] whether the distance between a line segment and a polyline
having O(n) vertices exceeds δ. Hence, the total running time of the first phase amounts
to O(n3). In the second phase, a shortest path from the first node p1 to the last node pn is
computed in the shortcut graph, which can be accomplished in O(n2) time.

There are several algorithms working in the framework introduced by Imai and
Iri but improving the cubic runtime of the first phase. For the local Hausdorff distance,
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Melkman and O’Rourke [29] where the first to improve the runtime to O(n2 log n). Building
upon their work, Chan and Chin [13] showed how to reduce the runtime to O(n2).

As in the algorithm by Imai and Iri, Chan and Chin use each vertex pi for i ∈
{1, . . . , n} as a starting point to traverse the rest of the polyline vertex by vertex. To de-
termine all valid shortcuts originating at pi in linear time, they maintain a cone-shaped
region called wedge which is the area in which all valid shortcuts are required to lie. More
precisely, the wedge is an angular region having its origin at pi and being the intersection
of all angular regions that define the areas where valid shortcuts may lie for each interme-
diate vertex. When traversing the polyline, the wedge iteratively becomes narrower. Since
containment in the wedge can be checked in constant time and the wedge can be updated
in constant time, the running time of this phase is O(n) per starting vertex pi and O(n2) in
total. Note that this procedure may produce false positives, i.e., some shortcuts are added
to the shortcut graph G1 though not being valid. This problem is solved by repeating this
whole process in reverse direction of the polyline. This way a second (false positive) short-
cut graph G2 is produced and the (real) shortcut graph G is the intersection of both, i.e.,
it has an edge if and only if this edge appears in both G1 and G2. Still, the running time
of O(n2) for the first phase matches the running time of the second phase, resulting in a
total running time of O(n2).

For the local Fréchet distance, less is known. First, Godau [22] showed how to
use the local Fréchet distance within the Imai–Iri algorithm in O(n3) time. Buchin et
al. [12] proposed a data structure to apply this algorithm in O(n2.5+ε) time and space for
any ε > 0. Adjusting the techniques introduced by Melkman and O’Rourke [29] to work
for the Fréchet distance, and pursuing a similar approach as Guibas et al. [23], we have
improved the running time to O(n2 log n) and the space consumption to O(n) [34]. As
in the algorithm by Chan and Chin, a wedge is used to determine the cone-shaped area
in which all valid shortcuts starting at pi are required to lie. Additionally, a wave front
(called frontier by Melkman and O’Rourke), which is a sequence of circular arcs within the
wedge, is maintained in amortized logarithmic time. It splits the wedge into two parts – all
valid shortcuts need to end in the part not containing pi. To determine all valid shortcuts
starting at a vertex pi, a single sweep (in one direction) suffices.

2.4 Polyline Bundles

A polyline bundle L is a set of polylines L1, . . . , Lℓ for some ℓ ≥ 2 that may share common
vertices and (where two polylines share two subsequent vertices) line segments.

An instance of the polyline bundle simplification problem (from now on abbreviated
by PBS) is specified by a triple (P, L, δ), where P = {p1, . . . , pn} is a set of n points
(vertices) in R2, a polyline bundle L using only vertices from from P , and a distance
threshold parameter δ, which specifies a threshold for some distance measure dX between
original and simplified polyline bundle. Each polyline Li ∈ L (i ∈ {1, . . . , ℓ}) is simple in
the sense that all vertices of Li are distinct points of P .

Definition 5 (Polyline Bundle Simplification (PBS)). Given a triple (P, L, δ), the objective
is to obtain a minimum-size subset P ⋆ ⊆ P of points, such that for each polyline Li ∈ L its

http://jocg.org/
http://creativecommons.org/licenses/by/3.0/


JoCG 16(1), 203–252, 2025 212

Journal of Computational Geometry jocg.org

induced simplification Si (which is Li ∩ P ⋆ while preserving the order of points)

• contains the start and the end point of Li, and

• dX(Li, Si) ≤ δ, i.e., for each original polyline and its simplification, a distance mea-
sure dX for polylines is at most δ.

Note that taking a subset of the vertices and keeping precisely these vertices in all
polylines directly yields a consistent simplification of the polyline bundle. Moreover, there
always exists a solution to every PBS instance since setting P ⋆ = P is always possible.

In general, the input and the output polylines may intersect themselves or other
polylines. If the input polylines do not intersect themselves or other polyline (apart from
common vertices in P ), we say the instance is planar and we call the problem planar PBS.
Note that the output polyline in the planar PBS may contain intersections. If we required
also the output polyline to be intersection free, the problem would become NP-hard even
for one polyline [18].

3 Hardness of Polyline Bundle Simplification

In this section, we describe a polynomial-time reduction from minimum independent domi-
nating set (MIDS) to (planar) PBS to show NP-hardness and hardness of approximation.
The reduction applies to both, the local Hausdorff and the local Fréchet distance used as a
distance measure for PBS.

3.1 Minimum Independent Dominating Set (MIDS)

In the MIDS problem, we are given a graph G = (V, E), where V is the node2 set and
E is the edge set of G. We define n̂ = |V | and m̂ = |E|. The objective is to find a set
V ⋆ ⊆ V of minimum cardinality3 that is a dominating set of G as well as an independent
set in G. A dominating set contains for each node v, v itself or at least one of v’s neighbors.
An independent set contains for each edge at most one of its endpoints. Halldórsson [24]
has shown that MIDS, which is also referred to as minimum maximal independent set, is
NP-hard to approximate within a factor of |V |1−ε for any ε > 0. In his proof, he uses a
reduction from SAT to MIDS: from a SAT formula Φ, he constructs a graph such that an
algorithm approximating MIDS would decide if Φ is satisfiable.

We observe that this reduction preserves the inapproximability gap of |V |1−ε even
if Φ is a 3-SAT formula. Moreover, we observe that the number of edges in the graph
constructed in this reduction by a 3-SAT formula is linear in the number of nodes. Thus,
we conclude the following corollary and assume henceforth that we reduce only from sparse
graph instances of MIDS, in other words, m̂ ≤ cn̂ for some sufficiently large constant c.

Corollary 1. MIDS on graphs of n̂ nodes and O(n̂) edges, i.e., sparse graphs, is NP-hard
to approximate within a factor of n̂1−ε for any ε > 0.

2For a graph, we use the term nodes instead of vertices to distinguish them from the vertices of a polyline.
3Below, we use V ′ to denote some, not necessarily minimum, independent dominating set in G.
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3.2 Reduction from MIDS to PBS

Next, we describe how to construct in polynomial time, for a given graph G = (V, E) (i.e., an
instance of MIDS), a specific PBS instance (P, L, δ) with n vertices. Afterwards, we show
that, if we could find a simplified polyline bundle of (P, L, δ) where the number of retained
vertices is at most n1/3−ε times the number of retained vertices in an optimal simplification
for some ε > 0, then we could approximate MIDS within a factor of n1−ε. We analyze the
construction with respect to the Hausdorff distance, but observe that the arguments apply
to the Fréchet distance as well.

In our construction, every node, every edge, and every neighborhood gets a separate
polyline.4 Hence, we have three types of polylines (gadgets) with specific properties. Each
of our gadgets looks like a lengthy zigzag piece where shortcuts exist that skip almost all5
of the vertices of the gadget. Skipping almost all vertices of a gadget can be interpreted as
follows.

• In a node gadget, it means that a node is not in the (independent dominating) set V ′,

• in an edge gadget, it means that the independent set property is observed, and

• in a neighborhood gadget, it means that the dominating set property is observed.

The node gadgets extend vertically and they are arranged next to each other in some
arbitrary order from left to right. The edge and neighborhood gadgets extend horizontally
and they share a vertex with each node gadgets they correspond to.6 Our construction is
illustrated in Figure 3. Figures 3a, 3c and 3d show the individual gadgets and Figure 3e
shows an example of how they look combined.

All gadgets are explained in detail next. We define our gadgets with respect to the
distance threshold δ, which can be chosen arbitrarily. In our formulas, we also use some
γ ≤ 2δ/(30cn̂2 + 5), the constant c = m̂/n̂ (and w.l.o.g. c ≥ 1), and for the horizontal
distance of our node gadgets, we use some xspacing ≥ (6cn̂2 + 2)3δ. When we speak of
shortcuts in a gadget, we mean the (valid) shortcuts that would exist if we consider this
gadget as a polyline on its own, simplified with distance threshold δ.

Note that our problem definition allows intersections and overlaps of different poly-
lines without having a common vertex or segment (non-planar input). In this reduction,
there can be such intersections, which, however, do not affect the involved polylines locally.
In Section 3.3, we describe how to get rid of these intersections (planar input).

Node Gadget. For each node, we construct a node gadget (see Figure 3a). We arrange all
node gadgets next to each other on a horizontal line in arbitrary order and with distance
xspacing between one and the next node gadget.

4These polylines can then be connected to have only two polylines in the bundle; see Section 3.6.
5We describe below what almost all means. Essentially, there is a large gap between skipping only a few

and almost all vertices of a gadget.
6An edge naturally corresponds to two nodes and a neighborhood corresponds to a set of nodes consisting

of a node and all of its neighboring nodes.
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(a) Node gadget.
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(b) Planarizing a polyline intersection: for an intersection point x,
consider two adjacent vertices s1 (on an edge or neighborhood gadget

(black)) and s2 (on a node gadget (gray)) with the same
y-coordinate. We move s1 towards s2 until the distance between s1
(s2, respectively) and the intersection point is less than η. We then
insert a new vertex p+ (green square) onto this intersection point.
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(c) Edge gadget.
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(d) Neighborhood gadget.
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. . . ...

. . . ...
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(e) Combination of three node gadgets (for the nodes v1, v2, v3; blue background) with two edge
gadgets (for the edges v1v2 and v1v3; red background) and three neighborhood gadgets (for the

nodes v1, v2, v3; green background). Planarized crossings are highlighted by orange circles.

Figure 3: Schematization of our reduction from MIDS to planar PBS. Nodes shared by
two gadgets are drawn as squares. Shortcuts are indicated by dashed green line segments.
Dashed red line segments between two vertices indicate that there is no shortcut. The nodes
in our minimum independent dominating set are precisely the ones for which we do not take
the shortcut of the corresponding node gadgets.
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A node gadget has 3n̂(c + 1) + 2 vertices arranged in a vertically-stretching zigzag
course with x-distance 2δ (δ for the first and the last segment) between each two consecutive
vertices. Each third vertex is a shared vertex, so there are n̂(c + 1) shared vertices. The
y-distance between a non-shared vertex and a shared vertex is 3/5δ − γ and δ + γ in the
upper part (i.e., the 3cn̂+1 topmost vertices of the gadget), and 4/5δ in the lower part (i.e.,
the 3n̂ + 1 bottommost vertices of the gadget). This y-distance depends on whether the
vertex is shared with an edge gadget (upper part) or a neighborhood gadget (lower part).
We set the y-distance between each two neighboring non-shared vertices to 3δ.

Claim 1. In a node gadget, there is precisely one shortcut, which starts at the first and
ends at the last vertex.

Proof. Clearly, the line segment s from the first to the last vertex has distance at most δ
to the other vertices and segments of the node gadget, so this shortcut is valid.

It remains to show that there is no other shortcut. Any other potential shortcut
segment would cross s at most once. Let this crossing be at a point o. We can assign
vertices to the left of s only to the part of the shortcut segment above o and points to the
right side of s only to the part of the shortcut segment below o – or the other way around.
In both cases, when we traverse the zigzag piece, say, bottom-up, we encounter the vertices
alternately on the left and on the right side of s, while the y-coordinates of consecutive
vertices are strictly increasing. Thus, there cannot be another shortcut.

We say that a node v is in V ′ if and only if we do not skip the inner vertices of the
node gadget of v.

Edge Gadget. For each edge {u, v}, we construct an edge gadget (see Figure 3c) following
a horizontally-stretching zigzag piece with 6cn̂2 + 5 vertices and sharing its second and
second last vertex with one of the two corresponding node gadgets – the node gadgets of
u and v. All neighboring vertices from the second to the second last are equidistant in
x-dimension, while the first and second vertex, and the second last and last vertex have
the same x-coordinate. In y-dimension, the first and the last vertex are 2/5δ + γ below
the second and second last vertex, respectively. The other vertices are 3/5δ − γ above the
second vertex or 3/5δ below the first vertex. In the following claim, we show that, in every
edge gadget, there are three long shortcuts.

Claim 2. In an edge gadget, there are precisely three long shortcuts. These are going
(i) from the first to the last vertex, (ii) from the first to the second last vertex, and (iii) from
the second to the last vertex. (iv) Beside these three (long) shortcuts, there are at most four
more (short) shortcuts, which skip only the second and the second last vertex (and possibly
also the third and third last vertex). (v) There is no shortcut not skipping one of the shared
vertices, i.e., the second or the second last vertex.

Proof. (i) The line segment from the first and to the last vertex is horizontal and has y-
distance 3/5δ or 2/5δ + γ or δ to all inner vertices. (ii) Regarding a shortcut segment
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from the first to the second last vertex, it is easy to see that the most critical part is the
distance d1 to the third last vertex. It is the y-distance between the third and the second
last vertex, which is 3/5δ + (2/5δ + γ), minus at least a (6cn̂2 + 2)-th of the y-distance
between the first and second last vertex, which is 2/5δ + γ. Combining these values yields

d1 ≤ 3
5δ +

(2
5δ + γ

)
−

2
5δ + γ

6cn̂2 + 2 ≤ δ + γ −
2
5 · 30cn̂2+5

2 γ + γ

6cn̂2 + 2 = δ .

Clearly, (iii) and (ii) are symmetric.
(v) If neither the second nor the second last vertex is skipped, then we cannot take

any shortcut in this gadget. Clearly, we cannot take a “long” shortcut from the second to
the second last vertex because the lower row of inner vertices has distance δ + γ from the
potential shortcut segment.

Moreover, we cannot take a “short” shortcut from a vertex of the lower row to a non-
neighboring vertex of the upper row or the other way around. Assume for a contradiction,
we could skip two inner vertices. Then, the distance d2 (see Figure 3c) from an inner vertex
to the shortcut segment is at most δ. However, it is

d2 = 2r · sin α = 2r · sin
(

arctan
8
5δ

3r

)
= 2r ·

8δ
15r√(

8δ
15r

)2
+ 1

= 16δr√
(8δ)2 + (15r)2 , (1)

where r is the x-distance between two consecutive (inner) vertices. By construction,

r ≥ xspacing
6cn̂2 + 2 ≥ (6cn̂2 + 2)3δ

6cn̂2 + 2 = 3δ , (2)

and, hence,

d2 ≥ 48δ2
√

64δ2 + 2025δ2
= 48√

2089
δ = 1.0502 . . . δ . (3)

Observe that this becomes even greater if we want to skip four or more vertices
instead of two vertices. Also it becomes greater if we start or end at one of the two shared
vertices.

(iv) It remains to consider potential shortcuts starting or ending at the first or the
last vertex. Clearly, skipping only the second or second last vertex is always possible. Skip-
ping the second and the third vertex or skipping the second last and the third last vertex
may sometimes be possible depending on how much the edge gadget is stretched horizon-
tally. However, according to the previous analysis, skipping more vertices is not possible
since the distance between the potential shortcut segment and the vertex before the end-
point of the potential shortcut is at least d2.

It follows that not skipping one of the two shared vertices is a relatively expensive
choice in terms of retained vertices. Remember that not skipping one of the shared vertices
means not taking the shortcut in the corresponding node gadget, which means putting the
corresponding node into V ′. So, skipping almost all vertices in the edge gadget of {u, v}
implies not having u or v in V ′, which means respecting the independent set property for
the edge {u, v}.
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d
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β
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Figure 4: The potential shortcut segment in a neighborhood gadget form a vertex pi to an
inner vertex is dashed in red. However, due to d3 > δ, it is no valid shortcut segment.

Neighborhood Gadget. For each node v, we construct a neighborhood gadget (see Fig-
ure 3d). This gadget shares a vertex with every node gadget corresponding to a node of
Adj(v), which is v and the nodes being adjacent to v. These shared vertices have the same
y-coordinate.

The node gadgets of Adj(v) appear in an arbitrary horizontal order in our construc-
tion. Say the corresponding nodes in order are u1, . . . , u|Adj(v)|. Let the shared vertices with
u1 and u|Adj(v)| be p1 and p|Adj(v)|, respectively. We add a vertex p, which is placed xspacing
to the left and 4/5δ below p1. Symmetrically, we add a vertex p′, which is placed xspacing
to the right and 4/5δ below p|Adj(v)|. The vertices p and p′ are the second and second last
vertex of the neighborhood gadget. We place the first vertex of the neighborhood gadget,
which we denote by p0, on the same height and 3t to the left of p, where t is the distance
between p and p′. Symmetrically, we place the last vertex of the gadget, which we denote
by p|Adj(v)|+1, on the same height and 3t to the right of p′.

Between each two vertices pi and pi+1 with i ∈ {0, . . . , |Adj(v)|}, we add a regular
horizontally-stretching zigzag piece with 6cn̂2 + 1 vertices (including p and p′, excluding all
pi). The one half of the vertices of the zigzags is on the same height as p and p′ and the
other half is 8/5δ above.

Claim 3. In a neighborhood gadget, the only shortcuts (i) skip only pi with i ∈ {1, . . . , |Adj(v)|}
or (ii) start at pj with j ∈ {0, . . . , |Adj(v)|} and end at pk with k ∈ {j + 1, . . . , |Adj(v)| + 1}
except for the case that j = 0 while k = |Adj(v)| + 1.

Proof. (i) Clearly, for each i ∈ {1, . . . , |Adj(v)|}, the shortcut that starts at the vertex
directly before pi, skips only pi, and ends at the vertex directly after pi is valid.

(ii) For each j ∈ {1, . . . , |Adj(v)|−1} and each k ∈ {j+1, . . . , |Adj(v)|}, there clearly
is a valid shortcut from pj to pk. For j = 0 and each k ∈ {1, . . . , |Adj(v)|}, observe that, in
the most extreme case, the line segment s from p0 to p|Adj(v)| has a y-distance to the upper
row of vertices of

4
5δ + t

4t
· 4

5δ = δ

when s passes p in x-dimension. Thus, this shortcut is valid and this also holds for
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k < |Adj(v)|. For each j ∈ {1, . . . , |Adj(v)|} and k = |Adj(v)| + 1, this argument applies
symmetrically. Obviously, there is no shortcut from p0 to p|Adj(v)|+1 since the potential
shortcut segment has distance 8/5δ to the upper row of vertices.

It remains to argue that there are no more valid shortcuts. A shortcut starting and
ending at a vertex on the upper or lower row is not possible because it would either be a
horizontal segment, which has distance 8/5δ to the other row, or the distance to some vertex
in between would be at least d2, which we have shown to be greater than δ in Equations (1)
and (3). It is easy to see that there is no shortcut starting at p0 and ending at some inner
vertex of the upper or lower row. The same holds true for shortcuts starting at some inner
vertex of the upper or lower row and ending at p|Adj(v)|+1.

Moreover, a shortcut segment starting (ending) at some pi for i ∈ {1, . . . , |Adj(v)|}
and skipping one vertex would have a distance of d3 to this vertex as depicted in Figure 4.
Since d3 is inside a rectangular triangle, we can determine d3 by

d3 = 3r · sin β ,

where r is the x-distance between two consecutive (inner) vertices in the corresponding
zigzag piece and β is an angle in another rectangular triangle and thus can be determined
by

β = arctan
8
5δ

4r
= arctan 2

5r′ ,

where r′ = r/δ. Putting them together, we get

d3 = 3r′δ · sin
(

arctan 2
5r′

)
= 3r′δ ·

2
5r′√

1 − 4
25r′2

= 6√
25 − 4

r′2

δ .

Since r′ ≥ 3 (see Equation (2)), this means d3 ≥ 1.2108 . . . δ.
If we skip more than one inner vertex, the distance to the last skipped vertex be-

comes even greater than d3. Hence, we conclude that the claim is correct.

Due to Claim 3, we can skip almost all vertices in a neighborhood gadget if we
keep at least one vertex from p1, . . . , p|Adj(v)|, which are the vertices shared with the node
gadgets. If we skip all of them, we can skip no other vertex. So, to avoid high costs in terms
of retained vertices, we must not take the shortcut of the node gadget of at least one node
in Adj(v). This means that we must, for each v ∈ V , add a node of Adj(v) to V ′, which
enforces the dominating set property.

3.3 Making the PBS Instance Planar

The current construction is (to a high degree) non-planar. We next describe how to make it
planar, i.e., polylines cross each other only in common vertices. The key idea is to planarize
the non-planar construction by replacing polyline intersections by new vertices, which we
call crossing vertices. However, we need to be careful where to insert crossing vertices. Just
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inserting vertices wherever a intersection point occurs could give rise to new shortcuts and
hence destroy the mechanics of the gadgets. We can prevent this from happening if we
ensure that crossing vertices lie sufficiently close to existing vertices. Then, we cannot gain
anything by ending a shortcut at a crossing vertex rather than an original vertex.

First we increase the horizontal distance between each two neighboring node gadgets
by a factor of 2. Now, every zigzag piece in every edge gadget and every neighborhood gadget
(see Figures 3c and 3d) has width at least 2xspacing instead of “just” xspacing. This stretches
all edge and neighborhood gadgets horizontally and gives us enough flexibility to move each
individual inner vertex of these zigzag pieces (up to 0.5r) to the left or to the right, while
maintaining the functionality of the gadgets. Observe that it is a crucial property of our
hardness construction that stretching edge and neighborhood gadgets horizontally does not
change the behavior in terms of possible shortcuts because we have already assumed that
xspacing is only a lower bound for the width; see Claims 2 and 3.

Now consider an intersection point x (in the stretched drawing) and its two closest
non-shared vertices s1 and s2, where s1 lies in a zigzag piece of an edge or a neighborhood
gadget and s2 lies in a node gadget; see Figure 3b on the left. First note that s1 and s2 share
a common y-coordinate by construction (the y-coordinates of the vertices in the upper part
of a node gadget coincide with the y-coordinates of the vertices in the edge gadgets, and
in the lower part they coincide with the neighborhood gadgets). We move s1 horizontally
towards s2 such that the distance of the (also moving) intersection point to both s1 and
s2 is less than η, which we specify below. Onto this carefully arranged intersection point,
we now insert a new crossing vertex p+ to planarize the construction; see Figure 3b on the
right. Now, p+ is a vertex of both involved gadgets.

For the correctness of Claims 2 and 3, we require that the horizontal distance be-
tween each two vertices in a zigzag piece of an edge or neighborhood gadget is ≥ 3δ; see
Equation (2). Since we have increased this horizontal distance to ≥ 6δ by horizontal stretch-
ing with factor 2 and we have moved s1 by at most 0.5 · 6δ, the horizontal distance of s1 to
its neighbors within the zigzag piece is still ≥ 3δ.

We now analyze how close to s1 and s2, the crossing vertex p+ needs to be placed.
We require s1 and s2 to be strictly inside a disk of radius η around p+ to prevent the
emergence of new shortcuts. Intuitively, η is chosen sufficiently small to ensure that, given
any pair of vertices (p, q) that do not admit a valid shortcut, moving p or q within a disk of
radius η does not bring the line segment (p, q) into the radius-δ neighborhood disk of some
third vertex o. More formally, we let

η =

 min
{p,o,q}⊆L,

L∈L

{d((p, q), o) | d((p, q), o) > δ}

− δ .

Observe that we can determine η in polynomial time.
By Lemma 1, we show that the new crossing vertices do not allow new shortcuts

and, hence, the functionality of the gadgets is not affected regardless of whether we keep
the crossing vertex and skip the neighboring original vertices, which we call its skip vertices,
or the other way around. For a set of shortcuts Z, we let P(Z) denote the set of endpoints
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of all shortcuts in Z.

Lemma 1. Let p+ be a crossing vertex, and let Zp+, Zs1, and Zs2 be the set of short-
cuts having p+ and p+’s two skip vertices s1 and s2 as an endpoint, respectively. Then,
P(Zp+) \ {p+} ⊆ P(Zs1) ∪ P(Zs2).

Proof. We prove this statement by contradiction. Suppose there is a vertex q such that the
line segment (p+, q) is a shortcut, whereas (s1, q) and (s2, q) are no shortcuts. W.l.o.g., let
p+, q, s1 be vertices of the same polyline L. We know that dH((p+, q), L[p+, q]) ≤ δ.

For all of the gadgets, it has been shown that, wherever there is no shortcut between
two vertices p and q, this is because some vertex o between p and q has Euclidean distance
greater than δ to (p, q); see Claims 1 to 3. Hence in our case and by the choice of η, there
is a vertex o on L[s1, q] (and thus also on L[p+, q]) with d((s1, q), o) ≥ δ + η.

By the choice of p+, we know that dH((p+, q), (s1, q)) < η. For any vertex o′ on
L[p+, q], this implies, by using the triangle inequality, d((s1, q), o′) < δ + η. This is a con-
tradiction to the choice of o.

Also note that we can always skip a crossing vertex as it lies on the line segment
between its predecessor vertex and successor vertex on both of its polylines. Hence, we do
not count crossing vertices in Section 3.5.

3.4 Size of the PBS Instance

Observe that all shared vertices are shared between only two polylines – by a node gadget
and either an edge gadget or a neighborhood gadget. A node gadget provides enough
vertices that may be shared with the edge and neighborhood gadgets as a node is contained
in at most n̂ neighborhoods and there are at most cn̂ edges. In the following lemma, we
analyze the size of the constructed planar PBS instance.

Lemma 2. By our reduction, we obtain from an instance G = (V, E) of MIDS an instance
of PBS with a planar polyline bundle that has n < 50c2n̂3 vertices, where n̂ = |V | ≥ 2,
|E| = cn̂ (c ≥ 1 is constant).

Proof. By construction, we have at most one shared vertex for each pair of node gadget and
edge gadget, and for each pair of node gadget and neighborhood gadget. This is a shared
vertex either because the corresponding node is incident to the corresponding edge or part
of the corresponding neighborhood, or because it is a crossing vertex. So in total we have
at most n̂ · (m̂+ n̂) shared vertices. All node gadgets together have n̂(3cn̂+3n̂+2) vertices.

For the edge and neighborhood gadgets, we count only non-shared vertices because
in the following sum, we add the shared vertices separately. For the node gadgets, we have
counted all vertices because not all of its (potentially shared) vertices need to be shared.
All edge gadgets have m̂(6cn̂2 + 3) non-shared vertices, and all neighborhood gadgets have
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(2m̂+2n̂) · (6cn̂2 +1)+2n̂ non-shared vertices. Summing these values up and using m̂ = cn̂
yields

n ≤ n̂ · (m̂ + n̂) + n̂(3cn̂ + 3n̂ + 2) + m̂(6cn̂2 + 3) + (2m̂ + 2n̂) · (6cn̂2 + 1) + 2n̂

= (18c2 + 12c)n̂3 + (4c + 4)n̂2 + (5c + 6)n̂ < 50c2n̂3 .

3.5 Correctness

We say a simplification of an instance of PBS obtained by this reduction corresponds to
an independent and dominating set V ′ and vice versa if we take the (unique) shortcuts in
the node gadgets except for the ones corresponding to V ′ and we skip all inner non-shared
vertices (the zigzag pieces) in all edge and neighborhood gadgets, which is possible since
V ′ is independent and dominating. Observe that for each independent and dominating set,
there is precisely one corresponding simplification (which is also valid according to δ).

Lemma 3. Let V ′ be a solution for an instance G = (V, E) of MIDS. In the instance (P, L, δ)
of PBS obtained by our reduction, the size of the simplification corresponding to V ′ is
n̂(3(c + 1)|V ′| + 2c + 4), where n̂ = |V | and c ≥ 1 is constant.

Proof. For all vertices except for the ones in V ′, we take the shortcuts in the corresponding
node gadgets in (P, L, δ), which reduces the number of vertices in each of these gadgets to 2.
This gives us (n̂ − |V ′|) · 2 + |V ′| · (3n̂(c + 1) + 2) = n̂ (2 + 3(c + 1)|V ′|) remaining vertices in
all node gadgets combined. In the following, we count shared vertices for the node gadgets.
We take a “long” shortcut in all of the edge gadgets. This gives us two remaining non-shared
vertices in all edges gadgets (2cn̂ vertices in total). Moreover, we skip all inner non-shared
vertices in all of the neighborhood gadgets (2n̂ vertices remaining). Altogether, this sums
up to n̂(3(c + 1)|V ′| + 2c + 4).

By Lemma 3, we know that for an optimal solution V ⋆ of an instance of MIDS, the
corresponding simplification in the instance (P, L, δ) of PBS obtained by our reduction has
size n̂(3(c+1)OPTMIDS +2c+4), where OPTMIDS = |V ⋆| and which of course is at least the
size OPTPBS of the optimal solution of (P, L, δ). We formalize this in the following lemma.

Lemma 4. For an instance G = (V, E) of MIDS and the instance (P, L, δ) of PBS obtained
by our reduction from G, OPTPBS ≤ n̂(3(c + 1)OPTMIDS + 2c + 4).

Theorem 1. PBS with a planar polyline bundle as input is NP-hard to approximate within
a factor of n1/3−ε for any ε > 0, where n is the number of vertices in the polyline bundle.
This hardness applies to the local Hausdorff and the local Fréchet distance used as a distance
measure for PBS.

Proof. Suppose for a contradiction that there is an approximation algorithm A solving any
instance of PBS within a factor of n1/3−ε for some constant ε > 0 with respect to the optimal
solution. We can transform any instance G = (V, E) of MIDS, where n̂ = |V |, m̂ = |E|,
and OPTMIDS = |V ⋆|, to an instance (P, L, δ) of PBS using the reduction described above,
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where |P | = n and the size of an optimal solution is OPTPBS. This reduction clearly applies
to both, the local Hausdorff and the local Fréchet distance.

Employing A to solve (P, L, δ) yields a (simplified) polyline bundle SA. We denote
the number of vertices in SA by nA and we know that nA ≤ OPTPBS ·n1/3−ε for some ε > 0.
Suppose in SA, there was a (6cn̂2 + 1)-vertex zigzag piece of an edge or neighborhood
gadget (see Figures 3c and 3d) that was not skipped. Then, because the two end vertices
of every gadget can also not be skipped and there are n̂ + cn̂ + n̂ gadget in total, it would
be nA ≥ 6cn̂2 + 1 + 2(n̂ + cn̂ + n̂) > 6cn̂2 + (2c + 4)n̂. However, since there exists some
independent dominating set for G containing at most n̂ nodes, there exists a simplification
of size at most n̂(3(c + 1)n̂ + 2c + 4) ≤ 6cn̂2 + (2c + 4)n̂ due to Lemma 3 (recall that
c ≥ 1). Hence, we can assume that all zigzag pieces of the edge and neighborhood gadgets
are skipped in SA (otherwise we can replace SA by a solution with fewer vertices by finding
any independent dominating set of G greedily in polynomial time), and therefore, we can
immediately read an independent dominating node set V ′ ⊆ V from the node gadgets where
the shortcut is not taken.

Using our assumption together with Lemma 3 and Lemma 4, we can state that

n
1
3 −ε ≥ nA

OPTPBS
≥ n̂(3(c + 1)|V ′| + 2c + 4)

n̂(3(c + 1)OPTMIDS + 2c + 4) >
|V ′|

OPTMIDS + 2c+4
3(c+1)

,

which we can reformulate as |V ′| < n1/3−ε(OPTMIDS + 2c+4
3(c+1)). We assume that OPTMIDS >

2c+4
3(c+1) as otherwise we could check all subsets of V of size at most 2c+4

3(c+1) in polynomial time.
Similarly, we can assume that n̂ is sufficiently large to satisfy n̂2ε > 100c2. Beside this, we
apply Lemma 2 and obtain

|V ′| < n
1
3 −ε · 2 · OPTMIDS < 2 · (50c2n̂3)

1
3 −ε · OPTMIDS

< 100c2 · n̂1−3ε · OPTMIDS < n̂2ε · n̂1−3ε · OPTMIDS = n̂1−ε · OPTMIDS .

Since we know that it is NP-hard to approximate MIDS within a factor of n̂1−ε for
any ε > 0, it follows that A cannot be a polynomial-time algorithm unless P = NP. Or in
other words, it is NP-hard to approximate PBS within a factor of n1/3−ε for any ε > 0.

3.6 Using only Two Polylines

Currently, we use one polyline per gadget; refer to Figure 3e for a scheme of the current
construction. So, our reduction uses (2+c)n̂ polylines in total. We can reduce the number of
polylines to two by connecting all node gadgets from left to right in a row (alternating with
the connecting segments between bottom and top side), which gives us the first polyline,
and by connecting all edge and neighborhood gadgets similarly, which gives us the second
polyline.

For the latter, directly adding connecting segments between these gadgets can be
problematic because new shortcuts or crossings may be created when the horizontal span
of two such gadgets is very different and when their end vertices lie between node gadgets.
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The neighborhood gadgets are already relatively long and might reach to the left
of the leftmost node gadget and to the right of the rightmost node gadget. If not, we can
simply stretch the two outermost zigzag pieces horizontally without violating the function-
ality of the gadgets (see Section 3.3). Then, we can simply connect the endpoints of the
neighborhood gadgets with additional segments without creating new shortcuts.

The edge gadgets, however, have their endpoints between the node gadgets. The
solution is to extend them to reach to the left and the right of all node gadgets similar to
the neighborhood gadgets. There, we can connect them without creating new crossings or
shortcuts. As for the neighborhood gadgets, we can do this for the edge gadgets by adding
two additional zigzag pieces – one before the first and one after the last vertex of the edge
gadget, which cross all node gadgets to the left and to the right. This does not violate the
functionality of the edge gadget (in particular, consider the case that the two shared vertices
of an edge gadget are kept). Observe that this also does not affect the approximation ratio
asymptotically. Overall, we conclude the following corollary.

Corollary 2. PBS is not fixed-parameter tractable (FPT) in the number of polylines ℓ.
In particular, PBS with two polylines is already NP-hard to approximate within a factor
of n1/3−ε for any ε > 0. This holds true even for planar polyline bundles and for both the
local Hausdorff and the local Fréchet distance.

4 Bi-criteria Approximation for Polyline Bundles of General Graphs

In this section, we describe a bi-criteria approximation algorithm for PBS under the local
Fréchet distance. More precisely, it is a bi-criteria (α, β)-approximation algorithm in which
we exceed the number of retained vertices by a factor of at most α ·OPT and relax the error
bound δ by a factor of β.

In Section 3, we have shown that there is no bi-criteria (n1/3−ε, 1)-approximation
algorithm for PBS for any ε > 0 unless P = NP. This strong inapproximability comes
from the high sensitivity towards choices of keeping or discarding single vertices, which is
modulated by the given value of δ. By making a bad choice, we cannot take (arbitrarily long)
shortcuts that have a distance just a little greater than the given distance threshold δ to
the original subpolyline. This can be overcome by relaxing the distance constraint slightly.
In particular, we show that allowing a constraint violation by a factor of β = 2, we can
design an efficient algorithm with an approximation guarantee of α ∈ O(log(ℓ + n)). For an
illustration of our algorithm see Figure 7.

The key building block of our algorithm is a connection between PBS and a certain
geometric set cover problem, which we call star cover problem. The star cover problem
models the aspect of shortcutting polylines by few vertices but does not take into account
consistency among different polylines. We argue, however, that approximate solutions to
the star cover problem can be post-processed to form consistent PBS solutions by slightly
violating the error threshold δ.
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pcentral

Figure 5: A star (in orange) around a vertex pcentral, which lies on three polylines. Each
polyline was assigned an arbitrary direction indicated by arrow heads.

4.1 Star Cover Problem (StCo)

Next, we introduce the star cover problem, which is a special type of the set cover problem
defined over instances of PBS. Informally spoken, a star is a vertex together with incident
(outgoing) shortcut segments of the polylines containing this vertex. To obtain a set of
stars, we first direct each polyline L ∈ L in a given PBS instance (P, L, δ) arbitrarily. We
orient all shortcut segments of L in the same direction as L. Later we want to cover all
segments of all polylines by shortcuts of stars. By directing the polylines, we can define for
every vertex a unique “maximal” star and, moreover, when combining all of these stars, we
can be sure that all segments are covered.

First, we define stars form formally; see Figure 5 for an example of a star.

Definition 6 (Star). A star is the combination of a vertex pcentral ∈ P and, for each
polyline L ∈ L that contains pcentral, one or zero outgoing shortcut segments with respect to
the distance threshold δ.

We say a star s covers a segment–polyline pair (e, L), if s contains a directed shortcut
(pcentral, pouter) for L and e is a line segment of L coming somewhere between pcentral and
pouter when traversing L. Our objective is to find a small set of stars that cover all segment–
polyline pairs. We denote the set of all segment–polyline pairs in the input by U and the
subset of segment–polyline pairs covered by a particular star s by Us. Then the star cover
problem is defined as follows.

Definition 7 (Star Cover Problem (StCo)). A star cover C is a set of stars such that⋃
s∈C Us = U , i.e., all segment–polyline pairs are covered. The star cover problem asks for

a minimum size star cover.

Implicitly, a StCo instance depends on the distance measure we use for determining
shortcuts. In this section, we only use the local Fréchet distance.

4.2 Relationship between Solutions of PBS and StCo

Next, we investigate the relationship between an instance of PBS and a corresponding
instance of StCo. (Note that to one instance of PBS, there are different instances of
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StCo differing only in the direction of polylines and shortcuts.) We argue that every
(optimal) solution for PBS can be decomposed into a star cover. Hence, an optimal StCo
solution yields a lower bound for an optimal PBS solution.

Lemma 5. The size OPTStCo of an optimal solution to an instance of StCo obtained from
an instance (P, L, δ) of PBS satisfies OPTStCo ≤ OPTPBS, where OPTPBS is the size of an
optimal solution to (P, L, δ).

Proof. Consider an optimal solution P ⋆ to (P, L, δ). From the simplified polyline bundle
induced by P ⋆, we can get a star cover for any instance of StCo obtained from (P, L, δ).
First, orient all shortcuts of the simplified polyline bundle in the direction given by the
StCo instance (between two vertices of P ⋆, we may have shortcut segments in both di-
rections on different polylines). Then, iteratively add a star in the following way. Pick
a vertex pcentral ∈ P ⋆ that has at least one outgoing shortcut in the simplified polyline
bundle – pcentral becomes the central vertex of a star s. Attach to pcentral all its outgoing
shortcuts in the simplified polyline bundle to obtain the star s. Remove all shortcuts in s
from the simplified polyline bundle. Repeat this procedure until there is no vertex with
outgoing shortcut segments left in the simplified polyline bundle. Clearly, the obtained set
of stars covers all segment-polyline pairs in L and is therefore a star cover. Clearly, it has
at most |P ⋆| stars. Hence OPTStCo ≤ OPTPBS.

4.3 Approximation for StCo

We can compute an approximate solution for StCo by employing the classic greedy algo-
rithm [28] for set cover, which iteratively selects the set with the most uncovered elements
until all elements are covered. However, if applied naively for StCo, the running time
would be exponential in the size of the PBS instance as the number of stars can be in the
order of Ω(nℓ) (as, in the worst case, a star has Θ(n) choices for the endpoint of a shortcut
on each of Θ(ℓ) polylines). Notice, however, that it suffices to consider only maximal stars.
A maximal star s uses, for each polyline L containing the central vertex of s, the outgoing
shortcut segment that covers the most segments of L. As there are only n maximal stars,
this guarantees polynomial running time.

Lemma 6. An O(log(t + w))-approximation for an instance of StCo obtained from an
instance (P, L, δ) of PBS can be computed in O(ℓn2 log n) time, where t is the maximum
number of polylines any vertex occurs in and w is the maximum number of segments any
valid shortcut (according to δ) can skip.

Proof. There is a polynomial time greedy algorithm that yields an O(log m) approximation
for the set cover problem, where m is the size of the largest set in the given collection
of subsets of the universe [28]. The greedy algorithm works as follows. While there are
uncovered elements from the universe, add the set with the largest number of uncovered
elements to the set cover. In an instance of StCo, m is the maximum number maxstar s |Us|
of segment–polyline pairs a single star can cover. If the central vertex of a star lies in at
most t polylines, the star contains at most t shortcut segments, each of which covers at most

http://jocg.org/
http://creativecommons.org/licenses/by/3.0/


JoCG 16(1), 203–252, 2025 226

Journal of Computational Geometry jocg.org

py pz

pi
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≤ δ

≤ δ

≤ 2δ
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Figure 6: The maximum Fréchet distance (left) between a line segment (pi, pj) and its
corresponding subpolyline is ≤ 2δ if there is a valid shortcut (py, pz) going over pi and pj .
This is not true for the Hausdorff distance (right) where the distance between (pi, pj) and
pi+1 can be arbitrarily large.

w segments, and hence we have m ≤ tw. Applying the greedy algorithm to this instance
gives an approximation ratio in O(log(tw)) = O(log(t + w)).7

It remains to prove the polynomial running time. Using a polyline simplification
algorithm [34] for the local Fréchet distance independently for each polyline, we can find
all (maximal) shortcuts for every vertex on every polyline in O(ℓn2 log n) time. Combining
these shortcuts at every vertex gives us all n maximal stars in O(ℓn) time. For each star,
we also store the number of segment–polyline pairs it covers and, to each segment–polyline
pair, we link all stars it appears in. Both can be done in O(ℓn2) time. As long as there
are uncovered segment–polyline pairs, we find the star with the most uncovered segment–
polyline pairs and then update the number of uncovered segment–polyline pairs for the
other stars. This can be done in O(ℓn2) time in total as well.

4.4 Relationship between Star Covers and Solutions of PBS

While a solution for PBS can be directly converted into a star cover as argued in Section 4.2,
the converse is more intricate. The shortcuts contained in the stars of an optimal StCo
solution may be overlapping or nested along a polyline, that is, vertices skipped by one
shortcut may be endpoints of another shortcut in the star cover. Moreover, shared parts
of multiple polylines may be covered by different stars. In other words, consistency is not
guaranteed (e.g., in Figure 7d the shortcut of the purple star skips a vertex that is an
endpoint of the other stars). We explain, however, how to derive from a star cover solution
a (relaxed) solution for its corresponding instance of PBS. Some of the shortcuts of the
StCo solution are replaced by “shorter” shortcuts in order to integrate some intermediate
points to the PBS solution. Lemma 7 states that these newly introduced shortcuts can be
at most 2δ away from the original polyline. The situation described there is depicted in
Figure 6 for the Fréchet distance and – with a counterexample – for the Hausdorff distance.
It follows immediately from a lemma by Agarwal et al. [1].

7Note that O(log(tw)) = O(log(t + w)) because of the following argument. As t, w ≥ 1, O(log(tw)) ⊇
O(log(t + w)) is clear. We next show that O(log(tw)) ⊆ O(log(t + w)). Suppose that t ≥ w; the other case
is symmetric. Then, O(log(tw)) ⊆ O(log(t2)) = O(2 log(t)) = O(log(t)) ⊆ O(log(t + w)).
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Lemma 7 ([1], Lemma 3.3). Given a polyline L = (p1, p2, . . . , p|L|) and a distance thresh-
old δ. If there are y, z ∈ N with 1 ≤ y < z ≤ |L| and dF((py, pz), L[py, . . . , pz]) ≤ δ
(i.e., segment (py, pz) is a valid shortcut), then for any i, j ∈ N with y ≤ i < j ≤ z,
dF((pi, pj), L[pi, . . . , pj ]) ≤ 2δ.

Equipped with this lemma, we now discuss the actual transformation from a StCo
solution to a PBS solution with distance threshold 2δ. The idea is to keep, beside the first
and last vertices of all polylines, only the central vertices of the selected stars while dropping
their leaves. This is closely tied with the fact that we minimize the number of stars while
ignoring their degree in the algorithm. The main insight here is that the shortcuts induced
by this augmented vertex set still have a small distance to the original polylines.

Lemma 8. Let C be a star cover for an instance of StCo obtained from an instance (P, L, δ)
of PBS under the local Fréchet distance. If C is an α-approximation for the instance
of StCo, a bi-criteria (α+1, 2)-approximation for (P, L, δ) under the local Fréchet distance
can be computed in O(n) time from C.

Proof. Let Pcentral be the set of central vertices of the stars in C and let Pend be the set
of first and last vertices of all polylines from L. We return Pcentral ∪ Pend as the bi-criteria
approximate solution of (P, L, δ). Clearly, Pcentral ∪Pend induce a simplified polyline bundle
on the set of original polylines L. We call this simplified set of polylines L′. According to
Lemma 5, OPTStCo ≤ OPTPBS. We conclude

|Pcentral ∪ Pend| ≤ αOPTStCo + OPTPBS ≤ (α + 1)OPTPBS . (4)

It remains to prove that the local Fréchet distance between L′ and L is at most 2δ.
Consider any segment (pi, pj) of a (simplified) polyline L′ ∈ L′ corresponding to an (orig-
inal) polyline L ∈ L such that pi precedes pj in (the directed version of) L. Notice that
there is a single star s in C that covers all segments of L[pi, pj ]. Otherwise, there would
be another central vertex of a star between pi and pj on L and, in L′, (pi, pj) would not
be a segment. The central vertex pcentral of s precedes pi or is equal to pi as otherwise
s would not cover all of L[pi, pj ]. Similarly, the outer vertex pouter of s on L succeeds pj

or is equal to pj as otherwise s would not cover all of L[pi, pj ]. By the definition of a
star, we know that dF((pcentral, pouter), L[pcentral, pouter]) ≤ δ. By Lemma 7, it follows that
dF((pi, pj), L[pi, pj ]) ≤ 2δ.

4.5 Bi-criteria Approximation for PBS via StCo

We have now gathered all lemmas to obtain the main theorem of this section.

Theorem 2. There is a bi-criteria (O(log(ℓ + n)), 2)-approximation algorithm for PBS
under the local Fréchet distance running in O(ℓn2 log n) time, where ℓ is the number of
polylines and n is the number of vertices in the polyline bundle.
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(a) initial polyline bundle (b) assigning a direction to each polyline

(c) all maximal stars

≤ δ

(d) greedy star cover of maximal stars

≤ 2δ

(e) retaining only vertices of Pcentral ∪ Pend (f) resulting simplified polyline bundle

Figure 7: Example of our bi-criteria (O(log(ℓ + n)), 2)-approximation algorithm for PBS.

Proof. The steps described above provide an approximation-preserving reduction from PBS
to StCo, which can be realized as a bi-criteria approximation algorithm. Its steps are
depicted in Figure 7.

Given an instance (P, L, δ) of PBS, where we let the size of an optimal solution be
OPTPBS, we assign an arbitrary direction to each L ∈ L and construct the corresponding
instance of StCo where we only store the maximal stars. For this corresponding instance
of StCo, we compute an O(log(t+w)) approximation star cover C via the greedy approach
described in Section 4.3. We can do this in O(ℓn2 log n) time according to Lemma 6. Ac-
cording to Lemma 8, we can use C to compute a bi-criteria (O(log(t+w)), 2)-approximation
for (P, L, δ) in O(n) time. Since t ≤ ℓ and w ≤ n, this is also a bi-criteria (O(log(ℓ+n)), 2)-
approximation.
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It is reasonable to assume that the number ℓ of polylines is polynomial in n in
practically relevant settings. Hence, we essentially obtain an exponential improvement
over the complexity-theoretic lower bound n1/3−ε if we allow a minor violation of the error
bound. We remark that Theorem 2 does not carry over to the local Hausdorff distance since
Lemma 7 does not hold for the Hausdorff distance.

5 Fixed-Parameter Tractability for Polyline Bundles of General Graphs

A brute force approach to solve PBS is checking for every subset of the vertex set P in
O(ℓ · n) time whether it is a valid simplification and returning the one with the smallest
number of vertices. Consequently, the runtime of this approach is O(2n · ℓ · n). We next
present a simple approach improving this runtime to FPT time.

When considering fixed-parameter tractability (FPT), investigating parameters of
the input is a natural choice. According to Corollary 2, PBS is not FPT in the number of
polylines ℓ. However, PBS is FPT in the number of shared vertices, i.e., vertices contained
in more than one polyline. We denote the set of those vertices by Pshared and we define
k := |Pshared|.

Theorem 3. PBS is fixed-parameter tractable (FPT) in the number of shared vertices k.
There is an algorithm solving PBS in O(2k · ℓn2) time under the local Hausdorff distance
and in O((2k + log n) · ℓn2) time under the local Fréchet distance.

Proof. We describe an algorithm that solves PBS in FPT time. Given an instance (P, L, δ)
of PBS, the first step is to compute, for each L ∈ L, its shortcut graph GL using a classical
polyline simplification algorithm. For the local Hausdorff distance, we can do this in O(n2)
time [13], and for the local Fréchet distance, we can do this in O(n2 log n) time [34]. Hence,
for all polylines of L, we compute their shortcut graphs in time O(ℓ · n2) and O(ℓ · n2 log n),
respectively.

The second step is to iterate over all subsets P ′ ⊆ Pshared and check if P ′ = Pshared ∩
P ⋆ where P ⋆ is the vertex set of an optimal solution. Before the first iteration, we initialize
a variable nmin = n and we will save the current best solution by Smin, which we initialize
with L. Then, in each iteration, we temporarily remove from all of our shortcut graphs
all nodes Pnot-contained = Pshared − P ′ and all edges that correspond to a shortcut skipping
a vertex in P ′. Clearly, removing Pnot-contained can be performed in O(n2) time for each
shortcut graph GL. For the removal of the edges in GL, note that we can sort the list of
vertices P ′ and the list of all edges (defined by their endpoints) lexicographically by the
occurrence of the vertices within the polyline L. If we traverse both lists simultaneously in
ascending order, we remove an edge if and only if its endpoints come before and after the
currently considered vertex from P ′. Therefore, the removal operations can be performed
in O(n2) time per GL.

If some shortcut graph becomes disconnected by these removal operations, we con-
tinue with the next iteration. Otherwise, we take the vertices of a shortest path from the
first to the last vertex in each reduced version of GL. This yields a simplified polyline SL
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of L. Together they define a simplification S of our PBS instance. Observe that this sim-
plification is consistent because each SL contains, from the shared vertices Pshared, precisely
the vertices in P ′.

If the number nS of vertices in S is less than nmin, we set nmin = nS and Smin = S.
In the end, we return Smin. Since we have 2k subsets of Pshared and each iteration can be
performed in O(ℓ · n2) time, the running time of the second step is in O(2k · ℓ · n2).

It remains to prove that Smin is an optimal solution of our input instance of PBS.
The returned solution is valid because the shared vertices of P ′ are retained in all simplified
polylines (they cannot be skipped) and the other shared vertices are skipped in all simplified
polylines. Our algorithm finds the minimum size solution because in one iteration it consid-
ers P ′ = Pshared ∩ P ⋆. Moreover, an optimal solution cannot have fewer vertices occurring
in only one polyline L than our algorithm since this would imply a shorter shortest path
within the reduced version of GL.

6 Polyline Bundles of Trees

With the general PBS problem being hard to approximate better than n1/3 even on planar
inputs, the question arises whether there are special cases that are better tractable. In
this section, we will answer this positively by proving that the PBS problem can be solved
efficiently on tree bundles. Furthermore, we also describe how reasonable solutions on
general bundles can be obtained by first decomposing them into tree bundles and then
simplifying each tree bundle optimally.

6.1 Formal Definition

To form a tree bundle, the polylines have to start in a common root point and then branch
out. This happens naturally, for instance, in river networks. Figure 8, left, shows an
example of a tree bundle.

Definition 8 (Polyline Tree Bundle (PTB)). A polyline tree bundle (PTB) is a PBS
instance (P, L, δ) where we additionally require that L is a set of simple polylines such that
all L ∈ L start at a common root vertex pr, and for any pair of polylines L, L′ ∈ L, the only
intersection is a common prefix L[pr, pi] = L′[pr, pi].

We exclude the case that a polyline L′ ∈ L is a subpolyline of another polyline L ∈ L.
By the definition of the PBS problem, we include the endpoints of all polylines in our
simplification and hence if the endpoint of L′ lies on L, we could simply consider that point
as the root of another PTB, which can be simplified independently. Further, we want to
emphasize that a common prefix as defined above demands the polylines to start with same
set of polgon vertices. Thus, if one polyline would contain an additional node in the middle
of the edge of another polyline, the two subpolylines would not be considered as a common
prefix according to our definition despite having the same shape. We remark, though,
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1

1

Figure 8: Top: Example of a PTB instance. Bottom: Thick blue edges represent the tree
graph Gt. The combination of the thick blue and the green edges constitutes the shortcut
graph Gs for dF for the distance threshold δ (indicated via the light green tubes). Examples
of invalid shortcuts are drawn dashed violet.

that the PTB definition does not demand the tree bundle to be planar as the intersection
constraint is only concerned with common points of the polylines.

For simplification of single polylines, the Imai–Iri algorithm [27] first constructs a
shortcut graph and then computes the shortest path therein to find the optimal result. We
will proceed in a similar fashion by first transforming the PTB simplification problem into
a graph problem and then computing the optimal solution based on this. However, to more
efficiently deal with the tree structure, the graph construction as well as the final search
for the best simplification is more intricate. In particular, we will use two different types of
graphs in our transformation, and the shortest path search will be replaced by a suitable
dynamic programming approach.

6.2 Transformation into a Graph Problem

We transform the PTB simplification problem into a graph problem by constructing two
directed graphs from the input data: a tree graph and a shortcut graph. We start by
considering the polylines as embedded directed paths which start at the common root pr.
The tree graph Gt = (V, Et) is the union of these paths. More precisely, for each vertex
occurring in the PTB, there is a corresponding node v ∈ V (with vr corresponding to the
root vertex pr), and there exists a directed edge (v, w) ∈ Et if there is a polyline L ∈ L
which contains the segment between the respective vertices (in that direction). For a given
distance function d and threshold δ > 0, the shortcut graph Gs = (V, Es) is the union of
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all valid shortcut edges, i.e., there is an edge (v, w) ∈
(V

2
)

if for every polyline L ∈ L that
contains v and w (in that order), we have d((v, w), L[v, w]) ≤ δ. Figure 8 shows Gt and
Gs for an example PTB. Note that no matter the distance function and the value of δ, we
always have Et ⊆ Es, i.e. all tree graph edges are also contained in the shortcut graph.

Lemma 9. The tree graph Gt = (V, Et) has size O(n) and can be constructed in O(n2)
time.

Proof. As all polylines in a PTB start at the same root vertex and end in one of the at most
n leaf vertices, there can be at most n polylines in total. Each of these polylines consists of
at most n segments itself, as all of them are required to be simple. Thus, the input polyline
bundle contains O(n2) segments.

The union of the directed paths induced by the polylines can then be constructed
by considering the polylines one-by-one. For a polyline, we start at its non-root endpoint
and then add the edges that represent the respective polyline segments backwards one after
the other until we either reach the root node or a node which already was considered as a
segment endpoint in another polyline (then clearly the remaining path is already part of
Gt). This process takes O(n2) time and, given the tree structure, leads to an edge set Et
with |Et| ∈ O(n).

Theorem 4. The shortcut graph Gs = (V, Es) has size O(n2) and can be constructed for
the local Hausdorff distance in O(n2) time and for the local Fréchet distance in O(n2 log n)
time.

Proof. We compute the set of valid shortcuts by considering the polylines one-by-one in an
arbitrary order. To avoid redundant computations along shared parts, we store the result
for already considered node pairs. Accordingly, the total number of potential shortcuts that
need to be checked is in O(n2). The time Td to check the validity of a shortcut is in O(n)
for both dF and dH. Therefore, the total construction time would be in O(n3).

However, for dH we can do better by leveraging the sweep method from Chan and
Chin for shortcut computation for single polylines in O(n2) time [13]. But we cannot apply
that method to each polyline individually, though, as then the running time would be
again in O(n3). Hence to get an improvement, we have to avoid redundant computations
along shared parts. We achieve that by sweeping the induced tree instead of the individual
polylines. As in the original Chan and Chin algorithm, this requires a forward sweep and
a backward sweep: We first consider the shortcuts directed towards the root of the tree
bundle. Using the sweep algorithm, we consider at most n vertices as starting points and
for each vertex there are at most n vertices on the unique path that connects the point to
the root. Hence all shortcuts pointing towards the root can be computed in O(n2) time.
In the backward direction, we exploit the tree graph Gt as follows. For each vertex p, we
compute the shortcuts starting at p by exploring the subtree rooted at vp in Gt in a depth-
first search (DFS) manner. For each branching point in the tree, we make a copy of the
cone which describes the possible set of shortcut endpoints and operate on that copy in the
respective subtree. Apart from that, we proceed exactly as in the classical Chan and Chin
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algorithm. As each subtree contains at most n nodes and as we need at most one copy of
the region at any point, we can indeed compute all shortcuts starting at p in time linear in
the total number of points. Hence also the set of shortcuts pointing away from the root can
be computed in O(n2) time.

For the local Fréchet distance, sweeping only towards the root suffices to determine
all shortcuts in O(n2 log n) time [34]. In conclusion, we can compute the shortcut graph for
a given PTB in time O(n2) and O(n2 log n) for the local Hausdorff and the local Fréchet
distance, respectively.

Based on the notion of the tree graph and the shortcut graph, we are now ready to
restate the PTB simplification problem (PTBS) as a graph problem.

Definition 9 (Polyline Tree Bundle Simplification (PTBS)). Given a tree graph Gt =
(V, Et) and a shortcut graph Gs = (V, Es), the objective is to find a minimum-size node
subset S ⊆ V such that:

• The root node and all leaf nodes of the tree graph Gt are contained in S.

• The induced subgraph Gs[S] is connected.

6.3 An Exact Polytime Algorithm

Next, we describe a dynamic programming (DP) approach that only operates on Gt and
Gs, and returns an optimal PTBS solution in O(n2) time. Let Sub(v) ⊆ Gt be the sub-tree
rooted at node v in the tree graph. Our main observation is that we can break down an
optimal solution recursively. If a node v is part of the solution, it’s easy to see that there
can’t be shortcuts bypassing v. Thus, the solution S can be split into two parts: an optimal
solution for Sub(v) and an optimal solution for Gt\Sub(v). We denote the size of an optimal
solution for Sub(v) by s(v).

As we don’t know a priori which nodes will end up in the solution, we strive for
computing s(v) for each node v ∈ V in an efficient manner. For every leaf node v, we
obviously get s(v) = 1. To compute s(v) for an inner node v, we assume that s(w) is
already known for every node w ∈ Sub(v) \ {v}. Each path from a leaf u to v in Sub(v)
needs to contain a cover node w such that (v, w) ∈ Es (that means there is a valid shortcut
between v and w). To identify the best selection of such cover nodes, we compute a helping
function h : V → N for each node w ∈ Sub(v) as follows: Initially, h(w) = s(w) if (v, w) ∈ Es,
and h(w) = ∞ otherwise. Then, in a post-order traversal of Sub(v), for each non-leaf node
w we set h(w) = min{h(w),∑u∈N(w) h(u)} where N(w) denotes the set of children (out-
neighbors) of w in Gt. In that way, h(w) encodes the smallest number of nodes that have
to be kept in Sub(w) if for all paths from v to leaf nodes in Sub(w) the respective cover
node is contained in Sub(w). The optimal solution size s(v) for Sub(v) is then h(v) + 1 (as
we have to additionally include v itself).

Note that s(v) is always well-defined (i.e., finite) as the tree edges are all valid
shortcuts in Gs. To make sure that at the time we compute s(v), all values s(w) for

http://jocg.org/
http://creativecommons.org/licenses/by/3.0/


JoCG 16(1), 203–252, 2025 234

Journal of Computational Geometry jocg.org

1 1

1
1

1

1

1

1

3

4
6

3412

?

∞ ∞

∞
∞

∞

∞

∞

∞

∞

4∞

∞412

∞

5 ∞
7 7

∞ ∞

∞
∞

∞

∞

∞

∞

∞

4∞

∞411

11

4

7

12

Figure 9: The left image shows an example tree graph with optimum sub-tree simplification
sizes (black) known for all nodes except the root node. The purple line segments indicate
valid shortcuts from the root node (note that these were chosen manually for the example
and not based on the underlying geometry of the depicted tree). The middle image depicts
the same tree after initial assignment of the helping values (red). Here, only end nodes of
valid shortcuts have finite values assigned to them. The right image shows the final helping
values (green) after propagation as well as the respective optimum simplification size of
the tree assigned to the root node (black). The blue marked nodes are the ones that are
contained in the optimal simplification.

w ∈ Sub(v) \ {v} are known, we also globally traverse the nodes in the tree graph in post-
order. Figure 9 illustrates the computation of s(v). The optimal set of simplification nodes
can then be determined by backtracking.

For a faster running time of the DP in practice (used in our experiments), we only
compute h-values for nodes in Sub(v) which are on a path from v to some node w with
(v, w) ∈ Es. These nodes can easily be identified by computing the reverse path from each
such node w to v and marking all nodes along the way (stopping as soon as a marked node
is encountered to avoid redundancy). For marked nodes w with an unmarked neighbor, we
just set ∑u∈N(w) h(u) to ∞ to maintain correctness. Especially for small distance thresh-
olds δ and large sub-trees Sub(v), this modification accelerates the computation of s(v)
significantly.

Theorem 5. PTBS can be solved optimally in O(n2) time.

Proof. Correctness can be shown by structural induction. The induction hypothesis is that
a node v gets assigned the optimal simplification size sOPT(v) for its sub-tree assuming v is
kept in the solution. For leaf nodes (that get assigned a value of 1), correctness is obvious.
Now we consider some non-leaf node v and assume that all nodes w in the respective sub-
tree received correct solution size values, that is, s(w) = sOPT(w). Let C be the set of
outgoing shortcut edges emerging from v in an optimal simplification of Sub(v), leading to
an induced simplification size of sOPT(v) = 1+∑(v,w)∈C s(w). In the DP, each node w with
(v, w) ∈ C ⊆ Es gets assigned the helping value h(w) = s(w) when processing v. Based on
the propagation of the h-value towards the root node, we observe that h(v) ≤

∑
(v,w)∈C s(w)

and therefore s(v) ≤ 1 + ∑
(v,w)∈C s(w) = sOPT. We can never get s(v) < sOPT(v) as the

value assigned to v always represents a valid simplification of Sub(v). Hence we conclude
that s(v) = sOPT(v).
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The time to compute s(v) is in O(|Sub(v)|+|{(v, w) ∈ Es}|) as it requires to consider
all nodes in the subtree rooted at v (in post-order) and to check all of its out-neighbors in
Gs. Both of these sets have a size that is upper bounded by the number of nodes in Sub(v),
and the post-order can be determined in O(|Sub(v)|) using a DFS run. Accordingly, the re-
spective computation time is in O(n) for each v and in O(n2) for all nodes v ∈ V combined.
The post-order traversal to determine the global order in which the nodes are processed
takes only linear time in n (again using a DFS run). Hence altogether, we have two nested
post-order traversals with a total running time of O(n2).

We note that the correctness and the running time of the DP approach do not
depend on the used distance measure for shortcut creation. In fact, the algorithm works
with any shortcut graph Gs as long as it contains the tree Gt as a subgraph. Therefore, the
shortcut graph could also come from other means of construction (including customization).
We further remark that minimizing the number of vertices in the simplified tree bundle is
equivalent to minimizing the number of segments, while for general polyline bundles these
two optimization goals might lead to different results.

Combining the time for problem transformation with the time of the DP, we get
an overall running time of O(n2 log n) for PTBS when using the Fréchet distance and a
running time of O(n2) when using the Hausdorff distance. Hence – although having to use
more complicated machinery – we end up with running times for tree bundle simplification
that match the best known running times for simplification of a single polyline.

6.4 Decomposition of General Bundles into Tree Bundles

To leverage our algorithm for optimal tree bundle simplification for general bundles, we next
consider the problem of decomposing a general bundle into (a small set of) tree bundles.
To formalize the tree bundle decomposition (TBD) problem, we first introduce the notion
of a D-decomposition of a polyline.
Definition 10 (D-Decomposition). Let L = (s, . . . , t) be a simple polyline (represented as
a list of points) and let D be a point set. Further let d1, d2, . . . , dk be the points in L ∩ D in
the order in which they appear in L. The D-decomposition of L denoted by L(D) is the set
of subpolylines L[di, di+1] for i = 1, . . . , k − 1.

We strive to find a point set D such that its induced D-decomposition of the input
bundle provides us with a (small) set of tree bundles.
Definition 11 (Tree Bundle Decomposition (TBD)). Given a PBS instance (P, L, δ), we
seek to find a point subset D ⊆ P (the decomposition points) with the following requirements:

• Each polyline L ∈ L starts and ends in a point in D.

• Let GI be the intersection graph in which we have a node for each subpolyline in⋃
L∈L L(D) and an edge between two nodes if the subpolylines L̃ and L̄ share a point

that is not in D, i.e. (L̃ ∩ L̄) \ D ̸= ∅. Then the subpolylines within a connected
component in GI form a PTB.
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Figure 10: Input polyline bundle (same as in Figure 1) and decomposition set D (green).
The D-decomposition is a valid tree bundle decomposition. The tree bundles are indicated
by the gray regions. Note that points in D may be the root of one tree bundle and a leaf
of another one at the same time. This applies, for example, for the green node with the
darker green boundary, which is the root of the yellow-blue-bundle to its left and a leaf of
the blue-red-bundle to its right.

Figure 10 shows an example of a valid TBD. Based on a TBD, we can simplify
the given bundle by simplifying each of the tree bundles induced by D independently. The
union of all tree simplifications then yields the set of retained vertices S ⊆ P . The goal, of
course, is still to end up with a small set S. To achieve that, we aim at TBDs which induce
few but large tree bundles with a small decomposition set D. Nodes in the set D might
end up being the root node of a tree bundle or a leaf node (or both). In the following we
assume that all polyline endpoints are already included in D as they have to be part of S
by definition.

To guide the decomposition, we construct a union graph GU (V, E) of the input
polyline bundle. Here, each vertex in the bundle is represented by a node in V and an
edge exists between two nodes if there is a polyline segment between the respective points.
Additionally, we assign to each edge in GU the set of polylines that traverse it.

6.4.1 Path Bundle Decomposition

The most simple type of tree bundle decomposition is to restrict the resulting bundles to
be path bundles, i.e., no branching is allowed to occur. Hence, when considering GU all
nodes v ∈ V with a degree deg(v) ̸= 2 have to be included in D. Accordingly, the respective
decomposition can be computed in linear time in the size of GU , and for the resulting path
bundles, classical polyline simplification algorithms can be applied individually. Figure 11,
left, shows a small example.

6.4.2 Greedy Tree Bundle Decomposition

To end up with a decomposition not only consisting of path bundles but general tree bundles,
we now propose a greedy approach. In particular, the idea is to greedily select root nodes
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Figure 11: Path decomposition (left) and tree decomposition (right) and the resulting
simplifications (with different ε values) of a public transit network of Stuttgart. The original
polylines are drawn with different colors with reduced opacity as a base layer. On top, the
decomposition set D is shown (large nodes, colors are based on their roles as root or leaf
node or multi-purpose), as well as the inserted shortcuts.

and grow trees from those in GU (adding the respective leaf nodes to D as well).
For root selection, we use the line degree of a vertex, that is, the number of polylines

in L that contain the vertex. As only polylines that contain the root can be part of the
respective PTB, we always choose the node with the highest line degree that is not already
part of a tree bundle next. In the example in Figure 10, the maximum line degree is 2 and
choosing any of the vertices which have two incident lines would be fine.

The largest possible tree bundle for a selected root node r can be computed by a kind
of a breadth-first search (BFS) in GU . Starting from r, we always push edges instead of
nodes in the queue. The edges incident to r are always included in the PTB and are hence
used for initialization of the queue (artificially directed away from r). In any later step, if
an edge (u, v) is extracted from the queue, we first check whether all other edges incident
to v are unvisited. If that is the case, we need to make sure that the polyline set assigned
to each incident edge is a (not necessarily proper) subset of the polylines assigned to (u, v).
If and only if those conditions are met for all incident edges, these edges are included in the
subtree, marked as visited, and inserted into the queue. Otherwise v is added to D. The
process takes O(ℓn) time since O(ℓn) is an upper bound for the number of edges in GU and
checking whether a set of polylines is a subset of another set of polylines takes O(ℓ) time,
which we do O(n) times. Figure 11, right, shows the resulting decomposition for a small
public transit network.

6.4.3 Bottom-up Tree Decomposition

Next, we present a slightly different greedy heuristic. Instead of picking a root node and
growing the tree from top to bottom, we start from the leave nodes and grow the trees
upwards. Whenever two trees collide, we try to merge them to a single tree if possible.
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Figure 12: Binary tree (left) with path-decomposition based simplification (middle) and
tree-decomposition based simplification (right) for unbounded distance threshold δ.

The idea of this approach is to defer the choice of root nodes to a later point in time.
Notably, this bottom-up approach tends to create more trees, but it reduces the number of
additional fixed nodes (root nodes). It turns out to be most effective in combination with
a post-processing step described in Section 6.4.5.

6.4.4 Quality of Decomposition-based Simplification

The tree bundle decomposition is more involved and time-consuming than the path bundle
decomposition. However, as we will show in the experimental evaluation, the tree bundle
decomposition step takes negligible time compared to the subsequent simplification step.
Furthermore, a simplification based on tree bundles might contain only half of the nodes of
the simplification based on a path bundle decomposition. To see this, consider a complete
binary tree of depth k. Then the path bundle decomposition based simplification has to
keep all 2k+1 −1 vertices for any choice of δ. The tree bundle based simplification, however,
only needs to keep the root node and the leaves for a sufficiently large distance threshold
δ, that is, 2k + 1 nodes. The ratio of those two terms converges to 2 for k → ∞. Figure 12
illustrates the described setup for k = 3. Accordingly, a tree bundle decomposition can
result in greatly improved simplifications than a path decomposition if the input polyline
bundle contains tree-like substructures.

Nevertheless, both the path and the tree bundle decomposition based simplification
are heuristic in nature. As can be seen in Figure 13, choosing one node to be contained in
the solution might increase the resulting simplification size by a factor in Θ(n). However,
in practical inputs, we don’t expect such scenarios to arise frequently. If we decide to keep
a node v in the simplification where for any shortcut (u, w) that spans it, also the edges
(u, v) and (v, w) are contained in the shortcut graph, then the total size of the optimal
simplification might only be increased by the number of polylines such a node v is contained
in.
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Figure 13: Example instance illustrating that deciding to keep a single selected vertex in the
simplification might heavily impair the quality of the simplification: The optimal solution
for the given bundle for suitable choice of δ would be to take the two dashed shortcut
segments. However, when the marked red vertex has to be kept in the simplification,
then – for a sufficiently small choice of δ – there are no valid shortcuts anymore. Then, the
simplification has to contain all input vertices.

6.4.5 Post-processing Simplification Results

Tree bundle decomposition necessarily introduces fixed nodes that will be included into the
final simplification result. Depending on the simplification threshold δ, this may be overly
cautious. In a post-processing stage, we test for each fixed node in D, whether it can be
omitted from the simplification without violating the threshold δ. It turns out that such a
post-processing heuristic is able to improve the simplification results further, depending on
the choice of δ.

We suppose this post-processing heuristic is particularly useful for grid-like struc-
tures that are commonly found in road or public transit networks. An example is depicted
in Figure 14. Grid crossings are likely candidates for tree roots during tree decomposition
(the large green dot in the center of the image on the left). However, these nodes are usually
very close to polylines and can often be eliminated later from the solution without violating
the threshold δ (image on the right).

7 Experimental Evaluation

We have implemented the bi-criteria approximation algorithm (BCA) from Section 4 as well
as the DP approach for exact tree bundle simplification from Section 6.3 and the greedy
tree bundle decomposition algorithm (TBD) from Section 6.4 in C++. As the quality and
runtime assessments for BCA only hold when using the Fréchet distance, we restrict our
experiments to the local Fréchet distance dlF. All experiments were run on a single core of
an Intel Core i9 processor at 2.4 GHz.
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Figure 14: Post-processing heuristics on a grid-like graph. Given two polylines that intersect
as shown in the left image, our tree-decomposition demands to include the green point in
the center into the set D and thus to maintain it in the simplification. However, as shown
on the right, deleting this point might still result in a valid simplification and so checking
for ach point in D whether it can be pruned from the solution can greatly improve the
simplification size.

7.1 Benchmark Data

We used two types of polyline bundle data to evaluate the algorithms:
(i) Path bundles from embedded road networks (extracted from OpenStreetMap [32]).

Such bundles are a good model for movement data. Bundles were constructed by first
extracting a connected subgraph with a given number of nodes from the network. To
obtain a tree bundle, we then performed a BFS run from a randomly selected root node in
the subgraph and backtracked all paths from the leaves to the root of the BFS-tree. For
general bundles, we select not one but several root nodes in the subgraph, construct a tree
bundle for each and then combine those into a single bundle. We suggest that such bundles
represent likely movements of individuals or small groups of individuals in the network,
e. g. from their homes to places of interest, quite well. Also note that a union of tree
bundles cannot simply be decomposed into the respective trees again in case line segments
are shared among them.

(ii) Public transit networks (GTFS data provided by OpenMobilityData [31]).
We used the data from Stuttgart, Freiburg, Manhattan and Chicago. Here, each bus or
train line constitutes a polyline in our bundle. Stations that are visited by multiple lines are
then shared vertices and if consecutive stations are visited by multiple lines, the respective
segment is shared.

7.2 Results on Tree Bundles

We compare the performance of DP and BCA on tree bundles of different sizes extracted
from road networks. While it might seem to be an unfair comparison, if we have an exact
algorithm on the one side and a bi-criteria approximation algorithm on the other side, it
is not a priori clear which algorithm would produce the smaller simplification when tested
with the same distance threshold δ (as BCA is allowed to exceed δ by a factor of 2). We
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δ · 104 δF · 104 δF /δ n |S| time
DP 5.00 4.99 0.99 500 204 3
BCA 5.00 9.81 1.96 500 216 3
BCA 2.50 3.17 1.27 500 251 6
DP 5.00 5.00 1.00 8,000 4009 21
BCA 5.00 8.77 1.75 8,000 4029 407
BCA 2.50 4.04 1.61 8,000 5276 350
DP 5.00 5.00 1.00 50,000 24,076 248
BCA 5.00 9.68 1.94 50,000 24,195 14,800
BCA 2.50 5.00 2.00 50,000 32,457 13,500

Table 1: Comparison of DP and BCA on tree bundles (note that BCA is tested for the
original δ and δ/2). δF denotes the resulting Fréchet distance (applied with geo coordinates)
and δF /δ the distance relative to the threshold. Furthermore, n is the number of vertices
in the input and |S| is the number of retained vertices in the computed solution. Timings
are in milliseconds.

observe, however, that on all tested instances, the exact DP algorithm produces better
simplification results than BCA, even though BCA is allowed to use a distance threshold
of 2δ. If we call BCA with δ/2 to end up with a solution that obeys the δ-constraint,
the quality deteriorates significantly (with up to 50% larger outputs). Table 1 provides
some selected results which reflect the general behavior. It is interesting to note that the
BCA algorithm indeed produces solutions where the δ threshold is violated by a factor of 2,
proving the theoretical analysis to be tight in this respect. We also observe that the DP
approach scales much better, with running times up to a factor of 50 faster than BCA on
our largest test instance.

In Figure 15, an example tree bundle instance is depicted along with DP results for
a broad range of test instances. It can be observed that the optimal number of vertices in
the simplification converges for growing values of δ to the number of leaf nodes in the tree
graph, as those have to be kept by definition. But already for small δ, the simplification
size comes close to that lower bound.

7.3 Tree Bundle Decomposition Results

Next, we evaluate the greedy tree bundle decomposition algorithm on public transit net-
works and road network path bundles. Unsurprisingly, the approach performed well on
inputs with large tree-like structures as Freiburg and Stuttgart, but worse on instances as
Manhattan or Chicago with large grid-like substructures.

For example, the public transit network of Stuttgart with 83 vertices was decom-
posed into 12 trees, see Figure 16, top. The decomposition set consists of 24 vertices of
which 22 are endpoints of an input polyline and hence have to be included in the simpli-
fication anyway. Then, the optimal simplification of these trees for δ = 0.01 has only 12
additional vertices.
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Figure 15: Left: Example of a road network tree bundle with 1365 polylines. Right: Number
of retained vertices in an optimal simplification for tree bundles of different input sizes
indicated by line color (legend on the right side) and distance thresholds (on the x-axis).
The largest δ was chosen so that no further simplification is possible. Hence the respective
simplification size for δ = 200 m (the right side of each curve) corresponds to the number of
polylines in the input. One can nicely see that already for relatively small δ (around 50 m),
the size of the simplification is close to this minimum.

The public transit network of Freiburg with 774 vertices was decomposed into 178
trees, see Figure 16, bottom. Here, 202 vertices in the decomposition originate from line
endpoints and only 57 additional root nodes were selected. The simplification of the trees
then added 92 nodes for δ = 0.002 and 321 nodes for δ = 0.0002. Post-processing heuristics,
as desribed in Section 6.4.5, were able to reduce the number of additional nodes to 64 (for
δ = 0.002). For smaller values of δ the post-processing heuristics proved to be less effective.

The public transit network of Chicago with 9,984 points was decomposed into 2,649
trees, see Figure 17. Essentially, many crossing points in the grid structure were added
to D, resulting in a limited simplification capability of the resulting trees.

Table 2 show the results for our tree-decomposition heuristics and the effectiveness
of our post-processing. The ‘top-down’ tree-decomposition strategy (TD) tends to create
fewer trees, but more fixed vertices. Conversely, the ‘bottom-up’ strategy (BU) is able to
reduce the number of fixed vertices at the expense of creating more trees. In any case, the
post-processing step from Section 6.4.5 does improve the simplification results, but most
notably when combined with ‘bottom-up’ tree-decomposition.

7.4 Results on General Bundles

Finally we apply both TBD+DP and BCA to general bundles. Again, BCA results are
allowed to exceed the distance threshold δ by a factor of 2. This slack is indeed strongly
exploited also on public transit networks as confirmed by our experiments. We now fo-
cus on a comparative evaluation. We observe that our heuristic approach (bottom-up
tree-decomposition with post-processing) of first computing a tree decomposition and then
simplifying the resulting trees individually is always faster than BCA, computing results
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δ trees fixed |S0| |S|
Freiburg 0.004 TD 178 259 324 281

BU 236 184 332 240
0.002 TD 178 259 351 320

BU 236 184 352 278
0.001 TD 178 259 408 389

BU 236 184 375 327
Chicago 0.004 TD 2,649 3,013 4,544 3,663

BU 3,308 1,711 4,270 2,508
0.002 TD 2,649 3,013 4,602 3,827

BU 3,308 1,711 4,317 2,684
0.001 TD 2,649 3,013 4,837 4,289

BU 3,308 1,711 4,447 3,110

Table 2: Effectiveness of tree-decomposition heuristics on public transit networks.
TD=‘top-down’, BU=‘bottom-up’ heuristics; number of decomposed trees; number of fixed
vertices; solution size before (|S0|) and after (|S|) post-processing.

Figure 16: Tree decompositions of public transport networks computed with our (top-down)
greedy heuristic. Large green points indicate the nodes in the decomposition set D. Each
bus and train line received its own random color. Upper row: Decomposition result for the
Stuttgart network on the left and resulting simplification on the right (with the original
network in the background for comparison). Lower image: Decomposition result for the
Freiburg network.
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Figure 17: Chicago public transit network network decomposed with the greedy tree de-
composition using the same color coding of nodes and edges as in Figure 16.
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bundle δ · 104 δF · 104 δF /δ n + ℓ |S| time
Stuttgart TBD+DP 10.00 9.60 0.96 83 + 102 36 1

BCA 10.00 9.60 0.96 83 + 102 37 5
Chicago TBD+DP 2.00 1.99 0.99 9,984 + 872 3827 181

TBD+DP 0.50 0.50 1.00 9,984 + 872 4625 149
BCA 2.00 3.69 1.84 9,984 + 872 864 634
BCA 1.00 1.92 1.92 9,984 + 872 1781 789
BCA 0.50 0.85 1.60 9,984 + 872 5023 456

Path bundle TBD+DP 2.00 1.96 0.98 10,633 + 17,662 2681 472
BCA 2.00 2.33 1.17 10,633 + 17,662 4915 13,700
BCA 1.00 1.44 1.44 10,633 + 17,662 5017 12,600

Table 3: Comparison of BCA and TBD+DP on public transit networks and a large path
bundle extracted from a road network. Labels are the same as in Table 1 and ℓ is the
number of polylines.

within a second even for road network bundles with around 10,000 nodes while BCA takes
30 times longer. In terms of quality, TBD+DP produce comparable or even better results
than BCA on the Stuttgart and Freiburg network, and clearly superior results on road
network bundles. The instances on which TBD+DP was outperformed by BCA in terms
of simplification size are bundles with large grid-like structures as the Chicago and the
Manhattan public transit network. Here, our tree decomposition results in a huge set of
trees of which we need to keep all root and leaf nodes in the simplification. But especially
for large instances, the simplicity and the fast computation time of TBD+DP is a great
advantage over BCA; in particular as the TBD is independent of δ and the computations
of the individual tree simplifications can easily be parallelized for further improvement.

In Table 3, some results for two of the transit networks as well as a large road
network path bundle for TBD+DP as well as BCA are summarized. We observe that
TBD+DP is significantly better than BCA on the road network instance in terms of both,
quality and running time. But on the Chicago public transit networks, BCA produces
the smaller simplification, even if forced to obtain the original δ-constraint (compare the
4601 nodes from TBD+DP to the 1781 from BCA where both solutions obey δ ≤ 2). The
reason for this is the grid-like structure of that network as shown in Figure 17. But on other
instances, TBD+DP produces high-quality simplification results quickly, as illustrated for
a large road network bundle in Figure 18.

8 Conclusion and Open Problems

We have generalized the well-known problem of polyline simplification from a single polyline
to multiple polylines sharing vertices and line segments, which we have called a polyline
bundle. Although efficient algorithms for a single polyline have been known for a long
time, we could show that simplifying two or more polylines consistently is a problem that
is NP-hard to approximate within a factor of n1/3−ε for any ε > 0 where n is the number of
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Figure 18: Large polyline bundle extracted from an underlying road network of Stuttgart,
together with the TBD+DP based simplification. (North is on the left side.)

http://jocg.org/
http://creativecommons.org/licenses/by/3.0/


JoCG 16(1), 203–252, 2025 247

Journal of Computational Geometry jocg.org

(a) initial bundle
with shortcuts

(b) simplification with min-
imum number of vertices

(c) simplification with min-
imum number of line seg-
ments

Figure 19: Optimal simplifications of a polyline bundle (individual polylines are indicated
by color) using different objective functions.

vertices in the polyline bundle.
However, if we relax the constraint on the Fréchet distance between original and

simplified polyline by a factor of 2, we can overcome this strong inapproximability bound.
Moreover, we have seen that we can find an optimal simplification efficiently if we have
only a small number of shared vertices (by an FPT algorithm) or if the input instance is a
(rooted) tree bundle (by a DP algorithm). If we do not have tree bundles, we suggest some
heuristics to decompose a polyline bundle to a set of tree bundles.

Though most of our results are of theoretical nature, we have concluded our work
with a small experimental evaluation, which suggest that both our bi-criteria approximation
algorithm as well as the dynamic programming approach combined with a tree decomposi-
tion heuristic are applicable on real-world instances. The latter performed best on networks
with some hierarchical structure like street networks or historically-grown German cities.

Based on our results, there are many possible directions for future research. Specif-
ically, we propose the following theoretical and applied open problems.

• Improve our inapproximability bound of n1/3 further or show its tightness.

• Our current bi-criteria approximation guarantee is logarithmic in the number of poly-
lines ℓ plus the number of vertices n. In most practical application, ℓ is smaller than n
or at most polynomial in n. From a theoretical perspective, however, it might be in-
teresting to get rid of the dependency on ℓ in the bi-criteria approximation in order to
get improvements for the case where ℓ is significantly larger than n. Also investigate
whether our bi-criteria approximation factors are tight or can be improved or traded.

• Our result that tree bundles can be processed in polynomial time might hint at param-
eterizability by, e.g., the treewidth of the union graph of the polylines. So investigating
more suitable parameters for an FPT algorithm might be a sensible avenue for future
work.

• As a distance measure, we have employed the local Fréchet distance, which we consider
to be more natural and intuitive than the local Hausdorff distance when comparing
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polylines. However, the local Hausdorff distance is sometimes used in classical poly-
line simplification as well. Our hardness, FPT, and DP result also apply to the
Hausdorff distance, but our bi-criteria approximation algorithm fails since Lemma 7
is not applicable for the Hausdorff distance. Consider approximating PBS using the
local Hausdorff distance or other (even non-local) distance measures.

• In our generalization from a single polyline to a polyline bundle, the objective is
to minimize the number of retained vertices. However, minimizing the number of
retained line segments is an alternative objective function, which also generalizes the
classical minimization problem for a single polyline. Optimal simplifications for both
objectives may differ; see Figure 19. Our hardness, FPT, and DP results also hold
when minimizing the number of retained line segments. However, it is not clear how
to obtain a similar result for the bi-criteria approximation algorithm.

• A severe restriction in our definition for simplifying polyline bundles is that the end-
points of each individual polyline need to be kept. For many instances, this reduces the
number of possible simplifications significantly. Develop a model that allows removing
endpoints of polylines.

• In Figure 1, a shared segment becomes a single vertex in the simplification, which
may give a misleading picture. One could require that a sequence of shared segments
must not become a single vertex when simplified.

• Also consider non-simple polylines, i.e., polylines were the same vertex can appear
multiple times.

• Use the model of polyline bundles in more scenarios occurring in science and beyond.

• Develop new heuristics and practically applicable algorithm for PBS.

• Our experimental studies provided some preliminary insights. New and extended ex-
periments could be conducted on more real-world data also incorporating new heuris-
tic, approximation, or exact algorithms for comparison.
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