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Quantum dynamics of attosecond electron pulse compression
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If an electron beam is periodically modulated in velocity, for example by laser field cycles, it can
transform upon further propagation into a train of attosecond or shorter electron pulses. Here, 1
investigate the quantum mechanics of such an approach by numerically solving the Schrodinger
equation in the time domain. There is a limit for the shortest electron pulses that can be achieved, and it
depends on simple relations between the electron energy, the laser period, and the modulation strength.
These results allow to design future experiments and to compare the measured electron pulse shapes to
their quantum limit. Published by AIP Publishing. https://doi.org/10.1063/1.5006864

INTRODUCTION

Science and technology are continuously improving the
spatial and temporal resolution of all kinds of imaging
approaches, in order to directly visualize fundamental struc-
tures and processes on their natural length and time scales. A
recent contribution from our laboratory has been the unifica-
tion of electron microscopy/diffraction with attosecond time
resolution,' which brings together the space-time regimes of
atoms and light-cycles. The key concept is a periodic modu-
lation of an electron beam’s forward momentum by the opti-
cal cycles of laser light.>® Figure 1 illustrates this basic
idea, which allows producing attosecond electron pulses,””
but which is also useful for many other applications, for
example in synchrotrons,'® free-electron lasers,'""'* for
quantum optics with free electrons,””'? laser-particle accel-
eration,14 terahertz-control of electrons,(”ls’16 or for attosec-
ond electron microscopy and diffraction.! A femtosecond (or
longer) electron pulse (blue) passes through a beam modula-
tion element (green) that is driven by the optical cycles of a
laser wave (red). The electron beam is assumed to have sub-
relativistic energy (typically 30-300 keV in ultrafast electron
microscopy and diffraction), so that the vacuum is disper-
sive. Alternatively, a dedicated dispersion section can be
applied. If the laser-electron interaction at the beam modula-
tor is formed such that the laser’s electromagnetic fields cre-
ate some additional electron momentum in the forward/
backward direction, the electron beam obtains a time-
dependent velocity modulation, i.e., a sequence of faster and
slower parts in dependence on the arrival time at the interac-
tion region [yellow line in Fig. 1(b)]. After further propaga-
tion in free space [black arrows in Fig. 1(b)], this momentum
modulation gradually converts the beam into a train of ultra-
short pulses [red line in Fig. 1(c)]. Afterwards, the pulses
over-compress and disperse again [violet line in Fig. 1(c)].
In practice, the time-dependent momentum gain and loss
can, for example, be realized with microwave cavities,! " 1?
with ponderomotive optical gratings in free space,’**' with
terahertz fields,®'>'® or with laser pulses on nanostruc-
tures,”** sub-wavelength arrays,”® or graphite flakes.” If
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long electron pulses and long laser pulses are applied, a train
of attosecond electron pulses emerges’ that is synchronized
to the laser field cycles®®? in a way that allows pump-probe
attosecond diffraction and microscopy of cycle-reversible
phenomena.'

APPROACH AND RESULTS

Here, I report on the quantum dynamics of laser-based
electron pulse compression and in particular, on the temporal
quantum limits that the final pulses must obey. To this end,
classical Monte-Carlo simulations with point particles are
compared to a one-dimensional numerical solution of the
Schrodinger equation in the time domain. In some implied
way, this approach is related to earlier considerations of
laser-electron interaction via photon sidebands in the energy
domain,23_26 a measurement of which allows concluding
back to the time domain via quantum-state-reconstruction.’
The initial conditions are electrons with an energy E, and
velocity vy, for example, Ey =70keV and vo =0.476 c; c is
the speed of light. The laser has a wavelength Aj,. The
incoming electron pulses are assumed to have hundreds-of-
femtosecond durations®’ and a temporal/longitudinal coher-
ence length®® ¢,, which is longer than the laser oscillation
period Tuser = Aiaser /¢, for example &, > 8 fs at 0.2 eV energy
bandwidth vs. Ty = 3.45 fs at ;4. = 1030 nm. Hence, the
initial electron wave function covers more than one laser cycle
coherently,”” which is a prerequisite for proper compression.’
For chirped/pre-dispersed incoming electron pulses,27 the rele-
vant coherence is the local/instantaneous coherence time,
which is given by the instantaneous uncorrelated energy
spread and which is therefore longer than the &, derived
above, which is a lower limit.?® The beam modulation element
is supposed to cause a direct transfer of the laser’s sinusoidal
field oscillations into a sinusoidal momentum change of the
electron beam in time. We treat here the case of long electron
pulses and long laser pulses [see Fig. 1(a)]; the effects of
single-cycle modulation will be discussed below. Potential
phase shifts from modulator resonances® or time-integrated
interactions at metal foils**?’ are irrelevant for laser pulses
with a sufficiently large number of cycles. Propagation effects
within the modulation element are also neglected, that is the
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FIG. 1. Attosecond electron pulse formation by optical-cycle modulation;
see Ref. 3. (a) Basic concept: a long electron pulse (blue) passes by a beam
modulation element (green) that is driven by the optical cycles of laser light
(red). The periodic acceleration and deceleration transform the pulse into a
train of attosecond sub-pulses, which can be used for various space-time-
imaging applications (yellow circle); see Ref. 1. (b) Illustration in the
momentum domain. Initially, there is a sinusoidal momentum modulation
(yellow). During further pulse propagation (black arrows), the electron dis-
persion lets higher-energetic parts catch up with lower-energetic ones
(orange) toward a best-possible compression (red), followed by over-
compression (violet). (c) Illustration in the time domain. Over time (black
arrows), the instantaneous electron density peaks up (red) and afterwards
spreads out again (violet).

electrons pass through the modulator within a time that is
much shorter than half a laser oscillation cycle®?” or in a
phase-matched/quasi-phase-matched  way.”® The mean
velocity vy is modulated in time with a peak amplitude Av,,,,
(defined in the laboratory frame) that characterizes the com-
pression strength and defines the distance to the temporal
focus, i.e., the point at which the electron pulses reach a min-
imum duration. It is further assumed that the temporal focus
is farther away from the laser interaction point than several
laser wavelengths, i.e., the induced electron momentum
changes are low compared to the central momentum,
AV < vo. In other words, the pulses should not substan-
tially reshape while travelling through the beam modulator
or through the temporal focus. The discussion is also
restricted to the physics on the main axis, i.e., to one dimen-
sion, which is justifiable for collimated electron beams in
velocity-matched geometries®?’ without magnetic fields® or
for a beam that is much smaller than the modulating near-
fields.’ Although most of the relativistic effects are
accounted for, the results are intended for electron energies
below the MeV regime. Overall, these approximations seem
well fulfilled in all the experimental attosecond approaches
mentioned above.

A useful parameter for the following laboratory-frame
considerations is the compression strength around the modu-
lation’s zero crossings in velocity-change-per-time units,
given by g, = 2ncAVyar/ iaser = 2T AViax [ Tiaser- To the first
order, the temporal focus can be expected®® at a distance
Lyycus, which is given by

2 2
Vo Vol iaser

5 T 2 AV

Lfocus = ( 1)

Shorter oscillation periods, for example, high-frequency
microwaves®® or—in this work—optical laser cycles, are
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therefore beneficial for achieving a nearby temporal focus. A
closer focus often means shorter pulses, as we will see.

Figure 2(a) shows the results of a Monte-Carlo simula-
tion with 13000 particles per femtosecond as a homoge-
neous distribution in time. The example conditions are Ay,
=1030nm,”" Eg=70keV, v =0.476 ¢, Av,u = =6000 m/s,
&, =8 fs, and T4 =3.45fs. The point-particle electrons
have a random uncorrelated energy spread of 0.2eV (full
width at half maximum), which is a realistic assumption.?’~?
The corresponding velocity spread of ~150 m/s is more than
40 times lower than Av,,,, and hence largely irrelevant for
the results. The colors denote the time-dependent electron
density for increasing propagation times (Z,.p, picosecond
range) that include the temporal focus (dotted line). In the
pulse-shape domain (#,,., femtosecond range), the plot is
restricted to the central region around a single attosecond
peak; there are, of course, multiple such compressions hap-
pening in each of the laser’s multiple cycles; compare Fig.
1(a). The initially homogeneous distribution at #,,,, =0 grad-
ually converts to a singularity at the temporal focus, fol-
lowed by over-compression with the typical side peaks,®>°
which are a consequence of the highest probability of maxi-
mum/minimum electron modulation at the turning points
(cusps) of the sinusoidal acceleration/deceleration; compare
Figs. 1(b) and 1(c). The minimum pulse duration at the tem-
poral focus is ~15 as, which is unrealistic, as we will see.

Figure 2(b) shows the compression dynamics if the quan-
tum mechanics of the electron is accounted for. The Crank-
Nicolson algorithm®® was used to numerically solve the
Schrodinger equation of an initial electron wave function with
the above mentioned parameters. To simplify the computa-
tion, the problem is first taken to the rest frame of the electron
and after the quantum simulations back to the laboratory
frame by Lorentz transformations. The modulation length in
the rest frame becomes vy T} (the packet sweeps with sub-
light speed over the 3.45-fs-modulation) and the peak velocity
gain in the rest frame becomes Av,y ~ Y2 AV, via relativis-
tic velocity addition at Av,,, < vo. The Crank Nicholson
algorithm uses a length step of 1.95nm and a time step (Z0p)
of 0.25 ps. After the simulation, the laboratory frame dimen-
sions, f,,5 and t,,,, are obtained from the proper-time and
length steps via Lorentz back-transformations.

The colors in Fig. 2(b) denote again the time-dependent
electron density of the pulses (that is square of the wave
function, |x//|2) during propagation through the temporal
focus. There are four immediate observations. Before the
temporal focus, the compression dynamics is very similar to
the classical case. At the temporal focus (dotted line), the
pulses are longer and have a finite duration 7. After the
temporal focus, there is a lot of interference and the pulse
splits into sub-pulses. In the very end of the simulated range
(above 45 ps), one can see parts of the adjacent pulses in the
pulse train coming in from earlier and later times, i.e., from
left and right in Fig. 2(b), causing additional interferences.
Figure 2(c) shows the squared electron wave function ’lﬁ|2 at
selected times before, slightly after and far after the temporal
focus. One can see the narrowing of the main peak (black
arrows) to a pulse duration of 228 as (full-width-at-half-max-
imum), but there is also a more or less constant background
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FIG. 2. Quantum dynamics of attosecond electron pulse compression. (a) Electron pulse shape (Z,..-scale) over propagation time after modulation (z,,) if
assuming classical mechanics (point particles). (b) Electron pulse shape with quantum-mechanical effects. The dotted line denotes the location of the temporal
focus. (c) Three snapshots of the quantum-mechanical wave function |W2| shortly after compression (upper panel), slightly after the temporal focus (middle
panel), and somewhat later (lower panel). Evident are coherent interferences that cause the appearance of side lobes and also restrict the minimum pulse dura-
tion of the main peak. (d) Time evolution of the electron pulse duration (full-width-at-half-maximum) for classical particles (dashed line) and the quantum-
mechanical case (solid line). (¢) Shortest-possible quantum-mechanical electron pulse length z,.. (rest frame) and duration Ttz (laboratory-frame) in depen-
dence on the rest-frame modulation strength Av,,s. A quantum limit can be derived by approximation (purple line). The dashed lines denote the conditions

used in (a) and (b).

current for all times, which is initially large [upper panel in
Fig. 2(c)], then gradually decreases towards the temporal
focus [middle panel in Fig. 2(c)], and afterwards converts to
interferences [lowest panel in Fig. 2(c)]. Such a background
current has been predicted® and observed;' it originates
from the temporal de-compression that is caused by every
other laser-half cycle.

Figure 2(d) shows the evolution of the electron pulse
duration during propagation for the cases of point particles
(dashed line) and quantum wave functions (solid line). I
define here the pulse duration as the full-width-at-half-maxi-
mum, which is the usual definition in laser spectroscopy,
because it often corresponds quite well to practically achiev-
able time resolutions at typical single-to-noise levels. The
classical evolution of the pulse duration shows an almost-
zero pulse duration at ~17 ps after modulation. The follow-
ing over-compression has a different rate due to the develop-
ment of a double-lobe pattern in the over-compressed pulses
[compare Fig. 2(a)]. The more realistic quantum-mechanical
case [solid line in Fig. 2(d)] shows almost the same kind of
compression dynamics in the initial stages. The temporal
focus is located slightly after the classical focus; the shortest
pulses have a finite duration of 228 as. Interestingly, this
minimum duration is preserved for a substantially longer
time range as compared to the classical case. This large
depth-of-temporal-focus is a consequence of the quantum
interferences, which tend to first raise a pair of side-pulses
instead of lengthening the main lobe; see Fig. 2(b) and the
middle panel of Fig. 2(c). Later, in the over-compression
regime, the pulse duration increases abruptly in a stepwise
way, as soon as new side peaks of the quantum interferences
reach the chosen half-maximum threshold.

The rest-frame quantum simulations allow deriving
some fundamental relations on the pulse duration. Figure

2(e) shows the minimum electron pulse length z,. (in the
rest frame) at the temporal focus in dependence on the rest-
frame peak velocity modulation Av,es = 9>Avya. The plot-
ted time scale is for the laboratory frame at 70keV. One
finds that a stronger modulation produces shorter pulses [tri-
angles in Fig. 2(e)]. Assuming an indirect proportionality of
the shortest-possible electron pulse length z,., with Av,.,
we obtain the purple fit curve and can extract a phenomeno-
logical equation z,.g ~ 27:i/(m,Av,es). In the laboratory
frame, we obtain a minimum pulse duration of

2h
V3meV0Avmax )

@)

Tfocus =~

This result resembles the uncertainty principle, i.e., a stronger
momentum width corresponds to a more localized wave func-
tion and hence shorter pulses. The fitted factor of ~2 instead
of the usual 1/2 for Gaussian wave packets is a consequence
of the applied pulse length definitions (full-width) and the
complicated shape of the energy spectrum after sinusoidal
modulation.”> Analytical time-domain calculations are in pro-
gress and will be reported elsewhere, but for now, Eq. (2)
should be understood as an approximation. Interestingly, Eq.
(2) is independent of any details of the modulation element
and solely depends on the maximum velocity gain Av,,,, that
is practically achieved. It therefore provides a clear way of
estimating the shortest electron pulses that can be expected
from the given laser pulses and modulation concepts.

It may be interesting to express Eq. (2) in terms of the
laser cycle period Ty, and the location of the temporal
focus, Lfycus. One obtains

47TthbL’us
'))3 meva Tlaser

3

Tfocus =~
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At a given laser wavelength and electron energy, there is a
direct linear relationship between the temporal focus dis-
tance and the achievable pulse duration. For example, if 500-
as pulses are sought for with 70-keV electrons by using a
1030-nm laser, the temporal focus can be as far away as
4 mm, like in our experiment.1 At the same conditions, sub-
100-as pulses could only be expected at sub-mm distance.
Higher electron energies and slower laser cycles are benefi-
cial. For example, at 200keV and with a 2-um laser, sub-
100-as pulses could be produced at a convenient 10-mm
distance.

EXAMPLE DEPENDENCIES

Figure 3 illustrates several such dependencies in more
detail. Figure 3(a) shows how the temporal focus that can pro-
duce electron pulses of a given quantum-limited duration (100
as, 200 as or 300 as) moves farther away for higher-energy
electrons due to their increased vy. Figure 3(b) shows how
short electron pulses can be expected for a given focal distance
(often mechanically constrained in an experiment) and elec-
tron acceleration voltage (often also rather fixed). Figure 3(c)
shows the influence of the laser wavelength. For a given focal
distance (2 mm, 4 mm, or 6 mm) and at the example energy of
70keV, the quantum-limited electron pulses shorten substan-
tially if longer laser wavelengths are used. Laser compression
fields in the infrared or THz regime6 are therefore beneficial,
provided that there is enough laser power available for gener-
ating the necessary modulation strength. The observations of
Fig. 3(c) also explain why quantum effects are not substantial
in the microwave regimes, where rather jitter/synchronization
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FIG. 3. Quantum-mechanical pulse duration limits in dependence on the
electron energy and temporal focus location. (a) Focus position for three dif-
ferent quantum-limited electron pulse durations (blue/dashed, 100 as; pur-
ple/dash-dot, 200 as; red/long dash, 300 as) in dependence on the electron
energy. The modulation wavelength is 1030 nm. (b) Quantum-limited pulse
duration for three different locations of the temporal focus (blue/dashed,
2mm; purple/dash-dot, 4 mm; red/long dash, 6 mm) in dependence on the
electron energy. The modulation wavelength is 1030nm. (c) Quantum-
limited pulse duration at 70keV electron energy for three different locations
of the temporal focus (blue/dashed, 2 mm; purple/dash-dot, 4 mm; red/long
dash, 6 mm) in dependence on the optical modulation wavelength. Longer
laser wavelengths in the infrared make substantially shorter pulses at a given
spot, provided that there is enough optical power available.
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issues or space charge effects restrict the achievable compres-
sion,19’34’35 and not the fundamental limits. The quantum limit
of Eq. (3) may, however, not entirely be irrelevant for THz
compressors with cm-range focal distances.® For example, at
Ey=70keV, with T, ~ (0.3 THZ)71 and Lyyeus =50 cm,
which are roughly the conditions of Ref. 6, we obtain
Troeus = 50 as. The relativistic energies of synchrotrons and
free-electron lasers promise in principle even shorter pulses,*
but applicability of such sources to atomic-scale imaging and
diffraction is restricted by the too short de Broglie
wavelength.

CHIRP AND ISOLATED PULSES

The discussion so far has neglected another effect that
can become substantial if the input electron pulses before the
compression are chirped. Such a time-energy correlation is
natural in laser-triggered electron sources due to some
unavoidable conversion of the emission’s energy spread into
dispersion.®® Space charge effects come on top and dense
multi-electron electron pulses can develop a very clear and
strong time-energy correlation.”” Such long pulses may
locally still be monochromatic enough to have a good
enough temporal coherence to cover more than one optical
cycle, in order to produce efficient attosecond compression,
but there will be a time-dependent dispersion of the central
energy, and therefore, a time-dependent variation of the
arrival time at a given target location. In order words, every
pulse in the pulse train might individually compress rather
well, according to the above simulations, but there might no
longer be a temporal synchronization to the laser cycles that
are necessary in a pump-probe experiment,' for example for
exciting electron dynamics in materials*®* " or metamateri-
als.*! Fortunately, the solution seems rather easy, namely
with laser pulses of different chirp in the compression and
excitation stages, designed such that the optical chirp differ-
ence matches the arrival time dispersion of the electron pulse
train.

Isolated attosecond electron pulses may be needed for
investigating certain dynamics that is not reversible between
adjacent laser cycles, that is processes with time constants
longer than T},,.-. We mentioned several ideas for generating
isolated attosecond pulses in our recent contribution' and are
working on their realization, for example via multi-stage
compression.*> T expect that the temporal compression of
electron pulses by a single-cycle laser should to a large
extent, at least approximately, retain the above derived quan-
tum limits, especially Eq. (2), because the slope and curva-
ture of a single-cycle laser modulation around the zero
crossing is not far different from the shape of a true sinusoi-
dal half-cycle. Multi-color fields'® that linearize the modula-
tion slope can help in producing shorter pulses, but the
simulations show that the quantum limit of Eq. (2) remains
roughly valid even for a saw-tooth modulation.

OUTLOOK

In the long run, attosecond electron pulses, or pulse
trains, promise a direct access to light-driven electronic
motion in materials and nanostructures, in order to visualize
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the spatiotemporal electronic motions that define light-
matter interactions on a fundamental level.*” The above
reported simulations of electron pulse compression by sinu-
soidal laser modulation show that quantum effects play a
major role for the form and final duration of the electron
pulses at the temporal focus. The reported equations will
allow to design future experiments for the required temporal
resolution and to compare the measured pulse shapes to the
fundamental limit.
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