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Wave equations with non-dissipative damping*

Jaime E. Munoz Rivera and Reinhard Racke

Abstract: We consider the nonlinear wave equation uy — o(ug), + a(x)u; = 0 in a bounded interval
L

(0,L) C R*. The function a is allowed to change sign, but has to satisfy [ a(z)dz > 0. For this non-
0

dissipative situation we prove the exponential stability of the corresponding linearized system for small
a, as well as the global existence of smooth, small solutions to the nonlinear system if in particular the
negative part of g is small enough.
1 Introduction
We consider the following nonlinear wave equation
ug — 0 (ug)y + a(z)uy =0 (1.1)
for a function v = u(t,z), t>0, =z € (0,L) CR', L > 0 fixed, with initial conditions
u(t=0) =ug, u(t=0)=wu (1.2)
and Dirichlet type boundary conditions
u(,0) = u(, L) = 0. (1.3)

The function a is assumed to satisfy a € L*°((0, L)) for the part on the exponential stability of
the associated semigroup, and a € C3([0, L]) for the discussion of the nonlinear system, as well
as

L
/a(a:)da: > 0, (1.4)
0

in particular ¢ may change sign in [0, L] or be zero in open subsets.
The nonlinear function ¢ is assumed to satisfy

o€ C}R), dg:=0'(0) >0, and 6" (0) = 0. (1.5)

Remark: This is, for instance, satisfied for o corresponding to a vibrating string,

Y

oy) = 7/@
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Rewriting (1.1) as
upt — dotigg + aup = b(ug)usg (1.6)
with
b(ug) = 0’ (ug) — do = 0’ (ug) — ' (0) (1.7)
the associated linearized system is
Uy — doUgy +aur =0 (1.8)

together with the initial conditions (1.2) and the boundary conditions (1.3).

Since a may change sign we have a non-dissipative system still regarding au; to be a non-local
damping. There are many papers on solutions to (1.1) or on decay rates for (1.1) or (1.8) if
a > 0 ie. if a does not change sign, see for example the papers of Cox and Overton [3], Cox
and Zuazua [4], Kawashima, Nakao and Ono [7], Nakao [9, 10], da Silva Ferreira [14] or Zuazua
[16] and the references therein. If a(z) > ag > 0 is strictly positive, the exponential decay of
solutions to (1.8) and also to (1.1), for small data, easily follows.

Here we consider (perhaps for the first time) a non-dissipative case, and we show that solutions
to the linearized system (1.8), (1.2), (1.3) are exponentially stable when a is a small L*°-function
and satisfies (1.4), i.e. when the mean value of a is positive. This is not “a small data result
perturbing an exponentially stable system” since for a = 0 the system is conservative with no
damping at all. For the nonlinear system(1.1)—(1.3), again assuming (1.4), it will be proved that
a global solution exists for small data provided the negative part is not too large compared to
the mean value of a, more precisely: If oy denotes the decay rate for the linear system,

(u? 4+ u)(t, ) < cre™ 2t ¢ >0,

===

see section 2, and if

_|_

a=a" —a at = max(a,0), a = max(—a,0)

then ¢~ has to satisfy in particular
lla™llzee < a0, (1.9)

see section 3.

In section 2 we shall prove the exponential stability for the linearized system. This is the crucial
part, and the method will be the spectral one characterizing exponentially stable semigroups in
terms of the spectrum of the associated generator of the semigroup. It is possible to give an
explicit lower bound on the decay rate which, in turn, is necessary to make (1.9) a reasonable
condition in the nonlinear case.

In section 3 the global existence of small solutions to the nonlinear system is investigated. Using
the result from section 2 and pertubation arguments the condition (1.9) is shown to be sufficient
to guarantee the global existence and also the exponential stability of the nonlinear system.



Summarizing the contributions of our paper we present a result on exponential stability for the
wave equation when the function a may change sign. We present an explicit description of the
decay rate and of the type of the associated semigroup, and also a discussion of a corresponding
nonlinear problem with global existence and stability. Finally, our approach can be applied to
other one-dimensional models.

We use standard notations. e.g. for Sobolev spaces.

2 Exponential stability for the linearized system

We first consider the linearized system

Uy — dotigy + a(z)uy =0  in (0,00) x (0,L) (2.1)
’U,(O, ) = Up, ’U,t(O, ) = Uz in (0, L) (2.2)
u(-,0) =u(-,L) =0 in (0,00). (2.3)

We assume that a € L*°((0, L)) and satisfies (1.4). Without loss of generality we shall assume
dp =1, (2.4)
see the remarks at the end of this section. The aim is to prove that the energy

L
Fo(t) = % / (2 + u2)(t, 7)do
0

decays to zero exponentially as time ¢ tends to infinity. To do this we introduce the variables

D= Ut — Ug, q = U + Uy

such that

Pt + Pz = —a(T)uy, gt — 4z = —a(z)u;. (2.5)
Since

u_Pta
t 2
we can rewrite (2.1) as
a
Us+ KUy + 5BU =0 (2.6)

where

(2] e (3 ) (1)

The boundary conditions for U are, for ¢ > 0,

p(t,0) 4+ ¢q(t,0) = p(t, L) + q(t, L) = 0. (2.7)



Moreover, we have, for ¢t > 0,

L
/p(t,s) —q(t,s)ds =0 (2.8)
0
and the initial condition
_ o p(07 )
U,.) =Ug:= ( 4(0, ) ) . (2.9)

To verify the equivalence of the systems (2.1)—(2.3) and (2.6)—(2.9), let U solve (2.6)—(2.9) for
appropriate initial conditions. Let

Then

hence there exists a function u with

We can choose u such that u(0,0) = 0. It is not difficult to see that u satisfies (2.1). Moreover,
0 = w(t,0) = u(t,0), 0=w(t, L) =ut,L).

Using u(0,0) = 0 we obtain
u(t,0) =0, t>0.

With (2.8) we conclude

I
0= [ ug(t,s)ds = u(t,L) — u(t,0)
/

hence
u(t,L) =0, t>0,

and we conclude that the systems (2.1)—(2.3) and (2.6)—(2.9) are equivalent.
Let A denote the operator given by

AU == —KU, — gBU

with domain

L
D(A) = { <p> € H'((0,L)) x H'((0,L)) | p(0) + q(0) = p(L) +¢(L) =0, /p(S) —q(s)ds = 0}
0

in the Hilbert space

Hi= {@ € L(0,1)) x LA(0,2)) | [ pls) — qls)ds = o}

q
0



with the L2((0,L)) inner product.

D(A) is dense in H and A is the infinitesimal generator of a Cyp-semigroup {e**};>9. The latter
will be clear after having proved the characterization of the spectrum of A in the next two
lemmata.

Lemma 2.1 A~ is compact.
PROOF:

(i) A~! exists:
Let U € D(A) with AU = 0. Then

pz+g(p+q)=0, —qx+g(p+Q)—0
ple) = —a(@) +c.  pla) =p(0) = 5 [ a(s)ds,
0
L

where c is a constant. From [ p(s) — ¢(s)ds = 0 we conclude
0

p(0) = ¢(0) =

Since 0 = p(0) + ¢(0) we get ¢ = 0 and finally

¢
5

p=q=0.

(ii) AU = —F is solvable for F € H, A~! is bounded:

With

AU = —F is equivalent to
Uy + My(2)U = KF

or
M0 f Mg(t)dt
Ulz) =e 0 Uo —I—/ KF(s)ds

where Uy has to be determined appropriately.

(4 4)-(00)

the corresponding series e Jo Mo(s)ds has only two terms and therefore we have for U =

1 0
(p7 q)la UO = (p()aqoy’ F= (fa g)la Id = ( )7 that

0 1
p _ _
(q) () = (Id

Since

’ 1 1 p
/a(s)ds( 1 )) <qz>
0
i 17 11 £(s)
+0/ (Id— E/a(t)dt< 1 )) ( o) )ds.

S

N | =



The boundary conditions require py + go = 0, hence
P ( P Yo [ 5O Ny [ F&=9) N1 [ oo
<q>(x"<—po)+0/<—g<s>)d O/<—f(8)+g(s)>2s/ (e

L
Then p(L) + g(L) = 0 is satisfied since F' € H. Finally the condition [ p(s) — ¢(s)ds =0
0

determines pg uniquely by

19022LI.J{/L/$(f(s)—g(s))/$ dtdsder/L/mf )+ g(s dsdx}
00 s 00

Hence AU = —F' is uniquely solvable and
1Tl < el Fl,
where || - || denotes the L?((0, L))-norm. Thus 0 € o(A) (resolvent set).

(iii) A~! is compact:
Let (F,), C H be bounded, let U, := A 'F,. Then (U,), is bounded according to
(ii). This implies that (p,,qn). is bounded in H'((0, L)) and hence has a convergent
subsequence in L?((0, L)).

Q.E.D.
Lemma 2.1 implies that the spectrum o(A) of A consists of eigenvalues (\,), only, without any
finite accumulation point.
We wish to prove that for small 1 > 0 and any ¢ > €1 we can choose a small enough such that

for any € € [e1, &)
L
I, := {—— a(z)dr +e+1in | n € R} C o(A) (2.10)

and that

sup (A —A) 7Y < oo. (2.11)
e€le1,e0], A€

For this purpose we shall study A as a perturbation of the following operator Ay, given by
AU = —KUy = ZU

with domain
D(Ap) == { (S) € H'((0,L)) x H'((0,L)) | p(0) + q(0) = p(L) + q(L) = 0}
in the Hilbert space
H = L*((0, L)) x L*((0, L))
with the usual L2((0, L)) inner product. Then D(A) = D(Ay) NH and for U € D(A) we have
AU = AU — WU

W:((l)(1)>

with



Lemma 2.2 A;~! is compact.

The proof of this lemma follows the same steps as the proof of Lemma 2.1.
Hence the spectrum o(Ag) consists of eigenvalues (A,), only, without any finite accumulation

point.

Lemma 2.3 o(Ay) = {—%

o~

a(y)dy + 52 | k EZ}

PROOF: According to the previous lemma, A € p(Ap) is equivalent to the solvability of (A —
Ao)U = F for any F = (f,g)' € H. With

o~ Na—s)— [ aly)dy

0
Eo(z,s,)\) = ( 0 eA(w—s)+ffa(y)dy>

_ ( ei(z,s,A) 0 )
- 0 ea(z,s, )
(2.12)

(A — Ag)U = F equivalent to
U(z) = Fo(z, 0, \)Us + /0 " Eolw, s, VK F(s)ds = (p(x), q(z))’ (2.13)

where Uy = (po,qo)’ has to be determined such that the boundary conditions p(0) + ¢(0) =
p(L) + ¢(L) = 0 are satisfied. With gy = —py these conditions hold if py exists uniquely such
that

0 =po (e1(L,0,\) —ea(L,0,N)) + /OL e1(L,s,\) f(s) — ea(L, s, N)g(s)ds. (2.14)
Therefore
Aeo(dy) & en(L,0,A) —es(L,0,0) =0 < e 2E=Jo awdy _ g
&S A== —i OLa(y)dy-I— @, k € 7.
Q.E.D.

Now we can prove for sufficiently small a the further characterization of the spectrum of A given
in (2.10) and (2.11). Let €1 € (0, 7 fOL a(y)dy) be arbitrary (small), but fixed.

Lemma 2.4 For any gy > €1 there is ag > 0 such that if |a|p~ < ag then we have

(i) Ve € [e1,e0] : Te = {—5 [a(z)dz +e+in | n € R} C o(A).

o

(ii)  sup (A=A < oo.
e€[e1,60], AELe

PROOF: Fix g5 > 0. According to Lemma, 2.1 we first have to show, for any admitted e, that
for A € I'; the equation (A — A)U = F is solvable for any F' € H. We shall use a fixed point
argument to prove this. Now let F' = (f,g)’ € H be given as well as A\ € T'.. Let

d: H—H, V-o>U=00V



be defined as solution U = (U1, U3)’ to
(A= AU =F — gWV
which is well defined by Lemma 2.3 since A € p(Ap). By (2.13) and (2.14) we have
Ulz) = (®V)(z) = Bo(z,0, )Ty + /0 " Bo(z,5,2) (KF(s) - a(Z—S)KWV(s)) ds  (2.15)
where Uy = (pg, —po) with

I e1(Lys,2) (£(s) = “S2Va(s)) = ea(L5,2) (9(s) = 252Vi(s)) ds
€9 (L, 0, A) — €1 (L, O, /\) )

po = (2.16)

Let
Ul=aVI, j=1,2.

Then
U(w) — U2(x) = Bo(z, 0, \) (UL — U2) + /0 " Bo(z, 5, 0) (@KW(W(S) - Vl(s))) ds.
This implies
U (z) — U?(z)] < crel@=t)ll |yl — U2] 4 ¢peltoteolly /O : [Vi(s) — V3(s)|ds  (2.17)

where
Qoo = ||a||L°°((O,L))

and c; denotes here and in the sequel a positive constant at most depending on ;. We conclude
from (2.16)

1 9 cre (aco+€0)L afoo / 1
Uy —U V d 2.18
1Us ol < smh (e1L) | )| S- ( )
The last two inequalities yield

||U1 o U2||2 < Cl(aooe(aoo—l—sO)L)QHVl _ V2||2.

Hence @ is a contraction mapping for
Ao < Qg

with ag = ag(gg) > 0 sufficiently small. Let U = (p, q)’ be the unique fixed point. It satisfies

AU + KU, + %BU ~F. (2.19)

By definition we have U € D(Aq) C H. Since F € H we obtain by integration of (2.19)

0= [ 16 ~ghds = [ pls) ~al)ds + [ 0+ aalo)ds
= /\/0 p(s) —



Without loss of generality we can assume that A # 0. Then we conclude
UeD(A) and (A— AU =F.

This proves A € p(.A), and hence assertion (i). In order to prove assertion (ii) we estimate the
inverse (A — .A)~! as follows. Let U be still the fixed point, and let

U= ®(0)
or, in other words,
(A — AU =

Then we get
U= U < [IU-Ul = [eU - 2U| <d|U]||

where d < 1 describes the contraction mapping property and depends on a.. It follows
1 .
Ul < ——||U].
V) < s 17
On the other hand we obtain from (2.15), (2.16) (cp. (2.17) (2.18))
T < craceeltteo)t T/l
where ¢; = ¢1(e1) — o0 as €1 — 0. Hence we have proved

1
I = A7 < craoeel b0t —

which proves the assertion (ii).
Q.E.D.
Since A — 7 is dissipative for 7 large enough — e.g. for 7 = N|ja||p~, N large enough, fixed —,

we can fix g large enough — e.g. gy > 5 fOL a(y)dy + 3179 —, in order to deal with resolvents
(A —A)~! for any X with R\ > £;. This yields

Theorem 2.5 For fized e1 € (0, —1 fOLa(y)dy) there is ag > 0 such that for ||lal|ze((0,2)) < @0
we have

(i) ws(A) ;== sup = —% fOL a(y)dy) +e1 < 0.
RA; A€o (A)

.. _ _1
(ii) SuP?R/\Z—%fOL a(w)dy) o1 (A —=A)~H| < oo.

Hence we conclude by well-known characterizations of Cy-semigroups (see e.g. [8, Thm 1.3.1])
the exponential stability.
Let
Et) = U@, )P = |4 Uo]?

be the associated energy to (2.6)—(2.9). Then
e ta )
Ut + Ug

)|

L
= /ut-i-u )(t, z)dz.
0

gt) =




Theorem 2.6 Under the conditions of Theorem 2.5 we have
Jeg > 0T >0VE>0: E(t) < cpe 2tE(0).

Using Theorem 2.5, a result of Neves, Ribeiro and Lopes [12] saying that the essential type

we(A) is given by
1 L

~3% )

as well as using the general characterization (see [11])

we(A) = a(y)dy- (2.20)

wo(A) = max{we(A), ws (A)},

where wg(A) denotes the type of the semigroup,

Infle”|

wo (.A) = lim

t—00 t

Using this we can establish

Theorem 2.7 Under the conditions of Theorem 2.5 we have
. L
Jep>0Fap =y (—/a(w)dx) >0VE>0: &(t) < coe 221E(0).

L
0

ag can be chosen as any number —a with

1 L 1 (L
a>—— d .g. = — d
0>a> 2L/0 a(ly)dy +e1, eg. o 4L/0 a(y)dy

We finish this section giving some higher norm estimates. Differentiating (2.1) with respect to
2
(Ofw)u — (0lu)as + a(z)(Ou)e =0, jEN,

and using the fact that derivatives with respect to x can be computed from the differential
equation successively, we get as a consequence of a € C°([0, L], R), and a € C*~2([0, L], R) if
s > 2 the following theorem.

Theorem 2.8 Under the conditions of Theorem 2.5 we have

) )

where aq is given in Theorem 2.7, and the data are assumed to be sufficiently smooth and to

VseN 3C,>0 Vt>0-: < Cye ot

H#((0,L1)) H#(0,L)

satisfy the usual compatibility conditions.
Remarks:

1. It would be also possible to replace the smallness of ax = |lal[ze((0,z)) by an arbitrary
prescribed bound on ay and then choosing L small enough.

2. In Theorem 2.7 we only used a € L*°((0, L)).

10



3. Without loss of generality we studied the equation
Ut — dOu.’ME + &(l')ut = 0’ T € (07 L)a

for dy = 1, because if dp > 0 is arbitrary we may define

v(t,y) == u(t, Vdoy), yE€ (O, %) .

Then v satisfies

- L
Vi — Vyy +a(y)vy =0, yE€E (O, ﬁ) ;

for which Theorem 2.7 can be applied directly replacing a by @ and L by L/+y/dy. The

L//do L
decay rate ag = @ J a(y)dy | turns into &y = o % Ja(y)dy | again since
0
L/\/do L
@ of a(y))dy = %Ofa(a:)ds.

4. The question of validity of a conjucture of Cox and Overton [3] on the optimality of
constant damping is not touched by our results since we only discuss sufficiently small
a and stay beyond we(A). But also the counterexample to this conjecture by Freitas [5]
essentially, not exclusively, based on numerical evidence, is not underlined here; see Castro
and Cox [2] for a recent discussion.

3 Global existence for the nonlinear system

We now return to the nonlinear system (1.1)—(1.3) assuming again the positivity of the mean
value (1.4) and also the condition (1.5) on the nonlinearity, which, for example, is satisfied in
the classical model for a nonlinear string, where

u

o(ug) = =

VIt+uZ

After recalling the local well-posedness it is the aim to prove a global existence result for data
(ug,u1) being sufficiently small in H*((0, L)), and, quasi simultaneously, to obtain the exponen-
tial stability. The method used imitates that one which is well-known for nonlinear evolution
equations and systems, see [13] for a presentation of the general approach for Cauchy problems
(x € R", no boundary). Here we shall have to prove so-called high energy estimates and a
weighted a priori estimate — describing the expected exponential decay — for a boundary value
problem and a non-dissipative problem reflected in the possible negativity of the function a. To
deal with the latter the condition (1.9) on the negative part of a, i.e.

la™ ||z < g,

will be used.

Observing that the term a(z)u; is of lower order, we can recall the following local existence
theorem, see for instance [1] or [6, p.97].

11



Theorem 3.1 There is T =T (||(uo,u1)||gexgs) > 0 such that (1.1)-(1.8) has a unique local

solution .

u € () C*(0,T], H*7*((0, L)) N H((0, L)) N C*([0, T, L*((0, L))
k=0
Remark: Of course ug, u; have to satisfy the usual compatibility conditions.
Now we turn to the high energy estimates. For this purpose it is useful to rewrite (1.1)—(1.3)
as a first-order system for

V= (ug,ug)'.
Then V satisfies

V(t = 0) = (u1,8zu0)' =: V()

The first formally defined operator A generates a Cy-semigroup as usual, for F' = 0 the solution
V is given by
V(t) = eV,

and the (local) solution to (1.1)—(1.3) satisfies
¢
V(t) = eV + / 1A BV, V) (r)dr- (3.1)
0

From section 2 we conclude that
Vo= (ug, uy)

as solution of the linear system (1.1)—(1.3) written in first-order form satisfies
V(t) =V (t=0)
with a Cy-semigroup {etA}tZO satisfying
IV (@O)llzs < ese™ |V (E = 0)| s (3.2)

for s = 0,1,2 (cp. below). This follows from Theorem 2.1 for s = 0 and obtained for s = 1,2
by differentiating the equation (1.8) with respect to t one and then twice, as well as using the
differential equation to obtain information for derivatives in z. Let

U = |la” || Lo (3.3)

in the sequel we assume without loss of generality that u, is small enough a priori, i.e. such
that o'(uz) remains strictly positive (near uy = 0, cp. (1.5)), or in other terms we can assume
that there is 7 > 0 such that

d
do — bug) > 50 >0  if  |ug/<np<l (3.4)

12



Lemma 3.2 There are constants ce,c3 > 0, not depending on Vy or T, such that the local
solution given in Theorem 3.1 satisfies for t € [0,T]:

_ t
IV (#)[|%s < cal|Vol|2sete Jo V@ g2 HIVE2 IV (), 5 )dr

PROOF: Multiplying

ugt — dotgg + au = b(ug)ugy (3.5)

L
by u; in L? we obtain (f = f)
0

1
5% uf—kdouid:c = —/aufd:ch/b(ux)umutdw (3.6)
< /a ut /(3 b(ug))ugurds — /b (Ug)ug gy
= [14+12+13,
1 /
12 < S (sl [ 2+ uids (3.7)

IA

eIVl /u +ulde
where ¢ will denote a constant not depending on V° or on 7.

13 — —Ea/buw Yuldz + - /8tb ug)) (3.8)
= 131+ 1.3.2.
The term 1.3.2 can be estimated in the same way as 1.2 in (3.7):

11.3.2] < ¢|| V|2 /u2 (3.9)

The term 1.3.1 can be incorporated into and be dominated by the left-hand side of inequality
(3.6) after an integration with respect to ¢ later on, since

/13 1(r /b(uz)u dz + - / up(t = 0))ul (¢ = 0)da. (3.10)
Summarizing (3.6)-(3.10) we have proved
V)22 < cllVollz + /((130 + V() m) IV ()32 dr. (3.11)

In order to get estimates for the higher-order derivatives of V' (resp. u) we differentiate equation
(3.5) with respect to ¢ to get

Uty — doUtae + Aty = b (Ug)Ugtee + D(Us ) Utge- (3.12)

13



Multiplying by us; in L? we obtain

ld

T u?t—l—doufzdx < /agouftdav-l—/b(uw)utmuttdw—k/b'(uw)uwtumuttda:

= 144+15+1.6.

The term 1.5 can be treated like the term 1.2 + 1.3 from (3.6), see (3.7)—(3.11).
1.6 < ¢| V] > /uzt + 2 da.
Observe that the differential equation (3.5) yields the estimate
[ugsl” < e(fur|? + |uel).

Thus we obtain from (3.11), (3.13), (3.14)
¢

V@) < clVollz + /(a’go +ellV ) la) IV ()17 dr.
0

Differentiating the differential equation (3.12) once more with respect to ¢t we get
Uttt — dO'U'ttxx + AUttt = b”(um)uitumm + b,(uz)uzttuxm + 2bl (uz)uxtuzzt + b(ux)utth-

Multiplying by s in L? we obtain

1d _
¥ uftt + doufmdax < / aoou?ttdw + / b"(uz)uitumutttda}
+ /  (ug ) ugtr gzt ds

+2 / b (Ug ) ugtUpprupeds + / b(ug) Ustgg U de
= I7+I18+19+1.10+1.11.

The term I1.11 is again dealt with like 1.2 + 1.3 in (3.7)— (3.11).
|2.8] + [1.9] + 1.10] < c([[V I3 + [V 2) /u?ct +ugy +uy +ugy + ugyde.

Hence we obtain from (3.16), (3.19) using (3.12) to estimate sz,

t
V@Il < clVolge + /ao_o + (V)2 + V@)V (r)[2dr.
0

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

The final estimate is obtained after differentiating the differential equation a last time with

respect to ¢ yielding

o " 3 1
Uggter — AoUsttzz + gy = b7 (Ug)Uppter + 3" (Ug) UgiUsttUss

+3b”(u$)u;2ctu$$t + b (uw)uztttuzz + 3bl(uz)uzttuzzt
+3bl(uw)uztu;vxtt + b(uw)utttzz

18
3 6.

j=12

14

(3.21)



Remark: The derivatives of order five are formally not defined but the estimates aimed at will
only involve derivatives of order four. A usual approximation argument with data Vo € H((0,2))
and the lower semicontinuity of the norms justifies our calculation finally for Vo € H3((0,2))

only.
A multiplication of (3.21) by wuyyy in L? yields
1d 2 2 - .2 S

j=12

The term [ 013uyydz can be dealt with like 1.2. + 1.3 in (3.7)—(3.11). The terms [ 0;uy,dx for
j # 16, 18 can be estimated easily as before by

17
> /Qi“tmdz < c(lVliaz + IVIIZe + VIV s (3.23)
Jj=12
Jj#16

The only more difficult term is

/
/ Oreuse = 3 / b (U ) Ugtt Ugzt Uterr T

involving three factors of order at least three. This term is estimated as follows using the
Gagliardo-Nirenberg inequality.

‘/bI(U$)Uttwutwwuttttd~'E < c||b (ug)ustel 2 ||t | o2 (3.24)
< CHbI(Ux)UtthtwwHL?||V||H3-
||bl(“5v)utt$utzz”L2 ||8Z(b,(uw)“tt)aw(“tw)||L2 + ||b”(um)“zzuttutm”L2 (3.25)

<
< 105 (6 (ug)uee) Oy (uea)|| L2 + €|V |32 IV || 3.

Using Young’s inequality and the Gagliardo-Nirenberg inequality, and observing L® « H', we
conclude

”a:c(bl(u:c)utt)ax(utw)||L2 Haw(bl(uw)utt)HL4||6:c(utw)||L4 (3.26)

1/2 1/2 1/2 1/2
elIb (u st || 23 10 (Y| 2 Nt | s |

IA A

1/2

1/2
& (16 (Y oo | r2) 7 (18 (Va2 s )
< (It (ua)urllooo w2 + [Jutell Lo 16 (uo ) el r2)
< cVIg2lV g

From (3.20) and (3.22)—(3.26) we conclude
¢
IV®Zs < cllVollfs + /a’go +e(IVIaz + IVIGe + IVIE) )V ()| adr
0

which yields the assertion of Lemma 3.2 using Gronwall’s inequality.

Q.E.D.

Next we want to prove a weighted a priori estimate for |V (¢)||g2-

15



Remark: Observe that we did not yet use the assumption (1.5) requiring '(0) = ¢”(0) = 0.
Indeed, with this assumption it would be possible to remove the linear term ||V (¢)||};. in the
exponential in the estimate for ||V (¢)| gz in Lemma 4.2, i.e. the estimate would read

¢
e fUIVIR L+ IV, )dr
V)%s < C|W 2 setote 0 ” " 3.27
H H

and without loss of generality the a priori boundedness — being proved a posteriori — of
IV (t)|| 72 would be used to achieve

t
_ UVl pdr
IV ()% < C||Vo||4aele o "~ (3.28)

Since we aim at exponential decay it will not matter if we use (3.28), (3.27) or the statement of
Lemma 3.2.

Using the representation (3.1) and Theorem 2.8 — observing that the nonlinearity satisfies the
compatibility conditions to estimate the H?-norm — we can estimate

t
VOlaz < e Vol +/|Ie(t*T)Af(V, Ve ) ()| g2 dr (3.29)
0

t
< e Vollg: + o / == F(V, Vy) || 2dr
0

and it will be in the following estimate for || F'(V,V;)| 2, where we really use assumption (1.5)
to get an estimate we need later on in the weighted a priori estimate.

Lemma 3.3 3¢ > 0YW € H? : |[F(W,Wy)ll 2 < cl| W2 |W | 5.

PROOF: (cp. [13] in R*) Let u:= W1

1
Using b(7) = [ b"(utv)dvudut? we obtain
0

16(uz)ueallmz < c(Ib(ug)llcolltae || g2 + Ib(a) || 2]t o~ )

IN

c(luallfoe sl s + lusllzoo [tz 2o |luz 2)

IA

cllW 7 Wl s
Q.E.D.

Using Lemma 3.3 we conclude from (3.29)
¢
IV (@)l 2 < ce™ ([ Vo| 2 +C/e_a"(t_”llV(T)ll?p||V(7")||H3d7" (3.30)
0

which is the starting point to prove the following weighted a priori estimate.

16



Lemma 3.4 For 0 <t<T let

Ma(t) = sup (e [V ) )
_r_

where 0 < 19 < ap. Let (1.9) be satisfied, i.e. az, < dy. Then there are My > 0 and 6 > 0 such
that if |Vo|lgs < & we have for all0 <t < T':

Ma(t) < My < o0
My is independent of T (and of Vp).

PRrOOF: From (3.30) and the energy estimate in Lemma 3.2 we conclude

o
o0
ZTX

t
VOla < CHVOHH26_a0t+C/e_ao(t_r)||V("')||%I2||VE)HH36
0

e [V g2 HIVOI2 5 +HIV IR, 5 )dr
Xe o dr

If |[Vollgs <6 (6 to be determined) we get

¢
e LUV g2 HIVEOIR IV )dr agr
cde= 0t 4 cfe 0 H H2 H2 /e_ao(t—r)e%)_“V(r)H%IZdr

0

VOl >

IA

t
(Mo (t)+M2(t)+M3(t) [ e=20" e~ 20" e=3%0"dr
coe ! 4 che 0 X
t u—
a T
O

0

IN

which implies
Molt) < b+ coecMOFME+M0) o (3.31)

¢

_ _ %00, _

x M2(t) sup eaot/e @0(t=T) 5T 2007 g
0< t<oo

Since by assumption (1.9) it easily follows that

¢
_ _ %00,
sup eo‘ot/e ao(t=1) 52007 g < ¢ < 00
0< t<oo

we obtain from (3.31) for 0 <t < T*:
My(t) < ¢b + 6 M2 (t)eCM2(O+M () +M3(1) (3.32)
By standard arguments (cp. e.g. [13]), considering the function

f(w) = C(S(]_ + chec(z+$2+$3)) .

17



it follows that Ms(t) is uniformly bounded by the first zero My of f provided ¢ and M>(0) are
sufficiently small.
This proves Lemma 3.4.

Q.E.D.

Now we can formulate and prove the main theorem on global existence and exponential decay.

Theorem 3.5 Let the assumptions (1.5) and (1.9) be satisfied. Then there exists 6 > 0 such
that if ||Vol||gs < 0 there is a unique global solution u to (1.1)—(1.3) satisfying

3
ue [ C* ([0,00), H*5((0, L)) N H((0, ) N C*([0,00), L2()).
k=0

Moreover there are constants co = co(Vy) > 0 and ¢1 > 0 such that
IV(#) > < coe™

and
V() |lgs < ci|Vol gse=?, t>0.

PRrOOF: From Lemma 3.2 and Lemma 3.4 we conclude for the local solution

t
e AV g2 HIV N2 IV, ,)dr

teo

V®llas < cllVollgse®™

N

Mot M3 +M3)

IA

cl[ Vol prae®>tet
S C||‘/0||H3eagota

¢ being independent of ¢ or Vj, from where the global existence follows by the usual continuation
argument. The claim on the exponential decay of |V (t)|| z2 now is a consequence of Lemma 3.4.

Q.E.D.
The assumption (1.9), i.e.
a5 < 2ap
together with the explicit estimates for o from section 2 just requires that the possibly existing

negative part of a is not too large in comparison to its positive part.

Acknowledment: The authors thank Farid Ammar Khodja and Assia Benabdallah for dis-
cussions and for bringing the papers [2, 3, 4, 5] to their attention, and also for mentioning the
relation of [12] to section 2.
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