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Abstract

In [MS09], Yvon Maday and Julien Salomon introduce an algorithm for the reconstruction of op-
erators in the context of quantum systems. This algorithm shows good results in the numerical
application. However, no convergence theory has been developed so far. In this work we inves-
tigate the algorithm in the setting of a linear ordinary differential equation, present problematic
cases and establish assumptions under which convergence is guaranteed. We also develop working
improvements to the algorithm, demonstrate their performance in numerical examples and discuss
numerical instabilities.

Hereafter, we give a detailed description of the algorithm in its original form and setting. In this
context we introduce monotonic schemes as an efficient method to solve optimal control problems
for quantum systems.

Finally, we apply one of the improvements from the linear setting and show, with the aid of numer-
ical experiments, that it also has a positive effect on the algorithm’s performance for the solution
of reconstruction problems governed by quantum systems.

Zusammenfassung

In [MS09] entwickeln Yvon Maday und Julien Salomon einen Algorithmus zur Rekonstruktion von
Operatoren im Kontext von Quantensystemen, der gute Ergebnisse in der numerischen Anwendung
liefert. Bislang wurde hierfiir jedoch noch keinerlei Konvergenztheorie vorgestellt. In dieser Ar-
beit betrachten wir den Algorithmus im Rahmen einer linearen gewchnlichen Differentialgleichung,
zeigen problematische Falle auf und erarbeiten Annahmen, unter denen die Konvergenz garantiert
werden kann. Zudem entwickeln wir Verbesserungen fiir den Algorithmus, demonstrieren ihre Per-
formance in numerischen Experimenten und diskutieren numerische Instabilitaten.

Anschlielend geben wir eine detaillierte Beschreibung des Algorithmus in seiner urspriinglichen Form
und seinem urspriinglichen Rahmen. In diesem Zusammenhang fiihren wir sogenannte “monotonic
schemes"” ein, als effiziente Methode zur Lésung von Optimalsteuerungsproblemen fiir Quanten-
systemen.

SchlieRlich libertragen wir eine der Verbesserungen aus dem linearen Fall und zeigen anhand eines
numerischen Beispiels, dass es auch im Fall von Rekonstruktionsproblemen mit Bezug zu Quanten-
systemen einen positiven Effekt auf die Performance des Algorithmus hat.
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Introduction

Operator identification is a challenging topic in many fields of mathematical application such as
physics in general, chemistry and engineering. Especially for the topic of Hamiltonian identi-
fication in the field of quantum mechanics, the physics literature has constantly been enriched
with new results over the last years (see e.g. [DR14,WDQ™'18XWLJ19,ZS14]). Correspondingly
different numerical methods have been developed from the mathematical side. Some of these
strategies are applied more in the online phase of the procedure, meaning that they make use of
laboratory data given by the experiment (see e.g. [BMR09,[LBMRTO07|). The strategy that we
will investigate in our work (see [MS09|) does most of the calculations during the offfine phase,
meaning it does not require any laboratory data to be provided on the way.

The algorithm developed in [MS09] is a greedy-type method for the reconstruction of an unknown
dipole moment operator in a Schrodinger-type equation. By reconstruction we do not only mean
the process of solving an inverse problem (the identification) but the entire process of finding the
respective operator. In this particular case the first and main part of the strategy consists in the
generation of selective laser fields such that the final identification has a better chance of finding
the true dipole moment operator. In the second phase these fields are then applied to the true
model in order to generate the laboratory data. These observations are then used in the third
and final phase to identify the unknown Hamiltonian by fitting the data from the experiment
with theoretical simulations for the same laser fields. Although we solve many inverse problems
during the first step and one in the last step, the full procedure of this algorithm is, in some
sense, more related to the idea of a design of experiment (see |[Atkl11]).

To acquire the selective laser fields, we also have to solve a series of optimal control problems. In
fact, the first step of the algorithm is a constant interplay between solving inverse problems and
optimal control problems. In the context of quantum systems, the idea of monotonic schemes
has shown to be an efficient strategy in order to solve these kind of optimal control problems
(see [IMST06,[Sal07, TKO92,ZRIS]).

The thesis is structured as follows:

In Chapter (1| the algorithm is analysed in the setting of a linear ordinary differential equation.
The relation between existence of feasible controls and observability of the system is investigated,
leading to the definition of sufficient conditions for the convergence of the algorithm. Based on
the findings regarding the observability of our system, improvements will be introduced and
tested in numerical experiments. As a last step some numerical instabilities are being discussed.

In Chapter 2| the algorithm is described in its original setting of a Schrédinger-type equation.
The main focus of this chapter will be the introduction of monotonic schemes. We will show two
different approaches and prove convergence for the one used in the numerical experiments. In
the last part, an improvement from Chapter [I] is reintroduced and investigated on the basis of
numerical experiments



CHAPTER 1

Linear system

1.1 The identification problem and a greedy identification algorithm

1.1.1 Problem formulation

Consider a state y that evolves according to the linear ordinary differential equation (ODE)

{y(t) = Ay(t) + B*€(t), te€(0,T]

y(0) = yo, )

for an initial condition yo € RN and a control function € € E,y, where E.q is a non-empty,
closed, convex and bounded subset of L2(0, T;RM). The system matrix A € RV*N is assumed
to be known. The goal is to reconstruct the unknown control matrix B* that lies in the space
spanned by a basis B = {By, ..., Bk} € RM*M with 1 < K < NM. In order to find B* one uses
experimentally some control functions € and measures at some fixed time T > 0 the quantities
Cy(T), obtained by the different control functions. Here C is some known observer matrix
C € RPN (P < N). Moreover, we assume that the measurements are not affected by any type
of errors (like noise). Using the measured data Cy(T ), one can also simulate numerically at
time T for any control matrix B € B, using the same controls €, and compare the numerical and
experimental results.
In this setting the goal is to find a matrix B € B for which the difference at time T between the
experimental data Cy+(B*, €) and the numerical data Cyr(B,€) is the smallest for any control
€ € E,y. In other words we want to find the matrix B that solves
min max |Cyr(B",€) — Cyr(B.€)|I”, (2)
BeBeckE,
where |[|-|| denotes the Euclidean norm and yt(B,€) is the solution of at time T for the
control matrix B and the control e:

;
y1(B,€) = ey, +/ e(T=9)ABe(s)ds.
0

Notice that we implicitly assume that the linear system corresponds to the true laboratory
model. For this reason the experimental data are denoted by Cyt(B*,€), where B* is the true
matrix of the laboratory system.

K

Since we know that B* = >~ a:B; = B(a*) for some a* = [a], ..., aj]” € R we can

write the numerically guessed matrix B in the same form B(a) = Zszl a;B; and hence rewrite

problem as
min max ||Cyr(B*,€) — Cyr(B(a) €)|?>. (3)

acRK eEE,y

However if we wanted to directly solve this problem we would have to try many different linear
combinations B(a) and therefore perform a lot of experiments for many different controls.

The idea presented in [MS09| is to look at the problem from a different point of view. The
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algorithm introduced in |[MS09| does not consider (at first) any experimental data from the
system with the true control matrix B*. Instead it tries to iteratively find a set of controls
(G €/) C E,q that attempt to maximize the identifiability of the system and separate the

observed numerical solution at time T for any two different linear combinations B(a), B(&).
With this set of controls one then solves the least-squares problem

K
min > [[Cyr(8.¢) - Cyr(Bl@). &), (4)
j=1

where K laboratory experiments have to be performed.

Remark 1
The problem can also be formulated more generally as a linear problem, see [MS09, Section

6/.

Obviously a* solves problem . The question remaining is whether all solutions of also
solve . One case where this would be true is when B* is the unique solution to . We will
discuss assumptions for this and other scenarios in Sections and [1.3]

Since a priori we might not know a basis B with dimension K < NM such that B* € span(B),
we will in a first stage consider a full basis of the matrix space Matyp(R).

Assumtion 1
Let K = NM.

1.1.2 Introduction to the algorithm

In the case of our linear ODE, the algorithm in [MS09| can be written as:

Algorithm 1 Greedy Reconstruction Algorithm

Require: A basis B= (B, ..., Bnm)-
1: Solve the initialization problem

max ||Cy7(Bi1. €. (5)
€€Ead

which gives the field €' and set k = 1.

2: while Kk < NM —1 do
3 Fitting step: Find (aj’-()jzl ,,,,, « that solve the problem:

k
min 3 [[Cyr(Biia ) — Cyr(Bla). &) (6)
j=1

k+1

4:  Discriminatory step: Find € that solves the problem:

max [ Cyr(Bira.e) - Cyr(Blab). ). (7)

@

Update k < k+ 1.
6: end while

1.1. THE IDENTIFICATION PROBLEM AND A GREEDY IDENTIFICATION ALGORITHM 7



Let us briefly explain Algorithm [I. The idea is to generate controls that separate the ob-

servation of system at time T for the different elements Bi, ..., Byy, making possible the
identification of their respective coefficients aj, ..., a},, when solving problem (4). The initial-

ization is performed by solving the optimal control problem . Here we maximize what can be
observed at time T for the system

{y(t) = Ay(t) + Bae(t)
y(0) = yo.

Remark 2

This initialization is somewhat arbitrary as mentioned in [MS09, Section 3.1]. However, this is
generally not true: an arbitrary initialization can lead to some problems concerning the conver-
gence of the algorithm. We will discuss the relevancy of the initialization for the convergence in

Section |[1.2.5.1 and present an tmproved choice in Section|1.3.1.1,

In each following iteration we consider the next By41. First we perform a fitting-step, meaning
that we solve the finite-dimensional minimization problem (6]). Here we want to find a linear
combination of the previous By, .. ., By that yields the same or a similar solution at time T for
the system for all previously computed controls €', .. ., €.

In other words, we compare the two systems

{y(r) = Ay(t) + Bipr€(t) {y(r) = Ay(t) + 31 aiBie(t)
y(0) = yo. y(0) = yo.

for j € {1,...,k} and try to find an a € R for which their observed solution at time T are
as similar as possible. We denote the computed vector by a*. The fitting step is followed by a
discriminatory-step that uses the computed a*. This step consists in solving the optimal control
problem . Here we compute a control €1 that splits the solutions obtained at time T with
By+1 and the linear combination obtained in the previous fitting step. In other words, we again
look at the two systems

y(t) = Ay(t) + Brri€(t) y(t) = Ay(t) + X5 akBie(t)
y(0) = yo, y(0) = yo.

this time with fixed coefficients af( and a variable control €. We try to find an € € E,4 for which
the observed solutions at time T of both systems are most distinct from one another.

Remark 3
The fact that each generated control is a solution to a mazximization problem is the greedy char-
acter of the algorithm.

1.1. THE IDENTIFICATION PROBLEM AND A GREEDY IDENTIFICATION ALGORITHM 8



1.1.3 Well-posedeness

In this section the goal is to show that problem and the three problems in the algorithm,
namely (5)), (6) and (7)), are well posed.

1.1.3.1 Main identification problem

Proposition 1
The least-squares problem 1s well posed.

proof. The problem is finite dimensional and the cost functional is bounded from below (by 0).

The problem is in fact equivalent to a quadratic optimization problem minK <a* —a, W(a* —a)>,
acR

where W is a symmetric positive semi-definite matrix (see Section . Therefore a minimizer
exists. O

1.1.3.2 Initialization problem

Proposition 2
The initialization problem 18 well posed.

proof. We denote by J; the cost functional of (5), that is

Ji(e) = ||ICyT(B1,e)|”.

First we show that J; is bounded from above. We have

.
ICyr(B1.€)l = HCe“‘yo + / CcelT=94B e(s)ds
0

.
< ||Ce™yol| + H/ CelT=9)ABe(s)ds
——— 0

=:1cp<o0

IN

-
/ e(T=9)AB,¢e(s)ds

co + [IC]|
~~ /o

<oo

-
o+ C1/ He(T’S)ABle(s)H ds
0

IN

IN

]
o+ c / 1eT=A1 11| lle(s)]lds
0 S———

<oo <oo

1.1. THE IDENTIFICATION PROBLEM AND A GREEDY IDENTIFICATION ALGORITHM 9



IN

o+ 2 €l Lo, rmy

< o+ cs €l 20, 7.mm) (%) since Eog C L2(0, T;RM) is bounded
————
)
<cp<oo
< Cs,

for some c5 > 0, which is independent of €. Therefore J; is bounded from above.
Since E,q4 is non-empty, we can find a maximizing sequence {€"},en C Eaq,

lim Jy(€") = sup J;(€) =: J.
n—oo eeEad

E.q is also weakly compact in L2(0, T;RM), since it is a closed, convex and bounded subset of
L2(0, T;RM). Hence there exists a weakly in L2(0, T; RM) convergent subsequence €” — & € Eq.

Notice that y7(B1,€) is the solution at final time T of the differential equation

{y(t) = Ay(t) + Bie(t), te(0,T]

y(0) = yo, ®

By Carathéodory’s Existence Theorem, for each € € E,4 there exists a unique solution y = y(€) €
AC([0, T]; RN). With this we define the sequence {y}sen as y5 = y(e") C AC([0, T];RN). By
similar calculations as at the beginning of the proof we can show that {ys}sen is (uniformly)
bounded in L?. Recalling |8/ and that E,4 is bounded, we obtain that {y}sen is also bounded in
HL(0, T,RY). Since H'(0, T; RV) is reflexive there exists a subsequence {y#, }xen that converges
weakly in H(0, T;R"V) and, by the Sobolev compact embedding H*(0, T;R"N) € C([0, T];RM),
uniformly in C([0, T]; RV) with limit y € H*(0, T;RN) n C([0, T]; RN).

Since € — € in L2(0, T;RM) and y;, — ¥ uniformly in C([0, T]; RV) we get
t t
ey (0) + /0 elt=9)ABeM (s)ds  —  ety(0) + /O e(t=9)ABE(s)ds, (9)
where we use that the map € — fot e(t=5)ABe(s)ds which means that y(t) = Ay(t) + BE(t) a.e.

in (0, 7) and y(0) = yo. Therefore we obtain ¥y = y(€). Now by continuity of the norm and
matrix-vector multiplication we have

J= lim Je™) = lim [[CyE )M = ICh@)XDIP = J@.

This implies that € is a minimizer for the initialization problem (5)). O

1.1.3.3 Fitting-step problem

Proposition 3
The fitting-step problem @ is well posed.

proof. As the least-squares problem , this one is also finite dimensional, bounded from below

and can be written as a quadratic optimization problem mink <a, Wa> +b " a for some symmetric,
acR

positive semidefinite matrix W and some vector b (see Section [1.2)). O

1.1. THE IDENTIFICATION PROBLEM AND A GREEDY IDENTIFICATION ALGORITHM 10



1.1.3.4 Discriminatory-step problem
Denote by Jp(€) the cost functional in (7)), that is
2
Jo(€) = ||Cyr(By+1.€) — Cyr(B(a").e)||". (10)

We get

2

T T k
Jp(e) = C(/O e(TS)ABkHe(s)ds—/O e(T’S)AZaf‘B,e(s)ds>

=1

2

- C( / ! e(T_S)A(BkH - Ek:a,k B,)e(s)ds)
0

=1

This is equivalent to the initialization problem, if one replaces B; in with Byy1 — Zle af‘ B;.
Therefore the proof of the well posedeness is analogous to the well posedeness of the initialization
problem, and the following result holds.

Proposition 4
The discrimiatory-step problem 18 well posed.

1.1. THE IDENTIFICATION PROBLEM AND A GREEDY IDENTIFICATION ALGORITHM 11



1.2 Convergence analysis of the greedy identification algorithm

First we need to introduce a new matrix form notation for our optimization problems.

1.2.1 Algorithm in matrix form

1.2.1.1 Main identification problem

We start with the main least-squares problem . We define

NM
% . . 2
Je) =Y [[Cyr(B*.¢) — Cyr(Bla). &) . (1)
j=1
One can write this as
NM || T NM . T NM . 2
Ja)=Y" / Ce<T*S)A<Za75,)eJ(s)d5 - / CelT-9)A ( Za,B,)eJ(s)ds
j=1 70 =1 0 =1
NM || T NM . 2
-3 / CeT9A( 3 (af — @)B))e/(s)ds
j=11]V0 =1
M NM NM T ' T ‘
=3 (af —a)(ap, - am)</ Ce(Ts)AB,eJ(s)ds,/ Ce(T*S)ABmeJ(s)ds>.
j=1 I=1 m=1 0 0
We define the matrix
M
W=> "W, e RNMNVM (12)
j=1
where W, has the entries
WENm = Wlim = (V1. Yms ). 1< 1mj < NM, (13)
with -
Yi(€) =, ::/ CelT=9)ABe/(s)ds. (14)
0
We get
NM NM NM
Je) =32 D (@ — (e —am) > (11 Ym, )
=1 m=1 j=1

_ <a* —a %\/\/j(a* —a)> = <a* —a, W(a* — a)>.
=1

We have then obtained the following result.

Lemma 1
Problem (4] is equivalent to

min <a* -a, W(a* - a)>, (15)

acRVM

where W is defined in (12)).

1.2. CONVERGENCE ANALYSIS OF THE GREEDY IDENTIFICATION ALGORITHM 12



1.2.1.2 Initialization problem

As in the last section we introduce
-
v/(€) = / CelT=9)ABe(s)ds (16)
0
and
W], m = <’y,(e),’ym(e)>, 1<1,m< NM, (17)

for any € € E 4. Using this notation we can write the initialization problem in terms of W:

2

-
Ji(e) = eTAyo+/ CelT=)AB1¢g(s)ds
0

.
= HeTAyoH2 + 2<eTAyo,/ Ce(T’S)ABle(s)d5>
0

+ </OT CelT=9)AB1e(s)ds, /OT Ce(T_S)ABle(s)d5>
le Aol +2(e™Ay0.m(e)) + (m1(e). m(e))

le™yol* +2{e™Ayo. 11(e) ) + W(e)]1.1.

[N

G

Hence, we obtain the following result

Lemma 2
Problem 1s equivalent to

max HeTAy0H2 + 2<eTAyo,’Y1(e)> + W(e)l1 1, (18)
€cELy

where ¥1(€) and [W(€)]1,1 are defined in and (17)), respectively.

1.2. CONVERGENCE ANALYSIS OF THE GREEDY IDENTIFICATION ALGORITHM 13



1.2.1.3 Fitting-step problem

Let us denote by Jr(at) the cost functional in (6] at step k, that is

k
Je(@) = 3 [|Cyr(Bis. €) — Cyr(Bla). &)’ (19)
j=1

This can be written as

2
Jr(a) = / celT— S)AB;ﬁLlosf(s)ds—/ celT- S)A(Za/B/>éj(S)d5
I=1
P 2
(14)
Z Yk+1, _Za/’YI,j
‘ =1

= zk: <’Yk+1,jv’7k+1,l> - 2<'Y"+1J' Zk:a"y"f> + <zk: i zk:am'f>

Jj=1 I=1 I=1 I=1
k , k  k k Kk k
= Z H’Yk+1,JH - 22 Za/<’Yk+1,j.’Y/,j> + ZZ Z Iau<'Yl,j-'Yu,j>
j=1 j=11=1 j=1 I1=1 pu=1

- i il = 2 Wom) + (@ Wager)

where WK is the k-th partial sum of w:
wh=>_w (20)

where W, is defined in , and W[1 1] denotes the j X | upper left submatrix of Wk,

This leads to the following result.

Lemma 3
Problem (0]) is equivalent to

min <a'/\/|7[§:k,1:k]a> - 2<W[§:k,k+1]v°‘>v (21)

acRk

where WK is defined in .

1.2. CONVERGENCE ANALYSIS OF THE GREEDY IDENTIFICATION ALGORITHM 14



1.2.1.4 Discriminatory-step probem

Let a® be a solution to the fitting-step problem (21)). Then we can write problem as

T T a
Ip(€) = H/ CelT=9AB, 1€(s)ds — / Ce(T’S)A<ZafB/>e(s)d5
0 0 =1

2

k
(14)
Yr+1(€) — Zaf('Y/(ﬁ) :
=1
If we define v := [@¥, —1]T, we can write
k+1 2
Ip(e) = Z vy (€)
I=1
k+1 k+1
= < Z vivi(e), Z V/'Y/(5)>
=1 =1
k41 k41
=> > VIVm<'Y/(€)v'Ym(€)>
/=1 m=1
(13)

13 <v, [W(e)][1:k+1,1:k+1]">'

and obtain the following result.

Lemma 4
Problem s equivalent to

€cE,y

where W (€) is defined in and v = [a, —1]T.

max <V, [W(G)][1:k+1,1:k+1]v>:

(22)

1.2. CONVERGENCE ANALYSIS OF THE GREEDY IDENTIFICATION ALGORITHM
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1.2.2  Qutline of the convergence analysis

We want to motivate the convergence analysis with the results we obtained in the last section.

Our main goal is to show that the algorithm produces control functions such that problem
(which is equivalent to problem (15)) by Lemma [1)) is uniquely solvable.
Consider the matrix [/ € RP*NM (1 < j < NM) with columns

. T .
(] = Yo = / CeT=94B, ei(s)ds, (1< m< NM). (23)
0
we get
()], = <'Yl,jv'7m,j> = [Wiljm-

This means that we can write W; = ()T, Hence the matrices W, are positive semi-definite

and therefore the same is true for W = > JN:AI’ Wi.
We get the following result.

Proposition 5 .
Problem s uniquely solvable if and only if W is positive definite.

NM

Therefore we have to show that the matrix W that corresponds to the set of controls {€/ =1

generated by the algorithm, is positive definite.

The idea is that at iteration k (1 < k < (NM —1)) we assume the k-by-k upper left block of Wk
(defined in (20])) to be positive definite. If the (k 4+ 1)-by-(k + 1) upper left block is also positive
definite, it does not matter what control €1 the algorithm computes, the (k + 1)-by-(k + 1)
upper left block of W 1 = Wk + W) 1 will be positive definite as well. If the (k + 1)-by-(k + 1)
upper left block is only positive semi-definite (with a non-trivial kernel), then the following
statement holds.

Proposition 6
Let W[,i:k,l:k] be positive definite. Then the fitting-step problem (21)) is uniquely solvable with
sufficient first-order optimality condition

o~

W[’i:k,rk]ak = W[’i:k,kﬂ]- (24)

Remark 4
In the application Proposition |6 allows us to perform a fitting step (compute a¥) by simply solving
the linear system (24]).

Now one can show that the vector v := [a¥, —1]" spans the kernel of Wik We use the

[1:k+1,1:k+1]"
following lemma for a more general case.
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Lemma 5
Consider a symmetric, positive semi-definite matriz A € R"*" of the form

~ A b
()

where A € R=DX(=1) 4 symmetric, positive definite and b € R"* and ¢ € R are such
that the kernel of A is non-trivial.

Then ) A-lp
ker(A) = span{ < 1 > }

= . .. . v
proof. Since the kernel of A is non-trivial, there exists a non-zero vector u = < d> € R™\ {0}

(with v € R""! and d € R) such that Au = 0. Moreover, since A is positive definite, the kernel
of A must be one-dimensional and equal to the span of {u}. Using the structure of u, we write
Au as

(25)

Av +d b= O, A invertible vV = _dA_lb,
=
b'v+dc=0, —dbTA" b+ dc=0.

Now, suppose that d = 0. This implies that v = —dA~!b = 0, which in return implies that
u = 0. However, this is a contradiction to the fact that u #% 0. Hence d # 0 and the result
follows by the right equations in (divided by —d). O

In our case we have

P Tk Sk Sk Sk
A=Wiii11k41) A=W D =Wk € =Wiiiks)

where by assumption /\/\7[’5 K1, 10k+1] is positive semi-definite with a non-trivial kernel and /\/\7[‘1: k1]
is positive definite.

Therefore, we have

= WE., La) W ak
ker(Wi ki11:k01) = Span{ <( [1.k,1.k])_1 [1.k,k+1]> } — Span{ (_1> } — span{v}.

Using this vector v, the discriminatory step tries to find the next control €¥*1 such that
Wit 1li:k+1,1:k+1] (defined in (13))) is strictly positive on Span{v}. Then the (k+ 1)-by-(k+1)

upper left block of WL = Wk +W)41 is also strictly positive on this span and therefore positive
definite.

Proceeding iteratively, we obtain that the matrix W is positive definite after at most (NM — 1)-
iterations.

However there are two issues in these arguments that can pose problems: the initialization and
the strict positivity of the discriminatory step. We will discuss both issues and present solutions
in the following section.
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1.2.3 Problems of the algorithm

1.2.3.1 Initialization

If we want to follow the induction argument from the previous section, we first need that the
initial control €' (solution to the initialization problem (18))) satisfies

2

.
/ CelT=9)ABe!(s)ds|| > 0. (26)

0

Wili1 = <’Yl,1#¥1,1> = ’

However this is generally not the case. Consider, for example, the case where
T
ICeTyo+C [ eTMpe(s)dsP < [CeTAyol
0
for any € € E,4, meaning that

-
€' =0 € argmax||Ce’Ayo + C/ e(T=9)AB1e(s)ds||?
€EE g 0

and therefore )

.
/Ce(T_S)ABlel(s)ds =0.

0

Eg for- N=M=P=2:

=9 09 ()

and E,g some bounded set of L2(O, T, R2) with

1
— <
TS

Example 1
Let

Ve € Euy 0 — €(s)1 <0, (0<s<T).

Then we get

Cy(B1,€) = C(e™?yo + /O ! e(T=9)AB1e(s)ds)
~(&)+ [ (o7 ) o o) ()
- <ZI) + /OT (eT_S§(5)1> ds.

Since —% <€(s);1 <0 forall0<s < T, we have:

T T 1
0> / el ~S¢(s) ds > / —el Zds=—e",
0 0 T

hence -
le” —i—/ e’ ~Se(s)i1ds| < e
0

() [ (75) ol <)

So any control € € E g with fOT Ce(T*S)ABle(S)dS = 0 solves the initialization problem .

and therefore

2 2
= [Ice™yol".

ICyr(Br o)l = ‘
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One solution to this issue is to modify the initialization problem. We will discuss this further in

Section [1.3.1.1]

However, even if another initialization problem is used, there is still the possibility that we get
[Wil11 = 0 for all € € E,qg, depending on the matrices A and C and the choice of By. This
leads to the second issue of the algorithm related to the choice of the basis, as discussed in the
following section.

1.2.3.2 Observability-rank and choice of basis

The general idea is that “one cannot recover what cannot be observed”. For example, let B; €
RN*M be such that the columns of By are in the kernel of the observability matrix Op(C, A),

C
CA

On(C AB =| CA |[B =0

CA}V—l

Then we have CA/ B1 =0 for all 0 <j < N — 1. Therefore we get for any €

T T AV
/ CelT=)ABy¢e(s)ds = / C Z (TJ.IS)AJ B1€(s)ds
0 0 -

Jj=0
T N-1 .
CH. / S Bi(s) CABLe(s)ds
0o \f—’zo

=0.

By C.H. we mean the Cayley-Hamilton theorem (see [HJ13, p.109f.]). Since we are considering
a linear problem, this also means that

T NM
Cyr(B*.€) = Ce P yo + C/ e(T_S)A[Zaij]e(s)ds
0 ;
Jj=1

T T NM
=Ce'yo+aj / CelT=9)AB1e(s)ds +C/ e(T—9)A {Za}Bj}e(S)ds
0 0 :
Jj=2

=0
T NM

= Ceyo + C/O e(T_S)A[Zaij]e(s)ds
j=2

for any €. Therefore it is impossible to observe the effect of aj B1, meaning we will not be able to
get any information about the component aj of the solution. A similar problem occurs for any
other B;, 2 < j < NM with all columns in the kernel of On(C, A). Then the j-th column and
row of W (see (12)) are zero and therefore W is only positive semi-definite with e ¢ ker(/\/\7) (e
the j-th canonical vector in RNM ). This means that there are infinite many solutions to problem
(15) in the sense that any o with an arbitrary ; € R and a; = a for i # j solves problem ([15)).
Therefore the true a; cannot be fully reconstructed.

Similar problems also occur when the difference of two matrices in the basis is in the kernel of
the observability matrix. In this case, their effect can not be distinguished and therefore any
linear combination is a solution (compare Example .

We will discuss an appropriate choice for the basis B in Section [1.3.1.2]
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1.2.4 Convergence analysis

Let us begin by assuming that all problems discussed in the previous do not occur. In fact the
following assumptions are sufficient for our convergence analysis.

Assumtion 2
Let A € RVN and C € RPN be such that the system is fully observable, i.e.
rank On(C, A) = N.

Assumtion 3
Let € be such that holds.

In order to prove our main convergence result, we need to show that for the discriminatory-step
problem (22)) the function value in the optimum is always strictly positive.

Proposmon 7
Let W[1 K. 1:K] be positive definite and a’ the solution to the fitting-step problem (). Then,

under Assumption @ any solution €11 of the discriminatory-step problem ( . satisfies
2
Jp (ek+l) = ||/ G(T S)A Bk+1 Zaf‘B,) k+1(5)d5 > 0.
proof. We define
k
B:=Bxy1— Y afB.
I=1
Since the matrices By, ..., Bit1 are assumed to be linearly independent, B is non-zero.
Consider for any § € (0, T) the control € € E,y defined as
. 0, 0<s<,
€(s) =
e, 0<s<T,
where e; € RM is the i-th canonical vector and i € {1, ..., M} is such that the i-th column of B,

which we will denote by é,—, is non-zero. Then we get

T _ T B
/ CelT=9)ABg(s)ds :/ CelT=9)4B;ds
0 s
T & (T —syA
= /5 C[Z 17'} Bids
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@ c[i/{sT(Tj__!s)jds CAJ} é,—
j=0

—

> T cals,

where we used the dominated convergence theoremE] in (%). Since the observability matrix is full
rank by Assumption [2| and é,‘ # 0, there exists an index 0 < j < N — 1 such that CAJE, # 0.
We also know that (non-constant) analytic functions are zero only in isolated pointﬂ Therefore
there exists a 0 < § < T such that >, ,BJ-((S)CAjé,- # 0.

In conclusion we get that there exists an € € E,4 such that
T
/ CelT=9AB&(s)ds # 0
0

and hence )

JD(€k+1) > > 0.

T k
/ Ce(T—S)A(Bk+1 S af B,)E(s)ds
0

/=1

Now we can prove our main convergence result.

Theorem 1
Let {€', ..., eNMY C E,g be a family of controls generated by Algorithm |1. Then, under
Assumptions@ and@ the least-squares problem 18 uniquely solvable with a = a*.

proof. By Lemma |l|and Proposition [5|it is sufficient to show that the matrix % corresponding
to the controls €, ..., eNM generated by the algorithm is positive definite. We show this by
induction.

Base case: From Assumption [3| we have that [W;i]; 1 is positive.

P

Inductive step: Assume that the submatrix W[’i:k 14] is positive definite. If the submatrix

7k k+1
W[l:k+1,1:k+1]

is also positive definite, any control € will lead to a positive definite submatrix

k+1 7k
Wil ke = Wiy + Wil k-

Now assume that the submatrix /VV[’L K11k 41]

sition @ the fitting-step problem is uniquely solvable with solution a*. Then, by Lemma |5, the

vector v = [a¥, —1] spans the kernel of Wik Finally using Proposition [7| we get that

[1:k+1,1:k+1]"
k+1 to the discriminatory-step problem satisfies

has a non-trivial kernel. By Lemmaand Propo-

the solution €

0 < Jp(ehtt) = <V. [W(€k+l)][1:k+1,1:k+1]V> = <V. [Wk+l][1:k+l,1:k+1]v>-

! |Rud87, Theorem 1.34]
2 |[Rud87, Theorem 10.18]
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Wk+1

Hence the matrix [Wiy1][1:k41,1:k+1] is positive definite on the span of v and therefore [k 1,1:k+1]

is positive definite.
Repeating the argument inductively for all iterations we obtain that W is positive definite. O

Remark 5
Under Assumptions and |5 the original min-maz problem 1 also uniquely solvable with
a =a*. To see this we first note that the min-maz problem can be rewritten in terms of W(€):

2

T NM
ICyr(B".€) = Cyr(B(a).e)|* = H /O CeT=4( Y (e —a})Bi )e(s)ds
=1

:<m—avywqm—aﬁ>

Similar to the proof of Proposition|7 and using the observability of the system, one can show that
for any & € RMM with & # a* there exists a control €(&) such that

O<«d—M)W&@D@—aﬂ>

Therefore the unique solution to sa=a".
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1.3 Improvements for the algorithm

1.3.1 More about the problems explained in Section |1.2.3

1.3.1.1 Initialization

To avoid the situation of Example [I] we change the initialization problem to

2

.
/0 CelT=9)ABe(s)ds (27)

max
€CE,y

This can be interpreted as comparing the state at the final time T with a control € € E,4 to one
with no control (control equal to zero), since

.
Cyr(Biy,€) — Cyr(B1,0) = Ce'Ayg + / CelT=9)AB1e(s)ds — CeTAyq
0

-
= / CelT=9)AB1¢e(s)ds.
0

We also have well-posedeness for this problem.

Proposition 8
The initialization problem s well-posed.

The proof is analogous to the one in Proposition [2, only with yo = 0.

1.3.1.2 Particular choice of the basis

Definition 1
We define the observability rank of a pair (A, C) € RN*N x RPXN “with P < N, as

C
CA

R :=R(N,A C):=rank Oy(C, A) = rank | CA (28)

CA}V—l

We can show, that the method can recover exactly RM components of a*, if the matrices {B ,-},Kzl
are chosen in the following way:
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Assumtion 4
Let {VJ-}J’.V:1 C RV be a basis of RV, such that

VJ' §é ker O[\/(C, A), jZ 1,..., R,
vjcker Ony(C A), Jj=R+1, ... N,

meaning that
span{vj}j’\’:RJrl = ker Opn(C, A). (29)

Let the family {Bx}NM be defined as follows:

Bl = VleI
82 = vlezT
By = vle,\T/,

T
BM+1 = Vo2&,

T
BNI\/I =Vnepy

where e, € RM are the canonical vectors.

Remark 6

1. We have N = rank On(C, A) 4+ dim(ker On(C, A)), therefore the basis in Assumption is
well defined.

2. Since all the v; are linearly independent, the set {Bk}k’\’:’\/’1 form a basis of the matrixz space
Matyxm(R).

3. One way to compute the vectors v; is to use the singular value decomposition (SVD) of
the observability matriz On(C, A) = ULV . The last N — R columns of V span the kernel
of On(C, A), while all columns together form a basis of RN. Therefore one possible choice
would be vi =V. 1, J=1,..., N.
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1.3.1.3 Improved algorithm and convergence analysis

We first note that under Assumption 4 we can reduce the least-squares problem to the first
RM elements of the basis {BK}Q’:’VII or, respectively, the first RM coefficients. We define

RM
Br(a*) =) aB;.
j=1

Lemma 6
Under Assumption |4| the least-squares problem is equivalent to

acRRM

NM
min > |[Cyr(B*.€) — Cyr(Br(@).€)|’. (30)
j=1

proof. We start by noticing that for 1 </ < NM,0<s< T

where Bj(s) are the respective coefficients from the Cayley-Hamilton theorem, we use in ().

Ifle{RM+1,..., NM}, then B = vje! with j > R+1, hence v; € ker Oy(C, A) and therefore

On(C, A)B = On(C, A)v,je] =0.
—_——

=0
So we have for all | € {RM+1, ..., NM} and s € [0, T]
CelT=9)4B, =0,
and therefore for any €
/OT CelT=9)ABe(s)ds = 0.
Now we can write the least-squares problem as
NM 2

NM T .
J@)= 1D (af —a)) / CeT=94B,el(s)ds

NM

=1

=1

J
RM T
Y [Tt —a / CelT-9)ABei(5)ds
J /=1 0
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This means that we consider only the first R M elements of the basis. Recalling the convergence
analysis from Section[I.2.4] it is therefore reasonable to assume that generating only RM controls
(one for each relevant basis element) would be enough to get the existence of a unique solution
for problem (30]).

Assume that the basis B = (By, ..., Byyv) satisfies Assumption |4, we can now formulate an
improved version of Algorithm [I], where we only perform fitting and discriminatory steps for the
“observable” first R M basis elements.

Algorithm 2 Improved Greedy Reconstruction Algorithm

. Solve the initialization problem which gives the field €! and set k = 1.
while Kk <RM -1 do

Fitting step: Find aX € R* that solves ().

Discriminatory step: Find €1 that solves (7).

Update k < k+ 1.
end while

AN L O

The idea of proving convergence for this algorithm is analogous to the one in Section [1.2.4]
Hence we have to show that the control generated by the initialization satisfies and that
the result from Proposition |7]is still true in this case. As in Section we define W, W) and
Wk and write all problems in matrix form, using the basis from Assumption 4|and replacing NM
with RM.

Proposition 9
Under Assumptions |4 any solution of the initialization problem (27)) satisfies the positivity

condition ([26]).

The proof is similar to Proposition We only use Bi and vi instead of B and é,‘. The
existence of an index 0 < j < N — 1 such that CA'v; # is now guaranteed by vi ¢ ker Op(C, A).

Similarly one can prove that the result from Proposition [7]is still true.

Proposition 10
Let W[ﬁ:k,l:k]’ and aX the solution to the fitting-step problem @ Then, under Assumption

any solution €11 of the discriminatory-step problem satisfies for k =1,... RM —1

Jp(eF) = <v, [Wk+1][1:k+1,1:k+1]v> >0,

where v = [a¥, —1]T.

proof. We have
2

T T k
Jple) = /o CelT=9)4B11€(s)ds —/O Ce(T‘S)A<Zaf<B,>e(s)d5

I=1
2

= C(/OT e(T=9)A (Bk+1 — Iz:;af‘B/>e(s)ds)
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Since k + 1 < RM we have Opn(C, A)(Bk+1 — 25{:1 af‘B/) # 0 and the result follows by the
proof of Proposition [7] O

Now we can prove convergence for Algorithm [2]

Theorem 2

Let {€t, ..., e”’MY C ELgq be a family of controls generated by Algorithm . Then, under
Assumption |4, the least-squares problem

RM
. ; )
min Cyr(B*,€¢)— Cyr(Br(a),€ 31
ackR J_Eli |Cyr(8",€) = Cyr(Br(a).€)]| (31)
is uniquely solvable with a; = a fori=1,..., RM.

The proof is the same as for Theorem |1 only using Propositions[9and [10]instead of Assumption
and Proposition [7,

Remark 7
1. For k> RM + 1 we have On(C, A)Bx = 0 and therefore

.
Cyr(Bk, €) = Ce'yg +/ CelT=94Be(s)ds = CeT yq
0

=0

for any T > 0 and € (compare Section . This means that for k > RM + 1 the
effect of Bk on the state y can not be observed and therefore it is impossible to recover the
respective coefficients of a*.

2. Let a?PP™ be the solution to (31). Then we get the a-priori error estimate

NM
B* — Br(a?PProX) = Z afBj-
J=RM+1

3. Following the argumentation from the proof of Lemma [6| we can show that the min-maz
problem 18 equivalent to

min max ||Cy7(B".€) — Cyr(B(a).€)|°. (32)

acRRM e€E,q

Analogously to Remark E‘S] we can conclude that, under Assumption problem (32)) is
uniquely solvable with a; = af for i =1,..., RM.

The remaining questions are, whether one can always recover RM coefficients for any basis and
whether there might exist a basis, for which one can recover more than RM coefficients.

The answer to the first question is that this is generally not the case, as one can see from the
following example.
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Example 2
Consider a two-dimensional case with

(e )

The observability matriz and its SVD are

10 20 —¥2 0\ /V2 0
~loo|l (o 1 o of[lo0o of/1 0 -
OACA =11 o] = | 2 0 2 g 0 0 <0 1>_'UZV'
2 2
00 0 0 0 1 0 0

Now we have
vy = <é) ¢ kerOn(C,A), vo= G) € ker On(C, A).

Therefore a basis satisfying Assumption |4 would be
10 01 00 00
2= (5 0) 2= (5 o) 8= (1 o). 8= s 1),

B*:(i 1)2181-’-182—{—183—}-184

Hence we have a* = [1111]".
By Theorem @ with the controls generated by the algorithm we can recover exactly a] = 1 and

as = 1, resulting in
11
approx __
== (s o)

Consider now another basis defined by

= (10\ s (10y s (01\ s (01
5= (00) 21 0) 5= (0 o) 50 1)

Define

We get
1 0 0 0
~ ~ 0 0 0 0 0 0
0 0 0 0

and

1 0 0 0
~ ~ 0 0 0 0 0 0
0a(C, A)(Bs— B = |9 (O 1): 00

o

0 00

This means that any a = [o; as as ag] € R* with ay; +ar = 1 and as +as = 1 will solve the
least-squares problem (@), since for any control € we have

T T
Cyr(B* €) — Cyr(B(a),e) = Ceyo + C / e(T=9)AB*¢(s)ds — CeTyo — C / e(T=9)AB(a)e(s)ds
0 0

-
_ 1 1 a; +a ast+a
_ (T—s)A (o 2 azt+oy
/O Ce < (1 1) < (0 %) (o 71 > )e(s)ds
T T—s
. 1 0 e 0 1—(a1 +a2) 1—(a3 +a4)
_/O (0 0) ( 0 eT—S> < 1—ap 1 —a, )€

/oT (eTO_S 8) (1 —0a2 1 _Oa4> €(s)ds

0.
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Therefore we get
éapprox _ 1 1
o> Q4 '

18" = Br(@™ )7 = (1 -~ a2) + (1 — aa)?

and hence

for any as, a4 € R, where by ||-||r we denote the Frobenius norm.

This example also shows that for a random basis, one can not say anything about the quality of
the coefficients or the difference between B(a) and B*. Even if one would by chance guess the
right coefficients (in this case ap, = 1,a4 = 1) there would be no way to verify it, since their
effect is not observable.

The answer to the question, whether there might exist a basis, for which one can recover more
than RM coefficient, is given by the following proposition.

Proposition 11
There exists no basis for which one can recover more than RM coefficients.

proof. Consider a basis B = {Bk} 1 C RNVXM that satisfies Assumption I and an arbitrary
basis B = {Bk}LVM C RVXM - Any element B € B can be written as a linear combination of By
in the following sense

NM
B=) )\B;
j=1
where A; € R. Multiplying with the observability matrix, we get

NM
On(C. A)B = ON(C. A D 5]
j=1

NM

= > NOW(C A)B;
j=1
RM

= NON(C A)B;,

J=1

where in the last step we used that On(C,A)B; =0forje {R+1,..., N}. Now define the set
D= {Dk}k 1 as R
Dy = On(C,AVBk, k=1,...,NM.

From the calculations above we can conclude, that at most RM elements of D are linearly
independent. This means that for NM — RM elements of B there exists a linear combination of
the other RM elements such that the observation at final time T is identical for any control e.

Therefore one can at most recover RM coefficients for the basis B. a

Remark 8
1. It is important to note that in the last part we only discussed about quality of coefficients in
the respective basis. The difference in observation at final time T between the approrimated
matriz and the true one is the same for any basis, since in any basis there are exactly RM
matrices that are linearly independent after multiplication with the observability matriz.
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2. This improved choice of basis can be very impactful in situations, where the system is not
“very observable”, i.e. the observability rank is very low (R < N), and “online” experiments
are costly. In these cases using the improved algorithm reduces the number of controls
generated and therefore also the number of experiments needed from NM to RM.

This is already noticeable in a three-dimensional case (N = M = 3) with an observability
rank of R = 1, where the improvement reduces the number of controls by ~ 67% from 9 to
only 8. We will discuss numerical examples in Section |1.4.

1.3.2 Other improvements

1.3.2.1 Rank-revealing/swap strategy

Until now we have assumed that we need one control for each element in the basis B. In other
words we have assumed that the rank of W is exactly k, improving by one for each control we
add. e

However in practice a control chosen by the algorithm will often improve the rank of W* by more
than one (see for example Section [1.4.4). This means that one control can be used to identify
multiple coefficients of the basis B at once. Therefore we could theoretically skip some iterations,
where the coefficient is already identifiable, and further reduce the number of generated controls,
while still obtaining a full rank matrix w.

One way to implement this is given in the following sub-algorithm before every fitting step.

Algorithm 3 Sub-algorithm swap strategy

. Compute the full matrix W and set p = k.

1
2. forje{k+1,..., RM} do
3 if Ule W[}:(/] and W[’fj] are linearly independent then
4: Swap the j-th and (p + 1)-th column and row of Wk (see Figure and the j-th and
(p+ 1)-th element of B.
5: Setp=p+1.
6: end if
7: end for
8: Set k=p+1.
Tk W o W, Tk W W
W[l:p,l:p] : : W[l:p,l:p] : :
W;H,l W;H,pﬂ W;HJ ijl /VDJ‘,(J /Wj‘,(pﬂ
/Wj‘,(l /VV,-’,‘,;H Wff, W;‘;H,l W;H,j W;H,pﬂ
Figure 1 Swapping the j-th and p + 1-th column and row of W,
Remark 9

The drawback of this approach is that one has to assemble the whole matriz Wk in each iteration,
which increases the computational time needed by the algorithm. In exchange we (potentially)
generate less controls and therefore have to perform less laboratory experiments to generate the
data Cy(B*,€) (1 < j < #controls generated).
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1.3.2.2 Extended greedy-testing strategy

Until now we always considered a full basis of the matrix space Matyxp(R). What if we were
given a fixed basis with dimension K < NM or if there were restrictions that our computed
approximation of B* had to fulfil? In these cases it might not be possible to choose a basis that
has similar properties as in Assumption 4. However we still know that we can recover at most
RM elements for this basis and that RM controls are sufficient.

In this context we introduce the following adjustment to the algorithm that aims at selecting
RM recoverable elements from any basis of higher dimension.

Algorithm 4 Extended Greedy Reconstruction Algorithm

Require: A basis B=(B1,...,Bk).
1: Solve the initialization problem

max max C B: € 2
ie{l,..., K}GELQ(O,T)H YT( i )H

which gives the field €' and the index /.
2: Switch By and B;; in B and set k = 1.
3: while kK < min{RM,K} —1 do
4. fori=k+1,..., K do

5: Fitting step: Find (aj)jzl _____ x that solve the problem:
min Y " ||Cyr(B;.¢) — Cyr(B(a). )" (33)
acRk s
6: end for
k+1

7:  Extended discriminatory step: Find € and ix41 that solve the problem:

i 2
g maX | max |Cyr(Bi,€) — Cyr(B(a'),€)||" . (34)

©

Switch Bkyi and B
9: end while

in B and update k < k + 1.

Ik+1

We basically extend the greedy character of the algorithm to the choice of the next basis el-
ement, meaning that in each iteration we consider all remaining basis elements as the potential
next one and we select the one which yields the largest function value in the respective maxi-
mization. In other words we want to find the basis element for which we can split the observation
the most from all previous basis elements.

Remark 10
1. Unlike the swap strategy from the last section, this improvement does not necessarily in-
crease the computation time of the algorithm, since one can parallelize the fitting and
discriminatory steps for the remaining basis elements in each iteration k. Then the only
additional step needed is a comparison of RM — k function values, to find the maximal
one, which requires a negligible computational time.

2. This adjustment would even allow us to enlarge the set {Bk}ff:l with some elements
that are linearly dependent on Bi, ..., Bk and let the extended greedy algorithm pick the
RM “best” ones. Note that a selected element Byi1 will unlikely be linearly dependent
on previous elements (before or after multiplication with the observability matrixz). Oth-
erwise there would exist an o € RK such that Byy — Ele a;B; = 0 (or respectively
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On(C, A)(Bk+1 — Zf:l a;Bj) =0). This a would therefore be a solution of the fitting step
problem with cost function value equal to zero. However the corresponding cost functional
of the discriminatory step problem would also be zero for any control €.

8. This improvement is also applicable in other setting, for example the bilinear Schrodinger-
type equation that we will consider in Chapter@ (compare Section m}
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1.4 Discretization and numerical results

We want to validate some of our theoretical results in numerical experiments and point out pos-
sible numerical instabilities. In order to numerically solve all sub-step problems of the algorithm
we first need to introduce first-order optimality conditions. Throughout this section we will
consider the improved initialization problem .

1.4.1 First order optimality conditions

We already covered this part for the fitting step @ in Proposition |§| A similar result can be
obtained for the main identification problem (4). We rewrite the cost functional as

NM
J@) = Y ||Cyr(B,€) ~ Cyr(Bla). &) (35)

2

Cy+ (B €) —/0 Ce(T*)A(Za,B,)eJ(s)dS
=1

J=1
NM
J=1

NM ' -
= Z |Cyr(B*.€)—Ma|",

-1

: (36)

with I/ defined in (23). Using normal equations we get the following result.

Proposition 12
Let W be positive definite. Then problem is uniquely solvable with sufficient first-order

optimality condition
NM

Wa = (M) (Cyr(B*,€)). (37)
j=1

Remark 11

Recall that, in true applications, the term CyT(B*,€) is fully obtained by experimental results
and can therefore not be rewritten as we have done before (expanding B*) for our theoretical
convergence results.

For the initialization problem (27)) and the discriminatory step problem 7 which are both
optimal control problems, we use a “Optimize-Before-Discretize” approach, meaning that we
discretize the gradient of the continuous problems. As we discussed before, the two problems

can both be written as )

max (38)

ecE,y

T ~
/ CelT=9ABek*1(s)ds
0

with B = By for the initialization and B = Bi+1 — Zf:l a;(B/ for the discriminatory step.
Therefore it is sufficient to compute the first-order optimality condition for problem (38). From
now on we consider y(t) = y(B,€). We denote by J the cost functional of (38])

T B 2
Jy. €)= |Cy(T|?> = H/O CelT=ABek*1(s)ds

and construct the reduced cost functional
J(e) == J(y(e).€).
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We introduce the adjoint equation

—A(t) = ATA(t
A(T)=2C"Cy(T),
and the linearised state equation
Sy (t) = Ady(t) + Bée
dy(0) =0,
for any control variation €. Now the L2 gradient of J can be written as
. _ /8J(y.€) 0J(y.€)
<VJ(€)' 66>L2(0,T;RM) a < oy '6y>H—l(O,T,R’V),Hl(O,T;RN) < oe ' 6>L2(0,T;RM)

=0
= (2CTCy(T). oy(T))

= (AT, o9(T)),

where < '>H—1(0 T.RN),H1(0,T:RN) is the dual pairing. Integrating by parts we obtain

<>\(T), 6y(T)> - <A(0),§£@> + <>;, 5y>

=0

- < —AT 6y>L2(O,T;R’V)

- <§T>" 6€>L2(O,T;R’V’)

<v](e),5e> - <§T>\,5e

L2(0,T;RM)

L2(0,T;RN) + <>" 6y>L2(O,T;RN)

+ <>\, Ady + ‘§5€>L2(0,T;RN)

and therefore

>L2(0,T;RM)'
Since we restrict our control space to the convex and closed set E,y, we need to introduce a

variational inequality. If & is a maximizer for (38) and (¥, A) solve the corresponding state and
adjoint equation, then

0= (VI@ne—e), o =(BAhe-e),

for any € € E,4 (compare |Cia20, Section 3.1]). We obtain the first order optimality system

y(t) = Ay(t) + Be(t) in(0,T), §(0)=yo, (40a)
CA(t) = ATA(E) in (0,7), A(T)=2CTCy(T), (40b)
0> <§TX,e - €>L2(0 ey V€€ Ead. (40c)

1.4.2 Discretization and numerical solvers

For the discretization we consider a uniform time grid with step size h = T/N; and introduce
the discrete L2-product

N¢
= E v
<v w>L2 =h) v;w,
h i—
J=0
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For the discrete set E gd we use simple box constraints:
Ehy={ec L3 l(€)] <b 1<j< N, 1<i<M}, (41)

for some b > 0.

In order to solve the discrete version of our system (1), we use a trapezoidal method that
corresponds to the Crank-Nicolson scheme. This means that we compute the approximated
solution y; = y(jh), 0 < j < N; as the solution to the following equation.

h
yYi=yj-1+ 5((ij'—1 + Bej_1) + (Ay; + Bej))-

The solutions to the discrete versions of the main identification and the fitting step can be
calculated by solving the linear systems (37)) and (24)]), respectively.

For the initialization and the discriminatory step problem we also discretize the adjoint equation
(39) with a Crank-Nicolson scheme and obtain the following discrete optimality system.

PO h . ~ .= .
yi=yia+ 5((ij_1 + Bej_1) + (Ay; + Bej)), j=1,..., N, (42a)
Yo = Yo, (42b)
o3 he s T3 :
X= A1+ 5((A Xis1) + (A Aj)), j=Ne—1,...,0, (42¢)
Ay, =2CTCyp,, (42d)
0> <§T5\,e - E>L2 Ve € EN (42€)
h

where we again use B = B; for the initialization and B = Bii1 — Zle af‘ B, for the discrimina-
tory step. The discretized reduced cost functional can be written as

2

N
In(e) = || CcelTIMABg|| . (43)
Jj=0

To solve these optimal control problems we use a projected gradient method (compare [Cia20,

Section 5.1|, [Kel99, Section 5.4]), meaning that given a current iterate € we choose the new

new

iterate € as

new __ c T (€ _ c nTY
€ =Py [e€+ 0V (e )]( =Py [+ 0B A]),
where P is the projection onto the set £, (in our case pointwise: ]P’Ehd [(€j)i] = min{max{(e;);, b}, b}).

The parameter o is a (positive) step length obtained by a projected line-search and satisfying
the sufficient increase condition

n n n
In(€(0)) = In(e) = —lle — (o)l
where 7 is a given parameter (we will consider 7 = 1072 in all of our examples) and

€(0) =Py [e + oV Ip(e)].

Remark 12

Note that the initial quess for the projected gradient method has to be non-zero, since €2 = 0 is

a minimizer and therefore a stationary point of ./1;7 with VJAh(O) = 0, meaning that the method
would always return € = 0 as solution. In all of our following examples in this chapter we will
consider €9 = 1.
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1.4.3 Algorithm with improved basis

Throughout this and all following sections in this chapter we consider

Ny = 1000, yo= (8) . b=100.

The simplest example to demonstrate the different effects of the improved basis from Assumption
is a three-dimensional setting, where we consider A equal to the identity and different observers
C with varying ranks/number of rows.

Example 3
Consider T =10, N = M = 3, A= 13 and the following observers with randomly chosen entries

0.815 0.913 0.279
C;1=10.906 0.632 0.547

c <0.046 0.824 0.317
2:
0.127 0.098 0.958

0.097 0.605 0_950>, C3 = (0.709 0.755 0.276),

meaning that
R1 :=rank O3(C;,A)=3=N, R,:=rank O3(C,, A) =2, Rz :=rank O3(C3, A) = 1.

For the basis B we will compare three different settings, the unit basis, a random basis and an
improved basis satisfying Assumption [fl The improved basis is chosen using the SVD of the
observability matriz (compare Remark@ point three). Note that the improved basis is different
for each observer.

The true control matriz B* is chosen with random entries but is the same for all cases:

—12.546 —-10.318 —5.964
B* = 1.938 1.978 7.340
-53b1 —-8.208 -—-3.770

We begin by comparing the results of the final identification and (31) respectively.

o | el(cy) | a*(Cy) | a*l(Cy) o | o*lC) | ei(C) | el(Cy)
—12.55 —12.55 —0.51 —5.50 —5.21 —5.21 6.85 1.74
-10.32 —-10.32 —0.74 -5.01 9.86 9.86 11.80 421
—5.96 —5.96 —0.20 0.17 —36.63 —36.63 —5.47 0.69

1.94 1.94 1.66 —5.86 8.57 8.57 10.19 -031

1.98 1.98 1.76 -5.33 —4.32 —4.32 8.92 —2.35

7.34 7.34 7.21 0.18 —14.21 —14.21 0.90 —1.12
—5.35 —5.35 —6.38 —2.14 —33.77 —33.77 0.64 1.22
—8.20 —8.20 —9.11 —1.95 3174 31.74 —0.30 1.52
—3.77 —3.77 —4.26 0.06 21.66 21.66 9.34 —0.25

Table 1 Solutions of the main identification for Table 2 Solutions of the main identification for
different observers using the unit basis. different observers using the random basis.
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a*(C) | a®(G) || o (C) a*°(Cy) a*(Cs) a*°!(Cs)
9.65 9.65 3.12 3.12 8.32 8.32
1.58 1.58 —5.82 —5.82 7.57 7.57
971 9.71 491 491 —0.25 —0.25
9.57 9.57 —-7.91 —7.91 —5.69
4.85 4.85 —2.40 —2.40 —9.39
8.00 8.00 —8.02 —8.02 —8.47
1.42 1.42 12.09 —7.08
4.22 4.22 9.62 —6.06
9.16 9.16 5.79 —8.18

Table 3 Solutions of the improved identification for different observers using the corresponding im-
proved basis.

As we can see, for the unit and random basis the algorithm can only recover the actual coeffi-
cients if the system is observable (second column of Table and @ Otherwise some coefficients
can lie somewhat near to the actual ones (see the lower six entries in the third column of Table
but in most cases they are very different. This is due to linear dependencies of the basis
elements after multiplication with the observability matriz (compare Ezample @ and the proof of
Proposition . However in case of the improved basis, the (improved) algorithm recovers exactly
RM =R -3 of the true coefficients, as expected.

Next we want to look at the relative error of the computed solution B%°' = B(a*°') and the true

B*.

unit basis ‘ random basis | improved basis

Cq 0 0 0
Cy | 0.7925 1.030 0.7925
Cs | 0.8847 0.828 0.8847

. . B**BSO/ .
Table 4 Relative norm difference % for the three different bases and observers.

The error for the improved basis is of course exactly the norm of the coefficients that are not
recoverable multiplied with their corresponding basis elements, therefore it is increasing with a
decreasing rank of the observability matriz. The error for the unit basis seems to be the same
as for the improved basis and indeed the computed solution B%°' is the same for the unit and
improved basis in this example. However this is generally not the case and very much depending
on the method and especially the starting value used to solve the main identification problem (4)),
since it has multiple solutions if the observability matriz does not have full rank. Finally for
the random basis we get an error that is smaller than for the other bases in case of C = Co
and a larger one in case of C = C3. Also here the error is decreasing with a decreasing rank of
observability, meaning that for C = C3 we get a computed solution that is closer to the true B*
as for C = Cy even though we can observe less.

In summary this confirms that for a basis which is not chosen in a way as in Assumption [, we
can not say anything about the quality of the computed solution B5°! a-priori.

1.4.4 Rank-revealing improvement

When we look at the rank of W in Examplefor the improved basis and C = C; (rank O3(C1, A) =
3=N ~ WK e R we get the following results.
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rank i )
B
€

Iteration k

Figure 2 Rank progress of WX for C = C;.

As we can see the rank of Wk only increases in the first three iterations, each time by exactly
3. This means that W3 is already full rank and therefore the first three controls would be enough
to make our main identification problem uniquely solvable. Hence the swap strategy from
Section would stop after three iterations, hence generating 6 controls less and therefore
reducing the number of experiments to be made by ~ 67%.

In this example this can also be seen very clearly when looking at the corresponding controls.

control nr. 1 control nr. 2 control nr. 3
100 —=a 100 — = 100 —=a
Op———— 0 0
-100 -100 -100
0 5 10 0 5 10 0 5 10
t t t
control nr. 4 control nr. 5 control nr. 6
100 —=a 100 —= 100 —=a
0 0 ]
-100 -100 -100
0 5 10 ] 5 10 0 5 10
t t t
control nr. 7 control nr. 8 control nr. 9
100 — 4 100 — 4 100 — 4
Op 0 ]
-100 -100 -100
0 5 10 0 5 10 0 5 10

Figure 3 All nine controls for C = C; and the improved basis.

Here the controls nr. 4 and 7 are identical to the first one, controls nr. 5 and 8 are identical to
the second one and control nr. 9 is identical to the third one. So even without the swap strategy
we would only end up with 4 distinct controls. However this is due to the matrices A and C we
chose in this example. Generally it can happen that Wk is full rank for k < RM but all RM
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controls generated by the algorithm are distinct from one another.

Remark 13

Notice that in Figure |3 is that all controls are constant, either hitting the bound (£100) or re-
maining at the starting value (= 1). This is very common for the linear case, since all controls are
the solution to a mazrimization problem ( or ) which are only bounded because the feasible
set of controls E,q is bounded (in this case by b = 100, compare ) Also, by construction,
each basis element has only one column that is non-zero, meaning that only the corresponding
entry of the control can influence the state y. This explains why some entries of the controls
remain at the starting value.

For cases where the observability matrix is not full rank we can also look at Example
for the improved basis with C = Cp (rank O3(Co, A) = 2 ~ WK € R%%®) and C = C3
(rank O3(C3,A) =1~ Wke R3X3).

= 3
8 I - ” e
/
S -~
/ s
e
rd
571 -
. e
! s
- / T d
= / (= e
= 4 @ z 2 &
3 3 .
= o -~
A = -

3 4 5 i)
Iteration &

Iteration &

Figure 4 Rank progress of Wk for C = G, (left) and C = C5 (right).

It seems that the rank of WX can be increased by up to the rank of the observability matrix,
meaning that M can be enough to get a full rank matrix. This can be especially effective when
the observability matrix has full rank N, because in that case the algorithm with the improved
basis [2| generates the same amount of controls as the standard algorithm [I] with an arbitrary
basis.

From the examples above one might conclude that it would be enough to check the rank of Wk
in each iteration and that there is not need to swap any columns or rows in W*. However for a
different basis (that also satisfies Assumption [4)) or even just a different order of our basis, the
rank can stagnate also in early iterations. This can be observed in Figure [0, where we compare
the algorithm with (red line) and without (blue line) the swap strategy for square matrices A and
C with random entries (N = M = P = 10, observability matrix with full rank R = N = 10) and
a randomly ordered (improved) basis. The algorithm with the swap strategy generates exactly
M = 10 controls, improving the rank of Wk by R = 10 in each iteration. The algorithm without
the swap strategy generates, by construction, NM = 100 controls, but the corresponding matrix
Wk also only reaches full rank after 23 iterations. This means that, in each iteration, the swap
strategy is able to identify and skip elements in the basis that are already identifiable, further
reducing the number of controls generated.

In conclusion we can remark, that this improvement can significantly reduce the number of
generated controls, especially in systems with large dimensions (N, M > 1, see Figure [3).
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Figure 5 Number of controls generated by the al- Figure 6 Rank of the matrix W* in each iteration

gorithm with (red line) and without (blue for random 10 x 10 matrices A and C for
line) the swap strategy for square matrices the algorithm with (red line) and without
A and C with random entries. (blue line) the swap strategy.

Remark 14

- Note that our examples only show that results like these are possible, not that they are
generally occurring. Especially in cases, where P < N and A € RV*N and C € RFP*N
are matrices with random entries, the mazimal increase in rank per iteration is usually
smaller than M. Sometimes the matric WX never even reaches full rank, not even after
RM iterations, although it is guaranteed by our theory (compare Theorem @) This is due
to numerical instabilities /inaccuracies. We will discuss one source of error in the Section

[1.4.6

1.4.5 Extended greedy-testing strategy

We consider a three-dimensional example, where B* is assumed to be symmetric and our basis
is the canonical basis for the space of symmetric matrices in R3*3,

Example 4
Let T=1, N=M=3, P=1 and

1 00
A 010)], C=(11 1),
0 01
meaning that
O3(CA) =11 1]=|L B3 B30 0 0|0 -2 L |[=uzv’
V3 V343 V3-3 2 _1 _1
111 3 3+ > 0 00 7 7 -
and therefore
RM =rank O3(C, A)M = 3. (44)

Consider the canonical basis Bsym for the space of symmetric matrices in R3*3 with
100 010 0 0O
Bi=|0 0 0}, By=1[(1 0 0], Bs=|0 1 0},
0 0O 0 0O 0 0O
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We will compare three different settings. First the standard algorithm |1 with the full basis Bsym,
therefore generating siz controls. Secondly the standard algorithm with the first three elements
Bi1, Bz, B3, generating three controls. And thirdly the extended greedy-testing strategy [4, also
generating min{RM, 6} = 3 controls. Since some of the siz basis elements could be (and in
this case indeed are) linearly dependent after multiplication with the observability matriz, we can
no longer expect to obtain the true coefficients. However we can still measure the difference in
observation at final time T (the cost function value of our main identification problem . We
get the following results.

full basis B1, B>, B3 greedy improvement
> |Cyr(B*.€) — Cyr(B(a),€)| || 1.30-107° 9.81 5.74-1077
Eigenvalues of W 2.61-10° 8.86 - 10% 2.38-10°
1.38-10° 3.01-10* 1.18-10°
1.55-10% —2.07-10713 5.87 - 10*
1.52-10711
—1.71-10712
—1.24-10711

Table 5 Cost function value of main identification and eigenvalues of W for the three different settings.

Note that, in order to solve the discretized main identification problem, we used the f minunc-
function of MATLAB (which is also the way we will do it in the bilinear case) since the matriz
W does not have full rank for all three settings.

As we can see the observations of standard algorithm for the full basis are very close to the
true observations. We also have that W € RO*® has three eigenvalues that are strictly positive
and three that are basically zero. This means that rank W=3-= RM, which is the highest
rank we can expect. However if we just consider the first three basis elements Bi, Bo, B, the
corresponding W € R3%3 has only two eigenvalues that are strictly positive and still one that is
basically zero. The difference in observation at time T between true and computed matrix B is also
much bigger than for the full basis. Finally, looking at the result from the greedy improvement,
we observe that the observations at time T are almost identical. Also all three eigenvalues of
the corresponding W € R3*3 are strictly positive, meaning it has have full rank (the condition
number is K,(W) = 4.05). The three elements that were selected are Ba, Bs and Bg.

We can conclude that, as expected, three basis elements are sufficient to get optimal results and,
most importantly, our greedy improvement is able to select exactly those three. It will in fact
choose these three elements, no matter what order of B1-Be we start with. Three controls are
also sufficient, indeed three controls generated by the standard algorithm with the full basis (and
one generated by the standard algorithm with By, By, B3) are equal to our initial guess for the
projected gradient method (€° =1).

1.4.6 Numerical instabilities

We consider a simple two-dimensional example where A is the identity and C is diagonal.
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Example 5
Let T=10, N=M=P =2 and

meaning that

108 0 2 o 2 0\ (v210° 0
o 1] o ¥ o ¥ 0 V2| (1 0\ . T
0 1 0 2 o - 0 0
and therefore
RM = rank O2(C,A)M =4 = NM. (45)

For this case Theorem (theoretically) guarantees that, using the controls generated by the algo-
rithm, we can recover all 4 true coefficients of a*, for any basis B that spans R3*3. However if
we numerically try to solve the main identification with the canonical basis (which in this
case also satisfies Assumption we can only recover 2 coefficients for any a*. For example

setting

. (6557 0.357

B = (8.491 9.340> (46)
we get the following result.
a* ‘ asol

6.557 6.557

0.357 0.357

8.491 0

9.340 0

Table 6 Solutions of the main identification for the canonical basis.

The numerical cause for this discrepancy between theoretical and numerical results is the ratio
of the largest and smallest eigenvalues of W, which in this case has the eigenvalues

A1 =6.84-102, X =1.74-10'3, X3=6.84-10%, X, =1.74-10%.

Since solving the main identification problem is equivalent to solving the linear system (137), the
stability the solution depends on the condition number of W, which in this case is

A (W) A
k(W) = AmaxW) _ Aa 5 5o 416

Amin(W) A1

Hence the system is highly ill-conditioned and it is therefore not surprising that we are not able
to numerically recover all coefficients.

We can generalize these findings by giving a lower bound for the condition number of % depend-
ing on the maximal and minimal singular value of the observability matrix.

Consider arbitrary N, M,P € R, T > 0, A€ RVXN C ¢ RP*N and a basis B € RN*M defined
using the SVD of the observability matrix

On(C, A) =UzVT, (47)
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as mentioned in Remark [0l Let 03 > ... > or > 0 be the positive singular values of the
observability matrix. Then we have

Amax(W)

/{(W) = ==,
>\min(W)
with . . .
Amin(W) = min <X. WX> < <eRM- WeR/\/I> < Wlirmrm),
lIx||=1
- Wx) > We, ) > [W
maX(W) ||rP”ax1 <X, Wx> > <el, Wel> > Wl
We also have
. RM . . RM -
Wih1 = Z <’Yl(ﬁj).’Yl(€J)> = Z [y2(¢))]]
j=1 j=1
T . 2
CelT=9)AB1€(s)ds

T N-1 2

RM
:HZ / Zﬁ,(s)CA’Blej(s)ds
= i=0

T N-1

RM '
= Z /0 Z Bi(s)CA'v1€,(s)ds
j=1

1 T _ 2
Z/O Bi(s)or[unlinit1):(nitny€l(s)ds

RM

2
2
’R

2

()€} (S)d5> (] [(Nit):(vien)

=:c1<00, since €, are bounded

= Cl(f%

Note that ¢y is independent of og. Analogous we can show that

WlirmzrM = cROR.

where cgr is independent of 1. In conclusion we get

—~ 2
k(W) > 191 (48)
CROR

meaning that the ratio of the largest and smallest singular value of the observability matrix
quadratically affects the condition number of W.

In the setting of Example |5/ we have o1 = V2108, OR =09 = /2 and therefore

2
% — 106 < 2.55 . 106 = k().
2

Remark 15
This bound is, in general, not tight, meaning that a small mtw does not generally imply that

system (37)) is stable.
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CHAPTER 2

Bilinear system

Now we move to the original setting for which the algorithm was introduced in [MS09|: Schrédinger-
type equations.

2.1 Notation

Throughout this chapter we will adopt some of the notation used in [MS09]. We assume N to
be a natural number. We denote by ||-||, the Euclidean norm for complex vectors in CV and by
<-, > the corresponding standard inner product. Finally < > .2 denotes the usual inner product

of L?:=L?(0, T;CM).

2.2 The identification problem and a greedy identification algorithm

2.2.1 Problem formulation

Consider the Schrédinger equation for the state of a quantum system

{/zb(t) = [H+e(tulw(t), te(0.T]
$(0) = 9o,

where the internal Hamiltonian H is assumed to be known and the goal is to identify the (un-
known) dipole moment operator p that couples the system to a time-dependent external laser
field € € L2(0, T), which represents a control in this context. We assume the system to be finite
dimensional, meaning that H and w are Hermitian matrices in CN*N and 9(t) € CN. The initial
condition 9o € CV is subject to the constraint ||%o||, = 1, where |||, denotes the Euclidean
norm for complex vectors.

(49)

The true dipole operator p = p* is assumed to lie in a space spanned by a basis B, =

{ug, ..., uk}t, K € N. To identify u* we can experimentally measure the value @(u,€) =
<1//1,1IJT(M. e)>, where Y1 (u, €) is the solution of at a given time T > 0, for a laser field €
and a matrix u. The value 9; € CV is a fixed state with ||[%1]|, = 1 and acts as our “observer”.
As in the linear setting, we assume that the measurements are not affected by any type of noise.
The goal is to find a good approximation u € By, of u* for which the norm difference at time T
between observed experimental data ¢(u*, €) and numerical data ¢(u, €) is the smallest for any
laser field € € L2(0, T). In other words we want to find a matrix u that solves

. * 2
min ma JE) — . ) 50
min 66L2(5§T)|<0(u €) — (. €| (50)

Once more we can write u* = Z,Kzl o =: p(a*) and hence rewrite (50) as

min  max_ |p(u*,€) — p(u(a), €. (51)
acRK €€L2(0,T)
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Again the idea of the algorithm is to generate a set of laser fields (e!, ..., eX) € L2(0,T) that
attempt to discern numerical data for any two u(a), u(@) € By, u(a@) # u(a@), without doing
any experiments. With this set one then solves the least-squares problem

K
min, D lelw . ¢) — plua). )P, (52)
j=1

where one has to perform exactly K laboratory experiments. Clearly a* also solves problem

(52).

2.2.2 Algorithm in the bilinear setting

We adapt the improved initialization from the linear setting (compare Section to the
algorithm stated in [MS09|, meaning that we want to find the control that maximizes the differ-
ence between the observation corresponding to the controlled state and the observation ¢(0, 0)
corresponding to the uncontrolled state. Denoting u*(at) := Zle a, the algorithm can then
be written as follows.

Algorithm 5 Greedy Reconstruction Algorithm for Selective Laser Fields Computation

Require: A basis B, = (k1. ..., WK).
1: Solve the initialization problem

L €) — ©(0,0)|%. 53
ee[g?gfﬂlw(ul €) —¢(0,0)] (53)

which gives the field €' and set k = 1.
2: while k<K -1 do
3:  Fitting step: Find (ajk)j:]_ « that solve the problem:

k
min Y " [o(urs1. €) — o(uk(a), &), (54)
acRk =

4:  Discriminatory step: Find €1 that solves the problem:

max_ (i1, €) — @(u (@), €. (55)
€cL2(0,T)

5. Update k < k + 1.
6: end while

With the improved initialization (53)) we make it unlikely that € = 0 is selected as first control
€l, since € = 0 is a minimum point for (53) and we wish to maximize this quantity. The general
idea of the algorithm is the same as described in Section [1.1.2]

In practise we will add a regularization term to the problems (53)), (54) and (55)) in the algorithm
to ensure well-posedeness. Therefore we consider the regularized initialization problem

2 2
ee[g?(fT) lp(p1,€) —(0,0)]" — B H€”L2(0,T) , (56)

the regularized fitting step problem

k

argiﬂgk D le(uis1 €) — o (@), &) + vlall . (57)
j=1
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and the regularized discriminatory step problem

2 Kol ©) — @0t (@), O B lelzom). (58)
where we denote by 3, v > 0 some regularization parameters.
In case of the initialization and the discriminatory step problem, penalizing the L2(0, T)-norm
of € also enables us to use efficient monotonic schemes in order to solve the optimal control
problems, which we will introduce in Section From now on we refer to the regularized
problems —, when talking about the initialization, fitting step and discriminatory step
problem.

2.2.3  Well-posedeness

For the main identification (52) this is clear, since the cost functional is bounded from below
by zero and the cost functional value for @ = a* is equal to zero, meaning that @ = a* is a
minimizer to this problem.

It remains to show that the three problems in the algorithm, namely , and (58)), are
well-posed.

2.2.3.1 Initialization and discriminatory step problem

In order to prove well-posedeness for the optimal control problems and , we follow the
argumentation in [BCS17, p.75ff.]. Therefore we first need some intermediate lemmas. We start
by proving existence and uniqueness of a solution 9 € H(0, T;CV) to equation for any
given control € € L2(0,T).

Lemma 7
For each control € € L2(0,T) there exists a unique solution 9 € HY(0, T;CN) to problem

(49), satisfying [l9(t)ll; = l[Poll, for all t € [0, T].

proof. For a given € € L2(0, T) we define f : CV x R — CN as (4, t) := [H + e(t)u]w. Since
€ € L%(0,T), f(4,t) is measurable in t. It is also linear and continuous with respect to .
Furthermore, for 9, ¢ € CV, it holds that

1F(. 1) = F(@, Dl = IH + e(t)ulp — [H + e(t)uldll,
= [I[H + e(t)u](@ — @)l
< |[[H +e(t)ulllz 1% — ¢l

< (Ml + 1)l ) 1 = @l

=(t)

=7(0) [ — ¢l

where ||-||, denotes the spectral norm of a matrix. Hence f is Lipschitz continuous in 4. Note
that, since [0, T] is bounded and therefore € € L1(0, T), we have v € L(0, T). We also have for
each fixed 9 € CV that

(. D)l = I[[H + e(Oulplla < [[H+e(®)ullc 1Pl = (1) (192
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for almost all t € [0, T]. Hence we can apply Carathéodory’s existence theorem (see [Son98,
Theorem 54]) to get the existence of a unique solution 9 € AC([0, T], C") for forany T >0
and any initial value 9o € CV.

It remains to show that 9P € Hl(O, T: (CN). We have
ip(t) = [H + e(t)ulw(t) (59)
and by taking the complex conjugate on both sides we also get
— (1) = [H+ e()ulb(t), (60)
since H and w are Hermitian. Hence we can write
I IIE = S BT

= () P(t) + (1) P(t)
= (iI[H + e(t)ul ()T (1) — ()T [H + e(t)ul(t)
=0

to obtain [|$(t)|l, = [[%oll, for all t € (0, T) and therefore ||9||,2 = VT |[%oll, < co. We also
have

)
WP = I[H + ewlwl? = /O IH + ()l ()2 dt
T
< /O IHW(O)IE + 2 [ HB(E), [e(Dub(D), + le(Dup(D)]3 dt
oun T
=S /O 2 [ HB(E)I2 + 2 (Db (D) dt

-
< /O 2| HIIZ 1 ()15 + 21e()* |ullZ 1w (2)5 dt
< 2T ||HIIZ 1ol + 2 lel|Z2(o, 7y 14112 oI5 < o0

and therefore 9 € H1(0, T; CN). O

Remark 16
By the calculations in the proof of Lemmal|7 we also obtain that there exist c1, co > 0 such that

1%l 420, 7:0my < calltollz + c2 lidollz llell 20,7y - (61)

Now we are ready to prove the main result.

Proposition 13
The initialization problem (56|) and the discriminatory step problem (58) are well posed.

proof. We start by noticing that ¢(0,0) = (0, €). Therefore we can write both cost functionals

of and as

J(€) = |p(fi, €) — o, €)|> = B H€||i2(0,T) ,
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where i = w1 and i = 0 or, respectively, fi = pxs1 and [ = uf(aX). Next we obtain that J(e)
is bounded from above.
J(e) = l(fi, €) — o(f. €)1 ~ Bllelz2(0,7)
< (W1 9r(@ ) — (Wi ¥r(a.e))P
<2 |95 |7 (B )15 +2 [l ]15 [l (2. €)ll5
—_—— —— ——— —— —— ———
=1 =1 =1 =1

=4,

Hence there exists a maximizing sequence {€,},en C L2(0, T),

lim J(ep) = sup  J(e) =
n—o0 €e€L2(0,T)

Since 0 < J(0), we can restrict the maximization to the set {e¢ € L2(0,T) | J(¢) > 0}. It is also
true that J(¢) > 0= ||€||i2(0'7—) < 4, meaning that

{e€ L2(0,T) | J(e) >0} C {e € L2(0. T) | BllellF2(0.1y < 4} =: U.

Therefore, if a maximizer exists, it must be an element of U and we can equivalently reformulate
our maximization problem in U , which is a closed, convex and bounded subset of L2(0, T). Hence
we can assume, without loss of generality, that 3 H6n||§2(07) < 4 for all n € N, which implies that
the sequence {€,}nen is (uniformly) bounded in L2(0, T). Since L2(0, T) is a Hilbert space and
hence reflexive, there exists a weakly in L2(0, T) convergent subsequence €5 — €. Using Lemma
' 7| and ( ., we obtain that the corresponding sequences of unique solutions to ., denoted by
Wy = P(ii, e5) and Y5 = P(f, €5), are (uniformly) bounded in H(0, T;CN). By reflexivity
of HY(0, T; CN), there exist two weakly in H1(0, T; CV) convergent subsequences 'l/)nk — 7 and

't/),,k 3. By the Sobolev compact embedding H(0, T;CN) € C([0, T];CN), we also have
"I)nk — 1 and 1/)nk — 4 in C([0, T]; CN).

Multiplying the system equation (49) from the right with a test function v € H*(0, T; CN) and
integrating over (0, T) we get

T .
/0 <1~pﬁk(t)+i[H_Eﬁk(t)ﬂ]@ﬁk(t),v(t)>dt:0
/OT <zizﬁk(t) +i[H — e, ()15, (1), V(t)>dt o

From €5 — € in L2(0, T) and 95, — ¥ in C([0, T]; CV) we obtain that

(o)~ a8, | = (i )~ enir), = (i)~ (e,
< |(eniis, —9).v) |+ (5 - 0. v)
< lenllez Al #a — % leqo,remlVl.e + (e, —O.v) |

<C —0

—0

— 0,

and similarly ‘<6,~7kﬂ17),~7k, V>L2 — < (i > ‘ — 0 for all v € H(0, T;CN). Since "/’nk P,
"/’nk —\1[) in L2, we get

T . ~ ~

[ (@04 1 - e 0B 0. 0)at [ (B0 + i B0, )t
T .

| (05 ilH = e (Daa, (0. v(0) ) dt / () +iTH — &), V(D) )dt
0 0

2.2. THE IDENTIFICATION PROBLEM AND A GREEDY IDENTIFICATION ALGORITHM 48



forall v € Hl(O, T: (CN). Hence

() = [H—enmdb(t),  ip(t) = [H—&(r)ad(t)

a.e. in (0,T) and 17)(O)~: P(0) = 1Po. By uniqueness of the limit and uniqueness of the
solution of (49), we get ¥ = P(fi, €) and ¥ = P(, €). Recalling that norms are weakly lower
semicontinuous, we get

T= lim Jen) = tim ({9190 en)) — (92,97 e5)) [ B en o)
~ ~ 2
= lim [($1.95,) = (91,95, (D)[ —limint B s, |27,

k—o00

~ A 2 _
< (1. 9(M) - (v1.9(T)| — B0
~ o~ 0\ 2 -2 ~
= (¥ 9r(5.8) — ($1.97(2.9) [~ B ez ) = J@)
<J
This implies that € is a maximizer for the respective maximization problem. O

2.2.3.2 Fitting step problem

Let k € {1,..., K —1}. Similar to the proof of Lemma one can prove existence and uniqueness
of a solution ¥ = 9P(a) € HY(0, T; CV) to equation (49)) (with p = u () = Zle o) for any
given a € R,

Lemma 8
For each a € RX there exists a unique solution Y € Hl(O, T;(CN) to problem (with
w = pk(a)) satisfying | (t)ll, = [[Poll, for all t € [0, T].

One can also similarly obtain that there exist ci, ¢ > 0 such that

[l 2 0,7cvy < a1 lldolla + <2 [[%oll Nl - (62)

Proposition 14
The least-squares problem s well-posed.

proof. We denote by J the cost functional of

k
Ja) = lo(ukr1. &) — o(u (@), &) + vlal3.
Jj=1

Consider an arbitrary ag € RX. Since v > 0, we have for all a € R¥ with Ha||§ > J(ap) that

K
J@) = |1, €) — o(uk(@), &) +vilals > vial; > J(ao).
j=1
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Hence we can restrict the search for a minimum to the set
~ 1
. 2
U={aeR][ el =< Jao)}
which is a non-empty (ag € U), closed and bounded subset of R¥, meaning it is also compact.
Since J is bounded from below by zero, we can find a minimizing sequence {@p}nen C U,

lim J(a,) = inf J(a)=:J.

n—oo acRk

Since U is compact, there exists a convergent subsequence az — @ € u. Using we thain
that the corresponding sequences of solutions {9} sen, with ¥. = 9/ (as) = P(u*(az), &) (for
Jjed{l, ..., k}), are bounded in Hl(O, T: CN). By reﬂexivity of Hl(O, T: (CN), there exist weakly

in H*(0, T;CN) convergent subsequences 't/)jﬁ/ — '{ﬁj and by the Sobolev compact embedding
H(0, T;CN) € C([0, T]; CV), these subsequences also converge uniformly to ¥ in C([o, T]; CM).

Since a5 — @ in RK, 'Wﬁ/ — 'J)j in C([0, T]; CN) and 1]/{;, —\'J}J in L2, we get
= iH+ dOu@W, Jj=1,....k

similar to the proof of Proposition . Hence we have 17)J = /(@) and therefore

J= lim Jaz) = ,gn;ozkj\<¢1.wr<uk+1,ef)> - <¢1.¢T<uk(aﬁ,),ef)>(2+uHaﬁ,H§
j=1

i 3 [ (b)) — ()5
j=1

k

> ‘<"/’1:'¢T(Mk+1, ej)> - <’¢1,’l/;j>‘2 +vlal3
=1

=

= Z ‘<¢1:¢T(/~Lk+lv Ej)> - <¢1,1I/T(H(N)v Ej)>‘2 + @l
=1

=J@) >J

This implies that & is a minimizer for the fitting step problem (57)). O

2.3 Discretization and first-order optimality conditions

In order to numerically solve problems (52]), (56)),(57)) and (58]) we first have to develop optimality
conditions for all our problems and introduce a discretization scheme for our system (49)).

2.3.1 First order optimality conditions

2.3.1.1 Main identification and fitting step problems

We can consider both inverse problems, namely the main identification (52]) and the fitting step
problem (57)), at the same time, since the (reduced) cost functional in both cases can be written
as

L
J@) =) [o(knew. €) — p(ut(a), &) +vall3,
j=1
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where L = K, tpew = 1 and v = 0 for the main identification and L = k, tpew = tis1 and
v > 0 for the fitting step problem at iteration k € {1,..., K — 1}. Note that the @(inew, €)
do not depend on a. We denote by ¥4 := P(ul(a), ) the solution of for € = ¢ and
u=pl(a) forje{1,..., L}. Now we can also write the cost functional in its unreduced form

S Ve2) = S [ (ttnew ) — (91, BR[| + v a3
j=1

= > e O 2Re (@ (new. &) (1. W4(T)) ) + (Wa(T). 91 ) ($1.94(T))
j=1

2
+vllelz.

The derivative of J(a) in a direction o € RE can then be computed as follows. We have

where 61//{, are the solutions to the linearized state equations

iGWh(t) = [H+ ()t (e)lowh(t) + € (t)ut (da)wh(t) (63)
oYL(0) =0.
For j € {1,..., L} we introduce the adjoint equation
N = [H+ (Ot @IN(D) o0
N(T) = ((%1.96(1) = @(tew. @) s

and get

Dy S, - V&, @) (k) = ~2Re(@(tnew. &) (1, 6Wa(T)) ) + (Wa(T). 91 ) (w1, 60h(T) )
+ (Swh(T). 91 ) (w1, Wa(T))
= —2Re(@(knew. ) (1, 00(T) ) ) + 2Re(Swa(T). 1) (¥1.94(T))
= 2Re(0%h(T). (($1.%a(T)) = @(unew. &) )1 )

=N(T)

- 2Re<5z/4',(r), )J(T)>.
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Integrating by parts and using that H and u'(a) are Hermitian, we get

(OWa(T)N(T)) = (00h V) |+ (00h V) |+ ( 394(0). ¥ (0))
=0
o (il + (@0l + Iut (e, V) |

+ (0%, —ilH +Eut@V) |
- <5«/4‘,, iTH + &ut ()] >L2 + <Ej“L(5°‘)‘V&' Aj>L
— (W, iTH + efuL(a)]Aj>L2

(o)),
/=1

2

Il
S

=VJ(a)

Therefore we obtain the corresponding optimality system

iWh(t) = [H+ & ()" (e)lwh(t), j=1,....1L (65)

¥5(0) = %o, j=1...,L (66)

N (t) = [H+ & (Db @IV (D), j=1,....L (67)

N(T) = (W1 9a(T)) = @(knew. ) )1, j=1...L  (68)
L

Via) = 2va + S 2Re[(duath M) L (Suwh X)) ] "o (69)
j=1

where the state and adjoint equations hold in (0, T).

2.3.1.2 Initialization and discriminatory step problems

As in the proof of the well-posedeness, we can again consider both optimal control problems (56))
and (58) simultaneously by denoting the (reduced) cost functional as

J(e) = |o(ii, €) — (L, €)|2 -0 ||€||%2(0,T) '

where [ = p1, fi = 0 in case of the initialization and @ = uki1, 4 = uk(a®) in case of the
discriminatory step problem. We denote by 9 and %9 the solutions of (49) corresponding to
u = [ and u = [ respectively. Now we can write the cost functional in its unreduced form

S, &) = [(¥1.9()) = ($2.9(T))12 =B el 0.7y
= (B(T) 90 ) (01 B(T)) = 2Re(B(T). 1 ) (91, 9(T) ) + (B(T). 91 ) (1. 9(T))
-0 ||€||%2(0,T) :
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The derivative of J(¢) in a direction de € L2(0, T) can be computed as follows. We have
DI(e)(8€) = DI, . )(6¢) + Dy S, . €)(6%) + Dy S, B, )(69),

where 517) and 5'{0 are the solutions to the linearized state equations

(1) = [H+ e(DmSH(2) + e(t)ib (1) (70)
sP(0) =0,
(1) = [H+e()alod(t) + Se(D)ab (1) 1)
sP(0) =o0.
We introduce the adjoint equations
A(t) = [H+e()aA(t) )
AT = (w1 B(T) = B(D) )1,
iA(t) = [H+e()alA() -
AT) = ($1.9(T) = (1) )1,

therefore
Dy (.. ) (6H(T)) = 2Re(SH(T). 91 ) ($1.B(T) ) — 2Re(6%(T). 91 ) (91, 9(T) )
= 2Re(%(T), (¥1,%(T) — (T) ¥ )
= 2Re(6%(T), X(T))

and similarly
Dy J(B. 9. €)(6%) = —2Re((T), A(T) ).
Integrating by parts we get
(BT X)) = (80.8),,+ (#.3) , + (86(0), A(0)
=0
' < _ i([H + efi]oP + 5eg17;) , x>
= (0. iIH+ A +X) |+ i(seid.X) |

——
@,

- i<<ﬂ"7}’ >~\>' 6€>L2(0,T)'

IE

therefore - ~ Y
Dy, €)(09(T)) = <2’m</“/">‘>' 6€>L2(0,T)
and similarly

Dy (., €)(69) = < - 2/m<ﬂ17),5\>, 6e>

£2(0,T)

Since DeJ(, 9, €)(6€) = 2,6<€, 6E>L2(0 7_), we conclude that

DJ(e)(6¢) = <25e + 2/m<ﬁ17), 5\> — 2lm</3,17), 5\> 6€>
=:VJ(e)
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Hence we obtain the corresponding optimality system

iH(t) = [H+ead(t),  $(0) =1, (74)
ih(t) = [H+e(ald(t),  (0) =y, (75)
() = [H+e(aIXD),  AT) = ($1.9(T) () )¥1, (76)
() = [H+ (A, AT) = (w1, B(T) = B(T) )n, (77)

VJ(e) = 28¢ + 2/m<mi;, 5\> - 2/m<m];, X> =0, in(0,7T). (78)

2.3.2 Discretization

We consider a uniform grid with step size h = T/N; and introduce the discrete L2-product

N¢
<v,w> ::hE viw,
LQ
h i=0

In order to solve the discrete version of our system ({49), we use a second-order Strang splitting
(compare [Str68|), meaning that we compute the approximated solution 9; = ¥ (ih), 0 < i < N;
as the solution to the following equation.

gh i h
‘lliz'+1 — 6_’H5€_I€’N’h€_IH§‘lIJZ‘. (79)

Hence the discrete (Optimize-Before-Discretize) optimality system for the main identification

and fitting step problems (compare (65)-(69)) is

(Wh)it1 = efngefiEZ“hef"Hg('lllé)i, j=1..., L, i=0,..., Ny — 1,
("pja)oz‘d)Ov _/:1 ..... L,
N = e"ng"“—l”he"HgAﬁy =1 L i= N, .. 1

Xy, = (91 @hon ) = @llnew )1, J=1....L,
Li AT

Vn(a) = 2va + ZL: 2Re [<6ju11/){x, )\f>
j=1

The discrete optimality system for the initialization and discriminatory step problems (compare

@4-([78)) is

Py = e iR IHEG, i=0,....Ne—1,  (80)

Do = o, (81)

Y1 = e~iH2 e*"eiﬂhe”Hg'JJi, i=0,..., Ne—1, (82)

Po = o, (83)
A= e’ng’Gi—lﬂhengxz, 1= Ng, ..., 1, (84)

A, = <1/’1,’17JNt - @Nt>’¢1, (85)

Aioq = elf3 gleibh itz g i=Np .. 1, (86)
M= (1.9, — P, ¥, (87)
(VJn(€)): = 2Bei + 2/m<ﬁ17/i, Xi> - 2/m<ﬂ17}i, 5\,-> —0, i=0,.. . N. (88)
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2.4  Monotonic schemes

In order to solve the two optimal control problems in the algorithm (the initialization and
discriminatory step problem (58])), we will use a so-called “monotonic scheme”. Given an arbitrary
control € € L2(0, T), the idea of monotonic schemes is to find a control € € L2(0, T) such that
J(€') > J(€) by using certain properties of the cost functional J. A more detailed introduction
to monotonic schemes for optimal control in quantum systems can be found in [MSTO06).

We will consider two different approaches to these monotonic schemes, one for the continuous
system and one for the discretized system.

2.4.1 Monotonic scheme for the continuous system

As before we denote the two cost functionals of and as

J(e) = lo(fi, €) — o, €)1 = Bllel T2,y

where [ = p1, i = 0 in case of the initialization and @ = uky1, 4 = pk(a®) in case of the

discriminatory step problem. Let € € L2(0, T) and denote by 9 and 19 the solutions of (49)
corresponding to u = fi and u = fi, respectively. Consider another control € € L2(0, T), again

denoting by '17)/ and 17/ the corresponding solutions to (49) with 4 = i and u = (& respectively.
Using the adjoint equations and from Section [2.3.1.2| and defining AY(T) :=9(T) —

17)(T), AP (T) =49/ (T) — 1/3’(7—), we obtain
&) = J@) = | (90, B D))~ (0, BT =B 2oy
|1 )~ (1) + Bl
= (P - F D) FT) - F ) 5 [ P
T
= (BT) = D7) 1) (92, BT) = B(TY) 8 [ (e
= (MY/(T). w1 ) (w2, 89/ (T) ) = (Ap(T) 90 ) (91, B9(T) )
—,B/Te’2(t) _ 2(t)dt
0
= (BW/(T) = 8(T), 91 ) (91, BY/(T) — B(T) )
)
+ 2Re( /() = 89T, 9 ) (1, 0(T)) =B [ () = (e)a
= [ (. 09(7) - 29|
+ 2Re<A¢’(T) — Ap(T), X(T)> B /T €2(t) — (t)dt,
0

where

(8/(T) = 2p(T), X(T) ) = (F'(T) = B(T). X(T)) = (F'(T) = (T). A(T)).
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Integrating by parts we get

= /<(e’ - e)ﬂ'c])/,i>L2

and analogously
F () =dM)AD)) = i{(€ - pd K)

Concluding we have
€)= s(e) = | (w29~ ) [P0 - @0yt
+ 2/m<(e’ - e)ﬂ{bl, 5\>L2 - 2/m<(e’ - e)ﬁ,'t?),, 5\>L2
2 T
= | 0w —09M)[ + [ (0 = et (- B (0) + e(0)
+ 2/m<a17/(t),X(t)> - 2/m<m?/(t),X(t)>)dt.

Hence a sufficient condition for J(e') > J(¢) is
(€(1) = () ( =B (D) +e(t)) +2im( @ (£). A1) ) — 2im( @ (£).A(1))) = 0. (89)

for all t € [0, T]. There are many ways to find an € € L2(0, T) such that holds. The idea
presented in [MS09, Section 5.1| is defining €'(t) for each t € [0, T] as the solution of

¢(t) — e(t) = é(le<;117)/(t),5\(t)> = 20m( @ (£) A(8)) — B (8) — (1)), (90)

leading to

) = A©) = (1, 89(T) = s(T))| " +6 | (e - e(n)a > .

However, the guarantee of monotonicity is not passed down to the discrete system, meaning that
an € € L7(0, T) satisfying the discretized version of (with t = t; for j € {0, ..., Ny —1})
would in general not guarantee that Jy(€¢') > Ju(€). Therefore we will introduce a monotonic
scheme that is directly based on the discrete cost functional in the next section.

Remark 17
One could also call this approach “Monotonize-Before-Discretize”, since we derive a sufficient
momnotonicity condition before discretizing the system.
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2.4.2 Monotonic scheme for the discretized system

For the unoptimized discrete system ((80])-(87))), we notice that the last entry of the control €y,
does not play any role. Therefore we introduce the discrete L2(0, T )-product

Nt—1
<€, €> L _=h ek
L4(0, T
n(©.T) i=0

Now we want to develop a monotonic scheme starting from the discrete cost functional

In(e) = ‘<’¢1,’JJM> - <’¢//1y'¢71/\/t> i

_5||€HL%(O,T)' (91)

for € € L2(O T) and where by 1,0 3 we now denote the solutlons to (80)-(81),(82)-(83) respec-
tively. Consider another control €’ € L2(O T) and denote by 1/) 1/} the correspondmg solutions

to (80))- . . (83) with € = e Usmg the adjoint equations (84)-(85)),(86)-(87) and defining

Ay, : "/’Nt "/JNN A"/’Nt ’l[th "/JNt, we obtain

(@) = e = | (r )~ ()| B
_ ‘<1/11,17th> - <‘l/)1v17)/\/t> i

+B ||€||i,27(0,7')
Ni—1

= <"/;'/vf - 1/3'Nt-¢1><1//1,’ll;’/vt —"ﬁ’/\/t> —Bh Z €7
i=0

- <‘¢7th —@Ntv¢1><¢1,1pNt _17)Nt> +Bh Ni_:l €
i=0

= <A"/’7va¢1><"/’1v A1/J',\,t> — <A¢Nt:¢l><¢1v A"/’Nt>
Ne—1

=Bh Y (7~ )
=0
= (59, — D, 91 ) (1, M, — D)
Ne—1

+ 2Re<A'lIJ/Nt - A¢Nt1¢1><¢lx A"/J/\/t> —Bh Z (7 —€)
i=0

= [ (wr. 294, — 1) [

Ny—1

+2Re<A¢’,\,t—A1/1Nt,5\Nt> Bh S (2 - ),

1 =0

where

(8, — D An ) = (B, = B Xne ) — (B, — B A, ).
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Now, we study the two terms at the right-hand side of this equality. Since 17)6 = 17)0 = 1o and
H, i are real, symmetric matrices, we get

Nt—1

(O =B An) = D (Fha = Dovn Xea) = (B - Bu X

Ni—1

I
(]

<e—ng e—ie;ﬁhe—ng,@;' o—iHA e—ielﬁ,he—ngS\i>
e—nge—ieiﬂhe—ng,J,i,)”\i+1> < 'l Z> < engeielﬂhengj\i+1>
_ Z_: < / 2e/ezuh /ezﬂhe—/Hg > <1I) relp,h IH2A+1>

‘ ~(#3) (.

=0

S

-@z

iHh je.nih iHER
/H2 erelu,he/HQAH_1>

Nl e
= ,z:o< ; e’H§<e'(EZ €)ith _ ) —iH8x >
and analogously
<"7///vt—"7’/\/t,5\/vt> Ni:1<‘d) et (’(f i—€)ah _ I)e_’Hgf\i>_
1 =0

Concluding we have

Inl€) = Inle) = | (w, Dy, ~ A«pNt} +2Re < HE (ellemeomh _ 7) e MK )
—2Rel\§1 <{p' e’H§< ) iH3X > ,Bh/\/i:l(e’2
=0 !
Ne—1

> h Z (e — ez)( — 2/m<17}2, fn(e, ei)ii> — 2/m<17);, fn(e, 61)5\1> —B(e; + ez)>
i=0

where the matrices fin(€), €;), Ln(€,

', €;) are defined as

he’(e z)ﬁ'h__’z- —ng

/J'h(e ) = e /h(e — ei) €
R B Hh 6’(5 —e;)ih _ T i
/J'h(6 l) e’ /h(ei — ez) S 2.

Hence a sufficient condition for Jy(€') > Jp(€) is

(e — ei)( - 2/m<17);, fin(e, ei))~\2-> - 2/m<17);, an(e, ei)xi> —B(e; + Ei)> >0, i=0,..., Ny —1.
Similarly to |90| we can now choose €' as the solution of

€ —e = é( — 2/m<17);, fin(e, ei))~\2»> - 2/m<{b;, fn(e, ei)f\i> — B+ ei)>, i=0,..., Ny — 1,
leading to

Ne—1

+Bh Y (—€)? > 0. (92)

=0

(&)~ () = (. 2y, — b )|
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Remark 18
1. Since we will use this approach in our numerical experiments, we give an overview on the
proof of convergence in the next section.
2. One could also call this approach “Discretize-Before-Monotonize”, since we discretize the
system, before deriving a sufficient monotonicity condition.

2.4.3  Convergence of the monotonic scheme for the discretized system

We follow the approach presented in [Sal07]. We start by showing that the sequence {€X}xen,
iteratively defined as the solution to

1 . - . N
F ek = G (2m (BT AT XD —2m (BT (el AT Bl ), (93)

fori=0,..., N¢ — 1, is bounded.

€

Lemma 9
Consider an initial field €°, EOHOO > 0o, where |||, denotes the essential supremum norm.
Then the sequence {€*}en, iteratively defined as the solution to (93)), is uniformly bounded.

For a proof compare [MST06, Theorem 3] (in the notation used there, we consider 6 = 1,7 =0
in our approach).

Now we can prove that the convergence of the function values J,(€¥).

Lemma 10 B
There exists Joo > 0 such that

lim Jp(e¥) = Jo (94)

k—o00

proof. From (92)) we know that the sequence {J;(€¥)}xen is monotone non-decreasing and by
Lemma |§| and ([79) we obtain that the sequence is also bounded from above. This proves the
existence of a Jo such that (94) holds. O

The next step is to show that each limit point of {€¥} ey is also a critical point of Jj.

Lemma 11
Let S.o be the set containing all limit points of {€}xen and Scyir be the set containing all
critical points of J (with gradient equal to zero). It holds that

550 C Scrit

and also
d(ek, Se0) = 0,

where d(eX, S.0) denotes the (2-norm) distance between €< and S.o.
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proof. For the first part of the statement we refer to [Sal07, Lemma 3.3]. The second one
follows because {€%} ey is uniformly bounded by Lemma |§| and since if the statement was false,
{€k} ken would have a (still uniformly bounded) subsequence that had no limit points, which is
a contradiction. O

From the monotonicity of {J,(e*)}xen it is also clear that
In(Se0) = Jo.

Now it remains to show that the sequence {€X} ey itself is convergent.

Theorem 3
For B > 0 large enough, the sequence {€}xen defined by (93) converges towards a critical
point of Jp.

In [Sal07| this is proven with a few technical lemmas. Instead we will give a short sketch of
the proof. The idea is to use the shifted cost functional

Jp(€) := Jeo = In(e)
and show that for the sequence {(J5(€X))%}ken (6 € (0, ]) there exists a ¢ > 0 such that
(J(€)? = ()P = |t — €. (95)

This is done by using a special case of the Lojasiewicz inequality, where we utilize that for 3 large
enough, the Hessian of J, is diagonally dominant and therefore invertible (see [Sal07, Lemma
2.1]). Since {Jn(e¥)}ken is monotonically increasing and bounded from above, {(J3(e%))?}ken
is monotonically decreasing and bounded from below. Therefore {(J5(e¥))?}xen is a Cauchy
sequence and by we conclude that {€/},cn is also a Cauchy sequence.

2.5 Numerical results

Before we show concrete numerical results, we will first discuss some practical implementation
techniques to improve the performance of the algorithm.

2.5.1 Diagonalization and numerical solvers

In order to solve the initialization and discriminatory step problem (58)), we will use the
monotonic scheme for the discrete system from Section Therefore we need to solve equa-
tion Ni-times in each iteration, meaning that we have to compute an exponential matrix
of the form e*’¢#*" many times, for fixed matrices u but with changing controls €. Since all
matrices  that we are considering are Hermitian they can be diagonalized, meaning there exists
a unitary matrix P € CV*N_ containing the eigenvectors of i, and a diagonal matrix D € RVXN
(eigenvalues of Hermitian matrices are real) such that u = PDP~!. Therefore we get

eiiheiDl,l O
ic. ihe —1 ihe: -1 _
e:l:lel/.l,h — eP(:I:/helD)P _ eF’e:i:/he%DeP — P L P 1.
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This way we have to invest additional computational time into the pre-computation of P and D
(for example with the built-in MATLAB function eig) once for every pu, but reduce the compu-
tation of an exponential matrix to the computation of N exponential values in each iteration, for
each discrete time step.

The initial value for the monotonic schemes is chosen to be € = 0. For the termination condition,
we consider the difference between the new and the old cost function value (J(€') — Jp(€)). If the
increase in function value is too small, we stop the monotonic scheme and return the last control
€’. We also have to be careful about the monotonicity of the cost function. Since equation (93))
is non-linear, there is no numerical guarantee to get an exact solution and therefore a control
that indeed yields a larger cost function value. Also the convergence result for our monotonic
scheme is based on the assumption that 3 is larger than some constant that is depending on the
matrices i and [, which themselves depend on varying a given by the fitting step. Therefore
we integrate a simple fail-safe, that stops the monotonic scheme whenever a decrease in function
value is detected and then starts it again with a larger value for 3, making the problem more
concave.

Regarding the main identification and fitting step problem (57)) we note that these problems
are non-linear in a, meaning that there can be many local minima. In our implementation we
therefore do multiple searches from different starting points for both inverse problems, to have
a better chance at finding the global minimum. Hence it is crucial to have a fast method rather
than a precise one. The built-in function fminunc of MATLAB (that uses) has proven to be very
efficient for this problem. However, in the future, one could also investigate other methods, that
might work better with this kind of problems.

2.5.2 Selective laser fields in a three-dimensional example

Some results of this and the following sections are also published in [BCS20].

We start with the same setting as in [MS09], meaning that we consider a small, three-dimensional
example (N = 3) with

100 1 0
H=10"2|0 2 0], 9o=|(0], ¥1=10], (96)
00 4 0 1

Nt = 500 and T = 40007, which corresponds to 20 periods of the smallest frequency of the
system. We assume u € R3*3 to be symmetric and consider two different choices of basis By, for
the space of 3 x 3 symmetric matrices, the canonical and a random one. We obtain the fields
displayed in Figures [7] and [§|
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Figure 8 Laser fields for the random basis of 3 x 3 symmetric matrices.

We can already see from this example that the choice of the basis can be crucial also in the
bilinear case. For the canonical basis, only one of the six obtained fields is non-zero, whereas for
the random basis, all but two fields are non-zero. The result for the canonical basis also do not
change if we use a non-zero starting value for the monotonic schemes. It is also not caused by
a value of the regularization parameter 3 that has grown too large by our fail-safe that enlarges
B if the monotonic scheme detects a decrease in function value. The values of 3, for which the
monotonic schemes terminated, are shown in Table [7] (the starting value is § = 0.015).

| init | disc 1 | disc 2 | disc 3 | disc 4 | disc 5
0.015 | 0.015 | 0.015 | 0.015 | 74.8 | 0.015
49.9 33.3 | 2525 | 2525 | 378.8 | 49.9

canonical basis
random basis

Table 7 Final values of the regularization parameter G for all monotonic schemes and the two different
bases.
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As we can see, the values of B are larger for the random bases than for the canonical basis.
The controls that are zero do not even correspond to the largest value of 3, meaning that the
fields being equal to zero does not seem to have a correlation with a strong penalization of their
norm.

[f' V3 \/§]T

However if we choose a different observer 91 = 57, %5°]", we get the fields for the canonical
basis and the random basis shown in Figures [9 and [10| respectively.
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Figure 10 Laser fields for the random basis of 3 x 3 symmetric matrices.

We observe that now three fields are non-zero in the case of the canonical basis and five in
case of the random basis.
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2.5.3 Local and global minima of the inverse problems

As we mentioned before, both inverse problems, namely the main identification and the
fitting step problem (57)), are non-linear in &, meaning that there can be many local minima.
For the main identification the implications are clear, i.e. the final identification method does not
converge to the true dipole operator u*. But there are also implications for the fitting step, i.e.
we might not actually find a “defect of selectivity” and the resulting discriminatory step is trying
to split observations, that can already be separated by the fields generated so far. To compensate
for this effect, we solve all inverse problems multiple times (five times in our implementation)
with different starting points. However there is still no guarantee that we are able to find the
global minimum. To visualize this, we consider the following true dipole moment matrix pu* with

random entries
—0.0391 —-0.0216 0.0307

w*=1-0.0216 —0.0642 0.3091
0.0307  0.3091 0.3961

and the fields from Section for the random basis, using the observable 91 = [? ? @]T
Now we solve the main identification for 100 random initial vectors a that lie in a 6-
dimensional hypercube, with different radii, around the true coefficient vector a* in the respective
basis. We then count the number of times the minimization converges to a*, by which we mean
that norm difference between the computed a?P"°% and a* is smaller than 1072, For the purpose
of comparison we also do the same calculations for a set of trigonometric fields that were not
generated by the algorithm (in this case j-10~3sin(3/t + 2%1), forj=1,...,6), using the random
basis. We obtain the results shown in Table [8l.

Radius 0.0101(03|05]|0.7
canonical basis 70 10 1 1 0
random basis 91 27 | 50 | 38 | 21
trigonometric fields | 77 7 3 2 0

Table 8 Number of minimizations with random initialization that converge to the global minimum (out of
100).

We observe that there is a clear difference in the performance when it comes to the choice
of the basis. Especially for large radii, the fields generated by the algorithm for the random
basis (third row) converge much more often to the global minimum than for the canonical basis
(second row). The small dent of 27 for the random basis and a radius of 0.1 is most likely due
to statistical reasons and since we chose the tolerance, for a convergence to the global minimum,
to be exactly 0.01. If we look more closely at the norm difference of computed solutions a@PP"°X
and a* in Table [11l we can see that in a lot of cases the norm difference is between 0.01 and 0.1.
Note that the trigonometric fields are corresponding to the random basis, meaning that we
can not make a meaningful comparison to the fields for the canonical basis without further
computations. However compared to the fields generated by the algorithm for the random basis,
the performance of the trigonometric fields is again worse, falling off significantly for larger radii.
In this case we can also explain this difference in performance by looking at the graph of the
cost functional for the main identification. In order to plot this graph, we use the random basis
from our examples and fix four of the six coefficients of a to be equal to their corresponding
coefficient in a*. We then plot the graph of the cost function for the remaining two coefficients,
for the trigonometric fields and the ones generated by the algorithm (Figure . The results are
shown in Figures [11H13|
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Figure 11 Graph of the cost function for the main identification, where a; = of for j € {3,..., 6}, using
the fields generated by the algorithm (left) and the trigonometric fields (right).

S, o)
2

.

Flog, o)

Figure 12 Graph of the cost function for the main identification, where a; = o for j € {1,2,5, 6}, using
the fields generated by the algorithm (left) and the trigonometric fields (right).

S, ag)

Figure 13 Graph of the cost function for the main identification, where a; = e for j € {1,..., 4}, using
the fields generated by the algorithm (left) and the trigonometric fields (right).

As we can see, the cost functional for the trigonometric fields has many more local minima and
also the pit around the global minimum (in which one might expect the minimization method
to converge to the global minimum) is much more narrow than for the fields generated by the
algorithm. With these results one can justify investing computational time to generate the fields
with the algorithm, but there is also the question whether there is a way of improving the
algorithm to generate more robust fields.
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2.5.4 Extended greedy-testing improvement

2.5.4.1 Motivation and statement of the improved algorithm

The results from last sections show that, as in the linear setting, the choice of basis and observer
is crucial for the algorithm’s ability to generate robust selective fields. Based on the extended
greedy-testing strategy from the linear setting (compare Section we want to introduce
an improved version of the algorithm, that is able to select K “good” basis elements from a larger

set.

Algorithm 6 Improved Greedy Reconstruction Algorithm for Selective Controls

Require: A set {u1,..., Wy}, a tolerance Tol > 0.
1: Set k = 1 and solve the improved initialization problem

n’ _ 0’ O 2 2

b ome lo(u", €) = ©(0,0)]" =B llelli2(0,1)
to get the field €l and the index n;.

20 Set L={m}and T ={1,..., LY\ {m}.

3: while k<K -1 do

4:  Improved fitting step:

5. SetZ =10, fmin=10% and ipj, = 0.
6 for i€ 7 do
7: if u; €span({uelecc) then
8 Set 7 = J\{i}
9 else
10: Find (aji-)j:]_ ,,,,, « that solves the problem:
k K
min 3 (i, ™) — o3 gy, )2
acRk 1 s

with function value f;(a’) in the minimum.

11: if fi(a') < Tol then

12: I=TuU{i}.

13: end if

14: if f:(a') < fpi, then

15: Set imin = i and fmip = fi(a').
16: end if

17: end if

18: end for
19: if Z=0 then

20: Set Z = {imin}-
21:  end if
22:  Improved discriminatory step:

23:  Find €X and nj that solve the problem:

k—1
max  max ne)— a2 — B el |
nax _max le(u'.e) w(; 70, €)= Bllell 20,

24: Set L=LU{nc}, T=A1,..., K\ {nk} .
25: end while

(97)

(98)
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The main idea behind this improved algorithm is, to provide L different elements (L > K)
from the space that p* lies in, some of which will inevitably be linearly dependent. The improved
algorithm then picks K linearly independent elements that yield the largest function value in the
(improved) discriminatory step. In other words it picks the K most selective elements.

The algorithm starts with an improved initialization, where we maximize over all L elements to
get the first field. In each of the following K —1 iterations, we test all remaining elements whether
they are linearly dependent on the ones chosen so far. For all that are not, we do a fitting step
and check whether the cost function value is small enough (whether we really detected a defect of
selectivity). Remember that by “doing a fitting step”, we still mean that we solve the non-linear
inverse problem for a few (in our case 5) random starting points to have a chance at finding
the global minimum. For the elements that return a small enough function value, we then do a
discriminatory step and select the new field as the one yielding the largest function value in the
discriminatory step (the one that compensates the corresponding defect the most). If none of
the remaining elements yield a small enough function value in the fitting step, we consider only
the one (denoted by inj,) with the smallest function value in the (improved) discriminatory step.

Remark 19
1. The improved algorithm does not only return the fields €', ..., e but also an improved

basis B = {u1, ..., WK}

2. As we mentioned in the linear setting, this improvement does not necessarily increase the
computational time, since all additional steps can be parallelized.

2.5.4.2 Numerical experiments

We consider the setting from the last sections with the observable 9; = [? @ ?]T We
provide the improved algorithm with the set {u1, ..., W12}, where the first six elements are the

canonical basis and the last six are the random basis. The fields returned by the improved
algorithm are shown in Figure
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Figure 14 Laser fields generated by the improved algorithm.

We observe that all six improved fields are non-zero, meaning that this set of fields is richer
than all other sets we have seen. Therefore the identification has access to more data to compare
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the effects of different coefficient combinations of or.

To compare the robustness of these fields to the other ones we considered so far, we again do 100
random initial minimizations for the main identification in the same 6-dimensional hypercubes
around the corresponding a* as before and count how computed solutions are (in norm) closer
than 0.01 to the true solution a*. We obtain the results in Table [9l

Radius 001]01]03|05]07
canonical basis | 70 10 1 1 0
random basis 91 27 50 | 38 | 21
improved basis | 100 | 100 | 100 | 97 | 65

Table 9 Number of minimizations with random initialization that converge to the global minimum (out of
100).

As we can see, the fields of the improved algorithm are much more robust, converging to the
global minimum for all initial values for a radius up to 0.3. Also for larger radii the performance
for the improved fields is much better than for the other fields. In this setting it is also worth
taking a closer look at the norm difference between the computed solutions and the true solution
a”. Therefore we compare in Table and |12/ the number of computed solutions that is (in
norm) closer to the global minimum than a given tolerance.

Tolerance | 1074 | 1073 | 0.01 | 0.1 | 1 Tolerance | 107% | 1073 | 0.01 | 0.1 | 1
Rad. 0.01 0 0 70 100 | 100 Rad. 0.01 0 10 91 100 | 100
Rad. 0.1 0 2 10 97 | 100 Rad. 0.1 0 7 27 97 | 100
Rad. 0.3 0 0 1 30 89 Rad. 0.3 0 15 50 89 96
Rad. 0.5 0 1 1 12 46 Rad. 0.5 0 1 38 55 61
Rad. 0.7 0 0 0 3 21 Rad. 0.7 0 21 25 28
Table 10 Minimizations for the canonical basis that ~ Table 11 Minimizations for the random basis that
converge close enough to the global min- converge close enough to the global min-
imum (out of 100). imum (out of 100).

Tolerance | 107% | 1073 | 0.01 | 0.1 | 1
Rad. 0.01 | 89 | 100 | 100 | 100 | 100
Rad. 0.1 66 99 | 100 | 100 | 100
Rad. 0.3 71 100 | 100 | 100 | 100
Rad. 0.5 74 97 97 | 97 | 98
Rad. 0.7 56 65 65 | 65 | 74

Table 12 Minimizations for the improved basis that converge close enough to the global minimum (out of
100).

These tables clearly show that, with the fields generated by the improved algorithm, the main
identification is able to converge much more often and also much closer to the global minimum
than with the other fields. None of the random starting points converge within a tolerance of
10~% for the canonical and the random basis, while, even for the largest radius of 0.7, over 50
percent of the random starting points converge within this tolerance for the improved basis. Also
under 30 percent of the random starting points even converge within a tolerance of 1 for the
other bases. One possible interpretation would be that the improved fields and basis make the
main identification problem, in some sence, more smooth but also more convex, meaning that it
is able to globally converge from more distant initial point but can also locally converge closer
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to the true solution. However to verify this statement one would have to further investigate the
properties of the algorithm in the bilinear setting.

Looking at the elements of the improved basis, we notice that it consists of exactly three elements
from both, the canonical and the random basis. It seems that the improved algorithm was able
to select the “good” basis elements from both bases and to thereby generate much more robust
fields than the standard algorithm for any of the two bases alone.
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Conclusion and outlook

In Chapter [1] we have outlined the way the algorithm works in the setting of a linear ordinary
differential equation. We have also developed a new convergence theory and shown how the
observability of the system is a limiting factor for the ability to identify the unknown operator.
We also developed an improved choice for a basis of the full matrix space such that we can
recover the most amount of information about the true unknown matrix. For this improved
basis choice we also presented a corresponding convergence theory. In addition, we proposed two
other working improvements, one of which was able to, in some sense, minimize the number of
controls being generated by the algorithm, while keeping the same level of identifiability. All
improvements were then supported by numerical experiments, confirming their capabilities.
One point of future works could be a further investigation of cases, where restrictions are imposed
onto the basis B. In this context one could discuss whether it is still possible to provide an im-
proved basis similar to the one we proposed in Assumption 4l There are also still numerical cases
where one can observe instabilities that can not be explained with a discrepancy in eigenvalues
of the observability matrix.

In Chapter [2] we described the algorithm in its original setting of Schrédinger-type equations. We
introduced monotonic schemes in order to solve quantum control problems and briefly discussed
their convergence. Finally we showed that the choice of the basis and the observer is also crucial
in the bilinear setting. In this context we presented an improved algorithm, based on one of the
improvements developed in Chapter [I. In a numerical example the improvement showed great
promise regarding the selectivity of the generated fields.

In the future one could investigate the observability of these bilinear systems and try to find
criteria for a good basis choice. One possible idea would be to consider, locally, the linearized
version of the system and try to use some of the results we presented in Chapter [l The choice of
the procedure for the identification could also be further investigated, there might exist methods
that converge to the global minimum, even if the initial guess is further away.

Since the idea of the algorithm is independent of the underlying system structure, it could also be
applied to more sophisticated operator reconstruction settings. Another interesting point could
be the development of a “hybrid” method that uses the fields generated by the algorithm, but is
also able to adaptively generate new fields “on the fly”, i.e. during the laboratory experiments.
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