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Abstract

In the present paper, a linear parabolic evolution equation is considered whose bilinear form is controlled from
a general Banach space. The control-to-state operator and some important properties thereof are presented.
For a quadratic objective function, the gradient in the control space is derived. A-posteriori error estimators
are presented for a given reduced-order model (ROM) with respect to both the cost function and the gradient.
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1 Introduction

Many real-world, time-dependent systems can be modeled by parabolic evolution equations. The resulting
systems usually contain one or several algebraic parameters that have to be specified in an optimal way to
suit the demands of the application. Two of the most prominent examples are:

1. Parameter identification: Identify the set of parameters such that the solution to the model best
approximates the measured data from the real-life system. Usually, this leads to inverse problems, see
Isakov (2006) or Vogel (1999)

2. Optimal control: Use external influences to control the system in a way that the solution of the model
approximates a predefined desired state, see Troltzsch (2010) or Hinze et al. (2009).

A parabolic system is usually defined by an operator and an inhomogeneity. In the standard literature of op-
timal control, the external influence on the system tends to take the form of an inhomogeneity, meaning that
it is additively separated by the solution variable. In this paper, we consider the case where the operator itself
is controlled along with the inhomgeneity, thereby leading the way to more complex optimization models. We
will only treat linear parabolic equations in this paper. However, even if the operator depends linearily on the
control variable, the control-to-state operator itself will be nonlinear. As an example application, we consider
a source-free advection-diffusion equation where the advective term may be controlled in order to steer the
system. Due to the fact that in an optimal control run, large systems have to be solved repeatedly, it is often
advisable to employ model-order reduction in order to save computation time. There is extensive literature
to be found for a general overview. For Reduced Basis (RB) techniques, we refer to Patera and Rozza (2006),
Hesthaven et al. (2016) and Quarteroni et al. (2016). As far as Proper Orthogonal Decomposition (POD)
is concerned, Holmes et al. (2012) and Gubisch and Volkwein (2016) offer an excellent introduction. For
model order reduction techniques to work properly, error estimators are required to measure the quality of
reduced properties during the optimization programs. We present a general error estimator for a quadratic
function and also a specific one for the gradients of the two most common cost functions in the case of the
advection-diffusion equation.
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This paper is organized as follows:

In Section 2, we introduce the general parabolic equation containing a control variable. Under given coercivity
assumptions, we show that the system admits a unique solution for every control, allowing us to define the
(nonlinear) control-to-state operator and to present an energy estimate for the solution. We then show that
under certain requirements as to how the control variable influences the operator and the inhomogeneity,
this operator is continuous and Fréchet-differentiable. Gradients of generalized quadratic cost functions are
derived in Section 3. Section 4 focuses on Reduced-order modelling and introduces general error estimators
for the state solution and a quadratic cost function from Section 3. In Section 5, we consider the concrete
example of controlling an advection term in an advection-diffusion equation: For a cost function, we consider
tracking both the entire trajectory and the state at the final time. For both cases, we derive ROM-error
estimators for the gradients.

2 The general parabolic equation

Throughout these pages, we consider the following linear parabolic evolution system:

yi(t) + A(u)(®)y(t) = f(u)(t) in V' fa.a. t € (0,T) (1a)
y(0) =wo in H (1b)

where V < H = H' — V' is a Gelfand triple and T > 0 is the final time. The control space is given by
U := L*(0,T;U) where U is a Hilbert space. Let A : U — L>(0,T; L(V,V")) and f : U — L?(0,T;V’) be
the control-dependent bilinear form and inhomogeneity of equation (1a). Lastly, yo € H is an initial time.

If we fix a control u € U, we may define B := A(u) and g := f(u) so that (1) reads:

yi(t) + B(t)y(t) = g(t) in V' faa. te (0,T) (2a)
y(0) = o in H (2Db)

Observe that | B(t)| .,y < C faa. t € (0,T) with C = ||A(w)|| o< (o,7;1.v,v7))-

We start by giving a solvability result on (2):

2.1 Theorem. Assume that there exist constants a > 0,3 > 0 such that B # 0 is uniformly coercive:

(Bt)p,o)vixv = alely —Bllelly  faa t€(0,T), foralpeV (3)

Then there exists a unique solution y € W(0,T) := L2(0,T; V)N H'(0,T; V') of (2) that satisfies
2 2 2 2 2
IOl + 19lz20,75v) + Nwel 20000y < € (”yOHH + Hg||L2(O,T;V’)) (4)

where the constant C > 0 depends continuously on || B Lo (o 1, 1,v,vry) and o, B in (3). In particular, it holds
28T
2 2 € 2 1 2

ly(T) 17 + ||yHL2(O,T;V) dt < o <||y0||H + o |g|L2(O,T;V’)) (5)
Furthermore, the mapping (g, yo) + y is linear from L*(0,T; V') x H to W(0,T).
Proof. We define the time-dependent bilinear form

bV XV X (0,T) 5 R: b, dt) = (B(t)p ) vy

and observe that

(e, ¥, t)| < HB(t)”L(V,V’) lelly - Il < HB||L°°(0,T;L(V,V/)) Alelly - 19l

#0 since B#0




So the bilinear form b is t-uniformly continuous and, because of (3), t-uniformly coercive. Equation (2a) is
now equivalent to

(We(t), )vrxv +b(y(t), :t) = (9(t), p)vixv forall p € V, faa. t€(0,T)
As it was shown in (Hinze et al., 2009, Theorem 1.37), a unique solution y € W(0,T') of this problem exists.

The fact that y is linear in (g,yo) can be easily verified by hand. For the energy estimates (4) and (5), we
start by utilizing (2) along with Young’s inequality:
d
D01, = 20(0), 50 vrv = 2[00, v vy — (BOD, y(D)vosv]
1 2 |« 2 2 2
<2 |50 b1, + 3 W1 — ally I + 5 o1
1 2 2 2
= —llg@®llv = ally®lly + 28yl (6)
This especially implies
d 2 _ 1 2 2
Dol < 2ok, + 28 w1

Utilizing Gronwall’s Lemma, we obtain

Iyl < e (nyoni - / lg()IIT ds) (7)

We now return to (6) and integrate over (0,7'):

W ~ IO +a [ oo @< L (oo 25 [ o a

By utilizing (2b) and (7), this leads to

T T ¢
2 2 2 1 2 2 1 2
ly(T) I + a/o ly@)II5 dt < llyoll3 + o l9llz20,7v) + 25 e (lwollz to ||9(S)||v/ ds ) dt

T
28
S<1+2B / e”tdt>||yo||?{ o Vol + 5 / [ loto)lt, as

1
2 2
=7 (lolfy + 2 ol ®)
In particular, this proves (5).
To obtain the estimate for 1, let v € V' be given arbitrarily with [|v|,, = 1. We observe using (2a):

[e(t), 0)vev] < lat) = BOw@lys < (14 1Bllwoziaqvry ) (@l + l@)ly)

This implies:

2
2 2 2
el 3o om0 <2 (14 1Bl ey ) (19132000 + 1932000

=:C

and if we utilize (5), we can further deduce:

T 2 1 2
10z < (ngan o+ S (Iunll + 2o )
26T 9
ol + ( = ) ol

a+1
<Gy (1 + a2€26T) <||y0||i1 + ||g||2Lg(07T;V,)) (9)

=C

fC’t




£28T
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We can easily verify that < C. Therefore, by setting C' := 20, (4) holds true and C depends continuously
on «, B and ||B]. O

To derive from Theorem 2.1 the solvability of equation (1) for any given control u € U, we have to make
some assumptions on A:

2.2 Corollary. Assume that for every control w € U, there are ay, > 0 and B, > 0 such that

(A Oe lvixv 2 aullelly = Bullely  faa te(0,T), forallpeV (10)

Then for every control uw € U, there exists a unique solution y € W(0,T) of (1) which satisfies

I+ 19132000 + 10,y < Co (ol + 1 @320, ) (11)

where the constant C,, depends continuously on ||A(u)|| o 1.1v,vr)) a8 well as ay, Bu. We write y = G(u)
and have a solution operator G : U — W(0,T).

Next we are interested in properties of the solution operator. For this we first need a result about the
coercivity constants a,, £, in (10).

2.3 Lemma. Assume that (10) is satisfied for a control uw € U and that A is continuous in 4. Then for
every € > 0, there is § > 0 such that

(A(w) (), ) vixy = (aa —€) llells — Ballelly forallgeV (12)

holds for all w € U with |ju — ul|,, < 0. In this sense, the coercivity constants o, 3 from (10) are continuous
with respect to u.

Proof. We have for all ¢ € V:
(A@) (e, Phvrv = (A@ O, ) vrxy + ([Alw) =A@, vy
> aallelly — Ballellyy = 114G = A@IO v - Il
> (az = 4@ =A@ = o.7.vivy) Il = Ba el

Now, since A is continuous in @, there is § > 0 such that for ||u — al[,, < 0, it is [|A(u) — A(@)|| < e. This
proves the lemma. 0

2.4 Lemma. Let (10) be satisfied and A and f be continuous mappings on U. Then the solution operator G
is continuous. If A and f are locally Lipschitz continuous, then G is locally Lipschitz continuous.

Proof. Consider two controls uj,us € U with ||u; — us|| < € and their according solutions y1,y> € W(0,T),
ie. y; = G(u;) (1 = 1,2). Then the difference y := y; —y2 solves the following differential equation for almost
allt € (0,T) in V"

ye(t) + Aur) )y (8) — Aluz) ()y2(t)
& ye(t) + A(ur) (D)y(t)

fur)(t) — f(u2)(t)
[f(u1) = flu2)] (t) — [A(u1) — A(uz2)] (t)y2(t)

=:91(1) =:g2(t)

along with y(0) = yo — yo = 0. We know that g; € L?(0,T;V’). Furthermore,
g2y, < [A(u1) = Alu2)] (Ol v,y - ly2@Olly < A1) = Alu2)l| Lo 0,752 0vv7y) - 92Dy
which yields g» € L?(0,T; V') with

||92||L2(07T;V/) < [|A(w) - A(u2)||Loo(o,T;L(V,V/)) ) ||y2HL2(O,T;V)



We can therefore apply Theorem 2.1 and obtain the estimate

2
2
”yHW(O,T) < Caquy) (Hf(ul) - f(u2)HL2(O,T;V’) +[[Au1) — A(u2)||L°°(O,T;L(V,V’)) : Hy2||L2(0,T;V))

2
< 2C 4 (uy) (Hf(ul) - f(u2)||L2(o,T;vf) + [[Au1) — A(u2)HLoc(o,T;L(V,V/)) ‘ ||y2||L2(0,T;V))

The last inequality holds if € is small enough. This is due to the fact that by Theorem 2.1, C's(,) depends
continuously on the coercivity constants a, and 3, as well as || A(u)||. It was shown in Lemma 2.3 that these
parameters can be seen as depending continuously on u which makes the constant C(,) depend continuously
on u. By the continuity of f and A from U, we can see that ||y||y ) — 0 as uy — ua, implying that G is
continuous in ug. If, in addition, f and A are locally Lipschitz continuous, we obtain for small enough &:

2 2 2
190001y < 2Caus) (Ls(u2) + L) 19l oy )+ llur = wall

where Ly (u2) and L 4(ug) are the local Lipschitz constants in us. Therefore, G is locally Lipschitz-continuous
in us. O

2.5 Lemma. Let (10) be satisfied and the mappings A and f be Fréchet differentiable (in w). Then the
solution operator G is Fréchet differentiable and its derivative is given by G'(u)h = y" for u,h € U, where
y" € W(0,T) satisfies the system

yr (1) + A(w)()y" (t) = (f'(w)h)(t) = (A" (w)R)()y(t) in V' fa.a. t€(0,T) (13a)
y"(0) = 0 in H (13b)
and g is the solution for the control u, i.e. § = G(u).

Proof. Consider a control v € U and a direction h € U. We define y := G(u + h) — G(u). We proceed
similarily to the proof of Lemma 2.4 and observe that y satisfies the system

ve(t) + Aw)(Oy(t) = [fu+h) = @] (t) = [Au+h) = A@w)] @) [Gu+h)(1)] in V' faa. te(0,T)

(14a)
y(0) = 0 in H (14b)
Now, since f and A are Fréchet differentiable, this means
fluth) = f(u) = fwh+rp(uh), Au+h) = A(u) = A'(u)h + ra(u, h)
with r¢(u, h) € L2(0,T; V'), 7a(u, h) € L*>°(0,T; L(V, V")) such that
||7“f(u, h)Hm(o,T;V/) |74 (u, h)HLoo(o,T;L(uV/)) as
e " Al 70 =0 1
Inserting this into the right-hand side of (14a) yields
[f(u+h) = f(w)] () = [Alu+h) = A(w)] (t) [G(u+ ) (2)]
= [f'(h+rs(u,h)] () = [A"(wh +ra(u, )] ()G (u+ h)(?)]
= [(f'(wh)(t) — (A" (w)h) ()G (u)(t)]
+ [ (u, ) (t) = rau, k) ()G (u+ h)(t) — (A" (u)h)(£)(G(u+ h) — G(w))(t)]
So now y solves the system
ye(t) + A(u)()y(t) = g1(t) + g2(t) in V’ faa. t € (0,7) (16a)
y(0) = 0 in H (16b)

with



Note that the term y = G(u+ h) — G(u) still appears on the right-hand side of (16a) within go yet is treated
as an inhomogeneity of (1a). This is possible since we already know that y exists and is a solution to (16). It
is straightforward to show that g1, g2 € L?(0,T; V"), so Theorem 2.1 is applicable. Therefore, the solution of
this equation depends linearily on the right-hand side of (16a), meaning that y allows for the decomposition
y = y" + y° where 3", y° € W(0,T) satisfy the systems

yl(t) + A(w)(t)y" (t) = g1 (t) in V' fa.a. te (0,7)
y(0) =0 in H
as well as
(1) + A(u)(t)y° () = ga(t) in V' faa. te(0,7T)
y(0) = 0 in H

We want to show that y” = G’(u)h. For this, we have to show that y" is linear and continuous in / and that
1l 0.2/ 180l = O as || Bl — 0.

We start with y”. The linearity follows directly since g; depends linearily on h and 3" depends linearily on
g1 as it was shown in Theorem 2.1. For the continuity, we infer from (4) that

112 2
" [ 0.7y < Caaga I1f (wh = (A ()W) (VG (@) Iz 0,79 "
17
2
< Cagwy (1P @200y + 14 @ e oy - 16Ny IR

The above estimate shows that " is continuous in A = 0 which, along with the linearity in h, implies that

y" is continuous in h everywhere. Altogether, we have shown that

(h=y") € LU, W(0,T))
We now turn to y°. Again from the energy estimate (4), we infer that
2 2
19 I 0y < Cacw llrs(u h) = 7a(u, B) (VG (u+ h) () = (A" ()h) ()(G(u+ h) = Gw) ()20 )
< Cau) ( [l7¢ (u, h)HL2(o7T;V/) + [Ira(u, h)||Lo<>(o7T;L(V,V/)) NG (u+ h)Hm(o,T;v)
2
+ 14 @ =y - Il 1G @ +B) = Gl 2o,z )

This yields

5 2
<Hy||I/V(OT)> e )<||rf(u,h)||L2(07T;vl) [ra(w, W)l e 0,7 pvvry) 1G (w + )| 2o v
> u 0.7

+
iy iy (1L
2
+ 1A W s oo 0.1 p v vy - 1G(w+R) = Gl 20,700 )

Again with the fact that G is continuous in u and (15), we obtain [[¥° [l /Il — 0 as |||, — 0. This
shows that the derivative of G at u in the direction h is indeed given by y" and we can write G’(u)h = y".

O
3 Quadratic cost functions
In this section, let us assume that we are given a cost function of the form
J:U—R, Ju) =1 9G(u) —yal% (18)



where G : U — W (0, T) is the solution operator, X is a Hilbert space and ® € L(W(0,T), X) is an observation
operator. The vector y4; € X is called a desired state. We would like to derive a gradient representation of .J.
First of all, we observe that we can use the decomposition J = J o G with the non-reduced cost function

J:WO.T) =R, J(y) =319y - valx
The derivative of this function is easy to compute:
3.1 Lemma. The function J is Fréchet differentiable and the derivative is given by
J (y)hy = (Py — ya, Phy)x  for all y,h, € W(0,T) (19)
Proof. Let y, h, € W(0,T) be arbitrarily given. Then we observe
Tyt ) = I() = & (12y + Bhy, —yall% — |2y~ vall%)
= 5 (1Y — yallk +2(@y — ya, @hy)x + 100y % ~ 9y — pall)
= (®y — ya, Phy)x + 5 [ hy |5

and clearly, h, — (®y — yq4, Phy) x is a linear and continuous mapping from W (0,7T) to R. Furthermore,

3 110y 13 2
||2h [ =X §%||(1)||L(W(O,T),X) : ||hyHW(O,T) — 0 as ||hyHW(o,T) —0
yllw(0,1)
This implies that J is differentiable in y with the proposed derivative. O

Using Lemma 3.1, we can immediately see that J is differentiable:

3.2 Corollary. Let (10) be satisfied and the mappings A and f be Fréchet differentiable from U. Then the
cost function J is Fréchet differentiable from U to R and the derivative is given by

J'(wh = (@5 — ya, ®y") x (20)
where § := G(u) € W(0,T) is the state solution and y" := G'(u)h the solution to (13).

Proof. Seeing as J = Jo@, and that J and G themselves are differentiable as it was shown in the Lemmata
2.5 and 3.1, J is differentiable by the chain rule and the derivative is given by

J'(w)h = J'(G(u)) [G'(u)h]  for all u,h € U

It was shown in Lemma 2.5 that y" := G’(u)h satisfies the system (13). Inserting this into the representation
(19), we end up with

J'(u)h = (2G(u) — ya, 2y") x (21)
O

We have given a representation for the derivative of the reduced cost function. For the purposes of
optimization, the notion of a gradient is additionally required:

3.3 Corollary. Let (10) be satisfied and the mappings A and f be Fréchet differentiable. Then the cost
function J has a gradient which is given by

VJ:U—=U: V) = (DG (u)* (PG (u) — yq) (22)
where (PG (u))* € L(X;U) is the Hilbert adjoint of the operator ®G'(u) € L(U, X).

Proof. Follows directly from the representation (21) by definition of the Hilbert adjoint. O



4 Reduced Order Modelling

In this chapter, we assume that we are given a finite-dimensional subspace V¢ C V which is spanned by a

V-orthonormal basis {1, ..., o¢}. We employ a Galerkin projection of (1) onto V* and look for a function 3*
satisfying:

(W (), 9)vrxv + (A Oy (1), ) vixv = (F@)(t), p)vixy  Laa. t € (0,T), for all p € V* (23a)

y“(0) = Plyo in H (23b)

where P? € L(V) is a projection operator onto V*. We express y* through the basis of V*:

4.1 Lemma. Assume that we are given a coefficient function a* € H*(0,T;R") such that

L
v (0,T) =V, yf(t) = ai(t)pi faa te(0,T) (24)

i=1
Then it is y* € HY(0,T;V) C W(0,T) with derivative yf(t) = Zle at(t)pi for almost all t € (0,T).
Proof. Since W(0,T) = L*(0,T; V)N H'(0,T; V"), we proceed in two steps:
(i) For almost all ¢ € (0,7T), we have

J4

¢ 1/2 ¢ /2
@l <3 laO)]- ol < (z |af(t)|2) ' (z m@) _ oy o).
i=1 i=1

i=1

::CV
and, since a’ € L?(0,T;R?), this yields y* € L2(0,T;V).
(ii) For almost all ¢ € (0,T), it holds that

4
v+ h) =yt (1) — byt

i=1

Y/
<> af(t + h) — al(t) — al()h] - |illy
=1

\4
< Cy |a’(t+h) — a’(t) — a*(t)h],

which implies

Hz/(t +h) =y (8) = h i () v ooy |a’(t + h) — al(t) — a“()h|

< —0 aslh/—0
|l I

Furthermore, the mapping h +— h Zle a;(t)g; is obviously linear and continuous from R to L2(0,T; V).
So indeed y* € H'(0,T;V) with the proposed derivative.

O

Inserting y* from (24) into (23) yields a system for a’:
at(t) + Af(w)(t)at(t) = f4(u)(t) in R* fa.a. t € (0,7) (25a)
a(0) = a° in R (25b)

where a’ € R? is the basis representation of Py, in the basis of V*. Furthermore, A(u) : (0,7) — R**
and f(u) : (0,T) — R’ for all u € U with

Afj (u)(t) = (A(u)(t)pj, i) vixv for all u e U, fa.a. t € (0,7T)
Fi@)(t) = (fu)(t), pi)vixv for all w e U, f.a.a. t € (0,7)



4.2 Lemma. The system (25) admits a unique solution o’ € H(0,T;R"). The function y* from (24) then

solves the system (23) which is its unique solution. We define the solution operator Gy : U — W(0,T),
4

u >yt

Proof. The evolution equation (25a) can equivalently be understood in (Rf)’ since R* 2 (R)’. We will there-
fore utilize the trivial Gelfand triple W (0, T; R R¥), i.e. W(0,T; H;V) where H = V = R’. Furthermore, it
is:

HAZ(U)(t)HL(Re)Rz) < Ci max ’ ’Afj(u)(t)| < O”A(u)(t)HL(V,V’) < C”A(U)HLOO(O,T;L(V,V'))

where we have used the fact that in the finite-dimensional space L(R*,R), all norms are equivalent and that
the system {1, ..., ¢} is V-orthonormal. Therefore, we have shown that Af(u) € L°(0,T; L(R*, (R*)"))
for every u € U. Furthermore, it is easy to show that A’(u) satisfies (10) due to the fact that R’ is finite-
dimensional and for all v € U, we have

|45 ) 0] < A Ol vy < NAW w0 ripvyry  forallij=1,..¢ faa. te(0,T)

At last, we have
£ @)@l ey, = 1 @00 = D2 @@ v ] < CEIF@

with the constant Cy from Lemma 4.1. Therefore, ff(u) € L*°(0,T;(R*)’). Utilizing Corollary 2.2, this
means that (25) admits a unique solution a* € W (0, T; R%; (R?)’). Due to the fact that (RY)’ = R, this also
means that a’ € H'(0,T;R"). By Lemma 4.1, this implies y* € H'(0,7;V) and it satisfies (23).

The fact that (23) has a unique solution can be proven in the very same way as in Section 2, along with every
other result in that section, by replacing the space V with V. O

4.3 Theorem. Assume that (10) holds for every control u € U and let y € W(0,T) satisfy the full system
(1) and y* € W(0,T) the reduced system (23). Then the following a-posteriori error estimate holds true:

e28

2 2
[y(T) =y (D + Iy =¥ o 000y < ——

28,T
Qq

2 1 2
(la =Pl + - 1R ) 20

where a,, B, are the coercivity constants of the operator A(u) from (10) and the residual R* € L*(0,T;V")
1s given by

RY(t) =y (t) + A(w)(t)y'(t) — f(w)(t) €V’ faa te(0,T) (27)
Proof. We define the error e :=y — y* € W(0,T) and observe that for every ¢ € V, it holds:

(et(t)s phvrxv + (Aw)(B)e(®), p)vixv = Fu)(t) = (g7 (6), phvixv + (Aw) Ry (£), 9)) = —(R (1), @)vixv
e(0) = (1 —PYyp in H

It follows from (5) applied to e that

2 2 2T
le(D)Iv + llellzzo.rvy <
u

2 1 2
(11 = P90l + o 1R o
O

In addition to a quadratic cost function J as defined in (18), we define the according reduced-order cost
function

JOU =R, JHu) = J(Golw) = L | ®Ge(u) — yal %

We will use the inequality (26) to estimate the error made in the cost function between the full and reduced-
order model:



4.4 Corollary. Assume that (10) holds for every control w € U and consider a quadratic cost function J as
defined in (18). Then the following estimate holds for the cost function:

) = F )| < 5 [0~ 5 + 120~ ) - V274) (28)
If either y =y € L?(0,T; L*()) or &y = y(T) € L*(), we can use estimate (26) for ||®(y — yl)HX.

Proof. We begin by utilizing the third Pythagorean Theorem:

‘j(u) - ﬂ(u)( - % (H(PG(u) — vallx = [9Ge(w) - ydlli)

IN

1
5 12y = ya = (®y" —wa) - (II‘Py —yall x + || @y _deX)

Slew -9l - (12— 195 + 218y~ wall )

IN

= % @y — v % + |2 — ' @) - /27 (w)
0

In addition to an estimate for the cost function, we require one for the gradient. However, this will depend
strongly on the concrete parabolic system and the cost function, which we will cover later.

5 Controlling a convection term

Consider the equation

ye(t, ) — kAY(t, z) + v(u)(t,x) - Vy(t,z) =0 in@:=(0,T) xQ (29a)
% (t,a on ¥ :=(0,T)xT (29b)
y(0) = yo in Q (29¢)

where 0 C R? is a bounded Lipschitz domain with boundary I'. We consider the Gelfand triple V := H!(£2),
H := L?*(Q). For the controlled convection term v, we demand that v : U — L°°(0,T; L=(;R)). As
an application to (29), one can for example think of two different fluids that are supposed to be mixed by
steering the rotation velocity of mixers in the domain.

To derive the weak formulation of (29), we assume that y(t) € H'(Q) and y:(¢t) € (H*(2))" and then ’test’
(29a) with a function ¢ € H'(Q) which yields, using Green’s identity:

(e (), V) () + f-c/Q Vy(t,z) - V() de + /Q(U(U)(tw) - Vy(t, 2))(x) do =0

This motivates us to define, for u € Y and t € (0,T):
A(u)(t) € L(H'(Q), H' (2)')

A Aoty = [ Tola) Vo) et [ @@it.0) - Volo)vie) da .
Of course, we still have to show that this is indeed an element of L(V,V’). Basic estimates reveal that
(AW O ) @y <@ < k1ol - 191 ) + 1@ E ) o) - 12l @) - 111 o)
and therefore
A O vy < 5+ o))l e ) (31)
We can therefore write (29) in the form of (1):
y(t) + A(w)(t)y(t) =0 in HY(Q)' fa.a. t e (0,T) (32)

y(0) = yo in L*(9)

10



5.1 Properties of the bilinear form

We start by showing some elementary properties of the bilinear form A:
5.1 Lemma. Consider the operator A as defined by (30). Then it is
A(u) € L=(0,T; L(V,V")) foralluel (33)

and condition (10) holds for A with the coercivity constants

2
[|v(u) ||Lw(o,T;L°°(Q;Rd))

K K
=y =y 2% (3
Proof. The fact that (33) holds can be seen from (31) which implies
AW Lo 0.1 1 v vy < B+ 0@ oo 0,710 (rayy  for all w €U
To prove that (10) holds, let u € U be arbitrary but fixed. We then observe
(A0 P)vxv =5 [ Tela) - V(o) do+ [ (0)(t.a) - Veo@)o(@) da
=:(I) =:(I1)
For the first term, we simply obtain
(1) = & (llellzn oy = ol
The second term can be estimated using Young’s inequality as follows:
(1) = - ||U(U)HLO<>(0,T;L°°(Q;W)) : ||V90||L2(Q;Rd) ‘ HSOHL?(Q)
> = o)l (gt IV913 2@ + 2520 o))
= =5 (Il — lelia@) = 520 o3z
Adding (I) and (II) again, we end up with
(A O Pvrxv 2 5 10l — (B2 + 5) el
so condition (10) is satisfied with the coercivity constants proposed in (34). O

5.2 Lemma. Let the mapping v be Fréchet differentiable from U to L>=(0,T; L>(Q; R?)). Then the operator
A is Fréchet differentiable from U to L (0,T; L(V, V")) with derivative

(A ) Op vy = [ [0 @h)E2)- Tel@] (@) do for all g1 € V (3)
Proof. The proof is straightforward and will not be carried out here. O

5.3 Example. Assume that U = RP and that there exists continuously differentiable coefficients n; : R — R
and shape functions v* € L>(0,T; L> (4 R?)) such that v(u) :== Y8 ni(u;(t))v® for uw € U. Then it can be
shown that v is differentiable with derivative

(V' (u)h)(t,z) = an’-(ui(t))hi(t)vi(t,x) for allu,h e U,t € (0,T),2 € Q (36)

Next, we consider error estimation and start with Corollary 4.4: The estimator depends on the variables
a(u), B(u) and R’ which we have to clarify for the current situation:

11



5.4 Corollary. Let y = G(u) and y* = G¢(u) be full and reduced solutions to (32). Then we obtain the error
estimate

2 2 2 v(u 2 2 2
[v(T) = ye(T)HL?(Q) +ly - yZHL?(O,T;V) S exp ((“ + %) T) (H(l = Pwoll,, + " ||RZ||L2(O,T;V’))
(37)
where the residual R is given by (27).

Proof. This is a direct consequence of (26) with the coercivity constants a,, £, from (34). O

For error estimation of derivatives, we have to turn to analyzing the concrete cost functions:

5.2 Gradients in L*(Q)

Following Section 3, we would like to analyze a specific cost functions for the system (29):

I = @) =5 [ [ wt.a) = ott.a))? da a

with a desired function yg € L2(0,T; L*(2)). In order to accurately describe J; as in (18), we introduce the
operator

dg: W(0,T) — L*(0,T; L*(Q)), (Poy)(t,z):=y(t,z) faa. tec(0,T),r€Q
which is trivially continuous. Thereby, we can write
Ti(u) = 310G (W) = yol T riag), foralluel

We can therefore accurately define a gradient VU —=U by use of Corollary 3.3 if we know how the adjoint
operator (PG’ (u))* looks like. For this, let us define the adjoint equation for an arbitrary z € L?(0,T; L*())
and u € U:

— (i), P)vrixy + (AW (), p(t)vixy = (2(t),p)n forallp €V, faa. t € (0,T)

p(T) =0 in H (38)

Because of the negative sign in front of the time derivative in (38), we also call this a backwards equation.
With identical arguments as for the forward equation, (38) admits a unique solution p € W(0,T).

5.5 Lemma. Let v be Fréchet differentiable. Then for arbitrary u € U, the adjoint operator is given by
(DG ()" € LL2(0,T: LA(Q).U), (B (u)*2](t) = [B(u) ®pl(t) in U, fa.a. te(0.T) (39)
where p € W(0,T) is the solution to the adjoint equation (38) and B is given by
B:U— LU, L*0,T; L*()) (B(u)h)(t,z) := —(' (w)h)(t,z) - (VG(u))(t,z) fa.a. te (0,T),z€Q
Proof. Let u,h € U and z € L?(0,T; L*(Q)). Then it is

T
(@G (w)h, 2) L2020y = /O /Q(G’(u)h)(t,a:)z(t,x) dz dt

We write y" := G’(u)h and choose y"(t) € V as a test function ¢ in (38):

T
.= /0 [_ (o), y" () vr v + <A(U)(t)yh(f)ap(t)>\//xv} dt



where we have utilized the formula of partial integration for functions in W(0,T"), compare Zeidler (1990).
Next, using y"(0) = p(T) = 0 along with using p(t) as a test function ¢ in (13), we obtain by writing
7= G(u):

(35

T T
.= / (A (W) (O)F(), p() vy dt E) — / (V' (W)R)(t) - V(L) p(t)) g dt
0 0
= ((B(u)h), ®qp) r2(0,7:12(2)) = (hy B(u)* op)u
Lastly, it is obvious that B(u) € L(U, L*(0,T; L?(€2))) and so the Hilbert adjoint B(u)* is well-defined. O

5.6 Example. Assume that we are in the situation of Example 5.3. Then the operator from Lemma 5.5 has,
for every uw € U, the adjoint

(B(u)*z)i(t) = —ng(ui(t))/ﬂvi(t, z) - (VG(u))(t,x) z(t,x) de  foralli=1,..,p, fa.a. t € (0,T)

Therefore, the functional Ji has the gradient

(le(u))i(t) = —ng(ui(t))/ﬂvi(t, x) - (VG(w))(t,z) p(t,x) de  for alli=1,...,p, fa.a. t €(0,T) (40)

where p € W(0,T) is the solution to the adjoint equation (38) with z = ®oG(u) — yg-

5.7 Remark. Assume that the control space was given by U rather than U = L>*(0,T;U), meaning the
controls would be constant in time. In this case we define the mapping

U:U—-U, Yu)(t):=u faa te(0,T)
It is quite obvious that ¥ € L(U,U). Let us now consider a cost function defined on U:
Ki:U—=R, Ki(u):=Ji(Vu) = § [9G(W) = yol 720 1o

By the chain rule, Ky is Fréchet differentiable if Jy is Fréchet differentiable which in turn is the case if v is
differentiable. The derivative is then given by K} (u)h = J](Wu)(Wh). This implies the existence of a gradient
VK1(u) = U*VJ, (Yu) for all u € U, where U* is the Hilbert adjoint of U. In order to compute this, let
velUandv eU:

(W, vy :/0 (u, v(E))yr dt = <u,/0 o(t) dthy = (u, T o)y

Therefore, the gradient is given by VK (u) = fOT VJ1(Pu)(t) dt for allu € U. Inserting this into (40) in the
situation of Example 5.3, we obtain the representation:

(VK1 (u)); = —ng(ui)/o /Qvi(t,x) (VG))(t,z) p(t,x) de dt  foralli=1,....p

We return to the task of error estimation and start by introducing three preliminary estimators for the
following terms:

(1) ‘|((I)QG2(U))*HL(LQ(O,T;LQ(Q))’L{) (Lemma 58)

i) ||p—p, 4, 1 where p,pt € W(0,T) are the full and reduced solutions to the adjoint equation (38
L2(0,T;V)
to a right-hand side z € L?(0,T; L?(Q2)) (Lemma 5.9).

(iii) [[(®o(G'(u) — Gy(u)))*z|,, for an element z € L*(0,T; L*(2)) (Lemma 5.10).
Using these three estimates, we will be able to present an error estimator for the reduced gradient (Theorem

5.11).
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5.8 Lemma. Let v be Fréchet differentiable. Then the following estimate holds:

(@G (u))" 202wy < VO w10 (W e, oo (0,752 (3R (HZ/HL%O,T;V) +ly - :I/HLZ(O,T;V))
(41)

where the constant is given by

Oy = %exp(( 4 ol )T) (42)

Note that (41) becomes an a-posteriori error estimator if Hy — yZH if further estimated by the right-hand side
of (37).
Proof. For any z € L?(0,T; L?(Q2)), we have

* (39) *
(@G ()2l E 1B ®aplly, < 1B se0rme@y - 1€ePl L 0.rze @)

We continue individually. First of all, we have for any h € U:
2 2 2 2
I B(Whl 120 7:120)) = 10 (@A) - (VP 2070200y < 1V (@I 0 1,10 ) - VI 120,702 (00R4)
2 2
< ||’U/(u)||L(L{,L°°(0,T;L°°(Q;Rd))) ’ ||yHL2(O,T;V) |1l (43)
and therefore
1Bl pe,2(0,75220))) < ”v/(u)||L(U,L°°(0,T;L°C(Q;Rd))) ‘ (Hye||L2(O7T;V) +ly - yeHL?(O,T;V))

Second, we obtain

(8) 2Pt 2 2
10125052000y < [P0y © o ([N + 2 10 0
=0
( 44)
(34) 4 v(w)|? (
2 S exp (w0 LN T) -zl
2

=Cy- ||Z||L2(0,T;H)

All in all, this yields (41). O

Next, we first require a result similar to (37) for the adjoint state p:

5.9 Lemma. Let v be differentiable and p,p* € W(0,T) be the full and reduced solutions to the adjoint
equation (38). Then the following estimate holds true:

1(0) _pZ(O)HZL%Q) +|p _szzL?(O,T;V) <Cy ||S€||i2(0,T;V’) (45)
with the constant C,, from (42) and S* € L*(0,T; V') given by
(SU(1), @)vixv = —i(), o) + (Alw) (O, (t)vixv — 2(t)  for all p €V
Proof. We define e := p — p’ € W(0,T) and observe that for all ¢ € V and almost all ¢ € (0,T), it holds

—{ed(t); Qhvrxv + (AW) (), p(O)vixv = (2(1), ) + Pr (1), @) vy — (Aw) (), p (D) vixy
= 7<Sz(t)7 50>V’><V

as well as e(T) = 0. Applying (8), this directly results in (45). O
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5.10 Lemma. Let v be Fréchet differentiable. Then the following a-posteriori estimate holds for all z €
L?(0,T; L3(Q)):

H(‘I’QG/(U) - (I’QGZ(U))*Z”L{ < ”vl(u)”L(Z,{,LOO(O,T;L‘”(Q;RGL))) ) (\/@H@/ - Z/HLQ(O,T;V) : ||Z||L2(0,T;L2(Q))
+ HyZHL"’(O,T;V) : Hp _peHm(o,T;v))
(46)

where the constant C,, > 0 is given by (42) and p,p° are full and reduced solutions to the adjoint equation

(38).
Proof. We utilize (39) and obtain:
H(‘PQG'( ) — PoGy(u zHu = HB u)*Pop — Bé(u)*q)QpeHu
< ||B(u) — B*(u)
+ HBZ(U’)HL(L{,LQ(O,T;LQ(Q))) [[@e(p _pe)Hm(o,T;Lz(Q))
<||Bw) - B
+ || B (u)

2220 iz - 18QPI L2712

Z(U)HL(L{,Lz(o,T;B(Q))) el 20,7
HL(Z/{,L2(O,T;L2(Q))) : Hp - peHL2(O,T;V)
We continue to estimate the occuring terms:
(1) For any h € U, we obtain
HB(“)h - Be(u)hHLQ(O,T;LQ(Q)) H (Vy = Vy* HL2(0,T;L2(Q))
< v’ (u)HL(L{,LOO(O,T;LOO(Q;]Rd))) Nl - |y — yéHLz(QT;V)
and ||y — y*|| can be further estimated by (26).

(2) We have by the use of (5) for the adjoint equation (38):

2 4 v(u 2 2
”p”LQ(O,T;V) < EeXp ((’H' S )H )T) HZ||L2(0,T;L2(Q)) =0y HZ”L"’(QT;L?(Q))

(3) Exactly as in (1), it follows that

‘Be(u)||L(Z/{,L2(O,T;L2(Q))) = HUI(U)HL(M»L""(O,T;L""(Q;R'J))) ' HyeHm(o,T;V)

Applying all these estimates results in (46). O

Finally, we are ready to present an estimator for the gradient:

5.11 Theorem. Let v be Fréchet differentiable. Then for every u € U, it holds that

ij( VJZ H <V ||U ||LUL°°(OTL°C(Sle 'Hy_yéHH(O,T;V)'

(V20 16 iy I “

+ ”U/(u)”L(Z,{,LOC(O,T;LOC(Q;R”Z))) ) HyeHLQ(O,T;V) : ||p _peHL2(O,T;V)
Proof. We start by estimating;:

ij(u) - vjf(u)H (@)

(@G ()" (2G(u) — yo) — (PG ()" (PoGe(u) — yo)ll,
DG/ (u) ~ DaGy(u)] (BGelu) ~ yo) + [00C (w)] " (2eG(u) ~ BaGelw))|

{
(206 () ~ 2aGiw)] (aCin) ~ o),
(
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We apply the estimates (46) for z = ®oG(u) — yo and (41) to obtain

L

- < ||UI(“)||L(u,Loo(o,T;Loo(sz;Rd))) (V Cu- ||y - yZHLQ(O,T;V) : Hy - yQHLz(o,T;Lz(Q))

520z 12 = 1l oz )

+vCy- ||U,(U)||L(u,Loo(0,T;L°°(Q;Rd))) : (Hy[HLQ(O,T;V) + Hy - :(/HL?(O,T;V)) : Hy - yZHLz(O,T;V)
which is identical to (47). O

5.3 Gradients in L*(Q) at T

The second specific cost function will be given by
. 1

o) = Do Gla) = 5 [ (0(To) = yr(a)? o

with a desired function yr € L?(2). Again, we introduce an operator
Or: W(0,T) = L*(Q), (Pry)(z):=y(T,z) faa z€
Obviously, @7 is linear. It is furthermore continuous and well-defined since W(0,T) — C([0,T]; H), a
property which all Gelfand triples possess, see Evans (2008). Therefore, we have
12791 22(0) = WDl = max @l < Cllyllw o,

with the constant C from the continuous embedding. We have shown ®7 € L(W(0,T), L?(2)) and can write
the cost function as

Jo(u) = 3 [|®rG(u) = yrl|72q) forallu el

Similarily as in the previous section, we are interested in the gradient VJ, : U — U. The essential part

will again be the adjoint operator (®7G’(u))*. We define the alternative adjoint equation for an element

z € L*(Q):
—(ps(t), o)vixv + (A(w)(t)e, p(t))vixy = 0 forallp eV, faa. te(0,T) (48)
p(T) = z inH

5.12 Lemma. Let v be Fréchet differentiable. Then for arbitrary u € U, the adjoint operator is given by
(@7G'(w))* € LL*(Q),U),  [(27C"(u))*2](t) = [B(u)*Pqp|(t) in U, fa.a. te (0,T)
Proof. For u,h € U and z € L*(f2), we observe

«%GwMﬂmm:A@MWUmM@M=A¢UﬁMﬂmm=@%ﬂﬂﬂm

Again by using the formular of partial integration, this results in

T
.ﬁﬂwmmm»+/<mmemH+@ﬂmmmHa
:/O—/ 0
T
“%T@A<mmwwmm@wWmewww%mmmww>«Awmwwmm@wwva

(35)

T T
= —/0 (A" (w)h) () (1), p(t)) v v dt = —/O (W' (u)h)(t) - Vy(t), p(t) i dt
= (B(u)h, qp) r2(0,1;02()) = (h, B(u)*®op)u

In the second equality, we have used p(t) as a test function ¢ in (13) and y"(¢) as a test function ¢ in (48).
It was already shown in Lemma 5.5 that B(u) is linear and continuous. O
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5.13 Example. Assume that we are in the situation of Example 5.3. Then the function Jo has the gradient

(J2(u))i(t) = —ng(ui(t))/gvi(t,x) (VG(u)(t,z)p(t,x) de  for alli=1,..,p, fa.a. t € (0,T)

where p € W(0,T) is the solution to the adjoint equation (48) with z = ®7rG(u) — yr.

Proof. Starting from Lemma 5.12, we have inserted the adjoint representation for (oG’ (u))* from Lemma
5.6. 0

5.14 Remark. Assume again that the control space is given by U instead of U. We define the cost function
for time-independent controls:

Ko:U—=R, Ka(u) = Jo(Vu) = 3 [|@7G(Wu) — yr| s

Similarily as in Remark 5.7, if v is continuously differentiable, then Ko has a gradient which is, in case of
the Example 5.3, given by

T
(Ka(u)); = fng(ui)/o /Qvi(t,ac) (VG(w)(t,z) p(t,z) de dt  for alli=1,..,p

Again, we return to a-posteriori error estimation. For the objective function Ji, the Lemmata 5.8, 5.9
and 5.10 where essential to derive an a-posteriori estimator for the gradient V.J;. Only few things change
when considering the objective function Jo instead, so we will wrap these up in a single lemma:

5.15 Lemma. Let v be Fréchet differentiable. Then the following estimates hold true:

a) For the pendant to (41), we have

H((I)TG/('U))*||L(L2(0,T;L2(Q)),L{) <y Cu- Hvl(u)||L(Z/{,L°°(O,T;L°°(Q;Rd))) : (HyeHL%O,T;V) + |y - yZHLZ(O,T;V))

(49)
where the constant éu s given by
5o 2 oI,
Cu =~ exp (i + ) 1) (50)
b) The estimate (45) changes to
¢ 2 )12 ~ £y,]|2 2112
Ip(0) =P ()|} + lp —p HL2(0,T;V) <Cult-P )ZHL?(Q) +CulS ||L2(O,T;V’) (51)
where S* € L2(0,T;V") given by
(S (1), phvixv = —(py(8), o) i + (A(w) (), ' () vixy  for all p €V (52)
c) (46) takes, for every z € L*(), the new form
[(@rG' (u) — PrGy(u) 2y, < ”U/(u)||L(Z/I7L°°(O,T;L°°(Q;]Rd))) ’ (\/ Cl - ||Z/ - ylHLQ(O’T;V) : HZHL2(Q) (53)

¢ ¢
+ Hy HL2(O,T;V) ’ Hp -p ||L2(0,T;V))
Proof. a) Considering the original proof from Lemma 5.8, the only thing that changes is that due to the new
form of the adjoint equation (48), we get

(8) £2BuT
<

2 1 Pl 2 ~ 2
(I + - 0) = S Ielisge) = Cullel e

2
||p||L2(0,T;V) o

which then results in (49).
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b) The proof from Lemma 5.9 differs only in the fact that now, we have p(T) = z and p*(T) = P’z where
P! is a projection onto V*. This results in (45).

¢) The thing that differs from Lemma 5.10 is again the fact that

2 ~ 2
||p||L2(O,T;V) < Cy ||Z||L2(Q)

which then results in (53).

5.16 Theorem. Let v be Fréchet differentiable. Then for every uw € U, it holds that

ij(u) - Vje(U)HM <y Cu- 10" ()| L4 Lo 0. 7: L (2may)) ~ 1Y = ?/HLZ(O,T;V) :

(V20 + 1 iy I ¥ o

+ Hv/(u)”L(Z,{,LOC(O,T;LO"(Q;Rd))) : HyzHLQ(O,T;V) |lp _peHL2(0,T;V)

Proof. Identically to Theorem 5.11, we obtain

ij(u) . vﬂ(u)Hu < H [@TG'(U) _ @TG;(U)} (DG (u) — yT)HM
+1(@rG (W) || L2 (0.1:12()) 20 * || PTY = q)TyZHL‘L’(O,T;LQ(Q))

We apply the estimates (53) for z = ®7G(u) — yr and (49) to obtain

e < ||vl(u>||L(Z/{,L°°(0,T;L°°(Q;Rd))) (V Cl - ||3/ - yZHLQ(O,T;V) : ||?/é(T) - yTHLz(o,T;Lz(Q))
+ HyZHLi’(O,T;V) : ||p *peHm(o,T;v))

TV Cu- ””/(”)”L(M,L“(O,T;L“(Q;Rd))) ’ (HyeHL?(O,T;V) + Hy - yZHLQ(O,T;V)) : Hy - y€HL2(0,T;V)

which is identical to (54). O

6 Conclusion

In the present paper, we consider general linear, inhomogeneous parabolic system whose bilinear form and
inhomogeneity are controlled by a possibly time-dependent term from an arbitrary Hilbert space. We show
that under certain assumptions, there is a unique solution for every control, enabling us to define a solution
operator. However, allowing a control influence in the bilinear form complicates the analysis compared to
the case in which only the inhomogeneity is controlled. Even if the bilinear form depends linearly on the
control, the solution of the PDE does not. Therefore, the differentiability of the solution operator as well
as the representation of the derivative can only be shown under certain additional assumptions (see Lemma
2.5).

In this context, we introduce the concept of model order reduction and show an a-posteriori estimate that
gives us an upper bound to the error between the solution of the full system and the reduced system (see
Theorem 4.3).

This analysis allows us to consider these kinds of PDEs in the context of optimal control problems, where the
PDE serves as a side condition. We introduce a standard quadratic cost function and present a representation
of the gradient. It contains an adjoint operator that is in general not easy to evaluate.

We show that the application of model order reduction can be justified by providing an a-posteriori error
estimate for the cost function, giving us an upper bound on the error between the cost function and the
reduced cost function (see Corollary 4.4).
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In an example, we consider a source-free homogeneous advection-diffusion equation with homogeneous Neu-
mann boundary condition, in which the control function acts on the advection term. We look at two different
typical cost functions: The first one measures the L?-norm on the whole time- and spatial domain of the
difference between the solution of the underlying PDE and a given desired function, whereas the second one
measures the L2-norm only in the spatial domain of the difference between the solution of the PDE evaluated
at the end time-point and a given function.

For both cost functions and this concrete PDE, we develop a representation of the gradient, which is easier
to evaluate by using the adjoint equation. With this representation, we are able to show further a-posteriori
estimates on the gradient of both cost functions (see Theorems 5.11 and 5.16).

In total, we can conclude that allowing control terms also in the bilinear form complicates the analysis of
the PDE and its solution operator in the context of optimal control. However, we were able to show on a
concrete example not only that the analysis is possible, but even that the application of model-order reduc-
tion schemes is justified by a-posteriori estimates both on the cost function and its gradient. All these things
combined give us enough theoretical backing to tackle such an optimal control problem numerically, which
shall be approached in future work.
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