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Abstract. In this paper a reduced-order strategy is applied to solve a multiobjec-
tive optimal control problem governed by semilinear parabolic partial differential
equations. These problems often arise in practical applications, where the quality of
the system behavior has to be measured by more than one criterium. The weighted
sum method is exploited for defining scalar-valued nonlinear optimal control prob-
lems built by introducing additional optimization parameters. The optimal controls
corresponding to specific choices of the optimization parameters are efficiently com-
puted by the reduced-order method. The accuracy is guaranteed by an a-posteriori
error estimate.

1 Introduction

In real applications, optimization problems are often described by introducing
several objective functions conflicting with each other. This leads to multi-
objective or multicriterial optimization problems; see, e.g., [1]. Finding the
optimal control that represents a good compromise is the main issue in these
problems. For that reason the concept of Pareto optimal or efficient points
is developed. In contrast to scalar-valued optimization problems, the com-
putation of a set of Pareto optimal points is required. Consequently, many
scalar-valued constrained optimization problems have to be solved.

When dealing with control functions instead of parameters, a multiob-
jective optimal control problem (MOCP) needs to be solved. In this paper
we apply the weighted sum method [14,1] in order to transform the MOCP
into a sequence of scalar optimal control problems and to solve them using
well known optimal control techniques [12]. Preliminary results combining
reduced-order modeling and multiobjective PDE-constrained optimization
are recently derived [4,9]. The main focus of the present work lies in the
extension of [4] to nonlinear, control constrained optimal control problems
governed by evolution problems.
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The paper is organized as follows. In Section 2 the multiobjective optimal
control problem is formulated and transformed into a scalar-valued prob-
lem that is considered in Section 3. The numerical strategy and results are
discussed in Section 4.

2 Problem formulation and Pareto optimality

Let 2 Cc RY, d € {1,2,3}, be an open and bounded domain with Lipschitz
continuous boundary I' = 9f2. For given T' > 0 we set Q = (0,7 x {2 and
Y = (0,T)xI". Then we consider the following class of multiobjective optimal
control problems governed by semilinear parabolic equations:

1 2
5 [ 1) = yal da
¢
jl (y7 u) 1 T 2
min 7 (y,u) = | F(y,u) | = 5/0 /Q v — o dwdt (la)
j3(y7u) 1 m )
d
$3
i=1
subject to the semilinear parabolic differential problem

yi(t,z) — Ay(t, @) + > (t, ) = Z wibi () + f(t,z) for (t,x) € Q,

(1b)
0
8—y(t,s) =0 for (t,8) € X, y(0,z)=yo(x) for x € 2
n
and to the bilateral control constraints
u € Uyg = {11: (ﬂl,...,ﬂm)T ERm’u? <, Su? for 1 Sigm}. (1c)

In (la) we assume that yo € L>®(02), yo € L=(Q), u? = (uf,...,ud)" €
R™. By ‘T’ we denote the transpose of a vector or matrix. Furthermore,
we suppose that bi,... b, € L®(£2), yo € L>®(£2). In (lc) let u’,uj € R
satisfying u!, < wuf for 1 <i <m.

Recall that the state equation (1b) has a unique (weak) solution y = y(u)
for every u € U,q; see, e.g., [12]. Hence, we can introduce the reduced objective

by J(u) = J(y(u), u) for u € Uyqg. Instead of (1) we consider now
e
min J(u) = | Ja(u) subject to  u € Uag. (2)
Ts(u)
Problem (2) involves the minimization of a vector-valued objective. This

is done by using the concepts of order relation and Pareto optimality [1]. In
R3 we make use of the following order relation: For all z!, 22 € R3 we have

A< e z2—zlERi:{ZER?"ziZOfori:LQ,?)}.
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Definition 1 (Pareto optimal). Let Z = J(U,q) C R? be the image set
of U, under the cost functional 7. We call a point z € Z globally (strictly)
efficient with respect to the order relation <, if there exists no z € Z\{z} with
2 < 2. 1f Z is efficient and @ € U, satisfies Z = J (@), we call @ (strictly) Pareto
optimal. Let @ € U,y hold. If there exists a neighborhood N(@) C Uaq of @ so
that z = J () is (strictly) efficient for the (local) image set J(N()) C Z,
the point @ is called locally (strictly) Pareto optimal. Moreover, Z is said to
be locally efficient.

Now, the multiobjective optimal control problem (2) is understood as follows:
Find Pareto optimal points in U,g for the vector-valued reduced objective J.

First-order necessary optimality conditions for Pareto optimality are pre-
sented in the next theorem which is proved in [1, Theorem 3.21 and Corol-
lary 3.23]. The proof is based on the result of Kuhn-Tucker [6].

Theorem 2. Suppose that u € U,q is Pareto optimal. Then, there exists a
parameter vector p = (fi1, fiz, fiz) € R3 satisfying the Karush-Kuhn-Tucker
conditions

3 3
g; €10,1], Zﬂi: Z T(u—1a) >0 for all u € Uyg. (3)
i=1 im1

Motivated by Theorem 2, let us choose 0 < py, < 1 and set

3
Dag = {H = (p1, pho, 13) € Rli ‘ Zui =1, ug 2 Mlb} c [o, 1]3~

i=1

The condition ps > pyp is necessary for the well-posedness of the scalar-
valued optimal problem (lau) introduced below. For any p € D,y we define
the parameter-dependent, scalar-valued objective as J (u;p) = w'J (u) for
u € Uug. Then, (3) are the first-order necessary optimality conditions for a
local solution @ = @(p) to the parameter-dependent optimization problem

min.J(u; ) subject to  u € Uyg PL)

for the parameter pu = ft. In the weighted sum method Pareto optimal points
are computed by solving (P,,) for various p € D,q; see [14] and [1, Chapter 3].

Remark 3. To solve (P,,) we apply a globalized Newton-CG method [7]. ¢

3 The scalar-valued optimal control problem

Suppose that @ = u(p) € Uyqg is an optimal solution to (P,,) for given p €
Da.y. Let § = y(u; i) denote the associated optimal state satisfying (1b) for
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u = . Following [12] first-order necessary optimality conditions for (P,,)
ensure the existence of a unique adjoint p = p(; p) solving

—pe(t ) — Ap(t, z) + 3y2 (t,z)p(t,x) = (yQ (t,z) —y(t, iL‘)) n @,

4
P (1,5) =000 %, p(T,2) = o (yala) — 7(7,2) in 2 @

with y = §. Moreover, for any p € D,qg the gradient of the reduced cost
functional J(-; p) at a given u € U,g is given by

J'(us p) = <M3(Ui — uf) —/OT/Qp(tvw)bi(w) dwdt) ,

1<i<m

where p solves (4) and y is the solution to (1b).

Since (P,,) is a non-convex problem, we make use of the hessian .J” (u; p) €
R™>™ in order to ensure sufficient optimality conditions. Let @ = u(u) be
locally optimal for (13 ) satisfying the second-order sufficient optimality con-
dition

J" (; ) (u,u) > ki |ul}  for all u € R™

with a p-independent lower bound k > 0 for the smallest eigenvalue of the
hessian. Then, for any % € (0, ) there exists a radius p = p(&) > 0 such that

J" (i ) (u,w) > & luls  for all @ with |G — al, < p. (5)

If @ € Uag satisfies (5) we can estimate the error between @ and @ as [5]

. 1
7y < % Il (©
where ¢ = ((a) € R™ is given by

[,ug (u; —ud) — fOT Jo Bt 2)bi(x) dwdt] i =,
Gi={ —Us3 (ul — uf) + fOT fﬂ p(t, 2)b;(x) daedt, if u¢ < a; < ul, (7)

+
p solves (4) with y = ¢ and § solves (1b) with v = @. In (7) we denote
by [s]- = —min(0,s) and [s]+ = max(0,s) the negative and positive part
function, respectively. Hence, given a (suboptimal) @ € U,q, the error @ — @
can be estimated by the right-hand side in (5) provided the lower bound &

for the symmetric matrix J" (t; ) is known. We proceed as follows: From
J(;p) = p' J (@) we find

J" (s ) = m J{ (@) + paJy (@) + psJs (@) for p € Dag.
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It follows from Theorem of Courant-Fischer [10, Corollary 4.7] that a lower
bound ALB for the smallest eigenvalue A, of J” (@; p) is given by

min

>\mm J// U H Z,U/z mm )) =: )‘;]1311< IJ’) (8)

where Apin(A4) denotes the smallest eigenvalue of a symmetric matrix A.

4 Numerical solution strategy

To solve (1) we apply the weighted sum method. Thus, the set of Pareto opti-
mal points is approximated by solutions @ () to ( ) for various parameters
€ D,y. Consequently, many constrained nonlinear optimization problems
have to be solved numerically, which is computationally expensive. For this
reason model-order reduction (MOR) is applied to reduce significantly the
required computational resources. Our MOR approach is based on a Galerkin-
type approximation to (lsu) using MOR basis functions, where for certain
weighting parameters g € D,y the MOR basis functions contain information
from optimal states §(u) and adjoints p(p) associated with optimal controls
@(p). The MOR basis functions are determined in an offline phase. In the
online phase the weighted sum method is applied, where numerical solutions
to (P,,) are computed rapidly by a MOR, Galerkin discretization [11].

Offline phase I: eigenvalue computation on control grid. Suppose the
discrete (regular) control grid Zgnq = {u*}5_ | in the set Uyq of admissible
controls. In an offline phase we compute and store the p-independent smallest
eigenvalues /\min(ji” (u*)) at any grid node u* € Zgrid for ¢ =1 and 2. Since
J4(u¥) is the identity, we have Amin (4 (u¥)) = 1. Now, (8) yields a numer-
ically efficient computation of the approximative lower bound /\app( a; p) in
the online phase at any (suboptimal) control @ € U,q by convex combination
of the stored smallest eigenvalues Apin (J7 (u¥)) for k=1,..., K:

Amin (i’l(ﬂ)) ~ app Z Wk /\mln )) (9)

In (6) we utilize (@) instead of &.
Remark 4. The computation of the Apin(J7 (u¥)) can be realized in parallel
computing with respect to k € {1,..., K}. O

Offline phase II: MOR basis computation. Estimate (6) can be suitably
used as ingredient to apply a MOR strategy for the solution of nonlinear
multiobjective problems. In order to use a MOR technique for its solution, we
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propose to use the POD-greedy algorithm based on [3] and [2,8]. As an input
the POD-greedy algorithm requires a discrete parameter training set Stpain C
D.g, as well as he smallest eigenvalues )\min(j{’(uk)) for i = 1,2,3 on the
control grid Zgiq and the corresponding precomputed grid node data Dgiq,
both needed for the smallest eigenvalue approximation in the a-posteriori
error estimation.

Online phase: multiobjective optimal control As regards the original
multiobjective problem, we are interested in the solution of the parametric
optimal control problem for a large number of parameter values, since we
want to identify a set of optimal control solutions that does not a-priorily
penalize any cost functional. In other words, we are interested in identifying
the Pareto optimal front of the multiobjective problem, that consists in a
large set of cost functionals evaluation corresponding to the solution of a
large number of optimal control problems (obtained in correspondence of
several parameter values, at the randomly chosen). In order to identify the
Pareto front we need to evaluate several times the parametric optimal control
problem. For this purpose, the proposed model order reduction strategy can
be efficiently reduce the required computational times.

5 Numerical example

We consider (1) with spatial domain £ = (0,1) x (0,1) C R?, final time
T = 1, desired states yo = 0, yo(t,x) = 100t cos(2wz1) cos(2mz2), initial
condition yo(x) = 0 and inhomogeneity f(¢,z) = 10txz;. Furthermore, for
m = 4 each shape function b;(x),i = 1,...,4, has the support in a quarter
of the domain 2 and u? = (0.5, —4,—0.5,4)" € R*. The high fidelity spa-
tial approximations of the problem solution, used for the basis computations
and the error comparisons is computed by a finite element (FE) model with
a Newton method that uses Py elements, it has 729 degrees of freedom in
1352 elements. For the temporal discretization the implicit Euler method is
applied with equidistant step size At = 0.01 steps. Figure 1 shows optimal
states § = y(@; ) for solutions @(p) to (P,) corresponding to two values
of the parameter p.In the left plot of Figure 2 we plot error comparisons
obtained by solving (15“) In particular, we compare the errors between the
optimal controls computed by the model order reduction (MOR) method
and the one by the FE method. We show its minimum, maximum and av-
erage values (over a range of 1000 parameter values) by varying the number
of basis functions used in the MOR scheme. In the right plot of Figure 2
we present the Pareto front obtained by solving (f’”) with the MOR tech-
nique for different parameter values p. In order to show the correctness of
the Pareto front, we also include the values of the cost functionals Ji(u),
Jo(u) and J3(u) obtained for 1000 control values randomly chosen as fol-
lows: u; € [-3,3],uz € [-8,—1],us € [—5,—2],us € [—1,6] (not optimal
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1=[0.05,09,0.08]  U__=[-0.3677, 49351, -1.4542, 3.0700] 1=[0.9,0.05 0.08] U, =[1.5208, -6.1262, -2 5805, 1.8027]
"
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Fig. 1. Optimal states § = y(@; ) for solutions @(p) to (P,) for parameter values
© = (0.05,0.9,0.05) (left) and p = (0.9,0.05,0.05) (right).

L (_random values of controls
=& max error bound

~#-min error bound * optimal controls choices
—o- average error bound
£ — max enror
1o Shw L, ~6-rmin error
E\\ R X —— average error

i

Fig. 2. Error bound and error between the MOR and FE solutions by varying the
number of bases: minimum, maximum and average values over a set of 100 random
parameter values (left); Pareto front and cost functionals values corresponding to
admissible control points (right).

controls). In Figure 3 we show the optimal controls a(p) corresponding to
1000 randomly chosen parameter values and to the parameter values selected
for the bases computations during the POD-greedy algorithm. Regarding the
computational performances the online evaluation time required for solving
problem (15“) for each parameter value by using 10 basis functions is about
0.7 seconds; while the evaluation of the FE solution requires about 7.3 sec-
onds. We conclude that the gained speedup allows a much faster optimal so-
lution evaluation and an efficient identification of the Pareto front, for which
several repeated solutions have to be computed.
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