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eAbstra
t. Domain walls, optimal droplets and disorder 
haos at zero temperatureare studied numeri
ally for the solid-on-solid model on a random substrate. It is shownthat the ensemble of random 
urves represented by the domain walls obeys S
hramm'sleft passage formula with κ = 4 whereas their fra
tal dimension is ds = 1.25, andtherefore is not des
ribed by �Sto
hasti
-Loewner-Evolution� (SLE). Optimal dropletswith a lateral size between L and 2L have the same fra
tal dimension as domainwalls but an energy that saturates at a value of order O(1) for L → ∞ su
h thatarbitrarily large ex
itations exist whi
h 
ost only a small amount of energy. Finally itis demonstrated that the sensitivity of the ground state to small 
hanges of order δ inthe disorder is subtle: beyond a 
ross-over length s
ale Lδ ∼ δ−1 the 
orrelations of theperturbed ground state with the unperturbed ground state, res
aled by the roughness,are suppressed and approa
h zero logarithmi
ally.
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Domain walls and 
haos in the disordered SOS model 21. Introdu
tionDomain walls in disordered systems play an important role in understanding the stabilityof the ordered phase, the energeti
s of large s
ale ex
itations, the asymptoti
 dynami
sin and out of equilibrium as well as the sensitivity to 
hanges of external parameters.They have been studied quite intensively in the re
ent years for Ising spin glasses[1, 2, 3, 4, 5, 6, 7, 8℄, XY spin glasses [9℄, random �eld systems [10, 11, 12, 13℄, randomferromagnets [10℄, disordered elasti
 manifolds [15, 16, 17, 18, 19, 20℄, and many others.Two domain wall properties are prominent: the �rst 
on
erns energy and 
an be
hara
terized by the s
aling behavior of the domain wall energy with their lateral size,whi
h gives rise to a �rst, sometimes universal exponent, the sti�ness exponent θ. These
ond 
on
erns geometry and gives rise to another, sometimes universal exponent, thefra
tal dimension ds, or, in 
ase the domain is not fra
tal, a roughness exponent ζ . Theinterplay between energeti
s and geometry of the domain walls (i.e. between sti�nessexponent and fra
tal dimension) determines how sensitive the system state is to 
hangesof either external parameters like the temperature or a �eld, or internal parameters likesmall disorder variations. This sensitivity is often extreme in glassy systems and goesunder the name of �
haos� [1℄.Domain walls of glassy systems in two spa
e dimensions represent fra
tal 
urvesin the plane and the question arises, whether they fall into the general 
lassi�
ations
heme for ensembles of random 
urves des
ribed by Sto
hasti
 Loewner Evolution(SLE) [21, 22℄. Re
ently indi
ations were found that domain walls in 2d spin glasses(at zero temperature) are indeed des
ribed by SLE [23, 24℄, at least for a Gaussiandistribution of the bonds, but apparently not for binary 
ouplings [25℄. Also the domainwalls in the random-bond Potts model at the 
riti
al point (i.e at �nite temperature)were found to be numeri
ally 
onsistent with SLE [26℄. It appears natural to ask,whether the domain walls in other two-dimensional disordered systems are potential
andidates for a des
ription by SLE.In this paper we study domain walls and 
haos at zero temperature in the solid-on-solid (SOS) model on a disordered substrate. This is a numeri
ally 
onvenientrepresentation of a two-dimensional elasti
 medium, with s
alar displa
ement �eld,intera
ting with quen
hed periodi
 disorder. It has been studied to des
ribe variousphysi
al situations ranging from vortex latti
es in super
ondu
tors to in
ommensurate
harge density waves and 
rystal growth on a disordered substrate [27, 28, 29℄. Here wefo
us on three questions: 1) are domain walls in this model des
ribed by SLE, 2) whatis the relation between size and energy of optimal ex
itations (droplets) in this model,3) does disorder 
haos exist in the ground state of this model ? After a brief summaryof what is already known about the model and a des
ription of the numeri
al method bywhi
h we 
ompute the ground state and the domain walls these three issues are studiedin separate se
tions. The paper ends with a dis
ussion of the results obtained.



Domain walls and 
haos in the disordered SOS model 31.1. ModelWe 
onsider the solid-on-solid model on a disordered substrate de�ned by theHamiltonian
H =

∑

(ij)

(hi − hj)
2 , hi = ni + di , (1)with i ≡ (xi, yi) ∈ Z

2. In Eq. (1) the height variables ni (i = 1, . . . , N) take oninteger values ni = 0,±1,±2, . . . and the o�sets di are independent quen
hed randomvariables uniformly distributed between 0 and 1. The sum is over all nearest neighborpairs (ij) of a re
tangular latti
e of size Lx ×Ly (Lx = Ly = L if not stated otherwise).The boundary 
onditions will be spe
i�ed below in the 
ontext of domain walls. TheHamiltonian in Eq. (1) des
ribes a dis
rete model of a two-dimensional elasti
 mediumin a disordered environment. In the 
ontinuum limit, it is des
ribed by a sine-Gordonmodel with random phase shifts (and in the absen
e of vorti
es), the so 
alled Cardy-Ostlund model [30℄,
HCO =

∫

d2r(∇u(r))2 − λ cos(2π[u(r) − d(r)]) , (2)with a 
ontinuous s
alar displa
ement �eld u(r) ∈ (−∞, +∞) and quen
hed randomvariables d(r) ∈ [0, 1]. Dis
retizing the integral and performing the in�nite strong
oupling limit λ → ∞ one re
overs (1).It is well known that this model (1, 2) displays a transition between a hightemperature phase, T > Tg = 2/π where the disorder is irrelevant and a low temperaturephase below Tg, dominated by the disorder. The high-temperature phase T > Tg is
hara
terized by a logarithmi
 thermal roughness
C(r) = 〈(hi − hi+r)2〉 ∼ T log r , (3)where 〈. . .〉 denotes the thermal average and . . . the average over the quen
hed disorder.The low-temperature or glassy phase is instead �superrough�, 
hara
terized by anasymptoti
ally stronger (log-square) in
rease of C(r):
C(r) ∼ c(T ) · log2 r + O(log(r)) , (4)whi
h means ζ = 0, as expe
ted for a random periodi
 system. Close to Tg, a CoulombGas renormalization group (RG) analysis to lowest order gives c(T ) ≃ (1 − T/Tg)

2/2π2[29℄, in rather good agreement with numeri
al simulations [31℄. At T = 0, numeri
alsimulations give the estimate c(T = 0) ≈ 0.5/(2π)2 ≈ 0.012 [16, 32℄. While earlierstudies, based on �nearly 
onformal� �eld theory [33℄, 
laimed an exa
t result for A(T ),predi
ting A(T = 0) = 0, in 
lear 
ontradi
tion with numeri
s, a more re
ent approa
hbased on FRG, in
orporating non analyti
 operators predi
ts a non-zero A(T = 0) whi
h
ompares reasonably with numeri
s [34℄.For free or periodi
 boundary 
onditions, the Hamiltonians (1) and (2) have adis
rete symmetry, the energy is invariant under a global height (displa
ement) shift
ni → ni + ∆n (u(r) → u(r) + ∆n), where ∆n is an arbitrary integer. This symmetry
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Figure 1. Left: Ground state n
0 of a 200 × 200 system with the boundary sites(indi
ate in green) �xed to ni = 0. The di�erent height values ni are grey-
oded(dark = low values, bright = high values). Middle: Ground state 
on�guration of thesame system as to the left with the upper half of the boundary sites (indi
ated in red)�xed to ni = 1 and the lower half (indi
ated in green) to ni = 0. Right: Di�eren
eplot between the Left and Middle plots: in the lower white region the ground state
on�guration is identi
al to the 
orresponding sites in the left �gure, whereas in theupper grey region they di�er by exa
tly ∆n = 1 from the 
orresponding site in themiddle panel. The border between the white and the grey region is a domain wall,representing a step in the height pro�le of the ground state.will not be broken in the low temperature phase of the in�nite system and true long-range order at T < Tg is absent, i.e. 〈hi〉 = 0. Con
omitantly the model (1), with freeor periodi
 boundary 
onditions, has in�nitely many ground states, whi
h di�er by aglobal shift ∆n ∈ {±1,±2, . . .}.1.2. Domain wallsBy an appropriate 
hoi
e of boundary 
onditions one 
an for
e a domain wall into thesystem, whi
h is most easily visualized at T = 0 (
.f. Fig. 1): 
onsider the squaregeometry and �x the values of the boundary variables to ni = 0. This yields a uniqueground state 
on�guration n0

i . If one �xes the boundary variables to ni = +1, the
orresponding ground state would be n′0
i = n0

i + 1. A domain wall indu
ing boundary
ondition is one, in whi
h the lower half of the boundary values are �xed to ni = 0 andthe upper half to n0
i = 1. The ground state of this set-up is then ñ0

i = n0
i in some,mainly the lower region of the system, and ñ0

i = n′0
i in the rest - both region separatedby a domain wall of non-trivial shape.It turns out that these domain walls are fra
tal [16, 18℄, whi
h means that theirlengths ldw s
ales with linear system size as

lpath ∼ Lds , (5)with ds > d − 1 = 1. The numeri
al estimate for ds is ds = 1.27 ± 0.02 [18℄. Su
ha fra
tal s
aling of zero-T domain walls is also found for spin glasses, in the 2d EAmodel with Gaussian 
ouplings it is ds,SG = 1.27 ± 0.01, and with binary 
ouplings it



Domain walls and 
haos in the disordered SOS model 5is ds,SGB = 1.33 ± 0.01. On the other hand zero-T domain walls in disordered Ising orPotts ferromagnets are rough (i.e. are 
hara
terized by algebrai
 
orrelations) but notfra
tal.The energy for su
h a domain wall, given by the di�eren
e between the energy ofthe ground state of the system with the domain wall indu
ing boundary 
onditions andthe one with homogeneous boundary 
onditions, in
reases with L logarithmi
ally
∆E ∼ log L . (6)This result, whi
h was obtained by numeri
al simulations [16℄, is 
onsistent with theusual s
aling relation ∆E ∼ Lθ together with the exa
t result θ = d − 2 + 2ζ = 0(thanks to statisti
al tilt symmetry [35℄). This logarithmi
 behavior is 
hara
teristi
 ofa marginal glass phase, des
ribed by a line of �xed point indexed by temperature (whi
his here marginal in the RG sense). For 
omparison the sti�ness exponent in 2d (3d) spinglasses is θSG2d = −0.28±0.01 and θSG2d = 0.3±0.1 (and thus 
hara
terized by a T = 0�xed point), whereas for disordered Ising or Potts ferromagnets ∆E ∼ Ld−1.1.3. MethodThe ground states of (1), i.e. the 
on�guration n0 = (n0

1, . . . , n
0
N) with the lowestvalue for the energy H [n0] for a given disorder 
on�guration d = (d1, . . . , dN), 
anbe 
omputed very e�
iently using a minimum-
ost-�ow-algorithm [36, 16, 37℄. For thespe
i�
 details in whi
h domain walls are indu
ed in the ground state it is useful tore
apitulate the mapping onto a minimum-
ost-�ow problem.After introdu
ing the height-di�eren
es n∗

ij = ni − nj (integer) and d∗
ij = dj − di(∈ [−1, +1]) along the links k = (i, j) on the dual latti
e G∗ one obtains a 
ost (orenergy) fun
tion that lives on the dual latti
e

H [n∗] =
∑

k

(n∗
k − d∗

k)
2. (7)The 
on�gurations n∗

k = (n∗
1, . . . , n

∗
M), where M is the number of links (or bonds) ofthe original latti
e, 
onstitute a ��ow� on the graph G∗. Suppose the original model(1) has free boundary 
onditions. Then the sum of the height di�eren
es along anydire
ted 
y
le in the original latti
e vanishes. Therefore the divergen
e of n∗ vanishesat all sites i:

(∇ · n∗)i = 0 , (8)whi
h means that the �ow n∗ on G∗, in order to give rise to a height �eld n on theoriginal latti
e G has to be divergen
e-less, i.e. without sour
es or sinks. The problemof determining the ground state n of (1) is thus equivalent to �nd the �ow n∗ with theminimum 
ost (7) under the mass-balan
e 
onstraint (8) - i.e. a minimum 
ost �owproblem, for whi
h there exist very powerful algorithms [36, 16, 37℄.Enfor
ing one domain wall, or step of height one, into the ground state of (1)by appropriate boundary 
ondition is then equivalent to modify the 
onstraint (8) atexa
tly two sites, the start and end point of the domain wall (see Fig. 2a-d). As an
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d)

b)a)

c)

Figure 2. Di�erent geometries and 
onstraints on domain walls 
onsidered here: a)boundary 
onditions indu
ing a step / domain wall as in Fig. 1. b) Boundary 
onditionsindu
ing a step / domain wall running diagonally from one 
orner of the re
tangularlatti
e to the opposite one. 
) Boundary 
onditions for a 
ir
ular domain indu
ing aboundary along the equator with two di�erent orientations of the underlying latti
e.d) Boundary 
onditions for a half 
ir
le domain and a domain wall with one �xed endat the origin and a free end on the outer half 
ir
le.example 
onsider the 
ase in whi
h one wants the domain wall to start at the point
(x, y) = (1, L/2) and end at (x, y) = (L, L/2) of a square latti
e. Then one 
hooses theboundary 
onditions for ni as follows (
.f. Fig. 2 a): one �xes the values for ni at thelower half of the boundary (i.e. at i = (x, 1) for x = 1, . . . , L and i = (1, y) and (L, y)for y = 1, . . . , L/2) to ni = 0, and the values for ni at the upper half of the boundary(i.e. at i = (x, L) for x = 1, . . . , L and at i = (1, y) and (L, y) for y = L/2 + 1, . . . , L) to
ni = 1. Translating these boundary 
onditions for the height variables n into 
onstraintsfor the �ow variables n∗ one immediately sees that at the point (x, y) = (1, L/2) and
(x, y) = (L, L/2), where the step in the height pro�le starts and terminates, respe
tively,the 
onstraint (8) is modi�ed into

(∇ · n∗)(1,L/2) = +1 , (∇ · n∗)(L,L/2) = −1 . (9)In other words: the indu
ed step sends a unit of �ow from the starting point of thedomain wall, whi
h is the a sour
e of unit strength, a
ross the sample to the end point,the sink, along an optimal (minimum 
ost/energy) path. In what follows we identifydomain walls immediately with the optimal path for the extra �ow unit de�ned by themodi�ed mass balan
e 
onstraints (9).With the help of this 
on
ept one 
an then also 
onsider situations in whi
h thestarting point of the domain wall is �xed but the ending is only for
ed to be on a spe
i�
region of the boundary, opposing the starting point (see Fig. 2d). Suppose one wantshe domain wall to start at is = (1, L/2), and terminate somewhere on the opposing



Domain walls and 
haos in the disordered SOS model 7boundary it = (L, y) with y ∈ {1, . . . , L}. Then one introdu
es an extra node into thedual graph G∗, denoted as the target node, 
onne
ts it with bonds of zero 
ost to allsites on the terminal boundary, and assigns a sink strength −1 to it. The sour
e node isthe one 
losest to is in the dual graph and has sour
e strength +1. The minimum 
ost�ow of this arrangement is then the desired ground state 
on�guration with a domainwall starting at is and ending somewhere on the opposite boundary.2. S
hramm-Loewner evolution (SLE)Sin
e the domain walls as de�ned above represent fra
tal 
urves embedded in a two-dimensional spa
e the question arises whether they fall into the 
lassi�
ation s
hemeof S
hramm-Loewner evolution (SLE) like loop-erased random walks, per
olation hulls,and domain walls at phase transitions in 2d in the s
aling limit [22, 21℄. The ne
essary(and su�
ient) 
ondition for a set of random 
urves 
onne
ting two points on theboundary D of a domain to be des
ribed by SLE are 1) the measure for these random
urves has to ful�ll a Markov property, 2) the measure has to be invariant under
onformal mappings of the domain. Re
ently it was suggested that also domain walls in2d spin glasses 
an be des
ribed by SLE [23, 24℄ although neither 
onformal invarian
eis ful�lled for ea
h individual disorder realization nor the Markov property after disorderaveraging. However, 
onformal invarian
e might hold for the disorder averaged modeland the Markov property might be ful�lled almost always in a statisti
al sense.A single parameter κ parameterizes all SLEs and it is related to the fra
taldimension of the 
urve via
ds = 1 + κ/8 . (10)The parameter κ is the di�usion 
oe�
ient of the Brownian motion that underlies theSLE and generates via a random sequen
e of simple 
onformal maps the fra
tal 
urves.In addition to the fra
tal dimension it determines various other geometri
 and statisti
alproperties of the SLE 
urves. One of them is for instan
e the probability that a 
urve inthe upper half plane H generated by SLE will pass to the left of a given point z = x+ iyis given by S
hramm's �left passage formula� [38℄
Pκ(z) =

1

2
+

Γ
(

4
κ

)

√
π Γ
(

8−κ
2κ

) 2F1

(

1

2
,
4

κ
;
3

2
;−
(

x

y

)2
)

x

y
, (11)where 2F1 is the hyper-geometri
 fun
tion 2F1 (a1, a2; b; z) =

∞
∑

k=0

Γ(k+a1)
Γ(a1)

Γ(k+a2)
Γ(a2)

Γ(b)
Γ(k+b)

zk

k!
.Sin
e the probability depends just on the ratio between Re(z) and Im(z), it is sometimesuseful to repla
e this ratio by a fun
tion of an angle. We de
ided to use: tan (φ) = x/y.So φ ∈]− π

2
; π

2
[ is the angle at the origin between the imaginary axis and z. This formulaholds for the domain of the SLE being the upper half plane with the start point of the
urve being identi
al to the origin of the 
oordinate system and the end point at in�nity.A standard 
he
k whether an ensemble of random 
urves is a potential 
andidatefor SLE therefore is to simultaneously determine their fra
tal dimension ds and the



Domain walls and 
haos in the disordered SOS model 8
 10

 100

 1000

 10000

 10  100  1000

L p
at

h

L

∝ L1.25 
 

L•L geometry
L•2L geometry

Figure 3. Average length of domain walls spanning the system from one end to theopposite one as a fun
tion of the system size L in a log-log plot. The straight lines areleast square �ts to (5) and yield the estimate for the fra
tal dimension ds = 1.25±0.01.left passage probabilities, and to test whether the latter �t (11) with κ = 8(ds − 1)[23, 24, 25℄.In Fig. 3 we show our data for the average length of a domain wall in the
on�guration depi
ted in Fig. 2 b, i.e. starting at the point is = (1, 1) and endingat it = (L, L) in a L × L geometry and at it = (L, 2L) in a L × 2L geometry. Leastsquare �ts to the s
aling law (5) yield the estimate ds = 1.25 ± 0.01 whi
h agrees withthe value found in [18℄.This value for the fra
tal dimension would imply κ = 2.00 ± 0.08 if the domainwalls are des
ribed by SLE. Next we determined for di�erent points (x, y) of the latti
ethe frequen
y that a domain wall passes to the left of it, yielding a probability p(x, y),whi
h we 
ompared with S
hramm's left passage formula Pκ(x, y) for �xed κ. For the
ir
le domain and the 
hoi
e of the start and end points of the domain wall as shown inFig. 2 
, the formula (11) is modi�ed:Let E be the unit 
ir
le in the 
omplex plane. The Cayley fun
tion g : E →
H, z 7→ i1+z

1−z
maps the unit 
ir
le 
onformally into the upper half plane H. Furthermore

g(−1) = 0, g(1) = ∞, thus 
urves in E starting at z = −1 and ending at z = 1 are
onformally mapped on 
urves in H. For the latter, if the 
urves are des
ribed by SLE,S
hramm's formula (11) holds, so that for the former, the modi�ed formula
Pκ,g(z) =

1

2
+

Γ
(

4
κ

)

√
π Γ
(

8−κ
2κ

) 2F1

(

1

2
,
4

κ
;
3

2
;−
(

Re g(z)

Im g(z)

)2
)

Re g(z)

Im g(z)
. (12)holds. Hen
e we �lled the unit 
ir
le with �ner and �ner grids G approximating betterand better the 
ontinuum limit for the 
urves in E that we want to 
he
k for SLE. Forthis we de�ne the fun
tion

fG(κ) =
∑

(x,y)∈G

[p(x, y) − Pκ,g(x, y)]2 (13)that measures the 
umulative squared deviation of the probabilities p(x, y) from the
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Figure 4. Left: The 
umulative squared deviation fG(κ) of the 
omputed leftpassage probabilities p(x, y) from the values Pκ,g(x, y) given by (12) as a fun
tionof κ. The underlying latti
e geometry is the 
ir
le as sket
hed in Fig. 2
., the
orresponding 
onformal map g(z) entering (12) is given in the text. The minimum isat κ = 4.00 ± 0.01 with a squared di�eren
e per grid point of about 2 · 10−5. Right:Absolute di�eren
e between the 
al
ulated left passage probability p(x, y) and the SLEexpe
tation Pκ,g(x, y) (12) for κ = 4 as a fun
tion of the 2d latti
e 
oordinates (x, y).For the whole unit 
ir
le the deviation is almost everywhere smaller than 1%. Notethat the domain wall is �xed at (−1, 0) and (1, 0), where the largest deviations o

ur.
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Figure 5. Cumulative deviation fG(κ) as fun
tion of κ and absolute di�eren
e between
p(x, y) and Pκ,g(x, y) for κ = 4 as in Fig. 4 but for the square geometry as depi
tedin Fig. 2b. Note that the domain wall is �xed at (0, 0) and (L, L), where the largestdeviations o

ur.SLE-value for given κ. The result is shown in Fig. 4. The minimal deviation of thedata from the expe
ted SLE result is at κ = 4.00 ± 0.01 whi
h 
learly di�ers from thevalue κ = 2.00 ± 0.08 that one would expe
t from the fra
tal dimension if the domainwalls would be des
ribed by SLE.Next we varied the geometry and the domain wall 
onstraints and studied the
ase depi
ted in Fig. 2b, i.e. a quadrati
 domain D with 
orners at 0, p, p + ip,

ip (p real and positive). The fun
tion g : D → H : z 7→ −p(z; S) with S =

{2n1p + i · 2n2p|n1, n2 ∈ Z} de�nes a 
onformal map from D into H, where p(z; S) =
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ir
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255, R = 500), i.e. one free end of the domain wall.
1
z2 +

∑

ω∈S\{0}

[

1
(z−ω)2

− 1
ω2

] is the Weierstraÿ p-fun
tion. Furthermore g(p+ip) = 0, g(0) =

∞, thus 
urves in D starting at z = 0 and ending at z = p+ ip are 
onformally mappedon 
urves in H starting at the origin and extending to in�nity. Using g in (12) wedetermined κ in the same way it was done in the 
ase of the unit 
ir
le. The result isshown in Fig. 5 and yields κ = 4.00 ± 0.01.We also 
ompared p(x, y) dire
tly with Pκ=4(x, y) for 
urves in the upper half plane
H starting at the origin. For this we 
onsidered the geometry depi
ted in Fig. 2d, inwhi
h the 
urves starting at the origin 
an end everywhere on the half 
ir
le. We 
he
kedthe predi
tion (11) for di�erent radii R and angles Φ = arctan

(

x
y

)

∈
]

−π
2
; π

2

[. Theresult is shown in Fig. 6, where the deviations from Pκ(φ) (11) for κ = 4 are everywhereless than 2% for the size L = 500 and radii shown in Fig. 6. We also observe that thedeviation systemati
ally de
reases with the system size L for �xed ratio R/L indi
atingvanishing deviations P (Φ) − Pκ=4(Φ) in the limit L → ∞.For all the geometries that we studied we found that the data 
an be ni
ely �ttedwith κ = 4, but the fra
tal dimensions of the domain walls is un
hanged by the di�erentset-ups: ds = 1.25 ± 0.01. The 
on
lusion is that domain walls in the SOS model on adisordered substrate are not des
ribed by SLE. The question arises whi
h 
ondition forSLE is a
tually violated. The fa
t that for all geometries the left passage probabilitywe studied is well des
ribed by a 
ommon expression, S
hramm's formula 
ontainingthe 
onformal map of the half plane to the spe
i�
 geometry under 
onsideration, woulda
tually hint at 
onformal invarian
e. But obviously this does not ex
lude the possibilitythat a breaking of 
onformal invarian
e manifests itself in other quantities, or even othergeometries. We did not attempt to 
he
k the domain Markov property, as was triedin [24℄.
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itationsIn this se
tion we study large s
ale ex
itations that 
ost a minimum amount of energy,also denoted as droplets [2℄, and the size dependen
e of their energy. A

ording to theusual arguments in droplet s
aling theory [2℄ this ex
itation energy is expe
ted to s
alein the same way as a domain wall of lateral size L, i.e. like ∆E ∼ Lθ with θ the sti�nessexponent, whi
h for the system we 
onsider is θ = 0. The domain wall energy s
ales as
∆EDW ∼ log L 
.f. (6), and if it is 
orre
t that all ex
itations of s
ale L display the samebehavior the question arises: how 
an thermal fu
tuations destabilize the ground statesu
h that the present model is indeed 
hara
terized by a line of �xed points, indexed bytemperature (and thus di�erent from a T = 0 �xed point like in spin glasses with d > 2?A log L s
aling of ex
itations still implies that larger and larger ex
itations, ne
essaryto o

ur to de
orrelate the system's state from the ground state, need more and moreenergy and are therefore more and more unlikely, i.e. o

urring with a probability thatde
ays as exp(−∆E/T ) ∼ L−c/T at T > 0.The solution to this problem lies in the freedom that domain walls of ex
itationsof s
ale L have to optimize their energy (
.f. for a similar dis
ussion in the 
ontext ofoptimized dislo
ations in [18℄). Finding the optimal ex
itation of a given s
ale requiresa higher e�ort than sear
hing a domain wall with given start and endpoints (as we haveseen above, there are even e�
ient ways to optimize the positions of these endpoints).There is a simple way to indu
e ex
itations of an arbitrary s
ale, as �rst proposed in the
ontext of spin glasses [4℄ and used again in [8℄: we 
ould 
ompute the ground state for�xed boundary 
onditions as depi
ted in the left panel of Fig. 1, this yields n0. Then we
hoose a 
entral site (say i = (x, y) = (L/2, L/2)), �x it to ni = n0

i +1, �x the boundaryas before and 
ompute the ground state again, giving ñ0. This will di�er from n0 onlyby a 
ompa
t 
luster C that 
ontains the site i and whi
h has ñ0
i = n0

i + 1. This is thenin fa
t an optimal or droplet ex
itation, but its size V = #{i ∈ C} 
an vary from 1 to
L2. Droplets of a �xed size 
annot be generated in this way.The SOS model on a disordered substrate a
tually allows for an e�
ient sear
h foroptimal ex
itations of a given s
ale, as we des
ribe in the following:A droplet ex
itations in the SOS model is a simply 
onne
ted 
luster C of siteswhose height values are all in
reased (or all de
reased) by one as 
ompared to the groundstate: ni = n0

i + 1 ∀i ∈ C, see Fig. 7. Pi
torially it is, in the height representation, anextra-mountain (valley) of height +1 (−1). Its boundary is a dire
ted 
y
le in the duallatti
e, and remembering the mapping to the minimum-
ost-�ow problem (7-8), addinga 
y
le to a feasible solution maintains the divergen
e-free 
onstraint (8). Hen
e, thetransition from one state to the other is determined by su
h a 
y
le. Thus �rst one hasto 
ompute the ground state of a given disorder realization. Then in order to �nd adroplet ex
itation of this ground state that has a given lateral size one 
an for instan
efor
e this extra-
y
le to run within an annulus of inner radius L/4 and outer radius
3L/4 (i.e it's average diameter is L/2). This 
an be a
hieved by simply removing allsites / bonds outside this annulus and then 
omputing the optimal 
y
le within this
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t

a) b)

c)

Figure 7. a) Sket
h of a droplet ex
itation representing a simply 
onne
ted 
luster Cof sites i whose height values are in
reased by one as 
ompared to the ground state:
ni = n0

i + 1 ∀i ∈ C. b) Dire
ted 
y
le in the dual latti
e 
orresponding to the 
lusterin a) representing the step in height pro�le indu
ed by raising the 
luster C by oneheight unit. 
) Sket
h of an s − t 
ut of the nodes of the original latti
e graph su
hthat those sites 
onne
ted to the external node s are for
ed to be in the set S andthose 
onne
ted to t in the set T (see text).modi�ed graph, the 
ost for whi
h depends on the ground state 
on�guration and thesubstrate heights. One assigns 
osts to ea
h dire
ted edge that 
orresponds to theenergy 
ost for in
reasing the height di�eren
e between its left and right side by oneunit [36, 16, 37℄. Note that in pra
ti
e one may use the redu
ed 
osts emerging fromthe ground state. That is, if and only if a feasible �ow has minimum energy, then thereare non-negative redu
ed 
osts su
h that the 
osts of ea
h 
y
le remains un
hanged. Ifthe su

essive shortest path algorithm is used to solve the minimum-
ost �ow-problemwhen 
omputing the ground state n0, then no extra work is ne
essary to 
ompute thedesired non-negative redu
ed 
osts. Hen
e, Dijkstra's shortest path algorithm 
an beused to �nd the shortest dire
ted 
y
le around the annulus, i.e. the one separating theinner and the outer ring of the annulus. To this end, the annulus is 
ut from the outerto the inner ring, i.e. the 
orresponding edges are removed from the graph, to preventthe shortest path from short-
utting. For ea
h of these removed edges, the shortest path
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Figure 8. Examples of optimal ex
itations of s
ale L, whose boundary (domain wall)is for
ed to lie in the interior of the area indi
ated in green (an annulus in squaregeometry). From the top row to the bottom it is L = 32, 64, 128 and 256. Pi
turesare s
aled to have the same size.from its head to its tail is 
omputed, where only the the remaining edges are used. Theobtained shortest paths are 
ompleted with the 
orresponding dire
ted edges to form
y
les around the annulus. This pro
edure has to be repeated for all (or a representativenumber of) positions of the annulus within the original latti
e (in pra
ti
e one �xes theannulus and shifts the disorder 
on�gurations, wrapping it around a toroidal geometry).The pro
edure of �nding the optimal 
y
le in a given annulus 
an be simpli�edby observing that the droplet ex
itation in the height representation 
orresponds to an
s-t-
ut of the underlying graph [37℄ ‡ in su
h a way that one for
es all nodes of theinner 
ir
le of the annulus to belong to S and all nodes belonging to the outer ring ofthe annulus to T , see Fig. 7 
. The minimum s-t-
ut with respe
t to the non-negativeredu
ed edge 
osts of the ground state n0 is then exa
tly the boundary of the optimalex
itation (or the optimal 
y
le) one is sear
hing for a given annulus arrangement.
‡ An s-t-
ut is a partition of the nodes of a graph G into two disjoint sets S and T = G/T , su
h that
s ∈ S and t ∈ T .
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Figure 9. Disorder averaged energy of the optimal ex
itations of s
ale L as a fun
tionof L - left in linear s
ale, right in a log-log s
ale.A

ording to the famous Min-Cut-Max-Flow theorem one 
an 
ompute the minimum
s-t 
ut in polynomial time by solving the asso
iated maximum-�ow problem [16, 37℄.We have implemented this pro
edure and show for illustration a number of examples inFig. 8.Fig. 9 shows our result for the disorder averaged energy of the optimal ex
itationsof s
ale L that we obtain with the pro
edure des
ribed above. This represents an upperbound for the optimal ex
itations of s
ale L sin
e the annulus arrangement does notin
lude all possible ex
itations of s
ale L. As one 
an see this bound saturates at a �niteenergy of order O(1) in the limit L → ∞. Consequently arbitrarily large ex
itationsexist that 
ost only a small amount of energy, whi
h renders the ground state unstableat an non-vanishing temperature.Fig. 10 shows the distribution of optimal ex
itation energies for di�erent values of
L. As 
an be seen the distribution is nearly Gaussian with a �nite width, i.e. it doesnot display long, e.g. algebrai
ally de
aying, tails, whi
h implies that the average isrepresentative for almost all disorder 
on�gurations. It 
an also be seen that the wholeprobability distribution PL(∆E) be
omes independent of the length s
ale L for large
L. This is an important observation sin
e droplet s
aling theory [2℄ one would expe
t
PL(∆E) ∼ l−θp̃(∆E/Lθ). For θ = 0, as it is the 
ase here, it is not a priori 
lear whetherthis implies PL(∆E) ∼ (ln L)−1p̃(∆E/ ln L), i.e. a s
aling with the average domain wallenergy ln L, or PL(∆E) ∼ p̃(∆E), i.e. droplet size independen
e. Fig. 10 shows that thelatter is 
orre
t.This has important impli
ations for the s
aling of the average droplet energywithin a system of lateral size L as determined in [20℄. There the average energy ofdroplets of size l < L, (∆E)min

L , i.e. without a lower bound, was estimated to behavelike (∆E)min
L ∼ ln L. In order to make 
onta
t with our result one should note thatthis energy is the minimum among droplets of the kind we determined here, with size

l ∈ [L/2, L], l ∈ [L/4, L/2], l ∈ [L/8, L/4], . . ., i.e a minmum of approximately ln Lrandom numbers. Only if the probability distribution of these energies is a) independentand b) identi
ally distributed, their minimum goes like the inverse of their number, i.e.



Domain walls and 
haos in the disordered SOS model 15
0 1 2 3 4 5 6 7 8 9 10

∆Ε
0

0.0005

0.001

0.0015

0.002

0.0025

0.003

p(
∆Ε

)

L = 32
L = 128
L = 512

Figure 10. Distribution of the optimal ex
itation energies of s
ale L for three valuesof L. For L ≥ 128 this distribution be
omes independent of L.
(∆E)min

L = min{(∆E)L/21 , (∆E)L/22 , . . . , (∆E)L/2k} ∼ 1/k with k ∼ ln L. A

ording toour result depi
ted in Fig. 10 the assumption b, whi
h is impli
it in the reasoning of[20℄, is indeed ful�lled.Finally we note that also determined the fra
tal dimension of the boundary ofthe optimal ex
itations and found that it is identi
al with the fra
tal dimension of thedomain walls with �xed start and endpoints: ds = 1.25 ± 0.01.4. Disorder ChaosIn this se
tion, we study the sensibility of the ground state to a small 
hange of thequen
hed disorder 
on�guration. To this purpose we generate a 
on�guration of randomo�sets d1
i and 
ompute the asso
iated ground state h1

i . Then we slightly perturb this
on�guration of random o�sets d2
i = di + δǫi with δ ≪ 1 and where ǫi's are independentand identi
ally distributed Gaussian variables of unit varian
e and we 
ompute theasso
iated ground state h2

i . The question we ask is : how di�erent are these two
on�gurations of the systems h1
i and h2

i ?Su
h questions �rst arose in the 
ontext of spin glasses [1℄, where it was proposedthat disorder indu
ed glass phases may exhibit �stati
 
haos�, i.e. extreme sensitivityto su
h small modi�
ations of external parameters (like disorder 
onsidered here ortemperature). Su
h small perturbations are argued to de
orrelate the system beyondthe so 
alled overlap length Lδ whi
h diverges for small δ as Lδ ∼ δ−1/α, with α the
haos exponent. As an example let us �rst 
onsider the 
ase of an Ising spin-glasswith a 
ontinuous Gaussian distribution of random ex
hange intera
tions, of width
J . The system has two ground states related by a global spin reversal. Within thephenomenologi
al droplet theory [1, 14, 41℄, a low-lying energy ex
itations of the systeminvolves an overturned droplet of linear size L and 
osts an energy JLθ. If we now adda small random bond perturbation, say Gaussian of width δJ , the ex
ess energy ofa droplet is modi�ed. For su
h spin-glass system, this energy 
omes only from thebonds whi
h are at the surfa
e of the droplet. Their 
ontribution is thus the sum of
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Lds independent random variables of width δJ , where ds is the fra
tal dimension ofthe droplet : it is thus of order ±δℓds/2. Therefore the ground state is unstable tothe perturbation on length s
ales L su
h that δJLds/2 > JLθ, i.e. L > Lδ where
Lδ ∼ δ−1/αSG with αSG = ds/2 − θ. One thus sees that, for spin glasses, disorder 
haosis 
losely related to the (geometri
al) properties of the domain walls.The situation is rather di�erent for elasti
 systems in a random potential as
onsidered here. Here we 
onsider the SOS model on a disordered substrate de�nedin Eq. (1) as

H =
∑

(ij)

(hi − hj)
2 , hi = ni + di , (14)with i ≡ (xi, yi) ∈ Z

2. In Eq. (14) the height variables ni (i = 1, . . . , N) take oninteger values ni = 0,±1,±2, . . . and the o�sets di are independent quen
hed randomvariables uniformly distributed between 0 and 1. This system (with free of periodi
boundary 
onditions) has in�nitely many ground states whi
h di�er by a global shift
∆n ∈ {±1,±2, ...}. Again, within the droplet argument [14, 42, 43℄ a low-lying energyex
itation of the system involves a droplet of size L where the height �eld is shifted byunity, say ∆n = 1 and it 
osts an energy Lθ. But now if we had a small perturbation
d2

i = d1
i + δǫi, the ex
ess energy of this droplet 
omes from the bulk of the droplet, whi
hexperien
es a random for
e �eld. This 
ontribution is thus the sum of Ld randomvariables of width δ and therefore in this 
ase the ground state is unstable to theperturbation on length s
ales L > Lδ where Lδ ∼ δ−1/α with α = d/2 − θ. Here

d = 2 and θ = 0 and thus one expe
ts Lδ ∝ δ−1. At varian
e with spin-glasses dis
ussedabove, one thus sees that for disordered elasti
 systems, disorder 
haos is not dire
tlyrelated to the properties of domain walls.For the present model (14), disorder 
haos was demonstrated analyti
ally at �nite
T near the glass transition Tg using a Coulomb Gas Renormalization Group [44℄. At
T = 0, some indi
ations of disorder 
haos were also found numeri
ally in Ref. [16℄ whereglobal 
orrelations between h1

i and h2
i where studied through χ(δ) =

∑

i(h
1
i − h2

i )
2. Inthis paper, following Ref. [43℄, we 
hara
terize the lo
al 
orrelations between these two
on�gurations by the 
orrelation fun
tion Cij(r) with r ≡ (x, y) (with i, j = 1, 2)

Cij(r) = (hi
k − hi

k+r
)(hj

k − hj
k+r

) , (15)where k + r ≡ (xk + x, yk + y) and for a rotationnaly invariant system 
onsidered hereone has Cij(r) ≡ Cij(r) with r = |r|. In the following we will talk about intralayer
orrelations for Cii(r) and interlayer 
orrelations for Ci6=j(r). Equivalently, one 
an alsostudy su
h 
orrelations (15) in Fourier spa
e and de�ne Sij(q) with q ≡ (qx, qy) as:
Sij(q) = ĥi

qĥ
j
−q , ĥj

q =
1

L2

∑

k

hj
ke

iq·k (16)where q · k = qxxk + qyyk. For a rotationnaly invariant system 
onsidered here, one has
Sij(q) ≡ Sij(q) where q = |q|.Disorder 
haos at T = 0 in generi
 disordered elasti
 systems in dimension d wasre
ently studied analyti
ally using the Fun
tional Renormalization Group (FRG) [43℄.
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haos in the disordered SOS model 17At one loop order in a dimensional expansion in d = 4 − ǫ it was found that for shortrange disorder (like random bond problems) and random periodi
 systems in dimension
d > 2 (in
luding one 
omponent Bragg-Glass), one has [43℄

C12(r) = r2ζΦ(δrα) with Φ(x) ∼
{

cst , x ≪ 1 ,

x−µ , x ≫ 1 ,
(17)with cst a 
onstant, ζ the roughness exponent and where µ is the de
orrelation exponent.Translated into Fourier spa
e, this yields

S12(q) = L
(d+2ζ)
δ ϕ(qLδ) with ϕ(x) ∼

{

x−d−2ζ+µ , x ≪ 1 ,

x−d−2ζ , x ≫ 1 ,
(18)with Lδ ∼ δ−1/α and where the behavior for large x is then su
h that the dependen
eon Lδ 
an
els in this limit, as it should.The two-dimensional disordered SOS model we are 
onsidering here (14)
orresponds pre
isely to the marginal 
ase d = 2 (with ζ = 0 and thus θ = 0) where,as dis
ussed in Ref. [43, 45℄, the analysis yielding the result in Eq. (17) 
eases to bevalid. Indeed in that 
ase non lo
al terms, irrelevant in d > 2 are generated under
oarse-graining and these additional terms have to be handled with 
are at T = 0. Onethus 
onsiders the Hamiltonian asso
iated to the two 
opies of the system parametrizedby the s
alar �elds ui ≡ ui(r):

H2 copies =
1

T

∑

i=1,2

∫

d2r

[

1

2
(∇ru

i)2 + Vi(u
i, r) − µ

i(r) · ∇ru
i

]

, (19)where µ
i ≡ (µi

x, µ
i
y) are two-
omponent random tilt �elds, whi
h are generated uponrenormalization. While they are irrelevant in d > 2 they be
ome relevant in d = 2 wherethey play a 
ru
ial role. These two 
opies u1, u2 are thus independent (19) but they feeltwo mutually 
orrelated random potentials

Vi(u, r)Vj(u′, r′) = Rij(u − u′)δ2(r − r′) , (20)
µi

ρ(r)µ
j
ρ′(r

′) = σijδρρ′δ
2(r − r′) , (21)where i = 1, 2 is the index of the 
opy and ρ = x, y is a spatial index. This leads to therepli
ated Hamiltonian, Zn = exp (−Hrep):

Hrep =
1

2T

∫

d2r

2
∑

i=1

n
∑

a=1

1

2
(∇ru

i
a)

2 − 1

2T 2

2
∑

i,j=1

n
∑

a,b=1

∫

d2r[Rij(u
i
a − uj

b)(22)
− 1

2
∇ru

i
ab∇ru

j
abGij(u

i
a − uj

b)] ,where we used the notation ui
ab = ui

a − ui
b. In the �bare� model, one has Gij(u) = σij .Close to the transition T . Tg, this model (22) was studied using Wilson RGanalysis by varying the short s
ale momentum 
uto� Λℓ = Λe−ℓ, with ℓ the log-s
ale.It was shown, using Coulomb Gas te
hnique at lowest order, that Gii ∝ σℓ. Thisleads to the 
orrelation fun
tion in Fourier spa
e Sii(q) ∝ σℓ/q2, whi
h yields, setting
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ℓ = log(1/q), to the log2 (r) behavior of the intralayer 
orrelations (this result for Cii(r)
an be derived in a more 
ontrolled way using the Exa
t Renormalization Group [46℄).Con
erning 
haos properties, it was shown in Ref. [44℄ that G12(0) grows linearly with
ℓ for small ℓ before it saturates to a 
onstant for large ℓ, G12(0) ∼ σ̂ > 0, whi
h yields
S12(q) ∝ σ̂/q2. These results 
lose to Tg 
an be summarized as

S12(q) ∼















σ
log 1/q

q2
, q ≫ L−1

δ

σ̂

q2
, q ≪ L−1

δ

(23)while in real spa
e, the behavior of the interlayer 
orrelation fun
tion C12(r) for T . Tgis thus
C12(r) ∼

{

σ log2(r) , r ≪ Lδ

σ̂ log(r) , r ≫ Lδ .
(24)At T = 0, it was re
ently shown [34℄, using FRG to one loop in
luding the term

G11(u) that the intralayer 
orrelation fun
tion also behaves like C(r) ∝ log2(r), in rathergood agreement with numeri
s [16, 32℄. One thus also expe
ts that C12(r) ∝ log2(r)for r ≪ Lδ [16, 32, 34℄. For r ≫ Lδ, a behavior of C12(r) ∼ σ̂ log r as in Eq. (23)was dis
ussed in Ref. [43℄. To determine analyti
ally whether σ̂ > 0 at T = 0 requiresa detailed and di�
ult analysis of the 
oupled FRG equations for Rij(u), Gij(u) (22),whi
h goes beyond the previous studies done in that dire
tion in Ref. [34, 43, 45℄. Here,we will answer this question using numeri
al simulations.The purpose of our study is a
tually to answer the two main questions : (i) whatare the residual 
orrelations beyond Lδ and in parti
ular is σ̂ also �nite at T = 0 ? (ii)what is the s
aling form of this 
orrelation fun
tion C12(r), i.e. the analogous of Eq.(17) from whi
h one 
an extra
t the overlap length Lδ and 
he
k the value of 
haosexponent α = 1 as expe
ted from droplet s
aling ?Here will use the minimum-
ost-�ow algorithm des
ribed above to 
ompute thetwo ground states h1
i and h2

i with free boundary 
onditions. Instead of the 
orrelationfun
tion C12(r) we 
ompute numeri
ally the Fourier transform S12(q) of the �overlap�between the 
on�gurations (16). Our simulations have been performed on a squarelatti
e of linear size L = 256 and we have 
hosen q = (q, 0) with q = 2πn/L with
n = 0, 1, 2, · · · , L − 1. The disorder average has been performed over 106 independentsamples. In Fig. 11 (left) we show our numeri
al data for S12(q). Its behavior 
loseto Tg (23) suggests strongly to plot q2S12(q) as a fun
tion of q. Given that we areworking on a dis
rete latti
e of �nite size, it is more 
onvenient to work with thevariable y = sin (q/2) = [(1 − cos (q))/2]1/2 instead of q (of 
ourse for small q it makesno di�eren
e). In Fig. 11 (left) we a
tually show a plot of S12(q)[sin (q/2)]2/A(δ) as afun
tion of sin (q/2) on a log-linear plot for di�erent values of δ = 0, 0.1, 0.2, 0.3. Onthis plot the amplitude A(δ) is 
hosen su
h that the 
urves for di�erent values of δ do
oin
ide for sin (q/2) ∼ 1, with A(0) = 1. For δ = 0, where S12(q) = S11(q), this plotis almost a straight line, whi
h suggests indeed that for small q where sin (q/2) ∼ q/2,
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Figure 11. Left : Plot of S12(q)∗ y2/A(δ) as a fun
tion of y = sin (q/2) for di�erentvalues of δ = 0, 0.1, 0.2, 0.3 for a linear system size L = 256 on a log-linear s
ale. Thedeviation from the straight line for δ > 0 is a 
lear indi
ation of disorder 
haos. Thisbehavior is 
onsistent with the one in Eq. (23) and in parti
ular with a �nite value of
σ̂ at T = 0. Right : Same data as the one shown in the right panel where we plot
y2S12(q)/A(δ) + a log δ as a fun
tion of y/δ. The relatively good 
ollapse is 
onsitentwith the s
aling form proposed in Eq. (25), implying in parti
ular α = 1.

S11(q) ∼ log (1/q)/q2: this produ
es the log2(r) behavior of the 
orrelation fun
tion
C11(r) in real spa
e. This result is 
onsistent with previous numeri
al studies of theground state §.For δ > 0 the behavior is however quite di�erent : indeed for small q, the 
urvesdeviate from the straight line indi
ating a saturation to a �nite value. We have 
he
kedthat this is not a �nite size e�e
t: in parti
ular, for a given value of δ, we have 
he
kedthat the value of q where the bending o

urs and the saturating value do not depend on
L. This bending is thus a 
lear signature of disorder 
haos in this model. In addition,the saturation to a �nite value is 
onsistent value of σ̂ at T = 0. If one translates theseresults in real spa
e, one obtains a behavior of the 
orrelation fun
tion C12(r) ∝ σ̂ log ras in Eq. (24). Of 
ourse A(δ) → 1 when δ → 0 but we were not able to 
hara
terizepre
isely the dependen
e of A(δ). We emphasize that the observation of disorder 
haoshere needs a pre
ise 
omputation of q2S12(q) and thus needs a

urate statisti
s.The s
aling form in Eq. (18) would suggest to plot q2S12(q) as a fun
tion of
L2ζϕ̃(qLδ). Here one has ζ = 0 together with α = 1 expe
ted from s
aling argumentand on the other hand one expe
ts, see Fig. 11 (left) and also Eq. (23), that
ϕ̃(x) ∼ −a log (x) for large x (with a = 0.016(1) estimated from q2S11(q)). Therefore,to guarantee that S12(q) has a good limit when δ → 0, we propose the s
aling form

S12(q) ∼ q−2
(

ϕ̃
(q

δ

)

− a log δ
)

, (25)
§ In addition, this gives an alternative way to estimate the amplitude of the log2(r) term, here a2 = 0.40whi
h is slightly di�erent from the previous estimate obtained from the �t of C11(r) in real spa
e andyielded a2 = 0.57 (whi
h a
tually re
overed in the present simulations by applying the same �ttingpro
edure).
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aling fun
tion ϕ̃(z) behaves like
ϕ̃(z) =

{

cst , z → 0

−a log z , z → ∞
(26)su
h that the additional 
onstant −a log δ with a = 0.016(1) (independently of δ) isneeded to yield a well de�ned limit δ → 0. We have 
he
ked this s
aling form (25)for di�erent values of δ = 0.1, 0.2, 0.3. Again, to take into a

ount �nite size e�e
ts,we use the variable y = sin (q/2) instead of q. In Fig. 11 (right) we show a plot of

y2S12(q)/A(δ) + a log δ as a fun
tion of y/δ. The relative good 
ollapse of these 
urves
orresponding to di�erent values of δ is in rather good agreement with the s
aling inEq. (25). This indi
ates in parti
ular that α ≃ 1, although a study of S12(q) for smallervalues δ would 
ertainly be ne
essary to obtain a more pre
ise estimate of this exponent.5. Dis
ussionWe found that the left passage probability of zero-temperature domain walls in thedisordered SOS model in di�erent geometries agrees well (within the numeri
al errorbars) with S
hramm's formula for κ = 4. Sin
e the fra
tal dimension of the domainwalls is ds = 1.25 ± 0.01 this is in
onsistent with ds = 1 + κ/8 = 1.5 that should holdif this ensemble of random 
urves would be des
ribed by SLE. One 
ondition for SLEto hold is that the measure of the ensemble of random 
urves ful�lls a domain Markovproperty. To 
he
k it numeri
ally is a 
omputationally extremely 
hallenging endeavour(
.f. [23℄) and we did not attempt it here. The se
ond 
ondition for SLE is that themeasure is invariant under a 
onformal mapping of the domain within whi
h the random
urves are de�ned. In our study we 
onsidered several di�erent domains shapes and wefound that in all 
ases the left passage probability is des
ribed by S
hramm's formulaadapted via a 
onformal map to the spe
i�
 geometry under 
onsideration. Although notbeing a su�
ient 
riterion for 
onformal invarian
e to hold in general this observationis at least surprising regarding the fa
t that κ and ds do not obey the SLE predi
tion.To shed light on this issue further tests of 
onformal invarian
e are worthwhile.Interestingly the 
ontour-loops in this system (i.e. the lines 
onne
ting sites of equalheight in the ground state) have a fra
tal dimension 
lose to df = 1.5 [39℄, the samedimension as the 
ontour loops in the SOS model without disorder at �nite temperaturesabove the 
riti
al temperature [22, 40℄. The latter are indeed des
ribed by SLE with
κ = 4 [22, 40℄. It remains to be 
he
ked, whether the 
ontour loops in the disorderedSOS model are also also des
ribed by SLE with κ = 4.The boundaries of droplets, i.e. 
onne
ted 
lusters of a given lateral size that have aminimal ex
itation energy, have the same fra
tal dimension as domain walls (ds = 1.25),but their energy ∆El saturates at a small, �nite value for in
reasing lateral size l. In[20℄ it was shown that the mean droplet energy ∆EL de
reases with system size L like
∆E−1

L ∼ ln L. This result is a
tually 
onsistent with ours, sin
e in [20℄ the dropletsize was only restri
ted by an upper bound (the system size L) but not by a lower
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itation among one oftypi
ally log L ex
itations of �xed (maximum and minimum) size l. If the distributionof the energies of these ex
itations on di�erent length s
ales is independent of the lengths
ale, then ∆EL is just the minimum of ln L independent, identi
ally distributed randomnumbers, thus proportional to 1/ lnL. What we show in our study is essentially that thisassumption is indeed ful�lled, as shown in Fig. 10. This is a non-trivial result and doesnot immediately follow from a vanishing sti�ness exponent θ = 0. With a view towardstheir entropi
 
ontribution one would like to know how the number of independent (i.e.spatially disjoint) droplets s
ales with their size. It should be possible to study these
hallenging questoin with the methods that we presened.Finally, we have shown that there is disorder 
haos at T = 0 in this model. Ournumeri
al data show a behavior of interlayer 
orrelations S12(q) 
ompatible with Eq.(23) with σ̂ > 0, thus rather similar to the one obtained 
lose to Tg [44℄. Here, the twoground states of the system, embedded in two slightly di�erent disorder realisations,thus display logarithmi
 residual 
orrelations. In addition, our data are 
onsistent witha 
haos exponent α = 1, in agreement with droplet s
aling argument. Following thestudies of Ref. [34, 43, 45℄ it would 
ertainly be interesting to des
ribe analyti
ally thesebehaviors by analysing in detail the model in Eq. (22) at T = 0. Of 
ourse, espe
ially inview of re
ent analyti
al progress [45℄, it would also be very interesting to extend thesestudies of disorder 
haos at �nite temperature, whi
h we expe
t to play a role here inthis marginal glass phase.A
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