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Following recent progress in the experimental application of electro-optic sampling to the detection of
the quantum fluctuations of the electromagnetic-field ground state and ultrabroadband squeezed states on a
subcycle scale, we propose an approach to elevate broadband electro-optic sampling from a spectroscopic
method to a full quantum tomography scheme, able to reconstruct a free-space quantum state directly in the
time domain. By combining two recently developed methods to theoretically describe quantum electro-
optic sampling, we analytically relate the photon-count probability distribution of the electro-optic signal to
a transformed phase-space quasiprobability distribution of the sampled quantum state as a function of the
time delay between the sampled midinfrared pulsed state and an ultrabroadband near-infrared probe pulse.
We catalog and analyze sources of noise and show that in quantum electro-optic sampling with an
ultrabroadband probe pulse one can expect to observe thermalization due to entanglement breaking.
Mitigation of the thermalization noise enables a tomographic reconstruction of broadband quantum states
while granting access to its dynamics on a subcycle scale.
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I. INTRODUCTION

Accessing the dynamics of the quantized radiation field
in free space on ultrashort timescales remains a formidable
challenge even for state-of-the-art experiments [1-14]. Yet,
the characterization of and control over broadband pulsed
quantum states are key for the further development of
quantum optics. This encompasses foundational queries on
the dynamics of (nonlinear) quantum optical systems [15]
and the very physicality or realizability of quantum states
[16] to quantum technological applications [17,18] such as
quantum communication [19-26], which require inherently
multimode wave packets to transmit (quantum) informa-
tion. Paving the way toward the regime of time-domain
quantum optics requires the theoretical and experimental
capabilities to completely characterize pulsed quantum
states, a task known as (optical) quantum state tomography
[4,10,14,27-39]. To this date, tomographic reconstruction
is limited to quantum states of a single [1-9] up to a
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few [10-13] (reproducible) temporal modes, restricting the
observable dynamics. We identify and address both a
conceptual and a practical obstacle hindering the advance-
ment of quantum optics toward the so-called subcycle
regime—allowing the observation of quantum properties of
light in the time domain with a temporal resolution below a
single optical cycle of the sampled state.

Conceptually, quantum states of a broad band of modes
miss a description suitable for quantum tomography. While
for a few discrete modes, a quantum state can be represented
by a (quasiprobability) distribution in a phase space,
spanned by two conjugate quadratures of each mode,
divergences complicate the direct extension to the con-
tinuum of modes [40,41]. We introduce a new family
of broadband (phase-space) quasiprobability distributions
capturing the dynamics of the pulsed quantum state on a
subcycle timescale, as depicted in Fig. 1(a) for a coher-
ent state.

On the practical front, there is no currently available
measurement scheme capable of obtaining the complete
statistics and dynamics of the broadband (phase-space)
quasiprobability distribution. We propose a measurement
scheme based on electro-optic sampling, able to access the
broadband quasiprobability distribution together with its
dynamics.

Originating as a classical time-domain spectroscopy
technique, electro-optic sampling stands out by its high
temporal resolution. The technique utilizes a short,
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FIG. 1. The goal of time-domain quantum tomography is to

reconstruct a pulsed quantum state together with its dynamics
directly in the time domain. (a) Exemplary time evolution in
phase space of the broadband (Husimi) quasiprobability distri-
bution p(z;—1) of a coherent (pulsed) quantum state, whose
quadratures evolve dynamically following the solid green line.
The free time evolution of the distribution starts in the vacuum at
(i), spirals outwards via (ii)—(iv) until reaching maximum
displacement in (v) before returning to the vacuum. (b) The
corresponding sampled waveform of the pulsed quantum state
with the dashed orange line (dash-dotted red line) for the real
(imaginary) part. The state is sampled and thus averaged over the
duration of a probe pulse envelope (solid blue line). If the probe
pulse is shorter than the duration of a single cycle of the sample
pulse, the measurement is said to be subcycle. For a probe pulse
centered at the vertical line located at (i), the sampled waveform
averaged over the duration of the probe is close to zero, while at
(v) the average real part of the waveform is maximal, matching
the free time evolution in (a).

higher-frequency probe pulse, usually in the near infrared
(NIR), to sample a longer pulse of lower frequency, usually
in the terahertz to midinfrared (MIR) range. The interaction
of the low- and high-frequency electromagnetic field in a
nonlinear crystal correlates the ellipticity of the higher-
frequency probe with the state of the lower-frequency
electric field, averaged over a small time slice defined
by the duration of the probe pulse, as shown schemati-
cally in Fig. 1(b). Therefore, by measuring the change
in ellipticity of the high frequencies, using a so-called
ellipsometer, one can infer information about the low-
frequency electric field at the time of interaction [42—-61].
Besides achieving subcycle resolution, the indirect-
measurement character of electro-optic sampling makes

it a nondestructive measurement and enables detection in
the terahertz to MIR range.

While electro-optic sampling is an established tool for
time-resolved measurements of the electromagnetic-field-
related Y quadrature, with applications spanning from
solid-state research [62] to the investigation of biological
systems [63], the detection of the (classical) X-quadrature
related conjugate of the electric field, the so-called Hilbert
transform, has been demonstrated only recently [45]. The
Hilbert transform of a time-dependent signal can be
calculated by phase shifting the Fourier transform of the
signal by +x/2 or —z/2 if the frequency is positive or
negative and transforming back to the time domain. By
associating the annihilation operator d, of a photon
with the positive frequency @ and the creation operator
as, = a_,, with the negative frequency —, the Y-quadrature
operator ¥, = (i/2)(a4, — d,,) is related to the conjugate X
quadrature X, = %(&Z, + d,,) by the frequency component
of the Hilbert transform. As shown by Sulzer et al. [45], the
two conjugate observables can be accessed using electro-
optic sampling. If a half-wave plate (HWP) is used in the
ellipsometry, the X quadrature is detected, while a quarter-
wave plate (QWP) leads to a Y-quadrature measurement.
This can be understood from the phase-space picture in
Figs. 2(d)-2(g) and Figs. 2(h)-2(k) which shows the state
of the probe and a quantum state (a squeezed state
represented by an ellipse in phase space in this example)
before and after the HWP or QWP. Both wave plates mix
the two polarizations of the NIR frequencies and thus
enable the phase-sensitive measurement by interfering the
NIR excitations, generated by the nonlinear interaction,
with the probe pulse. We will refer to the probe as local
oscillator (LO) in the context of the ellipsometry and
represent it as a vector in phase space, since fluctuations
can be neglected compared to its amplitude. Yet, the QWP
introduces £7/2 and the HWP 7 or 2z relative phase shifts
between the LO and the quantum state, which leads to the
measurement of orthogonal quadratures (X and Y). While
straightforward for monochromatic modes, the intricacy in
detecting the conjugate observables for free-space pulses
originates from the joint contribution of sum-frequency
generation (SFG) and difference-frequency generation
(DFG) to the nonlinear interaction. By detecting the
complete spectrum of the NIR excitations, the SFG and
DFG contributions can interfere and lead to a degradation
of the X-quadrature signal. The interference can be avoided
by selecting the appropriate frequency band after the
nonlinear interaction, favoring either SFG or DFG [45].
The ability to measure (classical) conjugate observables
makes electro-optic sampling a prominent candidate for
quantum state tomography in the time domain. We propose
to detect the two conjugate variables simultaneously by
splitting the filtered NIR frequencies into two neighboring
frequency bands which can be used to perform a QWP and
HWP measurement simultaneously, as schematically shown
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FIG. 2. (a) Schematic of the proposed electro-optic quantum tomography setup. The z-polarized near-infrared (NIR) probe pulse
interacts with the s-polarized midinfrared (MIR) temporal mode in the zinc-blende-type nonlinear crystal, labeled (NL), and generates
new excitations in the s-polarized NIR modes. By varying the relative time delay Az between the NIR pulse and the pulsed MIR mode,
the MIR mode is sampled. The s- and z-polarized NIR modes then undergo a spectral filter station, labeled (SF), resulting in a narrow
(quasimonochromatic) frequency band & defining a mode 1i; ; (for each polarization A = s, z). The quasimonochromatic mode is then
split (SP) into two modes 1i;_; and 1i,;, ,, each being directed toward one detection stage. At each detection stage i €I = {X, Y} the
NIR excitations together with the filtered probe, which now assumes the function of a local oscillator (LO), pass through a ¢; wave plate
rotated by an angle 0;, labeled (WP). Afterward, the s and z components of each quasimonochromatic NIR frequency band are split
spatially with the aid of a polarizing beam splitter, labeled (PBS). The photon numbers 7; ; and 7; , in the s- and z-polarized components
of each quasimonochromatic cut are counted using photodetectors, labeled (D), and the difference An; = i; ; — i1, constitutes the
electro-optic signal. (b) Schematic representation in the frequency domain of the MIR excitation after up-conversion (shaded in blue) via
sum- and difference-frequency generation (SFG and DFG, respectively). The overlap with the probe pulse (blue line) allows for the
ellipsometry. The gray areas represent the filtered spectral cuts defining the mode operators 1i;, and i, . (c) A possible realization of the
filter and split stage. A prism spectrally decomposes the pulses and an aperture selects two narrow frequency bands. (d)—(k) Phase-space
representation of the ellipsometry between the s- and z-polarized modes 1 s and g, v The (classical) LO is represented as a vector,
while the up-converted NIR excitations are exemplarily represented by a squeezed state. A Oy = 22.5° rotated half-wave plate (HWP)
adds a relative phase of z between the s-polarized LO pulsed quantum state, resulting in an X-quadrature measurement. A 6y = 45°
rotated quarter-wave plate (QWP) adds a +(z/2) (—(x/2)) relative phase between the z-polarized (s-polarized) LO and the state,
detecting the Y quadrature.

in step (SP) in Fig. 2(a). The filtering and splitting can be
implemented in numerous ways, e.g., using a beam splitter or
a prism. In the main text we will follow the latter imple-
mentation, depicted in Fig. 2(c). The former is described in
Appendix A. Alternatively, two probe pulses entering the
nonlinear crystal in two different channels could be used to
implement the simultaneous measurement [49-51,57-59].
So far, first steps toward the application of electro-optic
sampling to quantum states have been taken. While it has
already been applied to sample the fluctuations of the

electromagnetic-field broadband ground state [64], as well
as of ultrabroadband squeezed states in the time domain
with subcycle resolution [65], it yet misses the ability to
access the complete joint phase-space statistics of an
arbitrary quantum state, experimentally and theoretically.
We close this conceptual gap by proposing a modified
quantum electro-optic sampling setup capable of measuring
two noncommuting quadratures of the spatiotemporally
localized MIR mode simultaneously. However, extending
the theoretical machinery of a classical free-space
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technique to the simultaneous quantum measurement of
noncommuting observables defined over a broad frequency
band, a daunting task even for few-discrete-mode systems
[66], harbors a number of challenges, which we solve and
present in three steps throughout this work.

First, in contrast to the classical counterpart, the simul-
taneous measurement of conjugate observables proves
to be considerably more intricate in the quantum realm.
While the achievable resolution in quantum phase space is
fundamentally limited by the measurement uncertainty
relations owing to the noncommutativity of conjugate
observables [67—-69], in practice the resolution is con-
strained by detection inefficiencies [37,66]. Overcoming
the inefficiency requires sufficiently strong nonlinear inter-
actions, driven by high-intensity probe pulses, something
known to lead to backaction in quantum electro-optic
sampling [56], making perturbative descriptions un-
reliable in this regime. We overcome this constraint by
developing a nonperturbative theory of quantum electro-
optic sampling, based on the first-order unitary introduced
in Ref. [54].

Second, while the sampling of the classical conjugate
observable of the electric field, i.e., its Hilbert transform, on
subcycle timescales has already been demonstrated [45],
measuring or even defining the conjugate variable of the
electric field in the quantum regime is not a straightforward
endeavor [70]. The electro-optic sampling of the X quad-
rature requires filtering, which poses a challenge in the
quantum regime since the broadband of continuous modes
becomes entangled during the nonlinear interaction.
Filtering leads to the breaking of entanglement, a phe-
nomenon known as thermalization [54], introducing noise
of purely quantum origin. We propose a means to attenuate
this noise by selecting an appropriate frequency band after
the nonlinear interaction, thereby reducing the degradation
of entanglement.

Third, we utilize the framework developed in Ref. [66]
together with our nonperturbative theory of electro-optic
sampling and relate the count-probability distribution of the
electro-optic signal to the (transformed) broadband phase-
space quasiprobability distribution. The transformation takes
all the quantum effects described in the previous paragraphs
into account and facilitates the mitigation of the additional
quantum noise. The resulting model enables the mapping of
the measurement results of multichannel quantum electro-
optic sampling to phase-space information, and we demon-
strate its application for optical time-domain quantum state
tomography with subcycle resolution.

Our paper is structured as follows. In Sec. I we develop
a theoretical model to describe quantum electro-optic
sampling. Section III presents the main result of this work:
the count-probability distribution of the electro-optic sig-
nal. In Sec. IV we utilize the analysis developed in the
preceding sections to discuss realistic implementations of
optical time-domain quantum tomography.

II. THEORETICAL FRAMEWORK

Before embarking on the formal theoretical descrip-
tion of our model, we develop an intuitive picture of
electro-optic sampling as a quantum tomography scheme
for reconstructing the quantum state of the electromagne-
tic field with a subcycle resolution in Sec. II A. In the
subsequent sections, we then describe the formal model
of our proposed generalization of quantum electro-optic
sampling. We divide the measurement protocol into three
stages: the nonlinear interaction (Sec. II B), the filter and
split stage (Sec. II C), and the ellipsometry stage (Sec. I D).
In Sec. IE we show how our model improves and
generalizes the effective description of the nonlinear
interaction laid down in Ref. [54].

A. Heuristics of (time-domain) quantum tomography

In optical tomography of quantum states, the
reconstruction of the state is usually performed in phase
space. A (single-mode) quantum state can be represented
by a distribution over a complex argument, where the real
part corresponds to the generalized coordinate (X quad-
rature) and the imaginary part to the generalized momen-
tum (Y quadrature) of the mode. One example of such a
quasiprobability distribution is the widely known Wigner
function; another related example is the Husimi distribu-
tion, visualized for a broadband coherent state in Fig. 1(a)
at different points of its time evolution. Over time the
quasiprobability distribution of a single-mode quantum
state would rotate in phase space and thus by directly
measuring the photon number in that single mode, only
information about the amplitude, but not about the phase,
can be collected. For this reason, an ancillary mode in a
coherent state of displacement /3 is introduced, also referred
to as a local oscillator, with which the single mode can
interfere. The difference counts An, resulting from a
balanced photodetection of the interfered signal, contain
information about the X or Y quadrature of the quantum
state. Such a phase-sensitive measurement is called homo-
dyne detection. If two balanced detections, i = X, Y, make
use of local oscillators shifted by z/2 relative to each other,
the tomography scheme is able to sample the quasiprob-
ability distribution of the single mode at the (discrete) com-
plex arguments z({An;}) = (Any + iAny)/|f] [35-39]. In
the case of the ellipsometry, the z/2 phase difference of
the two local oscillators is achieved by the usage of a half-
and a quarter-wave plate, as indicated in Figs. 2(d)-2(g)
and Figs. 2(h)-2(k). Although popularly used tomography
techniques such as homodyne detection make use of direct
measurements, entangling the analyzed mode with ancil-
lary modes using a nonlinear crystal implements an indirect
measurement, as we have shown in Ref. [66]. In this case,
the difference-count probability distribution,

p({an;}) & plz({An;})/ sinh(|¢]); 31, (1)
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is proportional to the §-quasiprobability distribution p
of the quantum state in which the parameter § =
1-2coth?(|¢|) is determined by the two-mode squeezing
strength { of the nonlinear crystal. These distributions
are a smoothed-out version of the Wigner function, which
is achieved by convolving the Wigner function with a
Gaussian distribution of variance proportional to —§. To
ensure non-negativity of the quasiprobability distribution,
one requires § < —1. With increasing squeezing strength,
the measurement is made stronger and § approaches its
maximum value of —1.

If the nonlinear crystal is driven by an ultrabroadband
pulse instead of a few monochromatic modes, the tomog-
raphy scheme from the previous paragraph constitutes a
(generalized) version of quantum electro-optic sampling.
The quantum version of electro-optic sampling can be
understood as indirect homodyne detection between differ-
ent frequency bands and orthogonal polarizations. The
nonlinear crystal, (NL) in Fig. 2(a), generates new NIR
excitations correlated to the MIR quantum pulse localized
to a time window defined by the probe pulse. As indicated
in Fig. 2(b), the probe pulse is broadband compared to the
central frequency of the MIR pulse leading to a spectral
overlap between the new (s-polarized) NIR excitations and
the (z-polarized) probe pulse. In a process called ellips-
ometry, a wave plate with its optical axis rotated by an angle
0 is used to interfere the two polarization components.
The balanced detection between the two polarization
directions of the interfered signal reveals phase information
about the NIR excitations. The function of the probe pulse
in the ellipsometry can be understood as a local oscillator.
By repeating this measurement for different relative time
delays At between the high- and low-frequency pulses, the
electric field can be sampled as a function of time (delay),
as depicted in Fig. 1(b). In order to sample the waveform
directly in the time domain, the high-frequency pulse needs
to be shorter than a single optical cycle of the low-
frequency pulse. If this is the case, the measurement is
said to be subcycle. In principle, the same could be
achieved with homodyne detection, although this would
require either fast photodetectors or the local oscillator to
be highly subcycle with respect to itself. The latter require-
ment is due to the shared frequency domain of the local
oscillator and the sampled pulse in homodyne detection.
The nonlinear mechanism underlying electro-optic sam-
pling allows the high-frequency pulse to be single cycle
or even a few cycles long, while retaining its subcycle
character relative to the low-frequency pulse. Furthermore,
electro-optic sampling provides access to the frequency
range right between the gap of electronic and optical
frequencies, the so-called terahertz range. Generation
and detection of terahertz or even MIR frequencies using
electronics or optics remain challenging. On the other hand,
detection in the high-frequency range, usually spanning
from near-infrared to optical frequencies, can be easily

achieved using optical components. While the frequencies
in this work are in the MIR at ~25 THz and thus considered
to be optical frequencies, the results transfer to even lower
frequencies by adjusting the dispersion relation of the
nonlinear crystal (as long as absorption is negligible).

If the probed low-frequency modes are in a quantum
state, we would expect the count-probability distribution to
follow the quasiprobability distribution of the quantum
state averaged over the time window defined by the short
probing high-frequency pulse, as sketched in Fig. 1(b).
However, the subcyle nature of the high-frequency pulse
has an additional quantum mechanical effect. Since the
Gabor limit forces a bandwidth broadening if the pulse is
made shorter [71], additional MIR modes, which are not
measured by the electro-optic sampling (unsampled
modes), become entangled to the sampled modes during
the nonlinear interaction. Therefore, the entanglement
between the sampled and unsampled modes is broken
through measurement. This entanglement breakage leads to
an increase of the von Neumann entropy of the sampled
quantum state, which in turn creates thermal excitations
[54]. The thermalization is reflected in the electro-optic
signal as excess noise [see Fig. 7 and Sec. III], leading to a
resolution trade-off between time and phase-space coor-
dinates. The sampled frequencies are up-converted to the
detected modes via difference-frequency generation, while
the thermalized modes are up-converted by sum-frequency
generation. Therefore, the excess noise due to thermal-
ization can be mitigated by filtering in the NIR below the
central frequency of the probe pulse.

B. Nonlinear interaction

Since electro-optic sampling is an indirect measurement
of low-frequency modes mediated by a subcycle pulse of
high-frequency ancillary modes, the two frequency ranges
have to be correlated in order to access information about
the former by measuring the latter. In this work we consider
low-frequency midinfrared and high-frequency near-infra-
red modes, which interact in a zinc-blende-type nonlinear
crystal of length L, refractive index n,, [given by Eq. (C1)],

and a coupling constant d = —n;‘,P r4; dependent on the

refractive index at the central probe frequency w,, and the
second-order electro-optic  (susceptibility) coefficient,
ryy =4 pmV~! (see Ref. [72], p. 500).

As depicted in Fig. 2, in the nonlinear crystal, the inter-
action of the z-polarized NIR modes with the s-polarized
MIR modes generates new excitations in the s-polarized
NIR modes (for details about the geometric arrange-
ment, see Ref. [46]). This interaction can be described
by the unitary time-evolution operator Uy = exp(Sy;.)
with [47,54]

Sni. :/ / S(Q, )dg yah«dQdw;  (2)
Q<A JA<|w|
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as long as the coherent probe is strong compared to any
quantum contributions (including depletion), absorption is
negligible (off-resonant regime) and there is no overlap
between the MIR and NIR frequency ranges of interest. To
ensure skew Hermiticity of Sy, , the condition §*(w, Q) =
—5(Q, ®) has to be fulfilled. We denote angular frequencies
in the MIR range by Q while the NIR range is represented
by w. From here on we will refer to the angular frequency
as just frequency. To avoid frequency crossing between
the NIR and MIR ranges, a cutoff frequency A is intro-
duced. The operator d,; with @ > 0 is the annihilation
operator for the mode with frequency @ and polarization s.
We use the convention d_,, = dl,, and [éw,sé(l,!s] =
sgn(w)d(w — @'). The joint spectral amplitude,

5(Q @) = [y By (Q = 0) + aEg (0 = Q)lda,  (3)

is determined by two components. First, by the phase-
matching function,

. wQ| L .
Con = -idsgn(o@)) [ 20 X sinc(n, ). (4
L
Now = 2% [w(ny, = n,_q) — Qng — ng_,)|. (5)

including the speed of light c¢. Second, by the coherent
z-polarized ultrabroadband NIR probe of amplitude ap,

beam-waist area A = (3 pm)?, and spectrum

1/ w

with the vacuum permittivity &, and the reduced Planck
constant 7. The mode function f,(w) of the probe is
assumed to be Gaussian,

fp(w) = Kp exp[—(w - wp)z/(25p>2 - itp“’]? (7)

o= oo [oe(F52) e ()]}

of bandwidth o, and central frequency w,. The normali-
zation constant k, ensures that [ sgn(w)|f,(w)[*dw = 1.

The strength S(Q, @) of the nonlinear interaction defined
in Eq. (3) and thus the strength of the measurement is
determined by a variety of factors. The photon number of
the probe N, = |ocp|2 in Eq. (3) is the most accessible
parameter in an experiment and only affects the interaction
or measurement strength. The latter statement also holds
for the coupling constant d [see Eq. (4)]. However, the
coupling constant is fixed by the choice of nonlinear
crystal. The only other accessible physical quantity

affecting the strength of the interaction is the sampled
space-time volume cArAxAyAz. The transversal area
swept by the beam within the nonlinear crystal is that of
the beam waist, AxAy = A, whose effect on the interaction
strength can be seen through Eq. (6). The product of the
longitudinal and temporal components of the space-
time volume cAtAz is the (1 + 1)-dimensional space-time
area traced by the probe pulse traversing the nonlinear
crystal. The quantity cAtAz depends nontrivially on the
combined effect of the pulse shape [Eq. (7)] and the phase
matching [Eq. (4)], as shown in Ref. [46]. The variance of
the zero-point fluctuations of the electromagnetic field
depends inversely on the sampled space-time volume, a
dependence also theoretically predicted for the variance of
the electro-optic signal [46], and experimentally confirmed
in Ref. [64]. Decreasing the beam-waist area leads to a
decrease in the sampled space-time volume, which in turn
enhances the strength of the interaction. For the application
to quantum state tomography, the sampled space-time
volume decides which part of the quantum state is
reconstructed and therefore cannot be chosen arbitrarily.
A closer inspection of Eq. (3) lets us differentiate four
frequency domains corresponding to different nonlinear
processes. If both the high and the low frequencies are
positive (w > 0 and Q > 0), the first summand in the right-
hand side of Eq. (3) is exponentially suppressed due to
E,(Q — w) selecting Q frequencies far beyond the MIR.
Consequently, only Ej(w—Q) contributes, favoring
frequencies obeying |w| ~ @, + ||. The detected s-polar-
ized high-frequency excitations therefore correspond to
sum-frequency generation. The conjugate process (w < 0
and Q < 0), on the other hand, suppresses the second
summand in Eq. (3). SFG together with its conjugate
process results in a beam-splitter-like contribution to
Eq. (2). If the high and low frequency have opposite signs
(i.e., > 0and Q < 0 or w < 0 and Q > 0), the detected
high frequencies can be associated with difference-fre-
quency generation and modes fulfilling |w| ~ @, — || are
favored. Again, one of the summands on the right-hand side
of Eq. (3) is exponentially suppressed. Considering DFG
together with its conjugate process results in a squeezing-
like contribution to Eq. (2) [73]. The transformation of the
MIR spectrum under the two processes (SFG and DFG) is
schematically shown in Fig. 2(b). For a detailed derivation
of the nonlinear unitary operator, Eq. (2), see Ref. [54].

C. Filter and split stage

To allow for a more versatile description, we assume that
the probe and local oscillator pulses can differ: After the
NIR pulse propagates through the nonlinear crystal, a
polarizing beam splitter can be used to remove the
z-polarized probe and a new coherent local oscillator pulse
with amplitude f can be introduced as a replacement.
The combined s- and z-polarized NIR modes are then
spectrally filtered, (SF) in Fig. 2, to give a narrow
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quasimonochromatic profile centered at @ and of band-
width Aw, defining the mode

R /°° t(d) -
g, = rec
oo Aw

for the polarization direction A =, z. The rectangular
function, rect(x), is equal to 1 for |x| < 1/2, equal to 1/2
for |x| = 1/2, and O for |x| > 1/2. The filtering gives some
control over the ratio between DFG and SFG contribution
to the signal [cf. Fig. 2(b)]. If frequencies above the central
frequency of the probe are detected, @ > w,, mainly SFG
contributes to the signal while for the opposite case,
@ < wp, DFG is dominant [45].

The filtered local oscillator together with the filtered
s-polarized NIR excitations generated by the nonlinear
interaction are split spectrally into multiple narrow-band
pulses, as indicated in Fig. 2 (SP). This allows one to
measure different quadratures of the MIR modes simulta-
neously using the different quasimonochomatic spectral
splits. The spectral filtering together with the splitting of
the modes can be achieved simultaneously by spectrally
fanning out the pulses using a prism and selecting the
respective quasimonochromatic frequency bands using an
aperture, as depicted in Fig. 2(c). Alternatively, a bandpass
filter could be used to select the quasimonochromatic band
of width A& and a beam splitter to enable the simultaneous
measurement on two quasimonochromatic NIR mdoes, as
shown in Appendix A. We will follow the former imple-
mentation in the main text. The new pulses ie/ = {X,Y}
are characterized by a central frequency @; and a band-
width A@; and define a set of discrete modes 1, ; =
(Aw;)™2 [ rect|(®; — )/Aw;]d,, ,do. To express the
total NIR mode operator, ii;; = ) ;c; @l; ;, in terms of
the set of discrete mode operators, we have to choose
a; = \/Aw;/Aw and require 3, rect[(@; — w)/Aw;] =
rect[(® — w)/Aw]. The latter condition ensures that both
spectral cuts are correlated through the nonlinear inter-
action with practically the same MIR frequency range (and
therefore the same nonmonochromatic mode). In case of
two spectral cuts with equal bandwidth Awy = Awy =
Aw/2 and, therefore, ay = ay =1/ V2, the total NIR
operator is composed of two modes, it , and ii;, ;,
one for detecting the X and one for the Y quadrature:

) a, dw 9)

i, = —=(lig,, + fiz,1). (10)

We will denote discretized mode operators, defined
over a frequency range, with 1, a, etc. This distinction
is important because the usual discrete-mode commutation
relations are violated by pairs of such operators defined
over overlapping frequency bands. Therefore, we assume,

throughout this work, that detected frequency bands are so
selected that no such overlaps can happen.

The replacement of the probe by a local oscillator pulse
together with the frequency splitting of the z-polarized
modes can be described by the displacement operators
D, .(;) = exp(piiiy; . — H.c.) with amplitudes §; = &,
where f is the postfiltered local oscillator amplitude.

D. Ellipsometry stage

Subsequent to the filter and split stage, we assume that an
ellipsometry on each NIR mode i, , is performed: A ¢;-
wave plate rotated by an angle 6;, (WP) in Fig. 2, makes the
signal at each ellipsometry stage balanced. We choose the
signal to be balanced, i.e., to yield zero average signal for a
MIR state for which all quadrature expectation values
vanish, because noise affecting both polarizations the same
way cancels out (see Ref. [66], Sec. Il for details).
The action of the wave plate is assumed to be independent
of the frequency on each frequency band Aw; and can
thus be modeled by U(bhwp = exp(iqﬁiﬁ;iﬂi ii; ), Where
fi5, 9 = cos(0;)iig , +sin(0;)ii;, . is the bosonic operator
acting on the mode with polarization parallel to the optical
axis of the wave plate. The simultaneous measurement
of two noncommuting quadratures, i.e., X and Y, can be
achieved by using a half-wave plate (¢y = x) rotated by
Oy = 22.5° for the X quadrature and a quarter-wave plate
[py = (7/2)] rotated by 6y = 45° for the electric field
related ¥ quadrature. The action of the HWP and QWP on
the z-polarized local oscillator and the s-polarized NIR
excitations is depicted schematically in Figs. 2(d)-2(g) and
Figs. 2(h)-2(k). Both wave plates mix the s- and
z-polarized modes of the NIR field, enabling the inter-
ference of the local oscillator with the nonlinearly gen-
erated NIR excitations. However, the HWP introduces a
relative phase between the local oscillator and the NIR
excitations of z in the s polarization, while the QWP adds
a relative phase of +(z/2) [—(z/2)] to the z polarization
(s polarization). Thus, the HWP and QWP lead to orthogo-
nal quadrature measurements. The total time evolution of
the combined polarization NIR system is described by

U= OWPDAJ}(ﬂ)ﬁNL’ (11)

with Oyp = ®; Ug.wp and Dy(B) = ®; Dy, .(f;). After
the wave plate, the s- and z-polarized photons are spatially
separated with the aid of polarizing beam splitters, (PBS) in
Fig. 2. The photon number in each polarization of every
frequency cut &; is measured using photon detectors,
(D) in Fig. 2. The electro-optic signals are the photon-
count differences described by

Aﬁi = /_oo rect (wlA;lw> (ﬁa),x - ﬁ(t)i,z)dw' (12)
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By exploiting the narrow bandwidth of the operators it ;,
we can approximate the photon number,

o ;,— o\ .+ .
A _ 4 AT A ~ ot A
Noa = / rect< Ao >aw,jam,/1dw il (13)

00

and thus express the photon-number difference in terms of
the photon number in each (polarization) mode with
frequency @;,

Ani ~ II,;,I_’S - II(;,’_.Z = E AniPAni. (14)
An;=—

In the last step of the above equation, we decomposed the
observable A7; into projectors,

P an, = Z Ini+Ang); g o (ni+ Ang| @ [ny); . (nil. - (15)

n;=n;

onto the eigenspace of NIR Fock states with a photon-
number difference An; between the s- and z-polarized
component. The summation starts at /i; = max{0, —An;} to
avoid negative photon-number counting.

The projection operator in Eq. (15), as well as the total
time-evolution operator in Eq. (11), with the exception of
the nonlinear unitary Uy, are equivalent to the corre-
sponding operators used in Ref. [66]. While the unitary
defined by Eq. (2) describes a squeezing interaction
between a continuum of modes, the unitary operator,

UnLmono = exp <C*d9.szdidl‘,x - HC) (16)

iel

used in Ref. [66], describes a squeezing interaction between
a monochromatic MIR mode dg, ; and a nonmonochromatic
NIR mode >, @;d; ; with the squeezing strength ¢. In the
following, we will discuss the conversion of Eq. (2) into
such an effective two-mode operator.

E. First-order unitary

In principle, it is possible to write the nonlinear unitary
operator in Eq. (2) in terms of discrete mode operators
using a Schmidt decomposition [74,75]. Thus, the time
evolution in the nonlinear crystal can be understood as only
acting on a countably infinite number of effective non-
monochromatic modes instead of a continuum of modes.
However, a Schmidt decomposition is in general computa-
tionally exhausting and selecting a set of most significant
modes participating in the interaction can be a challenging

task. Instead, the first-order unitary U = exp(S!")), with

A

T
(0]

—H.c.), (17)

can be used in place of Eq. (2), as shown in Ref. [54]. We
will drop the index indicating the polarization from here on,
since all operators in Eq. (17) act on the s-polarized modes.
The broadband mode operator,

_ 1 0 it oA

Ay = _1 m’ / fm lthanQ’ (18)

o)

with the mode function f;(Q)= (0 VAw)™! x
J=, rect[(@ — w)/Aw|S (Q a))da) normalized by the

squeezing parameter 64 = [[[S,@t5]. [it,. S]]|1/2 # 0, is
not a pure annihilation or creation operator, since

(60 = / sen(Q)|f,(Q)PdQ = £1. (19)

For fo fa(Q)PdQ > [9) [f5(Q)[?dQ we will denote
a; =4a; as an annihilation operator and for
fo fa(Q)PdQ < [9) |f5(R)|?dQ as a creation operator

&T In either case, this operator is, in general,
dlfferent from the ordinary annihilation or creation
operator, because a;|0) #0 and (0laz #0. Only if
O Nfa(R)PdQ =0 or [ [f5(R)7dQ = 0, the operator
a; is actually an annihilation or creation operator of the
(nonmonochromatic) Fock states.

Because the filtered bandwidth Aw is assumed to be

narrow, the mode function can be approximated by

VA )
V2D §(Q, @)el?, (20)
g0

[0

fo(Q)~

1/2

A /
o) \/Acb’ / sen(Q)S(@.@)Pde . (1)
A

The spectrum of the MIR mode defined by Eq. (18) is thus
determined by the joint spectral amplitude S(Q, @) with
one of the frequencies fixed at the central frequency @ of
the local oscillator, the detected frequency. Consequently,
the squeezing parameter 6’57,1) inherits the dependencies of
S(Q,®) as discussed in Sec. IIB. In particular, the
squeezing parameter scales with the sampled (space-time)
volume as 0. o 1/\/AxAyAzcAf [46,64]. An example
of the joint spectral amplitude for a fixed @ can be seen
in Fig. 3. The detected up-conversion processes at € ~
@ — w, dominate the spectrum, since the down-conversion
processes at Q ~ @ + w,, are suppressed by phase match-
ing. The up-conversion can be separated into the detected
DFG, & = w, — |Q| for Q < 0, and SFG, & = w,, + || for
Q > 0. If the central frequency @, of the probe is higher
than the central frequency of the local oscillator, @ < w,,

DFG corresponding to the squeezing contributions in
At

@

Eq. (17) prevails and we can write a; = a
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FIG. 3. Joint spectral amplitude (JSA) S(€, @) at the detected
local oscillator central frequency @, defining the mode function of
a; [cf. Eq. (20)], as well as its two composing functions, the
phase-matching function (solid light green line) (g, and
apEy (0 — Q) 4 a,"E,*(Q — @) describing the up- and down-
conversion of the s-polarized photons of frequency € (dashed red
line). The negative frequencies © < 0 of the up-conversion
process correspond to the detected difference-frequency gener-
ation, & = w, — |Q|, while the positive frequencies Q >0
correspond to sum-frequency generation, @ = @, + |Q. We
assumed @ =300 THz, A& =1THz, w,=350 THz,
6, =35 THz, and L = 100 pm. The model for the refractive
index is given in Eq. (C1). The phase-matching function has two
maxima, one at Q =0 and one at Q = @, while the probe
contribution has maxima at Q=& —w, and Q=@ + w,,
indicated by the vertical lines.

From now on, we focus on the case d; = a;, which we
will refer to as the squeezing regime. In this case, it is
possible to decompose the operator as
a = a; = cosh()as + sinh(6) sin(0, Je ' ®raf,

+ sinh(6) cos(6, )aty. (22)

with 6 = arccosh( N f@(Q)PdQ) and sin(6, )e®r =
csch(@)sech(0) [ f5(Q)f5(—Q)dQ, as well as the two

discretized (pure) annihilation operators Gga JTH =
ks fSA/TH(Q)e_itPQﬁQdQ, with
Fsa(Q) = sech(0)f5(-Q), (23)

Sru(Q) = sec(8 )esch(0) f5(Q) — tan(0, )¢ f354(Q).
(24)

As will become clear later, the DFG contribution and thus
the operator dg, corresponds to the part of the MIR
spectrum sampled by the electro-optic sampling setup in
Fig. 2, while ary represents the thermalized modes, which

are unsampled but entangled through the nonlinear inter-
action to the sampled modes. By tracing over the entangled
modes, the state of the sampled modes becomes partially
mixed, resulting in an increased von Neumann entropy.
Thus, the mode annihilated by ary thermalizes the state of
the sampled modes [54]. The two operators commute by
construction [dga, 4] = 0, and because of the way the
operators are constructed, the thermalized mode depends
on the sampled mode; see Eq. (23). If the phase difference
between the sampled mode and the modes contributing
to the SFG is a multiple of z, ®, = nz, the sampled
frequencies attenuate the thermalized mode, as will become
relevant in Sec. IV. The decomposition in Eq. (22) can be
expressed using a unitary single-mode squeezing operator
SagaST = pugaga + ysag A and two-mode squeezing oper-
ator TagpaT™ = prags + I/Ta%_[, with pg,r = cosh(|s/r]),
vs,t = expliarg({s,r)] sinh(|{s,7|). In order to write

5 = ST agpT7S", (25)
we have to choose

{s = ei‘l’iarccosh{[l - tanh2(9)sin2(6’l)]‘1/2}, (26)

{r= arccosh{[cosh2 () — sinh2(9)sin2(9L)]l/2}. (27)

The squeezing parameters Qg), {s|, and {1 are numerically
evaluated as a function of the up-converted frequency
@ — w, and the down-converted frequency @ + w,, in
Fig. 4. If the maximum of the probe shape corresponding
to the up-conversion process @ — @, is shifted toward the
origin or if the bandwidth of the probe o, is increased, the
single- and two-mode squeezing parameters increase, since
more SFG is involved in the nonlinear interaction, agreeing
with the intuitive picture developed in Fig. 3.

Inserting Eq. (25) in the first-order unitary defined by
Eq. (17) results in

O = 8T 03, TS5, (28)
with the effective two-mode squeezing operator
0§\IL = exp |:_0((le) (aSAZ&iﬁ(Zn - HC>:| N (29)
iel

similar to the operator in Eq. (31), used in Ref. [66].
Utilizing the unitary transformation of the quadratic unitary
operator in Eq. (28), the total time evolution can be
expressed as

0 ~ g T OeffngT, (30)
where

A

Uer = UweDy(B) Ul (31)
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FIG. 4. The three squeezing parameters determining the non-
linear unitary defined in Eq. (28) as a function of the up-converted
frequency @ — @, and the down-converted frequency @ + @,
(cf. Fig. 3). Note that @ and ), are both considered variables. The
nonlinear crystal is of length L = 100 pm and the refractive
index given in Eq. (C1). The filtered local oscillator pulse
bandwidth is chosen as A@/(2x) = 1 THz. The probe pulse
has the amplitude a, =2 x 10° and bandwidth is ¢,/(27) =
15 THz for (a)~(c), o0,/(27) =35 THz for (d)-(f), and
op/(27) = 50 THz for (g)—(i). The white dashed lines indicate
the point with (@ — w,)/(27) = =50 THz and (& + w,)/(27) =
650 THz, which are the values used in our example for time-
domain quantum state tomography in Sec. IV.

is the total, transformed time-evolution operator. The
unitary operator U, is mathematically equivalent to the
time evolution used in Ref. [66] and thus, by transforming
the MIR state using the squeezing operators S and T, one
can apply the results from Ref. [66], as will be done in the
following section.

III. DIFFERENCE-COUNT PROBABILITY
DISTRIBUTION

The s-quasiprobability distributions p(z; s) parametrized
by a single (real) number s are a representation of a
(possibly mixed) quantum state equivalent to the density
operator p, in the sense that all observable quantities
calculated from either agree. The two representations can
be related to one another via the s-characteristic function

2(B:s) = exp(s|p|>/2)t[D()p], which is the Fourier

transform of the s-quasiprobability distribution p(z;s) =
77! [exp(=2ilm[Bz*])y(B; s)d*p. For s =—1, 0, 1, the
characteristic function corresponds to the expectation value
of the antinormally, symmetrically, and normally ordered
displacement operator and the respective s-quasiprobability
distributions are the Husimi, Wigner, and Glauber-
Sudarshan distributions [76—78]. For the electro-optic sam-
pling of a single monochromatic mode, we have recently
shown that the probability distribution of the measured
photon-number difference is related to an s-quasiprobability
distribution of the sampled quantum state [66]. In the case of
electro-optic sampling with an ultrabroadband probe using
the setup described in the previous section, the probability to
measure the photon-number differences {An;} given the
MIR modes, centered at €, are in the initial broadband state
pPg reads

p({An:}) = t¢(Pany U ® [0)mnm{0107).  (32)

We assume that the (ultrabroadband) NIR modes (after the
removal of the z-polarized probe) are in the ground state
|0)xr and the combined state of MIR and NIR modes is
evolved using the unitary time-evolution operator U from
Eq. (30) until a projective measurement, described by the
projectors 13{ An,} defined in Eq. (15), is performed. Inserting
Eq. (30) into Eq. (32) yields

N

p({An;}) = tr P{Ani}STUeffTTSTPAQ
® 0NN (OIS T ULT™ST. (33)

The projectors 13{ An;} defined in Eq. (15) and the squeezing

operators S, 7" act on different frequency bands, and there-
fore, they commute. Thus, by defining a transformed and
reduced density operator (in which tr, is the trace over the
modes not involved in the nonlinear interaction),

Fon =t [ 7873087, (34)

solely of the sampled modes, we can recast the count-
probability distribution into

p({An;})

~ trNIR{trSA |:p{An,-}lA]effﬁSA ® |0>NIRNIR<O|Ufo:| } (35)

Equation (35) involves only the (nonmonochromatic) sam-
pled MIR mode and the NIR modes and allows one to apply
the formalism developed in Ref. [66]. Thus, we can relate
the count-probability distribution to the §-quasiprobability
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distribution pga(z;s) of the transformed state in Eq. (34)
through

p({An;}) = Npsa(z[{An;}]; ). (36)

The quasiprobability distribution with parameter § =
1-2 coth2(|9(<;,1>|) depending on the squeezing parameter
95;)1) of the nonlinear interaction [cf. Eq. (17)] is renormalized

by N = csch2(|9((bl)|) /2 and related to the discrete photon-
count differences via its argument,

({An}) =écsch<|¢|>(Aﬂ’:(+iAﬂ’f), (37)

with amplitudes f; of the postfiltered local oscillators.
See Sec. IT A for an intuitive explanation of this result.
Equation (36) holds only for |@x|? = |@y|> = 1/2. However,
the result presented here can easily be generalized to
measurements of multiple X and ¥ quadratures with different
a; by applying the full result of Ref. [66]. The simplified
difference-count probability distribution suffices for our
purpose. The nonmonochromatic s-quasiprobability distri-
bution pss of the transformed state can be related to
the two-mode characteristic function yry(Bsa,fra) =
tr[Dga (Bsa) Dru (B )P ), defined as the expectation value
of the displacement operators acting on the modes SA and
TH, by

1 ) )
Psalzs) = ;/ZSA(ﬂ;S>€_ZIIm(ﬁZ )d2p

1
- ;/)(TM[/"T(MSﬂ —vsf"), —vil’]
« e_zilm(ﬁz*)ﬂlﬁlz/Zdzﬂ, (38)

as shown in Appendix A. The transformed s-quasiprobability
distributions for broadband coherent states, cat states, and the
squeezed vacuum can be taken from Appendix B.

If the broadband MIR mode is in some arbitrary state
Pa(dg) defined in terms of a single nonmonochromatic
mode operator g = [ f(Q)e9%dodQ, completely
overlapping with the transversal mode of the probe, the
two-mode characteristic function can be calculated using
the decomposition

ag = Aga(Ar)ags + Ay (Af)ary + Aun(Af)ayn,  (39)

where the coefficients A,(Ar) = [ds. 4] (x = SA, TH,
UN) quantify the amount the sampled, thermalized, and
unsampled mode contribute to the MIR mode. The newly
introduced operator ayy of the unsampled and uncorrelated
modes, leaving the electro-optic signal unaffected, has to be
differentiated from the thermalized mode, which is also
unsampled, but correlated to the sampled mode, therefore

altering the measurement. All operators on the right-hand
side of Eq. (39) commute. The coefficients A, (Ar) can be
expressed as the convolution of the Fourier-transformed
mode functions F[fs](7) and the gating function F[f7](7),
dependent on the relative time delay Ar=t5—1,
between the sampled MIR pulse and the NIR probe pulse
according to

A (A1) & (Flfol + FIf3D(AD). (40)

Therefore, the coefficients can be understood as the wave-
form of the MIR pulse F(f) averaged over a time window
defined by F(f,).

The parameter § of the broadband quasiprobability
distribution has another significance, as becomes apparent
from analyzing the variance of the difference counts An;,
as done in Appendix D. The variance in Eq. (D2) is
composed of two contributions, one dependent on the
MIR state and one dependent only on the parameter of
the nonlinear interaction. Since the former contribution
is more intricate, we will postpone its discussion to
Sec. IIIB and focus on the latter contribution, which
we will call measurement noise. The measurement noise is

given by y/—3§/4 and thus depends only on the two-mode
(1)

squeezing parameter 0;’, which in turn depends on the

photon number of the probe pulse N, = |a,|*. Figure 5
i 101 : T UL \‘ T T T 11T \‘ T T T 171 \\‘ :
1 I ]

| i 1

- — i
é RSN = /k/N, Vit |
‘E i i
g | s
g qo0f MUL = +/1/4 |
5 L S (§ = —1) 1
g S |
E Lol ! \\\UH\ Lol
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Number of probe photons N, = |ap|”

FIG. 5. Dependence of the measurement noise /—5/4, the
state-independent part of the variance in Eq. (D2), on the photon
number of the probe N, = |a,|*. In the low-photon-number limit,
the measurement noise is dominated by the relative shot noise
(RSN), the ratio between shot noise and probe photon number
resulting in |/x/N,, with the proportionality constant x depend-

ing on the Gg) [Eq. (21)] and thus primarily depends on the SFG
and DFG contributions to the joint spectral amplitude S(@, Q) as
shown in Figs. 4(a), 4(d), and 4(g). In the high-photon-number
limit, the measurement noise approaches an asymptote given by
measurement uncertainty limit (MUL) at 4/1/4. The Pythago-
rean addition of shot noise and MUL (dotted black line) over-
estimates the full result (solid orange line). The former is
qualitatively equivalent to the result obtained by Moskalenko
et al. [46].
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shows the dependence of the measurement noise on the
probe photon number N,,. For a small photon number, the
measurement noise is dominated by the relative shot noise
(RSN) /x/N,,, i.e., the ratio between shot noise \/N7p and
probe photon number N,,. The proportionality constant +/k
depends on the difference between DFG and SFG con-
tributions to the joint spectral amplitude, Eq. (3). For large
photon numbers, the measurement noise asymptotically
approaches 1/2. The bound is due to the measurement
uncertainty limit (MUL) [67-69] and is fundamentally
insurmountable, since the bound § < —1 ensures the non-
negativity of the difference-count probability distribution
given in Eq. (36). The measurement noise is overestimated
by the Pythagorean addition of shot noise and measure-
ment uncertainty limit, as predicted by the perturbative

theory in [46]. The first-order unitary enables a descrip-
tion of the nonlinear interaction beyond the perturbative
approach, giving the theory of quantum electro-optic
sampling developed in this work validity even in the high
probe-photon-number regime. While the probe amplitude
@, can be related to the measurement noise, the local
oscillator amplitude |f| only rescales the probability
distribution, since its sole effect is on the argument of
the quasiprobabilty distribution in Eq. (37).

A. Homodyne limit

It is instructive to consider the following special case
of the result in Eq. (36). First, we assume that the probe
bandwidth is rather narrow with o,/(27) = 5 THz such
that only DFG contributes to the nonlinear interaction and

t in ps
—0.1 0

t in ps

t in ps

—0.1

t in ps
0

0.1

—_

M(a) '

(d) |

T
Al

|
e
>

Waveform in THz!/2
o

FIG. 6. (a)-(d) Envelope of the gating function | F[fsa](#)| (solid blue line) and the waveform of the MIR F[f](¢) (dashed orange
line for the real part and dash-dotted red line for the imaginary part) in the time domain. The time delay of the MIR 75 = —27ty,/ Qis
varied in (a)~(d) by fgep = 2, % , % , 0. The probe pulse is a coherent state with a large amplitude o, = 2 x 107 and of a Gaussian shape
defined by Eq. (7) centered at w,/(27) = 325 THz and of bandwidth 6,/ (27) = 5 THz with a fixed time delay 7, = 0 s, while the MIR
is a Gaussian centered at Q/(27) = 25 THz and of bandwidth 64/(27) = 5 THz. The filtered local oscillator pulse is of amplitude
f = /2 x0.1 and of bandwidth Aw/(2z) = 1 THz at @&/(2x) = 300 THz. The local oscillator amplitude only scales the probability
distribution, leading to a concentration around low photon-number difference in this case (see end of Sec. III for details). The crystal is
assumed to be of length L = 6 um and made of zinc telluride with the refractive index of Fig. 11. The waveform of the gating function
and the sampled state are thus matched at zero relative time delay; see (d). Together with the strong probe amplitude, Eq. (38) relates the
count-probability distributions over {Any, Any} the broadband Husimi function of the MIR state (see homodyne limit in Sec. III A),
associating Any with X -quadrature and Any with )% -quadrature measurements. (¢)—(h) Example of the count-probability distribution in
Eq. (36) for a cat state with ag = 2, (i)—(1) for a Fock state with ng = 3.
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the squeezing parameters (g, ~ 0 effectively vanish.
Furthermore, we (rather unrealistically) assume a large
probe amplitude, |a,| = 2 x 107, resulting in §~ —1 (see
Fig. 5 for the parameter § as function of the probe photon
number N, = |a,[*). In this limit, the quasiprobability
distribution in Eq. (36) approaches the Husimi function
of the sampled MIR state. We call this the homodyne limit,
since this reproduces the results one would obtain using
homodyne detection. However, in contrast to conventional
pulsed homodyne detection [1-9], where the waveform
of the local oscillator and the sampled state are usually
matched to optimize detection efficiency, in our approach
the two can be time delayed against one another.
If the waveform of the state averaged over the gating
function is zero and thus |[Ayy(At7)| = 1, the transformed
s-quasiprobability distribution describes the vacuum, cor-
responding to the scenario in Figs. 6(a), 6(e), and 6(i). The
key idea to understand our approach to time-domain
quantum state tomography is the following: As the relative
time delay Ar is varied, the time window is shifted and
different parts of the MIR waveform are averaged over.
This can increase the contributions from the MIR state to
the transformed quasiprobability distribution pga(z;s)
depending on the average waveform, thus dynamically
sampling the MIR state as shown row by row in Fig. 6 for
the MIR in a cat state with amplitude ag = 2, Figs. 6(e)-6
(h), and a Fock state with ng = 3, Figs. 6(1)-6(l).

The MIR quasiprobability distribution of the cat states
can be decomposed into three parts (a proper definition is
given in Sec. B 2),

Psa(z; sleat) o« psa(z; slag) + psa(z; | — ag)
+oxp(~2lAun(An)ag ) poe(zi8). (1)

with the first two terms corresponding to a coherent state with
amplitude +a(Af) and the third term accounting for the
oscillatory part due to the coherent superposition of the two
coherent states. Compared to the quasiprobability distribu-
tion of a monochromatic cat state, the oscillatory part is
exponentially suppressed by the coefficient of the unsampled
mode Ayyn(Atr) defined through Eq. (39). Thus, to best
reconstruct the oscillations, which are the hallmark for the
quantum nature of the cat state, the waveform of the gating
function F[f54](7) should be matched to the MIR waveform.

By defining p,, = |Aga(At)|> and denoting the quasi-
probability distribution of a k-photon Fock state with
pi(z;8), we see that the sampled quasiprobability distri-
bution of a n-photon Fock state,

n

pontasl) = Y- (1) A1 = pa)Hmutais). 42)

k=0

corresponds to a mixture of Fock states weighted by
a binomial distribution. Since the probability of one
photon being detected in the sampled waveform is p,;,

the probability of detecting k out of n photons is binomially
distributed [the coefficient Ary(Af) for the thermalized
mode is zero in the homodyne limit].

The narrow frequency band of the gating function in the
homodyne limit requires a good matching to the frequency
band of the sampled MIR state and thus some information
about the spectrum of the MIR state has to be known in
advance. In addition, the small bandwidth leads to an
extended time window F(fgsa) over which the MIR wave-
form is averaged. The time averaging in turn causes a
deviation of the sampled quasiprobability distribution from
the actual dynamics of the state, limiting the temporal
resolution [visible in Fig. 6(f) since the axis of the cat
state is not vertical as expected at 3/4 of the oscillation
period]. Thus, to simultaneously sample the quasiprobability
distribution of a quantum state along with its complete
waveform, the probe pulse has to be ultrabroadband to cover
a larger frequency band, and short in the time domain to
reduce averaging of the waveform. However, this requires us
to take the thermalized mode into our considerations.

B. Thermalization

As already mentioned in the previous section, the
transformed quasiprobability distribution in Eq. (38) turns
into the quasiprobability distribution of the sampled state
Psa = tr;(Pg), if only DFG contributes to the nonlinear
interaction, i.e., {g,{t = 0. Increasing the SFG will add
some contribution from the thermalized mode to the
transformed state pg,. If the MIR mode is in the vacuum
state and if the bandwidth of the probe is assumed to be
o,/ (27) = 15 THz, DFG predominates and the difference-
count probability distribution follows the quasiprobability

x107°

FIG. 7. Count-probability distribution [Eq. (36)] for a broadband
MIR vacuum state with Q/(2z) = 25 THz, 64/ (27) = 5 THz.
For the filtered local oscillator, we assume @/(2z) = 300 THz,
Aw/(2z) =1 THz, and f =150. We consider a crystal of
length L = 100 pm. The parameters describing the probe are
a, =2 x10° 1, = 0 ps,w,/(2x) = 350 THz. (a) The bandwidth
of the probe is o,/(27) =15 THz and difference-frequency
generation dominates the nonlinear interaction. (b) The probe
bandwidthis o,,/(27) = 50 THz and the amount of sum-frequency
generation to the nonlinear interaction is enhanced compared to the
case in (a), resulting in some thermalization of the sampled
quasiprobabilty distribution.
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distribution of the vacuum, as can be seen in Fig. 7(a).
However, if the bandwidth of the probe is assumed to be
o,/ (27) = 50 THz, SFG contributes stronger to the non-
linear interaction and the difference-count probability
distribution is squeezed due to the effect of the squeezing
operators in Eq. (34) on the sampled state, visible in
Fig. 7(b). It is again instructive to consider the variance
of the photon-number difference in Eq. (D2). While the
state-independent contribution was already discussed in
Sec. III, the state-dependent contribution is more intricate.
Since the latter can be expressed in terms of the variance of
the transformed sampled MIR state, defined in Eq. (34), it
includes contributions from the thermalized mode. For a
coherent MIR input state pg (including the vacuum as a

t in ps
—0.1 0 0.1

t in ps
—0.1 0 0.1

limit case), the main result from Ref. [54] in the squeezing
regime can be reproduced and generalized. Equation (D9)
shows that in the squeezing regime, i.e., a; = &Zj, thermal-
ization leads to an increase of the variance, which we will
call thermalization noise from here on. The thermalization
noise can be mitigated by filtering below the probe central
frequency, @ < w,, as we discuss in the next section.
The influence of the thermalized mode on the dynamics
of the sampled broadband squeezed MIR state can be seen
in Fig. 8 and Eq. (B11). In addition to the time-dependent
squeezing of the MIR state, the sampled quasiprobability
distribution is squeezed and thermalized due to the non-
linear interaction in the nonlinear crystal. While the gating
function of ultrabroadband electro-optic sampling has a

t in ps
—0.1 0 0.1 -0.1 0 0.1

|
<
=y

Waveform in THz!/2
o

FIG. 8.

(a)—(d) Envelope of the gating function |F[fss](#)| (solid blue line) with an ultrabroadband probe pulse compared to Fig. 6 and

the temporal MIR waveform F[f](¢) (dashed orange line for the real part and dash-dotted red line for the imaginary part). The sampled
mode has two maxima indicated by the vertical lines located one period 7. = (L/2c)[ny(®) — n(0)] of the (approximated) phase-
matching function away from the origin (see Sec. IV, item 1). The time delay of the MIR g = 7. — 27t/ Q is varied in (a)—(d) by
Tstep = 2,%,%,0. The probe pulse is of a Gaussian shape defined by Eq. (7) centered at w,/(27) = 350 THz and of bandwidth
0,/ (27) = 35 THz with a fixed time delay #, = 0 s, while the MIR is a Gaussian centered at Q/(2x) = 25 THz and of bandwidth
65/ (27) = 5 THz. (e)—(1) Example of the count-probability distribution in Eq. (36) for a squeezed vacuum generated by the operator in
Eq. (B7) with g = 1.5. (e)~(h) The coherent probe pulse has an amplitude of o, =2 x 10°, while for (i)—(1) it is a, =2 x 107.
Equation (38) shows the relation between the count-probability distributions over { Any, Any} and the quasiprobability distribution of
the sampled quantum state, associating Any with X-quadrature and Any with Y-quadrature measurements. The filtered local oscillator
pulse is of amplitude # = v/2 x 10 and of bandwidth Aw/(27z) = 1 THz at &/(2x) = 300 THz. The local oscillator amplitude only
scales the probability distribution, leading to a concentration around low photon-number difference in this case (see end of Sec. III for
details). The crystal is assumed to be of length L = 100 pm and made of zinc telluride with the refractive index of Fig. 11.
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much better time resolution when compared to the homo-
dyne limit [cf. Figs. 6(a)—(d) and 8(a)-8(d)], the sampled
quasiprobability distribution is altered due to the nonlinear
interaction. This is especially pronounced for a strong
probe pulse with a, =2 X 107 [the large semiaxis of the
squeezed distribution in Fig. 8(k) deviates from the
diagonal, along which it would be expected for an eighth
of a period of the MIR waveform]. This effect is less
pronounced in the more realistic case of a, =2 X 106,
shown in Figs. 8(e)-8(h). Thus, there seems to be a trade-
off between the temporal resolution and the resolution in
phase space. In Sec. IV we propose to circumvent this
trade-off by making measurements with an ultrabroadband
probe as well as measurements with the sampled mode
matched to MIR mode to achieve a subcycle temporal
resolution as well as the resolution in phase space required
to resolve quantum states of light.

IV. SUBCYCLE TIME-DOMAIN QUANTUM
STATE TOMOGRAPHY

A phase-sensitive measurement typically requires the
comparison of the signal to a local oscillator. For pulse-
based homodyne detection, the sampled pulsed modes and
the local oscillator pulse are mixed in a beam splitter, while
for electro-optic sampling they interact in a nonlinear
crystal. The mixing unavoidably leads to an averaging of
the detected modes over the duration (and oscillations) of
the local oscillator pulse. The goal of optical time-domain
quantum tomography is to reconstruct the quantum state of
a system, namely the MIR state, such that the averaging is
taken over a time interval below the duration of a single
cycle of the MIR-pulse central frequency (i.e., subcycle),
granting access to the dynamics of quantum systems. The
reconstruction of the sampled MIR state and its dynamics
using the quantum-electro-optic-sampling setup proposed in
Sec. II is based on the relation between the photon-count
probability distribution of the setup and the transformed
§-quasiprobability distribution in Eq. (36). For each fixed
relative time delay Az between the NIR probe pulse and
the sampled MIR pulsed mode, the transformed MIR
§-quasiprobability distribution can be reconstructed from
sampled data using the relation in Eq. (36). Performing the
reconstruction for various relative time delays Atz gives
access to the time dependence of the transformed MIR
state and thus to the coefficients Agy ry(Af) defined
through Eq. (39).

The remaining task is the reconstruction of the waveform
of the MIR mode from the transformed quasiprobability
distribution. As discussed in the preceding section, the
sampled quadratures follow the MIR waveform if an ultra-
broadband probe pulse is used. To make this argument more
quantitative we consider the example of an MIR pulse with a
Gaussian-mode function f(Q) = NgvVQexp[—(Q — Q)?/
(264)?] normalized by Ng. In this case, the coefficients

VA®D . T
Asa(At) ~ —sech(0) ———|S.|e!®/2, | —<Ngs5a (At
SA( ) sec ( ) 9(}) | c|e n(O) Qoa( )( )
(43)
and
Ad : 7
Ay (At) m —~——[S,|e!® /2, [—Ngb
TH( ) 6{([)1) ‘ C‘e I’l(O) fo19)
X [csch(é’) sec(f)e " ®La (A1)
— sech(6) tan(6 | )e'®+a (At)} (44)
are approximately given in terms of Gaussian profiles,
(wp—@) & Q)
At) = _————t—=
a(x) (A1) eXPl 102 40l 452

x {expl—(Ar=1.)2% —i(Ar = 1) Q)
_exp[—(Af + 1,252 —i(At—Hh)Q(;)]}, (45)

with the inverse-variance average & = 6,05/ 0% + 0%
and the weighted average central frequency Q(]F) =
F(@ - w,)(5%/0}) +Q(5%/0%). The coefficients in
Egs. (43) and (44) are obtained after approximating the
phase-matching function [cf. Eq. (4)] by S.sinc(r.Q), with
constant S; given by Eq. (C4) and 5, = (L/2c)[ny(&) —
n(0)] dependent on the group refractive index ny(@). The
approximation is valid as long as the refractive index of the
nonlinear crystal is flat in the MIR frequency band or, in other
words, dispersion is low (see Appendix C for details). The
coefficients from Eqgs. (43) and (44) are compared to the MIR
waveform in Fig. 9 as functions of the relative time delay At
between the NIR probe pulse and the sampled MIR mode for
various probe bandwidths o,. Increasing the probe band-
width improves the matching between the coefficient of the
sampled mode Ag, (Ar) and MIR mode profile. However, as
further explained below, there are six effects due to the
convolution of the MIR waveform with the gating function in
Eq. (40) that detrimentally affect this matching.

(1) Desynchronization: The most prominent effect is
desynchronization between Aga (A7) and the MIR
waveform by time shifts +#,., also visible in the
envelope of the gating function in Figs. 8(a)-8(d).
The two features of the gating function are due to the
oscillation of the phase-matching function in the
frequency domain originating from sin(7.Q) =
lexp(in.Q) — exp(—in )]/ (2i). Convolution of the
gating function with the pulsed MIR mode then
leads to the +#, shifts in the time domain. If the shift
is large enough (e.g., 1. > 65), the two contribu-
tions at —#, and 7, do not interfere and the shift can
be compensated by adjusting Az. The shift increases
with the length of the nonlinear crystal and with &.
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FIG.9. Time-delay dependence of the coefficients Ags (Af) and
Aty (Ar) describing the decomposition of the MIR mode function
into sampled and thermalized contributions. The filtered local
oscillator is assumed to be of bandwidth A@/(2x) = 1 THz and
central frequency @/(2z) = 300 THz, the nonlinear crystal is of
length L = 100 pm, and the refractive index can be taken from
Eq. (C1). The sampled MIR pulse is a Gaussian of bandwidth
65/ (27) = 5 THz and central frequency Q/(27) = 25 THz and
the probe of central frequency w,/(27) = 350 THz, amplitude
a, =2x 10%, and time delay 1, = 0. The probe bandwidth is
0,/(2m) =15, 35, and 50 THz in (a)~(c) and the respective
envelope of the probe can be seen in the inset. The dashed orange
line shows the real part and the dash-dotted red line the imaginary
part of the MIR pulse shape in the time domain scaled and shifted
to fit Aga (Ar). The vertical line marks the point At = +7,..

A proper selection of these parameters therefore
allows for some degree of control over the shift.
Nonetheless, for a fixed probe central frequency w,,
the increase in & makes the measurement weaker
(i.e., decreases 9g>) and enhances thermalization by
increasing {p, which can be counteracted by in-
creasing , alongside @. We highlight suitable
values by the white dashed lines in Fig. 4.

— Re[Aga(At)] Im[Aga (At)]
Re[ATH(At)] ------ Im[ATH(At)]
---- MIR pulse (real) —--- MIR pulse (imag.)

Coefficient A, (At)

! !
—0.1 —0.05 0 0.05

Time delay At in ps

FIG. 10. Time-delay dependence of the coefficients Agy (Af)
and Apy(At) describing the decomposition of the mode function
into sampled and thermalized contributions for different relative
time delays Ar. The filtered local oscillator is of bandwidth
A@/(27) = 1 THz, the central frequency is @/(27) = 300 THz,
and the refractive index given in Eq. (C1). In contrast to Fig. 9, we
consider a short nonlinear crystal with L = 6 pm. Choosing a
short crystal reduces the influence of the phase matching and
allows a perfect match of the gating function F[f§,](Ar) and the
MIR waveform F|[fg](Af). The MIR sample pulse is of band-
width 65/(27) = 5 THz, central frequency Q/(27z) = 25 THz
and the probe of bandwidth ¢,/(27) = 5 THz, central frequency
w,/(2x) = 325 THz, amplitude a, =2 x 10°, and time delay
t, = 0. The envelope of the probe is shown in the inset.

(2) Phase shifting: The real part of Ag (At) corresponds
to the imaginary part of the MIR waveform and vice
versa, as can be seen in Fig. 9. This originates from
the imaginary prefactor in the electric field and
carries over to the gating function F[f%|(r). This
effect is absent in Fig. 10, since the interference of
the two Gaussians at £#., composing the gating
function F[f%](), leads to an additional imaginary
prefactor.

Spectral weighting: The low-frequency end of the
MIR spectrum is overestimated. This skewed spec-
tral weighting results from the 1/ V/Q dependence of
the function fg,(Q) defining the sampled mode.
This effect is, however, negligible as long as the
central frequency of the sampled MIR mode is large
compared to its own bandwidth Q > 6. This effect
can be seen by comparing Figs. 9(b) and 9(c): In
Fig. 9(b), Aga(At) seems to follow the MIR wave-
form better than in Fig. 9(c), even though in the latter
the probe is shorter. The underestimation can be
accounted for by reintroducing the factor v/Q in
postprocessing.

Temporal averaging: The MIR waveform is aver-
aged over the time window defined by the gating
function. For a Gaussian MIR pulsed mode with

3

“
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&)

TABLE 1.

central frequency © and variance 6, the averaging
will lead to the reconstruction of a Gaussian with an
effective central frequency Q(_> and variance 6&.
When considering the limiting case of an infinitely
broadband probe pulse, lim(,p_,oo 6 =05 and
lim,;p_,oo Q@F) = Q, the reconstructed parameters

tend to the actual MIR parameters, as shown in
Fig. 9. This (unphysical) limit case would corre-
spond to a probe with amplitude described by a
delta distribution over time, which “averages” over a
single point of the sampled mode (the instant at
which they intersect). We can quantify how close the
reconstructed variance and central frequency are to
the corresponding MIR-pulse parameters by calcu-
lating the relative error for the variance,

=, (46)

and for the central frequency,

Q-9 '
L

5 Q. (47)

We see that both relative errors vanish if the
bandwidth of the probe pulse considerably exceeds
the MIR pulse bandwidth, 6, > 65. We can also see
that the relative error in the central frequency is
always zero when the sampled frequencies are
matched to the MIR, o, — & = Q. Using Egs. (46)
and (47) we can calculate the variance o, of the
probe pulse required to achieve a certain relative
error in the reconstructed variance and central
frequency given a fixed variance and central fre-
quency of the MIR pulse. Some exemplary values
can be taken from Table I.

Thermalization: As mentioned previously, there is
an additional contribution to the signal due to the

Relative errors in the sampled central frequency and

variance of the MIR waveform as well as the maximum of the
coefficients Agp /TH(AI) in Fig. 9 for various values of the NIR
probe pulse variance 6, and a fixed MIR pulse central frequency

Q = 25 THz, variance 65/(27) = 5 THz, frequency mismatch

W, — @ = 20, and a fixed carrier-envelope phase of the probe
pulse 7, = 0.

Relative error  Relative error Maximum Maximum
op/(27)  variance  central frequency Aga(Af)  Arg(Af)
15 THz 10% 10% 0.44 0.02
35 THz 2% 2% 0.39 0.05
50 THz 1% 1% 0.36 0.06

(6)
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entanglement of the sampled mode with the ther-
malized mode ary, which originates from the
decomposition in Eq. (39) and can be observed
from Fig. 9, where Aqy(Atr) increases with the
bandwidth of the probe pulse. One could try to
reduce the contribution of the thermalized mode
to the MIR mode, i.e., minimize the coefficient
Aty (Atr) for all relative time delays Az. A minimi-
zation of the coefficient Ay (A¢) in a mathematical
sense seems not feasible since the coefficient de-
pends on the waveform of the MIR mode. However,
there are two strategies to mitigate the influence of
the thermalized mode. First, Eq. (44) shows that for
large probe bandwidths 6,,, a(;)(A?) and a(_y(At) in
Eq. (45) oscillate coherently and for ® | = nx with
n € Z they interfere destructively. The latter require-
ment can be met by fixing the probe carrier envelope
to 7, = 0. Second, one can reduce the entanglement
between the sampled and thermalized modes by
decreasing the two-mode squeezing parameter (.
This can be achieved by filtering below the probe
central frequency, @ — w, < 0, as can be seen from
Fig. 4. This way SFG detection is reduced, as can be
seen in Fig. 3, since less of the probe bandwidth
is below the filtered frequency &. Coincidentally,
filtering below the probe central frequency will
reduce the single-mode squeezing and increase the
overall squeezing parameter of the nonlinear inter-

action :9((;)1), as can be observed in Fig. 4. A mismatch
between the central frequency of the sampled mode

w, — @ and the central frequency of the MIR mode

Q leads to a reduced up-conversion efficiency and in
turn to a reduction of Agy (At), but since the probe
pulse is rather broadband the reduction is minor.
Combining the two strategies by mismatching the
sampled frequencies of the setup and the MIR
central frequency to w, — @ = 2Q and fixing the
carrier-envelope phase of the probe pulse, 7, =0,
the probe can be made short enough to allow for a
subcycle resolution while keeping the influence of
the thermalized mode down, as can be taken from
Table 1. For example, under such conditions a probe
pulse with bandwidth ¢,/(27) = 35 THz can reach
a relative error in the sampled central frequency and
variance of 2%, while keeping the maximum of the
Aty (Ar) below 13% off from the maximum of
Aga (A1) [cf. Fig. 9(b)].

Deamplification: The overlap of the gating function
and the MIR waveform is imperfect. From Fig. 9, we
can see that the maximum value of Ags (Af) always
remains well below one. The full reconstruction of
the MIR quantum state requires the coefficient
Aga(Ar) to be equal to one for at least one relative
time delay At. Consider a coherent MIR sample state
with amplitude a which would, if we assume no
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thermalization, appear to our measurement setup as a
coherent state with amplitude Aga(Af)a. Thus, to
reconstruct a, Aga (At) needs to be one for some At.
In other words, the sampled mode function,
defined by fsao(Q), has to coincide with that of
the MIR pulsed mode, defined by fg(Q). In this
case, in the absence of any relative time delay,
At = 0, the coefficient becomes one, Ags (At =0) =
Flfafsal(Ar=0) = [§°]f5(Q)[?dQ=1. This can
be achieved approximately by choosing o, = g
and w, — @ = Q. Furthermore, the nonlinear crystal
has to be sufficiently small to suppress the influence
of the phase matching, as can be seen from the
approximation (and 7, « L)

[Asa(Ar = 0)| » exp(—n2ch/2)sinc(n. Q).  (48)

which is valid as long as the probe pulse and MIR
sample pulse spectrum overlap and dispersion
is low in the MIR range. For o¢/(27) =5 THz,
(0, — @)/ (27) = Q/(2r) =25 THz, and &/(27) =
300 THz, the nonlinear crystal has to be L = 6 pm
for |Aga(Atr)| to reach a maximum of 0.8 if the
approximated expression in Eq. (48) is used [precise
numerical evaluation of Eq. (43) results in a maxi-
mum of 0.99]. Numerical data on the coefficient
Aga(At) for the previously mentioned values is
shown in Fig. 10.

V. CONCLUSIONS

In this work we propose an electro-optic-based tomog-
raphy scheme able to reconstruct a time-dependent quan-
tum state in the midinfrared range, allowing for a
dynamical sampling of spatiotemporally localized optical
modes not only in phase space but also in the time domain
with subcycle resolution. Utilizing two recently developed
theoretical tools [54,66], we derive the photon-count
probability distribution p({An;}) for multichannel sub-
cycle quantum electro-optic sampling and show how this
quantity is related to a specific time-dependent phase-space
distribution of the sampled state. We scrutinize the physical
sources of noise in the quantum electro-optic signal
variance and show that sampling nonmonochromatic opti-
cal modes with subcycle resolution leads to two intriguing
effects that detrimentally enhance the noise: a state-
independent contribution scaling with the interaction
strength between the sampled MIR and the detected NIR
modes and thermalization noise due to entanglement
breaking between the sampled and unsampled modes.
The latter effect is unparalleled by continuous-wave-driven
multichannel electro-optic sampling, which is mostly
limited by noise due to the simultaneous measurement
of noncommuting observables. We then propose a scheme
to minimize the thermalization noise by a mismatch

between the central frequencies of the probe pulse used
to drive the nonlinear interaction and of the detected NIR
modes. Finally, we demonstrate the reconstruction of the
waveform using the example of a Gaussian midinfrared
pulsed mode. Our proposed optical tomography scheme is
able to dynamically sample a broadband quantum state
using an ultrabroadband probe pulse, opening a new
paradigm for time-domain quantum tomography with
subcycle resolution.

Note added. Recently, we became aware of several related
works [79-81].
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APPENDIX A: TWO-MODE CHARACTERISTIC
FUNCTION

In this appendix we derive the relation used in Eq. (38)
between the two-mode and single-mode characteristic
function. The eigenstates of the operators {fi; |i =X,Y} U
{dsa, a1y} span the Hilbert space of electro-optic sampling
(EOS) Heos = (®i=x.y Ha,) ® Hsa ® Hyu which is a
factor of the uncountably infinite dimensional Hilbert space
'H = Hgos ® H,. By defining the reduced density operator
Arm = tr(Pg) of the two broadband modes, we can see
that the electro-optic signal inherits contributions from
(unsampled) modes correlated to the sampled modes. The
density operator py; acts on the effective bipartite Hilbert
space Hsa ® Hrty and can hence be written in terms of the
displacement operators Dga (S5 ) and Dy (fry) generated
by ags and aty (see Ref. [82], p. 265):

1 N
prm = ;/XTM(ﬂSAvﬂTH)DgA(ﬂSA)

X Dl (Prin) 8 Psad® o, (A1)
with the symmetrically ordered, two-mode characteristic
function,

ZTM(ﬁSAvﬁTH) = <DASA(ﬁSA)15TH(/))TH)> (A2)

P
However, as we have already seen, the effective nonlinear
unitary operator Eq. (29) acts only on the subspace
(®ie1 Ha,) ® Hsa. Thus, we have to calculate the trans-
formed and reduced density operator on the Hilbert
space Hga,
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& Mt Et A 1 A
on = wm[1'8'muS | = [ rsatp)Bin (9)0%8 (A3)
with the symmetrically ordered characteristic function ygu (#) = <ﬁs A (ﬂ)> . . Inserting Eq. (A1) into Eq. (A3) leads to
PSA

2 1 kot AT N
Psa =5 / Jm(Bsas Pra)trr [T $"Dga (Bsa) D (rn)S T} d*Bsad®Pry. (A4)
Apply the single-mode squeezing operator leads to

A ~

AS,;TD,\SA(:BSA>‘S,; = DSA(:BSA)’ (AS)

with fga = pisPsa — vsfis. Thus, with the Jacobian determinant det {DﬁSA} = % — |vs|* = 1, we can write the reduced

density operator as follows:

Psa = ? / )(TM(ﬂsﬂSA _USﬂSAvﬂTH)trTH [TTD;A(ﬂSA)TTTD%I(ﬁTH)T} dzﬂSAdzﬂTH- (A6)

If we now apply the two-mode squeezing operators on the displacement operators,

7AﬁDATH (ﬁTH)f = eXP{ﬂTH |:/4T6T1‘H - I/T&SA} - H-C-}

= Dy (prfn) ® DSA(VT:B”T“H)’ (A7)
T"Dgp(Bsa)T { SA [ﬂTégA - VT&TH} - H-C~}
= (VTﬂSA) ® DSA(ﬂTﬂSA> (A8)

Using the fact that the trace over the displacement operator gives a delta distribution (Ref. [82], p. 339),

trTH{DTH [ﬂTﬂTH}DTH [VT(BSA)*} } = 5[Re(ﬁm) + :T:Re(ﬁs/\)k[lm(ﬂm) - :_Tlm(ﬁs/\)}’ (A9)

T

7
(ﬂT)z
the reduced and transformed density operator can thus be written as follows:
= 1 2 D% A A nx A * A n o
Psa = ) // XT™ (ﬂsﬁSA — UsPsas ﬂTH) trry [DTH(—ﬂTﬁTH)DTH <_VTﬁSA)} Dsa(=v1fiy)Dsa (‘ﬂTﬁSA) d*prud*fsa

1 b D Ut =, A % A N 20

=—5 | X™ (ﬂsﬂSA — UsPsa.— —ﬁSA) DSA(—VTﬂTH)DSA (‘MTﬁSA) d“fsa
TUT Ht

= %/ZTM |:/‘T (/"SBSA - UsﬁgA) ) _VTﬁgA} DSA (‘551\) dzﬁSA

1 A
= ;/)(SA(ﬁ)DSA(_ﬁ)dzﬂ- (A10)
Comparing the last two lines, we can conclude that U= UWPDA(;,(E) UgUxy. (A12)

vsa(B) = rolur(ush — vsf), —vaft].  (A11) with the operator Uy = exp[i(n/4)(ﬁ iz, + H.c.)]. Since
the beam splitter has no effect on the vacuum, it can be

inserted into Eq. (32 Iting i
As an alternative approach to the spectral splitting inserted into Eq. (32) resulting in

using a prism, applying a beam splitter after the spectral . . o
filtering can also implement the simultaneous mea-  p({An;}) =tr (P{Ani}U Ugipg ® [0)nir nir (0| Us U*).
surement. The time evolution in Eq. (11) has to be

modified to (A13)
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Applying the beam splitter to the nonlinear operator,
UBUNLZA]E, will result in a similar decomposition as
Eq. (10) with @y = 1/+/2 and @y = i/+/2. The additional
imaginary unit can be accounted for by tuning the
wave plates according to the result from Ref. [66]. This
alternative approach promotes the electro-optic-sampling
setup proposed in Ref. [45] to a quantum tomography
protocol.

APPENDIX B: QUASIPROBABILITY
DISTRIBUTION FOR VARIOUS STATES

In this appendix we present the transformed (sy, sy)-
quasiprobability distributions for different states. The
(sx, sy)-quasiprobability distributions are a generalization
of the s-quasiprobability distributions (see Ref. [66] for
details), which can be recovered through s = sy = sy.
|

1. Coherent states
Starting with a coherent MIR input state,
Pa = Dg(ag)|0) (0|D](ag). generated by Dg(ag) =
exp(ag I f5(Q)ahde —H.c.), and using A, (Ar) =
ptpsAsa(At), Ay = urviAsa(At) + vrAty(At), as well as

1
o% :E(/‘%H|MS_VS|2+V”2F_SX)’ (B1)
1
oy :E(ﬂ%|ﬂs+ys|2+l/%_51/)7 (B2)
o%y = Whps|vs|sin(® ), (B3)

the quasiprobability distribution of a coherent state can be
expressed as

Psalz:sx. sylag) = [oxo} — o%y| ™2 exp [{—Rez([Al(Af) + Az (An)]ag — 2)ox — Im?([A; (A1) — Ay (AD)]ag = 2)o3

— 2Re([A; (A1) + Ay (A1)]ag — 2)Im([A; (A1) — Ay (Af)]ag — 2)oky }/{ok0} — G?W}} -

(B4)

2. Cat states

Next, let us assume the MIR modes are in a cat state j5 = |cat) (cat| with |cat) = N, [Dg(ag) + Dg(—ag)]|0) and
Ney = (2 + 2¢7202al)=1/2 the transformed quasiprobability distribution is

Psa(z;sx, Sy|cat) = N%at |:p~SA(Z;SX» sylag) + Psa(z; sx. sy| — ag) + exp<_2|AUN(At>aQ|2)posc(Z; Sx> SY)}?

with

Pose (253 57) = 27isa (255 sylvac) exp| (JAux (A1) = 1)2]ag

+ (ReH{[A1 (A1) — Ax(An)|ag}of + Im{[A; (A1) + A>(An)|ag}o}

~ 2Re{[A, (A1) = Ay(An)Jag Hin{[4, (A1) + Ax(Ad)ag o}y )/ (oo} = oky)]

x cos{2[ (Im{[4, () + As(An)]ag} o} - Re([A| (A1) = As(An)]ag)a%y )Re(z)

If the MIR-input state is in the squeezed vacuum jg = S5(£5)]0) <0\$’£~2(C 5), generated by

Ss(ag) = exp E zs ( A " fQ(Q)deQ)Z - H.C.} :

and using A] = MT/'{SASA’ A2 = ﬂTl/SASA + I/TATH, as well as

1

(B5)
2
+ (Re([4; (A1) = As(An)]ag)o} — Im([A4; (A1) + As(An)]ag)ok,)Im(z)| /3% — oy} ). (B6)
3. Squeezed states
(B7)
(B8)

ox = 5 (utlus + vs|* + 17 = sx) + Re(pgrs (A — A2)%) + |vg 1A = A5,

2
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1

2
O-Y_E

Oxy = pips|vs| sin(@ ) + ug[Im(vgAT) — Im(y5A3)] + 2[vg [ Im(A, A7),

(Htlus — vs? + 1% = sy) = Re(ugrg (Ar + A2)*) + v P|A; + Ao,

(B9)

(B10)

the quasiprobability distribution takes a similar form to the coherent state, as the coherent states are squeezed by the

interaction in the nonlinear crystal:

Pialz5x.5112a) = [0k} — o]/ exp [ {-Re ()0} — In(2)} — 2Re(2)Im(2)%y }/ {0k} — ok}

APPENDIX C: APPROXIMATE SOLUTION TO
THE COEFFICIENTS

In this appendix we derive an approximate solution
for the coefficients Aga(Af) and Ary(Atr). The appro-
ximation is based on the assumption that, for the
sampled MIR-frequency range, the refractive index of
the nonlinear crystal is sufficiently flat. We use a
simplified model for the refractive index of zinc telluride
given by

ny, = O[b — || /(27)](a)|w| + ¢1)

+O[lw|/(27) = bl(as[|w| = bJ* + ). (C1)

with b=140THz, a,; =3.5x 1074 ps, a, =2.6 x 1076 ps?,
cy =255, ¢ =275, and O being the Heaviside step
function. The model is based on data from Ref. [44] for
the MIR range and on Ref. [83] for the NIR. In the
MIR range the refractive index is flat, as can be seen in
Fig. 11. Using Qng = ckq we can expand k;_q =~ k; —
(dk,,/dw)|,—5R = kg — [ny(&)/c]Q to first order, where

3.2

Refractive index nq
[\
oo w
T T
! !

N
=N

-

|
0 100 200 300 400 500
Frequency Q/(27) in THz

FIG. 11. A simple model for the refractive index of zinc
telluride. This was obtained by combining the data from Ref. [44]
for the MIR range and data from Ref. [83] for the NIR. In the
MIR range a linear relation is assumed, while in the NIR it is
assumed to be quadratic.

(B11)

n,(@) is the group refractive index at @, if |dkq/dQ||,,_; >
1d%kg/dQ?|,_;Q| for small Q we can expand
(@ — Q)ng_q = kg_qgc to first order. Now we can approxi-
mate the frequency of the phase-matching function,

toa ™ g = (@) % o [ny(@) = (0)] = 2. (C2)

with the period of the phase-matching function
e = (L/2¢)[ng(®) — n(0)]. Furthermore, using

ho\2 oy
Ey(0) ~i L C3
(i) B, @
and defining
D [P 1
NG N, Ne
(C4)

3
if. n Agyd
S =—= —4rL
T Th <l 477:C€0A> ( ™ >
the joint spectral amplitude can be written as

S(Q.@) ~ Sof (@ — Q)sgn(Q), | %ésin(ncﬂ). (C5)

The above approximation of Eq. (C5) allows us to
analytically solve the integrals for the coefficients
Asa(Ar) and Apy(Ar) defined through Eq. (39) using
erfex(z) = exp(z2)[1 — erf(z)] resulting in

Ve o 1
ASA ~ SeCh(G) WSce ' mNQZ\/EG

X exp [—(a)p - ®)?*/(403) — Qz/(40é)}
X {erfcx[i(At —1¢)5 — Qg5

— erfex[i(Af + 1.)5 — Q5] }
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JES

S* 1(1)[

o ( )
— )2/ (40}) - ¥/ (403) |

X {erfcx[i(At —10)6 — Qo)

Aty ~ sec(6 )esch(0) ———

Ngz\/_a

X exp [—(a)p

— erfex[i(Ar + 50)5 — QTHG]} — tan(6, )e®: Agy.
(C7)

Since f5(Q)~0 for Q <0, we can expand the integral
over the frequencies over the whole real numbers, resulting
in the Fourier transform in Eq. (40) and thus in Egs. (43)
and (44). Furthermore, we assume a, €ER and obtain
(o | =TT 2a3tp

APPENDIX D: DETAILS TO THE
THERMALIZATION NOISE

Using the framework developed in Ref. [66], we can
relate the (ensemble) expectation values of the photon-
count differences An; (for i = X, Y) to the nonmonochro-
matic MIR quadratures Xga (@) = L(agae” + ag,e7?)
with oy = 0 and ¢y = —7/2 by

(Am)z, ~V2sinh (163)]) Bl ( Esalr)), . (D)

Similarly, the (root mean square) variances of the photon-
number differences can be related to the variances of the

quadratures, aéSA((pi) = (X24(9;)) — (Xsa(g;))?, accord-
ing to [66]

K)
ok, ~ 252105 DIBP (o3, i =) (D)

The variance has two contributions, one dependent on the
MIR state and one dependent only on the parameter of the

nonlinear interaction § = 1-2 coth2(|9§~)1)|). The contribu-

tion from the latter can be reduced by increasing the

squeezing parameter 9((”), which can be achieved by

increasing the amplitude @, of the probe or by tuning
the central frequencies @, w, according to Fig. 4. The state-
dependent contribution to the expectation value and the
variance above are expressed in terms of the transformed
sampled state of the MIR. However, they can be rewritten
with respect to the state of the MIR mode pg. Inserting
Eq. (34) into the ensemble average and using the defini-

[Esa(@). Xsa(—p — @, ). Eru(—¢)]" as well as
|7, the expectation value in Eq. (D1)

tions X =
;: =
can be expressed as

<xASA((ﬂ) >/§SA = <?Ti>ﬁﬁ, (D3)

and by defining the quantum covariance matrix,

A

- @)
H(E-@)(E-@)T),. o9

A

with the following (i, j)th matrix element (cov[i]
L{EL R, -

component of x respectively, the variance can be brought
into the form

R pa)is =
(%)) PRES >/3 defined by the ith and jth

A

2 2
O3 nio)lion = cov(Bc’~ )

(D5)

F= cov(r

The first summand of the three contributions to the

observable 77X can be understood as follows. Since the
refractive index is flat in the MIR range, the phase-
matching function in Eq. (4) can be simplified to
sinc(n7.Q) with 7, = (L/2c)[ny(®) — n(0)] depending on
the group refractive index n,(@) (see Appendix C for
details). The spectral function of the sampled mode f4 (Q)
is therefore proportional to the probe spectral function
modulated by the phase-matching function sinc(#.Q).
If |fsa(€)| (and thus the probe bandwidth o) is much
broader than |f(€2)|, the expectation value can be approxi-
mated by

tr(Zoa@)ia)otr (X, (@90 + (R (@00,
(D6)

with ¢ = ¢ + arg[fsa(Q)] at the central frequency Q of
the MIR and the instantaneous quadrature X,(¢) at time
t. In the limit case of an ideal classical electro-optic
measurement with infinitely short probe pulses, the signal
is directly related to the instantaneous quadrature expect-
ation values, since the MIR pulse is sampled over a time
slice defined by the probe pulse duration. A small
uncertainty in time o, will lead to a broader frequency
band o, of the probing system (in the present case, the
probe E,) due to the Gabor limit o2 > r/(26%) [71].
However, as can be seen from Fig. 3, a broader banded
probe pulse will lead to some SFG in addition to the
sampled DFG contribution since the higher end of the
band is above the filtered frequency @ but some of
the lower end of the band is below @. This will lead to an
increase of the single-mode and two-mode squeezing
parameter (g, {1 accounting for the SFG contributions, as
can be seen in Fig. 4. The two-mode squeezing creates
entanglement between the sampled MIR mode and a
temporal mode, which is not sampled and therefore leads
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to entanglement breaking which in turn mixes the
sampled state and thus increases its von Neumann
entropy, which is referred to as thermalization. As will
be shown in the following, for a coherent MIR input
state pg (including the vacuum as a limit case), the main
|

2

. — Peov(X)|. 7
% r (o) Freov(X) |5, 7

PsA

2

_ 2,22 2 2.2
o {'MTMSGXASA(?’) + 'MT|I/S| 6£SA<_‘/’_(DL> T vt

=+ 2//‘TVT|VS|COV[£SA<_¢ -®,), :‘%TH(—C”)] + zﬂTVTﬂSCOV[xASA((p)v xTH(_(p)]}

If we assume that the reduced density operator pg(dg) = p

2
O
Xsa(o)

+ M%ﬂs|ys| <<{£SA(¢)’ 3’%SA(—(P —®))}) - 2<£SA(¢)><£SA(_¢ - qh)>) } N

result from Ref. [54] can be reproduced using Eq. (D5),
which shows that in the squeezing regime, i.e., a; = al

thermalization leads to an increase of the variance.
Expanding Eq. (D5) leads to

o) T 2ptps|vs|cov[Esa (@), Esa(—p — @)

R (-8 ) 2 2 2 2
Psa {'uT [ﬂSG:‘ESA((/J) T |ys| GZSA(—(P)} * UTGZTH(—(P)

For a coherent state jg(dg) = Dg(ag)|0) (O|DA}2(aQ), the variances are

If 5, (y) and g4 (y) are measured separately and thus

§=- cothz(HS)), the result from Ref. [54] is reproduced.
As explained in the main text, it is still possible to mitigate
the thermalization noise without compromising on the
bandwidth of the probe, by filtering below probe central
frequency, i.e., increasing the difference @ — w,, thus
sampling less SFG since more of the bandwidth is above
the filtered frequency @. As a result, the single-mode and
two-mode squeezing is reduced, which agrees with Fig. 4.
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