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�+r#g z0s|¡ r~�¨�@�Cuw¡ �wr~� q��ar��_�k�+¡ rtq*�_z+�¨�+rwµDz+v+�
��� uw� ¡�uwv+�ar~}k�I�~z+�!�Yr~�'s%o+�az+v+���'qCr�f+r~v+�+r~�
�a�w�av+�a¡ rtqC�¨�k��e�f+r~� � rtq�f+�!�+r~v z+v+�.0_r�e�f+r~v+�iuw{-uw�~� q�ziq��
� �kr~�¨r � rtq�f+�!�+�k���'qCr�f�q �kv+���_�k��e�f+r~v �~z+� �Yr~�'s%o+�az+v+�Iz+v+�,�_�k�¨���a����
wqCr~v�qCr~�k}k�<uwz�e�f��kv��+r~�

v+r~z+r~�¨r~v,nD¡ {+�k�¨�kr°uwv+�ar��°r~v+�+rtq��@� �kr~�¨r{lAv�qCr~�¨�¨z�e�f@z+v+�ar~v,�°r~�¨�+r~v �kv � uw{+� qCr~} � ka�a�¨�ar~�'qCr~}k} q��
nD���k�'q�uwz�r�uw}k}kr~v+��µ��-uw�¨���wr~�kv+r��+r~�df+�kr~� �~� qC�kr~�'qCr~v>v+r~z+r~v lAv�qCr~�¨�¨z�e�f@z+v+�ar~v:0jo�eL�@�a�¨�]r uwz0s
p�e�f�ziqC�~�a}kr~��e�f@z+v+�ar~v v+�k¡ ¡Iq�µ �+�kr uwz+�I�+r~�E�{f+r~�a�¨�kr f+r~�¨�ar~}kr~� qCrtqE�_z+�¨�+r~v;�K�+r~�!� z+��uwv+�>�k�'q
k!�kr~}k¡ r�f+� uiq�f+r~�a�¨rtqC�k��e�f+r~� � uiqCz+�~µ¬r~� ��e�f+r~�kv�q6s�uw�'q�µ]uw}k�¤f�ziq¨qCrY�+�kr</��w�av+�a¡ rtqC�¨�krD�+�krY§^o�f+�¨z+v+�
uwz0sK�+r~¡ ´8r~¢+�krtq_�+r~� ´8r~�¨z+v+��f+r~� qC���a�w�av+�a¡ �k��o+¢5r~�¨v+�a¡ ¡ r~v��
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�6r~�k}]�°r~�k�¨r��w�a¡ ¡ r~v �+�krbnD¡ {+�k�¨�k�wr~�	�~z 0_r~�¨z+} qLuiqCr~v�µ-�+�kr�v+��e�f�qA¡ r�f+�_¡ � q	�+r~v q�f+r~�a�¨rtqC���
��e�f+r~v7g z+�¨�Cuw�ar~v>�+r~� � �!�+r~}k}krPo+¢5r~�¨r~�kv+�'qC�k¡ ¡ r~v��-� �krbg z0s|��uw¢5rwµ-�+�kr~�¨r v+r~z+r~v7nD�¨�ar~¢+v+�k�¨�¨r
ka�a}k}k�'q�zwv+�+�k�8�~z r~�¨�@}vzw�¨r~v�µ�z+v+���-uw¡ � q9k!�kr~}k}kr~��e�f�qDr~v+�+�}o+} qC�k���-uw�°´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}0�~z,kar~�)�
�°r~�'s|r~v�µ-�~z r~�L�°r~� qCr~�¨v �!�+r~� �~z r~�¨�¨rtqC�~r~v�µ-�k�'q s%o+� �+�kr~�¨r~v 0Au�f+¡ r~v rtq�� uw�	�~z uw¡£¢+� qC�k�av+�kr~�'q��
��uw� � uw{+� qCr~}	¦>¢5r~��e�f+��zwv+��q �¨��e�f��+r~��f-uw}k¢�uwz0s �+�kr §-�Cuw�arwµR�a¢
�~z+¡ �kv+�+r~�'q�r~�kv+r {-uw�Cuw¡ r �
qC�¨�k�¨�kr~�'qCr�§-�a�¨¡ �+r~��´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}k� v+��e�f>¡ � q	�+r~��nD¡ {+�k�¨�kr8�kv�nD�kv+�@} uwv+� �~z>¢+�¨�kv+�ar~v
�k�'q�����uwv-u�e�f kar~�¨�¨z�e�f+r ��e�f�µ��+�krjg z+�L�_�k�¨�@z+v+�ar~v�r~�kv+r~�N�Yr~�¨¡,�a�ar~v+�¨��e�f+��eL�@�°�~z�¡ �!�+r~}k}k�kr~�¨r~v�µ
z+¡ r~�kv+r~v q�f+r~�a�¨rtqC�k��e�f+r~v�0Au�f+¡ r~v s%o+�Ir~�kv+r ¢5r~�¨�av+�+r~�¨r�g �'q£�+r~�*nD¡ {+�k�¨�kr��~z �ar~�'qLuw} qCr~v�µ
v�zw¡ }k��e�f �+r~v p�e�f�ziqC�~z+v+�ar~v�¡ � qjiov+�'qC�¨z+¡ r~v�qCr~v!�T�<uw�¨� uw¢+}kr~v|�_�krEnD�¨¢+��e�f-uis qCr~v��!�+r~�d� �wq¨qCr �
�¨�kr~�ar��_�kv+v+r�� µD�+�kr73Cu�¢5r~�k�+r r~�kv+r~v *|{5�a�¨� qC�]kar~v + p�e�f+��eL�
�+r~�!�Yr~�¨¡,�a�ar~v+� �-uw�¨�'qCr~}k}kr~v��D��uw�
�ar~}k�kv+�wqY�~z+¡ �kv+�+r~�'qYqCr~�k}]�°r~�k�¨r���r~�<} uw�¨�¨r~v��¨��e�f93¨r~�+r~v0s�uw}k}k�Ng z+�¨�Cuw�ar~v��-uw��o+¢5r~�°uw¢+}kr~� qCr~v�µ}�°r~}��
e�f+r~��p!z+¢+¡ �!�+r~}k}��w�a¡ {-uiqC�k¢5r~} �k�'q��
��uw��o+¢5r~��f+�kv-uwz+�_s zw}k} q	uwz0s)µ-�-uw�¨�_�+�krPka�a�¨}k�kr~�ar~v+�+rbnD¡ {+�k�¨�kr�v+��e�f�qAv@z+�_��e�f.�°r~��kar~�¨�a}kr~��e�f!�

¢-uw�	�k�'q uwz0s|�a�¨z+v+� �+r~�_�ar���z�f+} qCr~v��<uw�¨� uw¢+}kr~v z+v+�y�+r~�Auwv+�ar��°r~v+�+rtqCr~v � rtq�f+�!�+rwµ-�¨�av+�+r~�¨v
uwz�e�f v+��e�f �~z �¨��e�f!�_�k�+r~�¨�¨{+�¨r�e�f+r~v+�+r~v#nD�¨�ar~¢+v+�k�¨�¨r~v��w�a¡ ¡Iq��}nD�kv ¡,�a�a}k��e�f+r~�^g v+�CuiqC�_}k�kr~�wq
�kv �+r~�A§-�Cuw�ar8�+r~� ´8r~�¨z+v+��f+r~� qC�Lkar~�¨�¨��e�f+r~�¨z+v+�+µ5�+�kr8�kv �wr~�kv+r~��lAv�qCr~�¨�¨z�e�f@z+v+� �kv �+�kr p�e�f�ziq'�
�~z+v+�ar~vyr~�kv+�ar�f�q�µ-uw¢5r~�_�+��e�f�ka�av �a����
wqCr~�60_r~}kr�kwuwv+���¨r~�kv �¨�a}k} qCrw�-p!�krd�_�k�¨��qAv�zw¡ }k��e�f *|�w� ± �
�kv � r~z0qC��e�f+} uwv+� + kar~�¨¢+�k}k}k�k�ar~v+��uwz0s°�+�kr ¡ r~�+�k�~�kv+�k��e�f+r~v_� r~�k�'qCz+v+�ar~v z+v+� kar~��f+�kv+�+r~�'q �+r~v
� �}f+v-uwz+�'s�uw}k} �k¡ � �Cuwv+�Jf+r~� qC�'s�uw}k}��0� r~��f-uw}k¢��°r~�¨�+r~vy�k¡ �¨r�e�f+�'qCr~vyz+v+� }krtqC�tqCr~v � uw{+� qCr~} v+r �
¢5r~v�r~�kv+r~� � z+�Cuw¡ ¡ r~v0s�uw�¨�¨z+v+�Iuwz�e�f,�Y�a�¨��e�f+}vzw�ar_�ar~}k�krts|r~�'q�µ��°r~}�e�f+r�§-�a�¨��e�f@z+v+�a�¨�¨��e�f�qCz+v+�ar~v
uwz+�	q�f+r~�a�¨rtqC�k��e�f+r~�_z+v+� r~¡ {+�k�¨�k��e�f+r~�Ap!��e�f�qA�kv�qCr~�¨r~�¨�Cuwv�q �¨�kv+���

� ��� 0�) 
 �*)��#+U0�)�� �  *&�� +�� &9&��  ���� �!� ��)1"�"������

 ��*& � )#"%$��#"%$') � +&" )10%$'),+ ����� ),�

'�(*)�(,+.-0/21.3&4�5�6�7,896;:�<=<�50-�>@?A1.3B8 /C/D7,-�5

BC4�354�3541�b;]; AU=�V#=�8�:�=JQ
� �kr ¢5r~�a¢-u�e�f�qCrtqCr � �a�¨�¨r~} uiqC�k�avmka�avU´8r~�¨z+v+��f+r~� q�z+v+� q^�}f+}k�'qLuwv+��s|�a�¨�+r~�'q�r~�kv+r q�f+r~�a�¨r �
qC�k��e�f+r�nD�¨�@}vzw�¨z+v+�+�K±°r~�¨�av+�+r~�¨� �~z+¡ �5�°r�eL� r~�kv+r~�Ir~¡ {+�k�¨�k��e�f+r~vFEA¢5r~�¨{+��o0s|z+v+�Z�_�k�¨� r~�kv+r
s|�a�¨¡�uw}kr�±°r~��e�f+�¨r~�k¢+z+v+� �+r~�!g ¢�f�zwv+�a�k�a�wr~� q*ka�av�´8r~�¨z+v+��f+r~� q z+v+�mq^�}f+}k�'qLuwv+��kar~�¨} uwv+�wq��
nD�kv^�kv kar~�¨��e�f+�kr~�+r~v+r~vm�<uw�¨� uwv�qCr~v ka�a�¨}k�kr~�ar~v+�+r~� � �!�+r~}k}D�k�'qI�-uw�Ska�av
´8�¨�a�¨�¨¡�uwv *)�@� �a��+ µ
�°r~}�e�f+r~�A�k¡ s|�a}k�ar~v+�+r~v#ka�a�¨�ar~�'qCr~}k} q{�°r~�¨�+r~vy�¨�a}k}��
� ��e�f-uwr~}	´8�¨�a�¨�¨¡�uwv �¨r~}k¢+�'q£s�uw�¨�'q��¨r~�kv � �!�+r~}k}Nka�avQ�@� �a�HG �kv^r~�kv+r~¡ � ±�n 0 q^�a�¨�@�kv+�

¯Kuw{5r~��ka�av �@�}�}���~z+�Cuw¡ ¡ r~vJI1*|�¨{�ziqCr~�8uw}k��g �'qC�k�wr~}K�k¡:x uwv+�+¢5�!�a� �ws°xAr�uw} q�fZnce~�av+�a¡ ��e~�
r~�¨��e�f+�kr~v+r~v + µ-�+�k�¨�@z0qC�kr~�'q��_�k�¨� �-uw� � �!�+r~}k} �~z+¡S±°r~�k�¨{+�kr~} �k¡ � r�f+�¨¢+z�e�f�ka�av ±°�¨rt²ar~�_rtq_uw}��
* �w¤a¤a¥�+ ��io¡ (��¨�k�a�kv-uw}0�k�'qD�-uw� � �!�+r~}k}+�kv �+�k�¨�@�¨rtqCr~� � r~� qDs|�a�¨¡£z+}k�kr~�'q�µWf+�kr~�D�¨�a}k}+r~� 3¨r~�+��e�f �~z!�
KMLON PHQ�R�S�TVUXW�Y�YBW�Z\[�]_^@`�a�b_b_cdb*efR�TX`OUXW�Y�Y�gBZM`
h*i�b_c
j�TX`Hklc
mBn
n=o;R�Pqpsr�t�Wu`
v i�b_c
j�TX`Hklc
mBn
n=o;R�Pqpsr�r�r�`
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v�z�e�f+�'q �kv r~�kv+r~�<�'qCrtqC�k�ar~v1�<uw�¨� uwv�qCrAr~�¨}vzwz0qCr~�'qN�°r~�¨�+r~v��0±°r~�¨�av+�+r~�¨� �kv �+�kr~�¨r~�°§-�a�¨¡~�°r~�¨�+r~v
g v-uw}k�a�a�kr~v��~z xAz+¡�uwv+�iuw{+� qLuw}k¡ �!�+r~}k}kr~vIuwz+�Y�+r~�cq u�e�f+�'qCz+¡ �'q�f+r~�a�¨�kr_�+r~z0qC}k��e�f�µ@´8�¨�a�¨�¨¡�uwv
�¨r~}k¢+�'q��ar�f�q��@�}�}� �k¡ � z+�Cuw¡ ¡ r~v�f-uwv+� ¡ � q��+r~�Piov�qCr~�¨{+�¨rtqLuiqC�k�av��+r~�8v+r~z+r~� � uw{+� qLuw}k�az0qCr~�
�@z+�¨���-uw�Cuwz0sKr~�kv��
´8�¨z+v+�+}kr~�ar~v+�+r~�!nD}kr~¡ r~v�qI�+r~� � �!�+r~}k}k� �k�'qI�+�kr nD�kv0s%o�f+�¨z+v+�|ka�av %/��� ��� ��������	�� �}�-�5��	T��� µ

uw¢+�ar~�Jo+�¨�tq uw}k�
H
µ+�+r~�¨�¨r~v�g �@�@z+¡£z+} uiqC�k�av z+v+�|� r~�k�'qCz+v+�ar~v �k¡ � � q¨qCr~}k{+z+v+��q_�'qCr�f+r~v��5nD�kv

iov+�+�]k!�k�+z+z+¡�}kr~¢0qIr~�kv+r#� r~� qC�¨{-uwv+v+r
T
z+v+�_�/z�f+} qI�kv�3¨r~�+r~�£¯6r~�¨�k�!�+r

τ
�+�kr v@z0qC�~r~v+¡�u 20���

¡ �kr~�¨r~v+�+r_´8����
ar	�+r~� � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v�� �D� �krAp@²!�'qCr~¡�uiqC�k� z+v+� �A�wqLuiqC�k�avIs|�a}k�wqD�~z+v�z�e�f+�'q
±°�¨rt²ar~�Artq uw}�� * �w¤a¤a¥�+ �
� �kr �ar~�Cuw¡IqCrSq^�}f+} s�u�f+�'q

W
r~�kv+r~�/iov+�+�]k!�k�+z+z+¡ �_¢5r~�'qC�k¡ ¡IqA�¨��e�fy�+z+��e�fy�+�krSq^r~�'qCr �+r~�

� �a¡ r~v�qLuwv+v@z0qC�~r~v0s|z+v+��qC�k�av
U

�kv 3¨r~�+r~� ¯6r~�¨�k�!�+r
τ
µ°�+�kr>v+r~��uiqC�]k�ka�avQ�+r~����u�f+} �+r~� �kv

� �Cuwv+�Jf+r~� q kar~�¨¢+�Cu�e�f�qCr~v|�Kuw�ar
tk(τ)

z+v+� {5�a�¨� qC�]k!ka�av r~�kv+r~¡ � �av+�¨z+¡ �}o0qCr~�¨¢�o+v+�+r~}
X(τ)uw¢�f�zwv+�wq�p

W =

∫ T

0

e−ρτU(tk(τ), X(τ))dτ
*)� +

��uw� � �av+�¨z+¡ �}o0qCr~�¨¢�o+v+�+r~} �~r~�k�wq��ar~¡ z�
��+r~�!o+¢+}k��e�f+r~vmg v+v-u�f+¡ r {5�a�¨� qC�]kar~v z+v+��uw¢!�
v+r�f+¡ r~v+�+r~v�´8�¨r~v+�~v@z0qC�~r~v�µ5�+r~��´8�¨r~v+�~v@z0qC�~r~v>�+r~� � �Cuwv+�Jf+r~� qC�'qLuw�ar��k�'qAv+r~��uiqC�]k5µ�uw¢5r~�_�k¡
±°rtqC�Cuw�8uw¢+v+r�f+¡ r~v+����EA¢5r~�R�+�kr � �¨r~z+��uw¢+}kr~� qCz+v+�ar~v ∂2U

∂X∂tk

z+v+� ∂2U
∂tk∂X

z+v+���-uw¡ � q^o+¢5r~�R�+r~v
�w�a¡ {+}kr~¡ r~v�q�zw�¨r~v �!�+r~���¨z+¢+�'qC� qCz0qC�]kar~v�� f-uw�Cuw��qCr~�*ka�av � �av+�¨z+¡ z+v+�W´8r~�¨z+v+��f+r~� q!�_�k�¨�
uwvy�+�kr~�¨r~��p@qCr~}k}kr�v+��e�fy�wr~�kv+rEg z+�¨�Cuw�arI�artqC�¨��r r~v��5��uw��´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}Cf-uiq �+�k�¨r~��qCr~v
nD�kv��-z+�¨� uwz0sR�+�krPq^�}f+} s�u�f+�'qA�+r~�/iov+�+�]k!�k�+z+z+¡ �~µ-�-u �+�krPka�avy��f+¡Sr~�¨¢+�Cu�e�f�qCr*� r~�k�'qCz+v+���+�kr
g v+��u�f+} �+r~� � �Cuwv+�Jf+r~� qC�'qLuw�arPkar~�¨�¨�kv+�ar~�'q�p

tk(τ) = tk(H(τ))
* ��+

¡ � q ∂tk(H(τ))

∂H(τ)
< 0

* ¥�+

z+v+� ∂2tk(H(τ))

∂H(τ)2
> 0

* � +

��uw�R´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}��_�k�¨���+z+��e�fEiov.kar~�'qC� qC�k�av+r~v£uw�@�@z+¡£z+}k�kr~�'q�µ�� uw�Kuwz0s0���°r~�.q^r~�ar~v
r~�'s|�a}k�ar~v��iuwv+v¤p6��uw�biov+�+�]k!�k�+z+z+¡��iuwv+v�� r~� q

tI
uwz0s��°r~v+�+r~v *|�~z+¡ ±°r~�k�¨{+�kr~}<p!{5�a�'q + �!�+r~�

¡ r~�+�k�~�kv+�k��e�f+rj� r~�k�'qCz+v+�ar~v
M

�iuwz0s|r~v�µ}�°�a¢5r~���+�krjiov�qCr~�¨{+�¨rtqLuiqC�k�av1ka�av
M

�°r~� qCr~�Y�~z s�uw�¨�¨r~v
�k�'q�uw}k� v@z+� �-uw��nD�kv+�iuwz0s|r~vxka�av zw�¨�tqC}k��e�f+r~� ±°r�f-uwv+�+}kz+v+�^�!�+r~� {�f-uw�¨¡�uw�~r~z0qC�k��e�f+r~� ¯D�¨�i�
�+z+��qCrw�K� �kr~�¨r�� r~�k�'qCz+v+�ar~v ���av+v+r~v uwz�e�f�g z0s��°r~v+�+z+v+�ar~v s%o+� �ar~�¨z+v+�+r#nD�¨v�z�f+�¨z+v+�y�!�+r~�
s%o+��r~�kv+r~v uw}k}k�ar~¡ r~�kv+r~v �ar~�¨z+v+�+r~v_� r~¢5r~v+�L� uwv+�+r~}Y¢5r~�+r~z0qCr~v��6´8}kr~��e�f+�~r~� qC�k�,�_�k�¨���kv13¨r~�+r~�
¯6r~�¨�k�!�+rAr~�kv,g v�qCr~�k}

δ
ka�a¡%´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}5uw¢+�ar~��e�f+�¨�kr~¢5r~v�µ.�°�a¢5r~�5�+�kr~�¨r~� g v�qCr~�k}�¡ � q

�+r~¡ g } qCr~�	�'qCr~�k�wq�µ+��� f�� ∂δ
∂τ
> 0

�-� �krPg �@�@z+¡£z+} uiqC�k�av+�¨�a}kr~��e�f@z+v+� } uwz0qCrtq_uw}k�¨�!�_�kr�s|�a}k�wq�p
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T
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∂H

∂τ
= Ḣ = I(M(τ), tI(τ)) − δ(τ)H(τ)

*�¦ +
� �krA´8�¨r~v+�~{+�¨�!�+z+��qC�]k!� q�ziqCr~v �+r~�Yuwz0s|�ar��°r~v+�+rtqCr~v#� r~� qDz+v+� �+r~�D¡ r~�+�k�~�kv+�k��e�f+r~v,� r~�k�'qCz+v!�

�ar~v�¢5r~�R�+r~�Sg �@�@z+¡£z+} uiqC�k�av>�+r~�I´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k���k�'q uwv+v-u�f+¡ r~�ar~¡ z�
 {5�a�¨� qC�]kyz+v+�
uw¢+v+r�f+¡ r~v+��� ��uwv+r~¢5r~v�¡£z+�¨���-uw�Piov+�+�]k!�k�+z+z+¡:¢5r~�K�+r~� � u 20�k¡ �kr~�¨z+v+� ka�av ´8}kr~��e�f@z+v+�>�
uw}k� 0_r~�'qC�¨�k��qC�k�av��+�kr�g �@�@z+¡£z+} uiqC�k�av+�¨�a}kr~��e�f@z+v+� � ¢5r�u�e�f�qCr~vUz+v+�W�-uw�'s��wr~�kv+r>v+r~��uiqC�]kar~v
�Yr~�¨¡,�a�ar~v+�L�°r~�'qCr

A
f+�kv�qCr~�¨} uw�¨�¨r~v��R��uw�£¢5r~�'qCr�f+r~v+�+r��Yr~�¨¡,�a�ar~v r~�L�_�k�'qC��e�f-uis qCrtq£�kv&3¨r~�+r~�

¯6r~�¨�k�!�+r�� �kv+�¨r~v
�kv�x/�}f+r#ka�av
rA

�Y� �kr�� r~� q�µR�+�kr v-u�e�fxg ¢+�~z+�^�+r~� �kv � �Cuwv+�Jf+r~� q1kar~�)�
¢+�Cu�e�f�qCr~v �Kuw�ar�z+v+���+r~�8�~z iov.kar~�'qC� qC�k�av+�¨���°r�eL�wr~v
uwz0s|�ar��°r~v+�+rtqCr~v �Kuw�ar*kar~�¨¢+}kr~�k¢0q�µ<�_�k�¨�
�~z+�NnD�¨�~�kr~}kz+v+��r~�kv+r~�NnD�kv+�w�a¡ ¡ r~v+�

Y
kar~�L�°r~v+�+rtq��0±°r~��o�eL�@�¨��e�f�qC�k�wq<¡�uwv v@z+v v+��e�f �+�kr	¡ � q

�+r~v ¯D�¨r~�k�¨r~v
P
¢+�����

D
¢5r��°r~�'qCrtqCr~v_nD�kv+�Wzwz0s|rEka�av � �av+�¨z+¡ �}o0qCr~�¨v�z+v+��¡ r~�+�k�~�kv+�k��e�f+r~v

� r~�k�'qCz+v+�ar~v�µ-} uwz0qCrtq_�+�kr�0_r~�'qC�¨�k��qC�k�av¤p

∂A

∂τ
= Ȧ = rA(τ) + Y (tk(τ) + tI(τ)) − P (τ)M(τ) −D(τ)X(τ)

* ��+
� �krAx/�}f+r_�+r~�<r~�¨�~�kr~} qCr~v nD�kv+�w�a¡ ¡ r~v+�

Y
f�zwv+�wq<v-uiq�o+�¨}k��e�f �a}kr~��e�f+r~�¨¡�u�
ar~v�v+r~��uiqC�]kEka�av

tk
z+v+�

tI
uw¢��+§^o�f+�'q ¡�uwv v@z+v v+��e�f �+�kr/�°r~� qCr~�¨r~v 0Auwv+�+¢5r~�+�kv+�az+v+�ar~v r~�kv�µ0�-uw�¨� ¢+�k�°�~z+¡

nDv+�+rA�+r~�<¯D} uwv@z+v+�a��f+�a�¨�k�~�av�qC�Y�+r~�°´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k¢5r~�'qLuwv+� r~�kv+r~v �ar��_�k�¨�¨r~v1q^r~�'q
H ′

v+��e�f�q z+v�qCr~�¨��e�f+�¨r~� qCr~v��-uw�'s)µ z+v+�U�-uw�¨�#ka�a¡ iov+�+�]k!�k�+z+z+¡ �wr~�kv+r p�e�f@z+}k�+r~v f+�kv�qCr~�¨} uw�¨�¨r~v
�°r~�¨�+r~v���o+�'s|r~v��¬µ }vzw�¨�'q��¨��e�f��-uw��(�{0qC�k¡ �kr~�¨z+v+�a�¨{+�¨�a¢+}kr~¡ ¡ � q xA�k} s|r r~�kv+r~��� ���!���
	 �W��� �����H�
	 � �W� }��a�¨r~v��'� z+�S�6r�e�f+v+�k���¨r~�°uwz0s �+r~v_g v�f-uwv+�y± kar~�L�_�kr~�¨r~v��K��uw�S�_��e�f�qC�k�a�'qCr nD�¨�ar~¢+v+�k�
�+r~�)(�{0qC�k¡ �kr~�¨z+v+� �k�'qA�-uw�/g v-uw}k�a�a�av �~zy�+r~v7o+¢+}k��e�f+r~v>´8�¨r~v+�~r~�'qC�Cuw�i�o�a}kr~��e�f!�'´8�¨r~v+�~�w�a�'qCr~v
EA¢5r~�¨}kr~�az+v+�ar~v z+v+��} uwz0qCrtq<¡ � q

q(τ)
uw}k� n9r r~��qC�]k!{+�¨r~�k�<�+r~�°´8r~�¨z+v+��f+r~� qC�¨�kv.kar~�'qC� qC�k�av+r~v s%o+�

uw}k}krS� r~� qC{+z+v+��qCr
τ
p

[
e−ρτ∂U/∂tk(τ)

e−rτλ(0)
+
∂Y (τ)

∂tk(τ)

]
∂tk(τ)

∂H(τ)
=

[
r + δ(τ) −

q̇(τ)

q(τ)

]
q(τ)

* ��+

xA�kr~�¨¢5r~�R�~r~�k�wq8�+�kr�}k�kv+�wr p!r~� qCr*ka�av^´8}kr~��e�f@z+v+� � �+r~v^´8�¨r~v+�~r~�'qC�Cuw�+µ��+r~�8�kv��+�¨r~� � �a¡��
{5�av+r~v�qCr~v
�kv�qCr~�¨{+�¨rtqC�kr~�'qE�°r~�¨�+r~v
�iuwv+v�µKz+v+�
�+�kr��¨r�e�f�qCryp!r~� qCr��+�kr ´8�¨r~v+�~�w�a�'qCr~v
�+r~�*iov!�
kar~�'qC� qC�k�av>�kv�´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}��5� r~�d�6r~�¨¡ ∂tk(τ)

∂H(τ)

uwz0sY�+r~� }k�kv+�wr~v�p!r~� qCrI�k�'q��ar~¡ z�
��+r~�
g v+v-u�f+¡ r~vy{5�a�¨� qC�]k5��iov+v+r~��f-uw}k¢>�+r~�Ar�eL�@�k�ar~v � } uw¡ ¡ r~�	¢5r~��e�f+�¨r~�k¢5r~v>�+�kr ���°r~�Dp!z+¡ ¡�uwv!�
�+r~v>�+�kr�s|�a}k�ar~v+�+r~vZn9r r~��qCr�p�� r~� �¨r�e�f�qCr*�6r~�¨¡:r~v�q�f�zw} q �+�krEnD��f��}f@z+v+� �+r~�dnD�kv+�w�a¡ ¡ r~v+�
uwz0s|�a�¨z+v+�>¢5r~�¨�¨r~�¨r~�I´8r~�¨z+v+��f+r~� q�*%iov�qCr~�¨{+�¨rtqLuiqC�k�av7ka�av

H
uw}k��iov.kar~�'qC� qC�k�av+�¨�az0q + µ �+r~��}k�kv+�wr

�6r~�¨¡cr~v�q�f�zw} q8�-uw�ar~�ar~v��+r~v uw¢5�+�k�¨�w�av�qC�kr~�'qCr~v�z+v+��¡ � q �+r~¡�p�e�f-uiq¨qCr~v+{+�¨r~�k���+r~�d�Yr~�¨¡,�i�
�ar~v+�

λ(0)
¢5r��°r~�'qCrtqCr~v �+�k�¨r~��qCr~v,g v+�'qC�kr~� �+r~� � �a¡ r~v�qLuwv+v@z0qC�~r~v+�)*%iov�qCr~�¨{+�¨rtqLuiqC�k�av1ka�av

Huw}k� � �av+�¨z+¡ �az0q + �
�
H(T ) ≥ H ′ � PHQ A(T ) ≥ 0

`

�
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��uw� z+�¨�¨{+��o+v+�a}k��e�f+rwµ¬�kv8�+�k�¨�@�¨rtqCr~�^� r~� q�s|�a�¨¡£z+}k�kr~�'qCr � �!�+r~}k}wz+v�qCr~�¨��e�f+r~�k�+rtqK�¨��e�fS�_�krRs|�a}k�wq��
xA�kr~�R{+�¨�!�+z+�~�kr~�'qY�-uw�ciov+�+�]k!�k�+z+z+¡ �-uw� � �av+�¨z+¡ �}o0qCr~�¨¢�o+v+�+r~}-�¨r~}k¢+�'q�µ�¡ � q9g �¨¢5r~� qC�¨�~r~� qYz+v+�
r~�kv+�ar~�iuwz0s qCr~vW´Po0qCr~�¨v�uw}k�!iov+{+z0q¨s�uw��qC�a�¨r~v��<� �kr �ar~�Cuw¡IqCr �~z+�!�Yr~�'s%o+�az+v+� �'qCr�f+r~v+�+rZ� r~� q
¡£z+�¨�Auw}k�¨� uwz0s'k!�kr~�{g } qCr~�¨v-uiqC�]kar~v#kar~�'qCr~�k} q{�°r~�¨�+r~v�µ

t = ti(τ) + tw(τ) + tx(τ) + tk(τ),
* ��+

uw}k�¨�^uwz0s8´8r~�¨z+v+��f+r~� qC�'s%o+�¨�¨�a�¨�arwµ � �}f+v-uw�¨¢5r~� q�µ � �av+�¨z+¡ �}o0qCr~�¨{+�¨�!�+z+��qC�k�av�z+v+� � �Cuwv+�a�
f+r~� q��Nio�av+�a�¨�kr~�'q�¡�uwv��+�kr � �av+�¨z+¡ �}o0qCr~�¨{+�¨�!�+z+��qC�k�av�µ zwv+�+r~�'q �¨��e�f��@z-uw}k� qLuiqC�]k v+��e�f�qC� uwv
�+r~¡ � �!�+r~}k}��
� r~�I±°�k}k�+z+v+�a�¨�'qLuwv+��µ �!�+r~���+�kr x/�}f+r �+r~�IxAz+¡�uwv+�iuw{+� qLuw}k� �@���<� ´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}�µ

�_�k�¨��qD�¨��e�f�{5�a�¨� qC�]kIuwz0s5�+�kr	¯D�¨�!�+z+��qC�k�av£�+r~� � �av+�¨z+¡ �}o0qCr~�¨¢�o+v+�+r~}k�Dz+v+� �+�kr iov.kar~�'qC� qC�k�av+r~v
�kv ´8r~�¨z+v+��f+r~� qYuwz+�~µW�_�k�¨� uw¢5r~�Rv+��e�f�qDr~v+�+�a�ar~v��k¡ � �!�+r~}k}0¢5r~�'qC�k¡ ¡Iq��i� r~�Y±°�k}k�+z+v+�a�¨�'qLuwv+�
�+�kr~v�qjf+�kr~�_uw}k�{g v-uw}k�a�a�kr��~z+�j�6r�e�f+v+�a}k�a�a�kr8�kv �+r~�A¯D�¨�!�+z+��qC�k�av��
lA¡ �-uw� � �!�+r~}k}��~z�uwv-uw} ²!�¨�kr~�¨r~vUz+v+��r~¡ {+�k�¨�k��e�fQ�~zUqCr~�'qCr~v�µ{�_�k�¨�Ur~� �kvU�+r~� 0_r~�ar~}

�°r~� qCr~�jkar~�¨r~�kv0s�u�e�f�q�pUiovy�+r~��´8}kr~��e�f@z+v+� � �_�k�¨� r~v�q��°r~�+r~���+r~�A�w�av+�¨z+¡ {0qC�]kar �!�+r~�A�kv.kar~�'qC���
kar ´8�¨r~v+�~r~�'qC�Cuw�!ka�avy´8r~�¨z+v+��f+r~� qC�¨�kv.kar~�'qC� qC�k�av+r~v�kar~�¨v-u�e�f+}vzw�¨�¨�k�wq�µ+z+¡%�-uwv+v r~�kv+r~¡ �¨r~�kv+r~v
iov.kar~�'qC� qC�k�av+�)�°�!�+r~� � �av+�¨z+¡ ¡ �!�+r~}k} �ar~�ar~vJo+¢5r~�¨�~z+�'qCr�f+r~v��

BC4�354�BC4�DPO�Q��v:���=JQ�>�8 >�8FI\:�QWV#I\[5=�;];
g z+�_�+r~�4(�{0qC�k¡�uw}k� q�ziqC�¨¢5r~�+�kv+�az+v+�I�kv ´8}kr~��e�f@z+v+� � �_�k�¨� �k¡ �¨r~�kv+r~v|iov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k}�p

∂Y (τ)

∂tk(τ)

∂tk(τ)

∂H(τ)
=

[
r + δ(τ) −

q̇(τ)

q(τ)

]
q(τ)

* � +

� �kr!�Yr~��zwv+�+r~�¨z+v+� �+r~�bnD�kv+�w�a¡ ¡ r~v+�8�+z+��e�f � �Cuwv+�Jf+r~� qC�'qLuw�ar��k�'q���r r~v+�¨��e�f�qC}k��e�f��a}kr~��e�f
�+r~¡ r~v�qC��uwv+�ar~v+r~v � �}f+v�µ<��� f�� ∂Y

∂tk(τ)
= −w(τ)

� ��uw�Cuwz+� } uw�¨�¨r~vQ�¨��e�fQv-u�e�fQr~�kv+r~��r~�kv!�
��e�f+��zwv+�wr~v+�+r~v#g v+v-u�f+¡ rA�+�kr � u�e�f0s|�Cuw�ar~v�v-u�e�f ´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}-z+v+��¡ r~�+�k�~�kv+�k��e�f+r~v
� r~�k�'qCz+v+�ar~v f+r~�¨}kr~� qCr~v����_� �krZg v+v-u�f+¡ r�¢5rtqC�¨�]r5q �+�kr g ¢�f�zwv+�a�k�a�wr~� q �kv � �Cuwv+�Jf+r~� q�kar~�)�
¢+�Cu�e�f�qCr~�S�Kuw�ar

tk(τ)
ka�a¡ 3¨r��°r~�k}k�k�ar~v �A�]kar�uwz��+r~�I´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}��Uq^r~v+v��+�kr ¯D�¨�i�

�+z+��qC�k�av+�¨r~} uw�'qC�k�~� q�ziq
ε
ka�av

H
�@}kr~�kv+r~�<�k�'q	uw}k�<r~�kv+�~µ!��� f����°r~v+v

H
¢5r~� �+r~� ¯D�¨�!�+z+��qC�k�av,ka�av

tk(τ)
�¨�kv+�wr~v+�+ryp!�iuw}kr~v+r~�'qC��zw�ar uwz0s��°r~�k�'q�µR} uw�¨�¨r~v �¨��e�f
�+�kr ¢5r~�k�+r~v � u�e�f0s|�Cuw�arts|z+v+��qC�k�av+r~v

�_�kr �kv �+r~vxg ¢+¢+�k}k�+z+v+�ar~vQ� z+v+� � �-uw�¨�'qCr~}k}kr~v��D� �kr~�¨r�g v+v-u�f+¡ r �k�'q��kv �+r~vW´8}kr~��e�f@z+v!�
�ar~v ¥ z+v+� � r~v�q�f-uw} qCr~v�z+v+���k�'q �w�a¡ {-uiqC�k¢5r~} ¡ � q r~�kv+r~� �°�a¢+¢!�)� �az+�a} uw��p!{5r~�~�]s-�iuiqC�k�av��
� �kr8¡ � q	�+r~¡ g } qCr~�	�~z+v+r�f+¡ r~v+�+rbg ¢+��e�f+�¨r~�k¢+z+v+�a�¨�CuiqCrS�_�k�¨� qC�¨�wqC���'qCr~�k�ar~v+�+r~��� u�e�f0s|�Cuw�ar
v-u�e�f�¡ r~�+�k�~�kv+�k��e�f+r~v � r~�k�'qCz+v+�ar~v�v+��e�f�q��w�a¡ {5r~v+�¨�kr~�'q�µ �¨� �-uw�¨�8�+r~� ´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}��
¢5r~�'qLuwv+�>�w�av�qC�kv@z+�kr~�¨}k��e�f uw¢+v+�k¡ ¡Iq��-��uw�dnDv+�+rI�+r~��¯D} uwv@z+v+�a��f+�a�¨�k�~�av�qC�

T
µ5uw}k�¨� �+r~�/�6�!��µ

�_�k�¨� r~�¨�¨r~��e�f�q�µ��°r~v+v
H

r~�kv+r~v.0_rts|r~�¨r~v+���°r~�'q
H ′

r~�¨�¨r~��e�f�q��

����N b@j�b_]_b_N j�e [&b_NJklc
mBn
n=o;R�P U psr�r�rBZM`
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g ¢+¢+�k}k�+z+v+� �}pUnDv�q��_��eL�@}kz+v+� �+r~��� u�e�f0s|�Cuw�ar�v-u�e�f>´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}
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iovU�+�kr~�¨r~¡ 0Au�f+¡ r~vQ}vzw�¨�'q �¨��e�f�uwz�e�f��+r~��n9r r~��q r~�kv+r~��� �}f+v+�CuiqC��zwv+�+r~�¨z+v+��uwz0sI�-uw�
�Yr~��f-uw} qCr~vW�~r~�k�ar~v�� � �kr7� r~�k�'qCz+v+��ka�av

H
�k�'q �+�kr7nD��f��}f@z+v+� �+r~���Kuw�arwµ uwvW�+r~v+r~vU�-uw�

iov+�+�]k!�k�+z+z+¡ uw�¨¢5r~� qCr~v �iuwv+v;�Kr~�kv�f��}f+r~�¨r~�1� �}f+v+�CuiqC� r~��f��}f�q uw}k�¨�y�+r~v�´8�¨r~v+�~r~�'qC�Cuw�>�+r~�
´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k�~�<��u^�-uw� iov+�+�]k!�k�+z+z+¡ �k¡ (�{0qC�k¡£z+¡ �+r~� ±°r~�+�kv+�az+v+� s|�a}k�wq�µD�-uw�¨�
´8�¨r~v+�~r~�'qC�Cuw���a}kr~��e�f �+r~vy´8�¨r~v+�~�w�a�'qCr~v�ka�av

H
�¨r~�kv ¡£z+�¨�~µ+�J�av+v+r~v �+�kr~�¨r8v@z+v�f��}f+r~� �¨r~�kv�µ

z+v+�£r~�'�_�k�¨�£¡ r�f+�R´8r~�¨z+v+��f+r~� qRv-u�e�f+�arts|�Cuw�wq��w��u uw¢5r~�
H
uwz�e�f£¡ � qKxA�k} s|rcka�av��kv.kar~�'qC�kr~�'qCr~�

� r~� q8uw�@�@z+¡£z+}k�kr~�'q��_�k�¨��µ �a�k¢0q�r~��r~�kv+r~v��ar~�ar~v+}vzwz�s-�ar~v n9r r~��q�p\nD�kv��'qCr~�k�ar~v+�+r~�S� �}f+v+�CuiqC�
r~��f��}f�q �a}kr~��e�f+�~r~� qC�k���+r~v q^r~�'q �+r~�°�kv.kar~�'qC�kr~�'qCr~v�� r~� q

tI
z+v+� �-uw¡ � q<�+�kr�´8�¨r~v+�~�w�a�'qCr~v�ka�av

H
�@lAv�qCr~�¨�'qCr~}k} q6¡�uwv�v@z+v£uw}k}kr~�¨�+�kv+�a�~µt�-uw�¨�

H
v+��e�f�qKuwz+�¨��e�f+}k�kr 
a}k��e�f�¡ � q'� r~� q�µ��¨�av+�+r~�¨vIuwz�e�f

¡ � qD¡ r~�+�k�~�kv+�k��e�f+r~v,� r~�k�'qCz+v+�ar~v {+�¨�!�+z+�~�kr~�'qN�_�k�¨��µa�¨���k�'qY�+�kr~�¨r~� n9r r~��q°�@}kr~�kv+r~�Yuw}k�D�+r~�Yuwz0s
�+r~v>´8�¨r~v+�~r~�'qC�Cuw� �+r~� ´8r~�¨z+v+��f+r~� q�µ-�¨� �-uw�¨�A�kv+�¨�ar~�Cuw¡Iq	s%o+�	�-uw�jiov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k}��a�k} q�p

∂H(τ)

∂w(τ)
> 0

*)� ¤�+

q^r~v+v�v@z+v
tI
�¨�kv+��q z+v+�
�+r~�,� �}f+v+�CuiqC� ��r r~v+�¨��e�f�qC}k��e�f
�wr~�kv+r~v nD�kv��-z+�¨� uwz0s �+�kr�g ¢!�

��e�f+�¨r~�k¢+z+v+�a�¨�CuiqCr
δ
f-uiq�µ+�iuwv+v �+�kr~�¨r~�jf��}f+r~�¨rI´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k�'qC��eL��v@z+�_�+z+��e�f|f��}f+r �

�¨r � u�e�f0s|�Cuw�ar v-u�e�f�¡ r~�+�k�~�kv+�k��e�f+r~vx� r~�k�'qCz+v+�ar~v�{+�¨�!�+z+�~�kr~�'q!�°r~�¨�+r~v�µY�¨� �-uw�¨� r~¢5r~v0s�uw}k}k�
�ar~} qCr~v ¡£z+�¨��p

∂M(τ)

∂w(τ)
> 0

*)�a� +

��u
¢5r~�8�+r~� ¯D�¨�!�+z+��qC�k�av ka�avV´8r~�¨z+v+��f+r~� qyuwz�e�f��kv.kar~�'qC�kr~�'qCr_� r~� q r~�kv+r 0_�a}k}kr>�¨{+�kr~} q
*|�+�kr ¡ � q8�+r~¡ � �}f+v+�CuiqC� ¢5r��°r~�'qCrtqE�_�k�¨� + µ �¨�kv+� �+�kr � r~v+�ar~v+�¨r�uw��qC�k�av+r~v_ka�av

H
z+v+�

Mv+��e�f�q �a}kr~��e�f��a�¨�a�¨� �N�_�k�¨�W�+�kr7� r~� q
tI

�¨r~} uiqC�]k qCr~z+�¨r~� uw}k� �+r~� ¯D�¨r~�k���+r~��¡ r~�+�k�~�kv+�k��e�f+r~v
� r~�k�'qCz+v+�ar~v�µ-�¨�,�_�k�¨� �+r~�Ar~�k�ar~v+rE� r~� qLuwz0s�� uwv+� �+z+��e�f

M
�¨z+¢+�'qC� qCz+�kr~�'q���� r~�/g v+�'qC�kr~�!ka�av

H
uw}k� 0_r�uw��qC�k�av£uwz0s-r~�kv+r~v£{5�a�¨� qC�]kar~v*� �}f+v+��e�f+��eL�I�k�'qRuw}k�¨� �@}kr~�kv+r~�Kuw}k�6�+r~�^g v+�'qC�kr~�/ka�av

Muw}k}kr~�kv��k¡ {+}k�k�~�kr~�'q��}g v+�+r~�¨rbn9r r~��qCrwµ-�kv+�¨¢5r~�¨�av+�+r~�¨r8�+r~�	r~�kv+r~�_p�e�f+��eL�@� uwz0s6�-uw���Yr~�¨¡,�a�ar~v�µ
�°r~�¨�+r~vy�k¡ � uw{+� qCr~} ¦!� � �+�k�¨�@z0qC�kr~�'q��

BC4�354�tC4�DPO�Q�� I\:�QW?<V7V#I\[5=�;];
g v �+�kr~�¨r~�Ap@qCr~}k}krd�_�k�¨� �+r~�/nD�kv��-z+�¨�jka�av>´8r~�¨z+v+��f+r~� qAuwz0sK�+�kr8¡,�a�a}k��e�f+rdg �¨¢5r~� qC�¨�~r~� q{kar~�)�
v-u�e�f+}vzw�¨�¨�k�wq��-� �kr7(�{0qC�k¡�uw}k� q�ziqC�¨¢5r~�+�kv+�az+v+�£uwz+� ´8}kr~��e�f@z+v+� � kar~�¨�Jo+�¨�tq �¨��e�f �-u�f+r~�_�~z

1

λ(0)

∂U

∂tk(τ)

∂tk(τ)

∂H(τ)

e−ρτ

e−rτ
=

1

λ(0)

∂U

∂H(τ)

e−ρτ

e−rτ
=

[
r + δ(τ) −

q̇(τ)

q(τ)

]
q(τ)

*)� ��+

� r~��´8�¨r~v+�~r~�'qC�Cuw�,ka�av7iov.kar~�'qC� qC�k�av+r~v>�kv�´8r~�¨z+v+��f+r~� q�¢5r~�'qCr�f�q�uw}k�¨��v@z+� v+��e�f�uwz+�A�+r~¡
�Az0qC�~r~v-uwv+�'qC�kr~�+µ ¢5r��°r~�'qCrtq8¡ � qA�+r~¡ p�e�f-uiq¨qCr~v+{+�¨r~�k���+r~���Yr~�¨¡,�a�ar~v+� �~z+¡ � r~� qC{+z+v+��q��+r~�
(�{0qC�k¡ �kr~�¨z+v+�+����uw�Cuwz+� s|�a}k�wq�µ��-uw�¨��¢5r~�K¡ � qA�+r~¡ g } qCr~�A�'qCr~�k�ar~v+�+r~vZg ¢+��e�f+�¨r~�k¢+z+v+�ar~v �+�kr
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� u�e�f0s|�Cuw�ar�v-u�e�f>´8r~�¨z+v+��f+r~� q uwz�e�f �kv �+�kr~�¨r~¡ p!z+¢+¡ �!�+r~}k}��¨�kv+��qAz+v+�|g ¢+¢+�k}k�+z+v+� � uwz�e�f
f+�kr~�K�+r~v!�Yr~�¨} uwz0s-�~z0qC�¨r�r r~v+� �~r~�k�wq��a� �kr g ¢+¢+�k}k�+z+v+� � �k�'qD¡ � q6�+r~¡h�Yr~�¨} uwz0s��+r~� � u�e�f0s|�Cuw�ar
v-u�e�f ¡ r~�+�k�~�kv+�k��e�f+r~v,� r~�k�'qCz+v+�ar~v�z+v�qCr~�Yr~�kv+r~�c�°r~� qCr~�¨r~v,g v+v-u�f+¡ rAuwv �+�kr	�kv�qCr~�'qCr~¡ {5�a�Cuw}kr
p!z+¢+�'qC� qCz0qC�k�av+�¨r~} uw�'qC�k�~� q�ziq �w�a¡ {-uiqC�k¢5r~}�µ!�+�kr uw¢5r~�	�+z+��e�f-uwz+�A�¨r�uw}k�k�'qC�k��e�f �k�'q�� �
�A�k¡ ¡IqY¡�uwv.*��_�krA�k¡ z+�¨�¨{+��o+v+�a}k��e�f+r~v � �!�+r~}k}�ka�av ´8�¨�a�¨�¨¡�uwv + uwv�µ��-uw�¨��� r~� q°uwz�e�f�¢5r~�

�+r~�	¯D�¨�!�+z+��qC�k�av �+r~� � �av+�¨z+¡ �az0qCr~�	r~�kv+�ar~�¨rtqC�tq{�_�k�¨��µ0�¨���k�'q	�+r~�{n9r r~��q_r~�kv+r~�{� �}f+v�zwv+�+r �
�¨z+v+�>v+��e�f�q£r~�kv+�+r~z0qC�k�+�'nD�kv_g v+�'qC�kr~�|ka�av

w
�_�k�¨��q£�¨��e�f uwz0s	���°r~� g �'qCr~v uwz+� �Kr~�Ir~��f��}f�q

�¨�@�°�}f+} �+�kr � �a�'qCr~vy�+r~� ¯D�¨�!�+z+��qC�k�av�ka�av�´8r~�¨z+v+��f+r~� q�µ�uw}k�Auwz�e�fy�+�krPka�av � �av+�¨z+¡ ��q^r~}��
e�f+r~�A´8z0q�* � �av+�¨z+¡ �!�+r~�_´8r~�¨z+v+��f+r~� q + v-u�e�f �+r~¡ � �}f+v+��e�f+��eL��¡ r�f+�°v-u�e�f+�arts|�Cuw�wq �_�k�¨��µ
f�zwv+�wq �-u�ka�avWuw¢�µ9�°r~}�e�f+ry¯D�¨�!�+z+��qC�k�av
�+r~v iov+{+z0q�� r~� q �kv�qCr~v+�¨�]kar~� v@z0qC�tq��°p!�kr��_�k�¨�
�¨r �
} uiqC�]k qCr~z+�¨r~�~µ uw}k�¨���_�k�¨���-uw�8�+�a�'qPf+r~�¨�ar~�'qCr~}k} qCr ´8z0q��¨r~} uiqC�]k��°r~v+�k�ar~�8v-u�e�f+�arts|�Cuw�wq���� �kr~�¨r
lAv+r~�kv+�+r~z0qC�k�a�wr~� q �k�'q r~�kv�lAv�qCr~�¨��e�f+�kr~� �+r~�EnD�¨�ar~¢+v+�k�¨�¨r��+r~�Eiov.kar~�'qC� qC�k�av+�)��z+v+�^�+r~� � �av!�
�¨z+¡ ¡ �!�+r~}k}k�~µJ�_�kr��¨�krdka�av>´8�¨�a�¨�¨¡�uwv z+�¨�¨{+��o+v+�a}k��e�f�ka�a�¨�ar~��e�f+} uw�ar~v��_z+�¨�+r~v��
� r~�^�_��e�f�qC�k�a�'qCr�lAv�qCr~�¨��e�f+�kr~��}k�kr~�wq
3¨r~�+��e�f��kvI�+r~� 0_r�uw��qC�k�avI�+r~�K¡ �!�+r~}k}kr~v+�+�a�ar~v+r~v£´8���i�


ar~vyuwz0sKr~�kv+rd�Yr~��zwv+�+r~�¨z+v+�,ka�av
A
z+v+���_�k�¨� �kv � uw{+� qCr~} ¦!� � �-uw�¨�ar~�'qCr~}k} q��

'�(='�(�� 50/�� >@?0:�3&?0:����

g z�e�f �°r~v+v �kv>�+r~�I´8�¨z+v+�0s|�a�¨¡:�+r~� ´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}k� �+r~�SnD�kv��-z+�¨�Pka�av^p�e�f+��eL�@� uwz0s
�w�a¡ {-uw�CuiqC�]k��o�'qLuiqC�k��e�f+r�q^r~�k�¨r uwv-uw} ²!�¨�kr~�'q!�_�k�¨��µR�¨� s-v+�+rtq��+r~� r~�k�ar~v�qC}k��e�f+r��Y�a�¨��uwv+���+r~�
(�{0qC�k¡ �kr~�¨z+v+���+��e�fWz+v�qCr~� p!��e�f+r~��f+r~� q��'qLuiq¨q�� ´8r~�Cuw�+ry�k¡ � z+�Cuw¡ ¡ r~v�f-uwv+�^¡ � q � �Cuwv+�a�
f+r~� qCr~v�z+v+���+r~�1qU�k�¨�@�Cuw¡ �wr~� q1ka�av �{f+r~�Cuw{+�kr~v��k�'q �-uw� r~�kv+r z+v+�¨r�uw}k�k�'qC�k��e�f+r�g v+v-u�f+¡ rw�
� r~��f-uw}k¢ �k�'q �-uw� � �!�+r~}k}5z+¡ 0_�k�¨�k�w�£r~�L�°r~� qCr~�'q��°�a�¨�+r~v;�-uw}k}kr~�¨�+�kv+�a�Nf+r~�¨�¨��e�f�qA�wr~�kv+rPnD�kv+�k�i�
�wr~� qA�-uw��o+¢5r~�~µ-uwv��°r~}�e�f+r~��p@qCr~}k}kr��+�krSlAv+�¨��e�f+r~��f+r~� qAr~�kv+�arts%o�f+�'q{�°r~�¨�+r~v>�¨�a}k}��
��uw�¨�-uwv+�av+�6z+v+��q uw�a�'qLuWr *)�@� ����+ ¢+}kr~�k¢5r~v �w� ± �5�k¡ 0Au�f+¡ r~vy�+r~�diov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k}k�

z+v+� s%o�f+�¨r~v�lAv+�¨��e�f+r~��f+r~� qA�+�a�'q_r~�kv�µ��°� �+r~�	s|z+v+��qC�k�av-uw}krS� z+�Cuw¡ ¡ r~v�f-uwv+� ���_�k��e�f+r~v�´8r �
�¨z+v+��f+r~� q�z+v+� nD�kv+�w�a¡ ¡ r~v�¢5r~�'qC�k¡ ¡Iq!�_�k�¨���Y��uw��nD�kv+�w�a¡ ¡ r~v�z+v�qCr~� p!��e�f+r~��f+r~� q,�_�k�¨�
uw}k�

Y [tk(τ), tI(τ)]
�+r�s-v+�kr~�'q�µ��°�a¢5r~� �-uw�	´8r~�¨z+v+��f+r~� qC�¨v+�]kar�uwz�o+¢5r~� �+�kr/�Yr~�¨�¨�kv+�ar~�¨z+v+�£�+r~�

� �Cuwv+�Jf+r~� qC�'qLuw�arD�-uw�'nD�kv+�w�a¡ ¡ r~v��+rtqCr~�¨¡ �kv+�k�'qC�k��e�f�r~��f��}f�q����Yr~�¨r~�kv0s�u�e�f�q6¡�uwv��-uw� � �!�+r~}k}�µ
}vzw�¨�'q_�¨��e�f �+r~��� z+�Cuw¡ ¡ r~v�f-uwv+� uwz�e�f>uw}k�

Y [tk(H(τ))] = Y [H(τ)]
*)� ¥�+

��e�f+�¨r~�k¢5r~v��R��uw�¨�-uwv+�av+�<z+v+��q uw�a�'qLuWr *)�@� ����+ ��e�f+} uw�ar~v v@z+v_ka�a�~µ'f+�kr~� r~�kv �'qC��e�f-uw�'qC���
��e�f+r~��nD}kr~¡ r~v�q�r~�kv+�~z0s%o�f+�¨r~v�µ°�kv��+r~¡ ´8}kr~��e�f@z+v+��� ¥ {-uw�Cuw¡ rtqC�¨�k�¨�kr~�'q1�_�k�¨��µYz+v+�Q�+�kr~�¨r~�
¯Kuw�Cuw¡ rtqCr~�<uw}k� � z0s�uw}k}k�Lkwuw�¨� uw¢+}kr<¡ � qY�ar~�ar~¢5r~v+r~�Nq u�f+�¨��e�f+r~�kv+}�e�f+�wr~� qC�Lkar~�'qCr~�k}kz+v+�I�kv+v+r~��f-uw}k¢
r~�kv+r~�jiov�qCr~�Lkwuw}k}k�	�+r�s-v+�kr~�'q{�_�k�¨�¤p

� � N b;N PBe
b_c=e
b_o
�&m�c R�T b
	 � [Hn e
N e � e
N m�PHn=b_T R�n e
N ]_N e�� e�
�m�P H j�N [ue0R�P��O^dN b
�&b_c�� b��Be�Q�R�n@klbsn � PHQuS�b_N e n�� R ��N e R�T]_^dN n�� S�b_P9Qub_P��Jb_c
N muQub_P#j�b*e R � n�� SBed^Db_c Qub_P�� R�P�P � PHQ#o � n
n���T b_N P�b_c@p@n=b_N PO`
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Y [H(τ)] = kH(τ)
*)� � +

¡ � q
k ∈ [k, k]

*)�]¦ +
z+v+�

E[k] = k̂
*)� ��+

nD�kv �¨�k�¨�k�w�av+r~z0qC�Cuw}kr~�{iov+�+�]k!�k�+z+z+¡ �jo+�¨�+r�v@z+vyz+v�qCr~�_�+r~� ±°r~v@z0qC�~z+v+���+r~�/nD�L� uw�'qCz+v+�a�)�
�°r~�'qCr~�

k̂
�¨r~�kv+r~v �Az0qC�~r~v�¡�u 20�k¡ �kr~�¨r~v��-� �kr��Az0qC�~r~v0s|z+��qC�k�av��_�k�¨�>uw}k�¨� �¨� �+r�s-v+�kr~�'q�µ��-uw�¨�

�¨��e�f �-uw�jiov+�+�]k!�k�+z+z+¡S�¨�k�¨�k�w��u�kar~�¨�{kar~��f�zw} q�µ��°�a¢5r~� �+r~� ´8�Cuw� �+r~�#0_�k�¨�k�w��u�kar~�¨�¨�k�av ¡ � q	�+r~�
x/�}f+r �+r~�dnD�kv+�w�a¡ ¡ r~v+�A¢+�����U�Yr~�¨¡,�a�ar~v+�A�¨�kv+��q�� �dlA¡ �+�kr � �a¡ {+}kr-20� q�ziq_�~zy�¨r~�+z+�~�kr~�¨r~v�µ
�_�k�¨�£�-uw� � �!�+r~}k}0uwz0s����°r~�+¯6r~�¨�k�!�+r~v�¢5r~��e�f+��zwv+��q��@p!�a¡ � qK¡£z+�¨�R�+r~�Dx uwz+��f-uw} qR�¨r~�kv+r~v �Az0q'�
�~r~v z+v�qCr~�£r~�kv+r~�£z+v+�¨��e�f+r~�¨r~v 0_r~�'qC�¨�k��qC�k�av^¡�u 20�k¡ �kr~�¨r~v�� � �kr�g z0qC�a�¨r~v �~r~�k�ar~v v@z+v�µK�-uw�¨�
z+v�qCr~�Y�+�kr~�¨r~v,g v+v-u�f+¡ r~v s|�a}k�ar~v+�+r~�NlAv�qCr~�¨��e�f+�kr~�����_�k��e�f+r~v p!��e�f+r~��f+r~� q<z+v+� lAv+�¨��e�f+r~��f+r~� q
¢5r~�'qCr�f�q�p � �kr£§-�Cuw�arwµU�_�kr£�-uw�diov+�+�]k!�k�+z+z+¡ �kv � �av+�¨z+¡ �}o0qCr~��z+v+���kv>¡ r~�+�k�~�kv+�k��e�f+r*� r~�k�)�
qCz+v+�ar~vI�kv.kar~�'qC�kr~�'q�µ]�iuwv+v v+��e�f�qK¡ r�f+�\ka�av+r~�kv-uwv+�+r~�6�artqC�¨r~v+v�q'�°r~�¨�+r~v��w� �kr � u�e�f0s|�Cuw�arYv-u�e�f
¡ r~�+�k�~�kv+�k��e�f+r~v*� r~�k�'qCz+v+�ar~v��'qCr~�k�wqK�¨�@�°�}f+}+¡ � q6�+r~¡�0_�k�¨�k�w�+µiuw}k�Kuwz�e�f�¡ � qK�+r~¡ �Yr~�¨¡,�a�ar~v;�
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f+r~� q{�_�k�¨�|f+�kr~�_uwv ���°r~�6uwv+�+r~�¨r~v�p@qCr~}k}kr~v r~�kv+�arts%o�f+�'q�µ+v�zw¡ }k��e�f ¢5r~��o+�a}k��e�f �+r~��nD�kv�qC�¨rtqCr~v+�
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g′(M,µ) = M + µ
*)� ��+

g′′(M,µ) = µM
*)�@� +
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s-v-uwv+�~�kr~}k}kr~vZiov.kar~�'qC� qC�k�av+r~v^uw¢�f�zwv+�ar~v�µ¤�°�a¢5r~�Y¢5r~�k�+r � � q¨qCr~}Rv+��e�f�q �kv�¢5r~�k�+r~v_� z+�'q�zwv+�+r~v
�a}kr~��e�f �~z+�{�Yr~�'s%o+�az+v+� �'qCr�f+r~v��
§-�a�¨¡�uw}D}vzw�¨�'q£�¨��e�f r~�kv^�¨�a}�e�f+r~� � �!�+r~}k}Y�+z+��e�f r~�kv+r � uw�¨�w�@k�� � rtq¨qCr�s�uw�¨�¨r~v�µ'�°�a¢5r~�°�+�kr

�~r~� qC}k��e�f+r~v��!�+r~�ds-v-uwv+�~�kr~}k}kr~v7iov.kar~�'qC� qC�k�av+r~v_nD�kv��-z+�¨��uwz0s°�+�kr!nD}kr~¡ r~v�qCr��+r~��EA¢5r~�¨��uwv+�a�)�
¡�uiqC�¨� 2 � G v+r�f+¡ r~v��UnD�kv+r8�w�a¡ {+}kr-20r~�¨r §-�a�¨¡ �_�k�¨� �k¡ � uw{+� qCr~} ¥ � ¥ ka�a�¨�ar~�'qCr~}k} q��

'�(���(�� 5��#<X:�� >@?�?0:����

iov �+r~v�ka�a�Cuwv+�ar~��uwv+�ar~v � uw{+� qCr~}kv��_z+�¨�+r~v q�f+r~�a�¨rtqC�k��e�f+r ±°r~�a��o+v+�+z+v+�ar~v s%o+�_�+r~v>´8}kr~��e�f!�
} uwz0s9ka�av�q^�}f+}k�'qLuwv+�>z+v+�ZnD�kv+�w�a¡ ¡ r~v�ka�a�¨�ar~�'qCr~}k} q��5nD��¡�uw� �-uwv+r~¢5r~v�uwz�e�f��kv�qCr~�¨r~�¨�Cuwv�q
�¨r~�kv�µ°�a¢Uv+��e�f�q v@z+� �-uw� uw¢+�¨�a}kz0qCr �A�]kar�uwzU�+r~��nD�kv+�w�a¡ ¡ r~v+�~µ°�¨�av+�+r~�¨v�uwz�e�fU�+�kr>�¨r~} u]�
qC�]kar�nD�kv+�w�a¡ ¡ r~v+�¨{5�a�¨� qC�k�av �kv
r~�kv+r~� ´8r~�¨r~}k}k��e�f-uis q �!�+r~���+r~��´8�Cuw�
�+r~�,lAv+�a}kr~��e�f�f+r~� q��kv
r~�kv+r~� ´8r~�¨r~}k}k��e�f-uis qA�+�k�¨r~��qCr~vy�!�+r~�_�kv+�+�k�¨r~��qCr~v7nD�kv��-z+�¨� uwz0sR�+�kr��kv+�+�]k!�k�+z+r~}k}kr�´8r~�¨z+v+��f+r~� q
v+�k¡ ¡Iq���� r~� r~�kv0s�u�e�f+�'qCr � r�e�f-uwv+�k�¨¡£z+� v+�k¡ ¡Iq��w� ± �6uwv�µ �-uw�¨�ElAv+�a}kr~��e�f�f+r~� q��¨r~}k¢+�'qI�!�+r~�
�+r~� �Ar~�k��µ��+r~� �-uw�Cuwz+�_s|�a}k�wq�µ-¢5r~�Ciov+�+�]k!�k�+z+r~vyz+v+�ar~�¨z+v+�+r~v^p@qC�¨r~�¨�/kar~�¨z+�¨�Cu�e�f+r~v�� � II��uw¡ � q
�+�kr~�¨r~� g �¨�az+¡ r~v�q 3¨r~�+��e�f uwz�e�f�s%o+�°�+�krA�¨r~} uiqC�]k�0_r~��e�f+r~v r~�kv+r~�	´8r~�¨r~}k}k��e�f-uis q°{+} uwz+�¨�k¢5r~}��k�'q�µ
¡£z+�¨� ¡�uwv }krtqC�tqC}k��e�f uwv+v+r�f+¡ r~v�µ0�-uw�¨�	r~�kv�iov+�+�]k!�k�+z+z+¡ r~�kv+r�uwv+�ar~¢5�a�¨r~v+rdgCkar~�¨�¨�k�av �ar~�ar~v
lAv+�a}kr~��e�f�f+r~� q{f-uiq�� � �
� r�uiqC�av * �w¤a¤a¥�+ s�uw�¨�'qR�+�krN�_��e�f�qC�k�a�'qCr~v£q�f+r~�a�¨rtqC�k��e�f+r~v!g v+��ziqC�~r z+v+�£r~¡ {+�k�¨�k��e�f+r~v!nD�¨�ar~¢!�

v+�k�¨�¨rA�~z+�Cuw¡ ¡ r~v�µ@z+¡[�~z��+r~¡ p�e�f+}kz+�¨�°�~z��w�a¡ ¡ r~v�µ@�-uw�¨�<�wr~�kv��+�k�¨r~��qCr~��� z+�Cuw¡ ¡ r~v�f-uwv+�

K h����	� 	���
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 �
	�� � � � 
 � ��N o��HR�T T�
�m�P ]_^Db_N � � n e���PHQub_P��

T =

(
π(g → g) π(g → k)
π(k → g) π(k → k)

)
,

o N e
π(g → g)

R�T n � R�S�c n�� S�b_N P�T N � S ��b_N e � 
�m�o,j�bsn � PHQub_P � � n e R�PHQ R � n ^dN bsQub_c N P b_N P�b_P j�bsn � PHQub_P
� � n e R�PHQ ] � j�b_T R�P�j�b_PO` � N b � R�S�c n�� S�b_N P�T N � S ��b_N e
b_P N P�� bsQub_c �&b_N T b R�Q�QuN b_c
b_P n=N � S ] � b_N PHn � PHQ n=N PHQ� � P �Be
N m�P�b_P�
�m�P M � PHQ tI `K v���N b@]�` �l` ��N T ��N PHn=m�P U psr�r��BZM`

K ��� bsR e
m�P UXW�Y�Y�gBZVP�b_P�PBe bsn ����� �! �"!� 	#�$� � �!%&
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���_�k��e�f+r~v nD�kv+�w�a¡ ¡ r~v+�¨z+v+�a}kr~��e�f�f+r~� q�z+v+� � �Cuwv+�Jf+r~� q8¢5r~�'qCr�f�q��¤g z�e�f � r~}k}k�a� z+v+� � �k} ²a�
* �w¤a¤���+ �w�a¡ ¡ r~v �kv£r~�kv+r~�Dv+r~z+r~�¨r~v lAv�qCr~�¨�¨z�e�f@z+v+�I�~z �+�kr~�¨r~¡ nD�¨�ar~¢+v+�k�~�@p!�a}k} qCr 3¨r~�+��e�f r~�kv
�¨�a}�e�f+r~�c� z+�Cuw¡ ¡ r~v�f-uwv+���¨r~}k¢+�'qRv+��e�f�qD�+�k�¨r~��qR¢5r~�'qCr�f+r~v�µ���z�f+�¨r~v+���¨��e�f63¨r~�+��e�f��+�kr �Yr~�¨¢+�kv!�
�+z+v+�����_�k��e�f+r~v#q^�}f+}k�'qLuwv+� z+v+� ´8r~�¨z+v+��f+r~� q	¢5r~�'q�ziqC�k�wq�µ!�¨��}vzw�¨�'q �¨��e�f v-u�e�f � r�uiqC�av �-uw�)�
uwz+� qC�¨�wqC�~�+r~¡Vr~�kvPg �¨�az+¡ r~v�q s%o+�CnD�kv+�w�a¡ ¡ r~v+�¨z+¡Ekar~�'qCr~�k}kz+v+�_uw¢+}kr~� qCr~v¤p�q^r~v+v ¡�uwv8�-u�ka�av
uwz+�¨�ar�f�q�µ5�-uw�¨�/q^�}f+}k�'qLuwv+�y¢5r~�6�+r~�dnD�¨�~r~z+�az+v+� ka�av�´8r~�¨z+v+��f+r~� q8uw¢+v+r�f+¡ r~v+�+r�´8�¨r~v+�~r~�)�
qC��zw�ar8uwz0s��°r~�k�'q � �¬µ+�¨���w�a¡ ¡Iq	r~�kv+rSlA¡Ekar~�'qCr~�k}kz+v+�Eka�avyuw�¨¡ �~z �¨r~��e�f �+r~�A´8r~�¨z+v+��f+r~� q_�+r~�
g �¨¡ r~v>¡ r�f+�A�~z ´8z0qCrwµ uw}k�A�¨�krI�+r~v 0_r~��e�f+r~v>��e�f-uw�+rtq�µ<� uw� �-uw���+z+��e�f+v+��e�f+v+� q¨qC}k��e�f+r ´8r �
�¨z+v+��f+r~� qC�¨v+�]kar�uwz r~�kv+r~� ´8r~�¨r~}k}k��e�f-uis qSf+r~¢5r~v �iuwv+v��\g }k}kr~�¨�+�kv+�a� }kr~�k�+rtq8�-uw�Sg �¨�az+¡ r~v�q uwv
¡ �kv+�+r~�'qCr~v+�I���°r~� g v+v-u�f+¡ r~v�µCka�av �+r~v+r~v
� r�uiqC�av^r~�kv+r��¨r~}k¢+�'q�uwv+�¨{+�¨��e�f�q��K� �kr,�Y�a�Cuwz+�)�
�¨rtqC�~z+v+�+µ5�-uw�¨�_qLuiqC��z�e�f+}k��e�f r~�kv �iuwz+�Cuw}kr~��� z+�Cuw¡ ¡ r~v�f-uwv+�!ka�av7nD�kv+�w�a¡ ¡ r~v �kv 0_��e�f�qCz+v+�
´8r~�¨z+v+��f+r~� q6¢5r~�'qCr�f�q�µi�k�'q ��e�f+}k�kr 
a}k��e�f�z+¡ �'qC�¨� q¨qCr~v�z+v+�b�_�k�¨� �ar~�Cuw�+rY�kv }krtqC�tqCr~�'� r~� q6�kv §-�Cuw�ar
�ar~�'qCr~}k} q'�0�-uwv+r~¢5r~v#�_�k�¨� �wr~�kv�g �¨�az+¡ r~v�q{ka�a�¨�ar~¢+�Cu�e�f�q�µ��°r~}�e�f+r~� uwz+�A´8r~�¨r�e�f�qC�k�a�wr~� qC�¨�a��o+v!�
�+r~v^r~�kv+r��¨�a}�e�f+r lA¡Ekar~�'qCr~�k}kz+v+��*|�+�kr43Cu�s-v-uwv+�~�kr~}k} ��� � �ar~�¨z+v+��f+r~� qC}k��e�f��~z�� uw�'qCr~v r~�kv+r~�
´8�¨z+{+{5r8�ar�f+r~v|�jo+�¨�+r + �¨r�e�f�q¨s|r~�'qC�k�wq��
� uwv �iuwv+v �¨��e�fyv@z+v s|�Cuw�ar~v�µ��°r~}�e�f+rEnD�kv+�w�a¡ ¡ r~v+�¨�a�¨z+{+{5r uw¡%r�f+r~�'qCr~v�ka�av�lAv+�a}kr~��e�f!�

f+r~� q ¢5rtqC�¨��r r~v��k�'q���g v+�ar~v+�a¡ ¡ r~v�µ@nD�kv+�w�a¡ ¡ r~vdf-uiq qLuiqC��z�e�f+}k��e�f8r~�kv+rYuw¢+v+r�f+¡ r~v+�+r°´8�¨r~v+� �
{+�¨�!�+z+��qC�]k!� q�ziq ¢5r~�K�+r~�8¯D�¨�!�+z+��qC�k�av�ka�av^´8r~�¨z+v+��f+r~� q'� �-uwv+v�}vzw�¨�'q��¨��e�f *��_�k}k}k�Jo+�¨}k��e�f + r~�kv
¯Dz+v+��q��+r�s-v+�kr~�¨r~v�µ<uwv��+r~¡ �+r~� nD�kv��-z+�¨� r~�kv+r~� �~z+��ziqC�~}k��e�f+r~v nD�kv�f+r~� q,nD�kv+�w�a¡ ¡ r~v��+�kr
´8r~�¨z+v+��f+r~� q�v+��e�f�q�¡ r�f+��¡�u�
a�ar~¢+}k��e�f>r~��f��}f�q��<q^r~v+v v@z+v�r~�kv � uwv+��¡ � q��¨r~�kv+r~¡ �+z+��e�f!�
��e�f+v+� q¨qC}k��e�f+r~v�{+�¨�i� � �a{0s � nD�kv+�w�a¡ ¡ r~vmo+¢5r~� �+r~¡ r~�kv+r~� uwv+�+r~�¨r~v�}k�kr~�wq�µR}vzw�¨�'q �¨��e�f�z+v�qCr~�
�ar��_�k�¨�¨r~vZlA¡ �'q�zwv+�+r~vys|�a}k�ar~v+�+r~� uw¢+}kr~� qCr~v��Uio¡ r~�¨�'qCr~v�p�e�f+�¨� q¨q �¨�a}k} �+�krEnD�kv+�w�a¡ ¡ r~v+�Lkar~�)�
qCr~�k}kz+v+���k¡ �¨r~��e�f+r~v!�_�kr	�k¡ uw�¨¡ r~v,� uwv+� z+¡ �-uw�<� z+��e�f+��e�f+v+� q¨qC�¨r~�kv+�w�a¡ ¡ r~v �+�kr	�a}kr~��e�f+r~v
uw¢+�¨�a}kz0qCr~v7g ¢.�°r~��e�f@z+v+�ar~v v-u�e�f�z+v�qCr~v7�_�krIv-u�e�f��a¢5r~v�uwz0s��°r~�k�¨r~v�����uwv+v�}k�kr~�ar~vy�k¡ �¨r~���
e�f+r~v � uwv+��¡ r�f+��iov+�+�]k!�k�+z+r~v��a¢5r~��f-uw}k¢>�+r~���_�k}k}k�Jo+�¨}k��e�fy�ar~�¨rtqC�tqCr~v ´8�¨r~v+�~r����a}kr~��e�f+�~r~� qC�k�
¢5r~�+r~z0qCrtq	�-uw�~µ!�-uw�¨�°�k¡ uw�¨¡ r~v�� uwv+���-uw� uw¢+�¨�a}kz0qCrA�kv+�+�]k!�k�+z+r~}k}krjnD�kv+�w�a¡ ¡ r~v�r~�kv+r~v �'q�zw�)�
�wr~�¨r~vZnD�kv��-z+�¨��uwz0sD�+�kr �kv+�+�]k!�k�+z+r~}k}kr�´8r~�¨z+v+��f+r~� qdf-uiq��U�Czw�¨�'q�¡�uwv v@z+v>z+v�qCr~�¨��e�f+�kr~�+}k��e�f+r
�Yr~�'qCr~�k}kz+v+�ar~v z+¡ �-uw�#3¨r��°r~�k}k�k�ar�� z+��e�f+��e�f+v+� q¨qC�¨r~�kv+�w�a¡ ¡ r~v��~z
z+v+�
�+r�s-v+�kr~�'q!o+¢5r~���+�kr
p!{-uwv+v.�°r~� qCr �!�+r~���+�kr!�<uw�¨� uwv+���+�kr~�¨r~�P�Yr~�'qCr~�k}kz+v+�ar~v r~�kv lAv+�a}kr~��e�f�f+r~� qC�¨¡�u�
+µ��¨�|f-uiq �+r~�
´8�Cuw�>�+r~�SlAv+�a}kr~��e�f�f+r~� q�r�f+r~�8r~�kv+r~v nD�kv��-z+�¨��uwz0s<r~�kvZiov+�+�]k!�k�+z+z+¡:�k¡:�¨r~��e�f+r~v � uwv+��uw}k�
�k¡Suw�¨¡ r~v��-� r~v+vy�k¡Suw�¨¡ r~v|� uwv+� }k�kr~�ar~v �+�kr8¡ r~�k�'qCr~v z+v�qCr~��f-uw}k¢ �+r~� ´8�¨r~v+�~rwµ�r~��uw}�µ��_�kr
z+v+�a}kr~��e�f �+�kr�´8r~�¨r~}k}k��e�f-uis qI�k�'q�µ¤��z�f+�¨r~v+� �+r~�£´8�Cuw�^�+r~�ElAv+�a}kr~��e�f�f+r~� q �k¡ �¨r~��e�f+r~v�� uwv+�
¢5r~�'qC�k¡ ¡Iq�µ@�_�kr k!�kr~}kr	´8r~�¨r~}k}k��e�f-uis qC�¨¡ � qC�a}k�kr~�+r~� z+v�qCr~��f-uw}k¢��+r~�cnD�kv+�w�a¡ ¡ r~v+�¨�a�¨r~v+�~r }k�kr~�ar~v��

K ���\ndc
b_N � SBe R � n��u^Db_P�P�QuN b o N elQub_o � m�S�T n e R�PHQ b_c
^Dm�c
[&b_P�b_P o bsQuN ]_N P�N n�� S�b_P�LOb_N n e � P�j�b_P9R�[�P�b_S�o b_PHQubklc
b_P�] ��c
muQ � �Be
N 
�N e�� e R � � ^Db_N n=b_PO`
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g ¢+¢+�k}k�+z+v+� ¥ p�lAv�qCr~�¨��e�f+�kr~�+}k��e�f+rSqU�k�¨�@z+v+�!ka�av7lAv+�a}kr~��e�f�f+r~� q

qU�kr ¡�uwv��kv g ¢+¢+�k}k�+z+v+� ¥ �¨r�f+r~vQ�iuwv+v � � µDs%o�f+�'q�r~�kv+r.0_r~�+z+��qC�k�av��+r~� lAv+�a}kr~��e�f�f+r~� q
�k¡ uw�¨¡ r~v_� uwv+���iuwz+¡��~z r~�kv+r~�70_r~�+z+��qC�k�av �+r~� 0_�k�¨�k�w�a�~µ��@�Cuwv+���~z �°r~�¨�+r~v�µC�°r~�k}D¡�uwv
z+v�qCr~��f-uw}k¢^�+r~�*nD�kv+�w�a¡ ¡ r~v+�¨�a�¨r~v+�~r }k�kr~�wq��\io¡ �¨r~��e�f+r~v�� uwv+� �-uw�ar~�ar~v^�¨�kv+��q£�+r~�bg v�qCr~�k}
�+r~�8uwz0s|�a�¨z+v+����f+�¨r~�PnD�kv+�w�a¡ ¡ r~v+� �@�Cuwv+�wr~v ´8r~�¨r~}k}k��e�f-uis qC�¨¡ � qC�a}k�kr~�+r~� *|�+r~���+z+v+�@}kr~�¨r�±°r �
�¨r~��e�f + �<lAv�qCr~���Y�a�Cuwz+�¨�¨rtqC�~z+v+�ar~v7�_�krI�k¡ f+�kr~� �+r�s-v+�kr~�'qCr~v>�¨r~��e�f+r~v � uwv+�>�¨r~v+��q�uw}k�¨��r~�kv+r
0_r~�+z+��qC�k�av �+r~�{lAv+�a}kr~��e�f�f+r~� q �-uw� �kv+�+�]k!�k�+z+r~}k}kr � �Cuwv+�Jf+r~� qC�¨�¨�k�¨�k�w�+�0��uw��g �¨�az+¡ r~v�q�f�zwv+�wq
uw}k}kr~�¨�+�kv+�a� �¨r�f+�A�@�¨� qC�k��e�f�ka�avy�+r~�/� uw�ar��+r~�A¢5r~�k�+r~v �+z+��e�f+��e�f+v+� q¨qC}k��e�f+r~v7nD�kv+�w�a¡ ¡ r~v uw¢;�
¡�uwv
�iuwv+v
�}f+v+r#�°r~� qCr~�¨r~� �+�kr��Yr~�'qCr~�k}kz+v+�ar~v
�+r~��uw�¨¡ r~vx� uwv+�+r~� v-u�e�f��a¢5r~v���e�f+�kr~¢5r~v�µ
z+¡ �-uwv+v�}krtqC�tqC}k��e�fU�+r~v��a}kr~��e�f+r~v n9r r~��q�uwz0s£�-uw� � �Cuwv+�Jf+r~� qC�¨�¨�k�¨�k�w�
�~z�r~�¨�~r~z+�ar~v �_�kr
�k¡ �¨r~��e�f+r~v|� uwv+�;��k!�kr~}k}kr~��e�f�q �¨{+�¨��e�f�q_� r�uiqC�av�* �w¤a¤a¥�+ �+r~��f-uw}k¢ ¢5r��_z+�¨�'q{ka�av �+r~v 
��-�E��	����
�Czwv+�+r~�¨v�µa�+r~�¨r~v nD�kv+�w�a¡ ¡ r~v.kar~�'qCr~�k}kz+v+�Pf+�kv+�¨r~��e�f+r~v+� v+�kr~�+�¨�k�8uwv+�ar~�¨�kr~�+r~} qY�k�'q���g z
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a�ar~¢+}k��e�f�s%o+�
�+�kr8±°r~�¨r~� qC�'qCr~}k}kz+v+�!��r r~v�qC}k��e�f+r~�A´Po0qCr~�~µ��°�a�~zyuwz�e�f �+�krd��r r~v�qC}k��e�f+r ´8r~�¨z+v+��f+r~� qC�'s%o+�¨�¨�a�¨�ar
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�-uis%o+���k�'q�µ5�-uw�¨�8�~z+¡:r~�kv+r~vZ��r r~v�qC}k��e�f�¢5r~�¨r~� qC�ar~�'qCr~}k} qCr£´8r~�¨z+v+��f+r~� qC�'s%o+�¨�¨�a�¨�ar�r�r r~��qC�]k>�k�'q�µ
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lnH(τ) = α1 + βmε lnw(τ) − βMε lnP (τ) − βδετ + βEεE + βXεX + u1(τ)
* �w¤�+

iov
α1

�¨�kv+�yuw}k}kr � �av+�'qLuwv�qCr~v>�+r~� � �!�+r~}k}k�	r~v�q�f-uw} qCr~v�µ
βM

z+v+�
βE

�¨�kv+� �+�kr ¯D�¨�!�+z+��qC���
�av+�¨r~} uw�'qC�k�~� q�ziqCr~v�ka�av ¡ r~�+�k�~�kv+�k��e�f+r~v|� r~�k�'qCz+v+�ar~v z+v+� ±°�k}k�+z+v+��¢5r~���+r~�A¯D�¨�!�+z+��qC�k�av�ka�av
´8r~�¨z+v+��f+r~� q�µ

P
�k�'q8�+r~� ¯D�¨r~�k�8�+r~�8¡ r~�+�k�~�kv+�k��e�f+r~v � r~�k�'qCz+v+�ar~v�z+v+�

βδ

¡ �k�¨�'q��+�kr p@q�zw�¨�wr
�+r~�cg } qCr~�¨�¨r~�kv��-z+�¨�¨r~�Yuwz0s5�+�kr g ¢+��e�f+�¨r~�k¢+z+v+�ar~v!ka�a¡[´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}��w� r~�D¯Kuw�Cuw¡ rtqCr~�
ε
�k�'qI�+r~�I�ar~�Cuw¡IqCr ´8�¨r~v+�~r~�'qC�Cuw�y�+r~��´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k� G � z+v+�

u
3¨r��°r~�k}k� �+r~�I§-r�f+}kr~�)�

qCr~�¨¡ �+§^o+�	±°�k}k�+z+v+�Is%o�f+�'q�q uw�a�'qLuWr>v+��e�f�q	v@z+�	r~�kv+rd�<uw�¨� uw¢+}krAr~�kv�µ0�¨�av+�+r~�¨v r~�kv+r~v#�Yr~��qC�a�
ka�av � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v�µ��+r~�Pg v+��uw¢5r~v o+¢5r~�8�+�kr£r~�k�ar~v+r ±°�k}k�+z+v+� �¨�@�_�kr��+r~�8�+r~�I´�uiq¨qCr~v
�!�+r~� �+r~�£´�uiq¨qC�kv�r~v�q�f�zw} q��6� r~�b�Yr~��qC�a�

X
r~v�q�f�zw} qS�°r~� qCr~�¨r � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v7o+¢5r~�I�+�kr

s�uw¡ �k}k�vzw�¨rAz+v+� z+�¨¢-uwv+rblA¡E�°r~} q_�+r~�jiov+�+�]k!�k�+z+z+¡ �~�
g z+�6�+r~¡ � �a�'qCr~v+¡ �kv+�k¡ �kr~�¨z+v+�a�¨{+�¨�a¢+}kr~¡ *|�ar~�ar~¢5r~v �+�krY±°z+�+�artqC�¨r~�'qC�¨�k��qC�k�av + }kr~� qCrtq¤q uw�i�

�'qLuWr>s|�a}k�ar~v+�+r8�'qC�¨z+��qCz+�¨r~}k}kr � u�e�f0s|�Cuw�ar�v-u�e�f ¡ r~�+�k�~�kv+�k��e�f+r~v|� r~�k�'qCz+v+�ar~v|f+r~��p

lnM(τ) = α2 + lnH(τ) + (1 − βM) lnw(τ) − (1 − βM) lnP (τ)

+ βδτ − βEεE − βXεX + u2(τ)
* � � +

��u �+r~��±°r~�'qLuwv+���+r~� ´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k���¨r~}k¢+�'q��iuwz+¡ ¢5r~�a¢-u�e�f�qCrtq �°r~�¨�+r~vW�iuwv+v�µ
�_�k�¨���kv �+r~���'qC�¨z+��qCz+�¨r~}k}kr~v�� u�e�f0s|�Cuw�arts|z+v+��qC�k�av v+��e�f �-uw�

H
r~�¨�¨rtqC�tq�µ �¨�y�-uw�¨���+�kr �¨r~�+z!�

�~�kr~�'qCr � u�e�f0s|�Cuw�ar�v-u�e�f ¡ r~�+�k�~�kv+�k��e�f+r~v|� r~�k�'qCz+v+�ar~v��_�kr8s|�a}k�wq	} uwz0qCrtq�p

lnM(τ) = α3 + [βM(ε− 1) + 1] lnw(τ) − [βM(ε− 1) + 1] lnP (τ)

+ βδ(1 − ε)τ − βE(1 − ε)E − βX(1 − ε)X + u3(τ)
* �a��+

g z0s_�a}kr~��e�f+r1q^r~�k�¨r �°r~�¨�+r~v�p�e�f�ziqC�~�a}kr~��e�f@z+v+�ar~v s%o+� �-uw� � �av+�¨z+¡ ¡ �!�+r~}k}cf+r~�¨�ar~}kr~� qCrtq'�
f+�kr~�¨¢5r~� �k�'q	�+r~� �Az0qC�~r~v �kv+�+�k�¨r~��q	uw¢�f�zwv+�a�k�Eka�a¡ ´8r~�¨z+v+��f+r~� qC�¨v+�]kar�uwz�µ���z�f+�¨r~v+� �+r~� �Yr~�)�
�+�kr~v+�'q°v@z+�°�+z+��e�f �+�krA�~r~� qC}k��e�f+r~v iov.kar~�'qC� qC�k�av+r~v��kv ´8r~�¨z+v+��f+r~� q°v+r~��uiqC�]k ¢5r~r~�kv��-z+�¨�'q �_�k�¨���
� �kr � u�e�f0s|�Cuw�ar�v-u�e�f>´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw} } uwz0qCrtq	�-uwv+v¤p

lnH(τ) = α4 − γ lnλ(τ = 0) − (1 − βm)γ lnw(τ) − βMγ lnP (τ)

− (βδ + (ρ− r))γτ − βEγE − βXγX + u4(τ)
* �w¥�+

xA�kr~��s�uw�¨�'q
α4

�_�kr~�+r~��uw}k}kr � �av+�'qLuwv�qCr~v �+r~� ´8}kr~��e�f@z+v+� �~z+�Cuw¡ ¡ r~v�µ
λ(τ = 0)

�k�'q��+r~�
p�e�f-uiq¨qCr~v+{+�¨r~�k�8�+r~�d�Yr~�¨¡,�a�ar~v+�

A
�~z+¡ � r~� qC{+z+v+��q8�+r~�7(�{0qC�k¡ �kr~�¨z+v+��z+v+�

γ
¢5r~�~r~��e�f+v+rtq

�+�krPnD} uw�'qC�k�~� q�ziq°�+r~�_´8r~�¨z+v+��f+r~� qC�¨v-u�e�f0s|�Cuw�arw��±°r�u�e�f�qCr~v+�L�°r~�'q �k�'q�µ0�-uw�¨�	z+v+�#�_�kr��+r~��q^r~�'q
h��sa�R�c
j�N PHR�T ��� �*N b_P � � m ���DR ��N e R�T �Ha ���f`

�]¦



� ��� �����¤��� �W������� � ���1%�� �@��� �,�����
	 � �J����� ��� �����.� �J����
����
	�� � ��� ����	���� ���	�J���

�+r~�P�Yr~�¨¡,�a�ar~v+���~z+¡ � r~� qC{+z+v+��q
0
f+�kr~�8�kv��+�kr�´8}kr~��e�f@z+v+� r~�kv+�ar�f�q'� �~z+v�z�e�f+�'q£}vzw�¨�'q��¨��e�f
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λ(τ = 0)
v+��e�f�q �+�k�¨r~��q ¢5r~�a¢-u�e�f�q'�
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���� *���q�p +

uwz+���+r~¡ �au�f+�y�@� �w� �~z+�a�¨z+v+�+rw�°� �kr|�<uw�¨� uw¢+}kr
H
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�~r~��e�f+r~v �+r~�£¯Kuw�Cuw¡ rtqCr~� �¨�kv+�^�ar~v+r~�¨r~}k}Y�¨��e�f�qC�k�+µ6uw}k}kr~�¨�+�kv+�a�8�¨�kv+�^v@z+�S�°r~v+�k�ar��¨�k�av+�]s-�iuwv�q��
iov+�¨¢5r~�¨�av+�+r~�¨r �+r~�b� �}f+v+�CuiqC�1f-uiq���� uw���-uw���¨��e�f�qC�k�arE�Y�a�¨�~r~��e�f+r~v�µ �k�'q uw¢5r~�8v+��e�f�q �¨�k�av+�]s0�
�iuwv�q��
� �kr p�e�f�ziqC�~z+v+� �+r~�Y�'qC�¨z+��qCz+�¨r~}k}kr~v � u�e�f0s|�Cuw�ar	v-u�e�f ´8r~�¨z+v+��f+r~� qN�°r~�k�'q;3¨r~�+��e�f lAv+�'qC�k¡��
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λ(τ = 0)
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v@z+�8qCr~�k}]�°r~�k�¨r �k¡cr~�L� uw�'qCrtqCr~v_iov�qCr~�Lkwuw}k}
[0, 1]

}k�kr~�ar~v�� ��z�f+r~�'q ¡�uwv
λ(τ = 0)

�+z+��e�f^�-uw�
g v0s�uwv+�a�Lkar~�¨¡,�a�ar~v z+v+� �-uw�j� r~¢5r~v+�¨�~r~� qCr~�kv+�w�a¡ ¡ r~v uwv�µ-�¨�,zwv+�+r~�¨v �¨��e�f �kv+�¨�ar~�Cuw¡Iq_u�e�f�q
�Y�a�¨�~r~��e�f+r~v;�0uw}k}kr~�¨�+�kv+�a�Y¢+}kr~�k¢0q<�+r~�°v+r~��uiqC�]kard� z+�Cuw¡ ¡ r~v�f-uwv+�I���_�k��e�f+r~v ´8r~�¨z+v+��f+r~� q z+v+�
� u�e�f0s|�Cuw�ar8v-u�e�f ¡ r~�+�k�~�kv+�k��e�f+r~v�� r~�k�'qCz+v+�ar~v uwz�e�f�f+�kr~� r~��f-uw} qCr~v���iov+�¨�ar~�Cuw¡Iq/f�zwv+�ar~v �+�kr
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z+v+���+r~�<�~z r~�¨�¨rtqC�~r~v+�+r~v

�<uw�¨� uw¢+}krI�+r~�8�¨r�e�f�qCr~v^x uwv+�Zkar~�¨} uwv+�wq�µ��~z+¡ uwv+�+r~�¨r~v �¨�a}k}
Z
z+v-uw¢�f�zwv+�a�k� ka�a¡�§-r�f+}kr~�

ε�¨r~�kv��	� u�e�f�0_�a�¨r~v+���°r~�k�Iz+v+�,q^�a}k{+�kv.* �w¤a¤a¤�+ �a�k¢0q<r~�<v@z+�N�°r~v+�k�arj�_�k�¨�@}k��e�f+rjiov+�'qC�¨z+¡ r~v�qCrwµ
�+�kr �kv r~�kv+r~�!�a�w�av+�a¡ rtqC�¨�k��e�f+r~vxg v-uw} ²!�¨r�k}�a}k}k�k�ar�lAv-uw¢�f�zwv+�a�k�a�wr~� q*ka�a¡ §-r�f+}kr~�'qCr~�¨¡ ��u]�
�Cuwv�qC�kr~�¨r~v�µ0�-uw�¨z+v�qCr~�°s�uw}k}kr~v��w� ± �-��uiqCz+¡ z+v+��q^rtq¨qCr~�~µ�ka�av �+r~v+r~v ¡�uwv uwz+�¨�ar�f�q�µ+�-uw�¨� �¨�kr
v+��e�f�q*ka�av �k�¨�ar~v+���_�kr �ar�uw�'qCrtqCr~�*�a�w�av+�a¡ �k��e�f+r~�Eg ��qC�]k!� q�ziq£¢5r~r~�kv��-z+�¨�'q*�°r~�¨�+r~v�µR�¨�av+�+r~�¨v
z+v-uw¢�f�zwv+�a�k� r~�kv�qC�¨rtqCr~v��Jg }k}kr~�¨�+�kv+�a�D�¨�kv+� �¨�a}�e�f+r/iov+�'qC�¨z+¡ r~v�qCr/�_�kr~�+r~�¨z+¡ f�zwz�s-� v@z+�°v+��e�f
��e�f.� u�e�f>¡ � q	�+r~�_�~z r~�¨�¨rtqC�~r~v+�+r~v��<uw�¨� uw¢+}kr��w�a�¨�¨r~}k�kr~�'q��
� z+v�z�e�f+�'q �~z+¡ r~�kv0s�u�e�f+r~v�§�uw}k}�µ �kv �+r~¡ �+�kr���u�f+}°�+r~�!iov+�'qC�¨z+¡ r~v�qCr

Z
�+r~�,��u�f+}°�+r~�

�~z r~�¨�¨rtqC�~r~v+�+r~v��<uw�¨� uw¢+}kr~v
X

�ar~v-uwz r~v�qC�¨{+�¨��e�f�q��D±°r~�°�+r~vmf+�kr~�Eka�a�¨}k�kr~�ar~v+�+r~vmlAv�qCr~�¨�¨z!�
e�f@z+v+�ar~v ka�av � r~r~� rtq uw}��4* �w¤a¤a¥�+ z+v+� � �kv+�-u�f+} * �w¤a¤���+ �k�'q��-uw� �+r~� §�uw}k}�µD�-u^v@z+� �+�kr
�Yr~�¨¡,�a�ar~v+�Lkwuw�¨� uw¢+}kr �+z+��e�fQr~�kv iov+�'qC�¨z+¡ r~v�q * nD�¨¢+��e�f-uis q ¢+������� �wq¨qCr~�¨�kr~�ar��_�kv+v + r~�¨�¨rtqC�tq
�_�k�¨���<� r~� v+r~z+rwµ<�w�av+�¨�k�'qCr~v�qCrZiT�A�'p�e�f�ziqC�~r~�

β̂IV

�iuwv+v�v@z+vUuwz0s8���°r~��g �'qCr~vW¢5r~�¨r�e�f+v+rtq

h � � PHQ9Q�R�o N e���[&b_c QuN b�	�N j�P�N � � R�P�]@Qubsn ��R�c R�o b*e
b_c n_`
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�°r~�¨�+r~v��Cio¡cr~�¨�'qCr~v^§�uw}k}K¢5r~v@z0qC�tq ¡�uwv��+�krEkar~�¨r~�kv0s�u�e�f�qCr1�Yr~�¨�¨�k�av��+r~� ´S�6p��'p�e�f�ziqC�~r~�¨� G �¬�
q^r~v+v �+�kr8r~�k�ar~v�qC}k��e�f+r p�e�f�ziqC�~�a}kr~��e�f@z+v+�1�_�kr8s|�a}k�wq } uwz0qCrtq�p

Y = Xβ + ε,
* �w��+

z+v+�U�+�kr�iov+�'qC�¨z+¡ r~v�qCr
Z

¡ � q��+r~vUz+�¨�¨{+��o+v+�a}k��e�f+r~v 0_r~�a�¨r~�¨�¨�a�¨r~v
X

�w�a�¨�¨r~}k�kr~�'q �¨�kv+��µ
�-uwv+v } uwz0qCrtq	�+r~� p�e�f�ziqC�~r~�_s%o+�

β
p

β̂IV = (Z ′X)−1Z ′Y
* � � +

§^o+���+r~v^§�uw}k}�µ5�-uw�
X, Y

z+v+�
Z
3¨r��°r~�k}k��v@z+��r~�kv+r*�<uw�¨� uw¢+}kr£z+¡ s�uw�¨�¨r~v�µ }vzw�¨�'q �¨��e�f �+r~�

p�e�f�ziqC�~r~� uwz�e�f r~�kv0s�u�e�f+r~�_��e�f+�¨r~�k¢5r~v G ��p

β̂IV =
cov(Y, Z)

cov(X,Z)

* ¥a¤�+

g z0s��+�kr~�¨rjq^r~�k�¨r{�_�k�¨� ��e�f+v+r~}k}-�+r~z0qC}k��e�f�µ��-uw�¨�
β̂IV

uwz+�Y�+r~¡ � z+�Cuw¡ ¡ r~v�f-uwv+�����_�k��e�f+r~v
�+r~�j�<uw�¨� uw¢+}kr~v �+r~�A}k�kv+�wr~vyx uwv+�yz+v+�y�+r~¡ iov+�'qC�¨z+¡ r~v�q�¢5r~�'qCr�f�q�µ5�w�a�¨�¨�k�a�kr~�'q_z+¡ �+r~vZ� z!�
�Cuw¡ ¡ r~v�f-uwv+� ���_�k��e�f+r~v>�+r~¡ iov+�'qC�¨z+¡ r~v�q z+v+�y�+r~�_z+�¨�¨{+��o+v+�a}k��e�f+r~vyr~�¨�@}vzw�¨r~v+�+r~v�´8����
arw�
nD�kv+rjg } qCr~�¨v-uiqC�]kar_¢+�krtqCrtq°r~�kv+r~v��kv�qCz+� qC�]kar~�¨r~v�� z+��uwv+���~z+� iT�A�'p�e�f�ziqC�~z+v+�+µ!�+�kr 3¨r~�+��e�f��~z+¡
�a}kr~��e�f+r~v7nD�¨�ar~¢+v+�k�As%o�f+�'q�� ��uw���Yr~�'s�u�f+�¨r~v7f+r~� 
wq��C�°�i�'p@qLuw�ar*� r�uw�'q�p �@z-uw�¨r~��* � p��6p + z+v+�
¢5r~�a�kv+v�q8¡ � q �+r~�SnD�¨�@}vzw�¨z+v+� ka�av

X
�+z+��e�f

Z
µ�z+¡:�~z+v�z�e�f+�'q �+r~v_� z+�Cuw¡ ¡ r~v�f-uwv+� ���_���

��e�f+r~vZiov+�'qC�¨z+¡ r~v�q z+v+�>z+�¨�¨{+��o+v+�a}k��e�f+r~¡ 0_r~�a�¨r~�¨�¨�a� �~z>r~�¨�¨r�e�f+v+r~v�����uw�j�Yr~�'s�u�f+�¨r~v>�-uw�~z
�k�'q_�+�kr8r~�kv0s�u�e�f+r � �A�'p�e�f�ziqC�~z+v+��p

X = Zγ + η
* ¥ � +

��uw�_s%o�f+�'q_�~z r~�kv+r~¡ p�e�f�ziqC�~r~�
γ̂
�+r~�	s|�a}k�ar~v+�+r~v ¢5r~�iuwv+v�qCr~v�g �'q�p

γ̂OLS = (Z ′Z)−1Z ′X
* ¥���+

� �kr�´Po0qCr_�+�kr~�¨r~� p�e�f�ziqC�~z+v+�+µ!�w� ± �@�ar~¡ r~�¨�¨r~v uwv�f-uwv+���+r~�
R2 �!�+r~�<�+r~� p!�k�av+�]s-�iuwv+�	�+r~�

� z+�Cuw¡ ¡ r~v�f-uwv+�a�~µ�}vzw�¨�'q�v@z+v�r~�kv+rEg z+�¨�Cuw�ar*o+¢5r~���+�kr£p@q�zw�¨�wr£�+r~���!�+r~� �+r~�diov+�'qC�¨z+¡ r~v�qCr
�~z�� � � q_xA�k} s|r �+r~�_�¨���ar��°�av+v+r~v+r~v�p�e�f�ziqC�~r~�¨�_} uw�¨�¨r~v �¨��e�f �+�kr��ar~��e�f�ziqC�tqCr~v

X̂
r~�¨�¨r�e�f+v+r~v¤p

h � klb_P�b_c R�T N ]_bsQ#LObsR�n e 	�� � R�c
bsn�����m�S�PHn e
m�P � PHQ9QuN �fR�c Qum9U psr�r�t�Z\T b_N e
b_P�Q�R�n �Vc
j�b_[�P�N n S�b_cs`h ����N b@]�` �l`uPHR � S��dmBn=b_P�]_^Db_N j � PHQ � m�T ��N P UXW�Y�Y�YBZM`
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X̂ = Zγ̂
* ¥a¥�+

= Z(Z ′Z)−1Z ′X
* ¥w� +

io¡ ���°r~� qCr~v�p�e�f+�¨� q¨qj�_�k�¨�yv@z+v|�_�kr~�+r~� � �A�'p�e�f�ziqC�~z+v+� uwv+�ar��°r~v+�+rtq�µ z+v+�y��� uw�A�kv+�+r~¡
¡�uwv �+�krd�<uw�¨� uw¢+}kr~v

Y
�+z+��e�fy�+�kr�uwv+�ar~{-uw�¨�'qCr~v

X̂
r~�¨�@}vzw�'q�p

Y = X̂β + ξ
* ¥ ¦ +

� r~� � �A�'p�e�f�ziqC�~r~�>s%o+�
β
�kv"´8}kr~��e�f@z+v+� ¥ ¦��k�'qy�a}kr~��e�f+�~r~� qC�k���-uw�ZnD�¨�ar~¢+v+�k�>�+r~��iT�A�

p�e�f�ziqC�~z+v+� ¡ � q xA�k} s|rD�+r~�\kar~�¨r~�kv0s�u�e�f�qCr~v ´S�6p��'p�e�f�ziqC�~r~�¨�~µ@�°r~v+vI�+�kr ��u�f+}��+r~�Ciov+�'qC�¨z+¡ r~v�qCr
�a}kr~��e�f �+r~�jg v+��u�f+} �+r~�_z+�¨�¨{+��o+v+�a}k��e�f+r~v 0_r~�a�¨r~�¨�¨�a�¨r~vy�k�'q�� G �
EA¢5r~�'qC�¨�]r5q£v@z+v �+�kr g v+��u�f+}°�+r~�Eiov+�'qC�¨z+¡ r~v�qCr �+�kr �+r~��0_r~�a�¨r~�¨�¨�a�¨r~v�µK�¨���k�'qI�k¡ uw}k}k�ar �

¡ r~�kv+r~v>r~�kv+r ´S�6p��'p�e�f�ziqC�~z+v+� �+z+��e�f+�~z0s%o�f+�¨r~v�� � �krEq u�f+}K�+r~�diov+�'qC�¨z+¡ r~v�qCr�¢+}kr~�k¢0q8uw¢5r~�
v-u�e�f �_�krjka�a�°{+�¨�a¢+}kr~¡�uiqC�k��e�f��.qU�krA�~z+¡ ±°r~�k�¨{+�kr~}5uwv �+r~� � �¨� qC�k��uwv �+r~¡ ka�av � r~r~� rtq uw}��
* �w¤a¤a¥�+ �ar���z�f+} qCr~v|iov+�'qC�¨z+¡ r~v�q_s%o+���Yr~�¨¡,�a�ar~v+��zwv+�+r~�¨z+v+� �ar~�¨r�f+r~v|�°r~�¨�+r~vy�iuwv+v�µ+�a�k¢0q	r~�
v@z+���°r~v+�k�ar ´8����
ar~v�µ5�+�krbk}�a}k}k�k� z+v-uw¢�f�zwv+�a�k� ka�a¡c§-r�f+}kr~�'qCr~�¨¡ z+v+���-uw¡ � q r-20�a�ar~v��¨�kv+��µ
�a}kr~��e�f+�~r~� qC�k�£uw¢5r~�	v+��e�f r~�kv+r~v �ar~vJo+�ar~v+� �'qLuw�¨�wr~v7� z+�Cuw¡ ¡ r~v�f-uwv+�£�~z �+r~¡ 0_r~�a�¨r~�¨�¨�a�

Xuwz0s��°r~�k�¨r~v��\iov��+r~� /��w�av+�a¡ �k� �k�'q8r~�kv iov+�'qC�¨z+¡ r~v�q�v@z+�8�-uwv+vZ�_�k�¨�@}k��e�f�r-20�a�ar~v�µ<�°r~v+v r~�
ka�a¡ �Yr~��f-uw} qCr~v �!�+r~�	�+r~�_¯D��zw�+�k�¨{5�a�¨� qC�k�av �+r~�jiov+�+�]k!�k�+z+z+¡ � v+��e�f�qA¢5r~r~�kv��-z+�¨�'qA�k�'q'�+�¨r~}k¢+�'q
�+r~� � �wq¨qCr~�¨�kr~�ar��_�kv+v�µR�+r~v � �kv+�-u�f+}7* �w¤a¤���+ r~�kv0s%o�f+�'q�µD�k�'q ��r r~v+�¨��e�f�qC}k��e�f�ka�a¡ �Yr~��f-uw} qCr~v
�+r~�diov+�+�]k!�k�+z+z+¡ �Az+v+�>�¨r~�kv+r~�dnD�kv+�'qCr~}k}kz+v+���~z+¡cp!{+�kr~}6¢5r~r~�kv��-z+�¨�'q�µ �a¢.�°�}f+}K�-uw�dnD�¨r~�k�av+�k�
�5�J��� �+r~�/nDv�qC��e�f+r~�k�+z+v+���~z+¡:p!{+�kr~}��~z0s zw}k}k�k�£�k�'q��

��(='�(�� -�40/C-;<����
	��
tC4�BC4�354�DP=��c:58 >�8FI\:7��I\: �{O<?�Q�O<;�8 >�a�>,:�O���H_RSKTO<:�AU=�K
io¡ ka�a�¨�k�ar~v � uw{+� qCr~}\�_z+�¨�+rEkar~�¨�¨z�e�f�q�µ��+�kr£§-�Cuw�ar �~z>¢5r�uwv�q��°�a�'qCr~v�µ��a¢yr~�kv>¢5r~�a¢-u�e�f�qCrtqCr~�
´8}kr~��e�f+} uwz0s�ka�av,�<uw�¨� uw¢+}kr~v*�_�k�¨�@}k��e�f �¨�k�av+�]s-�iuwv�qD�k�'q<�!�+r~�Yuwz0s|�a�¨z+v+� r~�kv+r~�Yz+v+�~z+�¨r~��e�f+r~v+�+r~v
� rtq�f+�!�+�k�Wv@z+� �¨��r~�¨��e�f+r~�kv�q'� uwvU�+�kr~�¨r~�yp@qCr~}k}kr7�_�k�¨��r~�kv+r � rtq�f+�!�+r ka�a�¨�ar~�'qCr~}k} q�µ v-u�e�f
�+r~�	�+�kr�§-�Cuw�ar8v-u�e�f �+r~� � uwz+�Cuw}k� q�ziq r~�kv+r~�	¢5r~�a¢-u�e�f�qCrtqCr~vZ� z+�Cuw¡ ¡ r~v�f-uwv+�a�	¢5r�uwv�q��°�a�'qCrtq
�°r~�¨�+r~vU�¨�a}k}��<��uw� �~z�´8�¨z+v+�+r>}k�kr~�ar~v+�+r � �av+�~r~{0q �¨�@�_�kr>�+�kr � rtq�f+�!�+�k���'qLuw¡ ¡ r~vxka�av
´8�Cuwv+�ar~�.*)�@� � �0µ_�@� �a¤ z+v+�V�@� �a��+ �<p!r~�kv+ry� r�s-v+� qC�k�avxka�avW�iuwz+�Cuw}kr~v � z+�Cuw¡ ¡ r~v�f�zwv+�ar~v
¢5r~�¨z�f�q<uwz0s �¨r~�kv��'qLuiqC�k�'qC�k��e�f+r~v � rtq�f+�!�+r~v;���+�kr��KuiqC�Cu�e�f+rwµ��-uw�¨�Yr~�kv+r q�f+r~�a�¨rtqC�k��e�f�s|z+v+�+�kr~�'qCr
� uwz+�Cuw}k� q�ziq v+��e�f�q v��wqC�k�
�k�'q ¢+�����_v+��e�f�q�ka�a�¨�w�a¡ ¡Iq�µ �iuwv+v�uw}k���Y�a�'qCr~�k}�µ uw¢5r~� uwz�e�fVuw}k�
� �¨� qC�k�8�ar��°r~�'qCrtqc�°r~�¨�+r~v��.�6�¨�wqC�~�+r~¡ �k�'qRr~�kv*�Yr~�¨�'q�zwv+�+v+�k�R�+�kr~�¨r~�cg v+�CuiqC�~r~�Nf+�k} s|�¨r~��e�f�µ]v+��e�f�q
�~z+}krtqC�tqb�°r~�k}<�w� ± �'g	�-uw¡ �Irtq�uw}��<* �w¤a¤a¥�+ �+�kr�§-�Cuw�ar v-u�e�f � uwz+�Cuw}k� q�ziq ¡ � q��+r~��´8�Cuwv+�ar~�)�
� r�s-v+� qC�k�av �~z ¢5r�uwv�q��°�a�'qCr~v �¨z�e�f+r~v��5x uiq	¡�uwv r-2 uwv�qCr��az0qCr�´8��o+v+�+r�s%o+�	�+�krdg v+v-u�f+¡ rwµ
h ���Db_^Db_N n N P ��m�S�PHn e
m�P � PHQ9QuN �fR�c Qum�U psr�r�t�ZM`
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�-uw�¨� r~�kv+r�¢5r~�'qC�k¡ ¡IqCr 0_��e�f�qCz+v+�
�+r~� � uwz+�Cuw}k� q�ziq ka�a�¨}k�kr~�ar~vU¡£z+�¨�~µ	r~�¨}kr~��e�f�qCr~�'q �-uw� �+�kr
g v-uw} ²!�¨r r~��f+r~¢+}k��e�f�� ��u ¡�uwv uw¢5r~�8�ar~�Cuw�+r�¢5r~��o+�a}k��e�fZq^�}f+}k�'qLuwv+��z+v+� ´8r~�¨z+v+��f+r~� q r~�¨�'q
v-u�e�f � uwz+�Cuw}k� q�ziq<z+v+� �+r~�¨r~v 0_��e�f�qCz+v+�£�¨z�e�f�q	z+v+� �¨�krA�+r~��f-uw}k¢ v+��e�f�q ka�a�Cuwz+�¨�¨rtqC�~r~v �iuwv+v�µ
�k�'q_�~z+¡ �kv+�+r~�'q_�-uw�_�¨r~�kv �'qLuiqC�k�'qC�k��e�f+rP�Y�a�¨�ar�f+r~v �+r~�_�¨��e�f�qC�k�arPg v+�CuiqC�w�
��uw��¯cf�zwv+�a¡ r~v>�+r~�dnDv+�+�a�ar~v+� q�ziqjka�av7�a�w�av+�a¡ �k��e�f+r~v��<uw�¨� uw¢+}kr~v �k�'q�±°r~�'qLuwv+�0qCr~�k} �+r~�

� �av+�~r~{0qC��ka�av ´8�Cuwv+�ar~�~�<nD���¨r~}k¢+�'q�v+r~v+v�q � �!�+r~}k}krwµ��kv>�+r~v+r~v��¨��e�f����°r~�Y´8����
ar~vy�ar~�ar~v!�
�¨r~� qC�k��¢5r~r~�kv��-z+�¨�¨r~v�µ "'��� � � �J� �H�
	 � �J������� ��iov��¨�a}�e�f+r~v � �!�+r~}k}kr~v�¡ � qR���°r~���<uw�¨� uw¢5r~v

Xt

z+v+�
Yt

f+r~�¨�¨��e�f�q � uwz+�Cuw}k� q�ziq��kv�¢5r~�k�+r�0_��e�f�qCz+v+�ar~v�µ���� f��
Xt

¢5r~r~�kv��-z+�¨�'q
Yt

z+v+��z+¡ �ar~�wr�f+�'q��
´8r~v-uwz^�+�kr~�¨r~�I§�uw}k}R}k�kr~�wq�}krtqC�tqC}k��e�f �k¡ nD�¨�ar~¢+v+�k� �+r~��´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}k�dka�a�~�'nD�kv+r r~�kv!�
s�u�e�f+r � r�s-v+� qC�k�av>�iuwv+v��-uwv+v7�_�krIs|�a}k�wq�} uwz0qCr~v¤p¤nD�kv+rE�<uw�¨� uw¢+}kr

Yt

f+r~� 
wq8�iuwz+�Cuw}6s%o+��r~�kv+r
�<uw�¨� uw¢+}kr

Xt

µ5�°r~v+v��¨��e�f
Xt

¡ � q�xA�k} s|r �+r~�diov0s|�a�¨¡�uiqC�k�av�µ-�+�krI�kv
Yt

r~v�q�f-uw} qCr~v��k�'q�¢5r~�¨�¨r~�
ka�a�Cuwz+�¨�Cuw�ar~vy}vzw�¨�'qAuw}k�	�}f+v+r��+�kr~�¨rSiov0s|�a�¨¡�uiqC�k�av��
±°rtqC�Cu�e�f�qCr~v �_�k� r~�kv+r�iov0s|�a�¨¡�uiqC�k�av+�¨¡ r~v+�ar

Ωt

µY�+�kr uwz+�¨��e�f+}k�kr 
a}k��e�f�v+��e�f�q'��o+¢5r~�L��o+�¨�¨�k�ar
iov0s|�a�¨¡�uiqC�k�av+r~v_o+¢5r~�I�+�kr#� r~� qC�¨r~��f+r

Xt

r~v�q�f�zw} q��'io¡ r~�kv0s�u�e�f+r~v
§�uw}k}Y�iuwv+v �+�kr~�£�w� ± �K�+�kr
� r~� qC�¨r~��f+r|ka�av

Xt

�¨r~}k¢+�'q �¨r~�kv�� ��uw�¨�kvW�k�'q ¢5r~�¨r~� qC� uw}k� g v+v-u�f+¡ r>r~v�q�f-uw} qCr~v�µ �-uw�¨� r~�kv+r
�<uw�¨� uw¢+}kr��~z+¡ � r~� qC{+z+v+��q

t
v@z+�bka�av_�<uw�¨� uw¢+}kr~v��~z�� r~� qC{+z+v+��qCr~v

t − 1
z+v+�^s|��o�f+r~� ¢5r �

r~�kv��-z+�¨�'q �°r~�¨�+r~vQ�iuwv+vJI � �°��uw� ��e�f+}k�kr 
wq�nD�L� uw�'qCz+v+�a�¨¢+�k}k�+z+v+�_o+¢5r~� �~z+�Jo+v0s qC�k�ar�´8����
ar~v
3¨r~�+��e�f v+��e�f�q uwz+�~µ �+r~v+v^uwz�e�f �+�kr1nD�L� uw�'qCz+v+�a�¨¢+�k}k�+z+v+��o+¢5r~�

Yt+1

¢-uw�¨�kr~�'q *|¢5r~�'qCr~v0s�uw}k}k� +
uwz0s �+r~�,iov0s|�a�¨¡�uiqC�k�av+�¨¡ r~v+�ar �~z+¡ � r~� qC{+z+v+��q

t
�Y� �kr �ar~v+r~�¨r~}k}kr s|�a�¨¡�uw}kr � r�s-v+� qC�k�av s%o+�

r~�kv+r8�iuwz+�Cuw}krPqU�k�¨�@z+v+�!ka�av
Yt

uwz0s
Xt+1

} uwz0qCrtq_�-uwv+v v-u�e�f>´8�Cuwv+�ar~�7*)�@� �a¤�+ p

Pr(Xt+1 ∈ A|Ωt) 6= Pr(Xt+1 ∈ A|Ωt − Yt)
* ¥a��+

��uw�_¢5r~�+r~z0qCrtq�µ-�-uw�¨�	�+�krPiov0s|�a�¨¡�uiqC�k�av��kv
Yt

v+��e�f�qjo+¢5r~�L��o+�¨�¨�k��s%o+�	�+�kr��Y�a��f+r~�¨�Cuw�ardka�av
Xt+1

�k�'q�z+v+� �+r~��f-uw}k¢��~z+�Siov0s|�a�¨¡�uiqC�k�av+�¨¡ r~v+�ar
Ωt

�ar�f��a�¨r~v �¨�a}k}��¤nD�8s|�a}k�ar~v�v@z+v r~�kv+�k�ar
p�e�f+�¨� q¨qCr>�+r~�&(�{5r~�CuiqC�k�av-uw}k�k�¨�kr~�¨z+v+���+�kr~�¨r~� � r�s-v+� qC�k�av�� � �kr|ka�a}k}k�'q�zwv+�+�k�ar|iov0s|�a�¨¡�uiqC�k�av+�)�
¡ r~v+�ar

Ωt

��o+�'s qCr��kv>�+r~�90_r�uw}k� q�ziqA�iuwz+¡:�~z�¢5r~�a¢-u�e�f�qCr~v��¨r~�kv;��uw¢5r~� v@z+�8�+r~�8±°r~�~z+� uwz0s
�+�kr~�¨rd�Y�a}k}k�'q�zwv+�+�k�a�wr~� q°}k�kr 
ar r~�kv+rPg z+�¨�Cuw�arPo+¢5r~� � uwz+�Cuw}k� q�ziq �~z���p!r~���+r~��f-uw}k¢

Jt

r~�kv+rdkar~�)�
s%o+�a¢-uw�¨r1iov0s|�a�¨¡�uiqC�k�av+�¨¡ r~v+�ar£�~z+¡ � r~� qC{+z+v+��q

t
µ �+�kr���� uw�Iuw}k}kr*iov0s|�a�¨¡�uiqC�k�av+r~vZo+¢5r~�

Xtr~v�q�f�zw} q�µ+v+��e�f�qAuw¢5r~�{o+¢5r~�
Yt

�-� �kr��kv
Yt

r~v�q�f-uw} qCr~v+r��~z+��ziqC�~}k��e�f+rSiov0s|�a�¨¡�uiqC�k�av �¨r~� uw¢5r~�	�kv
J ′

t

uw}k�_���°r~� qCr~�jkar~�'s%o+�a¢-uw�¨r~��iov0s|�a�¨¡�uiqC�k�av+�¨¡ r~v+�arw�-±°r~��e�f+�¨r~�k¢0q ¡�uwv v@z+vyv+��e�f>�+�krPq u�f+�)�
��e�f+r~�kv+}k��e�f+�wr~� q�µ �-uw�¨�

Xt

r~�kv+r~v^¢5r~�'qC�k¡ ¡IqCr~vZq^r~�'q£uwv+v+�k¡ ¡Iq8¢+�����6�¨��e�f^�kv+v+r~��f-uw}k¢�r~�kv+r~�
� r~v+�ar

A
¢5r�s-v+�+rtq �+z+��e�fQ�+�kry¢5r~�+�kv+�wqCr�q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qC�Lkar~�'qCr~�k}kz+v+�

F
µY}vzw�¨�'q �¨��e�f

r~�kv+r�s|�a�¨¡�uw}kr8� r�s-v+� qC�k�av#ka�av � uwz+�Cuw}k� q�ziq �_�kr�s|�a}k�wq s�uw�¨�¨r~v¤p

F (Xt+1|J
′

t) 6= F (Xt+1|Jt)
* ¥���+

��uw�°¢5r~�+r~z0qCrtq°}krtqC�tqC}k��e�f �-uw�Y�a}kr~��e�f+r{�_�krA�+�kr{ka�a�Cuwv+�ar~��uwv+�ar~v+r � r�s-v+� qC�k�av �kv ´8}kr~��e�f@z+v+�
v�� �VN P�b�� � c
]_b � � n � ��S�c � P�j;] � klT b_N � S�]_b_N e
N j ��b_N e�� m�T j�e R � � 	�b_N e
b�W�g N P�QuN bsn=b_o �@R ��N e
b_TX`

�a�
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¥a� µ v�zw¡ }k��e�f��-uw�¨� �+�kr ±°rtqC�Cu�e�f�qCz+v+�y�+r~�biov0s|�a�¨¡�uiqC�k�av��kv
Y
�~z+�EnD�¨�@}vzw�¨z+v+��ka�av

X
¢5r~���

qC��zw�wq��K��u7f+�kr~�Iv@z+�£v+��e�f
±°r~�~z+��uwz0s_�+�kr 
���� ��� � � ������� uw} qCr~�¨v-uiqC�]kar~v�iov0s|�a�¨¡�uiqC�k�av+�¨¡ r~v!�
�ar~v �ar~v+�a¡ ¡ r~v#�_�k�¨��µ+v+r~v+v�q8´8�Cuwv+�ar~�	�+�kr~�¨r~v7� z+�Cuw¡ ¡ r~v�f-uwv+� uwz�e�f �5��� �,� ���J����� I � ����u
uwz�e�fU�+�kry�ar~�Cuw¡IqCr7q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qC�Lkar~�'qCr~�k}kz+v+� r~�kv+r~� �<uw�¨� uw¢+}kr~v��¨r~} qCr~vU�~z+� �Yr~�'s%o!�
�az+v+�I�'qCr�f�q�µ0�iuwv+v ¡�uwv �+�kr/ka�a�¨�ar~��e�f+} uw�ar~v+r �5��� �,� ���J����� � uwz+�Cuw}k� q�ziqY�k¡ � � q¨qCr~}��_�krAs|�a}k�wq
¢5r~��e�f+�¨r~�k¢5r~v¤p

E[Xt+1|J
′

t] 6= E[Xt+1|Jt]
* ¥a��+

xA�kr~�£¢5r~�~�kr�f�q��¨��e�f �+r~��±°r~�a�¨�]r��+r~� � uwz+�Cuw}k� q�ziq v+��e�f�q�¡ r�f+��uwz0sA�+�kr��ar~�Cuw¡IqCr �Yr~�'qCr~���
}kz+v+� �+r~�1�<uw�¨� uw¢+}kr~v�µR�¨�av+�+r~�¨v�v@z+� v+��e�fWuwz0s��+r~v nD�L� uw�'qCz+v+�a�L�°r~�'q uw}k� �+r~�¨r~vWr~�kv+�~�k�ar~�
� �a¡ r~v�q���q^r~v+v �+�kr8p�e�f�ziqC�~z+v+�ar~v �+r~�jnD�L� uw�'qCz+v+�a�L�°r~�'qCr~�A�¨�k�av+�]s-�iuwv�q kar~�¨��e�f+�kr~�+r~v �¨�kv+��µ
�-uwv+v�qC��zw�wq

Y
�~z+��nD�¨�@}vzw�¨z+v+�_ka�av

X
¢5r~��� nD� �k�'q�¢5r~¡ r~�¨�wr~v+�L�°r~�'q�µ	�-uw�¨� ´8�Cuwv+�ar~��uwv

�+�kr~�¨r~��p@qCr~}k}krI��e�f+�av��-u�ka�av uwz+�¨�ar�f�q�µ��-uw�¨�8�wr~�kv�z+v+¡ � q¨qCr~}k¢-uw�¨r~�d� z+�Cuw¡ ¡ r~v�f-uwv+� ka�av
Xtz+v+�

Yt

¢5r~�'qCr�f�q'���+�kr~�¨r z+v+¡ � q¨qCr~}k¢-uw�¨r � uwz+�Cuw}k� q�ziq �_�k�¨��ka�av>´8�Cuwv+�ar~�7*)�@� � � + �¨r~{-uw�CuiqA�+r �
s-v+�kr~�'q z+v+� �@�¨� qC�k�¨�kr~�'q��JnD�¨} uwz+¢0q ¡�uwv r~�kv+r �¨�a}�e�f+r�´8}kr~��e�f+�~r~� qC�k�a�wr~� q<�+r~� qU�k�¨�@z+v+�+µ!�¨�£}vzw�¨�'q
�¨��e�f

Xt ⇒ Yt

v+��e�f�q#ka�av
Yt ⇒ Xt

z+v�qCr~�¨��e�f+r~�k�+r~v����Az+� �+r~� ´8}kr~��e�f+} uwz0s8�¨r~}k¢+�'q�µ uw}k�¨�
Xt ⇔ Yt

µ°�iuwv+vQ¢5r~�a¢-u�e�f�qCrtq#�°r~�¨�+r~v��_±°r~���+r~��g v.�°r~v+�+z+v+��uwz0s �¨r�uw}kr���uiqCr~vQr~�L�°r~�k�'q
�¨��e�f��+�kr/�KuiqC�Cu�e�f+rwµ!�-uw�¨�°�+�kr40_��e�f�qCz+v+�Iz+v+¡ � q¨qCr~}k¢-uw�¨r~� � uwz+�Cuw}k� q�ziqYv+��e�f�q°¢5r~�'qC�k¡ ¡£¢-uw�Y�k�'q�µ
uw¢5r~�°uw}k�<¯D�¨�a¢+}kr~¡|p@� �krjf+�kr~�Nka�a�¨}k�kr~�ar~v+�+r~v lAv�qCr~�¨�¨z�e�f@z+v+�ar~v �+r~� � uw{+� qCr~}k�°¦8¢-uw�¨�kr~�¨r~v uwz0s
¯Kuwv+r~}��)��uiqCr~v�µ@¢5r~���+r~v+r~v �+r~��� r~� qC�Cuwz+¡/���_�k��e�f+r~v �+r~v ±°rts|�Cuw�az+v+�ar~v�¡ r�f+�¨r~�¨r �au�f+�¨rAz+¡��
s�uw�¨�'q��5p!� �iuwv+v �kv+v+r~��f-uw}k¢ r~�kv+r~�_�¨�a}�e�f+r~v7� r~� qC�Cuwz+¡ r~� �+z+��e�f-uwz+�Auwz�e�f �~r~� qC}k��e�f uw¢�f�zwv+�a�k�ar
� uwz+�Cuw}k� q�ziqdka�a�¨}k�kr~�ar~v�µ �+�kr43¨r~�+��e�f^�+z+��e�f �-uw�£��uiqCz+¡��+r~� �ar~¡ r~�kv+�Cuw¡ r~v_nD��f+r~¢+z+v+��uw}k�
�a}kr~��e�f+�~r~� qC�k�£r~�¨��e�f+r~�kv�q z+v+� �-uw�+z+��e�fyv+��e�f�q_¡ r�f+�_�kv ��f+�¨r~�60_��e�f�qCz+v+� ¢5r~�'qC�k¡ ¡£¢-uw� �k�'q��
lAv�qCr~�¨�'qCr~}k} q�¡�uwv v@z+v
v+��e�f�� �kv+r�uw�¨� q�ziq *�� uw���+�kr p�e�f�ziqC� � z+v+�m�6r~�'qC�a}kr~��e�f@z+v+�ar~v��°r �

�¨r~v�qC}k��e�f�kar~�¨r~�kv0s�u�e�f�q + µ-}vzw�¨�'qA�¨��e�f r~�kv �iuwz+�Cuw}kr~� � �!�+r~}k}��kv ���°r~�\�<uw�¨� uw¢+}kr~v �¨� ��e�f+�¨r~�k¢5r~v¤p

Xt − β10Yt =
m∑

j=1

α1jXt−j +
m∑

k=1

β1kYt−k + εt
* ¥ � +

Yt − α20Xt =

m∑

j=1

α2jXt−j +

m∑

k=1

β2kYt−k + ηt

* ��¤�+

p!�kv+� �kv^�+r~v
´8}kr~��e�f@z+v+�ar~v ¥ � z+v+� ��¤ �+�kr � �!r�� �~�kr~v�qCr~v
α10

z+v+�
α20

3¨r��°r~�k}k� �a}kr~��e�f
v@z+}k}�µ@�¨�£�¨{+�¨��e�f�q_´8�Cuwv+�ar~�Nka�av r~�kv+r~¡[r~�kv0s�u�e�f+r~v �iuwz+�Cuw}kr~v � �!�+r~}k} �@�¨�kv+���+�kr~�¨r � �!r�� �~�kr~v!�
qCr~v�kar~�¨��e�f+�kr~�+r~v>v@z+}k}�µ+�¨�,f+r~�¨�¨��e�f�q z+v+¡ � q¨qCr~}k¢-uw�¨r � uwz+�Cuw}k� q�ziq7*|�k¡%}k�kv+r�uw�¨r~v � �!�+r~}k} + ��nD�kv
�Yr~�'s�u�f+�¨r~v�µa�+r~¡ r~�kv p@²!�'qCr~¡~�_�kr �kv��+r~v�´8}kr~��e�f@z+v+�ar~v ¥ ��z+v+� ��¤ �~z�´8�¨z+v+�+r }k�kr~�wq�µiv+r~v+v�q
¡�uwv uwz�e�f��^g)0 *��Yr~��qC�a�)��g z0qC�a�¨r~�a�¨r~�¨�¨�k�av + �

vMK��fR � S �VP � � �*T m �&bsQuN R �Dc
N e R�P�P�N �_R W�Y�YBW U 	Be R�PHQ�R�c Q �\QuN e
N m�P � � ��� 
laqZ�N P b*e ^ R ��� � N P�c
b_N � S�b_PHQ �J[�N n
Q � c�� S��Db_^Db_N n ^dN Qub_c
T b_j�e���U n � � �*N b_PBe � PBe
N T �*m�PBe
c R�QuN �Me
bsQ�[ � b�
�N Qub_P �*b ZM`
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tC4�BC4�BC41G =JQ�>���=�K���O<H<KT=�:
nD�#�°r~�¨�+r~v�v@z+v � �a�a}k��e�f+�wr~� qCr~v ka�a�¨�ar~��e�f+} uw�ar~v�µ_�+�kr7g ¢.�°r~�¨r~v�f+r~� q�ka�av � uwz+�Cuw}k� q�ziq �~z
qCr~�'qCr~v��U� rtqC�tqC}k��e�f ¢5r~�¨z�f+r~vy�+�kr~�¨rP�6r~�'qC� uwz0sK�+r~�A§-�Cuw�arwµ��°r~}�e�f+r � �a¡£¢+�kv-uiqC�k�av+r~v�ka�av � �i�
r�� �~�kr~v�qCr~vy�+r~� � �!�+r~}k}k�	�kv ¥ ��z+v+� ��¤ v+��e�f�q_�¨�k�av+�]s-�iuwv�q_�¨�kv+���
��uw�{�6r~�'q�kar~�'s�u�f+�¨r~v�kar~�¨} uwv+�wq_p@qLuiqC�k�av-uw�¨� q�ziq<�+r~�j� r~� qC�¨r~��f+r~v ¢5r~�k�+r~� �<uw�¨� uw¢+}kr~v;�@�-uw� ¢5r �

�+r~z0qCrtq�µ0�+�kr �ar~�Cuw¡IqCr�*|�ar~¡ r~�kv+�Cuw¡ r + �Yr~�'qCr~�k}kz+v+�a�'s|z+v+��qC�k�av��+r~�{� r~� qC�¨r~��f+r~v�¡£z+�¨��o+¢5r~� �+�kr
� r~� q	�w�av+�'qLuwv�qA�¨r~�kv���nD�kv+r8r~�kv0s�u�e�f+r~�¨r~�	z+v+� uwv.�°r~v+�+¢-uw�¨rI§-�a�¨¡ ka�avyp@qLuiqC�k�av-uw�¨� q�ziq°�k�'q_�+�kr
��e�f.� u�e�f+r	�!�+r~� � �@kwuw�¨� uwv+� �'p@qLuiqC�k�av-uw�¨� q�ziq�µt�+�kr<}kr~�+�k�a}k��e�fPkar~�¨} uwv+�wq�µ]�-uw�¨�6�-uw�Kr~�¨�'qCr � �a¡ r~v�q
z+v-uw¢�f�zwv+�a�k�#ka�av^�+r~�*� r~� q�z+v+�^r~v+�+}k��e�f��k�'q�µ z+v+�^�-uw�¨� �+�kr � �@kwuw�¨� uwv+�~r~v ���_�k��e�f+r~v ���°r~�
q^r~�'qCr~v��+r~� � r~� qC�¨r~��f+r uwz+�¨��e�f+}k�kr 
a}k��e�fmka�a¡ �~r~� qC}k��e�f+r~v�g ¢+�'qLuwv+���+r~�!q^r~�'qCrwµYz+v+��v+��e�f�q
ka�av
��f+�¨r~�£uw¢+�¨�a}kz0qCr~v
¯6�a�¨� qC�k�av uwz0sA�+r~�,� r~� qC�¨r~��f+r uw¢�f�zwv+�ar~v��R� �kr �<uw�¨� uwv+� �¨r~}k¢+�'q *�uw}k�¨�
Cov[Xt, Xt] = V ar[Xt]

+ ¡£z+�¨�Ar~¢5r~v0s�uw}k}k� r~v+�+}k��e�f �¨r~�kv���§-�a�¨¡�uw} ¢5r~�+r~z0qCrtqA�-uw��p

E[Xt] = a <∞ ∀t
* � � +

Cov[Xt, Xt+k] = γ(k) ∀t
* �@��+

� �kr~�¨r/g v+v-u�f+¡ r~v �¨�kv+� v��wqC�k�+µa�-uw¡ � qD�+�krAp�e�f�ziqC�~z+v+�bka�av � �a¡ r~v�qCr~v,o+¢5r~��f-uwz+{0q°�¨�kv+v!�
ka�a}k}I�k�'q���p@qLuiqC�k�av-uw�¨� q�ziq|kar~��f+�kv+�+r~�'q�v�zw¡ }k��e�f��+�kr r-20{+}k�a�¨�k�av+�Cuw�'qC�k�ar_nDv�q��_��eL�@}kz+v+�Ur~�kv+r~�
� r~� qC�¨r~��f+rwµK¢5r~�	�+r~� �+�kr ±°r~�¨r�e�f+v@z+v+�^r~�kv+r~� nD�L� uw�'qCz+v+�a�L�°r~�'qCr~���!�+r~� �+r~�!�<uw�¨� uwv+� �wr~�kv+r
f+�k} s|�¨r~��e�f+r~v7g z+�¨�Cuw�ar~v �~z+}vzw�¨�'q��CnD�kv�uwz+�8{+�Cuw��qC�k��e�f+r~v ´8��o+v+�+r~v�{-uw�¨�¨r~v+�+r~���Ar~¢5r~v+r~�¨�ar~¢!�
v+�k�D�k�'q�µa�-uw�¨�<�+�krAp@q�zw�¨�wrA�+r~� � z+�Cuw¡ ¡ r~v�f-uwv+�a�~µ�uw}k�¨���+�kr	¢5rtqC�Cuw�a�¨¡ z�
a�k�ar_´8����
ar�ka�av

γ(k)
µ

�kv �'qLuiqC�k�av�zw�¨r~v ¯D�¨�a�~r~�¨�¨r~vy¡ � q	�+r~¡ g ¢+�'qLuwv+�
k
uw¢+v+�k¡ ¡Iq��

§^o�f+�'qA¡�uwv �+r~v�� uw�i� (�{5r~�CuiqC�a�
B
r~�kv ¡ � q

BXt = Xt−1,
* ��¥�+

z+v+� �+r�s-v+�kr~�'qA¡�uwv �-uw�A¯6�a} ²!v+�a¡
ψij

¡ � q
i, j = 1, 2

uw}k�

ψ11(B)Xt = α11B
1Xt + α12B

2Xt + . . .
* �a� +

= α11Xt−1 + α12Xt−2 + . . .
* � ¦ +

ψ12(B)Yt = β10B
0Yt + β11B

1Yt + β12B
2Yt + . . .

* ����+
= β10Yt + β11Yt−1 + β12Yt−2 + . . .

* �@��+
ψ21(B)Xt = α20B

0Xt + α21B
1Xt + α22B

2Xt + . . .
* ����+

= α20Xt + α21Xt−1 + α22Xt−2 . . .
* � � +

ψ22(B)Yt = β21B
1Yt + β22B

2Yt + . . .
*�¦ ¤�+

= β21Yt−1 + β22Yt−2 + . . .
*�¦!� +

�i�
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��uwv+vy}vzw�¨�'q_�¨��e�f �-uw� p@²!�'qCr~¡ uwz+�_�+r~v>´8}kr~��e�f@z+v+�ar~v ¥ ��z+v+� ��¤ �_�kr8s|�a}k�wq	��e�f+�¨r~�k¢5r~v¤p

Xt = ψ11(B)Xt + ψ12(B)Yt + εt
*�¦ ��+

Yt = ψ21(B)Xt + ψ22(B)Yt + ηt

*�¦ ¥�+
¢+�������kv � uiqC�¨� 20v+�wqLuiqC�k�av

(
Xt

Yt

)
=

(
ψ11(B) ψ12(B)

ψ21(B) ψ22(B)

)(
Xt

Yt

)
+

(
εt

ηt

)
.

*�¦ � +

(�¢�v@z+v
Yt

�iuwz+�Cuw}Ks%o+�
Xt

�k�'q�µ�}vzw�¨�'q8�¨��e�f�s|r~�'qC�'qCr~}k}kr~v�µ �kv+�+r~¡c¡�uwv��kv>�+�kr~�¨r~¡�§�uw}k}6�+�kr
� �!r�� �~�kr~v�qCr~v uwz+�°�+r~¡%¯6�a} ²!v+�a¡

ψ12

uwz0sKp!�k�av+�]s-�iuwv+�	qCr~�'qCrtq���g v-uw}k�a� ¢5r~�+r~z0qCrtq �+�kr��Kuiq'�
�Cu�e�f+rwµ!�-uw�¨� uw}k}kr � �!r�� �~�kr~v�qCr~v uwz+�

ψ22

�a}kr~��e�f v@z+}k}��¨�kv+��µ@�-uw�¨�
Xt

v+��e�f�q°�iuwz+�Cuw}-s%o+�
Yt

�k�'q��
g }k�\�6r~�'qKuwz0s-p!�k�av+�]s-�iuwv+�D��e�f+} uw�ar~v��w� ± � �w�}f+v+�'qC�av z+v+� �+� � uw�¨�+�7*)�@�}� ��+ r~�kv+r~vb� �k�wr~}k��f+�!�!�!�
0AuiqC�k�,�6r~�'qdka�a�~�<� rtqC�tqC}k��e�fy�k�'q�uw¢5r~� 3¨r~�+r~���6r~�'q�µ �+r~� r~�kv+rI¢5r~��e�f+��zwv+��qCr p�e�f�ziqC�~z+v+� I G ¡ � q
r~�kv+r~�	z+v@¢5r~��e�f+��zwv+��qCr~v p�e�f�ziqC�~z+v+�1kar~�¨�a}kr~��e�f�qA¡,�a�a}k��e�f��

��(���(�� � 6�6;: 5���� -03	�D8 �$��� 896;:�<=<X:

§^o�f+�'q ¡�uwv lAv+�¨��e�f+r~��f+r~� q �kv��+�kry´8r~�¨z+v+��f+r~� qC�¨{+�¨�!�+z+��qC�k�av�r~�kv�µD} uw�¨�¨r~v��¨��e�f iov.kar~�'qC� qC�k�i�
v+r~vU�kv�´8r~�¨z+v+��f+r~� q uw}k�#nD��f��}f@z+v+���+r~��q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� q uwz�r�uw�¨�¨r~v�µ	�kvQ�+r~� v�z�e�f+�)�
qCr~v�¯6r~�¨�k�!�+rI�ar~�¨z+v+�>�~z>�¨r~�kv�µ5�ar~�ar~¢5r~v>�+r~v ´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+�Zf+r~z0qCrw��� �kr 3¨r��°r~�k}k�k�ar~v
EA¢5r~�¨��uwv+�a�L� u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qCr~v ���_�k��e�f+r~v �+r~v�� z+�'q�zwv+�+r~v �kv �+�k�¨�@�¨rtqCr~�/� r~� q ¢+�k}k�+r~v �+�kr
EA¢5r~�¨��uwv+�a�¨¡�uiqC�¨� 2 r~�kv+r~� � uw�¨�w�@k!�wrtq¨qCrw�NlA¡ �+�kr1�°r~� qCr~�¨r ��uw�¨�'qCr~}k}kz+v+�y�~z�kar~�¨r~�kv0s�u�e�f+r~v�µ
�°r~�¨�+r~v � uw�¨�w�@k!�wrtq¨qCr~vVr~�¨�'qCr~�.(��¨�+v@z+v+�
¢5rtqC�Cu�e�f�qCrtq�µ{�°�a¢5r~��v@z+� �+�kr�uw��qCz+r~}k}kr~v q^r~�'qCr
nD�kv��-z+�¨� uwz0s°�+�kr�v�z�e�f+�'qCr�¯6r~�¨�k�!�+r�v+r�f+¡ r~v�� � �kr � �!�+r~}k}k�kr~�¨z+v+��kar~�¨} uwv+�wq�µ��-uw�¨���+�kr�r~v�q'�
�¨{+�¨r�e�f+r~v+�+r~v��<uw�¨� uw¢+}kr~v �kv �+�k�¨�@�¨rtqCr~� g z+�¨{+��zw�az+v+�bka�a�¨}k�kr~�ar~v.*|�-u �¨�av+�'q°�-uw� � �av+�~r~{0q �+r~�
EA¢5r~�¨��uwv+�a�L� u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qCr~vQ���_�k��e�f+r~v � z+�'q�zwv+�+r~vWv+��e�f�q uwv.�°r~v+�+¢-uw� �k�'q + �<§-�a�¨¡�uw}
¢5r~�+r~z0qCrtq �-uw��p

A =




a11 · · · a1i��� � � � ���
aj1 · · · aji




*�¦a¦ +

��uw¢5r~�6�k�'q
A

�+�kr EA¢5r~�¨��uwv+�a�¨¡�uiqC�¨� 2 �kv �+r~� �+�kr r~�kv+�~r~}kv+r~v�q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qCr~v�µ�ka�av
r~�kv+r~¡ � z+�'qLuwv+� �kv r~�kv+r~vyuwv+�+r~�¨r~v �~z �ar~} uwv+�ar~v uw}k�jnD}kr~¡ r~v�qCr�r~v�q�f-uw} qCr~v �¨�kv+�¤p

v
h � ` SO`&b_N P�b 	 � S � e
] � P�j � PBe
b_c Qub_c � � �&m�e
S�bsn=b �&Q�R�n
n ��b_N P�b �@R � n
R�T N e�� e 
�m�c
T N b_j�e �HR�T n=m QuN b �fm�b �;]_N b_PBe
b_PR � n ψ12
� PHQ�� muQub_c ψ22

j�T b_N � S#P � T T n=N PHQ�`

� ¦
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aji = Pr(Xτ+1 = j|Xτ = i)
*�¦ ��+

� uwv v+�k¡ ¡Iq v@z+v�uwv�µ6�-uw�¨�£�+�kr�0_r�uw}k�k�CuiqC�k�av+r~v
Xτ

�+�kr~�¨r~� � uw�¨�w�@k!�wrtq¨qCr v+��e�f�q£�+�k�¨r~��q
¢5r~�a¢-u�e�f�qC¢-uw�K�¨�kv+��µi�¨�av+�+r~�¨v�v@z+�Kv-u�e�f£r~�kv+r~�6�'qC��e�f-uw�'qC�k��e�f+r~v1�6�Cuwv+�'s|�a�¨¡�uiqC�k�avIuw}k�

Yτ

� � uwv
�¨{+�¨��e�f�q6�-uwv+vSka�avIr~�kv+r~¡ � � � �J�����
	 ��� ���W
u�
	 � �J����� µ~�-u_�¨��e�f �+�kr � uw�¨�w�@k!�wrtq¨qCr f+�kv�qCr~� �+�kr~�¨r~�
�'qC��e�f-uw�'qC�k��e�f+r~v#�6�Cuwv+�'s|�a�¨¡�uiqC�k�av!kar~�¨¢+�k�¨�wq��!� �krA±°r~�a¢-u�e�f�qCz+v+�ar~v

Yτ

�¨�a}k}kr~v �-uw¢5r~��v@z+�Nka�av
�+r~v uw��qCz+r~}k}kr~vEq^r~�'qCr~v

Xτ

uw¢�f�zwv+�ar~v�µwz+v+��v+��e�f�qD�~z+��ziqC�~}k��e�f*ka�av��+r~�9�Yr~�¨��uwv+�ar~v�f+r~� q��w� �kr
q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� q�µYr~�kv+r~v�¢5r~�'qC�k¡ ¡IqCr~v�q^r~�'q��~z�¢5r~�a¢-u�e�f�qCr~v�µN�°r~v+vQr~�kv+r ¢5r~�'qC�k¡ ¡IqCr
0_r�uw}k�k�CuiqC�k�av ka�av

Xτ

ka�a�¨}k�kr~�wq�µ+}vzw�¨�'q_�¨��e�f��_�kr�s|�a}k�wq	��e�f+�¨r~�k¢5r~v¤p

Pr(Yτ = j|Xτ = i) = cji
*�¦ ��+

� �kr r~v�qC�¨{+�¨r�e�f+r~v+�+r~v nD}kr~¡ r~v�qCr
cji

¢+�k}k�+r~v"�+�kr � uiqC�¨� 2
C

uw}k}kr~�y¡,�a�a}k��e�f+r~v �6�Cuwv+�)�
s|�a�¨¡�uiqC�k�av+r~v ka�av

X
v-u�e�f

Y
��� �kr�g v.�°r~v+�+z+v+�"uwz0s �+r~v q^�}f+}k�'qLuwv+�+�)�'´8r~�¨z+v+��f+r~� qC�)�

� z+�Cuw¡ ¡ r~v�f-uwv+�,kar~�¨} uwv+�wq ��e�f+}k�kr 
a}k��e�f�µ-�-uw�¨�����°r~�K�¨��e�f>�ar~�ar~v+�¨r~� qC�k��¢5r~r~�kv��-z+�¨�¨r~v+�+r � uw�)�
�w�@k!�wrtq¨qCr~v�ka�a�¨}k�kr~�ar~v�µ�r~�kv+r_s%o+�Y�+�kr_} uiqCr~v�qCr{�<uw�¨� uw¢+}krA´8r~�¨z+v+��f+r~� q°z+v+��r~�kv+r_s%o+�Y�+r~v��¨�a�~�k�i�
�a�w�av+�a¡ �k��e�f+r~v p@qLuiqCz+� IMI µJf+�kr~�

XH
τ

z+v+�
XW

τ

�@� r~� nD�kv��-z+�¨�<���_�k��e�f+r~v�¢5r~�k�+r~v � uw�¨�w�@k!�wrtq'�
qCr~v �k�'q �+r~�Cuw�'q�µ¬�-uw�¨�Cq^r~�'qCrcka�av

XH
τ

z+v+�
XW

τ

ka�av ¢5r~�k�+r~v*� z+�'q�zwv+�+r~v
XH

τ−1

z+v+�
XW

τ−1

�+r~�
�Y�a�¨{5r~�¨�k�!�+r	uw¢�f�zwv+�ar~v��.nD�Y�k�'q<uwv �+�kr~�¨rAp@qCr~}k}kr	�~z ¢5r~¡ r~�¨�wr~v�µ��-uw�¨�Yr~�kv �a}kr~��e�f+�~r~� qC�k�ar~�9nD�kv!�
�-z+�¨�Nka�av1q^�}f+}k�'qLuwv+��uwz0s ´8r~�¨z+v+��f+r~� q<z+v+� z+¡ �ar~�wr�f+�'q uwz+�¨�ar~��e�f+}k�a�¨�¨r~v,�_�k�¨��µ�z+v+� �-uw¡ � q
r~�kv^±°r~�a�¨�]rmka�av � uwz+�Cuw}k� q�ziq uwv-uw}k�a� �~z �+r~¡ ka�av ´8�Cuwv+�ar~�Pkar~�L�°r~v+�+rtq!�_�k�¨���\�6r�e�f+v+�k��e�f
¢5r~�+r~z0qCrtq��-uw�~µ �-uw�¨�8���_�k��e�f+r~v �a}kr~��e�f+�~r~� qC�k�ar~v|q^r~�'qCr~vZka�avZq^�}f+}k�'qLuwv+�>z+v+�^´8r~�¨z+v+��f+r~� q
lAv-uw¢�f�zwv+�a�k�a�wr~� q1f+r~�¨�¨��e�f+r~v�¡£z+�¨�~�°´8�Cuw{�f+�k��e�f
}vzw�¨�'q �¨��e�f�r~�kv+r �¨�a}�e�f+r ±°r~�~�kr�f@z+v+�^�-uwv+v
�_�kr8�kv �+r~�jg ¢+¢+�k}k�+z+v+� � �-uw�¨�'qCr~}k}kr~v�� I �

1=t 2=t 3=t Tt =

W

t
Y

H

t
Y

W

t
X

H

t
X

...

...

...

...

...

...

...

...

...

...

A A A

W
C

W
C

W
C

W
C

H
C

H
C

H
C

H
C

g ¢+¢+�k}k�+z+v+� � p-xA�k�+�+r~v!� � uw�¨�w�@k�� � �!�+r~}k}
v
v � N b�� m�e R e
N m�P � m�T j�e �dN [&b_N c
m�UXW�Y�YBW�ZM`
v � �fR � S��dN [&b_N c
m�UXW�Y�YBW�ZM`

�w�



� � 	 ��	�� � ��� � ��� ���<���W� ��� ��	 �����

iov^�+�kr~�¨r~¡ 0Au�f+¡ r~v }vzw�¨�'q��¨��e�f � uwz+�Cuw}k� q�ziq8���_�k��e�f+r~v
p�n<p I �Iz+v+� ´8r~�¨z+v+��f+r~� q s|�a�¨¡�uw}
�_�krAs|�a}k�wq°�-uw�¨�'qCr~}k}kr~v�µ@�k¡ ±°r~�k�¨{+�kr~} � uwz+�Cuw}k� q�ziqNka�av ´8r~�¨z+v+��f+r~� q	�kv�0_��e�f�qCz+v+�Eq^�}f+}k�'qLuwv+�¤p

Pr(XW
τ |XW

τ−1, X
H
τ−1) 6= Pr(XW

τ |XW
τ−1)

*�¦ ��+
g }k}kr~�¨�+�kv+�a�\�°r~�¨�+r~v�v@z+�K�+�kr

Y
¢5r~�a¢-u�e�f�qCrtq�µwz+v+�E�°r~v+v�r~¡ {+�k�¨�k��e�f �ar~�~r~�k�wq'�°r~�¨�+r~v��iuwv+v�µ

�-uw�¨�

Pr(Y W
τ |Y W

τ−1, Y
H
τ−1) 6= Pr(Y W

τ |Y W
τ−1)

*�¦�� +
�a�k} q�µ@�iuwv+v �-uw�Cuwz+� v+��e�f v+��e�f�q	uwz0s � uwz+�Cuw}k� q�ziq<���_�k��e�f+r~v �+r~v z+v@¢5r~�a¢-u�e�f�qCrtqCr~v>´8����
ar~v

�ar~��e�f+}k�a�¨�¨r~vZ�°r~�¨�+r~v��'� �kr~} �k�'q�r~��uw¢5r~� }krtqC�tqC}k��e�f�µ5�+�kr£¯Kuw�Cuw¡ rtqCr~� �+r~�8�~z+�a�¨z+v+�+r~}k�kr~�ar~v+�+r~v
�6�Cuwv+�'s|�a�¨¡�uiqC�k�av+�¨¡�uiqC�¨� 2

A
�~z���e�f�ziqC�~r~v�µa�+�kr<�kvI�+r~� 0_r~�ar~}!z+v@¢5r~�iuwv+v�qD�k�'q��a´8�¨z+v+�+��ziqC�~}k��e�f

�°r~v+�+rtqY¡�uwv£�-uw¢5r~� � u 20�k¡£z+¡�� � �k�wr~}k��f+�!�!� p�e�f�ziqC�~z+v+� uwv�µi��� f��a�+�kr�� �k�wr~}k��f+�!�!�!�)§-z+v+��qC�k�av
�_�k�¨�#o+¢5r~�	�+�krdq u�f+} �+r~�_¯Kuw�Cuw¡ rtqCr~�	¡�u 20�k¡ �kr~�'q��.q^r~v+v ¢5r~�k�+r8±°r~�a¢-u�e�f�qCz+v+�ar~vy¢5r~�iuwv+v�q
�¨�kv+��*�uw}k�¨�

Y
z+v+�

X
+ µ+�¨�kr�f�qA�+�kr8�¨�a�+��ka�a}k}krP� �k�wr~}k��f+�!�!�!�)§-z+v+��qC�k�av,�_�kr�s|�a}k�wq_uwz+��p

Pr(Xτ , Yτ , θ) = Pr(Xτ)

T∏

τ=1

Pr(Yτ |Xτ )

T∏

τ=2

Pr(Xτ |Xτ−1)
* �a¤�+

xA�kr~�¨¢5r~�<�'qCr~}k} q
θ
�+�kr � r~v+�ar uw}k}kr~� ¯Kuw�Cuw¡ rtqCr~�~µKuw}k�¨�yuw}k}kr~�bnD}kr~¡ r~v�qCr��+r~� � uiqC�¨�k�~r~v

Az+v+�
C
�-uw�~�0��u£�+�kr

X
3¨r~�+��e�f �ar~�Cuw�+r�v+��e�f�q	�~z+� �Yr~�'s%o+�az+v+���'qCr�f+r~v�µ��_�k�¨� r~�kv �¨r~�@z+�¨�¨�]kar~�

�Yr~�'s�u�f+�¨r~v
uwv+�ar��°r~v+�+rtq I � µ6¢5r~�°�+r~¡ �~z+v�z�e�f+�'q �k¡�r~�¨�'qCr~v�p�e�f+�¨� q¨q£�+�kr,ka�a}k}kr � �k�wr~}k��f+�!�!�!�
§-z+v+��qC�k�av ¡ � q_�ar~��e�f�ziqC�tqCr~v�¯Kuw�Cuw¡ rtqCr~�¨vyz+v+� �-uw�+z+��e�f>¡ � qAp�e�f�ziqC�~z+v+�ar~vys%o+�_�+�krP�<uw�¨� u]�
¢+}kr~v

X̂
uwz0s|�ar~�'qCr~}k} q'�_�k�¨��µwz+¡ �+�kr~�¨r �k¡ ���°r~� qCr~v�p�e�f+�¨� q¨qco+¢5r~�R�+�kr q u�f+}0�+�kr~�¨r~�D¯Kuw�Cuw¡ rtqCr~�

�~z ¡�u 20�k¡ �kr~�¨r~v��@��uw�{nD�¨�ar~¢+v+�k�°�+r~� ���°r~� qCr~vyp�e�f+�¨� q¨qCr~� �_�k�¨�,�_�kr~�+r~� �kv �+r~v r~�¨�'qCr~v r~�kv+�ar �
�¨rtqC�tq�µ z+v+�^�¨���°r~� qCr~�~µ ¢+�k��r~�kv�¢5r~�'qC�k¡ ¡IqCr~� ´8�Cuw�^uwv � �av.kar~�¨�ar~v+���ar~�ar~vJo+¢5r~� �+r~v � u�f!�
�¨r~v�¯Kuw�Cuw¡ rtqCr~�¨v r~�¨�¨r~��e�f�q!�_�k�¨��� 0_�k¢5r~�k�¨� * �w¤a¤���+ �@�¨� qC�k�¨�kr~�'q�uw¢5r~�~µK�-uw�¨���+�kr � �av.kar~�¨�ar~v+�
�kvW�+�kr~�¨r~¡ §�uw}k}_r~�¨�'q �¨r�f+� �¨{�ziq *|��� f�� v-u�e�f k!�kr~}kr~v i3qCr~�CuiqC�k�av+�¨��e�f+�¨� q¨qCr~v + r~�¨�¨r~��e�f�q��_�k�¨��µ
z+v+�
��e�f+}vzw�wq �+r~��f-uw}k¢�uwv+�+r~�¨r � rtq�f+�!�+r~v�ka�a�~µR�+�kr �¨��e�f
{+�¨�kv+�~�k{+�kr~}k}°uwz+���+r~� � } uw�¨�¨r �+r~�
´8r~v+r~�Cuw}k�k�~r~�!� � rtq�f+�!�!�o�ws � � �a¡ r~v�qC��*�´ �>� + p�e�f�ziqC�~r~�Ar~�¨�ar~¢5r~v��
iov+�¨�ar~�Cuw¡IqPs-v+�+r~v�xA�k�+�+r~v!� � uw�¨�w�@k�� � �!�+r~}k}krIr~�¨�'q8} uwv+�a�Cuw¡ nD�kv+��uwv+���kv>�+�krE�a�w�av+�a¡ ���

��e�f+r�� � qCr~�CuiqCz+�~��nD�kv qC�Cuw�+� qC�k�av+r~}k}kr~�¤g v.�°r~v+�+z+v+�a�¨�ar~¢+�krtqD�k�'q6�+�kr p!{+�Cu�e�f+r~�¨�wr~v+v@z+v+�+µa¢5r~�@�+r~�
p!�k�av-uw}krcka�av£��f+�¨r~¡ 0Auwz+��e�f+r~v£¢5r~�¨r~�kv+�k�wqC�°r~�¨�+r~v�¡*o+�¨�¨r~v;�w�-uw� 0Auwz+��e�f+r~v£¢5r~�'qCr�f�qD�kvIz+v+�¨r �
�¨r~¡ §�uw}k}-uwz+�<�+r~�<�'qC��e�f-uw�'qC�k��e�f+r~v��6�Cuwv+�'s|�a�¨¡�uiqC�k�av

C
µ.�°r~}�e�f+r r~�kv+r_�+�k�¨r~��qCr ±°r~�a¢-u�e�f�qCz+v+�

�+r~�_�~z+�a�¨z+v+�+r }k�kr~�ar~v+�+r~v � r�e�f-uwv+�k�¨¡£z+�jkar~��f+�kv+�+r~�'q��

v � 	�m �*N m � b �*m�P�m�o N � 	Be R e � n���R�T n=m;n=m�]_N m�� ��m�P�m�o N n�� S�b_c 	Be R e � n_`v � � � o �Db_N n	��N b_TCQuN b �\a�� a�b*e
S�muQub#U � �
�&b �Me R e
N m�Pqa�R �uN o N ]sR e
N m�P&Z ��^dN b�
�m�c
j�bsn�� S�T R�j�b_P�[&b_N �VT T N m�elb*e R�TX`
U psr�r ��ZM`

�a�



� ��� � �������!� �4�5�������@�������j��� ���
	T��	��

iov+�¨�ar~�Cuw¡Iq �k�'q_r~�_�¨�+µ-�-uw�¨�_¡ � q	�+r~�	qC�Cuw�+� qC�k�av+r~}k}kr~v � �A�'p�e�f�ziqC�~z+v+��v@z+�{�°r~v+�k�ar §-�Cuw�ar~v
�+�kr~�¨r~� ´8r~¢+�krtqCr~��¢5r�uwv�q��°�a�'qCrtqP�°r~�¨�+r~v �J�av+v+r~v;���¨�@�°�}f+}D�-uw�8¯D�¨�a¢+}kr~¡:�+r~�SnDv+�+�a�ar~v+� q�ziq�µ
uw}k� uwz�e�f �+�kr�§-�Cuw�ar v-u�e�f � uwz+�Cuw}k� q�ziq<�J�av+v+r~v v@z+�	¡ � q xA�k} s|rj�°r~� qCr~�'s%o�f+�¨r~v+�+r~� � rtq�f+�!�+r~v
¢5r�f-uwv+�+r~} q,�°r~�¨�+r~v��	� �kr �Az0qC�~z+v+�_ka�avQxA�k�+�+r~v!� � uw�¨�w�@k�� � �!�+r~}k}kr~v�µY�+�kr r~�k�ar~v�qC}k��e�fWuwz+�
uwv+�+r~�¨r~v qU�k�¨�¨r~v+��e�f-uis qC�¨¢5r~�¨r~��e�f+r~v �'qLuw¡ ¡ r~v�µ�¢+�k}k�+r~v�r~�kv+r �w�a¡ {+}kr-20rwµ uw¢5r~���kv�qCr~�¨r~�¨�Cuwv�qCr
v+r~z+r � �a�a}k��e�f+�wr~� q�µ+�ar~�Cuw�+r §-�Cuw�ar~v v-u�e�f � uwz+�Cuw}k� q�ziq �~zy¢5r�uwv�q��°�a�'qCr~v��

� ��� ) �*),+.) ) �	�#0�+U0�&921�*)�
 )P& �#"%$^ b$')

�q(*)�(�� 7�
 �=3 �X/J>@?0: � 5��O:�3B/D4�>@?�4�5�� : 5 7 ���
��� ����>@? 	����@4�5��

� 4�354�354�6cK���Q���H�O��T>EO<; Q��v:�Q�>@K�?<V#=�:�>
nD�kv+r � �a�a}k��e�f+�wr~� q�µ]�+r~�9nDv+�+�a�ar~v+� q�ziq^ka�av*q^�}f+}k�'qLuwv+�Iz+v+� ´8r~�¨z+v+��f+r~� qDuwz0s�¡ rtq�f+�!�+�k��e�f+r~�
nD¢5r~v+r xAr~�¨�I�~z��°r~�¨�+r~v�µR�k�'qI�+�kr g v.�°r~v+�+z+v+�Zka�av�iT�A�'p�e�f�ziqC�~z+v+� *��_�kr,kar~�¨�+r~z0qC}k��e�f�q��kv
� uw{+� qCr~} ¥ � � + µD¡ � q �+r~¡ � �kr~}�µK�w�av+�¨�k�'qCr~v�q��ar~��e�f�ziqC�tqCr � �!r�� �~�kr~v�qCr~v��~z�r~��f-uw} qCr~v�� � r~r~�
rtq8uw}�� * �w¤a¤a¥�+ ��e�f+} uw�ar~v�uw}k�/iov+�'qC�¨z+¡ r~v�q�s%o+�/�Yr~�¨¡,�a�ar~v�*|¢+����� s%o+�/�Yr~�¨¡,�a�ar~v+��zwv+�+r~�¨z+v+� +
nD�¨¢+��e�f-uis qCr~v�ka�a�~� (�r r~v+�¨��e�f�qC}k��e�f�f-uw¢5r~vmnD�¨¢+��e�f-uis qCr~v r~�kv+r~v �+�k�¨r~��qCr~vmnD�kv��-z+�¨��uwz0s_�-uw�
�Yr~�¨¡,�a�ar~v �+r~�_r~�¨¢5r~v+�+r~v�iov+�+�]k!�k�+z+z+¡ �~µ���z�f+�¨r~v+�yr~�_�+r~z0qC}k��e�f ��e�f.�°r~�¨r~� �k�'q�µ5´8��o+v+�+r�s%o+�
r~�kv+r~v*� z+�Cuw¡ ¡ r~v�f-uwv+�_���_�k��e�f+r~vI�+r~� �kv+�+�]k!�k�+z+r~}k}kr~v ´8r~�¨z+v+��f+r~� q6z+v+� �+r~�6x/�}f+rY¢+�����]�+r~¡
g v�qC�¨� q¨q	r~�kv+r~�jnD�¨¢5r~�_�~z�s-v+�+r~v���g }k}kr~�¨�+�kv+�a�°���av+v�qCr��+�krSn 20�k�'qCr~v+��r~�kv+r~�jnD�¨¢+��e�f-uis q/iov0s|�a�)�
¡�uiqC�k�av+r~v�o+¢5r~� �+�kr£´8r~�¨z+v+��f+r~� q �+r~�dnD�¨¢5r~v>r~v�q�f-uw} qCr~v�µ��w� ± �5�-uwv+v�µU�°r~v+v>�+r~�dnD�¨¢+} uw�¨�¨r~�
v+��e�f��¨r�f+� 3¨z+v+��� uw��*�� uw��z+v�qCr~�PlA¡ �'q�zwv+�+r~v�uwz0sYr~�kv+r£��e�f+}kr�e�f�qCr~�¨r �ar~v+rtqC�k��e�f+r�� �k�¨{5�a�¨���
qC�k�av^��e�f+}k�kr 
ar~v }vzw�¨�'q + �'g z�e�f �+�kr � �a�a}k��e�f+�wr~� qIr~�kv+r~�I{+�¨�]k!�k}kr~�a�kr~�'qCr~v ´8r~¢+z+�'q�µCkar~�¨¢+z+v+�+r~v
¡ � qK´8r~�¨z+v+��f+r~� qC�'s%o+�¨�¨�a�¨�ar°�k¡ � �kv+�+r~�Cuw} qCr~�~µ]r~v�qC�¨{+�¨r�e�f+r~v+�+r~v ±°�k}k�+z+v+�a�¨¡,�a�a}k��e�f+�wr~� qCr~v�z+v+�
�-uw¡ � q	r~�kv+r~�_�¨{�ziqCr~�/f��}f+r~�¨r~v7nD�kv+�w�a¡ ¡ r~v+� ��� � nD�¨¢5r~�A�iuwv+vyuw}k�{g �¨�az+¡ r~v�qA�ar~�ar~v�nD�¨¢!�
��e�f-uis q_uw}k� iov+�'qC�¨z+¡ r~v�qAuwv+�arts%o�f+�'q �°r~�¨�+r~v��-¯D�¨�]k!�k}k�k�a�kr~�'qD�iuwv+v �kv��+�kr~�¨r~¡ � z+�Cuw¡ ¡ r~v�f-uwv+�
¢5r~�+r~z0qCr~v�µ-�-uw�¨�_r~�kv r~v�qC�¨{+�¨r�e�f+r~v+�>v+�kr~�+�¨�k�ar~� �Az0qC�~r~v+�+�k�¨�w�av�q¨s�uw��qC�a�~µ-�+r~�_�¨��e�f {5�a�¨� qC�]k�uwz0s
�+�krNg �@�@z+¡£z+} uiqC�k�avSka�avb�Yr~�¨¡,�a�ar~vIz+v+��´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}@uwz+�L�_�k�¨��q�µ]�+z+��e�fE�Yr~�¨r~�¨¢+z+v+�
�!�+r~�^nD�¨�~�kr�f@z+v+���kv r~�kv+r~�K§�uw¡ �k}k�kr^�°r~� qCr~�¨�ar~�ar~¢5r~vE�_�k�¨����g ¢5r~�Kuwz�e�f�uwv+�+r~�¨r�nD�k�ar~v+��e�f-uis qCr~v
r~�kv+r~�_�kv+�+�]k!�k�+z+r~}k}kr~v��Az0qC�~r~v0s|z+v+��qC�k�av>���av+v�qCr~v>r~�kv+r~v�´8}kr~��e�f+} uwz0s6�+r~�A¢5r~�k�+r~v>´8����
ar~v r~�)�
�@}vzw�¨r~v��-´8r~�¨v+r��~z uw�¨¢5r~� qCr~vJI � �k�'q�f+�k} s|�¨r~��e�f ¢5r~� �+r~�{g �@�@z+¡£z+} uiqC�k�av,ka�av#�Yr~�¨¡,�a�ar~v;���°r~v+v
�a}kr~��e�f+�~r~� qC�k���+�kr�g �¨¢5r~� q�r~�kv+r~vW�+�k�¨r~��qCr~vW{5�a�¨� qC�]kar~v nD�kv��-z+�¨� uwz0s8�+r~v �Az0qC�~r~vWz+v+�Q�-uw�
q^�}f+}kr~�¨�ar�f+r~v f-uiq�µ<�¨� �¨�a}k} qCr �+�kr 0_r~�¨�k�'qCr~v+�y�ar~�ar~vJo+¢5r~� uw�¨¢5r~� qC�)�£�!�+r~���'qC�¨r~�¨�¨¢5r~�+�kv+�wqCr~v
� �Cuwv+�Jf+r~� qCr~v �a����
ar~�	�¨r~�kv�� I �
q^r~v+v��-uw��o+¢5r~��f+�kv-uwz+� �-uw�,iov+�+�]k!�k�+z+z+¡ �+�kr|nD�¨¢+��e�f-uis q�r~�L� uw�'qCrtq�µc�_�k�¨��r~� �¨r~�kv��Yr~�)�

f-uw} qCr~v�ka�av7ka�a�¨v�f+r~�¨r~�kv�r~v�qC�¨{+�¨r�e�f+r~v+� uwv+{-uw�¨�¨r~v�µ��¨� �-uw�¨���+r~�PnD�kv�qC�¨� q¨q �+r~�8r~�k�ar~v�qC}k��e�f+r~v
v � �dQ�R�o;n b*efR�TX`OUXW�Y�Y�gBZM`
v � � P QuN bsn=b_o � � n
R�o o b_P�SHR�P�jqN n e b_N P b_o
��N c
N n�� S�bsn �Vc
j�b_[�P�N n�
�m�P � bsR e
m�P � PHQ ��R ��n=m�P U psr�r�rBZ@N PBe
b_c��bsn
n
R�PBe ��QuN b PHR � S��fm�PBe
c
m�T T b � ��c �DN T Q � P�j0n=m�jBR�c�b_N P�b_P;P�b_jBR e
N 
�b_P � � n
R�o o b_P�SHR�P�j@]_^dN n�� S�b_P �VN P ��m�o �
o b_P � PHQ klbsn � PHQuS�b_N e �HPHQub_P �B[&b_N&j�T b_N � S�b_o �DN T Q � P�jBn
n e R�PHQ � R�P�P�b_N P�S ��S�b_c
bsn �VN P ��m�o o b_P�P ��o T N � SP � c�Q � c�� S�S ��S�b_c
bsn�� c
[&b_N e n=T b_N Q0b_c
c
b_N � SBeC^Db_c Qub_PO`
� T T b S�N b_cJ[&b*e
c R � SBe
b*e
b_P � � e
m�c
b_P �HPHQub_P b_N P n=m�T � S�bsn
�Vc
j�b_[�P�N n � bsQum � S9P�N � SBes`

�w�



� ��� � �������!� �4�5�������@�������j��� ���
	T��	��

nD�¨r~�k�av+�k�¨�¨r~�	�wr~�kv+rdqU�k�¨�@z+v+��¡ r�f+�	uwz0s6�+�krdnDv�qC��e�f+r~�k�+z+v+�ar~v�f-uiq����Y�a�Cuwz+�¨�¨rtqC�~z+v+�,f+�kr~�'s%o+�
�¨�kv+�^v-uiq�o+�¨}k��e�f^�+�kr,g ¢.�°r~�¨r~v�f+r~� q*ka�av ¢+�kv+�+r~v+�+r~v � �¨r~�+� qC�¨r~�'qC�¨�k��qC�k�av+r~v *|��� f�� µ6�+r~�*nD�¨¢5r
¡£z+�¨� �+�kr uwv�qC�k�~�k{+�kr~�'qCr#nD�¨¢+��e�f-uis q�¢5r~}kr~��f+r~v
���av+v+r~v + �¨�@�_�kr �+�kr�� r~¢5r~v+�¨�t²!�@}kz+��f�²!{5�wq�f+r �
�¨rwµ�v-u�e�f �+r~�8�-uw�8�ar~�Cuw¡IqCr1� r~¢5r~v+�¨�~r~� qCr~�kv+�w�a¡ ¡ r~v��+�kr ´8�¨z+v+�+} uw�ar s%o+�SnDv�qC��e�f+r~�k�+z+v+�ar~v
¢+�k}k�+rtq��
nD�kv �Yr~�¨�¨z�e�f�µ	z+¡ s%o+� �+r~v n9r r~��q �+r~� r~�L� uw�'qCrtqCr~v nD�¨¢5r~� �~zU�w�av�qC�¨�a}k}k�kr~�¨r~v�µ<�k�'q �+�kr

±°r~�a¢-u�e�f�qCz+v+� �+r~�P�Yr~�¨¡,�a�ar~v+�8�+r~�SnD} qCr~�¨v�uw}k�8¡,�a�a}k��e�f+rEnD�¨¢+} uw�¨�¨r~�~� ��uw�d�Yr~�¨¡,�a�ar~v��+r~�
nD} qCr~�¨v r~�L�_�kr~� �¨��e�f �kv��+�kr~�¨r~�{lAv�qCr~�¨�¨z�e�f@z+v+�)3¨r~�+��e�f uw}k�°�kv+�¨�k�av+�]s-�iuwv�qYs%o+�°r~�kv+r � v+�+r~�¨z+v+�
�+r~� ´8r~�¨z+v+��f+r~� qA�+r~�/nD�¨¢5r~v��
� �kr~} �+r~��g z0qC�a�¨r~vU�k�'q r~�~µ	�+�kr|�Yr~��zwv+�+r~�¨z+v+�
�+r~� ´8r~�¨z+v+��f+r~� qC�¨�'qLuiqCz+� �+z+��e�f �Yr~�¨¡,�i�

�ar~v+��zwv+�+r~�¨z+v+�ar~v�z+v+�Q�+�kr7o+¢+}k��e�f+r~v � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v��~zQr~�¨�@}vzw�¨r~v��{� zQ�+�kr~�¨r~vU�ar�f��i�
�¨r~v g z+�¨¢+�k}k�+z+v+� �kv k!�kr~�#g z+�¨{+��zw�az+v+�ar~v:3¨r�v-u�e�f g ¢+��e�f+}kz+�¨�~µ ´8r~��e�f+}kr�e�f�q�µ{g } qCr~�~µ g v!�
s�uwv+�a�Lkar~�¨¡,�a�ar~v�µ �+�krEl�p�� 0_r~�a�k�av�µ��kv>�+r~� �-uw�diov+�+�]k!�k�+z+z+¡ }kr~¢0q�*|�kvy�+�¨r~�^g z+�¨{+��zw�az+v+�ar~v¤p
�A�a�'q�f!� �°r~v�qC�Cuw}�µ �A�a�'q�f!� nYuw�'q�µ°p!�az0q�f + µY�+�kr 0Auw�¨�¨r *|��e�f.� uw�¨�>�!�+r~�1�°r~� 
 + µY�+�kr §-�Cuw�arwµD�a¢
�-uw�{iov+�+�]k!�k�+z+z+¡ kar~��f+r~�k�CuiqCrtq�µ-�ar~��e�f+�kr~�+r~v �!�+r~� kar~�L�_� q��°rtq �k�'q	z+v+� �a¢ �~z �+r~¡ x uwz+��f-uw} q
� �kv+�+r~���ar�f��a�¨r~v�� ´8r~�¨z+v+��f+r~� qd�_�k�¨���+z+��e�f��-uw�8�¨z+¢ 3¨r~��qC�]kar � u�
 p�g�x�p�uwz0s<r~�kv+r~��p!�iuw} u
¡ � q s%o+v0s/g z+�¨{+��zw�az+v+�ar~v
�ar~¡ r~�¨�¨r~v�µR�+�kr �-uw��o+¢5r~��f+�kv-uwz+�£�~z �J��� ��� � z+v+� ��������	 �J��� ��� �
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F
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H
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H = 1
+ z+v+�

��������	 �J��� ��� � *
H = 0

+ µ
∆W

uw}k�b�Yr~�¨¡,�a�ar~v+��zwv+�+r~�¨z+v+��z+v+�
X
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Pr(Ht = 1) = F (β0 + β1(∆W ) + β2Ht−5 + β3Xt)
* � � +
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H
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§^o�f+�'q°¡�uwv v@z+v�s%o+�<�+�kr{�Yr~�¨¡,�a�ar~v+��zwv+�+r~�¨z+v+��uw}k�Niov+�'qC�¨z+¡ r~v�q �+�kr/nD�¨¢+��e�f-uis q r~�kv�µ.kar~�)�

zwv+�+r~�¨v �¨��e�f �+�kr~�¨rSnD�¨�ar~¢+v+�k�¨�¨rw�-��u£�-uw�jnD�¨r~�k�av+�k�°r~�kv+r~�{nD�¨¢+��e�f-uis qA�¨��e�f+r~� v+��e�f�qAuw}k} q�zw�a}k��e�f
�k�'qK�6uwz�e�f v+��e�f�qY�kv+v+r~��f-uw}k¢��+r~� 3¨r��°r~�k}k�k�ar~v*iov�qCr~�Lkwuw}k}kr ka�av�s%o+v0s �au�f+�¨r~v ���_�k��e�f+r~v ���°r~��±°r �
s|�Cuw�az+v+�ar~v��<�¨r~�+z+�~�kr~�'q_�¨��e�f ��uiqCr~v+¡ r~v+�ardka�av ¥a¥a¤�� uwz0s � � � ±°r~�a¢-u�e�f�qCz+v+�ar~v��Uio¡%r~�¨�'qCr~v
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]*e
[&bsn � � S�b � � m � S�b_PqN o � c R�P ��b_P�[&b*e=e � PHQ � ��P �^Db_N e
b_c
b � PHQuN ]_bsn_`
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���_�k��e�f+r~v��+r~v �A�kr~�+r~�¨} uwv+�+r~v�z+v+���+r~v l�p�g �~r~�k�ar~v�µD�a¢.�°�}f+}	�+�a�'q s%o+���+�kr|l�p�g �¨�a��uw�
�+�kr �~z+¡ �kv+�+r~�'q qCr~�k}]�°r~�k�¨r uw¢+�ar~�¨��e�f+r~�'qCr ´8�¨z+{+{5r �+r~� � nY��i � g)0/n � �L�T�Yr~�¨�¨��e�f+r~�'qCr~v *�uw}k�¨�
�+r~�|zw} qCr~�¨r~vU±°r�k}�a}k�wr~�¨z+v+� + ¢5rtqC�Cu�e�f�qCrtq��_�k�¨��� � � � r~�k�+r~� �¨�kv+�U�+�kr lAv�qCr~�¨�¨z�e�f@z+v+�ar~v ka�av
� r~r~� rtq uw}��Yz+v+� � �kv+�-u�f+}Av+��e�f�q k}�a}k}k�k� kar~�¨�a}kr~��e�f@¢-uw�~µ<�-u^�¨�kry�~z+¡ r~�kv+r~v kar~�¨��e�f+�kr~�+r~v+r
´8r~�¨z+v+��f+r~� qC�¨�w�av+�~r~{0qCr�kar~�L�°r~v+�+r~v�µckar~�¨��e�f+�kr~�+r~v+r � u�
>s%o+�Eq^�}f+}k�'qLuwv+� *|�+�kr r~�¨�'qCr~v
¢5r �
v@z0qC�~r~v_�Yr~�¨¡,�a�ar~v+��zwv+�+r~�¨z+v+�+µ �+r~� ���°r~� qCr nD�kv+�w�a¡ ¡ r~v + µ�z+v+�^��f+�¨r�p�e�f�ziqC�~z+v+�ar~v �+z+��e�f
kar~�¨��e�f+�kr~�+r~v+r � r~v+�ar~v|ka�av �+r~¡ �a�a�Cuw{�f+�k��e�f+r~v z+v+�yuwv+�+r~�¨r~v>´8����
ar~v �w�av�qC�¨�a}k}k�kr~�¨r~v��

�q(='�(,+ �X: � 4�>@?0: 50-�>@? � -�40/C-;<����
	�� ��� �X/J>@?0: 5 � 89?;<X/ �O-�5�6 4�5�6
1 :l/D4�5�6�?0:����

nD�_�'qCr~}k} q	�¨��e�f v+��e�f�qAv@z+�_�+�kr�§-�Cuw�arwµ+�a¢ �+r~�_¢5r~�a¢-u�e�f�qCrtqCr*� z+�Cuw¡ ¡ r~v�f-uwv+� ���_�k��e�f+r~v�´8r �
�¨z+v+��f+r~� q z+v+� q^�}f+}k�'qLuwv+���¨�k�av+�]s-�iuwv�q°�k�'q�µ@�¨�av+�+r~�¨v uwz�e�f �a¢ ¡�uwv qLuiqC��z�e�f+}k��e�f,ka�av r~�kv+r~¡
�}���.��������� � z+�Cuw¡ ¡ r~v�f-uwv+� �kv^�+�kr r~�kv+r �!�+r~�Iuwv+�+r~�¨r�0_��e�f�qCz+v+�y�¨{+�¨r�e�f+r~v �iuwv+v��Cg	�-uw¡ �
rtq uw}�� * �w¤a¤a¥�+ ¢5r~v@z0qC�~r~vy�+r~v|g�x�ncg��_�)��uiqCr~v+�CuiqC�wµ5�kv �+r~¡Sv@z+�jiov+�+�]k!�k�+z+r~v�ka�a�¨�w�a¡ ¡ r~v�µ
�+�kr �w¤ �au�f+�¨r uw} q	�¨�kv+� z+v+��zw} qCr~�~�-��uw�jf-uiqj�_��e�f�qC�k�arPg z+�L�_�k�¨�@z+v+�ar~v�µ��+�kr8¡,�a�a}k��e�f+r � uwz!�
�Cuw}k� q�ziqCr~vy¢5r~�a�¨r~v+�~r~v��\� z+¡:r~�kv+r~v>�¨�kv+�>¢5r~�kv-u�f�uw}k}krSiov+�+�]k!�k�+z+r~v 0_r~v�qCr~v+r~¡ {0s zwv+�ar~�~µ ��� f��
�+r~�SnD�kv��-z+�¨�Pka�av^´8r~�¨z+v+��f+r~� q uwz0s�nD�kv+�w�a¡ ¡ r~v>�k�'q��ar~�¨�kv+�
�5�~z+¡�uwv+�+r~�¨r~v�r~��f-uw} qCr~v uw}k}kr
� r~�k�'qCz+v+�ar~v>uwz+� � nY��i � g)0/n	µ5�¨���-uw�¨�A�+�kr��A�wq��°r~v+�+�k�a�wr~� q�µ��¨��e�f>uwz+�_r~�k�ar~v+r~¡ nD�kv+�w�a¡��
¡ r~vI�!�+r~�\�Yr~�¨¡,�a�ar~vI¡ r~�+�k�~�kv+�k��e�f+r � r~�k�'qCz+v+�ar~vI�iuwz0s|r~v£�~zI¡*o+�¨�¨r~v�µi�~z+¡ �kv+�+r~�'qK�ar~¡ �k}k�+r~�'q
�_�k�¨���
io¡ ¯D�¨�kv+�~�k{7�°r~v+�+r~v g	�-uw¡ �8rtq�uw}�� * �w¤a¤a¥�+ ¢5r~�R�+r~�8§-�Cuw�ar£v-u�e�f � uwz+�Cuw}k� q�ziq z+v+���+r~¡

�6r~�'q uwz0sjg ¢.�°r~�¨r~v�f+r~� q1ka�av �iuwz+�Cuw}kr~v�� z+�Cuw¡ ¡ r~v�f�zwv+�ar~v �+�kr,�Y�a�¨��uw¢5r~v_ka�av�´8�Cuwv+�ar~�~µ
�_�kr	�kv � uw{+� qCr~} ¥ � � r~�¨}vzwz0qCr~�'q�µ�uwv��}iov �+�kr~�¨r~¡/¢5r~�¨�av+�+r~�¨r~v#� z+�Cuw¡ ¡ r~v�f-uwv+�8�+r�s-v+�kr~�¨r~v��+�kr
g z0qC�a�¨r~v

St

uw}k�d�Yr~��qC�a�Skar~�¨��e�f+�kr~�+r~v+r~��p�n<p��'´8����
ar~v�µ
Ht

uw}k�P�Yr~��qC�a�Pka�av ´8r~�¨z+v+��f+r~� qC�)�
¢+����� � �Cuwv+�Jf+r~� qC�¨�~z+�'q�zwv+�+r~v z+v+�

Xt

uw}k� �Yr~��qC�a� ka�av � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v�µ��+�kr�r-20�a�ar~v ¢5r �
��o+�a}k��e�f

St

z+v+�
Ht

�¨�kv+��µ]��� f��
H
z+v+�

S
���av+v+r~v

X
v+��e�f�qKr~�¨�@}vzw�¨r~v��WnD�kv+r<�iuwz+�Cuw}krcqU�k�¨�@z+v+�

ka�av
S
uwz0s

H
}k�kr~�wq v@z+v|ka�a�~µ��°r~v+v

f(Ht|Ht−1, St−1, Xt−1) 6= f(Ht|Ht−1, Xt−1)
* ����+

�a�k} q�µ��°r~v+v>uw}k�¨�
S
�~z+�/nD�¨�@}vzw�¨z+v+�!ka�av

H
¢5r~� qC��zw�wq��

��uw�1g�x�ncg��_�)¯Kuwv+r~}	z+¡ s�uw�¨�'q��+�¨r~� q^r~}k}kr~v ���_�k��e�f+r~v (���qC�a¢5r~� �@�}� ¥ z+v+��� r~�~r~¡£¢5r~�
�@�}� � µ0�~z ±°r~�a�kv+v ¡ � q ���a�a� iov+�+�]k!�k�+z+r~v��-� �kr�±°rts|�Cuw�az+v+�ar~v s�uwv+�+r~v83¨r~�+��e�f �kv 3¨r~�+r~��q^r~}��
}kry�kvWr~�kv+r~¡ ¡ r�f+�¨r~�¨r � �av-uiqCr>�-uwz+r~�¨v+�+r~v � r~� qC�Cuwz+¡ �'qLuiq¨q�µ°�+r~� �¨��e�fQ�~z+¡ �6r~�k}Ar~v+�+�i�
�ar~v�r~�¨�@}vzw�¨r~v�}vzw�¨�'q�p_v�zw¡ }k��e�fQ�-uwv+v�µ{�°r~v+vVr~�kv iov+�+�]k!�k�+z+z+¡ �+�kr ±°rts|�Cuw�az+v+��uwz0s|�a�¨z+v+�
ka�av � �Cuwv+�Jf+r~� q�kar~�¨��e�f+�kr~¢5r~v ¡£z+�¨�'qCrw�-� �krdg z0qC�a�¨r~v �~r~�k�ar~v�µ0�-uw�¨�	�+�kr~�¨rd�Yr~�¨��e�f+�kr~¢+z+v+� �+���
�¨r~��q	¡ � q<r~�kv+r~� f��}f+r~�¨r~v p@qCr~�¨¢+}k��e�f+�wr~� q°�+r~� 3¨r~v+�k�ar~v �~z+�Cuw¡ ¡ r~v0s zw}k} q�µa�+�kr �~z+¡ r~�k�ar~v�qC}k��e�f+r~v
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iov�qCr~�Lk!�kr�� �L� r~� qC{+z+v+��q �@�Cuwv+� � uw�¨r~v
z+v+�
�w�av�qC�¨�a}k}k�kr~�¨r~v^s%o+�£�+�kr~�¨r~vxn9r r~��q ¡ � q�xA�k} s|r r~���
v+r~� p�e�f�ziqC�~z+v+�^�+r~� � ��������������	������ �a�'qLuw}k� q�ziq��^iov+�¨�ar~�Cuw¡Iq��k�'q �-uw� � �a�'qLuw}k� q�ziqC�¨�¨�k�¨�k�w���+r~�
¢5r~�a¢-u�e�f�qCrtqCr~v iov+�+�]k!�k�+z+r~vQv+�kr~�+�¨�k�ar~� uw}k���-uw� �+r~� �ar~�Cuw¡IqCr~v l�p��)±°r�k��a}k�wr~�¨z+v+�
�k¡ kar~�)�
�a}kr~��e�f@¢-uw�¨r~v g } qCr~�~µ �-u�*��_�kr �kv uwv+�+r~�¨r~v ��uiqCr~v+��ziqC�~r~v uwz�e�f + ¯6r~�¨�¨�av+r~v �kv^¯9�-r~�ar � �!�+r~�
g } qCr~�¨��f+r~�k¡ r~v v+��e�f�q_r~�'s�uw�¨�'q/�°r~�¨�+r~v��
� r~� ´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+� �+r~�	¢5r~�a¢-u�e�f�qCrtqCr~v>¯6r~�¨�¨�av+r~v��_�k�¨� uwv�f-uwv+�#ka�av � � � �¨� qCr~�¨���

r~v ¢5r~�'qC�k¡ ¡Iq�µ �w¤ �-u�ka�av ¢5rtqC�¨r�r r~v �-uw�Sg z0s qLuwz�e�f+r~v ka�av � �Cuwv+�Jf+r~� qC�¨¢+�k}k�+r~�¨v�z+v+� r~�kv+r~�
�k�'q°�-uw�°�¨z+¢ 3¨r~��qC�]kar � u�
�p�g�x�p ¡ � qYs%o+v0s � uiqCr~�a�a�¨�kr~v�µ}� uw� �~z r~�kv+r~�°���°r~�]�°r~�'qC�k�ar~v �<uw�¨� u]�
¢+}kr �~z+�Cuw¡ ¡ r~v+�arts�uw�¨�'q��_�k�¨��µJ�_�kr r~�_uwz�e�f�z�f+v+}k��e�f�¢5r~� � r~r~�	rtq	uw}��;* �w¤a¤a¥�+ ka�a�¨�ar~��e�f+} uw�ar~v
�_�k�¨���]� r~�6�¨�a�~�k���a�w�av+�a¡ �k��e�f+r<p@qLuiqCz+�C�_�k�¨���+z+��e�fbkar~�¨��e�f+�kr~�+r~v+r � u�
ar<¢5r~z+�'qCr~�k} q�µ~�-uw�¨z+v�qCr~�
�Yr~�¨¡,�a�ar~v+�)�°z+v+�7nD�kv+�w�a¡ ¡ r~v+�¨�a����
ar~v�µ�uw}k�Auwz�e�fy�+��e�f+�wqC�a¡ rd�<uw�¨� uw¢+}kr~v �+�krPq^�}f+v+�¨� qCz-u]�
qC�k�av�¢5rtqC�¨r�r r~v+���!� �kr��Yr~�¨¡,�a�ar~v+�)�6z+v+� nD�kv+�w�a¡ ¡ r~v+�Lkwuw�¨� uw¢+}kr~vE�°r~�¨�+r~v��~z+�<±°r~�'qC�k¡ ¡£z+v+�
�+r~���¨r~} uiqC�]kar~v
¯6�a�¨� qC�k�av uwz�e�f ��z-uw�'qC�k}kr~v �+r~�1nD�kv+�w�a¡ ¡ r~v+�)��z+v+�m�Yr~�¨¡,�a�ar~v+�Lkar~�'qCr~�k}kz+v+�
�~z+�ar~�a�¨�+v+rtq���� r~¡ ¯D�¨�a¢+}kr~¡ ka�av�s|r�f+}kr~v+�+r~vN±°r~�a¢-u�e�f�qCz+v+�ar~v kar~�¨�¨z�e�f+r~v �+�kr_g z0qC�a�¨r~v
�+z+��e�fQ�'qLuiqC�k�'qC�k��e�f+r � z+�¨r�e�f+v@z+v+�mka�av q^r~�'qCr~v�µ �°r~}�e�f+r��+�kr|�Yr~�'qCr~�k}kz+v+�^�+�kr~�¨r~� �<uw�¨� uw¢+}kr
v+��e�f�qPzwv+�+r~�¨v�µ ¢5r~�k�~z+�w�a¡ ¡ r~v��5��uwv+r~¢5r~v7�_�k�¨�ys%o+�/kar~�¨��e�f+�kr~�+r~v+r!�<uw�¨� uw¢+}kr~v �w�av�qC�¨�a}k}k�kr~�'q�µ
�+�kr<3¨r~�+��e�f v+��e�f�q uw}k}kr���� uwv+�a�¨}vzwz�s-� r-20�a�ar~v �¨�kv+��µ��_�kr��~z+¡ ±°r~�k�¨{+�kr~}��-uw�j�6�!�+r~�Cuw} qCr~�_�+r~�
nD} qCr~�¨v��
� �kr£�¨r~�kvy�+r~�¨�@�¨�k{0qC�]kar~v^p@qLuiqC�k�'qC�k�wr~v>�+r~�8��uiqCr~v+�CuiqC�~r~�8�~r~�k�ar~v�µ �-uw�¨���¨��e�f>�-uw�dg } qCr~� v@z+�

uwz0sR�-uw� � �Cuwv+�Jf+r~� qC�¨¢+�k}k� �!�������<��� � ���	������	 �W� ���	�J��� kar~�¨��e�f+}kr�e�f�qCr~�¨v+� uwz+�L�_�k�¨��q�µ5uwv+�¨�av+�)�
qCr~v uw¢5r~�	r�f+r~�_�wr~�kv+r~v�nD�kv��-z+�¨�Auwz0sK�+�kr8x�zwz�s-�a�wr~� qA�+r~�	¢5r~�a¢-u�e�f�qCrtqCr~v � �Cuwv+�Jf+r~� qCr~v�f-uiq��
��uw�bg } qCr~��¢5r~r~�kv��-z+�¨�'q63¨r~�+��e�f^�¨r�f+�b�°�}f+}No+¢5r~� � �}f+�a�'qCr~v+r�r r~��qCr �-uw�EnD�kv+�w�a¡ ¡ r~v�µ �-uw�
�Yr~�¨¡,�a�ar~v z+v+� �+�kr{g z+�¨¢+�k}k�+z+v+���+r~�ciov+�+�]k!�k�+z+r~v�µ�¡ � qD�+r~¡[xA�kv�qCr~�¨�a�¨z+v+��µa�-uw�¨�<�+�kr � } qCr~�)�
qCr~v �k¡ ��uiqCr~v+�CuiqC�	�w� ± ��ka�av �+r~�^qU�k�'qC��e�f-uis qC�¨�@�¨�k�¨r_¢5rtqC�¨��r r~v*� uw�¨r~v�µ��+�kr ��o+v+�a�'qCr~v)3¨r~�+��e�f
v+��e�f�qA¡ r�f+�~�
� z+v�z�e�f+�'q ��e�f�ziqC�~r~v�g	�-uw¡ �£rtq��Ruw}9* �w¤a¤a¥�+ r~�kv+r �a�¨��
ar g v+��u�f+} ka�av
¯D�¨�a¢+� q'� � �!�+r~}k}kr~v

�+r~�A§-�a�¨¡

Pr(Yi,t = 1|Y1,t, . . . , Yi−1,t, St, Xt),
* �a¥�+

¡ � q
Yi = 1

uw}k�Sg z0s qC�¨rtqCr~v^r~�kv+r~� � �Cuwv+�Jf+r~� qC�¨¢+�k}k�+r~�~µ
Y−i = 1

uw}k�Sg z0s qC�¨rtqCr~v ka�av uwv!�
�+r~�¨r~v � �Cuwv+�Jf+r~� qCr~v ����µ

St

uw}k���<uw�¨� uw¢+}kr~vQ�+r~� �¨�a�~�k���a�w�av+�a¡ �k��e�f+r~v�p@qLuiqCz+� z+v+�
Xt

uw}k�
� �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v�� � �kr~�¨ryp�e�f�ziqC�~z+v+�ar~v�r~�¨} uwz+¢5r~v v+��e�f��wr~�kv+r#g z+�¨�Cuw�ar~vxo+¢5r~� �iuwz+�Cuw}kr
� z+�Cuw¡ ¡ r~v�f�zwv+�arwµ0�-u uw}k}kr/�<uw�¨� uw¢+}kr~v �~z+¡S�a}kr~��e�f+r~v|� r~� qC{+z+v+��q_�kv �+�kr p�e�f�ziqC�~z+v+� r~�kv+�ar �
f+r~v;�i�+�kr~�¨r ´8}kr~��e�f+�~r~� qC�k�a�wr~� q r~�¨} uwz+¢0qKuw¢5r~�6v-u�e�f ´8�Cuwv+�ar~� *)�@� � � + �wr~�kv+r g z+�¨�Cuw�ar ¢5r~��o+�a}k��e�f
� uwz+�Cuw}k� q�ziq�� � �kr�0_r~�¨z+} qLuiqCr��~r~�k�ar~v�µ��-uw�¨���+r~� p�g�x�p�uwz0s<�-uw�Sg z0s qC�¨rtqCr~v�{+�Cuw��qC�k��e�f^uw}k}kr~�
uwv+�+r~�¨r~v � �Cuwv+�Jf+r~� qC�¨�kv+�+�k�iuiqC�a�¨r~v
�¨r�uw�a�kr~�'q��Y� �kr�g z0qC�a�¨r~v o+¢5r~�¨{+��o0s|r~v��+r~�L�°r~� qCr~�¨r~vW�+r~v
� z+�Cuw¡ ¡ r~v+} uwz0s�kar~�¨��e�f+�kr~�+r~v+r~� � �Cuwv+�Jf+r~� qC�¨�kv+�+�k�iuiqC�a�¨r~v�µ � � �+r~��3¨r~�+��e�fUuwvW�+�kr~�¨r~� p@qCr~}k}kr
��� � b_c � PHQub��
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[&bsQub � e
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�~z>¢5r~�ar~�av+r~v�� � ��e�f�qCr£¡�uwv>uwz+�¨��e�f+}k�kr 
a}k��e�f qCr~�'qCr~v�µ �a¢>�¨��e�f�q^�}f+}k�'qLuwv+�>{5�a�¨� qC�]k uwz0s°´8r �
�¨z+v+��f+r~� q°uwz+�L�_�k�¨��q�µ��k�'qYr~�<�~z+v�z�e�f+�'q°�¨�kv+v.ka�a}k}�µa�+�kr�qU�k�¨�@z+v+�Ska�av ´8r~�¨z+v+��f+r~� q°uwz0s5�Yr~�¨¡,�i�
�ar~v uwz+�¨�~z+��e�f-uw} qCr~v;�Cf+�kr~�d�_�k�¨��v@z+v��+�kr � �a�a}k��e�f+�wr~� q8r~�¨}vzwz0qCr~�'q�µ��+z+��e�f �+�kr ±°rtqC�Cu�e�f�qCz+v+�
ka�av � �kv+�+r~�¨v�µR�+�kr �wr~�kv
r~�k�ar~v+r~�1nD�kv+�w�a¡ ¡ r~v r~�¨�~�kr~}kr~v
z+v+��o+¢5r~� �wr~�kv
r~�k�ar~v+r~�*�Yr~�¨¡,�i�
�ar~v,kar~�'s%o+�ar~v�µJ�°r~}�e�f+r~� ka�av���f+�¨r~�°´8r~�¨z+v+��f+r~� q°¢5r~r~�kv��-z+�¨�'q �°r~�¨�+r~v ���av+v�qCrwµ0r~�kv+rjg z+�¨�Cuw�ar
o+¢5r~�K�+�krNqU�k�¨�@z+v+�/ka�avE�Yr~�¨¡,�a�ar~vI�~zIqC�¨r�r r~v��w��uwv+r~¢5r~v£�k�'qK�+�kr~�Kr~�kvEg v+�CuiqC�wµi¡ � q �+r~¡ �+�kr
�a}kr~��e�f+�~r~� qC�k���az0qCr_�!�+r~�Y��e�f+}kr�e�f�qCr�g z+�¨�'qLuiq¨qCz+v+� ¡ � q9q^�}f+}k�'qLuwv+� ��� � ´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}
¢5r~�k¡ nD�kv�qC�¨� q¨q	�kv+�jnD�L� u�e�f+�¨r~v+r~v-uw} qCr~� r~�¨�@}vzw�'q{�°r~�¨�+r~vy�iuwv+v��
g }k}kr~�¨�+�kv+�a�K�k�'qRr~�kv�z+¡ �ar~�wr�f+�'qCr~�D�iuwz+�Cuw}kr~�N� z+�Cuw¡ ¡ r~v�f-uwv+�+µiv�zw¡ }k��e�fI�-uw�¨�Dr~�kv+r � �Cuwv+�a�
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f+r~� q �+r~� � �kv+�+r~� �-uw�EnD�kv+�w�a¡ ¡ r~v �+r~�EnD} qCr~�¨v ¢5r~r~�kv��-z+�¨�'q�µ6�+z+��e�f^�+�kr~�¨r�±°rtqC�Cu�e�f�qCz+v+�a�)�
�°r~�k�¨rAv+��e�f�q°uwz+�¨�ar~��e�f+}k�a�¨�¨r~v��+p�e�f+}k�kr 
a}k��e�f��iuwv+v �¨��e�f�r~�kv,nD} qCr~�¨v�qCr~�k}�uwz0s|�a�¨z+v+� �+r~�<�@�Cuwv+�wr~v
� �kv+�+r~� r~v�qC��e�f+r~�k�+r~v�µ	uwz+� §^o+�¨�¨�a�¨�ar v+��e�f�q ¡ r�f+� �~zQuw�¨¢5r~� qCr~v�µc� uw���-uw� x uwz+��f-uw} qC�¨r~�kv!�
�w�a¡ ¡ r~v��¨r~v+�wr~v �jo+�¨�+rw� � uw�¨r�rtq uw}�� * �w¤a¤���+ s-v+�+r~v��-uis%o+�<3¨r~�+��e�f��wr~�kv+r~v �¨�k�av+�]s-�iuwv�qCr~v
xA�kv.�°r~�k�~µ uwz�e�f �°r~v+v^�¨�kr �k¡ 0Au�f+¡ r~v �+r~� ¯<p�i)�%��uiqCr~v+�CuiqC�~r~�Iv+��e�f�qI�+�k�¨r~��q � uwz+�Cuw}k� q�ziq
qCr~�'qCr~v�µ��¨�av+�+r~�¨v�v@z+�Dr~�kv+r	v+�a�¨¡�uw}kr 0_r~�a�¨r~�¨�¨�k�av �+z+��e�f0s%o�f+�¨r~v�µ@�kv �+r~�D�-uw�Ng �¨¢5r~� qC�Cuwv+�ar~¢5�wq
�+r~� � z0q¨qCr~�R�+z+��e�f �+r~v ´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+� �+r~� � �kv+�+r~�K¢5r~�0�+r~�Y´8r~¢+z+�'qDr~�¨�@}vzw�'q'�°r~�¨�+r~v
�¨�a}k}��
nD�kv+r	�¨r~�kv �+r~�¨�@�¨�k{0qC�]karjlAv�qCr~�¨�¨z�e�f@z+v+�£�+r~�Y��uiqCr~v �~r~�k�wqRs|�a}k�ar~v+�+r r~�¨�'qCrjg v�f-uw} qC�¨{+z+v+��qCr�p

� u�e�f � uw�¨r�rtq�uw}�� * �w¤a¤a¥�+ kar~�¨��e�f+}kr�e�f�qCr~�'qI�¨��e�f��+r~��´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+� ¡ � q �+r~¡ g } qCr~�
�+r~� � �kv+�+r~�~�<±°r~�¨�av+�+r~�¨� uw¢5r~� v+�k¡ ¡Iq uwz�e�fW�+r~��lAv�qCr~�¨��e�f+�kr~�Q�k¡ ´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+�
���_�k��e�f+r~v zw�¨¡ r~�¨r~v�z+v+�Q�¨r~��e�f+r~�¨r~v � �kv+�+r~�¨v�¡ � q��+r~¡ g } qCr~���~z�µ<�ar~v-uwz+�¨���_�kr7zw�¨¡ r~�¨r
� �kv+�+r~��r�f+r~�£uwv e�f+�¨�av+�k��e�f+r~vmnD�¨�@�Cuwv+�@z+v+�ar~v }kr~�k�+r~v�� � �kr1g z0qC�a�¨r~v^z+v�qCr~�¨��e�f+r~�k�+r~v
uwz+�)�
�+��o�eL�@}k��e�fQ���_�k��e�f+r~vU¡�uwv+�ar~}�f-uis qCr~¡ ´8r~�¨z+v+��f+r~� qC�'qC�~z+�'qLuwv+��uwz0s|�a�¨z+v+� e�f+�¨�av+�k��e�f+r~� z+v+�
v+��e�f�q'��e�f+�¨�av+�k��e�f+r~�ElA�¨�Cu�e�f+r~v�� �A�k¡ ¡Iq�¡�uwv f+�kr~�

H = 1
uw}k�Piov+�+�k�iuiqC�a��s%o+� � �Cuwv+�Jf+r~� q � �

z+v+�
C
uw}k�diov+�+�k�iuiqC�a�As%o+� �+�kr!n 20�k�'qCr~v+�!e�f+�¨�av+�k��e�f+r~�b� z+�'q�zwv+�+rwµ��¨� }vzw�¨�'q8�¨��e�f��+�krEq u�f+�)�

��e�f+r~�kv+}k��e�f+�wr~� q�s%o+� � �Cuwv+�Jf+r~� qIuwz0s|�a�¨z+v+� e�f+�¨�av+�k��e�f+r~�I�!�+r~��v+��e�f�q'��e�f+�¨�av+�k��e�f+r~�*lA�¨�Cu�e�f+r~v
¡ � qD�ar~�ar~¢5r~v+r~v g z+�¨{+��zw�az+v+�ar~v�r~�kv+r~� � r~v+�arjka�av � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v

X
�_�kr	s|�a}k�wqD��e�f+�¨r~���

¢5r~v¤p

Pr(H) = Pr(H|C = 0, X)Pr(C = 0|X) + Pr(H|C = 1, X)Pr(C = 1|X)
* �w� +

� �kr{q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qY�@�Cuwv+�£�~z �¨r~�kv�µ��k�'q<uw}k�¨�8�+�krAp!z+¡ ¡ r_uwz+�Y�+r~v1q u�f+�¨��e�f+r~�kv+}k��e�f!�
�wr~� qCr~v �@�Cuwv+� �~z �¨r~�kv �@���<� z+v+� �!��	 r~�kv+r~�je�f+�¨�av+�k��e�f+r~v7nD�¨�@�Cuwv+�@z+v+�ar~v��
g }k�A��uiqCr~v@¢-uw�¨�k�_�+�kr~v�qA�~z+v�z�e�f+�'q �+r~��� x/i'p�� � x � G ��uiqCr~v+�CuiqC�Ska�av �@� �a� �U�5�°r~�Kp�e�f�ziqC� �

�a}kr~��e�f@z+v+�ar~v�µUka�av��+r~v+r~v��+�kr r~�¨�'qCr£z+v�qCr~�¨�¨z�e�f�q�µ �a¢ZnD�kv+�w�a¡ ¡ r~vyr~�kv+r~vZnD�kv��-z+�¨�8uwz0sY�-uw�
g z0s qC�¨rtqCr~v7ka�avZe�f+�¨�av+�k��e�f+r~v � �Cuwv+�Jf+r~� qCr~vZf-uiq�µ5z+v+���+�krI���°r~� qCrwµ �a¢��-uwv+v>¢5r~�^g v!�	�!�+r~�
g ¢.�°r~�¨r~v�f+r~� qI�¨�a}�e�f+r~�de�f+�¨�av+�k��e�f+r~�Siov+�+�k�iuiqC�k�av+r~v��-uw�PnD�kv+�w�a¡ ¡ r~v �MI �+r~v��ar~�Cuw¡IqCr~v^´8r �
�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+�|kar~�¨¢5r~�¨�¨r~�'q�µ5�w�a¡ ¡ r~v �~z s|�a}k�ar~v+�+r~v|nD�¨�ar~¢+v+�k�¨�¨r~v¤p5nD�_�~r~�k�wq_�¨��e�f�µ-�-uw�¨�
�-uw�jnD�kv+�w�a¡ ¡ r~v�s�uw�'q	�+z+��e�f+�.zwv+�a�k�*ka�a�{e�f+�¨�av+�k��e�f+r~v � �Cuwv+�Jf+r~� q��_�krdg �'q�f+¡�u£��e�f�o0qC�tq � �iµ
uw}k}kr~�¨�+�kv+�a�£v+��e�f�q �kv�uw}k}kr~v
§9zw}k}kr~v �¨�k�av+�]s-�iuwv�q��cnD�kv��¨�a}�e�f+r~�,e�f+�¨�av+�k��e�f+r~��� z+�'qLuwv+���_�k�¨��q
�¨��e�f�v-uiq�o+�¨}k��e�f�v+r~��uiqC�]kyuwz0s<�-uw�8�ar~�Cuw¡IqCr ´8r~�¨z+v+��f+r~� qC�¨¢+�k}k��uwz+�~µ<��z�f+�¨r~v+���¨��e�f f+�kr~���-uw�
nD�kv+�w�a¡ ¡ r~v �~z+��ziqC�~}k��e�f_o+¢5r~�Cuw}k}Y�¨�k�av+�]s-�iuwv�q {5�a�¨� qC�]k�uwz0s	�+�kr �ar~�Cuw¡IqCr ´8r~�¨z+v+��f+r~� q£uwz+�)�
�_�k�¨��q��D��uw�,nD�kv+�w�a¡ ¡ r~vm�_�k�¨��q �+�a�'q uw¡ �'q�zw�¨�@�'qCr~v�µc�°� �+�kr p�e�f.�°r~�¨ry�+r~�1e�f+�¨�av+�k��e�f+r~v
� �k�¨{5�a�¨� qC�k�av>uw¡:�a����
wqCr~v>�k�'q�µ�uw}k�¨� ¢5r~�^g �'q�f+¡�u0µ¤nD{+�k}kr~{+�¨�krIz+v+��� � uw¢5rtqCr~�~µ5� uw�8¡ � q�xA�k}��
s|r r~�kv+r~� iov�qCr~�Cuw��qC�k�av+�'qCr~�¨¡ ��uwz+��nD�kv+�w�a¡ ¡ r~v�z+v+� e�f+�¨�av+�k��e�f+r~� � �k�¨{5�a�¨� qC�k�av��ar~��e�f�ziqC�tq
�MK
H = 1

^Db_P�P Qub_c R�P�j�b_j�b_[&b_P�b#klbsn � PHQuS�b_N e n=] � n e R�PHQ N P QuN b#[&b_N Qub_P n�� S�T b � SBe
bsn e
b_P �@R e
b_j�m�c
N b_P 
�m�P� ��P � U 	�� � 	�Z ����T T es`
�
h �fR e
N m�PHR�T � bsR�T e
S�� PBe
b_c�
�N b_^ 	 � c�
�b ��o N e �\S�N T Q � bsR�T e
S 	 � � ��T b_o b_PBes`
�
v � o i�b_c
j�T b_N � S ] � o a�N e=e
b_T�� ln y − ln y

`
� � � � n=j�b_P�m�o o b_P � b � n�� S�P � � � b_P � PHQ 	�N P � n=N e
N n_`
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�_�k�¨���!� r~�°��e�f+�av �k¡[�+r~�¨�@�¨�k{0qC�]kar~v��6r~�k}��arts|z+v+�+r~v+rS� z+�Cuw¡ ¡ r~v�f-uwv+�+µ��-uw�¨�°�+r~��n9r r~��q �+r~�
nD�kv+�w�a¡ ¡ r~v+�8¡ � q8�+r~¡ g } qCr~�8�+r~� � �kv+�+r~�8�'q�zw�¨�wr~�S�_�k�¨��µ �iuwv+v��+z+��e�f^�+�kr p�e�f�ziqC�~z+v+�ar~v
¢5r~�'q�ziqC�k�wqb�°r~�¨�+r~v��D� �kr g z0qC�a�¨r~v r~�¨�@}vzw�¨r~v �-uw�I¡ � q r~�kv+r~�I�@z+¡£z+} uiqC�]kar~v_qU�k�¨�@z+v+�>r~�kv+r~�
{5�a�¨� qC�]kar~v �!�+r~�	v+r~��uiqC�]kar~v�nD�kv��-z+�¨�¨r~�A�+r~��nD�kv+�w�a¡ ¡ r~v+�{o+¢5r~�_�+�kr � �kv+�+r~� 3Cu�f+�¨rSf+�kv.�°r~�+�
�Yr~�¨�¨z�e�f�q ¡�uwv v@z+v�µK�+r~v�n9r r~��q��+r~�!nD�kv+�w�a¡ ¡ r~v+�Iuwz0s_�+�kr��ar~�Cuw¡IqCr ´8r~�¨z+v+��f+r~� q��~z

uwv-uw} ²!�¨�kr~�¨r~v�µa�¨���@z+¡£z+}k�kr~�¨r~v��¨��e�f �kv+�¨�ar~�Cuw¡IqD�+�¨r~�-r~�kv+�~r~}kv+r�qU�k�¨�@z+v+�ar~v�����uw� nD�kv+�w�a¡ ¡ r~v
¢5r~r~�kv��-z+�¨�'q�*�uwz�e�f"�kv g ¢.�°r~�¨r~v�f+r~� q e�f+�¨�av+�k��e�f+r~�ZnD�¨�@�Cuwv+�@z+v+�ar~v + �+�k�¨r~��q>�+�kr ´8r~�¨z+v+�!�
f+r~� q�µRr~�kv
v+�kr~�+�¨�k�ar~�1nD�kv+�w�a¡ ¡ r~v r~��f��}f�q �-uwv+v����°r~� qCr~v+� �+�kr�q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� q r~�kv+r~�
e�f+�¨�av+�k��e�f+r~v � �Cuwv+�Jf+r~� q z+v+��kar~�¨��e�f+}k�k¡ ¡ r~�'qA�a}kr~��e�f+�~r~� qC�k� �+r~�¨r~v7g z+�L�_�k�¨�@z+v+�ar~v�uwz0sD�-uw�
�ar~�Cuw¡IqCry´8r~�¨z+v+��f+r~� qC�¨¢+�k}k���D� �kr|nD��f��}f@z+v+�^�+r~�!q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� q r~�kv+r~�1e�f+�¨�av+�k��e�f+r~v
nD�¨�@�Cuwv+�@z+v+�y�+z+��e�f^v+�kr~�+�¨�k�ar~�bnD�kv+�w�a¡ ¡ r~v f-uiq r~�kv+r~v �¨r~} uiqC�]k>�ar~�¨�kv+�ar~v g v�qCr~�k}Yuw¡ ´8r �
�Cuw¡IqCr�r r~��q�*|���_�k��e�f+r~v ¤ µ ���Sz+v+� �aµ � � + µ��-u,f+�kr~�A�ar~v+rtqC�k��e�f+r�� �k�¨{5�a�¨� qC�k�av r~¢5r~v0s�uw}k}k�_r~�kv+r
�a�¨�a�¨�¨r 0_�a}k}kr �¨{+�kr~} q��°� r~�#nD�kv��-z+�¨� uwz0s��+�kr|qU�k�¨�@z+v+� �+r~��e�f+�¨�av+�k��e�f+r~v � �Cuwv+�Jf+r~� q uwz0s
�-uw��´8r~�Cuw¡IqC¢+�k}k�y}k�kr~�wq�* 3¨r£v-u�e�f g �'q8�+r~�diov+�+�k�iuiqC�k�av + ���_�k��e�f+r~v rtq�� u���� z+v+� � � � µ �+r~�
0_r~�'q �+r~�dnD�kv��-z+�¨�¨r~���+r~�dnD�kv+�w�a¡ ¡ r~v+�_�k�'qA�+�k�¨r~��q z+v+�>¢5r�uwv+�¨{+�¨z�e�f�q����_�k��e�f+r~v �a� �%z+v+�
�}��� �+r~� ´8r~�Cuw¡IqCr�r r~��qC�~�Jg z�e�f f+�kr~�D�w�a¡ ¡ r~v �+�kr{g z0qC�a�¨r~v��~z+¡/�+r~¡ p�e�f+}kz+�¨�)*|¡ � qDr~�kv+r~�
�°r~� qCr~�¨r~v p�e�f�ziqC�~z+v+� �k¡:¯<p�i)�[��uiqCr~v+�CuiqC� + µ �-uw�¨��v+��e�f�q8�-uw� � �a¡ r~v�qLuwv+r~�kv+�w�a¡ ¡ r~v>�+r~�
nD} qCr~�¨v�µ+�¨�av+�+r~�¨vy�+r~�¨�¨r~vy} uwv+�'3�z�f+�¨�k�ar~� � z+��e�f+��e�f+v+� q¨q��+�kr�qC�¨r~�k¢5r~v+�+r ´8����
ar8�k�'q��
q^r~v+v�v+�kr~�+�¨�k�ar~�,nD�kv+�w�a¡ ¡ r~v��+r~�,nD} qCr~�¨v�z+v+� � �Cuwv+�Jf+r~� q �+r~� � �kv+�+r~� ¡ � qCr~�kv-uwv+�+r~�

�w�a�¨�¨r~}k�kr~�'qI�¨�kv+��µ6�¨���iuwv+v �k¡ xA�kv�qCr~�¨�a�¨z+v+� v-uiq�o+�¨}k��e�f^v+��e�f �+r~� ´8r~�¨z+v+��f+r~� qC�¨�'qLuiqCz+���+r~�
nD} qCr~�¨v��_�k�¨�wr~v�µ5�+r~�A�¨�@�°�}f+}6�+r~�¨r~vZnD�kv+�w�a¡ ¡ r~v�µ�uw}k�Auwz�e�f>�+�krI´8r~�¨z+v+��f+r~� q ��f+�¨r~� � �kv+�+r~�
v+r~��uiqC�]k�¢5r~r~�kv��-z+�¨�'q��K� r~��´8�¨z+v+� �iuwv+v^�kv^¡�uwv+�ar~}kv+�+r~� §^o+�¨�¨�a�¨�ar }k�kr~�ar~v�µ\�°r~v+v r~�kv�nD}��
qCr~�¨v�qCr~�k}	�¨r~}k¢+�'q �@�Cuwv+� �k�'q z+v+���¨��e�f��+r~��f-uw}k¢��°r~v+�k�ar~� z+¡ �+�kr ´8r~�¨z+v+��f+r~� q �+r~� � �kv+�+r~�
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a�k�ar�g �¨�tqC¢5r~�¨z�e�f+r��!�+r~�Y�-uw�
g v+}kr~�ar~v#ka�av�p!��e�f+r~��f+r~� qC�¨�az+�'qCr~v �~r~�k�wq�µ��_�k�¨��q_�¨��e�f �+z+��e�f-uwz+�A{5�a�¨� qC�]k uwz0sR�-uw� � �kv+� uwz+�~�
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ar~v g v�qCr~�k}_�+r~�#lAv�qCr~�¨��e�f+�kr~�+r>�kvW�+r~� ´8r �

�¨z+v+��f+r~� q<r~�¨�@}vzw�¨r~v¤p � r�uw�Cu1* �w¤a¤ � + �w�a¡ ¡IqD�~z �+r~¡ p�e�f+}kz+�¨�~µ��-uw�¨�<�+r~� lAv�qCr~�¨��e�f+�kr~���kv �+r~�
´8r~�¨z+v+��f+r~� q��+r~� � �kv+�+r~�£�~z+¡ � r~� qC{+z+v+��q��+r~� ´8r~¢+z+�'q����_�k��e�f+r~v
�+r~v�uw¡ ¡ r~�k�'qCr~v z+v+�
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tk (H(τ)) = θ1 (H(τ))−θ2 ,
* � ¦ +

¡ � q
θ1, θ2 > 0

��� �krjiov.kar~�'qC� qC�k�av+r~v �kv�´8r~�¨z+v+��f+r~� qN�°r~�¨�+r~v,�_�kr s|�a}k�wqD{+�¨�!�+z+�~�kr~�'q�µ��°�a¢5r~�
E
�+r~v>±°�k}k�+z+v+�a�¨�'qLuwv+� �+r~�jiov+�+�]k!�k�+z+z+¡ �_uwv+�a�k¢0q�µ+�+r~�Auw¢5r~�	r-20�a�ar~vy�ar~�ar~¢5r~v �k�'q�p

I = (M(τ))βM
(
tI(τ)

)1−βM EβE ,
* �a��+

±°r~�'qC�k¡ ¡IqA¡�uwv v@z+vyv+��e�fy�+�kr §-�a�¨¡ �+r~� uw} qCr~�¨�Cuw¢�f�zwv+�a�k�ar~v�g ¢+��e�f+�¨r~�k¢+z+v+�ar~v�uwz0sD�-uw�
´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}��+z+��e�f

δ(τ) = δ0e
βδτ ,

* ����+
�¨�^¢5r~�+r~z0qCrtq��+�kr~��s%o+� �-uw� �¨r~�kv+r�iov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k}�µR�-uw�¨� �+�kr�� u�e�f0s|�Cuw�ar v-u�e�fQ´8r �

�¨z+v+��f+r~� qj�_�kr�s|�a}k�wq	¢5r~�'qC�k¡ ¡Iq	�k�'q�p

lnH(τ) =
βM

θ2 + 1
lnw(τ) − βM lnP (τ) −

βδ

θ2 + 1
τ +

βE

θ2 + 1
E,

* �a��+

q^�a¢5r~� 1
1+θ2

�+�kr{nD} uw�'qC�k�~� q�ziq
ε
�+r~�<´8r~�¨z+v+��f+r~� qC�¨{+�¨�!�+z+��qC�]k!� q�ziqD�k�'q���� �kr �¨r~�+z+�~�kr~�'qCr *|��� f��

v@z+�6v+��e�fbka�avIr-20�a�ar~v+r~v ´8����
ar~vIuw¢�f�zwv+�a�k�ar + � u�e�f0s|�Cuw�ar<v-u�e�fI¡ r~�+�k�~�kv+�k��e�f+r~vE� r~�k�'qCz+v+�ar~v
} uwz0qCrtq_�+r~¡ r~v�qC�¨{+�¨r�e�f+r~v+�¤p

lnM =

(
βM(

1

θ2 + 1
− 1) + 1

)
lnw(τ)

−

(
βM(

1

θ2 + 1
− 1) + 1

)
lnP (τ)

− βE(1 −
1

θ2 + 1
)E + βδ(1 −

1

θ2 + 1
)τ

* � � +

��u �-uw�S�Yr~�¨¡,�a�ar~v^uw}k�Sg z+�¨�+�¨z�eL� ka�av q^�}f+}k�'qLuwv+� �kv �wr~�kv+r~� �+r~�£´8}kr~��e�f@z+v+�ar~v ¡ r�f+�
ka�a�¨�w�a¡ ¡Iq�µ��w�a¡ ¡IqAv@z+� v+��e�fy�+r~��� �}f+v+�CuiqC�

w
uw}k�jq^�}f+}k�'qLuwv+�+�¨�kv+�+�k�iuiqC�a�	�kvy§-�Cuw�arw��� �kr

� u�e�f0s|�Cuw�ar�v-u�e�f ´8r~�¨z+v+��f+r~� q �¨r�uw�a�kr~�'q8r~v�qC�¨{+�¨r�e�f+r~v+� �+r~��¯Kuw�Cuw¡ rtqCr~�¨�w�av+�'qCr~}k} uiqC�k�av βM

θ2+1uwz0s°r~�kv+r~v g v+�'qC�kr~� �+r~�b� �}f+v+�CuiqC�~r~�~�Kp�e�f+}k�kr 
wq�¡�uwv�r~�kv+r~v_nD�kv��-z+�¨� uwz+�~µ �¨� ¡£z+�¨���+�kr~�¨r~�
�6r~�¨¡ �a}kr~��e�f �Az+}k}{�°r~�¨�+r~v;� �-uw���k�'q �+r~� §�uw}k} s%o+�

βM = 0
¢+�����

θ2 → ∞
�°��uw��r~�¨�'qCr

¢5r~�+r~z0qCrtq�µ6�-uw�¨�I¡ r~�+�k�~�kv+�k��e�f+r,� r~�k�'qCz+v+�ar~v^�wr~�kv+r~v�nD�kv��-z+�¨�£uwz0s	�+�kr1g �@�@z+¡£z+} uiqC�k�avZka�av
´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}cf-uw¢5r~v�µ uw}k�¨�#k}�a}k}k�k���_�k�¨�@z+v+�a�¨}k�a���¨�kv+���\iov^r~�kv+r~��uw}k}k�ar~¡ r~�kv+r~v>s|z+v+�a�
qC�k�av-uw}kr~v£§-�a�¨¡ ¡£z+�¨�Duw}k�¨���+�kr	¯D�¨�!�+z+��qC�k�av+�¨r~} uiqC�k�~� q�ziq6�+r~�D¡ r~�+�k�~�kv+�k��e�f+r~v!� r~�k�'qCz+v+�ar~v�v@z+}k}
�¨r~�kv�µ+¢+�����+�+�kr~�¨r8�w�a¡ ¡ r~v �kv �+r~�{iov.kar~�'qC� qC�k�av+�¨�a}kr~��e�f@z+v+� ��uw� v+��e�f�q{ka�a�~�-� �kr~�¨rPg v+v-u�f+¡ r

��¤
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�k�'q��°r~v+�k� �¨r�uw}k�k�'qC�k��e�f���g } qCr~�¨v-uiqC�]k�}k�kr 
ar �¨��e�f �-uw�jnD�¨�ar~¢+v+�k� 3¨r~�+��e�f uwz�e�f ¡ � q r~�kv+r~¡ {5�a�¨���
qC�]kar~v

βM

r~�¨�¨r~��e�f+r~v�µJ�°r~v+v �a}kr~��e�f+�~r~� qC�k�8�+r~�°¯D�¨r~�k�Ys%o+�<¡ r~�+�k�~�kv+�k��e�f+r/� r~�k�'qCz+v+�ar~v
P
�a}kr~��e�f

�Az+}k}°�k�'q � � �R�-uw�!��zw�¨r �k¡ 0Au�f+¡ r~v
r~�kv+r~� ´8r~�¨z+v+��f+r~� qC�Lkar~�¨�¨��e�f+r~�¨z+v+�+µ<�+r~�¨r~v � r~�k�'qCz+v+�ar~v
¡ �kv+�+r~�'qCr~v+�D��zw¡IqC}k��e�f+r�g �¨�tqC¢5r~�¨z�e�f+rAz+v+� {�f-uw�Cuw�~r~z0qC�k��e�f+rA¯D�¨�!�+z+��qCr_uw¢5�+r�eL��q � �<�+r~v+�@¢-uw�~�
��uI¢5r~�¨�av+�+r~�¨�{g	�-uw¡ �°rtq_uw}�� * �w¤a¤a¥�+ ka�av r~�kv+r~� kar~�¨�a}kr~��e�f@¢-uw�¨r~v p!� qCz-uiqC�k�av uwz+�¨�ar�f+r~v *�uw}k}kr
¢5r~�a¢-u�e�f�qCrtqCr~v�iov+�+�]k!�k�+z+r~v r~��f-uw} qCr~v|� r~�k�'qCz+v+�ar~vyuwz+� � nY��i � g)0/n + µ��k�'q_�+r~�¨r~v�nD�¨�ar~¢+v+�k�
�kv
�+�kr~�¨r~� xA�kv+�¨��e�f�q �+z+��e�f-uwz+� ¡ � q��+r~¡ iov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k} v-u�e�fQ´8�¨�a�¨�¨¡�uwv
�w�a¡ {-uiqC���
¢5r~}��5iov��+r~�)0_r~�ar~}'�°r~�¨�+r~v��+�krI¡ r~�k�'qCr~v�¡ r~�+�k�~�kv+�k��e�f+r~v7� r~�k�'qCz+v+�ar~v7ka�av � nY��i � g)0/n � �
o+¢5r~�¨v+�a¡ ¡ r~v�µi¡ � q6r~�kv+r~¡ �w¤ �o{+�¨�a�~r~v�qC�k�ar~¡hnD�k�ar~v-uwv�qCr~�k}��i±°r~�!{+�'²�e�f+�k��e�f+r~v nD�¨�@�Cuwv+�@z+v+�ar~v
¢5rtqC��zw�wqR�+�kr~�¨r~�NnD�k�ar~v-uwv�qCr~�k}0uw}k}kr~�¨�+�kv+�a�R¦ ¤ � µw�-uwv+r~¢5r~v��k�'qD�+r~�R�'qLuiqC�k�av�zw�¨r g z0s|r~v�q�f-uw} qYuwz0s �
�a�¨z+v+� {+�'²�e�f+�k��e�f+r~�dnD�¨�@�Cuwv+�@z+v+�ar~v�uwz0s �@� ¤ �Kuw�ar��kv+�¨�ar~�Cuw¡Iq_¢5r~�a�¨r~v+�tq�� ´8r~�Cuw�+r��+r~��f-uw}k¢
�k�'q �-uw��nD�¨�ar~¢+v+�k�/ka�av7g	�-uw¡ �Artq8uw}�� * �w¤a¤a¥�+ z+v�qCr~��uwv+�+r~�¨r~¡ �+z+��e�f>�+�krbg ¢5�+r�eL�@z+v+��ka�av
� nY��i � g)0/nN�~z^r~�¨�@}vzw�¨r~v;� ¢5r~�Yv+�a�¨¡�uw}kr~v_nD�¨�@�Cuwv+�@z+v+�ar~v �a�k¢0q r~�I�wr~�kv+r~v �¨�k�av+�]s-�iuwv�qCr~v
� z+�Cuw¡ ¡ r~v�f-uwv+� ���_�k��e�f+r~v�q^�}f+}k�'qLuwv+�yz+v+� � �Cuwv+�Jf+r~� q�µ�¢5r~� {+�'²�e�f+�k��e�f+r~v13¨r~�+��e�fy��e�f+�av�µ
� uw�°�-uw�Cuwv }k�kr~�ar~v �iuwv+v�µ!�-uw�¨� �~z+� ±°r�f-uwv+�+}kz+v+�Ir~¢5r~v �+�kr~�¨r~� nD�¨�@�Cuwv+�@z+v+�ar~v ¡ r�f+�<r~�k�ar~v+r
� � q¨qCr~}5uwz0s|�ar��°r~v+�+rtq��°r~�¨�+r~v ¡*o+�¨�¨r~v�µ0z+v+� �+r~��f-uw}k¢��+r~� q^�}f+}k�'qLuwv+� s%o+�<�+�kr ±°r�f-uwv+�+}kz+v+�
�+z+��e�f-uwz+�Ar~�kv+r�0_�a}k}kr��¨{+�kr~} q��
� �kr g } qCr~�¨v-uiqC�]karwµ

θ2 → ∞
µ ¢5r~�+r~z0qCrtq�µ	�-uw�¨� ��e�f+�av�r~�kv+r�¡�uw�¨�a�kv-uw}kr�nD��f��}f@z+v+���+r~�

´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}k� *|¢5r~�
H > 1

+ �+�kr �kv � �Cuwv+�Jf+r~� q kar~�¨¢+�Cu�e�f�qCr~v �Kuw�ar
tk

uwz0s �Az+}k}
�¨r~v+��q��6� r~�bnD�kv��-z+�¨�Ska�av ¡ r�f+� ´8r~�¨z+v+��f+r~� qC�¨�iuw{+� qLuw}Yuwz0s°�-uw�bnD�kv+�w�a¡ ¡ r~v��k�'q uw}k�¨�#kar~�)�
v-u�e�f+}vzw�¨�¨�k�a¢-uw�~µ\�°r~�k}<�+r~�*iov.kar~�'qC� qC�k�av+�Cuwv+�¨r~�k�,kar~�¨}k�a�¨r~v �ar�f�q��'g z�e�f s%o+�

H < 1
�ar�f�q��+r~�

g v+�¨r~�k�Nkar~�¨}k�a�¨r~v�µ]�-u�´8r~�¨z+v+��f+r~� q^o+¢5r~��f-uwz+{0qKv+��e�f�qK�~z+�R¯D�¨�!�+z+��qC�k�avSka�avI�ar~�¨z+v+�+r~v!�Kuw�ar~v
¢5r~� qC��zw�wq��Wg }k}k�ar~¡ r~�kvI}vzw�¨�'qY�¨��e�f �+�kr~�¨r~� � z+�Cuw¡ ¡ r~v�f-uwv+���+r~�Cuw�'qDs|�a�¨¡£z+}k�kr~�¨r~v�µi�-uw�¨� � �Cuwv+�a�
f+r~� q6r~v�q��°r~�+r~�R�wr~�kv+r � �Cuwv+�Jf+r~� qC�'qLuw�arNkar~�¨z+�¨�Cu�e�f�q�µw�!�+r~� � �Cuwv+�Jf+r~� qC�'qLuw�ar<v+��e�f�qCkar~��f+�kv+�+r~�'q
�°r~�¨�+r~v ���av+v+r~v�µ.� uw�D�-uw�°´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}0uw¢5r~�Yuw� uw¢+�¨z+�¨�+z+¡ s%o�f+�'q�µa�-u

tk
�+r~�c�6�Cuwv+�)�

¡ �k�¨�¨�k�av+�¨�iuwv-uw} �¨�@�°�}f+} s%o+�	�-uw�jiov.kar~�'qC� qC�k�av+�)�Lµ�uw}k�_uwz�e�f s%o+�_�-uw� � �av+�¨z+¡ ¡ �!�+r~}k} �k�'q��
� �kr��¨r~�+z+�~�kr~�'qCr � u�e�f0s|�Cuw�ar�v-u�e�f ¡ r~�+�k�~�kv+�k��e�f+r~v|� r~�k�'qCz+v+�ar~v �¨r�uw�a�kr~�'q_�ar~¡ z�


βM(ε− 1) + 1
* �w¤�+

uwz0s0r~�kv+rcnD��f��}f@z+v+�A�+r~�'� �}f+v+�CuiqC�~r~�~�@�6�¨�]r5q ¡�uwv8v@z+v��+�krKs%o+� �°�a¢+¢!�)� �az+�a} uw�)�)§-z+v+��qC�k�av+r~v
qo²!{+�k��e�f+r�g v+v-u�f+¡ rwµi�-uw�¨�R�+�kr°¯D�¨�!�+z+��qC�k�av+�¨r~} uw�'qC�k�~� q�ziq6�+r~�K¡ r~�+�k�~�kv+�k��e�f+r~v*� r~�k�'qCz+v+�ar~v

βM���_�k��e�f+r~v v@z+}k}<z+v+� r~�kv+�I}k�kr~�wq�µ �¨�>�iuwv+v
βM(ε − 1) + 1 = 0

v+��e�f�q£r~�'s%o+}k} qS�°r~�¨�+r~v�µRz+¡
�+�krbg ¢.�°r~�¨r~v�f+r~� q8r~�kv+r~�P� z+�Cuw¡ ¡ r~v�f-uwv+�ar~� �~zy�¨r�e�f�q¨s|r~�'qC�k�ar~v��5qU�kr ��e�f+�av>�kv � uw{+� qCr~} � � �
�ar~�~r~�k�wq�µ �k�'q8�+�krEg v+v-u�f+¡ r��¨r�uw}k�k�'qC�k��e�f�µ5�-uw�¨�

ε
�@}kr~�kv+r~� r~�kv+�8�k�'q�����uwv+v�}vzw�¨�'q8�¨��e�f��~r~�k�ar~v�µ

� � � b_c���R�c R�o b*e
b_c
βM

�HPHQub*e�Q � c�� S b_N P�b �fmBn e
b_P�o N P�N o N b_c � P�j ��[&b_c9QuN b [&b_N Qub_P � P � � e n M � PHQ tI
�VN P�jBR�P�j�N P QuN b��fR � S � c R�j�b PHR � S

H
` � b_P�P Qub_c �Vc
b_N n�
�m�P

M

�m�P 
�m�c
P�S�b_c
b_N P P � T TVN n e �Cn	��N b_T e�QuN ba�b_P�j�b 
�m�P

M
��b_N P�b �dm�T T b�� ��c Q�R�n � PHQuN 
�N Q � � o��\Q�R QuN b �fmBn e
b_P q b_N P�b_c � P 
�bsn e
N e
N m�PHn=b_N P�S�b_N e�N Pklbsn � PHQuS�b_N e P�N � SBe o b_S�c 
�m�P9Qub_c a�b_P�j�b 
�m�P M R�[�S ��P�j�b_PO`

� � � N b � b��HP�N e
N m�P�
�m�P
M � o � R�n
n e b_N j�b_PBe
T N � S#P�m � S#^Db_N e
b_c
b0klc � ��b_P ^dN b �Vc
P ��S�c � P�j �uLOb_[&b_PHn
n e
N TOb*e���`

� � �0` 	 ` � b �HR�c=e
o b_PBe m � � bsR�T e
S�R�PHQ � � o;R�P 	�b_c�
�N �*bsn@UXW�Y�Y���ZM`

� �
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�-uw�¨�{�°r~�ar~v

βM ((ε− 1)) + 1 = 0
* � � +

βMε︸︷︷︸
>0

= βM − 1︸ ︷︷ ︸
<0

* �a��+

�+�krdg ¢+}kr~� qCz+v+�Eka�av
lnM

v-u�e�f
lnw

v+��e�f�q	v@z+}k}U�°r~�¨�+r~v �iuwv+v��+� �kr~�¨r ´8}kr~��e�f@z+v+�£�k�'q°s%o+�
�wr~�kv

ε
r~�'s%o+}k}k¢-uw�~µ-�¨�a} uwv+�ar

βM

���_�k��e�f+r~v�v@z+}k}6z+v+�>r~�kv+� }k�kr~�wq���� �krIr~�kv+�~�k�ar � �a¡£¢+�kv-uiqC�k�av�µ
�+�kr�r~�kv+r��\�a�¨z+v+��r~�¨} uwz+¢0q�µ6�k�'q

ε < 1
z+v+�

βM > 1
µC� uw��uw¢5r~�£r~�kv+r~v�o+¢5r~�¨{+�¨�a{5�a�'qC�k�av-u]�

}kr~v g v+�'qC�kr~� �+r~� ´8r~�¨z+v+��f+r~� qC�¨{+�¨�!�+z+��qC�k�av��+z+��e�fW�+r~v nD�kv+�CuiqC��ka�av
M

¢5r~�+r~z0qCrtq�µ°uw}k�¨�
�'qCr~�k�ar~v+�+r�p!�iuw}kr~v+r~�'qC��zw�ar �kv��+r~v ¡ r~�+�k�~�kv+�k��e�f+r~v#� r~�k�'qCz+v+�ar~v��0��uw� �_�k�+r~�¨�¨{+�¨��e�f�q	�+r~¡ nD�)�
�ar~¢+v+�k�°s%o+� �+�kr�´8r~�¨z+v+��f+r~� qC�¨v-u�e�f0s|�Cuw�arwµ-v-u�e�f �+r~�

βM

�a}kr~��e�f v@z+}k} �¨r~�kv ¡£z+�¨�~�-� �kr�r~�kv+�~�k�ar
� �a¡£¢+�kv-uiqC�k�av�µ��+�krIr~�kv+r£r~�kv+�k�ar~�¨¡�u�
ar~vy�a} uwz+¢�f-uis qCr � �a�a}k��e�f+�wr~� q8r~����r v+rtq�µ �¨�@�°�}f+}R�kv��+r~�
�¨r~�+z+�~�kr~�'qCr~v � u�e�f0s|�Cuw�ar8v-u�e�f ¡ r~�+�k�~�kv+�k��e�f+r~v�� r~�k�'qCz+v+�ar~v�µ-uw}k� uwz�e�f �kv �+r~�A´8r~�¨z+v+��f+r~� qC�)�
v-u�e�f0s|�Cuw�ar�r~�kv+r~v�nD�kv��-z+�¨�	�+r~�{� �}f+v+�CuiqC�~r~�Auwz+�¨�~z+��e�f+}k�kr 
ar~v�µ0�k�'q

P = 0
z+v+�

βM > 1
µ+uw}k�¨�

�w�a�'qCr~v+}k�a�¨rb�{f+r~�Cuw{+�krwµ+�+�kr uwz�e�f v+��e�f �'qCr~�k�ar~v+�+rIp!�iuw}kr~v+r~�'qC��zw�ar�uwz0s��°r~�k�'q��
� r~�k�+r~�Yr~��f��}f�q<�¨��e�f �+�kr_�'qC�¨z+��qCz+�¨r~}k}kr � u�e�f0s|�Cuw�arAz+¡

(1−βM )
v-u�e�f�r~�kv+r~�cq^�}f+}k�'qLuwv+�+�)�

r~��f��}f@z+v+� �+z+��e�f g v+�'qC�kr~� �+r~�P� �}f+v+�CuiqC�~r~�~µ�z+v+���+�kr~�¨r~�Pn9r r~��q8�iuwv+v�v@z+��kar~�¨��e�f.�_�kv+�+r~v�µ
�°r~v+v

βM = 1
�k�'q�µ.� uw�°uw¢5r~�<�k¡~qU�k�+r~�¨�¨{+�¨z�e�f��~z��+r~�<�ar~�Cuw�+rA�ar~v-uwv+v�qCr~v ¯Kuw�Cuw¡ rtqCr~�¨�w�av!�

�'qCr~}k} uiqC�k�av �'qCr�f�q��
� uwv �iuwv+v uw}k�¨�Ws%o+���+�kr
r~�kv+�~r~}kv+r~v � u�e�f0s|�Cuw�arts|z+v+��qC�k�av+r~v �+r~� iov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k}k�

�+z+��e�f-uwz+� ¯Kuw�Cuw¡ rtqCr~�L�°r~�'qCr#s-v+�+r~v�µR�+�kr ¡ � q£�+r~�!g ¢.�°r~�¨r~v�f+r~� q�r~�kv+r~�*q^�}f+}k�'qLuwv+�+�¨r�r r~�a�
qCr~�°�w�a¡ {-uiqC�k¢5r~}��¨�kv+��µ 3¨r~�+��e�f �wr~�kv+r �w�av+�¨�k�'qCr~v�qCr � �a¡£¢+�kv-uiqC�k�av�µ��+�kr uw}k}kr_�+�¨r~� � u�e�f0s|�Cuw�ar~v
*|v-u�e�f

H
µ+z+v+� �+�kr8�¨r~�+z+�~�kr~�'qCr8z+v+� �'qC�¨z+��qCz+�¨r~}k}kr�� u�e�f0s|�Cuw�ar�v-u�e�f

M
+ �a}kr~��e�f+�~r~� qC�k�Iz+v-uw¢!�

f�zwv+�a�k�*ka�a¡ � �}f+v+�CuiqC� �ar~�'qLuw} qCr~v��
g }k}kr~�¨�+�kv+�a���k�'q63Cu ���°r~� s|r~}�f-uis q�µ �a¢ �+r~�£uw��qCz+r~}k}kr � �}f+v+�CuiqC� qLuiqC��z�e�f+}k��e�f^r~�kv^�¨r~}kr�kwuwv�qCr~�

� u�
 s%o+�/q^�}f+}k�'qLuwv+�y�k�'q�µ��-u��+�kr ¡ r~�k�'qCr~v�g z0qC�a�¨r~v>r�f+r~���-uw�/�Yr~�¨¡,�a�ar~v *%g	�-uw¡ �Artq8uw}�� +
�!�+r~� �-uw�{� r~¢5r~v+�¨�~r~� qCr~�kv+�w�a¡ ¡ r~v * � uw�¨r + uw}k�°�¨r~}kr�kwuwv�q_uwv+�¨r�f+r~v z+v+� uwz�e�f �+�a�'q	uw¡ r�f+r~�)�
qCr~v r~�kv+r~v �¨�k�av+�]s-�iuwv�qCr~v7� z+�Cuw¡ ¡ r~v�f-uwv+�*s-v+�+r~v��
§^o+�R�+�kr	´8r~�¨z+v+��f+r~� qC�¨v-u�e�f0s|�Cuw�ar	v-u�e�f �+r~¡ � �av+�¨z+¡ ¡ �!�+r~}k}!}vzw�¨�'qR�¨��e�f1lAv-uw¢�f�zwv+�a�k�a�wr~� q

ka�avSq^�}f+}k�'qLuwv+� �+z+��e�f
βM = 1

�!�+r~�
γ = 0

r~�¨�@}vzw�¨r~v��]� �krY�w�av+�'qLuwv�qCr ´8�¨r~v+�~{+�¨�!�+z+��qC�]k!� q�ziq
¡ r~�+�k�~�kv+�k��e�f+r~�{� r~�k�'qCz+v+�ar~v �k�'qAuw}k�_p!�av+�+r~�'s�uw}k}��+r~�_¯Kuw�Cuw¡ rtqC�¨�k�¨�kr~�¨z+v+��r�f+r~�_z+v+�kv�qCr~�¨r~�¨�Cuwv�q
z+v+� v@z+� �-uwv+vbo+¢5r~��f-uwz+{0q'kar~�'qC�¨rtqC¢-uw�~µ��°r~v+vI�~z+¡N±°r~�k�¨{+�kr~}a�+�krY�~r~� qC}k��e�f+r~vSiov.kar~�'qC� qC�k�av+r~v �kv
´8r~�¨z+v+��f+r~� qD�wr~�kv+r60_�a}k}kr<�¨{+�kr~}kr~v��w��uw¡ � qR}k�kr 
ar<�¨��e�f��+r~�NnD�kv��-z+�¨�R�+r~�N� �}f+v+�Yuwz+�¨��e�f+}k�kr 
ar~v��
� r~�£���°r~� qCr §�uw}k}�µ

γ = 0
µ6��e�f+}k�kr 
wq£r~�kv+r�0_r�uw��qC�k�av �+r~��� u�e�f0s|�Cuw�ar uwz0s	�+�kr�� �}f+v+�CuiqC��zwv!�

�+r~�¨z+v+�^uwz+� z+v+���a}kr~��e�f+�~r~� qC�k��r~�kv+r~v nD�kv��-z+�¨�!ka�av
λ(τ = 0)

µDuw}k�¨���+r~¡ p�e�f-uiq¨qCr~v+{+�¨r~�k�
�+r~�!�Yr~�¨¡,�a�ar~v+�~µR�kv �+r~¡ z+v�qCr~�,lA¡ �'q�zwv+�+r~v
�-uw�*�Yr~�¨¡,�a�ar~v �¨r~}k¢+�'q �¨r~}kr�kwuwv�q��k�'q�� � � � �kr
nD} uw�'qC�k�~� q�ziq

γ
�+r~��´8r~�¨z+v+��f+r~� qC�¨v-u�e�f0s|�Cuw�ar f�zwv+�wqIv+r~��uiqC�]kZka�av �+r~�£´8�¨r~v+�~{+�¨�!�+z+��qC�]k!� q�ziq

�+r~� ´8r~�¨z+v+��f+r~� q°¢5r~�5�+r~�°¯D�¨�!�+z+��qC�k�av �ar~�¨z+v+�+r~���Kuw�arAz+v+���+r~¡%´8�¨r~v+�~v@z0qC�~r~v uwz+�°�+�kr~�¨r~v
� �*i�b_c
j�TX` �@R ��N e
b_T Wu` �H`

�@�



��� �¤��� �W����	 ���@����� � � �W� 
�� ���	����
������ �������

�ar~�¨z+v+�+r~v��Kuw�ar~v
uw¢��Rp!�kr,�_�k�¨� v@z+�£v@z+}k}�µC�°r~v+v
¢5r~�k�+r ´8����
ar~v �k¡ ¯D�¨�!�+z+��q£�ar~�ar~v z+v!�
r~v+�+}k��e�f �'qC�¨r~¢5r~v�µ!uw}k�¨��¢5r~�k�+r	�¨r�f+�<�a�¨��
P�°r~�¨�+r~v�µ.� uw�<�-uwv+v r~�kv+r~v z+v+r~v+�+}k��e�f+r~v+r~v�nD�kv��-z+�¨�
ka�av�´8r~�¨z+v+��f+r~� q8uwz0sR�+r~v �Az0qC�~r~vy�k¡ {+}k�k�~�kr~�'q��+��uw�A�k�'qjk!�kr~}k}kr~��e�f�qA�¨��e�f�qC�k�+µ��°r~v+v�´8r~�¨z+v+�!�
f+r~� q°qLuiqC��z�e�f+}k��e�f��wr~�kv ´8z0q �_�kr�uwv+�+r~�¨r8uwz�e�f �k�'q�µ!�¨�a}k}5uw¢5r~� f+�kr~�°v+��e�f�q	�+�k�¨�@z0qC�kr~�'q �°r~�¨�+r~v��
�wr~�+r~v0s�uw}k}k�9f�ziq¨qCr	�kv��+�kr~�¨r~¡[§�uw}k}J�°r~�+r~� nD�kv+�w�a¡ ¡ r~v�µwv+��e�f!�Yr~�¨¡,�a�ar~v r~�kv+r~v,nD�kv��-z+�¨�Y�+�kr
´8r~�¨z+v+��f+r~� q��

� (='�(�� �
5�� 40/C/ � 895 � :�3&7��&� : 50/C/J>@?089>��f/

� 4�BC4�3541�b;]; AU=�V#=�8�:�=� jI5K��5=�V#=�K�u�?<:�AU=�:
lA¡ �+r~�cnDv+�+�a�ar~v+� q�ziq^ka�av ´8r~�¨z+v+��f+r~� qDz+v+�*q^�}f+}k�'qLuwv+���~z�¢5r~�ar~�av+r~v�µw¢5r~v@z0qC�~r~v � r~r~�Drtq
uw}�� * �w¤a¤a¥�+ z+v+�Z� �kv+�-u�f+}<* �w¤a¤���+ iov+�'qC�¨z+¡ r~v�qCrwµ �+�kr���� uw� �+�k�¨r~��qCr~vZnD�kv��-z+�¨��uwz0sD�-uw�j�Yr~�)�
¡,�a�ar~v �+r~� iov+�+�]k!�k�+z+r~v�uwz+��o+¢5r~v�µ@�¨��e�f�uw¢5r~�Y�k¡/¢5r~�¨�av+�+r~�¨r~v v+��e�f�q<�+z+��e�f��+�kr ´8r~�¨z+v+��f+r~� q
¢5r~r~�kv��-z+�¨�¨r~v } uw�¨�¨r~v ¢+�����-�iuwz+�Cuw}5ka�av ��f+� uw¢�f�zwv+�ar~v�� (�r r~v+�¨��e�f�qC}k��e�f �¨�a}k}kr~v �+�kr~�¨rPiov+�'qC�¨z!�
¡ r~v�qCrwµ-v�zw¡ }k��e�f#nD�¨¢+��e�f-uis qCr~vyz+v+��� �wq¨qCr~�¨�kr~�ar��_�kv+v+rwµ+r~�kv+r~v �'qC��e�f-uw�'qC�k��e�f+r~v7nD�kv��-z+�¨�Auwz0s
�-uw�{�Yr~�¨¡,�a�ar~v �-uw�¨�'qCr~}k}kr~v��
nD�kvy�¨�a}�e�f+r~� r-20�a�ar~v+r~��p�e�f+��eL���_�k�¨��q �~z+v�z�e�f+�'q8�+�k�¨r~��q�uwz0sD�+�kr � uw{+� qLuw} uw�@�@z+¡£z+} uiqC�k�av��

� �k�¨r~��qI¢5r~�+r~z0qCrtq uwv^�+�kr~�¨r~��p@qCr~}k}krwµ �-uw�¨�I�-uw�b�Yr~�¨¡,�a�ar~v �kv^�+r~�£x/�}f+r �+r~��p�e�f+��eL�@� uwv!�
�'qCr~�k�wq�� � � � u�e�f nD�kv�qC�¨rtqCr~v>�+r~��z+v+r~�L� uw�'qCrtqCr~v p�e�f+��eL�@�8¡£z+�¨���+r~��x uwz+��f-uw} q �ar~v+r~�¨r~}k}6�¨r~�kv
�Yr~��f-uw} qCr~v�uwv+{-uw�¨�¨r~v�µY��� f��Yr~��s%o�f+�'q r~�kv+r.(�{0qC�k¡ �kr~�¨z+v+�>�ar~v-uwz��kv��+r~�1g �'q1�_�kr �~z�±°r �
�a�kv+v �+r~�£¯D} uwv@z+v+�a�¨�~r~� qC�Cuwz+¡ r~� �+z+��e�f�µKz+v+�_�_�kr �kv � uw{+� qCr~} � � ���ar~�~r~�k�wq��6��uw�I¢+�k��f+r~�¨�k�ar
�Yr~��f-uw} qCr~v��_�k�¨�>�-uw�+z+��e�f�r-2>{5�a�'q8v+��e�f�q�¡ r�f+� �a{0qC�k¡�uw} �¨r~�kv�µ uw}k}kr~�¨�+�kv+�a�_v@z+��z+v�qCr~���+r~¡
nD�kv��-z+�¨���+r~�diov0s|�a�¨¡�uiqC�k�av|o+¢5r~���+�krIv+r~z+r~v 0_r~�'qC�¨�k��qC�k�av+r~v�� ��u �-uw��¢+�k��f+r~�¨�k�arS�Yr~��f-uw} qCr~v
v@z+�<�kv+�+�k�¨r~��q nD�kv��-z+�¨�°uwz0s��+�kr	v+r~z+r�p!� qCz-uiqC�k�av�v+�k¡ ¡Iq�µav�zw¡ }k��e�f��+z+��e�f��+�krjg v0s�uwv+�a�L�°r~�'qCr
ka�av

H
z+v+�

A
µ°}vzw�¨�'q��¨��e�fQ�+�kr>±°r~�a¢-u�e�f�qCz+v+� r~�kv+r~� �Yr~�¨¡,�a�ar~v+�¨��e�f+��eL�@� uwz�e�fQ�¨r~�+z+�~�kr �

�¨r~v¤p�nD�°�ar~vJo+�wq�µ!r~�kv+r ����	��������<������� � �.� �Yr~��zwv+�+r~�¨z+v+�£�+r~� {�f�²!�¨�k��e�f+r~v � uw{+� qLuw}k�
A
uwz0s ��f+�¨r

qU�k�¨�@z+v+�>¢5r~��o+�a}k��e�f �+r~�£�a{0qC�k¡�uw}kr~v �Yr~��f-uw} qCr~v+�Iz+v+�
uwz0s_��f+�¨r,qU�k�¨�@z+v+�>¢5r~��o+�a}k��e�f �+r~�
� z+�'qLuwv+�+�Lkwuw�¨� uw¢+}kr~v �~z z+v�qCr~�¨�¨z�e�f+r~v��
qU�k�¨�y�+r~��p�e�f+��eL�yuwv�qC�k�~�k{+�kr~�'q�µ+�¨� r~��f��}f�q�r~�8*%o+¢5r~�Ar~�kv+r~vy{5�a�¨� qC�]kar~v7nD�L� uw�'qCz+v+�a�L�°r~�'q +

�+r~v!q^r~�'q<�+r~�Ng v0s�uwv+�a�Lkar~�¨¡,�a�ar~v+�~µ.f-uiqYuw}k�¨�8�wr~�kv+rjg z+�L�_�k�¨�@z+v+�Iuwz0s5�+�krjnDv�qC��e�f+r~�k�+z+v+�ar~v
�+r~� iov+�+�]k!�k�+z+z+¡ �~� �s� ´8r~¡ z�
Sg v+v-u�f+¡ r_�-uw�'s��+r~�<x uwz+��f-uw} q<�wr~�kv+r�p�e�f@z+}k�+r~v f+�kv�qCr~�¨} uw�¨�¨r~v�µ
��� f��

A(T ) ≥ 0
� ��u uw¢5r~�8�ar~v-uwz+�¨�@�°r~v+�k�yr~�kv uw} qC�¨z+�k�'qC�k��e�f+r~�P�Yr~�¨r~�¨¢+z+v+�a�¨¡ �wqC�]k�ka�a�¨}k�kr~�wq�µ

�_�k�¨� r~���~z+¡ � r~� qC{+z+v+��q
T
uwz�e�f
�wr~�kv+r~v�{5�a�¨� qC�]kar~v � uw{0qC� qLuw}k�'qC��eL� ¡ r�f+�*f-uw} qCr~v�µK�+r~v+v

�+�kr~�¨r~�A�J�av+v�qCr r~v�q��°r~�+r~���+z+��e�f � uwz0s^ka�av � �av+�¨z+¡ �}o0qCr~�¨vy�+�k�¨r~��qA�+r~v �Az0qC�~r~vyr~��f��}f+r~v�µ
�!�+r~� �+z+��e�f��+r~v � uwz0s9ka�av�¡ r~�+�k�~�kv+�k��e�f+r~v7� r~� qCz+v+�ar~v>�+r~v �Az0qC�~r~v��+�k�¨r~��q�r~��f��}f+r~v�z+v+�
�kv+�+�k�¨r~��q	�+�krP� r~¢5r~v+�¨�¨{-uwv+v+r

T
uwv+�'qCr~�k�ar~v } uw�¨�¨r~v��-� r~��� r~� qC{+z+v+��q

T
�_�k�¨� �k¡ {+}k�k�~� q<�+z+��e�f

�+�kr ±°r~�+�kv+�az+v+�
H < H ′

�+r�s-v+�kr~�'q�µ�z+v+�yr~�kv|f��}f+r~�¨r~�
M(τ)

�jo+�¨�+r ����	�������� ������� � �.� uwz�e�f
H(τ)

µwz+v+� �-uw¡ � qR�+�krj� r~� qD¢+�k�
H ′

r~�¨�¨r~��e�f�qc�_�k�¨��µwr~��f��}f+r~v�µ}�°r~��f-uw}k¢ ¡�uwv uwz�e�f v-u�e�f �+r~¡

���sa�N e
L
R�T n 	 � S�m �����

∂A

∂L
= 1
`

�MK � [�j�bsn=b_S�b_P�
�m�P#b_N P�b_c � P �HR�n
n � P�j;R � � j�c � PHQ 
�m�P��dN n=N ��mBR 
�b_c n=N m�PO`
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g ¢+¢+�k}k�+z+v+� ¦�p�nDv�q��_��eL�@}kz+v+���+r~�_{�f�²!�¨�k��e�f+r~v � uw{+� qLuw}k�

p�e�f+��eL���-u�ka�av uwz+�¨�ar�f+r~v^�iuwv+v�µ �-uw�¨� �+�kr�0_r~�'qC�¨�k��qC�k�av uwz0s
A(T )

¡ � q ´8}kr~��e�f�f+r~� q8r~�'s%o+}k} q
�_�k�¨���-� r~�L�°r~� qCr~�¨r~vys|�a}k�wq	�-uw�Cuwz+�~µ-�-uw�¨�

Ȧ < 0
�¨r~�kv ¡£z+�¨�~�

g v+�ar~v+�a¡ ¡ r~v�µ!�+r~� ¯Rs�uw� �+r~�{nDv�q��_��eL�@}kz+v+���+r~� {�f�²!�¨�k��e�f+r~v � uw{+� qLuw}k�Y}vzw�¨�'q �¨��e�f �+z+��e�f
g ¢+¢+�k}k�+z+v+��¦	�-uw�¨�'qCr~}k}kr~v��]��uwv+vE�_�k�¨��q6�¨��e�f£r~�kv£p�e�f+��eL���~z+¡~� r~� qC{+z+v+��q

τ
z+v+¡ � q¨qCr~}k¢-uw� uwz0s

�+�krAx/�}f+r/ka�av
A
uwz+�~µ@z+v+� �kv+�+�k�¨r~��q°uwz�e�f uwz0s��+�krj�°r~� qCr~�¨rdnDv�q��_��eL�@}kz+v+�+�0��u �k¡ ¡ r~�Dv+��e�f

A(T ) = 0
�ar~} qCr~v ¡£z+�¨�~µ-¢+}kr~�k¢0q

Ȧ
v-uiq�o+�¨}k��e�f v+r~��uiqC�]k5��� r~� qCrtq_¡�uwv ´8}kr~��e�f@z+v+� � *|�+�krPg �a�

�@z+¡£z+} uiqC�k�av+�¨�a}kr~��e�f@z+v+� �+r~� �Yr~�¨¡,�a�ar~v+� + v-u�e�f
A
uw¢�µ!�¨�£r~�¨�a�k¢0q<�¨��e�f�3¨r~�+��e�f �~z+v�z�e�f+�'q_r~�kv

�+�k�¨r~��qCr~�K{5�a�¨� qC�]kar~�^n9r r~��qD�kvI�+r~�Rx/�}f+r°�+r~�N� �kv+�¨�CuiqC�~r~�
r
µi�+r~v+v��+�kr°uw¢+�¨�a}kz0qCr~v1� �kv+�¨r~�'qC��zw�ar

�'qCr~�k�ar~v v-uiq�o+�¨}k��e�f^¡ � qI�+r~�£x/�}f+r �+r~�Ekar~�¨�~�kv+�'qCr~v � uw{+� qLuw}k�~�'lAv+�ar�u�e�f�qCrtq��+r~�*�KuiqC�Cu�e�f+rwµ
�-uw�¨���¨��e�f��+�kr!� r~¢5r~v+�¨�¨{-uwv+v+r

T
�+z+��e�f��+r~v7�Yr~�¨¡,�a�ar~v+�¨��e�f+��eL�Zzwv+�+r~�¨v��iuwv+v�µ �iuwv+v��+r~�)�

f-uw}k¢^�+r~�Eg v+�'qC�kr~�|ka�av
Ȧ
uwz0s|�a�¨z+v+� �+r~�!� �kv+�¨r~�'qC��zw�ar v+��e�f�q£�~z r~�kv+r~��p!� qCz-uiqC�k�av�s%o�f+�¨r~v�µ

�kv �+r~�
Ȧ ≥ 0

�a�k} q��6��uw���k�'q��a�¨z+v+�+��ziqC�~}k��e�f
uwz0sA���°r~��g �'qCr~v
¡,�a�a}k��e�f¤p'nDv�q��°r~�+r~� �'qCr~�k�wq
��� uw�

Ȧ
µ ¢+}kr~�k¢0qIuw¢5r~��v+r~��uiqC�]k5�6��uwv+v^�k�'q �+r~�bg ¢+¢-uwz^�+r~�b�Yr~�¨¡,�a�ar~v+�Iuwz0s v@z+}k}Yv@z+� ¡ � q

r~�kv+r~�A}vzwv+�ar~�¨r~v�� r~¢5r~v+�¨�¨{-uwv+v+r�¡,�a�a}k��e�f�� (��+r~��uw¢5r~�~µ��-uw�A�a����
ar~�¨r
Ȧ
�_�k�¨� �+z+��e�f7f��}f+r~�¨r

g z+�¨��uw¢5r~v s%o+� � �av+�¨z+¡ z+v+�
¡ r~�+�k�~�kv+�k��e�f+r�� r~�k�'qCz+v+�ar~v �!�+r~�£r~�kv v+�kr~�+�¨�k�ar~�¨r~�*nD�kv+�w�a¡��
¡ r~v

Y (τ)
�w�a¡ {5r~v+�¨�kr~�'q�� � uiq�o+�¨}k��e�f �k�'qIuwz�e�f r~�kv+r � �a¡£¢+�kv-uiqC�k�av�uwz+�I¢5r~�k�+r~¡ ¡,�a�a}k��e�f�µ

�kv �+r~� �¨�@�°�}f+} �+�krP� r~¢5r~v+�¨�-uwz+r~�~µ�uw}k�	uwz�e�f �+�krdg z+�¨��uw¢5r~v �'qCr~�k�ar~v���iov�g ¢+¢+�k}k�+z+v+� � �_�k�¨�
�+r~� p!{5r~�~� uw} s�uw}k} �-uw�¨�ar~�'qCr~}k} q�µD�kv��+r~¡ �-uw� � uw{+� qLuw} v-u�e�fW�+r~¡ g v+�'qC�kr~�^�+r~�,�Yr~�¨¡,�a�ar~v+�
��e�f+v+r~}k}kr~� uw¢+�ar~¢-uwz0q �_�k�¨� uw}k�Nka�a��f+r~�~�+��uw�{nD�¨�ar~¢+v+�k�°�+r~� �k¡[v�z�e�f+�'qCr~v�g ¢+��e�f+v+� q¨q ¢5r�f-uwv!�
�+r~} qCr~v � �!�+r~}k}k�I�kv ���°r~�	¯6r~�¨�k�!�+r~v }kr~�wq£v-u�f+rwµK�-uw�¨���+�kr � u�e�f0s|�Cuw�ar v-u�e�f � �av+�¨z+¡ z+v+�
¡ r~�+�k�~�kv+�k��e�f+r~v|� r~�k�'qCz+v+�ar~v �'qCr~�k�wq��
qU�k}k}!¡�uwv�uwz�e�f ¢5r~�+�+r~� �Az0qC�~r~v0s|z+v+��qC�k�av r~�kv+r {-uw�Cuw¡ rtqC�¨�k��e�f+r	§-�a�¨¡ r~�kv0s%o�f+�¨r~v�µw�¨�8s zw}k} q

uwz0s)µ5�-uw�¨��v@z+���°r~v+�k�ar*g v+v-u�f+¡ r~v�uwv>�+�kr��Az0qC�~r~v0s|z+v+��qC�k�av��ar~�'qCr~}k} q/�°r~�¨�+r~v�� � �krIr~�¨�'qCr~v
g ¢+}kr~� qCz+v+�ar~v�v-u�e�f��+r~v g �¨�az+¡ r~v�qCr~v��w�a¡ ¡ r~v��kv��+r~vW±°r~�+�kv+�az+v+�ar~v�r~�¨�'qCr~� (��¨�+v@z+v+�
ka�a�~µ-¡ � q s|�a}k�ar~v+�+r~v�g v+v-u�f+¡ r~v¤p
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g ¢+¢+�k}k�+z+v+� � pUnDv�q��_��eL�@}kz+v+� �+r~�A{�f�²!�¨�k��e�f+r~v � uw{+� qLuw}k�°¡ � q��Yr~�¨¡,�a�ar~v+�¨��e�f+��eL�@�

∂U

∂X
> 0

* �w¥�+
∂2U

∂X2
< 0

* �i� +
∂U

∂tk(H)
< 0

* � ¦ +

∂2U

∂(tk(H))2
> 0

* �w��+

iov
�+r~��0_r~�ar~} �°r~�¨�+r~v.3¨r~�+��e�f
�wr~�kv+r#g v+v-u�f+¡ r~v
uwv �+�kr � �¨r~z+��uw¢+}kr~� qCz+v+�ar~v ∂2U
∂X∂tk(H)z+v+� ∂2U

∂tk(H)∂X

�ar~�'qCr~}k} q��Y´8r~�Cuw�+r �+�kr~�¨r ¢5r~�'qC�k¡ ¡ r~v 3¨r~�+��e�f��+�kr §-�Cuw�arwµD�a¢��+�kr|� r~�k�'qCz+v+�
uwz+� ´8r~�¨z+v+��f+r~� q_z+v+� � �av+�¨z+¡S�w�a¡ {+}kr~¡ r~v�q�zw�~µ+�¨z+¢+�'qC� qCz0qC�]k �!�+r~�	z+v-uw¢�f�zwv+�a�k���¨�kv+���-� �kr
g v+v-u�f+¡ r~v �kv��+r~v ´8}kr~��e�f@z+v+�ar~v �w¥ ¢+�k� �w� �°r~�¨�+r~v �w� ± �+uwz�e�f�ka�av r~�kv+r~�	uw�+�+� qC�]kar~v �Az0q'�
�~r~v0s|z+v+��qC�k�av �+r~�A§-�a�¨¡

Ũ = [1 − tk(H)](1−α) +Xα ¡ � q
0 < α < 1

* �a��+
r~�'s%o+}k} q � G �}g }k}kr~�¨�+�kv+�a�6�¨�kv+���+�kr � �¨r~z+��uw¢+}kr~� qCz+v+�ar~vEka�av �a� ��r r~v+�¨��e�f�qC}k��e�f£v@z+}k}�µiz+v+�,� r~�k�)�

qCz+v+�ar~v^uwz+�I´8r~�¨z+v+��f+r~� q z+v+� ´Po0qCr~�¨�w�av+�¨z+¡����av+v+r~v^z+v-uw¢�f�zwv+�a�k��ka�av+r~�kv-uwv+�+r~���w�av+�¨z!�
¡ �kr~�'qd�°r~�¨�+r~v��Ciov �+r~�bo+¢+}k��e�f+r~v �°�a¢+¢!�)� �az+�a} uw�)�'p!{5r~�~�]s-�iuiqC�k�av��¨�kv+���+�kr � �¨r~z+��uw¢+}kr~� qCz+v!�
�ar~v {5�a�¨� qC�]k5µ\� uw�£v@z+�£¢5r~�+r~z0qCrtq�µR�-uw�¨�£�+r~� ´8�¨r~v+�~v@z0qC�~r~v��+r~�£r~�kv+r~vmg �¨�az+¡ r~v�qC�£�'qCr~�k�wq�µ
�°r~v+v �+r~�¨�¨r~v � r~v+�ar �¨r~} uiqC�]k��~z+¡ uwv+�+r~�¨r~vmg �¨�az+¡ r~v�qI�¨�kv+��q��K��uw�Ef+r~� 
wq�µ �+r~� � �av+�¨z+¡
v+�k¡ ¡Iq ¡ � q ¢5r~�¨�¨r~�¨r~��´8r~�¨z+v+��f+r~� q_�~z�� � uiq�o+�¨}k��e�f }k�kr~�wq �-uw�Auwv �+r~�/nD�k�ar~v+��e�f-uis q_�+r~� �Az0q'�
�~r~v0s|z+v+��qC�k�av�µ �+r~v+vV´8r~�¨z+v+��f+r~� q z+v+� � �av+�¨z+¡ �¨�kv+�U¢5r~�8�+r~��nD�¨�~r~z+�az+v+��ka�av �Az0qC�~r~v
�w�a¡ {+}kr~¡ r~v�q�zw�~�
�
h��\nDN n ed] � [&bsR � SBe
b_P���Q�R�n
nDS�N b_c QuN b N PHn=j�bsn
R�o0eD] � cDi�b_c�� ��j � P�j n e
b_S�b_PHQub �&b_N edR � �\plP�m�c
o N b_c=eDN n es` �VN P�b
�b_c
j�T b_N � S�[HR�c
b � � e
]_b_P � � P �Be
N m�P9^dN c Q�
�m�P � R�jBn e R
� U psr����BZ�
�m�c
j�bsn�� S�T R�j�b_PO`
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� 4�BC4�BC41�b:�O<; �JQ�=�=�8�:�=JQ,�9`d=�8 X@¦'=�KL8FI\[5=�: YZI\[5=�;]; Q
io¡[s|�a}k�ar~v+�+r~v �¨�a}k}5r~�kv,kar~�¨r~�kv0s�u�e�f�qCr~� � �!�+r~}k}5�~z+��lAv�qCr~�¨�¨z�e�f@z+v+�1ka�av��Yr~�¨¡,�a�ar~v+�¨��e�f+��eL�@�
ka�a�¨�ar~�'qCr~}k} qN�°r~�¨�+r~v���lA¡[�+r~v�nD�kv��-z+�¨� uwz0s��+�kr)(�{0qC�k¡ �kr~�¨z+v+�8�~z,kar~�¨�+r~z0qC}k��e�f+r~v�µJ�_�k�¨���-uw�
� �!�+r~}k}�uwz0s0���°r~�!¯6r~�¨�k�!�+r~v �¨r~�+z+�~�kr~�'q'�¬r~� �¨�a}k}kr~v8�+�krNnD�k�ar~v+��e�f-uis qCr~vI�+r~� � �a¡ �¨z+¡ �}o0qCr~�¨¡ �i�
�+r~}k}k� z+v+�£�+r~�'iov.kar~�'qC� qC�k�av+�¨�}o0qCr~�Lkwuw�¨� uwv�qCr°v-u�e�f+r~�kv-uwv+�+r~�6z+v�qCr~�¨�¨z�e�f�qc�°r~�¨�+r~v�µw�}f+v+r 3¨r~�+��e�f
�-uw� � �!�+r~}k} �~z#kar~�¨�w�a¡ {+}k�k�~�kr~�¨r~v��+� �kr8�ar~�Cuw¡IqCrdq^�}f+} s�u�f+�'q �+r~�{iov+�+�]k!�k�+z+z+¡ �

W
�¨�a}k}�uwz+�

�+r~v �~r~� qC}k��e�f �ar��_��e�f�qCrtqCr~v �Az0qC�~r~v>uwz+� � �av+�¨z+¡Sz+v+�>´8r~�¨z+v+��f+r~� qAr~�¨�¨r�e�f+v+rtq��°r~�¨�+r~v¤p

W = U1(X1, H1) +
1

1 + ρ
U2(X2, H2)

* �w��+

� �kr 3¨r��°r~�k}k�k�ar~v ´8�¨r~v+�~v@z0qC�~r~v��¨�kv+��{5�a�¨� qC�]kIz+v+� uw¢+v+r�f+¡ r~v+����� �kr{�KuiqC�Cu�e�f+rwµ��-uw�¨�
H(τ)�+�k�¨r~��q6�kv �+r~v��Az0qC�~r~vIr~�kv+�ar�f�q�µ¬z+v+�Iv+��e�f�q^o+¢5r~� �+�krNg v+��u�f+}@�+r~� � �Cuwv+�Jf+r~� qC�'qLuw�arwµ¬�k�'q6v+��e�f�q

¢5r~��e�f+��zwv+�wr~v+��µR�-u
U(tk(H(τ)))

uwz�e�f uw}k�
U(H(τ))

s|�a�¨¡£z+}k�kr~�'qP�°r~�¨�+r~v �iuwv+v��KxA�kr~� �k�'q
H1

s|r~�'qC�ar~}kr~�wq�µ��/z�f+�¨r~v+�
H2

v-u�e�fI�+r~� s|�a}k�ar~v+�+r~vbg �@�@z+¡£z+} uiqC�k�av+�¨�a}kr~��e�f@z+v+�_¢5r~r~�kv��-z+�¨�¨¢-uw�
�k�'q�p

H2 = (1 − δ)H1 + I(M)
* � � +

iov �+r~�8r~�¨�'qCr~v^¯6r~�¨�k�!�+r*�_�k�¨���+�kr � r~v+�ar �+r~�8¡ r~�+�k�~�kv+�k��e�f+r~v � r~�k�'qCz+v+�ar~v
M

�ar���z�f+} q��
� �kr ´8�¨r~v+�~{+�¨�!�+z+��qC�]k!� q�ziq��+r~�8¡ r~�+�k�~�kv+�k��e�f+r~v � r~�k�'qCz+v+�ar~v��k�'q8r~¢5r~v0s�uw}k}k� {5�a�¨� qC�]k z+v+� uw¢!�
v+r�f+¡ r~v+���+��uwv+r~¢5r~v ¡£z+�¨�°�-uw� iov+�+�]k!�k�+z+z+¡ r~�kv+r �kv�qCr~�'qCr~¡ {5�a�Cuw}krA±°z+�+�artqC�¨r~�'qC�¨�k��qC�k�av�¢5r �
s|�a}k�ar~v�µW�°�a¢5r~�-�¨r~�kv,nD�kv+�w�a¡ ¡ r~v

Yt

�+�k�¨r~��qYz+v+� {5�a�¨� qC�]kbka�av �¨r~�kv+r~¡ ´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+�
uw¢�f�zwv+�wq�µ+z+v+� v+��e�f�q/o+¢5r~� � �Cuwv+�Jf+r~� qC�'qLuw�ar�p

A + Y1(H1) +
1

1 + r
Y2(H2) = X1 +

1

1 + r
X2 + PM

* �a¤�+
� r~� ¯D�¨r~�k�Ds%o+�<�-uw� � �av+�¨z+¡ �az0q

Xt

�¨r~�5uwz0s�r~�kv+�<v+�a�¨¡ �kr~�'qYz+v+���w�av+�'qLuwv�q o+¢5r~�<�+�kr�� r~� q��
nD� �¨�a}k} v@z+v>��e�f+�av�uwvy�+�kr~�¨r~��p@qCr~}k}kr����_�k��e�f+r~vZiov.kar~�'qC� qC�k�av+�)� z+v+� � �av+�¨z+¡ ¡ �!�+r~}k} z+v�qCr~�)�
��e�f+�kr~�+r~v��°r~�¨�+r~v���io¡ iov.kar~�¨� qC�k�av+�¨¡ �!�+r~}k}�z+v�qCr~�¨��e�f+r~�k�+rtq_�¨��e�f ´8}kr~��e�f@z+v+� �w� �_�krAs|�a}k�wq�µ��-u
´8r~�¨z+v+��f+r~� qA�wr~�kv+r~v�nD�kv��-z+�¨�A¡ r�f+�_uwz0sK�+r~v �Az0qC�~r~v�f-uw¢5r~v �¨�a}k}�p

W = U1(X1) +
1

1 + ρ
U2(X2)

* � � +

lAv�qCr~�¨�'qCr~}k} q ¡�uwv��-uw�ar~�ar~vQ�-uw� � �av+�¨z+¡ ¡ �!�+r~}k}�µD¢5r�f�zw} q ´8}kr~��e�f@z+v+� �w� ��f+�¨r�´Po+} qC�k�i�
�wr~� q�µ5��z�f+�¨r~v+� �¨��e�f��+�kr�0_r~�'qC�¨�k��qC�k�av>�kv ´8}kr~��e�f@z+v+� �a¤ kar~�¨r~�kv0s�u�e�f�q�µ��+r~v+v�¢5r~�Rr-20�a�ar~v+r~¡
� �}f+v+�CuiqC�Iz+v+��uw¢.�°r~�¨r~v+�+r~¡ nD�kv��-z+�¨�/ka�av

H
uwz0sD�-uw�dnD�kv+�w�a¡ ¡ r~v *|�w� ± �5o+¢5r~� �+�krS�Yr~�)�

�¨�kv+�ar~�¨z+v+� �+r~� � �Cuwv+�Jf+r~� qC�'qLuw�ar + µ+�k�'qAuwz�e�f �-uw�/nD�kv+�w�a¡ ¡ r~v r-20�a�ar~v¤p
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A + Y1 +
1

1 + r
Y2 = X1 +

1

1 + r
X2 + PM

* ����+
§^o+� �-uw�,iov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k} }vzw�¨�'q �¨��e�f��-uw� (�{0qC�k¡ �kr~�¨z+v+�a�¨{+�¨�a¢+}kr~¡ uwv-uw}k�a���~zW��uw�)�

�-uwv+�av+� z+v+� q uw�a�'qLuWr *)�@� ����+ �+z+��e�f nD�kv@¢5r~�~�kr�f@z+v+�
�+r~� ´8}kr~��e�f@z+v+�ar~v � �aµ �a¤ z+v+� � �
�-uw�¨�'qCr~}k}kr~v¤p

max
X1,M

W = U1(X1) +
1

1 + ρ
U2[(1 + r)(A+ Y1(H1) −X1 − PM)

+ Y2((1 − δ)H1 + I(M))]
* �a¥�+

��uw�Cuwz+�_s|�a}k�ar~v �+�kr�±°r~�+�kv+�az+v+�ar~v r~�¨�'qCr~�4(��¨�+v@z+v+� s%o+�_r~�kv.(�{0qC�k¡£z+¡|p

∂W

∂X1

=
∂U1

∂X1

−
1 + r

1 + ρ

∂U2

∂(·)
= 0

* �w� +
∂W

∂M
=

1

1 + ρ

∂U2

∂(·)

∂Y2

∂I(M)

∂I(M)

∂M
− P

1 + r

1 + ρ

∂U2

∂(·)
= 0

* � ¦ +

iov �+r~v ¢5r~�k�+r~v ±°r~�+�kv+�az+v+�ar~v �¨�kv+�^�k¡ {+}k�k�~� q��+�kr��a{0qC�k¡�uw}kr~vZq^r~�'qCr
X∗

1

z+v+�
M∗

r~v�q'�
f-uw} qCr~v���g z+�	�+r~� ���°r~� qCr~v ±°r~�+�kv+�az+v+� uw}k}kr~�kv s|�a}k�wq 3¨r~�+��e�f uwz�e�f�µ+�-uw�¨�	�-uw�	r~v�qC�¨{+�¨r�e�f+r~v+�+r
� uw}k�Jo+}�µ-v-u�e�f+�+r~¡c�+r~�8´8�¨r~v+�~v@z0qC�~r~v�r~�kv+r~�/iov.kar~�'qC� qC�k�av+�¨r~�kv�f+r~� q��a}kr~��e�fy�+r~v�´8�¨r~v+�~�w�a�'qCr~v
�¨r~�kv ¡£z+�¨�~µ��_�kr�s|�a}k�wq s|�a�¨¡£z+}k�kr~�'q �°r~�¨�+r~vy�iuwv+v¤p

1

1 + ρ

P

∂I(M)/∂M
=

1

1 + r

∂Y2

∂I(M)

* �a��+

� �kr~�¨r8±°r~�+�kv+�az+v+�I�k�'q 3¨r~�+��e�f z+v-uw¢�f�zwv+�a�k�Ska�av
A
�Jq^r~v+v �+�krAv-u�e�f+�arts|�Cuw�wqCr~v ¡ r~�+�k�~�kv+���

��e�f+r~v�� r~�k�'qCz+v+�ar~v�v+��e�f�q ka�a¡ g v0s�uwv+�a�Lkar~�¨¡,�a�ar~v uw¢�f�zwv+�ar~v�µ@�-uwv+v �k�'q<�-uw�	´8r~�¨z+v+��f+r~� qC�)�
�iuw{+� qLuw}5�kv ¯6r~�¨�k�!�+r����°r~� r~¢5r~v0s�uw}k}k�°z+v@¢5r~r~�kv��-z+�¨�'q��5nD�kv��Yr~�¨¡,�a�ar~v+�¨��e�f+��eL��f-uiq_uw}k�¨�£�wr~�kv+r
qU�k�¨�@z+v+� uwz0sK�+�kr ´8r~�¨z+v+��f+r~� q�µ�� uw�_�w�a¡ {-uiqC�k¢5r~}�¡ � q �+r~v r~¡ {+�k�¨�k��e�f+r~v|lAv�qCr~�¨�¨z�e�f@z+v+�ar~v
ka�av � r~r~�_rtqAuw}�� * �w¤a¤a¥�+ �k�'q��-´8r�f�q_¡�uwv �-u�ka�avyuwz+�~µ-�-uw�¨�	�¨��e�f �+�kr~�¨r��kv�qCr~�'qCr~¡ {5�a�Cuw}kr9(�{!�
qC�k¡�uw}k� q�ziqC�¨¢5r~�+�k�az+v+� uwz�e�f uwz0s<�+r~v §�uw}k}6r~�kv+r~���'qCrtqC�k�ar~v � r~� q�*|�!�+r~��r~�kv+r~�8z+v@¢5r~�'qC�k¡ ¡IqCr~v
� r~¢5r~v+�¨�¨{-uwv+v+r + o+¢5r~�'qC�Cuw�ar~vQ}vzw�¨�'q�µ°�¨� �k�'q uwz�e�fU�+�krZ� r~¢5r~v+�¨�-uwz+r~�

T
f+�kr~��z+v-uw¢�f�zwv+�a�k�

ka�a¡ �Yr~�¨¡,�a�ar~v�����uw�j�Yr~�¨¡,�a�ar~v|f-uiq uw¢5r~�{qU�k�¨�@z+v+� uwz0sR�+r~v � �av+�¨z+¡ �-�+r~v+vy�kv ∂U2

∂(·)

�k�'q
�-uw� �Yr~�¨¡,�a�ar~v v+��e�f ¡ � q°{5�a�¨� qC�]kar~� g ¢+}kr~� qCz+v+�£r~v�q�f-uw} qCr~v���qU�kr �¨��e�f �-uw� �Yr~�¨¡,�a�ar~v uw¢5r~�
uwz0s	�+�kr1�Yr~�'qCr~�k}kz+v+��ka�avmf+r~z0qC�k�ar~¡�z+v+� �~z+�Jo+v0s qC�k�ar~¡ � �av+�¨z+¡ uwz+�L�_�k�¨��q�µ'f�zwv+�wqI��r r~v!�
�¨��e�f�qC}k��e�f#ka�a¡ �Yr~��f�zw} qCv+�k� �+r~�d� �kv+�¨r~�_�~z+���Az0qC�~r~v+�+�k�¨�w�av�qC�CuiqCr£uw¢���lAv�qCr~�A�+r~�jg v+v-u�f+¡ rwµ
�-uw�¨�_�+�kr �Az0qC�~r~v0s|z+v+��qC�k�av �kv.kwuw�¨� uwv�q	¡ � q	�+r~��� r~� q_�k�'q�µ+¢5r~�+r~z0qCrtq �w� ± �-r~�kv��Yr~�¨¡,�a�ar~v+�Cuwv!�
�'qC�kr~� ¢5r~�

r > ρ
r~�kv+r£�¨r~} uiqC�]karE�Yr~�¨¡ �kv+�+r~�¨z+v+� �+r~�I´8r~�ar~v.� uw�'qC�¨�w�av+�¨z+¡ �~�'nD�kv+r�uw¢+�¨�a}kz0qCr

�Yr~�¨¡ �kv+�+r~�¨z+v+� �+r~� � �av+�¨z+¡ �P�_�k�¨��3¨r~�+��e�f v+��e�f�q r~�kv�qC�¨rtqCr~v�µ �¨�a} uwv+�ar ´8r~�ar~v.� uw�'qC�)��z+v+�
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� z+�@z+v0s qC�¨�w�av+�¨z+¡ v+�a�¨¡�uw}kr�´Po0qCr~�	�-uw�¨�'qCr~}k}kr~v��
��uw�#nD�¨�ar~¢+v+�k�~µ<�-uw�¨� �k¡ iov.kar~�'qC� qC�k�av+�¨¡ �!�+r~}k}_r~�kv �Yr~�¨¡,�a�ar~v+�¨��e�f+��eL���wr~�kv+r~v nD�kv��-z+�¨�
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	 �W��� �����W	 � �W�

� ��� 0�)��~ � 0�"%$f�Z��� ��� �j$ 0
�Z�

io¡ ´8�¨�a�¨�¨¡�uwv!� � �!�+r~}Y�'qCr�f�q£�-uw�Eiov+�+�]k!�k�+z+z+¡ ka�a� r~�kv+r~¡ �0²!v-uw¡ �k��e�f+r~v�(�{0qC�k¡ �kr~�¨z+v+�a�)�
{+�¨�a¢+}kr~¡ �D� �kr�q u�f+}	�+r~� � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v *|�+�kr#�<uw�¨� uw¢+}kr~v�µR�+�kr �+z+��e�f��-uw�,iov+�+�]k!�k�+z!�
z+¡ ¢5r~r~�kv��-z+�¨�'q#�°r~�¨�+r~v����av+v+r~v + µ r~�'s|�a}k�wq ��� uw� r~�kv+¡�uw}k�k� �~z�±°r~�a�kv+vQ�+r~�|� r~� qLuw¢+} uwz0s|�
z+v+� s%o+��uw}k}kr s|�a}k�ar~v+�+r~v
¯6r~�¨�k�!�+r~v�µRuw¢5r~�£�-uw�!nD�¨�ar~¢+v+�k���+r~��(�{0qC�k¡ �kr~�¨z+v+�y�k�'q£v+��e�f�q r~�kv
�w�av+�'qLuwv�qCr~�!q^r~�'q �kv�g ¢�f�zwv+�a�k�a�wr~� q*ka�av
r-20�a�ar~v+r~vW´8����
ar~v�µK�¨�av+�+r~�¨v�r~�kv
¯Rs�uw���D� �kr~�¨r~�
¯Rs�uw� ¢5r~��e�f+�¨r~�k¢0qA�+�krbnDv�q��_��eL�@}kz+v+� �+r~� � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v o+¢5r~�_�+�krb� r~� q���g }k�#0_r~�'qC�¨�k��qC���
�av�¡£z+�¨�8¢5r~�R�+r~�7(�{0qC�k¡ �kr~�¨z+v+� �+�kr��A²!v-uw¡ �k� r~�kv+r~�b� z+�'qLuwv+��kwuw�¨� uw¢+}kr~v>�¨�@�_�kr!g v0s�uwv+�a�)�
z+v+�xnDv+�+¢5r~�+�kv+�az+v+�ar~v�¢5r~��o�eL�@�¨��e�f�qC�k�wq!�°r~�¨�+r~v��°p!r~�

y
�+�kr � �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr z+v+�

x
�+�kr

� z+�'qLuwv+�+�Lkwuw�¨� uw¢+}krwµR�¨�^} uwz0qCrtq �-uw� r~v�qC�¨{+�¨r�e�f+r~v+�+r (�{0qC�k¡ �kr~�¨z+v+�a�¨{+�¨�a¢+}kr~¡ v-u�e�fWxA�¬²
rtq
uw}�� * �w¤a¤ � + p

max J =

∫ T

0

f (x(t), y(t), t) dt
* ��¦ +

�~� q��
ẋ = g (x(t), y(t), t)

* � ��+
x(0) = x0 > 0

* � ��+
q^r~v+v �+r~�jnDv+�+{+z+v+��q_�+r~�_¯D} uwv@z+v+�a��f+�a�¨�k�~�av�qCr~�

T
r-20�a�ar~v �k�'q�µ0}vzw�¨�'q	�¨��e�f �-uw�	¯D�¨�a¢+}kr~¡

¡ � q8xA�k} s|r£�+r~� x uw¡ �k} qC�av0s|z+v+��qC�k�avy}��a�¨r~v��¤io¡�´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}K�a�k¢0q8r~� uwz�e�f �+�kr � �a�i�
}k��e�f+�wr~� q�µCo+¢5r~�I�+�kr1q u�f+}cka�av

T
�¨r~}k¢+�'q£�~z �a{0qC�k¡ �kr~�¨r~v�µ uw}k}kr~�¨�+�kv+�a�8�k�'q£uwz�e�f �}f+v+r��+�kr~�¨r

� rtq�f+�!�+r
T
�k¡ {+}k�k�~� q<¢5r~�'qC�k¡ ¡Iq�µ0v�zw¡ }k��e�f �+z+��e�fy�+�kr �Ar~¢5r~v@¢5r~�+�kv+�az+v+�+µ��-uw�¨�_¢5r~�ClAv�qCr~�)�

��e�f+�¨r~� qCr~v�ka�av
H ′

�+r~�j�6�!� r~�kv�qC�¨� q¨q��
� �kr x uw¡ �k} qC�av0s|z+v+��qC�k�av�} uwz0qCrtq{�_�kr�s|�a}k�wq�p

H [x(t), y(t), λ(t), t] = f [x(t), y(t), t] + λ(t) [x(t), y(t), t]
* � ��+

� �kr ±°r~�+�kv+�az+v+�ar~v r~�¨�'qCr~�4(��¨�+v@z+v+� s%o+�_r~�kv.(�{0qC�k¡£z+¡ } uwz0qCr~v �-uwv+v¤p

∂H

∂y
= 0

* �}� +

λ̇ = −
∂H

∂x

*)� ¤a¤�+
ẋ = g(x(t), y(t), t)

*)� ¤ � +
x(0) = 0

*)� ¤���+
λ(T ) = 0

*)� ¤a¥�+
� r~� ¯Kuw�Cuw¡ rtqCr~�

λ(t)
r~�'s z�f+�'q r~�kv+r�uwv-uw}k�a�ar�iov�qCr~�¨{+�¨rtqLuiqC�k�av �_�kr>�+r~��� uw�a�Cuwv+�ar~{-uw�Cu]�

¡ rtqCr~� �kv �+r~�I�'qLuiqC�k��e�f+r~v�(�{0qC�k¡ �kr~�¨z+v+� z+v�qCr~���Ar~¢5r~v@¢5r~�+�kv+�az+v+�ar~v�µKr~� �a�k¢0q �+r~v
p�e�f-uiq'�
qCr~v+{+�¨r~�k���+r~� ´8����
ar

x
�kv �+r~��0_r~�'qC�¨�k��qC�k�av
uwv��Y´8}kr~��e�f@z+v+�ar~vQ� ¤a¤ z+v+��� ¤ � s|�a�¨¡ r~v r~�kv
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	 � �J�����

p@²!�'qCr~¡[�0²!v-uw¡ �k��e�f+r~�°´8}kr~��e�f@z+v+�ar~v�µa�+�kr_¡ � qR�+r~v�±°r~�+�kv+�az+v+�ar~v � ¤�� z+v+� � ¤a¥ �ar~}��a�'qc�°r~�)�
�+r~v
���av+v+r~v�� � uiq�o+�¨}k��e�f �iuwv+v �-uw��(�{0qC�k¡ �kr~�¨z+v+�a�¨{+�¨�a¢+}kr~¡ z+¡ f+�kv+�~z+�arts%o+�wqCr � �av�qC�¨�a}k}��
z+v+��� z+�'qLuwv+�+�Lkwuw�¨� uw¢+}kr~v r~�L�°r~� qCr~�'qj�°r~�¨�+r~v�µ-�+�krb��u�f+} �+r~�A±°r~�+�kv+�az+v+�ar~v r~�¨�'qCr~�4(��¨�+v@z+v+�
�'qCr~�k�wq_r~v�qC�¨{+�¨r�e�f+r~v+���
� r~� x uw¡ �k} qC�av0s|z+v+��qC�k�av �iuwv+v��}f+v+r*�°r~� qCr~�¨r~�8r~�kv+r � �k�¨�w�av�qC�kr~�¨z+v+��ka�av

f(·)
¢5r~�k�arts%o+�wq

�°r~�¨�+r~v�µ+�w� ± �0�+z+��e�f
e−ρt

¡ � q
ρ
uw}k� �Az0qC�~r~v+�+�k�¨�w�av�q¨s�uw��qC�a�~µ-uw¡ r~�k�ar~v�qC}k��e�f+r~v#�\�a�¨z+v+�a�L�°r~�

zwv+�+r~�'q	�¨��e�f v+��e�f�qC�~��q^r~� qCr~�¨r8±°r~�+�kv+�az+v+�ar~v��_�kr
x(T ) = a

�!�+r~��lAv+�a}kr~��e�f�f+r~� qC�¨¢5r~�+�kv+�az+v!�
�ar~v|�_�kr

x(T ) ≥ b
�ar�f+r~v>�ar~v-uwzy�kv �+�kr~�¨r~� §-�a�¨¡ �kv �-uw�)(�{0qC�k¡ �kr~�¨z+v+�a�¨{+�¨�a¢+}kr~¡%r~�kv�µ��+�kr

x uw¡ �k} qC�av0s|z+v+��qC�k�av�zwv+�+r~�'q �¨��e�f��-uw�+z+��e�fQv+��e�f�q��°±°r~��lAv+�a}kr~��e�f�f+r~� qC�¨¢5r~�+�kv+�az+v+�ar~v�¡£z+�¨�
z�� l �-r~�kv+r�§�uw}k}kz+v�qCr~�¨��e�f+r~�k�+z+v+� �artqC�¨��r r~v��°r~�¨�+r~v��
� �kr�r~v�qC�¨{+�¨r�e�f+r~v+�+r~v��<uw�¨� uw¢+}kr~v �k¡ ´8�¨�a�¨�¨¡�uwv!� � �!�+r~}k}D�¨�kv+�_�_�kr s|�a}k�wq �+r�s-v+�kr~�'q�p6� �kr

� �av�qC�¨�a}k}]kwuw�¨� uw¢+}kr~v��¨�kv+�
M
µ
tI
z+v+�

X
µ6�+�kr#� z+�'qLuwv+�+�Lkwuw�¨� uw¢+}kr~v } uwz0qCr~v

H
z+v+�

A
�K� �kr

(�{0qC�k¡ �kr~�¨z+v+�P�_�k�¨� ¢5r~��e�f+��zwv+��q	�+z+��e�f �+�kr/g �@�@z+¡£z+} uiqC�k�av+�¨�a}kr~��e�f@z+v+�ar~v
Ḣ

z+v+�
Ȧ
µ!�¨�@�_�kr

�+z+��e�f �+�kr ±°r~�+�kv+�az+v+�ar~v s%o+�
H(0)

µ
A(0)

µ
H(T )

z+v+�
A(T )

�

� ���  *&�� +�� �#0%$ � �!� ��)1"�"

g v+�ar~v+�a¡ ¡ r~v�µ��+r~�6¢5r~�a¢-u�e�f�qCrtqCr	p@qLuiqCz0qC� �J��� ��� � �!�+r~� ��������	 �J��� ��� � }vzw�¨�'q6�¨��e�fIuw}k�
H = 1z+v+�

H = 0
��e�f+�¨r~�k¢5r~v��R��uw� �¨r~�°uw¢5r~� v@z+�I�+r~�Eg z+�¨�+�¨z�eL� r~�kv+r~� } uiqCr~v�qCr~v �<uw�¨� uw¢+}kr

H∗
µ

�+�kr �+r~v!� u�f+�¨r~v�´8r~�¨z+v+��f+r~� qC�¨�~z+�'qLuwv+� ¢5r~��e�f+�¨r~�k¢0q��@� �kr	±°r~�a¢-u�e�f�qCz+v+�
H
�_�k�¨��r~�kv+�~µ��°r~v+v

�-uw�Rz+v@¢5r~�a¢-u�e�f�qCrtqCr
H∗

r~�kv+r~v�0_rts|r~�¨r~v+���°r~�'q o+¢5r~�¨�'qCr~�k�wq�µw�+r~�R�k¡ §�uw}k}!�+r~�D¯D�¨�a¢+� q'� � �!�+r~}k}k�
v@z+}k}��k�'q�µ-uw}k�¨� � � p

H =

{
1

s%o+�
y∗ > 0

0
�¨�av+�'q�� *)� ¤w� +

�A�k¡ ¡Iq	¡�uwv v@z+v v+��e�fyuwv�µ-�-uw�¨�_�¨��e�f
y∗

�_�kr�s|�a}k�wq	r~�¨�@}vzw�¨r~v }vzw�¨�'q�p

y∗ = Xβ + ε
*)� ¤ ¦ +

ε ∼ N(0, σ2)
*)� ¤a��+

��uwv+vy}vzw�¨�'q_�¨��e�f � ¤w� ��e�f+�¨r~�k¢5r~v>uw}k��p

H =

{
1

s%o+�
Xβ + ε > 0

0
�¨�av+�'q�� *)� ¤���+

±°r~��e�f+��zwv+��q�¡�uwv �¨��e�fyuwz0sKr~�kv+r8�+r~�_¢5r~�k�+r~v�q u�f+�¨��e�f+r~�kv+}k��e�f+�wr~� qCr~v�µ-�¨� �a�k} q�p

� � �fR � S ��m�S�PHn e
m�P � PHQ9QuN �fR�c Qum9U psr�r�t�ZM`
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Pr(H = 1) = Pr(Xβ + ε > 0)
*)� ¤a��+

= Pr(
ε

σ
<
Xβ

σ
)

*)� ¤ � +
� r~�S�6r~�¨¡ �kv � } uw¡ ¡ r~�¨v�uwz0s<�+r~���¨r�e�f�qCr~v p!r~� qCr*ka�av�� ¤ � r~v�qC�¨{+�¨��e�f�qI¢5r~�Rr~�kv+r~¡ v+�a�)�

¡�uw}]kar~�'qCr~�k} qCr~v�§-r�f+}kr~�'qCr~�¨¡[�+r~¡ q^r~�'q �+r~� �Yr~�'qCr~�k}kz+v+�a�'s|z+v+��qC�k�av
Φ
�+r~�	p@qLuwv+�-uw�¨�+v+�a�¨¡�uw}��

kar~�'qCr~�k}kz+v+� uwv �+r~� p@qCr~}k}kr Xβ

σ

p

Pr(H = 1) = Φ

(
Xβ

σ

) *)�a� ¤�+

� �kr~�¨r ´8}kr~��e�f@z+v+���iuwv+v>v@z+v��ar~��e�f�ziqC�tqd�°r~�¨�+r~v��¤g z0s|�a�¨z+v+�>�+r~��p@²!¡ ¡ rtqC�¨�kr��+r~��p@qLuwv!�
�-uw�¨�+v+�a�¨¡�uw}]kar~�'qCr~�k}kz+v+�£�a�k} q �a}kr~��e�f+�~r~� qC�k��p

Pr(H = 0) = 1 − Φ

(
Xβ

σ

) *)�a�a� +

�6�¨�]r5q ¡�uwvWuwvWp@qCr~}k}kr �+r~� �A�a�¨¡�uw}]kar~�'qCr~�k}kz+v+��r~�kv+ryuwv+�+r~�¨r��Yr~�'qCr~�k}kz+v+�a�Cuwv+v-u�f+¡ r s%o+�
�+r~v §-r�f+}kr~�'qCr~�¨¡ µ��k�'q��-uw� � �!�+r~}k}R{+�¨�kv+�~�k{+�kr~}k}K�k¡ ¡ r~��v+��e�f^��e�f�ziqC�~¢-uw�~�6±°r~�iuwv+v�qI�k�'q �w� ± �
�+�kr	}k�a�a�k�'qC�k��e�f+r �Yr~�'qCr~�k}kz+v+�+µa�+�kr	�-uwv+v �~z+¡ � �a�a� q'� � �!�+r~}k}@s%o�f+�'q��@´8r~v-uwz+�¨� �iuwv+v

Xβ
uwz�e�f

�+z+��e�f�r~�kv+r uwv+�+r~�¨rwµYuwz�e�f
v+��e�f�qC}k�kv+r�uw�¨r §-�a�¨¡
f(X)

kar~�Cuw}k}k�ar~¡ r~�kv+r~�'qE�°r~�¨�+r~v�µc� uw� �+r~�
p�e�f�ziqC�~¡ rtq�f+�!�+r�v-uiq�o+�¨}k��e�f � �a¡ {+}kr-20� q�ziq�f+�kv+�~z0s%o+�wq��

� � �h),+U"�)10%$ ����� ��),+�� �#+.-/)10�21�*),� ��),+ 
 )S �j$ 0
�Z�*),�  ����

�~),+\��� � ),�*&9&921� ��2 ��&

g v+�ar~v+�a¡ ¡ r~v�µ+�+�krb� �kr~} s|z+v+��qC�k�av �+r~�/iov+�+�]k!�k�+z+z+¡ �	�k¡ � �av+�¨z+¡ ¡ �!�+r~}k} } uwz0qCrtq�p

W = U1(X1, H1) +
1

1 + ρ
U2(X2, H2),

*)�a� ��+

¡ � q

X2 = (1 + r)(A+ Y1 −X1 − PM) + Y2

*)�a� ¥�+
H2 = (1 − δ)H1 + I(M).

*)�a� � +
��uwv+v s|�a}k�wq°s%o+�_�+�kr�±°r~�+�kv+�az+v+�ar~v r~�¨�'qCr~�4(��¨�+v@z+v+� s%o+�_r~�kv.(�{0qC�k¡£z+¡|p

¦ �
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