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Zusammenfassung

Die Kleinste-Quadrate-Methode (KQ-Methode) ist die in der Regressionsanalyse am
hiufigsten verwendete Schidtzmethode. Ziel dieser Dissertation ist es, die asymptotischen
Eigenschaften des KQ-Schitzers in stochastischen Regressionsmodellen mit fraktionell
integrierten Regressoren und Stortermen herzuleiten. Die Analyse wird im diskreten
Zeitbereich durchgefiihrt und beschrankt sich auf sogenannte Vektor autoregressive
fraktionell integrierte Moving average Prozesse (VARFIMA). Diese parametrische Prozess-
klasse ist flexibel genug, vielfdltige Arten von Zeitreihen in der Praxis zu modellieren. Der
Schwerpunkt liegt auf der Herleitung asymptotischer Verteilungen und ihrer korrespon-
dierender Konvergenzraten. Dazu werden jlingste Entwicklungen in der Forschung beziiglich
der Verteilung von Stichprobenkovarianzen mit nichtstationdren Prozessen beriicksichtigt.
Unter anderem werden hinreichende Bedingungen fiir die asymptotische Normalitdt der KQ-
Schitzung in einem nichtstationdren fraktionell integrierten dynamischen Regressionsmodell
aufgestellt. Ein frilheres Resultat fiir ganzzahligen Integrationsgrad wird damit
verallgemeinert.

Die vorliegende Dissertation stellt eine der derzeit umfassendsten Arbeiten zur KQ-

Asymptotik in fraktionell integrierten Regressionsmodellen dar.

Summary

Ordinary least squares (OLS) is the most common method of estimation in regression
analysis. This dissertation aims to derive the asymptotic properties of OLS in stochastic
regression models with fractionally integrated regressors and error terms. The analysis is
carried out in the discrete time domain and restricted to so-called vector autoregressive
fractionally integrated moving average processes (VARFIMA). This parametric class of
processes is flexible enough to model many different kinds of time series in practice. The
main focus is on deriving the asymptotic distributions and its corresponding convergence
rates. For this purpose latest developments in research concerning the distribution of sample
covariances involving nonstationary processes are accounted for. Among other things,
sufficient conditions for the asymptotic normality of OLS in a nonstationary fractionally
integrated dynamic regression model are stated. This extends a result earlier derived for
integer-valued integration order.

This dissertation is one of the most comprehensive papers at the moment dealing with OLS

asymptotics in fractionally integrated regression models.
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1 Introduction

In this dissertation, the asymptotic properties of ordinary least squares (OLS) are derived for

the univariate regression models
M) y, =Bx +e,,
M2) y, = Bix, + Brx,, +e,,

M3) y,=ay.,+fz +e,

al<1,

where the regressors and the errors are assumed to be jointly driven by vector autoregressive
fractionally integrated moving average processes (VARFIMA), possibly nonstationary.
VARFIMA processes constitute a parametric subclass of fractionally integrated processes,
frequently denoted as I(d) processes, where the parameter ¢ , which may be any real number,
is the integration order of the process. The main focus is on deriving the asymptotic
distributions of OLS and its corresponding convergence rates, but we also make statements

about under which conditions OLS yields consistent or inconsistent estimates. Among other

things, it is shown that the OLS estimator for (a, p )T in (M3) is asymptotically normal if z,
is a nonstationary I(d,) regressor with 0.75<d_ <125 and e, a stationary I(d.) error with
—0.5<d, <0.25. This result can be regarded as new and it generalizes a theorem earlier

derived by Maekawa et. al. (1996) which states asymptotic normality for the integer-valued
case with I(1) regressor and 1(0) error.

The outline of the dissertation is as follows. Chapter 2 deals with the notion of ‘I(d) process’.
Prevailing concepts in literature are shortly introduced and contrasted to each other. In fact,
there is no single and unique I(d) definition. Therefore, we need to clarify how our framework
fits into theses different concepts. Chapter 3 reviews to what extent asymptotic properties of
OLS in regression have already been treated for I(d) processes. The objective is also to clarify
to what extent this dissertation provides new results under model settings which have not been
examined yet. Chapter 4 formally introduces VARFIMA processes with its most important
properties needed in subsequent parts. Chapter 5 deals with the asymptotics of sample
covariances involving I(d) processes. Sample covariances are the essential ingredients of
OLS regression formulas. Chapter 6 contains the main results of this paper. The asymptotic
properties of OLS are examined for models (M1)-(M3). Chapter 7 specializes these results to
the frequently examined integer-valued case with I(1) regressors and 1(0) errors. Chapter 8

provides suggestions for further research.



2 Fractionally integrated processes

The general notion of ‘I(d) process’ lacks a uniform definition in literature, and we also have
to distinguish between time domain and frequency domain devoted definitions.
In the time domain, a common approach is to combine a more or less rigorous 1(0) definition

with the application of the fractional difference operator. For any real number d, the

fractional difference operator A’ (L) = (1 - L)d is defined by means of the binomial expansion
A(L)=(1-L) => 7L,
=0

where L represents the usual lag operator with Lx, = x,_,,

r(j-d Lk —1- d
= j=0,1,2,.
& r(j+1)r( H

and T'(-) is the gamma function with
'[ teldt, x>0,
0

I(x):= © , x =0,

x_lF(l + x) ,  x<0.

A process z, is said to be integrated of order d, or shortly I(d), if and only if
@1 AL)z,=)7z,, =
=0
where the process w, matches the I(0) definition. Now the problem is deferred to the

definition of 1(0) processes. Davidson (2007) provides a survey of common I(0) definitions in
literature and shows that some of these definitions are by no means equivalent. It is even not
quite clear how the concepts these definitions rely on (e.g., stationarity, short memory and
finite variance) might be connected with one another. One more rigorous definition is given
by Engle and Granger (1987, p. 252):

“Definition: A series with no deterministic component which has a stationary, invertible
ARMA representation after differencing d times is said be integrated of order d ...”

In fact, this parametric approach implicitly defines ‘autoregressive fractionally integrated
moving average’ processes (ARFIMA) and it can be easily extended to the vector case, i.e.,

VARFIMA processes. Another widely used approach (e.g., Park and Phillips [1988], [1989])



is to say, a zero mean time series w, is 1(0), if the partial sum process W, defined on the unit

interval by
)
Wis)=—=) w,, for 0<s<1,
W=z

where [x] denotes the largest integer not exceeding x, converges weakly to ordinary

Brownian motion B, with variance @ = limVar(W, (1)) as n — oo . Hence we have
n—o

22) W, = B,,

where ‘=’ denotes weak convergence in the space of measures on D[O, 1], the space of
cadlag functions of the unit interval equipped with the Skorohod-Topology. This approach of
specifying conditions under which some asymptotic theory is valid is a pragmatic one. The
first functional central limit theorem (FCLT) according to (2.2) was given by Donsker (1951)
for the case when the w,’s are independent and identically distributed (i.i.d.) with zero mean
and finite positive variance. This result was extended by various authors to more general
processes and also to the multivariate case. Probably the most general conditions for (2.2) to
hold are provided by Davidson and de Jong (2000a), and these include ARMA processes just
as special cases.

Depending on the parameter d, I(d) processes may be stationary or nonstationary. Let &, be an
i.i.d. sequence with zero mean and finite variance o> > 0. When setting w, = ¢, in (2.1), the
process z, is stationary if d < 0.5 and otherwise nonstationary. For | d | < 0.5, the process z,

is frequently called ‘fractionally integrated noise’ and its autocovariance function y,_ (h) is
given by

C(h+d)T(1-2d)
C(h+1-d)T(d)T(1-d)’

23) y.(h)=0"

where for / large enough,

L I(1-24)
24 h) ~ o’h* ————.
(2.4) 72( ) F(d)F(l—d)
The notation ‘~’ means, that the ratio of the left and right side tends to 1.

If we consider a stationary AR(1) process w, =a w,_, +¢&, with | a | <1 instead, we have
2.5) y.(h)=da"c?/1-a”.

Figure 1 (p. 4) shows sample paths and associated sample autocorrelation functions (ACF) of

two processes. The first one is fractionally integrated noise with integration order d = 0.3, the



second is a stationary AR(1) process with autocorrelation coefficient & = 0.5. Despite the fact
that both processes are stationary and approximately have the same variance, their remaining
properties are quite different. According to their theoretical counterparts, the autocorrelations
decline geometrically fast to zero in the AR(1) case, whereas in the fractionally integrated
case the autocorrelations decrease at a slower rate. These properties are sometimes referred to
as ‘short memory’ and ‘long memory’, respectively. These properties provide just another
way to define I(0) and I(d) processes, respectively. Surveys on the theory and applications of
long memory and related fields are provided by Beran (1994), Embrechts and Maejima
(2002), Doukhan, Oppenheim and Taqqu (2003), Robinson (2003), and Samorodnitsky
(2006).

Figure 1: Fractionally integrated noise and AR(1) process
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Defining autoregressive and moving average lag polynomials
all)=1-aL-a,’ —...—a, L’
B(L)=1+BL+BL +..+ B,L
and corresponding characteristic polynomials when replacing L by a complex-valued variable

z, the process w, is a stationary and invertible ARMA(p, q) process, if

(i) |alz)|#0,for|z|<1,

(i) | B(z)|=0, for |z|<1,

Gil) a(L)w, =p(L)s,.

Combining a stationary and invertible ARMA(p, q) process w, with the fractional difference
operator in (2.1) yields a stationary ARFIMA(p, d, q) process z,, if | d | <0.5. This

parametric type of long memory model was simultaneously introduced by Hosking (1981)

and Granger and Joyeux (1980). Now, defining the partial sum process Z, by
4



gz,,for 0<s<1,

t=1

26) Z,(s)=—

= 12w
n

it 1s known that
27 Z,6 = B,,

where B, is fractional Brownian Motion (fBM) defined as

28) B, (s):ﬁi(s_t)ddgo(m%i[(s_t)d ~(1)'] 4By (1), for 0 <5 <1,

The integrator process B, implied by (2.2) is ordinary Brownian motion extended to the real
line. The process in (2.8) was introduced by Mandelbrot and Van Ness (1968) and, strictly

speaking, this is fractional Brownian motion of type I, in the following denoted as type I fBM.

Defining

29 w =1j,.0W,

and z, as the case corresponding to z, in (2.1) when w; replaces w, ,and Z, like (2.6) with
z, replacing z, , it is known that

(2.10) Z' = B,

where B, is fractional Brownian Motion of type II (type I fBM), which is defined as

N

[(s—2)"dB,(e), for 0<s<1.

0

. 1
(2.11) Bd(s)zm

Hence, in the type II case the second term in (2.8) is omitted. The two types of models
correspond to the different cases in which pres-sample shocks are either included in the lag
structure in (2.1), or suppressed. Type Il fBM was introduced by Levy (1953), Mandelbrot
and Van Ness (1968). The differences between type I and type II fBM are examined by
Marinucci and Robinson (1999), Davidson and Hashimzade (2007a). Since the two
summands in (2.8) are Gaussian and independent of each other, the variance of type I fBM
exceeds that of type II fBM. Marinucci and Robinson (1999) show that the increments of type
I fBM are stationary, whereas those of type II fBM are not. While type I fBM is well-defined

only for |d | <0.5, type II fBM is defined for all d >—1. Hence, only type II fBM can

describe the limit behaviour of partial sums of nonstationary I(d) processes. Davydov (1970)

established the first FCLT for the type I model when w, is an 1.i.d. process. This result was

extended by various authors, e.g., Taqqu (1975), Gorodetskii (1977), Chan and Terrin (1995),

Csérgo and Mielniczuk (1995) to more general processes and also to the multivariate case.

5



Probably the most general conditions, where w, is permitted to be near-epoch dependent on a

mixing process, are provided by Davidson and de Jong (2000b), and they include stationary
ARFIMA processes just as special cases. Weak convergence results corresponding to type 11
fBM, including nonstationary processes, were derived by Akonom and Gourieroux (1987),
Silveira (1991), Marinucci and Robinson (2000). The latter paper also extends to the
multivariate case.

Functional central limit theorems, both of type I and type II, combined with the continuous
mapping theorem provide an important tool when deriving limiting distributions of various
statistics involving nonstationary I(d) processes. Thereby, the type I framework requires to
keep cumulation (integer integration) and stationary long memory in conceptually separate

compartments. First, a stationary I(d) process z, with |d [<0.5, for example, a stationary
ARFIMA, is defined by (2.1). Then, a nonstationary I(d+1) process Z, is defined by

cumulating the process z,, i.e.,

(2.12) z, = Zzs , or, equivalently,

s=1
(2.13) AZ =z, for t>0 and z, =0.
In this approach, a cumulation process Z, must be assigned a finite start date, but its
stationary increments z, may be dependent on the remote past. Combining the FCLT for the

type I case now with the continuous mapping theorem yields asymptotic results such as
Q14) n MYz 4, [ B2(s)as
t=1 l 0 ! ’

where ‘ —%— " denotes convergence in distribution. Such results are specifically useful in the
context of regressions with nonstationary processes.

In the type II framework a model cannot be allowed to have an infinitely remote starting date,
but must be conceived as a cumulation of increments initiated at date ¢ = 1, with an initial
condition that must be generated by a different mechanism. On the other hand, nonstationary
integrated models are neatly incorporated into a general framework. As noted by Davidson
(2007), there can be substantial differences between asymptotic distributions and functionals
derived from them, when using either the type I or the type II approach.

Frequency domain devoted definitions of stationary I(d) processes usually refer to the spectral

density of the process at frequency zero. Defining the spectral density matrix f (/1) of the p-

dimensional process z (t) to satisfy



T

(2.15) T(m)=E [(zt —n)(z,,, —p)T]: J. f(1)e™di, where p=E(z,),

-

the p x p diagonal matrix

(2.16) A (A)= Diag {ei”d‘/zﬂ_d‘ AR e }

and its complex conjugate A (/1), // (t) may be called I(a’1 yeennd p) process if and only if
2.17) (1) ~ A(A)GA(L) as 2 >0+,

where the px p matrix G is positive definite and all its diagonal elements are nonzero. The

notation ‘~’ is here taken elementwise, to mean that the ratio of real parts and of imaginary

parts of left and right sides tends to 1. For p =1 this definition specializes to
(2.18)  f(A)~GA7 as A — 0+, where G>0.
From (2.18) we see that f (0) is finite if and only if d <0. The foregoing definition is taken

from Robinson and Yajima (2002). In fact, these authors show, that by allowing the matrix G

to be not of full rank, the process z (t) is ‘fractionally cointegrated’ in the sense of Engle and
Granger (1987). Hence, there exists a linear combination of component processes of z(t)

exhibiting the same integration order, say d', which yields a process with integration order
d" <d'. Our paper does not deal with fractional cointegration. Nevertheless, the phenomenon
of fractional cointegration will arise in the context of Model (M3).

The spectral analysis of stationary stochastic processes has solid mathematical foundations,
whereas this appears not to be the case for nonstationary processes. At least to our knowledge,
literature lacks a rigorous definition for nonstationary I(d) processes in the frequency domain.
Bujosa et. al. (2001) extend classical spectral analysis to the nonstationary case by defining
pseudo-covariance generating functions and pseudo-spectra for the special case of
nonstationary ARMA processes. Their approach could possibly extended to nonstationary
ARFIMA processes or, more generally, to nonstationary I(d) processes.

In this paper, the analysis will be carried out solely in the discrete time domain and restricted
to VARFIMA processes. Nonstationary VARFIMA processes will be defined in the type 1
sense. Hence, if we consider the univariate case for the moment, taking a stationary

ARFIMA(p, d, q) process z, in (2.13) yields a nonstationary ARFIMA(p, d+1, q) process z,.

It should be noted that when taking VARFIMA processes all common I(d) definitions are met,
or at least not contradicted, for both the time domain and the frequency domain. Moreover,
this parametric class of processes is flexible enough to model many different kinds of time

series encountered in practice.



3 Review of literature

The asymptotic properties of OLS in regression models have been analyzed for a long time
under many different settings and assumptions by numerous authors. This chapter provides a
rough review of the most important landmarks in literature. The objective is also to clarify to
what extent I(d) processes already have been treated in literature and how our paper fits into it
as a new contribution.

Probably the most important distinction has to be made between the two cases whether the

regressors are assumed to be stochastic or nonstochastic.

3.1 Regression models with nonstochastic regressors

In many regression models the explanatory variables have been assumed to be nonstochastic.
Under this setting, Grenander and Rosenblatt (1957) established the asymptotic estimation
theory when the errors are short memory stationary processes. Their analysis is carried out in
the frequency domain, i.e., the statistical properties of the error term are described via the
spectral density. In this respect their paper can be regarded as a pioneer work. Their emphasis
is on showing asymptotic efficiency of OLS under various settings which include, for
example, trigonometric and polynomial regressors.

If z, is a stationary ARFIMA(p, d, q) process as introduced in Chapter 2, a moving average

representation of z, can be set up which is given by
(B.1) z =6(L)s, = Zajg,_j :
=
where 8(L)=A"(L)a ' (L)B(L). Further, it can be shown that
(3.2) ié}z < 0.
J=0

Moving average processes of the form (3.1) are frequently termed either ‘generalized linear

processes’ or ‘linear processes’ according to whether (3.2) holds or the stronger assumption
(3.3) Z(‘;\ 8, | <o
J=

This terminology traces back to Eicker (1965). In fact, linear regression models with
nonstochastic regressors and error terms which are generalized linear processes were covered
by Eicker (1967), whereas in all previous publications, e.g. Hannan (1961), the stronger

assumption (3.3) was made. Thus, Eicker’s paper can be regarded as an early contribution to

8



the asymptotic theory of I(d) processes in the context of regression, though the terms
‘fractional integration’ and ‘long memory’ were not well-defined and parametric models such
as ARFIMA were not known at that time. Eicker (1967) provides necessary and sufficient
conditions for asymptotic normality and consistency of OLS, which include polynomial and
trigonometric regressors as special cases.

Particularly strong consistency of OLS in regression models with nonstochastic regressors has
been shown under various conditions on the error term by Anderson and Taylor (1976),
Drygas (1976), Lai, Robbins and Wei (1979) and Solo (1981). One of the most general papers
in this context, which unifies many of the foregoing results is given by Chen, Lai and Wei
(1981). In fact, their conditions also cover generalized linear processes in the sense of (3.2)
and hence certain types of I(d) processes. But again, neither ‘fractional integration’ nor ‘long
memory’ are mentioned, let alone models such as ARFIMA.

Yajima (1988, 1991) studied the regression model with long memory errors, discussing both
limit distribution theory and efficiency of OLS. He derived necessary and sufficient
conditions for the least squares estimator to be asymptotically efficient relative to the best
linear unbiased estimator (BLUE). This extended the work of Grenander (1954) and
Grenander and Rosenblatt (1957) for the short memory case. Yajima also proved asymptotic
normality of OLS for certain regressors, under conditions on the cumulants of the white noise
process of the errors. One surprising result is that in the case of polynomial regression OLS is
no longer asymptotically efficient, as it is in the short memory case. This parallels the results
of Beran and Kiinsch (1985) who have pointed out that the arithmetic mean is no longer an
efficient estimator for the location of a long memory process which it is for a short memory
process. These results were extended to the case of weighted least squares estimation by
Dahlhaus (1995) and Deo (1997). In fact, Deo (1997) proved asymptotic normality and
efficiency for a weighted least squares estimator in the case of polynomial regressors.

Other related studies include research by Koul (1992), Koul and Mukherjee (1993) and
Giraitis, Koul and Surgailis (1996), who consider a number of robust estimators. Giraitis,
Koul, and Surgailis (1996) provide sufficient conditions for asymptotic normality of certain
classes of M- and R-estimators in linear regresson models with long memory moving average
errors. Their conditions also cover ARFIMA processes as special cases. It should be noted
that the OLS estimator falls within the class of M-estimators.

Usami and Huzii (1995) and Usami (2002) investigate the asymptotic properties of OLS in a
polynomial regression when the error is heteroskedastic and its variance is a polynomial

function in time, i.e. changes deterministically with time varying. They show weak

9



consistency and asymptotic efficiency under various assumptions on the covariance structure

of the errors.

3.2 Regression models with stochastic regressors

Specifically in time series regression, regressors are usually assumed to be stochastic, and this
can significantly affect the asymptotic theory. Such models are frequently called ‘stochastic
regression models’, for which, as far as asymptotic properties are concerned, the most

important distinction has to be made between stationary and nonstationary models.

Asymptotic results for estimating the coefficients of stationary models were first derived by
Mann and Wald (1943) and Anderson (1959) for linear autoregressive models of the ARMA
type. In fact, they proved consistency and asymptotic normality of OLS under various
conditions. Generally, in such parametric settings some stationarity restrictions have to be put
on the coefficients of the specified model.

An alternative approach is to assume that ‘classical properties’ such as stationarity, ergodicity
or mixing directly hold for regressors and errors, possibly in conjunction with some moment
restrictions. In such nonparametric settings OLS usually yields consistent estimates and
asymptotic normality. A modern review in this context is provided by White (2001). It should
be noted that long memory processes are not strong mixing as shown by Helson and Sarason
(1967), for which reason I(d) processes seem not to be covered by the mixing concept.

The asymptotic distribution of OLS in stationary stochastic regression models including long
memory processes was first examined by Robinson and Hidalgo (1997). They considered the
model

M4a) y, =a+px, +...+,Bpxtp +e,,

where the regressors x,,...,x, and the error term e, are permitted to be long memory

feees Xy
processes with

(3.4) E(e,)=0and E(x,)=0 for i=1,...,p.

In a unified manner they derived the asymptotic distribution of a generalized least squares

estimator for the slope coefficient vector S = ( s B, )T which includes the OLS estimator

and the best linear unbiased estimator as special cases. Specifically, they provide sufficient
conditions for asymptotic normality. At this point it should be mentioned that their results do

not apply to our results for Model (M3) by just setting x,, =1. In fact, for Model (M3) we will

10



later assume that one of the two regressors is nonstationary, and this yields quite different
results.
Choy and Taniguchi (2001) discuss various estimates for £ including OLS in a stationary

model of the form (M1) under different combinations of long memory in x, and e, . Besides

stationarity they assume

(3.5) E(e,)=0 and E(x,)=0.

Concretely, they examine the four different cases

(I) x, and e, are short memory,

(II) x, is long memory and e, is short memory,

(II) x, is short memory and e, is long memory,

(IV) x, and e, are long memory.

In all four cases they obtain asymptotic normality for OLS, a result that is quite different from
ours as will be seen later. Specifically in case (IV), depending on the degree of long memory,
or more precisely, on the degree of integration, OLS may yield non-normal distributions. This
fact was pointed out by Robinson (1994) and earlier by Rosenblatt (1961) in the context of
estimating the mean of a long memory process. The limiting distribution was later described
first by Taqqu (1975) as the ‘Rosenblatt distribution’. In fact, Choy and Taniguchi (2001)

obtain normality even for case (IV), since they assume E (x, ) # 0, a seemingly harmless but
critical assumption. We will assume

(3.6) E(e,)=0 and E(x,)=0

and similarly work out different cases for the integration orders of x, and e, . Our results in

this context mostly rely on the work of Chung (2002), who analyzes the asymptotic
distribution of OLS in (M4a) including the theory of Rosenblatt distributions. For that
purpose, he first derives new asymptotic results for multivariate long memory processes, that
generalize particularly Hosking’s (1996) univariate results on sample autocovariances and
Fox and Taqqu’s (1987) theory on the product of two univariate long memory processes. In
contrast to these earlier results, neither any stringent Gaussian assumption is made nor is it

assumed that x, and e, are independent as in Robinson and Hidalgo (1997). It should be

noted that our results for (M1) cannot be deducted from Chung’s results for (M4a). Instead we

will make use of his asymptotic results on multivariate long memory processes.
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Strong consistency of OLS in stochastic regression models has been examined by Anderson
and Taylor (1979), Lai and Wei (1982a, 1982b) and Wei (1985). The common approach of
these authors was to consider the multiple stochastic regression model

(M4b)  y, = Bx,, +...+ﬂpxtp +e,,

where e, was assumed to be a martingale difference sequence. Defining

X X2 Xip
X X X
21 2 2
X = . i B
xnl xn2 xnp

they provide sufficient conditions on the eigenvalues of the matrix
A=X"X,

which assure strong consistency of OLS. In our paper, the question whether these results do
also apply to I(d) regressors is not examined, since it is difficult to connect the asymptotic
behaviour of the eigenvalues of A to the asymptotic behaviour of I(d) regressors. But there
seems to be evidence that these results, at least partly, also apply to I(d) processes. In fact, Lai
and Wei (1982b) provide explicit examples, where their results are applied to special
autoregressive models containing unit roots, hence models with integer-valued integrated

Processces.

The asymptotic distribution of OLS in nonstationary stochastic regression models was first
treated by White (1958, 1959) and Anderson (1959) for the AR(1) model

M5)  y,=ay., +e,

where e, was assumed to be an independent normally distributed sequence or a white noise

sequence. These two authors considered the limiting distribution of OLS for the three

different cases | |<1, |a |=1 and | « [>1 under various conditions on the starting value y,.

In the context of unit root testing the limiting distribution has been of interest again.
Investigations by Dickey (1976), Dickey and Fuller (1979, 1981), Evans and Savin (1981,
1984) have been at the forefront. But the most general and comprehensive contributions were

the ones given by Phillips. First, the conditions on e, in Model (M5) were considerably

relaxed in Phillips (1987), allowing for dependent and heterogeneously distributed errors. The
limiting distributions of OLS were found using functional central limit theory in conjunction
with the continuous mapping theorem, a groundbreaking approach in this context. In the same

way, the asymptotics for much more general nonstationary regression models were examined.
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This comprises the papers by Phillips and Durlauf (1986), Phillips (1988), and Park and
Phillips (1988). Probably the most general paper is that of Park and Phillips (1989), which
includes all foregoing results as special cases. Related papers are that by Stock (1987), Chan
and Wei (1988) and Sims, Stock and Watson (1990), which emphasize on very special models
or different aspects. Specifically, Sims, Stock and Watson (1990) provide sufficient
conditions for asymptotic normality of OLS in nonstationary regression models. But all of
these mentioned papers are restricted to integer-valued integrated models, where the
regressors are assumed to be driven by I(0), I(1) or I(2) processes, and the error term is
assumed to follow an I(0) process. Andrews (1987) analyzed the asymptotics of OLS in a
multiple regression with integrated regressors allowing for nonstationary errors. Maekawa et.

al. (1996) showed asymptotic normality of OLS for Model (M3), when z, is an I(1) and e, an

I(0) process. This result can be regarded as a special case of regression with cointegrated
regressors, which was earlier treated by Park and Phillips (1989) in a much more general
setting. In our paper this result will be generalized to the fractional case.

Sowell (1990) derived the asymptotic distribution of OLS in (M5) for the nonstationary case
when a =1 and e, is an I(d) process. This generalizes the results given by Phillips (1987) for

the integer-valued integrated case. Using the type I approach the ‘unit root distribution’ is
extended to a so-called ‘fractional unit root distribution’. However, Sowell wrongly uses type
IT fBM instead of type I fBM when considering the limiting distribution of OLS, as noted by
Marinucci and Robinson (1999). More generally, Chan and Terrin (1995) consider an
unstable AR(p) model with I(d) errors, i.e. Model (M5) extended to p lags. In contrast to
Sowell’s work, their analysis is carried out in the frequency domain and the asymptotic
distribution of OLS is described via the spectral representations of various processes.

Robinson and Marinucci (2001) study the asymptotic behaviour of averaged periodograms
and cross-periodograms of nonstationary I(d) processes. Their purpose is to examine the
performance of the so-called ‘narrow-band least squares estimator’ (NBLSE) which estimates
the cointegration relation between two fractionally cointegrated processes. In fact, the OLS
estimator in (M1) turns out to be just a special NBLSE, and the asymptotic distributions for
various cases with a nonstationary regressor and a stationary error term are derived
(Propositions 6.1-6.5). Employing functional limit theory developed in Marinucci and
Robinson (2000) the asymptotic distributions are nonstandard and partly functionals of type I1
fBM, since nonstationary processes are assumed to be generated by the type II approach.
Marinucci and Robinson (2001) similarly deal with the asymptotics of OLS in the more

general Model (M4a), but merely provide convergence rates. It should be noted that Theorem
13



6.2.2 in our paper, which applies to Model (M1), is closest to Propositions 6.1-6.5 in
Robinson and Marinuncci (2001). However, in our setting the type I approach is employed to
generate nonstationary processes. As a consequence our limiting distributions are different
and even slight differences appear with respect to convergence rates. Further, the special case
of an I(1) regressor and an I(0) error has to be examined separately in Robinson and
Marinucci (2001). In contrast, the I(1)/I(0) case needs no special treatment in our framework,
but fits smoothly in as a special case of fractional integration.

Dolado and Marmol (2004) derive the asymptotic distribution of OLS in reduced-form
autoregressive distributive lag models whose variables include nonstationary 1(d) processes of
type II. They provide sufficient conditions for asymptotic normality of OLS and thereby
generalize the well-known results of Sims, Stock and Watson (1990) for the integer unit root
case. Though their analysis is carried out in the time domain, their results are difficult to

compare to ours due to the specific form of their model.

The main objective of the subsequent chapters is to derive the asymptotic distributions of
OLS in (M1)-(M3) for various integration orders of regressors and errors. The analysis will be
carried out in the time domain and will use the type I approach to generate nonstationary
series. To our knowledge, there is no such comprehensive work for OLS asymptotics under
this setting and for these types of models at the moment. An obstacle has until recently been
the absence of an asymptotic theory to describe the limiting distributions of various terms
arising in the OLS estimator, specifically, sample covariances of nonstationary (regressors)
and stationary (errors) processes.

For example, in Model (M1)

Z)?te[

where ,3 denotes the ordinary OLS estimator, the nominator may be given by the sample

(3.7) B-B=

covariance of a nonstationary I(a) regressor X, and a stationary I(d) error e, . Using relations
(2.12)-(2.14) when replacing Z, by X,, a common approach in a I(1)/I(0) environment is to
split up the nominator of (3.7) according to

(3.8) Z)?te, = Z)?t_let +the, .

The asymptotics of the two right-hand side terms of (3.8) are then examined separately (see
for example Park and Phillips [1988, 1989]). Thereby, the first term is more difficult to

handle, since we have a product of a nonstationary and a stationary process. Working with
14



I(d) processes complicates matters. Recent research in this area has focused on
semiparametric approaches to estimation. The analyses by Chan and Terrin (1995), Robinson
and Marinucci (2001) are carried out in the frequency domain using weak convergence results
of I(d) processes by applying the Wiener-Itdé calculus of their spectral representations.
Davidson and Hashimzade (2007b) complement the above-mentioned work by adopting the
time domain setting. They consider the asymptotic distribution of the covariance of a
nonstationary I(d) process with the stationary increments of another such process. In other
words, a new asymptotic theory for the first right-hand side term of (3.8) is developed. We

will make use of these results when extending the asymptotics of (3.8) to the fractional case.
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4 Properties of VARFIMA processes

In this chapter, vector autoregressive fractionally integrated moving average processes
(VARFIMA) are formally introduced along with its most important properties needed in
subsequent parts. Specifically, VARFIMA processes are noted as strictly stationary and
covariance ergodic processes. Moreover, crucial properties of the corresponding spectral

density matrix will be stated, too.

Definition 4.1: White Noise

T . .
€ ) white noise,

We call the p-dimensional process €, = (8”, €y

if the following conditions are satisfied:
(i) Elg,)=0,
(ii)) €, is an i.i.d. process with

E

EE 64| <o, forall i, j,k,l=1,...,p,
(iii) X := Cov(e,) = E(e,s,T) is nonsingular.

We shortly denote this by €, ~ WN(O, Z').

Hence, we assume a white noise sequence to be independent and not just uncorrelated. In
addition, we assume finite fourth moments. Such a sequence will be the innovation process

for linear and generalized linear processes defined next.

Definition 4.2: Linear and Generalized Linear Processes

Let z, be a vector process with
Z, = ZDj g,_,, where g, ~ wN(0,2).
J==
We call z,

(i) a linear process, if i” D/‘H <00,

j=—

.. . . . 2 2
(ii) a generalized linear process, if ZH DjH <00,

j=—

where ||A|| is the norm of the matrix A as given by Definition A-4.1 in the appendix.
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Obviously, any linear process is a generalized linear process but not vice versa (Lemma A-4.2

in the appendix).

Next, the notation for dealing with stationary processes is introduced. For the different
concepts of stationarity, i.e., ‘strict stationarity’, ‘mean stationarity’ and ‘covariance
stationarity’, see Definition A-4.3 in the appendix. Throughout this paper the terms

‘stationary’ and ‘covariance stationary’ will be used synonymously.

Let z, = (z,l, . ,p) be a p-dimensional stationary process with mean p = ( ..... X, )T.
Then the autocovariance matrix function will be denoted by

I(m):= E[(z, —n)(z p)T] , for integers m,

t+m

whereas the components of T'(n) are denoted by Vi (m) with

7/1/ E[ )( (t+m) /“l])] ’j=15"'7p‘
Note that F(m) =T'(~m), due to stationarity.
For the special case m = 0, we may shortly write y, instead of y, (0)

The sample mean vector is given by

T
— . (_ _ )T 1< 1
2=z =[A3z S
nom =

and the sample autocovariance matrix function by

n—m

Z Z,, 1) .

n—m

The components of T'(m) are denoted by ;/U( ), where

N |
7, (m)=

n—m?*

3

(Zn‘ —/Ji)( Z(t+m)j luj)

Il
—_

We also define the matrix I'(m) and its components Vi (m) by

n—m 1 n—m

Z Z, _Z t+m_2)T and };ij(m):z

n—m-‘g ‘ n—m

respectively.

Note that we have the approximation

)=~ e, e )~ )z -w) =)z ) )

17



Proposition 4.1
If z, is a generalized linear process, then z, is
(i) strictly stationary with finite fourth moments,
(ii) covariance stationary.
Further, we have
(iii) z —— 0,
(iv) f(m) — F(m)
v) f(m) — F(m)
If z, is a linear process, then also

(vi) f(m) T F(m)

Proof:

For (i) see Theorem 3 of Part II in Hannan (1970). Note that any generalized linear process is
generated by an 1.1.d. white noise sequence with finite fourth moments. It can be easily shown
then that the process itself also has finite fourth moments. For the rest, see Theorems 2 and 6
of Part II in Hannan (1970). Of course (ii) is implied by (i). Further, (v) follows from (iii) and
(iv). This can be seen as follows. For ease of exposition we consider only the univariate case.

On the one hand,

1 n—m
(m)=—-2(z,-2)(z,., - 2)
n=m
1 n—m 1 n—m 1 n—m
_ L _ =, =2
= Zztz,m — zZ,z ZmZtZ
n—m —m o n—m
1 n—m E n n—m )
LI Sov S ez
n—m -, —m\ t=m+1
1 & n _, n-—-2m_ _ .,
= — +z
ZtZt+m (n—2m) z >
n-mS m n—m
where
1 n—m
Z(n—2m) = Z,
n— 2m t=m+1

is the sample mean based on the central n —2m observations. On the other hand,

n—-m
Z ZtZt+m s
t=1

n—m 1

Dz -z, —u)=

n—-m; n—m

7(m)=

since 4 =0.



Together we have

f<m>—7<m>=zz(1— " j—”‘z””z(n_zm)z,

n—m n—m

from which follows $(m)—7(m) —— 0, since z —“» 0 and Z(am) ——> 0.

0

Results (1)-(v) of Proposition 4.1 also hold if we assume only finite second moments for the
innovation process. We just have to replace ‘finite fourth moments’ by ‘finite second

moments’ in (i). Finite fourth moments are only needed for (vi) to hold.
For showing f(m) Sy F(m) we may not argue as simply as in the ‘almost sure’ case.

The argumentation is more complicated and involves some knowledge about the

autocovariance function of z,. We do not investigate further this property, since it will be

sufficient for us to assume ‘covariance ergodicity’ defined in the following way.

Definition 4.3: Covariance Ergodicity

The vector process z, is covariance ergodic, if
(i) z, is covariance stationary,
(ii) 7 —L>n,

(iii) T(m) —2— T(m) and T(m) —2— T(m).

Using this definition, the following corollary to Proposition 4.1 can be stated immediately

without any further proof.

Corollary 4.1

Any generalized linear (and hence any linear) process is covariance ergodic.

Definition 4.4: VARMA process
First define vector autoregressive moving average (VARMA) filters

AL):=1,-AL-AL —...— A,L" and
B(L)=1,+BL+B,[’+..+ B,
which are px p matrix polynomials in L, where L denotes the usual lag operator.

Replacing L by a complex-valued variable z yields the corresponding characteristic
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polynomials. We call the p-dimensional process W, vector autoregressive moving average

process of order (a,b), or shortly VARMA(a,b) process, if the following conditions are
satisfied:
(i) AL)w, =B(L)s,
(i) & ~WN(0,),
(iii) det[A(z)]#0, for|z|<1,
(iv) det[B(z)]#0, for|z|<1.
The process W, may alternatively be represented in moving average form by
w, =C(L)e,, where C(L)=A"(L)B(L).

Condition (iii) is called ‘stability condition’, and we therefore also say that w, is a stable

VARMA (a,b) process.

For the exact meaning of C(L)= 4~'(L)B(L), see the proof of the following proposition.

Proposition 4.2

Any VARMA (a,b) process W, according to Definition 4.4 with
A(L)w, = B(L)e,

is a linear (and hence generalized linear) process with absolutely summable coefficient

matrices, which converge geometrically fast to zero, i.e.,
w, =Y C,_; with ZH CJ.H<oo and H CJ.HSKaj,
J=0 =0

for some constant K >0 and a < [0,1). It holds, C(L)= A" (L)B(L).
Proof: See appendix. [

For defining VARFIMA processes the fractional difference operator concept first needs to be

extended to the multivariate case. A p-dimensional fractional difference operator A*(L) with
d= (al1 ,...,dp) isa px p diagonal matrix with A (L) on the diagonal, i.e.,

AY(L) = Diag(A™ (L)),
where A (L) are univariate operators as defined in Chapter 2, for i =1,..., p.
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Definition 4.5: VARFIMA process

We call the p-dimensional process z, vector autoregressive fractionally integrated moving
average process of order (a,b) with memory parameter vector d = (dl yeensd p) , or shortly
VARFIMA (a,d,b) process, if the following conditions are satisfied:

i) A L)z, =w,,

(ii) |d;|<05, fori=1,..p,

(iii) w, is a VARMA (a,b) process.
The process z, may alternatively be represented by

AL)AY (L) z, = B(L)e

l’
or in moving average form by
z, =A"(L)C(L)e,,
where C(L)= A" (L)B(L) and €, ~WN(0,2).
Denoting the coefficients of the moving average representation by D, we have
Z, = ZD &
=0

where D(L)=A"(L)C(L).

This type of process was introduced independently by Granger and Joyeux (1980) and
Hosking (1981). For the univariate ARFIMA(O, d, 0) process (fractionally integrated noise)

Brockwell and Davis (1991) prove, that z, is mean square convergent and thus well-defined.

As noted by these authors, the technique of their proof can be easily extended to general
ARFIMA(a, d, b) processes. It should be noted that each component process of any
VARFIMA process has an ARFIMA representation (Proposition A-4.6 in the appendix), and

hence z, in Definition 4.5 is also well-defined in a mean square sense. A way of calculating
the moving average coefficient matrices D), occasionally referred to as impulse responses, is

suggested by Chung (2001).

Since A O(L) =1, any VARMA process is a VARFIMA with d =0, at least according to our
definition. Though the VARMA class is within the VARFIMA class, the two cases d =0 and
| d | #0 need to be strictly distinguished when stating general properties of VARFIMA
processes.
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Theorem 4.3
Any VARFIMA process is a generalized linear process with hyperbolically fast declining

coefficients. More precisely, let

N
I
S
I~
=
I
.MS
>
3]

j=0
be the moving average representation of a VARFIMA process with
D(L)=A"(L)C(L) and C(L)= 47 (L)B(L),

then
D, ~ Diag(r(d,. ) jd”’l)C(l) as j—> o, and hence iHD;Hz <%
Jj=0

Proof: See Corollary 2 of Chung (2001). ]

Hence, the moving average matrices of VARMA and VARFIMA processes behave
substantially different. In the former case, these decline geometrically fast to zero, whereas in
the latter case they converge to zero at a hyperbolic rate, which implies only square

summability. Summarizing the foregoing results we can state the following corollary.

Corollary 4.3
Any VARFIMA process according to Definition 4.5 (and hence any VARMA process) is a

generalized linear process and hence strictly stationary and covariance ergodic.

Proof:

This immediately follows from Proposition 4.1, Corollary 4.1 and Theorem 4.3. [

Theorem 4.4: Spectral density matrix for generalized linear processes

If z, is a generalized linear process, i.e.,

o0
z, = ZDJ g where

Jj=—

g, ~WN(0,) and i” D | <,

Jj=—©

the spectral density matrix of the process is given by

f(i)z%(iDje’”j > {ine—’”J.

Jj=—© Jj=—©
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Proof: See Hannan (1970), p. 61.
U

In conjunction with Proposition 4.3 the following corollary can be stated immediately.

Corollary 4.4: Spectral density matrix of a VARFIMA process
If z, is a VARFIMA (a,d,b) process, the spectral density matrix is given by

£(1)= LD(e” )£ D" ()

2w

= ;7A-d (") a(e*)Ble* )z Ble™f a(e”) A (™).

The next proposition states crucial properties of the spectral density matrix, which will be

relevant to the asymptotic distribution of sample autocovariances in the next chapter.

Proposition 4.5
Let T(1) be the spectral density matrix of a p-dimensional VARFIMA(a, d, b) process
with d = (dl yoond ) The j-th diagonal element of f (1), denoted by f;(4),
(i) is integrable, if d; < 0.5,
(ii) is square integrable, if d; < (.25,
forj=1,..,p.

Proof:

The j-th diagonal element of f (X) is given by

f,(2)= {%D(e"i )s D(e )T}

i

where [ . ] ,; denotes the j-th diagonal element of the matrix inside the brackets.

The terms inside the brackets are representing the VARMA part of the model. From the

moving average representation of this part we have

cle’)=47(e")Ble").
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where
C(e“)= iCje” = iC(i(cosft +isind).
=0 j=0
Now we have

[ cle”)] - H zc (cos(4)+ i sin(4))

< i}u C,(cos(2)+isin(2)) < 2\\ C,[l<
J= J=

and analogously, | C(e™ )] <.
By setting

i, = ) 2 sl Y eV ], = [cle)z e ],
we can conclude | | < oo

Note that

‘l—e’%‘ =\/(l—cosl)2 +(sinﬂp)2 =21/1_C208}L =‘ 2sin[§j‘.

Hence we have

2 |2d; nij

L (2)= ‘1 - ed‘ o

with
g M
f(A)~ A7 2—’ as A >0 ,since sinA~ 1 as 1 —>0.
V4
The behaviour of f (ﬂ,) as A — 0 implies integrability for d; < 0.5 and square integrability
for d; <0.25.

0
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Appendix 4

Definition A-4.1: Matrix Norm

Let A be a matrix of possibly complex numbers. Then the norm of A we choose is defined as
« N\1/2
4] = s (4] 7,

i.e., the positive square root of the greatest eigenvalue of HA*AH, where the star indicates

transposition combined with conjugation.

Lemma A-4.1

Let A=(a,,) bea px p matrix of real numbers. Then

1/2
p P
Ms(Saz] <o

m=1 n=1

Proof:

We first note that

max

(a7a)]"".

Since the matrix A" 4 is nonnegative definite, all eigenvalues of 4" 4 are real nonnegative

4=

numbers. We also have

p P p
Z’li = t’”(ATA): Zzajm >
i=1

m=1 n=1
where 4,,...4, are the eigenvalues of 4" 4, and tr(ATA) is the trace of A" 4.

Hence we have

and also

unla] <[ S50 )
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Definition A-4.2: Absolute summability and square summability

(i) A doubly infinite sequence of real numbers { a, } i=0,£1,£2,...,is

absolutely summable, if lim Z|ai| exists and is finite, and is

n—o
i=—n

n
s 2, o
square summable, if lim Z|al.| exists and is finite.
n—>0

i=—n

The limits are denoted by Zw:| ai| and Zw:| al.|2 , respectively.

1=—00 I=—0

To state conditions for absolute or square summability we use the notation

i| ai| <o and i| a,-|2 < 0, respectively.

1=—00 1=—00

(ii) A sequence of p x p matrices {Ai = (amn,l. ) }, i=0,x1,x2,..., is absolutely summable,
if each component sequence {amn’i }, mmn=1..,p,i=0,£1,+2,..., is absolutely

summable, or equivalently,

(i)' if the sequence { ||Al|| } is absolutely summable, i.e.,

2[4 <o

i=—©

(iii) A sequence of p x p matrices {Al. = (amn’i ) } i=0,£1,£2,..., is square summable,

if each component sequence {am,”. } mmn=1,....p,i=0,21,+£2,..., is square

summable or equivalently,

(iii)" if the sequence { ||Al. || } is square summable, i.e.,

2[4l <e.

i=—

To see the equivalence of (ii) and (i1)', note that

0.5
.| < (ZZainJ < pJa
m n

according to Lemma A-4.1. Hence,

o o
Z‘ a,, | <o if Z”Al” <0,

I=—00 I=—00
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In turn, we also have

0.5
||Ai||g[;;a;m,,) <33 ap.

m n

Hence, if

®
2| G
P

o

2 22

i=—0 m n

<o, forall m,n=1,..., p, then

< oo and hence, i”A,” <.
=0

To see the equivalence of (iii) and (iii), similarly note that
G < 2 2 s < 2[4

Hence,
Y, <o it Y4 <o,

Again, _we also have _

|‘/41'||2 = Zzarznn,i < afm,i .

m n

Hence, if

M

a,,; <o, forall mn=1,..., p, then

— 00

1

s

ZZafm < oo and hence, i:”Al.”2 <00,
- :

1=—00 n I=—00

We further note that square summability is implied by absolute summability, since

<[5 <[ £l

This is formally stated in the next lemma.

Lemma A-4.2

Let {Al. = (amn,i ) } i=0,t1,%2,..., bea sequence of px p matrices.

I S A <o, then S|4 <o
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Definition A-4.3: Stationarity
Let z, = (ztl,...,ztp )T be a p-dimensional process.
a) We call z, strictly stationary, if the joint distributions of
z,,..z, and 2z, ...z,
are the same for all t,,...,t,, all integers m and all positive integers k .
b) Assume that the second moments of z, are finite, and let
the mean function of z, be defined by
nle)= [ E(Zzl)’---’E(th)]T
and the autocovariance matrix function by
F(t.s):= [ (2, (o)) 2, -n(s))' |
Then we call z,
(i) mean stationary, if u(t) =p= (,ul, ol )T,for all t, and
(ii) covariance stationary, if z, is mean stationary and

f(t,s) is a function only 0f| t— s|.

Definition A-4.4: VAR(1) process

We call the p-dimensional process W, vector autoregressive process of order 1, or shortly
VAR (l) process, if the following conditions are satisfied.:

(i) w,=Aw,  +¢g,

(i) & ~WN(0,2),

(iii) det[lp — Az] =0 for |z| <I,
where 1, denotes the p-dimensional identity matrix.

Condition (iii) is called ‘stability condition’ and therefore we also say that w, is a stable

VAR(1) process.

Note that condition (iii) is equivalent to the condition that all eigenvalues of 4 have modulus

less than 1.
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Proposition A-4.3
Let w, = Aw,  +¢&, be a VAR(]) process according to Definition A-4.4.

The infinite sum
2 A%,
Jj=1

exists in mean square, and w, is the well-defined linear process

o0
_ J
W =Y,
j=0

We call the last expression the moving average representation of w,.

It further holds, that
S| <o, Y| =1, -4 and |4] < Ka’
Jj=0 j=0

for some constant K >0 and « € [0, 1), i.e, the sequence {Aj } is absolutely summable and

converges geometrically fast to zero.

Proof:
See Liitkepohl (2005), p. 14.

Further, note that for any px p matrix 4 with n distinct eigenvalues 4,,...,4, (possibly

complex-valued) there exists a nonsingular matrix P (possibly complex-valued) such that

A, 0
P'AP = =A or A=PAP"', where
0 A,
10 ;
0 A 1
A =] .. Dlisarxrp matrix, i=1,...,n.
0 O 1
0 0 A

Thereby, r, denotes the multiplicity of 4., i =1,...,n. This decomposition of 4 is called the

‘Jordan canonical form’. The Jordan canonical form implies that
@41y 4’ =(P'AP) =PN P,

and it can be shown that
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where

R

denotes a binomial coefficient. Hence, we can easily deduct from (4.1) that 4’ converges

geometrically fast to zero, since all eigenvalues of 4 have modulus less than 1

0

Proof of Proposition 4.2
Any VARMA(a,b) process according to Definition 4.4 has a VAR(l) representation
according to Definition A-4.4. To see this, let A(L)w, =B(L)e, be a VARMA (a,b)

process. Define

st
W, 0
. : paxl
Wt—a+1 O
VV; = s Et = s
8[ st
. O pbx1
€ :
0
p(a + b)x 1

and

A= {A” Au} pla+b)x pla+b), where

A21 A22
4 A, A, M, M,, M,
1, 0 0 0 0 0
A= > Ay = . >
0 I, 0 0 0 0
paxpa pax pb



A, =0 and A, =|"

pbx pa pbx pb

With this notation, the VAR(1) representation is given by

42) W.=AW,_ +E,.

If a =0, we choose a =1 and set 4, =0 in this representation.

It should be mentioned that the process W, by construction is not a VAR(1) process according
to Definition A-4.4 in a strict sense, since the covariance matrix of E, in (4.2) is singular.

However, the following considerations remain true in spite of this fact. The next lemma states
the relationship between W, and w, concerning the stability of the process.

Lemma A-4.4

The p(a+b)-dimensional VAR(1) process W,, which corresponds to the VAR(I) represen-

t

tation (4.2) of a p-dimensional VARMA (a,b) process W, is stable if and only if w, is stable.
In other words,

det[lp( )—Az] ¢0f0r|z|£1 = det[A(z)]=det[Ip—Alz—...—Aaz”] ¢0f0r|z|£1.

a+b

Proof:
This follows by simple rules for the determinant of a partitioned matrix.

U

We know from Proposition A-4.3, if w, and hence W, is stable, the latter process has an

moving average representation
(43) W, =) AE,_,.
=0
Premultiplying (4.3) by the p x p(a + b) matrix J = [I , 0 0] yields
w,=> JAE_ =Y JAHJE,_ =) JA’He,_ =) Cg,_,,
J=0 J=0 J=0 Jj=0

where
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paxp

ST

()

pbx p

and

44) C, =JA'H .

Hence, from (4.3), (4.4) and Proposition A-4.3 it follows that VARMA processes are linear
and hence generalized linear processes with absolutely summable coefficient matrices, which
converge geometrically fast to zero.

The stability condition (iii) in Definition 4.4 implies that the inverse filter of A(L) denoted by
A (L) exists. It can be shown that computing the moving average coefficient matrices by

(4.4) is just another way of computing the coefficient matrices of the power series
N J — aY! b
SN, =1, -aL—..- 4L )1, +ML+...+M,I).
j=0

Hence, w, is a stable process which alternatively can be expressed in lag operator notation by

w,=C(L)e, = A" (L)B(L)e

"
This completes the proof of Proposition 4.2.
Hl

Note that, due to condition (iv) of Definition 4.4, w, is also an invertible process, which
alternatively can be expressed in pure autoregressive form by

B (L)A(L)w, =¢,.
The way of computing the coefficients of the power series B~ (L)A(L) is quite similar to the

moving average case (see Liitkepohl (2005), p. 423-429 for further details).

Proposition A-4.5: Linear transformations of VARMA processes

Let w, be a p -dimensional VARMA (a,b) process and let F be an (m x p ) matrix of rank m.
Then the process W, = F w, has a VARMA (5 b ) representation with

d<paandb<(p-1)a+b.
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Proof: See Liitkepohl (2005), p. 436.
U

Hence, the VARMA class is closed with respect to linear transformations and hence, each

individual component processes of w, has a finite order ARMA representation. This is stated

in the next corollary.

Corollary A-4.5

Let w, = (wﬂ,...,wtp )T be a p -dimensional VARMA (a,b) process, then the i-th component
process w, has an ARMA (5i,l;i) representation with da, < pa and l;l < (p —l)a +b, for all

i=1...,p.

Proposition A-4.6
Let z, = (zt1 seees Zpp )T be a p -dimensional VARFIMA (a,d,b) process according to Definition

4.5, then the i-th component process z, has an ARFIMA (Ei,dl.,bNi) representation, 1i.e.,

A“(L) z, =w,, where w, is an ARMA (5i,l;i) process with @ < pa and b, <(p—-1)a+b,

fori=1,...,p.

Proof:

This immediately follows from Definition 4.5 and Corollary A-4.5.
U
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5 Asymptotics for fractionally integrated processes

This chapter deals with the asymptotics of sample covariances of I(d) processes. For this
purpose a couple of theorems are provided and specialized to VARFIMA type processes.
Sample covariances constitute the ingredient parts in OLS regression formulas. The limiting
distributions are not necessarily normal but may be expressed by stochastic integrals.
Therefore, the notion of fractional Brownian motion has to be introduced. Using notation

from Chapter 4 the first theorem stated traces back to Hannan (1976).

Theorem 5.1

Let z, be a p-dimensional generalized linear process according to Definition 4.2 and let
f, (/1) fori, j =1, .., p, be the indicated elements of the spectral density matrix f (/7,) given

in Theorem 4.4. Now define

2, (m)= Jn (]?U (m)-7, (m)) where

. 1 & _ _
sz(m):E(ZnZ(Hm)j) and 7:‘/'(’"): Z(Zﬂ _Zi)(Z(Hm)f _Zf)'

n—m-.

A necessary and sufficient condition that any finite set of the 7, (m) be jointly asymptotically
normal is that the f, (/1) are all square integrable, for i =1,...,p.

The covariance between 7, (m,) and %,,(m,) in their limiting distribution is given by

T Zp: Zp: Zp: Zp: Kabea i J. _”,, {[D (e " )] ia [D (eﬂ )] € g [D (e o )] ke [D (em )] we " }d;L 5

i* =~-1 and K, denotes the fourth cumulant between ¢,,, £, , €,, €, -

Proof: See Hannan (1976).
U

According to Proposition 4.5, the diagonal elements of the spectral density matrix of
VARFIMA processes are square integrable, if the integration order of each component

process is less than 0.25. Hence, we get the following result.
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Corollary 5.1
Let z, be a p-dimensional VARFIMA (a,d,b) process according to Definition 4.5.

Then any finite set of the 7, (m),for k1 =1, .., p, isjointly asymptotically normal,
if d;<0.25 fori=1,..,p.
The same holds if t,,(m) is replaced by T,,(m)=n(7,(m)—y,(m)).

For the last result note that 7,,(m)—7,(m)=o0 , (1) (see proof of Proposition 4.1).

Next, we define fractional Brownian motion (fBM). As noted in Chapter 2, there are two
different definitions in literature being known respectively as type I and type II fBM. The
difference between these processes is substantial, and we emphasize that all our results are
merely based on the type I definition. This is due to the fact that we will base our analysis
partly on results proved by Davidson and Hashimzade (2007b) for nonstationary I(d)

processes which are based on the type I approach.

Definition 5.1: Fractional Brownian Motion (Type I fBM)

The p-dimensional fractional Brownian motion B, (s) with memory parameter vector

d= (dl ,...,dp) and covariance matrix ¥ is defined as

B,(s)=[B, (5).... B, (s)] "

P

Thereby, each B, (S) is a one-dimensional fractional Brownian motion with memory

parameter d,; defined as

N

B, (s)= ;{ [(s—1)"aB{(e)+ _}[(s Y (=) ]dB((f)(t)}, for 0<s<1,

r(d, +1) |3

where B(()i)(t) is the i-th element of a p-dimensional Brownian motion with

covariance matrix Q (Definition A-5.2 in the appendix).

Letting @ denote the (i, j)th element of Q, the elements of the matrix ¥ are defined by

0

v, = il { | L (E=K —rd’]dr}

r(d, +1) T(d, +1)|1+d, +d, 1

for i,j=1,...,p.
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The univariate fractional Brownian motion B, (s) was first proposed by Mandelbrot and Van
Ness (1968), from whose work it can be derived that the expectation of B, (s) is zero.
The covariance between B, (s) and B q (s) is W, e,

E(B,()B,(1) )=v.

Hence, the variance of the i-th element of B, (s)is given by

.. 1 T d. d. 2
= il 1 P i .
Vi F(di+1)2{l+2di +£(( we)t-e ) dr}

A proof of the closed-form representation
@ F(l —2d, )
(2d, +1)r(1+d,)T(1-d,)

Vi=

is given in Davidson and Hashimzade (2008).
The next theorem parallels Corollary 5.1 for the case when the integration order of the
underlying process is strictly between 0.25 and 0.5. We note that in this case the

corresponding spectral densities are not square integrable any more.

Theorem 5.2 (Chung, 2002)
Let z, be a p-dimensional VARFIMA (a,d,b) process according to Definition 4.5

We additionally assume E | &, |"" < o, fori =1, ..., p, and some 1> 0.

If 025<d,; <05, foralli=1,..., p, then for any finite integer m we have

[ns]—

(5.1) Diag( ){ Z [zt I ]}Dlag( ) = R(s), for 0<s<1,

where F(m) are population autocovariances and R(S) isa px p matrix of processes

of which the (k,l )th element is defined by
R0~ | e e e st )

Here (z)] =0 if z<0, and (z) =

+

=z°ifz>0, and B( ( ) is the k-th element of a

p-dimensional Brownian motion with the variance-covariance matrix @ = C(1)= C(1)" .

Proof:
See Chung (2002), Theorem 2. [
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Remarkably, the limit does not depend on m. Unlike fractional Brownian motion, R )(s) is
not Gaussian. Fox and Taqqu (1987) and Hosking (1996) have derived cumulants for the

univariate version of R(k’)(s) with &k #/ and with k=1, respectively. In particular, their

results imply that £ [R(“)(s)] =0, for all £ and /, from which it can be concluded that the
mean of the limiting process R(s) in Theorem 5.2 is also zero. In addition, Tudor (2007)

analyzes the univariate Rosenblatt process from a stochastic calculus point of view.

From Corollary 5.1 and Theorem 5.2 we conclude that the convergence rate of the sample

1/2

variance grows toward the standard »~ '~ rate as the values of d, decline from 0.5 to 0.25.

When the values of d, pass 0.25, then the convergence rate of the sample variance stops

1/2

changing and settles at the »~ '~ rate, whereas the limiting distribution changes from a

nonnormal distribution to a normal one. The case where d, = 0.25 is not available under the
present assumptions. Hosking (1996) has derived a result for the univariate case under the
Gaussian innovations assumption that ~/n/Inn [74(m)=7,(m)] will have a Gaussian
limiting distribution given d, = 0.25. Note that Corollary 5.1 and Theorem 5.2 do not cover
any case. For example, if we assume the integration order of one process to be less than 0.25
and the integration order of another process to be greater than 0.25, then there seems to be no
distributional result in literature yet.

The next theorems will enable us to deal with the asymptotics of nonstationary I(d) processes.
Common tools in this context are functional central limit theorems (FCLTs) and the
continuous mapping theorem. Together they provide a way to represent limiting distributions
as functionals of fractional Brownian motions.

First, an FCLT proved by Davidson and de Jong (2000b) is stated, which is then specialized
to VARFIMA type processes. Then, we apply the continuous mapping theorem to derive the

limiting distribution of the sample variance when appropriately standardized.

Theorem 5.3 (FCLT for I(d) processes)
Assumption I:

The sequence w,

(i) has zero mean,
(ii) is uniformly L _-bounded for r >2,

(iii) is L,-NED of size -0.5 on ¢, with d, =1, where &, is either an o -mixing
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sequence of size — r/(r - 2), or a ¢-mixing sequence of size — r/(2(r - 1))

(iv) is covariance stationary with

n n

t=1 s=1

Assumption 2:

Each component of the p-dimensional process w, = (wt1 yees W, )T satisfies Assumption 1, and
Q = lim ! iZn:E(w WT)
B n—x0 n ! $

t=1 s=l1

is finite and positive definite.

Define the process
z, =A(L)w,, where |di| <05, fori=1,...,p, and
[ns] . R
Zn(S)I= ZZ,” , Where Z , = Dn_ll, and D, = Dl'ag(nd,v-#O,S)‘

t=1

Then,
Z = B,

where B, is a p-dimensional fractional Brownian motion as in Definition 5.1.

Proof: See Davidson and de Jong (2000b) Theorem 3.2.
0

For the concept of near-epoch dependence see Definition A-5.4 in the appendix.

We next specialize Theorem 5.3 to VARFIMA processes.

Corollary 5.3: FCLT for VARFIMA processes
Let z, be a p-dimensional VARFIMA process according to Definition 4.5 with

(52) AYL)z,=C(L)e,,

then

[ns]
(5.3) Diag(n_o's_d" )Zzt = Bd(s),for 0<s<1,

t=1

where B, (s) is a p-dimensional fractional Brownian process as in Definition 5.1
with Q =C(1)z C(1)".
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Proof:
All assumptions of Theorem 5.3 are fulfilled. This follows from Proposition A-5.4 in the
appendix when choosing w, = C(L)g,.
Note that the process w, is a stationary and invertible VARMA process with finite fourth
moments, which is driven by an i.i.d. and hence mixing white noise sequence g,. Further,
each component process of z, has a finite ARFIMA representation (Proposition A-4.6 in the
appendix), and hence the conditions in a) hold componentwise. Since the covariance matrix X
of g, is assumed to be finite and positive definite ,

Q=c()zc@)
is also finite and positive definite.

0
A useful result for the sample variance of a nonstationary ARFIMA process is the following.

Proposition 5.4
Let z, be a one-dimensional VARFIMA process. Then,

n Zn:xtz — .[;Bj(s)ds,

t=1

where B (s) is as in (5.3) in Corollary 5.3, Ax, = z,, for t >0 and x, =0.

Proof: See appendix. [

Next, new asymptotic results derived by Davidson and Hashimzade (2007b) for the
covariances of a nonstationary I(d) process with the stationary increments of another such
process will be stated. We will then specialize these results to VARFIMA processes. The

specific assumptions to be adopted are as follows.

Assumption 1

T . .. . . .
g = (8,1, 812) is i.i.d. with zero mean and covariance matrix

E(ststT)= Y= (Z: ::) and E(eflgfz)< 0.

&, =&, is an admissible case.
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Assumption 2

Z, = lejg(t—j)l and z, = ZDzjg(,_j)z , Where the sequences {DU} and {Dzj} depend on
=0 =0

parameters d, €(~0.5,0.5) and d, € (~0.5,0.5), respectively, and sequences {L,(j)} and

{Lz ( ])} that are slowly varying at infinity. These sequences satisfy one of the following

conditions, stated for {Dl j}‘ as representative case:

(@) If 0<d, <0.5, then D, =T(d,)" (j +1)""L,(j).

2D,
j=0

(c) If -0.5<d, <0, then D\, =6, and D,; =6, -5, for j >0, where

() Ifd, =0, then 0< <w, and D,; =0(j ") for n>0.

5, =T1+d,)" (41 1,().

Note, a sequence L( j ) is said to be slowly varying at infinity, if it satisfies

Lla j)/L(j)—1 as j — oo, forany a > 0.

Now define

1 n=1 t s
54) G, = K(n)zzzﬂz(tﬂ)l , where K(n)= n' e (n)L2 (n)

t=1 s=1

Expressions of the form G, correspond to the first right-hand side term of (3.8). The
asymptotic distribution of G, is well-known for the case when z,, and z,, are I(0) processes
with z, having the interpretation of a stationary error term and z,, the differences of a
nonstationary I(1) regressor in the type I sense. The next theorem states the asymptotics of G,

for I(d) processes with d # 0.

Theorem 5.5
Let Assumptions 1 and 2 hold.

(i) If d,+d >0,then G, —> E, +1,,

where A, =lim E(Gn ) = O_zlr(l —d; —d, )

_ in(zd ).
o ;r(1+d2+d1)(d2+dl)sm(” )

(i) If d,+d, =0,then G, —*> =, + 1, where 1, = 1imE(K(”)Gn].

n—0 n
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(i) If d, +d, <0 and ., #0, then K o, i

(iv) If d, +d, <0 and A, =0, then G, —> Z,,.

The random variable =, can be represented as

B, = E'1,21 +Ez,21:
where
1 1
By = JQ( )dB(l)(r) E‘Z,Zl = jH(p)dB(z)(p)

Thereby,

(r_p)dz(l_r)dlF(_dbd191+d1; _l_rj
r—p

Az1(r’p): r(l+d2)r(1+dl)

<r—p>d2<—r>dlF[—dz,dl,ndl; ]

-1 r-p
tret} T(1+d,)T(1+d,)

I (R e ey
Lo r(1+d,)T(1+d,) ’

for —o< p<r<l,and

1
r(d, +1)I(d, +1)

x{(l_p)d{(l_r)% —(p—r)le(—dl,d2,1+d2;—l_pn

p—-r

E21(par):

) [(w)dl (o= H{-dt ,wz;im,

p—r
for —o<r< p<1, where

o T &Tla+)rb+j) y
F(a,b,c,z)_ F(a)F(b)j:0 F(Cj+j)jg J (_Z)

represents the hypergeometric function.

Finally, B(l)(r) and B(z)(r) are the components of a 2-dimensional Brownian motion with

covariance matrix X.
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Proof: Davidson and Hashimzade (2007b), Proposition 4.1.
U

Note, by setting €, (3,1 , €, ) , we have
L%s, —4 5 B(r)= (B (1)(,,)’ B(z)(r))T , for real-valued 1,
n -

when extending Corollary 5.3 to the whole real line, where B(r) is a 2-dimensional Brownian

motion with covariance matrix

1
Q=Cov|—=) g, |=2=Covlg, ).
[z )-z-cote
Davidson and Hashimzade (2007b) note that both =, ,, and =, ,, are stochastic integrals of

Gaussian integrand processes with respect to Brownian motion. Therefore, these integrals are

of It type. Further, O(r)= B, (r) for »>0 and 0 for » <0 when d, =0, i.., E,, reduces
to a regular It0 integral of a fractional Brownian integrand. The term =, ,, arises only in the

case of fractional integrator functions, since E,, ( D, r) =0 forall p and » when d, =0.

Theorem 5.5 is not applicable to any arbitrary VARFIMA process , since we have to assume
some diagonal structure for the lag coefficients. As can be seen from Assumption 2, the
innovations of each process affect the other one only by contemporaneous correlation
expressed via X . Assuming this restriction, we can easily extend the results of Theorem 5.5 to

p-dimensional processes.

Corollary 5.5
Let z, be a p-dimensional VARFIMA(a, d, b) process according to Definition 4.5 exhibiting
diagonal structure, i.e.,
A (L)z, =w,, where
AL)w, =B(L)s,,
and we additionally assume
A(L) = Diag(ai (L))

B(L) = Diag(b,(L))

C(L)= Diag(c,(L)), where
)

a,(LY"'b,(L), for i=1, .., p.

o

(L

1
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Let Zt=(Z z )T, it:(Eﬂ,...,Z )T and a:(cz,...,gp)T,where

EREREED P

Az, =z, fort>0,%,=0andd =d, +1.

Define

G(U) — 1 ”—122 z _ 1 n N - Where K (n): l+d;+d; _ di+d;
" K, m)ggTT e T K ()5 j

Under these assumptions we have the following results fori,j =1, ..., p:

@) If d+d,>1,then GY —s ¢ ()c,()(E, +4,).

n

where 4, e 0 0 el TS
i J i j

)sin(ﬁdj).

(i) If d, +d; =1, then G 4, ci(l)cj(l)(Eij +i;), where

(iii) If d, +d, <l and A; #0, then %ZE(I_I)I.Z” —L 1.

(iv) If d,+d, <1 and 2, =0, then G —< ¢ (1)c,(1)E,.

The random variables Z; and the terms A; and A; are defined in analogy to the results of

theorem 5.5.

Proof:
Since we assume diagonal structure, it is obviously sufficient to show that Assumptions 1 and

2 of Theorem 5.5 hold. According to the assumptions put on the white noise sequence g,,
Assumption 1 is fulfilled. Now let z, be an ARFIMA process (univariate) according to

Definition 4.5 with moving average representation

0

z,=D(L)e, = ;D/gﬂ , where D(L)=A"(L)c(L) and c¢(L)=a"(L)b(L).

From Theorem 4.3 we have
D, ~T(d)" j*" c(l) as j—>».

Hence, Assumption (2a) holds when choosing the sequence L( i ) to be implicitly defined by
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Obviously, L( j ) - c(l), and the sequence is hence slowly varying at infinity.
If d =0, the process z, is an ARMA process with absolutely summable coefficients, which

decline geometrically fast to zero (Proposition 4.2). Hence Assumption (2b) is fulfilled.

For the more elaborate case when d e (~0.5,0) we rewrite

.= c(L)g,.

z, :iDjSH as A'(L)z
=0

Differencing both sides of the latter representation yields

AAY(L)z, =Ac(L)e, andhence A"z, =c(L)Ace, .

t

The moving average representation of z, is now given by z, = A" (L)c(L)A g, .

Note that A (L)=(1-L)"" is defined as

(1-1)" :i F(.j+d+1)L/ :ie

where

_ T(j+d+1)
TG+ n)r(d +1)°

Convolution of the filters (1— L) ‘™" and ¢(L) yields

AN (L)e(L)= ieiﬂ icjy' = iajy’ :
i=0 i=0 j=0

where
(5.5 6, =Y 0c.
i=0

(see Gourieroux and Montfort [1997], p. 140).

Hence, z, can alternatively be represented by

(5.6) z,=)0,A¢_;.
j=0

Writing (5.6) out as

Z, = 50(81 _Sz—1)+51(8z—1 _5172)'*'52 (3172 _‘9z73)+---
=0,¢, +(51 _50)8t—1 +(‘52 _51)5t—2 +(53 _52)81—3 ...

we have Dy =9, and D, =9, -9, ,,for j>1.

12
On using Stirling’s approximation for large j that

F(j—i—a) wa—b

~

r(j+b)

b
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it can be established that

_ T(G+d+) j°
7T+ )r(@+1) T(d+1)

and hence,
0, ~j'T(d+1)"c(1).
The last result can be easily seen when writing the coefficients 6, in (5.5) out as
0, =1,
0,=¢+6,,
0, =c,+06c, +06,,
0, =c,+6c, +0,c, +0,,

0,=c,+6c;+0,c, +0;c, +0,,

and noting that the coefficients ¢; decline geometrically fast to zero.

Hence, Assumption (2c) holds when choosing the sequence L( i ) to be implicitly defined by
0,
L ) — J
U=y
with L(j)— c(1).
0
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Appendix 5

Theorem A-5.1:

If w, is a stationary p-dimensional process with zero mean and absolutely continuous

spectrum f (A), continuous at the origin, then

limn‘lizn:E(wtwf)= 27 £(0).

e =1 s=1

Proof: See Hannan (1970), p. 208.
H

Corollary A-5.1:
If w, is a VARMA (a,b) process then

n n

lim 2y Y E(w,w')=c)zc() =@,

n—0
t=1 s=I1

where Q is positive definite.

Proof:

This follows from Theorem A-5.1 by application of Corollary 4.4 to the VARMA case.
U

Note that the expression

lim n™' izn:E(W,WST)

e =1 s=1

may be interpreted as the asymptotic covariance matrix of n™'"? ZWt .
t=1

Definition A-5.1: Standard Brownian Motion

a) Standard Brownian motion

Standard Brownian Motion is a stochastic process { W (t),t > 0 } satisfying the conditions
@) w(0)=0, as.,

i) W(t,)-w)w(e,)-w,),....w(t,)-w(t,,), are independent for every

ne{3,4,..}andevery t=(t,,...,t,) suchthat 0<t <t,<...<t,,

(iii) W(t)—W(s) is distributed as N(0,t—s) for t>s.
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b) Multivariate standard Brownian motion

A stochastic process W = (W1 sees W, )T is a multivariate (p-dimensional) standard Brownian

motion, if W,,...,W are independent (univariate) standard Brownian motions as in a).

Definition A-5.2: Correlated Brownian Motion
The p-dimensional Brownian Motion B with covariance matrix ., is defined as
B — Ql/2w
where W is a p-dimensional standard Brownian motion and € is a symmetric positive

definite matrix.

Definition A-5.3 (L,-bounded)
Let X be a random variable on a probability space (Q F, P). If E |X |p <0, for any real p > 0,
X is said to be Ly-bounded. The L,-norm of X is defined as
P 1/p
I, = (efx7) "
A stochastic sequence {X,}” on (@, F, P) is said to be uniformly L,-bounded for p > 0, if

sup||X,||p <B<w.
t

Lemma A-5.2 (Minkowski inequality)

For r >1 and two random variables X and Y,

fx+ 1], <|pxl, +,
Proof:
Davidson (1994), p. 139.
UJ

Lemma A-5.3 (Conditional modulus inequality)
Let Y be an integrable random variable on a probability space (QFP) and G a o-field
contained in F . Then,
|E(Y|G)|<E(|Y]]G)as.
Proof:

Davidson (1994), p. 151.

0
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Definition A-5.4: Near-epoch dependence (Davidson [1994], p. 261)

For a stochastic sequence { g, }i on a probability space (Q F, P), let
F'ttjmm = O-(gt—m 200 SHm )

such that {E’_tn”’ }w

m=0

the o-field generated by ¢ £ is an increasing sequence of o-

t-m’*°°*? t+m >

fields. If, for p > 0, a sequence of integrable random variables {wt }fw satisfies

where v, =0, and {d, }”_ is a sequence of positive constants, w, will be said to be near-

t"m?>

t (Wt |Ftt—+mm)

<dyv
p

epoch dependent in L,-norm (L,-NED) on {g, |*_ . We will say that the sequence {w,}”, is L,-

NED of size — ¢, when v, = O(m_(/’) for ¢ > ¢, .

Proposition A-5.4
Let w, be an ARMAC(a, b) process with moving average representation

w, = Zc JE
j=0
Then, w, is L,-NED of size -0.5 on ¢, with d, =1.
Proof:

According to the Minkowski and conditional modulus inequalities (Lemmas A-5.2 and A-5.3)

Bl )], = e e~ Ble, L)) =) e e, e, 1)
j= 2 Jj=m+ 2
<| Yo, | | ek 15)
J=m+1 Jj=m+l1 )

IN

ool 152
(B[, PIE ) 1)
&) ‘2 )

i“]‘(
> e

Jj=m+l1

3 e (e,
J=m+1

o0
= Z ‘CJ‘ 20

J=m+l

IA

:dtvm s

where v, =20 Z\cj | and d, =1.

J=m+l
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According to Proposition 4.2 the coefficients ¢, are absolutely summable and decline
geometrically fast. Hence, we conclude ¢, :O(j*“’) for every ¢ >0 and hence, for

@, =—0.5. Hence, v, > 0 with v, = O(m*g") for ¢ >-0.5.

U

Theorem A-5.5 (Continuous mapping theorem)
Let A(x) be a continuous function defined on D.
If X, = X, then A(X,)= h(X).

Proof:
Billingsley (1968), p. 29.
]

Proof of Proposition A-5.4:

First define

7 ( W 1/2d,-§
n s).—n z, .

t=1

By Corollary 5.3 we have Z,(s) = B,(s). Next, rewrite 7" > x; in terms of

t=1
Z”(at): n—l/Z—dxt — n—l/2—dizs ,
s=1

where a, =t/n, so that

DY A WA

t=1 t=1
Because Z, (s) is a constant for /n < s <(¢+1)/n, we have
a1 n t+1)/ _ )
n ;ZW ZJ-,/,, ) ds = J- Z,(s)ds.

The continuous mapping theorem (Theorem A-5.5) applies to

Wz,)=[z,(s ds.

It follows  4(Z,)=> h(B, ), so that

p2 z x, —> J‘ BZ(s)ds , as claimed.
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6 Asymptotics for fractionally integrated regressors

In this chapter, the asymptotic distributions of OLS are derived for Models (M1)-(M3).
Therefore, most results from the foregoing chapters are summarized in Section 6.1 in a
uniform manner with its proper notation. The one-regressor model (M1) is treated in Section
6.2 for stationary and nonstationary settings, whereas the two-regressor model (M2) is treated
in Section 6.3. The dynamic regresssion model (M3) is examined in Section 6.4 for the

nonstationary case.

6.1 Preliminary results
The following lemma brings together all preliminary results needed for dealing with OLS

asymptotics. This essentially requires asymptotic results on sample covariances.

Lemma 6.1

Let z, = (z,o, o tp) be a (p+1)-dimensional VARFIMA process with

A‘(L)z, =w,, where A(L)w, = B(L)e

te

fort> 0,

tl’

T 5 Y ~
Further, let Z, —( Zygr e tp) and d = (d .,dp) , where Az, =
Z, =0 and cz =d, +1, fori=0,1, ..., p. Denoting the covariance matrix of €, by

Cov(st): = (0')

¥ 7i,j=0,..p

and the covariance matrix of z, by
COV(Zt ) = FZ = (721' )[,j=0,.“,p ’

we have the following results:

[ns]

(P1) Zs = B,(s). for 0<s<1,

where B(s)(s) is a (p+1)-dimensional Brownian motion with covariance matrix X.

P2) —Ew = B, () for 0<s <1,
NP
where B(w)(s) is a (p+1)-dimensional Brownian motion with covariance matrix

o=(o,) .,  =clEcty.
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1 ns
(P3) —gzt:B s), for 0 <s<1,
2 a(s)

where Bd(s) is a (p+1)-dimensional fractional Brownian motion with memory parameter

vector d = (do " | p) and covariance matrix

T:(‘//ij)

i,j=0,...p"°

where

Vi = r(d, +IZ)U;(dj +1){ 1+d,.1+ d, +T [(lﬂ)dl _Tdi][(lﬂ)dj _de]dr }

0
(P4) lZ:zﬁz(mn)j —r Vi (m) for me (...,—2, -1,0,1, 2,...),
n
where ]/l.j(—m): 7 (m) and 71].(0): Vi Jori,j=0, .. p.
®5) 0 Yz s ['B (s)ds,
t=1

where B, (S) is the (i+1)-th component in (P3), fori =0, ..., p.
(P6)
(i) Any finite set of \/;(77“ (m)— Y (m)),for k, 1=0, .., p, isjointly asymptotically normal,

if d;i<0.25 fori=20, .., p.
(ii) If we additionally assume E | ¢, | < o, for i =0, ..., p, and some 1 >0,

then for any finite integer m we have

[ns]-m
Diag(nid" ){ [z,z,im —F(m)] }Diag(nd") = R(s),
t=1

if 0.25<d, <0.5, foralli=0, ..., p. Thereby R(s) is defined as in Theorem 5.2.

(P7) Define

n

~

y L 1 -
G(’J) = ) = z., h K. _ I+d;+d; _ di+d; .
' Kij (n) 1=1 ;Zszz(tﬂ)_/ Kij (Vl) =1 ez, where if (n) n n

We additionally assume z, to exhibit diagonal structure, i.e.,
A(L)= Diag(a,(L)), B(L)= Diag(b,(L)), C(L)= Diag(c,(L)), where
c,(L)=a,(L)"'b,(L), for i=0, ..., p.

@) If d+d,>1,then GY —s ¢ ()c,()E, +4,),

n

where 4, = 0" e ) i) )
i J i j
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(i) If d,+d, =1, then GY —‘ ci(l)cj(l)(Eij +/1;), where
. g I G
2’?1' = hmE(_zZ(t—l)iZ(ij'
n—0 n =1

p *
, > Ay

(iii) If d,+d, <1 and X, #0, then %ZE(”)[ZI.
t=1

; 7 o (&) d =

(iv) Ifd,+d, <1 and 2, =0,then G —> c(1)c,(1)E,.

Thereby 2., A

g2y

and 2; are defined as in Corollary 5.5 fori,j =0, 1, ..., p.

(P8) We have joint weak convergence of (P3) and (P7).

Proof:

Results (P1)-(P3) follow from Corollary 5.3. Result (P4) follows by the property of
covariance ergodicity (Corollary 4.3). Result (P5) follows from Proposition 5.4. The results in
(P6) are taken from Corollary 5.1 and Theorem 5.2, for i = 0, 1, ..., p. The results in (P7) are
the results of Corollary 5.5, for7, j = 0, 1, ..., p. Result (P8) follows directly from Theorem 4.1
in Davidson and Hashimzade (2007b).

U

6.2 Regression model with one regressor

In this section, we consider the univariate regression model (M1), where a single regressor
and the error term are generated by a process to be specified. The first theorem deals with the
case, where both regressor and error are stationary, whereas the two subsequent theorems

consider the cases in which either the regressor or the error is nonstationary.

Theorem 6.2.1 (Stationary regressor and stationary error)

Let in Model (M1) the process z, = (e[ , X, )T be driven by a VARFIMA process according to
the assumptions of Lemma 6.1 with (P1)-(P5). We set z,, =e, and z, =X,.

(i) If d,,d, € (— 0.5, 0.25) and hence, we additionally assume (P6)(i), then

n”{ﬁ—ﬂ—iﬂ] — 7iN0.7)
11

with V> 0 whose definition can be found in the proof.
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For the remaining cases we additionally assume (P6)(ii) and define

1

11
R(lo)(l) d J'J.D T— r1 r ro) dz}dB())( )dB((f))(rO),
0 00—00

0

y j j {J (f‘rl)f‘”(f-"o)f“‘df} a8)(r) B ().

0
Thereby B((;)) (r)a’enotes the (i +1)th component of B(s)(r).
(i) If d,,d, €(0.25,0.5) and o,, =0, then

n'mh (,é - ,B) — 7’111R(10)(1)
(i) If d,,d, €(0.25,0.5) and d, = d,,, then

) If dy,d, €(0.25,0.5) and d, > d,, then
n' 4 (Ié -p _hj — yloyflzR(ll)(l)'
Y11
According to our cases, we either have a normal distribution or a Rosenblatt distribution. The

convergence rate in the latter case is strictly slower than n'"’

. It may also be a noteworthy
and surprising fact that in this case the convergence rate decreases as d, increases. In general,
the estimates are asymptotically biased if the regressor is correlated with the error term. A
sufficient condition yielding consistent estimates is o, = 0. At least to our knowledge, there

is no distributional result available at the moment for the case, when d, € (~0.5,0.25] and

d, e [0.25, 0.5] or vice versa. Note that Chung (2002) derived the asymptotic distribution in

the multiple regression model (M4a), p. 11, and our results may not be deducted from his
results.

Proof of Theorem 6.2.1:

For ,3 we have the relation

A x.e
61 poploi G-l
Tu sz 7
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Generally, we have
(6.2) n_Ifo —L 7,

because of covariance ergodicity. For (i) we multiply (6.1) by »n'?, which yields

a2 thet _ o | _ thet _pv2_ w2t 2 Yo
ZX 71 Zx n712x 71 ”712)@2
_ ”_I/ZZ(Xze: _710)_7/&” 1/22()6[2 _711)
n—lzth T ”_lzxtz '

According to (P6) (i) the terms n™"'* )" (x,e, - 7,,) and n™"? Z(x,z - 7/“) are jointly normally

distributed with variances v,,and v,,, respectively, and covariance v,,,, whose definitions are
implicitly given by the results of Theorem 5.1. Thus we have a normal distribution in the limit
with variance

_ 2 -1
V=Y + 7071 Vi1 =271 VioVion -

1-d,—

For (ii) to (v) we multiply (6.1) by n'""~* , which similarly yields

o Z'xtet _ o | _ n_dl_dOZ( _710)_Vin_d1_d02( ’ _7/11)
DR " - '

n x; 1 n x;

Further,
(6.3) nh Z(x,et - 7/10) — R(m)(l), where

1

11
Rt | j{jf Y e ) dr}f 01) B

0
and

(6.4) n’ZdIZ(xf—yn) — R(“)(I),where

1 1
R 1 UT Y e ) dr}dBM(n)dB&;(ro).

If o, =0, then y,, =0 and (i) can be easily deducted from (6.2) and (6.3).
If d, =d,, we have joint weak convergence of (6.3) and (6.4),
if d, <d,, then

n i Z(x,et —710) — R(IO)(I) and n % Z(xf —711) —> 0,

and if d, > d,, then

(e ) o 0 and w T -y, )~ RO).
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Theorem 6.2.2 (Nonstationary regressor and stationary error)

Let in Model (M1) the process z, =(e,,Ax,)" be driven by a VARFIMA process according to
the assumptions of Lemma 6.1 with (P1)-(P5), (P7) and (P8). We set z,, =e, and z, = Ax,.
(i) If d,+d,>1, then
a5 o), )E,+4
nd] do(ﬂ_ﬂ) d 5 1() 01( )( 10 10)‘
IO le (s)ds

(ii) If d,+d, =1, then

cl(l)co(l)(EIO +1To)+710
T :
IoBdl (s)ds

(iii) If d,+d, <1 and 2, #0, then

n’y‘_d"(ﬁ—ﬂ) d_y

k-1 p d_ Ao + 710 .
" <ﬂ ﬂ) _[;Bj1 (s)ds

(iv) If d,+d, <1 and X, =0, then

k-1 p d_ 710 .
" (ﬁ ﬂ) J:Bi (s)ds

Generally, OLS yields consistent estimates. The convergence rate increases as d, increases

and d, decreases, but is unaffected by d,, if c?l +d, <1. Further, if o,, =0 in (iv), then

710 =0 and hence ,[;’— p=o, (n”‘;l ) Case (i) parallels Proposition 6.5 of Robinson and

Marinucci (2001). Case (iii) and (iv) parallel Proposition 6.1 of the same paper. Since these
authors use the type Il approach for generating nonstationary sequences, their limiting
distributions generally differ from ours. At the same time their convergence rates match ours

for these cases. But it should be noted that they additionally have to assume d, >0

throughout their work. Further, the case d, =0 does not fit in smoothly but needs separate

treatment in their work. Their convergence rate for the special case gl +d, =0 is slightly

slower than ours by the factor 1/logn . Hence, there seem to be some advantages of our type I
based approach over the harmonic analysis taken by Robinson and Marinucci (2001). These

specifically include the facts, that the special (1)/ 1 (O) case needs no separate analysis but

can be regarded just as a special case of fractional integration, and that we can treat the full

range of long memory parameters for both regressor and error term.
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Proof of Theorem 6.2.2:
We first note that

Zx,et =2xt e t+ZAxe th e, +O ), since

n"IZAxtet —> 70
The rest follows directly from (P5), (P7) and (PS).
(i) Ifd,+d,>1, then

T e, = r TS, 0, 0) 4 e0)es)(E + 4,) and
2 ixf AN jolle(S)dS’
t=1

and by joint weak convergence,

s z X.€ R d_ cl(l)co(l)(EIOJ'_/llO)
Z X (ﬂ ﬂ) I;le(s)ds .

(i) If c71 +d, =1, the argumentation is as in (1) with

1 1 1 — «

;thez = ;th—let +;thez — 01(0) CO(O) (:10 +/’i’10)+7/10'
(iii) If d,+d, <1 and A, #0, then

1 1 .

;th—lez +;zmzez —— 2“10 *+ 710

and hence,

.
241 er d Ao 710

2 ' I;B; (s)ds

(iv) If d,+d, <1 and A, =0, then

n_g‘_d(’ th_let —4 ¢ (I)Co (1) Elo
and hence,

dl dy th 1€ d CI(I)CO(I)EIO '
Zx Il B2 (s)ds

Obviously,

2d1 lel 2N
b
2

since 2&1 -1< 671 —d,, or equivalently, c?l +d, <1.
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Hence,

2d,-1 thetl _ o 2d-1 ZAW: 2d,-1 zxt—lez _2d-1 ZA’%
n n ~ . tn —~— > —=n —~

> > IR

and since

201 zszet d V10
2 1 >
sz J- le (s)ds
we can conclude the result in (iv).

0

Theorem 6.2.3 (Stationary regressor and nonstationary error)
Let in Model (M1) the process z, = (Ae, ,x,)" be driven by a VARFIMA process according to

the assumptions of Lemma 6.1 with (P1)-(P5), (P7) and (P8). We set z,, = Ae, and z, =x,.

() If d,+d,>1, then

nl—dl—Jo(ﬁ_ﬂ) d CO(I)CI(l)(EOI+/101).

11

(i) If d,+d, =1, then

,B_ﬂ d_ co(l)cl(l)(Em"'I(;l)"‘?/m .
7

(iii) If d,+d, <1 and 2, #0, then

,B—ﬂ P\ Aot + 710 '
Y1

(iv) If d, +d, <1 and %, =0, then

71
v) If d, +c70 €(0.5,1) with d,,d, <0.25 and o,, =0, then

) = e 0)>

i) If d,+d, <0.5 with d,,d, <025 and o,, =0, then
n'?(f- ) — yiIN(O.V,)

with V,,> 0 whose definition can be found in the proof.
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In (vi), d,,d, <0.25 in fact is implied by d, + c70 < 0.5, since in our definition the integration

order of stationary VARFIMA is restricted to the interval (— 0.5, 0.5). Hence, OLS may yield

consistent and even asymptotically normally distributed estimates, if the degree of long
memory in both regressor and error is not too large, and if regressor and error are
independent. Though, the corresponding convergence rates imply no super-consistency, i.e.,
the rates are slower than the usual root-n rate. At least to our knowledge, there is no

comparable result to Theorem 6.2.3 in literature for the fractional case at the moment.

Proof of Theorem 6.2.3:
The proof is analogous to the proof of Theorem 6.2.2 when noting that

thet =Z:xtet_1 +2xtAet =thet_l +Op(n), since n"IZAe,xt — Yi0»
and n' ) x} —25 .

In (v) and (vi) we have

65) 0t &5 i (e, and

zxtz 1 ab
A

©o sz}f’ sy N(0.V,,)
t

according to (P7) (iv) and (P6) (ii), respectively, since we assume d,,,d, <0.25 and o, =0

and hence 4, = 0. For (v) we note, if we assume 670 +d, > 0.5, then

n'- ~dy—d, zx Ae,
> x;

nl- dy—d, szez _ do—d, Zx €1 (l) co(l)cl(l)i

25 (0 and hence,

zx Zx 711 '

For (vi) we note, if we additionally assume 670 +d, <0.5, then

02 thet 1 p
2%

A
a2 Z'xtet TR Zx € (1) SN y”N(O,Vlo)-

2% 2%

Note that n™""?)" x,Ae, is normally distributed with variance ¥;,> 0 whose definition is

> 0 and hence,

implicitly given by the results of Theorem 5.1.

O
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Note, the case 670 +d, =0.5 is not available at the present, since for that we would need joint

weak convergence of (6.5) and (6.6).

6.3 Regression model with two regressors
In the following we consider the univariate regression model with two regressors

M2)  y, = Bx, + pB,x,, +e,, for t=1,...,n,
where z, = (e,, x,,,Ax,, )" is driven by a VARFIMA process according to the assumptions of

Lemma 6.1. Hence, we assume x,, to be a nonstationary I(d ) process with d =d, +1,
whereas the regressor x,, is a stationary I(d,) process and the error e, a stationary I(d,)
process. Defining
X X Wi ¢
X=|: Sl,y=|:|ande=| : |,
an yn en

the OLS estimator for £ = (,H1 , By )T is given by

(8 |y oy =) e e

This yields the relation

P thzl thzxtlj [thl t}
ﬂ_ﬂ = P
(Zxﬂxtl thz thz €,

and hence,

quez zxzzle szzez
2 2 2
R S L O
( . ) :H1 _161 -
zxzzxu szzle
2x 2D

and

szzez B szzle thlet
zxzzz szzz thzl
szzxtl zxtzxtl
zle thz

respectively. We note that (6.7) and (6.8) each consist of 4 different terms, which are

R 2 XX
DI Y

(6.8) B, p, =

L (B) z XX and (t4) z X2€,
szzz zxzz
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The asymptotic properties of OLS in (M2) are determined by the interdependences of these

four terms. We will not consider all possible parameter combinations for d,,, d, and d, . This

would require a bulk of case differentations not really giving more insight into the material.

Instead, we restrict ourselves to one specific case. In the next theorem, sufficient conditions
are stated for n' 2(,31 - B =71 7/1’11) to be normally distributed, and for " 2(,82 —~ ﬂz) to be
0, (1) The latter property is sometimes called ‘super-consistency’ in the literature and a well-

known phenomenon when dealing with I(1) processes. It refers to the convergence rate which

is faster than the ‘classical’ root-# rate.

Theorem 6.3.1
Let in Model (M2) the process z,=(e,, x,,Ax,,) be driven by a VARFIMA process
according to the assumptions of Lemma 6.1 with (P1)-(P$).

Weset z,,=e,, z,=x, and z, =Ax,,. If d,,d, €(~0.5,0.25) and c?z > 0.75 , then

12

)

. 11
,Bz - :Bz
with V > 0 whose definition can be found in the proof of Theorem 6.2.1.

A y _
2 B — B - d [7111N(09 V)j
0

Proof:

Defining

Exxzxe Exxéxx Exxgxe

27Vt 2%t t27%¢1 271 27Vt 1™t

A= 5 —, B= > —and C:= 5 —
2 X 2 K2 E i 2 K2 2 K2 2 i

we can rewrite (6.7) and (6.8) as

P Y10 thlet Y10 A
09 p-p-—=x——--"—-——— and
1 1 71 szzl(l_B) yn 1-B

s . DXpe,  C
(6.10) p, ﬂz_Zsz(l—B) 1B

2

respectively. The rest follows by application of the following two Lemmas to (6.9) and (6.10).

Lemma 6.3.2
If the assumptions of Theorem 6.3.1 hold, then
(i) n'?4 —2— 0,
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(ii) n'’B —2- 0,
(i)  n'’C —— 0,

X,,e
. 1/2 Z 2%t
(iv) n S £ 0.

Proof: See Appendix 6.

Lemma 6.3.3
If the assumptions of Theorem 6.3.1 hold, then

zxtle paty
4 N(O, V
[2%13 |y 0.

with V > 0 whose definition is given in the proof of Theorem 6.2.1.

Proof:
We have

l/z(zxﬂ t_&] — 5 ¥ IN(0,7) with V>0,

thl Y

if we put z, = (e,, x,, )" in Theorem 6.2.1 (i). Now,

/2 thlet 70 0’2 Zxﬂe _2o =n" thle =0 (1)
() ST B U o

since

thlzez p @’
sz Y

and n'?B = 0, (l) according to Lemma 6.3.2 (ii).

0

Theorem 6.3.1 states that ,5’1 generally is inconsistent, if x,; is correlated with e, , whereas ,5’2

yields superconsistent estimates. Hence, we have a degenerate bivariate normal distribution.
At least to our knowledge, there is no comparable result to Theorem 6.3.1 in literature for the

fractional case at the moment.

61



6.4 Dynamic-Regression model
In the following we consider the univariate dynamic regression model

M3) y=ay  +pPz +e, for t=1,...,n,
where | a | <1, y,=0and z; = (e,,Az, )T is driven by a VARFIMA process according to
the assumptions of Lemma 6.1 with d, € (~0.5,0.25) and d, € (~0.25,0.25). Hence, we

assume z, to be a nonstationary 1(471) process with 071 €(0.75,1.25) and e, to be a stationary

1(d, ) process. If we define
Yo 2 Y1 €

yn—l Zn yn en
the model can be represented by
(6.11) y=Zy+e.
The OLS estimator for » in (6.11) is given by
a _ _
7= (ﬂ] =(z72)' 27y =(272)' 27 (zy +e),
which yields the relation
p-y=(z"z)"'z".
If we linearly transform (6.11) by a nonsingular 2 x 2 matrix C, we get
(6.12) y=Xd+e,
where X =ZC and 6 =C'y.
The OLS estimator for 6 in (6.12) is given by
S=(x"x)"x"y=(x"x) X7 (X5 +¢),
which yields the relation
5-5=(x"x)"x"e.
Since
cS=clx"x)'x"y=clc"z"zc)' c"z"(zcC 'y +e)
—cc'(cz'z)' 'z (zy +e)
—(z7z)' (") " 2" (zy +e)
=7,
we have the important relation

6.13) C'(p-y)=56-6.
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Equation (6.13) will be the basis for deriving the asymptotic distribution of OLS in (M3).
If we define (x,,x,)=(y,,z)C and 6=(5,,5,)", Model (M3) can alternatively be

represented in the form

S
(6.14) ylz(yt_l,z,)CC1(2j+etz(xll,x,2{51]+et,f0r t=1,...,n.
2

For the subsequent analysis we need to define the process z, = (e,, Az, )" , where

6.15) e =a(L)'e, and Az, = a(L) ' Az, with a(L)=1-a L.

Obviously, z, is also driven by a VARFIMA process according to the assumptions of Lemma
6.1 with d, € (~0.5,0.25) and d, € (—0.25,0.25). The lag polynomial a(L) just extends the
orders of the autoregressive lag polynomials of e, and Az,. For example, if e, is a I-
dimensional VARFIMA(a, dy, b) process, then e, is a VARFIMA(a + 1, dy, b) process. We

note that the product of lag polynomials is commutative in the scalar case.

Theorem 6.4.1
Let in Model (M3) the process z, = (e,,Az,)" be driven by a VARFIMA process according to

the assumptions of Lemma 6.1 with (P1)-(P8). We set z,, =e, and z,, = Az,. Define

7= B and b" :=b—l*, where
l-a )

b= r)=ary -ty tary,(l) and b=y, -27y,1)+7°y,.

If d, €(~0.5,0.25) and d, € (0.75,1.25), then
n1/2 31 :51 -b’ d (Z] and
5, -6, 0

02 a-a-b d Z
p-pab ~cz)

where Z ~ (b; )_1 N(O, V*) with V>0 (see Lemma 6.4.3 for further details).

Proof:

The technique of the proof is similar to the proof of Theorem 6.3.1.
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Defining

(1 O]
C= ,
-7 1

we have x,, =y, , -7z, and x,, = z,.
Since
Yia—T2, = a(yt—z —TZZ71)+QT2171 —Tz +ﬂzt—1 te.
= a(yt—Z -7z, )+et—l -7 AZt >
we have
a(L)x, =e, , —7 Az, or equivalently, x, = e, , —7 AZ,.
Hence,
(6.16) x,=2,,,—-7z,and x, =z,.
Note, according to (6.15) we have
z,=z,—-az_ and e =e —ae,_
and hence,

~

(6.17) z,=Z,-aZ,,, and e =z, -z,

according to the notation of Lemma 6.1. Following (6.7), (6.8), (6.16) and (6.17) we get
(6.18)

31 _51

Z (Z(t—l)o —TZy )(Zzo & Z( ) ) _ Z (Etl -a E(t—l)l )(Z(r—l)o Tz, ) Z(Etl -a Z(t—l)l )(Zzo —-a Z(z—l)O)
Z(Z(t—l)O Tz )2 Z(Z(t—l)o Tz )2 Z (Etl - E(t—l)l )2
1— Z (Ztl —aZ )(Z(H)o Tz, ) Z(En —a 3(171)1) (Z(H)o —TzZ, )

Z (Z(t—l)O Tz, )2 z (Etl — A Z(y) )2

and

(6.19)

A

52 _52

Z (En -« E(t—l)l ) (Zzo — Z( ) ) _ Z (En -—a E(t—l)l )(Z(H)o Tz, ) Z(Z(H)o Tz, )(Zzo —-a Z(H)o)
Z(Etl -« E(t—l)l )2 Z(Etl —a E(t—l)l )2 Z(Z(t—l)o Tz, )2
- Z(Etl -—a E(t—l)l )(Z(t—l)O Tz ) Z(Ztl - E(t—l)l )(Z(I—I)O Tz )

Z(Z(t—l)o —TzZy )2 Z(Ztl -a Z(z—l)l )2
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Defining

Z(Eﬂ % Zy )(Z(H)O — ) z (Etl —QAZy )(ZtO —a Z(z—l)O)
Z (Z(H)O ~Fn )2 Z (En -a 7(171)1 )2 ’

Z(Eﬂ -« 3(1—1)1 )(Z(t—l)o Tz ) Z(Erl — A Z( )(Z(t—l)O -7 Ztl)

B = ,

Z(Z(I—I)O —T2z, )2 Z(Etl -a E(t—l)l )2
Z (Ztl - E(171)1 )(Z(H)o Tz, ) Z(Z(H)o Tz, )(Zzo - Z(t—l)O)

C" = ,

Z(Ezl - E(t—l)l )2 Z(Z(I—I)O Tz )2

we can rewrite (6.18) and (6.20) as

Z(Z(I—I)O _TZtl)(ZtO _aZ(H)o) . A

1-8)> (o —72af 1=

A" =

(620) 8,-6—-b" =

and

~

(6.21) 5‘2 ~5, = Z(Etl - Z(H)l)(Zm - Z(t—l)o) C*

SGE-az,, Pi-8) 1-8"

respectively.
The rest follows by application of the following two Lemmas to (6.20) and (6.21), and (6.13).

Lemma 6.4.2
If the assumptions of Theorem 6.4.1 hold, then

(i) n'?4" —25 0,
(ii) n'?B* —25 0,
(i) n'?’C* —> 0,

1/2 Z(Zl — Ay )(Zzo - Z(z—l)O) »

(iv) n — > 0.
Z(Ztl — O Z(;yy )

Proof:

See Appendix 6.

Lemma 6.4.3

If the assumptions of Theorem 6.4.1 hold, then

Z(Z(t—l)o —Tz )(Zzo -« Z(t—l)O) # « Y1 .
i -b" | —4 (p;) Nl0,¥
n Z(Z(t—l)o ez, )2 (l—B*) ( 2) ( )
with V* > 0 whose definition is given in the proof.
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Proof:

Note,

I/Z[Z(Z(t—l)o -7 Ztl)(zto - Z(:—l)o)_b
n 2
Z(Z(H)o _TZzl)

_ 2 Z(Z(H)o Tz, )(Zto -a Z(t—l)O) 12 b/

= -n
Z (Z(t—l)O —TZy )2 Z(Z(t—l)o —TzZy )2
b/
z (Z(t—l)o R )2
n_l/ZZ(Z(t—l)OZIO - Z(Zt—l)O T ZZ,0 T AT Z)Z() _bl*)
n” Z(Z(H)O —TZ )2
b n_l/zz(z(zt—l)o -2z ZyoZn T Tzztzl _b;)

n’' (Z(H)o Tz )2

1/2 1/2
—-n'*b" +n

The terms
”_1/22(20 1)0Z 10 _700(1))’ n_l/ZZ(ZtthO _7/10)’
oyl

0
-1)0 _700) ) n_l/ZZ(Z(t—l)OZtl ~ 710 (1))’

nil/zz(zle _711)

are jointly normally distributed with variances and covariances whose definitions are

implicitly given by the results of Theorem 5.1. Hence, we have a normal distribution in the

limit with some variance V" > 0.

Now,

n]/z[Z(Z(t—l)O -T2z )(ZtO -« Z(t—l)O)_b*J_n1/2[Z(Z(t—1)O -T2z, )(ZtO - Z(t—l)o)_b

(1 - B )z (z(,_l)o -T2z, )2

since

Z(Z(t—l)o —T2Zy )(Zzo - Z(t—l)O) ryp

Z (Z(t—l)O —TZy )2

and n'’B" =0, (1) according to Lemma 6.4.2 (ii).

U
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Though a nonstationary regressor z, is involved in Model (M4), the asymptotic results are the

same as in the standard asymptotics in classical dynamic regression models, i.e., if the error
e, is serially correlated, then the OLS estimator of & and S have root-n inconsistency.

The result in Theorem 6.4.1 can be regarded as new and it generalizes Theorem 1 of
Maekawa et al. (1996) who showed inconsistency and asymptotic normality of OLS for the
special case when z, is a simple random walk, i.e., a special I(1) process, and e, is a
stationary AR(1) process, i.e., a special I(0) process. In fact, we will specialize Theorem 6.4.1
to the I(1)/I(0) case in Section 7.3 of Chapter 7. Our result for the fractional case may be
interpreted as a special type of ‘robustness’, where normality is kept, if deviations from the

integer values 1 (regressor) and 0 (error) are not too large.
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Appendix 6

Proof of Lemma 6.3.2:

The asymptotic properties of the Terms (t1)-(t4) can be easily derived by the results in Section
6.2. Since we assume diagonal structure according to (P7) for z, = (e,, x,,Ax,, )", limiting

expressions of each term are unaffected by the third variable and hence, each term can be
separately interpreted as an OLS estimate in a type (M1) model. This will be carried out in
Lemmas A-6.1 to A-6.4 and summarized in Lemma A-6.5 Finally, it is shown that under the
given assumptions the results of Lemma 6.3.2 hold for any admissible parameter combination

of d,, d, and d,.

Lemma A-6.1 [Term (t1)]
If d,,d, €(~0.5,0.25), then

n“{—zx“e’ —@J — 7,/ N(0,V)

2
an Y1

with V > 0, whose definition can be found in the proof of Theorem 6.2.1.

Proof:
This follows by Theorem 6.2.1 (1), if we put z, = (e, ) X, )T .

0

Lemma A-6.2 [Term (t2)]
(i) If d,+d, >1, then

i szzle TR 01(1)02(1)(5 +a,,)
thzl i 21 21)"
(ii) If d,+d, =1, then

ththl d_y cl(l)cz(l)(EZI +/1;1)+721 .
thzl 71
(iii) If d,+d, <1 and 2, #0, then

.
Z'xﬂxtl PN A+ 70

2
thl Y1
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(iv) If d,+d, <1 and X, =0, then

Zxﬂxtl p . Va

2
thl 71

Proof:
This follows by Theorem 6.2.3 (i)-(iv), if we replace z, = (Ae,, x,)" by z, =(Ax,,,x,) .

0

Lemma A-6.3 [Term (t3)]
(i) If d,+d, >1, then

XX N
z v *d2+d1)
—z > —Op(n .
X2

(i) If d,+d, <1 and X, #0, then

*
201 thzxtl i . A7

zxzzz ’ I;sz (S)dsl

(iii) If d,+d, <1 and X, =0, then

< X A X
jp 2021 Z 127411 d

N Y ‘
DX I:Bi (s)ds

Proof:
This follows by Theorem 6.2.2 (1)-(iv), if we replace z, = (e, , Ax, )T by z, = (X,1 , Ax,, )T :

U

Lemma A-6.4 [Term (t4)]
(i) If d,+d,>1, then

3 =
xt2

(ii) If d,+d, <1 and X #0, then

thzet O (n—;2+d0 )
~ » .

kS
s Zxﬂet i AtV

thzz ’ I;Bi (s)ds '
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(iii) If d, +d, <1 and X,y =0, then

2! zxﬂet d 720

foz ’ J.lBj2 (s)dsh

Proof:
This follows by Theorem 6.2.2 (i)-(iv), if we replace z, = (e,, Ax,)" by z, =(e,,Ax,,) .

0

Next, the results from Lemmas A-6.2 to A-6.4 are summarized in such a way that we can

analyze all admissible parameter combinations of d,, d, and d, in a convenient way. We
distinct between the two cases gz +d, =1 and c72 +d, <1, henceforth Case 0a and Case Ob,

respectively, and between the two cases 672 +d, =21 and c72 +d, <1, henceforth Case 1a and

Case 1b, respectively.

Lemma A-6.5
Case0a: If d, +d, > 1, then

S frove)
2 p :
X2

Case Ob: If d, +d, <1, then

X,,e ~
Z 2%t 1-2d
> =0 (n 2).
2 P

xt2

Case la: If c72 +d, 21, then

> x,,X ~
1271 dy+d,-1
—:Op(n 2 )and

2
an

2 XX, -0 (n_52+d,)
25 |
X2

Case 1b: If d, +d, <1, then

th X,
LML 0, (1) and

2
szl

E X X ~
1271 1-2d,
~ =0 (n 2).

P
E xtz
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Lemma A-6.1 and Lemma A-6.5 are now the basis for studying the asymptotics of A, B and
C. Under the assumptions of Theorem 6.3.1 there are 4 different parameter constellations,
(1) Case Oa combined with Case 1a, henceforth Case Oa-1a,

(i1) Case Ob combined with Case 1b, henceforth Case Ob-1b,

(i1) Case Ob combined with Case 1a, henceforth Case Ob-1a,

(iv) Case 0a combined with Case 1b, henceforth Case Oa-1b.

Case 0a-1a: c72 +d, 21 and ‘72 +d, > 1

For Term A we have

Zxﬂxtl zxﬂe -0 (n32+d|—1) 0 (n—¢72+d0)
P P
qu foz

and hence,
d,+d,— dy+d d,+dy-1/2
02 4 = Op(nd2+dl 1/2) Op(n ,+d, ): Op(n \+d, )’

which is o, (1), since d, +d, <0.5.

For Term B we have

szzxu Zxﬂxtl -0 (nc?2+dl—1) 0 (n—472+dl)
P P
le xzz

and hence,
02 = Op (nd2+dl—l/2) Op (n—d2+d1 ): 0, (n2d1—1/2)’

whichis o, (1), since 2d, <0.5.

For Term C we have

szzxn zxne zxzzle zxnez Y10 710 szzxn
2 2
zxtz zle szz an 71 711 zxzz

- Op (n_dﬁd1 )Op (n—1/2)+ Op (n_gﬁdl )

and hence,
220 = 0, (n7c72+d1 ) 0, (1)+ 0, (n—52+d1+1/2)
_ Op (n7c72+dl )+ Op (n752+d1+1/2 ): Op (n78‘2+d1+1/2l

which is o (1), since d, —d, >1/2.
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Finally, we note

X e ~ ~
1/22 12 1/2 ~dy+d —dy+dy+1/2
=n Op(n 2+")zOP(n 2ot ),

foz

which is op(l), since 472 -d,>1/2.

Case Ob-1b: d, +d, <1 and d, +d, <1

For Term A we have

Zz):ct;:zl Zzllx;ztze _ Op(l) Op (nl_ziz): Op (nl—ziz)

and hence,
24 = Op (n3/2—2¢72 )’
which is op(l), since 2c72 >3/2.

For Terms B and C we similarly have

5= R 20,0 0,0 )0, o, )

and
Zx X, D xe, - . _
zt;zl leﬂ _Op(nl 2d )Op(l)ZOP(nl 2d )ZOP(I’I 1/2)’
respectively.
Finally,

X.,e ~

z 12>t 1-2d -1/2

5 =0 (n 2):0 (n )
P P

thz

Case Ob-1a: c?z +d, <1 and c72 +d, >1.

For Term A we have

X X X e ~ ~
X ) d,+d,-1 1-2d
4= R BN o )0, i)

le xt2

and hence,
1/2 dy+d|~1/2 1-2d. —dy+d|+1/2
n A_—O (I’l 2 )O (I’l 2)_—0 (n S ),

which is o (1), since d, —d, >1/2.
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For Terms B and C we similarly have

szzxrl Zx,zx,l _0 (nﬁzml-l) 0 (n—gz-#dl)
2% 2w '
X1 X2

and hence,
1/2 dy+d,—-1/2 —dy+d 2d,-1/2
n B:Op(n 2+ )Op(n 2+‘):Op(n ! ),

which is o, (1)and

Z‘i):ct;jn ZZ:X;IQ -0, (n7§z+d| )Op (1) -0, (n—072+d| ): 0, (n—1/2).

Finally,

i sz;e a0, (nl_zjz ): 0, (na/z—ziz ): op(l).
12

Case 0a-1b: 52 +d, 21 and a72 +d, <1

For Terms A, B and C we have

zzxt;le sz;ﬂe _Op(l) Op(n_072+d0):0p(n—1/2)’

Zgz;:ﬂ Z‘i):ct;:tl _ Op(l) 0, (n1—2a72 ): 0, (n1—2a72): 0, (n—l/z)

and

%):CI;;C” ZZ:X;ZT ~0, (nl—zﬁz )0p (1): 0, (nl—ziz ): 0, (n—l/z).

Finally,

This completes the proof of Lemma 6.3.2.
U
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Proof of Lemma 6.4.2:
The results of Lemma 6.4.2 can be largely derived by the results of Lemma 6.3.2, since most

parts of Terms 4", B* and C* have the same structure with respect to convergence rates as

Terms A, B and C.

For Term A" we have

4 Z(Eﬂ — A Z ) )(Zc—no Tz ) Z(En —aZy, )(Zxo —a Z(z—l)o)
RN > Ei-az )
@ Fin) 2 DB - aFy ) @ zw)
 Ylaep-raf SE ez )
S E ez )z 2B~ ) e @ zn)
Z(Zofl)o —TZa )2 2 (En A )2

and hence,

(622) A=A -7 4],

where
o > B = Z) 7 DE - @ Zn) o~ )
l )y (Zwo —rz,f 2 (En — A Zy )2
S (E @ Zn) 2 2E e Zn) - zp)
> (=720 ) S E-aZ )
N Z(Zn I (). )Z(z—wo Z(En —a 3@—1)1) @ Z(z—l)o)
PN S(E—aZ)
and

S = Z(En -« Z(t—l)l )Ztl Z(Etl -« E(t—l)l )(Zzo -« Z(t—l)O) .
’ Z(Z(t—l)() —TZn )2 Z(Ztl -« E(t—l)l )2

First we note

(623) 4 =o0,(n"?),

since we could treat 4, similarly as Term A in Lemma 6.3.2. Further, if we define
(6.24) A =4, +4,,,

where

Z(Etl o E(t—l)l )Z(t—l)o Z(Ztl - E(t—l)l )(Z,o o Z(t—l)O)
z (Z(t—l)o —TZy )2 Z(Zl - E(;_1)1 )2
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Au =




and

A = Z (Ztl — % Fey )Z(H)O Z (E” —aZy )(Zto - Z(t—l)O)
) Z (Z(H)O S )2 Z(Etl - E(tfl)l )2 ’

we have

(6.25) 4 =o, (n—l/z >+ 0, (n—1/2>: 0, (n—l/z )’
since we could treat 4,, similarly as Term B and 4;, as Term C of Lemma 6.3.2.

Collecting the results from (6.22)-(6.25) yields 4" = o ().

For Term B* we have

Z(En — Az )(Z(t—l)o —TZy ) Z(En — Az )(Z(t—l)o Tz )
Z(Zo l)o‘”n)z 2(7 0‘504)1)2
_Z(rl az”) (-1)0 _TZ(zl az,l)
Z(z(, 0o~ rzﬂ)
Z(rl “Ztl)rlo TZ(H az:l)
Z( N T 1)1)
2 e E)ze 2 E —a F )z
C Xleeraf  YE-az,)
Z(En “Zzl) OZ(zl Az, ))Zrl
(Z 1o ”) Z( (,1)
ZZ(ZH aZ ) (tl OZZHIZ“
Y E—— Z(ﬂ @z )

B =

X

_l_

and hence,
(6.26) B* =B —-2r B, +7°B;,
where

Z( g~ Z(z ! )Z(z 1)0 Z(Etl - E(z—l)l)z(t—l)o
Z(Z( -1)0 Tz, i (Ezl - Z(z—l)l )2
[Z( 0~ Zy) )Z(r o Z( n " A Zy )Z(t 10 ]
> (zpayo — 720 ) > (zepo — 720 )
){Z(Zl -a Z(t—])l )Z(t—l)() N Z(Zn &y )Z(m)o}
Z(Ztl -« 3(1—1)1 )2 Z(Etl -« Z(z—1)1 )2

B’ =
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Z(Zrl —QZy ) (-1)0 2(3,1 —a E(t—l)l)z(t—l)o
Z(Z( ) Z(En — A Z( ) )2

( 0~ O Z( oy ) 1)0 Z(Zrl _az(t—l)l)z(r—l)o

( —aZ, ) Y (eno =7 2a)

Zn Tz 11) (:=1)0 Z(Ztl _az(t—l)l)z(t—l)o

Z( (i-1)0 TZfl) Z(En — @z )2 ’

B = 2(31 aN( 0 )Z(H)o z (En —“30-1)1)2[1
Z( ) z (311 -« E(t—l)l )2

+2

and

* Z (E ) z (Etl _aE(t—l)l)Ztl
B, = — — —-
Z( z'Ztl) Z(Ztl _az(t—l)l)
First we note
(6.27) B; = op(n’”z) and B; =0p(n_”2),
since B, has the same structure as A, and B, has the same structure as A, .
Further, if we define
(6.28) B = B, + B}, + B};,

where

z (Etl - E(t—l)l )Z(t—l)O Z (Etl o E(z71)1 )Z(t—l)O
Z (Z(t—l)o —Tzy )2 Z(Etl - 5(171)1 )2

B = Z(Eﬂ - E(t—l)l )Z(t—l)O Z(Ztl —&Z ) )Z(t—l)O
2 - b
| Z (Etl -a E(t—l)l )2 z (Z(t—l)o —TZzZy )2

*
Bll_

9

and

.
B =

Z(Ztl —QZiyy )Z(t—l)O Z(Ztl —aZ ) )Z(t—l)O
Z (Z(t—l)o -T2z, )2 Z(Etl 4 2(1_1)1 )2
we have

(6.29) B; :Op(n71/2)+0p(n71/2)+Op(n71/2):OP(I’lil/z),

since B, could be treated as Term B and By, as Term C of Lemma 6.3.2. Since we need

only the same rate of convergence, it does not matter that the indices in the nominator and

denominator differ.
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For B/, we note that

Z(Ztl —QZyy )Z(t—l)o
=0 (1
Z(Z(t—l)o —TZzZy )2 p( )

because of covariance ergodicity and

Z(Zn: a Z(t—Nl)l )Z(tzl)o ~o, (n231—1 ): 0, (n—l/Z)
Z(Zzl o Z(-)1 )

according to (P4) and (P5) of Lemma 6.1. The last equality holds, since according to our

assumptions, d, > 0.75. Hence, B =o, (n‘”z).

Collecting the results from (6.26) to (6.29) yields B* =0, ().

For Term C* we have

C = Z(Nﬂ & Ziy )(Z(t o Tz )Z(Z(t—l)O T Ztl)(zto —a Z(z—l)o)
Z( Z(-1y ) Z(Z(H)O —TI )2
_XGi-az,, ) 2o 2o =7 2 ) =@ 2
) ( N T ) Z(Z(t—l)o —TZn )2
Z(N 2y ) Z(Z( -0 — T2y )(Zxo —a Z(z—l)O)
Z(Etl —QZ(y )2 Z(Z(H)O —Tz )2

-7

and hence,
(6.30) C"=C, -7C;,
where

Cr = Z(N —aZ 1)1)Z(t 1)0 Z(Z(t—])o _thl)(ZtO —a Z(t—l)O)
Z( Zn aZ(t i i Z(Z(t—l)o _TZt1)2

and

= Z(E,l — QA Z( )Zﬂ Z(Z(H)O -T2z, )(Z;o -« Z(z—1)o) .
2 Z (Etl -a E(z—l)l )2 Z (Z(t—l)o —T2zZ, )2
First we note

631) C; =o0,(n"?),
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since C, could be treated as Term C of Lemma 4.3.2.
Further, if we define

(6.32) C/ =C|,+C},,

where
= Z(Ztl —a Z(t—l)l)z(t—l)o Z(Z(t—l)O —Tz, )(ZtO —a Z(z—l)O)
1=
Z(Zl —a E(x—1)1 )2 Z (Z(H)o -7z, )2
and
= Z(Ztl —dZ gy )Z(t—l)O Z(Z(t—l)o -T2z, )(ZtO —a Z(t—l)O)
2= ,
Z(zﬂ - E(t—l)l )2 Z(Z(t—l)o —TZy )2
we have

(6.33) C/ =o, (n’1/2)+ 0, (n’”z): 0, (n’”z),
since C;, has the same structure as B;, and C;, has the same structure as By,
Collecting the results from (6.30)-(6.33) yields C* = o, (n™""2).

Finally, we have

a2 Z(Etl _O‘E(H)l)(zto _aZ(H)o) »

z (Etl o 3(171)1 )2

since we have the same structure as in Lemma 6.3.2 (iv).

> 0,

This completes the proof of Lemma 6.4.2.
U
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7 The special I(1)/1(0) case

In this chapter, we check how asymptotic results earlier derived for the standard case with I(1)
regressors and I(0) errors fit into our work. The natural question arises whether these results
can be deducted from our theorems or not. We will see, for the most part we can say so. In the
following, Models (M1)-(M3) will be reconsidered, and the results from Chapter 6 are
specialized to the I(1)/I(0) case. For ease of exposition Lemma 6.1 will be slightly modified.

Specifically, we set C(l) =1 in (P2) with no loss of generality, since the covariance matrix X

is unrestricted. Hence, we have Q =% and ¢, (1) =1,for1=0, ..., p, in (P7).

7.1 Regression model with one regressor
The asymptotics in Model (M1) for the I(1)-I(0) case are given by Theorem 6.2.2 (ii). We

have
B + Ao + %10 .
I;le (s)ds

Now according to Theorem 5.5,

10 alp-p) —s

110 T 52000

r P
Q(r): J.Alo(r,p)dB((i))(p), H(p)z .[Elo(p,r)dB((f))(r).
If we assume d, =d, =0, then
AIO(r7p):1_I{r<O} _I{p<0} +I{p<o} I{r<0}’ Jor —o<p<r<lI,
E, (p,r)=0, for —o<r<p<l.

and hence, =, ==, ,,, where

r

1
Lo = .[B((;))(r)dB((f))(r), since Q(r) = J.a’B((g(p) = B((g(r), for 0<r<1.
0

[1]

Altogether, (7.1) simplifies to

. BU)(r)dBY)(r)
(12)  alp-p) —s
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Result (7.2) was first derived in Theorem 3.1 of Park and Phillips (1988) under quite similar
assumptions. In fact, these authors assumed the process z, =(e,,Ax,)" to be driven by a

process which satisfies a multivariate invariance principle, i.e.,

(7.3) LEZ = B(s), for 0<s<1,

=
where B(s) is ordinary Brownian motion on the unit interval with covariance matrix €.

Insofar they were less precise in their model assumptions but allowed for more general
processes than VARMA processes. Further, they did not assume any diagonal structure of the

model process z,. Hence, in their paper Q cannot be set equal to X without any loss of

generality.

7.2 Regression model with two regressors
The asymptotics in Model (M2) for the I(1)/I(0) case are given partly by Theorem 6.3.1, if we

assume d, =d, =d, =0. According to Lemma 6.1 including the foregoing modifications, we

have

1 1 1 — .
(7.4) ;zxﬂet :;zx(t—l)Zet +;ZAx126t — B+ 4w 7205

1 1 1 — .
(7.5) ;zxtzle :;zx(t—l)thl +;2Axt2xtl —— oy + 4y 72
and

2N L2 d I 2
(7.6) n ;xﬂ — J‘Ode (s)a’s.

For the moment we assume joint weak convergence of (7.4) through (7.7), which has not been
formally proved yet and is not covered by Theorem 4.1 of Davidson and Hashimzade

(2007b). Since

zxzzet zxzzxtl zxtlet
2 2 2
szz zth thl
b
1 thzxtl thzxn
- 2 2
thl szz

(1.7) B -B, =

we get

(7.8) ”(Bz _ﬂz) a_ . o ~ V10?11 Eay +ﬂl’;02+ Y20 = YViolii (/1;1 +7/21)
.[ode (s)ds

Note that the denominator of (7.7) converges in probability to 1.
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Following the same lines as in Section 7.1, (7.8) can be simplified to

(7.9)
1 1 . s
.[o B((sz)) (S)dB((f)) (S)_ 7’107’1_1l .[o B((sz)) (S)dB((:-g(S)"' Aso * V20 = V1o 11 (’121 + Vzl)
1
jo [B((gz))] “(s) ds

”(ﬁz_ﬂz) >

Further, according to Theorem 6.3.1 we have
(7.10) n”z[ﬁl 3 —yij — s N (0, 7).
Y11

The results in (7.9) and (7.10) were first derived in Theorems 3.1 and 3.2, respectively, of
Park and Phillips (1989) under quite similar assumptions. They assumed z, = (e,,xﬂ,Ax,2 )T
to be driven by a process which satisfies a multivariate invariance principle according to (7.3).
As before, they were less precise in their model assumptions but allowed for more general

processes than VARMA processes. Further, they did not assume any diagonal structure of the

model process z, .

7.3 Dynamic regression model

The asymptotics in Model (M3) for the I(1)-1(0) case are given by Theorem 6.4.1, if we

assume d, =d, =0, 1.e.,

711 a2 GTeh —"—>( ‘ ]
B-—p+1b -77Z

where Z ~ (b2 )_IN(O, V*) with V" >0 and

b*:700(1)_a700_7710+a7710(1) with 7 = B .
700_27710(l)+72711 -«

If we additionally assume z, and e, to be independent and hence, o, =0, we get

b = ]/00(1)—05700 .
Yoo +72711

Result (7.11) for the case o,, = 0 was earlier proved in Theorem 1 of Maekawa et al. (1996).

In contrast, these authors provide only the marginal limit distributions, and it is not evident

that we asymptotically obtain a singular normal distribution. Furthermore, they assume z, to
be driven by a simple random walk and e, by an independent stationary AR(1) process.

Hence, our theorem is both more precise and more general.
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8 Suggestions for further research

So far, we have not dealt with inference yet. Within the I(1)/I(0) framework Park and Phillips
(1989) also derive limiting distributions of test statistics for linear hypotheses about the
regression coefficients. In a similar way, Maekawa et. al. (1996) examine the asymptotic
properties of t-ratios and other types of test statistics in the context of Model (M3). The
problem of hypotheses testing in a fractional, possibly nonstationary, framework has to be
deferred to future research for lack of important prerequisite results such as the estimation of
the covariance matrix of OLS. Further, making inference would require knowledge about the
integration orders of the model processes. In practice, these are typically regarded as unknown
and need to be estimated in a prior step. Methods of estimating the integration order in
parametric settings such as ARFIMA models are suggested by Beran (1995).

Theorem 6.4.1 extends Theorem 1 of Maekawa et. al. (1996) to the fractional case. The
aforementioned authors show that their model can be reduced to a regression with
cointegrated regressors for which a general asymptotic theory was given in Section 5.2 of
Park and Phillips (1989). It seems to be possible to connect Theorem 6.4.1 with the concept of

‘fractional cointegration’ in a similar way. Obviously, y, ; and z, in (M3) exhibit the same

integration order 671, whereas the error is integrated of order d, < ‘71- Hence, upon an

appropriate definition of ‘fractional cointegration’, it should be possible to interpret the setting
of Theorem 6.4.1 as a regression with fractionally cointegrated regressors. One objective in
this context could be to provide sufficient conditions for asymptotic normality when
regressors are fractionally cointegrated.

With exception of Theorem 6.2.1, all results in Chapter 6 assume the model driving
VARFIMA process to exhibit diagonal structure according to (P7) in Lemma 6.1. Hence, the
innovations of each process affect the other one only via contemporaneous correlations. This
might be a quite restrictive assumption to be removed in future. In fact, Davidson and
Hashimzade (2007b) note, that a multivariate analysis would typically invoke a vector Wold

representation, such as

A ol sl

in the bivariate case. Extending the results to non-diagonal structures is an application of the

continuous mapping theorem to the limit distributions of (P7). In such a setting the term G,
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in (5.4) would become a sum of four terms involving respectively the driving pairs

{th s Wy }a {th Wi }, {sz Wy } and {sz »Wia } .

Our analysis could be applied to each of these cases then. Hence, allowing for non-diagonal
structures should be rather an essential complication of notation than a theoretical problem.

Finally, our asymptotic results apply to infinitely large samples. In practice, we have to deal
with finite samples. Literature seems to be much less extensive with respect to finite sample
studies on nonstationary OLS asymptotics, specifically, for the fractional case. This might be
partly due to the fact that simulation studies involving nonstationary processes and stochastic
integrals are not a simple task. Considering I(d) processes complicates matters. Nevertheless,
asymptotic results are of minor use, if they lack any knowledge about their validity in finite

samples.
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