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Swarming transitions of self-propelled particles with anisotropic social interactions
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Collective motion in living systems is observed across many scales, from bacterial colonies to insect swarms,
fish schools, and bird flocks. In all cases the motility of individual cells or organisms both is influenced by
and, in turn, influences the motion of others. While the mechanisms by which individuals sense and respond
to others differ greatly among species, simplified models that capture general principles of social interactions,
such as the Vicsek model, have proved insightful. Here we introduce anisotropic sensory perception (a feature
common to many animal species) into the Vicsek model in order to evaluate how this feature impacts collective
motion. We find that, when the anisotropy « > 0, meaning individuals are more influenced by neighbors ahead
of them than those behind them, as the anisotropy becomes stronger, the swarming transition changes from the
weak first-order transition observed for populations with isotropic perception to a stronger (i.e., more abrupt)
first-order transition. Moreover, the critical noise threshold to achieve ordered motion decreases if « increases
from zero to positive values. By contrast, when the anisotropy o < 0, indicating individuals pay more attention
to rearward neighbors, as the anisotropy becomes stronger, the order-disorder transition remains first order (at
the thermodynamic limit) but becomes increasingly weak (less abrupt), and the critical noise threshold required
to reach ordered motion increases slightly. An even simpler front-back semicircle model and an anisotropic
model with vectorial noise are employed to further validate the respective roles those ahead and behind play in
the emergence of collective motion. Taken together, our results demonstrate that the contribution of neighboring
individuals to the collective motion in such particle systems significantly depends on their relative position to the
focal particle. Frontal neighbors primarily enhance the strength of the first-order transition, whereas rearward

neighbors progressively weaken it.
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I. INTRODUCTION

Collective motion [1] is a striking phenomenon that is
widely observed in group-living organisms across scales, from
bacterial colonies [2—4] to insect swarms [5,6], fish schools
[7-10], bird flocks [11-16], troops of primates [17], and even
human crowds [18]. In all cases sensory inputs are funda-
mental drivers of social information transmission [19,20].
Groups of gregarious organisms, as a whole, often display
an impressive variety of fascinating and spectacular collective
patterns, such as swarming, milling, and schooling or flock-
ing, and transitions between such collective patterns can take
place spontaneously and/or in different contexts [10]. Similar
patterns can be reproduced by models that exhibit simple,
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local interactions [21,22]. In particular these systems often
exhibit abrupt transitions between disordered motion and or-
dered collective motion, which can be reproduced by simple
interaction models like the standard Vicsek model (SVM)
[23]. The SVM, a minimal model of self-propelled particles,
was initially thought to exhibit a continuous (second-order)
phase transition. However, the nature of the phase transition
was shown to be discontinuous (first-order), with the appar-
ent continuity being due to strong finite-size effects [24-26].
Subsequent studies revealed a much richer and more com-
plex picture of the nature of these phase transitions [25,26].
Bertin et al. [27] demonstrated that as the system nears the
transition, the homogeneous flow becomes unstable under
finite-wavelength perturbations, leading to a nontrivial spa-
tiotemporal flow pattern. Thle [28] showed that the shape of
invasion waves, which play a critical role in discontinuous
phase transitions at moderate system sizes, can be quantita-
tively predicted using an inhomogeneous mean-field kinetic
theory. Moreover, Solon and Tailleur [29,30] introduced a
paradigm shift by redefining the transition as a phase separa-
tion between a disordered gas and an ordered liquid, resulting
in two distinct transitions rather than a single one. Most
recently, Kiirsten and Thle [31] uncovered a new phase in
the SVM: the polar-ordered cross-sea phase, characterized by
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crossing waves with an inherently selected crossing angle,
further enriching our understanding of the system’s phase
behavior.

As noted above, in the SVM, each identical pointwise par-
ticle is assumed to pay equal attention to all neighbors within
its interaction range. Although that is a highly instructive
simplification, recent experimental studies showed that it is
more typical of individuals to explicitly respond anisotropi-
cally to their neighbors. For example, the influence of those
ahead can be greater than that of those behind [7,8,12,32].
Such anisotropic social influence has been observed in various
species, such as those that predominantly use vision to coordi-
nate collective motion, such as schools of fish [7,8,19,32,33],
flocks of pigeons [12] and storks [15], and troops of
primates [17].

While greater influence of those ahead may seem like con-
clusive evidence of anisotropic interaction strengths, we note
that frontal individuals may be more influential under con-
ditions of completely isotropic interactions simply because
individuals are moving forward. It is also regularly observed
that individuals with knowledge or information about the lo-
cation of food resources or migration routes usually occupy
frontal positions in the group and guide the movement dy-
namics and decision-making of the collective [34,35]. If an
individual ahead turns sharply, those behind will approach it
more closely, at least transiently, whereas those ahead of it
would tend to leave it behind. Despite this effect, however,
there is growing experimental evidence that individuals can
be explicitly more strongly influenced by those ahead, which
makes sense since frontal individuals are experiencing the lo-
cal environment which those behind will soon encounter. One
exception to this may be marching bands of locusts, in which
rearward individuals appear to be more influential, likely due
to their propensity to cannibalize those ahead [36-39].

Thus, anisotropic interactions may be ubiquitous and may
prove crucial to collective decision-making, pattern forma-
tion, and the functional complexity of groups as a whole.
For example, recent studies have shown that anisotropic sen-
sory perception can shape large-scale self-organized pattern
formations [40,41]. While it has been shown that anisotropic
interactions could result in the onset of collective motion [42],
it remains unclear how anisotropic interactions contribute to
the onset and maintenance of collective motion in the presence
of noise.

In this paper, we employ a minimal model of self-propelled
particles, in the spirit of the SVM, with anisotropic so-
cial interactions (hereafter denoted the AVM) and investigate
the impact it has on the onset of collective motion. When
anisotropy « > 0, individuals are more strongly influenced
by the neighbors in front of them than those behind them.
As the anisotropy becomes stronger, this effect becomes
more pronounced (as illustrated in Fig. 1). When anisotropy
a < 0, we consider the opposite effect, with rearward individ-
uals being more influential than those ahead. The collective
behaviors of a front-semicircle Vicsek model (FrontVM)
and a back-semicircle Vicsek model (BackVM) are also in-
vestigated to verify that the frontal neighbors of a focal
individual contribute oppositely to the strength (i.e., abrupt-
ness) of the first-order phase transition compared with those
behind.

(a) (b) (c)

FIG. 1. Graphical representation of interactions between inter-
acting particles. (a) Sketch of two interacting particles in the AVM,
showing the moving orientations e; and e; of focal particle i and
neighbor particle j, respectively. 6;; is the angle between the angular
position of particle j and the focal particle i. Two extreme cases
of the AVM (b) for « = 1 and (¢) for « = —1. (d) Front-semicircle
Vicsek model. (e) Back-semicircle Vicsek model. Red dots and black
arrows represent a particle and its moving orientation, respectively,
for (a)—(e).

As in the SVM, initially, N identical pointwise particles,
labeled by an integer index i, are randomly placed on a two-
dimensional domain with size L x L with periodic boundary
conditions. They move off lattice at constant speed vy at each
discrete time step At by a fixed distance vy At synchronously.
Each particle i is defined by the orientation 6;(t), the velocity
v;(t), constant speed vy = |v;(¢)|, and the position x;(z). The
orientation of focal particle i is determined by the orientations
of its neighbors (including itself) within the interaction radius
r = 1. In the SVM, the orientation of particle i is updated at
each time step At = 1 according to

n;

O, =0] Y ;) |, ¢))

dij<r

where ©O[v] denotes the angle of a vector v and n; is the
number of neighbors of particle i within the interaction radius
r. In the AVM, instead of simply averaging equally over all
neighbors as in the SVM, the influence of a neighbor par-
ticle j on the focal particle i is determined by the weight,
Q;j = 1+ acos(8;;) [22,43], where 6;; is the angle between
the moving orientation of focal particle i and the unit vector
pointing from i to its neighbor j, as shown in Fig. 1, and
a € [—1, 1] is the anisotropy strength factor (@« < 0 means
rearward neighbors are more influential). Thus, for the AVM,
Eq. (1) can be rewritten as

ni—1
O =0 vi)+ Y Q)| )

dij<r,j#i

The orientation and position of particle i can then be up-
dated according to

0i(t + Ar) = (0i(1))r + n&i(1), 3

x;(t + At) =x;(t) + v;(t + Ar)At, @
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respectively, where &;(¢) is the angular noise, a random an-
gle chosen from a uniform distribution within the interval
[—1/2,1/2], and n € [0, 27] is the noise strength.

The relative influence of neighbor particle j on focal par-
ticle i is determined by 2;; = 1 + acos(8;;), and modulus |c|
quantifies the strength of the anisotropy. With 6;; increasing
from O to 7, the function cos(6;;) decreases monotonically
from 1 to —1. Givenany j, k € [1,N],6;; < /2 < 6; means
particle j is a frontal neighbor of focal particle i, while particle
k is a rearward neighbor. For a > 0, ©;; > Qj, which indi-
cates focal particle i is more strongly influenced by frontal
neighbor j. For o < 0, ;; < Qj, indicating that focal par-
ticle i is more strongly influenced by rearward neighbor k.
To highlight the general principle of the model, two extreme
cases of the AVM are shown in Figs. 1(b) and 1(c) for @ = 1
and o = —1, respectively. If « = 0, our model is equivalent
to the SVM. Note also that function cos(f;;) can be sim-
ply replaced by any complicated, but monotonic, function
fa, j,6;)el-1,11

In the absence of noise (n = 0), all interacting particles
align perfectly, while for maximal noise (n = 2m), particles
follow random walks. With n € (0, 27 ), the system varies
between the two extreme limits. The transition between these
two regimes can be conveniently characterized by the instan-
taneous order parameter (OP), ¢(z) = N+J0| Zf’: L vi(?)], and
its temporal average (¢),. If the probability density function
(PDF) of ¢(¢) is unimodal, {¢), is averaged over all data, while
if the PDF profile is bimodal, the data are divided into two
parts by the valley point between the peaks and then aver-
aged for the disordered and ordered states, respectively. The
difference, or “gap,” between the order parameters associated
with the ordered and disordered phases (near the transition)
has been used to characterize the strength of the first-order
transition [44]. The so-called Binder cumulant G(7n, L) =
1— ((p4),/(3(<p2)t2), proposed by Binder [45], is widely used
to monitor the jump of (p); [25,26,44]. In two dimensions,
G ~ 2/3 in the ordered phase, and G =~ 1/3 in the disor-
dered phase with unimodal Gaussian distributions of ¢(¢). The
Binder cumulant exhibits a sharp drop toward a minimum,
smaller than 1/3, due to the simultaneous contributions of
the phase coexistence in first-order phase transition, and if
the drop in the Binder cumulant deepens enough to negative
values, a strong first-order phase transition is then observed
near the transition point 7., at which disordered and ordered
phases compete evenly at the thermodynamic limit due to
bimodal distributions of ¢(¢) [45]. So {¢),; and G are used to
characterize the nature of the phase transition. Additionally,
the variance of ¢(¢) is used to provide further evidence of a
first-order transition if it is sharply peaked with a high value,
and the higher the value is, the stronger the signal of the first-
order phase transition is for such nonequilibrium systems. A
more detailed discussion is provided in the Appendix.

II. RESULTS

By varying the anisotropy coefficient ¢, we find that the
particle system exhibits a rich spectrum of phase transitions as
a function of noise intensity 7. Particularly, for « = 0, where
each particle exhibits isotropic social interactions and thus
is influenced equally by all neighbors within the interaction
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FIG. 2. Phase transitions of the AVM for @ > 0. (a) The time-
averaged order parameter (collective alignment) (¢), as a function
of noise amplitude 5. (b) Binder cumulant G as a function of noise
amplitude 7n, with the same symbols and colors as in (a). Time
averages are computed over 1 x 10° time steps. (c) PDF of ¢ near
the transition point with @ = 1. The hysteresis in the inset is shown
at a fixed ramp rate of 1/2 x 107 per time step (each data point
is averaged over 2 x 10*). Black solid circles indicate the path of
adiabatic noise amplitude increase, while red solid circles represent
the path of adiabatic decrease. (d) The finite-size effect near the
transition point with « = 1. The parameters are p = 2, vy = 0.5, and
L = 128 for (a)—(c).

range, i.e., the SVM, a weak first-order phase transition is
observed, but the gap (i.e., the difference in collective order)
between the two phases near 7. is small, as is the decrease in
G, as shown in Figs. 2(a) and 2(b).

For o > 0, as « increases, corresponding to an increasing
relative influence of frontal individuals, we find that while
the critical noise at which the system transitions from dis-
order to order decreases, the gap becomes larger, and the
minimum of G becomes deeper, characteristic of a stronger
(more pronounced) first-order phase transition. When o = 1,
the enhanced discontinuity is maximal, as shown in Figs. 2(a)
and 2(b). Figure 2(c) shows the bimodal PDFs of ¢(¢) near
the transition point 1. with « = 1. The peak at larger values
of ¢(t) and the other peak at smaller values correspond to
the ordered phase and the disordered phase, respectively. As
noise intensity increases, the ordered phase shrinks, and the
disordered phase expands. Another classical hallmark of first-
order phase transitions is the presence near the transition point
of the hysteresis phenomenon. As clearly shown in Fig. 2(c),
the hysteresis is formed by ramping the control parameter up
and down at a fixed rate. For a system with fixed particle
density p = LNTL increasing the number of particles in the
system is equivalent to increasing the system’s size. Since the
transitional properties also depend on the number of particles
N, the finite-size effect analysis is shown in Fig. 2(d). As the
system gets larger, the bimodal peaks become increasingly
sharp, as is expected for systems exhibiting stronger first-
order phase transitions. (Further detailed analysis is provided
in the Appendix.)
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FIG. 3. Phase transitions of the AVM with o < 0. (a) The time-
averaged OP (¢), as a function of noise amplitude 7. (b) Binder
cumulant G as a function of noise amplitude n, with the same sym-
bols and colors as in (a). (¢) Binder cumulant G as a function of noise
amplitude for various system sizes L with « = —1. (d) The finite-size
effect near the transition point with « = —1. Time averages are com-
puted over 1 x 10° time steps. The parameters are p = 2, vy = 0.5,
and L = 128 for (a)—(c).

We next consider the collective dynamics for @ < 0, where
each particle with anisotropic interactions is more strongly
influenced by rearward individuals. As « decreases, we find
that while the critical noise does not change much, the gap
becomes smaller, and the minimum of G gets shallower. When
o = —1, the curve of (¢), as a function of the noise ampli-
tude 1, becomes continuouslike, and the Binder cumulant G
changes monotonically, with a minimum at G ~1/3 suggest-
ing a continuouslike phase transition, as shown in Figs. 3(a)
and 3(b). Further finite-size effect analysis, however, demon-
strates that the nature of transitions for @ = —1 is still first
order, as shown in Figs. 3(c) and 3(d). As the system gets
larger, the minimum of G decreases to negative values, the
PDF of ¢(¢#) changes from unimodal to bimodal, and the
bimodal peaks become increasingly sharp, all indicative of
first-order phase transitions.

As shown in Figs. 2(a) and 3(a), the critical noise threshold
required to achieve ordered motion decreases as « increases
from zero to positive values. In contrast, while the threshold
increases as « decreases from zero to negative values, the
change is less pronounced. To better highlight this effect,
we combine both Figs. 2(a) and 3(a) into a single plot, as
presented in Fig. 4. The transition points are marked by solid
dots of the respective color, clearly illustrating the transition
points.

A typical feature of the SVM is the formation of localized,
high-density, and high-order traveling bands led by density
fluctuations. The ordered traveling bands appear and dissolve
over time near the transition point 7n.. To better understand
how anisotropic social response to near neighbors impacts
the swarming transitions from order to disorder, we exam-
ine how the spatial distribution of the moving particles is
affected. Four representative snapshots of the traveling flocks
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FIG. 4. Phase transitions of the AVM with « €[—1,1].
The time-averaged OP (), as a function of noise amplitude 7, with
the corresponding transition point marked by a solid dot of the same
color. Time averages are computed over 1 x 10° time steps. The
parameters are p = 2, vy = 0.5, and L = 128.

are shown in Figs. 5(a)-5(d), corresponding to the following
cases: disordered isotropic (o« = 0), ordered isotropic (« = 0),
ordered positive anisotropic (@ = 1), and ordered negative
anisotropic (¢ = —1), respectively. The value of the global
OP for all selected ordered cases ¢(t) ~ 0.36, which allows
for a clear comparison of the moving-band formations under
different conditions. Figures 5(a) and 5(b) show the disor-
dered case and the ordered case of the SVM (i.e., o = 0),
respectively. In the ordered phase, the ordered traveling band
of particles is formed, while in the disordered phase the flock
displays disordered motion without the formation of the or-
dered traveling band. Comparing the ordered isotropic case
with the ordered anisotropic case, we observe that the travel-
ing band formed in the ordered case with @ = 1 is denser and
narrower, indicating that the transition from the ordered state
to the disordered state becomes more abrupt. In contrast, the
traveling band in the ordered case with « = —1 is sparser and
wider, suggesting that the transition is less abrupt. It has been
demonstrated that multiple density bands can emerge in much
larger system sizes in the SVM [46,47]. To further investigate
the impact of anisotropic interactions on the formation of trav-
eling bands, simulation results for larger systems are shown in
Figs. 5(e) and 5(f) for the AVM with « = 1 and @ = —1, re-
spectively. These results confirm that anisotropic interactions
significantly affect the formation of traveling bands.

Thus, the anisotropic response to neighbors considerably
impacts the relationship between noise intensity and collec-
tive motion, which for finite system sizes will appear to be
even more pronounced (i.e., from a discontinuous transition
for frontal bias to a continuouslike transition for rearward
bias). In summary, we find that neighbors in front of a focal
particle contribute to increasing the magnitude of first-order
phase transitions, while neighbors behind weaken the strength
of first-order phase transitions. To further and better under-
stand how anisotropic interactions impact collective motion,
we analyze even more minimal anisotropic models, a front-
semicircle Vicsek model and a back-semicircle Vicsek model,
in which each focal particle pays equal attention to near neigh-
bors only in front or back of it, as shown in Figs. 1(d) and 1(e),
respectively.
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FIG. 5. Snapshots of the traveling flocks for the (a) disordered isotropic case with a = 0, (b) ordered isotropic case with & = 0, (c) ordered
anisotropic case with @ = 1, and (d) ordered anisotropic case with « = —1. ¢(¢) = 0.09 in the disordered case in (a), while ¢(z) ~ 0.36 in
the ordered cases in (b)—(d). Snapshots of the traveling flocks with multiple moving waves or bands in a rectangular domain of system size
Ly x L, =2000 x 100 with (e) &« = 1 and (f) @« = —1. Each red arrow indicates the traveling direction of motion of the flock. The length of
the arrow indicates the speed (or magnitude) of the motion. The parameters are p = 2, vy = 0.5, and L = 128 for (a)—(d).

023144-5



ZHANWEI GAO AND IAIN D. COUZIN

PHYSICAL REVIEW RESEARCH 7, 023144 (2025)

(@os . .

; (b) 1 : : ;
——SVM
—e—FrontVM ¢

06 —o—BackvM
-
0
S04 1 o
0.2 9 ——SVM
—e— FrontVM

o ) -1F —e—BackVM |
0'9.0 2.5 3.0 35 4.0 2.0 2.5 3.0 35 4.0
n

FIG. 6. Phase transitions of the front-semicircle Vicsek model
and back-semicircle Vicsek model. (a) The time-averaged OP (¢), as
a function of noise amplitude 7. (b) Binder cumulant G as a function
of noise amplitude 7, with the same symbols and colors as in (a).
Time averages are computed over 1 x 10° time steps. The parameters
are p =2, v9 = 0.5, and L = 128.

Consistent with the above results, the FrontVM system
exhibits a more pronounced first-order phase transition than
the SVM, while the BackVM exhibits a weaker continuous-
like phase transition, as shown in Fig. 6. Note that the nature
of the phase transition in the BackVM is still first order in
the thermodynamic limit (see the Appendix for a detailed
analysis).

For further verification of the generality of the above
findings, we additionally introduce the anisotropic social
influence into the swarming model with vectorial noise pro-
posed by Grégoire and Chaté [25]. As described above,
angular noise can be considered action errors made by par-
ticles trying to take the new moving orientation that they
perfectly calculated, while vectorial noise can be thought of
as the errors made by individuals estimating the orientation or
direction of others (thus, errors in each pairwise interaction,
such as those due to sensory and/or environmental noise).
The direction of travel (i.e., orientation) of each particle under
vectorial noise conditions can be written as follows for the
SVM and the AVM, respectively:

ni

O:(0))r = O D v;(t) + nuikie) | (5)

O:0) =0 vi)+ Y Quv)+m&) . (6)

dij<r,j#i

The impact of anisotropic influence on collective motion
under the condition of vectorial noise is shown in Fig. 7.
As reported in previous work [25,26], an already strong
first-order phase transition is expected with isotropic influence
for vectorial noise [red lines in Figs. 7(a)-7(c)]. For o > O,
as « increases, the anisotropy first further enhances the gap in
the order parameter (@), at the transition between the ordered
phase and the disordered phase, as we previously found
with the model with angular noise (AVM). However, when
« 2 1/4, further increasing « shrinks the gap [Fig. 7(a)]. For
o <0, as o decreases, anisotropy shrinks the gap
monotonously [Fig. 7(b)]. As in FrontVM and BackVM,
the gap between the ordered phase and disordered phase is
enhanced by the frontal neighbors but shrunk by rearward
neighbors [Fig. 7(c)]. Figure 7(d) shows the PDFs of ¢(z)
near the transition point for Back VM.
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FIG. 7. Phase transitions of the swarming models with vectorial
noise (a) and (b) for the AVM and (c¢) and (d) for the FrontVM
and BackVM. (a) The time-averaged OP (¢), as a function of noise
amplitude n for o > 0. (b) (), versus the noise amplitude n for
a < 0. (¢) (¢), versus the noise amplitude n for FrontVM and
BackVM. The time-averaged OPs (¢), versus the noise amplitude
n of the SVM are shown in red in (a)—(c). (d) Several probability
density functions of ¢(¢) near the transition point for BackVM. Time
averages are computed over 1 x 10° time steps. The parameters are
p=2,v9=0.5and L = 128.

III. SUMMARY AND CONCLUSIONS

Here we analyzed the collective dynamics of a mini-
mal model of self-propelled particles with anisotropic social
interactions and investigated the impact of anisotropy on
the collective motion exhibited as a function of different
types (e.g., sources) of noise. We found that, if particles
are influenced more strongly by neighbors in front than
those behind, as the anisotropy becomes stronger, the sys-
tem exhibits a monotonic progression from weak to stronger
first-order phase transitions. By comparison, if each particle
pays more attention to rearward neighbors, the system exhibits
monotonic transitions from weak to weaker first-order phase
transitions. Front-semicircle and back-semicircle Vicsek mod-
els, in which each particle pays equal attention only to the
neighbors in front of it or in back of it, respectively, were
also introduced to verify the robustness of these findings.
In addition, these findings are robust to the nature of the
noise (i.e., the same conclusions can be drawn for models
with vectorial and scalar noise). Our results demonstrate that
anisotropic interactions with neighbors based on their relative
positions significantly impact the collective behavior of such
systems. Frontal neighbors primarily enhance the strength
of the first-order transition, whereas rearward neighbors pro-
gressively weaken it. The critical noise threshold required to
achieve ordered motion decreases as « increases from zero
to positive values. In contrast, while the threshold increases
as o decreases from zero to negative values, the change is
less pronounced. As system size (the number of particles)
decreases, finite-size effects amplify the observed differ-
ences, resulting in what would appear to be a discontinuous
first-order transition associated with frontal influence and a
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continuouslike transition associated with rearward influence.
Anisotropic response to neighbors may therefore be an impor-
tant mechanism by which social transmission of information
and thus collective motion, pattern formation, and decision-
making in living systems may be tuned. Future research
should further explore how anisotropic interactions influence
collective behavior, as this factor could be crucial for under-
standing and modeling real-world collective motion, as well
as for designing and controlling artificial systems like robotic
swarms and autonomous vehicle networks.
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APPENDIX: SWARMING TRANSITIONS
OF SELF-PROPELLED PARTICLES
WITH ANISOTROPIC SOCIAL INTERACTIONS

Order parameter time series near the transition point for the
standard Vicsek model (top panel) and the anisotropic Vicsek
model with o« = 1 (bottom panel) are shown in Fig. 8. It is
clearly seen that the gap between the two phases (the ordered
phase and the ordered phase) near the transition point of the
anisotropic Vicsek model with o =1 is larger than that of
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FIG. 8. Order parameter time series near the transition point
of the standard Vicsek model (top panel) for n = 2.970 and the
anisotropic Vicsek model with & = 1 (bottom panel) for n = 2.830.
The parameters are p = 2, vp = 0.5, and L = 128.
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FIG. 9. Variance o of ¢(¢) in the anisotropic Vicsek model for
o > 0. The parameters are p = 2, vy = 0.5, and L = 128.

the standard Vicsek model, suggesting the first-order phase
transition is enhanced and stronger in the anisotropic Vicsek
model with & > 0.

Studying the phase transition of biological systems of
active entities or biologically inspired, inherently nonequi-
librium models consisting of self-propelled particles is
challenging [48]. Unlike equilibrium statistical mechanics,
where the system can be described by well-established the-
ories and phase transitions, nonequilibrium systems lack a
universal framework. For example, there is no rigorous finite-
size scaling theory for far-from-equilibrium phase transitions.
However, researchers often apply knowledge and techniques
derived from equilibrium systems to study these nonequi-
librium systems. A common approach is finite-size scaling
[5,26,49], which involves numerically estimating various mo-
ments of the order parameter distribution while systematically
varying the system’s linear size L. Particularly, the variance
of the order parameter ¢(t), which represents the second
moment, is considered a useful measure for quantifying and
identifying phase transitions [26,49], as shown in the follow-
ing equation, where L is the linear size of the system and d is
the spatial dimension, with d = 2 in this case:

o(n, L) =L ((¢*) — (9)7).

Studies of the regular Vicsek model, particularly for small
to moderate system sizes, have shown that a peak occurs
at the order-disorder state transition. This behavior suggests
that the nonequilibrium system undergoes a continuous phase
transition, as a large peak in the variance o is typically con-
sidered a hallmark of a second-order phase transition in the
theoretical framework of equilibrium systems. For example,
Baglietto and Albano conducted an analysis of the Vicsek
model at intermediate system sizes below a critical size L.
where high-density waves can emerge and found various
critical exponents and hyperscaling relations that are char-
acteristic of a second-order transition [49]. However, Chaté
et al. showed that this critical size L, appears to diverge as
the density approaches both zero and infinity, resulting in a
very unconventional “finite-size effect,” where, for L < L.,
the system behaves as though it is undergoing a second-
order transition [26]. If L > L., the transition exhibits a
discontinuous nature, regardless of the form of the noise term.
Therefore, a large peak in the variance o, which appears to
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FIG. 10. Finite-size scaling analysis of the anisotropic Vicsek
model with ¢ = 1. (a) Time-averaged order parameter and (b) Binder
cumulant as a function of noise amplitude for various system sizes
L. The parameters are p = 2 and vy = 0.5.

be a signature of a second-order phase transition, particularly
for the Vicsek model, is actually caused by strong finite-size
effects. As the system size L increases, the peak of o gradually
grows, eventually forming a Dirac §-like peak (strong evi-
dence of a first-order transition) for a sufficiently large L. This
behavior is similar to what occurs with vectorial noise, where
finite-size effects are less pronounced and a Dirac §-like peak
is easily observed at a small value of L [26]. Thus, the variance
o serves as a useful measure for quantifying phase transitions,
and its peak position is often used to define the transition
point, particularly in studies related to the Vicsek model.

As shown in Fig. 2 in the main text, for the anisotropic
Vicsek model, the Binder cumulant G exhibits deeper
minimum to negative values near the transition point as
anisotropy « increases from 0 to 1, which indicates an
enhanced discontinuous phase transition. As shown in Fig. 9,
the variance o becomes sharply peaked and increases in
height, which can serve as evidence of a discontinuous phase
transition, rather than being an artifact of a second-order
phase transition caused by finite-size effects. Meanwhile, as
shown in Figs. 2 and 4 in the main text, the transition point
gradually decreases (i.e., shifts to the left) as « increases from
0 to 1. The peak position of the variance also shifts to the left,
showing a consistent change trend. In fact, the peak position
is often used to define the transition point.

Together with the time-averaged order parameter (¢), and
the Binder cumulant G, o provides consistent evidence of en-
hanced first-order phase transitions in the anisotropic Vicsek
model as « increases from O to 1. All of these parameters can
be used to quantify and identify the nature of phase transitions

at small to moderate system sizes. Specifically, the gap in
(p)¢, the minimum of the Binder cumulant G, and the trend of
increasing or decreasing peak height of the variance o can be
used together to study phase transitions in Vicsek-like models,
including the Vicsek model, at finite system size.

Finite-size scaling analysis of the anisotropic Vicsek model
with « = 1. Figure 10 shows the time-averaged order pa-
rameter [Fig. 10(a)] and Binder cumulant [Fig. 10(b)] as a
function of noise amplitude for various system sizes L, along
with probability density functions [Fig. 12(c)] of ¢(¢) near the
transition point. It is clearly seen that the Binder cumulant
G exhibits a negative minimum and appears earlier near the
transition point, indicating a stronger discontinuous nature of
the phase transition when the system size is increased for the
anisotropic Vicsek model with o = 1 than for the standard
Vicsek model. Thus, finite-size effects are weaker for the
anisotropic Vicsek model with & > 0.

Finite-size scaling analysis of the front-semicircle Vicsek
model. Figure 11 shows the time-averaged order parameter
[Fig. 11(a)] and Binder cumulant [Fig. 11(b)] as a function
of noise amplitude for various system sizes L, along with
probability density functions [Fig. 11(c)] of ¢(¢) near the
transition point. It is clearly seen that the Binder cumulant
G exhibits a negative minimum and appears earlier near the
transition point, indicating a stronger discontinuous nature of
the phase transition when the system size is increased for the
anisotropic Vicsek model than for the standard Vicsek model.
Figure 11(c) shows more and more sharp bimodal peaks as the
system size becomes larger, providing further evidence of the
stronger discontinuous nature of the phase transition. Thus,
finite-size effects are weaker for the anisotropic Vicsek model
witha > 0.

Finite-size scaling analysis of the back-semicircle Vicsek
model. Figure 12 shows the time-averaged order parameter
[Fig. 12(a)] and Binder cumulant [Fig. 12(b)] as a function of
noise amplitude for various system sizes L, along with proba-
bility density functions [Fig. 12(c)] of ¢(¢) near the transition
point. It is clear that the Binder cumulant G exhibits a negative
minimum when the system size is large enough, but the gap
between the ordered phase and the disordered phase is much
smaller than in both the front-semicircle Vicsek model and the
standard Vicsek model. The nature of the phase transition for
the back-semicircle Vicsek model is discontinuous but much
weaker. Thus, finite-size effects are much stronger for the
back-semicircle Vicsek model.
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FIG. 11. Finite-size scaling analysis of the front-semicircle Vicsek model. (a) Time-averaged order parameter (¢), and (b) Binder cumulant
G as a function of noise amplitude n for various system sizes L. (c) The probability density functions of ¢(¢) near the transition point. The

parameters are p = 2 and vy = 0.5.
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