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Representation of Classi
al Solutions to a Linear Wave Equationwith Pure DelayDenys Ya. Khusainov∗, Mi
hael Pokojovy†, Elvin I. Azizbayov‡O
tober 3, 2013Abstra
tFor a wave equation with pure delay, we study an inhomogeneous initial-boundary value problemin a bounded 1D domain. Under smoothness assumptions, we prove unique existen
e of 
lassi
alsolutions for any given �nite time horizon and give their expli
it representation. Continuous de-penden
e on the data in a weak extrapolated norm is also shown.1 Introdu
tionThe wave equation is a typi
al linear hyperboli
 se
ond-order partial di�erential equation whi
h nat-urally arises when modeling phenomena of 
ontinuum me
hani
s su
h as sound, light, water or otherkind of waves in a
ousti
s, (ele
tro)magneti
s, elasti
ity and �uid dynami
s, et
. (
f. [6, 13℄). Provid-ing a rather adequate des
ription of physi
al pro
esses, partial di�erential equations, or equations withdistributed parameters in general, have found numerous appli
ations in me
hani
s, medi
ine, e
ology,et
. Introdu
ing after-e�e
ts su
h as delay into these equations has gained a lot of attention overseveral past de
ades. See e.g., [2, 3, 7, 8℄. Mathemati
al treatment of su
h systems requires additional
arefulness sin
e distributed systems with delay often turn out to be even ill-posed (
f. [4, 5, 12℄).In the present paper, we 
onsider an initial-boundary value problem for a general linear wave equationwith pure delay and 
onstant 
oe�
ients in a bounded interval subje
t to non-homogeneous Diri
hletboundary 
onditions. To solve the equation, we employ Fourier's separation method as well as thespe
ial fun
tions referred to as delay sine and 
osine fun
tions whi
h were introdu
ed in [9, 10℄. Weprove the existen
e of a unique 
lassi
al solution on any �nite time interval, show its 
ontinuousdependen
e on the data in a very weak extrapolated norm, give its representation as a Fourier seriesand prove its absolute and uniform 
onvergen
e under 
ertain 
onditions on the data.2 Equation with pure delayFor T > 0, l > 0, we 
onsider the following linear wave equation in a bounded interval (0, l) with asingle delay being a se
ond order partial di�eren
e-di�erential equation for an unknown fun
tion η
∂ttη(t, x) = a2∂xxη(t− τ, x) + b∂xη(t− τ, x) + dη(t− τ, x) + g(t, x) for (t, x) ∈ (0, T )× (0, l) (2.1)
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subje
t to non-homogeneous Diri
hlet boundary 
onditions and initial 
onditions
η(t, 0) = θ1(t), η(t, l) = θ2(t) for t > −τ,

η(t, x) = ψ(t, x) for (t, x) ∈ (−τ, 0) × (0, l).
(2.2)Sin
e we are interested in studying 
lassi
al solutions, the following 
ompatibility 
onditions are re-quired to assure for smoothness of the solution on the boundary of time-spa
e 
ylinder

ψ(t, 0) = θ1(t), ψ(t, l) = θ2(t) for t > −τ.De�nition 2.1. Under a 
lassi
al solution to the problem (2.1), (2.2) we understand a fun
tion
η ∈ C0

(

[−τ, T ]× [0, l]
) whi
h satis�es ∂ttη, ∂txη, ∂xxη ∈ C0

(

[−τ, 0] × [0, l]
) as well as ∂ttη, ∂txη, ∂xxη ∈

C0
(

[0, T ] × [0, l]
) and, being plugged into Equations (2.1), (2.2), turns them into identity.Remark 2.2. The previous de�nition does not impose any 
ontinuity of time derivatives in t = 0.If the 
ontinuity or even smoothness are desired, additional 
ompatibility 
onditions on the data,in
luding g, are required.Let ‖ · ‖k,2 := ‖ · ‖Hk,2((0,l)), k ∈ N0, denote the standard Sobolev norm (
f. [1℄) and ‖ · ‖−k,2 :=

‖ · ‖H−k,2((0,l)) denote the norm of 
orresponding negative Sobolev spa
e. We introdu
e the norm
‖ · ‖X :=

√

∞
∑

k=0

‖ · ‖2−k,2 and de�ne the Hilbert spa
e X as a 
ompletion of L2
(

(0, l)
) with respe
tto ‖ · ‖X . Obviously, X →֒

(

D
(

(0, l)
))′, i.e., X 
an be 
ontinuously embedded into the spa
e ofdistributions.With this notation, we easily see that A := a2∂2x + b∂x + d (with ∂x denoting the distributionalderivative) is a bounded linear operator on X sin
e

‖A‖L(X) = sup
‖u‖X=1

‖Au‖X = sup
‖u‖X=1

√

√

√

√

∞
∑

k=0

‖a2∂2xu+ b∂xu+ du‖2−k,2

≤ sup
‖u‖X=1

∞
∑

k=0

(

a2‖u‖−k−2,2 + b‖u‖−k−1,2 + d‖u‖−k,2

)

≤ sup
‖u‖X=1

(a2 + b+ c)‖u‖X = a2 + b+ d.Theorem 2.3. There exists a 
onstant C > 0, dependent only on a, b, d, l, τ, T , su
h that the estimate
max
t∈[0,T ]

(

‖η(·, t)‖2X + ‖ηt(·, t)‖
2
X

)

≤ C
(

‖ψ(0, ·)‖2X + ‖ψt(0, ·)‖
2
X

)

+ C

∫ 0

−τ

(

‖ψ(s, ·)‖2X + ‖ψt(s, ·)‖
2
X

)

dt+

C

∫ T

0

(

‖g(s, ·)‖2X + |θ1(s)|
2 + |θ2(s)|

2
)

dsholds true for any 
lassi
al solution of Equations (2.1), (2.2).Proof. Let η be the 
lassi
al solution to Equations (2.1), (2.2). We de�ne
w(t, x) :=

{

η(t, x) for (t, x) ∈ [−τ, 0] × [0, l],

η(t, x)− θ1(t)−
x
l
(θ2(t)− θ1(t)) for (t, x) ∈ (0, T ] × [0, l].2



Then w satis�es homogeneous Diri
hlet boundary 
onditions and solves the equation
∂ttw(t, ·) = Aw(t− τ, ·) + f(t, ·) (2.3)in the extrapolated spa
e X with

f(t, ·) = g(t, ·) + b (θ2(t)− θ1(t)) + θ1(t) +
dx
l
(θ2(t)− θ1(t)) .We multiply the equation with wt(t, ·) in the s
alar produ
t of X and use Young's inequality to getthe estimate

∂t‖wt(t, ·)‖
2
X = 〈Aw(t − τ, ·), wt(t, ·)〉X + 〈f(t, ·), wt(t, ·)〉X

≤ ‖w(t − τ, ·)‖2X +
(

1 + ‖A‖2L(X)

)

‖wt(t, ·)‖
2
X + ‖f(t, ·)‖2X .

(2.4)As in [11℄, we introdu
e the history variable
z(s, t, x) := w(t− s, x) for (s, t, x) ∈ [0, τ ] × [0, T ]× [0, l]and obtain

zt(s, t, x) + zs(s, t, x) = 0 for (s, t, x) ∈ (0, τ) × (0, T ) × (0, l).Multiplying these identities with w(t, ·) in X and performing a partial integration, we �nd
∂t

∫ τ

0
‖z(s, t, ·)‖2Xds = −

∫ τ

0
∂s‖z(s, t, ·)‖

2
Xds = ‖w(t, ·)‖2X − ‖w(t− τ, ·)‖2X . (2.5)Adding equations (2.4) and (2.5) to the trivial identity

∂t‖w(t, ·)‖
2
X ≤ ‖w(t, ·)‖2X + ‖wt(t, ·)‖

2
X ,we obtain

∂t

(

‖w(t, ·)‖2X + ‖wt(t, ·)‖
2
X +

∫ 0

−τ

‖w(s, t, ·)‖2Xds

)

≤
(

2 + ‖A‖L(X)

)

‖w(t, ·)‖2X+‖wt(t, ·)‖
2
X+‖f(t, ·)‖2X .Thus, we have shown

∂tE(t) ≤
(

2 + ‖A‖L(X)

)

E(t) + ‖f(t, ·)‖2X , (2.6)where
E(t) := ‖w(t, ·)‖2X + ‖wt(t, ·)‖

2
X +

∫ 0

−τ

‖z(s, t, ·)‖Xds.From Equation (2.6) we 
on
lude
E(t) ≤ E(0) +

(

2 + ‖A‖L(X)

)

∫ t

0
E(s)ds+

∫ t

0
‖f(t, ·)‖2Xds.Using now the integral form of Gronwall's inequality, we obtain

E(t) ≤ E(0) +

∫ t

0
‖f(t, ·)‖2Xds+

∫ t

0
e(2+‖A‖L(X))(t−s)

(

E(0) +

∫ s

0
‖f(ξ, ·)‖2Xdξ

)

ds

≤ C̃

(

E(0) +

∫ T

0
‖f(s, ·)‖2Xds

)
(2.7)for 
ertain C̃ > 0. Taking into a

ount

c1
(

‖w(t, ·)‖2X + |θ1(t)|
2 + |θ2(t)|

2
)

≤ ‖η(t, ·)‖2X ≤ C1

(

‖w(t, ·)‖2X + |θ1(t)|
2 + |θ2(t)|

2
)

,

c2
(

‖f(t, ·)‖2X + |θ1(t)|
2 + |θ2(t)|

2
)

≤ ‖g(t, ·)‖2X ≤ C2

(

‖f(t, ·)‖2X + |θ1(t)|
2 + |θ2(t)|

2
)for some 
onstants c1, c2, C1, C2 > 0 and exploiting the de�nition of E(t), the proof is a dire
t 
onse-quen
e of Equation (2.7). 3



Corollary 2.4. Solutions of Equation (2.1), (2.2) are unique. The solution map
(ψ, g, θ1, θ2) 7→ ηis well-de�ned, linear and 
ontinuous in the norms from Theorem 2.3.Remark 2.5. It was essential to 
onsider the weak spa
e X. If the spa
e 
orresponding to theusual wave equation is used, i.e., (η, ηt) ∈ H1
0

(

(0, l)
)

× L2
(

(0, l)
), there follows from [5℄ that Equation(2.1), (2.2) is an ill-posed problem due to the la
k of 
ontinuous dependen
e on the data even in thehomogeneous 
ase.Next, we want to establish 
onditions on the data allowing for the existen
e of a 
lassi
al solution.Performing the substitution

ξ(t, x) := e
−

b
2a2 xη(t, x) for (t, x) ∈ [−τ, T ]× [0, l] (2.8)with a new unknown fun
tion ξ (
p. [11℄), the initial boundary value problem (2.1), (2.2) 
an bewritten in the following simpli�ed form with a self-adjoint operator on the right-hand side

∂ttξ(t, x) = a2∂xxξ(t− τ, x) + cξ(t− τ, x) + f(t, x) for (t, x) ∈ (0, T )× (0, l) (2.9)with c := d− b2

4a2

omplemented by the following boundary and initial 
onditions

ξ(t, 0) = µ1(t), ξ(t, l) = µ2(t) for t > −τ with µ1(t) := θ1(t), µ2(t) := e
b

2a2
l
θ2, (2.10)

ξ(t, x) = ϕ(t, x) for (t, x) ∈ (−τ, 0) × (0, l) with ϕ(t, x) := e
b

2a2xψ(t, x) (2.11)and
f(t, x) := e

b

2a2
x
g(t, x) for (t, x) ∈ [0, T ]× [0, l].The solution will be determined in the form

ξ(t, x) = ξ0(t, x) + ξ1(t, x) +G(t, x).Here, G is an arbitrary fun
tion with ∂ttG, ∂txG, ∂xxG ∈ C0
(

[−τ, T ] × [0, l]
) satisfying the boundary
onditions

G(t, 0) = µ1(t), G(t, l) = µ2(t).Assuming µ1, µ2 ∈ C2
(

[−τ, T ]
), we let

G(t, x) := µ1(t) +
x
l
(µ2(t)− µ1(t)) for (t, x) ∈ [−τ, T ]× [0, l]. (2.12)

• ξ0 solves the homogeneous equation
∂ttξ0(t, x) = a2∂xxξ0(t− τ, x) + cξ0(t− τ, x) (2.13)subje
t to homogeneous boundary and non-homogeneous initial 
onditions

ξ0(t, 0) ≡ 0, ξ0(t, l) = 0 in (−τ, T ),

ξ0(t, x) = Φ(t, x) for (t, x) ∈ (−τ, 0)× (0, l) with Φ(t, x) := ϕ(t, x) −G(t, x).
(2.14)In parti
ular, with the fun
tion G sele
ted as in Equation (2.12), we obtain

Φ(t, x) = ϕ(t, x) − µ1(t)−
x
l
(µ2(t)− µ1(t)) for (t, x) ∈ [−τ, 0]× [0, l]. (2.15)

• ξ1 solves the non-homogeneous equation
∂ttξ1(t, x) = a2∂xxξ1(t− τ, x) + cξ1(t− τ, x) + F (t, x) for (t, x) ∈ (0, T ) × (0, l) (2.16)with
F (t, x) := a2∂xxG(t− τ, x) + cG(t − τ, x)− ∂ttG(t, x) for (t, x) ∈ [0, T ] × [0, l] (2.17)subje
t to homogeneous boundary and initial 
onditions. For G from Equation (2.12), we have

F (t, x) = f(t, x)+c
(

µ1(t− τ) + x
l
(µ2(t− τ)− µ1(t− τ))

)

−
(

µ̈1(t) +
x
l
(µ̈2(t)− µ̈1(t))

)

. (2.18)4



3 Homogeneous equationIn this se
tion, we obtain a formal solution to the initial-boundary value problem (2.13) with initialand boundary 
onditions given in Equations (2.10), (2.11). We exploit Fourier's separation method todetermine ξ0 in the produ
t form ξ0(t, x) = T (t)X(x). After plugging this ansatz into Equation (2.13),we �nd
X(x)T̈ (t) = a2X ′′(x)T (t− τ) + cX(x)T (t− τ).Hen
e,
X(x)

(

T̈ (t)− cT (t− τ)
)

= a2X ′′(x)T (t− τ).By formally separating the variables, we dedu
e
X ′′(x)

X(x)
=
T̈ (t)− cT (t− τ)

a2T (t− τ)
= −λ2.Thus, the equation 
an be de
oupled as follows

T̈ (t) +
(

a2λ2 − c
)

T (t− τ) = 0, X ′′(x) + λ2X(x) = 0. (3.1)These are linear se
ond order ordinary (delay) di�erential equations with 
onstant 
oe�
ients.Due to the zero boundary 
onditions for ξ0, the boundary 
onditions for the se
ond equation in (3.1)will also be homogeneous, i.e.,
X(0) = 0, X(l) = 0.Therefore, we obtain a Sturm & Liouville problem admitting non-trivial solutions only for the eigen-numbers

λ2 = λ2n =
(

πn
l

)n for n ∈ Nand the 
orresponding eigenfun
tions
Xn(x) = sin

(

πn
l
x
) for n ∈ N.Assuming

(

πa
l

)2
− c > 0,we denote

ωn =

√

(

πn
a

)2
− c for n ∈ Nand 
onsider the �rst equation in (3.1), i.e.,

T̈ (t) + ω2
nT (t− τ) = 0 for n ∈ N. (3.2)The initial 
onditions for ea
h of the equations in (3.2) 
an be obtained by expanding the initial datainto a Fourier series with respe
t to the eigenfun
tion basis of the se
ond equation in (3.1)

Φ(t, ·) =

∞
∑

n=1

Φn(t) sin
(

πn
l
x
) with Φn(t) =

2

l

∫ l

0
(ϕ(t, s)−G(t, s)) sin

(

πn
l
s
)

ds,

∂tΦ(t, ·) =

∞
∑

n=1

Φ̇n(t) sin
(

πn
l
x
) with Φ̇n(t) =

2

l

∫ l

0
(∂tϕ(t, s)− ∂tG(t, s)) sin

(

πn
l
s
)

ds

(3.3)for t ∈ [−τ, T ]. Let us further determine the solution of the Cau
hy problem asso
iated with ea
h ofthe equations in (3.2) subje
t to the initial 
onditions from Equation (3.3).5



First, we brie�y present some useful results from the theory of se
ond order delay di�erential equationswith pure delay obtained in [9℄. The authors 
onsidered a linear homogeneous se
ond order delaydi�erential equation̈
x(t) + ω2x(t− τ) = 0 for t ∈ (0,∞), x(t) = β(t) for t ∈ [−τ, 0]. (3.4)They introdu
ed two spe
ial fun
tions referred to as delay 
osine and sine fun
tions. Exploiting thesefun
tions, a unique solution to the initial value problem (3.4) was obtained.De�nition 3.1. Delay 
osine is the fun
tion given as

cosτ (ω, t) =































0, −∞ < t < −τ,
1, −τ ≤ t < 0,

1− ω2 t2

2! , 0 ≤ t < τ,... ...
1− ω2 t2

2! + ω4 (t−τ)4

4! − · · ·+ (−1)kω2k (t−(k−1)τ)2k

(2k)! , (k − 1)τ ≤ t < kτ

(3.5)with 2k-order polynomials on ea
h of the intervals (k − 1)τ ≤ t < kτ 
ontinuously adjusted at thenodes t = kτ , k ∈ N0.
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Figure 1: Delay 
osine fun
tionDe�nition 3.2. Delay sine is the fun
tion given as
cosτ (ω, t) =


























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3! + · · ·+ (−1)kω2k+1 (t−(k−1)τ)2k+1

(2k+1)! , (k − 1)τ ≤ t < kτ

(3.6)with (2k + 1)-order polynomials on ea
h of the intervals (k − 1)τ ≤ t < kτ 
ontinuously adjusted atthe nodes t = kτ , k ∈ N0. 6
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Figure 2: Delay sine fun
tionThere has further been proved that delay 
osine uniquely solves the linear homogeneous se
ond orderordinary delay di�erential equation with pure delay subje
t to the unit initial 
onditions x ≡ 1 in [−τ, 0]and the delay sine in its turn solves Equation (3.4) subje
t to the initial 
onditions x(t) = ω(t+ τ) for
t ∈ [−τ, 0].Using the fa
t above, the solution of the Cau
hy problem was represented in the integral form. Inparti
ular, the solution x to the homogeneous delay di�erential equation (3.4) with the initial 
onditions
x ≡ β in [−τ, 0] for an arbitrary β ∈ C2 ([−τ, 0]) was shown to be given as

x(t) = β(−τ) cosτ (ω, t) +
1
ω
β̇(−τ) sinτ (ω, t) +

1
ω

∫ 0

−τ

sinτ (ω, t− τ − s)β̈(s)ds. (3.7)Turning ba
k to the delay di�erential equation (3.2) with the initial 
onditions (2.4), we obtain theirunique solution in the form
Tn(t) = Φn(−τ) cosτ (ωn, t) +

1
ωn

Φ̇n(−τ) sinτ (ωn, t) +
1
ωn

∫ 0

−τ

sinτ (ωn, t− τ − s)Φ̈(s)ds. (3.8)Thus, assuming su�
ient smoothness of the data to be spe
i�ed later, the solution ξ0 to the homoge-neous equation (2.13) satisfying homogeneous boundary and non-homogeneous initial 
onditions ξ ≡ Φin [−τ, 0] × [0, l] reads as
ξ0(t, x) =

∞
∑

n=1

(

Φn(−τ) cosτ (ωn, t) +
1
ωn

Φ̇n(−τ) sinτ (ωn, t)+

1
ωn

∫ 0

−τ

sinτ (ωn, t− τ − s)Φ̈n(s)ds

)

sin
(

πn
l
x
)

,

Φn(t) =
2

l

∫ l

0
(ϕ(t, s)−G(t, s)) sin

(

πn
l
s
)

ds for n ∈ N.

(3.9)
7



4 Non-homogeneous equationNext, we 
onsider the non-homogeneous equation (2.16) with the right-hand side from Equation (2.18)subje
t to homogeneous initial and boundary 
onditions
∂ttξ1(t, x) = a2∂xxξ1(t− τ, x) + cξ1(t− τ, x) + F (t, x) for (t, x) ∈ (0, T ) × (0, l),where

F (t, x) = f(t, x) + c
(

µ1(t− τ) + x
l
(µ2(t− τ)− µ1(t− τ))

)

−
(

µ̈1(t)−
x
l
(µ̈2(t)− µ̈1(t))

)

.The solution will be 
onstru
ted as as Fourier series with respe
t to the eigenfun
tions of the Sturm& Liouville problem from the previous se
tion, i.e.,
ξ1(t, x) =

∞
∑

n=1

Tn(t) sin
(

πn
l
x
)

. (4.1)Plugging the ansatz from (4.1) into Equation (2.6) and 
omparing the time-dependent Fourier 
oe�-
ients, we obtain a system of 
ountably many se
ond order delay di�erential equations
T̈n(t) + ωnTn(t− τ) = Fn(t) for t ∈ (0, T ) with Fn(t) =

2

l

∫ l

0
F (t, s) sin

(

πn
l
x
)

ds. (4.2)In [9℄, the initial value problem for the non-homogeneous delay di�erential equation
ẍ(t) + ω2x(t− τ) = f(t) for t ≥ 0with homogeneous initial 
onditions x ≡ 0 in [−τ, 0] was shown to be uniquely solved by
x(t) =

∫ t

0
sinτ (ω, t− τ − s)f(s)ds. (4.3)Exploiting Equation (4.3), the equations in (4.2) subje
t to zero initial 
onditions are uniquely solvedby

Tn(t) =

∫ t

0
sinτ (ωn, t− τ − s)Fn(s)ds. (4.4)Therefore, the non-homogeneous partial delay di�erential equation with homogeneous initial andboundary 
ondition formally reads as

ξ1(t, x) =

∞
∑

n=1

(
∫ t

0
sinτ (ωn, t− τ − s)Fn(s)ds

)

sin
(

πn
l
x
) for (t, x) ∈ [0, T ]× [0, l]. (4.5)5 General 
ase solutionThe solution in the general 
ase 
an thus formally be represented as the following series

ξ(t, x) =

∞
∑

n=1

(

Φn(−τ) cosτ (ωn, t) +
1
ωn

Φ̇n(−τ) sinτ (ωn, t)+

1
ωn

∫ 0

−τ

sinτ (ωn, t− τ − s)Φ̈n(s)ds

)

sin
(

πn
l
x
)

+

∞
∑

n=1

(
∫ t

0
sinτ (ωn, t− τ − s)Fn(s)ds

)

sin
(

πn
l
x
)

+G(t, x).

(5.1)
8



5.1 Convergen
e of the Fourier seriesTheorem 5.1. Let T > 0, τ > 0 and m := ⌈T
τ
⌉. Further, let the data fun
tions ϕ, µ1, µ2 and f besu
h that their Fourier 
oe�
ients Φn and Fn given in Equations (3.3) and (4.5) satisfy the 
onditions

lim
n→∞

(

|Φn(−τ)|+ |Φ̇n(−τ)|
)

n2m+3+α = 0, lim
n→∞

max
s∈[−τ,0]

|Φ̈n|n
2m+3+α = 0,

lim
n→∞

max
k=1,...,m

max
t∈[(k−1)τ,max{kτ,T}]

|Fn(t)|n
2k+3+α = 0

(5.2)for an arbitrary, but �xed α > 0. Let
(

π
l
a
)2
> c.Then the 
lassi
al solution to problem (2.9)�(2.11) 
an be represented as an absolutely and uniformly
onvergent Fourier series given in Equation (5.1). The latter series is a twi
e 
ontinuously di�erentiablefun
tion with respe
t to both variables. Its derivatives of order less or equal two with respe
t to t and

x 
an be obtained by a term-wise di�erentiation of the series and the resulting series are also absolutelyand uniformly 
onvergent in [0, T ]× [0, l].Proof. We regroup the series from Equation (5.1) into the following sum
ξ(t, x) = S1(t, x) + S2(t, x) + S3(t, x) +G(t, x),where

S1(t, x) =

∞
∑

n=1

An(t) sin
(

πn
l
x
)

, S2(t, x) =

∞
∑

n=1

Bn(t) sin
(

πn
l
x
)

, S3(t, x) =

∞
∑

n=1

Cn(t) sin
(

πn
l
x
)

,

An(t) = Φn(−τ) cosτ (ωn, t) +
1
ωn

Φ̇n(−τ) sinτ (ωn, t),

Bn(t) =
1
ωn

∫ 0

−τ

sinτ (ωn, t− τ − s)Φ̈nds,

Cn(t) =
1
ωn

∫ 0

−τ

sinτ (ωn, t− τ − s)Fn(s)dsand
ωn =

√

(

πn
l
a
)2

− c for n ∈ N.1. First, we 
onsider the 
oe�
ient fun
tions An. For an arbitrary t ∈ [0, T ] with (k−1)τ ≤ t < kτ ,we �nd
An(t) = Φn(−τ) cosτ (ωn, t) +

1
ωn

Φ̇n(−τ) sinτ (ωn, t)

=
(

1−
(

πn
l
a
)2 t3

2! + · · · + (−1)k
(

πn
l
a
)2k (t−(k−1)τ)2k

(2k)!

)

Φn(−τ)+
(

(1 + τ)−
(

πn
l
a
)2 t2

3! + · · ·+ (−1)k
(

πn
l
a
)2k (t−(k−1)τ)2k+1

(2k+1)!

)

Φn(−τ).If Φn(−τ) and Φ̇n(−τ), n ∈ N, are su
h that the 
ondition
lim
n→∞

(

|Φn(−τ)|+ |Φ̇n(−τ)|
)

n2k+3+α = 0holds true, the series S1 as well as its derivatives of order less or equal 2 
onverge absolutely anduniformly. Note that a single di�erentiation with respe
t to x 
orresponds, roughly speaking, toa multipli
ation with n. 9



2. Next, we 
onsider the 
oe�
ients Bn. For an arbitrary t ∈ [0, T ] with (k − 1)τ ≤ t < kτ , weperform the substitution t− τ − s = ξ and exploit the mean value theorem to estimate
|Bn(t)| =

∣

∣

∣

∣

1
ωn

∫ t

t−τ

sinτ (ωn, ξ)Φ̈n(t− τ − ξ)dξ

∣

∣

∣

∣

≤ τ max
−τ≤s≤0

|Φ̈n(s)| max
j=k−1,k

max
t−τ≤s≤t

∣

∣

∣
(s− τ)−

(

πn
l
a
)2 s3

3! + . . .

+(−1)j
(

πn
l
a
)2j (s−(j−1)τ)2j+1

(2j+1)!

∣

∣

∣
.Applying the theorem on di�erentiation under the integral sign to Bn and taking into a

ountthat sinτ (πnl a, ·) is twi
e weakly di�erentiable in [0,∞), namely: sinτ (πnl a, ·) ∈ W

2,∞
loc

(

(0,∞)
),its derivatives are polynomials of order lower than those of sinτ (πnl a, ·) and their 
onvolutionwith Φ̈n is 
ontinuous, analogous estimates 
an be obtained for Φ̇n and Φ̈n whi
h, in their turn,also follow to be 
ontinuous fun
tions.Now, if the 
ondition

lim
n→∞

max
s∈[−τ,0]

|Φ̈n|n
2m+3+α = 0is satis�ed, the series S2 as well as its derivatives of order less or equal 2 
onverge absolutely anduniformly.3. Finally, we look at the Fourier 
oe�
ients Cn. Again, for an arbitrary period of time t ∈ [0, T ]with (k − 1)t ≤ t < kτ , 0 ≤ k ≤ m, we substitute t − τ − ξ = s. On
e again, using the meanvalue theorem, we estimate

|Cn(t)| =

∣

∣

∣

∣

1
ωn

∫ t

t−τ

sinτ
(

πn
l
a, ξ

)

Fn(t− τ − ξ)dξ

∣

∣

∣

∣

≤ τ max
t−τ≤s≤t

|Φ̈n(s)| max
j=k−1,k

max
t−τ≤s≤t

∣

∣

∣
(s− τ)−

(

πn
l
a
)2 s3

3! + . . .

+(−1)j
(

πn
l
a
)2j (s−(j−1)τ)2j+1

(2j+1)!

∣

∣

∣
.As before, Cn 
an be shown to be twi
e 
ontinuously di�erentiable. If now

lim
n→∞

max
k=1,...,m

max
t∈[(k−1)τ,max{kτ,T}]

|Fn(t)|n
2k+3+α = 0 (5.3)is satis�ed, then both S3 and its derivatives of order less or equal 2 
onverge absolutely anduniformly.Sin
e all three 
onditions are guaranteed by the assumptions of the Theorem due to the fa
t k ≤ m,the proof is �nished.Remark 5.2. From the pra
ti
al point of view, the rapid de
ay 
ondition on the Fourier 
oe�
ientsof the data given in Equation (5.2) mean a su�
iently high Sobolev regularity of the data and 
orre-sponding higher order 
ompatibility 
onditions at the boundary of (0, l) (
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