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Superfluidity describes the ability of quantum matter to flow without friction. Due to its fundamental role
in many transport phenomena, it is crucial to understand the robustness of superfluid properties to external
perturbations. Here, we theoretically study the effects of speckle disorder on the propagation of sound waves
in a two-dimensional Bose-Einstein condensate at zero temperature. We numerically solve the Gross-Pitaevskii
equation in the presence of disorder and employ a superfluid hydrodynamic approach to elucidate the role of
the compressibility and superfluid fraction in the propagation of sound. A key result is that disorder reduces the
superfluid fraction and hence the speed of sound; it also introduces damping and mode coupling. In the limit of
weak disorder, the predictions for the speed of sound and its damping rate are well reproduced by a quadratic
perturbation theory. The hydrodynamic description is valid over a wide range of parameters, while discrepancies
become evident if the disorder becomes too strong, the effect being more significant for disorder applied in only
one spatial direction. Our predictions are well within the reach of state-of-the-art cold-atom experiments and

carry over to more general disorder potentials.
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I. INTRODUCTION

The propagation of sound in superfluid systems exhibits
peculiar features which have been the subject of many funda-
mental theoretical and experimental investigations [1]. Sound
can propagate in a superfluid even at zero temperature, de-
spite the absence of thermal collisions. As outlined in the
pioneering work by Bogoliubov, sound propagation in these
conditions is due to fluctuations of the phase of the order
parameter. At finite temperature, superfluidity reveals new
features associated with the propagation of second sound, as
predicted by Landau’s theory of two-fluid hydrodynamics [1].

The realization of Bose-Einstein condensation in ultracold-
atomic gases has provided new opportunities to confirm and
explore the theoretical predictions of superfluidity. An in-
teresting focus has been on collective oscillations and the
propagation of sound in superfluid systems with broken trans-
lational invariance; this includes the case where the invariance
is broken by external fields [2-9] as well as the case where it
is broken spontaneously, giving rise to supersolidity [10-17].
In the first case, a single class of Goldstone modes is expected
to occur at zero temperature, taking the form of sound waves,
whose velocity c is predicted by the hydrodynamic theory of
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superfluids according to the law
me? = fy(ne)~. e

Here, « is the compressibility and f; = n;/n is the super-
fluid fraction of the system, while n and n,; denote the total
and superfluid densities, respectively. The inverse compress-
ibility is related to the chemical potential i by the relation
k! = n?du/0n, while the superfluid fraction is related to the
effective hydrodynamic mass m* by f; = m/m* [9]. When
external fields are present, due to the absence of translational
invariance, f; can be significantly smaller than unity even at
zero temperature, as revealed by the celebrated superfluid-to-
Mott-insulator transition [18].

In recent works, the superfluid fraction f; has been mea-
sured in a dilute Bose-Einstein-condensed gas with density
modulations created by an external optical-lattice potential
[9,19]. The value of f; has been obtained through the mea-
surement of the sound velocity as a function of the intensity of
the external potential, in excellent agreement with the predic-
tions of Gross-Pitaevskii theory. In this paper, we investigate
the propagation of sound, the role played by the superfluid
fraction, and the applicability of the hydrodynamic relation
(1) for weakly interacting two-dimensional Bose gases in the
presence of a disordered potential.

The study of quantum fluids in disordered potentials has a
long history, dating back to the dirty boson problem in con-
densed matter theory [20,21] and experiments on superfluid
helium adsorbed in porous glasses [22,23]. In the context of
ultracold-atomic gases, experiments can be performed with
random yet correlated potentials with different properties,
and one can also tune the strength of the atom-atom inter-
action. For these reasons, ultracold atoms have proven to be
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an excellent platform for the study of Anderson localization
[24-26] and more generally the interplay between disorder,
quantum degeneracy, and interactions [27-32]. On the theory
side, many studies have addressed the effect of disorder on
the dispersion of elementary excitations in a dilute Bose gas
and in particular on the propagation and damping of sound
[33-37]. However, many of these approaches are limited to
the perturbative regime where the effects of disorder are weak
and the dynamics can still be accurately modeled using hydro-
dynamic theory. A systematic study of the effects of disorder
on the sound mode at larger disorder strengths is missing from
the literature to the best of our knowledge. In particular, it is
unclear whether hydrodynamics is still valid in this regime, or
if the sound mode is entirely destroyed by the disorder.

In this paper, we perform numerical calculations based
on the Gross-Pitaevskii equation (GPE) of both static and
dynamic properties of a two-dimensional dilute Bose gas
in a random potential modeling optical speckles. The com-
pressibility and superfluid density are evaluated from the
ground-state energy as a function of the disorder strength, for
different ratios of the disorder correlation length to the healing
length. Using hydrodynamic theory, these results provide us
with a determination of the speed of sound, which we compare
with time-dependent simulations of sound propagation fol-
lowing the removal of a wave-vector-specific perturbation in
the linear-response regime. We find good agreement between
the superfluid hydrodynamic theory, based on the relation
(1), and dynamic calculations for a wide parameter range
well beyond the weak-disorder regime. From the simulations,
we also extract the collisionless damping rate of the phonon
collective mode once a statistical average over many disorder
realizations is taken. The calculated decay rate agrees with
perturbation theory in the weak disorder regime.

A central point of our analysis concerns the comparison be-
tween isotropic two-dimensional (2D) disorder and stripelike
one-dimensional (1D) disorder. In the 2D case, disorder has
an overall weaker impact since there are many paths for the
superfluid to move around obstacles, whereas in the 1D set-
ting, potential barriers spanning the entire system diminish
the superfluid fraction already at significantly smaller disorder
strengths. As a consequence, we find that the Leggett bounds
for the superfluid fraction [38,39] provide too loose of an
estimate for f; in the case of 2D disorder. This is different
from the behavior in square optical lattices, where the bounds
remain tight [40]. On the contrary, in the 1D case, the upper
and lower Leggett bounds coincide.

With respect to optical-lattice potentials, we identify two
main qualitative differences in the presence of disorder. First,
in an optical lattice, elementary excitations are undamped
due to the conservation of crystal momentum, whereas in a
disordered potential, momentum is no longer conserved and
the original excitations become coupled. This mode coupling
gives rise to damping of sound waves consistent with theory
[33-37], but there can be deviations from this behavior on the
level of single realizations due to finite-size effects. Second,
within the validity regime of Gross-Pitaevskii theory, the hy-
drodynamic relation (1) holds even for deep optical lattices
where the superfluid fraction is substantially reduced [9],
while strong disorder causes the hydrodynamic description to
break down. Our results point toward a realistic possibility of

observing these effects in current experiments, requiring simi-
lar resources as for the measurements reported in Refs. [9,19].

The paper is structured as follows. In Sec. II, we dis-
cuss the implementation of the disorder potential used in this
study. Section III puts forward the theoretical methods em-
ployed, namely, equilibrium simulations and time-dependent
simulations of the Gross-Pitaevskii equation, and perturbation
theory. The results for sound propagation and superfluid frac-
tion for two-dimensional isotropic disorder are presented in
Sec. IV, while similar results for one-dimensional stripelike
disorder are in Sec. V. Finally, we present our conclusions in
Sec. VI. Appendices A—E provide further technical details for
the interested reader.

II. SPECKLE DISORDER

In this work, we focus on correlated speckle disorder. Such
disorder can readily be achieved in experiments by passing
laser light through a diffuser [41]. The resulting interference
fringes act as a random potential imprinted onto the quantum
gas.

Such speckle potentials are on average constant,

V(r) =V, (2)

while the strength of the disorder at two points is correlated,

V) —WIIV{F) — Vol = ViCr — 1), A3

where C(r —r') is the correlation function of the disorder.
We use the notation O to denote the average of an observ-
able O over many realizations of the disorder. As outlined in
Appendix A, it is straightforward to sample such a potential
numerically by writing it in terms of normally distributed
random Fourier modes a; with zero mean and suitably chosen

variance,
2

V)=V Z age’™®”
|kil<7 /oi

The cutoff values 7 /o; define the correlation lengths o;, which
set the length scale of the disorder correlation function in the
i = x, y directions.

In our simulations, we consider a two-dimensional gas
in an L x L square box with periodic boundary conditions.
Hence, the wave vectors entering the disorder obey the dis-
cretizationrulek = n 2w /L withn € Z2. In the limit L — oo,

the disorder autocorrelation function is given by

“

Cir—r)=Culx — x’)Cy(y —y) (5a)
with
Cilx) = sincz<£>, (5b)
O

where i = x, y and we use sinc(x) = sin(wx)/(mwx). Equiva-
lently, the Fourier transform of the autocorrelation function
yields the disorder power spectrum

[V (k) — Vol?
L2

e = (1= keil\g(y _ ko 6b
o= (et

= V}0,0,C (k. )Cy (k) (6a)

with
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FIG. 1. Characteristics of the speckle disorder potential. (a) Disorder power spectrum, averaged over 100 realizations, and (b) autocorre-
lation function for a ratio of the disorder correlation length to the box size of o, /L = %. The error bars correspond to the standard error of
the mean and the red lines show the analytical result for an infinite system according to Egs. (5) and (6). (c)—(f) Single realizations of speckle
disorder for different configurations of the correlation lengths. (c), (e) Show isotropic 2D disorder (o, = oy) for o /L = é and o, /L = %,
respectively, while (d) and (f) correspond to stripelike 1D disorder (o, = L) for the same two values of o,.

where V (k) = f drV(r)e=*7 is the Fourier transform of
the disorder potential and 6(x) denotes the Heaviside step
function. The disorder correlation functions in Fourier and
real space are illustrated in Figs. 1(a) and 1(b), respectively.

In addition to tuning the disorder strength Vj, it is also
possible to create anisotropic disorder and even change the
dimensionality of the disorder by choosing the correlation
lengths o; appropriately. While allowing kK modes up to a cer-
tain magnitude along both directions creates two-dimensional
disorder that is on average isotropic (o, = oy) [see Figs. 1(c)
and 1(e)], choosing only k modes along the x direction creates
a stripelike disorder which we call one-dimensional disorder
(oy = L) [see Figs. 1(d) and 1(f)]. In what follows, we will
discuss both cases.

We note that for a system with periodic boundary con-
ditions, as considered here, it is essential for the disorder
potential to be periodic as well. In the case of homogeneous
Dirichlet (hard-wall) boundary conditions, which are more
practical for some experiments, the periodicity requirement
for the potential can be relaxed as the wave function vanishes
at the boundary. Changing the boundary conditions would
produce different finite-size effects, but would not affect bulk
properties.

III. THEORETICAL METHODS

The system of interest is a weakly interacting Bose-
Einstein condensate (BEC) at zero temperature, described by

the Gross-Pitaevskii energy functional

2\72

/Y%
E:/dr{\IJ*(r)|:— 3

m

+ V(r)} W(r) + §|W<r)|4},
)

where r = (x, y) is the position in two dimensions, W(r) is the
condensate wave function, V (r) is the disorder potential, and
g is the mean-field interaction strength. In what follows, we
denote the local density of the gas by n(r) = |¥(r)|?, which
is normalized to the total number of particles N = f drn(r).
The time evolution of the system is governed by the time-
dependent GPE

2\72

2m

iho,W(r, 1) = [— +V(r) + glu(r, t)|2:| U(r,t), (8)
which can be derived by applying the variational principle
ihd, W = SE /§W™ to the energy functional (7).

One can define the average density n = N/L?, the bare
chemical potential gn, and the healing length & = /i/\/2mgn.
It is then convenient to use these quantities to work in natural
units, where energies are expressed in units of gn, lengths in
units of +/2&, and time in units of 7i/gn.

Flat two-dimensional traps can be realized by squeezing
the gas into a transverse harmonic confinement of frequency
w,;. If w, is large enough, the motion along the third spatial
dimension is frozen into the ground state of the harmonic po-
tential [42,43]. The effective 2D interaction strength for such
a system is g = g h%/m with g = «/8may/a., where a, is the
three-dimensional s-wave scattering length and a, = /h/mw,
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is the oscillator length. In our calculations, we choose phys-
ical parameters close to the experiment in Ref. [9], namely,
w,/2m =3.7kHz and a; = 5.3 nm (for ’Rb atoms). This
yields g ~ 0.15. Furthermore, we typically consider N =
9.6 x 10* particles in a square box of length L = 40 um,
corresponding to a mean particle density of n = 60 um~2. The
interaction strength is thus characterized by the dimension-
less quantity gN = 14 400, which, due to scale invariance in
2D, also determines the system size in natural length units
L/v2E = \/gN = 120.

Given the above parameters, we will assume to work in
the regime where there is a single condensate, such that the
system is neither in a localized phase [24-26], where there is
no sound propagation, nor in a Bose glass phase [30,44,45],
where the system is described by several incoherent conden-
sates. We note that in the conditions outlined above, the GPE
provides an accurate description of the condensate wave func-
tion, identified as the eigenfunction with the largest eigenvalue
of the one-body density matrix p(r, ') = (0|4T )y (+')|0),
calculated in terms of the creation and annihilation field op-
erators 1/ T (r) and ¥ (r) acting on the many-body ground state
|0). It is important to point out that, in the presence of bro-
ken translational symmetry, the occupation of the condensate
wave function can be significantly different from the occu-
pation of the k = 0 mode, which would coincide with the
condensate in infinite uniform systems.

Our primary interest is how the disorder will affect the
speed of sound, the superfluid fraction, and the validity of
hydrodynamic theory. As stated previously, the applicability
of hydrodynamics implies a fundamental relation between
the speed of sound, the superfluid fraction, and the inverse
compressibility, Eq. (1). For this reason, we will also investi-
gate how the compressibility changes with increasing disorder
strength.

Our strategy is first to examine the equilibrium properties
of the condensate, i.e., the compressibility and the superfluid
fraction. These can readily be computed by considering the
static response of the condensate to a long-wavelength den-
sity perturbation and a phase twist, respectively. These two
quantities then give us access to the speed of sound via the
hydrodynamic relation in Eq. (1). Second, we perform time-
dependent simulations of the GPE after the sudden removal
of a sinusoidal perturbation to extract the speed of sound and
its damping. The comparison between the equilibrium and
dynamic simulations of the GPE allows us to further test the
applicability of hydrodynamics.

A. Stationary Gross-Pitaevskii equation

We obtain the equilibrium properties of the BEC in the
presence of disorder by numerically solving the stationary
GPE

2v72

n¥(r) = |:— +Vr)+ gl‘l’(r)lz} vr). 9

2m

This yields the ground-state condensate wave function W(r)
as well as the chemical potential p.

1. Compressibility

The compressibility x can be obtained from the chemical
potential . via the thermodynamic relation (n«)~! = nou/on
or, alternatively, from the linear response to a density pertur-
bation in the long-wavelength limit [1]. In our numerics, we
will use the latter approach as not only is it an experimentally
feasible protocol, but we will use a similar method to study the
speed of sound and its damping via the time-dependent GPE,
as discussed below in Sec. I1I B.

To extract the compressibility, we add a sinusoidal probe
potential

V,(r) = Agnsin(q - r), (10)

with strength |A| < 1 and wave vector ¢, and obtain the
ground state in the presence of both the disorder and the probe
potential, as illustrated in Fig. 2. If the magnitude of A is suffi-
ciently small, this provides access to the static density-density
response function y(g), which, in the ¢ = |q| — O limit, is
related to « by the compressibility sum rule [1]:

[od] S i
(sin(q - r)); — (sin(q - r))o = _kg”/ dw (qu)

-0 A
= —Agn@ 20 —Egnzlc,

an

where S(gq, ®) is the dynamic structure factor. Here and in
what follows, (0) = N~! f dr *(r)O¥(r) denotes the quan-
tum average of an observable O, while we use the subscripts
(-)o and (), to emphasize expectation values with respect
to the ground state in absence and presence of the sinu-
soidal perturbation, respectively. We can identify y(q) with
nk if the wave number g = 2x /L is sufficiently small. In
Appendix D 1, we assess the validity of this approximation
for our scenario.

2. Superfluid fraction

The superfluid fraction can readily be extracted using the
phase-twist method [14,46]. To this end, we perform a gauge
transformation on the condensate wave function ¥(r,t) —
e T/My(r, 1), with the superfluid velocity v. The superfluid
fraction f; in the direction of the superfluid flow can then
be calculated by examining how the energy (7) changes in
response to the velocity field in the limit vy — O,

E = Ey+ Nfimv;, (12)

where Ej is the energy in the absence of the phase twist.

As a consistency check, we also consider the validity of
Leggett’s bounds [38,39]. Leggett showed that the superfluid
fraction satisfies the inequality

i <f < S (13)

where the first inequality (f;” < f) is applicable only to a
dilute Bose gas described by the GPE. The bounds on the
superfluid fraction f* are defined in terms of the density of the
atomic gas. For the case of our two-dimensional condensate,
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FIG. 2. Illustration of the linear-response protocol for probing
sound propagation. The blue line in (a) is a cross section of the disor-
der potential V (r) at y = 0. We solve the stationary Gross-Pitaevskii
equation (GPE) to obtain the ground state in such a potential, yield-
ing the density profile shown as a blue line in (b) and as a color plot in
(c). We then calculate a new ground state with the same disorder, but
adding also a sinusoidal probe potential V,,(r), shown as the black
dashed line in (a) for the wave vector ¢ = &, 27 /L. The perturbed
potential V (r) + V,(r) and the resulting ground-state density profile
are depicted as red lines in (a) and (b), respectively, while (d) shows
the corresponding density as a color plot. This new ground state
is used both as a tool to determine the density-density response
function and as the initial configuration of a real-time evolution in
the same disorder potential, after the sudden removal of the probe
potential. In this figure, V,,(r) is large (A = %) for making the effects
more visible, but the actual calculations are performed with weaker
probe potentials (A < 1). The disorder parameters are V;, = gn and
0y =0y = 24/2¢, where gn is the bare chemical potential and £ is
the healing length of the superfluid.

we have

(14a)

(14b)

Here, 7 (1) are the directions parallel (perpendicular) to the
superfluid flow, and n (without the position index) is the av-
erage density n = N/L?. In general, these two bounds differ
from one another when the density varies in both directions,
which can happen in the presence of two-dimensional disorder
potentials. If the disorder potential is one dimensional, i.e.,
only a function of one direction, the two Leggett bounds
collapse onto one another, and Eq. (14) provides a second effi-
cient method for calculating the superfluid fraction in systems
described by the GPE.

B. Time-dependent Gross-Pitaevskii equation

The equilibrium simulations described in the previous sec-
tion allow one to extract the speed of sound, thanks to Eq. (1).
However, it is not known a priori how well the hydrodynamic
formula reproduces the dynamics in the regime of strong
disorder. For this reason, we also perform time-dependent
simulations of the GPE to extract the speed of sound and its
damping directly.

We excite the sound mode in a manner similar to the study
of the compressibility. First, the ground state is determined in
the presence of both the disorder and the probe potential in
Eq. (10), as illustrated in Fig. 2. At time ¢ = 0, the probe po-
tential is removed and the dynamics is studied by numerically
evaluating the time-dependent GPE.

The relevant observable is (sin(q - r))(¢), the disorder-
averaged expectation value of sin(q - r). As discussed below,
we expect the dynamic structure factor to be a Lorentzian
centered at the frequency of the sound mode [see Eq. (20)].
This implies that the time evolution of (sin(q - ))(¢) takes the
form of damped oscillations [1],

(sin(g - r))(z) — (sin(g - M)o

o0
S 9
= —)Lgn/ dw g, ) cos(wt)
_ w

oo

1
A —Ekgnx(q)e‘“" cos(wgt), (15)

where w, is the phonon frequency and y, is the associated
damping rate corresponding to the width of the Lorentzian.
We will also assess the strength of the damping via the quality
factor Oy = w, /2y, of the oscillations. Notably, the amplitude
of the oscillations is set by the density response function y (q).
In practice, we extract the quantities x (¢), wq, and y, by fitting
Eqg. (15) to the numerical data. Statistical error bars of the fit
parameters are estimated using jackknife resampling [47].
The linear-response protocol in Eq. (15) allows one to
probe the density response at a well-defined wave vector ¢.
In Appendix D2, we study the ¢ dependence of the static
response function as well as the phonon dispersion relation in
more detail. In what follows, we are mainly interested in the
long-wavelength (g — 0) limit of the density response, which
gives access to the compressibility and the speed of sound. To
approach the ¢ — 0 limit, we perturb the system at the small-
est wave number commensurate with the box, ¢ = 27 /L. As
noted above in Sec. IIl A 1, we can identify x (¢q) with the com-
pressibility nk if ¢ = 2w /L is sufficiently small. Similarly,
we can evaluate the sound velocity ¢; = limgy_.9 dwy/dg; in
direction i = x, y as ¢; & wy/q;, provided that ¢ = &; 27 /L is
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sufficiently small. Thus, a single protocol allows us to extract
both the compressibility as well as the speed of sound and its
damping.

C. Perturbation theory

In the limit of weak disorder, where the disorder strength is
much less than the bare chemical potential, V) < gn, pertur-
bation theory is applicable. Numerous studies have obtained
analytical results for thermodynamic and transport properties
of the gas [33,48-52]. As discussed in Appendix B, it is
possible to expand the condensate wave function in powers
of Vp/gn, and to obtain various physical observables. First,
consider the chemical potential,

n Vk=0) 1 Z WV k)?

=1 .
an + enl?  gnl? L? E4

(16)

We also define the single-particle energy ¢; = /i*k*/2m and
the Bogoliubov quasiparticle energy Ejy = +/€x(ex + 2gn).
The change in the chemical potential contains two pieces: a
trivial shift of the chemical potential due to the mean disorder
strength, V(k = 0)/L> = V,, and a quadratic shift which is
negative. From Eq. (16), it is straightforward to calculate the
inverse compressibility k~! = n*du/dn, yielding

W) e
= Lzz 12 Ek6’ (17

gn2

The inverse compressibility is quadratic in the disorder and
is strictly positive, i.e., the gas becomes more incompressible
with increasing disorder strength.

As discussed previously, we extract the superfluid fraction
by performing the phase-twist method. In the GPE, this shifts
the chemical potential by mv?/2 and the momentum by muv.
We can again solve the GPE perturbatively in Vp/gn and
evaluate the particle current J; = N f;/v{. The result of the
perturbative calculation is

WV ))?
£l =8 L22| i)l g (18)

where k; is the ith component of the unit vector k = k/k. This
result appeared before in the literature, see, e.g., Ref. [50]. In
general, the superfluid fraction is a tensor f;/ withi, j = x, y.
In the absence of disorder, the superfluid fraction is isotropic
and is unity due to Galilean invariance. However, depending
on whether the disorder is isotropic or anisotropic, the super-
fluid fraction can be isotropic or anisotropic, respectively.

We finally calculate the speed of sound and its damping
rate. We calculate the sound mode by invoking hydrodynam-
ics. As described in Appendix B, linearizing the GPE for small
density and phase fluctuations yields a sound mode of the
form (1), but now with the speed of sound promoted to a
tensor. The result for the speed-of-sound tensor ¢; ; according

to perturbation theory is
|V(k>|2
L2 L

4 |V(k)|2 € x
-5 Z TE—’?k,-kj, (19)
k

where ¢y = /gn/m is the speed of sound in the absence of
disorder. This expression is just a combination of Eqgs. (17)
and (18).

The presence of a sound mode implies that the dynamic
structure factor at small momentum is given by [33]

q-ng-q 2¢0qYy
(@ —q- ¢ q)* + 4coq)* v}

S(q, w) ~ (20)

where y, is the damping of the sound mode with momentum ¢
andq-n;-q = Zi’ ;4914 jné’j denotes the tensor product (sim-
ilarly for g - ¢? - ). In Appendix C, we perform a perturbative
calculation for the damping, which yields the result [33]

N
1 @ [ Ao \Vgh)[ .
Yo _ _q_/_kL(q.k){ Q21

cog 8 (gn)? L2

where § = q/q and 6 is the angle of the unit vector k with
respect to the x axis.

IV. RESULTS: TWO-DIMENSIONAL DISORDER

We start our analysis by investigating the case of isotropic
2D disorder, i.e., disorder applied in both the x and y directions
with the same correlation lengths o, = o,. Examples of such
potentials are shown in Figs. 1(c) and 1(e), while a typical
ground-state density profile is depicted in Fig. 2(c). To probe
equilibrium properties and sound propagation in this setup,
we employ the linear-response protocol illustrated in Fig. 2
and described in Secs. III A and III B. Note that in Figs. 2(b)
and 2(d), the strength of the probe potential for exciting sound
waves is exaggerated for a better visual impression; the results
presented below have been obtained for much weaker pertur-
bations (A < 0.01) well inside the linear-response regime.

Figure 3 summarizes our results for the compressibility
Kk, the superfluid fraction f;, and the speed of sound c as a
function of the disorder strength V; for three values of the cor-
relation length o = 0y. The numerical results are compared
to the predictions of perturbation theory for the respective
quantities [see Egs. (17)—(19)].

A. Compressibility

The inverse compressibility reported in Fig. 3 has been ob-
tained from the static linear response according to Eq. (11) for
g = &, 27 /L. In practice, we extract ¥~ from the stationary
GPE (9) for fixed disorder strength V) and correlation length
ox = oy, and for several realizations of the disorder potential.
The blue points correspond to the ensemble averages (statis-
tical error bars showing the standard error of the mean are
often smaller than or equal to the marker size and therefore
not visible). As shown in Appendix D I, the values of «~!
obtained in this way agree with the thermodynamic expression
k~' = n?d1/dn within the numerical uncertainties. Notably,
the inverse compressibility always increases with the disorder
strength, i.e., the compressibility decreases. Perturbation the-
ory correctly reproduces this behavior for weak disorder, but
the range of validity shrinks for larger values of the correlation
length.
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FIG. 3. Equilibrium and transport properties of a two-dimensional Bose-Einstein condensate subject to isotropic 2D speckle disorder as
a function of the disorder strength Vj. Each column corresponds to a different value of the disorder correlation length o, = o,. The blue
dots in the top row represent the inverse compressibility ¥ !, obtained from the static linear response according to Eq. (11), while in the
middle row they represent the superfluid fraction f;, computed using the phase-twist method. The solid lines correspond to Leggett’s bounds,
which become loose already for moderately strong disorder due to the nonseparability of the density profile. In the bottom row, the blue dots
represent the speed of sound obtained from the hydrodynamic relation (1), while the triangles are the values extracted from time-dependent GPE
simulations. The error bars show the standard error of the mean. The red color scale used for the triangles encodes the quality factor Q of the
damped oscillations after exciting a phonon with wave number g = 27 /L. The gray dashed lines show the predictions from perturbation theory
for the compressibility, superfluid fraction, and speed of sound, as given by Eqs. (17)—(19), respectively. The physical quantities extracted from
stationary (time-dependent) GPE simulations have been averaged over 16, 32, 64 (16, 16, 64) realizations for the three values of the correlation

length o, = 0, = (0.5, 2, 8)V2E, respectively.

B. Superfluid fraction

The superfluid fraction in Fig. 3 has been calculated using
the phase-twist method [see Eq. (12)] and is shown together
with Leggett’s upper and lower bounds, computed from the
equilibrium density profile according to Egs. (14b) and (14a).
We find that the two bounds differ significantly already for
moderately strong disorder, which is related to the nonsepa-
rability of the equilibrium density profile caused by the 2D
nature of the disorder. Thus, for our setup, Leggett’s bounds
are too imprecise for estimating the superfluid fraction, requir-
ing alternative approaches, e.g., based on the hydrodynamic
relation (1), as discussed below. Note that, with respect to the
recent results of Ref. [53], where the role of disorder has been
studied in a similar geometry, the two Leggett bounds differ
more significantly in our case due to the larger value of the
interaction strength gN used in our simulations.

C. Speed of sound

In the lower panels of Fig. 3, we compare the speed of
sound extracted from the compressibility and the superfluid

fraction by virtue of the hydrodynamic relation (1) with
the value obtained from time-dependent GPE simulations by
using the fitting function (15). It can be seen that the hy-
drodynamic predictions agree well with the time-dependent
GPE simulations across a wide range of disorder strengths
and correlation lengths. This suggests that, in this regime, the
hydrodynamic relation (1) can be used as a tool to measure the
superfluid fraction, especially in situations where Leggett’s
bounds are instead too loose. However, for even stronger
disorder strengths and longer correlation lengths, there is a
discrepancy between the time-dependent simulations and the
results of hydrodynamics, Eq. (1). We remark that the required
linear-response measurement of the compressibility and the
speed of sound is feasible with modern experimental setups
similar to the one in Ref. [9].

D. Damping of sound waves

By fitting the disorder-averaged expectation value
(sin(q - r))(¢) obtained from time-dependent GPE simulations
[see Eq. (15)], we can also extract the damping rate y, of
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sound waves as well as and the corresponding quality factor
Q4 = wg/2y,. In the lower panels of Fig. 3, the quality
factor for ¢ = é&,2m /L is represented by the color scale
of the red triangles. One can see that the parameter range
where the damping is small (Q 3> 1) is the same where the
hydrodynamic prediction for the speed of sound is accurate.
If the disorder strength and the correlation length become
too large, sound waves are strongly damped, up to the point
where the sound mode is completely destroyed, as indicated
by the quality factor dropping to a value on the order of one.

In Fig. 4, we investigate the damping of sound waves in
further detail. The numerical results for the damping rate as
a function of the disorder strength V; and the phonon wave
vector ¢ = g,e, [see Figs. 4(c) and 4(d), respectively] are
well reproduced by the perturbative prediction in Eq. (21) for
sufficiently weak disorder and small phonon wave vectors. It
is worth stressing that here, damping is not due to incoherent
collisions (which are not included in GPE), but is the con-
sequence of the coherent coupling of Bogoliubov excitations
induced by the presence of disorder. In particular, the disorder
potential couples sound modes that are close in energy, over
which the energy of the initial collective excitation spreads. A
consequence of this is that, in the case of small-g, phonons
with wavelength comparable to the system size, performing
the average over several disorder realizations is crucial in or-
der to obtain a sufficiently accurate estimate of y,. In fact, the
discreteness of the excitation spectrum at low momenta favors
the coupling among few low-lying collective modes, yielding
sizable revivals of the initial oscillations; these revivals van-
ish after averaging due to dephasing, as shown in Fig. 4(a).
Phonons at shorter wavelengths exhibit damped oscillations
even in single trajectories, as in Fig. 4(b), with suppressed
revivals due to the larger number of modes with similar energy
coupled by the disorder potential. A more detailed discussion
of these finite-size effects can be found in Appendix D.

E. Validity of hydrodynamics

As a final remark, we notice that the applicability of the
hydrodynamic relation (1) was not guaranteed a priori since
hydrodynamics is expected to hold only if the wavelength
of the phonon, equal to the box size L in our simulation, is
much larger than the wavelengths characterizing the external
perturbation. In our setting, the speckle potential has Fourier
components at all wave numbers up to the inverse correlation
length, whose power is strongest at wave numbers comparable
to that of the phonon (27 /L) [see Fig. 1(a)]. These low-q

components of the disorder power spectrum, |V(qIAc)|2 /L2,
constitute the leading contribution to the damping rate ac-
cording to Eq. (21). Since |V (k)|2/L* « V0,0, [see Eq. (6)],
they become impactful for large values of the disorder strength
and correlation length, which eventually causes the hydrody-
namic description to break down. As we will discuss next, for
stripelike 1D disorder, where o, = L, this breakdown occurs
at lower values of V) compared to isotropic 2D disorder. The
wider validity regime of hydrodynamics in the latter case can
be explained by the 2D nature of phase space, which leads to
a distribution of the spectral power over a larger set of modes
and thus reduces the effects of small-wave-vector components
in the disorder direction.
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FIG. 4. Damping of sound waves for isotropic 2D speckle disor-
der. (a), (b) Time trace of the observable (sin(q - r)) after suddenly
releasing the probe potential for two different wave vectors ¢ =
(qx, qy) with disorder strength V/gn =4 and correlation length
0y =0y = 24/2¢. The blue curve shows the ensemble average over
16 realizations with the shaded area corresponding to the standard
error of the mean, while the gray line depicts a typical single re-
alization. If the longest wavelength commensurate with the box
is excited (a), a single realization is characterized by sizable re-
vivals, which vanish in the ensemble average due to dephasing.
Revivals are instead suppressed for phonons at shorter wavelengths
(b) even in single trajectories. (¢) Damping rate y, as a function
of the disorder strength for several wave vectors, extracted by fit-
ting an exponentially damped sinusoidal oscillation, Eq. (15), to
the ensemble-averaged signal. (d) g, dependence of the damping
rate for several disorder strengths. The damping rate predicted by
perturbation theory according to Eq. (21) (solid lines) reproduces the
numerical results well for moderately strong disorder and small wave
vectors.

V. RESULTS: ONE-DIMENSIONAL DISORDER

In this section, we discuss our numerical results for
stripelike 1D disorder. In this case, the disorder potential only
depends on the x coordinate and has the form of disordered
stripes, as illustrated in Figs. 1(d) and 1(f). As a consequence,
the ground-state density profile is fully separable and constant

013187-8



SUPERFLUIDITY AND SOUND PROPAGATION IN ...

PHYSICAL REVIEW RESEARCH 7, 013187 (2025)

. o = 0.5v/2¢ o = 2V/2¢ o = 8V2€
;; 16 1-- pert.urbation theory 16 i 16 ] Lo
N | t stationary GPE ] e | o
’éi S14q 4 2/c2 e Tl 1.4 “./.,:..-- 1.4
o 1 ’/.0".:.‘ ‘ | ° A 00,4
; 'e 1.2 - et 1.2 - i o 1.2 - ,-r’r‘m -
5 1 o T o2 I SOy -
T ol 1.0 - seaser” 1.0 o st~
£ T T T T T T | L T T T T T T T
. 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
8o 1 0 i .
? 1.0 7 ““‘t,‘ perturbation theory -- 1.0 7 “‘t‘\ 1.0 7 S
2 0.8 7 }‘;\‘ stationary GPE ¢ | 0-8 7] 'AA 087 \f"l,
O ] o ] ] o\
Lg 0.6 ] oA A Ci/ci A 0.6 ] ’./-\,-\ 0.6 ] .. \\\IT
.'g 0.4 —_ \-\:.1 )I . 0.4 - 0.‘(“ 0.4 - \\‘\
€ 021 0.2 o 029 %\
g. 0.0 - s ©%%eee0ccee 0.0 - L ®%0ccccccccccce 0.0 Meoossoscosscsscose
an T T T L L R LR | T LI DL R R LA B AL | T T L L R R LR |
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
o
Q
T i T T S AcacxoA ] “A“AAAMAAAA ] cakaARAdA 10 <
5 1.0 ausenyt 1.0 q asaagee 1.0 7 asager* 5
s ] o, 1 " ¢, (t-dep. GPE) } ] ¥ S
8 ] .::k o .:LZ‘ Y P | .. \\ 5 Lﬂ
%5 0.5 1 R 0.5 A ome=fres) T o5 >
2 :+Cz (t_dep- GPE) \‘\ "'n.. ] ..‘I . ] LY T:“
] i TT — ©0%0,0,, ] ° ®%ece J 1
L!ID')- 0.0 - + mCi: s (n"f) th 0.0 - ! Al LTTIYYN 0.0 N..'O..oool..oonooco 0 o
LI B B R L R B AL | T LN DL L L L AL R L | T LN L R L L L B L |
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

Disorder strength Vy/gn

Disorder strength Vo /gn

Disorder strength V5 /gn

FIG. 5. Same as Fig. 3, but for stripelike 1D speckle disorder. Since the system is fully superfluid in the y direction (f}” = 1), according
to the hydrodynamic relation (1), the speed of sound along y directly yields the inverse compressibility (nx)~! = mc? (purple triangles, upper
row), while the ratio of the two sound velocities corresponds to the superfluid fraction in the x direction f* = 2/ c§ (reddish triangles, middle
row). The color code shows the quality factor Q of the ensemble-averaged damped oscillations after exciting a phonon with wave vector
q = &, 2 /L. The hydrodynamic description is valid for weak disorder, but fails if the strength and the correlation length of the disorder
potential become too large. The physical quantities extracted from stationary (time-dependent) GPE simulations have been averaged over 100,
100, 200 (50, 100, 200) realizations for the three values of the correlation length o, = (0.5, 2, 8IV2E, respectively.

along the stripes in the y direction. Due to the separability
of the density, Leggett’s upper and lower bounds in Eq. (14)
coincide [9], and we have checked that the resulting value of
the superfluid fraction agrees with the one obtained from the
phase-twist method. The following numerical results based
on the stationary GPE use the superfluid fraction computed
from the Leggett integral of the ground-state density profile.
As expected from the reduced number of random modes, 1D
disorder requires averaging over a higher number of realiza-
tions in order to obtain results with similar statistical accuracy
as in the 2D case.

A. Compressibility, superfluid fraction, and speed of sound

In Fig. 5, we report the analogous numerical results for
the compressibility, superfluid fraction, and speed of sound
as in Fig. 3, but for stripelike 1D disorder. As a general
observation, we find that 1D disorder has more drastic effects
on the superfluidity of the system as compared to 2D disorder.
This is intuitive as stripelike potential barriers span the entire
system along y, such that there is no way for the superfluid
flow to circumvent obstacles as in the 2D case. For example,
for o, = 24/2¢, in order to observe a 50% reduction of the
superfluid fraction with 1D disorder, a disorder strength on

the order of the bare chemical potential (Vy & gn) is enough,
while with 2D disorder, one needs a four times larger strength.

The bottom row of Fig. 5 shows the sound velocities c, and
¢y, extracted from the response to suddenly releasing the probe
potential with wave vector ¢ =&,27 /L and ¢ =¢&,27 /L,
respectively. Due to the anisotropy of the 1D disorder
potential, the sound velocities longitudinal and transversal
to the disorder direction are different on average: while c,
decreases with increasing disorder strength, ¢, is slightly
enhanced. The increase of the transversal sound velocity c,
can be understood from the hydrodynamic relation (1): since
the density is constant along y, the system is fully superfluid
in this direction, f;” =1, such that the increase in the
speed of sound reflects the reduction of the compressibility,
mc)z, = (nk)~ L.

B. Damping of sound waves

In Fig. 6, we analyze the damping of sound waves for 1D
disorder in a similar fashion as for 2D disorder in Fig. 4.
Unlike in the latter case, 1D disorder is characterized by
sizable revivals in the sound-wave oscillations of single re-
alizations even at larger phonon wave vectors [cf. Figs. 6(a)
and 6(b)]. This behavior can be explained by the fact that
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FIG. 6. Same as Fig. 4, but for stripelike 1D speckle disorder
with o, = 0.5 4/2£. Unlike for isotropic 2D disorder, single realiza-
tions, shown for V;/gn = 1 as gray lines in (a) and (b), exhibit sizable
revivals also at larger phonon wave numbers ¢g,. The ensemble aver-
ages (blue lines), computed over 50 realizations, exhibit suppressed
revivals due to dephasing. (c), (d) The damping rates y, extracted
from the ensemble-averaged oscillations agree with the predictions
from perturbation theory in Eq. (21) for sufficiently small disorder
strengths V,, and phonon wave numbers ¢, .

the 1D disorder potential has momentum components in only
one direction and therefore couples fewer collective modes
as compared to 2D disorder. Consequently, finite-size ef-
fects caused by the discreteness of the spectrum are more
pronounced in the 1D disorder scenario (see Appendix D
for more details). Nonetheless, after averaging over many
disorder realizations, the revivals in the sound-wave oscil-
lations vanish due to dephasing and a damping rate can be
extracted by fitting Eq. (15), as before. In Figs. 6(c) and 6(d),
it can be seen that the perturbative prediction in Eq. (21)
correctly reproduces the damping rate extracted this way for
sufficiently weak disorder and small phonon wave numbers.

C. Validity of hydrodynamics

One particular appeal of the 1D disorder scenario is the
prospect of exploiting the hydrodynamic relation (1) in order

to extract the superfluid fraction from the ratio of the squared
sound velocities f3* = ¢2/c2. This method has been used in
Ref. [9] for the measurement of the superfluid fraction in
the presence of a 1D optical-lattice potential with a period
much smaller than the box size. While this technique is still
applicable also for 1D speckle disorder, its accuracy is limited
to moderate disorder strengths and small correlation lengths
(see central row of Fig. 5) due to the discrepancies in the speed
of sound described below.

In the top and bottom rows of Fig. 5, it can be seen that
the hydrodynamic description is accurate in the y direction
across the investigated parameter regime. Conversely, in the
x direction, the validity of hydrodynamics is more subtle:
if the disorder is too strong, mode coupling effects become
important and the speed of sound extracted from the time-
dependent simulation deviates significantly from the value
obtained using the hydrodynamic relation (1). As mentioned
in Sec. IV, we attribute the stronger effects of disorder in
1D to the enhanced spectral power of the disorder potential
at small wave vectors k comparable to the wave vector ¢ of
the phonon. In Appendix E, we have checked that the con-
sistency with the hydrodynamic description improves when
examining a modified disorder potential with a high-pass fil-
ter, V(k) = 6(k — ke )V (k), where ke is the corresponding
infrared cutoff wave number.

VI. CONCLUSION

In this paper, we have discussed the influence of disorder
on the superfluid and dynamical properties of an interact-
ing Bose-Einstein-condensed gas. Our main motivation was
to understand whether hydrodynamic theory of superfluids,
yielding at zero temperature the fundamental relationship (1)
between the sound velocity, superfluid density, and compress-
ibility, provides a reliable description also in the presence
of disorder. The validity of hydrodynamic theory has been
investigated by comparison with numerical simulations based
on time-dependent Gross-Pitaevskii theory. In what follows,
we summarize the major results of our analysis for a two-
dimensional BEC at zero temperature subject to speckle
disorder.

Although disorder makes the system less compressible, it
can result in a significant reduction of the sound velocity and
a concomitant decline of the superfluid fraction, causing an
increase of the inertia of the superfluid motion. In addition,
the sensitivity of the system to disorder depends crucially
on the dimensionality of the disorder potential. In particular,
if disorder is applied in only one direction (1D disorder),
the speed of sound acquires an anisotropic character and the
effects on the superfluid fraction (and consequently on the
sound velocity) become important also at moderate strengths
of the disorder potential. Moreover, the superfluid hydrody-
namic relation (1) turns out to be accurate across a wide range
of the explored parameters, also beyond the applicability of
perturbation theory. It consequently allows for a precise ex-
perimental estimate of the superfluid fraction, especially in
the presence of 2D isotropic disorder, where alternative ap-
proaches, e.g., based on the use of Leggett’s bounds, become
imprecise. However, the hydrodynamic description becomes
inaccurate if the disorder is very strong, and the onset of this
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breakdown occurs at smaller values of the disorder strength
for 1D disorder or larger correlation lengths. Finally, disorder
introduces collisionless damping of sound waves via mode
coupling. We have also identified relevant finite-size effects
leading to revivals of oscillations in individual realizations,
especially for 1D disorder and for phonons with wavelength
on the order of the system size.

Further questions, which remain to be explored in future
works, concern the study of other types of disorder potentials,
e.g., random piecewise constant potentials, which can be gen-
erated experimentally using digital micromirror devices [54].
Another important issue concerns the effect of disorder on the
quantum fluctuations of the condensate and the corresponding
consequences on the propagation of sound.
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APPENDIX A: SAMPLING SPECKLE DISORDER

In this Appendix, we discuss a discrete version of the pro-
cedure described in Ref. [28] for sampling speckle potentials.
The main difference between our approach and Ref. [28] is
that here we sample only a discrete set of Fourier modes
whose wave vectors are commensurate with the size of the
box. This way, the speckle potential satisfies periodic bound-
ary conditions by construction.

We start by defining the amplitude field

A(r) = Zakeik»(r—ro) (A)
k

on a d-dimensional hyperrectangular domain (box) [a;, b;] X
-+ X lag, bg] at origin ro = (ay, ..., ay) with edge lengths
Li=b;—a;,i=1,...,d. We take the Fourier amplitudes ax
to be independent circular Gaussian complex random vari-
ables with zero mean and variance s> (to be fixed later), i.e.,
Re(ar) ~ N(0, s*) and Im(ax) ~ N(0, s*). Equation (Al)
thus describes random interference of plane waves. Given
a set of UV cutoffs Ay, ..., Ay, the sum in Eq. (Al) ex-
tends over all discrete wave vectors k = (ky, ..., k) such that
|ki| < wA;, wherek; = 2w m;/L; and my, . .., my are integers.
This implies that k;L;/2m = —#y;, ..., 0,.../m; with iy =

LL;A;/2] (L -] denotes the floor function), which amounts to
a total number of M; = 2m; + 1 modes in dimension i.

Using the statistical properties of the Fourier ampli-
tudes ajay = 25>8, (8 denotes the Kronecker delta),

one can evaluate the autocorrelation function A*(r)A(r') =
252, e*" =" If r; and rj are points on a commensurate
regular grid with spacing Ar; = L;/M;, i.e., r; = a; + jiAr;
and r] = a; + jAr; for some tuples of integers j and j’ with
Jis Jj; €10, ..., M; — 1}, one can show that A*(rj)A(r;) =
25*°MS$; jr, where M = ]_[f:1 M; is the total number of modes
(grid points). Thus, the amplitudes A(r;) are uncorrelated on
the discrete level.

Moreover, in the continuum limit of large box extents, one

can replace summation by integration according to the rule
Yo = T (Lij2m) [70 dki, yielding

d
ANAT) = 25 [ [@irsinelAixi — )],

L

(A2)

i=1

where sinc(x) = sin(srx)/mx. This result is consistent with
the one in the discrete case since L;A; & M; and sinc(0) = 1.
It is worth noting that in the limit A; — oo, the above ex-
pression reduces to A*(r)A(r') = 2s*°L? §(r — r’), where L =
]_[?:1 L; is the volume of the box and J8(r) denotes the
d-dimensional Dirac delta function. This means that the am-
plitudes A(r) represent Gaussian white noise in this limit.

We now define the speckle potential as the squared modu-
lus of the amplitude field,

V(r) =A@ (A3)

Physically, the amplitude field A(r) plays the role of an electric
field created from random interference of light, while the
potential V (r) corresponds to the intensity. To fix the variance
s% of the Fourier modes in Eq. (Al), we demand that, on
average, the speckle potential takes the value V (r) = Vp, in-
troducing the disorder strength Vj. This implies s = /Vp/2M.
By construction, the speckle potential sampled this way sat-
isfies periodic boundary conditions, which is convenient for
numerical simulations, in particular for calculating the super-
fluid fraction via the phase-twist method.

The autocorrelation function in the continuum limit is
given by

d
Vv = V02{1 + [ [ sinc®[ A — X)) } (Ad)
i=1

which yields the variance V (r)? _mz = V02. The above
result suggests the definition of the correlation length o; =
Ai_1 as the first zero of the autocorrelation function in each
dimension.

According to the Wiener-Khinchin theorem, the power
spectrum can be computed from the Fourier transform of the

autocorrelation function

W k)12
VIE _ [ v et

L (ko
- Voz{(er)dS(k) + naitrl(%) } (AS)
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where tri(x) = max(1l — |x|, 0) denotes the triangular func-
tion. Equations (A4) and (AS) correspond to the results
reported for d =2 in Egs. (6) and (5) of the main text,
respectively.

The speckle potential is thus characterized by two param-
eters, the scalar disorder strength Vj and the set of correlation
lengths o0 = (o4, ..., 04). Isotropic disorder is characterized
by the same correlation length in all dimensions, whereas
stripelike disorder is obtained if all but one correlation lengths
are equal to (or exceed) the box size.

APPENDIX B: PERTURBATION THEORY

In this Appendix, we present the perturbation theory to
quadratic order in the disorder strength V;. These results have
appeared previously in the literature [33,36,49-52], but we
collect the relevant results here for clarity. In particular, we
wish to evaluate the chemical potential p, the inygrse com-
pressibility « !, the superﬂuid fraction tensor f;/, and the
speed-of-sound tensor c ; from the ground-state solution to
the stationary GPE (9), \Il(r 1) = W(r)e i/,

For the purposes of perturbation theory, it is convenient to
work in momentum space. There, the GPE becomes

0=73" [(ek — Wk +V k1)

1
+ 15 WP — kv —l)}wl) (B1)
P

with €, = i°k*/2m and L¢ is the volume. We next expand the

condensate wave function in terms of the disorder strength:
Y(k) =W Ok) + ¥V (k) + VD (k) + O[(Vo/gn)’]. (B2)

Substituting this expansion into Eq. (B1) gives

Ld
VOk) = 6ko‘/
8

(B3a)
vk = —vO%&) V(k), (B3b)
2) 0) _

VO k) = —wOk) Ldz " P75k — V). (B3c)

At zeroth order in V,/gn, the solution to the GPE is
the uniform condensate with density n, while the first- and
second-order corrections depend on V (k) = V (k)/(ex + 2u).

Given the solution to the wave function, we can calculate
physical observables. First, we calculate the chemical poten-
tial by evaluating the density:

1
n=ig Z U (k)W(k). (B4)
k
This procedure gives
Vk=0) 1 «IVEP
/L=gn+T—F 1 E_Iip (BS)
k

where E? = €} + 2gne; is the Bogoliubov dispersion of
quasiparticles. Using the thermodynamic definition of the

-1

compressibility ¥ ~' = n?du/dn, we arrive at

_ 4 IV (k)|
1_ 2
K~ =gn (1+l7§ 7 E6>'

In order to calculate the superfluid fraction, we employ the
phase-twist method, as discussed in the main text: W(r) —
e T/"y(r), where v, is the superfluid velocity. This amounts
to boosting the momenta ik — fik — mv, in the momentum-
space GPE (B1). The superfluid fraction can then be evaluated
by examining the current density to linear order in vy,

(B6)

J' =nflv] = —.[\IJ*(r)V’,\II(r) — \Il(r)V’,\I/*(r)], (B7)
mi
where i, j = x,y, z and ff‘j is the superfluid fraction tensor.

The calculation is identical to the previous case, resulting in

y |V<k>|
fs = l/ Ldz L4 /

Finally, we report the perturbation theory for the speed of
sound. Although this is a dynamical property, we can relate
it to the inverse compressibility and superfluid fraction by
invoking hydrodynamics. In the hydrodynamic picture, the
system obeys

(BY)

0 = mdvyi(r, 1) + Vi[ur, 1) + smvi(r, 1)),
0=0n@r,t)+ V- -Jr1).

(B9a)
(B9b)

The first equation describes the variation of the superfluid
velocity, while the second equation is the continuity equa-
tion with a current due to the superfluid flow: J(r,7) =
fsn(r, t)vg(r,t). We then consider small fluctuations around
equilibrium, that is, we write n(r,t) ~ n+ én(r,t). If one
expands the hydrodynamic equations (B9) to quadratic order
in §n(r, t) and vy(r, t), one obtains a single equation for the
density fluctuations:

ihJ -1
0= 98nr,1) — 2 () V,V on(r,1). (B10)
Equation (B10) describes the propagation of sound modes

with (squared) velocity
mclz,j = ff’j(mc)*l.

This is the fundamental hydrodynamic relationship (1)
between the sound velocity, superfluid density, and compress-
ibility. Combining the results for the inverse compressibility,
Eq. (B6), and the superfluid fraction, Eq. (B8), finally gives
the desired perturbative result for the squared speed of sound:

(B11)

¢ V (k)
L] k
_%—811+811Ld2 Ld E_,kG

IV(k)I
Ld Z T4 i -i'

Equations (16)—(19) reported in the main text follow by spe-
cializing the results derived in this Appendix to two spatial
dimensions and upon taking the ensemble average.

(B12)
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APPENDIX C: DAMPING OF THE SOUND MODE

Next, we obtain the damping of the sound mode following
the method of quantum hydrodynamics employed in Ref. [33].
In this approach, we perturbatively evaluate the density-
density response function in the imaginary-time formalism
[55]. This is equivalent to investigating the Bogoliubov modes
on top of a disordered condensate [36].

The starting point is to assume that the long-wavelength
and low-frequency behavior of the structure factor is dom-
inated by the sound mode. Identically, we assume that the
density-density response function has a pole at the corre-
sponding sound mode. For an anisotropic sound mode, this
implies a density-density response function of the form

DY) ,(q. iw,)

. yr .
= / dre”q"/ dr e"“"* (T én(r, 7)én(0, 0))
0

~ q-ns-q
(iwn)* —q-¢c*-q
in the long-wavelength and low-frequency limit. In the above
expression, 7, is the imaginary-time-ordering operator, T
is the temperature (we work in the zero-temperature limit),
and én(r, t) = n(r, t) — ng are the fluctuations around the
background density ng. The form of Eq. (C1) reduces to the
isotropic expression in Ref. [33] for isotropic disorder, and is
consistent with the compressibility sum rule [see Eq. (11)].
The leading mechanism for the damping is coupling be-
tween density and local phase fluctuations, 6(r, ), which
arises naturally in quantum hydrodynamics:

(CDH

Upert = / dr %8n(r, )V, 0(r, 1')]2. (C2)

We determine the damping by calculating the imaginary part
of the leading self-energy correction to the density-density
propagator from Eq. (C2):

. 2 _ 2
(q, iwp) = (ﬂ) L Z W(k—q)l(q k)2

nog?) L4 & L
ntk—q?\ B
N5, ) ko
k—q 0 n k

The total density-density response function then has the form
(q-ns-q)D; (g, iw,)

X (@ —q-ng-q) = inog’Im[T(q. i, ~ cog)l.  (C4)
where we have neglected the real part of the self-energy,
which is included in the sound pole, and have placed the
self-energy on shell: iw, ~ cog + O(Vy/gn). Consequentially,
the structure factor becomes a Lorentzian,
N -q 2¢0qy

q
S(q, w) = .
@) (@ —q - ns-q)* +4(coq)*v]

(C5)

The width of the Lorentzian is simply the damping rate of the
phonons, for which we find the result
Yq lr g 1

VEP . 2
=== —> g-ky?s(qg—k). (C6
g 22m1d &L (q-k)8(qg—k). (CO)

S o @ Gawem T MO T (®)
£ L09%, xerrtent| g9 - "

2089 ., x(2rL7léy)t I "

:_—g "-.,.‘ v 0.8 .’n"

2 6 0, “oseq, 4 e

ﬁ o =0y = 2V/2¢ “oossss | 0.7 0y = 2V/2¢, oy =1L i
5 L BN B LR L L B BB B B
g 0 2 4 6 8 0 1 2

O

Disorder strength V;/gn Disorder strength V;/gn

FIG. 7. Comparison of different methods for computing the com-
pressibility, shown for isotropic 2D disorder (a) and stripelike 1D
disorder (b) with correlation length o, = 2+/2&. The blue dots show
the compressibility obtained by evaluating the thermodynamic rela-
tion (nc)~' = ndu/0n. The red and green triangles correspond to
the density response function x(q) evaluated at ¢ = é,2m /L and
q = &, 2w /L, respectively. The statistical error bars (standard error
of the mean) for 32 (a) and 100 (b) realizations are smaller than the
marker size. The shaded blue area depicts the standard deviation,
visualizing the typical spread of the data.

Equation (C6) contains a Dirac delta function and should
formally be evaluated after taking the continuum limit. This
procedure yields the result for the damping rate in d spatial
dimensions:

Ve _ 17 Q¢ /d9k|V<qfc>|2

- Q, ¢

=_-= g-k?, (C7
g 22 Qn)l mich @b (€D

where €2, is the solid angle of a d-dimensional sphere, while
k and § are unit vectors in the k and ¢ direction, respectively.
Finally, the result reported in Eq. (21) of the main text follows
for d = 2 after ensemble averaging.

APPENDIX D: FINITE-SIZE EFFECTS

In this Appendix, we discuss some of the nuances in
extracting the compressibility, the speed of sound, and its
damping from our simulations. In particular, we discuss
the wave-vector dependence of the density response and
the validity of the ¢ — 0 approximation for obtaining the
compressibility. Furthermore, we study in more detail the
dynamics of single realizations of disorder and how it can
differ from the average due to finite-size effects. Our protocol
is the one described in Sec. III: we prepare the system in the
ground state subject to both the disorder potential and the
weak sinusoidal probe potential in Eq. (10). At time ¢ = 0,
the probe potential is removed and we track the dynamics by
evaluating (sin(q - r))(¢).

1. Evaluation of the compressibility: Linear-response protocol
versus thermodynamic relation

In Figs. 3 and 5, the compressibility has been obtained us-
ing the linear-response protocol described in Sec. III A 1. This
procedure involves the approximation that we identify the
response function y(q), evaluated at the finite wave number
q = 2m /L, with its ¢ — 0 limit given by the compressibility
nk . To verify the validity of this approximation, we compare
in Fig. 7 the values of the compressibility extracted using the
linear-response method with the values obtained by evaluating
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FIG. 8. Wave-vector dependence of the density response for
isotropic 2D disorder with correlation length o, =0, = 22¢.
(a) Static density response function x(q) as a function of the wave
vector ¢ = g.é, for several values of the disorder strength Vj. The
dashed lines show the compressibility, computed via the thermody-
namic relation (n«)™' = ndu/dn. (b) Phonon dispersion relation w,
for ¢ = g,é,. The dashed lines show the linear part c,q,, where the
speed of sound is obtained from the smallest wave number g, =
2w /L as ¢, = wy/qy. The black solid line depicts the unperturbed
Bogoliubov dispersion relation.

the thermodynamic relation (nx)~! = ndu/dn. It can be seen
that the results agree within the statistical uncertainty.

Interestingly, in an anisotropic setting such as stripelike 1D
disorder, it is not a priori clear whether the linear-response
protocol yields the same value for the compressibility if the
perturbation is applied in the x or y direction. However, de-
spite the fact that the density response function x(g) is in
general anisotropic for finite ¢, as can be seen in Fig. 9(a),
its values in the x and y directions agree for the lowest
wave number g = 27 /L. This is consistent with the scalar na-
ture of the compressibility expected from the thermodynamic
definition.

2. Wave-vector dependence of the density response

According to Eq. (15), the amplitude of the sound-wave
oscillations induced by the sudden release of a sinusoidal
probe potential with wave vector ¢ is determined by the den-
sity response function y(g), while the oscillation frequency
wy yields the phonon dispersion relation. In the limit ¢ — 0,
the quantities x (q) and wy/q; can be identified with the com-
pressibility nk and the speed of sound c; in direction i = x, y,

(a) Disorder strength Vp/gn Wave vector q
5 $002 b1 ti2 A G
& 109 - mmmmmmme-
X - e A
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2 0.9 fa T e
n A o
g e A °
o TRy fl
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FIG. 9. Same as Fig. 8, but for stripelike 1D disorder with corre-
lation length o, = 0.5+/2&. Both the density response function x (q)
and the phonon dispersion relation w, (and thus the speed of sound)
are anisotropic.

respectively. In Figs. 3 and 5, this limit has been approxi-
mated by probing the response at the smallest wave number
commensurate with the box size, ¢ = 27 /L. In this section,
we study the response for larger wave vectors ¢, which also
allows us to assess the quality of the ¢ — 0 approximation.

Figures 8 and 9 show the dependence of the static response
x(g) and the phonon frequency w, on the wave vector ¢ for
isotropic 2D and stripelike 1D disorder, respectively. For 2D
disorder, there is a wide range of wave numbers where x (g) is
close to its asymptotic value in the ¢ — O limit, which agrees
with the thermodynamic expression for the compressibility,
nk = (ndp/dn)~'. Moreover, the dispersion relation exhibits
on average a phononlike linear behavior at small ¢, but the
linear regime shrinks with increasing disorder strength.

Due to the anisotropic character of the 1D disorder poten-
tial, the density response function x(gq) in Fig. 9(a) behaves
differently for wave vectors ¢ = gé; in the i = x, y directions,
but in the ¢ — 0 limit their values are consistent with the com-
pressibility nk = (ndu/dn)~". The disorder anisotropy is also
reflected in the dispersion relation w, depicted in Fig. 9(b),
where the phonon energy (and thus the speed of sound) is
lower in the disorder direction, but higher in the transversal
direction, as compared to the unperturbed Bogoliubov disper-
sion relation.
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3. Mode-coupling effects in single realizations:
Beating versus damping

At the level of single realizations, we can observe dy-
namics that is not necessarily well described by the damped
oscillation in Eq. (15). Depending on the system geometry,
the phonon wavelength, and the characteristics of the dis-
order potential, the number of strongly coupled momentum
modes can vary significantly and result in different dynamical
behavior.

In the regime where the energy of the collective excita-
tion is spread over a limited number modes, the observable
(sin(q - r))(¢) typically exhibits a beating of few dominant fre-
quencies with revivals of high contrast and no visible damping
on the investigated timescales. This is the case for stripelike
1D disorder and for the low-g sound modes in 2D disorder.

As an example, we investigate in Fig. 10 the scenario
of isotropic 2D disorder where a phonon is excited at the
wavelength of the box size in the disorder direction (wave
vector ¢ = &, 2w /L). Recall that the excitation operator is
sin(q - r) [see Eq. (10)]. In a square box, typical realizations
then exhibit a strong response in the observables (sin(k - r))(t)
and (cos(k - r))(¢) for both k = &, 2w /L and k = &, 27 /L, as
shown in Fig. 10(a). In this situation, the four lowest-lying
momentum modes in the x and y directions at k = £¢gé, and
k = £qeé,, respectively, are predominantly excited on aver-
age. Note that, while the directly excited mode (sin(q - r))(¢)
always exhibits a strong response, the relative amplitudes
of the other three observables shown in Fig. 10 are realiza-
tion dependent. The strong coupling to the modes along y
is a consequence of the square geometry of the box, caus-
ing momentum modes of the same magnitude to be close
in energy. We have checked that in a rectangular box, elon-
gated in the x direction, the coupling to the y direction is
significantly reduced [see Fig. 10(b)]. In addition, since the
speckle disorder potential is generally not parity symmet-
ric [V (r) # V(—r)], neither is the dynamic structure factor
[S(g, w) # S(—q, w)], resulting in a coupling between the +k
and —k modes that manifests itself as a beating. We have
checked that by imposing parity symmetry on the sampled
speckle potential [which can be achieved by choosing the
Fourier amplitudes in Eq. (A1) to be real and adjusting the
normalization appropriately], the signal with opposite parity
of the probe potential, (cos(k - r))(¢), becomes significantly
weaker [see Fig. 10(c)]. Consequently, for a parity-symmetric
disorder potential in a rectangular box, we find only a sin-
gle dominant excitation of the observable (sin(k - r))(z) for
k = g, which oscillates at a single frequency, as demonstrated
in Fig. 10(d).

As the number of strongly coupled modes increases, single
realizations typically begin to exhibit exponential damping
akin to Eq. (15). This can most clearly be observed for 2D
disorder of sufficient strength at larger phonon wave numbers
q [see Fig. 4(b)]. It is this regime we consider in perturbation
theory [see Eq. (21)], i.e., the continuum limit where there
is a macroscopic number of coupled k modes. The beating
described above can therefore be regarded as a finite-size
effect, while damping is the generic behavior expected for
systems in the thermodynamic limit.

Finally, it should be mentioned that mode-coupling effects
leading to beating or damping can also arise due to nonlinear
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FIG. 10. Finite-size beating effects of long-wavelength phonons.
A phonon with wavelength equal to the box size L, is excited in
the x direction by suddenly removing a probe potential proportional
to sin(q - r) with wave vector ¢ = &, 27w /L,. The system is sub-
ject to a single realization of isotropic 2D disorder with strength
Vo/gn = 8 and correlation length o, = 0, = 2ﬁ§ . (a) In a square
box (Ly/L, = 1) and for a disorder potential without parity symmetry
[V (r) # V(—r)], one can typically observe a strong response of the
four observables (sin(k.x)), (cos(k.x)), {sin(k,y)), and (cos(k,y))
with k. = 2 /L, and ky, = 27 /L,. The relative amplitudes of these
signals vary from one disorder realization to another. (b) In a rect-
angular box (L,/L, =4 with fixed volume L.L,), the coupling to
the y direction disappears. (c) If parity symmetry [V (r) =V (—r)]
is imposed on the disorder potential, only the observables (sin(k,x))
and (sin(k,y)) are strongly excited. (d) The combination of (b) and
(c), i.e., a parity-symmetric disorder potential in a rectangular box,
yields a single dominant excitation where only (sin(k,x)) oscillates
at a single frequency.

effects even in stripelike 1D disorder for phonons propagating
along the stripes in the y direction.

4. Single realizations versus disorder averaging

The sound velocities ¢ and damping rates y, reported in
Figs. 3-6 in the main text have been extracted from the
ensemble-averaged observable (sin(q - r))(¢) by fitting the ex-
ponentially damped oscillation in Eq. (15) to the data. It is
intuitive to expect such damped oscillations after disorder av-
eraging as the speckle potential is self-averaging, i.e., spatial
averages are equivalent to ensemble averages. As a result, per-
forming the disorder average is akin to examining the spatial
average of a large system where the modes form a continuum.
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FIG. 11. Analysis of sound propagation based on the ensemble
average versus single realizations (samples). (a), (b) Speed of sound
for isotropic 2D disorder (a) and stripelike 1D disorder (b) with
correlation length o, = Zﬁé . The blue dots show the speed of
sound extracted by first taking the ensemble average of the signal
(sin(g - r))(t) and then fitting the damped oscillation in Eq. (15)
to the result. The error bars show the standard error of the mean,
estimated using the jackknife method [47]. This analysis has been
used for time-dependent GPE simulation data throughout this work.
Alternatively, we can analyze the dynamics of each realization
individually and compute statistics of the resulting ensemble of pa-
rameters. In the long-wavelength limit, where individual realizations
exhibit beating as in Figs. 4(a) and 6(a), the sound velocity can be
obtained by averaging over the p dominant frequencies extracted
from each realization (green triangles; p = 2). (c) Damping rate
for isotropic 2D disorder with o, = 0y = 24/2¢ and several phonon
wave vectors ¢. The blue circles show the damping rate extracted
from the ensemble average, while the red triangles have been ob-
tained by first fitting Eq. (15) to each sample realization and then
averaging over the resulting ensemble of fit parameters. All methods
yield consistent results within the statistical uncertainty. To better
distinguish values computed for the same configuration and extracted
using different methods, we have shifted the abscissa of the corre-
sponding points slightly.

As discussed in the previous section, mode coupling then
leads to an exponentially decaying signal.

In order to probe the speed of sound in our simulations,
we have excited phonons with wavelengths equal to the
box size (¢ = 2w /L) and examined the resulting sound-wave
oscillations via the observable (sin(q - r))(¢). Due to the finite-
size effects described above, such long-wavelength phonons
typically exhibit beat notes in single realizations, which can
be approximated by a sum of sinusoids. The speed of sound
may therefore alternatively be obtained by extracting the dom-
inant frequencies from each realization and averaging over
the resulting set of frequencies. In Figs. 11(a) and 11(b), we
show that, in the regime where the quality factor is well above
one, extracting the speed of sound either from the ensemble
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FIG. 12. Damping versus dephasing for isotropic 2D disorder
with Vy/gn =2 and 0, = 0, = 24/2¢. The thin gray lines depict the
dephasing of individual realizations, yielding suppressed revivals in
the ensemble average (blue line). The green dashed and solid red
lines show fits of decaying oscillations with exponential and Gaus-
sian envelopes, respectively. For a phonon wave vector of gL/27 =
(1, 0), the dephased signal is better described by a Gaussian envelope
(a), while for gL/2m = (6, 0), damping with exponential envelope
dominates (b).

average or from individual realizations yields consistent re-
sults.

Moreover, the procedure of averaging the observable
(sin(q - r))(t) allows us to assign a damping rate even to
those configurations where, due to finite-size effects, single
realizations exhibit beating instead of damping, e.g., for
stripelike 1D disorder, as discussed above. Remarkably, as can
be seen in Fig. 6, the resulting damping rates are consistent
with the predictions from perturbation theory, although we
note that the damping on average is due to dephased beating
in this case. By contrast, for isotropic 2D disorder, even single
realizations exhibit damped oscillations (except for phonons
with wavelength equal to the box size) (see Fig. 4). As shown
in Fig. 11(c), in the cases where damping rates can be ex-
tracted from individual realizations in a meaningful way, they
agree on average with the damping rate obtained from the
ensemble-averaged signal up to statistical errors.

5. Damping versus dephasing

In our simulations, we observe damping on average if
the dynamics is dominated by mode coupling and revivals
occurring at later timescales are suppressed via dephasing.
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FIG. 13. Impact of long-wavelength perturbations on the validity
of hydrodynamics. The plot shows the superfluid fraction f* as a
function of the disorder strength Vj, for stripelike 1D disorder with
0, = 2+/2¢ in the absence (blue and red colors) and presence (green
and purple colors) of a high-pass filter, removing Fourier components
of the disorder potential below a certain cutoff wave number k. The
validity of the hydrodynamic relation (1) is assessed by comparing
the superfluid fraction computed from the Leggett integral over the
ground-state density profile (circles) to the value obtained from the
ratio of the squared sound velocities extracted from time-dependent
GPE simulations (triangles). The color scale shows the quality factor
QO of the damped oscillations after exciting a phonon with wave
vector ¢ = &, 27 /L in the disorder direction. The dashed lines depict
the predictions from perturbation theory according to Eq. (18). In the
presence of the high-pass filter (kowL/27 = 10), the hydrodynamic
description remains accurate over an extended range of disorder
strengths.

However, in certain regimes, e.g., when disorder and thus
mode coupling is weak, the dynamics can also be dominated
by dephasing.

To further investigate the interplay between damping and
dephasing, we consider the effect of taking the ensemble
average of the observable (sin(q - r))(¢). If this quantity con-
tains oscillating terms occos(w,t), their ensemble average
is given by cos(wyt) = f dw py(w)cos(wt). Here, py(w) is
the probability distribution of phonon frequencies, and we
have neglected correlations with other random quantities,
e.g., amplitudes. If p,(w) can be approximated by a Gaus-
sian with mean @, and variance Fg, ensemble averaging

results in dephasing with a Gaussian envelope, cos(wgt) =
e Tan)/2 cos(@gyt).

In Fig. 12, we compare the situation where the amplitude of
the ensemble-averaged signal (sin(q - r))(¢) decreases either

with an exponential or a Gaussian envelope. The strength of
the isotropic 2D disorder potential is chosen to be moderate,
Vo/gn = 2, such that damping is expected to be small at the
lowest phonon wave vector gL/2m = (1, 0) [see Fig. 12(a)].
In this case, the dynamics is dominated by dephasing and a
Gaussian envelope fits the decay of the ensemble-averaged
signal better. By contrast, for the larger phonon wave vector
qL/2m = (6,0) in Fig. 12(b), single realizations exhibit siz-
able damping and the ensemble average is better described by
a damped oscillation with exponential envelope.

APPENDIX E: IMPACT OF LONG-WAVELENGTH
PERTURBATIONS ON THE VALIDITY
OF HYDRODYNAMICS

In this Appendix, we investigate the influence of long-
wavelength Fourier components in the disorder potential on
the validity of the hydrodynamic relation (1). Generally, hy-
drodynamics describes the salient dynamics of a physical
system in terms of a few macroscopic variables that are
insensitive to the underlying microscopic details. In our dis-
order context, we thus expect the hydrodynamic description
of sound propagation at long wavelengths to be accurate as
long as the system is not strongly affected by the disorder on
the relevant length scales.

As shown by Egs. (17)—(19), the impact of disorder on
the compressibility, superfluid fraction, and speed of sound is
to leading order determined by the disorder power spectrum
|V (k)|?/L?*  V§io,0,. In Figs. 3 and 5, it can be seen that the
hydrodynamic relation fails if the strength V{ and correlation
lengths (o, 0y) of the disorder potential become too strong.
In particular, for stripelike 1D disorder (o, = L), the spectral
power is enhanced at wave vectors k = k&, along the disorder
direction with respect to 2D disorder (o, < L). This explains
the overall stronger response of the system to 1D disorder for
a fixed value of Vj. In addition, the spectral power is largest
at the longest wavelengths commensurate with the system
size [see Fig. 1(a)]. In Fig. 13, we show that by removing
these long-wavelength Fourier components using a high-pass
filter, V (k) — 6(k — kcy)V (k) with cutoff wave number k.,
the validity of the hydrodynamic relation (1) improves sub-
stantially. Importantly, such a filter procedure is not merely
a theoretical tool to characterize the system’s response to
synthetic external perturbations, but can also be employed
experimentally through established potential-shaping tech-
niques, e.g., using digital micromirror devices [9].
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