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1 | INTRODUCTION

Transmission problems appear frequently in different fields of physics and engineering, for example, in solid mechan-
ics of composed materials, in processes of electromagnetism on ferromagnetic materials with dielectric constants, in the
vibration of membranes, and in coupled plates (see Borsuk!). Structures compound by a finite number of interconnected
flexible elements, such as beams, plates, shells, membranes, and combinations of them were studied in different set-
tings in Ammari and Nicaise,” Balmes and Germes,®> Denk and Kammerlander,* Kleinmann and Martin,> Lagnese and
Leugering®, Leissa,” Mufioz Rivera and Naso,® and Roy et al.’

The classical linear model of thermoelastic plates due to Kirchhoff is given by

prlUy — }/Aun + ﬂlAzu + HAQ =0 in Ql X (0, 00),
poet - ﬁOAe - MAut =0 in Ql X (07 w)9

where py, p1, fo, f1, and u are positive constants and y > 0. Here, ; C R? is the region occupied by the middle surface of
the plate, u represents the transverse displacements of the points on the middle surface of the plate, and 8 is the difference
of temperature on the plate with respect to a reference temperature. For the physical model and the deduction of the these
equations, see Lagnese and Lions.!°
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FIGURE1 Plate-membrane system

In the present paper, we study the situation where the thermoelastic plate in Q; is coupled with an elastic membrane in
the region Q,. To fix the geometric situation of the problem, we consider two non-empty, open, connected, and bounded
subsets Q and , of R?, with boundary of class C* such that§2_2 C Q. Wedenote Q; := Q\Q_Z, I' :=0Qand I := 0Q,. Note
that 0Q; = I' U I. The plate-membrane system of interest is composed of a thermoelastic plate in €; and a membrane,
occupying in equilibrium the region ;, as shown in Figure 1.

Denoting by u(x, t), v(x, t), the vertical displacements of the points on the middle surface of the plate and on the mem-
brane with coordinates x at time ¢, respectively, and by 6(x, t), the temperature difference on the plate, the mathematical
model for the structure is given by the equations

pilly — yAuy + PrA*u — pAu, + pA6 =0 in Q; X (0, ), ®
/7001 - ﬂOAH - :uAut =0 in Ql X (0’ 00), (2)
PV — frAv+ my, =0 in Q, X (0, 00), 3)

where p;, ; (i = 0,1, 2) and u are positive constants depending on the properties of the materials and y, p, and m are non-
negative constants. The coefficient y > 0 represents the rotational inertia of the filaments of the plate and is proportional
to the square of the plate thickness. Consequently, it is usual to consider this thickness very small (the case y = 0 corre-
sponds to a thin plate). The coefficient m > 0 describes the damping (or the absence of damping) for the wave equation (3),
whereas p in (1) describes a structural damping on the plate. We will also include the situation when thermal effects for
the plate are not taken into account by setting y = 0 in (1) and omitting (2).

We will assume that the plate is clamped at the exterior boundary I', namely,

uzd_uzo on I" X (0, ), @)
dav

where v represents the outward pointing unit normal vector to the boundary of €; and, consequently, —v is the
corresponding outward unit normal vector to the boundary of €,.

Due to the lack of thermal effects in the membrane, we will assume that the difference of temperature in the interface
is zero. We will also assume that the plate satisfies Newton's cooling law. This leads to the boundary conditions

0 =0 on IX(0,00) and 3—0+K9=0 on I' X (0, ), (5)
12

for some constant x > 0.
In addition, we consider the following transmission conditions on the interface:

u=v,a—u=0 on Ix(0,c0), (6)
ov
ﬂlaA—u+ﬂ2@+u%=0 on Ix (0, c0), (7
ov ov ov

and the initial conditions
u(-, 0) = Uy, V(', O) = Vo, 0(9 0) = 009 (8)
u(-,0) = uy, v(-,0) = vy.
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In (6), the condition u=v on I is necessary for the continuity of the solution, and the condition du/dv = 0 on I has the
following interpretation: the transversal force caused by the tension and the one originated by the shear stress between
the plate and the membrane cancel each other, which forces the horizontal displacements on the interface to be zero
(compare with Hassine!!). The aim of the present paper is to study well-posedness, regularity, and asymptotic behavior
of the solution of (1)-(8), in dependence on the parameters m, p, y, and u.

For the case y = 0, we refer to Ammari and Nicaise,? Hassine,'! Barraza Martinez et al,'> Hernandez Monz6n, ' and Liu
and Su'# where structures formed by a plate and a membrane were studied. In Hernandez Monzén,'? the author models a
system composed by an elastic thin plate coupled with an elastic membrane and shows existence and uniqueness of weak
solutions. In Liu and Su,'* the authors study undamped plate-membrane systems, where the plate and the membrane
are two layers occupying the same region in the plane. In Ammari and Nicaise,? a coupled system of a wave equation
and a plate equation with damping on the boundary without thermal effects is studied. Hassine!! studies a transmission
problem with the configuration presented in Figure 1, but with the plate being surrounded by the membrane. In Barraza
Martinez et al,'? the plate is isothermal. Most of these references study some kind of stability for the solution, but only a
few of them deal with regularity.

Regarding the rotational inertia term (y > 0), we mention Avalos and Lasiecka,'> Chueshov and Lasiecka,'® Dell'Oro
et al,'” Ferndndez Sare et al,'® Lasiecka et al,!® Lasiecka and Triggiani,®® Mufioz Rivera and Portillo Oquendo,*! and
Mufioz Rivera and Vega?2. From these, only in Mufioz Rivera and Portillo Oquendo,?! a transmission problem is analyzed,
and it is of the thermoelastic plate—plate type. There seem to be few results for the structure (1)—(8), even for the case y = 0.

The principal results of this work state the existence and uniqueness of the solution of problem (1)-(8) and its contin-
uous dependence on the data (i.e., the well-posedness). It is also proved that the solution for the case y >0 (i.e., with or
without rotational inertia term) and m > 0 (i.e., with or without damping over the membrane) has higher regularity. In par-
ticular, the boundary and transmission conditions hold in the strong sense of traces if the initial values are smooth enough.
Furthermore, we study the asymptotic behavior of the solution in terms of the stability of the associated semigroup in
different situations. For a damped membrane (m > 0), we show that exponential stability holds if p > 0 (Theorem 4.1) or
if p = y = 0 (Theorem 4.4). For the undamped membrane (m = 0), we have no exponential stability (Theorem 5.1) but
polynomial stability (Theorem 5.2) under some geometric condition.

The paper is organized as follows: In Section 2, we define the basic spaces and operators and prove the generation of a
Co-semigroup of contractions, which implies the well-posedness of problem (1)-(8). In Section 3, we show some spectral
properties of the operator defined by the weak formulation of the transmission problem, and we also show the regularity
of the solution using the theory of parameter-elliptic boundary value problems and some ideas from Barraza Martinez
et al,'> where the authors study a plate-membrane transmission problem with y = 0 and without thermal effect over
the plate. In Section 4, we prove exponential stability for the damped membrane, whereas in Section 5, we study the
undamped membrane.

In the following, the letter C stands for a generic constant which may vary in each time of appearance. We will also use
the notation y 4 for the characteristic function of the set A, that is, y4(x) = 1 forx€ A and y4(x) = O else. If X and Y are
Banach spaces, we write X C Y for the continuous embedding, that is, if X is a subset of Y and if id : X — Y is continuous.
The space of all bounded linear operators in H will be denoted by L(H).

2 | WELL-POSEDNESS

Following the standard approach, we will formulate (1)—(8) as an abstract Cauchy problem and study the associated
semigroup. We define w = (w;);=1,. 5 := (U, U, 0,v,v,)" and write (1)-(3), with the initial conditions (8), formally as a
first order system

MD)ow(t) — AD)Ww() = 0 (¢ > 0), w(0) = wy 9)

with the diagonal matrix

p1—7YA
MD) := Po

P2
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and with
0 1 0 0 O
—p1A2 pA —uA O O
AD):=| 0 uA BA O O
0 0 O 0 1

0 0 0 MHA-m

and wy = (U, U1, 6, Vo, V1) -

We start with the definition of the related operators in a weak Hilbert space setting. Here, we have to distinguish the
case y > 0 (presence of rotational inertia term) from the case y = 0. For y > 0, the Hilbert space H, is defined as the space
of all complex-valued functions

w= (Wi, ... ,ws)" € HY(Q) X H'(Q1) X L*(Q1) X H'(Q2) X L*(Qy)
satisfying the boundary and transmission conditions

wi=0ow;=w,=0o0n T,

W1 = Wqy, ()le =0 on I.

For y = 0, we modify this definition by replacing the condition w, € H'(Q;) by w, € L3(Q;) and omitting the boundary
condition w, = 0 on I'. We endow the space H, for all y >0 with a scalar product, which is adapted to the transmission
problem. For w, ¢ € H,, we set

(W, @), 1= Pr{Awr, Ad1)r2q,) + p1iWz, $2)120,) + 7{VW2, V)12,
+ po(W3, d3)12@)) + B2(VWa, Vda)ra,) + p2(Ws, ds)12q,)-

Lemma 2.1. For y >0, the norm in H, is equivalent to the standard norm in H*(Q;)x H'(Qp) X L*(Q;) x H' ()
X L?(Q,). For y = 0, the norm in H, is equivalent to the standard norm in H*(Q;) x L*(Q;) x L*(Q;) x H (Q,) X L*(Q,).

Proof. Let y > 0. Obviously, all terms in the norm || - ||3;, can be estimated by the standard norm in # := H?(Q)) X
H'(Q1) x L*(Q1) x H' () X L*(€,), so we only have to show || - [lz, > CI| - [|3-
Letw € H,. Then w; is a solution of the boundary value problem

Au= f in Q,
o,u=0 on 0,

with f := Aw; € L*(Q4). By elliptic regularity (see Agranovich,?* Theorem 7.1.3) we get

w1z, < C (1AW, + Iwill,)) - (10)

Due to the boundary and transmission conditions w; = 0 onI" and w; =w; on I, the function yq w + yqo,ws belongs
to Hé (). With Poincaré's inequality, we obtain

2 2 2 2
Wil g, + W03l < C (VW1 + IVl ) (1)
Asw; = 0onI and d,w; = 0on 0Q,, we can apply Poincaré's inequality, integration by parts, and Young's inequality

to see that for every € > 0 there exists a C, > 0 such that

2
IWill7q,) < ClIVWL] —C{Aw1, 1))

2 —
L2Q) —

2 2
S EC”WI ”L2(91) + CCE ”AWl ”LZ(Ql)'
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Choosing e with eC <1/2, we can estimate ||w1]|;2@q,) < C||Aw1 ||12@,). Combining this with (11) and (10), we obtain

2 2 2 2
”WIHHZ(QI) + ”W4||H1(Qz) <C (”AWIHLZ(QI) + ”VW4”LZ(92)> .

By definition of the norms in H, and the standard norm in H, this yields [[w||3; < Cllw||3, .
The same arguments show that also for y = 0, the norm in the space H, is equivalent to the standard norm in
HZ(Ql)XLZ(Ql)XLZ(Ql)XHl(Qz)XLZ(Qz). O

To formulate the transmission problem (9) in a weak setting, we formally apply the operator ;A2 to the first component
and —f, A to the fourth component. We obtain

M(D)ow(t) — AD)W(t) = 0 (¢ > 0), w(0) = wy

with
prA
~ p1—vA
M@®D) := Po
—pA
P2
and
0 /A2 O 0 0
—pA2 pA —uA 0 0
AD) = 0 A feA 0O 0

In this way, the weak formulation is adapted to the definition of the Hilbert space 7, and to the boundary and transmission
conditions. Let H; denote the antidual space of H,, that is, the space of all continuous conjugate linear functionals on
H,. We define the operator M : H, — H, by

<MW7 ¢>H;XHY = <W7 ¢>Hy (W7 d) € Hy)
To define the operator related to A(D) in a weak setting, we introduce the space
H* = {u,v)" e H(Q) xH' () : u=0,u=0on Iu=v,0,u=0 on I}

with inner product
(W, v), W' Vs 1= Br{Au, AU )20y + P2 VY, VV )12,

We have seen in the proof of Lemma 2.1 that this norm is equivalent to the standard norm in H2(Q;) x H'(Q,). Note that
in the definition of H,, we have (w,, w,)" € H>1. We define the subspace ¥ C H, by

Vi={weH, : (w,ws) €H*' wye€ H (Q),w;=0 on I}

with inner product

(W, d)y 1= (W1, Wwa), (b1, Pa)) o + (W2, Ws), (@2, P5)) 21
+ fo{Vws, Vd3)r2,) + Pok (W3, P3)121)-
Now we can define A : V —» V' by

(Aw, P)yixy 1= — (Wi, Wa), (P2, Ps)) 21 + (W2, Ws), (P1, Pa))pn
— p(ws, Ada)r2,) + H(AWz, d3)12,) — VW2, Vha)120)) (12)
= Po{Vws3, V3)12,) — Pok (W3, §3) 12y — m(Ws, ds)12,)

forw,¢ € V.
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Remark 2.2. (a) The normin V is equivalent to the standard norm in H2(Q1) x H?(Q:) x H'(Q;) X H'(€,) x H'(Q,). In
fact, we have already seen that the norm in H>! is equivalent to the norm in H2(Q;) x H'(LQ,), and for the component
ws, we have ||[ws||m@,) < ClIVws|l2q,) by Poincaré's inequality and [[ws||z2 ) < [[wsllmeay £ Cllwsllm,) by trace
results.

(b) From the definition, we immediately see that Ml € L(H,, H}) and A € L(V,V’). Moreover, M is defined as the
scalar product in the Hilbert space 7, and therefore is an isometric isomorphism from 7, to H,.

Based on Remark 2.2(b), we can define the H,-realization of the transmission problem as the operator A : H, D
D(A) —» H, by
DA) :={weV: Awe H}}, Aw := M Aw.

We consider the abstract Cauchy problem

aw(t) — Aw(t) = 0 (¢ > 0),

w(0) = wy

(13)

with wy := (ug, uy, 8o, vp,v1)". The following remark shows that this Cauchy problem is in fact the weak formulation of
the transmission problem (1)-(8).

Remark 2.3. (a) We have Aw = Z(D)w forallw € D(A) and Mw = M (D)w for allw € H, in the sense of distributions.
This follows immediately from the definitions of the operators and integration by parts, when we choose ¢ € P (Q1)3X
D (2,)?, where D (Q,) stands for the infinitely smooth functions with compact support in ;. Consequently, a function
w € CY([0, o0), D(A)) is a classical solution of (13) if and only if w satisfies (1)-(3) in the distributional sense.

(b) Letw € D(A) be of the higher regularity w € H*(Q;) x H2(Q;)? x H*(€2,) X H(L,). Then w satisfies the boundary
and transmission conditions (4)—-(7) in the strong sense, that is, as equality of the traces of the functions on I' and I,
respectively.

To see this, we only have to show that the second equality in (5) and equality (7) holds, as the other conditions are
already included in the definition of V. Setting ¢ = (0,0, ¢3,0,0)", we obtain by (a)

(Aw, p)yrxy = (AW, + foAws, ¢3)12())-

Comparing this with the definition of A, we obtain, using integration by parts, that
/ (kW3 + 0,W3)3dS = 0
r

holds for all ¢ € H'(Q;) with ¢3 = 0 on I. Therefore, kw; + d,w; = 0 holds on I in the strong sense, that is,
as equality in the trace space H'/?(I"). In the same way, one can prove that (7) holds in the strong sense.

To show well-posedness, we will also need the following result.

Lemma 2.4. The spaceV is dense in H,, and therefore, we have the dense embeddings

Y C H, C (LA(Q)* X (LA(Q)* C H, C V.

Proof. (i) In a first step, we show that

VQ) = {pEeHXQ) : p=0d,9p=00nT, dp=0onI}
is dense in H-(Q1) := {u € H'(Q) : u =0 on I'}. For this, let u € H.(Q;). We choose a function ¢ € C*(Q;) with
$=1near],¢=0nearl’,and 0 < ¢ < 1in Q;. We set ¢ := $*. Note that (1 — ¢)u € H}(Q) and gu € H(Q,). As

the test functions are dense in Hé (©Q,), there exists a sequence (¢5,D)neN C 2 (£7) such that q’);l) - (1-¢)uin H(Q;)
for n — co. Moreover, as the domain of the Neumann Laplacian

D(Ay) := {u € HXQ,) : d,u =0 on dQ;}
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is dense in H'(Q,) (see Ouhabaz,2*, Lemma 1.25) there exists a sequence (¢\>)),eny C D(Ay) with 2 — du in HY(Q).
Now, setting 2 := ¢¢> € V(Q) forn € N, we get ¢, := ¢ + ¢2 —> (1 — p)u + $2u = u in H(Qy).

(ii) Now we show that V is dense in H,. Comparing the definitions of ¥V and H, and noting that test functions are
dense in L? spaces, we only have to consider the case y > 0 and to show that the embedding

H*' € HH (1) X L*(Q,)
is dense. Therefore, we fix u € H}(Ql), veL*(,), and & > 0. Using step (i), we find a function ¢, € V(Q;) with

lu = ¢1llineg,) < &/2.Now, let ¢; € H'(Q,) such that ¢ = ¢; onIand choose ¢,. 3 € D () with |1 — d2 |12, <
e/4and ||jv - ?3ll2,) < €/4. Then we obtain (¢, d; — ¢, + ¢3) € H>! and

(W, v) — (1, 1 — b2 + D)o xr2@,) < €.

Note that the embedding V C ¥, is dense and injective, and the same holds for the embedding of 7, into
(L*(©1))? x (L*(Q,))?. Therefore, all embeddings stated in the lemma are dense. O

Theorem 2.5. For all y, p, m > 0, the operator A generates a Cy-semigroup (S(f))s>0 of contractions on H,. Therefore,
for any wy € D(A), there exists a unique classical solution w € C*([0, o), H,) N C([0, 0), D(A)) of (13).

Proof. Following a standard approach, we show that A is dissipative and 1 — A is surjective and apply the theorem
of Lumer-Phillips.
Letw € D(A). AsM : H, — H; is defined by (Mw, ¢>H;><Hy =(w, ¢)Hy, we get

(Aw, )y, = (M7 Aw, W)z = (Aw, W)z, - (14)
By the definition of A in (12), we immediately obtain

2 2 2 2
Re<AW’ W)H;XHV = p“VWZHLZ(Ql) - ﬁOIIVW3I|L2(Ql) - ﬁOK”W3“L2(r) - m“WS”LZ(QZ) < O’

(15)

which shows that A is dissipative.
To show that 1 — A is surjective, it suffices by Remark 2.2 (b) to show that Ml — A : D(A) — H, is surjective. Let
f € H;. We have to find w € D(A) such that

(M — Ayw = (]\~/I(D) —Zx(D)) w=f (16)
holds in H, (cf. Remark 2.3). From (16), we obtain

P1A*w; = pi1A%w, + f1,

17)
PrAwy = frAws — f4

as equality in (H>!)'. Replacing this into (16), we get

pL+ /A —(y+pA A 0 w; fo— N ~
—uA p0 — PoA 0 ws | = f3 =: f. (18)
0 0 p2+m— A ws fs—Jfa

We will solve this weakly with respect to the dual pairing V] X V%, where V} is the projection of V to the components
(wy, ws, ws), that is,

Vo i= {(Wy, w3, ws)" : (0, Wy, w3,0,ws)" € V}.
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So we define the sesquilinear form b : Vy X Vy — C by

b((wa, w3, ws), (2, b3, Ps)) 1= p1(Wa, P2)12q,) + F1{Awz, Adr)12q))
+ (7 + o)V, V)2 )) — u{Vw2, Vi3)r2q))
+ 1(Vws, Véa)ro@)) + polws, d3)r2@,) + Po{Vws, Vs )2,
+ (p2 + m)(ws, ds)ixq,) + F2{Vws, Vds)i2q,)-

Obviously, b is continuous, and a computation of b((w,, wz, ws), (W,, w3, ws)) shows that
Re b((wz, w3, ws), (W2, w3, ws)) > C||(W2,W3,W5)||%;O~

As the right-hand side of (18) belongs to V', we may apply the theorem of Lax-Milgram to obtain a unique solution
(wz, w3, ws) € Yy of

b((Wz, W3, Ws), (2, $3, $5)) = f (B2, b3, hs))-

By definition of V,, we have (w,, ws) € H>1. Because

1A% 0 . 2 1y
< 10 —ﬂ2A> . H*' > (H*Y (19)

is an isomorphism due to Remark 2.2 (b), the right-hand side of (17) belongs to (H*'). By the same reason, there
exists a unique (w;, wy) € H>! such that (17) holds in (H>!Y'.
Altogether, we have found w € V such that (16) holds in V’, that is,

(M —=Aw) (@) = f(P) (P EV).

As the right-hand side belongs to H; and V is dense in 7, by Lemma 2.4, also the left-hand side belongs to },, and (16)
holds in H;. In particular, Aw = Mw — f € H;, which shows that w € D(A). Therefore, 1 — A is surjective, and an
application of the theorem of Lumer-Phillips finishes the proof. O

3 | SPECTRAL PROPERTIES AND REGULARITY OF THE SOLUTION

In this section, we study properties of the spectrum of the operator .4 defined above and show that functions in its domain
have higher regularity. We denote by o(A) and p(.A) the spectrum and the resolvent set of A, respectively. Note that due
to Theorem 2.5, the operator A is closed and densely defined.

Proposition 3.1. Forally, m, p >0, we have 0 € p(A).
Proof. We show that A : D(A) — H, is bijective. Let f € H,. Then Aw = f is equivalent to
(Aw, @)z, = (MLf, d)ryxn, (P € ). (20)

Choosing ¢ = (¢1,0,0,0,0)" and ¢ = (0,0,0, ¢b4,0)", we obtain p;A%w, = f1A%f; and —fAws = —f,A f4, respec-
tively, which has the unique solution w, := f; and ws := f, (see (19)). Now choosing ¢ = (0,0, ¢3,0,0), we obtain

Bo{Vws, Vs) 12,y + Pok(Ws, d3) 2y = (UAf1 — pof3. $3)12) (21)

for all ¢p; € H'(Q;) with ¢3 = 0 on I. As uAf; — pofs € L*(1), the right-hand side is a continuous conjugate linear
functional of ¢;. Let us denote the left-hand side of (21) by b(ws, ¢3). Then b is a continuous sesquilinear form in the
Hilbert space {w; € H(Q;) : w3 = 0 on I}. From Remark 2.2 (a), we know that the left-hand side is equivalent to
the H*(Q;)-norm, which shows that b(-, -) is coercive. Now an application of the theorem of Lax-Milgram yields the
existence of a unique solution ws of (21).
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For the remaining components w; and wy, we choose ¢ = (0, ¢, 0,0, ¢s)" in (20) and obtain

—((W1, Wa), (2, §5))a = u{ws, Ada)r2a))
+ p(Vwy, Vo) 120,y + m(ws, ds)r2q,)
+ P12, P2)12@)) + ¥ (V2. V)12 + p2( f5, d5) 120,
=!R(¢2, ps).

(22)

Because of (¢,, ¢s) € H>1, the conjugate linear functional R : H*! — C is well-defined and continuous. By the
theorem of Riesz, there exists a unique solution (w;, wy) € H>! of (22). Settingw := (wy, ... ,ws)T, we obtainw € ¥
(note here that (w,, ws)T = (f1, f4)7 € H>!), and w is a solution of (20). In particular, Aw € H; by construction, so
we have w € D(A), and A is surjective. As the solution w constructed above is unique, we also obtain the injectivity
of A. As A : D(A) — H, is bijective and closed, we get 0 € p(A). ]

For the proof of higher regularity of the solution w, we need a priori estimates from the theory of parameter-elliptic
boundary value problems as developed, for example, in Agranovich and Vishik.?> We recall the main definitions and
results (see Agranovich,?? Section 7.1). Let (A(D), Bi(D), ... , B,,(D)) be aboundary value problem in some domain Q c R"
with A(D) = zlal <m%0” and B;(D) = El Bl<m, b j,;()” , where a,,b;; € C and m; <2m. Then the principal symbols of A
and B; are defined by A(i¢) := Zlalzmaa(if)“ and B;(i¢) := ZI pl=m, b;(i&)?, respectively. The operator A(D) is called
parameter-elliptic if its principal symbol satisfies

A—A(E) £ 0 (Red > 0, & € R", (4, &) # 0).

The boundary value problem is (A4, By, ... , By,)is called parameter-elliptic if A(D) is parameter-elliptic and if the following
Shapiro-Lopatinskii condition holds:

Let xg € 0Q2, and rewrite the boundary value problem in the coordinate system associated with x,, which is obtained
from the original one by a rotation after which the positive x,,-axis has the direction of the interior normal vector to dQ at
Xo. Then the trivial solution w = 0 is the only stable solution of the ordinary differential equation on the half-line

(A= AGE', 0n)) W(xn) = 0 (X, € (0, 0)),
B;(i&,0,)w(0) =0 (j =1, ... ,m)

for all ¢ € R"! and Red > 0 with (&, 1) # 0.
In Agranovich and Vishik,? Theorem 5.1, the following result was shown:

Theorem 3.2. Let (A, By, ..., By) be parameter-elliptic in Q. Then for sufficiently large Ao > 0, the boundary value
problem
(Ao—AD)u=f in Q,

BiDju=g; on 0Q, j=1,...,m,

has a unique solution u € H*™(Q), and the a priori estimate

m
[|ul|gemgy < C <||f||L2(Q) + Z||gj||H2mm/1/2(ag)>

Jj=1
holds with a constant C > 0 which depends on A, but not on u or on the data.

Remark 3.3. (a) We will apply this also in the case Q = Q;, where 0Q; = I UT. It was shown in Barraza Martinez
et al,'> Remark 4.4, that we may also consider different boundary operators (even with different orders) in I and T,
respectively. One obtains unique solvability and the above a priori estimate, where now the boundary norm for g; is

. . ) "o .
given as the sum ||g; IIHmem;fl/z o + |lg; ”Hszm;’fl ~y with m; and m; being the order of B; on I and T', respectively.

(b) It is well-known (see, e.g. Agranovich,?®* Subsection 7.1) that the Laplace operator is parameter-elliptic with
Dirichlet boundary condition and with Neumann boundary condition. As only the principal part is involved in the



12890 BARRAZA MARTINEZ ET AL.
WILEY

definition of parameter ellipticity, also A with mixed boundary condition d,u+ xu = 0 is parameter-elliptic. The same
holds for —A? with boundary conditions u = d,u = 0 (Agranovich,?®> Remark 7.1.2).

Lemma 3.4. The operator A(D) := —A? in Q;, supplemented with the boundary operators By(D)u := d,u and
B(D)u := d,Au, is parameter-elliptic.

Proof. Let 4 € C, ¢ € R? with ReAd > 0 and (4, &) #0. Because of 1 — A(i€) = A+ |£|* # 0, the operator —A? is
parameter-elliptic. For the Shapiro-Lopatinskii condition, we have to solve the ordinary differential equation

(A4 (05 = ED)Hw(x2) = 0 (x2 > 0), (23)
,w(0) =0, (24)
o3w(0) — £70,w(0) = 0. (25)

Note that by (24), we can replace (25) by 0§’w(0) =0.Letr; = —\/e:fi\/ — A be the two roots of the polynomial
A —A(i&,, -) with negative real part. For A # 0, we have 7; # 1,, and therefore, every stable solution of (23) has the
form w(x;) = c1e™* + c,e™*. Inserting this into the initial conditions, we obtain

2] C1
=0.
<Tl3 5 > <Cz>
As the determinant of this matrix equals 7; 12(122 - 112) # 0, we get ¢c; = ¢; = 0 and therefore w = 0.
If A = 0, we have 7; = 7, = —|&|, and w(x;) = (c1 + c2x2)e™™2. Now the initial conditions yield

T1 1 C1 -0
r13 31'12 s ’
which implies w = 0 again. O

In the following, we will show that D(A) is embedded into a tuple of Sobolev spaces of higher regularity. For the
continuity of the embedding, we use the following observation.

Lemma 3.5. Let A:HD D(A) — H be a closed operator in the Hilbert space H and let V be a Hilbert space. If D(A) is a
subset of V, then we have the continuous embedding D(A) C V.

Proof. AsAisclosed, D(A) with the graph norm is a Hilbert space. We show thatid : D(A) - V' n H is a closed operator.
For this, let (x,),en € D(A) be a sequence with X, » x in D(A) and x,, —» y in Vn H. Then we obtain X, —» x in H by
the definition of the graph norm and also x,, — y in H by the definition of the norm in V'n H. This yields x=y, and
id : D(A) - VnH isclosed and, by the closed graph theorem, continuous. As the embedding VN H — V'is continuous
by the definition of the norms, we obtain the continuity of id : D(A) — V. O

The elliptic regularity results above are the key for the strong solvability of the transmission problem, that is, for higher
regularity of the weak solution.

Theorem 3.6. Lety, p, m> 0. Then the following embeddings are continuous.

() D(A) C H*(Qp) x H*(Q1) X H*(Q;) x H*(Q;) X H'(Q,),
(i) D(A%) C H*(Q1) X H*(Q;) x H*(Q1) X H*(Q;) x H'(Q,),
(iii) D(A) C H*(Q1) X H>(Q1) X H*(Q1) X H*(€2,) x HY(,) fory = 0.

In consequence, if wy € D(A?), then w(t) := S(t)wy (t > 0) is the unique solution of problem (1)-(8) and satisfies

the boundary and transmission conditions in the strong sense of traces. In the case y = 0, we get the same result even for
Wy € D(A).

Proof. (i) Letw € D(A) and f := Aw. First, we show w; € H?(Q;). As in (20), we get

(Aw, )1, = (MLf, d)ryxn, (P € H,y). (26)
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As we already have seen in (21), for ¢p3 € H'(Q;) with ¢»; = 0 on I, we have
(g ¢3>L2(£21) = (Vws, V¢3>L2(Ql) + (kw3 3) 12y
where g :=1/fy (uAw, — po f3). By Theorem 3.2 and Remark 3.3, there exists some 4 > 0 such that the problem

(/10 — A)Wg =/10W3 +g in Ql,
ows; =—xw; on I,

ws;=0on I
has a unique solution w; € H%(Q,). Integration by parts shows that z := W3 — wj satisfies
0= ((do — A)w3 — Agws — &, d3)12(@,) = 40(Z. P3)120)) + (V2 V3)120)

for all ¢3 € H'(Q;) with ¢p; = 0 on I. Choosing ¢3 =z, we get wy = W3 € H*(Q).
Now, we prove wy € H*(€;). We choose ¢ = (0,0,0, 0, ¢s) with ¢s € H}(Q,) in (26). As in (22), we obtain

(Vwy, Vos)r2,) = (8. ds)12@,)»
where § := —1/p,(mws + p, f5). By Theorem 3.2 and Remark 3.3 (b), there exists a unique w; € H?(Q,) such that

—AW;=§ in Q

ws=w; on I
Therefore,z :=Ww; —w, € Hé(Qz) fulfills

0= <_A‘7Vz -8, ¢5>L2(92) = (VZ, V¢5)L2(92)

for all g5 € H}(Q,). By choosing ¢s =z, we obtain wy = W, € H*(Q,).
(ii) Now, let w € D(.A?). We show w; € H*(,). In (26), we can choose ¢ = (0, ¢b,, 0,0, 0) for all ¢, € H*(Q;) with
¢2 = d,¢p, = 0onT and d,¢, = 0 on I. Integration by parts yields to

(Awy, Ado)r2,) = % (—u(ws, Ad2)12,) — (Vw2 + 7./2), V2 )12@,) — p1{f2. d2)120))

=(g", d2)r2@) — (h. d2)r2(1)s

where g* :=1/p; (A(—puwsz + pwy + v f2) — p1f2)and h := 1/p10,(—uws+ pw,+7v f3). By Theorem 3.2 and Lemma 3.4,
there is a Ay > 0 such that there exists a unique solution w; € H*(Q,) of the boundary value problem

(Ao + A%) Wy = Agwy +g* in Q,
wi=0w; =0onT,
o,w; =0 on I,
0, (Aw;) =h on I

Note that g* € L2(Q;) and h € H'(Q,) since w € D(A?). Therefore, all boundary conditions hold in the trace sense.
Using integration by parts, z := Wy — w fulfills

0 = ((4o + AP Wy — Agw; — g, ¢2>L2(Ql) = 40(z. $2)12(q,) + (A% Ad2) 120

for all ¢, € H*(Q;) with ¢, = d,¢p, = 0 on T and 9, ¢, = 0 on I. By choosing ¢, =z, we obtain w; = Wy € H*()).
(iii) Let y = 0 and w € D(A). Following the proof of (ii), we get w; € H*(€1).
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Due to Lemma 3.5, all embeddings are continuous. O

Remark 3.7. By the last proof, we see that the corresponding assertions of Theorem 3.6 hold true if the plate is
isothermal.

Corollary 3.8. Forally, p, m >0, we have the continuous embedding

D(A) C H3(Q)) x H*(Q;) X H*(Q;) x H?(Q,) x HY(Q,).

Proof. From Theorem 2.5, we know that A : H, > D(A) — H, is the generator of a Cy-semigroup of contractions
on H,. So, —A is an m-accretive operator (see Section 4.3 from Lunardi?®). By Corollary 4.30 and Corollary 4.37 from
Lunardi,”® we obtain D(A) = (H,,D(A?)).,. Due to Theorem 3.6, it holds

2

D(A) CH?(Q1) X HX(Q1) X H2(Q1) X H*(Q2) X H' (),
D(A?) CH*(Q) x HX(Q1) X HA(Q1) X HX(Q,) X H'(Qy).

By Proposition 5.12 from Barraza Martinez et al,?” we have

D(A) C (H*(Qu), H (Q1))1 , X HX(Q1) X H*(Q1) X H*(Q2) X H'(€,).

By Theorem 1 of Section 4.3.1. from Triebel,® we get (H*(Q1), HY(Q1)) 1 , = H3(Q). O

1
32

The following result allows us to affirm that the spectrum 6(.A) of A coincides with its point spectrum ¢, (.A).

Proposition 3.9. The operator A™' : H, — H, is compact.
Proof. By Corollary 3.8 and the Rellich-Kondrachov theorem, we have

D(A) CH*(Q1) X H2(Q1) X H2(€1) x H* () x HY($)

éHz(Ql) x HY(Q) x L2(Q1) X HY(Q,) X L*().

As H, is a closed subspace of H*(Q;) X H (Q) x L*(Q1) X H}(Q,) X L*(€,), we get D(A) ¢ H,. Therefore, the identity
operator id : D(A) — H, is compact. Proposition 3.1 implies the continuity of the operator A™! : H, - D(A). In
consequence, A™! =idoA~! : H, — H, is a compact operator. O

Proposition 3.10. Ify, p>0and m> 0, then iR C p(A).

Proof. Let us suppose y >0 and m > 0. Since .A~! is compact, the spectrum of A consists of eigenvalues only. Thus,
we have to establish that there are no purely imaginary eigenvalues. Let 0 # 4 € R and w € D(A) with Aw = iiw.
By (14), we have

(AW, @) rxa, = 1AW, P)y, (¢ € H,)). (27)
Using Remark 2.3, we see that iAw; =w, and iAw, =ws. Choosing ¢ =w in (27), we obtain
AIm(AW, W)zos0, = AW, (28)

and
0= Re(AW, W>H’XH
2 ' ' 2 2 2 (29)
== DIVl g, — Aol VI = Ao nllZ g, = mllwsl g

as in the proof of Theorem 2.5. For p > 0, we get w, = w3 = ws = 0 due to (29) and Poincaré's inequality. We conclude
w=0.
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If p = 0, we have w; = ws = 0, and therefore, w, = 0, that is, w = (w;, w5, 0,0,0)". Equality (28) leads to

zﬂl ” AW2 ”iz(Ql) = AIm<AW7 W>H;XHV

_ 2 2 2 2 .
= ﬂl”AWZHLZ(QI) + A </J1”W2||L2(QI) + V||VW2||L2(QI)) 5

therefore, we have
BillAWs |2 = 22 (pillwalZsg, + IV ) (30)

Now, we choose ¢ = (0,0, ¢3,0,0) € H, in (27) and obtain 0 = u(Aw,, ¢3)2q,) for all ¢3 € H'(Q,) with ¢3 = 0 on
I In consequence, we get Aw, = 0. From (30), it follows that w, = 0. Finally, for any case of p, we have shown that
w = 0. U

Remark 3.8. (a) Proposition 3.10 also holds true if the plate is isothermal and p > 0. In the case p = 0, the above proof
does not work in its present form in the isothermal case.
(b) We will see in the proof of Theorem 5.2 that iR C p(.A) holds also for m = 0.

4 | EXPONENTIAL STABILITY IN THE CASE OF DAMPED MEMBRANE

In this section, we will prove the exponential stability of the solution of system (1)-(8) when the membrane is damped
and when p>0o0rp=y =0.

Theorem 4.1. If m > 0and p > 0, then for all y > 0, the semigroup (S(t)),»o generated by A is exponentially stable, that
is, there exist constants C > 1 and 6 > 0 such that ||S(t)||£(HV) < Ce % forallt>0.

Proof. Lety >0, m,p>0, and A € R. For the proof, we use the characterization of exponential stability by Gearhart
and Priiss (see Priiss?®) which tells us that the semigroup is exponentially stable if iR C p(.A), and there is a constant
C> 0, which does not depend on 4 € R, such that
G2 = A7 g, < C- (31)
As iR C p(A) by Proposition 3.10, we have to show (31). To see this, let w € D(A), 4 € R, and
(iA-Aw=: f. (32)
To prove (31), it is sufficient to establish that there is a constant C > 0 such that for all £ > 0, there exists C, > 0 with
IIWIIQV < Cellwllizg 115113, +6CI|WII§{y . (33)
Multiplying the resolvent Equation (32) by w, we obtain
i ||W||?.17 - (Aw, W>Hy = (f,W>H,~
In consequence,

~Re(Aww)y, = Re(f.why < [(fw)y |-
As we have seen in the proof of Theorem 2.5, this means

PVl | + Boll Vw3l g |+ BokllwsiZ, o, + mllwslZ, | < il 11711, (34)
From Remark 2.2 and (32), it follows that
(fAwy — wa, idwy — ws) = (f1, f4)s
) (35)

(M(Aw = ), )1, = (AW, @)rrxan, -
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Choosing ¢ = (0, w1, 0,0, w,), we get

pr{iAwy = fo,wi)r2q,) + r{V(iAws = f2), VWi)12,) + p2(idws — f5, Wa)12(,)

=- ||(W1,W4)||ip,1 — p{ws, AWl)LZ(Ql) — p{Vw,, Vw, )LZ(QI) - m(WS»W4>L2(Q2)~

Taking (35) into account, we get

p1{iAwz, wi)r2)) + Y {(IAVW,, VWi)12q)) + p2(idws, Wa)12(q,)

== pr{w2, Wy + f1)12@,) — 7{Vwz, Vwz + f1))12@,) — p2{Ws, Ws + fa)12@,)

== Pl||W2||22(Ql) - 7||VW2||iz(gl) - /72||W5||i2(92) = p1(wa, f1)r2@) — Y{VW2, Vf1)120) — p2{Ws, fa)12@y)-

Using the last equality, Poincaré's inequality, and inequality (34), we obtain

2 2 2 2
”(Wls W4)”H2,1 = /71”W2”Lz(91) + YHVWZ”LZ(QD + p2”W5”L2(92)

+ p1{wa, f1)r2@) + 7{VW2, V f1)12@,) + p2{Ws, fa)12Q,)
+ p1{f2. Wi, + ¥V f2, VWi)120)) + p2(f5. Wa)12(0,)

= W(W3, AW )2y — VW2, VW1) 12 ) — MAWs, Wa) 12 )

< CIWl, I e, + 1| w3, Awn) oy | + 2 [(V2, Vi) | + 1 (s, wa) g |-

Now, we estimate the remaining terms on the right-hand side. Due to Young's and Poincaré's inequality, we have

2 2
|3, Awn) | < Ce sl +e AW, o,
2 2
< Ce ||VW3”L2(91) + gcllwllHy

< Cellwllyg 11 Fllyg, + £Cllwli2,
for all € > 0. In the last step, we used again inequality (34). Similarly, we get
(Vs Vwor) g | < Cellwllyg 1/ 11z, +€C Iwll, and [(ws,wa)zq| - < Cellwllyg I/ 11z, +£C Wi,

for all € > 0. Altogether, we have shown inequality (33). Therefore, the semigroup is exponentially stable. O

Remark 4.2. Our plate-membrane system also has exponential stability when the plate is isothermal.

We will now show that the thermoelastic plate-membrane system without rotational inertia has exponential stability
if the membrane is damped (m > 0) even without structural damping (p = 0). Under this situation, the thermal effect on
the plate is enough for exponential decay. For the proof of this result, the following lemma (Theorem 1.4.4 in Liu and
Zheng*) will be useful.

Lemma 4.3. Let Q C R" be a bounded domain with C!-boundary. Then, for any function u € H(Q), the following

estimate holds:
1/2
HY(Q)

1/2

lullr200) < Cllull 12Q)°

[lull

Below, we will also apply this lemma to 0,u, Au, and 0, Au with u being sufficiently smooth.

Theorem 4.4. If y = 0, p = 0, and m > 0, then the semigroup (S(t)),», generated by the operator A is exponentially
stable.

Proof. Again we use the Gearhart-Priiss criterion, so we study the resolvent in H, (note y = 0) on the imaginary axis.
From Proposition 3.10, we have iR C p(A). Let us suppose (31) is not true. Then, there exists a sequence (4,),ey C R
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and a sequence (W"),en C D(A) with [[w"||;;, = 1 such that

@dn — AW I3, — 0 (n — o0).

WILEY—122

(36)

As the resolvent is holomorphic and therefore bounded on compact subsets of the imaginary axis, we see that the

sequence (4,),eN is unbounded, so we may assume lim,_,«|4,| = 0. For /" := (ii, — A)w", we obtain

iAW) =) = f,
iAnp1w} + ﬂlAzWT + uAw; = p, f7,
iAnpoWs — pAWS — foAwy = po f3,
iAWy —ws = f),

iAnpaws — frAW) + mwg = py f2',

and since , ,
1G2n = AW I3, = 177115, = B A/ a0y + B2 IV 2 N2,

2 2 2
T ||f2n||L2(Ql) T/ ”fsn”LZ(gzz) + Po ||f3n||L2(Ql) )
we obtain from (36)-(42)
A AW! — Aw? — 0 in LA(Qy),
iAnp1w} + fLA*W] + AW — 0 in L*(Qy),
iAnpoWs — pAW; — foAw? — 0 in L*(Qy),
i, VW] — Vw! > 0 in L*(Q,),

iAnpaW? — AW} + mw? — 0 in L*(Qy)

for n — co. From (15), it follows that

Re((id, — AW", w");, = Re [i/l,, ||w”||72L,0 - (Aw”,w")Ho]
= —Re(Aw", w");,

— n||2 ny2 ny 2
=m ||W5 ”LZ(QZ) + ﬁ(]”vwg,”LZ(Ql) + ﬁOK”W3 ”LZ(F)'

(37
(38)
(39)
(40)

(41)

(42)

(43)
(44)
(45)
(46)

(47)

As (i4, — A)w" converges to zero in Hy and (wW"),cn is a bounded sequence in Hy, the right-hand side of the last

equality tends to zero. Therefore,

wi >0 in L*(Q;) and wj - 0 in H'(Q)).

(48)

Note also that the sequences (W}),eny C H*(Q1), W)),eN C LA(Q1) and (W)),en C H'(Q,) are bounded because of

lWll7, = 1. As f* - 0 in Ho, we obtain /' — 0in H*(Q).
The convergences (47), (45), and (48) imply

1 Aw} - 0 in L*(Q,)
[Anl
and
#~ Aw) + bo Aw} = 0 in L*(Q)).
[ Anl [Anl

As (VWZ)nEN is a bounded sequence in L3(Q,), we get from (46) that

(iAn VW] — VWI, Vw 0.

n
4 >L2(92) -

(49)

(50)
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Using integration by parts, we have

(in VW] — Vw§, VW4>L2(Q ) = L ||VW4”§2(92) + (ws, AWZ)LZ(QZ) + (W5, anZ)LZ(I)' (5D
With the interpolation inequality, we obtain
1/2 1/2
”Wg”Hl(Ql) <C ”Wg”HZ(Ql) ”W;“LZ(QI)
; 1/2 1/2
= C|[idnw] — fln”Hz(Ql) ”W;HLz(Ql)
<C <|’1"|1/2 ”W?”;I/ZZ(QI) + ”fln“;l/f(Ql)) ||w£‘||¥(291)
and thus
1/2
”VV;l”Hl(Q1 1/2 ” 1 “HZ(Q) 1/2
|/1n|1/2 - ” 1||H2(Q ) |/1 |1/2 ” 2||L2(£2) - (52)

By trace theorem, Lemma 4.3 applied to o,w; and wi = w} on I, we get

| (w5, o,w} >L2(1)| < ”Wg“LZ(I) ”a"WZHLZ(I)

1/2 1/2
< C”Wg“Hl(Ql) ”WZHHZ(QZ) ”WZ“Hl(QZ)

and therefore

ny1/2

i(wn W' 1wl 1Wall e, w12
In 5 v /2| = | An|1/2 [ An|1/2 411HY (Q,)
nil/2
B I|W4”H2(92) (53)
T Al

By (41), we have

1 .
Awy = E(anzwg’ +mws — paf3)
and as w} = w on I, elliptic regularity for the Dirichlet Laplacian (Theorem 3.2) implies

Wil < € ([lidnpaw? + i = o2 f 2|, + 10 iy )

< C (12l 2y + 110y + 12y + 9 Dy )-

Thus,
n n
W} 2@, <c ”W?”LZ(Q ”WS”LZ(QZ) N /5 ||L2(Qz) N ”W?”HZ(QI) .
[ Anl 2 [ Anl [ Anl [ Anl
Because oflim,,%o”wg‘”Lz(Qz) =0, limn_,oo||f5”||L2(gz) =0and ||w;‘||H2(Q]) < C, we get
||WZ||H2(QZ)

- 0(n— ).
[Anl

From (49), (51), (53), and (54), we obtain

Vw} — 0 in L*(Q,).
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Dividing (43) by | A, we have

iAW — @)

| Anl

and given that || Aw]| ey <6 then (1/]A,|Aw? ) is a bounded sequence in L?(Q,). Consequently, the limit (50)

implies that (1 /1 4n| AWE )nEN is a bounded sequence in L?(Q;). From (44), it follows that

. ﬂl 2
+ipyw! + A w" + Q).
nw, Il LT Q)

Hence,

) < C.

1
| An]
Due to (38) and w" € D(A) (see Theorem 3.6), wy satisfies the problem

(Mo + AHW! = gow" + 72" in Q,
wi =0,0wj =0 on T,
oWy = 0,0,(Aw}) = f(=f20, W — uo,w}) on I,

with
2" 1= apW] — pAW; + idnpr f+ oL Sy
Then, Theorem 3.2 implies

”Wil”H“(Ql) <C (”’70"";' + 2w llay + || A7 (= 20w — /‘avwg)”m/za))

<C (”W;’“LZ(QI) + ”AZW?”LZ(QD + ”a"WZ”Hl/z(I) + ”aVW;l”Hl/Z(I)) : (57)
By the trace theorem and (54), we have

||3VWZ ||H1/2(1)

— 0. (58)
[Anl |ﬂ |

Wil

Note that w} is a solution to the following problem:

Aw} = Z_Z(M”Wg - palﬂAwg -fH=1h, € L2(Qy),
deg + ng’ =0on T,
w’; =0 on I

In consequence,

192l < Cllnowt = Ball e, < € (192 gy, + 1401105 2

Hanl |8y + 1877 iy + 17 e )
here, we have used equality (37). Thus,

<C. (59)

= [lw} ”HZ(QI) =

I/1 |
Consequently,
louW3 | 1v/2r)
————— < C—|w};

<C. (60)
[ Anl |/1 |

3 ”H?(Ql) =

The estimates (56), (57), (58), and (60) imply 1/|4,|||w < C. By interpolation inequality,

1||H4(£2 y =

1/2
— |lw" ” 1”H N1IHY Q) wh 1/2
Illnll/z ” 1 ||H3(Ql) - |/1 |1/2 ” 1 ”HZ(QI) ’
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Therefore, (1/]An]"/ 2W;‘)HGN is a bounded sequence in H3(€;). From (43) and (50), it follows that

Po

: noy
HipAw] + i (€21),
and then
<ii,uAW§‘ bo ”> - 0.
|)’ | LZ(Ql)
So, ﬁ
*ip ”AWTHiZ(Q ) M | (Awa’ Awy >L2(Q , = 0. (61)
Using integration by parts,
<AW2’ AW¥>L2(Q ) <W3’ Awy 2Q) <Wg aVAWT>L2(F) + <de’31, AW?)LZ(dﬂl)' (62)
By the trace theorem and Lemma 4.3 applied to d, Aw!, we have
’(Wg’avAW¥>L2(r)| < (WSl o 190 AW | oy
1/2 1/2
< C“Wg”Hl(Ql) ”W?“m(gl) % “HS(Q1
Then, , p
1/2 1/2
Ly o A Wiy Wl W1 12w,
3, AR | S O T
W2l @)
I P
Therefore, )
n
AR 0. (63)
Lemma 4.3 implies
'<0VW§’AW'11>L2(091) < ||0VW2||L2(691)”AW?”LZ(GQQ
< C [l 12 it 1997 3 195 et -
By (59), we have
1/2 1/2 1/2
1 - Wl 12 [ T”H%Ql) ”W;l“HZ(Ql)
E(aVWyAWJLZ(an) = W ”W3”H1(Ql) |4, |1/ A1/
1/2
<C ”W;l”Hl(Ql) :
Hence, )
m(avwg’ AWT)U(&QI) - 0. (64)
From (48), (56), and (61)-(64), it follows that
Aw? - 0 in L*(Q). (65)
The limit (44) implies (i4,p1W} + f1A’W] + pAw}, wh) , @, — 0- Using integration by parts, we have
: n 2., 2
(iAnprW5 + P AW, + pAwy, 2>L2(9) iAnpr ”W2”L2(91) (©6)

+ (AW AWS) o BL(OAWE W) u(AWE WS
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From (43) and (65), we get

I/ll lAwg — 0 in L*(Q). (67)
n

By Theorem 3.6, the trace theorem, and Lemma 4.3, we get
| <ﬁlavAW;l’ Wg >L2(1)| = | <_ﬁ26vW2 - Mavwg7 W; >L2(I) |

< C (N0l gy + N0l ) 195 s

1/2 1/2 1/2 1/2
< C (I, WA + 1L W22 ) 192

Then,
1 L 1P I 7 TP
n n 2 1/2 1 1/2 2 1
E(ﬁla"Awl’Wz >L2(I) = c M |1/2 ” 4||H1(Qz) Mnll/z ” 3||H1(Ql) Mnll/z
From (52), (54), and (59), it follows that
I l(a VAW, g)w) - 0. (68)
The limits (50) and (67) imply
(Q1). (69)
[ '
From (66)-(69), we obtain
w) — 0 in L*(Q). (70)
Finally, the limits (48), (55), (65), and (70) allow us to write [|[w"||;;,, — 0, which is a contradiction to [|w"||;,, = 1 for
alln € N. O

5 | THE CASE OF UNDAMPED MEMBRANE

We now consider the situation when the membrane is undamped, that is, m = 0. First, we will prove that the solution of
our system is not exponentially stable. However, under certain geometric assumptions, we will prove that in this case, the
system is polynomially stable. The proof of the next theorem follows the ideas from Theorem 3.5 in Mufioz Rivera and
Racke.?!

Theorem 5.1. For p>0, y >0 and m = 0, the system (1)—(8) is not exponentially stable.

Proof. We set H:= {0} x {0} x{0} xHé (Q,) X L?*(Q,). Note that H is a Hilbert subspace of H,. We define the operator
A given by D(A) = {0} x {0} x {0} x (H2(Q,) N HA(,)) x H(Q,) € H and

= (0,0,0,Ws, f2/p2Aiws)" .

With respect to the fourth and fifth component, A is the first-order system related to the nondamped wave equation
forv :=wy
p2Vy — oAV =0 in Q; X (0, ),
?=0 on IX (0, ), (71)
P(,0) =, 9,(-,0) = P! in Q,

with appropriate initial values °,v!. Let (§(t)),20 be the Cy-semigroup generated by A on H. As (71) contains no
damping term, this is a unitary semigroup. Thus, the essential spectral radius Fess(S(1)) is equal to 1.

We will show that S(¢) — Si @® : H — H, is compact, where (S(f))»o stands for the Cy-semigroup generated by .4
(Theorem 2.5). It is enough to prove that S(£)—S(t) : W — H, is compact for some dense subspace W of H. We define

= {0} x {0} x {0} X D (Q2) X D ().
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Then W is dense in ﬁ, and obviously, W C D(A) N D(JZ). For wy € W, we consider
1 ~
E(®) := z||5(zf)w0 - S(t)w0||§{y (t > 0).
Let w(t) : = S(H)wp and W(t) : = S(O)wy. Then

B (©) = 1 S w0~ BOIF, = Re(w () = (0, w(0) — F0),
= Re (Aw(t) — AW(0), w(t) — (D)), (72)
= Re (AW(D), w(D)),, + Re (AW(), W(1)) 7, — Re (AW, (1)), — Re (AW(0), w(t))z, .

From (15), we know Re (Aw(t), w(t))H7 < 0, and for the undamped wave equation, we obtain Re (.Zﬁ)(t), ﬁ)(t))Hy =0.
Moreover, by the definition of .4 and (14), we see that

(AW, W(0))31, = (AW(D), WD) 30 x4,
= —f2(Vwu(t), Vibs(t)) 120, + Pa{ VWs(E), VIDa(1))12q,)-

With integration by parts, we obtain
(«Z‘/T)(f),w(t»m = o VWs(D), VWa()) 12, + Pz(%AVNM(t), ws(1))12(,)
2
= Bo(VWs(1), Vwa(t)) 12,) — P VW4(t), VWs(8))12(,) — B2{0,Wa(t), Ws(D))r2(r)-

Taking the real part in the last two equalities and inserting this into (72), we see that
E'(t) < B2Re(0,Wa(t), ws()) 2y = P2 Re(d,Wa(t), wo(8))12(r),

where we used in the last equality that ws(f) =w,(¢) on I because w(t) € D(A). Therefore, noting E(0) = 0, we have
t
E(t) < ﬂzRE/ <0V1/T)4(S),W2(S)>L2(1)ds. (73)
0

Let (W)eny C W be a bounded sequence in H, and let wk(¢) := S(Hywk and Wh(p) 1= §(t)w’(§.
We estimate the terms appearing on the right-hand side of (73) separately:
(i) We first show that the sequence ((MW)’Z) weN C L%((0, t), L3(D)) is uniformly bounded. For this, we first note that

o= ﬁ;’j is a solution of (71). We fix a vector field ¢ € Cl(Q_Z)2 satisfying ¢ = —v on I. Straight-forward calculations

using integration by parts (note that v*(s) = 0 on I) yield for s € (0, t)

~ _ 1~ 2 d [« )
/szn(s) <a-vTﬂ<(s)) dx = 2/Qz|vt(s)| div(e)dx + ds/gzvf(s) <0' W(s)) dx (74)

and

/ A7) (0 V) ) dx = 210012, - / Vit (DoVIH) ) de + 5 / |V (s)2div(o) dx. (75)
Q, Q @
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Multiplying the differential equation pﬁi‘t — AV = 0 with o - Vi and integrating over ,, we obtain from (74)
and (75)

BN Oy = / (P2 IV @I = B2 VI (5)]?) div(o) dx
'QZ

+ 2ﬁ2/ Vik(s) - (DGW(S)) dx + 2p2di/ W(s) <0' : W(s)) dx.
Q, SJQ,
Now we integrate the last equality with respect to s € (0, t) and obtain
10N, 00120 < ¢ s (||Wk(s)||§2(gz) + ||W;(s)||iz(gz))
ok o )12 ki 2
< C sup [[W©)|I% < Cllwgll%; < C,

s€(0,t]

which finishes the proof of (i).

(ii) In the next step, we show that there exists a subsequence of (wlz‘l DikeN Which converges in L2((0, t), L?(I)). For this,
we apply the lemma of Aubin-Lions and the theory of extrapolation—interpolation scales as developed in Amann,3?
Chapter V. To define this scale, one sets X, := H, and defines X_, as the completion of X, with respect to the norm
lfll-x := A7 fllx, (see®* Theorem V.1.3.2). It is known that X_; is the dual space of D(A’), where A" : H) >
D(A’) — M, denotes the adjoint operator to A (see3? Corollary V.1.4.7). We define X_, := [Xo,X_1]q for a €(0,1),
where [, -] stands for the complex interpolation functor. Then the general theory of extrapolation-interpolation scales
tells us that we have the dense and compact embeddings

H}, =XoCX ,CX,
for all « € (0, 1); see Amann.3?, Theorem V.1.5.1 The compactness of both embeddings follows from the fact that 4! €

L(H,) is compact due to Proposition 3.9.
To describe X_4, let

¢ € Yo 1= Hy (1) X Hy(Qq) X H(Q1) X Hy () X Hy (),
and let w € D(.A). By definition of M, we have
(AW, )y, = (M AW, )y, = (AW, b1, = (AW, )iy,

where the last equality follows from the fact that ¢ € V. By the definition of A (equality (12)) and integration by parts,
we obtain

|Aw, b, | < Collwllng

where the constant C, can be estimated by a constant times the norm of ¢ in the space Y. Therefore, the map
DA, - l3,) — C,w i (Aw, ¢>Hy is a continuous linear functional, and its continuous extension to X, is an
element of ;. This shows that ¢ € D(A’), and therefore, Y, C D(A’). As X_, is the dual space of D(A’), this yields

X CY)=H7>(Q1) X H Q) x H2(Q1) x H(Q) X H1(Qy). (76)
On the other hand, by definition of H,, we have
H, = Xo C H*(Q1) X H'(Q1) X L*(Q1) X H'(Q3) X L*(Q,). (77)
With complex interpolation, we obtain from (76) and (77)

X_o C H%(Q)) x H739(Q)) x H™2(Q) X H73%(Q,) X H™%(,). (78)
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Now we apply the Aubin-Lions lemma to the compact embedding H, = X, ¢ X_, € X_,. For this, we first note
that (W*);cy is bounded in C([0, {], H,) and therefore in L?((0, t), H,) because of ISO g, <1 for all s € [0, t]. For
the time derivative, we use dw* = Aw* and obtain

sup [losw ($)llx, = sup AW S)]Ix, = sup [[Wr(s)lln, < C.
s€[0,t] s€[0,¢] s€[0,t]

So (0;w*);en is bounded in L2((0, £), X_;), and the application of the Aubin-Lions lemma yields that there exists a sub-
sequence (W) ;N Which is convergent in L*((0, ), X_,). From the embedding (78), we see that the second component

(wlzc" )jeN converges in L2((0, £), H' ~3%(€)). Now we choose a < 1/6 and take the trace on I and obtain convergence in

L?((0,t),H §_3“(I )) and therefore in L2((0, £), L>(I)) for (w];’ )jeN»> Which finishes the proof of (ii).
We know from (i) and (ii) that, after passing to a subsequence, we have that (6vﬁzf4‘ ) reN 18 bounded in L?((0, 1), L*(D))
and (w’z‘l Dien converges strongly in L2((0, t), L?(I)). For k, # € N we now denote by

E¥ (1) := %usa)(wo =~ wg) = SO —wpll3, (> 0).

By (73), we have that
EY (1) < B [0 W) 20120y | = O (k. € — o0),

where Wt (1) 1= S(H)(WE — wf) and W (1) 1= S~(t)(w —w)) for k, £ € N. Therefore, (S(t) — S~(t))w’5)k€N is a Cauchy
sequence in H, and thus convergent. This shows the compactness of S(t) — S(t) W — H,. Therefore, S(¢) — S @®:

H - H, is compact. As reSS(S (t)) = 1, Theorem 3.3 in Mufioz Rivera and Racke3! implies that r.ss(S(#)) = 1, and thus,
(S()s>0 is not exponentially stable. O

Although the last result tells us that there is no exponential stability in the case of an undamped membrane, we will now
show that the system decays polynomially under the following geometric condition: there exists some x, € R? such that

q(x)-v(x) <0 (x eI), where qx) :=x—xp(x € Q_z). (79)

Theorem 5.2. Let m = 0, p> 0, y >0 and assume that the geometrical condition (79) is satisfied. Then, the semigroup
(S(1)):>0 generated by A decays polynomially; that is, there exist constants a, C > 0 such that

ISOwollz, < Ct*lIwollpa)
forallt>0and wy € D(A).

Proof. By Lemma 5.2 in Mufioz Rivera and Racke,?! the semigroup is polynomially stable if iR C p(A) and if there
exist C>0, 1o>0, and >0, f’ >0 with

G4 = A fllz, < CIAPNIAY flin, (f € DAP), A€R, 4] > o). (80)

First, let y > 0. We will show (80) with g’ = 1. Let Ao >0 and A € R with |A|>4,. Letw € D(A?) and f := (iA— A)w.
Then f € D(A), and

iAw; —w, = f1, (81)

iAp1wy — iAy Aw, + S1A%W1 + pAws — pAw, = p1 fr — YA f, (82)
iApows — pAw, — foAws = po f3, (83)

iAwy —ws = fy, (84)

iApaws — PrAwy = ps f5. (85)

Replacing (81) into (82) and (83), we have

—Apiw1 + Ay Awy + B AWy + pAws — idpAwy = idpy f1 —iAyAf1 — pAf1+ p1f2 — YA S, (86)
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iApows — iApuAw, — foAws = —uA f1 + po f3, (87)
respectively. Replacing (84) into (85), we get
—A2paws — PoAwy = idpa fa + p2fs. (88)

Multiplying (86) by —wy, (87) by i/ Aws, and (88) by —wy, integrating and adding the resulting equalities, we obtain

72 (o1 Wil + 2 1wl ) = 9o W3l = Br{APwa,wa) g
+ iAp(Awr, Wi q ) — Ay(Awy, Wi q,) — H{AW3, W) 2 )

+ B2 AW, Wa) 12 ) + H(AWL, W3) 2 ) — iﬂoﬂ_l(Aw3,w3)L2(Ql)
— iAp1{f1, W1) 2,y + IAV(Af1, W) 2q,) + PAAS1, W) 120 ) —

p1{f2.W1) 120
+y(Af2,wm >L2(Ql) —(iAp2fa+ p2fs, W4>L2(gz

)~ (iu/l_lAﬁ - iPoﬂ_1f3»W3>Lz(Ql)-

Integrating by parts and using the transmission conditions, we obtain

2 2 2 2
AZ <p1 ”W1||L2(Q]) +p2 ”W4”L2(Q2) +y ”VW1”L2(QI)> - ﬂl ”AWIHLZ(QI)

— Po ”W3“i2(g y idp ”le“%2(91) + i2ﬂ1m<AW1’W3>L2(Ql)

.k Po
”VW3”L2(Q ) +i— ||W3”L2(F)

2
- ﬁZ ||VW4”L2(QZ)

= —(P +idy)(V f1, VWl)LZ(Q y = VAV 2. VW) 2oy = (idp1 f1 + p1fa, Wi)pq) — (P2 fs + iAp2 fa, Wa) 12,

+ l_<vf1, VW3>L2(Q y + l <f3»W3>L2(Q )
Taking real part in the previous equation, we get

PrllAWLE, o+ B IVWalls, , + po llwsll2s g,
(€y) (€,) (L))
2 2 2
<2 (01 Wil + 22 I3l + 7 1V, )
+ (PIIV fillzy + 1A IV fill 2y + 711V Fallrg,)) 1YW,

u
+m (|/1| I fill2,) + ||f2”L2(Ql)) w12, + ﬂ“Vfl”LZ(Ql)“VW3”L2(Ql)

+ 02 (1 fsllrzey + 1A fallra,)) IWallrg,) + M| ”f3”L2(Q Iwslle @)

By Lemma 2.1, (34), and | A|> 4o, we obtain

ﬁ1||AW1||L2(Q ,+ ﬂ2||VW4||L2(Q y+ P0||W3||L2(Q ,<C (/12||W1||§_11(g )

(89)
1/2 3/2
2200wl + 2@l 1 g, + 147 ol A1)
Since
”WZHLZ(Q )y = < 4(A2||W1”L2(Q ) + ”fl”LZ(Q )) < C()'ZHWIH?_]I(QI) + ||f||2
1YW )12, ) < ||w||H £l
wsllZ.qq, ) < 4(12||w4||L2(Q s Il ) < COPlIwalZag ) + 112,
we get

(90)

2 2 2 2 2
Py, + 7 VW2 + 02 W51 ) < C (22 Wil + 4% Wl + Il T, + 11 ).
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Poincaré's inequality implies

2 2 2 2
/12 ”WIHHI(Ql) = ”WZ + fl“Hl(Ql) < C <||VW2||L2(91) + ”f1||H1(91)>

< € (Il 17 g, + 11715, )

From (89)-(91), it follows that

2 2 - 1/2 3/2 2
il < € (2% 1wl + 1AWl S g, 1217 0052 1157 + 171 ) -

Now we will prove that

2wl < C <|A|||w||Hy 1f N, + 1715, + 6o /1 |avw4<qu—4>|dS> .
In fact, using Rellich's identity (see eq. 2.5 from Mitidieri**), we have the following equality:
Re /Q Awy(qVwy)dx = —Re /1 [0VW4(qVW_4) - %(q : V)IVW4I2] ds.
Multiplying (88) by gVw, and integrating, we get
—)vzpz/Q w4 (qVwy)dx — ﬂz/g; Awy(qVwy)dx = / (iAp2fa+ p2fs)(qVWg)dx.

Q

Taking real part and using (94), we see that
— — 1 . —
—/lzsze/ w4 (qVwy)dx + ﬁzRe/ [0VW4(¢1VW4) - E(q : V)|VW4|2] as = Re/ (iAp2fa + p2f5)(@Vwa)dx.
Q, I Q,
Using integration by parts and the identity gVw, = div(qws) — 2wy, it holds

/ wi(qVivpdx = | w, (divigws) — 2;) dx
QZ

Q,

= / wydiv(qwy)dx — 2 / Wawadx
QZ QZ

W4qVT4 ~vdS -2 ”W4”1242(92)
I

=—/ Vw4qw_4dx_
Q

and therefore

/ wi(gVimd + / Wi(gVimdx = - /(qv)|w4|2d5—2||w4||22(92).
Q, I

Q,

Thus,
— 1
Re / wa(qVw)dx = = wallfzq,) = 5 / (qv)lwy|*dS.
1

'QZ
In consequence,

B Wil = =R |

— 1
wa(gVwy)dx — —/1292/(61\/)|W4|2d5
Q, 2 I

=Re [ (iApafa+ p2f5)@Viva)dx — frRe / 0,w4(qVW3)dS
Q, I

1 1
+ Eﬂz/(qV)WWﬂzdS - 5/12/’2/((1‘/)|W4|2d5-
I I

C2Y)

(92)

(93)

4
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Duetog-v<0on I, w; =w,on I, trace theorem, and (91), we obtain that

Ppy [wallZg, < C (w wllye 111150, + 6o

/avW4(qV‘T4)dS’ + )’2 ”W1||i2(1)>

I

< (w Wity 1/ 1, + P2 / |0, wa(qVWwy)ldS + 4* llWllléwszl))
I

<c (wuwnHyuquy + A1, + b / |avw4<qu—4>|dS> .
I
Next, we will show that for any € > 0, there exists a constant C, > 0 such that

P / |0,w4(qVw)|dS < e [wll3, + CelAI* lAS13, - (95)
1

Indeed, the transmission conditions imply

s, / 0, ws (VIS < (1510, (Awy) + 0,5 1z |V
I

< C (lI0u(AwD I 2y + 10 Wsllz2ry) 1Y Wall2r)- (96)

From (85), it holds that Aw, = 1/:(idp,ws — p,fs). Because of w; = wy on I, elliptic regularity for the
Dirichlet-Laplace operator (Theorem 3.2) yields

IWallpe,) < C (Ilidpaws — pafsllz,) + 1Willem)
<C (l/””WS“LZ(QZ) + 1 fsll 2@,y + ||W1||H2(91))

< C (1AWl + 171, ) - ©7)
Applying Lemma 4.3 to Vw,, we see that

1/2

1/2
IVwallzagy < Cllwall} 2 Iwall /2,

H2(Q,)
1/2 12
< C(1AIWlg + 171, ) Il

<c (|z|1/2||w||H, + lIwlly;” ||f||§{f) . (98)
Note that w; belongs to H2(€1) and is a solution of the problem

Aw; = ;—O(iﬂws — pytuAw, — f3) =: h* € L*(Q),
ows;+kwz =0 on I',

w3 =0 on I.
By Remark 3.3 and Theorem 3.2, there exist 5y > 0 such that

Iwsllg2q,) < Clinows — h* |l 2q,)

< C (Iwsllzziy) + 141wl 2y + 1AW 2, + 113120, -

From (35) and the last inequality, it follows that

Iwsllpe@,) <€ (”W?)”LZ(Ql) + [Allwsllz @) + [AHlAWL ] 2, + 1A f1ll2,) + ||f3”L2(Ql)) .
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This and (34) imply
sl < C 1AW L7117 + 1Al + 11

Due to (86), w; satisfies the equation

(o + A*wy = nowr + B’z

with z 1= (A2p; — A%y A + idpA)w; — uAws + (idpy — iAyA — pA)f1 + (p1 — yA) f, and o > 0. Note that, if g :=

then g; =f, and therefore
1A f2llz@) = 1881112, < ClIgl, = CllAS 1y, -

From Theorem 3.2, the transmission conditions, inequalities (99), (97), (100), and 0 € p(A), we obtain

”Wl ”H“(Q1 == <||’70W1 + ﬂl_lz”LZ(Ql) + ||ﬁ1_1(_ﬂ26vw4 - #avw3)”H1/2(1)>
2 2
< C (22wl + 1411wl 11527 + LA D, + 1A1AS e )

< 1AL (1A, + 10l AL 15 + 1A, ) -

We have from (91) that
Wil < CLAI (Il 17157 + 1Ty, ) -

Applying Lemma 4.3 to d,(Aw,), using interpolation inequality and 0 € p(.A), we obtain that

1/6

5/6
19, Awn 2y < Cllwallylsg, Il

HY(Qy)

5/6 1/6
< CLAF (1111wl + Il AL + 1AL T, ) 170 (1wl 1AL 1572 + 1A T, )

< CLAPP (1210 1wl 1AL 15 + 415 Iwlly ™ AL + 1AL 1,

+Iwllyy 2 1AL 1"+ Twllyy” 1A Tl + Twly ™ ||Af||”/”) :
From (98) and (101), it follows that

11/6 1/6 4/3 2/3
10, AwD izl Vwalla < € (1412 Il LALI5, + 1P 1wl 1AL 157
23 12 1/12 17/12 12
+ 141wl 1AF 11, +|z|3/2||w||;f IIAfIIZy
2/3 11/12 13/12 7/6 3/2 1/2
+ AP wll, " AF 1 4 1477 w3 1A 11,
1/2 3/2
+ 1417/ Wil 1A g, + 14172 Il 1A 15,

HA wlly 1AL I + 14172 ||w||;/jz ||Af||13j12) :

Applying Lemma 4.3 to d,w; and using (34) and (99), we get

1/2

ll0,wsll 2y < Cllwsl|Y, @)

HZ(Q. )”W3||

< (1AMl 1A 1577 + LA 17+ w115 )
Then, from (98) and (103), we obtain

10wws st IV Wallizy < € (1AW 1AL 15/ + 1A 21l 1A g, + 141 w7 1AL 1

HAM IS AL + Il 1AL 157 ).

(99)

Af,

(100)

(101)

(102)

(103)

(104)
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Considering (102), (104), and Young's inequality, we observe that the worst term in the estimate of the right side
of (96) is
1/12
AP Il 1AL 15 = il (AP 1AL 1, ) < ellwlly, + CelAI®IAL 1, -

This implies that (95) holds. Now, by (92), (93), (95), and Young's inequality, we obtain
wli?, <€ llwll3, +CelAI® LASIZ, forany &> 0.

Hence,
Iwllz, < CIAPIAS gy, » (105)

which shows (80) with ' = 1 and p = 24 for the case y > 0. Note that (105) implies that i4 — A is injective. In fact, let
w € D(A) with f := (iA— A)w = 0. Then Aw = iiw € D(A), which shows w € D(A?), and we can apply (105) to see
w = 0. Therefore, iR N ¢(A) = @. Now, the assertion follows from Mufioz Rivera and Racke,?! Lemma 5.2.

For the case y = 0, we can argue analogously and obtain (80) with #/ = 0 and p = 24. O

Remark 4.3. (a) Note that the proof gives no information on the optimal decay rate.
(b) It was shown in Barraza Martinez et al,'> Theorem 3.2 and Theorem 5.2, that also in the isothermal situation,
we have polynomial but no exponential stability if the membrane is undamped.
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