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Abstract

We consider settings in which the distribution of a
multivariate random variable is partly ambiguous. We
assume the ambiguity lies on the level of the depen-
dence structure, and that the marginal distributions
are known. Furthermore, a current best guess for the
distribution, called reference measure, is available. We
work with the set of distributions that are both close to
the given reference measure in a transportation distance
(e.g., the Wasserstein distance), and additionally have
the correct marginal structure. The goal is to find upper
and lower bounds for integrals of interest with respect to
distributions in this set. The described problem appears
naturally in the context of risk aggregation. When
aggregating different risks, the marginal distributions of
these risks are known and the task is to quantify their
joint effect on a given system. This is typically done by
applying a meaningful risk measure to the sum of the
individual risks. For this purpose, the stochastic inter-
dependencies between the risks need to be specified. In
practice, the models of this dependence structure are
however subject to relatively high model ambiguity. The
contribution of this paper is twofold: First, we derive a
dual representation of the considered problem and prove
that strong duality holds. Second, we propose a generally
applicable and computationally feasible method, which
relies on neural networks, in order to numerically solve
the derived dual problem. The latter method is tested on
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a number of toy examples, before it is finally applied to
perform robust risk aggregation in a real-world instance.

KEYWORDS

average value at risk, dependence uncertainty, model uncertainty,
neural networks, optimal transport, penalization, risk bounds,
Wasserstein distance

1 | INTRODUCTION
1.1 | Motivation

Risk aggregation is the process of combining multiple types of risk within a firm. The aim is to
obtain meaningful measures for the overall risk the firm is exposed to. The stochastic interdepen-
dencies between the different risk types are crucial in this respect. There is a variety of different
approaches to model these interdependencies. One generally observes that these models for the
dependence structure between the risk types are significantly less accurate than the models for
the individual types of risk.

We take the following approach to address this issue: We assume that the distributions of
the marginal risks are known and fixed. This assumption is justified in many cases of practical
interest. Moreover, risk aggregation is per definition not concerned with the computation of the
marginal risks’ distributions. Additionally, we take a probabilistic model for the dependence struc-
ture linking the marginal risks as given. Note that there are at least two different approaches in
the literature to specify this reference dependence structure: The construction of copulas and fac-
tor models. The particular form of this reference model is not relevant for our approach as long
as it allows us to generate random samples. Independently of the employed method, the choice
of a reference dependence structure is typically subject to high uncertainty. Our contribution is
to model the ambiguity with respect to the specified reference model, while fixing the marginal
distributions. We address the following question in this paper:

How can we account for model ambiguity with respect to a specific dependence struc-
ture when aggregating different risks?

We propose an intuitive approach to this problem: We compute the aggregated risk with respect
to the worst-case dependence structure in a neighborhood around the specified reference depen-
dence structure. For the construction of this neighborhood, we use transportation distances. These
distance measures between probability distributions are flexible enough to capture different kinds
of model ambiguity. At the same time, they allow us to generally derive numerical methods, which
solve the corresponding problem of robust risk aggregation in reasonable time. To highlight some
of the further merits of our approach, we are able to determine the worst-case dependence struc-
ture for a problem at hand. Hence, our method for robust risk measurement is arguably a useful
tool also for risk management as it provides insights about which scenarios stress a given system
the most. Moreover, it should be emphasized that our approach is restricted neither to a particular
risk measure nor a particular aggregation function.
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In summary, the approach presented provides a flexible way to include model ambiguity in situ-
ations where a reference dependence structure is given and the marginals are fixed. It is generally
applicable and computationally feasible. In the subsequent subsection, we outline our approach
in some more details before discussing the related literature.

1.2 | Overview

We aim to evaluate

/R fdg,

for some f : R? — R in the presence of ambiguity with respect to the probability measure 7 €
P(R%), where P(R?) denotes the set of all Borel probability measures on R<. In particular, we
assume that the marginals f1,, ..., iy of ft are known and the ambiguity lies solely on the level of
the dependence structure. Moreover, we assume a reference dependence structure, namely, the
one implied by the reference measure f, is given and that the degree of ambiguity with respect
to the reference measure &t can be modeled by the transportation distance d.., which is defined in
(2). Hence, we consider the following problem

() =  max / fdg, W
ME(fy,-sfta) J Rd
de(mp<p

where the set TI(f, ... , fiy) consists of all u € P(R?) satisfying u; = f1; for all i = 1,...,d, where
i € P(R) and @1; € P(R) denote the ith marginal distributions of u and . We fix a continu-
ous function ¢ : R? x R? — [0, c0) such that ¢(x, x) = 0 for all x € R. The cost of transportation
between fx and u in P(R?) with respect to the cost function c is defined as

do(fp) = inf / c(x, y)(dx, dy), @
m€(@,u) JRdxRrd

where II(f, 1) denotes the set of all couplings of the marginals & and u. For the cost function

c(x,y) = ||x — y||P with p > 1, the mapping dc1 /p corresponds to the Wasserstein distance of order

p-
The numerical methods to solve problem (1), which are developed in this paper, build on the
following dual formulation of problem (1):

d d
ot {M +¥ /R hodp + A sup lf(y) - Xnon- AC(x,y)] ﬂ(dX)} e

yeRd

where C,(R) is the set of all continuous and bounded functions 4 : R — R. This dual formulation
was initially derived by Gao and Kleywegt (2017a). These authors show that strong duality holds,
that is, problems (1) and (3) coincide, for upper semicontinuous functions f : X — R satisfying
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S

c(x.y0)
noncompact subsets X, ..., Xz of R.

Theorem 2.1 extends the duality in the following aspects: First, the functions f : X — R need
not satisfy a growth condition that depends on the cost c. Our results allow for upper semicontin-
uous functions of bounded growth. Second, we can consider a space X = X; X --- X X4, where X;
can be arbitrary polish spaces. We emphasize that the problem setting can therefore include an
information structure where multivariate marginals are known and fixed. Finally, Theorem 2.1
extends the constraint d.(f, u) < p to a more general way of penalizing with respect to d.(@, ).

We now turn to the question how the dual formulation (3) can be used to solve problem (1).
One approach is to assume that the reference distribution & is a discrete distribution. In this
context, Gao and Kleywegt (2017a) show that the dual problem (3) can be reformulated as a lin-
ear program under the following assumptions: First, the function f can be written as the maxi-
mum of affine functions. Second, the reference distribution j is given by an empirical distribu-
tion on n points x!, ..., x" in RY, Third, the cost function ¢ has to be additively separable, that is,
c(x,y) = Efl:l ¢;(x;, y;). For further details we refer to Corollary 2.5.

This linear programming approach is especially useful when only few observations are available
to construct the reference distribution z—a case where accounting for ambiguity with respect to
the dependence structure is often required. Nevertheless, the assumptions under which problem
(3) can be solved by means of linear programming exclude many cases of practical interest. Even
in cases that linear programming is applicable, the resulting size of the linear program quickly
becomes intractable in higher dimensions. Hence, this paper presents a generally applicable and
computationally feasible method to numerically solve problem (3), which uses neural networks.

The basic idea is to use neural networks to parameterize the functions h; € C,(R) and then
solve the resulting finite dimensional problem. Theoretically, such an approach is justified by the
universal approximation properties of neural networks, see, for example, Hornik (1991).

To use neural networks, we first dualize the pointwise supremum inside the integral of (3).
Under mild assumptions, this leads to

d
inf dg, 2\
inf {Ap+;/Rhldm+/Rdgdﬂ}

heCp(R), geCy(RY):
8020~ hiy)—Ae(x.y)

the growth condition sup, < oo for some y, € X, where X = X; X --- X X; for possibly

As the pointwise inequality constraint prevents a direct implementation with neural networks,
the constraint is penalized. This is done by introducing a measure 8 € P(R>?), which we refer
to as the sampling measure. Further, we are given a family of penalty functions (8,),-o, which
increase the accuracy of the penalization for increasing y, for example, 8, (x) = y max{0, x}*. The
resulting optimization problem reads

d
$o,(f) 1= igg {/lp+2/hi dﬂi+/ gdp €))
’ i=1 /R Rd

heCy(R), g€C,(RY)

d
+ /R y By <f O = D ) — Ac(x, y) - g(x)> 6(dx, dy)} - 4

i=1
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Before we develop numerical methods to evaluate ¢g , (f) and thereby approximate ¢(f), we need
to study the convergence

Po,(f) = ¢(f) fory — co. ©)

A sufficient condition for this convergence is derived in Proposition 2.7. We additionally give a
general instance where this derived condition is satisfied. It states that (5) holds whenever the cost
function c satisfies a mild growth condition and the sampling measure 8 is the product measure
between the reference measure and the respective marginals, thatis, 6 = f ® (i1 ® - ® fig).
Besides the optimal value of problem (1) also the corresponding optimizer is of interest. To
this end, we develop duality for problem (4). This duality leads to a simple formula to obtain an
approximate optimizer of the initial problem (1) once the dual formulation (4) is solved. It shows

.....

u* equal to the second marginal of 7*, where 7* is defined by the Radon-Nikodym derivative

* d
ddie(x,y) =8 (f(y) —g* () - Y R - A*c(x,y)) ©)

i=1

Problem ¢g,,(f) fits into the standard framework in which neural networks can be applied to
parameterize the functions h; € Cp(R) and g € C,(RY). We justify this parameterization theo-
retically by giving conditions under which the approximation error vanishes for an infinite-size
neural network. In Section 3, we give details concerning the numerical solution of ¢g,,(f) using
neural networks, which encompasses the choice of the neural network structure, hyperparame-
ters, and optimization method.

This approach based on neural networks is the main reason to derive and study the penalized
problem (4). Nonetheless, problem (4) is interesting in its own right and by no means limited to
the application of neural networks: it may be efficiently solved using advanced first-order methods
(see, e.g., Nesterov, 2012). We thank an anonymous referee for pointing this out to us.

The remainder of the paper is structured as follows. In Subsection 1.3, we provide an overview
of the relevant literature. Our main results can be found in Section 2, which consists of three
parts: First, we state and prove the general form of the duality between (1) and (3) and derive
some implications thereof. In the second part of Section 2, we study the penalization introduced
in Equation (4). Third, we give conditions under which ¢g,(f) can be approximated with neu-
ral networks. Section 3 gives implementation details. Section 4 is devoted to three toy examples,
which aim to shed some light on the developed concepts. Finally in Section 5, the acquired tech-
niques are applied to a real-world example. We thereby demonstrate how to implement robust
risk aggregation with neural networks in practice.

1.3 | Related literature

There are three different strings of literature, which are relevant in the present context: First, lit-
erature on risk aggregation; second, literature on model ambiguity and particularly on ambiguity
sets constructed using the Wasserstein distance; third, recent application of neural networks in
finance and related optimization problems.
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1.3.1 | Risk aggregation

In Section 5, we motivate from an applied point of view why there is interest in risk bounds for the
sum of losses of which the marginal distributions are known. The theoretical interest in this topic
started with the following questions: How can one compute bounds for the distribution function
of a sum of two random variables when the marginal distributions are fixed? This problem was
solved in 1982 by Makarov (1982) and Riischendorf (1982). Starting with the work of Embrechts
and Puccetti (2006) more than 20 years later, the higher dimensional version of this problem was
studied extensively due to its relevance for risk management. We refer to Embrechts, Wang, and
Wang (2015) and Puccetti and Wang (2015) for an overview of the developments concerning risk
aggregation under dependence uncertainty, as this problem was coined. Let us mention that Puc-
cetti and Riischendorf (2012b) introduced the so-called rearrangement algorithm, which is a fast
procedure to numerically compute the bounds of interest. Applying this algorithm to real-world
examples demonstrates a conceptual drawback of the assumption that no information concern-
ing the dependence of the marginal risk is available: The implied lower and upper bound for the
aggregated risk are impractically far apart.

Hence, some authors recently tried to overcome this drawback and to come up with more realis-
tic bounds by including partial information about the dependence structure. For instance, Puccetti
and Riischendorf (2012a) discuss how positive, negative, or independence information influence
the above risk bounds; Bernard, Riischendorf, and Vanduffel (2017) derive risk bounds with con-
straints on the variance of the aggregated risk; Bernard, Riischendorf, Vanduffel, and Wang (2017)
consider partially specified factor models for the dependence structure. The interested reader is
referred to Riischendorf (2017) for a recent review of these and related approaches. Finally, we
want to point out the intriguing contribution by Lux and Papapantoleon (2016). These authors
provide a framework that allows them to derive value at risk (VaR)-bounds if (a) extreme value
information is available, (b) the copula linking the marginals is known on a subset of its domain
and (c) the latter copula lies in the neighborhood of a reference copula as measured by a statisti-
cal distance.

As our paper aims to contribute to this string of literature, let us point out that the latter men-
tioned type of partial information about the dependence structure used in Lux and Papapantoleon
(2016) is similar in spirit to our approach. We emphasize that Lux and Papapantoleon use statisti-
cal distances that are different to the transportation distance d.. defined in the previous subsection.

1.3.2 | Model ambiguity

There is an obvious connection of problem (1), which is studied in this paper, with the following
minimax stochastic optimization problem:

min max EQ[f(x, )], @)

xeX Qe

where X C R™, f : R"™ X E —» R, ¢ is a random vector whose distribution Q is supported on
2 c R? and Q is a nonempty set of probability distributions, referred to as ambiguity set. Problems
of this form recently became known as distributionally robust stochastic optimization problems.
As pointed out by Shapiro (2017), there are two natural and somewhat different approaches to
constructing the ambiguity set Q. On the one hand, ambiguity sets have been defined by moment
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constraints, see Delage and Ye (2010) and references therein. An alternative approach is to assume
a reference probability distribution Q is given and define the ambiguity set by all distributions
that are in the neighborhood of Q as measured by a statistical distance. To the best of our knowl-
edge two distinct choices of this statistical distance have been established in the literature: The
¢-divergence and the Wasserstein distance. Concerning ambiguity sets constructed using the ¢-
divergence we refer to Bayraksan and Love (2015), and references therein. In the following, we
focus on approaches that rely on the Wasserstein distance to account for model ambiguity. Pflug
and Wozabal (2007) were the first to study these particular ambiguity sets. Esfahani and Kuhn
(2018) showed that distributionally robust stochastic optimization problems over Wasserstein
balls centered around a discrete reference distribution possess a tractable reformulation: under
mild assumptions these problems belong to the same complexity class as their nonrobust coun-
terparts. The duality result driving this insight was also proven by Blanchet and Murthy (2019),
Gao and Kleywegt (2016), and Bartl, Drapeau, and Tangpi (2019) based on different techniques
and assumptions. These contributions indicate that distributionally robust stochastic optimiza-
tion using the Wasserstein distance developed into an active field of research in recent years. For
instance, Zhao and Guan (2018) and Hanasusanto and Kuhn (2018) adapted similar ideas in the
context of two-stage stochastic programming and Chen, Yu, and Haskell (2019) and Yang (2017)
study distributionally robust Markov decision processes using the Wasserstein distance. Obloj and
Wiesel (2018) analyze a robust estimation method for superhedging prices relying on a Wasser-
stein ball around the empirical measure.

Most relevant in the context of our paper are the following two references: Gao and Kleywegt
(2017b) put two Wasserstein-type constraints on the probability distribution Q in (7): Q has to
be close in Wasserstein distance to a reference distribution Q, while the dependence structure
implied by Q has to be close, again in Wasserstein distance, to a specified reference dependence
structure. In their follow-up paper, Gao and Kleywegt (2017a) consider problem (1) in the con-
text of stochastic optimization, that is, in the framework (7). The contribution of this paper, that
is, their duality result and the linear programming (LP) formulation, is already reviewed in the
above overview. In addition, the authors provide numerical experiments in portfolio selection and
nonparametric density estimation.

1.3.3 | Neural networks in finance and optimization

Applications of neural networks have vastly increased in recent years. Most of the popularity arose
from successes of neural networks related to data representation tasks, for example, related to pat-
tern recognition, image classification, or task-specific artificial intelligence. In contrast to such an
utilization, neural networks have also been applied strictly as a tool to solve certain optimization
problems. This is the way we use neural networks in this paper, and they have found similar uses
in various areas related to finance. Among others, they were applied to solve high-dimensional
partial differential equations and stochastic differential equations (see, e.g., Beck, Becker, Grohs,
Jaafari, & Jentzen, 2018; Berner, Grohs, & Jentzen, 2018; Weinan, Han, & Jentzen, 2017) as well as
backward stochastic differential equation (Henry-Labordere, 2017), in optimal stopping (Becker,
Cheridito, & Jentzen, 2019), optimal hedging with respect to a risk measure (Buehler, Gonon,
Teichmann, & Wood, 2019), and superhedging (Eckstein & Kupper, 2019).

For more classical learning tasks where neural networks are applied, ideas from optimal trans-
port and distributional robustness are also used. Although the settings are often quite different in
nature to the one in this paper, the optimization problems that are eventually implemented are
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nevertheless similar. Most related to the current paper are settings in which optimal transport type
of constraints are solved via a penalization or regularization method. Examples include genera-
tive models for images (see, e.g., Gulrajani, Ahmed, Arjovsky, Dumoulin, & Courville, 2017; Roth,
Lucchi, Nowozin, & Hofmann, 2017), optimal transport and calculation of barycenters for images
(see, e.g., Seguy et al., 2017), martingale optimal transport (see, e.g., Henry-Labordere, 2019), or
distributional robustness methods applied to learning tasks (see, e.g., Blanchet, Kang, & Murthy,
2016; Gao, Chen, & Kleywegt, 2017).

2 | RESULTS
2.1 | Duality

Let X = X7 X X, X --- X X4 be a Polish space, and denote by P(X) the set of all Borel probability
measures on X. Throughout, we fix a reference probability measure & € P(X). Fori =1,...,d,
we denote by y; := ,uoprl._1 the ith marginal of u € P(X), where pr; : X — X; is the projec-
tion pr;(x) := x;. Further, let x : X — [1, c0) be a growth function of the form x(x;,...,x;) =
Z?zl x;(x;), where each x; : X; — [1, 00) is continuous and satisfies /Xi x; dit; < co. We further
assume one of the following: Either x has compact sublevel sets,” or X; = R% foralli =1, ..., d.
Denote by C,.(X) and U,.(X) the spaces of all continuous, respectively, upper semicontinuous func-
tions f : X — Rsuch that f /x is bounded. Recall that C;,(X) denotes the set of all continuous and
bounded functions on X.

In the following, we fix a continuous function ¢ : X X X — [0, o) such that c¢(x, x) = 0 for all
X € X. The cost of transportation between i and u in P(X) with respect to the cost function c is
defined as

d(@p) = inf / e(x, y)(dx, dy), ®)
me(pm) J xxx

where II(#y, ..., fiy) denotes the set of all u € P(X) such that y; = z; for alli = 1,...,d. The ele-
ments in I1(#,, ..., fiy) are referred to as couplings of the marginals fy, ..., ft;. Although the com-
putation of the convex conjugate in the following result relies on Bartl, Drapeau, et al. (2019), we
do not need their growth condition on the cost function c. The main reason we do not require this
condition is that continuity from above of the functional (9)—which corresponds to tightness of
the considered set of measures—is already obtained by the imposed marginal constraints.

Theorem 2.1. For every convex and lower semicontinuous function ¢ : [0, 0] — [0, 0o] such that
®(0) = 0 and p(o0) = o0, and all f € U,(X), it holds that

. { /X £ dyt— pdo (1, M))} ©)

d d
= o, h%‘é&,. 0 {qo*(/l) + Z{ /X | hidp; + /X sup lf - ; hi(yi) = /lc(x,Y)] ﬂ(dx)},

where ¢* denotes the convex conjugate of ¢, that is, *(1) = sup,, ({1x — p(x)}.
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Proof. 1. Define the optimal transport functional 3, : C,,(X) — R by

d

:=inf
Bi(f) i=in {Zl/x

where EB‘i’lzlhi : X — R is defined as @?zlhi(x) 1= 2?21 h;(x;). We show that ¢, is continuous
from above on C,(X), that is, for every sequence (f") in C,.(X) such that f* | f € C,(X) one has
D1 (f") 1 1 (f). Fixe > 0and h; € C, (X;) such that @lehi > fand ¢, (f) + % > 2?21 in h; dp;.
As f1 € C,(X) and h; € C,,(X;), there exists a constant M > 0 such that |f!| < Mx and |k;| <
Mpx;. By assumption, /Xi x;di; < +oo foralli = 1,...,d. We now show that 1, (f™) < ¢;(f) + ¢,

which we do separately depending on whether we assume x has compact sublevel sets, or X; =
R,

hidp; © h; € Cy(X;) such that @7 h; > f},

i

* Let ¥ have compact sublevel sets. Choose z > 0 such that Z?:l fx- AM (x; — §)+ di; < g By

Dini’s lemma, there exists ny € N such that f" < @lehi + § on the compact {x < 2z}. As it
further holds 5,3 < 2(k — 2)* <2 Eszl (x; — §)+, one obtains

fro= l{ngz}fno +]|{x>22}fn0
€
S]I{KSZZ} 6?:1 hi +]|{K>Zz}fn0 + §

= ®?=1hi +]|{K>22}(fn0 - EBz€i=1hi) +

W[ m

)
<Oy + 1 0,2Mx + 3

d zZ + €
S®i—1<hi+4M<Ki_a> >+§

and hence $,(f™) < T, [, i +4MGq — Sy g+ £ <1 () +e.

* Let X; = R%. Choose z > 0 such that 2?21 in 4M (x; — §)+ di; < %. Choose R; > 0 such that

d _ o0 € . . .
Zi:l 4i(B(O,R) ) -4Mz < - where B(0, r) is the open Euclidean ball around 0 of radius r. By
Dini’s lemma, there exists ny € N such that f"0 < @lehi + § on the compactK :=K; X --- X

Kq :=B(0,R; +2) X -+ X B(0, Ry + 2). AsTp(g g, +1)c is upper semicontinuous, we can find con-

. . d _ €
tinuous and bounded functions g; such thatlg g 1) < g; and Zi:l /Xi g dp; -4Mz < p (as g
approximates I g, +1)c and I g 4+1)c < IW)' With some of the same steps as in the case
where x has compact sublevel sets, one obtains

JHO =T f + e f0

€
<@L+ (70— @ ) + £
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&
<@Ly + el 05 2Mx + Mgl <0, 2Mx + 3
<@l (h +aM z\* aMz + &
—®i=1 i + <Kl‘—a> + g Z+§

€

+
<@l <hi + 4M<1<l- - g) > + (@lelleMMZ +3

+
< ®?=1<hi +4M<Kl' - Z) +4MZ'gi> + %
and hence ;(f™) < 2?21 in h; + 4M(x; — §)+ +4Mz - g;di; + % <P(f) +e.

This shows that 1, is continuous from above on C,(X). Moreover, its convex conjugate is given by

d

Yic W= sup / fdu— inf Y / h; di;
fecX) | Jx hiECKi(Xi)lEl X;

L > f

d
= sup sup </fW—Z/hW>
hiecxi(Xi)f € C.(X) \/X i=17X;

oL b > f

d ) ) .
= Sup Z / hi d,u— / hi dlal = { 0 lf'u € H(lula 71ud) (10)
hi€Cy; (Xi) j=1 X X +o0 else

L

for all u € P,(X), where P,(X) denotes the set of all u € P(X) such that x € L'(u). Note that
(i, ..., ftg) C Pr(X).2. Define ¢, : C,.(X) = R U {400} by

¢ﬁwﬂg@mnémmmrkmmmwﬂ

yex

By definition %, is convex and increasing. Further, as inf;5, ¢*(1) = ¢*(0) = 0 and fr(x) 1=
supyex{f(y) — Ace(x,y)} > f(x) forall A > 0, it follows that

¥2(f) 2 inf <§0*(A)+ /de;z> > —00

for all f € C,(X), where we use that f € L'(2). For the convex conjugates one has

Yo () = wp(éfw—%uﬁ

FeCX)
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= sup ( / fd#—¢2(f)> =1 95, (1) = @(de(it, ) )
X

feUX)

for all u € P,(X). Indeed, for every u € P,(X) one has

Vv W =95 (0295 (1) = p(de( ),

where the last equality is shown in Bartl, Drapeau, et al. (2019, Proof of Theorem 2.4, Step 4),
notably without using the growth condition for ¢ imposed in Bartl, Drapeau, et al. (2019). It
remains to show that gb;"UK (w) < p(d (@, ). As p(o0) = oo, the case d.(f1, ) = oo is obvious. Sup-
pose d (i, 1) < +oo. Note that [ f*° dj is well defined as f* > f € L'(g), so that the negative
part of the integral is finite. Further, by eliminating redundant choices in supremum and infimum
of the convex conjugate, one obtains

¢’§,UK(“)= sup /fdu— inf <¢*(,1)+/f/1cdﬂ>
X X

feU(x) 2120, 9*(1)<oo,
Pa(f)<co Jy Frdp<co

For every € > 0, f € U,(X) and 4 > 0 such that ¥,(f) < +o0, p*(1) < +oo,fX frda < +co0, it
follows that /. f du, 9*(1) and [, f* djz are real numbers, so that

du — o*(1) — /1cd—_ < d—/ldc_, dc—, _ Acd—_
/XfM () /Xf a-c /XfM (7 12) + p(de (B 1)) /Xf p—c

< / frdxdy)— | Ae(x,y)n(dx, dy) - / ) wdx, dy) + p(de(its 1))
XXX

XXX XXX

< / [e(x, p) + fA(x) = Ac(x, y) = fA(0)] w(dx, dy) + o(de (@, w))
XXX

= o(d. (&, W),

where 7 € II(f, 1) is such that Ad.(&, w) +¢ > fX wxAcdm, and where we used that P (A) >
Ad (1, w) — o(d.(&, w)) and f(y) < Ac(x,y) + f4°(x). Taking the supremum over all such f and 1
implies z,b;’UK () < p(d (@1, u)).3. For f € U,(X) define the convolution

P(f) = geigfx) 1@ +(f — &)}

d d
= Lt {qo*(@ + 3 [ s [ sup lf(y) ISR Ac(x,w] ﬁ(dX)}-



1240 W l L E Y ECKSTEIN ET AL.

For the associated convex conjugates, it follows from (10) and (11) that

se= sw swp ([ fau-n@-vi o)
X

feC(X)gel(X)

= s ([eau-w@)+ s ([ Fdempth) = 4 0+ ¥, @

g€C(X) FeCX)

=P, W +dy, W= sup < / gdu —¢1(g>> + sup ( / fdu— ¢2(f)>
X X

geCy(X) feUX)

~ sup sup ( /X fd/«t—lh(g)—‘sbz(f—g))

JeU(X)geC,(X)

=9 ()= { ¢ (de(ft, W) if e € (s, -+, fa)

+00 else

for all u € P,(X).4. For every f € U,(X) one has
Wz [ ran-v @ = [ fde> oo

as ¥, (1) = ¢(dc(i, 1)) = p(0) = 0 and f € L'(w). This shows that 3 : U,(X) — R. By defini-
tion, 1 is convex and increasing. Moreover, 3 is continuous from above on C,(X), as for every
sequence (f") in C,(X) such that f" | 0 one has

inf $(f*) = inf lnf (¢1(g) + (" - 8)

neNg
= gelcnt;X) lrelg @1 (f" = 8) + ¥2(2)

= 1nf( )(1,01( 8) +¥2(8)) = ¥(0),

where we use that ; is continuous from above on C,.(X) by the first step. As also z,bc = sz on
P, (X) by the third step, it follows from Bartl, Cheridito, and Kupper (2019, Theorem 2. 2 Propos1
tion 2.3) that ¢ has the dual representation

wn= o { [ rau—ve )= mx [ rau-otmm

forall f € U (X). O
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Corollary 2.2. Forevery f € U,(X), one has

max / fdu (12)
HEN(fy,fta) J x
de(mp<p

d d
— oot (X){ SRRy [f(y)—thyi)—Ac(x,y)] ﬂ(dX)} 1)

i= i=1

for each radius p > 0.

Proof. This follows directly from Theorem 2.1 for ¢ given by ¢(x) = 0if x < p and ¢(x) = +oo if
X > p. In that case, the conjugate is given by ¢*(1) = pA. O

Remark 2.3. Let us comment on the interpretation of the dual problem (13): Roughly speaking,
in case p = oo, the above result collapses to the duality of multi-marginal optimal transport. On
the other hand, if p = 0, both the primal problem (12) and the dual problem (13) reduce to / f djt.
Finally, if one drops the constraint u € II(fy, ..., fty) in the primal formulation (12), the functions
hiy=hy,=--=0.

From a computational point of view, the penalty function ¢(x) = x is of particular interest as
the optimization in Theorem 2.1 over the Lagrange multiplier A disappears.

Corollary 2.4. Forevery f € U,(X), one has
mox { [ rau-dan |
uE(@y,ita) Jx

d d
= dn {; | e+ [ sup lf(y) IR c(x,y)] n(dx>} .

Proof. This follows from Theorem 2.1 for ¢(y) = y. Indeed, as the convex conjugate is given by
P*(A)=0for 0 <A <1 and ¢p*(1) = +o0 for 1 > 1, the infimum in Theorem 2.1 is attained at

A=1. [l

Corollary 2.5 (Gao & Kleywegt, 2017a). Let f(x) = max;<,,<p (@™ x + b forx € R%, a™ € RY,
and b™ € R. Let 1 = L Z;lzl 5. for given points x, ..., x" in RY. Let the same points x', ..., x"
define the sets X, thati; X; = {xl.l, wsX'tand X = X, X -+ X X. Let the cost function ¢ be additively
separable, that is, c(x,y) = Z?zl ¢i(x;,¥;). Then, the dual problem (13) is equivalent to the linear
program

d n
1
min + (i) + ~ “
A,h,-u),g(n,m(j,m){ D) ]Zl i() Zg(J)} (14)

i=1
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d

st:g(j)=b"+ 2 w(j,m) j=1,.,n;m=1,..,.M 15)
i=1

u;(j,m) > al.mxf‘ — hi(k) — Aci(xl.j,xg‘) i=1,..,dym=1,.,M; jk=1,..,n (16)

A2>0. a7)

The proof can be found in Gao and Kleywegt (2017a). For the convenience of the reader, we also
present a direct proof of Corollary 2.5.

Proof. Due to the assumptions that X; = {xl.l, ws X'} and = % Z;lzl 8.j, the term in h; dj1; in
(13) can be written as % 27:1 h;(x/) and we shall use that h;(x/) = hi(xi] ). Combing these facts

with the assumption c(x,y) = Z?zl ¢;(x;,y;), the dual problem (13) can be reformulated as

d n d d
1 .
: _ ] m . m _ ) _ J
lglol’r}lli{ Pt E E hi(x )+ E max{lglnstM(:Zl a’"yi+b > Z hi(y) — Ae(x ,y)}}

i=1 j=1 i=1

i=1 j=1

d n n d
1 ; 1 i
- - (xJ ful m my (v, — le(x) v,
& l{/lp nzzh(x )+n]§12na5XM{r;lea)§b +i=21<ai Vi hl(yl) Acz(xﬂyl))}}.

The assumption X = X; X --- X X; implies that for any y € X we can find indices kq, ..., kg with
1<k;<nfori=1,..,dsuchthaty = (xlf‘, s de). We introduce the auxiliary variables g(j) €
R for j = 1,...,n and write the above problem as

n

d n
. 1
/lzor,r}zlflg(j){ +EZZhIxJ)+ Zg(]) g(j) > maxbm

i=1 j=1 j=1

k; k; i ki .
(al’”xi - h (xi )—xlci(xf,xl. )),ISJSn,ISmSM}

d n
1 z z
— . J m
Azor,r}::lg(j) {AP ta n 2 WD+ 2,80) 2 8() 2 b

i=1 j=1

+

VR

Il
—

1

d
+ max (almxk hl( f")—/lci<xij,xf€">>,1§j§n,1§m§M},
i

= 1<k<n
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where we use that

d d
max amxki — (k) — Ae;(x!, xk") = max (a.’”x?‘ — h(x%) = Ay (!, xf‘)).
kd 4 1 1 1 4 1Skﬁn L 1 L 1 L
i=1 i=1
Introducing the auxiliary variables u;(j, m) € R, wherei =1,...,d,j=1,..,nand m =1, ..., M,
in order to remove the remaining max function, together with the notation h;(j) := h;(x/) € R
yields the assertion. ]

2.2 | Penalization

The aim of this section is to modify the functional (9), so that it allows for a numerical solution
by neural networks.

To focus on the main ideas, we assume that x is bounded, that is, we restrict to continuous
bounded functions, as well as ¢ = ool, ) as in the overview in Subsection 1.2. Hence, in line
with Corollary 2.2, we consider the functional

$() = max / fdu 18)
el ,...ta) J x
de(.u<p
d d
= inf 1 h; diz; - Y ;) = Aclx, )| ad
Azo,hlirelcki(Xi){p +;/Xi i /xl+/X§1§; lf(y) l; i(yi) — Ac(x y)] a( x)}

for all f € C,(X) and a fixed radius p > 0. For simplicity, we assume that the function f*¢(x) =
supyex{ f() — Ac(x, y)} is continuous for all 1 > 0 and f € Cp(X ).4 In that case, the functional
¢; : Cp(X?) = R defined as

d
- inf A h; di; di 19
$1(f) one B { p+;/Xi ; #1+/Xg #} 9

g2 f )~ T, hi(y)—Ac(x,y)

satisfies ¢(f) = ¢, (fopr,) for all f € C,(X), that is, ¢, is an extension of ¢ from Cj,(X) to Cp,(X?).
The functional ¢; can be regularized by penalizing the inequality constraint. To do so, we consider
the functional

d
po, ()= in {Ap+2 [ e+ | gan
i=17X; X

A 20, h; € Cp(X)),
g € Cp(X)

d
- / By (f(x,y) —g(x) = Y hi(y) - Ac(x,y)> 6(dx, dy)} (20)
X2 i=1
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for a sampling measure 6 € P(X?), and a penalty function B,(x) := %ﬁ(yx), y > 0, where (3 :

)
pe

R — [0,0) is convex, nondecreasing, differentiable, and satisfies — oo for x - o0. Let

By () :=sup,cpixy — B, (x)} for y € R, and note that 8,(y) = }1—/5*(y).

Note that the introduced penalization method is in no way specific to the penalized con-
straint and hence, rather general. It includes as a special case the well-studied entropic penal-
ization related to the Sinkhorn algorithm, which is often applied to optimal transport prob-
lems. The penalization can also be seen as a regularization because it introduces a slight
smoothness bias for the probability measures in the optimization problem. On the one hand,
this leads to an approximation error, which can be made arbitrarily small theoretically, see
Propositions 2.7 and 2.8. On the other hand, the resulting smoothness is also seen as a fea-
ture that produces good empirical results (see, e.g., Cuturi, 2013; Genevay, Peyré, & Cuturi,
2017).

The following lemma sets the stage for Proposition 2.7, in which we provide a duality result
for ¢g,,(f), study the respective relation of primal and dual optimizers, and outline convergence

Py (f) = ¢(f) fory — oo.

Lemma 2.6. Forevery f € C,(X?), one has

b0, (f) = {¢1(f) +¢:(f = D} (21)

where ¢,(f) = sz B, (f) db. Moreover, the convex conjugate of ¢g , is given by

ot ) = {/XZ /3y< )de if ) = i, 73 € @y, o, i) and [, cdm < p
Or else

forall 1 € P(X?) with the convention Z—g = +o0 if 7t is not absolutely continuous with respect to 6.
Proof. Observe that for every f € C,(X?), one has

flnf {81+ ea(f = D}

d
= inf +Z/ /gdp+/ B,(f — f)de
120, RECy X)), 8ECH(0), fecyx?): i X X2

! (x,y)Sg(X)+Zl-=1 hi(yi)+Ac(x.y)

where the right-hand side is equal to ¢g,(f). This follows from the dominated convergence the-
orem applied on the sequence f,(x,y) = min{n, g(x) + 2?21 hi(y;) + Ac(x, )}

As for the calculation of the convex conjugate, we first show that ¢ y(ﬂ') = oo whenever 7, # 1
or 7, & II({y, ..., fig). Indeed, as
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d d
$orD <, nf { 3 mw+ [ ganr | ﬁy<f(x,y) &3, hi<y,»>> o, dy)}

i=1
d
< inf /h~d‘~+/ di » +5,(0),
h€Cy(X,), gECH(X): {; e Hi xg g2 B,(0)
gOO+3, ()2 f(6) ’

it follows that ¢g, is bounded above by a multi-marginal transport problem. As the respective
convex conjugate is +oo, it follows that ¢, y(n) = oo for all 7 € P(X?) such that 7, # ft or 7, &

I(f&,, ... , fiq)- Conversely, if 7; = ft and 7, € II({;, ..., #q) one has

$; (M= sup { fdﬂ—ﬁbe,y(f)}
X2

FeCH(X?)

sup sup {—/l,o+ fdn'—/ ﬁy(f—lc)de}
X2 X2

120 feCp(X?)

sup sup {—xlp+/1/ cdn+/ fdn—/ ,By(f)de}
120 feCy(x?) X2 x2 x2

dr
sup i cdmr — + =) db.
/IZIO) </)(2 p) /x2 By ( do >

wfd .
_ {/Xzﬁy(£>d9 lffxzcdﬂgp‘

+00 else

Here, the second equality follows by substituting f(x,y) = f(x,y) — Eflzl h;(y;) — g(x) and using
the structure of the marginals of 7. The third equality follows by setting f” = f + min{n, Ac} and
using the dominated convergence theorem. Finally, the fourth equality follows by a standard selec-
tion argument, see, for example, the proof of Bartl, Cheridito, et al. (2019, Lemma 3.5). O

Proposition 2.7. Suppose there exists 1 € P(X?) such that ¢>’5 y(n) < o0o0. Then it holds:

(i) Forevery f € Cp(X?), one has

$o,(f)=  max /Xz fdm— /Xz 5;(‘;—7;) do. (22)

TE(A, A1 yoersfid)
[ecdr<p

(ii) Let f € Cp(X?). If g* € Cp(X), h € Cy(X;), i = 1,...,d, and 1* > 0 are optimizers of (20),
then the probability measure £* defined by

* d
ddie(x,y) =B, <f<x,y) - x) = Y R - A*c(x,w)

i=1

is a maximizer of (22). Hence, u* := m*opr; L is a feasible solution to (18).
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(iii) Fix f € C,(X) and € > 0. Suppose that u, € P(X) is an e-optimizer of (18), and 7, € TI({, u;)
satisfies ot 1= [, ﬁ*(%)d@ < o0, and [, cdn, < p. Then one has

o, 70p) = B2 < 9(1) < g, (fopr) e+ £,

- <
Proof. (a) To show duality, we check condition (R1) from Bartl, Cheridito, et al. (2019, Theorem
2.2), that is, we have to show that ¢g , is real-valued and continuous from above. That ¢ , is real-
valued follows from the assumption that there exists 7 € P(X?) such that qb; y(n’) < 0. Indeed, it
holds co > ¢;’y(7r) > [ fdm — ¢g,(f) and hence, ¢g,(f) > —oco (while ¢g ,(f) < oo is clear) for
all f € Cp(X?).

To show continuity from above, let (f,,) be a sequence in Cj,(X?) such that f,, | 0. In view of
(21), one has

inf ¢e,(fr) = ; inf inf {¢:(f)+¢:(fn— )} = feicl:(fm) {$1()) + $2(=D)} = ¢, (0),

'er(XZ) neN

as inf ey 2(fn — f) = ¢,(—f) by dominated convergence. By Lemma 2.6, the claim follows.

(b) That 7* is a feasible solution in the sense that 7} = ft, 73 € (&, ..., f&g), and [, cdn* =
o whenever 1* > 0, follows from the first-order conditions. For instance, as the derivative of (20)
in direction g* + tg vanishes at t = 0, it follows /X gdi— fX2 gopr; dz* = 0 for all g € Cp(X),
which shows that nf = f1. This also implies that 7* is a probability measure. Similarly, 7r2* S
TI(fy, ... , fq) follows by considering the derivative in direction h + th;, and [, A*cdn* = 1*p
from the first-order condition for 1. Hence, as 7 * is feasible it follows from Lemma 2.6 that

bor()> [ fant -4 )
X2

= /Xzfﬁ;<f—g* - Zhi* —/1*c> —6;<ﬁ;<f—g*— Zhi* —/1*c>>de

= * 4 h.*+/1*cd7r*+/ — 86— Y h*—21*c | d6
/ng Z,, ingy(f g- Y1 >

i
ey [wrdne [gane ﬁy(f_g_zh;_m)da
i JX; X X2 i

= o, (f),

where we use that ,8;,‘ (,8}’,(x)) = ,8}’,(x)x — By(x) for all x € R. This shows that 7* is an optimizer.
(c) By restricting the infimum in (20) to those 4 > 0, h; € Cp(X;), g € Cp(X) such that g(x) >
fo) - Zi h;(y;) — Ac(x, y), it follows that

d
< inf A h; di; di 0
¢9’y(fopr2) a0, hiecb&),gecb(x): { P ; /xi S /Xg #} " ﬁy( )

g2 -, by —Ae(x.y)
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0)
= o(n+E£2,
14
where the last equality follows from (19). As for the second inequality, as u, € P(X) is an e-
optimizer of (18), and 7, € II({, i) one has

¢(f) < /dellg +e= /X2 foprydm, — ¢§7y(7'r€) + qb;’y(n'g) +¢ < ¢g,(fopry) + % +e.

The proof is complete. Ol

The following Proposition shows that the convergence result from Proposition 2.7(c) can be
applied whenever the sampling measure is chosen as 6 = 2 ® i1 ® - ® f14, and a minimal
growth condition on the cost function c is imposed, see Proposition 2.8(b)(ii). In this case, exis-
tence of 7 € P(X?) such that ¢9* y(ﬂ') < oo holds as well, so that Proposition 2.7 applies in full. It is
worth pointing out that this result below trivially transfers to all reference measures 6 for which

dp®m ®--fd

the Radon-Nikodym derivative isbounded. As pointed out by a referee, it is especially

desirable to have the values o, := /XZ ,6*(%

in a certain order depending on ¢), so that a linear convergence ¢g ,,(f) — ¢(f) fory — oo (respec-
tively, a slower order of convergence) is implied. The result below does not achieve this, and we
believe this to be a nontrivial task left open for future work.

) d6 uniformly bounded in ¢ (respectively, growing

Proposition 2.8.

(a) Let u; € P(X;) fori=1,..,d. Let v € II(uy, ..., 4g) and let p := i @ tr ® --- @ uy. Then
there exist v € TI(uy, ..., 4q) for n € N such that v" A v for n - oo, V" < u and there exist
constants 0 < C,, < oo such that ‘ZL <C, u-as.

u

(b) Letn; : X; — [0, 00) be Borel measurable with fX_ N di; < oo. Let n(x) = 2?21 7i(x;). Assume
there is a constant C > 0 such that for all x,y EIX it holds c(x,y) < C(n(x) + n(y)). Let 6 =
AR Q- ® fiy. Then it holds:

(i) Forn* € (&, fy, ..., fig) with [ cdr* < p, there exist rt, € TI(i, iy, ... , fig) for € > 0 such
that 7, Z o fore - 0, ., <6, % is 6-a.s. bounded and [ cdm, < p.
(ii) The condition for Proposition 2.7(c) is satisfied, that is, for every ¢ > 0 there exists u, € P(X)

d”‘)d@ < o0, and
do

that is an e-optimizer of (18), and 7, € II(f1, u.) satisfying o, := /XZ B*(
[y cdm: <p.

Proof. Proof of (a): We endow each X; by a compatible metric m; and without loss of generality
we specify the metricon X = X; X X, X --- X X4 as m(x,y) = Zflzl m;(x;, V;)-

Step 1: Construction of v": Let K" C X; be compact for i = 1,...,d such that ;(K") — 1 for
n— oco,and K" = K" X -+ xKg. Notably »(K™) — 1 follows.

Further, as each K l” is compact we can choose a Borel partition .4, of K", that is,

UAEAn A= Kn’
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where each A € A,, is Borel measurable and satisfies A = A; X --- X A; as well as

S|~

max sup m(x,y) <
A€A, X,yEA

A simple way of obtaining such a partition is to first cover each K" by countably many open balls
of radius 1/(2dn), choosing a finite subcover, and building a partition of K" out of that subcover.
For the partition of K" simply choose all product sets that can be formed from the partitions of
the K"

Note that (K")° is the disjoint union of 2¢ — 1 many product sets, namely Kfi’1 X Kpp X X
Ky ds - Kppp X000 X K;’d. We denote the union of .4, with the family of these 2¢ — 1 many product

sets by Zn, which is a partition of X. Define

vii= ) v(A) - ()1 ®@ - ® W)y

AeA,

where implicitly the sum is understood to only include those terms where v(A) > 0 and v, is
then defined as v 4(B) = (A n B)/v(A). We do not make this explicit, but every time we divide
by v(A) or y;(A;) we will assume it is one of the relevant terms with v(A) > 0, where of course
v(A) > 0 implies p;(A;) > Oforalli =1,..,d and A € A,,.

Step 2: Verifying marginals of v"*: We only show that v] = y;, while the other marginals follow
in the same way by symmetry. Let B; C X; be Borel. It holds

V(B X Xy X X Xg) = ) v(A) - (ma)i(By)
AeA,
= Z V(A) - v)a(By X Xy X - X Xy)
AeA,
= 2 VAN B XX, X -+ X X))
AcA,

= V(Bl XX2 X - XXd) = Vl(Bl)'

Step 3: Convergence " & viorn = o: Let f © X — Rbe bounded and Lipschitz continuous
with constant L. We have to show [ fdv" — [ fdvforn — c0. Asv(A) = v"(A)forall A € A,
(and in particular v*((K")) = »((K™)°)), it holds

[[rar= [ sa|<umonawns 3| [ mar- [ el

<N Ne2v(™E) + Y sup [f(x) = fR)IV(A)

AGAn x,yeA
1
< lleo2v(K™) + ) v(A)L-
n
AEA,

n—oo
— 0
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Step 4: Absolute continuity and boundedness of ‘ZL”; Let

u

C, = ma

" Aex,: V(A)I-1
v(A)>0

Given arbitrary Borel sets B; C X; fori = 1, ..., d, we show that v"(B; X --- X By) < C,, u(Bqy X -+ X
By). Once this is shown, v"*(S) < C,, u(S) follows for all Borel sets S C X by the monotone class
theorem, which will immediately yield both absolute continuity " <« u and ZL <C,.

u

For A € Zn it holds

(10)i(B) = v(A) (A X - X (A, NB;) X - X Ag)

<vA)T - vi(ANB) =v(A)T - wi(A; N B)).
It follows

V'(By X -+ X By) = 2 v(A) - a1(B) - - (V14)a(Ba)
A€,

< Z_ @Ml(Bl NAp - pug(Bg N Ag)

n

<Cyp D) u((By X XBg)NA) = Cy u(By X -+ X By),
A€eA,

where we note that for the last equality to hold, the second to last sum over A € Zn includes all
terms, not just the ones where v(A) > 0 (this only makes the sum larger). The proof of part (a)
is complete.

Proof of (b)(i): We first show the following: If TI(&, iy, ..., ftg) D 7, Sre (@, iy, ..., f1q) for
¢ — 0, then [cdn, - [cdn fore — 0.

To prove it, note that the growth condition implies that for every § > 0, we can choose a compact
setK € X X X such thatsup__, ch cdm, <6 and f .cdm < 8. Restricted to K, ¢ is bounded from
above, say by a constant M > 0 (note c is nonnegative). Hence, for all € > 0, it holds | / cdr, —
f min{c, M}dmx,| < 28, and the same for 7 instead of 77,. As min{c, M} is continuous and bounded,
we get | [ cdn, — [cdn| <48 + | [ min{c, M}dr, — [ min{c, M}dr| — 46 for ¢ — 0. Letting §
go to zero yields the claim.

For the statement of the part (b)(i), consider for 1 € (0,1) the coupling 7; :=A7x* + (1 —

(@ ® (x — 6,)). Thenitholds [ cdr; < pasc(x,x) = 0. Further 7, S rtford - 1. By approx-
imating every 7, by a 7, . via part (a), / cdm, . < p follows automatically for ¢ small enough,
which follows by [ cdn,. — [ cdr, for ¢ — 0 as shown above. The claim hence follows by a
diagonal argument.

Proof of (b)(ii): Any optimizer u* € (s, ..., 1g) of (18) and a corresponding coupling 7* €
(R, @y, .., fig) With [ cdz* < p can be approximated via part (b) by (7)., that satisfies all
required properties. Taking . as the projection of 7z, onto the second component of X x X, that
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is, u, = m.o((x,y) = y)~1, we get that u, 3 u* and hence [ fdu, — [ f du* that means after a
possible change of indices, u, is an e-optimizer of (18). O

2.3 | Approximation with neural networks

Let us shortly recap. In Subsection 2.1, we show that our original problem,

4= _max [ gau
HEN(fy,-1q) J pd
de(f,u<p

can be written as
d

d
[man+ [ sup [f(y)—thyi)—Ac(x,y)] ﬂ(dX)}
1R R i=1

inf oA+
220, h;€Cy(R) . d yeRd

1

for all continuous and bounded functions f € C,(X). We then proceed in Subsection 2.2 with
considering the penalized version of the latter problem

d
Poy(f) 1= inf {/1,0+Z/hi dﬂi+/ gdﬁ)
A >0, i=1 /R Rd

h; € Cp(R), g € Cp(RY)

d
¥ < I (f(y) =Y ) — e, ) - g(x)) B(dx dy)} .
R2d i=1

We provide sufficient conditions for the convergence ¢g ,(f) — ¢(f) for y — co. The subsequent
and final step is to theoretically justify that neural networks can indeed be used to approximate
$o,,(f) and thereby ¢(f).

To do so, let us introduce the following notation: We denote by Ay, ..., A; affine transformations
with A, mapping form R% to R™, A,, ..., A;_, mapping form R™ to R™ and A; mapping form
R™ to R. We further fix a nonconstant, continuous and bounded activation function ¢ : R — R.
The evaluation of ¢ at a vector y € R is understood pointwise, that is, () = (@(¥1), .- » P(V1))-
Then,

N(m,dy) :={g: R% > R : x > AjopoA|_jo...0poAy(x)}
defines the set of neural network functions mapping to the real numbers R with a fixed num-
ber of layers [ > 2 (at least one hidden layer), input dimension d, and hidden dimension m. The

following is a classical universal approximation theorem for neural networks.

Theorem 2.9 (Hornik, 1991). Let h € C,(RYN). For any finite measure v € P(RY) and € > 0 there
existsm € Nand h™ € N (m,N) such that ||h — h™||p(,) < €.
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For Proposition 2.10, let X; := RNi fori =1,...,d and thus X = RN with N = Z?:l N;. Define
the function F(4, hy, ..., hy, g) by

$o,(f) = inf F(A, hy, ..., hg, 8).
heCy(RN), geCy(RN)
We define the neural network approximation of ¢g ,(f) by

D= it PR KDE™,
h"eN(m,N;), g™ eN(m,N)

The following result showcases a simple, yet general setting in which the neural network approx-
imation is asymptotically precise.

Proposition 2.10. Fix f € C,(RN). Let p > 1, B,(x) 1= }ll(yx)i and assume ¢ € L(6). Then

b5, () = oy (f) form — oco.

Proof. By the choice of the activation function, all network functions are continuous and bounded,

and hence ¢gfy(f) > ¢a,(f)
It therefore suffices to show that for any € > 0, there exists an m € N such that

boy(N) 2 4 (N~

Choose any feasible (4, hq,...,hy,g) for ¢@,y( f). By Theorem 2, we can find a sequence

@A™, k1, ... kT, g™) with b € N(m, N;) fori = 1,...,d and g™ € N(m, N) such that for m — co

it holds

A2,
h™ — h, inL,(z)fori =1,...,d,
(¢, y) = h"() = (x, ) = hi() inLy(6)fori=1,...d,
g"—g in L,(R),
((x,y) = g"(x) = ((x,y) — g(x)) in L(6).

Asc € Ly(6), it also holds 1c¢ — Acin L, () and hence

d
((x,y> aNCIORY L OEDWAHE m(x,y))

i=1

d
- ((x,y) > fy) =800 = X () = Ac(x,y)>

i=1
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in L,(6) as m — co. As the mapping x — x% is Lipschitz-1, taking only the positive parts lets
the above convergence remain Valid As convergence in L,(6) implies convergence of the pth

moment, we obtain F(ﬂ.m,h;”, d mg™ = FQA,hy,..,hy,8) asm — oo.
For a given ¢ > 0, choose a feasible (4,hy,...,hq,g) for ¢g,(f), such that ¢g,(f) >
F(A, hy,...,hg,8) — E Due to the above proven convergence, we can find (1™, h!" e ,hg‘, g™) with

him € N(m,N;) fori =1,...,d and g" € N(m,N) such that

b0,(f) 2 F iy @) = 5 2 (FA™ R Wy, g™) = 2 ) = £ 2 920 () -
O

Remark 2.11. Although the previous result obtains, for a fixed f € C,(RY), the convergence
¢gfy( f) = ¢a,(f) for m — oo, approximation errors for finite values of m are also of interest. In
general, there is hope to achieve this. In the setting of Proposition 2.10 with p € N,: Assume
A, hy, ..., hy, g are optimizers of ¢9,},( f) that have sufficient moments and h!", ..., hg’, g™ are net-
work functions that approximate hq, ..., hy, g up to € accuracy for the respective LP-norms. Then
it holds

|60, (N) -85, <C e,
where C is a constant only depending on f,4,c, hy, ..., hg, 8.
. ) d
Proof.  First, define T(x,y) := f(y) — X,_, li(y) — Ac(x,y) —g(x) and T™(x,y) := f(y) -

Efi LR (i) — Ac(x, y) — g™(x). Using the function F introduced above, we have that ¢g‘y( <

F(Z, h] ,...,h;",gm) and hence

¢6 y(f) ¢6 y(f) < |F(A’ 1722 hm’ gm) F(A7 102 h:’i"’ g)|

M&

— ey + 18 — 8™ e + IS — (T™E e
=1

and by the inequality quoted in Lemma A.1 (see Appendix A.1) it holds
I8 = (™% NIy < CIIT, — T, < CIT = T™|Irpe) < €(d + e

—-1-k .
with € = 370 T4 115, ITT 1] AS 80, () < 81, (), we obtain

[0, — 5. ()] = $2,(5) = $a,(N) < (C@+ D + @+ 1) <.

Although the constant C formally depends on the pth moments of both T and T™, to eliminate
the dependence on T™ one can use ||T™"||p@) < T llzpe) + IT — T Loy < 1T llpey + 1 for €
small enough. [l
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3 | IMPLEMENTATION

This section aims to give specifics regarding the implementation of problem (4) as an approxima-
tion of problem (1). In particular, the following points are discussed:

The choice of 6, 8, and neural network structure.

The optimization method for the parameters of the neural network.
How to evaluate the quality of the obtained solution.

The typical runtime.

LN =

3.1 | Choice of 6, 8,, and neural network parameters

The neural network structure to approximate the space C,(R%) is chosen as a feedforward neural
network with five layers (input, output, three hidden layers) with hidden dimension 64 - d. The
basic idea behind this was to increase the size of the neural networks until a further increase no
longer changes the outcome of the optimization. As an activation function, we use the ReLu func-
tion.

To be precise, the neural network functions we work with are of the form

X Ay 0 9oA; 0 poA; o poA; opody(x),
output  4th layer 3rd layer 2nd layer input
layer layer

where the activation function ¢ is chosen as ¢(x) = max{0, x}. The mappings A; are affine trans-
formations, that is, A;(x) = M; x + b; for a matrix M; € R%2%4i1 and a vector b; € R%2. The
matrices M, ..., M4 and vectors by, ..., b, are the parameters of the network that one optimizes for.
As described above, the dimensions of these parameters are chosen as follows: The input dimen-
sion dy; = d is given by the dimension of the input vector x, and d;, = d;;;; has to hold for
compatibility. The hidden dimension d; ; for i = 1,2, 3,4 is set to 64 - d, while the output dimen-
sion d, ; is always 1.

The penalization function 3, is set to §,(x) = y max{0, x}2. On the one hand, this choice has
shown to be stable across all examples. On the other hand, the theory in Proposition 2.10 applies
precisely to penalization functions of this kind. Regarding the parameter y, we usually first solve
the problem with a low choice, like y = 50, which leads to stable performance. Then, we gradually
increase y until a further increment no longer leads to a significant change in the objective value
of (4). Regarding instabilities when y is set too large, see Subsection 3.3.

Concerning the sampling measure 6, the basic choice is to use 8¢ = 1 ® ji; ® --- ® fiq. Par-
ticularly for low values of p, this is suboptimal: Indeed, for p = 0 in problem (22), we know that
the optimizer is always of the form 7928 = g ® K, where K is the stochastic kernel K : R? —
P(R?) given by K(x) = &,. As 728 is singular with respect to 8P4, using only 8P4 as sam-
pling measure, one can expect high errors arising from penalization for small values of p. It
hence makes sense to use (among other possibilities) 6M2!f : = %eprod + %ndiag. This is very spe-
cific, however, and most solutions will not put mass precisely where 7928 puts mass. Hence,
we add some noise to ﬂdiag, for example, via a Gaussian measure with covariance matrix g2
pthird : = éepmd + A—ltn'diag + i(ﬂdiag * N(0,€2)), where * denotes convolution of measures. The
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sampling measure 8" is used in all four toy examples in Section 4, whereas we rely on 8" in

the final case study in Section 5.

3.2 | Optimization method for the parameters of the neural network

This subsection may as well be called “Training.” However, as we do not employ neural networks
in a training-testing kind of environment, this might be misleading.

Regarding this topic, trial and error is especially useful, as the simple goal is to obtain a stable
convergence. For the parameters of the neural network, we use the Adam Optimizer with parame-
ters 81 = .99 and 8, = .995. For the learning rate, we start with « = .0001 for the first N iterations
of training, and then decrease it by a factor of .98 each 50 iterations for a total of Ny, further iter-
ations. We use a batch size (the number of samples generated in each iteration for the measures
involved) of around 27 to 219, see Subsection 3.3 for more details. N, and N, are chosen problem
specific: for simple problems in Section 4, Ny = 15,000 and N, = 5,000, while for the DNB case
study in Section 5 they are chosen as N, = 60,000 and Ny, = 30, 000.

The parameter A has to be optimized separately from the parameters of the neural network, as
the value of 4 is clearly more important than any single parameter of the network. To be precise
after a fixed number N of iterations, 4 is updated by

/1|—>/1—oc,1NiZVi,
A

iel

where I are the previous N; many iterations, «, is the learning rate and V; is the sample derivative
of the objective function with respect to 4 in iteration i. Concerning the choice of a; and N, we
usually first set cr; to around .1 (depending on the problem), and decrease it in the same fashion
as a, while N is set to 200. Before we update A for the first time, we wait until the network
parameters are in a sensible region, which typically takes around 1,000-10,000 iterations.

If another parameter is involved in the optimization (such as 7 in the examples that calculate
the Average Value at Risk [AVaR]), we employ the same method as for A, but we update this
parameter even more rarely (once every 1,000-2,500 iterations), and wait longer at the start to
update it the first time (between 5,000 and 20,000 iterations).

3.3 | Evaluation of the solution quality
To evaluate the obtained solutions, we found that mostly three aspects have to be considered:

(a) Isthe neural network structure rich enough?
(b) How large is the effect of penalization?
(c) Has the numerical optimization procedure converged to a (near) minimum?

Section A.2 shows how this is put into practice for an exemplary case.

Part (a) is the seemingly simplest, as we found the choice of network structure described in
Subsection 3.1 to be sufficient for all problems, in the sense that further increasing the network
size does not alter the obtained solution.
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Regarding part (b), the most useful observation is the following: As described in Proposition 2.7,
the numerical solution via neural networks can be used to obtain an approximate solution u* of
the primal problem. If we evaluate the integral / fdu* and compare it to $a,(f), the difference is
¢;’y(7r*), which can be seen as the effect of penalization. If qbe*’y(n*) has a small value, it indicates
a small effect of penalization. The second observation is that ¢y ,(f) is increasing in y, and under
the conditions studied in Propositions 2.7 and 2.8 converges to ¢(f). Hence, starting with a low
value of y and increasing it until no further change is observed is a good strategy. When doing
so, values of y that are too large can of course be detrimental regarding part (c), and hence when
increasing y a concurrent adaptation of training parameters (like learning rate or batch size) is
often necessary.

Regarding part (c), we found that most instabilities could be solved by increasing the batch size.
This increase naturally comes with longer run times. Especially if y has to be increased a lot to
allow for a small effect of penalization, very large batch sizes were required (e.g., in the DNB case
study, we use a batch size of 2'°). To obtain structured criteria for convergence (compared to just
evaluating convergence visually), we can again use the dual relation arising from Proposition 2.7.
Indeed, we can exploit the fact the numerically obtained u* (as the second marginal of 7* from
Proposition 2.7(b)) is an approximately feasible solution to problem (1) if the algorithm has con-
verged. Hence, as a necessary criteria for convergence, one can check whether u* satisfies criteria
for feasibility. To this end, one can compare the marginals of u#* to those of  (we did this mostly
by visually evaluating empirical marginals of u*) as well as estimate d.(f, ,u").5

3.4 | Runtime

Generally speaking, calculations using neural networks can benefit greatly from parallelization,
for example, by employing GPUs. For most of our examples, this was not necessary however, and
the respective calculations could be performed quickly (i.e., in between 1 and 5 min) even with a
regular CPU (intel i5-7200U; dual core with 2.5-3.1 GHz each). For the DNB case study, however, a
single run with stable learning parameters takes around 20 hr on a CPU. By utilizing a single GPU
(Nvidia GeForce RTX 2080 Ti) this is reduced to around 30 min. Notably, in the smaller examples
there was less speed-up when using GPU compared to CPU, the reason being that the problems
were too small to fully use parallel capabilities of a GPU.

4 | EXAMPLES

The aim of this section is to illustrate how the above introduced concepts can be used to numer-
ically solve given problems. In particular we demonstrate that neural networks are able to (a)
achieve a satisfactory empirical performance for all problems considered, (b) naturally determine
the structure of the worst-case distribution via Proposition 2.7(b), and (c) deal with problems, that
cannot be reformulated as linear programs. Concerning the latter point, we consider both a func-
tion f, which cannot be written as the maximum of affine functions, as well as a cost function c,
which is not additively separable. Additionally, we make a case for the generality of our duality
result: we replace the distance constraint by a distance penalty and fix the distribution of bivari-
ate, rather than univariate, marginals. Furthermore by considering unbounded functions f, we
shed some light on the necessity of the growth functions x used in Theorem 2.1. To achieve all of
these points, we consider three examples with increasing difficulty.
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Concerning the notation in this section, ¢ denotes the cost function

cte,y) = lx =yl = Y 1% = yil-
i

This notation implies that

d

di=_inf [ 3y -yl
R

7ell(@u) Jraxrd =

is the first-order Wasserstein distance with respect to the L,-metric. On the other hand, we con-
sider the first-order Wasserstein distance with respect to the Euclidean metric

p 1/2
dotap =4 nt | (= ) w(dx.dy) . 23)
meN(@p) J pdyRrd -1
Note that the cost function c,(x,y) := ||x — y||, is not additively separable."
4.1 | Expected maximum of two comonotone standard uniforms

We start our exemplification with a toy example that is not connected to risk measurement. Con-
sider the following problem

¢(f1) = L sup E[max(U,V)] = s(up ) / max(xy, x,) u(dx), (24)
~u€EIl(fy, i), HEIl(fiy,i12), J[0,1]2
(U)df(ﬁ,#)?p#z de(fp)<p

where i; = i, = U'([0,1]) are (univariate) standard uniformly distributed probability measures
and 1 is the comonotone copula. In other words, f is a bivariate probability measure with standard
uniformly distributed marginals that are perfectly dependent. In the notation of the Section 2, we
choose the function f as f;(x) = max(x;,x,)and X = X; X X, = [0,1] X [0, 1]. Interpreting prob-
lem (24), we aim to compute the expected value of the maximum of two standard Uniforms under
ambiguity with respect to the reference dependence structure, which is given by the comonotone
coupling. Problem (24) possesses the following analytic solution

1 + min(p, 0.5)

B = ——

The derivation of this solution can be found in Appendix A.3 and is based on the duality result
in Corollary 2.2. Hence, problem (24) is well suited to benchmark the solution method based
on neural networks. In comparison, we also solve the problem with linear programming. To be
precise, we consider the following two methods:

1. We discretize the reference copula z (and thereby the marginal distributions &; and @,) and
solve the resulting dual problem by means of linear programming (see Corollary 2.5). There
are two distinct ways to discretize i:
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FIGURE 1 In the left panel, the analytic solution ¢(f;) of problem (24) is plotted as a function of p and
compared to corresponding numerical solutions obtained by methods (1.a) and (2.a), which are described in Sub-
section 4.1. The right panel shows the same for the improved methods (1.b) and (2.b) [Color figure can be viewed
at wileyonlinelibrary.com]

(a) We use Monte Carlo sampling. In the notation of Corollary 2.5, this means we sample n
points x}, s x;’ in [0,1] from the standard Uniform distribution. Then, we set xé = x{ for
j=1,..,n. '

(b) We set the points x{ = xé = ? for j = 1,...,n. As the comonotonic copula lives only on
the main diagonal of the unit anuare, this deterministic discretization of fz in some sense
minimizes the discretization error. The simple geometrical argument used to find this dis-
cretization can be applied only due to the special structure of the reference distribution at
hand.

Let us emphasize that method (1.a) can be applied to any reference distribution fz. On the other

hand, method (1.b) can only be used in this particular example as f is given by the comonotonic

copula.

2. We solve the problem with the neural network approach described in the above Section 3. As
discussed, some hyperparameters need to be chosen problem specific. In particular, we set:
Ny = 15,000, Npe = 5,000,y = 1,280, batch size = 27 and a; = .1.7C0ncerning the sampling
measure 0, for this example we compare
(a) the basic choice 6 = P4 and
(b) the improved choice 8 = ghalf,

To better understand these parameter choices and our neural network approach in general, we

provide a detailed convergence analysis for this example in Appendix A.2.

Figure 1 compares the two above mentioned methods to solve problem (24) for different values
of p. In the left panel of Figure 1, we observe that method (1.a) yields an unsatisfactory result even
though n = 250 is chosen as large as possible for the resulting LP to be solvable by a commercial
computer. This issue arises due to the poor quality of the discretization resulting from Monte
Carlo simulation. If one chooses the discretization as done in method (1.b), we recover the analytic
solution of problem (24) as can be seen in the right panel of Figure 1. Moreover, Figure 1 indicates
that method (2), that is, the approach presented in this paper, yields quite good and stable results.
The left panel, however, shows that for small p method (2.a) does not rediscover the true solution.
The reason for this is that when drawing random samples from the chosen sampling measure
6Pod it is unlikely that we sample from the relevant region, namely the main diagonal of the
unit square. As discussed in Subsection 3.1, method (2.b) is designed to overcome precisely this
weakness and the right panel of Figure 1 illustrates that it does.
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FIGURE 2 The analytic solution ¢(f;) of 08
problem (24), which uses the first-order
Wasserstein distance with respect to the
L,-metric, is compared to the numerical
solution @(f;) of problem (25), which uses the
first-order Wasserstein distance with respect to
the Euclidean metric, that is, the L,-metric
[Color figure can be viewed at
wileyonlinelibrary.com]

—¢(f1): solution w.r.t. Lj-metric
0.45 7

————— &(f1): solution w.r.t. Lo-metric||
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p

We finalize this example by considering the Wasserstein distance with respect to the Euclidean
metric d,,, defined in Equation (23), rather than the Wasserstein distance with respect to the L;
metric d.. Thus, we compare problem (24) to

$(f) := sup / max(xy, x,) u(dx). (25)
HEN(fy,f12), /0,1]2
de, (B<p

As the cost function c, is not additively separable, ¢(f,)—other than ¢(f,)—cannot be approx-
imated based on Corollary 2.5, that is, linear programming. Nevertheless, we can approximate
#(f1) using neural networks, which demonstrates the flexibility of our approach.S Figure 2
compares ¢(f;) and ¢(f;) for different p. Note that as c(x,y) > c,(x,y) for all x,y, d (@1, u) >
d (@, w)/? for all i, u € P(X). Hence, ¢(f;) < #(f;) for fixed p. Figure 2 is in line with this
observation.

4.2 | AVaR of two independent standard uniforms

We increase the level of complexity slightly compared to the previous example, as we now turn
to robust risk aggregation. We aim to compute AVaR, (U + V'), where U and V are independent
standard Uniforms under ambiguity with respect to the independence assumption. Note that the
Average Value at Risk (AVaR) is defined by

. 1
AVaR,(Y) := min {‘c + ——[E[max(Y — T, 0)]} ,
7€R l1—«a

see Rockafellar and Uryasev (2000). Using the first-order Wasserstein distance to construct an
ambiguity set around the reference dependence structure, we are led to the following problem:

D, := sup AVaR (U +V) (26)
()~Hell( i),
de(p)<p
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FIGURE 3 The analytic upper and lower vrer

bounds of problem (26) are compared to two

distinct numerical solutions. The first 17 -
numerical solution is obtained by Monte Carlo

simulation with n = 100 sample points as well 1651

as linear programming and averaged over 100
simulations for each fixed p. The second & 16t
numerical solution is obtained by penalization
and neural networks. The confidence level of 155l
the AVaR considered in problem (26) is set to
a = .7 [Color figure can be viewed at

[Janalytic bounds
LP-solution with MC
— -NN-solution
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wileyonlinelibrary.com]

p
= sup inf<7+ 1 max(x; + x; — 7, 0)u(dx) 27
HeETI(f 1), TER l-a [0,1]2
dc(p.p<p
J— T
= inf ¢(f7). (28)

where i, = i, = U'([0,1]) are (univariate) standard uniformly distributed probability measures
and j is the independence copula. In other words, 1 = U°([0, 1]?) is a bivariate probability mea-
sure with independent, standard uniformly distributed marginals. Moreover, we have that f7(x) =
T+ ﬁ max(x; + x, — 7,0) and ¢(-) is defined as in Equation (1).

Note that in the above formulation of the problem we can go from (27) to (28) as the problem
is convex in 7 and concave in u and Wasserstein balls are weakly compact. Thus, we can apply
Sion’s Minimax Theorem to interchange the supremum and the infimum in (27).

In Appendix A.4, we derive an analytical upper and lower bound for @, in (26). These bounds
are tight enough for the present purpose, which is to evaluate the performance of the two discussed
numerical methods.

Figure 3 supports the latter claim: The analytic bounds for @, are rather tight when plotted as
a function of p. The bounds are compared to the same two numerical methods as discussed in
the previous example. With respect to the solution based on Monte Carlo simulation and linear
programming, we now average over 100 simulations for each fixed p. Thus, the results in Figure 3
do not fluctuate as much as those we have seen in the left panel of Figure 1. Nevertheless, Figure 3
shows that the solution obtained via MC and LP does not stay within the analytic bounds—other
than the solution based on our neural networks approach. Arguably this is due to the lack of
symmetry when discretizing the reference distribution ¢ using Monte Carlo. Regarding runtime,
both numerical methods take around the same time to calculate the values needed for Figure 3.

We now want to illustrate a further merit of the neural networks approach, namely that
we can sample from the numerical optimizer u* of problem (26). By doing so, we obtain
information about the structure of the worst-case distribution. The samples are obtained by
acceptance-rejection sampling from the density given by Proposition 2.7(b), where we replace
true optimizers by numerical ones. Figure 4 plots samples of this worst-case distribution u* for
different values of p. To understand the intriguing nature of the results presented in Figure 4,
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08 10

FIGURE 4 Samples from the optimizer u* of problem (26) as obtained by the neural networks approach are
shown in form of a heatplot for six different levels of ambiguity, that is, p = 0,.04, .08, .12,.16, .2 [Color figure can
be viewed at wileyonlinelibrary.com]

we have to describe problem (26) in some more detail. It should be clear that the comonotone
coupling of the Uniforms U and V is maximizing AVaR,(U + V') among all possible coupling of
U and V. However, one can find many different maximizing couplings. Notably, the optimizer
shown for p = .2 corresponds to the one which has the lowest relative entropy with respect to the
independent coupling among the maximizers of AVaR, (U + V). On the other hand, the middle
panel for p = 0.16 motivated us to derive a coupling that—among maximizers of AVaR (U + V)—
we conjecture to have the lowest Wasserstein distance to the independent coupling. This coupling
is used to derive the lower bound for problem (26) in Appendix A.4. Some features of the others
couplings, for example, for p = .08 and p = .12 came as a surprise to us: For example, the curved
lines as boundary for the support are unusual in an L;-Wasserstein problem.

4.3 | Variance of three normally distributed random variables with
distance penalization

We now leave the domain of uniformly distributed, univariate marginals and replace the distance
constraint by a distance penalty. We analyze the following problem:

1 _
x(fa) 1= sup Var(X; + X, +Y) — ;de(#, '
();)Nﬂen(ﬂlzﬂs)

1 _
= sup / (1 + %0 + 97 — m2)p(dxy, dxydy) — ~de@ ), (29)
HETI(fy2,013) J R3 r
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where the cost function é(x,y) = 2||x — y| |1.9 We specify the reference distribution function as
follows

0)(1 08 0
o=N||0]|08 1
oJto o 1

In this examples, there are two novelties that are explained in the following.

First, the fact that we set u € I1(f,, i13), means we are fixing not only the univariate marginal
distributions, which are standard normal, but also the dependence structure between the first
and the second margin X; and X,. In this case, we assume that X; and X, are jointly normal
with correlation .8. We use fi;, to denote the fixed, bivariate margin. As a consequence, the model
ambiguity concerns solely the dependence structure between the third margin Y and the other
two margins X; and X,.

Second, rather than a distance constraint d=(f, 1) < p, we now use a distance penalty to account
for the described model ambiguity: we set p(x) = 1x" in Theorem 2.1. The parameter r accounts
for the degree of penalization and hence is not comi)arable to the radius p of the Wasserstein balls
described above. Instead, for r — oo the penalization becomes closer and closer to the case where
we impose the constraint dz(f, u) < 1.

These two specifications aim to demonstrate the value of the generality of Theorem 2.1 with
respect to both the choice of polish spaces and the modeling of ambiguity.

Even though Subsection 2.2 focuses on the Wasserstein ball constraint, the solution method
based on penalization and neural networks is trivially adapted to problems like (29). We state the
resulting numerical solution of problem (29) for different values of r in Table 1. To make these
results more concrete, we sampled 20,000 values from the respective worst-case distribution u*
and report the corresponding empirical covariance matrix ﬁﬂ*. Notably, the covariance matrix
does not completely characterize u*, as u* does not have to be a joint normal distribution.

5 | DNB CASE STUDY: AGGREGATION OF SIX GIVEN RISKS

Aas and Puccetti (2014) provide a very illustrative case study of the risk aggregation at the Den
Norske Bank Bank (DNB), Norway’s largest bank. We want to make use of this example to show-
case the applicability of the novel framework presented in this paper.

The DNB is exposed to six different types of risks: credit, market, asset, operational, business,
and insurance risk. Let the random variables L, ..., Ls represent the marginal risk exposures for
these six risks. Per definition, risk aggregation is not concerned with the computation of the dis-
tribution of the marginal risks. Hence, we take the corresponding marginal distribution functions
Fi, ..., Fg as given. In this particular case, F;, F,, and F; are empirical cdfs originating from given
samples, while L,, Ls, and Lg are assumed to be log-normally distributed with given parameters,
see Table 2.

For the purpose of risk management, the DNB needs to determine the capital to be reserved.
According to the Basel Committee on Banking Supervision (2013), this capital requirement should
be computed by the AVaR of the sum of these six losses.” The AVaR of the sum of these six losses
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TABLE 1 Comparison of the numerical solutions y(f,) of problem (24), computed based on penalization
and neural networks, for different values of r

x(fa) Jos (o1 + 22 + yYdp* d.(a,p*) b N
1 0.8 0
No penalization 4.6 4.6 0 08 1 O
0 0 1
0.998 0.801 0.847
r=1 6.16 8.08 1.92 0.801 1.008 0.853

0.847 0.853 1.011

0.989 0.806 0.737
r=2 6.50 7.60 1.48 0.806 0.989 0.736
0.737 0.736  0.997
0.975 0.795 0.675
r=3 6.57 7.29 1.29 0.795 0.991 0.682
0.675 0.682 0.980

0.976 0.792 0.652
r=4 6.65 7.19 1.21 0.792 0.970 0.654
0.652 0.654 0.986
0.991 0.803 0.554
r=oo 6.76 6.76 1.00 0.803 0.998 0.551
0.554 0.551 0.993

We define the worst-case distribution u* € I1(f,,, ft3) such that y(f,) = /Rx(xl + X, + y)2u*(dxy, dx,, dy) — 1d5(ﬂ,y*)’ and
- r

report also the empirical covariance matrix %,. computed from N = 20,000 samples of u*. The case r = co corresponds to the

constraint da(f, 1) < 1.

TABLE 2 Overview of the information concerning the reference distribution in the DNB case study

Description Type Parameters/other details
F, cdf of credit risk L, Empirical cdf Given by 2.5 million samples;
SD &, = 644.602
F, cdf of market risk L, Empirical cdf Given by 2.5 million samples;
SD &, = 5,562.362
F, cdf of asset risk L Empirical cdf Given by 2.5 million samples;
SD &5 =1,112.402
F, cdf of operational risk L, Lognormal cdf Mean i, = 840.735;
SD &, = 694.613
F; cdf of business risk Ls Lognormal cdf Mean mis = 743.345;
SD &5 = 465.064
Fg cdf of insurance risk Lg Lognormal cdf Mean mig = 438.978;
SD &, = 111.011
Co Reference copula Student-t copula With 6 degrees of freedom
linking Ly, ..., Lg and correlation matrix %,

The correlation matrix %, is given in Appendix A.5. F; denotes the cumulative distribution function of the marginal probability
measure f; fori =1,...,6.
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TABLE 3 Comparison of AVaRs for different dependence structures
infccc AVaR{ (L)) AVaR[ (L)) AVaR§° 59} sup._ AVaR{ (L))
24,165.52 26,980.64 30,498.94 36,410.12

Note that we set o = 0.95. We use the rearrangement algorithm (see Aas and Puccetti, 2014) to approximate inf .. AVaR$ @,
while sup,... AVaRS(L}) = Ziﬁzl AVaR,(1,).

The two remaining entries are computed by averaging over 50 simulation runs where 10 million sample points are drawn in each
run. Note that IT denotes the independence copula. Thus, AVaR[ (LF) corresponds to the AVaR of the sum of the six losses given
that they are independent.

at a specific confidence level « is defined as

. 1
AVaR, (L}) = min {T + m[E[max(L; —1,0)] }, (30)

where L6+ 1= 216:1 L;. To evaluate expression (30), the joint distribution of L, ..., L is needed. As
the marginal distributions of L, ..., L are known, the DNB relies on the concept of copulas to
model the dependence structure between these risks. From the above description, it is clear that
joint observations of the Ly, ..., Lg are not available. Hence, standard techniques to determine the
copula, for example, by fitting a copula family and the corresponding parameters to a multivariate
data set, do not apply. A panel of experts at the DNB therefore chooses a specific reference copula
Cy, in this case a student-t copula with six degrees of freedom and a particular correlation matrix.
Such an approach is common in practice and referred to as expert opinion.

From an academic point of view, this method for risk aggregation is not very satisfying due
to the fact that the experts’ choice of a reference dependence structure between the different risk
types might be very inaccurate. Hence, we say that there is model ambiguity with respect to the
dependence structure. It should be emphasized that a misspecification of this reference copula
chosen by expert opinion can have a significant impact on the aggregated risk and therefore on
the required capital. Table 3 supports this statement by comparing the AVaR implied by the ref-
erence copula Cj, to the AVaR implied by other dependence structures: Without any information
regarding the dependence structure between the six risk, the lower (respectively, upper) bound for
the AVaR with confidence level a = 0.95 is 24,165.52 (respectively, 36,410.12) million Norwegian
kroner. Similar bounds are studied in Aas and Puccetti (2014). As we pointed out in the litera-
ture review in Subsection 1.3, these bounds have been criticized in the literature as they are too
far apart for practical purposes. We therefore apply the results derived in this paper to compute
bounds for the AVaR that depend on the level p of distrust concerning the reference copula C,.
Alternatively, the parameter p can be understood as the level of ambiguity with respect to the
reference distribution fi.

We define the probability measure f of the reference distribution by the following joint cumu-
lative distribution function

F(x) = Co(F1(x1), F5(x3), ..., Fg(x6),

for all x € RS. Hence, the cdfs of the marginals fi; are given by F;(-) fori = 1,2, ..., 6. The problem
of interest can be formulated as follows:

(e, p) = inf AVaR, (L), (D)
LE ~UETI(y 5onfle ),
de(p)<p
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FIGURE 5 We consider two 1o

distinct reference dependence _ S J

structures, the student-t copula C, *r T . Lo :

defined in Table 2 and the independence //’ /'

copula IT. The correspon_dcing robust sal- /' I ’

solutions gf"(oc, p) and (I>4O(oc, ) ,,' . - o-supooc AVaRC(L5)
defined in (31), and (32), respectively, wl )/ 7 --3%(p,a)

9411(0(, p) and 54H(oc, 0), defined ':' /,'/ :e_—_g}{f(Rf“ ()LG+ )
analogously, are plotted as a function of ) SmmE . gn (pp_’;)

the level of ambiguity p. We compare ‘\\ ) e A:/aRE( L)

these results, which were computed I\' —= @l (fh (1:) o
relying on the concept presented in this 2o f “\ [einfeecAVaR, (L)
papet, to the known values of ' A =

AVaR,(L}) given in Table 2. Note that v ,\‘\‘ ‘\\

we fix o = .95 [Color figure can be . X

viewed at wileyonlinelibrary.com]

—CO . +
@, (a,p) := sup AVaR, (L}). (32)
LE ~UETI(fy noofle)s
de(,u)<p

The cost function ¢ defining the transportation distance d, in problem (31) and (32) is set to

d
lx; = yil
e(x,y) 26 = (33)
where &; denotes the standard deviation of f; and is given in Table 2. The rationale behind this
definition of c is that we want to model the ambiguity such that it concerns solely the dependence
structure of the reference distribution. Definition (33) is a simple way to achieve this.”

Figure 5 shows the numerical solutions of problems (31) and (32), which are computed relying
on penalization and neural networks, as a function of p and for @ = .95. As a comparison, the
same problem is also solved with respect to the independence coupling IT rather than the reference
copula C, described in Table 2. The shaded regions outline the possible levels of risk for a given
level of ambiguity p and the two reference structures. On one hand, the evolution of the risk levels
in p, combined with the given optimizers of problems (31) and (32) can be used as an informative
tool to better understand the risk the DNB is exposed to. On the other hand, if a certain level of
ambiguity is justified in practice, the bank can assign their capital based on the corresponding
worst-case value. If for example p = .1 is decided on, the bank would have to assign 32,490 capital
compared to 30,499 as dictated by the reference structure C,.

Analytically, one striking feature of the numerical solution with respect to C, is worth point-
ing out: The absolute upper bound is attained already for p = .8, while the distance from the
reference measure to the comonotone joint distribution can be calculated to be around 1.7. This
underlines the fact that even though the comonotone distribution is a maximizer of the worst-
case AVaR, there are several more, and they may be significantly more plausible structurally than
the comonotone one.

In conclusion, this paper introduces a flexible framework to aggregate different risks while
accounting for ambiguity with respect to the chosen dependence structure between these risks.



ECKSTEIN ET AL. W l L E Y 1265

The proposed numerical method allows us to perform this task without making restrictive
assumptions about either the particular form of the aggregation functional, or the considered
distributions, or the specific way to account for the model ambiguity.
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ENDNOTES

Note also that our methods can be applied to solve completely unrelated problems, such as the portfolio selection
problem under dependence uncertainty introduced in Pflug and Pohl (2017).

This is, for example, satisfied if all x; have compact sublevel sets, as the sublevel sets are by continuity closed
and further by positivity of x; it holds {x < ¢} C {x; <c}x--- x{x; <c}.

Note that §,(A) = 1if x € A, and §,(A) = 0 otherwise.

By definition, f¢ is lower semicontinuous. Moreover, if c(x,y) = ¢(x — y) for a continuous function ¢ : X —
[0, 0o) with compact sublevel sets, then £ is upper semicontinuous and therefore continuous. This, for instance,
holds for ¢(x) = Zidzl |x;| or ¢(x) = ZL |x;|? corresponding to the first and second-order Wasserstein distance
on R4,

Clearly, d.(f1, u*) should be bounded by p and in the optimum equal to p (if one is not already in the edge case
where p is so large that it does not have an effect).

In the literature, the Wasserstein distance with respect to the Euclidean metric is usually associated with order
two, in which case the underlying cost function is additively separable.

We wait for 2,500 iterations until updating A for the first time where 4 is initialized to A = .75

‘We use the same choices for the hyperparameters as given in point 2. above, but increase N,, considerably for
small p to guarantee convergence of A, and use 8"!f as a sampling measure.

One can think of the factor 2 occurring in the cost function similarly to a particular choice of p for the radius of
the Wasserstein ball.

10° Aas and Puccetti (2014) focus on the VaR rather than the AVaR. As the Basel Committee on Banking Supervi-
sion recently shifted the quantitative risk metrics system from VaR to Expected Shortfall (see Chang, Jiménez-
Martin, Maasoumi, McAleer, & Pérez-Amaral, 2019), which is equivalent to the AVaR, we consider the AVaR in
our study.

It should be mentioned that Gao and Kleywegt (2017a) promote the definition c(x,y) = Eill |F;(x;) — F;(y)l,
which implies that the transportation distance d. is defined directly on the level of copulas. Even if this approach
is arguably more intuitive, we stick to definition (33) mainly for the sake of computational efficiency.

Note that |u; — u,| is the distance (and thereby the cost of transportation) of any point-mass C(u,, u,) to the
main diagonal M (u,, u,).
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APPENDIX A

A.1 | A basic inequality between difference in pth moment and difference in p-norm
The following result is used in Remark 2.11. The statement and proof are taken from Norbert
(2013).

Lemma A.l. Let p e Nand X,Y € LP, then

p—1

-1-k

IXP = YPlly < IX = YIl, D IXIGIYIS
k=0

Proof. For p = 1, the inequality obviously holds. Let p > 2, then

p—1 p-1 l/q
IXP = Y7l = (X =) 3 XFyet k) <X =i, (| e L A
k=0 k=0
1

It holds for all k € {0, ..., p — 1} that
—1— k —k
ke e==)| < Xy g (A2)

For k € {0, p — 1}, (A.2) is immediate. For 0 < k < p—1 (A.2) follows by Hdlder’s inequality
applied with r = p/kq. Putting (A.1) and (A.2) together, we obtain

p—1 1/q p—1
ki -k —-1-k
IXP =Yl < IX =Y, ) (||X||pq||Y||§ q) <IX =Y, D IXISIY IS
k=0 k=0
and thus the claim. O

A.2 | Convergence analysis for Example 4.1

This section is meant to demonstrate how to assess the quality of the obtained numerical solution.
We consider the case p = .25 in Figure 1. We use the sampling measure 6% and compare the
following three parameter settings:

(i) y =100, batch size = 1,024, N, = 15,000, and Ng, = 5, 000.
(ii) y = 2,500, batch size = 1,024, Ny, = 15,000, and Ng,. = 5, 000.
(iii) y = 2,500, batch size = 16, Ny = 7, 500, and Ng,. = 2, 500.

Figure A.1 examines the contrast between setting (i) and (ii). As can be seen, in both settings
the algorithm appears to converge in a stable way. In setting (i), there is, however, an apparent
difference between the dual value ¢y, (f,) and the primal value J fidu*, which is computed
using the worst-case distribution u*. We can therefore conclude that the penalization in setting
(i) is insufficient, that is, the penalization parameter y is chosen too low. This is clearly not the
case for setting (ii). Figure A.2 shows that both a small batch size and a small number of iterations
lead to bad numerical behavior.



ECKSTEIN ET AL. W l L EY 1269

- - -dual value (i) --=x (i)
072 . . 09 | s
P N, e primal value (i) —\ (ii)
068 ——dual value (ii) o8
—os N |- primal value (ii)
S= o064 M
Nl N S
S o062 v o T meeeeennTRTTRTIITITTY, 067\ T T messmem—moo
e T~ =a g L
N L e
058 \' ...... 7
056 - 1 /" 04 |
054 I\_/ ‘
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 18 2 08 0.2 0.4 0.6 0.8 1 1.2 14 1.6 18 2
Iterations 10¢ Iterations x10*
05 - T T T T T T T T T . 0.12
—
——-de(o 1) ()
o4 —de(f, p*) (i) o
0.35 —_—
p 0.08 +

0.3

0.25

0.2

0.15

0.1

0.05

0;2 0.‘4 O.% O.‘B ; 1 ..2 1 ‘4 1.16 LIS ‘2 0
Iterations <10¢

FIGURE A.1 Comparison of the parameter setting (i) with y = 100 and (ii) with y = 2, 500, while batch
size = 1,024, N, = 15,000, and Ng,. = 5,000 in both settings. The upper left panel shows the dual value ¢y, (f;)
as well as the primal value [ f,du*. The upper right, respectively, lower left panel illustrates the convergence of
A, respectively, d (&, u*). The lower right panel plots 5,000 samples from the first marginal ;" of the worst-case
distribution y*. Note that this histogram is also representative for the second marginal ;. The computation time
is 205 s in both cases [Color figure can be viewed at wileyonlinelibrary.com]

A.3 | Proof for Section 4.1

We want to derive the analytic solution of problem (24). To do so, the concept of copulas turns out
to be rather useful. We refer to Nelsen (2007) for an introduction to this topic. Let C denote the
set of all copulas and let the comonotonic copula be denoted by M (uy, u,) = min(u;, u,), for all
Uy, U, € [0,1]. Using this notation, we can rewrite problem (24) and show the following:

1 + min(p, 0.5)

p= swp [ maxnwdC ) =
0,12

cec,
d.(M,C)<p

Proof. First, we derive an upper bound for d.(M, C), where C € C. As M lives on the main diagonal
of the unit square, the vertical (or horizontal) projection of the mass of an arbitrary copula C €
C onto M is feasible transportation plan with costs /[0,1]2 [, —u, |dC(u).” The latter expression
appears in the definition of a concordance measure called Spearman’s footrule and it known to
be maximized by the countermonotonic copula W(u,,u,) := max(u; + u, — 1,0) for all u;,u, €
[0, 1] (see Liebscher, 2014). Hence, we obtain

1
|u; — uy|dC(u) < / |u; — uy|[dW(u) = / [2u; — 1|du; = 0.5.
0

[0.1]2

d.(M,C) S/

[0.1]2
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FIGURE A.2 Convergence analysis of the parameter setting (iii) where y = 2, 500, batch size = 16, N, =
7,500, and N, = 2, 500. The upper left panel shows the dual value ¢, ,(f;) as well as the primal value f frdu*.
The upper right, respectively, lower left panel illustrates the convergence of A, respectively, d.(f&, u*). The lower
right panel plots 5,000 samples from the first marginal u;" of the worst-case distribution ¢*. Note that this histogram
is also representative for the second marginal u. The computation time is 45 s [Color figure can be viewed at
wileyonlinelibrary.com]

Second, we show that this upper bound is attend for d.(M, W). The Kantorovich Rubinstein
duality yields that

d.(M,W) = sup / h(w)dM(u) — h(v)dW (v)
|h(w)—h(v)|<c(u,0) J[0,1]2 [0,1]2
> / Uy + u,dM(u) — U1 + 0, dW(@)=1-0.5=0.5,
[0,1]2 [0,1]2

where we simply set h(u) = u; + u, to obtain the inequality. As d.(M,C) < .5 for all C € C, we
have d.(M,W) =
Combining these two observations yields for p > .5 that

¢(f1) = sup/ P max(uy, uy)dC(uy, uy) = / max(u;, uy)dW(u,, u,) = %

cec [0.1]2

It follows that we can assume p < .5 for the remainder of the proof.
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Let us define the copula R, as follows:

1+a

W(uy,u,) if =2 < U, Uy < —
(U, uy) = 2 2
M(uq,u,) else

for o € [0, 1]. Using the same projection-argument as in the beginning of the proof, it follows that

(+a)/2
|u; — uy|dR,(u) = / [2u; — 1|duy = a?/2.
1

d.(M,R,) < /
—a)/2

[0.1]2

Thus, d.(M,R \/5) < p, which implies

1
B(f1) 2 /m e )R ) = Lte

By Corollary 2.2, we have
1
o(fy=, it {Ap + Z | o
2 2
+ / , sup lmax(vl, vy) — Z hi(v;)) — 4 Z lu; — vi|] dM(u)} .
[0.117 vefo,1)? i=1 i=1
Plugging in the value 1 = .5 and setting h; (1) = hy(u) = u/2, yields ¢, (f) < § + % +0. 1

A.4 | Proof for Section 4.2
We now derive the analytic bounds for ®,, that is, the solution of problem (26), which are plotted
in Figure 3.

Let us start by proving the following upper bound

¢2§min<1+a,2—§\/2—2a+ i ) (A3)

2(1—a)

where ®, is defined in (26).

Proof. Due to Corollary 2.2,

2 L1
O, = i + hy(u;)du; A4
27 0 ﬁrécqou) { Z{/ (i)l (A4
1 2 2
+ / sup lr+ mmax(vl +vz—f,0)—2hi(vi)—/lz lu; —vi|] d(ul,uz)} .
0,11’ velo1]? i=1 i=1
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The following choice of optimizers in Equation (A.4) yields the upper bound for @, given in (A.3):

*
l:ﬁ, T=71*:=2—V2-2a and h(v):ﬁ(v—%)fori:l,l
O
We now derive the following lower bound:
2(=3+2vy2-2a+3
®, > min 1+a,2—g\/2—20¢+ ( a+3a)p , (A5)
3 32—a)1—a)a

where ®, is defined in (26).

Proof. Itis straight forward to see that &, is concave in the radius p of the considered Wasserstein
ball around f. This is due to the fact that we defined the ground metric c(:, -) of the transportation
distance d. by the L;-metric, thatis, c(x,y) = ||x — y||,. Hence, to establish the lower bound (A.5),
we only need to show that for p* = a(1 — a)(1 — a/2) it holds that ®, > 1 + a.

Therefore, we define the probability measure , by the following bivariate copula

U U, ifu €[0,a/2]? U[a/2,al?
. | Fwu,ifue (0,a/2]x [a/2,al) U ([a/2,@] X [0,/2])
(i, 1) = ﬁuﬂz ifu € [a,1]? ‘

min(u;,u,) else

Tedious calculations show that d.(ft, u,) < a(l — a)(1 — a/2) = p*,where ft is the bivariate prob-
ability measure with independent, standard uniformly distributed marginals defined in problem
(26). Moreover, for (E) ~ Ug it holds that AVaR, (U + V) = 1+ a. O

A.5 | Correlation matrix

The purpose of this subsection is to give the correlation matrix Z,. Recall that %, defines the
student-t copula C, with six degrees of freedom used as a reference dependence structure in the
case study by Aas and Puccetti (2014), which we consider in Section 5. As this matrix is not given in
the paper by Aas and Puccetti (2014), we simply choose the following arbitrary correlation matrix

1 0.36 035 044 045 0.30
036 1 0.37 036 041 043
035 037 1 044 032 042
044 036 044 1 041 029 [
045 041 032 041 1 0.28
0.30 043 042 029 028 1
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