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THOMAS MULLER

PROBARBILITIES IN BRANCHING STRUCTURES

A common, natural view about probabilities, shared by philosophers of diverse
persuasions, is that probabilities are graded possibilities.* On this view, which 1
will presuppose, there are no probabilities without underlying possibilities, and
there is room for different notions of probability at least to the extent that there are
different underlying notions of possibility.

In this paper I want to trace out consequences of this view for the specific case
of possibilities that are grounded in branching structures. Such structures afford
a natural representation of real possibilities: concrete possibilities in indexically
specifiable situations, like a concrete laboratory experiment or other indeterminis-
tic happenings. 1 will argue that branching-based probabilities lead to interesting
probability structures that can shed light on, e.g., the causal Markov condilion.

My paper is structured as follows: 1 start by discussing different types of pos-
sibility and zooming in on branching-based real possibilities, giving formal details
about the theory of branching time. I then work out a theory of probabilities based
on branching time structures and discuss a number of peculiarities and Hmitations
of that approach. Finally I give a brief overview of the way in which the branching
time framework is extended in the theory of branching space-times, and what an
appropriate probability theory for that framework looks like.

REAL AND OTHER POSSIBILITIES

Is there just one correct analysis of the notion of possibility, or can one discern
several different notions of possibility that, while sharing some common struc-
ture, are interestingly different? The logical empiricists of the 1930s held that the
only viable notion of possibility was the ontologically rather innocent notion of
logical possibility: the absence of formal contradiction. On the other hand, Weyl
(1940) in his overview of the phenomenology of modality already distinguished
several different notions of possibility and poinied out that they had their proper
uses in specific contexts: apart from logical possibility he acknowledged o pricri
(conceptual) possibility, physical possibility, and technical possibility. Present-day
discussions involving modality tend to focus on the notion of metaphysical pos-
sibility as the one notion uanderlying philosophical argumentation; most thought
experiments in philosophy, from Descartes’s genius malignus to Putnam’s Tivin
Earth, are meant to exhibit metaphysical possibilities. The formal semantics lor
possibilities developed since the 1950s however shows that there is much room for

I Cf, e.g., van Fraassen (1980, 198); Popper (1982, 70); Thomason {1984,
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different accounts of possibility. How do these different notions of possibility hang
together? Fine (2005) has argued convincingly that mathematical and logical pos-
sibility can be derived from the notion of metaphysical possibility, but he has also
argued that physical possibility is a different matter—he shows that physical (in
his terminology, “natural™) possibility is a further kind of modality not reducible
(0 the metaphysical variety. The landscape of possibilities seems to be more of a
jungle than a desert.

All the notions of modality mentioned so far are abstract: they pertain to rypes
of situations, not directly Lo concrete token-happenings. Possibilities that are im-
portant for our practical concerns are however different: they are concrele rather
thau abstract (I can walk to the market, along a specific route, or I can take my
bike)—and as we all know, they vanish as time passes. ‘What was possible today
may not be possible any more tomorrow (the last chance to see a live Dodo has
long passed; once that specific train is gone, it is impossible for me to catch it).
Such real possibilities are at least epistemically more basic than the other, abstract
notions: we encounter them in our daily lives, and they are part of our everyday
conception of agency.

Branching time: a model for real possibilities

Formal models for teal possibilities were developed starting in the late 1960s, in
the context of semantical investigations of tense and other temporal modifiers.
Arthur Prior (1957, 1967) developed his tense-logic as a formal framework in

Wiz e THmrcior of time and podality could be studied: The-so=called-Ock="

hamist analysis of the future tense results in a formal tempo-modal language whose
models have the structure of forward-branching trees; cf. Figure 1. Formally, a
branching-time structure is a pair (T, <} such that:

o T i3 a nonemply sei

» < is 4 strict partial ordering on T, i.e., {ransitive (ifz < yandy < 2
then & < z) and asymmeric (if 2 < y then y £ ), hence also imeflexive

(z £ )

o < is backward linear, ie., ifz < zandy < z,then(z < yorm = yOr
gy < ).

The elements of T are usually called moments, and the ordering relation < is read
tempo-modally: if 2 < y, we say that z occurs before ¥, or that y is in the future
of possibilities of z. A non-strict order < is derived from < in the usual way, i.e.,
s<yiff(x<yorz=1y}

In such structures one can single out so-called hisfories as maximal linear
subsets (i.c., subsets 2 of T that are maximal w.r.t. the property that forany z,% €
h,eitherz < yorz =y ory < In a history h, any two distinct elements are
comparable via <, while in general, T will contairz incompaggble elements (cf.,

L

Figure 1: A branching structure

e.g., the moments my and ms in Figure 1); such elements do not have a history
in common. In view of the interpretation of the ordering relation, we can say that
incomparable elements are inconsistent, and that a history represents a maximal
possible course of events—a possible way the world depicted by (T, <} could
develop.

The formal requirements for branching time structures laid out above form the
bare minimum, and additional requirements may be useful. For example, in the
ix_nports{nt case of continuous structures it turns out to be convenient, for techni-
cal reasons, o constrain (he topology of the branching. Basically there arc two
options: two histories could split such that there is a last moment of overlap and
no first moment of difference, or they could have no last moment of overlap, but
two different first moments of difference. The convenient choice is to have a last

moment of overlap—cf. McCall (1990} for discussion. Formally we thus require:

o Ifm € hy—hs and m’ € hy—hy, then there is some m* for which m* < m,
m* < m’, and m* is maximal in hy N Bz,

Note that this requirement also guarantees that any two histories are connected at

some moment; any two possible developments of the world thus share a common
past.

In order to allow for some small technical simplifications in what follows, we
also require that the ordering (7, <} have no maximal moments:

e Foreverym € Tthereism/ € Ts.t.m < m'.

Formal semantics for branching time

In order to explain the notion of real possibility in branching structures, and thus,
the background for our discussion of probability, it will be good to have some
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details about the formal language that is customarily defined for branching time.
The Prior-Thomason semantics for such branching treelike structures defines the
following temporal and modal operators: The past tense (“it was the case that”, P),
the future tense (“it will be the case that”, ), and the operators of real possibility and
necessity (or seftledness), Poss and Sett. As is customary in modal languages,
formulae are to be evaluated with respect to a model 901 (a branching structure
(T <) together with a valuation V' assigning extensions (o atomic propositions) at
a point of evaluation. In basic modal logic such a peint of evaluation consists just
of a simple index (a “world”), so that one could expect the point of evaluation in
branching time to be a simple index as well, i.e., a moment. The innovative ele-
ment of Prior-Thomason branching time semantics is, however, to take the point of
evaluation to be a moment and a history through that moment (written m/h, pre-
supposing m € h). For a stand-alone sentence uttered in a given context (formally:
at a morenl of context me € T, the parameter m is initialized as m = mg. This
indexical link 10 a context makes the Prior-Thomason semantics well suited to rep-
resent real tenses and possibilities. A specific problem is that there is no similar
initialization of the history parameter: metaphysically speaking, there is no “his-
tory of the context” singling out “the real future”—the future is open. We do not
dwell on the difficulties of interpreting stand-alone sentences containing the future
(ense. As the philosophical discussion of the notion of an open future shows, these
difficulties are real; they are not an artefact of the formal analysis via branching
time. For an illuminating account of how these difficulties can be met formally, cf.
Belnap (2002a). For the account of real possibility that is at issue here, however,
~ the mentioned difficulty plays no significant role: the semantic clause for Poss
(as well as the dual one for Sett) introduces a quantifier over histories up front,
so that it makes no difference which history containing the context moment me is
assigned to 2 initially.

Intuitively speaking, the tense operators P and F move the moment of evalua-
tion along the current history of evaluation, in accordance with the idea that tense
encodes location in time, The modal operators Sett and Poss, on the other hand,
do not change the moment of evaluation, but the history, thus quantifying over the
possible futures of the moment of evaluation. The formal semantical clauses for
the mentioned operators are as follows:

e M,m/h =P iffthereism’ € hst.m’ <mand M, m'/h f= ¢
o O,m/h = Fo iff thereis m/ € As.m < m' and M, m'/h |= ¢;
o MM, m/h = Sett iff for all b’ for which m € h', M, m/W’ |= ;

o M, m/h = Poss ¢ iff there is some A’ for which m € B and 9, m/H =
9.2

2 As usual, this clause for possibilily is the dual to the clause for necessity, so an explicit
definition could be avoided by declaring Poss to be an abbreviation for ~Sett —.
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"This semantics suggests a natural definition of real possibilities at a moment,
which is based on the notion of division of histories at ¢ moment.

« Letm belong to histories 2y and ha, i.e., m € hy Nha. 1y and hg are called
undivided at m (written Ry =,, hg) iff there is some m' € hy N he for
which m < n'. Being undivided at m is an equivalence relation on the set
H,,, of histories containing m. Refexivity and symmetry are trivial.® For
transitivity, let by =, hg as witnessed by m/, and hy =, hg as witnessed
by m”. Asm',m" € ha, we bave m’ < m” orm” < m’ (by lnearity of
histories); assume the former. By backwards linearity we get m’ € hg, so
that m’ also serves as a witness for by = hs.

e We say that hy and hg split ar m (written by L, ho) iff m is maximal in
hl M hg.

» The real possibilities at m are the members of the partition IT,, of H,,
induced by the equivalence relation of undividedness at m, =,,.

e We say that m is a choice point iff II,; has more than one member, ie., if
there are at least two histories splitting at m.

In order to bave an easy way of talking about real possibilities in a branching
structure, we introduce the notion of a transition (cf. von Wright, 1963; Belnap,
1999): a transition £ is an ordered pair {7, H') consisting of an initial (a moment
m & 17, together with an outcome (one of the real possibilities at that moment,
H € 1I;). Employing suggestive notation, we also write { = m — H. A
transition is trivial if there is no alternative transition with the same initial. We
write T'R for the set of all transitions, and T K, for the set of all transitions with
initial m. ¥ m is not a choice point, then TR, = {t} witht = m =+ Hp, a
trivial transition. We will alternatively speak of IT,,, and of T'R,;, as embodying the
real possibilities open at mn; these possibilities form an exhaustive set of mutually
exclusive alternatives, A setof transitions 7" = {¢; | 7 € I}, where t; = my; ~ Hj,
is consistent if all the outcomes can occur together in one history, L.e., if Mgy H; 7

0.

PROBABILITIES IN BRANCHING TIME

How can we implement probabilities in branching time? What is the proper notion
of probability based on real possibilities? Given that real possibilities at a moment
m form a set I1,,, corresponding to the set of transitions T'R,,,, a natural move is to

3 For reflexivity we require that there be no maximal moments. If 7" is aliowed to have
maximal moments, the definition of undividedness will have to treat those as a special
case: hi and Ry are undivided at ;. € hy N hg iff, either, there is no m/ € 7 s.t.
m < ' (in which case it turns out that hy == ha), or there is some m’ € hy () ho 8.1
m < m’.—A similar patch would be needed (o improve the definition of splitting.
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use the set 7' Ry, as a sample space and to employ a suitable Boolean g-algebra and
some normalized measute (o define a probability space.* Technically—in the finite
case we are assuming—, such a probability space atmm is a tiple PR, = (O, F, )
where Q = T'R,, is the sample space, F' is the set-theoretic Boolean algebra over
{1 (i.e., the set of subsets of { with the usual set-theoretical operations), and p is
a normalized measure on F' (i.e., 4(€2) = 1 and fora,b € F withanb =@, we
have p{aU b) = p(a) + p(b)). .

It seems plausible that in any case in which an exhaustive set of alternative
possibilities is given, this will be the way to introduce probabilities as weights on
these possibilities. What's so special about probabilities in branching structures
then? It turns out that interesting questions arise once we try to combine probabil-
ity spaces that are defined at different moments.

Normally, probability spaces PR4, P Rp are combined by forming the Carte-
sian product (4,5 = {24 x 2 of the sample spaces and Fy g = F4 x Fpof the
algebras, and by defining « joint measure 4, that satisfies the marginal property
(i.e., reduces to the single measures when plugging in a unit element):

PRy p={0an, FaB,tas) St

pan((a,0) = pa®)  pan((e1s)) = pala)
This recipe rests on the presupposition that the underlying possibilities Combin? by
forming Cartesian products. This is often the case, even if there are correlatl(?ns
(i.e., even if generally, g, 5{{a, b)) # pa(a)-p5(b)). Butin the case of branch}ng
structures, this assumption is not warranted. What is the technically appropriate

way of defining something Tike joint probabilifies in branching strictures? How

do the underlying (branching) possibilities constrain these probability spaces? And

does the interpretation of the tree-like ordering in terms of an open future lead to.

any additional constraints on joint measures?

It turns out that most of the relevant observations can be made by discussing
a few simple cases, When combining fwo nontrivial probability spaces PRy, and
PRy with m % m/, only two cases need o be discussed: we either have m <
m! or m' < m (which cases can be discussed together as they coincide after
relabeling), or m and 7/ are incomparable and thus inconsistent.

Combining P Ry, with P Rps, m < m.

In this case the choice point m/ lies in the future of possibilities of the choice point
m. The Cartesian product recipe fails instructively: most combinations of resuls
from PR, and PR,y make no sense. In fact, since there is splitting at m that

4 Inwhat follows, we will ignore well-known measure-theoretic moves that will have to
be made in case the sample space is infinite. We will assume finite branching from
now on, i.e,, we will be working exclusively with branching structures {T, <} st for
all m € T, T'Rm is finite. (Note that this does not imply that 7" itself, or even all Hon,
are finite,)
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partitions the se( F,, of histories through m, the moment 7/ occurs in only one of
those partitions. (Otherwise it would constitute a witness for undividedness.) Thus
thereisjustone t = m »+ H € T'R,, for whichm/ € UH (ie., Hy € H). Given
some ¥ =m' — H' & TR,,s, we can understand the pair {£, ') as expressing the
fact that “first, choice point m had outcome H, enabling m/, and then choice point
m/ had outcome H””, For some £ € TR, — {t}, however, the pair (£, ') makes no
sense given the tempo-modal (if you wish, causal) interpretation of the ordering
relation: there is no history in which first £ happens, excluding m/, and then m/
has some outcome or other. Given £, 72/ is no longer possible—even though up fo
(and including) m, it was possible.

This point is strengthened if we look at the options for assigning probabilities
to pairs of transitions in the Cartesian product. If (£,#) cannot happen, then it
should certainly have probability zero. By the marginal property, summing over
all the altesnative outcomes from TRy, this leads 10 g, ({2}) = 0, and this holds
for all transitions £ € TR, — {t}. Accordingly, we need to have un, ({t}) = 1,
by normalization. This will usually not accord with the given probability mea-
sure from PR,,. Puarthermore, by considering an incompatible alternative m” o
m/, the same argument will lead to ., ({t}) = 0, a contradiction. Dropping the
marginal requirement seems quite a high prize to pay in order to avoid this—if one
cannot recover the individual probabilities from the joint probability structure, in
which sense can the latter be called a combination of the former any more? In
the framework of the Cartesian product, the only sensible alternative seems to be
to use the product measure, which fulfils the marginal property by definition. But
then we have to be ready to assign non-zero probabilities to {Z,#) and other im-
possible combinations. (Note that if s nol an oplion (o use the product measure
only in the case in which the first component is £, and set the probabilities to be
zero otherwise—such a measure will generally not be normalized.)

Isn’t there a more sensible way to combine PR, and PR,,/? In fact, moving
from the abstract discussion above to a concrete example leads the way to a better
framework. Assume that at the concrete moment m, I have the choice to go to
the races (t) or to stay at home (f), and assume for the sake of the argument that
some suitable probability measure g, can be given.® Let m/ be the moment at
which I am at the races and bet $5 on Silver Shadow, with outcomes win (¢/)
and lose (/). There are two two-way splittings, but clearly, there are only three
alternatives: staying at home, going and winning, and going and losing. Returning
to the abstract framework and generalizing, the recipe is as follows:

+ The alternatives that form the sample space of the combined probability
space are sefs of transitions from the individual sample spaces;

» only those sets that are consisfent qualify as alternatives;

5 This should not be read as an endorsement that probabilities can be usefully assigned

to the outcomes of a singular human decision. In fact this may not be possible, If you
are worried, substitute your favourite quantum-mechanical set-up.
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» in [act, the sample space consists of the set of maximal consistent sets of
transitions.

This recipe explains why {stay at home, win} doesn’t occur in the sample space
and thus needn’t be assigned a probability: the set is inconsistent, It also explains
why {go} by itself is not one of the alternatives—ihe set is consistent,‘but not
maximally so (it can be extended by “win™ or by “lose”). The problems dlSCl]S.SGd
above are hereby avoided, Furthermore insights are gained as to the marginal
property and the question of correlations.

The marginal property. 1n the Cartesian product case, the marginal property
can be motivated by the thought that if one ignores what happens in the ot%mr prob-
ability spaces (“elsewhere™), the probability measwe under consid?rauon (“the
probabilities for a local outcome™) should be recovered. T'he §pat1a1 metaphor
is apt here: in fact the Cartesian product is well motivated if smmltanem%s out-
comes of chance experiments are under consideration. Space (at least on a simple-
minded, Newtonian conception) orders that which is simultaneous: Opce a tenr-
poral dimension enters, however, things ave different: Here the g}lid}ng intuition is
that the present probabilities for outcomes should be recovered if we ignore whar
happens later. Accordingly, in the races example, we want to have

Hm{{80}) = pm,m ({80, Win}) + ftm,m: ({80, lose}).

Correlations. Again, if we think about the Cartesian product case in terms of

the spatial combination of allernatives, we hive the intuition that we stould no=—

mally expect to find the product measure: spatially separated happenings shouldn’t
influence one another, However, correlations are not unthinkable. To use Van
Fraassen’s slogan, correlations ery out for explanation—but such explanation can
often be had, e.g., by signalling, or by a common cause. If the chance of Paul’s
wearing red socks on a given day is 1/7, and the same holds for Albert, but the
probability of seeing them both wearing red socks is 1/7 instead of 1/49, we may
well venture the guess that they have communicated about this, e.g., by declaring
Monday to be Red Socks Day. .

In the case of the temporal combination of probability spaces, correlations are
much harder to make sense of. In fact, it seems that they always point to a flawed
(and not just incomplete) model, If the chance to get from m to (later) m’ is a, sz}
the chance to get from m’ to (later) m” is b, but the chance to get from m to m
isn’ta - b, what are we to say? Think in terms of frequencies: A certain frac%ion of
a given population arrives at m/, and from there again, a certain fraction arrives at
m”, but the overall account doesn’t it together?

This consideration gives a strong motivation for the causal Markov condition

in combining probabilities in branching structures: if n, n, and PR,, and PRy
are given and m < 7/, then on the combined probability space of maximal con-
sistent sets of transitions from TR, and from T K.+, the correct measure is the
product measure.

6 Note that these two incom
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Combining P Ry with PRy, m! and m!’ incomparable,

In this case, no combination of an outcome of m’ and an outcome of m” is possible
atall. Suppose that, continuing the races example, when staying at home I can read
or cook, and that atm”, the moment of the decision, there is an appropriate proba-
bility space PR, that captures the relevant probabilities. Thus, ¢ = m" »s H"
could stand for “read” and £” for “cook”™. The moments ' (of the decision at the
races) and m” (of the decision at home) are incomparable and thus inconsistent.6
What would it mean to combine the two given probability spaces? Can any sense
be made of a combination of, e.g., t' (“win™) and £ (“read”)? It seems not, and
it seems that in this case, even the strategy 1o look at maximal consistent sets of
transitions will fail: In the union of TRy and TRy, only the singletons are con-
sistent sets of transitions—but if the given probabilities of the single spaces are
assigned to these singletons, as we seem to have to, it turns out that normalization
Tails again: the sum of the respective probabilities is 2, not 1.

Again, shifting the discussion to a consideration of the underlying possibili-
ties is helpful. Surely m/ and m’’ are inconsistent, but in branching structures ag
defined above, there is always a commoon past, a choice point at which the histories
containing m’ split off from those containing m”. In our story, this happens ex-
actly at moment m, the moment of deciding whether to go to the races or to stay at
home. If that moment is added in, the general recipe from the previous discossion
can be used: the maximal consistent sets of transitions nOw contain one outcome
of m and one of the outcomes of either m/ or m" » and by the given recipe we

._arrive at a well-defined, normalized probability space. The general moral of this...

example is that inconsistent moments need to be supplemented by a common past
choice point before a sensible joint probability structure can be defined.

Summary: Branching-time based probabilities

The two cases discussed above in fact cover everything that can happen in combin-
ing probabilities defined on branching time structures. Joint probabilities can be
defined if the individoal given probability spaces afford a combination that gives

a full account of causal alternatives, No “raw™ inconsistencies may occar. Some-
what more formally:

* Leta set A of nontrivial initials and for each m € A a probability space
PRy be given. (P Ry, has the set of transitions with initial m as its sample
space. By nontriviality, this sample space has more than one element.) A
joint probability space PRy can be defined if and only if for any incompat-
ible m/,m" € M, there is some m € M for which m<m andm < m”.

patible moments could still oceur at the same clock time,
In order to avoid confusion it is therefore useful to call the elements of a branching
Structure “roments” and not “times”, This is the terminology adapted in this paper,
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Given such an M, the above recipe can be applied for combining the individual
probability spaces:

s Lel TRM = U,epT Ry be the set of all oransitions with initials from M.

« The sample space of P Hyr, {257, is the set of maximal consistent subsets of
T RM (where consistency, as stated above, means that all outcomes share at
least one history). This is the set of causal alternatives that can be built up
given initials from M. As one can check, in a branching time structure a set
of ansitions can be consistent only if its set of initials is linearly ordered
{else there isn’t even a history containing all the initials),

« In the finite case that we are assuming, the algebra is simply the algebra of
subsets of that sample space.

The probabilities of the (singletons of) elements of the sample space 07 are
given by multiplying the respective probabilities of the transitions making
up these elements: one mulitiplies probabilities “vertically”, in accordance
with the causal Markov condition.

L]

In this way, joint probability structures can be defined in models of branching time.

EXTENDING THE ACCOUNT: BRANCHING SPACE-TIMES

~Tirour discussion of why the Cartestan-product recipe fails for-probabilities-based—
on branching possibilities, we stressed the “spatial” nature of Cartesian product-
type combinations, and went for an exploraton of temporal (or rather: tempo-
modal) combination, resulting in the above recipe. It seems, however, that some-
thing important was lost along the way: in our above scheme, there is no place any
more for Cartesian products, and thus, for combining probability spaces not just at
the same time, but at the same moment (cf, note 6 above).

To be sure, one can always choose to add in such structure by labeling. If,
e.g., at m there is 36-fold splitting because two dice are thrown independently at
that same moment, we can choose {o label the outcomes accordingly, viewing the
36 element partition of I1,,;, effected by the gamble as itself structured in 6 x 6
cases. But the framework so far provides no means of representing such informa-~
tion internally, This is one motivation for coming up with an extended framework
for combining branching possibilities: branching space-times. (In fact, considera-
tions of how (o represent simultaneous choices by independent agents were what
historically triggered the development of that framework.) The matter is intri-
cate, and page constraints make it impossible for me to give a full account of the
framework, or of the esulting probability theory, in this paper. The groundwork
for the framework was laid by Belnap (1992); modal cormrelations were analyzed
by Belnap (2002b, 2003) and by Miiller et al. (2008). Transitions were analyzed
by Belnap (2005). The probabilily theory was developed by Weiner and Belnap
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(2006), Miiller (2005), and Belnap (2007), For the most natural extension of the
story about branching time given above, one should consult Miiller (2005).7

Very briefly, in branching space-times (BST) the guiding idea is that space
should be represented at the same level as time. Considerations of relativity theory
lead to the choice of relativistic space-times as the appropriate candidates for his-
tories (possible courses of development). For the Minkowski space-time of special
relativity it turns out that defining histories to be maximal directed sets is the way
to go: a history should be a set such that any two of its members have a common
upper bound, and should be maximally s0.8 This makes room for space: incom-
parable elements can belong (o one history, if they share a common future. Such
elements are called space-like related. Ina single Minkowski space-time, all futurc
light cones intersect, so that any {wo incomparable (i.e., causally isolated) events
have a common upper bound. In BST, which integrates, e.g., several Minkowski
space-times, two elements without a common upper bound are seen to belong to
modal alternatives, i.e., to different histories.

The radical extension of the history definition complicates matters signifi-
cantly. Obviously, one cannot start with backwards linear structures, bul has to
allow for a broader class of partial orders. Continuity is a natural requirement,
as well as future non-ending. The topology of branching is an especially subtle
point; the requirement of maximal points in the intersection of histories, similar
to what has been discussed above, turns out to be the right choice (i.e., the choice
that allows for sensible definitions of undividedness and splitting, leading to local
partitions of histories). BST's prior choice principle fixes the topological features.

Once the theory of transitions in BST has been developed, it turns out thal
much of what lias be&ii said above about the combination of “small” [ocaly alter-
natives to form joint causal alternatives carrjes over. Maximal consistent sets of
transitions define these alternatives as well. Dealing with space however means
that incomparable initials cannot be excluded straight away. If they correspond to
space-like related events, like in tossing two dice at the same time, then we want
the respective possibilities to combine, in a Cartesian product-like fashion. (It is
still better, and more general, to keep talking about consistent sets of transitions.)
Probabilistic correlations return as a live option: the causal Markov condifion only
consirains “vertical” combinations of transitions, not “hordzontal” oneg.?

7 In fact I believe that it is useful to read the present paper as as introduction (o the
mentioned paper, giving a broader motivational background for the technical apparatus
that is deveoped there,

&  This will not do for some models of general relativity, An appropriate extension of the
framework is still a desideratum,

9 The BST framework also leaves room for a broader notion of correlation called “modal
funny business™: it may wm out that focal alternatives do nol combine smoothly to
form joint possibilities. Perfect correlations in quantum mechanics may be an example
of such sirange combinatorics. So far, BST probability theory has not been extended
to cases of modal funny business. The matler certainly merits further study.



Given this framework, it becomes possible to tackle the issue of screening off
for probabilistic correlations in an integrated and formally perspicuous manner,
For ap inital result, and for the technical background, see Miiller (2005).

CONCLUSIONS

Probabilities are graded possibilities. Different notions of possibilities afford dif-
ferent probability structures. Standard ways of combining probability spaces by
forming Cartesian products correspond to the spatial combination of possibili-
ties. The temporal combination of possibilities in branching structures such as
branching time leads to a different formalism, for which the notion of a maximat
consistent set of transitions gives the elements of a joint sample space. By repre-
senting the temporal combination of possibilities in an explicit way, the framework
contains a good motivation for the causal Markov condition. Branching time-
based probabilities are however limited because the framework cannot describe
the important case of spatial combination that lies at the bottom of the standard
approach. The theory of branching space-times provides for an integrated frame-
work in which both types of combination can be represented.
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