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Abstract

In this paper, we present a duality theory for the robust utility maximisation problem
in continuous time for utility functions defined on the positive real line. Our results
are inspired by — and can be seen as the robust analogues of — the seminal work of
Kramkov and Schachermayer (Ann. Appl. Probab. 9:904-950, 1999). Namely, we
show that if the set of attainable trading outcomes and the set of pricing measures
satisfy a bipolar relation, then the utility maximisation problem is in duality with a
conjugate problem. We further discuss the existence of optimal trading strategies. In
particular, our general results include the case of logarithmic and power utility, and
they apply to drift and volatility uncertainty.
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1 Introduction

The goal of this paper is to develop a duality theory for the robust utility maximisa-
tion problem. Given a utility function U : (0, c0) — R which is nondecreasing and
concave, one defines the robust utility maximisation problem as

u(x):= sup inf Ep[U(g)]. (1.1)
geCx) e

Here P denotes a set of possibly nondominated probability measures, and C(x) := xC
is a set of random variables. Financially speaking, the set P represents the set of pos-
sible candidates for the real-world measure, which is not known to the portfolio man-
ager who tries to solve the maximisation problem, whereas the set C(x) represents all
the possible portfolio values at terminal time 7" available with initial capital x > O.
Note that if P = {IP} is a singleton, then the robust utility maximisation problem
coincides with the classical utility maximisation problem and has the financial in-
terpretation that the portfolio manager (believes to) know the real-world measure P.
The robust utility maximisation problem with respect to nondominated probability
measures [P has been already widely studied. In the discrete-time setting, Bartl [1]
and Bartl et al. [2] consider the robust utility maximisation problem with random
endowment, Blanchard and Carassus [6] and Rasonyi and Meireles-Rodrigues [38]
consider the robust utility maximisation problem for unbounded utility functions,
whereas Neufeld and Siki¢ [29, 30] consider the case where there are convex [29]
and non-convex [30] frictions in the market. In the continuous-time setting, Biagini
and Pinar [5], Denis and Kervarec [10], Lin et al. [21], Matoussi et al. [23], Tevzadze
et al. [42] and Ugurlu [43] analyse the robust utility maximisation problem under
drift and/or volatility uncertainty, Liang and Ma [19], Neufeld and Nutz [28] con-
sider drift, volatility and jump uncertainty, Fouque et al. [12], Ismail and Pham [14]
and Pun [37] consider correlation and covariance uncertainty, Lin and Riedel [20]
consider interest rate uncertainty, Chau and Rdsonyi [8] analyse the robust utility
maximisation problem when the market has transaction costs, Guo et al. [13] use a
penalisation approach, Pham et al. [36] analyse a robust dynamic mean—variance ap-
proach, and Yang et al. [44] analyse the robust utility maximisation problem under
constraints and borrowing costs.

To the best of our knowledge, the only paper so far which provides a duality theory
for the robust utility maximisation problem with nondominated probability measures
in a continuous-time setting is the one by Denis and Kervarec [10]. Indeed, [10] pro-
vides such a duality theory under drift and volatility uncertainty, but under the strong
assumptions that the utility function is bounded and the trading strategies possess
some continuity (as a functional of the stock price). In addition, the corresponding
volatility matrix is required to be of diagonal form.

In order to get an idea how one could try to identify the dual problem for the
robust utility maximisation problem, let us recall the main idea in the seminal pa-
per by Kramkov and Schachermayer [18] which provides a complete duality theory
in the classical case where P = {IP} is a singleton. Consider the conjugate function
V: (0, 00) — R defined by

V(y) :=sup (U(x) — xy), y > 0.

x>0
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In the classical case where P = {IP} is a singleton, Brannath and Schachermayer [7]
developed a bipolar theorem on Lg (P), despite the fact that L?L(]P’) is generally not
locally convex, by considering the dual pairing (LS)r (P, L?L (P)) endowed with the
bilinear map (g, h) := Ep[gh] (see also Zitkovié¢ [45] for a conditional version).
This bipolar theorem then allows identifying the dual optimisation problem and prov-
ing that the corresponding optimisation problems are conjugate. More precisely, let
CC LQF(IP)) and define the polar set

D:={he L) (P): Ep[gh] <1 forall g €C}.
Then one can define the dual optimisation problem by
= inf Ep[V (yh)].
v(y) Jinf plV(yh)]
By the bipolar relation that
D={he L(J)F(IP’): Ep[gh] <1 for all g € C}, (1.2)
C={ge L?L(IP’): Ep[gh] <1 for all h € D} (1.3)

together with a minimax argument, Kramkov and Schachermayer [18, Theorem 3.1]
proved that indeed u and v are conjugates, namely that

u(x) = inf (v(y) +xy), x>0,
y=0

v(y) = sup (u(x) — xy), y>0. (1.4)

x>0

However, in the robust analogue where P is not a singleton, it is not clear how to
find a suitable dual pairing (X, X*) for X D C such that bipolar relations like (1.2)
and (1.3) hold. Our approach is the following. Instead of working on an arbitrary
measurable space (€2, F), we impose that €2 is a Polish space endowed with its Borel
o -field. This allows us to use the natural dual pairing (Cp(£2), J(£2)) consisting of the
bounded continuous functions Cj, := Cp,(£2) together with the set of Borel probability
measures J3(2) on Q2. Given a set C of nonnegative measurable functions defined on
2, we then define its polar set by

D:={Qe’B(2): Eglg]l < 1forall g C}. (1.5)

This allows us to formulate a bipolar relation on the subset C;, namely we require
that

D={QeP(Q): Eglg] <1 forall g cCNCpl, (1.6)
CNCy={geC}: Eglg] <1forall Qe D}, (1.7)

where CEL = {g € Cp(R): g > 0}. In our first result, we show that if C is a set of
nonnegative measurable functions and D is a set of probability measures defined by
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(1.5) such that the bipolar relations (1.6) and (1.7) hold, then the functions # and v
defined by (1.1) and

dQ
= inf_inf Eg|V(yS
PO) = Jib e Q[ <ydIP>]

indeed satisfy both conjugate relations in (1.4); see Theorem 2.10 below. Here, we set
V(—00) := 00, and ‘é,% := —o0 if QQ is not absolutely continuous with respect to IP.

At first glance, the bipolar relations (1.6) and (1.7) might seem restrictive. How-
ever, it turns out that, in fact, this bipolar relation is naturally satisfied in the con-
text of drift and volatility uncertainty. Let Q = C ([0, T]; R¢) and consider the set of
probability measures P := P (®) for which the canonical process (S;)o<;<r is a
semimartingale with differential characteristics taking values in a set ® C R? x Si.
Then we define

C:={g: 2—>[0,00]: IH € Hsuchthat g <1+ (H - S)7 P-a.s.,VP e P} (1.8)

so that C is the set of P-quasi surely superreplicable claims, and D is its polar set
defined in (1.5). As admissibility condition on the set H of hedging strategies, we
require for each H € H that the stochastic integral satisfies H - § > —c P-a.s. for all
[P € P for some constant ¢ > 0 (where ¢ can depend on both H and P), similarly to
the classical admissibility condition. This setting can be seen as the robust analogue
to the setting of Kramkov and Schachermayer [18, Theorem 2.1]. We show in the
proof of Theorem 3.4 below that for P :=Pg; (©) together with C and D defined in
(1.8) and (1.5), the bipolar relations (1.6) and (1.7) are satisfied automatically.

Let us explain why (1.6) and (1.7) hold. To see that (1.6) holds, note that since C
is the set of superhedgeable claims, every element in D satisfies Eg[(H - S)r] <0
for all H € ‘H. In other words, D can be seen as the set of separating measures (in
the notion of Kabanov [16]). Moreover, since S has continuous sample paths, it is
well known that the set of separating measures coincides with the set of local martin-
gale measures; see e.g. Delbaen and Schachermayer [9, Lemma 5.1.3]. Having this
in mind, the condition (1.6) means that the set of separating measures is already de-
termined by the superhedgeable claims which are continuous. We show that this is
indeed true due to the Polish structure of €2; see Propositions 5.7 and A.2.

To see that (1.7) holds, we need to show that every nonnegative and continuous
bounded claim g can be superhedged. In the classical theory where P = {P} is a sin-
gleton, this has been proved (even for measurable claims) by El Karoui and Quenez
[11] and Kramkov [17] in the following way. First they show that there exists a non-
negative process (¥;)o<;<r with Y7 = g such that Y is a Q-supermartingale for every
equivalent local martingale measure Q. Then the optional decomposition theorem
guarantees that g = Y7 <14 (H - §)r for some hedging strategy H. Robust ana-
logues of the results in [11] and [17] have recently been developed by Soner and
Nutz [35], Neufeld and Nutz [25] and Nutz [34] and are compatible with the set
P :="Pi,(©). This allows us to prove that indeed (1.7) holds; see Proposition 5.9
below.

After sketching how to verify the bipolar relation for drift and volatility uncer-
tainty, let us continue to briefly sketch the main ingredients for the proofs of our ab-
stract main results, Theorems 2.10 and 2.16. The proof of Theorem 2.10, which deals
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with utility functions that are bounded from below, follows the lines of Kramkov
and Schachermayer [18] and makes use of arguments from convex analysis. Here
the bipolar relation of the trading outcomes and the pricing measures is crucial, and
the Polish structure of the underlying space allows us to overcome difficulties arising
from the non-dominated framework. Theorem 2.16 then extends the previously ob-
tained results to utility functions which are unbounded (from both above and below),
for instance logarithmic or power utility functions (see also Corollaries 3.6 and 3.7).
This is done by means of an approximation which requires us to construct ‘optimal’
trading strategies. In contrast to the classical (dominated) framework, the existence
of such strategies cannot be proved by tools such as the Komlés lemma, and we rely
on the so-called medial limits instead.

The remainder of this paper is organised as follows. In Sect. 2, we present the
main results in the abstract setting. In Sect. 3, we state our main results in the setting
of drift and volatility uncertainty. The proofs of the results of Sect. 2 are provided in
Sect. 4, and the proofs of the results of Sect. 3 are in Sect. 5.

2 Main results in the abstract setting

We fix a time horizon T € (0, co) and a Polish space €2 with its Borel o-field /. We
denote by B(2) the set of all Borel probability measures endowed with the topol-
ogy induced by weak convergence, making it a Polish space as well. Without further
mention, we interpret J3(£2) as a subset of the set of all nonnegative finite measures.
We denote by F* := (\peyp() & P the universal o -field. Moreover, we denote by Cj,
the set of all continuous functions from €2 to R and by C ;’ the subset of all nonnega-
tive functions in Cp. We denote by Sﬁ the set of all symmetric positive semi-definite
matrices in R?*4 and by Sﬁlr 4+ C Sﬂ{ the set of all positive definite matrices in SSZF. We
say that A < B holds for A, B € RY*d if B — A is in Sff_.

We first fix a nonempty set P C PB(£2), which represents the set of possible candi-
dates for the unknown real-world measure, and a nonempty set

CC{X:Q— [0,00]: X is F*-measurable}. (2.1)
We set C(x) := xC for every x > 0. Then we fix ¢ £ 1 C B(2) and define
D:={Qe*B: Eg[X]=<1forall X eC}. (2.2)

We set D(y) := yD for every y > 0. In other words, we interpret D, roughly speak-
ing, as the polar set of C. Typically, one chooses 3 := B (2) or

P :={Q e P(R): 3P € P such that Q ~ P}; (2.3)

see also Sects. 3 and 5. Note that a priori, there are no restrictions on the set 3. If 3
is given by (2.3) as in Sect. 3, it corresponds to all semimartingale models @Q which
are equivalent to at least one of the candidates P € P.

We impose the following assumption, which is standard in the utility maximisation
literature in mathematical finance; see e.g. Kramkov and Schachermayer [18].
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Assumption 2.1 For every P € P, there exists a Q € D such that Q < P.

A function U : (0, 00) — [—o00, 00) is called a utility function if it is concave and
nondecreasing. We fix a utility function U and define U (0) := lim, o U (x). More-
over, we consider the conjugate function

V(y) :=sup (U(x) —xy), y >0,

x>0
V(O :=limV(y),
y40 Y
V(y) := 400, y <O0.

In the following two subsections, we present our main duality results for the robust
utility maximisation problem in the abstract setting, where we distinguish the two
cases U(0) > —oo and U (0) = —o0.

2.1 Main result for utility functions bounded from below

This subsection provides our main result for utility functions U with U (0) > —o0.
More precisely, we impose the following condition on U'.

Assumption 2.2 The utility function U : [0, c0) — R is real-valued.

The robust utility maximisation problem is then defined as the maximisation prob-
lem

u(x):= sup inf Ep[U(g)], x> 0. (2.4)
geCx) e

Remark 2.3 Note that Assumption 2.2 ensures that U : [0, oc0) — R is continuous;
see Rockafellar [39, Theorem 10.1]. Moreover, common utility functions defined on
(0, 00) like the power utilities U (x) := %xp , p € (0, 1), and the exponential utilities

U(x) = —e ™, 1 > 0, satisfy Assumption 2.2.

We define the corresponding dual function

dQ
= inf inf Ep|V|—])/[, > 0, 2.5
v QeD(y) PeP P|: (dIP’)i| Y 2.5)
where we make the convention % := —oo if QQ is not absolutely continuous with

respect to [P. We impose the following standard condition (see e.g. [18]) on the robust
utility maximisation problem.

Assumption 2.4 There exists xg € (0, 00) such that u(xg) < oo.

For the second part of the main result of this subsection, we assume that medial
limits exist.
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Assumption 2.5 There exists a positive linear functional limmed: ¢*° — R, called
medial limit, satisfying liminf,_, », <limmed, o < limsup,_, ., and such that for
any uniformly bounded sequence of universally measurable functions X, : 2 — R,
n € N, the medial limit X := limmed,—, - X, is universally measurable and satis-
fies Ep[X] = limmed, - Ep[X,] for every P € 3(2). Moreover, following Bartl
et al. [2], we extend the definition of the lim med from £ to [—o0, co]N by setting

lim med x,, := sup inf limmed ((—m) Vv (x, A k)).
n— 00 keNmGN n—o00

Remark 2.6 The existence of the medial limit is guaranteed under the usual ZFC ax-
ioms together with Martin’s axiom; see Meyer [24] and Normann [31]. In the robust
mathematical finance literature, the usage of medial limits appeared first in Nutz [32]
to construct an (aggregated) stochastic integral simultaneously under a set of non-
dominated probability measures. In Nutz [33], medial limits were applied to con-
struct superhedging strategies in the quasi-sure setting in discrete time. Moreover,
Bartl et al. [2] used medial limits in the context of robust utility maximisation on
the real line in the discrete-time setting. Roughly speaking, medial limits turn out to
be particularly useful in robust finance theory when dealing with a set of nondomi-
nated probability measures, where classical limit arguments like the Komlés theorem
cannot be applied; we refer to [32, 33, 2] for more details and properties regarding
medial limits.

Under the condition that Assumption 2.5 holds, we define, for every x > 0,
C(x) :={limmedg, : 2 — [0, 00]: (gn)nen S C(x)}

and C := C(1). Observe that C(x) = xC for all x > 0 and we write C(x). Moreover,
we also consider the robust utility maximisation problem

u(x):= sup inf Ep[U(g)], x>0, (2.6)
geCx) " ©

and impose the following conditions.
Assumption 2.7 There exists xg € (0, 00) such that u(xg) < oo.

Assumption 2.8 For every x € (0, 00) and (g,,)nen € C(x), the sequence of random

variables
1
maX{U(gn—l——),O}, neN,
n

is uniformly integrable with respect to IP for all P € P.

Remark 2.9 Whereas Assumptions 2.4 and 2.7 are standard in the mathematical fi-
nance literature, Assumption 2.8 is not common. However, note that every utility
function U which is bounded from above automatically satisfies Assumptions 2.4,
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2.7 and 2.8, no matter what C and P are. In addition, we show in Sect. 5.2 that in the
setting of drift and volatility uncertainty (see Sect. 3), Assumptions 2.4, 2.7 and 2.8
are automatically satisfied for the logarithm and power utility functions.

Now we are ready to state our main result in the abstract setting for utility func-
tions U satisfying Assumption 2.2, which can be seen as a robust version of the
classical result of Kramkov and Schachermayer [18, Theorem 3.1]. Note that as in
[18, Theorem 3.1], no asymptotic elasticity condition on U is needed.

Theorem 2.10 Let U be a utility function satisfying Assumption 2.2, let C, D be as in
(2.1) and (2.2), and let P be a set of probability measures such that Assumptions 2.1
and 2.4 hold. Moreover, assume that

1) the sets P, D of probability measures are both convex and compact,
2) we have

D={Qe’B: EglX]I=<1forall X € CNCpl;
3) we have
{XeC:EglX]1<1forallQeD}=CNCp.

Then the following hold:

(1) u from (2.4) is nondecreasing, concave, and u(x) € R for all x > 0.
(1) v from (2.5) is nonincreasing, convex and proper.
(i) The functions u and v are conjugates, i.e.,

u(x) = ing (v(y) —|—xy), x>0,
y=

v(y) = sup (u(x) — xy), y > 0.

x>0
(iv) For every x > 0, we have

u(x):= sup inf Ep[U(g)]= sup inf Ep[U(g)].
geC(x) PeP geC(x)NCyp PeP

If we assume in addition that Assumptions 2.5, 2.7 and 2.8 hold, then we additionally
obtain:

(v) Forevery x > 0, we have
ux)=ux).
(vi) For every x > 0, there exists g € C(x) such that

inf Ep[U(g)]= sup inf Ep[U(g)]=:u(x).
PeP 2eC(x) €

Remark 2.11 Item (ii) implies that v(y) > —oo for all y € [0, co) and that there exists
vo € (0, 00) such that v(y) € R for all y > yy.
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2.2 Main result for utility functions unbounded from below

In this section, we provide our main result for utility functions U with U (0) = —oo.
More precisely, we impose the following condition on U'.

Assumption 2.12 The utility function U : [0, c0) — [—00, 00) has U(0) = —oo0,
U (0,00 18 real-valued, and we have

. U(xy)
lim =

n—>o0 X

0

for every sequence (x;),en C (0, 00) with lim,,—, o X, = 00.

Remark 2.13 Note that Assumption 2.12 and the fact that U (0) := lim, o U(x) en-
sure that U : [0, 00) — [—00, 00) is continuous; see [39, Theorem 10.1]. Moreover,
common utility functions on (0, co) like the logarithmic utility U (x) := log x and the

power utilities U (x) := %x”, p € (—00, 0), satisfy Assumption 2.12.

In this section, we impose that medial limits exist (see Assumption 2.5) and con-
sider the robust utility maximisation problem in (2.6). In addition, we assume the
following.

Assumption 2.14 Let

Vi(y) :=sup (Ui(x) —xy),  y>0,

x>0

where Uy(:) :=U(- 4+ 1), x > 0. Then for each y > 0 and each P € P, there exists

Q € D such that
d
Ep[max{vl( —J%) 0” < 00.

Remark 2.15 Although Assumption 2.14 is a priori not standard in the literature, we
observe that it is a modest assumption. Indeed, every utility function U which is
bounded from above automatically satisfies Assumption 2.14, no matter what C and
P are (because V7 is nonincreasing with V1(0) = Uj(0c0) = U (00)). In addition, we
show in Sect. 5.2 that in the setting of Sect. 3, Assumption 2.14 is automatically
satisfied for the logarithm and power utility functions. Furthermore, Assumption 2.14
implies that v(y) < oo for all y > 0.

Theorem 2.16 Let Assumption 2.5 hold. Let U be a utility function satisfying As-
sumption 2.12, let C, D be as in (2.1) and (2.2), and let P be a set of probability
measures such that Assumptions 2.1, 2.7, 2.8 and 2.14 hold. Moreover, assume that

1) the sets P, D of probability measures are both convex and compact;
2) we have

D={QeP: Eg[X] < 1forall X eCNCp};
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3) we have
{X eC/: EglX]1<1forallQeD}=CNCy.

Then the following hold:

(1) u from (2.6) is nondecreasing, concave, and u(x) € R for all x > 0.
(11) v from (2.5) is nonincreasing, convex, and v(y) € R for all y > 0.
(111) The functions u and v are conjugates, i.e.,

ux) = in{J (v(y) —|—xy), x>0,
y=

v(y) = sup (E(x) — xy), y > 0.

x>0
(iv) For every x > 0, there exists g € C(x) such that

inf Ep[U(g)]= sup inf Ep[U(g)]=:u(x).
PeP ge@(x) €

3 Main results under drift and volatility uncertainty

The goal of this section is to show that the main assumptions imposed in The-
orems 2.10 and 2.16, namely the bipolar relation of C and D and the convex-
compactness assumption on P and D, are naturally fulfilled in the context of si-
multaneous drift and volatility uncertainty.

To that end, in this section, let Q2 = C([0, T']; RY) with its Borel o-field F. We
denote by (S;)o</<7 the canonical process on €2, i.e., S;(w) = w(t). Moreover, let
F := (F1)o<i<r be the raw filtration generated by S, i.e., F; = o (Ss,s <t), and
denote by F* = (F;")o<;<7 the corresponding universal filtration.

Now consider the following sets of Borel probability measures on €2 which were
introduced in Neufeld and Nutz [26]. We set

Psem := {P € P(2): S is a semimartingale on (2, F,F,P)},
Psgm = {P € Psem: B < dt, c” < dt P-as.},

where BT and CT denote the first and second characteristic of the continuous semi-
martingale S under P. For any Borel set ©® € R¢ x Si, we then define the set P by

©):={PePe . ", Fe® PRdr-ael, (3.1)

sem *

P =P

s€m

where (b7, cF) = (%, %) denote the differential characteristics of S under P. We
use the standard terminology to say that a property holds P-q.s. if it holds true P-a.s.
for all P € P. Throughout this section, we fix a set ® C RY x Sﬁ and impose the

following conditions.
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Assumption 3.1 The set ® C RY x Si satisfies the following properties:

e O is convex and compact;
e there exists ¢ € SfZH such that ¢ < ¢ for all ¢ € proj.(®) =: ®., where

proj.(®) :={c e Si: 3b € R? such that (b, c) € B}.

Remark 3.2 Assumption 3.1 guarantees that each ¢ € ®, is in Si - and in particular is
invertible. Moreover, we have for each ¢ € ®, that both ¢ and ¢~! are bounded. The
uniform ellipticity condition in Assumption 3.1, however, imposes that each P € P
corresponds to a complete financial market. From a technical point of view, this con-
dition allows us for each P € P to guarantee the existence of an equivalent mar-
tingale measure Q € M := Psaecm((:j), where © :={0,...,0} x O, CRY x Si, and
conversely for each QQ € M, there exists P € P such that P~ Q; we refer to Propo-
sition 5.2. We point out that a similar condition has also been imposed in Denis and
Kervarec [10]; see Hypothesis (H) in their paper. This in turn allows us to identify
D = M, which together with Proposition A.2 is the key property enabling us to show
that the bipolar relation on the subset C}, introduced in (1.6) and (1.7) naturally holds
in the context of drift and volatility uncertainty; we refer to Propositions 5.7 and 5.9.

Next, let us introduce a particular filtration G := (G;)o</<7 defined by

G=(\FrvNT), 0<t=T, (3.2)

s>t

where N7 is the collection of all sets which are Fr-P-null (i.e., subsets of P-nullsets
in F7) for all P € P. A priori, the filtration G looks unnatural. However, it will be
helpful in the sequel to apply results from Neufeld and Nutz [25] and Nutz [34] where
this filtration has been used; see also Remark 5.3. In addition, note that for every
P € P, the filtration G satisfies F € G C F- , where [F4+ denotes the right-continuous
version of [F and IF]_P(_ denotes the usual P-augmentation of I ; see also the following
Remark 3.3.

Remark 3.3 It follows from [26, Proposition 2.2] that the process (S;)o<;<r is a
(P, F)-semimartingale if and only if it is a (PP, F;)-semimartingale, if and only if
itis a (PP, FE)-semimartingale. Moreover, the associated semimartingale characteris-
tics with respect to these filtrations are the same. In particular, we see that (3.1) does
not depend on the choice of the filtration G, as longas F C G C IF]_PL.

For any fixed P € P3(€2) such that S is a P-semimartingale and any (predictable)
process H which is (P, §)-integrable in the semimartingale sense (see e.g. [15,
Definition II1.6.17]), denote by fHdS =H-S:=®H.S) the usual stochas-
tic integral under IP. Let H be the set of all G-predictable processes H which are
(P, S)-integrable in the semimartingale sense for all P € P and such that H - § > —c¢
[P-a.s. for all P € P for some constant ¢ > 0, where ¢ may depend on H and P. Fi-
nally, we specify the sets C, D appearing in Theorem 2.10 of the previous section.
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We define

C:={X:Q — [0, 00] Fj-measurable: 3 H € H with
1+ (H-S)r>X P-qs.},
P (P) :={Q e P(R): IP € P such that Q ~ P},
D:={Q eP(P): Eg[X] <1 forall X €C}. (3.3)

Note that we choose 3 := B, (P) in the definition of D. Moreover, for all x, y > 0,
we define the sets C(x), C(x) and D(y), as well as the functions u(x), #(x) and v(y)
analogously to Sect. 2. Now we are able to state the main results of this section. We
distinguish the two cases U (0) > —oo and U (0) = —oo0.

Theorem 3.4 Let U be a utility function satisfying Assumption 2.2, and let P, C and
D defined in (3.1) and (3.3) be such that Assumptions 2.4 and 3.1 hold. Then:

(D) Items (1)—(iv) of Theorem 2.10 hold.

If we assume in addition that Assumptions 2.5, 2.7 and 2.8 hold, then we additionally
obtain:

(I) Items (v) and (vi) of Theorem 2.10 hold.

Theorem 3.5 Let Assumption 2.5 hold. Let U be a utility function satisfying Assump-
tion 2.12, and let P, C and D defined in (3.1) and (3.3) be such that Assumptions 2.7,
2.8,2.14 and 3.1 hold. Then:

(I) Items (1)—(iv) of Theorem 2.16 hold.

The idea of the proofs of Theorems 3.4 and 3.5 is to verify the bipolar relation of
C and D and the convex-compactness assumption on P and D so that one can apply
Theorems 2.10 and 2.16, respectively. We refer to Sect. 5.1 for their proofs.

Finally, we should like to emphasise that Assumptions 2.4, 2.7, 2.8 and 2.14
are naturally satisfied in the setting of Sect. 3 by showing that they automatically
hold true in the cases where U (x) = logx, U(x) = %, p € (—o0,0)U (0,1), and
Ukx)= —e M, A > 0; see also Remarks 2.9 and 2.15. As in the previous results, we
distinguish the two cases U (0) > —oo and U (0) = —oo0.

Corollary 3.6 Let U be either a power utility U(x) = % for some p € (0,1) or an

exponential utility function U (x) = —e™** for some A > 0. Moreover, let P, C and D
defined in (3.1) and (3.3) be such that Assumption 3.1 holds. Then

(D) Items (1)—(iv) of Theorem 2.10 hold, and v(y) € R for all y > 0.
If we assume in addition that Assumption 2.5 holds, then we additionally obtain:

(1) Items (v) and (vi) of Theorem 2.10 hold.

Corollary 3.7 Let Assumption 2.5 hold. Let U be either the log utility function
U(x) =logx or a power utility U(x) = % for some p € (—o0,0). Moreover, let
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P, C and D defined in (3.1) and (3.3) be such that Assumption 3.1 holds. Then:
(I) Items (1)—(iv) of Theorem 2.16 hold.

The proofs of Corollaries 3.6 and 3.7 are provided in Sect. 5.2.

4 Proofs of Theorems 2.10 and 2.16

We start with two well-known results on the extension of utility functions defined on
(0, 00), which we provide for the sake of completeness.

Lemma 4.1 Let U: (0,00) — R be a nondecreasing and concave function. Let
V: (0, 00) = (—00, o] be defined by

V(y) :=sup (U(x) —xy), y > 0. 4.1)

x>0

Moreover, define U:R— [—00, 00) and V:R— (—o0, o] by

U (x) forx >0, V(y) fory >0,
ﬁ(x) = {limy 0U(x) forx=0, V(y) =1qlimy o V(y) fory=0, (4.2)
—00 for x <0, ) fory <O.

Define the function ¢ : R — (—o00, 00| by ¢(x) = —ﬁ(—x), x € R. Then:

(1) U is nondecreasing, concave, proper and upper semicontinuous.
(i1) Vis nonincreasing, convex, proper and lower semicontinuous.
(ii1) V is the convex conjugate of ¢.
(iv) We have for every x > 0 that U (x) = infy>o(V (y) + xy).

Proof Item (i) and that V is nonincreasing follow directly from the definitions and
assumptions together with [39, Theorem 10.1]. Therefore ¢ is convex, proper and
lower semicontinuous. Hence the biconjugate theorem (see [39, Theorem 12.2]) en-
sures that the conjugate ¢™* of ¢ is convex, proper and lower semicontinuous and that
¢** = @. Therefore, to prove (ii) and (iii), it remains to show that ¢* = V. To that
end, note that (4.2) implies for every y € R that

™ (y) = sup (xy - (- ﬁ(—x))) =sup (—xy+ ﬁ(x)) =sup(—xy+ (7(x)).

xeR xeR x>0

As a consequence, we see that R o y — ¢*(y) is nonincreasing, that

*(y) = su%(—xy + ﬁ(x)) = Su% (x|y| + ﬁ(x)) =400 for any y <0,
x> x>

and due to (4.1) that for any y > 0,

©*(y) = sup ( —xy+ ﬁ(x)) = sup ( —xy+ U(x)) =V(y). 4.3)

x>0 x>0
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Moreover, ¢* being nonincreasing implies that ¢*(0) > limsup,, |5 ¢*(y), and ¢™ be-
ing lower semicontinuous implies that ¢*(0) < liminf o ¢*(0). Therefore we obtain
from (4.3) that

V(0) = 1;% V(y) = lyif&‘p (y) =¢"(0).

This shows that ¢* = V.
Finally, to see that (iv) holds, note that the biconjugate theorem (see [39, Theo-

rem 12.2]) and (iii) imply that

sup (xy = V() =™ x) =px)=-U(-x), xeR
ye

Therefore, we deduce from (4.2) that for all x > 0,

Ux)=U(x) =—sup(—xy— V() = inf (xy + V(y))
yeR yeR

= yu;% (xy + \7()7)) = ;leg (xy + V()’))- [

Lemma 4.2 Let V: (0,00) — R be a nonincreasing and convex function, and let
U: (0,00) = [—00, 00) be defined by

U(x):= ing (V(y) +xy), x>0. (4.4)
y=

Moreover, define U:R— [—00, 00) and V:R— (—o0, o] by

U(x) for x > 0, V(y) fory >0,
U(x) := {lim, o U(x) forx=0, V(y):=1limy o V(y) fory=0,
—00 for x <0, 00 fory < Q0.

Define the function ¢ : R — (—o00, 00| by ¢(x) = —l7(—x), x € R. Then:

(1) U is nondecreasing, concave, proper and upper semicontinuous.
(i1) Vis nonincreasing, convex, proper and lower semicontinuous.
(ii1) V is the convex conjugate of .
(iv) We have for every y > 0 that V (y) = sup, (U (x) — xy).

Proof Item (ii) and that U is nondecreasing follow from their definitions and [39,
Theorem 10.1]. Moreover, since for any y > 0, the function (0, 00) 3 x — V(y) +xy
is continuous and affine, we get from (4.4) that U is concave and upper semicontin-
uous. As a consequence, we see that ¢ is a convex lower semicontinuous function.
Moreover, (4.4) and the definitions of u,v imply that

inﬂfq{ (V(y) —i—xy) = ing (V(y) —|—xy) = l7(x) for any x € R.
ye y=


bib-kops-pc
Notiz
None festgelegt von bib-kops-pc

bib-kops-pc
Notiz
MigrationNone festgelegt von bib-kops-pc

bib-kops-pc
Notiz
Unmarked festgelegt von bib-kops-pc

bib-kops-pc
Notiz
None festgelegt von bib-kops-pc

bib-kops-pc
Notiz
MigrationNone festgelegt von bib-kops-pc

bib-kops-pc
Notiz
Unmarked festgelegt von bib-kops-pc

bib-kops-pc
Notiz
None festgelegt von bib-kops-pc

bib-kops-pc
Notiz
MigrationNone festgelegt von bib-kops-pc

bib-kops-pc
Notiz
Unmarked festgelegt von bib-kops-pc


483

Therefore, we get that

¢(x)=—U(—x) = — inf (V(y) —xy)=sup(— V(y) + xy).
yeR yeR

Hence we conclude that ¢ is the convex conjugate of V.NIn particular, as Vis proper,
we get from [39, Theorem 12.2] that ¢ and hence also U is proper. Moreover, by the
biconjugate theorem (see [39, Theorem 12.2]), we have V = V** = ¢*. Thus we see
that (i)—(iii) hold.

Finally, (i)—(iii) and the biconjugate theorem (see [39, Theorem 12.2]) imply that
for all y > 0,

V(y) =V () = V™) =sup (xy — V*(x)) = sup (xy — ¢**(x))

xeR xeR
= sup (xy — <p(x)) = sup (xy + ﬁ(—x)) = sup ( —xy+ ﬁ(x))
xeR xeR xeR
=sup(—xy—|—l7(x))=sup(—xy+U(x)). U
x>0 x>0

We also consider the robust maximisation problem, which will be useful in the
sequel, given by

uc-(x) = sup inf Ep[U(g)], x> 0.
ge(CNCy) PEP

Lemma 4.3 Suppose {X € C;r: EglX] < 1forallQ € D} =C N Cp, and Assump-
tions 2.1 and 2.4 hold. Then (0,00) > x > u(x) and (0, 00) > x +— u.(x) are both
finite-valued, nondecreasing and concave. In particular, with u(0) :=lim, o u(x) and
uc(0):=1limy g uc(x), both [0, 00) > x> u(x) and [0, 00) > x > u.(x) are continu-
ous.

Moreover, if in addition Assumptions 2.5 and 2.7 hold, then (0, 00) > x > u(x) is
finite-valued, nondecreasing and concave. In particular, if u(0) :=limy o u(x), then
[0, 00) © x  u(x) is continuous.

Proof First note that the assumptions ensure that the constant function 1 belongs to
C N Cp CC. This implies for every x > 0 that

u(x)= sup inf Bp[U(g)]> inf Ep[U(x)]=U(x) > —00.  (45)
g€C(x) Pe PeP

Since U is concave and nondecreasing and C(x) = xC for all x > 0, it immediately
follows that u is concave and nondecreasing, too. Furthermore, u being nondecreas-
ing, concave and Assumption 2.4 ensure that u(x) < oo for every x > 0 since any
nondecreasing concave function is finite everywhere if it is finite in one point. To-
gether with (4.5), we see that u(x) € R for all x > 0. Finally, the continuity of # now
follows from [39, Theorem 10.1]. Since 1 € C N Cp, the same arguments guarantee
that the results also hold for u...

For the second part, note that Assumption 2.5 ensures that medial limits exist and
hence u is well defined. Using Assumption 2.7, the result for u now follows by the
same arguments. U
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From now on, we define, for f € {u, u., u},
f(0):=1lim f(x) € [-00, 00),
x]0

which are well defined by Lemma 4.3. We start with the proof of Theorem 2.10 where
U satisfies Assumption 2.2. This will help us to prove Theorem 2.16 where U only
satisfies Assumption 2.12.

Proof of Theorem 2.10 We begin with the first part (which does not involve ). First,
(1) has been proved in Lemma 4.3. We next prove (iii) and (iv). Note that the definition
of V ensures forany y >0, x >0, g € C(x), Pe P, Q € D with Q « IP that

d d
EP["G(%)} > EP[U(g) - gyd%]
=Ep[U(g)] — yEqlgl = Ep[U(g)] — xy. (4.6)

This ensures for all x, y > 0 that

sup  inf Ep[U(g)] —xy < sup inf Ep[U(g)] —xy <v(y), 4.7)
ge(C(x)NCy) PEP geC(x) PP

which in turn implies that

sup (ue(x) — xy) <sup (u(x) —xy) <v(y),  y=>0. (4.8)

x>0 x>0

Moreover, (4.8) implies for every y > 0 that
u(0) = hﬁ)l (u(x) — xy) <v(y), 4.9)
X
and hence we obtain the weak duality

sup (uc(x) — xy) <sup (u(x) — xy) <v(y), y > 0. (4.10)

x>0 x>0

To see the opposite inequalities, note that by the bipolar representation in assumptions
(2) and (3), it holds forall x >0, y >0 and g € C;' that g € C(x) N Cp if and only if
Supgep(y) Eqlgl < xy, and hence we obtain for every y > 0 that

sup (uc(x) —xy)=sup sup inf (Ep[U(g)]—xy)
x>0 x>0geC(x)NC, PE

= sup inf inf (Ep[U(g)]— Eglg]). 4.11)
geC%IPePQeD(y)( & Q g)

Now, for every g € C;', the mapping

D xP>(Q,P)— Ep[U(g)] — Eqlg] (4.12)
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is convex, and also lower semicontinuous since U (g) is bounded from below. More-
over, for every fixed (Q, P) € D x P, the mapping

C; > g Ep[U(g)] — Eglgl

is concave. This, (4.12) and the assumption that both D and P are compact ensure
that we can apply Sion’s minimax theorem (see Sion [41, Theorem 4.2°]) which es-
tablishes for every y > 0O that

su inf Ep[U(g)] — Eglg]
gec%' ]P’eP,QeD(y)( & Qls )

= inf sup (Ep[U(g)] — Eolgl). 4.13
PeP,QeD()’)gec%( pLU(g) alg]) )

Moreover, one can check for any fixed P € P and Q € D(y) with Q < PP that

sup (Ep[U(g)] —Eqlgl) = Ep[sup (U(x) — Z%x)} =]EIF’|:V<§%)].

gng' x>0
This, (4.11) and (4.13) demonstrate that for every y > 0,

sup (uc(x) —xy) =v(y).

x>0

Therefore, the weak duality (4.10) and the fact that u > u,. imply that

sup (uc(x) — xy) =sup (u(x) — xy) = v(y), y > 0. (4.14)

x>0 x>0
Moreover, note that (4.14) together with Lemmas 4.3 and 4.1 shows that

ue(x) = inf (v(y) +xy) =u(x), x>0,
y=

which together with (4.14) proves that (iii) and (iv) hold. Furthermore, note that (i)
and (ii1) together with Lemma 4.1 imply that v is nonincreasing, convex and proper,
which proves (ii). This finishes the first part of the proof.

To prove the second part of Theorem 2.10 (which involves u), note that by the defi-
nition of g € C(x), there exists a sequence (g,)neN € C(x) with g = limmed,,— oo gn-
Therefore, the definition of V and Fatou’s lemma for the medial limit (see Bartl
et al. [2, Lemma 3.8(v)]) imply that forany y >0, x >0, g€ C(x),PeP,QeD
with Q K P,

d d
EP[V<yd%>] > Ep[U(g)] — Ep [gyd%}
=Ep[U(g)] - yEg| limmedg, |
> Ep[U(g)] —y 1i§1n%rggdlE@[gn]
> Ep[U(g)] — xy. (4.15)
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This, the fact that u(x) < u(x) as C(x) € C(x) for every x > 0, (4.14) and (4.9) (with
u replaced by u) show that

u(y) =sup (u(x) — xy) < sup (E(x) —xy) <v(y),  y>0,

x>0 x>0

which implies that

sup (u(x) — xy) = sup (ﬁ(x) — xy) =v(y), y > 0.

x>0 x>0

Combining this with Lemmas 4.3 and 4.1 shows that

u(x) = inf (v(y) +xy) = u(x), x>0,
y=0
which proves (v).

Finally, to see that (vi) holds, we know from (v) that = u; hence for each n € N,
there exists an element g, € C(x) such that

1
u(x) < inf Ep[U(g,)]+ —. (4.16)
PeP n
Define
2 :=limmedg, € C(x).
n—oo

Since U is concave, we obtain by Jensen’s inequality for medial limits (see [2,
Lemma 3.8(iii)]) that

U®@) = U(limmedgn> > limmed U (g,).
n—oo n— oo

By Assumption 2.8, the sequence max{U(g,),0}, n € N, is uniformly integrable
with respect to any P € P. Therefore, Fatou’s lemma for the medial limit (see [2,
Lemma 3.8(v)]) and (4.16) ensure that

1
inf Ep[U(2)] > inf limmedEp[U(g,)] > lim med (ﬁ(x) — —) =u(x).
PeP PeP n—o0 n— 00 n
This shows that (vi) holds and finishes the proof. ]

It remains to prove Theorem 2.16. To that end, from now on, we define, for every
neN,

1
U, (x) ::U(x—i——), x>0,
n

Va(y) := Sup(Un(x)_xy>’ y =0,

x>0
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and define u, and v, as in (2.6) and (2.5), but for U,, and V,,, respectively. Note that if
U satisfies Assumption 2.12, then each U,,, n € N, is a utility function which satisfies
Assumption 2.2; in particular, we can apply Theorem 2.10 to each U,,. This will be
useful, by applying a limit argument, to prove Theorem 2.16.

Lemma4.4 Let the assumptions in Theorem 2.16 hold. Then for every y > 0, we have
inf,en Vo (y) = V().

Proof Since U, > U, it follows from the definition that V,, > V for each n € N, and
hence we focus on showing that inf,cn V,, < V. To that end, fix some y > 0 and let
(Xn)nenN € [0, 00) be such that for each n € N,

1 1 1
Vn(y):sup(U(x+—)—xy)sU(xn+—>—xny+—. 4.17)
n n n

x>0

In particular, by monotonicity of U, we have that

1 1 1
sup (U(x) —xy) <sup (U(x + —) —xy) < U(xn + —) —x,y+—. (4.18)
n n n

x>0 x>0

Now notice that U satisfying Assumption 2.12 enforces that lim inf,,_, 5, x, > 0, since
otherwise liminf,, o U (x, + 1/n) — x,y = U(0) = —o0, which contradicts (4.18)
since U |(0,00) 18 real-valued by Assumption 2.12; indeed, if the right-hand side of
(4.18) is —oo, we get U(1) — y < sup,~o(U(x) — xy) < —oo. Therefore, without
loss of generality, we may assume that x, > O for each n. Moreover, we claim that
limsup,,_, , x, < oo. Indeed, if limsup,,_, ., X, = 00, there is a subsequence (which
we still denote by (x,),en) such that lim,—, o X, = co. Therefore, by concavity and
monotonicity of U, we get that

U(xy) - U(xn'i'%) -

(U(xn) 4 8+U(xn))’

Xn Xp Xn nxy

where 04U denotes the right derivative of U. Therefore, as U is nondecreasing and
concave and satisfies Assumption 2.12, we obtain that

Uxn+3)
m — =

n—00 Xn

0.

For any fixed 0 < € < y, we hence see for big enough n that

‘Uun+%><8

Xn

This ensures for any big enough n that

1 U, + L
UGWP)—MJ=M<Jl—lLﬂ>SM@‘”<Q
n

Xn
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This in turn implies that

1
lim U(xn + —) — X,y = —00,
n—00 n

which again contradicts (4.18) as above. So the sequence (x;),eN 1S bounded, and
after passing to a subsequence, it has a limit x € (0, 0o). Then (4.17) yields

1
Vi)>U(x)—xy= lim <U<xn + —) — xny) > inf V,(y),
n—>00 n neN
which completes the proof. U

Proof of Theorem 2.16 Recall that (i) has been proved in Lemma 4.3. Furthermore,
since each U, satisfies Assumption 2.2, Theorem 2.10 implies for every n € N that

Uy (x) ;= inf (vn(y) —|—xy), x>0,
y=0

v, (v) :=sup (ﬁn (x) — xy), y>0. (4.19)

x>0

Now we claim that u(x) = inf,cyu,(x) for each x > 0. Indeed, since u, > u by
monotonicity, we only need to show that u(x) > inf,,en %, (x). To that end, fix x > 0.
By Theorem 2.10 (v), we have u,, = u,; hence there exists for each n an element
gn € C(x) such that

1 1 1
i, (x) < inf E —=inf B n)| T w 2
Uy (x) = gt PlUn(gn)1+ 0 P[U(g” * n)} " (420
Define
g :=limmedg, €C(x).
n— oo

Since U is concave, we obtain by Jensen’s inequality for medial limits (see [2,
Lemma 3.8(iii)]) that

o0

1 1
U@g) = U(limmed (gn + —)) > limmedU<gn + —)-
n—oo n n— n

By Assumption 2.8, the sequence max{U (g, + 1/n),0}, n € N, is uniformly inte-
grable with respect to every [P € P. Therefore, Fatou’s lemma for medial limits and
(4.20) ensure that

1
inf Ep|U > inf li dEp|U —
Jnf Pl (?)]_Hggp imme ]P|: (gn+n)}

1
> limmed (ﬁn(x) — —) = inf u,(x).
n— 00 n neN
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This together with the fact that inf,, e %, (x) > u(x) shows that for every x > 0,
inf Ep|U =u(x)=inf u ) 421
[nf plU Q)] =u(x) nuelNun(x) (4.21)

In particular, we see that (iv) holds.

Next, we claim that inf, <N v, (y) = v(y) for each y > 0. Indeed, by Lemma 4.4,
we know that inf,,cy V,, (y) = V (y) for every y > 0, and since n +— V,,(y) is decreas-
ing, Assumption 2.14 together with the monotone convergence theorem implies for
every y > ( that

. . . dQ , dQ
Inf )= o i p it Er [ ”(y dIP)] QeD.PeP P[ (y d]P’)] v
This, (4.21) and (4.19) ensure that for every x > 0,
H(x) = inf i,(x) = inf inf (vn(y) + x)

= ;2% ( inf v, (v) + xy) = y”Z‘E (v(y) +xy). (4.22)
Furthermore, since we know from (4.19) that each v, is nonincreasing and because
inf,en v, (¥) = v(y), we see that also v is nonincreasing on [0, 00). In addition, as
n — v, (y) is nonincreasing for each y > 0 and each v, is convex, we conclude that
also v = lim,,_, o v, 1s convex. Moreover, by (4.22), we have for all x > 0, y > 0 that
u(x) <v(y) + xy, which together with Lemma 4.3 implies that v(y) > —oo for all
y > 0. In addition, by Assumption 2.14, we get v(y) < oo for all y > 0. This implies
that v(y) € R for every y > 0 and hence proves (ii). Finally, we can apply Lemma 4.2
together with (4.22) to conclude that for every y > 0, we have

v(y) =sup (u(x) — xy),

x>0

which together with (4.22) proves (iii) and finishes the proof. ]

5 Proofs of Theorems 3.4 and 3.5 and Corollaries 3.6 and 3.7

The idea of all the proofs here is to verify that the assumptions in Theorem 2.10 are
satisfied. To that end, throughout this section, we put ourselves into the setting of
Sect. 3 and refer by C, D, P to the corresponding sets specified there in (3.1) and
(3.3).

We recall the set of probability measures

P (P) :={Q eP(R): IP € P such that Q ~ P}
and consider the following sets of probability measures:
M.(P) :={Q e B.(P): Sisa (Q,F)-local martingale},
M:={Q e Pi,,: Sisa (Q,F)-local martingale with Le®, Q®dr-ae.l.
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Remark 5.1 We have M = P (0) for @ := {0, ..., 0} x O, C R x S In addition,
using Assumption 3.1, we show in Proposition 5.7 that in fact M =N, (P).

5.1 Proof of Theorems 3.4 and 3.5

Lemma 5.2 Let Assumption 3.1 hold. Then for each P € P, there exists Q € M such
that Q ~ . Conversely, for each Q € M, there exists P € P such that P ~ Q.

Proof Let P € P and consider the canonical decomposition of S under P,
t
S,:/bf)ds—i—MtP, 0<t<T,
0

P
where M is a continuous local P-martingale with %

guarantees that the stochastic process

— . Then Assumption 3.1

t
Z, :=5</ —(cf)—lb?dMgp’), 0<tr<T, (5.1)
0

where £(-) denotes the stochastic exponential, is well defined and e.g. by applying
Novikov’s condition, one sees that Z defines a strictly positive continuous P-martin-
gale. This uses that Assumption 3.1 guarantees that (¢¥)~! and b* are bounded.
Therefore, one can define a measure Q ~ PP using (Z;)o<;<7 as density process.
Moreover, Girsanov’s theorem and Remark 5.1 ensure that Q € M.

Conversely, let Q € M. By Neufeld and Nutz [26, Theorem 2.6], there exists an
[F-predictable process ¢ such that ¢ = ¢® Q ® dt-a.s. Consider the set

T:={(0,1) € Q2 x[0,T]: 3b e R? with (b, ¢, (w)) € O}.

Since ® € R? x Si is compact (and hence closed) by Assumption 3.1 and the map
(2 x[0, T xRY 3 (w,1,b) > (b, ¢;(w)) € RY x S4 is a Carathéodory function, the
measurable implicit function theorem (see Rockafellar [40, Theorem 14.16]) ensures
that T € Q x [0, T'] is an element of the [F-predictable o-field and that there exists
an [F-predictable R<-valued stochastic process (b;):e(0, 7] such that

(bi(@), (@) €®  forall (w,1) € Y.

Using ¢ = c? Q®dt-ass., ©, = proj.(®) and Q € M implies that Y has Q ® dz-full
measure. Next, similarly as above, Assumption 3.1 guarantees that the process

1
Z ::5(/ cs_lbsts>, 0<r<T, (5.2)
0

is well defined and a strictly positive continuous (Q-martingale. Hence one can define
ameasure P ~ Q using (Z;);¢[0,7] as density process. Moreover, Girsanov’s theorem
ensures that the process M' = § — Jo bs ds is a local P-martingale. This in turn
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shows that
t t t
S, =S —/ bsds+/ by ds =M}P’+/ byds,  tel0,T],
0 0 0
which implies that P € P. (|
As a consequence of the above lemma, we obtain the following observation.

Remark 5.3 Let Assumption 3.1 hold. Then Lemma 5.2 implies that the collection
NP of all sets which are Fr-P-null for every P € P coincides with the analogous set
NM In particular, recalling (3.2), we see that

G=(FvAM),  0<i<T.

s>t

Lemma 5.4 Let Assumption 3.1 hold. Then there exists C € Sﬁ_  which is diagonal
and satisfies ¢ < ¢ for all ¢ € O,.

Proof Due to Assumption 3.1, there exists ¢ € Si + with ¢ < ¢ for all ¢ € ©,. Let
Amin(c) > 0 be the smallest eigenvalue of ¢. Then we define ¢ = (¢"/); jeq1,....a) by

. . ifi = j,
& = hanin(©) W = | 0 B
0 ifi #j.

Clearly, ¢ is in Si  and diagonal. Moreover, any eigenvalue of ¢ — ¢ is of the form

Ai — Amin(c) for some eigenvalue A; of c¢. This implies Amin(c —¢) = 0, which ensures

that ¢ < c. O

Lemma 5.5 Let Assumption 3.1 hold and let (H;)icj0.7] be a G-predictable pro-
cess. Then (H;)ici0,1) is S-integrable with respect to P for all P € P if and only
if (H;)ie(0,1) is S-integrable with respect to Q for all Q) € M.

Proof For the “only if” part, assume that (H;);c[0,7] 1S S-integrable with respect to
every P € P and let Q € M. By Lemma 5.2, there exists P € P with P~ Q. Let

S:SO+MP+/ bt ds
0

be the canonical decomposition of S under P, where M is a local P-martingale
with second differential characteristic ¢ = (¢¥'F); jc(1.._4. Note that we have
Q=P Q®dr-as. because Q~P. As H=(HWY,..., HD) is S-integrable with
respect to P and P &~ QQ, we thus have by Jacod and Shiryaev [ 15, Definition I11.6.17]
that Q-a.s. (and PP-a.s.)

T 4 . . rdo
/ Y HOCHY ds:/ > HOGTHY ds < .
0o .= 0o .7
i,j=1 i,j=1
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By [15, Theorem II1.6.4], we obtain that H is S-integrable with respect to Q.
Conversely, assume now that (H;);c[0,7] 1s S-integrable with respect to every
Q € M and let P € P. Moreover, let

S=SQ+MP+/ bt ds
0

be the canonical decomposition of § undQ; P, where MT is a local P-martingale with
second differential characteristic ¢ = (¢ ’]P)l-, jefl,....d)- By Lemma 5.2, there exists
Q € M with Q ~ P. Moreover, due to Assumption 3.1, we know from Lemma 5.4

that there exists ¢ € Si o which is diagonal and satisfies ¢ < ¢ for all ¢ € ©,. There-
fore, by [15, Theorem I11.6.4], we have (Q-a.s. that

d

T T d _
S ([ iopas)= [7 3 moeiHD 4
0 0

T d y _
= / Z Hg(l)céj’QHs(]) ds < 00.
0 =1
This and the fact that '/ > 0 for each i imply that each summand on the left-hand side
is nonnegative and hence finite (Q-a.s. In particular, we have for each i € {1, ..., d}

that Q-a.s. (and hence also P-a.s.),
T .
/ |HD 2 ds < oc. (5.3)
0

Moreover, the assumption that ® is compact (and hence bounded) ensures that we
have K :=sup, o) colllbll + licll] < co. This, (5.3), the fact that F=cQP®dras.,
the Cauchy—Schwarz inequality and [15, Theorem II.6.4] imply that P-a.s. (and

Q-a.s.),

T . .
ds+/ ZHS(I)C;],PHS(])dS

T d , rd ,
5/ K> 1HPP? ds+/ S HO Y H ds
0 ; 0 =
l:l l:1

T d r 4 - :
< IC/ (1 + Z IHS(’)|2> ds -|—/ ZHS(’)c;]’@HS(J) ds < 00.
0 . 0 *
i=1 i=1

By [15, Definition I11.6.17], we hence get that (H;);c[o,7] 1S S-integrable with respect
to [P, which finishes the proof. U

The following lemma is one of the two main tools to verify that the bipolar
relations of C and D assumed in Theorems 2.10 and 2.16 hold. It states that on
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Q = C([0, T]; RY), the set of separating measures, which coincides with the set of
local martingale measures as S has continuous sample paths, is already characterised
by the separation of continuous functions.

Lemma 5.6 Let
[':={y € Cp(Q): there exists H € H such thaty < (H - S)r},

and let Q € P(2) be such that Egly] <0 for all y € I'. Then (S;)o<:i<71 is a local
(Q, F)-martingale.

Proof This follows directly from Proposition A.2 and Remark A.1, where the latter
is a slight modification of [3, Proposition 5.5] and [4, Proposition 4.4]. L]

The following two results are consequences of Lemma 5.6.

Proposition 5.7 We have that
M(P)=D={QeP.(P): EglX] <1 forall X € CNCp}.
In addition, if Assumption 3.1 holds, then we also have
M =M. (P).
Proof Throughout this proof, let
(CNCp)° :={QeP.(P): Eg[X] < 1forall X e CNCp}.

Now, to see that MM, (P) C D, let Q € M, (P) and X € C. Then there exists P € P
with P~ Q. This implies that there exists H € H with X <14+ (H - S)r Q-a.s.
Therefore, since H - S is a (Q-supermartingale by the definition of the set , we con-
clude that Eg[X] < 1. Further, D C (C N C})° follows directly from the definition of
(CNCp)°.

To see that 9. (P) 2 (C N Cp)°, let Q € (C N Cp)°. By definition, Q € P, (P).
Now, for each y € I' € Cp(£2), there exists ¢ > 0 such that ¢ + y > 0. This implies
that % (c+y) € CNCp. This in turn implies that EQ[% (c+y)] < 1 which is equivalent
to Eg[y] < 0. By Lemma 5.6, we get that Q is a local martingale measure for S. This
and the fact that Q € 3, (P) imply that Q € 91, (P). Hence we have shown that

M. (P)=D=(CNCp)°.

Finally, if Assumption 3.1 holds, then M C 91, (P) follows directly from Lemma 5.2.
Conversely, 91, (P) € M follows by Girsanov’s theorem for semimartingales [15,
Theorem II1.3.24] and the fact that a semimartingale with continuous sample paths is
a local martingale if and only if its predictable finite-variation part vanishes. U

Proposition 5.8 Let Assumption 3.1 hold. Then both P, D C B(2) are convex and
compact.
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Proof By definition, M = Pj‘gm(@)), where © := {0,...,0} x ®, CR? x Si and
O, :=proj,. (V) C S‘i. Moreover, as ® is convex and compact by assumption, so is o.
Therefore the compactness of P and M follows directly from Liu and Neufeld [22,
Theorem 2.5], whereas the convexity of P and M follows by [15, Theorem I11.3.40].
In addition, we know by Proposition 5.7 that M = D, which finishes the proof. []

The following lemma is the second crucial tool to prove the bipolar relation be-
tween C and D. It heavily uses the fact that one can construct a process Y which is
a Q-supermartingale for every Q € M, as well as the robust optional decomposition
theorem.

Proposition 5.9 Let Assumption 3.1 hold. Then we have that

{X € C/: EglX]1<1forallQeD}=CNC.

Proof By definition, {X € C;: Eg[X] < 1 forall Q € D} © C N Cp. To see the op-
posite inclusion, let X € C ;“ be such that Eg[X] < 1 for all Q € D. Since X is non-
negative, bounded and continuous (and so Borel), and since by Neufeld and Nutz
[27, Theorem 2.1] the set M satisfies the so-called Condition (A) (see [27] or Nutz
[34] for the precise definition), we can apply the same argument as in the proofs of
[34, Theorem 3.2] and Neufeld and Nutz [25, Theorem 2.3] and use Remark 5.3 to
obtain a GG-adapted nonnegative process (Y;)o<:<7 Wwith cadlag sample paths which
is a (Q, G)-supermartingale for every Q € M and satisfies

Yo < sup EqglX],
QeM

Yr=X Q-a.s. forall Q € M. (5.4)

Moreover, since the set M is saturated (in the sense of [34], see also [34,
Lemma 4.2]), the robust optional decomposition theorem [34, Theorem 2.4] en-
sures the existence of a G-predictable process H such that H is S-integrable for
all Q € M and

Y — (H - S) is nonincreasing Q-a.s. for all Q € M. (5.5)
Combining this, (5.4) and the fact that M =D by Proposition 5.7 implies that
1+(H-S)r>Yo+(H-S)r>Yr=X Q-a.s. for all Q € M. (5.6)

Moreover, for any Q € M, we use (5.4), (5.5), that Y > 0 is a Q-supermartingale and
that M = D to see that

(H-8):>2Y; =Yy >Eqg[X|G]—-1>-1 Q-a.s.

for all ¢+ € [0, T]. Therefore, we conclude that H - § > —1 M-q.s., which by
Lemma 5.2 implies that H - § > —1 P-q.s. This and Lemma 5.5 ensure that H € H.
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Moreover, Lemma 5.2 and (5.6) ensure that
1+(H-S)7r>X P-a.s. forall P € P,

which by definition shows that X e C. As X € C ;“ by assumption, we get X € C N Cp,.
O

Now we are able to finish the proof of Theorem 3.4.

Proof of Theorems 3.4 and 3.5 We verity that Assumption 2.1, the bipolar relation of C
and D and the convex-compactness assumption on P and D are satisfied. To that end,
note that Lemma 5.2 ensures that Assumption 2.1 holds. Moreover, Proposition 5.8
yields that P and D (with P :=*B.(P)) are both convex and compact (compare 1)
in Theorem 2.10). In addition, we get from Propositions 5.7 and 5.9 that the bipolar
relation of C and D (see 2) and 3) in Theorem 2.10) hold. Therefore, the result now
follows directly from Theorems 2.10 and 2.16, respectively. U

5.2 Proofs of Corollaries 3.6 and 3.7

The idea for this is to verify in the setting of Sect. 3 that Assumptions 2.4 and 2.7,
as well as Assumptions 2.8 and 2.14, hold for the specific utility functions. Then the
result immediately follows from Theorems 3.4 and 3.5.

First, note that every utility function which is bounded from above automatically
satisfies Assumptions 2.4 and 2.7, as well as Assumptions 2.8 and 2.14; see also
Remarks 2.9 and 2.15. Therefore, we only have to focus on the utility functions
U(x) :=logx and U (x) := % pe(,1).

Moreover, observe that due to Assumption 3.1, we have that

K:=1+ sup (bl +licll + et < oo. (5.7)
(b,c)e®

The following lemma will be used several times in this subsection.

Lemma 5.10 Let Assumption 3.1 hold. Then for every P € P, there is Q € M, (P)

such that for every § € (0, 00),
dP\°
| (7g) | ==

Proof Let P € P. Jensen’s inequality, Lemma 5.2 and Proposition 5.7 ensure that the
statement holds for § € (0, 1]; hence we only need to focus on the case § > 1. Note
that from the proof of Lemma 5.2, see (5.1) and (5.2), we know that there exists
Q € M, (P) such that

T
%:5(/0 (cf’)—lbf”ds> Q-a.s.,


bib-kops-pc
Notiz
None festgelegt von bib-kops-pc

bib-kops-pc
Notiz
MigrationNone festgelegt von bib-kops-pc

bib-kops-pc
Notiz
Unmarked festgelegt von bib-kops-pc

bib-kops-pc
Notiz
None festgelegt von bib-kops-pc

bib-kops-pc
Notiz
MigrationNone festgelegt von bib-kops-pc

bib-kops-pc
Notiz
Unmarked festgelegt von bib-kops-pc

bib-kops-pc
Notiz
None festgelegt von bib-kops-pc

bib-kops-pc
Notiz
MigrationNone festgelegt von bib-kops-pc

bib-kops-pc
Notiz
Unmarked festgelegt von bib-kops-pc


496

where (¥, ¢¥) denote the differential characteristics of S under P. This and the fact
that ¢Q = cf Q ® dt-a.s. imply for every § > 1 that

T 3
E@[S(/ (cE”)—le"ds) }
0

B T B 1 T d ) CNiiL P 8
=Eq exp(/o (b leDdS—E/O Zbg’“”((cf’) Db ds)}

i,j=1

=Eg exp(/ S(cH 'l ds — / Zazblﬂ“’ (=17 bjpds>
0

><exp< (32—5)f Zb”P’( ) )”b’ﬂmd)}

i,j=1
T 1 T d ,
:EQ[é‘(/ 3(cf’)—1bf’ds) exp(§(52—8)/ Zbg’P((c;P)_l)bﬁ’Pds)}.
0 0 T

This, the fact that we have (5.7) by Assumption 3.1 and the fact that S under Q is a
local martingale show that for every § > 1, we indeed have that

T )
E@[é’(/ (cf)—lbf’ds) }
0
r 1
§E@[5</ S(Cf)—lbf’dsﬂexp (5(32 —8)Td21C3)
0

1
<exp (5(32 . 8)Td21C3> < o0, 0

Lemma 5.11 Let Assumption 3.1 hold, and fix x > 0 and (g,)nen € C(x). Then for
every P € P and every ¢ € (0, 1), we have that

sup Ep[(gn)°] < o0.
neN

Proof Fix ¢ € (0,1), n € N and P € P. By Lemma 5.10, there exists Q € M. (P)
which satisfies for every § € (O, oo) that ¢c(8) := E [( ) | < oo. Therefore,

Holder’s inequality (applied to p := 1_8, q = ;) and the fact that D = 9, (P) by
Proposition 5.7 ensure that

dP dP 1/(1—g)q(1—¢)
Ep[(gn)°] < EQ[@(&)S} < EQ[(@) ] (Eglg.D®

c(1/(1—£))' ~*x* < o0. 0
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Lemma 5.12 Let Assumption 3.1 hold and let U(x) := logx. Then for every x > 0
and every (gn)nen C C(x), the sequence of random variables

1
max{log(gn—i——),O}, neN,
n

is P-uniformly integrable for every P € P.

Proof Fix P € P, let ¢ € (0,1) and define the function W¥: [0, c0) — [0, c0) by
W (x) =exp(ex). Then by the de la Vallée-Poussin theorem, it suffices to show that

1
sup]E]p|:lI!<max l log <gn + —), 0})] < 0.
neN n

Since x > W (x) = exp(ex) is increasing, we have for every n € N that

qJ(max { log (gn + %) 0}) — max {W(log (gn + %)) 111(0)}

1 &
:max{(gn + —) , 1}.
n
Hence it suffices to show that

1 I
supEp[(gn + —) :| < 00.
neN n

But as (g, + %)8 <(gn)?+ (%)8 for each n € N, it is enough to show that

sup Ep[(g,)°] < o0. (5.8)
neN
Lemma 5.11 now implies that (5.8) holds. L]

Lemma 5.13 Let Assumption 3.1 hold and let U (x) := % for some p € (0, 1). Then
for every x > 0 and every (gn)nen C C(x), the sequence of random variables

(gn + )P
p

, neN,

is P-uniformly integrable for every P € P.

Proof Fix P € P, let ¢ € (p, 1) and define the function W: [0, 00) — [0, 0c0) by
W (x) = x%/P. Then by the de la Vallée-Poussin theorem, it suffices to show that

+ Iyp
supEp[\D<M)] < 00.
neN 14

For this, since W(x) = x¢/P, it suffices to show that sup,en Epl(gn)°] < 0o, which
follows directly from Lemma 5.11. U
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Now recall that

Vi(y) :=sup (U1 (x) — xy), y >0,

x>0

where Uy (x) :=U(x + 1), x > 0. Then we have the following result.

Lemma 5.14 For each p € (0, 1) and y > 0, we have that

1
Vi.10g(y) :=sup (log(x + 1) —xy) < log —— 14y,

x>0

P =
s (EE ) (L)1)

Proof We start with the log-case. For every y > 0, let X7 100 () := % — 1. Then one
sees, using the first-order condition, that for every y > 0,

Vl,log(y) = sup (log(x +1) - xy) = log (fl,log(y) + 1) _fl,log(y)y

x>—1

1
=log——1+y.
Yy

1
To see the result for the power-case, we set X1, ,(y) :==y@»=D — 1 for all y > 0. Then,
using the first-order condition, we get for every y > 0 that

((x + 1P ) G+ P
(GO
P P

Vi p(y) < sup —X1,p(»)y

x>—1

G

Lemma 5.15 Let Assumption 3.1 hold. Then for every y > 0 and every P € P, there

exists Q € D such that
d
Ep |:max{ V1,log (yd%) 0” < 0.

Proof Let y > 0 and P € P. By Proposition 5.7, we know that D = 9, (P). More-
over, by Lemma 5 10 there exists Q € M, (P) which satisfies for every § € (0, 00)
that c(§) := EQ[( ) ] < o0. This and Lemma 5.14 imply that

o) o) 820
1 dP
< max{ log ; O} +Ep|:max{ log —, O”

dQ
d@]

E
Yy P[dﬂ»
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Since IEP[ ] = 1, it hence suffices to show that Ep[max{log 40 0}] < o00. To see
this, note that the fact that logx <1+ x for all x > 0 and Lemma 5.10 yield

dP dP dP
Ep[max{log @,OH :EQ[@ max{log a0’ }]
dP dP
<]EQ|:dQ(1+@)j|<OO. ]

Lemma 5.16 Let Assumption 3.1 hold. Then for every y > 0 and every P € P, there

exists Q € D such that
d
Ep[max{vl,p<yd%), OH < 00.

Proof Let y > 0 and P € P. By Proposition 5.7, we know that D = 901, (P). More-
over, by Lemma 5 10 there exists Q € 9. (P) which satisfies for every § € (0, 00)
that ¢(8) := EQ[( ) ] < o0o. This, the fact that Ep[ d%] =1 and Lemma 5.14 yield

ol (2]
(G5 e[
D R g P P

Lemma 5.17 Let the utility function U be either U(x) :=logx or U(x) := % for
some p € (0, 1), and let Assumption 3.1 hold. Then for every x > 0, we have that
u(x) < oo. If in addition Assumption 2.5 holds, we also have u(x) < oo.

Proof By Lemma 5.10, we know that for every IP there exists Qp € 91, (P) which
satisfies for every § € (0, oo) that c(§) := Eq, [( ) ] < co. By the weak duality ob-
tained in (4.6) and (4.7), the fact that V (y) < V| (y) for every y > 0 and Lemmas 5.15
and 5.16, we see that for every x > 0, y > 0,

ulx) <v(@y)+xy=< mf Ep[maxlvl (ydc;%) OH +xy < o0.

If Assumption 2.5 holds in addition, the same arguments for the weak duality with
respect to u derived in (4.15) show that u(x) < oo for all x > 0. ]

We are now able to provide the proof of Corollaries 3.6 and 3.7.

Proof of Corollaries 3.6 and 3.7 We verify that Assumptions 2.4 and 2.7, as well as 2.8
and 2.14, hold for the specific utility functions.
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First, note that the utility functions U (x) = %, p€(0,1), and U(x) = —e™,

A > 0, satisfy Assumption 2.2, while U(x) :=logx and U (x) := X p € (—00,0),
satisfy Assumption 2.12. Moreover, every utility function which 1s bounded from
above automatically satisfies Assumptions 2.4 and 2.7, as well as 2.8 and 2.14; see
Remarks 2.9 and 2.15. Therefore, we only need to show that Assumptions 2.4 and
2.7, as well as 2.8 and 2.14, hold for U (x) :=logx and U (x) = % pe(©,1).

To that end, note that for these utility functions, Lemma 5.17 guarantees that
Assumptions 2.4 and 2.7 hold; Lemmas 5.15 and 5.16 show that Assumption 2.14
holds; and Lemmas 5.12 and 5.13 ensure that Assumption 2.8 holds. Therefore,
Corollary 3.6 directly follows from Theorem 3.4 together with the fact that Assump-
tion 2.14 implies v(y) < oo for every y > 0, and Corollary 3.7 directly follows from
Theorem 3.5. U

Appendix A: Continuous separation

Throughout this section, we work in the framework of Sect. 3. We recall that
Q:=C(0,T]; Rd) is endowed with its Borel o -field . Moreover, we let (S;)o</<7
be the canonical process. In addition, I is the raw filtration generated by S, and F
the corresponding right-continuous version of .

Let us denote by H; 4(IF4) the set of all d-dimensional [ -simple processes
H: Q x [0, T] — R? which have the form H;(w) := Zle he(0)1(z,(w), 7ot (@)1
where L € N, 0 <t <--- <7141 <T are Fy-stopping times and for each ¢,
hy = (hél), e héd)): Q — R4 is bounded and Fr,+-measurable. Furthermore we
define for every m € N the set

HsamFyr):={H € Hsq(F+): H-S > —m pointwise on 2 x [0, T']}.

Remark A.1 Recall the filtration G and the set H of strategies introduced in Sect. 3.
Then the fact that F € G implies that Hs 4., (F+) € H for each m € N.

The following result slightly extends [3, Proposition 5.5] and [4, Proposition 4.4].

Proposition A.2 Consider the set
I'g:={y € Cp(R2) : there exist m e Nand H € Hs q,m(F4+) withy < (H - S)7}.

Moreover, let Q € B(2) be such that Egl[y] <0 for all y € I'y. Then S is a local
(Q, F)-martingale.

Proof First of all, note that § = (S(U, . .. , S )y is a d-dimensional local (Q, F)-mar-
tingale if and only if each component S is a local (Q, F)-martingale. In addition,
since each H € H 4., (F4) is simple, the stochastic integral H - S is well defined

and satisfies H - S = Z?:l H® . 8@ Now, forevery i € {1,...,d}, let

H (Fy):={H e Hs (FL): H-S9 > —m pointwise on € x [0, T}

s, 1,m
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(@)
s, 1,m

element Hy; := (H(l), e Hcgd)) € Hs.qa.m(F4) by setting

Then foreveryi € {1,...,d}, we see thatany H € H (F+) can be extended to an

HV, .71, HDy:=(©,... H,...0

which satisfies for any y € Cp(2) that y < (Hy - S)r if and only if y < (H - SOy
Therefore, we conclude that for each i € {1, ..., d}, we have

IO .= {y e Cp(Q) : there existm € N, H e HY (Fy)

s, 1,m

withy < (H - S)7) CTy.

As a consequence, it suffices to prove for each i € {1, ..., d} that if Q € P(2) satis-
fies Eg[y] <Oforall y € ' then ¥ is a local (Q, [F)-martingale.

Therefore, we fix any component S := § () and assume that Egly] =<0 for all
y € Y. We want to show that S is a local (Q, F)-martingale with localising se-
quence

T i=1inf{t > 0:|S;| >m} A T.

We follow the arguments in [3, Proposition 5.5] and [4, Proposition 4.4]. Fix m € N
and write 7 := 1,,. We first show that ST is an F-supermartingale. To that end, let
0<s <t <T,and define, forevery 0 <e <1,

o:=inf{r >s5:|S,|>m} AT,

og:=inflr >s:S,>m—corS, <—-m+e}nT.

Since both 7 and o are hitting times of a closed set and S has continuous sample
paths, they are [F-stopping times, whereas o, are [F -stopping times for all 0 < ¢ < 1.

Now fix an arbitrary F-measurable function £ : 2 — [0, 1]. Notice that 0 =t on
{t > s}, so that 1{;>4(S7 — Ss) =8} — S¢. Moreover, o, increases to o as € tends
to 0, and therefore S;* — S° as S has continuous sample paths. Since additionally
IS,GE — S| <2m, we have

Eqlh(Sf — 8)]1=Eqlhl{z>5) (S _Ss)]:;i_r)r(l)EQ[hl{rzs}(sfg — Sl (AD)

Recall that g := hl;>5: Q@ — [0, 1] is Fy-measurable. Thus by [3, Lemma 5.3],
there exists a sequence of continuous F-measurable functions g : €2 — [0, 1] which
converge (Q-almost surely to g. Moreover, as S: 2 — C([0, T']; R) is continuous, we
get from [3, Lemma 5.4] that for every 0 < ¢ < 1, the function

Q3w Sirv(w)(@) €R

is lower semicontinuous. For every fixed k € N, it holds for H := g1,/ that

Qowr (H-S)r(w) € R is lower semicontinuous. (A.2)
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Moreover, the fact that |S. — S| < 2m on [s, 0] and g has values in [0, 1] implies
that H - S € [—2m, 2m] and so

HeH"  Fy).

s,1,2m

In addition, observe that (A.2) ensures that there exists a sequence of bounded con-
tinuous functions y;, : 2 — R such that y, < (H - S)r and y, increases pointwise to
(H - S)7. Therefore we have for each n € N that y,, € I'¥), and so by assumption we
have for every € € (0, 1), k € N that

Eolgr(S7F — S)1=Eql(H -S)r]= SugEQ[Vn] <0.
ne

We hence conclude from (A.1) that

EQ[h(Sf — SST)] = lirr(l)E@[hl{,Zs}(ng - 8] = lir%klim E@[gk(SfS —S5)] <0.
e— e—>0k—o00

This in turn implies Q-a.s. that Eg[S] | Fs] < S, and so ST is indeed a (Q, F)-super-
martingale.

By similar arguments, one can also show that S* is a (Q, [F)-submartingale. Thus
we conclude that S is indeed a (Q, F)-martingale. ]
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